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Abstract
Modeling systems subjected to proportional loading, such as a nanotube being pulled, temperature programmed desorption of chemical species on a surface etc, is of significant
technological importance. A particularly challenging task when dealing with nanoscale
systems is that the thermal fluctuations are on par with the applied stimulus owing to the
small system size. Such fluctuations in conjunction with the extreme nonconvexity of the
underlying potential energy hyper-surface (PES) means that there are mutually competing pathways the system can take and the evolution of the system is stochastic. Often the
evolution is affected by the rate at which the system is loaded.
In the current work, we develop a novel solution strategy for simulating nanosystems subjected to proportional loading using branch following and bifurcation techniques. To this
end, the concepts of the PES, the equilibrium points (ex. stable and transition states), and
the transition networks connecting the stable states have been extended to the context of
driven systems where the PES morphs in response to the external loading. We introduce the
concept of the Equilibrium Map (EM), that is a distillation of the equilibrium and kinetic
features of the evolving PES. The EM is then used to construct trajectories of the system for
representative scenarios that span a spectrum of loading regimes and boundary conditions.
We have developed efficient and highly scalable parallel codes to construct and handle the
EM data.
As a part of modeling the evolution of the system as a state to state dynamics, we have
also addressed the issue of superbasins, arising due to clusters of stable states connected by
low energy barriers relative to the barriers for transitions of the system to states out of the
superbasin, in the context of an evolving PES. The proposed method is able to accelerate
the system trapped in these superbasins and simulate the behavior of the system over long
time scales. Finally we apply the EM method to a nanoslab under displacement controlled
loading and show that the method qualitatively reproduces experimental observations on
similar systems.
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Chapter 1
Introduction
Understanding and predicting material behavior is the central goal of material science. Ab
initio calculations [1], that involve solving the electronic Schrödinger equations, although
very accurate, are prohibitively expensive and are limited to very small system sizes even
with the current day computational capabilities. As such the less expensive molecular mechanics (MM) calculations are widely used. A cornerstone to the MM simulations is the
concept of the potential energy hyper-surface (PES) [2], arising from the vast disparity
of time scales of nuclear and electronic motion, first put forward by Born and Oppenheimer [3]. The Born and Oppenheimer approximation makes possible the application of
Schrödinger’s equations to molecular systems via the separation of nuclear and electronic
motion. The PES is simply an effective potential that governs the nuclear motion through
the equations of classical mechanics. The MM methods, in particular the molecular dynamics (MD) method [4], integrate these classical equations of motion in time to compute
the trajectories of the system.
A limitation of such an integration scheme is that the time steps between successive solution points of a trajectory are required to be of the order of a few femtoseconds in order to
resolve the thermal vibrational motion of the nuclei and to attain convergence of the numerical technique [5]. This small step size requirement severely limits the time scale attainable
by the MD simulation, typically to a few nanoseconds even with state of art computational
resources. But many physical processes of interest, such as chemical reactions [6, 7], protein folding [8, 9], dislocation nucleation and motion [10] etc., typically occur on time
scales that are orders of magnitude larger than the computationally feasible limits of an
MD trajectory. These interesting events are generally the conformational changes associated with the transition, surmounting an energy barrier, from one minimimum to another
1

minimum on the PES.
In the case of systems where these energy barriers are large relative to the scale of thermal
fluctuations, a typical transition trajectory between two minima is characterized by long
periods of thermal fluctuations within an energy basin, around its minimum, with an intervening fleeting interbasin transition. Such transitions are termed as rare events [6, 7, 11]
owing to the fact that the events of interest, the interbasin transitions, are separated by
long periods of (uninteresting) thermal vibrations localized around a minimum and the
time taken for the actual transition, i.e. the act of surmounting the barrier to enter another
basin, itself is small compared to the waiting times between these transition events. If one
attempts to simulate these rare events through the MD methods, even a single transition
event from one energy basin to another would require extremely large number of integration steps. Besides being impractical to simulate any physical process of interest involving
rare events, most of the computational effort in such brute force MD simulations will be
wasted in resolving random thermal motion of the system about an energy minimum.
This time scale issue of the MD simulations can be addressed by exploiting the Markovian nature [12] or the memorylessness of the rare event transitions. Once the system
enters an energy basin on the PES, owing to the long time spent in intrabasin thermal excursions around the metastable minimum, the system eventually looses memory of how it
has reached the current state, essentially wiping off its history. This results in a dynamical regime where the future is only dependent on the current state of the system and any
transitions of the system out of the current basin can be treated stochastically based on
the relative energy barriers to other connected minima, allowing a coarse grained basin to
basin representation of the system dynamics as opposed to tracking the detailed trajectory
resolving the thermal vibrations as in MD.
A first step towards such a coarse grained basin to basin representation of the system dynamics is the understanding and quantification of the topographical features of the PES
such as the energy basins, the minima, the barriers separating the minima etc. The thermodynamics and dynamics of the system can then be interpreted as the transient localizations
of the system in the energy basins of the multi-minimum PES and the transitions between
the basins. But the high dimensionality complexity of the PES means that taking a topographical route to understanding the system behavior, even to the extent of exploring the
entire configurational space of a single basin, is impractical and not directly possible unless a very simplified and yet physically relevant perspective of the PES is adapted. Such
a framework is provided by the inherent structure formalism described next. Mezey [13]
2

and later Stillinger and Weber [14] introduced the concept of configurational mapping in
the context of atomistic systems, wherein the PES is partitioned into catchment regions or
basins of attraction within which any trajectory under perfect damping, quenches to a local minimum that is associated with a mechanically stable (metastable state) configuration,
referred to as an “inherent structure”. Such a mapping into catchment regions inturn dates
back to the works by Cayley [15] and Maxwell [16] but in the geographical context. The
inherent structure formalism allowed the partition function to be separated into structural
and thermal components and study the equilibrium properties of materials [17–20] and in
essence provided a way to handle the complexity of the PES by just having a knowledge of
only a very small subset of the configurational space.
Once the configurational space is partitioned into nonintersecting basins of attraction, with
an inherent structure associated with each of these basins, the next logical step is to link
this inherent structure formalism to the rare event picture. Under the rare event dynamic
regime, if one observes the dynamical trajectory of the system over an interval of time,
we see periods of time wherein the system is localized to a basin, vibrating around the
minimum and once in a while making a fleeting transition to another basin. The kinetics of
transitions between these basins further entails the knowledge of energy barriers, transition
pathways and additional dynamical information about the landscape in the form of the
normal mode frequencies at the intrinsic structures and transition states. Exploration of
these transition states which are the first-order saddle points1 on the PES under the premises
of the transition state theory (TST) [21] is a daunting task and an active area of research. In
fact there exists a plethora of literature devoted to the saddle point finding techniques [22].
Once these transition states connecting various minima are explored, we can then build
a database of minima and the pathways connecting the minima through transition states,
referred to as the kinetic transition network [23]. Such a database can be thought of as a
distillation of the rare-event dynamical character of a PES. Such kinetic transition networks
also provide a basis for visualization of the PES through the construction of disconnectivity
graphs [24]. Finally, with such a database of minima and the kinetic transition networks,
we can describe the rare event dynamics as a basin to basin stochastic jump process. This
is a bird’s eye view of the coarse graining of the dynamics of the system that enables the
simulation of the system over long periods of time [25].
1

First-order saddle points are equilibrium points with a single negative principle curvature i.e. at these
points on the PES there is only a single principal direction in the configuration space along which the potential
energy decreases.

