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Abstract

With increasing energy demands renewable energy sources are continuing to receive

attention and investment to become a larger source for electricity production. Today,

wind generated power through wind turbines creates 4% of the electricity in the United

States. The wind energy share of the electricity market is expected to grow rapidly as

the United States Department of Energy goal is to reach 20% wind generated electric-

ity by 2030. Computational models for wind plants can be used to predict wind plant

performance and optimize the turbine placement and controls. However, uncertainties

associated with such models, due to, among others, the computationally expedient sim-

plifications need to be carefully assessed, quantified and reduced.

A numerical investigation of model wind turbines employing large-eddy simulation

and the curvilinear immersed boundary method to resolve the geometrical details of the

turbine is undertaken revealing that the unstable hub vortex interacts with the turbine

tip shear layer. Using a spatio-temporal filtering technique, wake meandering, a large

scale displacement of the wake, is reconstructed into three-dimensional helical meander

profiles. Statistics of the amplitudes and wavelengths corresponding to the intensity

and streamwise elongation of the periodic wake meandering indicate complex coherent

structures. Similar simulations are performed using the computationally expedient wind

turbine actuator surface models with and without a nacelle model to parameterize the

turbine. All simulations are validated against substantial experimental measurements.

The simulations with the nacelle model are able to accurately capture the geometry

dependent near wake and the dynamics in the far wake. The simulations without the

nacelle model predict a stable, columnar hub vortex which does not interact with the

turbine tip shear layer. Moreover, the amplitude of the meandering profiles is shown to

be larger in the immersed boundary method simulations and simulations with a nacelle

model compared to the simulation without the nacelle model proving that the nacelle

and unstable hub vortex augment the meandering intensity in wind turbines.

Due to the exceptional performance of the computationally efficient actuator surface

with nacelle model, several turbine designs are simulated with diameters ranging from
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the laboratory scale (0.1 meters) to the utility scale (96 meters). Despite significant ge-

ometrical differences, a characteristic velocity based on the turbine thrust collapses the

profile of both the wake turbulence kinetic energy and the amplitude of wake meander-

ing based on the meandering profile for all turbine sizes. This result suggests that the

turbulence levels and wake meandering intensity are explicitly linked. The wavelengths

of wake meandering are properly scaled by the diameter of the turbine. In agreement

with numerous measurements, the wake meandering and hub vortex Strouhal number

based on the incoming hub height velocity and diameter is found to be approximately

0.3 and 0.7, respectively, for all turbines. Dynamic mode decomposition of the velocity

field indicates that the modes related to these frequencies contain a majority of the

energy in the meandering wake and confirms that an unstable hub vortex is a necessary

requirement for simulating wind turbine wakes.

The Horn Rev offshore wind plant is investigated showing conclusive evidence that

the nacelle and hub vortex are important in large arrays of wind turbines. The con-

sistency across scales and wind plant rows of the stochastic distributions of the wake

meandering amplitudes and wavelengths allows for the development of a reduced-order

kinematic wake model with statistic-based wake meandering inputs.

Finally, uncertainties in the model parameters or model inadequacy are investigated

using a framework of non-intrusive polynomial chaos. The feasibility of using a kine-

matic wake model is determined by investigating the parameter uncertainty of surface

roughness and induction factor. The parameter uncertainty of the nacelle model is con-

sidered in a series of large-eddy simulations. The aleatoric uncertainty of the surface

friction on the model and the epistemic nacelle geometry uncertainty propagate down-

stream in the inner wake and have implications on the uncertainty of the turbulence

levels in the entire far wake.
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Chapter 1

Introduction

The United States’ energy demands continue to grow, projected to increase by 29%

from 2012 to 2040 (Conti, 2014). As nonrenewable resources continue to be depleted,

energy from renewable resources is posed for growth (Gross et al., 2003). Wind energy

is one renewable energy source that can feasibly be increased and is abundant enough to

meet the United States’ electricity demand (Osmani et al., 2013). In 2013, wind energy

generates around 4% of the total electric demand (Hankey, 2014) but is projected to

reach 20% by 2030 (Conti, 2014).

The cost of wind energy deployment of wind plants must be reduced to continue to

grow this energy source. A conventional way to compare costs of capital, maintenance,

and fuel is through the levelized cost of energy (LCOE). According to the United States

Energy Information Administration, the LCOE for wind energy is 80 $/MWh. While

this is less than the LCOE of electricity produced by coal (95 $/MWh), it is still higher

than natural gas electricity generation LCOE (66 $/MWh) (Conti, 2014). Because wind

energy has the advantage over nonrenewable sources of electricity by not having fuel

costs, the maintenance costs need to be reduced, and power output from turbine must

be increased. Understanding of turbine wakes, turbulence, and complexity of the ter-

rain and atmosphere can reduce maintenance costs and predict better locations to place

turbines in wind plants to increase power output and reduce loading.

Barthelmie et al. (2008) estimated power losses from wakes in wind plants can be

as high as 20%. The power losses include the interactions of the turbines wakes in the

wind plants, complex terrain turbulence, and uncertain wind speeds. Unfortunately, the
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feasibility of simulating entire wind plants with complex features and meshes sufficiently

fine to resolve the geometrical details of individual turbines and the wake turbulence

they induce is not practical today. Hence, currently wind plant models employ simpli-

fications to parameterize individual turbines, but predictive shortcomings of simplified

models can impact the overall accuracy of wind plant scale predictions.

Therefore, research challenges exist to quantify the uncertainty introduced by sim-

plified models representing wind turbines, understand how the uncertainty can affect

the numerical predictions of wind plant performance, and develop models that can re-

duce uncertainty. High fidelity simulations with grids fine enough to resolve the details

of the turbine geometry can be used to quantify the uncertainty in models and develop

more reliable models for wind plant scale simulations.

In the next several sections, the turbulent wake features of winds turbines are dis-

cussed, and numerical simulations of both wind turbines and wind plant are reviewed.

The following section focuses on the current state of research and challenges in under-

standing the complexity of wakes of wind turbines. Finally, the research objectives of

the present work are introduced.

1.1 Wind turbine wake features

To understand how the flow features in a wind plants affect the power production, I

begin by reviewing the wake behind a wind turbine. A simplistic view of a wind turbine

wake was first described by Joukowski (1912) for an N -bladed propeller. A strong,

helical tip vortex with a circulation Γ forms and continuously sheds from the tip of each

blade, rotating around the centerline of the rotor. Concurrently, an NΓ circulation sin-

gle counter-rotating hub vortex is oriented along centerline in the axial direction of the

rotor. If the circulation along the blade is not uniform, vortices sheds from the blade at

other radial locations. Okulov and Sørensen (2007) showed theoretically using stability

analysis of the helical tip vortices with a hub vortex model imposed that the stability

of the tip vortices depends on the radial extent of the hub vortex and that the entire

vortex system is unconditionally unstable.

The theoretical ground-work for the stability of helical vortex filament was pioneered

by Levy and Forsdyke (1928). Further theoretical work by Widnall (1972) on a single
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helical vortex filament characterized the three fundamental instability modes: short-

wave instability, long-wave instability and mutual-inductance instability. Short-wave

instability is the mode caused by perturbations to the filament shorter than the vortex

core size, while the long-wave instability is due to perturbations much larger than the

vortex size. Mutual-induction instability is related to the pitch of the helical vortex

filament. As the pitch increases, the mutual-induction instability increases. Felli et al.

(2011) was able to observe all three instability modes for a propeller in a water tunnel.

Moreover, the tip vortices and hub vortex breakdown is enhanced by adjacent structures

interacting with each other.

The instability and breakdown of the wind turbine tip vortices have been charac-

terized by several experimental techniques (Chamorro and Porté-Agel (2009); Hu et al.

(2012); Sherry et al. (2013); Hong et al. (2014)) and numerical studies (Ivanell et al.

(2009, 2010); Troldborg et al. (2007)). Specifically, Sarmast et al. (2014) showed the

prevalence of the mutual-induction instability in tip vortices using mode decomposition

on tip vortices obtained from a numerical simulation. All these studies show that the

tip vortices convect downstream due to the relatively high speed of the wake at the

blade tip and eventually breakdown due to vortex instabilities. However, the distance

from the rotor breakdown occurs and instability modes prominently responsible depend

on many factors in the laboratory or simulation setting, such as the turbulence in the

incoming flow, rotational speed, geometry of the turbine blade and the interactions of

helical vortices.

The hub vortex is less extensively studied as the tip vortices. Iungo et al. (2013)

used linear stability analysis on a model turbine and showed that the hub vortex is

also unstable. Felli et al. (2011) visualized the hub vortex and witnessed its break-

down with relation to the tip vortices. In recent geometry-resolving simulations of a

hydrokinetic turbine (Kang et al., 2014) and a model wind turbine (Foti et al., 2016a)

using large-eddy simulation (LES) and the curvilinear immersed boundary method, the

studies showed that the helical hub vortex forms behind the nacelle.

The tip vortices and the hub vortex create two distinct regions in the velocity field of

the wake near the turbine. The forces exerted on the incoming flow by the turbine rotor

create a strong turbulent wake where the tip vortices are the prominent flow feature in

the shear layer between the wake core and the ambient outer flow. A stronger inner
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wake forms at the hub of the rotor behind the nacelle. The inner wake contains the hub

vortex. In Kang et al. (2014), the inner wake was shown to expand radially outward

inside the outer wake. The hub vortex grows inside the inner wake and interacts with

the outer wake shear layer a few diameters from the rotor, and breaks downs due to the

instabilities. The two wakes merge and slowly recover further downstream. Near the

location of the interaction the hub vortex outer wake, the onset of wake meandering, a

large coherent motion ubiquitous of the far wake of turbines, forms.

Wake meandering, the dominating feature in the far wake, is characterized by large

scale, low frequency motion of the wake. Because this occurs in the far wake of a

wind turbine, it can interact with downwind turbines and is an area of intense research.

Medici and Alfredsson (2006) first explored experimental results of meandering in the

far wake of the turbine. They concluded that the wake fluctuations are similar to bluff

body vortex shedding and found them to be independent of incoming velocity or tur-

bulence intensity. In a later study, Medici and Alfredsson (2008) further finds that

both turbine thrust and tip speed ratio influence the wake meandering and together the

thrust coefficient and tip speed ratio form an effective diameter. Larsen et al. (2008)

referred to wake meandering as a phenomenon where atmospheric turbulence imposes

large scale fluctuations of the wake. Similar low frequency oscillations are recorded in

Chamorro et al. (2013), Okulov et al. (2014), and Howard et al. (2015). In these studies,

similar values of the Strouhal number, the non-dimensional frequency normalized by the

rotor diameter and incoming velocity at hub height, which is about 0.3, were observed

for various turbines with different operating conditions. Iungo et al. (2013) using linear

stability analysis showed that the hub vortex is linked to wake meandering. An inves-

tigation of an axial flow hydrokinetic turbine by Kang et al. (2014) further revealed

that the interaction of the hub vortex with the outer tip shear layer plays an impor-

tant role in augmenting the meandering of the far wake. Statistics of the amplitude

and curvature of the wake meanders for a model wind turbine under different operating

conditions were examined in Howard et al. (2015) by using a filtering technique on the

data obtained from particle image velocimetry measurements.
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1.2 Simulations of wind turbines

The advancement of computational processing power has encouraged the development

of computational fluid dynamics tools to simulate the aerodynamic complexity of the

wakes of wind turbines. The most computationally complex tool is direct simulation

numerical (DNS) that resolves all turbulent scales without the use of a model. However,

the range of turbulent length scales, from the largest scale in the atmospheric bound-

ary layer of 1 km to the smallest of 1 mm, encountered in wind turbine simulations

is very wide. Because of the time and length scales, DNS is impractical and compu-

tationally expensive. Computational research has mainly included Reynolds-averaged

NavierStokes (RANS) methods and, more recently, large-eddy simulations (LES).

The first wind turbine numerical investigations used the RANS method where the

flow quantities (i.e. velocity and pressure), decomposed into an average and fluctuation

term, are averaged in the Navier-Stokes equations. As a result of the averaging, aver-

aged terms of the equations can be solved directly, but the Reynolds stress terms need

closure using modeling of an eddy viscosity. The approach is noteworthy because it is

computationally expedient and contributed to the advancement of wind turbine aero-

dynamics. Crespo et al. (1996) was one of the first to investigate a wind turbine wake

with a turbulent incoming flow using the k − ǫ turbulence model. The results allowed

the kinetic energy and dissipation in the wake to be estimated and led to development

of wake models. Another studiy (El Kasmi and Masson, 2008) using a similar model

investigated the anisotropy in the wake of a turbine. The RANS approach was used to

study the NREL Phase IV rotor (Sørensen et al., 2002; Xu and Sankar, 2002) and MEX-

ICO turbine (Bechmann et al., 2011) with good accuracy compared to a large dataset

of experimental measurements. These studies provided valuable recommendations and

developments for wind turbine numerical methods and wake modeling. For a full review

of RANS in wind turbines, see Sanderse et al. (2011).

As processing power increased, large-eddy simulations of wind turbines became more

computationally practical. Both Réthoré (2009) and Stovall et al. (2010) conducted sim-

ulations with both RANS and LES with the same setup and concluded that the RANS

approach has some deficiencies compare to LES. LES is utilized more frequently in
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recent years because of its successful ability to explicitly simulate the large simulation-

dependent scales and model the small sub-grid scales. LES is able to predict the un-

steady, anisotropy found in the atmospheric boundary layer and has been employed by

numerous researchers for wind turbine applications. The largest disadvantage is that

LES requires more computational resources because a higher resolution of the compu-

tational grid is needed.

While large-eddy simulations have been used in many applications (i.e. atmospheric

boundary layers (Mann, 1994), combustion, turbulent shear layers), LES has only been

recently employed with wind turbines. Advances in LES for wind turbines were pro-

vided by including turbine parameterization with a dynamic sub-grid model and used

to investigate the coherence of the turbulence in the wake of turbines (Jimenez et al.,

2007, 2008). Further work by Wußow et al. (2007) provided strategies for LES while

introducing a von-Karmen spectrum turbulence inflow.

Previous works allowed for further investigation of the wind turbine using turbine

parameterization in the form of an actuator-based models (see below for details). Trold-

borg et al. (2007) used LES with a vorticity-based mixed-scale subgrid-scale model and

a modeled atmospheric turbulence shear-free inflow (Mann, 1994) to study the influence

of turbulence on the wake. Further work (Troldborg et al., 2011) considered how the

wake becomes unstable even in uniform inflow. The stability of the tip vortices was

investigated by Ivanell et al. (2010) by perturbating an uniform inflow and Sarmast

et al. (2014) using mode decomposition and the same LES setup. Several studies (Shen

et al., 2012; Nilsson et al., 2015a) used LES to investigate the MEXICO turbine.

The effects of the turbulence in the atmospheric boundary layer on the wake of wind

turbines were investigated in Wu and Porté-Agel (2011) and Wu and Porté-Agel (2012).

Using a Lagrangian scale-dependent dynamic subgrid-scale model, the turbine model

parameters were tuned with experimental measurements. The latter study investigated

the wake structure and distribution of the turbulence. It was found that the higher the

turbulence in the inflow, the quicker the velocity deficit recovered.

Recently, Kang et al. (2014) used LES with a dynamic Smagorinsky model (Smagorin-

sky, 1963) and a curvilinear immersed boundary method to resolve the geometrical de-

tails of a hydrokinetic turbine. The study was able to accurately capture the outer



7

wake and inner wake with an unstable hub vortex formed by the nacelle. Other simu-

lations with actuator-based wind turbine models were concluded to not capture all the

energy of the wake meandering. Using the same curvilinear immersed boundary method

for complex terrain, and a parameterization for the wind turbine, Yang et al. (2015a)

introduced the Virtual Wind Simulator (VWiS). Several simulations were carried out

including model turbines and utility scale turbines in the presence of an atmospheric

boundary layer. The method can be used for multiple wind turbines in one simulation.

Using VWiS, Yang et al. (2015b), studies the effects of a wind turbine behind a model

hill and created a scaling for the turbulence kinetic energy in the wake turbine to take

into account the different effects of the inflow. Most recently, using the hydrokinetic

turbine from Kang et al. (2014), a wind turbine model including a nacelle in Yang and

Sotiropoulos (2016) was developed.

1.3 Simulations of wind plants

The next logical step for computational research is to simulated turbine-turbine inter-

actions in wind plants. Obviously, the length scales that are present in entire wind

plant simulations can be orders of magnitudes higher that wind turbine simulations.

Moreover, preparing the computation with a properly constructed atmospheric bound-

ary layer is very important. The RANS approach for simulating wind plants has not

had much success, mainly due to the inadequacy in modeling the atmospheric boundary

layer. Proper calibration and parameterization of RANS wind plant simulations are also

required (Cabezón et al., 2011). For a review on the limited number of RANS studies,

please see Sanderse et al. (2011). Like much of the wind turbine studies, large-eddy

simulations are prominently used because the turbulence modeling can create realistic

atmospheric conditions. In following paragraphs, I will review some of the pertinent

research with LES. The overall goal of these studies was to develop and/or calibrate

low-order models of wind plants that quickly estimate the wakes and power production

in the wind plants. Even with the computing power, it is not practical to solve every

condition in wind plants with LES simulations. For a large review of LES in wind

plants, see Mehta et al. (2014) and a recent review on flow structures in wind plants

Stevens and Meneveau (2017).
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Meyers and Meneveau (2010) employed LES and turbine parameterization to sim-

ulate the flow fields of 36 turbines in a staggered and aligned positions. These two

basic strategies for turbine placement are of particular interest in order to optimize the

power production. The study found that there is a 5% power increase in a staggered

placement. This placement gives the turbine wakes distance to recover. It is important

in wind plants to allow for entrainment of momentum from above the turbines as this

is the main energy contribution for the turbines in the interior of the wind plant. A

mode decomposition of a wind farm simulation (VerHulst and Meneveau, 2014) provided

further evidence of the vertical component of momentum flux. The momentum flux is

caused by large coherent structures that form between the turbines. Another aspect of

the study indicated that modeling the rotation of the turbines still yields good results

because the tangential velocity diminished over a few diameters downstream (Troldborg

et al., 2011). Stevens et al. (2013), recently showed that a partial stagger is best for

power production because it optimizes the vertical entrainment of momentum. While

low-order models could be used to optimize the turbine placement, but the staggered-

aligned studies offered new insights into the turbulent structures in wind farms that can

not be easily discovered with models.

Several studies were designed to simulate constructed wind plants such as the Lill-

grund (Churchfield et al., 2012; Creech et al., 2015; Nilsson et al., 2015b) or Horns Rev

(Porté-Agel et al., 2013; Wu and Porté-Agel, 2015). Churchfield et al. (2012) showed

that the turbines close spacing resulted in high loading on the blades and power losses

because the wakes did not have space to recover.

Using LES for wind plants allows low-order models to be developed from the fun-

damental physics found in results. Studies such as Churchfield et al. (2012) and Park

et al. (2014) were used to calibrate the dynamic wake meandering model of Larsen et al.

(2008). Keck et al. (2014) and Keck et al. (2015) incorporated the results of LES in

the dynamic wake meandering model, and the low-order model was able to calculate

similar results for wind plant production. Other studies (Calaf et al., 2010; Yang et al.,

2012) used LES to investigate a fully developed wind plant, the interior of the wind

plant where the boundary layer has reached the height of the atmospheric boundary

layer. Both studies used the results to improve on the distributed roughness models

(Frandsen, 1992). By merging conclusions from fully developed wind plant studies and
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developing wind plant studies, Yang and Sotiropoulos (2015) created a low-order model

for entire wind plants. From the studies presented here, using LES as a tool for wind

plant design maybe infeasible currently because of the computational costs, but has

significant benefit in developing low-order models.

1.4 Turbine Representation

In both above sections addressing computational investigations, the wind turbine must

be represented in the flow field. Several methods are used 1.) direct representation of

the turbine and 2.) turbine parameterization. Below, I will review pertinent literature

in wind turbine representation. For a full review, please see Sanderse et al. (2011).

1.4.1 Direct representation of turbine

The direct representation of the turbine in simulations is the most physically accurate

method to solve for the interaction of a incoming flow into a turbine. However, the

method is more computationally expensive compared to turbine parameterization be-

cause it requires that the computational grid be fine enough along the blades to resolve

the geometric details, the boundary layer, and any transition or separation effects. The

first work on direct representation of the turbine blades employed over-set grids, sep-

arate, communicating computational grids with different resolutions overlaid on each

other. The first study to use over-set grids with wind turbine applications is Sørensen

and Hansen (1998) in conjunction with a RANS method using k − ω SST turbulence

model. Limitations of the turbulence modeling and grid resolution contributed to the

underestimated power production at high speeds. Other studies found success inves-

tigating blade aerodynamics with a RANS solver and k − ω SST turbulence model

by increasing resolution (Sørensen et al., 2002; Zahle et al., 2009; Sørensen, 2009).

Detached-eddy simulations were used with over-set grids without much improvement

from RANS modeling (Johansen et al., 2002). Sezer-Uzol et al. (2009) used an un-

structured moving grid. Recent work of Kang et al. (2014) introduced the immersed

boundary method with wall model, reconstructing the boundary inside a structured

background grid, for representing the wind turbine in LES simulations. The resolution

around the blades was fine enough to resolve details of the near wake around the nacelle.
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1.4.2 Turbine parameterization

A more computational-expedient option compared to directly resolving the turbine is to

parameterize the forces exerted by the turbine rotor. Turbine parameterization generally

refers to using actuator-based models for the turbine. These models using a priori

known lift and drag coefficients of the airfoil and calculate the forces based on flow

field. The actuator-based methods are categorized into three progressively more realistic

techniques: 1.) actuator disk, 2.) actuator line, and 3.) actuator surface.

Actuator disk

The simplest model for representing a wind turbine is the stationary actuator disk

concept developed by Glauert (1935). The actuator disk model utilizes a permeable disk

to resemble the solidity of the rotor and create a wake similar to actual wind turbines far

downstream by imposing a force on the incoming flow. Based on the one-dimensional

momentum theory, a single induction factor is used to represent the magnitude of the

velocity deficit. The actuator disk is used directly with Euler or Navier-Stokes equations

by applying modeled forces as uniform body forces. On the other hand, non-uniform

force models have been designed (Greenberg and Powers, 1970). Experimentally, España

et al. (2011) showed evidence from actuator disks in a turbulent boundary layer that low

frequency displacement of the wake referred to as wake meandering occurs. However,

numerical computations (Rajagopalan et al., 1990; Masson et al., 2001; Ammara et al.,

2002) are more likely to employ the model due to the simplicity. Sørensen et al. (1998)

conducted simulations of individual wind turbine modeled by the actuator disk obtaining

wakes with reasonable comparisons with experiments and one-dimensional momentum

theory. Wind plant computations (Yang et al., 2012; Calaf et al., 2010) using the

actuator disk model were performed to investigate turbine array spacing and power

production. Adding rotation as a correction to account for the azimuthal velocity of

the rotor was used with good results (Porté-Agel et al., 2011).

Actuator line

As the actuator disk does not include the vortex genesis of the tip vortices or hub

vortex, a new concept called actuator line model provides an improvement where the
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non-uniform blade forces are not averaged over the disk but concentrated on lines rep-

resenting the blades. Introduced by Sorensen and Shen (2002), the actuator line model

applies the lift and drag forces over radial lines to model the actual turbine blades.

Lift and drag coefficients are calculated a priori based on the turbine blade using two-

dimensional airfoil data. This model includes the dynamics of the tip vortices, influence

of the blades and the hub vortex as predicted by Joukowski. Tip-loss corrections (Shen

et al., 2005) and stall delay effects (Du and Selig, 1998) were implemented to account for

three-dimensional effects. Mikkelsen (2003) first developed the actuator line model for

pressure-velocity numerical codes. Simulations using actuator line models investigated

the wake of a wind turbine (Troldborg et al., 2010; Ivanell et al., 2009; Troldborg et al.,

2010), the stability of tip vortices (Ivanell et al., 2010), the interaction to two wakes

(Troldborg et al., 2011), and wake meandering (Kang et al., 2014).

Actuator surface

An extension of the actuator line is the actuator surface (Shen et al., 2007, 2009) that

distributes the forces over a planar surface model of the airfoil instead of a radial line.

This allows for more accurate description of the forces on the blade by having to apply

not only the lift and drag coefficients but the pressure and skin-friction distribution

as well. Shen et al. (2007) found the results to be more representative of the blades

in numerical simulations. Several researchers (Leclerc and Masson, 2004; Watters and

Masson, 2007, 2010) implemented the model by considering the vorticity and pressure

distributions. Recently, Yang and Sotiropoulos (2016) used actuator surface model and

developed an actuator surface for the wind turbine nacelle.

1.5 Need for further research

While the above literature review shows that there is an increased capability to accu-

rately simulate the flows around a wind turbine, there still exists uncertainty in the

genesis and effects of the complex physics that occur in the wake of wind turbines. A

major effort in wind turbine research involves the investigation of wake meandering. It

is important to be able to understand and adequately model wake meandering to be
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able to predict wind plant performance and optimize the turbine placement and con-

trols. Several researchers have pointed to the bluff-body effects of the turbine rotor,

while others have indicated the effects of the atmospheric boundary layer are respon-

sible for the creation and onset of wake meandering. The complexity of the physics of

wake meandering is increased with the recent findings of the role of the unstable hub

vortex (Kang et al., 2014; Iungo et al., 2013). Part of this dissertation seeks to elucidate

some of the physics included in wake meandering.

A major source of uncertainty in wind turbine research in wind turbine scale and

wind plant scale simulations arises from the actuator-based models used widely today to

represent wind turbines. These models do not take into account all the geometric effects

of the wind turbine especially wake effects caused by the nacelle and could be inherently

incapable of predicting energetic large-scale instabilities that originate near the turbine

but could affect the intensity of far wake meandering. More specifically, Kang et al.

(2014) showed that the counter-rotating hub vortex in a hydrokinetic turbine undergoes

spiral vortex breakdown and energizes the turbine wake at the top-tip shear layer only

when a nacelle geometry is included in the simulation. However, it is unknown if the

role of the nacelle has the same intensifying effect on wake meandering in wind turbines

(laboratory scale on the order of centimeter diameter to utility scale on the order of a

hundred meters diameter) where the geometry can be markedly different. Moreover, it

is not clear if this has effects in arrays of wind turbines.

The inability of models to capture all the complex physics in the far wake can have

significant implications for creating models for wind plant design and performance. Par-

ticularly, low-order models designed from potentially inadequate simulations can pro-

duce large uncertainties. Investigations with regards to the uncertainty quantification

of wind turbine models have not be conducted. There is a need to quantify the uncer-

tainty of models with the purpose of reducing uncertainty in models without becoming

too computationally expense.
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1.6 Research objectives

The objective of this dissertation is to systematically address the contributions of the

nacelle, the energetic large-scale instabilities in the wake and develop high fidelity com-

putational tools for wind plants to investigate model uncertainty and improve accuracy.

The significance of the instabilities in the near wake caused by the nacelle and the inabil-

ity of models to capture these effects in the far wake can have significant implications

for wind plant design and performance. More specifically,

1. Investigate of role of nacelle in augmenting the intensity of wake meandering and

uncertainty in turbine modeling at different turbine rotor diameter scales from the

model turbine scale to utility scale;

2. Investigate the effect of the nacelle on wake meandering and power production in

a wind plant;

3. Develop a framework for investigating the model uncertainty in wind plants;

The thesis is organized as follows:

• Chapter 2 reports the numerical methods for solving the Navier-Stokes equations

to perform large-eddy simulations for wind turbine applications.

• Chapter 3 details a preliminary study of the flow over a model wind turbine

providing insights into wake meandering statistics and uncertainty of turbine pa-

rameterization.

• Chapter 4 provides details of the effect of the nacelle and operating regime on

wake meandering of a model wind turbine.

• Chapter 5 addresses effects and uncertainty of wake meandering dependent on the

wind turbine diameter scale and nacelle modeling.

• Chapter 6 addresses the wake meandering and nacelle effects in a wind plant.

• Chapter 7 outlines a framework using polynomial chaos to quantify the parameter

uncertainty in wind plants.
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• Chapter 8 discusses the uncertainty in wind turbine nacelle modeling.

• Chapter 9 concludes the dissertation and provides a summary with recommenda-

tions for future work.

• Appendix A details the mathematical background of polynomial chaos.



Chapter 2

Governing equations and

numerical methods

In this chapter, the governing equations for three-dimensional, incompressible turbulent

flows will be presented, followed by the numerical methods for discretization and tur-

bulence closure. The numerical methods presented are developed for high-performance

computing using a distributed memory scheme. The scheme allows for the millions of

data points to be evaluated over many processors. The boundary conditions will be

address. The methods for wind turbine representation in the flow will be overviewed.

2.1 Governing equations and boundary conditions

The flow around wind turbines is governed by the unsteady, three-dimensional, incom-

pressible flow and is certainly a turbulent flow. First, the governing partial differential

equations known as the Navier-Stokes equations will be introduced followed by an ex-

planation of large-eddy simulation and turbulence closure. Finally, the scheme from

discretization is provided and boundary conditions are addressed.

2.1.1 Navier-Stokes equations

First, the Navier-Stokes equations, the governing equations for the flow field, are shown.

Throughout this work, the temperature and humidity of the flow are considered to

15
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be constant throughout the domain. By the assumptions of incompressible flow, the

conservation of energy is de-coupled from the conservation mass and momentum and

is not discussed further. Furthermore, the boundary layers are assumed to be neutral

and buoyancy effects are not considered. The conservation of mass is equation 2.1 and

the conservation of momentum is equation 2.2 shown in compact index notation in

Cartesian coordinates (repeated indices imply summation, i, j =1,2,3).

∂ui
∂xi

= 0 (2.1)

∂ui
∂t

+ uj
∂ui
∂xj

=
1

ρ

∂p

∂xi
+
µ

ρ

∂2ui
∂xj∂xj

+
1

ρ
fi (2.2)

where ui is the i−th component of the velocity vector, ρ is the density, p is the pressure,

and µ is the dynamic viscosity. The term fi is a body force ( e.g. gravity, or surface

tension). In the present work, the term represents forces that are imposed by wind

turbine models when applicable, otherwise it is set to zero.

The computational domains are not always ideal for using the Navier-Stokes equa-

tions in the Cartesian coordinates. Complex geometries that require stretching, cluster-

ing, and conforming to bodies are often solved in one of two ways: 1) Unstructured grids

where grid nodes are not order and 2) Structured grid where the grids are ordered. In

this work, latter method is chosen due its efficiency. However, the equations 2.1 and 2.1

need to be transformed into generalized curvilinear coordinates to accommodate that

the grid lines are not always orthogonal to the basis vectors.

Turbulence in the flow consists of range of length scales. Due to the impractically

of solving the flow with a grid resolution fine enough to capture all length scales, the

variables are filtered and turbulence is modeled in the so-called large-eddy simulation.

The technique is described below in section 2.1.2.

The filtered, fully transformed equations in generalized curvilinear coordinates com-

pact tensor notation (repeated indices imply summation) as follows (i, j = 1, 2, 3):

J
∂U i

∂ξi
= 0, (2.3)

1

J

∂U i

∂t
=
ξil
J

(
−

∂

∂ξj
(U jul) +

µ

ρ

∂

∂ξj

(
gjk

J

∂ul
∂ξk

)
−

1

ρ

∂

∂ξj

(
ξjl p

J

)
−

1

ρ

∂τlj
∂ξj

+ Fl

)
, (2.4)
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where ξil = ∂ξi/∂xl are the transformation metrics, ui is the i − th component of the

velocity vector in Cartesian coordinates, U i=(ξim/J)um is the contravariant volume flux

(the flow rate through a surface), gjk = ξjl ξ
k
l are the components of the contravariant

metric tensor, and J = |∂(ξ1, ξ2, ξ3)/∂(x1, x2, x3)| is the Jacobian of the geometric

transformation. The Jacobian J is the inverse of the cell volume. As before, ρ is

the density, µ is the dynamic viscosity, and p is the pressure. A body force Fl is used

to account for the forces exerted by the turbine calculated by the actuator surface

model and nacelle model, when applicable. Finally, τij represents the anisotropic part

of the subgrid-scale stress tensor and will be discussed in the next section on large-eddy

simulations.

2.1.2 Large-eddy simulations

The Navier-Stokes equations in equations 2.1 and 2.2 are devised in differential form

where the control volume is infinitesimally small. The control volume is assumed to be

small enough capture all the length scales even the smallest Kologormov scale that are

present in a turbulence flow. Obviously, it would be a great benefit to discretize the

computational grid to smaller than the Kolomogrov length scale and the Navier-Stokes

equations can be solved directly. This is the technique employed by direct numerical

simulations (DNS). However, as the Reynolds number increases, the range of length

scales grows and becomes impractical to find a solution numerically. In large-eddy

simulations (LES), a spatial filtering is performed on the flow variables in such a way

that only the length scales larger than the filter size are simulated and the scales smaller

are modeled, the so-called subgrid-scale (SGS). The small scales can be modeled from a

term that appears in the filtered momentum equation (equation 2.4), τij. The subgrid-

scale stress tensor τij = ũiuj − ũiũj , where (̃·) denotes the grid filtering operation,

represents the unresolved turbulence and a closure problem because ũiuj is unknown

and needs to be modeled.

The solution for the unresolved turbulence employs a dynamic Smagorinsky model

(Smagorinsky, 1963) developed by Germano et al. (1991) is used for closure for τij:

τij −
1

3
τkkδij = −2µtS̃ij , (2.5)
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where S̃ij is the filtered strain-rate tensor defined as

S̃ij =
1

2

(
∂ũi
∂xj

+
∂ũj
∂xi

)
(2.6)

and µt is the eddy viscosity. The term τkk in incompressible flow is zero due to the

divergence free condition implied by the continuity equation 2.1. The eddy viscosity

is a numerical concept, analogous to the dynamic viscosity, that indicates the transfer

of momentum to turbulence through a ‘diffusivity’. If µt = 0, there is no transfer of

turbulence. The eddy viscosity µt is by given

µt = ρCs∆
2|S̃|, (2.7)

where Cs is the Smagorinsky constant and |S̃| = (2S̃ij S̃ij)
1

2 . A box filter (Sagaut, 2006)

is utilized for the model and the filter size is the cubed root of the cell volume and is

calculated as follows:

∆ = J−1/3. (2.8)

The Smagorinsky constant Cs is in fact not constant but has been shown to spatially

and temporally evolve with the flow (Germano et al., 1991). The dynamic Smagorinsky

model developed by Germano et al. (1991) seeks an optimized local value by minimizing

the mean square error between the resolved stress of the grid filter and a test filter.

Germano et al. (1991) proposed that the actual value of Cs can recovered by inspection

of the smallest resolved scales. The test filter ∆̂ which is twice as large as the grid filter

for uniform grids and is the based on the information of the 27 nodes surrounding the

cell of inspection. The (̂·) operator denotes test filtering. The Smagorinsky constant Cs

is calculated as follows (in compact index notation):

Cs =
LijMikGjk

MnpMnpGpq
, (2.9)

where

Lij = ̂̃uiũj − ̂̃uî̃uj (2.10)

and Gjk = (∂xl/∂ξj)(∂xl)(∂ξk) is the covariant metric tensor. The Mij is calculated

from the strain-rate tensor, grid filter and test filter as follows:

Mij = 2∆2̂̃Sij|S̃| − 2∆̂2S̃ij |̂S̃|. (2.11)
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In the present simulations, both Cs and µt are calculated as the cell centers at the

beginning of each time step and subsequently, interpolated to the cell faces to be used

in calculation of the SGS term in equation 2.4.

2.1.3 Numerical Methods

The Navier-Stokes in generalized, curvilinear coordinates from equations 2.3 and 2.4

are a set of non-linear partial differential equations. The present study employs a

fractional step method proposed by Chorin (1968). An implicit fractional step method

in generalized curvilinear coordinates was developed by (Ge and Sotiropoulos, 2007).

The discretization of the momentum for temporal integration is devised as follows:

1

J

2(U∗

i − Un
i )

∆t
= RHS(U∗

i , u
∗

i ), (2.12)

where n superscript is used to denote the time level. The fractional step method sep-

arates the momentum equation into the transient term, pressure term, and all other

terms that are combined for conciseness in the right hand side term RHS. The tem-

poral discretization is provided by the second-order accurate Crank-Nicolson scheme.

Because the equation 2.4 is discretized on a hybrid stagger-nonstaggered grid formula-

tion (Gilmanov and Sotiropoulos, 2005) the RHS is a function of both the contravariant

velocity vector U∗

i and Cartesian velocity vector u∗i , where the superscript asterisk de-

notes that the terms are an intermediate solution. The convection and diffusion terms

are spatially discretized using a three-point central, second-order accurate finite differ-

ence. The first step is to solve the RHS in equation 2.12 and obtain the intermediate

flux U∗

i .

The fractional step method is utilized because it uncouples the calculation of the

momentum and the continuity equations. The intermediate flux is not divergent free

because continuity has not been enforced. The second step is to correct the intermedi-

ate flux. This is achieved by solving the Poisson equation for the pressure correction

Π = pn+1 − pn in generalized curvilinear coordinates (i, j = 1, 2, 3):

−J
∂

∂ξi

(
1

ρ

ξil
J

∂

∂ξj

(
ξjl Π

J

))
=

3

2∆t
J
∂U∗

j

∂ξj
. (2.13)

The solution to the Poisson equation (equation 2.13) obtains the correct pressure

pn+1 = pn +Π and the updated contravariant flux for the next time level is obtained in
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the final step:

Un+1
i = U∗

i − J
2∆t

3

1

ρ

ξij
J

∂

∂ξj

(
∂ξjl Π

J

)
. (2.14)

The above method was first proposed by Gilmanov and Sotiropoulos (2005) for a stagger-

nonstaggered grid formulation with Cartesian coordinates and implemented in curvilin-

ear coordinates by Ge and Sotiropoulos (2007). The formulation is able to create a

divergence-free solution.

2.1.4 Discrete momentum equation solution

The first step of the fractional step method is to solve the RHS of equation 2.12,

the momentum equation. As stated above, this equation is nonlinear. The discretized

momentum is a second order ordinary differential equation and is represented as the

following:

F (U) = 0. (2.15)

In this form, the notation F represents a general functional of the intermediate flux and

includes both the RHS and temporal derivative. The bold-faced type denotes that a

vector quantity. Note, that the superscript asterisk is dropped for brevity. The nonlin-

earity poses a problem such that the equation cannot be simply solved using a iterative

Newton’s method. Instead, the equation must first be linearized using a Taylor’s series

approximation. First, Uk is introduced as a approximation of the intermediate flux U∗

and the kth iteration. The Taylor series approximation is as follows (i, j = 1, 2, 3):

F (Uk + δUk) = F (Uk) +
∂Uk

∂Uk
δUk +O((Uk)2), (2.16)

where δUk is an increment around U at each iteration.

Neglecting higher order terms and setting the left hand side to zero, a Newton’s

method is setup as follows:

A(Uk)δUk = −F (Uk), (2.17)

Uk+1 = Uk + αkδU
k, (2.18)

where A = ∂Uk/∂Uk is Jacobian matrix of F and αk is a parameter to control conver-

gence. The linear system in equation 2.17 is solved by the GMRES method (Saad and
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Schultz, 1986). In this form, the Jacobian matrix does not need to be saved and can

quickly be computed through a differentiation with a small perturbation. The Newton

method is generally only convergent when the initial guess is close to the solution. To

ensure that the method is globally convergent and the initial guess is in the radius of

convergence of Newtons method, a line-search method is employed for the globaliza-

tion of the Newton-Krylov method (Dennis Jr and Schnabel, 1996). The momentum

equation is fully implicitly solved and does not have a constraint of the CFL (Courant-

Friedrichs-Lewy) time step. For a detailed explanation on the momentum discretization,

see Kang et al. (2012)

2.1.5 Poisson equation solution

Numerically, solving the Poisson equation (equation 2.13) using GMRES method poses

different challenges than the momentum equation. While the Poisson equation is already

linear, it is an elliptic equation and highly sensitive to the computational grid (Kang

et al., 2012). In turbulent flow problems, the local grid can have a high aspect ratio,

the ratio of the length of the size, especially as the grid is stretched or clustered towards

boundaries or areas where fine resolution is required. As the aspect ratio of the grid

cells increases, the stiffness of the Newton’s method becomes higher, and smaller time

steps are required. This occurs because the differences in the eigenvalues of the Jacobian

matrix A grow and higher condition number of A occurs.

To alleviate the condition number and decrease the number of time steps needed

to achieve convergence and ensure a divergence-free flow field, a pre-conditioner is used

on the Jacobian matrix. An algebraic multi-grid (AMG) pre-conditioner is employed

to reduce the condition number. The AMG is one of the more successful methods to

increase convergence for elliptic equation.

2.1.6 Boundary conditions

Several different velocity boundary conditions are employed in the present work. The

first is the wall boundary condition which implies the no-slip condition on the wall. In

low Reynolds number flow where the grid can be sufficiently fine to resolve the turbulent

boundary layer with grid points inside the viscous region (y+ = 1) then the boundary
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condition is given as a Dirchlet boundary condition type (i = 1, 2, 3):

ui = 0 (2.19)

or in general curvilinear coordinates

U |wall = 0 (2.20)

where U is the contravariant flux. However, in the high Reynolds number flow in the

present study, a grid resolution with grid points close to the wall to resolve even the

viscous region are computationally impractical. A wall model is employed to model the

proper turbulence scales that occur near a wall. The wall model employed in this work

is first described in Kang et al. (2012) based on the wall model first proposed by Cabot

and Moin (2000) and Wang and Moin (2002). The wall model approximates the velocity

flow field in the proximity of the wall by dropping the nonlinear terms and and solving

a Reynolds-averaged boundary layer equation as follows:

1

ρ

(
(µ+ µt)

∂usi
∂l

)
=

1

ρ

∂p

∂s
+
∂usi
∂t

+
∂ulusi
∂s

(2.21)

where l and s are the wall normal and wall tangential directions, respectively, and i

denotes the directions of two velocity components that are tangent to the wall. In

Wang and Moin (2002) an equilibrium stress balance model is obtained by setting the

right hand side of equation 2.21 to zero, and the follow remains:

1

ρ

(
(µ+ µt)

∂usi
∂l

)
= 0. (2.22)

Equation 2.22 is integrated from the wall to the second grid node off the wall to obtain

the velocity at the first grid node off the wall.