3

1.1

Thesis objective

The objective of the current contribution is two fold. Firstly, the concept of kinetic transition networks described in the literature [23] is limited to a static PES i.e. the PES does
not evolve in time. Here we extend this concept to mechanically driven systems, as in a
nanotube subjected to tensile load in a tensile test experiment. The immediate consequence
of such a loading is the extension of the configurational space of the PES by an additional
dimension, the loading parameter, and the PES can now be thought of as an evolving landscape along the loading axis. The loading can in turn be a function of the time. With such
an extension, the equilibrium points now define continuous curves called the equilibrium
pathways, with intervening folds and bifurcations, that can be parametrized by the loading
parameter and the transition network describing the connectivity between various minima
on the evolving PES shall now be treated as a parameter dependent network with nodes
as the solution points on the stable equilibrium pathways and edges as the transition pathways connecting various stable equilibrium states. This network evolves in response to the
loading. Dealing with such an evolving network of states involves keeping track of the
appearance and disappearance of states, clustering of states, changing edge weights (the
transition characteristics such as the energy barriers etc. ) and is a daunting task.
Systematic approaches to address such problems are lacking in the literature, particularly in
the atomistic simulation community. If one intends to extend the PES exploration methods
to the evolving context by discretizing the loading i.e. (i) Discretize the loading schedule
into steps of load increments/decrements, (ii) At each loading level, explore the features of
the corresponding (static) PES, and then (iii) Reconstruct the evolution of the features of
the PES by considering all the static PESs at the discretized loading set. For example, if one
intends to build the evolution of a metastable minimum through the loading schedule, such
an evolution can be built by tracking the minimum at each loading level and then fitting a
curve to the properties of the minimum such as its energy over the loading schedule. Such
a scheme, although seems a straight forward extension at the first look, is not simple and
very inefficient. This is because, owing to the non-convex and highly complicated nature of
the PES, adjacent features on a static PES can be quite similar, say two minima can differ
by a slight motion of a single atom. If one tries to establish correspondence between such
slightly differing features at various load intervals, to build their evolution, comparisons of
structural configurations can result in errors. Such a task can be handled without errors and
more efficiently if one directly tracks the evolution of a feature as a function of the load as
opposed to reconstructing the evolution of the feature by the aforementioned scheme.

4

We address this issue by applying branch following and bifurcation (BFB) techniques to
systematically track the equilibrium solution branches as a function of the applied loading.
We show that BFB methods are a natural and efficient way to extend the concept of PES to
driven systems. At this juncture we introduce the concept of equilibrium map (EM) that is
defined as the network of all dynamically important features of an evolving system, such
as the equilibrium pathways, connectivity networks between the equilibrium pathways and
other dynamical quantities along these pathways. A striking feature of the EM is that the
computation of the network is amenable to parallelization by virtue of independence of
the equilibrium pathways. We then also present the issues of parallelization of the EM
construction.
The second aspect of this contribution is the application of the EM to address the issues
arising from the nonconvexity of the PES particularly in the context of nanostructures. The
highly nonconvex nature of the PES means that the system can encounter a multitude of
minima and the intervening transition states during its excursions on the PES. This is further complicated by the fact that we are dealing with systems under external load and the
landscape is evolving as previously mentioned. Thermal and mechanical fluctuations can
cause systems to morph from one deformed structure to another and nominally identical
loadings can lead to many different response sequences. This is more pronounced in the
case of nanostructures where the applied load and the thermal fluctuations are on equal
footing owing to the small length scales. Another troubling fact with many existing simulation procedures such as the MD is that they provide only one of the myriad of possible
equilibrium pathways. Even more troubling is the fact that the obtained pathway will depend on the details of the numerical solver used. Also with the typical MD simulations
that compute the dynamic trajectories there is the added problem that simulated loading
rates are typically many orders of magnitude larger than the experimental rate due to the
short time scale of atomic vibrations that limit the numerical integration. This can lead to
qualitatively different behavior in cases where the response is rate dependent as reported in
the uni-axial compression experiments of nanopillars [26].
To address these issues and provide a better understanding of the evolution of the system
under external loading, we use the EM to construct three classes of evolution trajectories
for the system based on the physical regimes of interest. As the extreme scenarios we
define (i) quasi-static path QP that corresponds to the case wherein for an infinitesimal
increase in the applied mechanical loading, the system is given infinite time to sample
all possible configurations and to settle into the global minimum of the PES. Physically
this corresponds to a system loaded infinitely slowly and in contact with a heat bath (at
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T = 0+). (ii) quenched dynamic path QD that corresponds to the case where kinetic
energy is instantaneously removed from the system. At a point of instability, the system
can only roll down the PES to a local minimum without the ability to overcome energy
barriers. This is an idealization of a system with very high damping and very high thermal
conductivity such that any mechanical vibrations are instantly damped out and the heat
released is transferred to the surroundings at a rate that is very high compared with the
rate of loading. Finally we define a more interesting case that is physically relevant to
the laboratory experimental conditions called (iii) driven dynamics DD that corresponds
to the scenario where the system is loaded at a finite rate. In this case we use the kinetic
Monte Carlo (KMC) method to construct the dynamical trajectories of the system, that
qualitatively reproduce the rate dependence of the system’s response as observed in the
experiments.
This work partly subsumes our earlier work on the EM method [27]. The additional contributions of this work include development of new methodologies and their implementation
in building a highly scalable parallel code that efficiently constructs the EM. On the conceptual front, the case of driven dynamics is extended to overcome the timescale bottlenecks
caused by the cluster of energy basins connected by low barriers that trap the system due
to repeated fast transitions called “flicker events” that degrade the performance of KMC
technique.

1.2

Thesis outline

Chapter 2 reviews the basic concepts and methods of the PES and the aspects of equilibrium and stability in the context of atomistic systems, partitioning the PES for state to state
dynamics representation. Here the basic concepts of parameter dependent systems, equilibrium pathways, critical points and bifurcations are introduced. A high level overview of
the harmonic TST (hTST) is presented.
Chapter 3 forms the theoretical basis for the bulk of the numerical computations in the
current work. Algorithms and techniques for numerical continuation are reviewed. Group
theoretic bifurcation techniques for systems with symmetries are discussed.
Chapter 4 builds on the already introduced concepts of the PES, bifurcation, equilibrium
pathways and stability to explain the concept of the EM. Once a firm mathematical definition and framework of the EM is laid out, we introduce the QP, QD and DD pathways as a
means to understand the system behavior under various physical scenarios. The motivation,
physical meaning and the construction procedure of these pathways is presented.
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Chapter 5 is dedicated to simulating the DD trajectory through the KMC methods. Here
we address the small barrier problem in the context of driven systems.
Chapter 6 presents the computational perspective of the EM and the algorithms involved in
building the EM. Here we discuss the parallelization schemes and other implementational
aspects such as the EM database, work distribution, load balancing etc. that are typical to
any large scale parallel computation.
Chapter 7 demonstrates the EM method through the compression of a Nickel nanoslab as
a model problem. Here the EM for the nanoslab is constructed and the system behavior is
studied through the QP, QD and DD pathways followed by a physical interpretation of the
results.
Chapter 8 presents the summary and achievements of the work. It outlines the ongoing
efforts and future directions of research.
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Chapter 2
The Potential Energy Surface
In the previous chapter we discussed the motivation of the thesis - the need to simulate
systems with rare-events are of primary interest. Since we are looking at ways to simulate
such systems using state-to-state dynamics, we need an understanding of the PES and its
salient features in such evolving context. To this end, in this chapter, we begin with a short
review of the concepts and terminology of the PES. We then present the important results of
the hTST for computing the transition rates used in the rare event simulation. The concept
of the PES and its topographical features are then extended to the context of proportionally
loaded systems, where the PES evolves as a function of time or indirectly through the
applied loading that in turn is a function of time. This sets the stage for discussing methods
to compute equilibrium pathways that are the counterparts of equilibrium points (minima
and saddles) in the evolving context, which are presented in Ch. 3.

2.1

The potential energy surface

The PES is a mathematical function that represents the energy of the system as a function of
the nuclear coordinates [2]. We consider only the electronic ground state. For a system of
N atoms, the configurational space is the space of the physical coordinates of all the atoms,
u = (u1 , u2 , · · · , uN ) ∈ R3N , where ui ∈ R3 denotes the position vector of the ith atom.
The PES is a 3N dimensional manifold in 3N + 1 dimensional space, with the additional
dimension corresponding to the value of the potential energy E(u) at the given 3N tuple
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of coordinates corresponding to a configuration of the system1 and defines the effective
potential governing the nuclear motion through the equations of classical mechanics. The
negative of gradient at any point on the PES represents the forces on all nuclei in the
configuration,
f = −∇u E(u).
(2.1)
The nuclear motion can be approximated by the equations of classical mechanics under this
force field. Stationary or equilibrium points are the points on the PES where the forces on
the nuclei vanish,
f = 0.
(2.2)
These equilibrium points are the minima and the saddle points on the PES. The symmetric
matrix of second derivatives, the Hessian H = ∇u ∇u E(u), contains the information about
the local curvatures.
Even for systems of moderate size, the PES is a highly nonconvex landscape with a multitude of minima. For example, Stillinger and Weber [28] estimated that one gram of Argon
22
would have of the order of 1010 distinct structural minima! Such is the complexity of the
problem. Also, detailed calculations involving computations even over a small region of
the configurational space is a formidable task owing to the dimensionality of the problem.
An alternative is to identify only the key features of the PES that play a significant role
in determining the thermodynamics [14, 19, 28–31] and dynamical evolution [32–37] of
the system under the conditions of interest (e.g. the low temperature regime in condensed
matter systems).
Although it is impossible to visualize a landscape in a higher dimensional space (beyond
three dimensions), it is often advantageous to adapt a topographical view of the PES, as
a terrain of mountainous landscape with intervening energy basins, mountain passes that
connect these basins and so on. Fig. 2.1 presents such a topographical schematic of a PES.
The deepest points inside each of the basins on this landscape correspond to metastable
minima. These are labeled by M1 and M2 in the figure. Mathematically, these minima
correspond to stationary points on the PES where the local curvatures (eigenvalues of the
Hessian) in all directions are positive, i.e. any small motion away from the minimum in1
3N − 6 dimensional manifold in a 3N − 5 dimensional space, if considering the internal coordinate
description of a nonlinear molecular system, where the six degrees of freedom corresponding to three rigid
translations and three rigid rotations are together referred to as the external coordinates since they correspond
to the motion of the system as a whole. Any changes in the external coordinates do not produce any change
in the internal potential energy of the system. In case of a linear molecule the number of internal coordinates
is 3N − 5 since a rotation along the longitudinal axis of a linear molecule does not produce any change in the
internal potential energy of the system.
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Figure 2.1: A schematic representation of various topographical features of the PES.
creases the potential energy. Stationary points where the Hessian is not positive definite are
called saddle points. The number of negative principal curvatures of the PES at the saddle
points is the rank or the order of the saddle. The first-order saddles as the name indicates
correspond to stationary points on the PES where all the local curvatures are positive except
for one (a single negative eigenvalue). So, any small motion away from a first-order saddle
results in an increase in potential energy in all the principal directions expect for a single
mode corresponding to the single negative eigenvalue of the Hessian, along which the potential energy decreases. These are labeled as S1 , S2 and S3 in the figure. Higher order
saddles correspond to stationary points with more than one negative principal curvature. In
the case of a simple landscape in three dimensions as in Fig. 2.1, the higher order saddles
(of order two) are the hill tops and labeled as U1 and U2 .
One can think of the dynamics of the system as a sequence of transitions from one energy
basin to another. In the absence of thermal vibrations and perfect damping, the system
located in an energy basin rolls down the PES along the negative local gradient at each
point along the path and gets stuck at the metastable minimum. The equations of motion
of the nuclei corresponding to the relaxation with perfect damping are given by the system
of equations,
du(s)
= −∇u E(u(s)),
(2.3)
ds
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and correspond to the gradient descent (also knows as steepest descent) dynamics, where
s is a virtual time parameter corresponding to the progress of descent along the steepest
descent trajectory. The parameter s has no physical meaning in the dynamical sense. The
gradient lines converge to equilibrium points on the PES [38].
The presence of thermal noise makes possible the transition of the system to other energy
basins. For the system to move from one basin to another, it should gain enough energy
to surmount the rim of barriers that separates the current basin from the adjacent ones
in the configurational space. In the case of condensed matter systems at low temperatures,
these energy barriers separating the basins are high compared to the average thermal energy
(kB T ) in the system. In such cases, the system executes thermal motion about these minima
within the basin for most of the time, i.e. the system is localized to a metastable state. When
this random thermal energy accumulates in the right direction and is enough to overcome
a barrier, the system tries to leave the basin across one of these barriers [11, 39–41]. If
one considers an ensemble of such systems trying to escape out of a given minima, it is
a fair assumption that a significant proportion of trajectories exit the minima through the
lowest points or within a small neighborhood of the lowest points on the rim of barriers (the
mountain passes) as opposed to mountain tops or any points far away from these smallest
barriers. In the topographical context, the top most positions of these mountains passes
(least energy paths) are the first-order saddles and are referred to as the true transition states.
An extremely useful result at this juncture is the Murrell-Laidler theorem [42], which states
that under mild assumptions if two minima are connected by a saddle of order two or
more, then there exists a transition pathway connecting these minima, with a lower energy
barrier that involves only a first-order saddle (true transition state)2 . So throughout this
discussion, we are only concerned with first-order saddles that are the bottleneck regions
for transitions between metastable minima and thus drop the explicit qualifier “true” and
use the terminology transition state to describe a first-order saddle.
Thus a typical transition path starts from a minimum, ascends the transition state, and then
descends to the minimum. Such a path from M1 to M2 through S1 is shown in red in
Fig. 2.1. So the transition state is the maximum in the direction of the transition connecting
the minima and a minimum in all other directions. It shall be pointed out that the transition
path is just a coarse-grained representation of the state-to-state dynamics and is not the
actual dynamics. The actual dynamics is more complicated in that it consists of many
excursions within each basin before eventually escaping the basin, that can be obtained
2

There exist cases of PES where this does not hold [43], but we do not consider such pathological cases
in the current work.
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by integrating Newton’s equations of motion for the nuclei. The transition pathway along
with a proper distribution of escape times statistically represents the fully resolved MD
transition trajectories. Another feature of the PES is the branch point. This is labeled as B
in the Fig. 2.1. These points occur when the steepest descent path from a saddle leads to
another saddle instead of a minimum. In such cases the transition pathway bifurcates at the
branch point [44, 45]. Although we do not deal with branch points in the current work we
will discuss them at a later stage in Ch. 4.