The eddy viscosity µt near the wall has a dampening term due to the proximity of

the wall and is modeled as the following:

µt = µκl+
(
1− e−l+/19

)2
(2.23)

where κ = 0.4 is the von Karman constant and l+ = ρuτ l/µ where uτ is the wall shear

velocity.

The second boundary condition employed in the present study is the free-surface
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boundary condition based on the rigid-lid approximation proposed by McGuirk and

Rodi (1978). This condition is employed on boundaries where the surface is deemed to

be shear-free and flux-free. The Neumann boundary condition is described as follows

(i, j = 1, 2, 3):
∂ui
∂sj

= 0 (2.24)

and

uili = 0 (2.25)

where l and s are the wall normal and wall tangential directions, respectively. This

boundary condition does not require any turbulence modeling due to the absence of any

mean velocity gradient.

Another boundary condition employed is the fixed-flux boundary condition where

the flux in a single direction is known a priori. This condition is used to impose a

uniform velocity inflow condition.

The final boundary condition utilized is the periodic boundary condition. The

boundary condition is a numerical simplification that implies that the computational

domain is in an infinite series. The boundary condition is set by copying the conditions

from the opposing boundary.

2.2 Numerical methods for turbine representations

In the following sections, the methods for representing a wind turbine is addressed.

Simulating the motion of a wind turbine is a large problem that compounds to challenges

of simulating a complex turbulence flow. There are a few ways to implement a complex

geometry with motion in a flow that can be separated into two methods: 1.) Resolving

the geometry and motion of the wind turbine and 2.) Modeling the forces exerted on the

flow. The curvilinear immersed boundary method capable of resolving the geometry is

described in section 2.2.1. Second, the actuator-based model for parameterizing a wind

turbine and nacelle in sections 2.2.2 and 2.2.3. In the present work, when an actuator-

based model for the wind turbine blade is employed only the actuator surface is utilized

and will be the only model described in detail.
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2.2.1 Immersed boundary method

Two general approaches for simulating a flow field and resolving complex moving bound-

aries are fitting a grid to the body and reconstructing the boundary inside a background

mesh. The former tends to be very time consuming for creating a mesh around a com-

plex geometry, moreover, the motion of a wind turbine would require an algorithm for

the movement of the grid with the rotation of the turbine blades. The latter method is

employed in this study using the curvilinear immersed boundary method (CURVIB) de-

veloped by Ge and Sotiropoulos (2007). This method has been shown to be an effective,

robust method for a variety of complex turbulent geophysical flows such as meander-

ing streams Kang and Sotiropoulos (2012); Kang et al. (2011), hydrokinetic turbines in

channels Kang et al. (2014) and sediment transport in an open channel Khosronejad

et al. (2012). Most importantly, this method is capable of resolving the geometry of

an axial flow hydrokinetic turbine such as the intricacies of turbine blades and nacelle

and tower with accuracy that deficiencies of actuator based models are indicated quite

readily (Kang et al., 2014).

The CURVIB method treats the boundary, discretized by an unstructured trian-

gular mesh, as a sharp interface, and the boundary conditions are reconstructed on a

curvilinear structured background grid using interpolation along the normal direction

from the boundary. A motion can be imposed on the boundary, which makes it ideal

for a simulating the complex geometry of rotating wind turbines. Figure 2.1 shows the

sketch of the immersed boundary node search and boundary condition reconstruction.

A higher resolution of the background grid will result in a better approximated im-

mersed boundary surface. Each node is identified as a fluid node, immersed boundary

node or solid node. A bounding box is placed around the immersed boundary surface

to decrease searching time. A ray-triangle intersection method is utilize to classify the

nodes (Borazjani and Sotiropoulos, 2010). A random half-infinite ray is cast from the

node in question and the number of intersections with the closed immersed boundary

surface is counted. If the number of intersections is even, then the node is outside the

body. Otherwise, the node is classified as an immersed boundary node or inside the

boundary.

Once the nodes are properly identified, the boundary conditions must be applied

on the immersed boundary surface. A normal interpolation on the immersed boundary
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Figure 2.1: Sketch of boundary reconstruction of immersed boundary surface. Nodes
marked with x are solid nodes, nodes marked with a closed circle are IB nodes, nodes
marked with an open circle are fluid nodes, and triangles mark the surface fluxes sovled.
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surface to the hybrid staggered-nonstaggered grid layout (Gilmanov and Sotiropoulos,

2005) is used for the velocity boundary conditions. As shown in Fig. 2.1, a line normal

to the wall (at point A) is created towards the nearest fluid nodes (point B) until it

intersects the plane formed by the internal grid nodes at the so-called interception point

(point C). The value for point C is obtained through linear interpolation from the grid

nodes (nodes α and β). The velocity at the wall at point A, uAi , is zero if the immersed

boundary is not moving. The interpolation for the velocity at point B, uBi , is shown to

be the following (i = 1, 2, 3):

uBi =

(
AB

AC

)
(uCi − uAi ) + uAi ), (2.26)

where AB and AC are the distance between points A and B and points A and C,

respectively.

In Gilmanov and Sotiropoulos (2005) , the no-slip condition was shown to be imposed

on point A. This required that the grid spacing near the immersed boundary is fine

enough to be in the viscous sublayer of the boundary layer. For high Reynolds number

turbulent flows, this is not practical and the wall model approach discussed in section

2.1.6 is utilized. To obtain the velocity, first equation 2.22 is integrated at the wall

(l = 0) to the intersection point C (l = δc) yielding the following nonlinear equation:

τw = µ
∂us
∂l

|l=0 =
1

∫ δc
0

1
µ+µt

dl
(us(δc)− us(0)) , (2.27)

where τw = ρusτ is the wall shear stress with uτ at the friction velocity. The friction

velocity is iteratively solved and the velocity at the first node (point B) is solved through

the following:

us(δb) =

∫ δb
0

1
µ+µt

dl
∫ δc
0

1
µ+µt

dl
(us(δc)− us(0)) . (2.28)

The normal velocity component at the wall is obtained through linear interpolation.

Finally, the velocity reconstruction described above is used to provide the intermedi-

ate velocity U∗ and the divergence-free condition has not been imposed and the Poisson

equation is ill posed. In Kang et al. (2011), a procedure is described where a correction

for the velocity is calculated by satisfying the global volume flux around the immersed

boundary. The weighted volume flux by the area around the immersed boundary is

summed and subtracted from the intermediate velocity U∗.
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2.2.2 Actuator surface

In the actuator surface model for the blade, the blade geometry is represented by a

surface formed by the chord lines at every radial location of the blade. The forces

are calculated in the same way as in the actuator line model using the blade element

approach. The lift (L) and drag (D) at each radial location are calculated as follows:

L =
1

2
ρCLc|Vrel|

2nL, (2.29)

and

D =
1

2
ρCDc|Vrel|

2nD, (2.30)

where CL and CD are the lift and drag coefficients from a look-up table based on the

value of angle of attack, c is the chord, Vrel is the relative incoming velocity, and nL

and nD are the unit vectors in the directions of lift and drag, respectively. The relative

incoming velocity Vrel is computed by

Vrel(XLE) = ux(XLE)ex + (uθ(XLE)− Ωr)eθ (2.31)

where XLE represents the leading edge coordinates of the blade, Ω is the rotational

speed of the rotor, ex and eθ are the unit vectors in the axial flow and rotor rotating

directions, respectively. In the present model, the axial and azimuthal components of

the flow velocity, i.e. ux and uθ are computed at the leading edge of the blade. Gen-

erally, the leading edge point LE does not coincide with any background nodes. In

the present work, the smoothed discrete delta function (i.e. the smoothed four-point

cosine function) proposed by (Yang et al., 2009) is employed to interpolate the flow

velocity at the leading edge of the blade from the background grid nodes. The forces

computed on each grid node of the leading edge are then uniformly distributed onto

the corresponding actuator surface meshes with the same radius from the rotor center.

The forces on the blade actuator surface are then distributed to the background grid

nodes for the flow field using the same discrete delta function employed in the velocity

interpolation process. The stall delay model developed by (Du and Selig, 1998) and the

tip-loss correction proposed by (Shen et al., 2005) are employed to take into account

the three-dimensional effects.
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2.2.3 Nacelle model

Recent work (Kang et al., 2014) showed that the nacelle geometry is important in

accurately capturing the wake dynamic. To utilize the actuator surface model with a

nacelle, the nacelle geometry is represented by the actual surface of the nacelle with

distributed forces. The force on the actuator surface is decomposed into two parts: the

normal component and the tangential component. The normal component of the force

is computed in a way to satisfy the non-penetration condition, which is similar to the

direct forcing immersed boundary methods (Uhlmann, 2005), as follows:

Fn =

(
ud(X)− ũ(X)

)
· n(X)

∆t
, (2.32)

where X represents the coordinates of the nacelle surface mesh, ud(X) is the desired

velocity on the nacelle surface, n(X) is the unit vector in the normal direction of the

nacelle, ũ is the velocity estimated from the previous flow field using an explicit Euler

scheme. The tangential component of the force is assumed to be proportional to the

local tangential velocity and is computed as follows:

Ft =
1

2
CASN

(
ud(X)− ũ(X)

)
· t(X)

∣∣∣
(
ud(X)− ũ(X)

)
· t(X)

∣∣∣ , (2.33)

where CASN is the model coefficient, and t is the tangential unit vector defined by

the local tangential velocity. Different values of CASN have been tested in (Yang and

Sotiropoulos, 2016). Similar to the actuator surface, a smoothed discrete delta function

is employed for the velocity interpolation and force distribution.



Chapter 3

Preliminary study of the flow

over a model wind turbine

In this first chapter, we present a preliminary study of the flow over a miniature model

wind turbine using the curvilinear immersed boundary method to resolve the geometrical

details of the blade and nacelle to elucidate the three-dimensional structure of the wake

and the mechanisms controlling near and far wake instabilities. The study is used to

provide a basis for a computational approach to investigating wake meandering and the

effects of the nacelle geometry with a turbine with extensive experimental measurements

of the velocity in the wake. Moreover, this study employs the same immersed boundary

method used in Kang et al. (2014) and seeks to provide insights into wake meandering in

light of Kang et al. (2014), where is was shown that the nacelle has a substantial effect

on the intensity of wake meandering. In order to collect and analyze wake meandering, a

spatio-temporal filtering technique is devised based on the work of Howard et al. (2015)

to track wake meandering. Similar to the findings of Kang et al. (2014), an energetic

coherent helical hub vortex is found to form behind the turbine nacelle which expands

radially outward downstream of the turbine and ultimately interacts with the turbine

tip shear layer.

The chapter organized into the following sections: Section 3.1 explain the immersed

boundary large-eddy simulations procedure. The present numerical results are compared

with experimental measurements and analyzed in section 3.2 which includes details of

29
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the filtering procedure and discussion on the flow field in terms of the wake meandering

reconstruction. A comparison of results of the simulations of the actuator surface model

to the simulations with the immersed boundary method for a preliminary analysis of

the uncertainty of turbine parameterization is shown in section 3.3. This comparison is

designed to investigate the feasibility of modeling the wind turbine nacelle. Finally, the

study is concluded in section 3.4.

3.1 Test case setup

The simulations are designed after the experiments performed in Howard et al. (2015).

The experiments are conducted in the St. Anthony Falls Laboratory wind tunnel at

University of Minnesota. The fixed pitch three bladed GWS/EP-5030x3 rotor has a

diameter D = 0.128 m at a hub height H = 0.104 m. In the experiments, a voltage is

applied to maintain a constant tip speed ratio, λ. While a few rotational speeds were

tested in the experiments, in the present study only the optimal tip speed ratio λ = 3.2

is simulated. The turbulent boundary layer developed in the wind tunnel has a hub

velocity Uhub = 5ms−1, a shear velocity uτ = 0.23ms−1, and an approximate boundary

layer height δ = 0.6 m, leading to a Reynolds number based on the turbine diameter

ReD = UhubD/ν = 42977.

The computational domains used for simulations extends 5D × 4.69D × 12D in the

transverse, vertical, and streamwise directions. The bottom wall is modeled with a

wall model (Yang et al., 2015a). Free-slip boundary condition is applied at the top

and side walls. The inflow is a fully developed turbulent boundary layer, which is

generated from a precursory simulation. The precursory simulation is carried out to

replicate the wind tunnel environment with the same ReD and Reτ = uτδ/ν in a

domain of size 9D × 4.69D × 23D to generate a fully developed turbulent boundary

layer using periodic boundary conditions along the streamwise and spanwise directions.

After sufficient time to allow the flow field to become fully developed, the streamwise

mean and RMS velocities of the precursory simulation shown in Fig. 3.1(c) and Fig.

3.1(d), respectively, converge to the experimental estimates. Subsequently, a sufficiently

large sample of instantaneous flow fields are saved and fed as inflow conditions for the

wind turbine simulations.
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Grid Total Cells Cells/D

Grid I 150×130×550 50
Grid II 300×260×1000 100
Grid III 350×290×1050 150

Table 3.1: Grid size and resolution domains used for LES

Three computational grids are used for the wind turbine study: Grid I, Grid II,

Grid III. These correspond to a 8 million, 80 million, and 110 million grid points,

respectively. Further information about the grids can be found in Table 3.1. The grid is

stretched such that in the rotor plane extending D downwind, a uniform grid is present

with 50 cells/D, 100 cells/D, 150 cells/D in each direction, respectively for each grid.

We continue the simulation for 90 rotor rotations, which is found adequate to obtain

statistically converged flow fields. A grid sensitivity study was performed, shown in Fig.

3.2, with Grid III providing the best results comparable to the experiments. As such

all results shown here use the data from Grid III unless otherwise specified.

The wind turbine geometry including blade, nacelle, and tower is discretized with an

unstructured triangular mesh shown in Fig. 3.1. The twist of the blades are described in

Howard et al. (2014) Because of the very thin turbine model blades and we do not have

the information of the specific airfoil type, in this simulation, the blades are modeled as a

twisted pitched flat plat with zero thickness. The thin blade implementation prescribes

the boundary conditions on the upwind and downwind surfaces of the blades but without

having structure nodes present between the surfaces (Gilmanov et al., 2015).

3.2 Results and discussion

In this section, first, the results of the large-eddy simulation of the wind turbine will

be compared with experimental measurements and discussed. Next, the wake mean-

dering filter technique used by Howard et al. (2015), will be further developed for the

use in three-dimensional large-eddy simulation results. Finally, a spatial and temporal

statistical analysis of the filtered wake meandering profile will be discussed.
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Figure 3.1: (a) The computational domain with the wind turbine inside. (b) The
wind turbine surface discretized into an unstructured triangular mesh. Inflow (c) mean
streamwise velocity and (d) RMS streamwise velocity of the experimental measurements
of the wind tunnel (circle) and precursory simulation (line).

3.2.1 Validation of the computed results

Figure 3.2(a) shows the comparison of the mean streamwise velocity U LES re-

sults of Grids I, II, and III with the experimental PIV observations at several locations

downstream of the wind turbine. First, as the number of grid points increases in the

simulation, the results trend towards the experimental results in all locations. In par-

ticular, Grid III is able to provide a more accurate flow description close to the turbine

between the wake from the nacelle (inner wake) and the wake from the turbine rotor

(outer wake) as shown in the velocity step change near spanwise location z/D = ±0.25

at x/D = .5 and x/D = 1. There is only a slight discrepancy in the first profile

because of the differences between the modeled and actual blade geometries. Farther

downstream x/D > 2, the inner and outer features merge, the velocity step disappears,

and the measurements of the mean velocity profile tend to collapse with the numerical

results. Both experimental and simulation results display a slight asymmetry in the

profiles due to the rotation of the turbine. The RMS of the streamwise velocity u′ and

spanwise-streamwise u′w′ correlation are shown in Fig. 3.2(b) and Fig. 3.2(c), respec-

tively. With these quantities, only Grid III is able to give accurate results in comparison

to the experiments. The shear layers in the nacelle wake and the rotor wake are well

captured but are over predicted by the simulations. This indicates that the discretiza-

tion of the turbine blades as a flat plate may have some effects on the turbulence close
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to the turbine. However, in the simulated shear layers, the peaks of both u′ and u′w′

decrease to the corresponding levels measured in the experiments by x/D = 1. In both

the experiments and simulations, the two shear layers merge into one shear layer with

a maximum near the rotor tip by x/D = 2. Profiles farther downstream have a slight

discrepancy of no more that 5% in the shear layers peaks which indicates that further

grid refinement or time averaging may be necessary. Nevertheless, the simulations with

modeling the blades as flat plates appears to adequately predict the flow field of the

miniature wind turbine.

The contours of the time averaged mean and turbulent statistics are shown in Fig.

3.3 at the centerline plane z = 0. The spatial distribution of the mean streamwise

velocity U/Uhub is shown in Fig. 3.3(a) by plotting velocity contours. The streamwise

momentum deficit is clearly present and shown to slowly recover downstream. Within

x/D = 0.5, the wake is comprised of a inner flow recirculation zone with a minimum

of U/Uhub ∼ −0.2, and an outer region with positive streamwise velocity expanding to-

wards to the outer boundary of the wake defined by the tip vortices. For further down-

stream locations, the wake is mainly dominated by the region with positive streamwise

velocity. The mean spanwise velocity W/Uhub in Fig. 3.3(b) indicates that close to the

turbine two counter rotating wakes exist: i) The inner wake has counterwinding rotation

compared to the turbine blades, which is the footprint of the time averaged rotation of

the hub vortex; ii) The outer wake is present as the footprint of the tip vortices and

co-rotates with the turbine blades. A similar pattern consisting of two counter rotating

regions in the wake was also seen in the hydrokinetic turbine simulation of Kang et al.

(2014) and the experimental results of Chamorro et al. (2013) and is consistent with the

Joukowski turbine wake model (Joukowski, 1912) which proposes, for an N-bladed tur-

bine, N helical tip vortices and a counter-rotating hub vortex. The rotations of the inner

wake and the outer wake remain distinct features for a few diameters downstream until

interactions between the outwardly expanding inner wake and the outer wake merge near

the tip position at about x/D = 4. The mean azimuthal momentum becomes negligible

for both wakes within x/D = 5. In Fig. 3.3(c) the Reynolds shear stress u′v′/U2
hub is

intense in the near wake region in specific locations where the hub vortex and the tip

vortices are concentrated. Along the blade, high shear stress regions exist from the root

of the blade to the tip, where the blade vortex is located, or where the unsteadiness
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Figure 3.2: Comparison between PIV measurements and LES of time averaged flow
statistics: (a) U/Uhub, (b) u

′/Uhub, (c) u′w′/U2
hub at the hub height y = 0.8125D. The

profiles are shown at axial distances x/D = 0.55, 1.0, 2.0, 3.0, 4.0 from the rotor plane.
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associated with the blade passing is expected to occur. Behind the nacelle, two regions

of high and low mean turbulence shear stress extending to x/D = 3 and merging with

turbulence shear stress contributions along the top and bottom tip positions, identify

the high turbulence mixing occurring in the shear layer of the inner wake. The tur-

bulence shear stress at the tips delineates regions across which steep velocity gradients

increase and large turbulence mixing occurs. This is particularly important along the

top tip shear layer, where high turbulence kinetic energy extends past x/D = 4.

The turbulence kinetic energy (TKE) k/U2
hub is shown in Fig. 3.4. Near the turbine

the TKE is high in the shear layers of the inner wake and the tip vortices formed at the

tip of the blades. As the shear layers expand downwind, the TKE decreases and spreads

with the shear layers around the hub vortex in nearly parallel streaks. The TKE exists

in the shear layers of the inner wake and in the vicinity of the hub vortex. The high

levels of nacelle and hub vortex TKE extend 3D downstream and merge with the high

TKE along the top tip position. Regions of higher levels of k/U2
hub exist above and

below the nacelle in the shear layers of the inner wake. At 4D downstream, the TKE

increases again in the top-tip shear layer, similar to the findings in Kang et al. (2014).

Figure 3.4(b) magnifies the region around the top-tip shear layer and shows how k/U2
hub

increases, peaks around x/D = 5 and extends farther downstream the top-tip position.

The increased turbulence in the far wake, around the outer shear layer, marks the inter-

action of hub and tip shear layers, inner and outer wakes, and the onset of large-scale

wake meandering. The TKE near the bottom-tip shear layer is less pronounced mainly

due to the significantly lower incoming wind speed.

The time averaged streamwise vorticity ωxD/Uh contours, shown in Fig. 3.5, reveal

a number of shear regions with high vorticity in the near-turbine wake that originate

from both the blades and nacelle. Along the blade, several vortex structures are cre-

ated and marked on Fig. 3.5: tip vortices (b1), weak mid-plane blade vortices (b2),

and root vortices (b3) produced near the root of the blades with the center hub. The

tip vorticity remains concentrated along the top-tip position for many diameters down-

stream, slowly dissipating as the shear layer formed by the tip vortices expands. Along

the bottom-tip position the footprint of the tip vortices can be seen directly after the

blade tip and appears to interact with the turbine tower. The interaction imparts a

consistent stronger pair of vortices that continues downstream along the bottom-tip
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Figure 3.3: Contours of the time averaged flow statistics for (a) U/Uhub, (b) W/Uhub,
and (c) u′v′/U2

hub at the z/D = 0 plane. The dashed lines indicate maximum and
minimum vertical height of the blade tip.
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Figure 3.4: Contours of the turbulence kinetic energy k/U2
hub at the z/D = 0 plane. The

boxed area in (a) is magnified in (b) to show the extent of the top-tip k/U2
hub contours.

The fine dashed lines indicate maximum and minimum vertical height of the blade tip.
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position. The mid-plane blade vortices form from the trailing edge of the blades and

quickly dissipate. The root vortices form a “V” shaped contour (in fact a conical shape

in three- dimensions) and extend downstream enclosing a hub vortex core (n1) formed

behind the nacelle. The root vortices mark the exterior boundary of the inner wake

and radially expand outward towards the tip position. The root vorticity merges with

the tip vorticity at x/D = 1 and the hub vortex core continues to expand and interact

with the tip vortices. Between 2 < x/D < 5 downwind, the expanding hub vortex

interacts with the tip vortices shown clearly in Fig. 3.5(b) and begins to dissipate while

remaining persistent far into the wake flow field. Vorticity along the top-tip position

persists farther downstream consistent with the spatial evolution of the turbulence ki-

netic energy. The mean flow field shows clearly the footprint of the hub vortex, tip

vortices, and wake meandering. In the next sections, further evidence of the importance

of these features and analysis on instantaneous flow fields is developed to understand

the physical mechanisms of these features.

3.2.2 Wake meandering filtering technique

From the LES, instantaneous snapshots of the velocity field are collected with a

timestep τs = T/770, where T is the period of one revolution of the turbine rotor. This

temporal resolution, along with the spatial resolution of Grid III, allow us to investigate

the evolution of wake meandering. Wake meandering presents itself downwind of the

turbine as a large coherent structure. While its presence has been hypothesized to be

related to the bluff body shedding-like mechanism of the turbine rotor (Medici and

Alfredsson, 2008) and amplified by the hub vortex (Kang et al., 2014; Howard et al.,

2015), the wake meandering phenomenon is still not completely understood.

In the present work, the structure of a meandering profile through the wake of the

wind turbine is reconstructed to investigate the statistics of the meandering fluctuations

and understand their physical nature. From the triple decomposition of a turbulent flow

(Hussain, 1986),

u(x, t) = U(x) + ũ(x, t) + ui(x, t). (3.1)

The instantaneous velocity vector u(x, t) (bold indicates a vector quantity) can be

decomposed into a strictly spatial mean term U(x), a coherent term ũ(x, t), and the
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Figure 3.5: Contours of the time averaged streamwise vorticity ωxD/Uhub. at the z/D =
0 plane. The boxed area in (a) is magnified in (b). The fine dashed lines indicate
maximum and minimum vertical height of the blade tip.
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incoherent term, ui(x, t). Alternatively,

u(x, t) = 〈u〉(x, t) + ui(x, t). (3.2)

The mean velocity U(x) and coherent velocity ũ(x, t) can be summed as an large-scale

velocity 〈u〉(x, t) of the coherent structure.

In the following analysis, we attempt to derive a robust technique to identify the

coherent structure corresponding to wake meandering. As in Howard et al. (2015), large

scale coherent meandering profiles are instantaneously reconstructed from the velocity

minima in the streamwise direction. Howard et al. (2015), however, reconstructed two-

dimensional wake meandering profiles since experimental data were only available on

two-dimensional planes. Here, we take advantage of the LES flow fields to develop an ap-

proach for reconstructing the 3D wake meandering profiles. To do so we first determine

the coherence time and length scales of wake meandering. Subsequently, we employ the

so-determined scales to temporally and spatially filter the instantaneous flow fields to

better visualize the coherent wake dynamics. A two part filtering technique is employed.

To determine the coherence time scale of meandering we employ two different ap-

proaches. The first approach is based on the fluctuation analysis proposed by Chriso-

hoides and Sotiropoulos (2003) to identify the coherence time scale of the energetic

coherent structures in experimental visualizations of complex free-surface flows. We

begin by applying a finite time averaging of the instantaneous flow field over a finite

size window τ as follows:

uτ (x, t) =
1

τ

∫ t+τ/2

t−τ/2
u(x, t′)dt′. (3.3)

According to the Chrisohoides and Sotiropoulos (2003) approach, the coherence timescale

τc of wake meandering is the optimal size of a finite-size temporal averaging window, τ ,

based on statistical evidence using the central limit theorem and fluctuation analysis. If

the temporal averaging window is too short, the finite time averaged time series result-

ing from Eqn. (3.3) will still be dominated by incoherent motions. If the window is too

long, on the other hand, the energetic coherent motions are completely smeared out.

To find the optimal coherence timescale τc, we employ fluctuation analysis as proposed

by Chrisohoides and Sotiropoulos (2003). For a given finite time averaging window τ ,
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the standard deviation of the time series Eτ is calculated as follows:

[Eτ (x)]
2 = lim

T→∞

1

T

∫ T

0
[uτ (x, t

′)− U(x)]2dt′. (3.4)

From the central limit theorem, as the temporal averaging window τ is increased, adja-

cent windows become uncorrelated, and Eτ scales as τ−1/2. The coherence time scale

is chosen as the time scale for which Eτ just begins to scale as τ−1/2. In Fig. 3.6(a),

we plot Xτ = τ1/2Eτ verse τ for the velocity time series at x/D = 4 at the centerline.

It is evident from this figure that Xτ becomes flat as the window averaging size τ is

increased. We define the coherence time scale of wake meandering as the time step size

where the flattening starts, which is found to be τc = 0.63T .

The second approach to determine the coherence time scale is to employ spectral

analysis. Figure 3.6(b) shows the energy spectrum for the velocity series at x/D = 4 at

the centerline with the coherence frequency 1/τc also indicated by a dashed-dot vertical

line. As seen in this figure the so-determined time scale τc is very close to that deter-

mined by the fluctuation analysis. Both approaches use different analysis to separate

the short time scales from the time scales of the large coherent structures and have

both have good agreement. Using Taylor’s frozen turbulence hypothesis along with the

so-determined time scale τc and the mean centerline velocity at x/D = 4, the coher-

ence length scale lc is approximately equal to 0.5D. Approximately, the same value is

computed when we apply the above analysis to several streamwise locations along the

wake. For that, we determine lc = 0.5D to be the characteristic length scale for wake

meandering.

After applying the finite time averaging to the full 3D flow field, we attempt to

identify the large scale wake meandering by reconstruct a 3D meandering profile on the

velocity minima in the wake of the turbine. The velocity minima are considered the

points of minimum instantaneous streamwise velocity in the y-z direction for each x

location. First used in the work of Howard et al. (2015), low-pass spatial filtering using

a cutoff length scale of 0.5D (very similar to the coherent timescale presented above)

to create a continuous, smooth 3D profile.

The procedure used to reconstruct the coherent meander profile is the following:

1.) Use finite time averaging to temporally filter the instantaneous data. 2.) Find the

velocity minima. 3.) Spatially filter the velocity minima location points to obtain the
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Figure 3.6: (a) Fluctuation analysis diagram and (b) velocity energy spectrum along
the centerline and top-tip position of the turbine at x/D = 4. The thick blade line has a
slope of -5/3. The thin dashed lines are the turbine frequency and blade frequency. The
dashed-dotted line marks the determine coherence (a) time scale τc and (b) frequency
1/τc.
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filtered 3D meander profile.

The procedure is applied to three-dimensional instantaneous data over a total time

ttot = 90T . To elucidate and qualitatively describe the helical shape of the filtered wake

meander, several 3D instantaneous views are shown in Fig. 3.7, captured at four time

instances separated by ∆t = T/2. In each instance the helical nature of the meander

is evident, and further emphasized by the large scale azimuthal velocity provided for

selected planes.

An example of the meander profile at one instance is shown in Fig. 3.8 with pro-

Figure 3.7: Four different time instances showing the three- dimensional filtered meander
line with azimuthal velocity contours on slices at x/D = 1, 3, 5. Four instances in shown
are (a) t = t0, (b) t = t0 + T/2, (c) t = t0 + T , and (d) t = t0 + 3T/2.

jection of the three- dimensional profile on a side view and a top view plane. In Fig.
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3.8, the velocity minima is designated by the circles, while the filtered meander profile

is the solid line. The smooth profile, due in part to the spatial filtering, follows the

velocity minima locations; moreover, it tracks the large scale features present in the

velocity contours. From the top view, the meander is bias towards the side of the rotor

centerline corresponding to the direction of the rotation of the turbine. However, the

vertical extend of the meandering oscillation domain remains mostly below the location

of the top tip. The wave-like structure present in each view is reminiscent of the two-

dimensional meander identified by Howard et al. (2015), indeed the blue dashed line

is a two-dimensional profile using only the in-plane velocity deficit. Qualitatively from

both Fig. 3.7 and Fig. 3.8, two approximate regions of the meander can be parsed from

the behavior indicated by the amplitude and pitch of the helix structure.

Figure 3.8: Time instance of wake meandering profile showing the contours at the (a)
hub height plane y/D = 0.8125 and (b) centerline plane z/D = 0 of the large scale
streamwise velocity 〈u〉 (c) hub height plane y/D = 0.8125 of large scale streamwise
vorticity 〈ωx〉 overlaid with the positions of the streamwise velocity minima at each axial
location, the three-dimensional filtered meander profile projected on the plane, and the
two-dimensional filtered meander profile represented by the circle markers, black solid
line and blue dashed line, respectively. The small horizontal dashed lines indicate the
blade tip positions. The thin vertical dotted line marks x/D = 2.
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3.2.3 Large scale features and wake meandering profile

We now turn our attention to the details of 3D flow fields and vortical structures as-

sociated with the wake meandering profiles. A single time instance of the large scale

azimuthal velocity 〈uθ〉 defined in Eqn. (3.2) and two-dimensional streamlines associ-

ated with the large scale velocity field are shown in Fig. 3.9(a) at six different cross

sections (constant x) at various locations downstream of the turbine. In each cross sec-

tional slice, a large red “X” marks the instantaneous location of the meander profile in

the cross section. The large scale azimuthal velocity has a center red region of counter

rotating flow and a thin blue region with co-rotating flow from 0.5 < x/D < 2. The

streamlines in those cross sections have a spiral sink-like flow suggestive of the hub vor-

tex in the counter rotating region. The center of the spiral sink flow is not axi-symmetric

and can be seen to move from center to left to right of the turbine hub through the three

cross sections of 0.5 < x/D < 2 while the meander profile intersects the cross section

near the center of the sink. Together with Fig. 3.8(c), this suggests that in the near

wake the filtered meander profile follows the hub vortex. In cross sections x/D ≥ 4,

the coherence of the hub vortex is broken down, but unlike the mean azimuthal velocity

Uθ, the large scale azimuthal velocity 〈uθ〉 persists farther downstream. This signifies

that there is a strong coherent velocity component present in the wake meandering at

x/D ≥ 4 that is periodic and thus averages to a negligible mean azimuthal velocity.

Figure 3.9(b) shows the two-dimensional streamlines of the mean flow with the mean

azimuthal velocity Uθ at the same x/D locations as Fig. 3.9(a). First, appearing at

x/D = 0.5, the center red region is the counter-rotating hub vortex region, while the

thin blue region near the turbine tip is the co-rotating layer representing the footprint of

the tip vortices. The overall inner/outer counter-rotating shear layer structure observed

in this figure is very similar to that found in the simulations of Kang et al. (2014) and the

experiments of Chamorro et al. (2013) for an axial flow hydrokinetic turbine. The next

five cross sections downstream clearly show the rapid decay of the rotational velocities in

both the inner and outer two regions up to x/D = 4 where the mean rotational velocity

becomes negligible. In the near wake at x/D = 0.5, the streamlines are nearly axi-

symmetric. Outside the hub region, the streamlines indicate radial outward expansion

through the tip vortices region, which marks the turbine wake expansion. A localized

region of rotation also exists along the bottom of the wake, imparted by the interaction
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of the tip vortices and the tower. This localized region of tower/wake interaction is

also witnessed in the streamwise vorticity contours of Fig. 3.5. It is also evident from

Fig. 3.9(a) that the axi-symmetry of the rotating wake begins to breakdown rapidly in

the outer flow region while the hub region continues to exhibit spiral-like entrainment

through x/D = 4.

In Fig. 3.9(c), probability density functions (PDF) conditioned on the downstream

distance in bins for the near wake (x/D < 2) and far wake (x/D > 5) are shown for

the large scale azimuthal and radial velocity along the meander profiles. It is noted

that variables denoted with a superscript m indicate a conditional sampling of the flow

field locations that lie along the meander profile. In the near wake, the peak of the

azimuthal velocity PDF is positive with a long tail towards higher positive azimuthal

velocities that compares well with both the azimuthal velocities in Fig. 3.9(a) and Fig.

3.9(b) suggesting that the counter rotating center hub region overlaps with the meander

profile. The peak probability of the radial velocity is slightly negative because of the

entrainment of fluid that occurs in the hub vortex and the meander. The PDF of the

azimuthal and radial velocity in the far wake is quite narrow, symmetric and a peak near

zero as the mean azimuthal velocity is shown to be negligible in the far wake. More-

over, little correlation is shown with the azimuthal velocity and the meander location

because both the positive and negative tails of the distribution are relatively similar.

Nonetheless, the azimuthal velocity PDF is slightly shifted positive suggesting that the

rotational momentum of the hub vortex persists downstream into the wake meandering

region.

To further understand the three-dimensionality of the near wake structures behind

the turbine nacelle, iso-surfaces of the large scale streamwise 〈u〉 and azimuthal 〈uθ〉

velocity are depicted in Fig. 3.10. Previous evidence from Fig. 3.9 reflects that the

instantaneous hub vortex is asymmetric and the meander profile traces through the hub

vortex in the near wake. In addition, Fig. 3.3(a) indicates a region of mean negative

velocity directly behind the nacelle. The iso-surface of the large scale streamwise ve-

locity 〈u〉 = 0 envelops the nacelle starting directly behind the hub of the blades and

persists to about x/D = 0.5. From the contours and streamlines shown in Fig. 3.9(b),

this region of reversed flow rotates in the direction opposite to the turbine. It is evi-

dent in Fig. 3.10 that the hub vortex develops a large scale spiral instability precessing
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(a)

(b)

(c)

Figure 3.9: Contours of (a) large scale velocity 〈uθ〉 and two-dimensional streamlines (b)
mean azimuthal velocity Uθ and two-dimensional streamlines on six different constant
x cross sections downstream of the turbine. (c) Normalized probability density function
of large scale velocity PDF(〈uj〉) in near wake x/D < 2 and in the far wake x/D > 5.
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in the direction opposite to the turbine rotation, as was also observed in Kang et al.

(2014) Furthermore, the instantaneous streamlines reveal a structure with a separation

bubble emanating from the nacelle of the turbine with a spiral precessing tail, very

much reminiscent of the classical vortex breakdown instability (Leibovich, 1978; Sarp-

kaya, 1971). The zoomed-in frame of the streamlines and velocity magnitude shows the

three-dimensional internal view of the hub vortex with a centerline reversal and toroidal

recirculation downstream of the nacelle. The iso-surface of the large scale azimuthal ve-

locity 〈uθ〉/Uhub = 0.2 forms a helical surface that envelopes the flow reversal region

with positive azimuthal velocity region extending to x/D = 2. The helical meander

profiles shown in Fig. 3.7 before are found to follow closely and in fact arises from the

precession of the unstable hub vortex. The region within which the hub vortex precesses

is found to continually entrain fluid and expand radially with downstream distance while

the meander profile quickly increases in amplitude. With this expansion, the hub vortex

begins to interact with the tip shear layer especially at x/D > 4 where previously shown

turbulent kinetic energy in Fig. 3.4 increases, becoming a major contributor to the in-

creased turbulence and wake meandering that emerges in the far wake. These results

are essentially identical to the general trends reported by Kang et al. (2014) for an en-

tirely different turbine design and similar to marine propellers. The helical hub vortex

in marine propellers has been studied extensively (Felli et al., 2011, 2006; Muscari et al.,

2013), and it is shown to rotate counter to the rotation of the propeller. The marine

propeller hub vortex has a dominant frequency equal to the rotational frequency of the

propeller unlike the wind turbine hub vortex which has a dominant frequency which less

is than the rotational frequency of the turbine rotor. The marine propeller hub vortex

advances farther downstream before breakdown as compared to the current model wind

turbine partly due to different inflow (wind turbine is situated in a boundary layer). In

marine hydrokinetic turbines, especially the one presented in Kang et al. (2014), the

hub vortex behaves similar to the present results.

3.2.4 Wake meandering characteristics

We now turn our attention to the behavior of the wake meandering profile, especially

in the far wake, by computing statistics on all identified wake meander profiles. First,
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(a) t = t0

(b) t = t0 + 10T

Figure 3.10: Iso-surfaces of the 〈uθ〉/Uhub = 0.2 (dark gray), 〈u〉/Uhub = 0 (blue),
〈|u|〉/Uhub = 0.2 (red) with streamlines at two time instances.
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Figure 3.11: Normalized joint probability function of the meander profiles: (a),(d)
wavelength λ/D and amplitude A/D; (b),(e) amplitude A/D and axial distance x/D;
and (c), (f) wavelength λ/D and axial distance x/D. (a)-(c) are from data on the
hub height plane y = 0.8125D and (d)-(f) are from data on the normal center plane
z/D = 0. The magenta diamond and red triangle markers in Fig. (c) and Fig. (f) are
wavelengths of hub vortex frequencies and wake meandering frequencies, respectively,
calculated from spectral data. The white dots are a sample of the data points.
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we focus on the wave-like characteristics of the meander profile, similarly to Howard

et al. (2015). The pitch of the three-dimensional helical meander profile can be esti-

mated as a wavelength of a two-dimensional wave, consistent with the two-dimensional

meander signature shown in Fig. 3.8. To calculate both the amplitude and wavelength,

the three-dimensional meander profile is projected on a two-dimensional plane. In the

present analysis, two planes are chosen for the two-dimensional projection: the hub

height plane parallel to the bottom wall (Figs. 3.11(a)-(c)) and center plane normal

to the wall (Figs. 3.11(d)-(f)). From the projected two-dimensional plane, the wave-

length is calculated as the distance between two consecutive maxima or minima. In

this analysis, the minimum wavelength is 0.5D due to the spatial cutoff in the filtering

process. The amplitude is the distance from one extremum to the centerline. The axial

location of the wavelength is taken as the location of half way between the extrema

used the calculate the wavelength. At this location, the amplitude is associated with

the wavelength.

The wavelengths and amplitudes collected along the meander profile on the hub

height parallel plane are compared in Fig. 3.11(a). The joint probability density

function (jPDF) of the wavelength and the amplitude is similar to the results from

Howard et al. (2015) The highest densities of the joint probability occur in the region of

0.5 < λ/D < 1.5 and 0 ∼ A/D < 0.1. The occurrence of high probability wavelengths

near 1D indicates that the rotor diameter is a characteristic length scale of the meander.

The probability of wavelengths shorter than 1D sharply drops off as these are filtered

out. Two branches with high amplitude form in the space outside with region: a.) low

wavelength 1 < λ/D < 1.25 and b.) higher wavelength λ/D ∼ 1.75. These two branches

can be understood by looking at Fig. 3.11(b) and Fig. 3.11(c) comparing, in separate

plots, the amplitude and the wavelength as a function of the distance from the rotor.

Branch (i) characterizes the region of 2 < x/D < 4, between the near and far wake.

In this region of the wake, the rapidly expanding hub vortex coincides with the high

amplitude of the meander. With low streamwise velocity due to the wake deficit, the

wavelength remains small. Branch (ii) of the jPDF is largely due to long wavelengths

present in the far wake x/D > 5 where wake meandering is creating the low frequency

motions captured by the meander profile. The high turbulence energy at the blade tip

position, presented in Fig. 3.4 in the far wake, is manifested in the high amplitudes of
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large scale meandering.

In both Fig. 3.11(b) and Fig. 3.11(c), the near and far wake of the meander profile

can be quantified by the evolution of the meander wavelength. In the near wake, both

probability density functions of wavelength and amplitude remain concentrated on low

values (λ/D < 1.5, A/D < 0.15). The most probable region in the meander amplitude

and wavelength domain is consistent with the hub vortex signature. With increasing

distance to the rotor, the width of the jPDFs at each axial location is observed to in-

crease, allowing for progressively larger, though still infrequent, oscillations. The highest

probability of the wavelength remains, however, in the range between 0.5 < λ/D < 2.0.

In the far wake, the amplitude is spread across the probability space ranging from

0 ∼ A/D < 0.5 with an average near A/D = 0.2. The wavelength is in a large range

1 < λ/D < 3.5 with higher probability densities around λ/D = 1.5 and λ/D = 2.0,

denoting a marked increase in length scale, greater than 1D, corresponding to large

scale wake meandering instability.