S9
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S4

S3

B
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Figure 2.2: A schematic of partitioning of the PES into basins of attraction.
The next important concept of the PES is to introduce a method of partitioning the PES into
catchment regions [13] or basins of attraction [14]. This idea of partitioning a landscape
into catchment regions or basins of attraction in turn traces back to the works by Cayley [15]
and Maxwell [16], but in the geographical context. Here we give a definition of such basins
and a way to identify these basins in the configurational space. A basin of attraction is
defined as a region or a hyper-volume in the configurational space, within which every point
leads to the same local minimum called the “inherent structure” (IS) under the steepest
descent path (2.3) and these hypervolumes do not interpenetrate. A schematic of such a
partitioning scheme is shown in figure 2.2. Two such inherent structures are labeled as A
and B. Such a partitioning of the configurational space into basins of attraction also form
the conceptual and computational basis for coarse graining the dynamics on the PES. As
such identifying the stationary points on the PES in particular the minima that characterize
12

the basins of attraction, transition states and the pathways connecting the minima through
the transition states are extremely important.

2.2

Transition state theory and the harmonic approximation

The basic idea behind coarse graining the system dynamics is to replace the fully resolved
dynamical trajectory of the system, mostly consisting of “uninteresting” intrabasin thermal
excursions interleaved by occasional “interesting” interbasin hops, with just a sequence of
interbasin hops. An important ingredient to such a scheme is the amount of time the system
spends localized to a basin of attraction before transitioning into another basin of attraction.
For ease of understanding, consider a system with just two states, as shown in Fig. 2.3. The
system has 3N degrees of freedom. The coordinates and the momenta are given by qi and
pi respectively, i = 1, 2, · · · , 3N . Consider a reaction coordinate q1 along a minimum
energy path that partitions the configuration space into two regions (basins of attractions)
A for q1 < qs and B for q1 > qs . Let us denote all other coordinates and momenta by
X = (q2 , · · · , q3N , p2 , · · · , p3N ). The system is initially in the basin of attraction of state
A. The system samples the basin for some time before eventually escaping out of it to
the basin of attraction of state B. We now wish to forgo the finer details of evolution that
include random thermal vibrations and represent the process of transition from A to B as a
direct jump. So we are interested in answering question, how long does the system dwell in
state A on average before escaping to state B? or equivalently, if one considers an ensemble
of such systems starting initially in state A, what is the rate at which these systems jump
from the state A to B? In this section we will review the expression for such transition rate
derived from TST.
Before we can begin our discussion of TST, we need an understanding of various dynamical
time scales of the transition process between various states of the system, rare events and
local equilibrium. We begin with the time scales. The first one is the vibrational time
scale τv with which the system localized to a basin vibrates about the minimum due to
thermal energy. This is typically of the order of femto-seconds. The next time scale τn
describes the time scale at which the system equilibriates to a given noise level, i.e. how
long does it take for the system to gain or loose the thermal energy to equilibriate with
the surroundings. The next and very important time scale is that of the activation or the
escape τe . Given a system located in a basin of attraction with an average kinetic energy
kB T , occasionally owing to the nonlinear coupling of the vibrational energy modes, this
energy flows into the right direction kicking the system out of the basin through a transition
state. The escape or activation time scale τe corresponds to such a process. Once the
13
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Figure 2.3: A schematic energy profile of a system for a transition from one stable state A
(reactant) to another stable state B (product) via a transition state S.
system is activated and reaches the transition state, the time scale τb denotes how fast the
system crosses the bottleneck region. Once the system crosses the bottleneck region and
enters the neighboring basin of attraction, the vibrational energy is then redistributed among
various vibrational modes thereby relaxing the system. The time scale associated with such
a decay or relaxation process is denoted by τr . It shall be observed that the activation
or escape time scale τe and the relaxation time scale τr should not be confused with the
time scale of equilibration to a particular noise level. Finally the correlation time scale
τc that characterizes the time scale of decorrelation of noise in the system. For a detailed
understanding of all these time scales refer to Hanngi et. al. [11] and the references there
in.
In case of condensed matter and solid state systems where the energy barriers separating
various minima are high compared to the thermal activation, the escape time scale τe is
vastly longer than all the other fast time scale events τn , τb , τr , τc etc. Such occasional transition events, as previously defined in Ch. 1, are known as rare events. In the time interval
between such jumps between various states of the system, the system can be assumed to be
in a local thermal equilibrium within each basin and there are no dynamical correlations.
The assumption of local equilibrium is crucial to TST in that it enables the usage of Boltzmann distribution to approximate the phase space distribution of the system during the wait
14

times between the rare events.
The basic idea behind TST estimation of the transition rate out of a basin is that if one can
identify the bottleneck regions of transitions out of a basin, the transition rate through a bottleneck region can be computed as the product of the probability of the system being present
at the bottleneck and the rate of crossing the dividing surface at the bottleneck out of the
basin [21, 46–52]. Apart from the assumption of the system obeying the equations of classical dynamics (no tunneling) under the potential field described by the Born-Oppenheimer
surface, an essential assumption in TST is that local equilibrium conditions prevail within
the basins of attraction so that the phase space distributions are given by Boltzmann distribution as explained earlier. Another serious assumption is that there are no recrossing
events, meaning that in our example in Fig. 2.3 if a trajectory begins in the basin of attraction of the state A and once the trajectory crosses the transition state S (assuming that the
first-order saddle is our bottleneck region), there is no returning back and the system will
transition into the state B. Thus the bottleneck region is the “moment of decision” [47]. In
reality the no recrossing assumption is not correct and results in an over estimation of the
computed transition rates. More sophisticated methods such as the variational TST [53–
56] are used to find the optimal bottleneck region that minimizes the transition rate and
thus minimizing the effects of recrossings. These optimal bottleneck regions are known
as generalized transition states and need not pass through the first-order saddle states. But
the variational TST rate computation is complicated and is beyond the scope of the current
work. Moreover to our goal of developing a simulation methodology using the framework
of the EM, the choice of method for computing the rates is not critical. Assuming of course
the fundamental assumptions of rate theory in general hold, the better the approximation
of rates the better the simulation results. So for the rest of our discussion we operate under
the basic framework of TST.
The transition rate from state A to state B using TST is given by,
kA→B = kB T