Similar wave behavior of the meandering profile occurs on the vertical plane shown

in Figs. 3.11(d)-(f). In Fig. 3.11(d), while the high probability region of low amplitude

and wavelength exists because of the hub vortex, only Branch (ii) is detectable in the

jPDF. As discussed on the wall-parallel plane wave in Fig. 3.11(a), Branch (i) represents

the hub vortex expansion towards the tip vortices. On the vertical plane, this does not

occur as rapidly, mainly due to the effect of the wall which opposes the expansion of

the wake meandering. In Fig 3.11(e), the amplitude remains consistently A/D < 0.2

until after x/D = 5. Moreover, in comparison with the wall-parallel plane wave, the

probability of high amplitude is always lower even in the far wake. Notwithstanding,

the wavelength in both the parallel plane and vertical plane similarly grows with the

downstream distance, indicating a dominant symmetry in the far wake meandering.

The wavelengths prevalent in the meandering profiles can be compared with the

premultiplied power spectrum of the streamwise velocity in the low frequency domain

estimated in the wake of the turbine (see Fig. 3.12). The time series are chosen along

the centerline plane at several radial locations including the hub height y = H, median

blade location y = H + D/4 and the top-tip position y = H + D/2. Closest to the

turbine at x/D = 1 in Fig. 3.12(a), there are several dominant frequencies. In the

top-tip position the two higher frequency peaks are the rotor frequency St = 1 and
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Figure 3.12: Premultiplied power density spectrum fΦ of the velocity magnitude |u| on
the plane z/D = 0 at several vertical locations at downstream locations (a) x/D = 1,
(b) x/D = 2, (c) x/D = 3, (d) x/D = 4, (e) x/D = 5, (f) x/D = 6, (g) x/D = 7, and
(h) x/D = 8. The vertical dotted lines in Fig. (a) are the St based on the rotor and
blade passing frequencies.
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the turbine blade frequency St = 3, designated by the vertical dotted line. These fre-

quency modes are observed to be highly energized near the rotor plane but dissipates

quickly downstream (by x/D = 5 they are indistinguishable). From 1 < x/D < 3, a

range of lower frequencies is represented with energetic contributions corresponding to

St = fD/Uhub = 0.35 − 0.6 with peak power at St = 0.45. This contribution is only

associated with locations H < y ≤ H + D/4, indicating that it is not yet accounting

for the tip vortex dynamics. This range indeed corresponds to the hub vortex Strouhal

number consistent with several studies (Howard et al., 2015; Iungo et al., 2013; Viola

et al., 2014). Focusing on the hub vortex frequency range, in Fig 3.12(a) the power is

maximum at y = H +D/10. In consecutive figures, from Fig. 3.12(a) to Fig. 3.12(c),

the peak power level gradually decreases closer to the centerline, while an increase in

power is witnessed farther from the centerline indicating that the hub vortex quickly

expands towards the tip shear layer. From Fig. 3.12(d) to Fig. 3.12(h), the energy level

of the hub vortex frequency range present at y = H +D/4 slowly dissipates but is per-

sistent throughout the entire domain. The persistence of the hub vortex frequencies far

downstream implies that the hub vortex affect the flow field in the far field as observed

in the streamwise vorticity contours in Fig. 3.5.

Starting at x/D = 3 and continuing in far downstream locations, Fig. 3.12(c)-(h),

another energetic low frequency range appears around the tip heights, corresponding to

St = 0.15 − 0.3, thus at lower frequencies as compared to the hub vortex frequencies.

Gradually, the y = H + D/4 location also manifests energy is this frequency range,

starting with x/D = 4. This signal is recognized as the signature of wake meandering,

which has been observed to peak at St = 0.23 (Okulov and Sørensen, 2007) and at

St = 0.28 (Chamorro et al., 2013) at x/D = 5. Medici and Alfredsson (2008) measured

a range of St = 0.15 − 0.25, very close to the range of frequencies highlighted here. In

our study, the peak wake meandering frequency occurs for St = 0.15 at x/D = 5 in

the top tip position and at y = H + D/4. It is not coincidental that the probability

of high amplitudes and long wavelengths of the meander profile begin to occur around

this downstream location (x/D = 5) where the turbulence kinetic energy in the top tip

position has a marked increase (see Fig. 3.4).

In order to directly compare the wavelengths of the meander profile to the spectral

data, Taylor’s hypothesis is used to obtain a wavelength range of the hub vortex and
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Figure 3.13: (a) The mean meander streamwise convection velocity uc compared with
the mean centerline velocity Ucenterline and average large scale streamwise velocity along
the meander 〈u〉m. (b) jPDF of St and x/D. The red boxed area 0.35 < St < 0.6 and
blue dashed box region 0.15 < St < 0.3 are defined by the range of the hub vortex and
wake meandering spectral signature, respectively, as obtained by spectral analysis (see
Fig. 3.12).
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wake meandering from the spectrum peak frequencies. Using the local mean velocity,

key energetic spectral wavelengths λ/D = U/Uhub/St are computed from the frequencies

corresponding to the hub vortex and wake meandering. The reconstructed wavelengths

of the hub vortex frequency peaks are shown as the magenta diamond markers on Fig.

3.11(c) and Fig. 3.11(f). A majority of the markers from spectral data follow the con-

tours of high probability in the jPDF from x/D = 1 to x/D = 8 with a few at higher

wavelengths but still correlating well with the jPDF. Similarly, the wake meandering

reconstructed wavelengths are plotted on the same figures. Here, the low frequencies

0.15 < St < 0.3 correspond to large wavelengths λ/D = 3.0 − 4.0, which is consistent

with a large range of wavelengths 1 < λ/D < 3.5 obtained from the meandering profile.

The low wavelength is only present in the far wake and is the signature of wake mean-

dering in the meander profile. The short wavelengths in the far wake can be attributed

to the remains of the higher frequency hub vortex signature still present in the wake.

A mean convection velocity with respect to the downstream distance of the mean-

der profile is obtained through averaging the instantaneous wave speed of the meander

profile. The wave convection velocity is calculated by tracking the distance the mean-

der profile extrema travel between successive time instances. Figure 3.13(a) plots the

calculated average mean convection velocity of the meander profile uc with the mean

centerline streamwise velocity Ucenterline and the average large scale streamwise velocity

along the meander 〈u〉m. All three velocities increase with the recovering wake; quickly

recovering in the near wake, then slowly farther downstream. The large scale stream-

wise velocity along the meander is always less than the centerline velocity because the

meander profile is defined along the velocity minimum at each position. The meander

wake convection velocity falls in between the range of the centerline velocity and the

large scale streamwise along the meander. From these results, we can reasonably assume

that the meandering wake convects downstream with the local streamwise velocity and

the increase in wavelength downstream can be caused in part by the wake recovery. In

other words, the wake meander is stretched along the streamwise direction.

Using the mean convection velocity of meander profile and the reconstructed wave-

lengths calculated from the meander profiles, reconstructed frequencies (St) of the me-

ander profile are calculated with the St = fD/Uhub = (uc/Uhub)/(λ/D) and shown

in jPDF in Fig. 3.13(b). The highest probability of the reconstructed St is between
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0.4 < St < 0.5 for all downstream distances that corresponds well to the peak hub

vortex frequency signals (0.35 < St < 0.6) from the power spectrum from Fig. 3.12,

designated by the red box in Fig. 3.13(b). The hub vortex energy contributions first

appear immediately downstream of the turbine and persist downstream; the frequencies

from the reconstructed meander frequencies also persist into the far wake. The proba-

bility of the hub vortex frequencies from the meander profile detection technique in the

far wake begin to diminish similar to the corresponding energetic contribution from the

power spectrum. The wake meandering frequency range (0.15 < St < 0.3, marked by

the blue box on Fig. 3.13(b)) are present only in the far wake (x/D > 4) as expected.

Both the frequency range from the power spectrum and the reconstructed frequencies

of the meander profile for wake meandering correlate well. The probability of the wake

meandering frequencies persists through the end of the domain analyzed, and the mean-

der profile technique can only capture a few wavelengths of wake meandering. Also, we

would like to remind the reader that the energetic contributions of the wake meandering

frequencies are much higher than those from the hub vortex frequencies.

The effect of the turbulent boundary layer height on the development of the tur-

bine wake has not been addressed here; however we acknowledge that, the largest and

most energetic turbulent structures, statistically populating the logarithmic layer, could

interact with the wake structure, favoring entrainment of high momentum fluids into

the wake, and destabilizing the tip vortex structure. Such interaction depends on the

location of the rotor with respect to the vertical extent of the wall region. In order to

study realistic conditions, the model turbine has a hub to boundary layer height ratio,

of about 18%, which is comparable to utility scale turbine in a near-neutral atmospheric

boundary layer, in flat regions. Consequently, also the mean shear across the turbine

rotor is overall comparable, though in specific synoptic conditions a slight increase of

mean shear at the utility-scale is observed as compared to the wind tunnel scale (Howard

and Guala, 2015).

Further effects on the turbine wake can clearly been seen as the rapid breakdown of

the tip vortices and entrainment of high momentum fluid into the turbine wake through

the annular shear layer developing around the rotor. Incoming boundary layer tur-

bulence at the large scale is expected to perturb and partially disrupt the tip vortex
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system favoring shear instabilities. This can only promote interaction with the tip vor-

tex. Therefore wake meandering is expected to be amplified under incoming coherent

boundary layer turbulence. This undoubtedly is one of the major causes for the quick

transition from the near wake to the far wake, marked by the large scale periodic wake

meandering motions (Kang et al., 2014; Howard et al., 2015). Numerous studies (Felli

et al., 2011; Troldborg et al., 2010; Sherry et al., 2013) have shown the effect of the

turbines in the uniform inflow or otherwise ideal inflow. They show significant coher-

ence many diameters downstream of the rotor as tip vortices convect and wake deficit

recovers. Nonetheless, they observe an eventual breakdown of the tip vortices and hub

vortex, evolving into large scale meandering flows. As for the current work, Fig. 3.14

shows pre-multiplied power spectrum of i) the inflow turbulent boundary layer in the

logarithmic region y/δ = 0.07, where δ is the boundary layer height, outside the in-

fluence of the wake and ii) the downstream wake at x/D = 5 at y/D = 1.06. The

locations are chosen where large coherent structures are expected to be most prominent

in both turbulent boundary layer and turbine wake, respectively. The first two low

frequency peaks of the downstream wake spectrum are the wake meandering and hub

vortex frequency, respectively, and are clearly the most energetic frequencies present in

the wake. Moreover, these frequencies are not distinguished in the power spectrum of

the incoming, undisturbed flow. This implies that the energetic frequency modes asso-

ciated with the large scale structures present in the boundary layer are not related to

the wake meandering or hub vortex frequencies, even though interactions are possible.

3.2.5 Wake meandering turbulence

The turbulence kinetic energy in wake meandering is due to both coherent and inco-

herent fluctuations. The coherent turbulence velocity along the meander profile is from

the coherent hub vortex wake and meandering motions in the wake of the turbine. To

investigate the turbulence level in the wake, the mean of the squared coherent and in-

coherent velocity, the coherent and incoherent velocity variance, respectively, along the

meander profile are computed conditioned on the distance to the turbine. These turbu-

lence velocity variances are normalized by the shear velocity squared u2τ of the inflow

boundary layer. The turbulence in the wake is shown to be much larger than the inflow
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Figure 3.14: Pre-multiplied power density spectrum of time series in the logarithmic
layer (y/δ = 0.06) of the incoming boundary layer (solid) and in the turbine wake
(x/D = 5) at y/D = 1.06 (dashed).

turbulence as the turbine motion generates high levels of turbulence. The coherent ve-

locity variance is shown in Fig. 3.15(a). All three components of the coherent velocity

peak nearest to the turbine and are similar in magnitude, indicating the coherent tur-

bulence in the near wake is fairly isotropic. The coherent velocity variance decreases

further downstream uniformly. Around z/D = 4 the azimuthal coherent velocity vari-

ance increases compared to the other components and peaks at x/D = 5. This position

coincides with previous evidence of the high level of turbulence kinetic energy at the

same distance in Fig. 3.4 and previous suggestions that this is the position of wake

meandering emergence in the wake. Furthermore, spectral analysis confirms that the

peak energy near the wake meandering frequency and growth of large amplitude and

wavelengths of the meander profile occur around x/D = 5. Consequently, we infer that

large scale azimuthal turbulence fluctuations have a large contribution to the energy

in wake meandering. Further downstream, the contributions azimuthal fluctuations de-

creases to be near equal with the other components.

The incoherent turbulence energy also contributes to the total turbulence energy in

the flow. As with the coherent velocity variance, the peak incoherent velocity variance

is in the near wake at x/D = 1 as shown in Fig. 3.15(b). Unlike the coherent turbulent
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velocity, where all components of the velocity variance peak near the same value, the

peak velocity variance is not isotropic as axial component is significantly lower than the

other components. Moreover, all components of the incoherent turbulence are larger

than the coherent velocity variance suggesting that the vortex shedding over the nacelle

and the hub vortex both sustain incoherent turbulent fluctuations. At x/D > 5, the

incoherent velocity variance remains nearly constant for all three components and is

comparable in magnitude to the coherent velocity variance. However, there is no foot-

print in the incoherent turbulence of wake meandering in the far wake. It appears that

wake meandering is influenced by coherent structures but has a high level of incoherent

turbulence. The influence of the coherent turbulence on the meander profile, especially

in the far wake, is another indication that the meander profile captures the coherent

motions of wake meandering.

In order to elucidate the turbulence levels that are occurring near the tip position

where it is expected for wake meandering to be most prevalent, the coherent and inco-

herent velocity variance along the meander profile are limited to the outer rotor region

(r/D > 0.5). This operation removes data where the meander profile is away from

the tip vortices. Fig. 3.16(a) shows the conditional coherent velocity variance. All

variances prior to x/D = 5.5 are zero because the meander profile does not expand to

r/D = 0.5 until after that axial position. However, compared to the coherent velocity

variance in Fig. 3.15(a), the conditional variance is several times larger. The azimuthal

velocity variance is the largest of the three components verifying once again that the

azimuthal coherent velocity fluctuations due to the previously discussed precession of

the hub vortex are dominant contributors to wake meandering. There is also a signif-

icant level of radial velocity variance while the streamwise velocity variance remains

low indicating the turbulence kinetic energy in the tip position is mainly affected by

coherent fluctuations in the azimuthal and radial directions. The conditional incoherent

velocity variance shown in Fig. 3.16(b) has a much lower magnitude than the coherent

turbulence in the same area of the wake. Further investigation of the relationship of

the radial velocity and the azimuthal velocity in Fig. 3.16(c) reveals that the scatter of

the coherent velocities almost solely resides in the quadrant where azimuthal velocity is

positive and radial velocity is negative. Consequently, this indicates that wake mean-

dering has coherent rotational motion in the opposite direction of the turbine rotation.
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mũj
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Considering previous results discussed with Fig. 3.9, while the mean azimuthal velocity

is negligible, coherent fluctuations of wake meandering are the primary cause of the

rotation in the far wake. Moreover, with a negative coherent radial velocity, the wake

is entraining fluid from outside. The incoherent azimuthal and radial velocity scatter

indicates incoherent fluctuations occurring in all four quadrants but with clear tails in

both positive azimuthal/negative radial and negative azimuthal/positive radial. Figure

3.16(d) shows the correlation with the coherent and incoherent fluctuations of both the

azimuthal and radial velocity components. While the coherent azimuthal velocity is al-

ways positive, the incoherent azimuthal velocity does not appear to be well correlated.

Similarly, the incoherent radial velocity does not correlate well with the coherent radial

velocity.

3.3 Comparison to actuator-based modeling

In this section, we introduce two new simulations using an actuator surface to model

the turbine blades. One simulation employs a nacelle model with the actuator surface

(M-BN) and the other does not employ any model for the nacelle (M-B). The purpose

of this section is to understand how the mean and instantaneous flow field including

the meander profile statistics response to turbine modeling as well as single out the

effects of the nacelle. The following section 3.3.1 introduce and validate the simulations

with experimental measurements. Section 3.3.2 and section 3.3.3 compare the mean

flow field and the meander profile statistics with the immersed boundary simulation

discussed above (referred to as M-IB).

3.3.1 Case setup and validation

Both actuator surface simulations are designed to be similar to the immersed bound-

ary simulation with the same sized computational grid and inflow conditions. The grid

discretization is chosen to be Grid I with 50 cells per D. This is near the standard grid

resolution compared to other actuator-based simulations performed in literature (70

cells per D (Ivanell et al., 2010), 60 cells per D (Troldborg et al., 2010), 50 cells per D

(Churchfield et al., 2012)).
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Figure 3.17(a) shows the time averaged streamwise velocity profiles at the hub height

of the simulations of actuator surface model with and without the nacelle model, im-

mersed boundary simulation, and PIV measurements. At distances close the turbine

x/D = 0.55 and 1, only the simulation with the nacelle model is able to capture the

inner wake velocity deficit unlike the simulation without the nacelle. The velocity deficit

of the simulation with the nacelle near the turbine is very similar to the velocity profile

of the simulation using the immersed boundary method indicating that nacelle model

can accurately create a blockage of the flow at the centerline. The simulation without

the nacelle model is unable to capture the velocity deficit at x/D = 0.55 and 1. In

fact, a centerline jet is present without the nacelle model. However, at locations further

downstream x/D = 2, 3 and 4, all simulations converge to the measurements. The inner

wake velocity deficit recovers for the simulation with the nacelle model, and the center-

line jet diminishes allowing the velocity deficit to form that is typical of the far wake

of wind turbines. The rms velocity u′/Uhub in Fig. 3.17(b) shows profiles consistent

with the mean streamwise velocity. The simulation with the nacelle model captures

the two peaks of the inner wake close to the turbine at x/D = 0.55 comparable to

the simulation with the immersed boundary method and the peaks at the blade tips at

z/D ± 0.5. The rms velocity profile close the turbine at x/D = 0.55 for the simulation

without the nacelle model only has a single centerline maximum. This feature is due

to the lack of the centerline blockage. The simulation without the nacelle is able to

accurately capture the blade tip velocity peaks with the same value as the simulation

with the nacelle model. This indicates that the nacelle model close to the turbine at

x/D = 0.55 does not have an effect on the velocity at the blade tips. As we progress

further downstream at x/D = 1, 2, and 3, the profiles of the simulation with the nacelle

follows the measurements and simulation with immersed boundary quite well. On the

other hand, the simulation without the nacelle has significantly rms velocity near the

center of the rotor. By x/D = 4, the rms velocity profiles have converged together.

Figure 3.17(c) shows the spanwise-streamwise u′w′ correlation. Similar to the previous

comparisons, the simulation without the nacelle is unable to capture the correlation

near the turbine while the simulation with the nacelle can match the measurements.

By the far downstream, all profiles have converged. The profiles presented here suggest

that near the turbine, a nacelle model is necessary to capture the complex dynamics.
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However, in the mean sense, all models can capture the far wake. More analysis of the

dynamics is necessary to understand how the nacelle effects the wake of the turbine far

downstream.
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Figure 3.17: Comparison between PIV measurements and LES with actuator surface
model with and without the nacelle model of time averaged flow statistics: (a) U/Uhub,
(b) u′/Uhub, (c) u′w′/U2

hub at the hub height y = 0.8125D. The profiles are shown at
axial distances x/D = 0.55, 1.0, 2.0, 3.0, 4.0 from the rotor plane.

3.3.2 Mean flow field

In this section, we start by investigating the contours of the turbulence kinetic energy

(TKE) on the center place z = 0 for both actuator based simulations. The TKE

normalized by the inflow turbulence of the simulations with and without the nacelle

model are shown in Fig. 3.18(a) and Fig. 3.18(b), respectively. These can be compared

with the TKE from simulation with the immersed boundary method in Fig. 3.4. Similar
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to the simulation with the immersed boundary method, both simulations have a high

TKE at the blade tips and along the centerline. However, a significant difference between

the simulations with and without the nacelle model occurs along the centerline. The

contours have distributions of TKE on either side of the centerline line that slowly spread

radially outward. This is similar to the simulation with the immersed boundary method.

As the TKE reduces and the inner wake expands, the TKE can be seen to intercept

the high TKE region emerging from the top blade tip. This is similar to the simulation

with the immersed boundary as well. On the other hand, without the nacelle model, the

peak TKE occurs along the centerline and the distribution of high TKE remains along

the centerline and does not interact with the outer wake TKE. This leads to significant

differences in the distribution of high TKE starting around x/D = 3. In the simulation

with the nacelle, the region of high TKE commences further upstream with a slightly

higher peak TKE than the simulation without the nacelle. The region of high TKE in

the far wake is associated with the onset of wake meandering, and the simulation with

the nacelle captures similar TKE as the simulation with immersed boundary method.

In Fig. 3.19 the mean vorticity magnitude is shown for the three simulations (a) with

immersed boundary method, (b) with the nacelle model, and (c) without the nacelle

model. Both the simulation using immersed boundary and with the nacelle model show

a separation of the vorticity into an annular region in the inner wake that expands

outward toward the outer wake. The simulation without the nacelle model has a high

vorticity region along the centerline with little outward expansion. The nacelle geometry

causes the flow to separate and an inner wake to be created. As the inner wake recovers,

it causes the high turbulence energy and vorticity in the shear layer to spread outward.

The inner wake of the model turbine intercepts the outer wake. The interception and

interaction is not the extent that is present in the hydrokinetic turbine explored by

Kang et al. (2014). Instead, the interact continues with the outer wake as shown in

both Fig. 3.19(a) and Fig. 3.19(b). from x/D = 2 to x/D = 6. The inner wake does

not expand in the simulation without the nacelle, remaining columnar throughout the

simulation. The lack of interaction where the onset of wake meandering occurs can have

a significant effect on the intensity of wake meandering and will be explored below.
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Figure 3.18: Contours of the turbulence kinetic energy k/u2τ at the z/D = 0 plane for
(a) M-BN, and (b) M-B. The fine dashed lines indicate maximum and minimum vertical
height of the blade tip.
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Figure 3.19: Contours of the time averaged vorticity magnitude |ωx|D/Uhub at the
z/D = 0 plane for (a) M-IB, (b) M-BN, and (c) M-B. The fine dashed lines indicate
maximum and minimum vertical height of the blade tip.
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3.3.3 Meandering characteristics and turbulence

Next, we re-introduce the meander profiles for the simulations with and without the

nacelle. In both simulations, wake meandering in the far is present, regardless of the

nacelle model. Using the meandering profile, the intensity and elongation of the wake

meandering can be quantitatively compared with all simulations. The meander profiles

are obtained the same way as the simulation using immersed boundary method. First,

the coherent timescale τc is calculated. It is found to be the same time τc = 0.7T for

both simulations and is the same the simulation using immersed boundary. Next, the

velocity minima are found along the streamwise direction, and spatial filtering is used

to obtain a continuous profile. For both simulations, the meander profiles are captured

over a time of 50T

The amplitudes and wavelengths are extracted from the meander profiles in the

same manner as above. Joint probability density functions (jPDF) of the amplitude

and wavelength are created on the data from the hub height similar to Fig. 3.11 for

the simulation using the immersed boundary method. Figures 3.20(a)-(c) are from the

simulation with the nacelle model and Figs. 3.20(d)-(f) are from the simulation without

the nacelle model. Comparing Figs. 3.20(a) and (d), we see that both contain the two

region (i) and (ii) that are visible in the simulation using immersed boundary. The

expansion of the meandering profile and elongation of the wavelength occurs in both

simulations, further suggesting that wake meandering occurs with or without a nacelle

model. The region of highest probability for the simulation without a nacelle model is

wider and concentrated along lower amplitudes, while the same region for the simula-

tion with the nacelle model extends to higher amplitudes. The amplitude distribution

with respect to the streamwise direction is shown in Figs. 3.20(b) and (e). In these

figures, we can clearly see that that simulation with the nacelle model has a higher

probability of larger amplitudes. Moreover, the jPDF of the simulation with the nacelle

shares more similarity with the simulation using immersed boundary. This is the first

quantitative evidence that the simulation with the nacelle model can capture the high

amplitudes of wake meandering similarly to the immersed boundary case. Also, the

evidence shows that without a nacelle model the intensity of wake meandering is sig-

nificantly less. The wavelengths present in the meander profiles can be compared with

each other through Figs.3.20(c) and (f). Both simulations have a similar distribution
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especially before x/D = 5 where the peak probability is around λ/D = 1. Both share

the similarities with the simulation using immersed boundary method, but contain some

slightly shorter wavelengths. In the far wake, the wavelength probability becomes bi-

modal similar to the simulation with immersed boundary. Overall, the simulation with

the nacelle is able to capture the amplitude and wavelength probability similar to the

simulation using immersed boundary while the simulation without the nacelle can only

capture the wavelength probability.

Finally, the coherent velocity variance of each component along the meander condi-

tioned where r/D > 0.5 is shown in Fig. 3.21(a) and Fig. 3.21(b) for simulations with

and without the nacelle model, respectively. A similar coherent velocity is shown for

the simulation using immersed boundary method in Fig. 3.16(a). As discussed above,

the coherent velocity contains the majority of the turbulence energy and is the velocity

that displaces the wake creating a meandering wake. In the simulation with the nacelle,

all three components are the same order of magnitude in the simulation using immersed

boundary. The radial velocity is slightly higher than the immersed boundary simulation

while the azimuthal and axial are about the same. On the other hand, the simulation

without the nacelle model has significantly less velocity variance in the meander profile

than the other two simulations. This points to the fact, that the energy and intensity

of wake meandering is quantitatively different without the nacelle. Only with a nacelle

model can the actuator-based models capture that same energy in wake meandering.

3.4 Conclusions

The nature of the wake behind a wind turbine is complex and highly three-dimensional

and is dominated by the precession fluctuations of a large helical structure. To in-

vestigate the coherent structures in the wake, a numerical study using LES and the

curvilinear immersed boundary method to resolve the geometrical details of a minia-

ture turbine in a wind tunnel is performed. The near wake region is dominated by

the counter rotating low frequency hub vortex formed behind the nacelle in an inner

wake separate from the co-rotating tip vortices and is marked with low amplitude and

short wavelength of the meander profile. The hub vortex in the immediate vicinity

of the turbine nacelle is comprised of a toroidal recirculation zone and exhibits large
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Figure 3.20: Normalized joint probability function of the meander profiles on the hub
height plane y = 0.8125D: (a),(d) wavelength λ/D and amplitude A/D; (b),(e) am-
plitude A/D and axial distance x/D; and (c), (f) wavelength λ/D and axial distance
x/D. (a)-(c) are M-BN (actuator surface model with nacelle model) and (d)-(f) are
M-B (actuator surface model without nacelle model). The white dots are a sample of
the data points.
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ũ
m
ũ
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scale slowly precessing motions in the direction opposite to the turbine rotation, very

much resembling spiral vortex breakdown. The hub vortex entrains fluid and expands

radially with downstream distance until it starts interacting with the tip vortices. The

interaction of the inner and outer wake culminates in a high turbulence region in the

far wake, so-called wake meandering, which manifests as low frequency, long wavelength

coherent structures.

Expanding on a novel filtering technique from Howard et al. (2015) for tracking the

instantaneous wake meandering, both temporal and spatial data from LES is used to

capture the meandering location, reconstruct the three-dimensional meander profiles,

and decompose the flow field into mean, coherent, and incoherent components. The

meander profile allows us to investigate the coherent structures in the near wake and

the far wake. By tracking the hub vortex, the meander profile shows that the rotational

momentum of the hub vortex persists into the far wake where the coherent structures

maintain an instantaneous counter rotation. The wavelengths of the meander profiles

show that where the hub vortex intercepts the tip shear layer, longer wavelengths form

coinciding with the onset of wake meandering. Confirmed by spectral analysis, both

wavelengths of the hub vortex and wake meandering are present at least eight diame-

ters downstream. Using the meander profiles, conditional averages at the tip positions

in the wake reveals high levels of coherent azimuthal and radial turbulence compared

to the low intensity of the incoherent turbulence. This allows us to conclude that the

region of high turbulent kinetic energy along the top tip position, marking the onset

of wake meandering, is influenced by coherent turbulence mainly in the azimuthal di-

rection. Furthermore, the direction of the coherent azimuthal fluctuations are counter

rotating demonstrating the persistence of hub vortex in the far wake.

Simulations using the actuator surface model with and without a nacelle are created

to demonstrate the capabilities of modeling the rotor and nacelle and examine the ef-

fects of the nacelle. Overall, the simulation with the nacelle model captures the mean

flow field and instantaneous flow field throughout the domain. The simulation without

the nacelle can only capture the mean flow field in the far wake but the turbulence

kinetic energy is underestimated. The nacelle model is able to accurately create an

expanding inner wake similar to the simulation using the immersed boundary method.

The case study suggests that the nacelle is responsible for the expanding inner wake and
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the interception of the inner wake into the outer wake. Without the interception and

interaction, an energy mode for wake meandering is lost and the intensity is underesti-

mated. This is quantitatively shown by comparing the probabilities of the amplitudes

and wavelengths of the meander profiles for these simulations. Furthermore, the co-

herent velocity variance along the meander is only comparable to the simulation using

immersed boundary method when a nacelle model is employed.

Our results provide additional evidence in support of the computational work of

Kang et al. (2014) who were the first to demonstrate the large scale instability of the

hub vortex and its impact on the intensity of far wake meandering. Kang et al. (2014)

employed an axial flow hydrokinetic turbine with a fairly bulky nacelle - the ratio of

the nacelle to rotor diameter in Kang et al. (2014) was equal to 0.16. The results we

report herein, however, show that the same large scale instability of the hub vortex

occurs in the wake of an entirely different turbine design, a miniature wind turbine with

a considerable smaller nacelle (ratio of the nacelle to rotor diameter is equal to 0.1).

Therefore, our work in conjunction with the previous studies by Kang et al. (2014) and

Howard et al. (2015) as well as the experimental and computational studies of Iungo

et al. (2013) do point to the conclusion that the large scale spiral instability of the hub

vortex and impact on far wake meandering is a phenomenon that could be ubiquitous

in wind turbine wakes. Additional work is needed to study whether such rich large scale

dynamics also characterize the wakes of utility scale wind turbines.



Chapter 4

Effect of the nacelle and

operating regime on wake

meandering of a model wind

turbine

In this chapter we continue the investigation of wake meandering of a wind turbine and

the effects of inclusion of the nacelle on the flow field. The flows behind a model wind

turbine under two different turbine operating regimes (Region 2 for turbine operating at

optimal condition with the maximum power coefficient and 1.4 degrees of pitch angle,

and Region 3 for turbine operating at suboptimal condition with a lower power coeffi-

cient and 7 degrees of pitch angle) are investigated using large-eddy simulation (LES).

The immersed boundary method and actuator surface method are utilized to resolve

and parameterize, respectively, the interaction of the turbine rotor with the incoming

flow field. Simulations with and without a nacelle model are carried out for each oper-

ating condition to study the influence of the nacelle on the formation of the hub vortex.

The effects of turbine operating condition on wake meandering were carried out in

Howard et al. (2015). However, it noted that the turbine employed in this paper with

diameter 1.1 meters has more reasonable power coefficients (the maximum Cp is 0.45)

in comparison with that (the maximum Cp is 0.16) of the miniature model wind turbine

75
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with diameter 0.128 meters employed in Howard et al. (2015). We consider that the

turbine employed in this work closely resembles utility-scale conditions. To investigate

the energetic, coherent structures of wake meandering, the meander filtering technique

proposed in Howard et al. (2015) and Foti et al. (2016a) successfully applied to the

miniature model wind turbine with diameter 0.128 meters, and the dynamic mode de-

composition technique (Schmid, 2010) are employed to analyze the time series of the

computed three-dimensional flow fields.

The chapter is setup with section 4.1, a brief summary of experiments used for val-

idation and motivation is included with details of the computational setup and turbine

operating conditions. The inflow conditions are investigated in section 4.2. The results

and analysis are shown in section 4.3. Finally, we have final discussions of our results

and our conclusion in section 4.4.

4.1 Test cases and operating conditions

First, we will briefly discuss the turbine experiments that were performed in the wind

tunnel at the Politecnico di Milano (see Campagnolo (2013)). The model turbine is

designed to be a scale model of an utility scale turbine, the Vesta V90. The three-

bladed, variable pitch, model turbine has a diameter D = 1.1 m and height H = 0.8 m.

Experiments on the turbine are performed in the presence of a boundary layer developed

from an array of spires near the inlet of the wind turbine to induce a turbulence boundary

that resembles an atmospheric boundary layer.

There are three main turbine operating regions of variable speed wind turbines (Pao

and Johnson, 2009). Region 1 is a low wind speed regime when the turbine is not

run. Region 2 is the turbine operating for capturing as much power as possible; while

Region 3 is the turbine operating condition when the wind speed is high enough that

the turbine must limit the power captured from wind. In this work, we consider the

latter two turbine operating conditions of Region 2 and Region 3 with the corresponding

setup shown in Table 4.1.

The inflow condition, a wind tunnel with spires located at the inflow, is created with a

precusory simulation and discussed in section 4.2. The mean and RMS streamwise in the

precursory simulation without the wind turbine at x/D = 3.5 is shown in Fig. 4.1(b) and
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Region γ [deg] Tip-speed ratio Cp CT ReD = UhubD/ν

2 1.4 8.1 0.45 0.79 4.4 × 105

3 7.0 8.1 0.25 0.3 5.1 × 105

Table 4.1: Turbine operating condition parameters and performance.

Fig. 4.1(c), respectively, where both the simulations and experimental measurements

converge to the same profile. At this location the velocity at turbine hub height is

Uhub/Ub = 1.0, the incoming shear velocity is uτ/Ub = 0.03, and boundary layer height

is δ/D = 1.8, the same as the height of the spires. The Reynolds number based on

Uhub and D is 4.0 × 105. The value of Reynolds number of the empty wind tunnel

simulations and turbine simulations in both operating conditions are beyond the value

for which Reynolds number independence is observed (Chamorro et al., 2012). So the

inflow generated from this precursory simulation is employed in the simulations for

both turbine operating conditions without running additional precursory simulations to

match the specific values of Reynolds number.

The turbine simulations with the actuator surface model are performed in a domain

31D × 2.7D × 16D in spanwise, vertical and streamwise directions, respectively. The

numbers of grid nodes are 272×120×589 in spanwise, vertical and streamwise directions,

respectively, resulting in a grid spacing D/50 in all three directions. This resolution is

comparable to other studies using actuator-type models (Ivanell et al., 2010; Troldborg

et al., 2010) and is enough to capture the main characteristics at turbine wake as shown

in Fig. 4.9 and Fig. 4.10 where we compare the computed results with experimental

measurements. The inflow boundary is x/D = −1.5 before the turbine rotor plane and

uses the instantaneous data saved from the precursory simulation. With this domain,

the turbine is place at the same location x0/D = 20.5 downstream of the spires and

z0/D = −2.5 as prescribed in the experiments. Similar to the precursory simulations,

top, bottom and side walls utilize a wall model. Turbine simulations using the immersed

boundary method are also carried out for both operating regimes. The grids used for the

actuator surface simulations are too coarse to resolve the geometry of the blades. A grid

resolution study is undertaken (not shown herein) and different grid resolutions for each

operating regime are found to produce sufficient flow fields. The Region 2 grid utilizes

a grid resolution with 250 cells per D in a grid with the dimensions of 4D× 2.7D× 11D
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discretized by 403×401×1101 cells. The Region 3 grid has 200 cells per D in a grid with

a domain 31D× 2.7D× 16D discretized by 640× 412× 1024 cells. The necessity for the

higher resolution for the Region 2 grid is the due to the blade pitch where cells can not

resolve the blade tip aligned with the direction of the grid. The Region 3 simulation has

a higher blade pitch, which is not aligned with the grid lines, and can captured because

it crosses cells. Three simulations for each turbine operating conditions are carried out:

one with the actuator surface models for both blades and nacelle (R2-BN and R3-BN

for Region 2 and Region 3, respectively); another one with actuator surface model for

blade only (R2-B and R3-B for Regions 2 and 3, respectively); and a final one with the

immersed boundary method for the blades and nacelle (R2-IB and R3-IB for Regions 2

and 3, respectively).

4.2 Inflow Simulation

The inflow for the wind turbines is designed to replicate the conditions of the experi-

ments in a wind tunnel. The turbulence boundary layer is created by spires near the

inlet of the wind tunnel. The purpose of this section is to investigate the flow field

and turbulent statistics in the downstream of inlet spires using LES with a sharp inter-

face immersed boundary method of Kang and Sotiropoulos (2012) to resolve the spires’

geometry. Using the computed turbulent statistics and energy spectra, we seek to un-

derstand how one can generate a realistic turbulent boundary layer with large-scale

coherent structures in precursory simulations for wind turbine simulations. We also

investigate the possibility of using a single LES to generate inflow data with several

different turbulence levels so the total number of precursory simulations can be reduced

while still capturing a variety of turbulent scales.

Experimentalists have long used spires or vortex generators near the inlet of wind

tunnels to quickly create a turbulent boundary layer. The technique was first reported

by Counihan (1969) as a way to improve wind tunnel flow fields to simulate atmospheric

boundary layers. Later, further measurements were made to investigate power spectra

and velocity correlations and their similarity to the ABL (Counihan, 1970). Measure-

ments in the wind tunnel of spectra and velocity fluctuation correlations compared with

field measurements and models showed that placing spires in the inlet vastly improves
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the performance of the wind tunnel in creating a boundary layer similar to an ABL.

Further efforts were undertaken to improve the design of spires and use empirical data to

prescribe a power law to the averaged velocity profile (Irwin, 1981) with different spire

geometries given different velocity profiles. These studies showed that by changing in-

let spires a customized boundary layer can be created for many different needs. This

technique is used to develop a turbulent boundary layer in a wind tunnel at Politecnico

di Milano to study wind turbines (Campagnolo, 2013).

Spires in wind tunnels as means for generating inflow turbulence in LES have yet

to be studied numerically, presumably due to the complex shape of spires that makes

numerical simulations challenging. Immersed boundary methods which have been used

extensively in a variety of geophysical simulations including meandering streams (Kang

and Sotiropoulos, 2012; Kang et al., 2011) and sediment transport (Khosronejad et al.,

2012) and simulations of wind or hydrokinetic model turbines (Kang et al., 2014; Yang

et al., 2015a) can be useful in this regard.

This section is organized into subsequent sections. The simulations are setup in

section 4.2.1. Section 4.2.2 provides a grid sensitivity study. The results, including

details of velocity fluctuation correlations and energy spectra, and the corresponding

discussions are presented in section 4.2.3, and the study is concluded in section 4.2.4.

4.2.1 Simulation setup

The simulations are setup based on wind tunnel experiments conducted at the large wind

tunnel at Politecnico di Milano. These experiments, designed to investigate the flow

resemblance to an atmospheric boundary layer for later tests with model wind turbines,

are performed using two tri-axial Dantec 55R91 hot wire probe mounted on an automatic

traversing system (Campagnolo, 2013). The three wires of the hot wire probe form an

orthogonal system with respect to each other and are also positioned orthogonally to

the prongs of the probe, for increased accuracy. Moreover, they are calibrated in a

dedicated open circuit wind tunnel at Politecnico di Milano before proceeding with the

testing. They provide 1 KHz measurements of the three-dimensional wind speed vector

in the wind tunnel. Similarly, the simulations are created to mimic the behavior of the

wind tunnel and used to generate inflow for wind turbine simulations.

A simulation domain is created based on the size of the wind tunnel with a spanwise
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width Lz = 13.8 m and height Ly = 3.89 m with a streamwise length Lz = 35 m.

Fourteen spires with a height H = 2 m and spanwise width S = 0.5 m are placed one

meter apart symmetrically around the wind tunnel centerline. A sketch of the domain

is shown in Fig. 4.1(a). The spire thickness is negligible relative to the dimensions in

the other directions. The trailing edge of the spires is placed at a streamwise distance

of x/H = 1.45 downstream of the domain inlet with a boundary condition of uniform

inflow velocity of U∞ = 5 ms−1. The simulation use a time step dt = 0.0001s which is

equivalent to a CFL= 0.5. A wall model is employed on the top, bottom and side walls

(Yang et al., 2015a).

4.2.2 Grid sensitivity study

To investigate the grid sensitivity of the simulations, we employ three grids of increas-

ing resolution: Coarse grid (150×90×300), Medium grid (300×90×600) and Fine grid

(600×180×1200) in spanwise, vertical and streamwise directions, respectively. The flow

field is first allowed to evolve through the domain and then time-averaged over 60s. The

results of the three simulations are compared with hot wire probe measurements in the

wind tunnel. Figure 4.1(b) and Fig. 4.1(c) show mean streamwise velocity and rms

(root-mean-square) of streamwise velocity fluctuations, respectively, at x/H = 14.7 and

z/H = 0. The velocities are normalized by the mean streamwise velocity at y/H = 0.4.

While the mean streamwise velocity is in good agreement with the data on all three

grids in the region far away from the wall, only the Fine grid can capture correctly the

near wall velocity profile. The rms velocity is slightly higher than the measurements for

all three simulations far from the wall. The Fine grid rms velocity profile is within 5% of

the measurements and compares well near the wall unlike the Coarse and Medium grids.

Further refinement near the wall could yield better results. However, the agreement of

the Fine grid profiles in the middle of the boundary layer, where the turbine rotor is

placed in our subsequent simulations, is very good, and thus further grid refinement is

not pursued herein.
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Figure 4.1: (a) Computational domain of the Politecnico di Milano wind tunnel simu-
lations with the spires at inlet simulated using the CURVIB method. Grid refinement
study and comparison experimental measurements of (b) mean streamwise velocity U
profile and (c) RMS streamwise velocity profile at x/H = 14.7 and z/H = 0, where
H is the spire height. The velocities are non-dimensonalized by the mean streamwise
velocity at y/H = 0.4, U |y/H=0.4.

4.2.3 Results

We present the results and analysis of the Fine grid simulation in this section.

In section 4.2.3, we present the time-averaged flow field and turbulent statistics. We

focus on the instantaneous flow field and quantification of the coherent structures with

turbulent fluctuation correlations in section 4.2.3. Next, we calculate the integral length

scale and compare it to integral length scales of field measurements in the ABL in section

4.2.3. Finally, the turbulence spectrum is compared with field measurements of the ABL

in section 4.2.3.

Mean flow field

In this section, we begin with investigating the mean flow field created in the wake

of the spires. Mean streamwise velocity contours on a cross-sectional slice between two

spires at the center plane z/H = 0 scaled by the inflow velocity U∞ = 5 ms−1 are

shown in Fig. 4.2(a). The uniform velocity inflow reaches the spires and accelerates

immediately behind the spires and a boundary layer starts developing approximately

a half spire height, H/2, downstream from the spires. The boundary layer becomes
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relatively developed by x/H = 5 with a boundary layer height δ ∼ H. The blockage of

the spires in the wind tunnel is evident above the spire height by a slightly accelerated

velocity. Clearly seen in a cross-sectional plane parallel (y/H = 0.5) to the bottom

wall shown in Fig. 4.2(b), a wake forms immediately behind each spire and a jet forms

between successive spires. A small flow reversal zone forms directly behind each spire

and transitions to positive velocity quickly as the wake starts to recover. As the multiple

spanwise wakes and jets expand and entrain fluid from each other and from above the

spire height, merging of the wakes and jets is observed within approximately a half

spire height, H/2, downstream. The same distance from the trailing edge of the spires

is consistent with the start of the boundary layer formation. At x/H = 5, the merging

of the wakes is completed and the large-scale boundary layer is fully developed in the

mean velocity sense. In Fig. 4.2(b), some slight spanwise variability in the mean velocity

is observed at far downstream locations indicating that the spanwise merging is quite

slow.

Contours of the turbulence kinetic energy k/u2
∗
, where the friction velocity u∗ = 0.15

ms−1 is calculated in the fully developed boundary layer far downstream, are shown

in Fig. 4.2(c) on the center plane cross section. This figure clearly shows the high

turbulence intensity region that forms directly behind the spires due to the formation

of the wake series by the flow separation. The high turbulence accounts for the rapid

merger of the spire wakes by increasing the turbulence mixing in the shear layers of

the spanwise wakes and jets that form. The maximum turbulence kinetic energy occurs

within H of the spire and slowly dissipates until the boundary layer is fully developed.

The turbulence level in the boundary layer remains relatively high near the boundary

layer height where the boundary layer is interacting and entraining fluid from the slightly

accelerated flow above the spire height, y/H = 1. The streamwise-vertical covariance

u′v′ shown in Fig. 4.2(d) allows us to observe regions of both positive and negative

u′v′ that exist throughout the flow. Upstream of the spires no shear stress exists due

to the uniform velocity inflow. Immediately downstream of the spires, regions of both

positive and negative shear stress exist due to the shear-layer formation and shedding

of vortices around and above the spires. High shear stress continues from the spire tips

where a large shear layer exists separating the fast moving fluid above the spires and

the slow moving fluid in the region of merging wakes. As the boundary layer behind
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the spires develops, a single negative shear stress region is located in the boundary layer

as expected in a turbulent boundary layer. The peak shear stress slowly moves upward

(positive y) with downstream distance as the boundary layer grows and becomes fully

developed indicating the entrainment of fluid from the free stream above the boundary

layer and the spire height. A thin boundary layer also develops along the top wall of the

wind tunnel. Because the spires have little effect on the top wall, the boundary layer

develops much further downstream. Positive shear stress grows along the boundary

layer at the top of the wind tunnel indicating that allowing a boundary layer to develop

without some turbulence generator like the spires takes significantly more time, space,

and computational resources to develop to the boundary layer height of the spire height.

Figure 4.2(e) shows the vorticity magnitude on the half spire plane parallel to the

bottom wall. The high vorticity magnitude is present in the shear layers of the expanding

wakes behind the spires. The merging of the shear layers of the wakes starts around half

spire height H/2 downstream from the spires and is consistent with the location where

the boundary layer begins to develop as shown by the mean streamwise velocity contours

in Fig. 4.2(a). The vorticity magnitude begins to dissipate after the wakes merge and

the boundary layer grows especially on the shown cross-sectional plane. Streaks in

the vorticity magnitude are still present far downstream. This is consistent with the

spanwise variations observed for the streamwise velocity contours shown in Fig. 4.2(b).

The developing boundary layer is also captured on the center plane cross section of the

vorticity magnitude in Fig. 4.2(f). High vorticity is present throughout the boundary

layer and can be used as another method to demarcate the boundary layer from the flow

above the spires and boundary layer on the bottom wall. From the vorticity magnitude,

we can also approximate the boundary layer height to be about δ ∼ H.

The time-averaged flow field is further analyzed with profiles of the streamwise

velocity at several streamwise and spanwise locations shown in Fig. 4.3(a). Starting

close to the spires at x/H = 2, the spanwise variability caused by the wakes and jets

from the spire series is clearly evident. The spanwise locations selected show a profile

in the jet between spires z/H = 0, a profile between the wake and jet (z/H = 0.32)

and a profile directly behind a spire in a wake (z/H = 1.72). At z/H = 0 the profile

is very flat and equal to the velocity far above the spire for most of the height of the

spire. A velocity deficit appears where the spanwise location is selected closer to the
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Figure 4.2: (a) Center plane (z/H = 0) cross sectional contours of mean streamwise
velocity U ; (b) Half spire height (y/H = 0.5) cross sectional contours of mean streamwise
velocity U . (c) Center plane cross sectional contours of turbulence kinetic energy k; (d)
Center plane cross sectional contours of streamwise-vertical covariance u′v′; (e) Half
spire height cross sectional contours of mean vorticity magnitude |ω|; (f) Center plane
cross sectional contours of mean vorticity magnitude |ω|;
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spire and is at a maximum where selected directly behind a spire. For both the latter

two profiles, the velocity reaches U∞ by the top of the spire height. At locations further

downstream, the spanwise variability in the profiles decreases as the wakes merge and

the velocity deficit diminishes as the boundary layer grows. As addressed above, the

spanwise variability in the mean streamwise velocity begins to decrease significantly by

x/H = 5 and is negligible by x/H = 6, which is in agreement with similar measurements

(Counihan, 1970). A power-law mean velocity profile is appropriate to use as a model

to describe the mean streamwise velocity profile far from the wall. A power-law velocity

profile as shown in Fig. 4.3(a) is defined as follows:

U

U∞

=
(y
δ

)α
(4.1)

where α is a constant and, δ is the boundary layer thickness, and U∞ is the velocity

at the outer edge of the boundary layer. The power law also provides us with another

validation for the simulations. The data from experimental measurements is fitted with

α = 0.09 at x/H = 11.15 using δ = 0.8 m, the vertical location where the wind turbine

hub is located in subsequent experiments using this inlet spire setup. The spires used

within the wind tunnel are designed to simulate an atmospheric boundary layer for a

model turbine with diameter 1.1 m and hub height 0.8 m. The profiles presented herein

match well with the power-law profile in the region around 0.1 < y/H < 0.75. Below

that threshold, the power-law profile has significantly less mean velocity. However, other

power-law based profiles can been fitted to other parts of the boundary layer profile,

which compare favorably (Counihan, 1969).

The profiles of the streamwise velocity variance u′u′ are shown in Fig. 4.3(b) to

quantify the turbulence introduced in the flow by the spires. The variance is normal-

ized by the friction velocity u∗ = 0.15 ms−1 computed far downstream of the spires. The

streamwise velocity variance is very high for the profiles closest to the spires x/H = 2

compared to further downstream where the flow relaxes into the turbulent boundary

layer. By x/H = 6 the streamwise velocity variance has decreased to a near wall maxi-

mum of a magnitude near ∼8% of the mean streamwise velocity. Away from the wall,

the variance is high near the y/H = 1 at the height of the boundary layer peaking

around y/H = 0.75. The intense turbulence mixing near the boundary layer height

and continued turbulence from the spire peaks persists downstream. Near the wall,
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the streamwise velocity variance decreases slightly in the region where a wind turbine

would be placed. As the boundary layer continues downstream, the variance slowly

decreases and becomes more uniform across the wind tunnel. The uniformity of the

streamwise velocity variance through the boundary layer is different than a canonical

fully developed boundary layer where the velocity variance decreases monotonically from

the near wall maximum to near zero at the boundary layer height. Spanwise variability

is present also because the interactions of the wakes and jet between the spires persist

downstream. This variation is more evident in the higher statistical moments. We see

that the spanwise non-uniformity in the streamwise velocity variance does significantly

decrease after x/H = 12 while the spanwise non-uniformity in the mean streamwise

velocity is significantly reduced after x/H = 6.

Profiles of the mean streamwise-vertical velocity covariance u′v′ are shown in Fig.

4.3(c) allowing us to investigate the shear stress. Similar to the streamwise velocity vari-

ance, nearest to the spires, the covariance starts very high but reduces as the boundary

layer develops downstream. Starting at the bottom wall, a minimum in shear stress

exists near the wall. Far downstream at x/D = 14, u′v′/u2
∗
= 1 allowing us to readily

estimate the friction velocity. Proceeding in the positive y direction the shear stress

begins to trend towards zero as one would expect for a typical canonical boundary

layer. However, there is another shear stress minimum which has a peak covariance

around y/H = 0.75. This second shear stress region exists through a large part of the

boundary layer near the boundary layer height. Here, the constant interaction from the

rapid entrainment of fluid into the boundary layer creates additional shear stress in the

boundary layer.

Instantaneous flow field and velocity fluctuation correlations

Next, we focus on the instantaneous flow field with special attention on the large co-

herent structures that are present in the flow. One of the most important attributes of

using spires to quickly develop a turbulent boundary layer is the large turbulent struc-

tures that are present in the flow, similar to atmospheric boundary layer conditions

(Counihan, 1970). Figure 4.4 shows iso-surfaces of the streamwise velocity fluctuations

to visualize the structures in the flow. The iso-surfaces readily show the development

of structures as the flow develops downstream. Close to the spires, the structures
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Figure 4.3: Vertical profiles at several spanwise locations (z/H = 0, 0.32, 1.72) along
the streamwise direction x/H = 2.0, 6.0, 10.0, 12.0, 14.0 of (a) mean streamwise veloc-
ity U (thick green line is power-law profile), (b) velocity variance u′u′, and (c) mean
streamwise-vertical velocity covariance u′v′. Please note the change in the x-axis scale
at x/H = 2.0 in Fig. (b) and Fig. (c) (Boxed by large dashed lines)
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dominated by the wakes have relatively small length scales, but as the boundary layer

develops, large structures of the velocity fluctuations form and propagate downstream.

By x/H = 10, the downstream half of the wind tunnel, large-scale structures form with

streamwise length of the order of the spire height. The structures appear to form away

from the bottom wall and near the footprint of the spire tip. In the downstream half of

the wind tunnel, the coherence in the flow starts to resemble large structures of atmo-

spheric boundary layer flows.

In order to quantify the presence of coherent structures in the turbulence boundary

Figure 4.4: Instantaneous three dimensional iso-surfaces of velocity fluctuations
u′/U∞ = ±0.05

layer, we begin by considering the correlations of the velocity fluctuations in space. The

two point spatial velocity correlation coefficient tensor Rij is defined as follows:

Rij(rrr) = ui(xxx)uj(xxx+ rrr), (4.2)

where ui is the ith component of the velocity fluctuations and rrr is a displacement vector.

The correlation vector is normalized by the velocity covariance uiuj of the components

of the velocity fluctuations involved such that at rrr = 0, the normalized Rij(0) = 1.

We compute the spatial correlation coefficient by recording the instantaneous velocity
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at a frequency of 1000Hz during the entire 60s of simulation runtime at points along rrr

with respect to certain fixed xxx coordinates. The time-averaged velocity is subtracted

from instantaneous velocity to obtain the velocity fluctuations. Then the correlation

coefficient of the velocity fluctuations at points rrr and xxx is computed.

The two-point streamwise velocity correlation coefficient R11(r1)/u′u′, where r1 is

the displacement of the correlated point in the streamwise direction, is shown at sev-

eral locations in the boundary layer. The locations in the boundary layer where the

spatial correlation coefficients are computed are chosen around the turbine height used

in subsequent simulations. Locations are not chosen very close to the wall where the

grid resolution may not sufficiently resolve the corresponding coherent dynamics. The

quarter height y/H = 0.25 is shown in Fig. 4.5(a) for several different fixed points xxx

along the streamwise axis. Starting with the fixed point closest to the spires x/H = 2,

the streamwise velocity correlation quickly decreases and oscillates around zero as the

distance between the points grows. The rapid de-correlation is due to high turbulence

with a fast eddy turnover caused by the vortex shedding off the spires. As r1 increases

the correlation first becomes slightly negative (0.25 < r1/H < 0.5) and then becomes

positive (0.5 < r1/H < 1) contributing to the evidence of the shedding of vortices off the

spires. As the distance between the points increases further (r1/H > 1) the correlation

tends towards zero as the high turbulence breaks up the vortices, and the velocity at

the two points can no longer be related as the formation of the boundary layer begins.

This is consistent with the mean velocity analysis where the turbulent boundary layer

begins to grow around x/H > 3. Next, choosing a starting point further downstream

such as the x/H = 6 correlation, the fluctuations become uncorrelated slower and do

not have the same negative correlation range present upstream. This indicates that

coherent structures are starting to grow and coherence of the flow is increasing in the

boundary layer. The correlations that are started further downstream have the same

tendencies but progressively appear to decay at slower rates towards zero. Moreover,

the correlations are relatively symmetric around r/H = 0 where large coherent struc-

tures emerge and grow with distance from the spires. Similar behavior is present at two

other locations in the upper boundary layer of the spires at y/H = 0.4 and y/H = 0.5

shown in Fig. 4.5(b) and Fig. 4.5(c), respectively. The same trends in the two-point

correlations remain as the vertical height increases, but for all displacements higher
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correlation occur as the vertical height increases. The correlations near the boundary

layer height, y/H = 1, shown in Fig. 4.5(d), has very different behavior close to the

spires. The frequency of vortices shedding from the tip affects the velocity fluctuations,

causing the fluctuations in the correlation to be much higher for the x/H = 2 profile.

The correlation coefficient at x/H = 2 and x/H = 6 becomes uncorrelated faster. This

is collaborated with the boundary layer growth because it takes markedly longer for

the boundary layer to grow to y/H = 1. The correlations far downstream are quite

similar to previous correlation situated in the boundary layer. The boundary layer has

developed at these locations and the large coherent structures occupy the most of the

boundary layer.

Next, we focus on the spanwise variability downstream of the spires and the correla-

tion of the streamwise velocity separated by spanwise distance. Figure 4.6(a) shows the

correlation of the streamwise velocity as the spanwise distance r3 between the points

grows, R11(r3), at the half spire height and with the fixed point along the centerline

line z/H = 0. Dash-dotted lines are present on the figure to denote where the spires

are located relative to r3/H. The first striking pattern seen in the correlations is that

as r3 increases (or decreases) from zero all profiles, regardless of downstream distance,

show a similar decrease indicating that there is a similar spanwise length scale at this

height in the boundary layer regardless of downstream position. The positive correla-

tion eventually becomes negative and positive again. At the fixed point x/H = 2 for

r3/H > 0, a local minimum exists on the far edge of neighboring spires because vortices

shedding from the far edge of neighboring spires are counterrotating to the centerline

vortices. The correlation is positive on the near edge of the next spires because the

vortices are co-rotating with the vortices at the centerline. As seen in the zoomed-in

view in Fig. 4.6(b), the switch from the positive and negative correlation continues

around the near and far edges of the all spires. The correlation coefficient extrema

are consistent with a correlation coefficient of R11(r3)/u′u′ = 0.15. Similar findings at

locations near the spires are found in experiments performed by Counihan (1970). The

behavior of fixed locations further downstream have a similar periodicity. The positive

and negative correlation peaks occur without respect to the spire locations, but may

be related to the number and spacing of the spires. As the spire wakes merge and

the flow transitions to a turbulent boundary layer large coherent structures form. The
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Figure 4.5: Two-point streamwise velocity correlation coefficient R11(r1)/u′u′ in stream-
wise direction r1 along the centerline (z/H = 0) at several streamwise locations at
vertical locations (a) y/H = 0.5, (b) y/H = 0.4, (c) y/H = 0.5 and (d) y/H = 1.
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correlation coefficient extrema r3 locations shifts to progressively higher r3 as the fixed

location xxx moves downstream demonstrating the expansion of the structures emanating

from the spires. Because of the growth of the wake and merging into a boundary layer,

correlation coefficient extrema at further downstream locations occur at further r3 lo-

cations. Comparably, Fig. 4.4 shows that the instantaneous coherent structures begin

to separate from each other far downstream and grow in width.

At the higher vertical location y/H = 1 similar spanwise correlations are performed

with fixed locations at z/H = 0 and various downstream locations shown in Fig. 4.6(c).

The correlation coefficient at x/H = 2 has a very strong correlation with each footprint

of the spires because of the shedding of the vortices around the tip. Positive and nega-

tive correlation extrema exist on either side of the spire consistent with the findings at

y/H = 0.5. Another vortex shedding location over the top of the spires causes another

local extremum in the correlation coefficient to be present. In the zoomed-in area in

Fig. 4.6(d), the extrema can be seen to occur at every spire with a relatively con-

stant peak correlation coefficient of R11(r3)/u′u′ = ±0.20, considerably stronger than

at y/H = 0.5. The lack of any large coherent structure and the fact that the boundary

layer has not developed yet allow us to see the fast correlation periodicity around the

tip. However, at fixed locations further downstream this periodicity is smeared out by

the growth of the boundary layer. The fixed location of x/H = 10 is the first selected

fixed point to be fully inside the developed boundary layer. The location near the top

of the boundary layer is subject to higher turbulence and shed vortices compared to

correlation at y/H = 0.5, in Fig. 4.6(a). The shape with respect to r3 near r3 = 0 of

all downstream correlation coefficients is much narrower than at the half spire height

due to the increase in turbulence and the presence of the boundary layer shear layer.

Nevertheless, the spanwise length scale is also seen to grow at the fixed location moves

downstream. As r3 increases, periodicity of the extrema of the correlation is present

indicating the large-scale structures affect the velocity fluctuations at the tip height.

Integral length scales

Using the streamwise correlations presented above in Fig. 4.5(a), the streamwise inte-

gral length scale l1 is calculated at several vertical heights and downstream locations by
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Figure 4.6: Two-point streamwise velocity correlation coefficient R11(r3)/u′u′ in span-
wise direction r3 at several streamwise locations at (a) y/H = 0.5 and (c) y/H = 1.
A zoomed-in area of a portion of the Fig. (a) and Fig. (c) is shown in Fig. (b) and
Fig. (d), respectively. The dotted box in Fig. (a) and Fig. (c) shows the extent of the
zoomed-in area. The vertical dashed-dotted lines are locations of the spire centers with
respect to r3/H.
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integrating the streamwise correlation coefficient with respect to r1 (streamwise direc-

tion) in order to elucidate the scale of the large coherent structures throughout the flow.

The integral length scales at several downstream locations are shown in Fig. 4.7(a). The

integral length scale is normalized by the boundary layer height far downstream δ = H.

Closest to the spires, the integral length scale l1 at all vertical positions is small com-

pared to the height of the spires due to the high levels of turbulence and the shedding

of vortices from the spires. The scale of the shedding vortices is near the scale of the

width of a spire, which is much less than the height. Moreover, the vertical height

does not affect the length scale due to the high turbulence and the shedding of vor-

tices. The vortices created are similar in scale for all vertical locations. Slightly further

downstream, as the boundary layer is starting to develop, the length scales continue

to remain small as the vortices breakup and the boundary layer develops. Where the

turbulence boundary layer is developed at x/H > 4, the integral length scale increases

from a tenth of the spire height up to a size comparable to l1/δ ∼ 0.35. The integral

length scale is proportional to the vertical position in the boundary layer. By the far

downstream locations (x/H = 10, 12 and 14), the scales at vertical location y/H = 0.2

remain at l1/H ∼ 0.15. The length scales at the vertical locations in the middle of the

spire (y/H = 0.4 and 0.5) begin to level off around a scale on the order of half of the

spire height l1/δ ∼ 0.5. Near the top of the boundary layer (y/H = 0.8 and 1) the

integral length scale continues to grow to a size comparable to the spire height l1/δ ∼ 1.

The length scales far downstream (x/H = 10, 12 and 14) are of significantly larger size

compared to structures immersed in the boundary layer such as wind turbines. The co-

herent structures are much larger than the diameter of the turbine, normally the largest

scale for the turbine geometry. Finally, we point out that throughout the boundary

layer, the integral length scale varies allowing for slightly different turbulence scales to

be extracted as an inflow flow field in subsequent simulations.

Figure 4.7(b) shows the integral length scale lmax computed using the wavenumber

of the extremum of the pre-multiplied streamwise energy spectrum, a procedure used

and described in Mann (1994). The length scale lmax is only applicable in the bound-

ary layer, and Fig. 4.7 only shows the length scale in the developed boundary layer

x/H ≥ 6. Similar to l1, the integral length scale lmax increases with the streamwise

distance. The values of both integral length scale calculations are about the same at
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x/D = 6 and x/H = 8. At further downstream locations, the l1 grows faster than the

lmax, especially near the top of the boundary layer.

Both integral length scale calculations are compared with field measurements of an

ABL or laboratory measurements in a wind tunnel shown in Fig. 4.7(c) . One study,

Farell and Iyengar (1999), investigated laboratory measurements of a wind tunnel with

spires. Similar to the present study, a series of spires were placed near the entrance of a

wind tunnel and length scales were calculated x/H = 10 downstream. The wind tunnel

study had a freestream velocity of U = 31.5 ms−1, much higher than present simulation

of U = 5 ms−1. The other three studies, Soma (1964), Davenport (1967) and Ivanov

and Klinov (1961), are all field measurements of an ABL, the length scales from which

are of the same order as the results with the present simulation. The Farell and Iyengar

results are the upper bound of the integral length scales presented herein as it is also

the upper bound of results shown in Farell and Iyengar (1999).

Spectral analysis

Finally, we focus on the energy spectra E(k) far downstream (x/H = 12) of the spires in

the boundary layer where the velocity flow fields are extracted for subsequent simulations

(i.e. wind turbine simulations). The computed energy spectra is compared with von

Karman model energy spectra using parameters from field measurements of an ABL

(Mann, 1998), and the energy spectrum from fully developed channel flow LES. The

von Karman model energy spectra are discussed in(Mann, 1998) and compared with

energy spectral measurements in Farell and Iyengar (1999). The model energy spectra

use the shear velocity and integral length scale l1 of the corresponding energy spectrum

of the present simulation for direct comparison.

Energy spectra are obtained from a fully developed turbulent boundary layer in

channel flow LES with periodic boundary conditions in the horizontal directions, wall

model on the bottom wall and slip condition on the top, similar to precursory simulations

to obtain inflow in Kang et al. (2014). The channel flow LES is setup with a uniform bulk

streamwise velocity in a domain of 2H×H×7H in the spanwise, vertical and streamwise

directions, respectively, where the turbulent boundary layer height becomes the height

of the domain H. Unlike the present simulation, the channel flow LES has no turbulence

generators like spires present in the domain. The turbulent boundary layer is allowed
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Figure 4.7: (a) Streamwise integral length l1/H calculated from the two-point stream-
wise velocity correlation coefficient. (b) Streamwise integral length lmax/H calculated
from the wavenumber of the maximum of the pre-multiplied streamwise energy spec-
trum. (c) Comparison of field measurements and integral length scale at x/H = 10.



97

to simply develop over time. The simulation is run until the turbulent boundary is fully

developed (taking a substantially more time to develop than the present simulation).

There is little statistical difference between any two streamwise locations because it is

fully developed. The energy spectra of the channel flow LES are extracted at similar

vertical locations in the boundary layer for comparison to the present simulations. Note

the channel flow LES friction velocity u∗ = 0.23 ms−1.

Figure 4.8(a) shows the energy spectrum of the present simulation at y/H = 0.2, and

Fig. 4.8(b) shows energy spectrum at y/H = 0.5 with corresponding energy spectra from

the aforementioned models and channel flow LES. The model spectra are normalized

by the friction velocity u∗ = 0.15 ms−1. The wavenumber k is normalized by the

streamwise integral length scale l1 at the given height. For all energy spectra, the

peak energy in the spectrum occurs at a wavelength slightly longer than the integral

length scale. In the region of wavelength longer than the integral length scale, there is a

substantial difference between the energy spectra of the present simulation at x/H = 12

and the channel flow LES because the large-scale features found in an ABL are only

be captured in the present simulation. There are larger features that are present in the

flow with the spires with a higher concentration of energy in the large scales compared

to the channel flow LES. Moreover, the spectra seem to follow the large wavelength

portion modeled spectra much closer as well indicating the present simulation energy

spectra at x/H = 12 are consistent with the ABL. In the contributions of the small

scales another significant difference occurs with the channel flow LES and the present

simulation. Because there are no large features to generate the turbulent boundary

layer in the channel flow LES boundary layer, especially at y/H = 0.2, there is higher

energy in the small scales. Moreover, at y/H = 0.5, the energy distribution in channel

flow LES is reduced compared to the present simulation. The small scales in the present

simulation at x/H = 12 have a significant amount of energy that also contribute to the

turbulence structure.

4.2.4 Conclusions and Summary

A turbulent boundary layer development technique for a wind tunnel using a series

of spires near the inlet is simulated with LES to investigate the computational ability

to generate a boundary layer with large coherent structures similar to an atmospheric
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Figure 4.8: Normalized energy spectrum at x/H = 12 from the present simulation with
comparisons to von Karman energy spectra from fully developed turbulent channel flow
LES.
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boundary layer. While other potentially more costly or less resolved simulations are

used for precursory simulations, the simulation presented herein provides a method to

produce turbulence with a wide range of length scales distributed downstream of the

spires. It is found that the spires can quickly add turbulence to the flow field and gener-

ate a turbulent boundary layer. The turbulent boundary layer becomes fully developed

within five spires heights with a boundary layer height of approximately the height of

the spires. From turbulent statistics, large coherent structures are present throughout

the boundary layer with length scales increasing with downstream distance and vertical

height. Because the length scales of the turbulence vary over the length of the wind

tunnel, instantaneous velocity flow fields from multiple locations can be extracted to

be used as different turbulent inflows for subsequent wind turbine simulations. From

the comparison of the turbulence energy spectra from the present simulation with that

from the fully developed turbulent channel flow LES, we found that the later one is not

able to generate the large coherent structures desired for atmospheric boundary layer

problems. The inflow generation technique presented herein, using well known wind

tunnel experimental procedures to create a flow field similar to an atmospheric bound-

ary, can generate realistic large coherent structures, is computationally faster than fully

developed turbulent channel flow LES, and is more accurate than kinematic simulations

using a prescribed energy spectrum.

4.3 Results

We present and analyze the computational and experimental results of the wind tur-

bine wake in this section. In section 4.3.1, we first compare the computed profiles with

measurements at different downstream locations and show the time-averaged flow field

and turbulence statistics for simulations with and without a nacelle model for the two

different turbine operating conditions. We then present instantaneous flow fields for dif-

ferent cases and analyze the power density spectrum in section 4.3.2, and investigate the

wake meandering using a filtering technique and dynamic mode decomposition method

in section 4.3.3 and section 4.3.4, respectively.
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4.3.1 Time-averaged characteristics

To evaluate the capability of the actuator surface models in predicting the wake

from the employed model wind turbine, we compare the computational results with

the experimental measurements for the turbine operating in Region 2 and Region 3

in Fig. 4.9 and Fig. 4.10, respectively. Figure 4.9(a) shows the comparisons of the

spanwise profiles of the mean streamwise velocity deficit, 1 − U/U∞ across the wake

of the turbine. In the profiles closest to the turbine at x/D = 1.4 and x/D = 1.7,

the effect of the nacelle manifests by a decrease of the streamwise velocity deficit along

the centerline. The employed nacelle model captures this inner wake feature from the

nacelle, but the absence of a nacelle model results an unphysical jet at the center of the

profiles. The shear layer of the outer wake mainly caused by the forces on the blades

extending to z/D ± 0.5 (along the horizontal dotted lines in Fig. 4.9), on the other

hand, is captured well by both simulations with and without a nacelle model. The sim-

ulation using immersed boundary method are able to capture both the inner and outer

wake well, concurring with the results of the simulation with the nacelle model. Further

downstream of the rotor, the inner wake of the nacelle begins to merge with the outer

wake and the streamwise velocity deficit begins to flatten along the centerline. The

unphysical jet in the simulation without the nacelle model, created with the absence

of the nacelle model, begins to dissipate at further downstream locations as the cor-

responding agreement with experimental measurements becomes better. Far from the

rotor x/D > 4.0, the wake recovery becomes slow for all the cases. Figure 4.9(b) shows

the comparisons of the mean vertical velocity V which represents the rotational velocity

on this plane. Both simulations with and without a nacelle model agree well with the

experimental measurements. Close to the turbine, the rotation of the blades imparts a

strong mean rotation on the inner wake that peaks just away from the center. Despite

the high rotational velocity occurring near the nacelle boundary, the nacelle model does

not affect the mean vertical velocity, which is due only to the rotation of the rotor.

Farther downstream the mean rotation quickly dissipates. For the simulation using the

immersed boundary method, there is a discrepancy near the blade tip. The velocity at

the tip of the blade has a strong vertical velocity component due to the rotation of the

blade and the no-slip condition at the blade tip. This velocity is expected to decrease
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with more time-averaging to converge to the measurements. The mean spanwise veloc-

ity W is shown in Fig. 4.9(c). The simulations compare well with the measurements

despite the small magnitude of the component. The final experimental measurement for

this operating regime, shown in Fig. 4.9(d), is the streamwise rms (root-mean-square)

velocity u′. The cases with and without a nacelle model capture the magnitude of the

turbulence intensity of nearly 0.2 within the tip shear layer showing good agreement

with the experiments. Near the centerline and x/D = 1.4, both the measurements and

the simulation with a nacelle model capture the shear layer of the inner wake with a

slight increase of the turbulence intensity. The simulation without the nacelle model

shows an unphysical increase peaking at the centerline. The simulation using immersed

boundary method captures both the inner wake and out wake shear layers matching the

streamwise rms velocity of the measurements well. As the wake progresses downstream,

the centerline peak of turbulence intensity in the simulation without a nacelle model

decreases and converges to the measurement profiles at x/D = 3. Furthermore, as the

inner and outer wake shear layer expand, the turbulence intensity along the tip positions

relaxes to about u′/Uhub = 0.1 where the measurements, simulations with and without

a nacelle model agree well with each other.

The spanwise profiles of the mean velocity deficit of the measurements and simula-

tions for the turbine operating in Region 3 are shown in Fig. 4.10(a). In comparison

with the turbine operating in Region 2, significantly less velocity deficit is in the re-

gion near blade tips at near wake locations (x/D = 1.4, 1.7, 2). Near the centerline the

velocity deficit is lower and the inner wake of the nacelle is smaller with a flattened

profile. Similarly, the simulation without a nacelle model under predicts the velocity

along the centerline until x/D > 2. Far away from the turbine rotor, the wake relaxes

and all of the simulation cases are able to accurately simulate the wake. The com-

parison of vertical velocity V profiles (rotational component on this plane) is shown in

Fig. 4.10(b). In comparison with the turbine operating in Region 2, the magnitude of

rotational velocity near the blade tips are smaller for the turbine operating in Region

3 at near wake locations (x/D = 1.4, 1.7, 2). The simulation using immersed boundary

method also has some discrepancies due to the rotation of the blade tips similar to the

immersed boundary method for Region 2. The spanwise velocity W profiles shown in

Fig. 4.10(c), on the other hand, are similar to the profiles for the turbine operating
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Figure 4.9: Comparisons of the computed spanwise profiles and measured (a) streamwise
velocity deficit, (b) vertical velocity, (c) spanwise velocity, and (d) streamwise RMS
velocity u′ for Region 2. The horizontal dotted lines at z/D = ±0.5 are the tip positions.



103

in Region 2 and both simulations with a nacelle model have good agreement with the

measurements. Finally, the streamwise rms velocity is shown in Fig. 4.10(d). Similar

to what we observed in Fig. 4.9(d) for the turbine operating in Region 2, the lack of

a nacelle model introduce peaks on the streamwise turbulence intensity in region near

the rotor centerline at near wake locations (x/D = 1.4, 1.7, 2). The tip shear layer is

accurately simulated by all the simulations. As the wake progresses downstream, the

differences in the mean flow field are not obvious.

Next, we will investigate the spatial distribution of the mean flow field through plot-

ting contours. Mean flow and turbulence quantities for Region 2 simulations both with

and without a nacelle model on the vertical-streamwise centerline plane are shown in

Figs. 4.11(a)-(d) and Figs. 4.11(e)-(h), respectively. The mean streamwise velocity

U/Uhub for the simulation with a nacelle model in Fig. 4.11(a), show the outer wake

formed by the turbine rotor and the inner wake behind the nacelle. In the mean velocity

contour shown in Fig. 4.11(e) for the simulation without a nacelle model, a jet exists

along the centerline, as discussed in the spanwise profile shown in Fig. 4.9 and Fig. 4.10

and seen in simulations in Kang et al. (2014), exists as a consequence of not having the

blockage effect of a nacelle body. The outer wake shear layer at the top tip position

immediately downstream of the turbine is very sharp and slowly expands. The inner

wake forms a core region where the hub vortex begins to grow.

The turbulence kinetic energy k/u2τ (TKE) contours from the simulations with and

without a nacelle model are shown in Fig. 4.11(b) and Fig. 4.11(f), respectively. As

seen, the intense turbulence regions start at the rotor tips. From the TKE of the simu-

lation with a nacelle model, the outer wake and the expanding inner wake are observed.

The inner wake expands outwards towards and intercepts the outer wake a few diam-

eters downstream of the turbine. Near this intersection, there is a marked increase in

TKE caused by the interaction of the expanding inner wake caused by the hub vor-

tex and the outer wake. The growth of a large region of high TKE in the tip shear

commences near the intersection of the inner wake shear layer. In Kang et al. (2014)

and with further evidence in Foti et al. (2016a), this region of high TKE is associated

with the onset of wake meandering. For the simulation without a nacelle model, a hub

vortex is still formed along the centerline of the turbine but no nacelle inner wake is

formed. The increases in streamwise velocity and lack of shearing caused by separation
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Figure 4.10: Comparisons of the computed spanwise profiles and measured (a) stream-
wise velocity deficit, (b) vertical velocity, (c) spanwise velocity, and (d) streamwise RMS
velocity u′ for Region 3. The horizontal dotted lines at z/D = ±0.5 are the tip positions.
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around the nacelle causes the hub vortex to remain strong and columnar. Expansion

of the hub vortex towards the remnants of the tip vortices at the tip position does not

occur. Instead, the onset of wake meandering occurs with less turbulence energy and

further downstream. The location of the maximum TKE with k/u2τ = 52.9 occurs at

x/D = 3 for the simulation with a nacelle model; while it is found to be at x/D = 3.5

with k/u2τ = 52.8 for the simulation without a nacelle model. The locations are shown

on the TKE contours in Fig. 4.11(b) and Fig. 4.11(f) as large circles.

The mean rotational velocity in the wake is expressed as the mean spanwise velocity

W/Uhub where positive is the direction into the page. For reference, the turbine rotates

clockwise, thus the top blade tip is moving out of the page. In Fig. 4.11(c) and Fig.

4.11(g), showing the simulations with and without a nacelle model, respectively, a mean

rotational rate is present at turbine near wake locations. Both figures show a wake

that is rotating counter-clockwise (opposite the rotation of the turbine blades) with the

strongest rotation occurring near the root of the blade. By the tip of the blade, the

rotation is nearly zero. By x/D = 5, the mean rotation in the wake has dissipate to be

negligible.

The streamwise-vertical Reynolds stress u′v′/u2τ for simulations with and without a

nacelle model, shown in Fig. 4.11(d) and Fig. 4.11(h), respectively, shows the turbu-

lence shear stress and mixing that occurs in the shear layers of the inner and outer wake.

There are several regions of intense shear stress in simulation with a nacelle model. i.)

A region extends from the tip of the blades and follows along the tip position. This

occurs due to the unsteadiness of the flow near the blade region. The extension into

the wake is thin for the first few diameters downstream, the tip vortices remain strong

and resist turbulent mixing occurring between the fast moving flow in outside the tur-

bine in the incoming flow and outer wake. As the tip vortices start to breakdown the

region of mixing begins to expand through entrainment of fluid from outside the wake.

ii.) Behind the nacelle along the shear layer of the inner wake. This region of high

Reynolds stress promotes the mixing of the slowest moving inner wake with the outer

wake behind the turbine blades. Moreover, the allows for entrainment of fluid into the

inner wake and rapid expansion of the inner wake and hub vortex. iii.) Much like the

TKE, there is a large region of high Reynolds stress that appears downstream along

the tip positions and down towards the center of the wake. Here, the two prior regions
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Figure 4.11: Comparisons of vertical centerplane contours between simulations with (left
images) and without (right images) a nacelle model for turbine operating in Region 2 for
(a) and (e) time-averaged downwind velocity, (b) and (f) turbulence kinetic energy, (c)
and (g) time-averaged spanwise (rotational) velocity, and (d) and (h) downwind-vertical
Reynolds shear stress.

merge together and intense mixing occurs. As the wake meandering process begins, the

sign of the Reynolds stress indicates that slower moving fluid packets in the wake will

mix and entrain fluid from above, and faster moving packets will expel fluid above. The

streamwise-vertical Reynolds stress of the simulation without the nacelle model (Fig.

4.11(h)) provides more evidence of the strong columnar hub vortex. While significant

turbulent mixing is occurring, the lack of the inner wake does not promote mixing of the

faster moving fluid from behind the turbine blade towards the centerline as in simulation

with a nacelle model. The centerline jet is displacing fluid opposite which encourages

the columnar vortex. Farther downstream, the increased Reynolds stress behaves sim-

ilar to the nacelle model cases but with less turbulence mixing. This should affect the

wake meandering process and will be discussed below.

Figures 4.12(a)-(d) and Figs. 4.12(e)-(h) show contours of mean flow quantities for
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the turbine operating in Region 3 on the vertical-streamwise centerplane for simulations

with and without a nacelle model, respectively. The mean streamwise velocity contour

in Fig. 4.12(a) shows similar outer and inner wakes patterns as that in Fig. 4.11(a) for

the turbine operating in Region 2. However, in comparison with that for the turbine

operating in Region 2, the strength of the velocity deficit in the outer wake for the

turbine operating in Region 3 is significantly less because of smaller power and thrust

coefficients resulted from the large pitch angle of the blade. The reduced velocity deficit

enables faster recovery of the wake with less expansion in the radial direction for the

Region 3 case. Similar to the Region 2 cases, lack of a nacelle model also results an

unphysical centerline jet which affects the wake development.

The TKE k/u2τ contours are shown in Fig. 4.12(b) and Fig. 4.12(f), for simulations

with and without a nacelle model, respectively. As seen, the maximum TKE in the

top tip shear layer is higher and the region with high TKE is wider for the simulation

with a nacelle model in comparison with that without a nacelle model. The location of

maximum TKE occurs at x/D = 5 downstream for the simulation with a nacelle model,

while the corresponding location for the simulation without a nacelle model occurs fur-

ther downstream at x/D = 5.5. Comparing the TKE contours in Fig. 4.12(b) and Fig.

4.11(b) for the two operating conditions, we see differences in both the magnitude of

the TKE and the downstream location where the highest TKE occurs. The region with

high TKE for the turbine operating in Region 3 is longer and occurs at further down-

stream locations but with significantly less maximum TKE in comparison with that in

Region 2. The rotation of the wake for the turbine operating in Region 3, presented

in Fig. 4.12(c) and Fig. 4.12(g), respectively, is more confined and with a comparably

weaker max rotation. However, the mean rotation in the wake takes about the same

amount distance or even somewhat longer distance from the rotor to dissipate. The

streamwise-vertical Reynolds stress u′v′/u2τ is consistent with the results from the tur-

bine operating in Region 2, but with lower turbulence mixing levels due to less velocity

deficit and weaker wake meandering as will be shown in section 4.3.3.

In Fig. 4.13, mean flow quantities of the simulations using the immersed boundary.

Figures 4.13(a) and (e) show contours of the mean streamwise velocity for Region 2 and

Region 3, respectively. The contours for both simulations portray the recovery of the

inner and outer wake, matching the results of the simulations with the nacelle model



108

Figure 4.12: Comparisons of vertical centerplane contours between simulations with (left
images) and without (right images) a nacelle model for turbine operating in Region 3 for
(a) and (e) time-averaged downwind velocity, (b) and (f) turbulence kinetic energy, (c)
and (g) time-averaged spanwise (rotational) velocity, and (d) and (h) downwind-vertical
Reynolds shear stress.
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accurately. The TKE is shown in Figs. 4.13(b) and (f) for Region 2 and Region 3,

respectively. The TKE in Region 2 has the similar structure seen in the previous simu-

lations, a region of high TKE exists downstream of the turbine where the contour lines

follow from the blade top tip and grow to fill more of the wake area. Figure 4.13(b)

shows that the region of high TKE does not start as quickly as the simulations with the

actuator surface, but does peak where the TKE from the nacelle intercepts the outer

wake shear layer. This may be able to be explained by the slight differences in the actual

geometry of the nacelle or that the blade is not able to generate the same amount of

thrust as the actuator surface model (perhaps higher grid resolution is necessary). The

TKE in Region 3, Fig. 4.13(f), has a similar structure as results from the simulation

with the nacelle model. The peak TKE occurs at x/D = 5. The spanwise velocity W

for Region 2 and Region 3 shown in Figs. 4.13(c) and (g), respectively, demonstrates

that with higher resolution rotation of the flow field behind the blades has several re-

gion similar to the findings in Foti et al. (2016a) and Kang et al. (2014). These regions

of rotation quickly diminish with downstream distance. Finally, the downwind-vertical

Reynolds shear stress is similar to the simulation with the nacelle for both operating

regimes.