Q‡
QA

(2.4)

where kB is the Boltzmann constant and T is the absolute temperature. QA is the partition
RRR
function of the basin of attraction of state A given by QA =
dq1 dp1 dXe−H/kB T . Q‡ is
q1 <qs
R
the partition function at the transition state uS defined by Q‡ = dX(e−H/kB T )q1 =qs , p1 =0 .
Thus the reaction rate from TST involves cumbersome integrals to evaluate the partition
functions of the transition state and of the basins of attraction, which in most cases are
computationally intractable.
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The TST becomes a very practical tool to compute the transition rates in the case of tightly
bound solid systems where the energy barriers are high. In the presence of high energy
barriers, the potential energy at points on the configurational space away from the minima
(within the basin of attraction) is high compared to the minima and thus the probability
of finding the system at such points is insignificant. So the minima and the regions close
to the minima carry significant statistical weight in computing the partition function integrals. Such an argument can be extended to the rim of barriers surrounding the basin of
attraction when computing the flux crossing the rim. In such cases, the first-order saddles
are the low lying bottleneck regions along the rim that carry significant statistical wight
and are extremely good approximations to the transition bottlenecks. This reduces finding
the bottleneck regions to a geometrical optimization problem of finding the first-order saddles [22]3 . Under these conditions, it is very reasonable to approximate the PES around the
minima and first-order saddles using a quadratic function. This will greatly simplify the
evaluation of the partition functions and is known as the harmonic TST (hTST) [57, 58].
Here we present the final expression for the transition rate from state A to state B obtained
through hTST.
Q3N A
i=1 νi
e−(ET −EA )/kB T ,
(2.5)
khTST = Q3N
−1 S
ν
i
i=1
where νim , νis and EA , ES are the normal mode frequencies and potential energies at states
A and S, kB is the Boltzmann constant and T is the absolute temperature. Note that in the
denominator, the product of normal mode frequencies at the saddle runs from 1 to 3N − 1.
This is because the normal mode frequency corresponding to the direction normal to the
dividing surface is not included in the product.
The hTST rate equation is similar to the empirical Van’t Hoff - Arrhenius relation,
kArrhenius = Ae−∆E/kB T ,

(2.6)
Q3N

νA

i=1 i
where the prefactor A corresponds to the first product term in the hTST equation, Q3N
−1 S .
νi
i=1
This is interpreted as the frequency of attempts or the rate at which the system vibrates
along the reaction coordinate. The exponential term involving the activation energy is the
same for both the relations and represents the probability that a particular attempt succeeds
in crossing the transition state to the other side. From a computational perspective, the
evaluation of the transition rate involves the computation of the energy barrier between the
stable state and the saddle and the normal mode frequency products corresponding to the

3

Note that TST itself does not place any direct restriction in identifying the bottleneck regions. All it
needs is the satisfaction of conditions of local equilibrium and no-recrossings.
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positive eigenvalues at those states.

2.3

Markov dynamics

The hTST expression gives the equilibrium escape rate or equivalently the inverse of the
transition rate gives the average waiting time in a state. The memeorylessness and the
absence of correlated events in the rare event dynamics means that the distribution of the
waiting times obeys Poisson statistics and one can sample such a distribution to compute
a waiting time. Again owing to the memorylessness of the process the next state of the
system is completely determined by the current state. Thus the coarse grained evolution of
the system as a sequence or a chain of jumps from one state to another with a waiting time
in each of the states can be mathematically modeled as a Markov chain. A Markov chain
is simply a sequence of events wherein the next event is entirely determined by the current
state of the system and the system resides in each state for a certain amount of time. Since
our final goal is to deal with systems that are driven by an external load, we postpone the
discussion of modeling the evolution as a Markov jump process to chapters 4 and 5.

2.4

Systems subjected to proportional loading

We now take a step forward towards representing the dynamics of systems subjected to
proportional loading as state-to-state jump processes. By proportionally loaded systems,
we refer to systems where a control variable such as an externally applied load or a displacement in case of a specimen undergoing tensile test; the electrode potential in case of
an electro-catalysis experiment; the magnetic field in case of magnetization experiments to
name a few, is varied. The control parameter, generally referred to as the loading parameter
can itself be a function of time and the system can be thought of as evolving under a time
dependent driving as prescribed by the loading schedule. In case of mechanical systems
under proportional loading which is the problem of interest in the current work, the external
loading can be either displacement controlled or load controlled. In case of a displacement
controlled loading, some of the degrees of freedom of the system are fixed to a specific
value and this value is manipulated during the loading process. Thus the potential energy
of the system which is a function of the coordinates of the atoms changes as the applied displacement is varied. On the other hand, a load control means that the total potential energy
of the system must include the internal potential energy of the system that is a function of
the degrees of freedom of the system and the potential energy of the applied load. As the
load is varied the total potential energy of the system varies. This means that the PES and
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its features evolve in time.
A key assumption to state-to-state modeling of such an evolving system under the premise
of TST (and hTST) is that we limit the rate of loading such that the dynamics of the system
is entirely described by the boundary conditions (loading value) at that particular instant
of time and not its time history or the loading rate. This is referred to as the adiabaticity
condition [59]. In other words the time scale of loading is vastly longer than all the intrinsic timescales of the system τe , τn , τb and τr discussed previously. The satisfaction of the
adiabaticity condition means that the key assumption of local equilibration underlying TST
is not violated. So the transition rates computed by TST and hTST needed for computing
the residence times in the evolving states remain accurate to a high degree.
The next step is the extension of the previously introduced concepts such as minima, transition states etc. to an evolving context. This is done through a simple example of a one
dimensional Ginzburg-Landau type multiwell potential energy (a curve in this one dimensional case) describing phase transitions in a system. The shape of the potential curve (here
after refereed to as PES in keeping with our regular terminology) changes with the applied
load. We denote the applied load by the parameter λ. The total potential energy of the
system is now dependent on the value of λ along with the values of the degrees of freedom
u, taking the form E(u, λ). As the value of λ varies the features of the PES such as the
minima and saddles change, new minima can appear and existing minima can disappear.
The transition pathways connecting the minima are similarly affected. Fig 2.4 presents a
schematic of such an evolving PES. Here the slices on the right show the PES at a few
representative values of λ. The yellow surface on the right presents how the PES varies as
the loading is varied and shall not be confused with the PES itself.
At higher values of λ the PES is convex and is characterized by a single minimum. As the
value of λ is decreased, the PES looses its convexity. The central minimum that was previously stable begins to become shallower and at the same time two additional minima begin
to appear on either side of the central minimum. The two minima on either side are separated from the central minimum by two local maxima, in this case two first-order saddles.
Thus the entire PES which was previously convex with a single basin of attraction can now
be partitioned into three basins of attractions with a minimum at the bottom of each of the
basins and the first-order saddles defining the limits of these basins in the configurational
space4 . One can then define transition pathways into and out of each of the minima through
4

In a higher dimensional configurational space, it is a rim of barriers that separate a basin of attraction
from the rest of the configurational space and such a rim may contain one or more first-order saddles as
previously discussed.
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Figure 2.4: A schematic of the evolving one dimensional landscape. The yellow surface is
a sequence of one dimensional potential energy curves as a function of the loading factor
λ. The slices at various loading levels are shown to the right. The bifurcation diagram is
the set of all the equilibrium paths and is shown generally visualized as a projection of the
equilibrium pathways onto the configuration - loading plane shown at the bottom.
the first order saddles. As the load λ is reduced further, the central minimum ceases to be
a well thereby loosing its stability and at the same time the minima on either side of the
center grow deeper. Now one can define transition pathways between the two existing minima passing through the first-order saddle that was previously the central minimum. As the
load is reduced further, the central first-order saddle increases in energy growing taller and
the minima on either side grow much deeper. This presents a picture of the evolving PES.
The final goal is to understand the dynamics of the system on this evolving PES using the
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coarse grained state-to-state representation. This involves the extension of the definition
of a state to an evolving context. Let us understand why we need to do this. Assume that
the system is initially in a basin of attraction, vibrating about its minimum. As the PES
evolves so is the basin of attraction. Finding the residence time in the evolving basin, assuming that the adiabaticity condition holds, involves a knowledge of: (i) the configuration
of the minimum at any instant of time, (ii) the transition pathways and the corresponding
transition state configurations that take the system out of the current basin at any instant of
time. If we can answer (i) and (ii), then the instantaneous transition rates through various
transition states out of the current basin of attraction can be computed using TST. These
rates can then be used to compute the residence time in the evolving energy basin. Thus
we need a way to track the evolution of the equilibrium points, the minima and the saddles,
as the PES is evolving. If one tracks these equilibrium features as a function of the loading parameter, it is immediately evident that we are seeking curves in the configurational
and loading space as a function of loading. Progression along a curve then describes the
evolution of a particular equilibrium point or a state as the loading changes.
Here we introduce the basic terminology to define the evolving states. Numerical techniques to track these curves of equilibrium points and methodology of computing the residence times will be presented later in chapters 3, 4 and 5. Let us revert to Fig. 2.4. Consider
the central minimum on the PES at the highest loading value. As the loading is decreased,
the central minimum continuously morphs and its evolution is represented by the blue curve
on the evolving PES on the left. Such a curve is generically referred to as an equilibrium
path or an equilibrium branch. As already discussed the stability of an equilibrium point
can be tested by computing the Hessian at the equilibrium configuration and observing the
eigenvalues of the Hessian. If all the eigenvalues are positive then the equilibrium point is
stable else it is unstable. In the current schematic, we denote a stable equilibrium branch,
as a curve along which each equilibrium point is stable, with a solid line and an unstable
equilibrium path with a dashed line. Since we begin with the central minimum, we call the
equilibrium path through it as the primary branch5 and is shown in solid blue.
As the loading is reduced, the central minimum looses stability. At the point of loss of stability along the primary branch, two equilibrium branches emanate. This point is referred
to as a bifurcation point and the newly emanating pathways (shown in red) are called the
bifurcating branches. Since the bifurcating branches in this case emanate from the primary
path, they are also referred to as the primary bifurcation branches. In the current case, the
5

Typically in literature, it is customary buy not necessary to denote an equilibrium pathway passing
through the zero loading point as the primary branch.
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primary branch becomes unstable beyond the bifurcation point and is thus shown in dashed
blue. we now follow the primary bifurcating branches, that are initially unstable and thus
shown as dashed red curves. As we traverse along these branches, initially they are in the
direction of increasing loading value. But after a certain value of the loading, they change
their course and turn back in the direction of the decreasing loading. The point along an
equilibrium branch where such as change in loading direction occurs is known as a turning
point. In the figure the blue and red (both solid and dashed) are projected onto the plane of
u and λ for better visualization. This is shown in the bottom of Fig. 2.4. The set of all the
equilibrium branches is termed as the bifurcation diagram (BD), typically visualized as a
projection onto the plane defined by k u k and λ as in the schematic Fig. 2.5.
Primary bifurcation branch

Multiple bifurcation point

λ
Secondary bifurcation branches

Primary path

Turning points

Simple bifurcation point

kuk
Figure 2.5: A schematic bifurcation diagram highlighting the important terminology used
in the present work.
The simplified schematic in Fig. 2.4 presents only a few of the characteristics of the equilibrium pathways. In order to introduce further terminology we use the schematic shown
in Fig. 2.5. This shows a generic BD of a system as a projection onto the k u k and λ.
As already introduced previously it shows the basic elements of a BD such as the primary
branch, primary bifurcation branch, bifurcation point and turning point. The additional
terminology to be introduced is that of qualifying a bifurcation point based on the number
of bifurcating branches emanating from it. A simple bifurcation is where a single a single
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eigenvalue of the Hessian that was previously positive and thus associated with a positive
principle curvature of the PES becomes negative, indicating the occurrence of an instability
and results in an additional branch of solutions emanating from it. A multiple bifurcation
point is where more than one bifurcating branches emanate from the bifurcation point. In
the present work we limit ourselves to the occurrence of simple bifurcations in the systems
for reasons outlined in Ch. 3.
These equilibrium pathways are only a part of the ingredients to computing the state-tostate dynamics of the system. The rest comes from the connectivity of these equilibrium
pathways, i.e does a direct pathway through a transition state exist between two minima
at a particular loading? If so what are the energy barriers involved in such a pathway. If
for a given set of equilibrium pathways at a particular value of load, we establish such
connectivities between various minima through the transition states, we refer to such a
connectivity diagram as the kinetic transition network (KTN). As the loading changes, the
connectivities between various minima can change both in terms of how various minima
are connected and the energy barriers involved along each connection. Thus we can see
that the whole KTN evolves in time just like the PES evolving in time. Once these time
evolving connectivities are established, we will be able to compute the residence times in
each basins of attraction defined by the minima, thereby creating a dynamical state-to-state
trajectory of the system.
We continue this line of thought, in the next chapter where we discuss methods for computing the equilibrium pathways.
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Chapter 3
Branch Following and Bifurcation
Methods
This chapter is dedicated to methods for numerically tracing the equilibrium paths. We
begin with basic terminology and notation and then state the Implicit Function theorem
that guarantees the existence of smooth branches of equilibrium pathways from a given
initial equilibrium solution under certain conditions. We then discuss various means to
parametrize the equilibrium pathways and numerical techniques to compute the pathways.
Once the basic picture of the continuation methods is presented, we show how symmetry
considerations are useful and in some cases needed to be able to compute the equilibrium
pathways.
By numerical continuation techniques, we mean the solution methods to the equilibrium
equations parametrized by the loading parameter λ, i.e. we seek solutions to the set of
nonlinear equations,
f (u, λ) = 0,
u ∈ RN , λ ∈ R
(3.1)
where f : RN × R → RN is a sufficiently smooth map. The equilibrium equations, as
previously discussed, are derived from the gradient of a potential energy function E(u; λ)
and describe a set of 1-dimensional manifolds contained within the N + 1 dimensional
space. Eq. 3.1 can be reformulated as,
f (x) = 0,

f : RN +1 → RN

(3.2)