Turbulence intensities at far wake locations can be considered as footprints of wake

meandering. In order to further evaluate the nacelle effects at far wake locations, we

show in Fig. 4.14 different components of turbulence intensities at various downstream

locations. For the Region 2 cases, the streamwise turbulence intensity computed from

the case with a nacelle model is slightly higher than that without a nacelle model at

x/D = 3, 4 and 5 locations. However, the differences are more significant for the other

two components at x/D = 3 and 4 locations. For the Region 3 cases, the streamwise

turbulence intensity computed from the simulation with a nacelle model is significantly

larger than that without a nacelle model. The differences for the other two components

of turbulence intensity, on the other hand, are very minor. Comparing the turbulence

intensities between the two different turbine operating conditions, we can see that at

x/D = 3 and 4 locations, the turbulence intensities are larger for the Region 2 con-

dition for all the three components; at x/D = 5 and 7 locations, on the other hand,

the streamwise turbulence intensity near the top tip location is larger for the Region 3

condition. Overall, Fig. 4.14 quantitatively indicates the significant effects of turbine
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Figure 4.13: Comparisons of vertical centerplane contours of the mean flow quantities
for R2-IB (left images) and R3-IB (right images). (a),(e) streamwise velocity, (b),(f) tur-
bulence kinetic energy, (c),(g) spanwise velocity. (d),(h) streamwise-vertical Reynolds
stress.
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Figure 4.14: Vertical profiles of the turbulence variances for (a) u′u′/u2τ , (b) v
′v′/u2τ , and

(c) w′w′/u2τ non-dimensionalized u2τ , where uτ is the friction velocity of the incoming
turbulent boundary layer flow. The horizontal dotted line show the bottom and top tip
position at y/D = 0.35 and 1.35, respectively.

operating condition and nacelle on turbulence intensity at far wake locations for this

model wind turbine.

4.3.2 Instantaneous flow fields and spectral analysis

In this section, we focus on the instantaneous flow field to get an intuitive cognition on

the different wake meandering patterns for different operating conditions and simula-

tions with and without a nacelle model. The analysis of the mean flow field demonstrated

that both the inner wake and outer wake form behind the turbine. In the mean sense,
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the inner wake expands into the outer wake and the turbulence kinetic energy increases

substantially downstream. To further investigate the instantaneous evolution of the

wake and substantiate the narrative presented above, several time instances of both

operating conditions from the simulations with a nacelle are shown in Fig. 4.15. Each

successive instance is separated by one rotor period T = 0.07 s. The instantaneous flow

field from the Region 2 case, in Fig. 4.15(a), contains an inner wake directly behind the

nacelle and a large outer wake extending from the extent of the rotor blades. Over the

successive figures the precession of the hub vortex and the expansion of the inner wake

becomes evident. Around x/D = 2, the inner wake begins to interact with the outer

wake, and distortions to the outer wake can be seen as the onset of the meandering. By

x/D = 4 the full extent of the wake meandering has commenced. After the emergence

of the meandering, progressively larger spanwise displacements of the wake around the

streamwise velocity minimum locations occurs. The velocity minimum locations along

the streamwise direction act as a helical centerline of the meandering wake. Over a pe-

riod of 4 rotor rotations, the wake meandering convects downstream, and the amplitude

grows. A slightly different wake evolution is seen in Fig. 4.15(b) for the Region 3 case.

Both the inner wake hub vortex core with helical precession and outer wake form but

remain more columnar. As discussed before, due to the blade pitch the outer wake is

weaker compared to Region 2. The outer wake remains columnar with slight distortions

from interactions outside the wake while the inner wake slowly expands. The onset of

wake meandering does not occur until after x/D = 5.

Similar instantaneous snapshots of the streamwise velocity for the simulations for

both turbine operating conditions without a nacelle are shown in Fig. 4.16. Close to the

turbine, a jet along the centerline is clearly evident in both simulations. Instantaneously,

the near wake region transitions into wake meandering near the same distance from the

turbine. Qualitatively, the wake meandering oscillations and amplitudes without using

the nacelle model are slightly diminished.

Figure 4.17(a) and (b) shows four instances of the simulations using immersed

boundary method for Region 2 and Region 3, respectively. The results show many

similarities to the simulations with the nacelle model. The radial extent of the velocity

deficit and the centerline inner wake both are in good agreement with their respective

simulations with the nacelle model. The near wake is shown in great detail due to the
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Figure 4.15: Contours of the instantaneous streamwise velocity at four successive time
instances for (a) turbine operating in Region 2 (R2-BN) and (b) turbine operating in
Region 3 (R3-BN).
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Figure 4.16: Contours of the instantaneous streamwise velocity without a nacelle model
at four instantaneous time instances for (a) turbine operating in Region 2 (R2-B) and
(b) turbine operating in Region 3 (R3-B).
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Figure 4.17: Contours of the instantaneous streamwise velocity at the hub height plane
for (a) R2-IB and (b) R3-IB.

resolution of the grid. The effects of individual blade passages are seen; however, the

inner wake around the nacelle does not have any significant differences. As the wake

transitions to the far wake, the onset of wake meandering location is also in the same

position as the simulations with the nacelle model. Both the mean and instantaneous

results for the immersed boundary method are in good agreement with the simula-

tions with the nacelle indicating that the nacelle model with the actuator surface can

sufficiently model the wind turbine. Because the nacelle model can capture the same

instantaneous and mean structures and uses a grid with significantly less cells, only the

actuator surface simulations will be investigated further.

Figure 4.18 shows comparisons of the measured and computed power density spec-

trum of the streamwise velocity fluctuations at the top tip position at several locations

in the wake for both operating conditions. The non-dimensional frequency Strouhal

number St = fD/Uhub is defined by the turbine diameter D and hub height velocity
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Uhub. At x/D = 2, the measured spectrum shows that there are peaks at St = 2.3 and

St = 0.8 and a longer flat region in low frequency space. The former peak is the rotor

frequency and is also present in the simulation results. Both signatures are muted in

the Region 3 cases. A lower frequency around St ∼ 0.2 − 0.3 is present Fig. 4.18(b),

Fig. 4.18(c), and Fig. 4.18(d). The low frequencies are found in both measurements

and simulations, especially by the simulations that include a nacelle model. Farther

downstream the high frequencies in computed spectrum have slightly more energy pos-

sibly due to the LES not having sufficient grid resolution to adequately capture the high

frequency modes. However, the processes we are concerned about are the low frequency

modes, which will be discussed below. The energy in these frequencies is similar to the

measured data.

Fig. 4.18(b) at x/D = 4 shows the simulation with a nacelle model turbine operat-

ing Region 2 has more energy in the low frequency energy modes than the simulation

without a nacelle. Similarly, a difference in turbulent intensities in Fig. 4.14 is also

present between the simulations with and without the nacelle model. At x/D = 6 and

9 locations in Fig. 4.18 the low frequency modes have similar energy consistent with

the streamwise turbulence intensities in Fig. 4.14 at x/D = 5 and 7 locations. In the

turbine operating Region 3, the energy for simulations with a nacelle model in the low

frequency modes at locations x/D = 4, 6 and 9 is higher than simulations without a

nacelle and is consistent with streamwise turbulence intensity at the x/D = 4, 5 and 7

locations. The energy differences are another indication that without a nacelle the tur-

bulent energy at low frequencies is reduced. This further shows that the nacelle model

is necessary for successful simulations of a wind turbine. Without it, the high energy,

low frequency contributions cannot be fully taken into account.

The contours on St-x plane of pre-multiplied power density spectrum of velocity

magnitude fluctuations for the simulations with the nacelle model are shown in Fig.

4.19 for three different radial locations. This allows us to visualize the evolution of the

frequency modes in the wake of the turbine. Starting at the centerline yh = y−H = 0,

there are several frequency regions of high energy. Nearest to the turbines, x/D = 0.5,

a high energy mode is centered around St = 0.7. Given the proximity to the turbine

along the centerline, this is immediately recognized as the hub vortex. The Strouhal

number is similar to the measured hub vortex frequencies of other turbines (Iungo et al.,



117

Figure 4.18: Comparisons of the computed power density spectrum of the streamwise
velocity Φ11 with that from measurements, with the top images and bottom images in
Region 2 and Region 3, respectively, along the tip position y/D = 0.72, and z/D = 1
(a) at x/D = 2, (b) at x/D = 4, (c) at x/D = 6, and (d) at x/D = 9.
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2013; Howard et al., 2015; Viola et al., 2014; Foti et al., 2016a). In the Region 2 case,

the peak hub vortex energy occurs directly downstream of the turbine and quickly dis-

sipates. By x/D = 2, the energy level has dropped significantly, but, relatively, is the

strongest energy mode in the flow at that axial location. This indicates that the hub

vortex contains most of the energy along the centerline. However, after x/D = 2 an-

other, lower, frequency mode becomes present, the wake meandering frequency, most

prevalent at St = 0.3, which has been observed in numerous studies: St = 0.23 (Okulov

and Sørensen, 2007), St = 0.28 (Chamorro et al., 2013), St = 0.15 (Foti et al., 2016a)

and St = 0.15 − 0.25 (Medici and Alfredsson, 2008). Both the wake meandering fre-

quency and the hub vortex frequency remain the dominant frequencies throughout the

rest of the domain along the centerline, a clear indication that while the hub vortex

breaks down, its remnants continue to affect the flow far downstream. The centerline

frequency contours of Region 3 have some drastic distinctions from the former case.

Here, the hub vortex energy peaks further from the rotor. Between 2 < x/D < 4, little

low turbulent energy is present indicating the hub vortex has not broken down and no

interaction with the outer wake has occurred. By x/D > 6, much later than that of

Region 2 and consistent with mean turbulent statistics, the wake meandering mode is

activated. Moreover, the interaction between the inner and outer wake not only affects

the wake meandering but also strengthens the hub vortex frequency mode along the

centerline very close to the turbine.

In both cases near the mid-blade location, yh/D = 0.2, the hub vortex frequency is

not distinguishable from other frequency modes especially close to the turbine. Further

downstream, the wake meandering frequency appears, first in Region 2 at x/D = 2.5,

consistent with the turbulence kinetic energy shown above. The peak wake meandering

energy occurs around x/D = 4, and high energy is observed far downstream as the wake

meanders throughout the far wake. For Region 3 case, the wake meandering is observed

to peak much further downstream, around x/D = 5 and be present far downstream,

too. The energy present in the wake meandering mode at this radial position is higher

compared to the centerline. Here, there is more turbulent energy in the wake meander-

ing mode in the wake because of the proximity to the location of the interaction of the

expanding inner wake and outer wake. Near the peak wake meandering location, higher

frequency modes are also present and can be attributed to complex interaction of the
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inner wake including the hub vortex and outer wake.

Closer to the blade tips at yh/D = 0.44, similar to the mid-blade location, the hub

vortex frequency is not present near the turbine. Higher frequencies associated with

the rotor frequency and the tip vortices are present but quickly dissipate and become

indistinguishable compared to wake meandering. Consistent with the findings of the

turbulence kinetic energy and the mid-blade power density spectrum, wake meandering

in Region 2 begins earlier than Region 3. The peak energy levels are slightly upstream

compared with the mid-blade and centerline. Turbulence energy in the outer wake is

highest due to the strength of the tip shear layer and interaction with the hub vortex

core formed behind the rotor. From these contours, we conclude that wake meandering

begins at the outer wake, the interaction of the inner wake with the outer wake intro-

duces more turbulence. Evidence from streamwise power spectra in Fig. 4.18 shows

that without the expanding inner wake the energy of the wake meandering is dimin-

ished. From onset of the wake meandering in the outer wake shear layer, the meandering

modes begins to propagate downstream and towards the centerline explaining why the

centerline energy peak of wake meandering occurs slightly further downstream com-

pared to the top tip location.

Contours of the St-x plane of pre-multiplied power density spectrum of velocity

magnitude fluctuations for the simulations without the nacelle model at yh = y−H = 0

for Region 2 and Region 3 are shown in Figs. 4.20(a) and (d). Closest to the turbine,

a mode with high energy appears in the low frequency region centered at St = 0.5 but

extends towards St = 0.8. The energy is this mode occurs because of the high turbu-

lence in the shear layer around the centerline jet cause by the absence of the nacelle.

The centerline jet is part of the columnar hub vortex which does have a frequency near

the hub vortex in the simulation with the nacelle. Compared to the hub vortex in the

simulation with the nacelle, the energy in the mode is very high and extends further

downstream. In Region 3, a similar energy mode appears with less energy than the Re-

gion 2 case, but still substantially more than its respective mode in the simulation with

a nacelle model. Comparing between the two operating regimes, the hub vortex mode

is less energetic in Region 3 because of the reduced energy extracted from the flow. As

we advance further downstream, the wake meandering mode centered at St = 0.3 ap-

pears for both regions. The peak energy at the wake meandering mode occurs further
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Figure 4.19: Contours of the premultipled power density spectrum of the streamwise
velocity fΦ11 and the axial direction, x/D at several radial positions (a),(d) yh/D = 0,
(b),(e) yh/D = 0.2 (c),(f) yh/D = 0.44. Left column (a)-(c): R2-BN and right column
(d)-(f): R3-BN.
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downstream than their respective modes from the simulations with the nacelle. The

results concurs with the TKE contours shown in Figs. 4.11 and 4.12. We advance to

further radially outward at yh/D = 0.2 in Figs. 4.20(b) and (s). Unlike the simulations

with the nacelle, the energy mode of the columnar hub vortex and centerline jet leaves a

signature further away from the centerline because of the amount of turbulence energy

the unphysical jet contains. Further downstream the energy diminishes and the wake

meandering mode appears, again slightly downstream of its respective presence and

with less energy than the simulations with the nacelle model. Furthest away from the

centerline at yh/D = 0.44, the wake meandering mode has similar discrepancies with

the wake meandering mode to the simulations with the nacelle model.

To elucidate the difference in the wake structure and the presence of coherent struc-

tures in the three-dimensional instantaneous flow field between the two operating con-

ditions, an iso-surface of the Q-criterion is shown in Fig. 4.21. The Q-criterion value is

a way to identify vortical structures especially vortices rotating relative to each other

(Haller, 2005). The vortex structures for Region 2 confirms that there is a strong hub

vortex that quickly expands into the structures emanating from the tip and leads to a

large breakdown. The breakdown of the hub and tip vortices leads to large structures

and merge into a large-scale meandering. In Fig. 4.21(b) the hub vortex is observed to

be much weaker and convects downstream further. Once the hub vortex breaks downs,

the structures in the wake coalesce into wake meandering.

4.3.3 Meander Profiles

In this section, analysis is performed by reconstructing wake meandering into meander

profiles that track the streamwise velocity minimum locations to further understand

the dynamics of the wake of the turbine. In the instantaneous contours, Fig. 4.15, we

see that the streamwise velocity minima follow the center of the meandering wake. By

tracking these positions with a three-dimensional profile, we investigate the dynamics in

terms of amplitude and wavelength of meanders and obtain statistics of the dynamical

wake. The reconstruction technique was first described in Howard et al. (2015) and de-

veloped for temporal and spatial resolved three-dimensional LES flow field in Foti et al.

(2016a). A three step procedure is utilized for the three-dimensional helical meandering
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Figure 4.20: Contours of the premultipled power density spectrum of the streamwise
velocity fΦ11 and the axial direction, x/D at several radial positions (a),(d) yh/D = 0,
(b),(e) yh/D = 0.2 (c),(f) yh/D = 0.44. Left column (a)-(c): R2-B and right column
(d)-(f): R3-B.
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Figure 4.21: Instantaneous iso-surface of Q-criterion, Q(D/Uhub)
2 = 5.0, coloured by

instantaneous streamwise velocity for (a) R2-BN and (b) R3-BN

profile reconstruction: i) Use finite temporal average scheme proposed by Chrisohoides

and Sotiropoulos (2003) to find the coherent time scale τc of the wake, ii) Locate the

streamwise velocity minima along the axial direction, iii) Spatially filter the velocity

minimum locations to create a continuous profile. For more detail, see section 3.2.2.

The optimal coherent time scale for all cases is found to be about τc = 0.6T . This

value is close to the optimal time scale of a model turbine discussed in Foti et al.

(2016a).

With the coherent time scale determined and the flow decomposed into its three

parts, the minimum streamwise velocity, U(x) + ũ(x, t), locations along the axial di-

rection are tracked over 200 rotor revolutions at the coherent time scale resolution.

Physically, the velocity minima track near the center of the hub vortex near the turbine

and meandering in the far wake. A low-pass spatial filter using a length scale lc = D/2

is used to obtain a three-dimensional continuous profile out from the velocity minima,

as shown in Howard et al. (2015).

Figures 4.22(a)-(d) show examples of a three-dimensional meander profile projected

on the hub height plane for both turbine operating conditions and simulations with

and without the nacelle model. In each figure, the solid line represents the meandering

profile, and the circle markers are the velocity minimum locations in the wake. The

meander profile is superimposed on the instantaneous vorticity magnitude, |ω|D/Uhub.

The trends addressed previously in the instantaneous streamwise snapshots in Fig. 4.15
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about the dynamics of the wake for each case are observed in the meander profiles. In

Fig. 4.22(a), the snapshot of the meander profile of the simulation with a nacelle model

for the turbine operating in Region 2 shows an energetic wake and the meander profile

that starts behind the nacelle and quickly expands tracking the hub vortex towards the

outer wake. Accompanying the expansion of the hub vortex and increasing amplitude of

the meander profile is an increased vorticity magnitude near the peaks of the meander

profile at the tip shear layer (shown by dashed lines on the Figures 4.22(a)-(d)). This

is further evidence that the expansion of the hub vortex towards the tip shear layer

occurs with increases in turbulence intensity as the tip shear layer and hub vortex in-

teract as the meandering of the wake commences. Figure 4.22(b) shows the snapshot of

the simulation without a nacelle model in Region 2. The meander profile cannot start

immediately downstream of the rotor because the centerline jet affects the location of

the velocity minima near the turbine. The meander profile starts at x/D = 3 where the

centerline jet dissipates. A meander profile of the Region 3 simulation with a nacelle

is observed in Fig. 4.22(c). Unlike Region 2 simulations, the inner wake is less ener-

getic, and the meander profile is a tight spiral for 5 diameters behind the turbine. After

x/D = 5 the meander profile has large amplitudes towards the tip shear layer. Similar

to Region 2, instantaneous high vorticity regions are near the peaks of the meander

profile. The simulation without the nacelle model operating in Region 3 is shown in

Fig. 4.22(d), with similar trends as the simulation with the nacelle model. Further

analysis of many meanders is necessary to understand the trends in the wake.

The statistics of the meander profiles are useful in determining the dynamics of the

hub vortex and wake meandering. It is useful to investigate the wave-like characteris-

tics, amplitude and wavelength, of the meander profiles as a function of axial distance

from the turbine. The behavior of amplitude and wavelength can be interpreted in

both the near wake and far wake separately. In order to obtain the wave features, the

three-dimensional helical profile is projected onto the two-dimensional hub height plane

where amplitudes A and wavelengths λ are readily calculated from the extrema of the

profile. In Fig. 4.22(e), the average amplitude A/D as a function of the downstream

distance for each test case is shown. In the simulation with a nacelle model in Region 2,

the amplitude quickly increases behind the turbine with the expanding hub vortex. By

x/D = 2 the amplitude increases to a peak in the near wake followed by a plateau as
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hub vortex interacts with the outer wake. The amplitude increases further as the wake

begins to meander. On the other hand, in Region 3, the amplitude is much lower in

the near wake, consistent with the tight spiraling hub vortex. The amplitude increases

linearly until x/D = 5 where the wake meandering commences. The average amplitude

in Region 3 remains lower than the amplitude in Region 2 throughout the wake. Sim-

ulations without the nacelle yield meander profiles with lower amplitudes regardless of

turbine operating condition. In Region 2, the average amplitude between the simula-

tions with and without the nacelle model remains similar until x/D = 4.5 where the

difference becomes more pronounced. The amplitude is more attenuated for the simu-

lation without a nacelle in Region 3 starting from x/D = 5 where wake meandering is

witnessed to commence. We can relate the amplitude A to the energy E of the meander

profile, A2 ∼ E. Consistent with the turbulence intensities in Fig. 4.14 and the power

spectrum in Fig. 4.18, the energy in the wake is dramatically reduced without a nacelle

model. Figure 4.22(e) provides quantitative evidence that a nacelle model is needed to

adequately simulate the dynamics of the wake.

The average wavelength λ/D of the meander profiles is shown in Fig. 4.22(f). Unlike

the amplitudes for each case, the average wavelength is approximately the same regard-

less of the nacelle model. The similarity of the profiles is indicative that the wavelength

is a large-scale feature of the flow not pertaining to the dynamics. For all cases in the

far wake, the mean recovery of the wake is generally the same. The evidence shows that

the mean elongation of the meandering profile is caused by the wake of the turbine. As

the wake recovers, the meander is stretched in the streamwise direction.

The statistics of the meander profiles are further investigated in Fig. 4.23 with the

probability density function (PDF) of the amplitude and the wavelength shown at differ-

ent locations downstream. The amplitude PDF for the simulation with a nacelle model

in Region 2 flattens as the location from the turbine increases. At x/D = 2 the highest

amplitudes extend only A/D = 0.25. The maximum amplitudes eventually extend to

A/D = 0.5, indicating that the centerline of the wake is being displaced out to the

tip shear layer by wake meandering. Conversely, the amplitude PDF of the simulation

with a nacelle model in Region 3 has both a lower median and variance than Region

2. At x/D = 2 location, the PDF is very thin, consistent with the tightly spirally hub

vortex. At locations further downstream, the amplitudes increase but the maximum is
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Figure 4.22: Instantaneous vorticity magnitude, |ω|D/Uh with velocity minima (dot)
and meander profile (line) for (a) R2-BN, (b) R2-B, (c) R3-BN, (d) R3-B. Average
meander profile (e) amplitude, A, and (f) wavelength λ with respect to distance from
rotor plane, x/D, non-dimensionalized by the diameter D.
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Figure 4.23: Probability density function of the amplitude, A/D (first row) and wave-
length, λ/D (second row) of the meander profiles at (a) x/D = 2, (b) x/D = 4, (c)
x/D = 6, and (d) x/D = 8.

always less than Region 2. With regards to the simulations without a nacelle mode,

they are not shown at x/D = 2 due to the centerline jet. At locations further down-

stream, the simulations without the nacelle have slightly lower amplitude medians than

the corresponding simulation with nacelle model. The width of the PDFs and maximum

amplitudes achieved are also lower.

The PDFs of the wavelength show a gradual growth of the median and variance as

the locations from the turbine get further downstream. At x/D = 4, most wavelengths

for all cases are near λ/D = 1. By x/D = 8, the wavelengths increase significantly and

the PDFs all have a flattened peaks from 1 < λ/D < 3. Although the wavelength PDFs

of simulations with a nacelle model far from the turbine have a slight shift towards

higher wavelengths, the wavelength for both operating conditions and nacelle model are

not substantially different. The wavelength of the wake is mostly due to the recovery

of the wake while the energy of the wake affects the how the meander grows in the

spanwise and vertical directions.
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4.3.4 Dynamic Mode Decomposition and Meander Profile

Up to this point, we have concentrated the development of two large coherent structures

in the wake: the hub vortex and wake meandering. Each structure is associated with a

dominant frequency, and the dynamics is interpreted through the meander profiles re-

construction. To further elucidate these coherent structures and their effect on the wake

of the turbine, we propose to decompose the wake using dynamic mode decomposition

(DMD). DMD was first theoretically introduced by Rowley et al. (2009) as a technique

to decompose the flow by spectral analysis of the Koopman operator, a linear operator

associated with the full non-linear system. The Arnoldi-like method was improved by

Schmid (2010) and able to compute the modes of a finite sequence of snapshots of the

flow field. Sarmast et al. (2014) used DMD to separate wind turbine tip vortices modes

for analysis. The modal decomposition is able to extract spatial structures and their

corresponding frequencies and growth rates without having the explicit dynamic oper-

ator. Because DMD can separate specific spatial modes by their individual frequencies,

we can explicitly extract the modes related to the hub vortex and wake meandering.

With the spectral analysis performed above, the specific frequencies of the hub vortex

and meandering wake are readily known from Fig. 4.19.

First, we will give a brief overview of the algorithm. For more information, please

see Schmid (2010) and Sarmast et al. (2014). For our simulations, a sequence of three-

dimensional instantaneous flow fields ui(xj , ti), ti = i∆t, i = 0, 1, N − 1 are assembled

into a matrix

Un = [u0,u1, ...,uN−1], (4.3)

where N is the number of snapshots, and ∆t is the time between each snapshot. In

DMD, a linear mapping A or Ã is assumed to relate a flow field uj to the succeeding

flow field uj+1 such that

uj+1 = Auj = eÃ∆tuj, (4.4)

and decomposing the flow field into spatial eigenmodes φk(xj) and temporal coefficients

ak(ti)

uj+1 =
N−1∑

k=0

φkak =
N−1∑

k=0

φke
ıωk∆t =

N−1∑

k=0

φkλ
j
k (4.5)
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where the ıωk is the corresponding eigenvalues of Ã, and λjk is the corresponding eigen-

values of A. The amplitude dk and energy d2k of spatial dynamic mode φk are related

such that φk = dkvk where vT
k vk = 1. The eigenvalues λk, also referred to as the Ritz

values, are complex conjugates which all lie on the complex unit circle, |λk| = 1. To

obtain the more familiar complex frequency ıωk = log(λk)/∆t. The real part is the tem-

poral frequency, and the imaginary part is an exponential growth rate of the dynamic

mode.

A substantial number of three-dimensional instantaneous snapshots are saved for

each simulation in order to cover the amount of time needed to resolve the low frequen-

cies of the hub vortex and wake meandering. Each snapshot contains the computational

cells the are within a diameter wide and high box centered on the turbine and entire

length of the computational domain. The mean flow is subtracted from each snapshot

to obtain the fluctuating part of the flow field. The minimum time between the snap-

shots ∆t = T/12, where T is the rotor period, a time difference low enough to ensure

that not only the low frequency modes but the blade rotation frequency are captured as

well. To ensure convergence of mode decomposition, the number of snapshots used are

increased until the norm of the residuals, ǫ, of the mapping operator becomes sufficiently

small. Figure 4.24(a) shows the residuals decrease by several orders of magnitude as

the number of snapshots is increased to N = 512. Based on the residuals, the number

of snapshots used for subsequent analysis will be N = 512. Moreover, several series of

snapshots are used and averaged so the modes and frequencies are averaged over a time

spanning 100T . With a ∆t = T/12 and N = 512, the low frequency precession of wake

meandering will occur as many as five times, enabling its temporal resolution for our

proposes.

The energy d2k and its frequency St = ℜ(2πıωk)D/Uhub of kth mode for simulations

with the nacelle model in Region 2 and Region 3 is shown in Fig. 4.24(b) and Fig.

4.24(c), respectively. The energy of each mode is normalized by the maximum energy.

The maximum energy is associated with the wake meandering frequency St = 0.3. Also

included in each figure are two normalized energy spectra: one located in the near wake

at x/D = 2 and one located the far wake at x/D = 5. Both energy spectra have a

maximum energy at St = 0.3 (Note both the extrema of energy of dynamic modes and

the energy spectra occur at the same frequency). A few energy peaks are present in
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Figure 4.24: Validation of dynamic mode decomposition. (a) Residuals norm ǫ of DMD
modes as number of modes N increases. Dynamic mode energy spectrum d2k (circle),
energy spectrum at x/D = 2 (solid), energy spectrum at x/D = 5 (dashed) for (b)
R2-BN and (c) R3-BN.

the DMD. In the low frequency region, St < 1, the dynamic mode energy peaks at the

aforementioned St = 0.3 and St = 0.74, similar frequencies to what was determined to

be the wake meandering frequency and hub vortex frequency, respectively. The energy

spectra confirm that DMD decomposes the flow field into modes corresponding to modes

present in the spectral analysis with hub vortex frequency is only present in the energy

spectrum at x/D = 2 and the wake meandering is present at both energy spectra shown.

However, due to the location chosen for the energy spectra, the high frequencies related

to the rotor frequency are not capture but are found readily in DMD. In the higher

frequencies of the dynamic mode, St > 1, there are several peaks including the rotor

frequency of St = 2.3. The energized modes with high frequencies including St = 1

related to the rotor frequencies. The high frequencies have a lower contribution to the

energy of the flow compared to the low frequency modes like wake meandering and are

only present very close to the turbine.

Next, we begin analysis on the spatial modes provided by DMD of the simulations

with the nacelle model for both operating conditions. We select the modes pertaining
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to the meandering wake and the hub vortex. Figure 4.25(a) shows the wake meandering

dynamic mode with a St = 0.29 represented by the streamwise coherent velocity uk

and the two-dimensional (x− z) plane vector field for the simulation in Region 2. The

dynamic mode shows structures of sources and sinks of the streamwise coherent velocity

at x/D > 2 consistent instantaneous velocity of wake meandering from Fig. 4.15(a).

The structures expand in the streamwise direction similar to wake meandering shown

through the wavelength elongation due to the recovering wake. The streamwise coherent

velocity from the dynamic mode corresponding to wake meandering with a frequency

St = 0.3 in the simulation in Region 3 is shown in Fig. 4.25(b). Similar to the dynamic

mode of the simulation in Region 2, sinks and sources in the coherent velocity appear

downstream of the turbine. The wake meandering features begin to form further down-

stream in agreement with the simulation with the nacelle model in Region 3 mean and

instantaneous flow fields. The meandering patterns are slightly weaker and are pulled

more towards the centerline than in the simulation in Region 2. Another noteworthy

feature the wake meandering dynamic mode in both simulations is the prominent ve-

locity regions around location of the hub vortex. The velocity field in the mode shows

an elongation and expansion of the hub vortex. Separate spatial dynamic modes con-

tains more of the dynamics of the hub vortex. The strongest hub vortex mode in the

simulation in Region 2 with a frequency St = 0.73, with an energy d2k about 40% of

the wake meandering energy, is shown in Fig. 4.25(c). There is a strong streamwise

velocity near the nacelle, indicative of the meandering in the inner wake caused by the

hub vortex. The streamwise velocity expands outwards towards the tip shear layers

quickly in agreement with the analysis of the instantaneous wake. Downstream of the

expansion towards the tip shear layers, the coherent meandering of the hub vortex is

lost, but high fluctuations persists far downstream. The mode demonstrates that the

hub vortex has an impact downstream as spectral analysis in Fig. 4.19(a) suggests.

Figure 4.25(d) shows the streamwise coherent velocity dynamic mode of the simulation

in Region 3 with a frequency of St = 0.74. The dynamic mode of the hub vortex is very

different in the simulation from Region 2. The streamwise velocity remains in its tight

spiral around the centerline with weak positive and negative regions of the streamwise

coherent velocity. The Region 3 hub vortex mode is further evidence that the hub vortex

does not expand quickly and interact with the tip shear layer with a similar intensity as
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seen in the simulation from Region 2. It is clear that operating condition has an effect

the expansion and stability of the hub vortex.

To elucidate and characterize how certain frequencies create the dynamics in the far

wake, the dynamic modes related to wake meandering and hub vortex shown in Fig.

4.25 are extracted to obtain a coherent velocity and used in conjunction with the mean-

der reconstruction analysis described in the previous section 4.3.3. Instead of using the

finite temporal averaging to obtain a coherent velocity, the coherent velocity of the se-

lected dynamic modes is used, and the velocity is used to create dynamic mode meander

profiles with similarities to the meander profile statistics shown above. Two dynamic

mode meandering profiles are created from selected dynamic modes: i) Summing the

wake meandering mode and hub vortex mode (h+m) and ii) Selecting only the wake

meandering mode (m). The mean velocity and coherent velocity U + uk = U + ũ are

used to find where the velocity minima are located at each axial location downstream

of the turbine just like described in the section above. The dynamic mode meander

profile is obtained by low-pass spatial filtering of the velocity minima for a continuous

profile. Dynamic mode meander profiles are collected for each time instance using the

reconstructed velocity from only selected dynamic modes.

Figure 4.26(a) shows an instance of both dynamic mode meander profiles and with

a meander profile created using finite average filtering overlaid on the velocity U + uk

from the simulation with the nacelle model in Region 2. Immediately downstream of

the turbine, both dynamic mode meander profiles do have an increased amplitude but a

similar wavelength to the finite average filtering. In the near wake, the meander profiles

created with and without using the hub vortex mode show significant difference until

x/D = 2.5 where the profiles begin to converge. The hub vortex mode interacts with the

wake meandering mode. However, the hub vortex mode has a large contribution to the

meander profile after x/D = 5 where both profiles begin to diverge again. The dynamic

meander profiles from the simulation in Region 3, shown in Fig. 4.26(b), are similar to

each other until x/D = 6 where the profiles begin to diverge. This is in contrast to the

Region 2 profile because in Region 3 the hub vortex mode is significantly weaker.

The average amplitude A/D of the dynamic mode meander profiles is shown in Fig.

4.26(c). The statistics of the dynamic mode meander profile for Region 2 reveal that the

mean amplitude is slightly higher for the (h+m) profile which includes the hub vortex
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Figure 4.25: Selected dynamic modes visualized by contours of the streamwise velocity
and two dimensional (x − z) plane vector field. (a) R2-BN: St = 0.29, (b) R3-BN:
St = 0.3, (c) R2-BN: St = 0.73, and (d) R3-BN: St = 0.74.
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compared to the (m) profile. There is not a significant difference. The hub vortex mode

has a large effect on the average amplitude of the dynamic mode meander profile for

simulation in Region 3. The average amplitude for the (h+m) profile is significantly

higher. The average amplitude for both turbine operating regions is able to capture the

trends of the wake meandering and is higher compared with the corresponding meander

profile amplitude shown in Fig. 4.22(e). The higher amplitude in the far wake for the

dynamic modes suggests that there are some higher frequency modes that smooth wake

meandering. However, the wavelength statistics in Fig. 4.26(d) show conclusively that

the two dynamic modes can fully capture the expansion and elongation of the meander-

ing wake as the average wavelength compares well with the Fig. 4.22(f). The wavelength

grows relatively linearly, and it suggests that the wake meandering dynamic mode is

responsible because of the gradual elongation of the coherent regions in the streamwise

velocity. Probability density functions of the amplitudes of the dynamic mode meander

profiles at x/D = 3 and x/D = 6 are shown in Fig. 4.26(e) and Fig. 4.26(f), respec-

tively. Noticeable is that the meander profiles that contain the hub vortex has a higher

probability of larger amplitudes. While using two mode should have an effect on the

amount of energy, compared to only using the wake meandering mode, the energy and

amplitude far from the turbine is higher where the hub vortex mode must have a large

effect.

The above analysis shows that at minimum two dynamic modes are needed to cap-

ture most of the fundamental features of wake meandering downstream in the wake.

While the energy of the meandering wake is slightly over-predicted with the two modes,

the wavelength is captured quite well. Figure 4.27(a) shows the ratio of the average

amplitude of the dynamic mode meander profile to the filtered meander profile of the

complete flow field at x/D = 8 as the number of dynamic modes, arranged by frequency

in ascending order, are included in the flow field. It shows conclusively that amplitude

of the meandering profile using dynamic mode decomposition converges to the meander

profile using the temporal filtering with just a few of the low frequency modes for either

operating condition. Both profiles from each operating condition increase monotonically

from St = 0 to St = 0.74, the hub vortex frequency. After, the ratio slowly converges

to the unity. The low frequencies are the most important in capturing the meandering

wake. This is a further indication that the low frequency meandering is captured using
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Figure 4.26: Dynamic mode meander profile and velocity minima created from hub
vortex and wake meandering mode (h+m), dynamic mode meander profile from wake
meandering mode (m) and meander profile from complete flow field overlaid on contours
of the sum of the average velocity and selected DMD modes, U+uk, non-dimensionalized
by the hub velocity Uhub for (a) R2-BN and (b) R3-BN. Characteristics of meander
profiles (c) amplitude, A, and (d) wavelength λ with respect to distance from rotor
plane. Probability density function of amplitude, A/D, at (e) x/D = 3 and (f) x/D = 6.
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Figure 4.27: Ratio of (a) the averaged amplitude and (b) the averaged wavelength of
the dynamic mode meander profiles to those from the complete flow field as the number
of employed frequency modes in ascending order are increased at x/D = 8.

a few modes, namely, the modes corresponding to the wake meandering and hub vor-

tex frequency. Figure 4.27(b) similarly shows the ratio of the average meander profile

wavelength of the dynamic mode decomposition to temporal filtering meandering profile

at x/D = 8. The wavelength ratio peaks for both operating conditions at St = 0.34,

near the wake meandering frequency, but when the hub vortex frequency is included

the ratio trends towards unity showing that both modes are necessary for prescribing

the dynamic motions of the wake.

4.4 Discussion and Conclusions

Large-eddy simulations are carried out to investigate the flow past a model wind tur-

bine with a rotor diameter of 1.1 meters sited in a wind tunnel operating in Region

2 and Region 3. The incoming turbulent flow is generated by a separate simulation

of the wind tunnel directly resolving the spire geometry at the inlet of wind tunnel.

Simulations with and without a nacelle model are carried out to systematically study

its effect on the hub vortex and meandering motions at far wake locations. While the



137

simulations without a nacelle model accurately predict the mean velocity profiles in the

far wake, they fail to capture the wake just behind the nacelle, instead predict a jet and

significantly different distributions of turbulence intensity close to the turbine along the

centerline. Specifically, the hub vortex along the centerline remains a columnar jet for

the simulations without a nacelle model. Wake meandering with its downwind locations

well correlate with the high turbulence intensity region for both simulations with and

without a nacelle model. However, the simulations without a nacelle model predict lower

turbulence intensity at far wake locations, and the location for maximum turbulence

intensity is further downwind. Significant influence of turbine operating conditions on

far wake turbulence intensity and wake meandering is observed: large amplitude wake

meandering happens further downwind and the length of the region with high turbu-

lence intensity is significantly longer for the Region 3 operating condition.

To further investigate the characteristics of wake meandering for different operating

conditions and the effects of the nacelle, the instantaneous large-scale coherent wake

meander profiles are constructed using the finite time averaging technique developed

by Howard et al. (2015) and Foti et al. (2016a). We show that the amplitude of wake

meandering is less for the simulations without a nacelle model for both operating condi-

tions. Also, the amplitude is lower in the turbine operating in Region 3 in comparison to

Region 2. However, the wavelength and growth rate of wavelength for wake meandering

are similar at different downwind locations regardless of nacelle modelling or turbine

operating conditions.

The wake meandering frequency is associated with a St ∼ 0.3 in many different stud-

ies (Medici and Alfredsson (2008); Chamorro et al. (2013); Okulov et al. (2014)), while

the hub vortex is measured to have a frequency with St ∼ 0.7 in Iungo et al. (2013),

Howard et al. (2015) and Foti et al. (2016a). For the present turbine, frequencies in those

ranges are found for both turbine operating conditions. The spectral analysis reveals

that the presence of these frequencies correlated with the locations where the coherent

motions of wake meandering and the hub vortex are most prevalent. Dynamic mode de-

composition of the flow allows us to extract and isolate the select modes related to both

the wake meandering frequency and the hub vortex frequency. The wake meandering

dynamic mode consists of the large coherent oscillatory motions in the far wake. The

hub vortex dynamic mode, while strongest around the nacelle, persists far downstream,
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especially in Region 2 where the hub vortex is more unstable. Two meandering profiles

are created, using only the wake meandering mode and using both modes, respectively.

It is observed that the amplitude of the meandering profile using both modes is higher

than that only using the wake meandering mode especially far downstream locations.

From the evidence provided through our analyses, our work have further confirmed

the importance of nacelle on wake meandering at the far wake for a 1.1 meters diameter

wind turbine under different operating conditions in addition to previous works for a

0.5 meters diameter hydrokinetic turbine (Kang et al., 2014) and a 0.13 meters model

wind turbine (Foti et al., 2016a). Future work will look at the nacelle effect for utility

scale wind turbines and investigate the similarity the hub vortex and wake meandering

for turbines of different scales.



Chapter 5

Effects and uncertainty of wake

meandering dependent on the

wind turbine diameter scale and

nacelle modeling

In the previous chapters analysis of wake meandering and the effect of the nacelle

geometry are concentrated on laboratory scale turbines. Recent studies also focused

on laboratory scale (Kang et al., 2014; Iungo et al., 2013; Okulov et al., 2014). This

is partly attributed to the difficulty in obtaining reliable field measurements over long

periods of time or in performing numerical simulations with adequate spatial resolution

of utility scale wind turbines. Owing to these limitations, wake meandering at the utility

scale is not fully characterized. This poses significant limitations for optimizing wind

farm power generation and creating accurate low-order engineering models for wind

farms to account for wake meandering. In the current chapter, large-eddy simulations

(LES) are used to explore the dynamics of wake meandering from the laboratory scale

to the utility scale by using the actuator surface model to parameterize the blades and

a turbine nacelle model to account for the corresponding nacelle effects.

Several wind turbine designs with diameters ranging from the laboratory scale at

0.128 meters to utility scale at 96 meters are used to investigate the dependency of wake

139
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meandering on the turbine scale and the nacelle. The goal of the chapter is to understand

how the hub vortex and wake meandering change with turbine scale and if there is a

scaling that allows wake meandering to be modelled regardless of the diameter. The

statistics of wake meandering are captured using a three-dimensional spatio-temporal

filtering (Foti et al., 2016a) to compare the dynamics in the wake of each turbine scale.

This chapter is setup starting with section 5.1, where a brief summary of the turbine

designs, and pertinent simulation parameters are detailed. The results and analysis are

shown in section 5.2. Finally, we have final discussions of our results and our conclusion

in section 5.4.

5.1 Summary of Turbine Simulations

In the present investigation four different turbines with rotor diameters D from the lab-

oratory scale to utility scale are simulated. Table 5.1 shows the turbines designs used

and their pertinent dimensions. All simulations use a tip speed ratio λ = ωR/Uhub,

where R is the blade radius and Uhub is the mean streamwise velocity at hub height H,

that is near the optimal operating condition in Region 2 (Pao and Johnson, 2009) where

the maximum amount of power is extracted from the incoming flow, and the turbines

are immersed in a turbulent boundary layer created specifically for each turbine simu-

lations. Both the range of ReD = UhubD/ν and Reτ = uτδ/ν, where uτ is the inflow

friction velocity and δ is the boundary layer height, cover three orders of magnitude. A

further description of each turbine type with how the simulations are setup are below.

The smallest turbine investigated is a laboratory-scale miniature turbine fixed pitch

three-bladed GWS/EP-5030x3 rotor with a diameter D = 0.128 m and hub height

H = 0.104 m. This turbine has been investigated experimentally (see Howard et al.

(2015)) in the St. Anthony Falls Laboratory wind tunnel at University of Minnesota

with particle image velocimetry (PIV) measurements obtained in the wake of turbine

and has been numerically investigated with curvilinear immersed boundary method LES

in Foti et al. (2016a). The turbulence boundary layer inflow condition is produced in a

precursory simulation such that the conditions are the same as the measurements ob-

tained in the wind tunnel. After the turbulent boundary layer becomes well developed,

a large number of instantaneous snapshots are saved and fed into the simulations. The
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bottom wall is modeled with a wall model (Yang et al., 2015a). Free-slip boundary

condition is applied at the top and side walls. The simulation is preformed utilizing

a computational domain of size in 12D × 4.69D × 5D in the streamwise, vertical, and

spanwise directions, respectively with a grid discretization with approximately 50 cells

per diameter. This is near the standard grid resolution compared to other actuator-

based simulations performed in literature (70 cells per D (Ivanell et al., 2010), 60 cells

per D (Troldborg et al., 2010), 50 cells per D (Churchfield et al., 2012)).

The next turbine type used is the G1 turbine designed in Campagnolo (2013) as

a model turbine with measurements performed in a wind tunnel at Milan Politecnico

di Milano. The 1.1 m diameter turbine is immersed in a boundary layer created by

spires near the beginning of the wind tunnel 22.5 m upstream of the turbine rotor. The

spires quickly create a boundary layer with large scale coherent structures to imitate

an atmospheric boundary layer. A precursory simulation is also performed with spires

structures to exactly copy the experimental environment. More information about the

turbulent boundary layer formed can be found in Foti et al. (2016b). The simulation

utilizes a resolution of 50 cells per diameter. The computational grid is the size of

the entire wind tunnel the experiments are performed at 16D × 3D × 12.5D and uses

589 × 120 × 272 cells.

The SWiFT (Scaled Wind Farm Technology) turbines (Berg et al., 2014; Barone

and White, 2011) at the Reese Technology Center near Lubbock, TX, USA are a group

of three scaled turbines with a diameter D = 27 m. In the present work, the simu-

lation only includes a single turbine. The computational grid is used with a size of

15D× 37D× 77D, discretized into 1501× 351× 256 cells, about 150 cells per diameter.

The size of the domain is determined such that a neutral atmospheric boundary layer

with size δ/D = 37 can be created in a precursory simulation.

The final turbine is a utility scale Clipper Liberty C96 2.5-MW turbine currently

deployed at University of Minnesota Eolos Wind Energy Research Field Station in Rose-

mount, MN, USA (see Hong et al. (2014)). The actuator-based simulation is similar

to the SWiFT case with a computational grid sized (10D × 5.5D × 11D) with ap-

proximately 150 cells per D and an atmospheric boundary layer obtained through a

percursory simulation prescribed instantaneously as the inflow. The computational do-

main is discretized for 150 cells per diamter with 995× 385 × 435 cells.
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Rotor Type D [m] H [m] λ δ/D Uhub [m/s] uτ [m/s] ReD Reτ
Model 0.128 0.104 3.2 4.6 5.0 0.23 4.2× 104 9.2× 103

G1 1.1 0.8 8.1 2.0 6.0 0.15 4.4× 105 3.0× 105

SWiFT 27 31.5 9.0 37.0 5.1 0.23 9.2× 106 1.1× 107

Clipper 92 80 8.5 5.5 6.5 0.38 4.2× 107 1.1× 107

Table 5.1: Turbine rotor dimensions and operating conditions

One simulation is carried out for each turbine design using the actuator surface with

nacelle model (M-BN, G-BN, S-BN, and C-BN for the miniature, G1, SWiFT, and

Clipper, respectively)

5.2 Results

In this section, we first present the results to validate the LES results against substantial

experimental measurements in the wake of two turbines: Miniature and G1 turbines in

section 5.2.1. Next, we discuss the flow fields of the wakes of turbines with different

rotor diameters in section 5.2.2. In section 5.2.3, the wake meandering of all turbine

simulations is analyzed with a spatio-temporal filtering process to collect key statistics

about its dynamics and relationship with the turbine scale. Next, we present a statistics

based model for reconstructing the meanders in the wake irrespective of turbine size in

section 5.2.4. Finally, we address the uncertainty of wake meandering and effects of the

nacelle in section 5.3. Section 5.4 concludes the chapter.

5.2.1 Validation of LES

Experimental measurements from the miniature turbine and G1 turbine are available to

validate the simulations. First, the M-BN simulation is shown. Several spanwise profiles

of the mean streamwise velocity U , non-dimensionalized by the hub velocity Uhub, of

the simulation and the experimental particle image velocimetry (PIV) measurements

(Howard et al., 2015) are shown in Fig. 5.1(a). The simulation is able to accurately

capture the mean wake recovery from x/D = 0.6 to far downstream. Closest to the

turbine at x/D = 0.6, the simulation, capturing 90% of the velocity deficit at the

centerline, reproduces the large wake deficit caused by the nacelle and the separate
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wake structure caused due to forces of the blades exerted on the incoming flow. The

former wake structure is referred to as the inner wake while the latter is the outer

wake. The nacelle model creates the necessary deficit at the centerline and the actuator

surface model is able to capture the outer wake with good agreement despite the coarse

grid resolution used compared to the immersed boundary simulation described in Foti

et al. (2016a). The centerline behaviour converges to the mean velocity measurements

by x/D = 3. As discussed in Foti et al. (2016a), a flow reversal region is directly behind

the turbine with a stagnation point along the centerline at x/D = 0.4 where the inner

wake starts to rapidly recover. As we progress to x/D = 1, the inner wake recovers

quickly, while the separate structure near z/D± 0.5 merge into the wake. By x/D = 2,

there is no distinction between the inner and outer wake. The wake slowly recovers as

the distance from the turbine increases. The comparisons of the measurements and the

simulations of the streamwise RMS velocity u′ non-dimensionalized by the hub velocity

Uhub are shown in Fig. 5.1(b). At x/D = 0.6, the u′ of the simulation results clearly

shows the peaks representing the two shear layers in the wake: the outer wake shear

layer at z/D ± 0.5 between the ambient flow and the outer wake and the inner wake

shear layer z/D = 0.1 between the wake behind the nacelle and the outer wake. The

RMS velocity compares well near the measurements.

Further validation is available for the G1 turbine. We compare the experimental

measurements taken through hot wire probe of the G1 model turbine with the present

G-BN simulation. Figure 5.2(a) shows the mean streamwise velocity profiles of both the

measurements and the simulation. In the first profile behind the turbine x/D = 1.4, the

fine details of the separate inner and outer wake have already been smeared out by the

turbulence. The effect of the nacelle on the wake is a creation of a large flat region that

appear in the center line which is captured by all simulations. Farther downstream the

wake recovers and is accurately captured and the profiles converge to the measurements.

The simulation is able to readily reproduce the turbulence, the streamwise RMS velocity

u′, near the turbine as shown in Fig. 5.2(b). The simulation is able to detect the inner

wake shear layer. Far downstream the profiles converge to the measurements. From

both validation studies, we conclude that the simulations are able to well characterize

the wake of wind turbines.
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Figure 5.1: Comparisons of the spanwise profiles of M-BN and measured (symbols)
mean flow quantities non-dimensionalized by the incoming hub height velocity Uhub. (a)
Streamwise velocity U , (b) streamwise velocity fluctuation u′. The horizontal dotted
lines at z/D = ±0.5 are the tip positions.
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Figure 5.2: Comparisons of the spanwise profiles of G-BN (solid black) and measured
(symbols) mean flow quantities non-dimensionalized by the incoming velocity U∞. (a)
Streamwise velocity U , (b) streamwise velocity fluctuation u′. The horizontal dotted
lines at z/D = ±0.5 are the tip positions.
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5.2.2 LES study of turbine rotor scale

In this section, we will study the effects of turbine rotor scale on the time-averaged flow

field behind the turbines. First, we start with the mean streamwise velocity profiles

in the vertical direction of all turbine simulations shown in Fig. 5.3(a). These are

normalized such that the vertical centerline yH = y −H = 0. Closest to the turbine at

x/D = 1, the model turbine simulation, M-BN, clearly displays two distinct wakes: the

inner wake formed by the blockage of the nacelle and the outer wake created by the thrust

exerted by the blades on the incoming flow. The former wake is the stronger velocity

deficit that forms along the center line, while the latter has a reach across the diameter

of the rotor. The large G1 turbine (G-BN) and SWiFT turbine (S-BN) simulations

also, have a distinct inner and outer wake at the x/D = 1 location. However, the

time averaged velocity in the vicinity of the inner wake has a slightly higher streamwise

velocity than the outer wake distinctly different to the M-BN simulation. Both the inner

wakes for the G-BN and S-BN simulations have an increased velocity with a rounded

velocity profile near the centerline. For the simulation with the largest turbine both the

outer wake and inner wake form. However, the inner wake velocity is very strong along

the centerline compared to the outer wake velocity deficit and the inner wake velocity

deficits of the other turbine simulations. The differences in the inner wake close to the

turbine at the x/D = 1 location are due to the complex dynamics of the flow around the

root of the turbine blade and the size of the nacelle. As the turbine diameter increases,

the ratio of the nacelle diameter to the rotor diameter dn/D decreases from 0.1 for the

model turbine and G1 turbine to 0.075 for the SWiFT turbine to 0.05 for the Clipper

turbine. Also the nacelle length to rotor diameter ln/D also decreases as the turbine

diameter increases. While the model turbine exhibits the strongest inner wake deficit,

the dn/D and ln/D are also very similar to the G1 turbine indicating that the blade

characteristics at the root also affect the inner wake. This will be explore further below.

At downstream locations x/D = 2 and 4 in Fig. 5.3(a), the inner wakes for all

turbines begin to merge with the respective outer wakes and the mean streamwise

velocity deficit decrease substantially. The nacelle geometry has a less an effect on

the wake. By x/D = 6 and 8 locations where the velocity deficit has recovered more,

the profiles of each turbine begin to collapse onto each other showing that the mean

incoming velocity at hub height can properly scale the mean velocity profiles in the
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wake regardless of the turbine size.

The turbulence kinetic energy (TKE), k/U2
hub, is shown in Fig. 5.3(b). The vertical

profiles from each turbine simulation show how the turbulence intensity evolves in the

wake in the mean sense. Close the turbine at x/D = 1, the effects of the nacelle and

the blades on the flow field are evident by the creation of peaks of TKE along the tip

position and the inner wake shear layer. All simulations show similar features dispite

the different in magnitude. At locations x/D = 2 and 4, the peak TKE along the top-tip

position increases compared to the near turbine position x/D = 1. This behavior has

been witnessed in several studies including Kang et al. (2014) and Foti et al. (2016a)

and is linked to the onset of wake meandering. Also, at the x/D = 2 and 4 locations,

the TKE in the inner wake is quickly dissipated as the shear layer of the inner wake

spreads and merges with the outer wake. At the far wake locations (x/D = 6 and

8), the turbulence intensity has decreased compared to the peaks levels and becomes

more uniform over the profile. We also highlight the differences in magnitudes of the

TKE for each profile throughout the domain when scaled by the hub height velocity. A

major factor for the difference is the velocity gradient across the turbine rotor. Because

of the boundary layer setup, the S-BN case experiences the highest velocity gradient

corresponding to the highest overll TKE in the wake. On the other hand, the M-BN

and G-BN experience smaller velocity gradient across the diameter which corresponds

to lower TKE in the wake.

While the mean incoming hub height velocity properly scales the mean velocity

deficit in the far wake, the same quantity does not scale the turbulence intensity. To

proceed with the investigation of the far wake meandering at different turbine scales, we

want to find a characteristic velocity scale for the turbulence intensity. We introduce a

turbine-added characteristic velocity, UT , observed by (Yang et al., 2015b) to scale the

turbulence kinetic energy in the far wake of the present model turbine simulated under

several operating conditions. The characteristic velocity UT is defined as follows:

UT =

√
T

ρπR2
(5.1)

where T is the turbine thrust, ρ is the density, and R is the radius of the rotor. The

velocity scale is based on the thrust, the main force accounting for the deceleration of

the incoming flow and the creating of the tip shear layer where the peak turbulence
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Figure 5.3: Comparisons of vertical profiles of the (top) mean streamwise velocity U and
(bottom) turbulence kinetic energy k of the simulations at several locations downstream.
Both mean quantities are non-dimensionalized by the mean incoming velocity at hub
height Uhub
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Figure 5.4: Comparisons of vertical profiles of turbulence kinetic energy k non-
dimensionalized by the (top) characteristic velocity UT and (bottom) characteristic
velocity UN of the simulations at several locations downstream.

kinetic energy is produced. Figure 5.4 shows the vertical profiles of the TKE scaled by

UT of each turbine simulations. At locations close to the turbine x/D = 1, 2, and 4, the

TKE does not scale well. However, at x/D = 6 and 8 the velocity scale UT properly

scales the TKE. This indicates that the TKE in the far wake, which is attributed to the

onset of wake meandering is related to the turbine thrust. With proper scaling observed

for the mean and turbulence quantities, we will now proceed with further investigation

of wake meandering.

A similar scaling of the turbulence kinetic energy using the drag force induced by

the cylindrical nacelle for the inner wake directly behind the nacelle. Figure 5.4 shows

vertical profiles of TKE behind the nacelle. The successive profile locations are captured

in terms of the xn/dn, the distance from the trailing edge of the nacelle where dn is the

diameter of the nacelle. The profiles are arranged using xn because of the difference in
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the lengths of the nacelle ln. A characteristic velocity UN is defined as

UN =

√
DN

ρπr2n
(5.2)

where DN is the drag force on the nacelle and rn is the radius of the nacelle. The TKE

profiles in the inner wake and especially in the shear layer start to collapse on top of

each other. The scaling only works on the profile immediately behind the nacelle not

the TKE created by the blade. At the location xn/dn = 0.5, only the shear layer TKE

appear to collapse. At locations xn/dn = 1 and 2, the entire inner wake. Differences

are immediately seen in the M-BN simulations, where the TKE provide spreads radi-

ally outwards more that the other three simulations. At locations further downstream

xn/dn = 5 and 10, the inner wake breaks down and scaling no longer holds.

5.2.3 Wake meandering statistics

In this section, we employ the technique to track wake meandering and continue the in-

vestigation on the genesis and statistical dynamics of wake meandering. The dynamics

of wake meandering are described by tracking the large coherent meandering oscillation

of the wake meandering.

Fluctuation analysis shows that the coherent time scale τc is the time window where

the standard deviation over the temporal window begins to scale as τ−1/2 or where

Xτ = τ1/2Eτ begins to flatten. Figure 5.5(a) shows the fluctuation analysis of Xτ as

a function of τ at x/D = 4 along the centerline for each simulation. This location

is chosen where wake meandering has commenced in all cases, and Foti et al. (2016a)

showed that by this location long wake meandering wavelength appear. A vertical line

is placed in the figure where τ = τc. All cases share a similar optimal coherent timescale

to be about τc = 0.6T . This value is close to the optimal time scale of a model turbine

discussed in Foti et al. (2016a). The optimal coherent timescale is long enough to filter

out the high frequencies of the rotor and blade passing while allow ample time to cap-

ture the low frequency modes of the hub vortex and wake meandering.

Spectral analysis is used as a secondary exploration of the coherent time scale τc. In
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Figure 5.5: Determination of the coherent time scale. (a) Fluctuation diagram of Xτ

with a vertical line marking the coherent time scale and (b) Power spectrum Φ non-
dimensionalized by the incoming friction velocity uτ with a vertical line marking the
coherent frequency at x/D = 5 of each simulation.

Fig. 5.5(b), the power density spectrum of each simulation at x/D = 4 along the cen-

terline is presented as function of Strouhal number St defined by the diameter D and in-

coming hub velocity Uhub. The simulation coherent Strouhal number Stc = D/(τcUhub)

is marked on each power spectrum. The Stc are spread out in frequency space for each

turbine simulation but shows that that the high frequencies of the blade are above the

cut-off frequency. Moreover, the coherent frequency does not occur around the large

peak which is an indication that we are not filtering near a prominent energy mode.

Finally, a length scale is obtained using Taylor’s hypothesis with a convection velocity

equal to the average velocity at x/D = 4. For each simulation, the length lc ∼ D/2

providing another indication that the selected coherent time scale is related to the di-

ameter.

First, we revisit the streamwise velocity flow field in light of the meander profile

analysis. Previously in section 5.2.2, the mean streamwise velocity of the near wake

showed some significant differences, especially along the centerline, among the turbine

simulations. The differences of the inner wake are mainly attributed to the geometry of

the nacelle compared to the diameter and the flow through the rotor near the root of

the blade. On the other hand, the far wakes (x/D > 6) of each simulation are similar
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to each other when scaled by the incoming hub height velocity. Figures 5.6(a)-(d) show

the instantaneous streamwise velocity u/Uhub with the streamwise velocity minimum

locations and meander profile for each simulation. In the M-BN simulation, the in-

stantaneous helical inner wake, an instantaneous streamwise velocity recirculation zone

directly behind the nacelle which quickly becomes positive by x/D ∼ 1, is successfully

tracked by the meander profile. An increasing amplitude and elongation of the meander

profile is observed as the inner wake recovers. The oscillations of the meander profile

are manifestations of the expanding hub vortex which spreads towards the outer wake.

The instantaneous streamwise velocity generally increases radially outward from the

inner wake towards the tip position. The regular fluctuations around the blade tip are

due to the footprint of the blades. After x/D = 2 the outer wake begins a large-scale

oscillation, the so-called wake meandering, and the amplitude and wavelength increase

with distance from the turbine. The meander profile generally follows the centerline of

the oscillation.

The G-BN simulation in Fig. 5.6(b) shows a slightly different near turbine wake

with an inner wake consisting of a slow, positive velocity region behind the nacelle sur-

rounded by a high instantaneous streamwise velocity region. The slow moving helical

region of the inner wake, similar to the model turbine is tracked by the meander profile

and begins to oscillate. The fast moving region, which does not exist in the model

turbine wake, is created behind the roots of the blades, surrounds, and follows the os-

cillatory behavior of the slow moving region. Both constitute the developing, rotating

inner wake and are subject to the oscillations of the hub vortex. Around the x/D = 1.5,

the dual regions of the inner wake break down into a single low velocity region and

merge with the outer wake. By x/D = 2, the outer wake begins meandering with the

meander profile tracking the centerline. Similar to the model turbine, the amplitudes

and wavelengths of the meander profile generally increase with downstream distance.

The far wake meandering resembles the model turbine very well.

The S-BN simulation and C-BN simulation, shown in Figs. 5.6(c) and (d), respec-

tively, have very similar structural make-up of the inner wake as the G-BN simulation

with a slow moving inner region surrounded by a fast moving root vortices velocity.

The breakdown location of this region into a single slow moving merger with the outer

wake moves closer the turbine with the increase in diameter. The breakdown location
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Figure 5.6: Instantaneous streamwise velocity contours at hub height of simulation (a)
M-BN, (b) G-BN, (c) S-BN, and (d) C-BN with velocity minima (dot) and meander
profile (line)

is also marked by the increased amplitude of the meander profile. Revisiting the nacelle

geometry ratios, dn/D and ln/D, both ratios decrease as the diameter increases, and

we reason that the nacelle geometry affects the onset of the high amplitude meandering.

The difference of the inner wake of the M-BN simulation with the others is attributed

to the blade geometry that is vastly different than the latter three. Nonetheless, the

far wakes of all simulation show clearly that a long wavelength wake meandering occurs

after x/D = 4 and is tracked by the meander profile.

The mean vorticity magnitude |ω|, turbulence kinetic energy, and meander profile

are used to further investigate the hub vortex in the inner wake. Figure 5.7(a) shows

contours of the mean vorticity magnitude on the left and contours of the TKE with ev-

ery location the meandering profile has appeared throughout the duration of the M-BN

simulation. The mean vorticity magnitude contours show a growing inner wake shear

layer indicating that the hub vortex expands towards the tip shear layer. The high

vorticity along the tip shear layer remains centered along the tip position and slowly

decreases and expands as the tip vortices grow and break down. Around x/D = 2,

the high vorticity of the inner wake shear layer intercepts the high tip vorticity. The

inner wake shear layer and tip shear layer are present in the TKE contours as well.

The TKE peaks down stream along the tip position after x/D = 2 where the inner
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shear layer expands into the tip shear layer. All meander profile locations are shown to

determine how the helical hub vortex expands in the inner wake. Close to the turbine,

the points marking the meander profile slowing expand out radially with a similar angle

that is present in the inner wake shear layer vorticity magnitude. By x/D = 1.5, two

regions appear defined by their concentration of meander locations: an outer region

which expands close to the tip shear layer and an inner region which maintains a slow

expansion outward. The two regions merge around x/D = 3 where they begin to show

the extent of the centerline of the wake meandering. The mean vorticity magnitude in

the G-BN simulation (Fig. 5.7(b)) shows a distinct difference in the inner wake to the

M-BN simulation. Two shear layers in the inner wake are captured: one between the

slow moving inner core and the fast moving root vortices and the other between the root

vortices and the outer wake. The expansion angle of both shear layers is significantly

less. The columnar vorticity creates a region where the hub vortex cannot expand as

quickly as the model turbine as indicated by the points of meander profiles. However, at

x/D = 1, the expansion of the hub vortex and meander profiles occurs, near the same

location where the slow inner core and root vortices breakdown and merge as shown in

Fig. 5.6(b). The meander profile expands radially outward and a high concentration is

found near the onset of wake meandering with high TKE in the tip shear layer close to

x/D = 3. Similar to the G-BN, both the S-BN and C-BN simulations in Figs. 5.7(c)

and (d) have a dual shear layer in the inner wake which at first remains columnar, breaks

down and expand. The expansion of the meander profiles occurs near the breakdown

location. The location occurs closer the turbine with smaller dn/D and ln/D ratios.

All four simulations have a similar development of the meander profiles in the far wake

indicating similar dynamics are present in the far wake.

In order to elucidate the dynamics of the wake meandering, we proceed by interpret-

ing the three-dimensional helical profiles in terms of amplitudes and wavelengths. The

three-dimensional meander profiles are projected onto the two-dimensional hub height

plane to obtain a wave-like profile (i.e. the profiles shown in Fig. 5.6) with determin-

istic amplitudes and wavelengths. The amplitudes of a meander profile are determined

by distance from the center of the wave-like meander profile to the spanwise extrema.

Similarly, wavelengths of the meander profile are captured by calculating the distance

between successive maxima or minima. The examples of the meander profiles for each
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Figure 5.7: Mean vorticity magnitude contours |ω| at hub height (left) and turbulence
kinetic energy k overlaid with every point the meander profiles have been located (right)
of simulation (a) M-BN, (b) G-BN, (c) S-BN, and (d) C-BN.
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simulation provided in Fig. 5.6 readily show that each meander profile contains a dis-

tribution of amplitudes and wavelengths with respect to downstream distance. The

mean of the wave-like quantities with respect to downstream distance are calculated

by collecting all the amplitudes and wavelengths of all meandering profiles obtained

from the filtered flow fields for each simulation into half diameter bins. Figure 5.8(a)

shows the mean amplitude scaled by the diameter A/D for each simulation. The mean

amplitude scaled by the diameter indicates that generally the amplitude increases with

downstream distance and with the diameter of the turbine. Furthermore, the mean

amplitude shows that the centerline of the meandering wake displaced from the turbine

centerline by 0.1D to 0.2D depending on the turbine diameter. However, we continue

the investigation by finding the proper length scale for the amplitude which collapses

the profiles together. From the previous findings in section 5.2.2, the proper velocity

scale in the turbine wake for the turbulence intensity is the turbine-added velocity scale

UT . In Yang et al. (2015b), a length scale LT = TU∞/UT is constructed from the rotor

period T . The amplitude is properly scaled and normalized by the turbine-added length

scale LT as shown in Fig. 5.8(b). This provides significant evidence that the amplitude

of wake meander is linked to the thrust coefficient cT of the turbine and the velocity

scale of the turbulence intensity. Furthermore, perhaps, the amplitude can be controlled

by operating conditions (i.e. optimal or sub-optimal operating performance) where the

thrust and power coefficients are changed to limit the power generation. On the other

hand, the mean wavelength of the meander profiles is directly related to the turbine size

and, in fact, is properly scaled by the diameter. When properly scaled, the wavelength

is independent of the turbine scale. As shown in Fig. 5.8(c), the mean wavelength grows

from near the size of the diameter to twice the diameter in the downstream distance

range of 3 ≤ x/D ≤ 7. Contrary to the amplitudes relationship to the wake turbulence

and thrust, the wavelength and its rate of growth are related to the wake deficit that

stretches the wake meandering as the wake behind the turbine recovers.

In our attempt to construct meander profiles to track wake meandering and un-

derstand the dynamics, we look at the spectral signature of wake meandering in each

simulation to investigate the occurrence of a common frequency signature across the

turbine scales. The pre-multiplied power density spectrum at x/D = 6 of each sim-

ulation is shown in Figs. 5.9(a)-(d). All power spectra reveal the existence of a low
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Figure 5.8: Mean meander profile (a) amplitude scaled by rotor diameter A/D, (b)
amplitude scaled by characteristic length A/LT , and (c) wavelength scaled by diameter
λ/D.
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frequency Strouhal number St ≤ 0.3 formed from the diameter D and hub height ve-

locity Uhub. Collaborating observations of a low frequency mode is seen in a variety of

turbine studies: St = 0.23 (Okulov and Sørensen, 2007), St = 0.28 (Chamorro et al.,

2013), St = 0.15 (Foti et al., 2016a) and St = 0.15−0.25 (Medici and Alfredsson, 2008).

Okulov et al. (2014) was able to show a similar Strouhal number for turbines in differ-

ent operating conditions. In the present work, we conclusively show that a comparable

Strouhal number is maintained across turbine scale collaborating evidence of a regular

frequency of wake meandering in the wakes regardless of the turbine scale.

In order to explore wake meandering captured by the meander profiles, we compare

the frequencies of obtained from spectral data to computed frequencies based on the

meander profiles. The wavelengths of the meander profiles are also used to recreate

a Strouhal number based on a convection velocity uc. In Howard et al. (2015), the

convection velocity in the wake was computed by selectively averaging portions of the

flow field. On the other hand, in Foti et al. (2016a), the convection velocity of wake

meandering was calculated directly from the temporal movement of meandering profiles

as a wave speed with a good comparison to spectral analysis. Using the latter technique,

the convection velocity is computed by obtaining the distance the meander profile ex-

trema travel between each time instance. Figure 5.9(e) shows the average convection

velocity scaled by the characteristic velocity uT which collapses all profiles onto one

line. The proper scaling of the convection velocity of the meander profiles indicates

that wake meandering dynamics are intricately related to the turbulence energy and

turbine thrust. In fact, we see that the velocity of the meanders move directly pro-

portionally to a turbine-added characteristic velocity. The convection velocity increases

with downstream distance.

Using the average convection velocity and the wavelength of the meander profiles, a

Strouhal number Stm = (uc/Uhub)(D/λ) is formed. The superscript m is used to note

the St is taken along the meander profile. Figure 5.9(f) shows the probability density

function (PDF) f(Stm) at x/D = 6 for each simulation. The profiles generally collapse

on each other with a maximum probability around Stm ∼ 0.25 for each turbine, giving

further evident that not only do the meander profiles correctly capture the spectral dy-

namics of the wake meandering but all turbine scales have the nearly the same dynamics

when properly scaled.
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Figure 5.9: (a)-(d) Pre-multiplied power spectrum fΦ of each simulation at x/D = 6.
(e) Meander profile average convection velocity uc. (f) Probability density spectrum of
the meander profile Strouhal number f(Stm) at x/D = 6.

The statistics of wake meandering are further investigated by the joint probability

functions (JPDF) of the amplitude and wavelength for each simulation in Fig. 5.10(a).

The JPDFs are created by binning corresponding properly scaled amplitudes A/LT

and wavelengths λ/D of the meander profile over a one diameter range centered at

x/D = 6. The amplitude-wavelength JPDF of the model turbine simulation (M-BN)

meander profile shown in Fig. 5.10(a) is maximum around A/LT = 0.5 and λ/D = 1

with regions of high probability extending to A/LT = 1 and λ/D = 1 and A/LT = 0.5

and λ/D = 2. In the region of A/LT > 2 and λ/D > 3 is marked by some relatively high

probability indicating that wavelengths much longer than the diameter exist but only

when joined with larger amplitudes. As we look at the amplitude-wavelength JPDF of

the larger 1.1 meters diameter G1 turbine (G-BN), the regions of high probability are

similar to the model turbine. Both turbine have high probability extending to regions

with λ/D = 1 and 2 with an amplitude A/LT = 1. The amplitude-wavelength JPDF of

the G1 turbine simulation also includes the high probability regions of large amplitude
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and wavelength. The 27 meters diameter SWiFT turbine amplitude-wavelength JPDF

also shows a relatively similar regions of high probability as the two previous smaller

turbines. However, there are also regions of higher amplitude and low wavelength and

low amplitude and high wavelength that are not found in the other turbines. The largest

turbine simulations shows a amplitude-wavelength JPDF which is similar to the other

three with a similar shape of the region of highest probability between A/LT ≤ 2 and

1 ≤ λ/D ≤ 2. There is a slight shift towards higher wavelengths which corresponds with

the slightly higher shifted f(Stm) in Fig. 5.9(f). Interestingly, the observations of the

amplitude-wavelength JPDFs for each turbine simulation are remarkably similar, and

the diameter has little influence on the probability when the amplitude and wavelength

are properly scaled.

From Fig. 5.10(a), we can see that while the joint probability of the amplitude and

wavelength show that the two variables are slightly dependent, each can be investigated

alone as independent variables. Figure 5.10(b) shows the PDF of of the wavelength over

a one diameter range centered at x/D = 6. All four profiles collapse on top of each

other with a peak wavelength about one diameter and a quick decrease in probability

as the wavelength is increased. The PDF of the wavelengths are curved fitted to the

gamma distribution Gamma(α, β) given by

Gamma(α, β) = f(x;α, β) =
βα

Γ(α)
xα−1eβx (5.3)

where α is the shape parameter, β is the rate parameter, and Γ is the gamma function.

This particular well-known function is chosen because of how well the fit is to the data.

The curve fit yields a shape parameter α = 4.8 and rate parameter β = 2.7. The mean

wavelength of the fitted curve λ
c
/D = α/β = 1.7, where the superscript c indicates that

the profile is curve-fitted, which corresponds well to Fig. 5.8(c).

Similarly, the PDFs of the amplitude A/LT for each simulation are shown in Fig.

5.10(c). Again each profile collapses on each other when properly scaled and are fitted

to a gamma distribution with a shape parameter α = 1.1 and rate parameter β = 1.1

giving the mean to be A
c
/LT = 1, in good agreement with the computed average ampli-

tude in Fig. 5.10(b). While the JPDF shown in Fig. 5.10(a) of all the simulations

are very similar respectively to each other, they indicate that the wavelength and ampli-

tude are not independent variables and the curve-fitted PDF profiles of the amplitude
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Figure 5.10: Meander profile statistics: (a) contours of joint probability density func-
tion f(A/LT , λ/D) for the simulations, (b) probability density function of wavelength
f(λ/D) with curve-fitted gamma function Gamma(α = 4.8, β = 2.7) (solid line), and
(c) probability density function of amplitude f(A/LT ) with curve-fitted gamma function
Gamma(α = 1.1, β = 1.1) (solid line) for the simulations at x/D = 6.
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and wavelength cannot be simply multiplied together to create a model JPDF. Figure

5.11(a) shows the correlation coefficient ρA/LT ,λ/D of the amplitude and wavelength with

distance from the turbine. The coefficient shows that both meander profile variables

are positively correlated to each other.

Using the meander profile statistics, we continue to pursue a statistical model for the

amplitude and wavelength. Using the definition of a joint probability density function:

f(A/LT , λ/D) = f(A/LT |λ/D)f(λ/D) where f(A/LT |λ/D) is the conditional proba-

bility density function of the amplitude based on the wavelength. In Fig. 5.11(b) the

ten conditional PDF f(A/LT |λ/D) are created by selecting wavelength λ/D = 0.5 wide

bins as a condition for the PDF of the amplitude. Each is subsequently curve-fitted

to a gamma distribution. The curve-fitted distributions appear to fit the data well for

low wavelengths. As the wavelength increases, the data becomes more spread out. To

investigate how the distribution changes, the shape and rate parameters of the gamma

function are shown for each curve-fitted PDF in Fig. 5.11(c). The shape parameter α

generally increases as the amplitude increases with large wavelengths. A critical point

is reached where λ/D = 3 and amplitude data becomes spread out and more uniform.

The rate parameter β decreases indicating the spreading of the data. However, these

parameters indicate general trends that occur in the amplitude and wavelength and can

be captured to create a model for wake meandering based on these statistics.

5.2.4 Statistics-based model for wake meandering

In this section, we propose a model for the coherent motions of wake meandering using

the curve fitted probability density functions of the amplitude and wavelength obtained

above. The model is deduced from the fact that the amplitudes, wavelengths, and

convection velocity of the meander profiles can be properly scaled in the region of wake

meandering presence regardless of the diameter and power output of the turbine. The

proper scaling allows us to estimate a probability distribution for the amplitudes and

wavelengths which can be imposed on a meandering curve. Figure 5.12(a) shows a JPDF

created from using the curve-fitted PDFs of the wavelength and amplitude shown in

Figs. 5.10(b) and (c), respectively. This model JPDF assumes that the wavelength and

amplitude are independent variables. While the JPDF contains some of the statistics
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Figure 5.11: Meander profile statistics: (a) Correlation coefficient ρA/LT ,λ/D for the
simulations, (b) PDF of amplitude f(A/LT |λ/D) conditioned on wavelength size λ/D
with curve-fitted gamma distributions (solid line), and (c) curve-fitted gamma distribu-
tion shape parameters α and rate parameters β from conditional PDF as wavelength
increases.
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data of the meander profiles, the assumption of independence does not hold well. The

underlining statistics of the meander profiles at x/D = 6 are created from the model

JPDF of the amplitude and wavelength shown in Fig. 5.12(b). The JPDF shown is

created directly from the curve-fitted conditional PDFs of the amplitude wavelength and

curve-fitted PDF of the wavelength shown in Figs. 5.11(b) and 5.10(b), respectively.

The proposed model is used to create a meander profile that convects in time with

statistics based on data modelled to x/D = 6. To create the model meander profiles

the following algorithm is developed.

1. Calculate LT and UT for the turbine

2. Assume uc = 1.9 UT based of evidence from convection velocity in Fig. 5.9(c).

3. Sample the model JPDF for an amplitude A/LT and wavelength λ/D

4. Calculate total time for one wavelength tw = λ/uc

5. Create a sinusoidal profile m(y, t = [t0, t0 + 2π]) = A sin(t/tw) with a wavelength

of λ and amplitude A

Successive iterations can be used to create a meander profile for a given time. The

model meander profiles for each turbine simulated in the current study are show in Fig.

5.12(b) under the simulated meander profiles. From inspection, the model seems to

describe the meandering with good success. A mean model velocity field can be added

to the model with the center of the mean field prescribed at the meander profile. To

complete the flow field, turbulence can be added.

5.3 Effects of the nacelle on wake meandering

In this section, we introduce four new simulations. The four simulations are identical

to the four simulations addressed above except that the nacelle model is not included.

The simulations are labeled M-B, G-B, S-B, and C-B corresponding to the 0.128 meters,

1.1 meters, 27 meters, and 96 meters diameter turbine, respectively. For each new case,

the meander profiles are extracted from the three-dimensional flow field over 50 turbine

periods. The average amplitudes scaled by the diameter as a function of the stream-

wise distance for each simulation with and without the nacelle model is shown in Fig.
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Figure 5.12: (a) Model JPDF of the amplitude A/LT and wavelength λ/D created from
independent amplitude and wavelength, (b) Model JPDF of the amplitude A/LT and
wavelength λ/D created from conditional PDFs and (c) real meander profile (top) and
modeled meander profile (bottom) at (x/D = 6) for all simulations
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Figure 5.13: Comparison of the mean meander profile (a) amplitude scaled by rotor
diameter A/D, (b) amplitude scaled by characteristic length A/LT , and (c) wavelength
scaled by diameter λ/D of simulations with and without nacelle model.

5.13(a). For each turbine, the simulation without the nacelle creates wake meandering

with smaller amplitudes throughout the wake of the turbine. This figure provides con-

clusive proof that for both laboratory scale and utility scale turbines the nacelle has

an augmenting effect on the wake meandering intensity. Figure 5.13(b) shows that the

amplitude for the simulations with the nacelle model have a higher amplitude when

scaled by the characteristic length. Because the thrust is based on the turbine rotor not

the nacelle, the characteristic length will not collapse the amplitude of the simulations

with and without the nacelle model together. The wavelengths of the simulations with

and without the nacelle model shown in Fig. 5.13(c) does not have trends based on the

nacelle model indicating that the nacelle model does not effect the streamwise growth

of wake meandering.

Figure 5.14 shows a comparison of the probability density functions of the wave-

lengths and amplitudes for each turbine simulation with and without the nacelle model.

For each turbine, the wavelength PDF suggests that the nacelle model does not have
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Figure 5.14: Comparison of the probability density function meander profile amplitude
scaled by characteristic length A/LT (bottom), and wavelength scaled by diameter λ/D
(top) of simulations with and without nacelle model: (a) M-BN/M-B, (b) G-BN/G-B,
(c) S-BN/S-B, and (d) C-BN/C-B.

a large effect on the wavelength. However, the amplitudes of the simulations with the

nacelle model are skewed towards higher amplitudes and have longer tails towards the

highest amplitudes in comparison to the simulations without the nacelle model.

5.4 Conclusions

We numerically investigated with large-eddy simulations four different wind turbines

with rotor sizes from a model wind turbine with 0.128 meters diameter to a utility scale

wind turbine with 96 meters diameter. Each simulation employed an actuator surface

to model the forces of the blades on the incoming flow field and a nacelle model to

provide realistic flow blockage at the center of the rotor. While the geometry and lift

distribution of the blades are different from one another, the far wake mean velocity of
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all turbine simulations are properly scaled by the incoming hub height velocity. Simi-

larly, the turbulence kinetic energy in the far wake is scaled by a characteristic velocity

created by the thrust of the blade proposed by Yang et al. (2015b).

Using a spatio-temporal filtering technique to track the centerline of the near wake

unstable hub vortex and wake meandering further downstream, instantaneous flow fields

indicate that the hub vortex is effected by both the lift distribution of the blade near the

root and the geometry of the nacelle. The model wind turbine with 0.13 meters diameter

rotor and the 1.1 meters diameter model wind turbine have significantly different inner

wakes behind the nacelle despite comparable nacelle-to-diameter ratios. The different

lift distributions of the root of the turbine effect the intensity of the root vortices. The

0.13 meters diameter model wind turbine has insignificant root vortices which all of the

rapid breakdown and expansion of the hub vortex. One the other hand, the 1.1 meters

diameter model wind turbine has fast moving columnar root vortices encapsulating the

slow moving hub vortex which perturbs the root vortices. Both breakdown at approx-

imately the same distance, where the filtering meander profile indicates that the inner

wake and hub vortex rapidly expand into the outer wake. The hub vortex of the utility

scale wind turbines compares favorably to the latter model wind turbine with strong

hub and root vortices. The ratios of the length of the nacelle and diameter of the nacelle

to the turbine diameter correlate well with the distance it take for the breakdown of the

hub and root vortices into a slow moving, rapidly expanding wake.

Despite the differences of the near field each turbine flow field, the onset of wake

meandering occurs at a region of high turbulence intensity, approximately where the

inner wake intercepts the outer wake. The statistics of the wake meandering, devel-

oped from the filtered meander profiles, shows that regardless of turbine diameter wake

meandering, a similar low frequency Strouhal number, defined with the diameter and

incoming hub height velocity, is present. Moreover, the probability density functions

of the amplitudes and wavelengths of the meander profile for all simulations collapse

together when scaled by a characteristic length scale developed from the turbine thrust

and the turbine diameter, respectively. The former scaling indicates that the amplitude

of wake meandering are closely related to the turbulence in the wake. The elongation

(wavelength) of wake meandering is more closely associated with the mean wake recov-

ery. A simple model is proposed based on the properly-scaled statistics of the meander
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profiles to reconstruct the centerline of wake meandering. Because the scaled amplitude

and wavelength of wake meandering is similar regardless of turbine diameter or blade

geometry, the model can be used to produce the large scale fluctuations of wake mean-

dering for any turbine operating at optimal power.

This work is able to conclusively show that while close to the turbine flow field can

be quite different depending on the nacelle geometry and blade design, wake meandering

is similar from the small model turbines to the large utility scale turbines. This chapter

also conclusively shows that the nacelle has an effect on the wake meandering intensity.

The intensity of wake meandering is increased by the presence of the nacelle because

the nacelle creates an unable hub vortex and expanding inner wake. Future work will

focus on how wake meandering might be affected inside a wind plant.



Chapter 6

Wake meandering and nacelle

effects in a wind plant

In this chapter, we focus on elucidating the nature of wake meandering and the effects

of the nacelle in a wind plant setting, a large group of wind turbines. This study is the

next progression in our study of wake meandering of wind turbines where turbine wake-

wake interactions occur and can affect both the temporal and spatial evolution of wake

meandering. We chose a well-documented wind plant at the Horns Rev offshore wind

farm (Barthelmie et al., 2007, 2009), which consists of 80 Vesta turbines, to simulate

using the actuator surface with and without the nacelle model to parameterize the

turbine blades and nacelle. The wake meandering profiles are captured using a three-

dimensional spatio-temporal filtering (Foti et al., 2016a).

This chapter is setup starting with section 6.1, where a brief setup, validation of the

simulations, and pertinent simulation parameters are detailed. The results and analysis

are shown in section 6.2. A reduced-order kinematic model is introduced in section

6.3 that accounts for the wake meandering based on the statistics of the meandering

profiles. Finally, we have final discussions of our results and our conclusion in section

6.4.