where x ≡ (u, λ), x ∈ RN +1 . Here a distinction between the state variable u and the
loading parameter λ has not been made. Under sufficient conditions of smoothness and
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absence of continuous invariances, given an initial solution to the equilibrium equations,
Eq. 3.1, a continuous branch of solution exists as a function of the loading parameter λ
through the initial solution. This is formally stated by the Implicit function theorem[60]
below.
Theorem 3.0.1. Implicit function theorem (IFT): Let B1 and B2 be a Banach space and a
parameter space, respectively. Let f : B1 × B2 → B1 satisfy the following conditions for
some sufficiently small ρ1 > 0, ρ2 > 0:
1. f (u0 , λ0 ) = 0 for some u0 ∈ B1 , λ0 ∈ B2 .
2. f,u (u0 , λ0 ) is nonsingular, i.e. u0 is an isolated solution and the inverse is bounded
i.e. k f,u (u0 , λ0 )−1 k≤ k, for some constant k.
3. f and f,u are continuous on Bρ1 (u0 ) × Bρ2 (λ0 ) where Bρ1 (u0 ) = {u ∈ B1 : k
u − u0 k< ρ1 } and Bρ2 (λ0 ) = {λ ∈ B2 : k λ − λ0 k< ρ2 }
Then for all λ ∈ Bρ2 (λ0 ), there exists a u(λ) ∈ Bρ1 (u0 ) such that:
1. u(λ0 ) = u0
2. Existence: f (u(λ), λ) = 0
3. Uniqueness: For λ ∈ Bρ2 (λ0 ) there is no other solution to f (u0 , λ0 ) = 0 in Bρ1 (u0 )
other than u(λ).
4. Continuous dependence: The solution u(λ) is continuous on Bρ2 (λ0 ).
The IFT, schematically represented in Fig. 3.1, states that given an initial solution x(0) ≡
(u0 , λ0 ), there exists a locally continuous branch or curve of solution points, c(α) : [x(α)], α0 <
α < α1 . Here α is an arbitrary variable that parametrizes the solution branch and the
choice of parametrization is an important aspect of continuation techniques. Numerical
continuation techniques aim to approximate these solution branches as a discrete sequence
of solution points along the branch given an initial solution (u0 , λ0 ) to Eq. 3.1.
Before we move on to computing the equilibrium branches, we will characterize the equilibrium points as being regular or singular. A point (u0 , λ0 ) is a regular point of f , if the
Jacobian fu0 ≡ ∇u f (u0 , λ0 ) ∈ RN ×N is non-singular, i.e. Rank(fu0 ) = N . A point that is
not a regular point of f is called a singular or critical point. Branches composed of regular
points are termed as regular branches.
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The singular points are further classified into fold and bifurcation points. Let (u0 , λ0 ) be a
0
singular point. The null space of the singular Jacobian f,u
= f,u (u0 , λ0 ) is spanned by the
set of linearly independent eigenvectors {φi | i = 1, 2, . . . m} where m is the multiplicity
of the critical point.
0
Ker(f,u
) = span{φ1 , φ2 , . . . φm }

)

T

0
) = span{ψ1 , ψ2 , . . . ψm }
Ker(f,u

k φi k= 1,

k ψi k= 1,

i, j = 1, 2, . . . , m

ψiT φj = δij ,

(3.3)

In order to establish the type of the critical point, the solution (u0 , λ0 ) is studied in terms
of the parameter α, c(α = 0) = (u0 (α), λ0 (α)). Differentiating the equilibrium equation
f (c(α)) = 0 with respect to α at the singular point, we get:
0
f,u
u̇0 + fλ0 λ̇0 = 0,

(3.4)

where the dot (˙) indicates the differentiation with respect to α, u̇0 = du/dα α=0 and
λ̇0 = dλ/dα α=0 . For the above equality to hold (using Fredholm Alternative theorem),
0
fλ0 λ̇0 ∈ Range(f,u
)

and ψiT fλ0 λ̇0 = 0

(3.5)

The above condition is valid in two cases:
0
)
1. fλ0 ∈ Range(f,u
0
) and λ̇0 = 0
2. fλ0 ∈
/ Range(f,u

The first case corresponds to a bifurcation and the second case corresponds to a fold point.
See [61] pg. 61-74 for a physical interpretation of bifurcation and turning points. The IFT
holds in the case of a regular point and in the case of a simple fold where dim Ker(fu0 ) = 1,
since the fλ0 ∈
/ Range(fu0 ) the rank deficiency of u0 can be removed by appropriately
e =
switching the continuation parameter to one of the state variables in u such that u
(u1 , u2 , . . . , ui−1 , λ, ui+1 , . . . , uN ), where the ui is swapped with λ. In either case, there
exists an 1-dimensional continuum of solutions c(α) in some open interval |α − α0 | <
ρ, ρ > 0 around a regular or a fold point and the solution branch can be extended in both
directions until bifurcations occur.
With the existence of a solution branch through a regular and fold points guaranteed, we
will have to answer two questions to make progress towards mapping all the equilibrium
paths: 1. How is a solution branch constructed numerically and how to extend the solution
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c(α1)

λ

c(0)
c(α0 )
kuk

Figure 3.1: A schematic of the implicit function theorem. The IFT guarantees the existence
of a unique equilibrium pathway passing through the initial solution point is c(0). The
points c(α0 ) and c(α1 ) are the bounds of the path where the Jacobian becomes singular
and the IFT fails to hold at such points. If the singular point is a bifurcation point, them
multiple equilibrium pathways pass through it.
branch beyond the singular points ? 2. How to identify the critical points and how to follow
the bifurcating branches ?
(u∗ , λ∗ )

λ

xi+1

xi
kuk

Figure 3.2: Predictor-corrector method depicting various choices for the predictor and corrector. The dark arrows indicate one particular set of predictor and corrector that estimate
the solution (u∗ , λ∗ ) and correct the solution to compute the converged solution xi+1 . Other
choices of predictors and correctors are shown as faint gray arrows.
We begin with the first question by reviewing various (existing) parametrization and numerical techniques used in the current work. These continuation techniques fall under
the category of predictor-corrector methods and are iterative solution techniques that successively generate a sequence of solution points to approximate the equilibrium solution
branch [62]. As the name indicates, a typical solution step involves two stages, the prediction and then an iterative correction, as depicted in Fig. 3.2. In the first stage, given an
initial solution, xi = (ui , λi ), an approximate solution (u∗ , λ∗ ), referred to as the predictor
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is constructed, typically by an increment of the parameter or some from of tangent at the
initial solution. In the second stage, the predicted solution is iteratively corrected, typically
through some Newton-like or a secant method, bringing the predicted solution close to the
actual solution curve within a preset tolerance, thereby computing a new solution point
xi+1 . Various methods exist depending on the method of constructing the predictor and the
solution scheme of the corrector. The general scheme of predictor-corrector continuation
is as follows:
Algorithm 1 General predictor-corrector based continuation algorithm.
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:

Input: N, dα, (u0 , λ0 ), tolerance
for i := 0 to N − 1 do
(u∗ , λ∗ ) := Predictor(ui , λi , dα) . Predict solution (ui+1 , λi+1 ) based on (ui , λi )
while k f (u∗ , λ∗ ) k >  do
(u∗ , λ∗ ) := (u∗ , λ∗ ) + Corrector(u∗ , λ∗ )
. Corrector iteration
end while
(ui+1 , λi+1 ) = (u∗ , λ∗ )
Adapt the step size dα
end for
Return the series of points {(u∗ , λ∗ )} comprising the branch

Starting with the simplest form of predictors and correctors, more advanced and robust
methods, that are used in the current work are outlined below. But before proceeding
to such techniques, it is essential to reformulate the problem (Eq. 3.1) by augmenting or
inflating it with a normalization constraint N (u, λ, α) = 0. We will see that with a suitable
choice of the normalization, one will be able to continue beyond limit and bifurcation points
with out any problem. The inflated system of equations have the form,
(
fe(u, λ) =

f (u, λ)
N (u, λ, α)

)
= 0,

(3.6)

and we seek solutions of the form u = u(α), λ = λ(α). Typical choices of parametrization
are the load parameter (natural parametrization) or the arc length along the solution branch.
The Jacobian of the inflated system with respect to (u, λ) is given by,
f,u fλ
Nu Nλ
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!
.