170
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6.1 Setup and Validation

The present simulations are created based on the Horns Rev offshore wind farm which

consists of 80 Vesta turbines with a diameter D = 80 m and hub height zh = 70 m

laid out with 10 rows and 8 columns. The turbines rows and columns are spaced 7D

from their respective upstream row or neighboring column. Figure 6.1 shows the layout

of the turbines with the wind coming from the left to right. This corresponds in the

measurements to the wind direction heading east. Similar to the simulations described

in chapter 5, a precursory simulation is created for an inflow of a fully developed neutral

atmospheric boundary layer with the boundary layer height δ = 14.2zh. This creates

a hub height velocity of Uhub/U∞ = 0.8. Instantaneous snapshots of the velocity field

are saved and used as inflow for the wind plant simulations. The tip speed ratio λ =

ωR/Uhub = 7.5 for all turbines and is held constant by incrementally adjusting the

angular velocity ω of the turbine blades. The tip speed ratio is consistent with the

tip speed ratio used for the measurements and is in the operating regime 2 for optimal

power extraction.

A computational grid is created for the simulations with a size of 54D×12.5D×70D

Figure 6.1: Sketch of the Horns Rev wind plant turbine layout.

in the spanwise, vertical, and streamwise direction, respectively. This is discretized into

1470× 152× 1561 cells in the spanwise, vertical, and streamwise direction, respectively

that allows for 40 cells per D uniformly for every turbine. The bottom wall is modeled

with a wall model (Yang et al., 2015a). Free-slip boundary condition is applied at the
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top and side walls. Validation power output of the simulations are shown in Fig. 6.2.

The power outputs averaged over each turbine row agrees well with the measurements

reported in Barthelmie et al. (2007, 2009).

Two simulations are run: 1) A simulation with a nacelle model and 2) A simulation

Figure 6.2: Validation of the wind plant simulation with the measurements.

without a nacelle model (H-BN and H-B, respectively). The simulations are each run

until the flow field is statistical steady then averaged. Three dimensional instantaneous

flow fields are collected approximately every 1/10 a rotor period T , storing over 3500

instantaneous flow field for later analysis.
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6.2 Results

In this section, the results of the simulation and analysis are discussed. First, in section

6.2.1 the mean velocity field is examined. The statistics of wake meandering dynamics

obtained from the spatio-temporal three-dimensional filtering technique are discussed in

6.2.2. The meandering profile statistics from the wind plant simulations are compared

with the results obtained from standalone turbine results from chapter 5.

6.2.1 Mean flow field

Contours of the mean streamwise velocity field U/Uhub of the entire wind plant for

both simulations with and without the nacelle are shown in Fig. 6.3. Behind each

turbine the mean velocity deficit slowly recovers. The mean velocity deficit does not

completely recover before the next turbine placement, an approximate 7D spacing. A

turbine-turbine wake interaction occurs at every time except the first row. The effect of

the wake interaction on the power production is readily seen in the Fig. 6.2 where the

power immediately reduces for turbine rows inside the wind plant. In the zoomed-in

view in Fig. 6.3(a), a strong inner wake is created behind the turbine and expands

towards the outer wake. On the other hand, the simulation without the nacelle model

in Fig. 6.3(b) an unphysical jet forms behind the nacelle. This leads to a slightly weaker

velocity deficit close to the turbine, however, there is little difference in the mean flow

field far from the turbine.

Figure 6.4 shows the contours of the turbulence kinetic energy k/Uhub2 (TKE) on

a vertical plane cutting through the center of the middle four turbines of the fourth

column from the right of the wind plant for both simulations. The simulation with the

nacelle model (shown in Fig. 6.4(a)) shows several regions of high TKE. The first is

along the rotor plane caused by the high turbulence of the passing blades. The region

quickly dissipates except at the tip of the blade where tip vortices are formed. As the

tip vortices convect downstream the high TKE persists. The second region forms in

the shear layer of the inner wake and the hub vortex behind the nacelle. This annular

region is caused by the expansion of the inner wake velocity deficit. The TKE in the

region slowly dissipates as the inner wake expands towards the outer wake. Where the

inner wake and outer wake begin to interact another region of high TKE is formed.
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Figure 6.3: Contours of the mean velocity normalized by the incoming velocity at the
boundary layer height at the hub height plane with zoomed-in sub-figure on one turbine
for simulations with the nacelle model (a) and without the nacelle model (b).
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This region encompasses the remnants of the tip vortices and the upper half of the

wake starting 3D downstream of the turbine. In the previous chapters and in (Kang

et al., 2014), this region has been attributed to the onset of wake meandering. The peak

TKE occurs around 3D downstream and slowly dissipates. However, a higher TKE still

exists and is higher than the incoming turbulence in the boundary layer. This can have

a significant effect on the loading and dynamics of the downstream turbine.

The TKE of the simulation without the nacelle model is shown in Fig. 6.4(b). The

annular region of high TKE caused by the nacelle is absent and replaced by a TKE

region along the centerline caused by the unphysical jet. Without the nacelle model,

the inner wake cannot expand and interact with the outer shear layer. The downstream

region of high TKE is still present and persists to other turbines downstream. However,

from the contours, we see a slightly less intense TKE of the downstream in the simula-

tion without the nacelle model compared to the simulation with the nacelle model.

We continue the focus on the TKE by looking at vertical profiles. To systematically

Figure 6.4: Contours of the turbulence kinetic energy normalized by the incoming ve-
locity at the boundary layer height on a vertical plane for simulations with the nacelle
model (a) and without the nacelle model (b).

examine the turbulence in the wind plant, the TKE profile at the vertical center plane



176

are averaged across each row to obtain a row-averaged TKE profile. The averaging

allows us to investigate the general trends in turbulence as we progress further into the

wind plant. Figure 6.5 shows the TKE normalized by the hub height velocity at several

streamwise positions for the simulation with the nacelle model. The TKE at the location

x/D = 3 location shows that a considerable difference occurs in the turbulence intensity

in the first row compared to the other nine rows. The first row has a turbulence that is

about two-thirds less than the rest of the rows. This is attributed to two effects: 1.) The

incoming velocity at the first row is significantly higher because the turbine resides in

the fully developed boundary layer not a velocity deficit. 2.) There is little turbulence

in the incoming flow (the friction velocity of the boundary layer u∗/U∞ = 0.15). At the

same location (x/D = 3), the TKE in the other rows increases slightly with each row

until Row 4 where the profile begin to collapse on top of each other at the maximum

along the top tip towards the bottom tip. At Row 4, the effect on the wind turbines

on the atmospheric boundary layer approaches a fully developed wind plant boundary

layer and is consistent with results of the Horns Rev measurements and model found in

Yang and Sotiropoulos (2015). Further above the turbine the profiles converge by Row

6. As we progress further downstream at the x/D = 4, 5 and 6. Similar profiles and

trends are apparent as the peak TKE decays from the maximum as x/D = 3. The last

location at x/D = 6 indicates what the TKE distribution is for the downstream row.

A similar analysis of the TKE normalized by the hub height velocity for the simu-

lation without the nacelle model in Fig. 6.6. The first location x/D = 3 shows similar

trends as the simulation with the nacelle model. The profiles are far enough away from

the turbine that the unphysical jet formed from the lack of the nacelle has diminished

and is not readily visible. The TKE for each row is slightly less than the TKE from its

respective row in the simulation with the nacelle model. While it is not a significant

difference, the presence of the nacelle has an effect on the turbulence in the wake. The

same trend of the turbulence being slightly higher occurs at each streamwise location

showing that the nacelle has an effect throughout the wake and downstream turbines.

The near collapse of the TKE profiles leads to interest in the turbine-added TKE

∆k which is considered for dynamic loading on the downstream turbines. The turbine-

added TKE is obtained by subtracting the incoming TKE of each turbine from the

downstream TKE. Similar to the TKE analysis above, the profiles of the TKE are in



177

Figure 6.5: Contours of the turbulence kinetic energy k/U2
hub averaged over rows normal-

ized by the hub height velocity for simulations with the nacelle model at x/D = 3, 4, 5,
and 6.

Figure 6.6: Contours of the turbulence kinetic energy k/U2
hub averaged over rows

normalized by the hub height velocity for simulations without the nacelle model at
x/D = 3, 4, 5, and 6.
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the vertical plant averaged over rows. The profiles are normalized by the characteris-

tic velocity UT = (T/ρπR2)1/2. The velocity scale was first introduced by Yang et al.

(2015b) as a velocity which scales the turbulence kinetic energy add by the turbine.

Figure 6.7 shows turbine-added TKE for the simulation with the nacelle model. At the

x/D = 3 location, Row 1 and the rest of the rows exhibit slightly different behavior as

the turbine-added TKE is much higher for the first row. This intuitively make sense

as the turbine will add a significant amount of turbulence compared to the incoming

boundary layer. The ∆k in the other rows decreases with downstream row, in general.

Locations x/D = 4 and 5 have similar trends as the amount of turbulence that is added

decreases with row. Yang et al. (2015b) showed that the turbine-added TKE does not

collapse into a single profile near the turbine but begin to around x/D = 6. At the

x/D = 6 location, the profiles from Rows 2-10 all nearly collapse onto each other and

there is no general trend for different rows. Because this location is close to the next

turbine, this suggests that the downstream turbines do not significantly alter the tur-

bulence in the far wake. However, there is a large discrepancy between Row 1 and the

rest of the rows and is an indication that the turbulence in the first row is substantially

different from the rest of the turbines.

Figure 6.8 shows the turbine-added TKE for the simulation without the nacelle

model as a comparison to the above results. The turbulence added by the turbines is

similar with and without a nacelle model. Both show the difference between the first

row and the downstream rows. There is a slight difference in the magnitude of the TKE.

The simulation with the nacelle model predicts a slightly higher TKE at all locations

compared to the simulation without the nacelle model. We see that the turbulence is

slightly higher than that of the simulation with the nacelle model which is in agreement

with the work in stand-alone turbines in previous chapters. However, we need to further

investigate the effect the increased turbulence has on wake meandering.

6.2.2 Wake meandering statistics

In this section, we start by obtaining meander profiles behind all the turbines for each

simulation. The analysis on the statistics of the meander profiles allows us to investigate

the dynamics of wake meandering. Similar to the previous studies, the meander profile

is found by using a three step process. First, the coherent time scale for each turbine
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Figure 6.7: Contours of the turbine-added turbulence kinetic energy ∆k/U2
T averaged

over rows normalized by the characteristic velocity for simulations with the nacelle
model at x/D = 3, 4, 5, and 6.

Figure 6.8: Contours of the turbine-added turbulence kinetic energy ∆k/U2
T averaged

over rows normalized by the characteristic velocity for simulations without the nacelle
model at x/D = 3, 4, 5, and 6.
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is found to be similar to the other turbines. Next, the streamwise velocity minima is

obtained in the wake of each turbine. A bounding box in the radial direction around

each turbine was employed to limit the velocity minima search to only the wake of one

turbine. Finally, the continuous profile is created through spatial filtering.

Figure 6.9 shows a single time instance of the streamwise velocity and the mean-

der profiles behind each turbine for the simulation with the nacelle model. From the

full-view, the meandering profile marking the centerline of wake meandering remains

distinct behind its respective turbine; however, this does not mean that turbine wake

do not interact with each other. Wavelengths of the meander profile showing the large

scale motion of the three-dimensional, helical wake meander are readily visible. From

the zoomed-in figure on the right, the wake meandering intercepts the downstream tur-

bines such that the incoming streamwise velocity is not constant at the turbine interface

and will change the instantaneous dynamics on the turbine.

We use the amplitudes and wavelengths, derived by projecting the three-dimensional

Figure 6.9: Computed meander profiles on the instantaneous streamwise velocity at hub
height (zoomed-in figure on right).

helical profile onto a two-dimensional hub height plane obtaining a wave-like form, to
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interpret the dynamics of the instantaneous wake. The amplitudes of a meander pro-

file is determined by distance from the center of the wave-like meander profile to the

spanwise extrema. Similarly, wavelengths of the meander profile are captured by cal-

culating the distance between successive maxima or minima. Figure 6.10(a) shows the

amplitude A/LT where LT is the characteristic length scale formed from the period T

and characteristic velocity UT of several simulations. In chapter 5, the characteristic

length is shown to be a proper scale for the amplitude due to its relationship with the

turbulence kinetic energy. The wind plant simulations with and without the nacelle

model are both considered by comparing the averaged amplitude across Row 1 and the

averaged amplitude of the entire plant. A grayed area indicates the extent of averaged

amplitude by each turbine and the spread of the amplitudes in the wind farm. The wind

plant simulations are also compared to stand-alone turbine simulations with different

sizes of the rotor diameter from chapter 5. First, the averaged amplitude reveals that

the simulations with the nacelle model and without the nacelle model do have a sig-

nificant difference again showing that the nacelle is necessary. Second, only the Row 1

average amplitude is more comparable to the stand-alone turbine simulations; however,

the average amplitude of all other turbines rows in the plant is much lower. These result

are consistent with the turbulence kinetic energy analysis where Row 1 had significantly

different results compared to the other rows.

The average wavelength normalized by the rotor diameter is shown in Fig 6.10(b),

comparing the results in a similar manner to the wavelengths of the stand-alone turbine

simulations. The average wavelengths between the simulations with and without the

nacelle are very similar to each other as expected. Moreover, the difference between

the maximum and minimum of average wavelength is small, showing that there is little

difference in the statistics of the wavelength. However, in comparison to the stand-alone

turbine simulations, a significant difference is apparent. The wavelengths in the wind

plant are shorter. This suggests that the growth of the wavelengths are affected by the

downstream turbines that cause a blockage to squeeze the wake meandering. These

effects and more statistics on the dynamics of the wake meandering are further investi-

gated below with only the simulation with the nacelle model.

The average amplitude per wind plant row is show in Fig. 6.11(a). The average
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Figure 6.10: Comparison of (a) amplitude normalized by the characteristic length scale
LT and (b) wavelength normalized by the rotor diameter D for several stand-alone
turbine simulations from chapter 5, Row 1 average, wind plant average with grayed area
as maximum and minimum extent for both simulations with (solid line) and without
the nacelle model (dashed line).
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amplitude again identifies that the wake meandering behind Row 1 is significantly dif-

ferent that the other rows. The first row has statistics that indicate it has more in

common with stand-alone turbine wake meandering than the latter rows of the wind

plant. The intensity of wake meandering is stronger in the first row. Despite the addi-

tional turbulence kinetic energy added by the turbines in the first row, the meandering

intensity and amplitude is lower for subsequent rows and gradually increases with row.

The average wavelength per row is shown in Fig. 6.11(b). The wavelengths for the first

7 rows all collapse on top of each other. Close to the downstream turbine at x/D = 5

the wavelength starts to decrease due to the blockage effect turbine. The last three rows

have a larger wavelength especially the final row where there is no downstream turbine

to effect the streamwise growth of the meandering.

Figure 6.11(c) shows several wake meander statistics averaged over each row. First,

the characteristic velocity UT /U∞ shows that the first row again has a different velocity

than the other rows. As the row number increases, the initial decrease from Row 1 to

Row 2 slowly increases as the hub height velocity generally increases as the wind turbine

boundary layer grows. The average amplitude and wavelength at x/D = 6 indicates the

same trends addressed above. The average convection velocity of the meander profile

uc/UT at x/D = 6 is calculated directly from the temporal movement of meandering

profiles as a wave speed with a good comparison to spectral analysis. Row 1 has a

similar convection velocity to that found in the stand-alone turbine wakes; however, the

convection velocity in the later rows is increased compared to the first row and slowly

decreases indicating that the wake meandering convects faster compared to the slightly

slowly characteristic velocity in each row.

The distribution of the amplitudes and wavelengths for each row in the wind plant

are of interest for elucidating trends in their correlation and useful for predicting the

wake meandering. Figure 6.12 show the joint probability density function (JPDF) the

scaled amplitudes and wavelengths of the meandering profile for each row. The proba-

bility is highest in the region of low amplitude and low wavelength. Starting with Row

1, there is a higher probability for high amplitudes and quickly drops in Row 2. Then

there is a steady increase. On the other hand, the probability of wavelengths remains

relatively similar for each row except for the last row. The JPDF of the amplitudes and
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Figure 6.11: (a) Amplitude normalized by the characteristic length scale LT , (b) wave-
length normalized by the rotor diameter D averaged over wind plant row. (c) The
average amplitude, wavelength, UT and meander convection velocity uc at x/D = 6 for
each row.

wavelengths stand-alone turbine simulations in chapter 5 all included two peak prob-

ability regions near A/LT = 1 and λ/D = 1 and 1.5. These two regions also exist in

the statistics of the wind plant. The two peak regions are more prominent in Row 1

and Row 9-10. The main reason is both the first row and the last row experience some

similarities to stand-alone turbines in terms of the inflow for Row 1 and the outflow for

Row 10. This allows the amplitude and wavelength to behave differently than interior

turbines.

Finally, we can inspect the frequency in the wake through the meandering pro-

files. Using the convection velocity and wavelength, a non-dimensional Strouhal number

Stm = (uc/Uhub)(D/λ) is computed. The superscript m is used to note the St is taken

along the meander profile. While numerous studies have documented the wake mean-

dering frequency in the stand-alone turbines, there have not been many studies that

have quantified the wake meandering frequency in wind plants. There is a number of

collaborating observations of a low frequency mode is seen in a variety of turbine studies:

St = 0.23 (Okulov and Sørensen, 2007), St = 0.28 (Chamorro et al., 2013), St = 0.15

(Foti et al., 2016a) and St = 0.15 − 0.25 (Medici and Alfredsson, 2008). Figure 6.13
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Figure 6.12: Contours of joint probability density function f(A/LT , λ/D) for each row
in wind plant for simulation with the nacelle model.
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Figure 6.13: Probability density spectrum of the meander profile Strouhal number
f(Stm) at x/D = 6 for each row in wind plant for simulation with the nacelle model.

shows the probability density function of the meander profile based Stm at x/D = 6.

Unlike the stand-alone turbines, the wake meandering frequency is much higher inside

the wind plant. This result comes from the compressed wavelengths due to the blockage

of the downstream turbines but a similar convection velocity of the meander profiles.

6.3 Statistics-based kinematic wake model

In this section, we present a kinematic wake model using the statistics of the amplitudes

and wavelengths of the meandering profile presented in the previous section to model the

wake displacement. Kinematic wake model is based on the dynamic wake meandering

model Larsen et al. (2008). In the dynamic wake meandering model, the mean flow

field is decoupled from the wake displacement, and the wake displacement of wake

meandering is assumed to cause solely by the atmospheric boundary layer. The work we

have presented herein, the wake meandering is a complex turbulent coherent structure
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where the intensity is affected by the inflow, turbine rotor, and nacelle.

The model introduced employs the same de-coupled nature of the dynamic wake

meandering model (DWM). The axi-symmetric mean flow field is calculated using the

DWM moving reference frame mean flow where the streamwise momentum equation,

assumed to be a thin shear layer approximation, in equation 6.1 is solved as follows:

u
∂u

∂x
+ v

∂u

∂r
=

1

r

∂

∂r

(
νtr

∂u

∂r

)
, (6.1)

where u is the streamwise velocity, v is the radial velocity, and νt an eddy viscosity

to account for the turbulent mixing. The momentum equation is discretized using a

second order central finite difference in the radial direction and a first order upwind finite

difference in the streamwise direction. Equation 6.1 is a parabolic partial differential

equation and is solved efficiently using a marching scheme in the streamwise direction.

At each streamwise location, the radial direction is solved with the previous ui, vi and

νt and yields a tri-diagonal equation system with known coefficients.

The vertical velocity is found by applying the conservation of mass as follows:

1

r

∂

∂r
(rv) +

∂u

∂x
= 0. (6.2)

Once the streamwise and radial velocities are known, the eddy viscosity νt is solved

using the following equation:

νt = F1kambTIamb + F2k2l
∗2|
∂u

∂r
| (6.3)

where F1 and F2 are filtering functions, kamb = 0.587 and k2 = 0.0178 are constants,

TIamb is the ambient turbulence intensity, l∗ is the length scale of the atmospheric

boundary layer, and |∂u/∂r| is the velocity gradient. The calibration of the filtering

functions and constants is performed in (Keck et al., 2015) using actuator-based sim-

ulations. The eddy viscosity must be corrected for the atmospheric boundary layer

turbulence. The procedure is presented in (Keck, 2015) and not included here for

brevity. The turbulence intensity TI in the axi-symmetric reference frame is given by

the following:

TI = max

(√
τ

u′w′u′/w′
, T Iamb

)
(6.4)

where the u′w′ is the correlation of the streamwise-vertical turbulence fluctuations de-

rived from the atmospheric boundary layer, u′ and w′ are the streamwise and vertical
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turbulence fluctuations, respectively, derived from the atmospheric boundary layer, and

τ = νtdu/dr is the shear stress. The maximum operator is used so the turbulence level

is at least the ambient turbulence intensity. After the axi-symmetric reference frame

flow field is computed, the flow field is calculated in a fixed reference frame where wake

meandering model is added.

The wake meandering portion of the model uses the design from section 5.2.4 where

the amplitudes and wavelengths are chosen from the stochastic distribution shown in

Fig. 6.12. The meander convection velocity is assumed to be constant and calculated

based on the characteristic thrust velocity. The temporal evolution of the meander

wavelength is connected to the spatial downstream convection using Taylor’s frozen

turbulence hypothesis. By assuming frozen turbulence, wake meandering transport is

simplified and decoupled from the wake deficit. The assumption concludes that the

statistics gathered from the stand-alone turbine simulations and wind plant simulation

as statistically similar with proper scaling. The convection velocity is assumed to be

the meander convection velocity above.

Once a meander wavelength and amplitude are stochastically chosen, the velocity

flow field is assumed to displaced from the centerline by the amplitude over the length

of the meander wave. The introduced meander wave are assumed to start at 2 diam-

eters downstream of the rotor to be consistent with the simulated onset of the wake

meandering in the optimal power extraction regime. Because of the decoupled nature

of the model, the turbulence intensity needs to be modified by the fluctuations of the

streamwise velocity introduced by wake meandering from the mean velocity. The wake

meandering turbulence intensity TIm is combined with TI to create a turbulence inten-

sity TIt by the following:

TIt =
(
TI2 + TI2m

)1/2
(6.5)

The process of introducing a meander wave is repeats numerous times to converge

the velocity and and turbulence intensity. Once the statistics are converged at the

downstream distance of the next turbine, the quantities are used as the inflow for the

downstream turbine and the process is repeated. The power of the turbine is calculated

using an assumed induction factor of the turbine is calculated at the turbine location

using the converged velocity across the rotor.

An instance of the model meandering wake is shown in Fig. 6.14. The wake shows the
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displacement of the wake and its interception of a down wind turbine. The streamwise

velocity field is well representative of the actual turbine wake.

The power per turbine row is shown in Fig. 6.15. The power shows reasonable

agreement with the measurements. In conclusion, a model for wake meandering can

be coupled with the mean velocity due to the regular scaled statistics present for all

turbine scales.

6.4 Conclusions

In this chapter, we investigate wake meandering and the effect of the nacelle in the Horns

Rev offshore wind plant. The presence of the nacelle causes higher TKE levels in wake

of each turbine compared to simulations without the nacelle model. Similar to stand-

alone turbine cases, the intensity of wake meandering, as captured by the amplitude of

the spatio-temporal filtered meander profiles, is higher in simulations with the nacelle

model. Because of the consistency across turbine rotor scales and turbine arrays, these

results suggest that the nacelle is a necessary requirement for all wind turbine simula-

tions. In the wind plant setting, the effect of the nacelle and wake meandering intensity

propagates towards down wind turbines with higher turbulence intensities which will

effect turbine loading. The meandering profile and TKE revealed that the first row and

the interior rows have significantly different amplitudes by similar wavelengths. The

wake meandering amplitudes of the first row have similarities to stand-alone turbine

results.

The statistics per row obtained from the meander profiles of the amplitudes and wave-

lengths provide valuable data that is used in kinematic wake models. The dynamic wake

meandering model is modified by providing the actual joint probability density function

of the wavelengths and amplitudes of the Horns Rev wind plant. Using the model with

the meandering statistics ensures that the displacement of the wake, power extraction

and turbulence intensities are realistic. This work conclusively shows that the nacelle

has affects on the flow field in a wind plant setting, but the statistics recovered from

the meandering profile are useful in a kinematic wake model.
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Figure 6.14: Streamwise velocity contours (top) and turbulence intensity (bottom) of
an instance of the wake model.
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Chapter 7

A framework using polynomial

chaos to quantify the parameter

uncertainty in wind plants

This chapter begins an attempt to quantify uncertainty of wind plant power and provide

a framework for the propagation of uncertainty for use in wind plant models and sim-

ulations. Uncertainty in ground roughness and turbine operation parameters amongst

other physical parameters and variables lead to a large variability in wind turbine power

thus wind farm power output. Better approximations of uncertainty propagation effects

on wind farm power output can lead to reductions in initial costs and operating costs

to increase the return on investment (Messac et al., 2012). In order to grow the wind

energy field, proper uncertainty quantification of wind farms needs to be performed to

assist in improvements in wind farm design, a better understanding of current wind

farms, and data-driven wind farm modeling.

This chapter seeks to explore the feasibility of using non-intrusive polynomial chaos

in conjunction with wind plant models as a powerful tool for quantifying the uncer-

tainty of wind farm power production to a range of relevant parameters. In the present

work, a first case study is performed with the distributed roughness model developed

by Yang et al. (2012) for predicting wind plant power output. Section 7.1.1 details

192
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background on the distributed roughness model and section 7.1.2 explains the mathe-

matical background on polynomial chaos. In section 7.3 results are shown and explained

with section 7.2.1 offering validation for our approach with comparisons to Monte Carlo

simulations. We will investigate the effects and physical mechanisms behind the uncer-

tainty in ground roughness in section 7.3.1 and uncertainty of wind turbine induction

factor in section 7.3.2 on wind farm output and parameters. Section 7.4 summarizes

and concludes our study.

7.1 Method

7.1.1 Distributed Roughness Model

We briefly describe the distributed roughness model developed by Yang et al. (2012),

which is employed in this paper. The effects of the wind farm and the land surface

on the atmospheric boundary layer are parameterized as an effective roughness height

calculated as follows:

z0,hi = zh exp


−

κ√
1
2β

2cft + (κ/ ln (zh/z0,lo))2


, (7.1)

where z0,lo is the roughness height of the land surface, zh is the hub height of the wind

turbine and cft is the friction coefficient, which is defined as

cft =
CTπR

2

SxSy
. (7.2)

where Sx and Sy are the streamwise and spanwise turbine spacings, respectively, CT =

4a(1 − a) is the thrust coefficient, a is the induction factor formulated from the one-

dimensional momentum theory (Glauert, 1935), R is the rotor radius, and U∞ is the

incoming velocity for the wind turbine.

In the other distributed roughness models (Frandsen, 1992) (Calaf et al., 2010), the

incoming velocity is assumed to be equal to the horizontal-averaged velocity. How-

ever, the incoming velocity at hub height may deviate from the horizontally averaged

streamwise velocity at hub height. An additional parameter β, the ratio of the incoming

velocity to the horizontal averaged velocity, is included in the incoming velocity and is

approximated using the kinematic wake model with wake-influenced area concept for
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aligned turbine arrays with uniform spacings for all turbines. For details on the imple-

mentation of the model, see Yang et al. (2012)

By assuming that the two logarithmic layers of the mean velocity profiles, one above

and the other beneath the wind turbine hub height, are continuous at the turbine hub

height and that the horizontal-averaged velocity at hub height can be calculated from

the upper logarithmic law, the incoming velocity at hub height is expressed as follows:

U∞ = β
u∗
κ

ln
zh
z0,hi

, (7.3)

where u∗ is the total friction velocity. The total power extracted by the wind farm can

be calculated as following:

P =
1

2
ρCpπR

2U3
∞

(7.4)

where power coefficient Cp = 4a(1 − a)2.

7.1.2 Polynomial Chaos

Stochastic variables can be decomposed into a spectral representation in a Karhunen-

Loeve expansions. In generalized polynomial chaos (PC) (Xiu and Karniadakis, 2003),

the variables are decomposed into deterministic coefficients and stochastic basis uses

orthogonal polynomials.

For the PC expansion of a random real-valued, R : Θ → R, variable is defined in

probability space (Θ,Σ,P) where Θ is the sample space, Σ is the σ-algebra, and P is the

probability measure. The random variable of random events θ ∈ Θ may be sampled to

obtain real valued responses U(θ) : Θ → R, both which converge in the L2 sense with

an inner product given by

< U, V >=

∫

Θ
U(θ)V (θ)dP(θ). (7.5)

In the probability space, each random sample can be identified by a random vector,

ξ(θ) = {ξi(θ)}
N
i=1, where N is the number of random variables. In this case, the number

of random variables are the number of stochastic inputs for the problem. This leads to

the PC expansion of the random response U as

U(ξ(θ)) =

P∑

i=0

uiΨi(ξ(θ)), (7.6)
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where ui are the deterministic coefficients of the expansion P is the truncated order of

the expansion (for numerical purposes) and Ψi are the stochastic components and basis

functionals.

Each random variable in ξ has some associated probability density function pξ(ξ)

and determines basis functionals, Ψ(ξi). Some orthogonal polynomials lead to faster

convergence for a particular distribution. As first pioneered by Wiener (1938), Ψ(ξi)

for a normal Gaussian distribution is associated with Hermite orthogonal polynomials.

Xiu and Karniadakis (2003), introduced generalized polynomial chaos where other dis-

tributions are associated with other orthogonal polynomials.

The moments of the random variable U(x, ξ) can be solved because the basis func-

tionals are orthogonal with respect to the inner product on L2(Θ,P). The norm of the

basis functionals is

< Ψi,Ψj >=

∫

Θ
Ψ(ξ)Ψ(ξ)pξ(ξ)dξ = h2i δi,j , (7.7)

where hi is the ith norm and the δi,j is the Kronecker delta. Through solving the

system at some realizations of ξ, U(ξ) is known and the basis functional Ψ(ξ) can

be solved. Because the basis functional is orthogonal with respect to the probability

measure, the deterministic component, ui, can be solved, commonly through numerical

quadrature (Eldred, 2009), in order to obtain statistical moments as follows:

ui =
< U(ξ),Ψi(ξ) >

< Ψi(ξ),Ψi(ξ) >
. (7.8)

For more background on the polynomical chaos method, see Appendix A.

7.2 Polynomial Chaos Analysis of Wind Farm Output

We undertake herein a systematic quantification of uncertainties in input parameters

of the distributed roughness model for wind farms using the polynomial chaos approach

outlined in the previous section. We separately consider the effect of uncertainty in

the ground roughness, z0,lo and induction factor a. These two parameters wind farm

designers use to consider when designing wind farms are selected herein because they

represent the uncertainty in topology and turbine operation condition as a result of the

complex incoming turbulent flow.
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Figure 7.1: Schematic of non-intrusive polynomial chaos and distributed roughness
model

Table 7.1: Input uncertainties and distributions

Stochastic Case Variable µ σ/µ Distribution a z0,lo
Surface Roughness zlo 10−5/zh - 0.005/zh 0.01 - 0.3 Normal 0.25 -
Induction Factor a 0.1 - 0.5 0.01 - 0.3 Normal - 0.001/zh

In order to study the uncertainty propagation using polynomial chaos, the dis-

tributed roughness model is setup as a black box. Figure 7.1 shows a diagram of the

process of uncertainty calculation. Table 7.1 shows the different stochastic cases chosen

to represent different observable stochastic processes. Both the input average and stan-

dard deviation is varied in order to investigate how uncertainty propagates through the

model and affects the wind farm output power. Each stochastic case with a prescribed

average and standard deviation for the Gaussian distributions is run. The input distri-

bution is changed by incrementing the mean and the relative standard deviation.

The stochastic distribution must be discretized into sampling points. To facilitate

the integration of equation (7.8), Gauss-Hermite quadrature nodes are used as sampling

points along with the one dimensional Hermite orthogonal polynomial for a basis be-

cause of its association with Gaussian distributions.

Each sampling realization for a given distribution is fed into the distributed rough-

ness model with the same input parameters. In a similar approach as Yang et al. (2012)
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Table 7.2: Model parameters for all cases

Case Sx/D Sy/D zh (m) D (m)

X-1 5 4 100 100
X-2,Y-2 7 4 100 100
X-3 9 4 100 100
X-4 11 4 100 100
X-5 13 4 100 100
X-6 15 4 100 100
X-7 17 4 100 100
X-8 20 4 100 100
Y-1 7 2 100 100
Y-3 7 6 100 100
Y-4 7 8 100 100

the turbine height, zh and turbine diameter, D are set to equal each other, zh = D. A

series of spacing cases shown in Table 7.2 for each distribution are created using dif-

ferent streamwise (Sx) and spanwise (Sy) turbine spacings. Cases X-1 ∼ X-8 represent

a streamwise spacing increase with fixed spanwise spacing and cases Y-1 ∼ Y-4 are an

increase in spanwise turbine spacing with fixed streamwise spacing. Results of all the

sampling points for a given stochastic distribution and turbine area case are used in the

non-intrusive polynomial chaos calculation.

Gaussian normal distributions for the stochastic modeling of surface roughness and

the induction factor give insights behind some of the physics and uncertainty in the

wind farm. Surface roughness can vary greatly depending on the topography and flora

(Wiernga, 1993). It is a reasonable assumption that the surface roughness can be Gaus-

sian in nature. Wind turbine induction factor uncertainty can be from the structural

uncertainty such as yaw misalignment or the interaction of the blade with turbulence.

Structural uncertainty (Gaumond et al., 2013) and turbulence (Wu and Porté-Agel,

2012) can both be assumed to be follow Gaussian statistics.

7.2.1 Validation

In order to validate our implementation, a Monte Carlo (MC) simulation is per-

formed along side some cases. The MC simulations are known to slowly converge to the
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stochastic solution as the number of samples, n, is increased.

Figure 7.2(a) and Fig. 7.2(b) show the convergence of the error in an L2 sense as
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Figure 7.2: L2 error convergence power of (a) polynomial chaos (PC order P = 4)
and (b) Monte Carlo simulation versus number of samples for the surface roughness
stochastic case X-1.

the number of sampling points are increased for polynomial chaos and Monte Carlo,

respectively. Each are shown for X-1 case with stochastic surface roughness. For both

methods, as the number of sample points increases, the error reduces. However, the

number of realizations for the polynomial chaos are two orders of magnitude less and

the error is one order of magnitude lower than the MC. Figure 7.3(a) and Fig. 7.3(b)

show a comparison of the probability density function (PDF) from 2000 random sam-

ples of wind farm power density Pd = P/SxSy normalized by the average power density

for both the polynomial chaos and Monte Carlo for a low uncertainty surface roughness

input σzlo/µzlo = 0.05 and a high uncertainty surface roughness input σzlo/µzlo = 0.25,

respectively. In both cases, the PDFs of both are in good agreement and show that the

total statistics compare very well with each other. After repeating this procedure with

good results for several other cases, not presented herein, a 4th order polynomial chaos

(P = 4) will be performed using six realizations corresponding to a 6th Gauss-Hermite

quadrature.
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Figure 7.3: Probability density functions for case X-1 comparing polynomial chaos (PC
order P = 4) results with a Monte Carlo simulation for surface roughness stochastic
case X-1 (a) σzlo/µzlo = 0.05 and (b) σzlo/µzlo = 0.25.

7.3 Results and Discussion

7.3.1 Surface Roughness Uncertainty

The surface roughness can vary significantly in a wind farm due to the vast area

covered, can be difficult to quantify, and is a significant parameter that affects the fric-

tion velocities and effective roughness height influencing the incoming velocity to each

wind turbine. As the wind farm power is cubicly proportional to the incoming velocity,

it is critical to understand how the surface roughness and its uncertainty can influence

the wind farm power production.

First, we study how the mean and uncertainty of wind farm power density is pre-

dicted for a given turbine-occupied area. Figure 7.4(a) shows the average power density

normalized by the geostrophic wind power 〈Pd〉/ρG
3 for case X-5 as a function of in-

put surface roughness average µzlo and input surface roughness relative to the standard

deviation σzlo/µzlo . We first note the rather intuitive finding that 〈Pd〉/ρG
3 decreases

with average surface roughness increase due to power loss from extraction of frictional
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energy in the roughness. However, the average power remains nearly constant along

iso-µzlo lines. For low input uncertainty the deviation from the deterministic power is

within a 1%. Only at high relative standard deviation (σzlo/µzlo > 0.25) does the input

uncertainty affect mean values mildly increasing mean power for high surface roughness.

The relative standard deviation or uncertainty of power σPd
/〈Pd〉 is shown in Fig.

7.4(b). The relative uncertainty increases mainly as a function of input uncertainty with

secondary effects from the input mean value. The highest relative uncertainty occurs in

the space of high mean and uncertainty of surface roughness. The relative uncertainty

varies from <1% to 8% of the average power and proportional to the input uncertainty

increases. At σzlo/µzlo = 0.3 and µzlo/zh = 5 × 10−3, the absolute uncertainty is over

8% of the average. While 8% is a small value, it is significant for wind energy industry

since it can be translated to about 25 gigawatt-hour (GWh) of energy uncertainty for

a 100 MW wind farm with capacity 35% in a year (Pao and Johnson, 2009). If each

GWh worths $40,000 by assuming $0.04 cost per kilowatt-hour, 8% uncertainty in the

produced energy is equivalent to $1,000,000 per year (Pao and Johnson, 2009). The

relative standard deviation of power density shows how a stochastic surface roughness

affects the power output uncertainty and the propagation of the surface roughness un-

certainty to the power uncertainty.

For the given turbine density case X-5, effect of surface roughness uncertainty on

stochastic power production is readily shown by the PDF. For different input mean sur-

face roughness cases at an input uncertainty of 30%, the PDF of the power production

is shown in Fig. 7.5(a). Each PDF is normalized by the average power such that the

medians of the PDFs are centered together. Each PDF has a near Gaussian profile but

with a truncation of the tails on each side. The width of each profile increases with an

larger surface roughness, alluding to an increase of power uncertainty from Fig. 7.4(b).

The tails of all the profiles shown indicate there is a relatively high probability of power

varying more that 5% on each side. In a wind farm, a large variation in power production

on both sides of the expected power production cannot only be a significant effect on the

produced energy but can also have implications for maintenance of the wind turbines.

Turbines designed for a certain power output may experience conditions that present

higher maintenance costs and costs associated with turbine shutdown. Each profile in

Fig. 7.5(a) also has a slight positive skewness γP = µ3/σ
3, where µ3 is the third central
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Figure 7.4: Contours of (a) average power density 〈Pd〉/ρG
3 and (b) relative uncer-

tainty of power density σPd
/〈Pd〉 as a function of input average µzlo and input relative

uncertainty σzlo/µzlo for case X-5.

moment, with the probability density concentrated below the average power output but

the right tail extends to higher power. The skew of the profiles shown in Fig. 7.5(a)

remains nearly constant with mean surface roughness at γP ∼ 2. The skew of distribu-

tions remains constant with each input uncertainty and responsible for the increasing

the average power density at high surface roughness at seen in Fig. 7.4(a).

Figure 7.5(b) shows the PDF of power from several input uncertainties and one mean

value of µzlo/zh = 0.001. With these figures, it is quite evident that increasing input

uncertainties increases the width of the distribution. The change of relative standard

deviation of the distributions from 0.5% to 30% coincides with an increasing skew from

0.1 < γP < 2.0. This is indicative of the mechanisms of the wind farm that propagate

uncertainty from a zero skew Gaussian stochastic input to skewed distribution for the

power production. This mechanism, especially appearing with higher input uncertainty,

has a large effect on the higher order moments of the power distribution.

The uncertainty in the power density with respect to different streamwise turbine

spacings is shown in Fig. 7.6(a). As the turbine area increases at a fixed mean surface
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Figure 7.5: Normalized probability density function of Pd/〈Pd〉 for (a) several input
averages with σzlo/µzlo = 0.30 and (b) several input uncertainty with µzlo/zh = 0.001
for case X-5.

roughness, there is an increase in the power density uncertainty. While the increase

in uncertainty with surface roughness mean seems intuitive because the absolute un-

certainty is greater for higher mean inputs, the mechanism for the increased power

uncertainty with streamwise spacing has to do with the interactions of the wake re-

covery, boundary layer and the wind turbines. As the turbine spacing increases, the

stochastic surface roughness occupies a larger area and is more dominant in defining

the stochastic effective roughness height and the incoming velocity. This occurs con-

currently with a decrease in mean power density. The mean power decrease is because

of the reduced hub height velocity due to the increased effective roughness height for

a fixed induction factor. A previous study by Alapaty et al. (1997) found that the

uncertainty on the surface roughness has a significant effect on the vertical distribution

of the atmospheric boundary layer including the boundary layer height; however, it was

found that the variation in the horizontal direction have negligible effect. By affect-

ing the boundary layer height, the amount of energy entrained by vertical momentum

fluxes, which is important for determining the amount of energy that can extracted from
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turbines inside the wind farm, is uncertain. Spanwise turbine spacing power density un-

certainty in shown in Fig. 7.6(b). Similar behavior of the uncertainty in power density

is observed with increasing mean surface roughness and spanwise distance. However, it

appears that the uncertainty remains slightly lower for a given surface area compared

to variable streamwise distance. This is because the spanwise spacing mainly affects the

interaction of the adjacent wakes of turbines and wake recovery.

In the distributed roughness model, the total shear stress in the horizontally aver-
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Figure 7.6: Contours of relative uncertainty of power density σPd
/〈Pd〉 as a function of

input average µzlo and turbine density SxSy/D
2 with σzlo/µzlo = 0.15 for (a) increasing

streamwise spacing Sx and (b) increasing spanwise spacing Sy.

aged boundary layer is determined from two sources: surface roughness and wind turbine

height. As such, surface roughness is used directly in the computation for the boundary

layer to estimate the incoming velocity at hub height, the most important parameter to

calculate the wind plant power output. In equation (7.3), three parameters (the effec-

tive surface roughness, the friction velocity, and β) are related to the surface roughness

and its uncertainty. First, the surface roughness is explicit in the effective roughness

height creating an uncertainty roughness of the atmospheric boundary layer in range

from 1% to 10% of z0,hi/zh, increasing with turbine area.. The mean effective height
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value is only slightly affected by the change in the uncertainty of surface roughness.

The value is an order of magnitude higher than the mean surface roughness indicating

that the turbine height and turbine spacing have an effect on the perceived roughness of

the atmospheric boundary layer. As the streamwise spacing between turbines grow, the

effective roughness height decreases occurring because the wake from upstream turbine

will asymptotically approach the inflow and each turbine in the wind farm will be as

if it is totally separate. The relative standard deviation of effective roughness height is

in range from 1% to 10% of z0,hi/zh, increasing with turbine area. This is a significant

uncertainty on the boundary layer profile that affects the boundary layer height and

the distribution near the surface and wind turbines. The uncertainty will affect the

normalized-vertical location of the wind turbine in the logarithmic layer of the atmo-

spheric boundary layer where a small uncertainty in the roughness height can have a

large effect on the actual velocity at the turbine hub height. Next, the uncertainty of

friction velocity, the turbulent velocity scale that the turbulent fluxes entrain the fluid

into the wake, of the total shear stress is also directly affected by the surface rough-

ness. The vertical momentum fluxes can be significantly affect given the boundary layer

height uncertainty already discussed. The final parameter in the incoming velocity, β,

in equation (7.3) is computed by using a kinematic wake model with information about

the turbine density. From Yang et al. (2012) increasing the streamwise spacing has little

effect on the value, while increasing the spanwise spacing has decreasing effect on the

parameter. The effect is based how neighboring turbine wakes interact with each other

and fluid is entrained into interacting wakes.

While the incoming velocity at hub height is computed from each parameter address

above, there is a complex relationship for the boundary layer velocity and its uncertainty.

To understand the propagation of uncertainty to power density, the incoming velocity

is used to relate the turbine power density, equation (7.4), to the parameters describing

the boundary layer. To investigate the nonlinearity present in the power density un-

certainty, a first order Taylor series expansion on power density assuming the incoming

velocity is the only random variable linearizes the uncertainty analysis. The relative

standard deviation of power density and relative standard deviation of incoming veloc-

ity can be found to be related by a factor of 3 because of the cubic relation of power

density to incoming velocity. Figure 7.7 shows the actual ratio of relative standard
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deviation of power density and relative standard deviation of incoming velocity. We see

that at low surface roughness uncertainty, the ratio corresponds to the series expansion

analysis. However, as the uncertainty increases, the power uncertainty begins to be

affected by exponential growth and is no longer possible to find statistics using linear

approximations.

In conclusion, the uncertainty from the surface roughness has significant affects on
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Figure 7.7: The ratio of the relative standard deviation of power density σPd
/〈Pd〉 to

relative standard deviation of incoming velocity σU∞
/〈U∞〉 for (a) several streamwise

spacings and (b) several spanwise spacing for zlo/zh = 0.0015

the wind farm power output. The uncertainty of wind farm power output increases

with the uncertainty of surface roughness. At low input uncertainty the uncertainty in

the power is small and mostly Gaussian in nature. As the input uncertainty increases,

nonlinear interactions affect the power output of the turbine through affecting the ve-

locity boundary layer profile especially in the vertical direction through uncertainty in

roughness height and shear stress.
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7.3.2 Induction Factor Uncertainty

The induction factor uncertainty manifests in power through the uncertainty in thrust

coefficient CT (see equation (7.2)), and power coefficient Cp (see equation (7.4)). As

induction factor relates the velocity extracted from the incoming wind velocity, the un-

certainty can come from the turbulence in the wind or ability of the wind turbine to

extract a maximum or constant amount of wind energy. In region II, in which the tur-

bine is operating in the neighborhood of optimal tip speed ratio, the induction factor is

determined by the maximum Cp of the wind turbine. In region III, in which a constant

power is extracted from the wind by pitching the turbine blades, the induction factor

varies with the incoming wind speed (Bossanyi, 2003).

The mean power density based on different prescribed input uncertainties of induc-

tion factor for case X-1 and X-8 are shown in Fig. 7.8(a) and Fig. 7.8(b), respectively.

In both turbine spacing cases, for all input uncertainties, the mean power density is

low for small mean induction factor, increases with increasing mean induction factor,

reaches a maximum and decreases with the large induction factor, meanwhile the mean

power density decreases as the input uncertainty increases. The conditions of the Betz

limit (Betz, 1920) are the reasons the maximum power density possible occurs within

the boundaries of the mean input induction factor explored herein. Based on the re-

covery of the wake and the amount of energy that can be extracted by the turbine,

the limit of maximum power is predetermined by the spacing of the turbines. Between

the bounds of the streamwise spacing used in this study, Sx = 4 in Fig. 7.8(a) and

Sx = 20 in Fig. 7.8(b), the maximum power location with respect to mean induction

factor changes from µa = 0.17 to µa = 0.28. About a 30% drop from the maximum

power density can occur as the mean induction factor increases or decreases. Moreover,

with the increase in induction factor uncertainty, the power density can decrease by up

to 5%.

Figure 7.9(a) shows contours of the relative uncertainty of power density at a low in-

put uncertainty σa/µa = 0.05. A minimum uncertainty on power density contour exists

with respect to the input uncertainty between µa = 0.18 to µa = 0.27. The minimum

locations with respect to input mean for each turbine area case are marked with black

triangles on the contours and increase as the turbine spacing increases. The locations of

the minimum correspond well with the maximum mean power contours shown in Fig.
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Figure 7.8: Contours of average power density 〈Pd〉/ρG
3 as a function of input average

µa and input relative uncertainty σa/µa for cases (a) X-1 and (b) X-8.
,

7.8. Indeed the maximum mean power locations for each turbine spacing are shown in

Fig. 7.9 as circle markers and trend with the minimum locations of the relative un-

certainty. Figure 7.9(b) shows the uncertainty in power at a higher input uncertainty

σa/µa = 0.25. The increased input uncertainty translates the locations of the minimum

uncertainty to higher mean induction factors between µa = 0.21 to µa = 0.28. The

higher induction factor uncertainty also generally increases relative uncertainty of the

power density and smooths the sharpness of the minimum peak. This has significance

as the minimum uncertainty in power density occurs further from the maximum power

output location and at different induction factors. The difference between the induction

factor for the minimum uncertainty and that for maximum mean power grows with

input uncertainty. For both induction factor uncertainty, the maximum power density

uncertainty is located at µa = 0.50 and can be as high as 6%.

The effect of induction factor uncertainty on the relative standard deviation of power

density creates regions where the power density uncertainty can minimized for a given
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mean induction factor and turbine spacing. The regions created are present in three dis-

tinct area: low, medium and high mean induction factor. Both the streamwise spacing

and the spanwise spacing exhibit similar regions. Figure 7.10 shows profiles at several

turbine spacing both streamwise and spanwise grouped by different relative induction

factor uncertainty. From Fig. 7.9 and Fig. 7.10, the uncertainty decreases to a mini-

mum and then increases as the mean induction factor increases. The minima location

changes with turbine spacing. In the low mean induction factor region µa ≤ 0.2, in-

creasing turbine spacing increases the uncertainty of power density. On the other hand

in the medium induction region 0.2 < µa < 0.4 increasing turbine spacing decreases the

uncertainty in power density. As the input uncertainty increases from Fig. 7.10(a) to

Fig. 7.10(c), the power uncertainty always increases. The region boundaries are slightly

different between streamwise and spanwise spacing changing cases.

Figure 7.11(a) shows the PDFs of three different streamwise spacing cases in the low
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Figure 7.10: Relative uncertainty of power density σPd
/〈Pd〉 where (a) and (d) σa/µa =

0.05, (b) and (e) σa/µa = 0.15, and (c) and (f) σa/µa = 0.25. Streamwise spacing cases:
(a)-(c). Spanwise spacing cases: (d)-(e).

region at µa = 0.15. It represents well what is shown in the profiles in Fig. 7.10; the

width of the PDF is shown to grow with area. We note that all three distributions are
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positively skewed decreasing with the turbine area. The lowest turbine spacing has a

very large skewness, so much so that there is no probability power density higher that

1.01 times the average power. However, the higher turbine streamwise spacing cases

have a distribution with tails both much higher and lower than the mean power density

at this uncertainty level. Again we will reiterate that the uncertainty in power can

have a high cost associated with it, especially in these cases were the positive skewness.

Figure 7.11(b) shows PDFs at µa = 0.35 which occurs middle region of power uncer-

tainty where the power uncertainty decreases with turbine spacing. The turbine spacing

effect on the probability density increases the width of the distribution with decreasing

turbine spacing, the inverse as the probability distributions at µa = 0.15. The positive

skew in the distributions remains in this region as well indicating that there remains

high probability of a low power density.

We found in Fig. 7.8 the mean power density has a maximum around mean induc-
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Figure 7.11: Normalized probability density function of Pd/〈Pd〉 PDF for several stream-
wise spacings Sx for σa/µa = 0.10 and (a) µa = 0.15 and (b) µa = 0.35.

tion factor of one-third for a given input relative uncertainty. Furthermore, the relative

uncertainty of the power density is at a minimum where the mean power density is

maximum as shown in Fig. 7.9. This is directly related to the Betz limit, the optimal
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induction factor for the maximum achievable power. We imply that The Betz limit and

maximum achievable power in wind turbines are the reason the behavior of the power

uncertainty with turbine density can be optimized with dependency on the power coef-

ficient and incoming velocity. Because of the dependency of power on induction factor,

the propagation of induction factor uncertainty comes from both power coefficient and

incoming velocity.

First, Cp = Cp(a) uncertainty is examined to understand its response to a stochas-

tic induction factor with a normal distribution. As Cp is only a function of induction

factor, all power density uncertainty effects with area dependency must originate with

the incoming velocity. The relative standard deviation is shown in Fig. 7.12(a) as a

function of mean induction factor and shown at several input uncertainties. For all

input uncertainties, the power coefficient uncertainty is high at the lower bound and

decreases to zero at µa = 0.34, at the Betz limit. This occurs approximately at the

mean induction factor where the mean power density is maximum and relative power

uncertainty is minimum in the limit of streamwise spacing increasing to infinity. In

cases where the streamwise spacing is lower, the incoming velocity uncertainty must

have some effect which will be explored below. At both low and high mean induction

factors the relative standard deviation increase to local maxima at the bounds of the

induction factor.

Similar to power density uncertainty, higher input uncertainty equals higher σCp/〈Cp〉.

The uncertainty of the incoming velocity is caused by the implicit relationship of

the uncertainty in total shear velocity, effective roughness, and wake entrainment. By

examining the incoming velocity, we intend to understand how the developed boundary

layer is affected by uncertainty in induction factor. In the incoming velocity equation

(7.3), the β coefficient is found have a very low relative uncertainty, thus the incoming

velocity is dominated the other variables only. Also, similar to stochastic surface rough-

ness, the effective roughness height and shear stress have high enough uncertainty to

affect the relative location of the turbine in the vertical boundary layer and the entrain-

ment of energy from above the wind farm. However, an effective variable to analysis

the uncertainty is the entrainment in the wake. Figure 7.12(b) with a low induction

factor uncertainty and Fig. 7.12(c) with a high induction factor uncertainty show the

uncertainty exists in the wake influence area, the area that is calculated behind the
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turbine which consists of the wake. The figures show the mean wake influenced area

behind the turbines with a calculated grayed region bounded by one relative standard

deviation. The bounded region shows the uncertainty in the induction factor can vastly

affect how the uncertainty in the interaction of wakes of the individual turbines. These

spanwise changes in the wind farm boundary are also included in the uncertainty of

effective roughness height and shear velocity. With an increased input uncertainty, the

uncertainty in neighboring turbine wakes grow and interact which affect all downstream

turbines. This effect will be propagated through the wind farm. The uncertainty in the

wake influenced area increases downstream, however with increased spanwise spacing

the wakes will interact less.

All of the stochastic variables culminate in the interaction for the uncertainty of

incoming velocity shown in Fig. 7.13(a) as a function of the mean induction factor. The

incoming velocity is affected by both the input induction factor and the turbine area.

For all turbine spacing cases, the uncertainty in incoming velocity increases to a maxi-

mum value between 0.15 < σU∞
/〈U∞〉 < 0.2, with the maximum moving towards higher

induction factors with increased turbine spacing. The uncertainty decreases towards a

minimum around σU∞
/〈U∞〉 = 0.45. Figure 7.13(b) indicates that the uncertainty in

incoming velocity will always increase with input relative uncertainty.

The increase in turbine area always leads to a decrease in uncertainty in the in-

coming velocity. When the distance grows between turbines, the effective roughness

height decreases because the turbines are providing less roughness to the atmospheric

boundary layer, and the wake influenced area grows. The other important variable is

the maximum standard deviation of effective roughness per area occurs at a higher in-

duction factor as the area increases. This begins to lead to how turbine area affects the

relative uncertainty in the power. The maximum increases per turbine area from the

relationship of effective roughness and cft, which compares a parabolic relationship of

induction factor in CT and the turbine area. The combination of the uncertainty in the

Cp and the U∞ is what causes the effect of the power density uncertainty where there

are optimal regions of uncertainty depending on turbine spacing. This is due to the

complex interaction where the Cp uncertainty causes the total uncertainty to decrease

around the Betz limit, but the incoming velocity uncertainty is changing the effect by

propagating the minimum power density uncertainty to a lower mean induction factor
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dependent on turbine spacing. As the incoming velocity uncertainty causes the power

density uncertainty to increase from different mean induction minima locations. The

induction factor uncertainty has a far greater effect on the spanwise boundary layer vari-

ations than the surface roughness uncertainty while including similar vertical boundary

layer profile effects that can be detrimental to power output in a wind farm.

7.4 Conclusion

One of the largest problems in using wind energy is understanding how uncertainty

affects the efficiency and power. In this study, we validate and investigate a technique for

uncertainty propagation using non-intrusive polynomial chaos on a distributed rough-

ness model for infinite wind farms. Surface roughness and turbine induction factor are

the focus of this study. Instead of using experimentally collected data for the input

uncertainties, several distributions are prescribed systematically changed in order to

observe trends and effects. This is used to understand the complicated relationships

between underlying physical mechanisms of wind farms and uncertainty.
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In surface roughness uncertainty analysis, we see that the uncertainty propagates

through the model by creating uncertainty in the incoming velocity by affecting the

uncertainty in the vertical boundary layer profile around the individual turbines and

entrainment of fluid by the vertical momentum fluxes.

The uncertainty of the induction factor has a large effect on the uncertainty of the

power. Because of the Betz limit, the maximum mean power density occurs around

an induction factor between 0.25 < a < 0.3 and coincides with its minimum relative

uncertainty. Due to the propagation of the induction uncertainty through the power

coefficient and incoming velocity, the minimum power uncertainty shifts with turbine

spacing and induction uncertainty. This creates regions where the optimal (minimum)

power density uncertainty for a given turbine spacing is dependent mean induction fac-

tor. Both the uncertainty of the vertical boundary layer profile and the expansion of

the wake leads to the uncertainty in the incoming velocity.

This study presents an assessment of non-intrusive polynomial chaos as a tool to

investigate the uncertainty in wind plants, and a systematic attempt to quantify the

uncertainties in wind farm power output and investigate the mechanisms that propa-

gate the uncertainties using polynomial chaos. The procedures and results can help

wind farm developers assess some of the economic risks of new projects and provide

insight for improving the reliability of existing wind plants. This work demonstrates

that the polynomial chaos with the wind plant model treated as a black-box is as ac-

curate as Monte Carlo simulations but more efficient. In future work, we will extend

this framework to employ high-fidelity wind farm models, i.e. large-eddy simulation

with wind turbines parameterized using actuator-type models, for which the benefit

of using polynomial chaos will become more significant, and investigate the modeling

uncertainty of low-order wind plant models.



Chapter 8

Uncertainty in wind turbine

nacelle modeling

In this chapter we investigate two major model parameters for the nacelle model that

allow us to investigate more of the physics of the hub vortex. Several large-eddy sim-

ulations of a model turbine immersed in a boundary layer are undertaken in order to

quantify the model uncertainty pertaining to the friction parameter of the nacelle surface

and the nacelle geometry. The former parameter is considered an aletoric uncertainty, a

known uncertainty with a well-described uncertainty estimation. A forward uncertainty

propagation is performed using the framework described in the chapter 7. However,

in this case, instead of using a simple kinematic wake model, large-eddy simulations

(LES) are used as the black box. On the other hand, the nacelle geometry is assumed

to be an epistemic uncertainty without a known expression for the uncertainty. Several

geometries are selected and the effects on the nacelle and wake are compared with the

known results.

The purpose of this study is to provide a quantification of uncertainties pertaining

to the nacelle model. The G1 model turbine investigated in chapter 4 is chosen for the

uncertainty investigation. There are various experimental measurements of the turbine

that provide a good baseline for the simulations. All the simulations are setup using the

actuator surface model to parameterize the turbine blades and the nacelle model. The

discretized turbine and nacelle grid are shown in Fig. 8.1 for the baseline case without
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any geometry changes to the nacelle. The turbine is chosen to operate in the Region

2 regime where the power output is optimal. The results from Region 2 in chapter

4 are considered the baseline case because the uncertainties explored are around this

baseline. The same computational grid, inflow conditions, and boundary conditions

employed in chapter 4 are used. The flows are allowed to converge, removing all the

initial transients, and then averaged over 50 rotor revolutions. The only differences are

the several changes in the setup of the nacelle used to investigate the uncertainty. For

reference, the nacelle diameter and the nacelle length is 10% and 15% of the turbine

blade diameter, respectively. The chapter is organized into section 8.1 which investi-

gates the uncertainty on the nacelle friction parameter and section 8.2 where the nacelle

geometry is investigated. The conclusions of the study are in section 8.3.

Figure 8.1: Discretized turbine blades (blue) and nacelle baseline geometry (red)

8.1 Uncertainty in friction factor

In this section, we analyze the aletoric uncertainty of the friction parameter of the

nacelle model. The parameter investigated is the model parameter in equation 2.33 and

is assumed to have a gaussian distribution. The uncertainty analysis is setup in section

8.1.1 and results are discussed in section 8.1.2.
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8.1.1 Case Setup

In line with chapter 7, non-intrusive polynomial chaos is employed to propagate the

uncertainty of the friction parameter. The friction parameter is assumed to have a

Gaussian uncertainty distribution with a mean of 1 and a relative standard deviation of

10%. Gauss-Hermite quadrature nodes are used as sampling points along with the one-

dimensional Hermite orthogonal polynomial for a basis because of its association with

Gaussian distributions. Six realizations based on sixth-order Gauss-Hermite quadrature

are chosen. As such, six simulation with different friction parameters are run. The

number of sampling points is in agreement with the number of points needed to converge

non-intrusive polynomial chaos in chapter 7. Once the simulation results are obtained,

polynomial chaos is used to obtain statistics of the flow, which are presented below.

8.1.2 Results

The average and variance of the results using the non-intrusive polynomial chaos are

obtained from the six sampling points. In the following section, we refer to the stochas-

tic average and standard deviation based on the uncertainty in the friction parameter

of the nacelle model of the several flow field quantities and denote the average with 〈·〉.

This should not be confused with the time-averaged mean flow quantities. Figure 8.2

shows the average mean velocity normalized by the hub height velocity 〈U〉/Uhub. In

addition to the average velocity, a grayed region of one standard deviation of the mean

velocity around the average are included. In all the profiles throughout the wake, the

relative uncertainty in the mean velocity is very small and is not readily visible in the

figure. Moreover, the baseline mean velocity profiles are nearly the same as the average

mean velocity. The uncertainty in the friction of the nacelle has very little affect of

the mean velocity field. This is somewhat expected as the effect of the friction on the

development of the hub vortex and inner wake may have a larger effect in the turbulence

field.

Figure 8.3 shows vertical profiles of the average turbulence kinetic energy (TKE)

with the grayed region of one standard deviation range at several locations. The aver-

age TKE and the baseline TKE follow the same trends because the Gaussian uncertainty
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Figure 8.2: Average mean velocity 〈U〉 profiles (solid) with one standard deviation
region (grayed) and baseline mean velocity U profiles (dashed) at several locations.
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in the friction does not effect the average trends. At x/D = 0.5 location, a large rela-

tive uncertainty region is present near the shear layers of the nacelle indicating how the

uncertainty in the friction affects the turbulence level in the inner wake. As the inner

wake expands, the relatively higher uncertainty of TKE in the shear layer is maintained

in the shear layer. At x/D = 2, the region of higher standard deviation is seen from

0.5 > y/D > 1, but is not high outside of that region. The high TKE uncertainty only

convects with the expansion of the inner wake. However, at x/D = 4 and 6 locations,

the inner wake has completely expanded into the outer wake. High levels of uncertainty

of TKE are present throughout the wake far downstream. Because the TKE and the

onset of wake meandering are linked, uncertainty in the nacelle has an effect on the

uncertainty in the intensity of wake meandering.

The average mean streamwise vorticity 〈ωx〉. Similar to the TKE, regions of high

Figure 8.3: Average turbulence kinetic energy 〈k〉 profiles (solid) with one standard de-
viation region (grayed) and baseline mean turbulence kinetic energy k profiles (dashed)
at several location.
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uncertainty in the vorticity correspond to the expansion of the inner wake with the shear

layer of the inner wake marking the furthest radial extent. The inner wake of turbine in

operating Region 2 recovers fast and by the x/D = 3 location, the regions of high un-

certainty extend the entire width of the wake. The regions of high uncertainty continue

throughout the far wake. The high uncertainty has implication of the uncertainty of

expansion and interaction of the hub vortex. With the combination of the uncertainty

in the turbulence level in the far wake, the wake meandering intensity will have some

uncertainty.

In conclusion, the friction uncertainty has an effect on the turbulence and vorticity

Figure 8.4: Average streamwise vorticity 〈ωx〉 profiles (solid) with one standard devi-
ation region (grayed) and baseline mean streamwise vorticity ωx profiles (dashed) at
several location.

levels. The uncertainty of the nacelle starts by affecting the inner wake which propa-

gates to the downstream as the inner wake recovers and merges with the outer wake.

The uncertainty in the turbulence levels has an effect on the wake meandering intensity

uncertainty. This analysis shows that the uncertainty of the nacelle has implications

for wake meandering and turbulence which need to be considered when modeling the

turbine or low-order modeling of the wake.
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8.2 Uncertainty in Nacelle Size

In this section, we analyze the epistemic uncertainty of the geometry of the nacelle. The

uncertainty analysis is setup in section 8.2.1 and results are discussed in section 8.2.2.

8.2.1 Case Setup

The geometry of the nacelle can have an effect on the flow. In chapter 5, it is shown

that different ratios of the nacelle diameter to turbine rotor diameter and nacelle length

to turbine rotor diameter effect the downstream wake creation and the formation of the

hub vortex. In this section, we present a systematic attempt to investigate how the

diameter and length of nacelle of the G1 turbine effects the wake.

The uncertainty of the geometry of the nacelle is assumed to be epistemic in nature

because there is no known distribution for the uncertainty. Four cases of the geometry

are considered: 1) The diameter 10% larger than baseline (D-110%), 2) The diameter

10% smaller than baseline (D-90%), 3) The length 10% longer than baseline (L-110%),

and 4) The length 10% shorter than baseline (L-90%).

8.2.2 Results

The mean streamwise velocity profiles at several downstream location for all four simu-

lation cases are shown in Fig. 8.5(a). At x/D = 0.5 location the effect of the uncertainty

of the nacelle size has its largest effect on the mean velocity. The smaller diameter (D-

90%) and length (L-90%) cases provide geometries that allow the inner wake to start

to recover quicker with the shorter nacelle having a greater effect. The effects of the

larger diameter and longer diameter are similar on the inner wake recovery creating

a larger velocity deficit. In these cases, the larger diameter and length create about

the same effective blockage of the flow along the centerline. The effects of the nacelle

geometry on the mean velocity begin to diminish quickly at the x/D = 1 location. At

location further downstream, the mean velocity field is not affected by the geometry of

the nacelle as all the profiles collapse onto each other.

Figure 8.5(b) shows the TKE normalized by the inflow friction velocity. Closest to

the turbine at x/D = 0.5, the TKE is affected by the uncertainty of the nacelle geometry

in the shear layer of the inner wake only and the turbulence in the outer wake region
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by the turbine blades are unaffected. Both the larger diameter and longer nacelle cases

have a more significant effect on the turbulence intensity. The region of uncertainty of

the turbulence intensity is confined to the inner wake. At the x/D = 1 and 2 locations,

the uncertainty in the turbulence affects a larger portion of the wake, but continues to

only affect the area of the wake where the inner wake is located. There is little trend in

the uncertainty based on the nacelle geometry. The uncertainty in turbulence is just a

small perturbation around the mean value. By x/D = 3 the inner wake has expanded

and intercepted the outer wake. The entire wake is now subject to uncertainty of tur-

bulence caused by the nacelle geometry. This continues downstream where uncertainty

in turbulence can be as high as 10%, on the same order of the uncertainty of the nacelle

geometry. The profiles of the TKE indicate that the nacelle geometry uncertainty has

implication not only close to the turbine by far downstream.

The streamwise-vertical correlation u′v′ profiles are shown in Fig. 8.5(c). Physically,

the correlation are the related to the turbulence shear stress. Regions of high correla-

tion such as in the inner wake shear layer close to the turbine indicate regions of high

mixing. In the inner wake shear layer at x/D = 0.5, the large geometry has a slightly

stronger effect on the turbulence mixing. Much like the TKE, the region of uncertainty

is initially confined to the inner wake until x/D = 3 where significantly large perturba-

tion of the mean profile occur due to the uncertainty in the nacelle geometry with the

larger nacelle cases have a stronger effect on the shear stress suggesting that a larger

nacelle effects the turbulent mixing.

Contours of the vorticity magnitude near the turbine for all four cases are shown in

Fig. 8.6. The vorticity magnitude near the turbine indicates where the inner wake shear

layer is located and gives a good indication of the expansion angle of the inner wake

towards the outer wake. Comparing the two nacelle diameter uncertainty cases, we see

that the larger diameter causes the inner wake to expand slightly quicker towards the

outer wake. Due to the larger velocity deficit and blockage of the incoming flow, the

shear layers are stronger and more turbulence will be produced as shown in Fig. 8.5(b).

The uncertainty in the nacelle length causes high levels of vorticity magnitude to occur

farther downstream as seen in a comparison of L-90% and L-110%.

In conclusion, the uncertainty of the nacelle geometry has both implication in the

near wake and the far wake regardless of the turbine nacelle size. The effects of the
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Figure 8.5: Vertical profiles of (a) mean streamwise velocity U/Uhub (b) turbulence
kinetic energy k/u2τ , and (c) streamwise-vertical covariance u′v′/u2τ of the nacelle size
uncertainty cases.
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Figure 8.6: Contours of the vorticity magnitude of the nacelle size uncertainty cases.
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uncertainty propagate with the inner wake. When the inner wake intercepts the outer

wake, the uncertainty is extended to the entire domain.

8.3 Conclusions

One of the final aspects of our research is to elucidate the parameter uncertainty prop-

agation of nacelle model. The previous chapters show that the nacelle is a necessary

requirement to capture the correct intensity of wake meandering and turbulence levels in

the far wake. However, there is some uncertainty in the parameters of the nacelle model,

both aleatoric and epistemic, that are investigated. A major uncertainty surrounds the

friction on the surface of the nacelle. Using the non-intrusive polynomial framework

in conjunction with LES with the actuator surface model with the nacelle model, the

friction uncertainty is propagated to the wake of the turbine. While the mean flow has

a little uncertainty caused by the nacelle friction uncertainty, the uncertainty in the

turbulence levels propagates through the inner wake towards the outer wake. When

the inner wake intercepts the outer wake, the uncertainty levels in the entire wake are

affected. Similar results are seen for the uncertainty of the geometry of the nacelle. Sev-

eral geometry changes are made compared to the baseline turbine nacelle design. The

effect of the geometry uncertainty shows that uncertainty propagates along the inner

wake. In the near wake, both the mean and turbulence levels are affected, however,

only the turbulence levels are affected in the far wake.



Chapter 9

Summary and Conclusions

A systematic investigation of the dynamics and uncertainty in the wakes of wind tur-

bines is carried out using large-eddy simulations with a resolution fine enough to re-

solve the coherent structures close to the turbine and in the far wake. This thesis

attempts to elucidate the fundamental physics of the dynamics in the wake to inspire

new reduced-order models of wind turbines and wind plants based on statistics and

provide a means to quantify and reduce the uncertainty in numerical models currently

employed. A previous study of a hydrokinetic turbine (Kang et al., 2014) revealed that

current actuator-based numerical models introducing the lift and drag forces of the tur-

bine blades into the simulation may not be able produce an accurate intensity of the

so-called wake meandering, the large-scale, low period oscillatory motions of the far

wake. The computationally-expedient actuator disk and line models do not account for

the nacelle which produces an unstable hub vortex along the centerline. Wind turbines

used in both laboratory experiments and utility-scale power generation significantly dif-

fer in geometry compared to each other and hydrokinetic turbines. Here, the effects of

the nacelle on the flow field are explored. Employing the curvilinear immersed bound-

ary method method (CURVIB) and actuator-based models with and without a nacelle

model, the model inadequacy of turbine modeling and its capture of wake dynamics are

quantified.

High resolution experimental measurements of a miniature wind turbine in the St.

Anthony Falls Laboratory wind tunnel are used in a preliminary study. The geometry

of the turbine with a diameter of 0.12 meters and a nacelle diameter to rotor diameter
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of 0.1 is fully resolved with the immersed boundary method to fully investigate the

nature of the three-dimensional helical coherent structures in the wake. The near wake

region is dominated by the counter rotating low frequency hub vortex formed behind

the nacelle in an inner wake separate from the co-rotating tip vortices. The hub vortex

entrains fluid and expands radially with downstream distance until it starts interact-

ing with the tip vortices. The interaction of the inner and outer wake culminates in a

high turbulence region in the far wake, wake meandering. A three-dimensional spatio-

temporal filtering technique based on the work of Howard et al. (2015) is employed to

track the centerline of wake meandering creating meander profiles and used to extract

amplitudes and wavelengths of the hub vortex and wake meandering. The hub vortex

is shown to both interact with the outer wake shear layer and persist downstream. An

increase in coherent velocities along the meander profile at the top tip shear layer allow

us to conclude that the region of high turbulence kinetic energy marking the onset of

wake meandering is influenced by the hub vortex.

Simulations using an actuator surface model to parameterize the turbine rotor with

and without a nacelle model are performed with the same conditions of the miniature

model wind turbine. While the simulation with the nacelle model is able to capture

the high amplitudes of meandering and high coherent turbulence in the far wake, the

simulation without the nacelle model is unable. This confirms the results of (Kang

et al., 2014) that the nacelle is necessary in order to capture the proper intensity of

wake meandering.

However, the miniature model turbine is not comparable to a utility scale turbine.

The nacelle diameter to rotor diameter is sized similar to a hydrokinetic turbine and the

blades are not realistic compared to larger wind turbines. Another model turbine with

a diameter of 1.1 meters is simulated with immersed boundary method simulations and

actuator surface model simulations with and without a nacelle model. The turbine is

a scaled model of a utility scale turbine but still possess a relatively large nacelle (the

nacelle diameter to rotor diameter is 0.1). Simulations are performed in two operating

regimes: 1) Region 2, the operating condition for optimal power extraction and 2) Re-

gion 3, a de-rated operating condition where the wind power is too high. Significant

influence of turbine operating conditions on far wake turbulence intensity and wake

meandering is observed: large amplitude wake meandering happens further downwind
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and the length of the region with high turbulence intensity is significantly longer for

the Region 3 operating condition. Using the spatio-temporal filtering technique, the

amplitudes of wake meandering in the simulations with a nacelle are higher than the

simulations without the nacelle model, while the wavelengths is relatively the same.

We conclude that while the presence of wake meandering occurs in all simulations, the

presence of the nacelle is necessary to capture the correct intensity of wake meandering.

In comparison of the operating regimes, Region 2 has a more energetic wake meandering

compared to Region 3.

The simulations with the actuator surface with the nacelle model of the previous

model wind turbines are compared with simulations using the actuator surface with na-

celle model with larger utility scale wind turbine with diameters of 27.5 meters and 96

meters. The near field, especially the spreading of the inner wake is largely a function

of the size of the nacelle. In the larger turbines, the root vortices of the blades are

relatively strong, encompass the inner wake and break down. Nevertheless, the inner

wake and hub vortex expands towards the outer wake. In the far wake, the turbulence

kinetic energy profiles collapse on top of each other for each turbine when scaled by a

characteristic velocity based on the thrust. The average amplitudes and wavelengths

of each turbine are also shown to be similar when properly scaled by a characteristic

length based on the thrust and diameter, respectively. We conclude that the different

scaling indicates that the amplitude and intensity of wake meandering is related to the

turbulence in the far wake while the wavelength is related to the mean wake recovery.

The scaling laws for the amplitude and wavelength allows us to create a model for the

meander profile based just on statistic distributions. Further simulations of the utility

scale turbines without the nacelle model are introduced to isolate the effects of the na-

celle on wake meandering. Much like the model wind turbines, the amplitudes of wake

meandering are reduced without a nacelle present. Regardless of the turbine rotor size

or nacelle diameter, the presence of the nacelle is a necessary component to adequately

simulate a wind turbine wake.

The non-dimensional frequency based on the hub height velocity and diameter of

wake meandering has been measured in many studies to be about 0.3 while the non-

dimension frequency of the hub vortex is approximately 0.7. In the present simulations
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of all wind turbines, the similar frequencies are captured. In validation of the meander-

ing profile, the average frequency based on the wavelength is consistent with the wake

meandering frequency. Further spectral analysis of the coherent structures is considered

with dynamic mode decomposition. Dynamic mode decomposition of the flow allows

us to extract and isolate the select modes related to both the wake meandering fre-

quency and the hub vortex frequency. The wake meandering dynamic mode consists of

the large coherent oscillatory motions in the far wake. The hub vortex dynamic mode,

while strongest around the nacelle, persists far downstream, especially in the operating

regime where the power extraction is optimal, and the hub vortex is destabilizes further

upstream. It is observed that the amplitude of the meandering profile using both dy-

namic modes is higher than that only using the wake meandering mode especially far

downstream locations.

The analysis of stand-alone turbines is considered in light of simulations of the Horns

Rev wind plant. The turbulence levels in the wind plant simulation with the nacelle

model are higher than the turbulence without the nacelle model. Moreover, the inten-

sity of wake meandering as measured by the meander profile amplitudes is higher with

a nacelle model. Both the wake meandering amplitudes and wavelengths are consistent

with stand-alone turbine simulation results but are smaller because of turbine-turbine

interactions. Due to the predictability of the intensity and streamwise elongation of

wake meandering, a kinematic wake model is developed using the statistics of the me-

ander profile. The displacement of the wake is able to be simply captured spatially and

temporally maintaining the statistics of a more computational expensive simulations.

While the above insights are able to quantify some uncertainties in turbine modeling

and the relations to wake meandering, other uncertainties such as parameter uncertainty

and model inadequacy are quantified by a framework using non-intrusive polynomial

chaos. Using a distributed roughness model as a black box, a feasibility study of the

surface roughness and induction factor are investigated as uncertain parameters. Next,

a study of the parameter uncertainty of the friction in the nacelle model is undertaken

employing the polynomial chaos framework. The uncertainty of the friction parameter

in the nacelle model can propagate into the turbulence of the wake convecting in the

inner wake into the entire far creating an uncertainty in the intensity of wake meander-

ing.
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The addition of a nacelle in modeling wind turbines removes a large model inade-

quacy of actuator-based models and can properly account of the intensity of the wake

meandering. While numerical simulations of wind plants where the geometry is resolved

remains computationally expensive, sufficient modeling is necessary to continue to in-

vestigate detail of the physics of the flow inside a wind plant. However, the similarity

in wake meandering statistics for all scales of wind turbines despite the difference in

geometry provides a simple model for wind turbines which can be used in the design

of wind plants and prediction of power performance. This model can be used by wind

plant engineers to quickly investigate power efficiency and loading in turbines.
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Guillaume España, Sandrine Aubrun, Stéphane Loyer, and Philippe Devinant. Spatial

study of the wake meandering using modelled wind turbines in a wind tunnel. Wind

Energy, 14(7):923–937, 2011.

R Ganesh Rajagopalan, Paul C Klimas, and Ted L Rickerl. Aerodynamic interference

of vertical axis wind turbines. Journal of Propulsion and Power, 6(5):645–653, 1990.
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Appendix A

Polynomial Chaos

Stochastic variables can be decomposed into a spectral representation in a Karhunen-

Loeve expansions. The variables are decomposed into deterministic coefficients and

stochastic basis functionals. One such expansion, generalized polynomial chaos (PC)

Xiu and Karniadakis (2003), uses multi-dimensional orthogonal polynomials as the

stochastic basis functionals.

For the PC expansion of a random variable a real-valued, U : Θ → R, variable is

defined in probability space (Θ,Σ, P ) where Θ is the sample space, Σ is the σ-algebra,

and P is the probability measure. The random variable may be indexed by spatial or

temporal vectors such that,

U(x,Θ) : Ω×Θ → R, (A.1)

where x ∈ Ω ∈ Rd. Also, we define the second order random variable U ∈ L2(Θ, P ),

where the random variable will converge in the L2 sense. The inner product is given by

< U, V >=

∫

Θ
U(Θ)V (Θ)dP (Θ). (A.2)

In the probability space, each random sample is can be identified by a random

vector, ξ(Θ) = {ξi(Θ)}Ni=1, where N is the number of random variables. In this case,

the number of random variables are the number of stochastic inputs for the problem;

however, generally, this is not always the case. This leads to the PC expansion of the

random variable U as

U(x, ξ(Θ)) =

∞∑

i=0

ui(x)Ψk(ξ(Θ)), (A.3)
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where u vector is the deterministic component of the expansion and Ψ is the stochastic

component and basis functional.

Each random variable in ξ has some associated probability density function pξi .

Total distribution or the probability measure P is given a joint probability density

function pξ. For the case where each random variable ξi are independent, the overall

probability density function is given as the product,

P = pξ(ξ) =

N∏

i=1

pξj (ξj). (A.4)

The associated probability density function of each random variable ξi can help de-

termine the uni-variate basis functionals, ψ(ξi). Some orthogonal polynomials lead to

faster convergence for a particular distribution. As first pioneered by Wiener, ψ(ξi) for a

normal Gaussian distribution is associated with Hermite orthogonal polynomials. Xiu,

et al Xiu and Karniadakis (2003), advanced Wiener’s work to generalized polynomial

chaos where other distributions are associated with other orthogonal polynomials. For

example, a uniform distribution is associated with Legendre polynomials, gamma dis-

tribution is paired with Laguerre polynomials, and most relevant to the current work,

normal distribution is associated with Hermite polynomials. For more distribution pair-

ing, see works by Xiu, et al Xiu and Karniadakis (2003).

A multidimensional PC set in Eqn. A.3 is built from uni-variate PC expansion poly-

nomials from each random variable ξi. The basis functional built from the orthogonal

polynomials are joined via tensorization. A multi-index vector is introduced for nota-

tion to differentiate between different random variables, γ = {γi}
N
i=1. A multi-index set

is created by

λ(p) =

{
γ :

N∑

i=1

= p

}
. (A.5)

The p-th order basis functional, Ψp is created from the multi-index as the products for

uni-variate basis functionals by

Ψp =




⋃

γ∈λ(p)

γN∏

γ1

ψγi(ξi)



 . (A.6)
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For numerical purposes, the PC expansion shown in Eqn. A.3 is truncated to order

P as follows:

U(x, ξ) =

P∑

i=0

ui(x)Ψk(ξ). (A.7)

The total order of the PC expansion is determined by

P + 1 =
(N + p)!

N !p!
, (A.8)

where N is still the number of random variables in ξ and p is the maximum size of

the uni-variate PC expansion. For Eqn. A.8, it can be seen that the order necessary

for PC expansion grows rapidly with the number of random variables and the size of

the uni-variate expansion. Choosing the correct orthogonal polynomial is important in

order keep the expansion error low.

After the multi-dimensional PC expansion is complete, the moments of the random

variable U(x, ξ) can be solve straight forward because the basis functionals are orthog-

onal with respect to the inner product on L2(Θ, P ). The norm of the basis functionals

is

< Ψi,Ψj >=

∫

Θ
Ψ(ξ)Ψ(ξ)pξ(ξ)dξ = h2i δi,j , (A.9)

where hi is the i-th norm and the δi,j is the Kronecker delta. The mean of the expansion

is calculated by

µU =

∫
U(x, ξ)pξ(ξ)dξ = u0. (A.10)

The variance is calculated from the mean by

σ2U =

∫
(U(x, ξ) − µU)

2pξ(ξ)dξ =

N∑

i=1

u2i h
2
i . (A.11)

Through solving the system at some realizations of ξ, U(x, ξ) is known and the basis

functional Ψ(ξ) can be solved. Because the basis functional is orthogonal with respect

to the probability measure, the deterministic component, u, can be solved by

ui =
< U(x, ξ),Ψi(ξ) >

< Ψi(ξ),Ψi(ξ) >
. (A.12)

Numerical quadrature is commonly used to solve Eqn. A.12. Many different rules

can be used and are presented in literature Xiu and Hesthaven (2005) Ganapathysub-

ramanian and Zabaras (2007) Eldred (2009). Each quadrature rule (Gauss, Clenshaw-

Curtis, etc) presents advantages and disadvantages, but error decreases as the number of



250

nodes are increased. The nodes used for a particular will correspond to the realizations

used in solving the model. Here, the stochastic system is solved at several realizations

included in the distribution of the random variable and basis functionals are solved from

this pre-determined information.

For multidimensional expansion, tensorization of the realizations leads to a fast increase

in the number of points. With any quadrature rule, a Smolyak sparse grid Smolyak

(1963) can be used decrease the number of nodes, while maintaining a fast convergence.

For more information regarding multidimensional quadrature see Xiu, et al Xiu and

Hesthaven (2005).
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