(3.7)

At this juncture, we state an important lemma that will be used later while continuing
through folds and bifurcations.
Lemma 3.0.2. Bordering lemma [63]: Let M be a linear operator of the form:
A b
cT d

M≡

!
(3.8)

where A ∈ RN ×N , b ∈ RN , c ∈ RN and d ∈ R. Then,
1. If A is non-singular, then M is non-singular iff d − c∗ A−1 b 6= 0
2. If A is singular and dim Ker(A) = dim Ker(A∗ ) = 1, then M is non-singular iff: (a)
b∈
/ Range(A) and (b) c ∈
/ Range(A∗ ).
3. If dim Ker(A) ≥ 2 then M is singular.
We now review various parametrization and continuation techniques.

3.1

Natural parametrization

Let (u0 , λ0 ) be a regular point. Then by IFT, there exists a maximal constant ρ1 and a
smooth branch of solutions u = u(λ) for |λ − λ0 | < ρ1 . Moreover, with the assumed
smoothness of f , differentiating Eq. 3.1, the derivative,
du
= −(f,u )−1 fλ ,
dλ

(3.9)

exists. As such the natural choice of parametrization is through λ and a predictor-corrector
scheme can be constructed based on Eq. 3.9. This corresponds to choosing normalization
in Eq. 3.6 as N (u, λ) = λ − λ1 , where λ1 = (λ0 + ∆λ) corresponds to the loading after
an incremental step ∆λ. The next solution point on the branch can then be found by the
Newton’s method as:
(
(j)
(j)
f (u1 , λ1 )∆uj1 = −f (u1 , λ1 )
j = 1, 2, · · ·
(3.10)
(j+1)
(j)
(j)
= u1 + ∆u1 .
u1
(0)

.
The initial iterate to the Newton’s procedure is obtained by taking u1 = u0 +∆λ du
dλ (u0 ,λ0 )
If f,u (u1 , λ1 ) is non-singular and the increment ∆λ is chosen to be sufficiently small then
the iteration is guaranteed to converge. This procedure is schematically depicted in Figures 3.3 and 3.4 corresponding to without and with tangent prediction respectively.
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Figure 3.3: Natural continuation with parameter increments.

x2

λ
h1
x1
h0
x0

kuk
Figure 3.4: Natural continuation with tangent predictor.

This method fails at a fold point (assuming the load factor is not swapped with a state
variable to make the Jacobian non-singular), since at a fold f,u (u, λ) is singular. Moreover
there is no local solution if one attempts to take a larger step near a fold point.
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3.2

Arclength parametrization

Arclength is the most popular choice of parametrization introduced by Keller [63]. Here,
the limitation of natural parametrization by the load factor λ at the turning points is overcome by parametrizing the curve by the arclength “s”. The normalization in Eq. 3.6 takes
the form:

N (u, λ, s) ≡

"N +1
X

#1/2
ċi (s)2

i=1

−1=0

(3.11)

and reflects the statement that s represents the arclength. The practical way to implement
the arclength constraint is through the approximate formulation:
N (u, λ, s) ≡ (u1 − u0 )∗ u̇0 + (λ1 − λ0 )λ̇0 − ∆s = 0.

(3.12)

where u̇0 = du/ds (u0 ,λ0 ) and λ̇0 = dλ/ds (u0 ,λ0 ) . Geometrically this corresponds to
finding a solution (u1 , λ1 ) to f (u(s), λ(s)) = 0 in a hyperplane that is perpendicular to
the tangent vector dx/ds = (du/ds, dλ/ds) constructed at the point (u0 , λ0 ) and is at a
distance of ∆s from (u0 , λ0 ). The next solution point on the path can then be obtained by
solving the system of equations arising from the Newton’s method:
(j)

(j)

(j)

(j)

!

(j)

!

(j)

(j)

f (u1 , λ1 )
=−
(j)
(j)
∗ ∗
(u1 − u0 ) u̇0 + (λ1 − λ0 )λ̇∗0 − ∆s
(3.13)
for j = 1, 2, . . ., until the desired convergence is attained. The tangent (u̇0 , λ̇0 ) at the next
solution point (u1 , λ1 ) used for the predictor can be computed by solving the system,
f,u (u1 , λ1 ) fλ (u1 , λ1 )
λ̇∗0
u̇∗0

(

∆u1
(j)
∆λ1

f,u (u1 , λ1 )u̇ + fλ (u1 , λ1 )λ̇ = 0
u̇∗0 u̇ + λ̇∗0 λ̇ = 1.

(3.14)

A schematic of such a procedure is presented in Fig. 3.5. Here, given an initial solution xi
along the equilibrium path, the next solution point xi+1 is computed that lies on a hyperplane (shown in blue) constructed normal to the unit tangent vector φi and at a distance of
h from the initial solution xi .
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!

Figure 3.5: Pseudo arclength continuation.

It can be shown that the bordered matrix on the right hand side of the Newton iteration
in Eq. 3.13 is non-singular both at points on the equilibrium path where f,u (u, λ) is nonsingular (regular point) as well as limit points from the bordering lemma. As such the
pseudo arclength technique can trace an equilibrium path composed of regular points and
limit points. In case where the solution branch being followed contains points where the
bordered matrix becomes singular, as in bifurcation points, the continuation procedures can
step over such singularity given that the predictor lies with a conical convergence domain
around the equilibrium path [63].
3.2.1

Pseudo-arclength constrained approach (PACA)

In this approach [64], the increment of arclength along the path is approximated by the
(N + 1)-dimensional distance between two points on the curve as:
ds ≈ k c(si + ds) − c(si ) k = k ∆c k

(3.15)

Thus the normalization condition in Eq. 3.6 is given by,
1
N (u, λ, s) ≡ (k ∆c k2 −ds2 ) = 0
(3.16)
2

in the predictor step is approximated by the increIn this method, the local tangent dc
ds
mental arc, ∆c. and the predictor is given by d = ci + ∆c. As such the method requires
two solution points for initial input. The jacobian of the augmented system is denoted by
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0

f ≡ [f,u , fλ ] ∈ RN × RN +1 . The corrector is computed by Newton-Raphson as,
"
d := d −

0

f (d)
(d − ci )T

λ

ds
xi

#−1 "

f (d)
1
(k d − ci k2 −ds2 )
2

#
.

(3.17)

xi+1

kuk
Figure 3.6: Pseudo-aeclength constrained approach (PACA).

A schematic of the PACA algorithm is shown in Fig. 3.6. Here the initial solution point is
labeled as si . Given the condition that a solution is sought with in a ball of radius ds, the
method finds xi+1 . As such PACA is useful when the next solution point should exactly lie
on a hypersphere of a given radius centered at the current solution. In the later sections we
see that such a constraint is useful in pin-pointing the location of critical points.

3.3

Moore-Penrose continuation

In this method [62, 65], a predictor d is constructed based on the local path tangent t at the
current solution point ci . The method then aims to find the solution c(e
s) by minimizing the
Euclidean distance from the predictor d to the solution curve, i.e. solve the optimization
problem:
Minimize {k c(s) − d k: f (c(s)) = 0} .
(3.18)
c(e
s)

The normalization N in the augmented system 3.6 then becomes,
N (u, λ, s) ≡ t(c(s)) · (c(s) − d) = 0

(3.19)

The Moore-Penrose continuation can be interpreted as a variant of the pseudo arclength
algorithm where the tangent vector is updated during every corrector iteration.
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Definition 3.3.1. Refer [62] Let A be an N × (N + 1) matrix with maximal rank. Then the
Moore-Penrose inverse of A is defined by, A+ = AT (AAT )−1 .
Definition 3.3.2. Refer [62] Let A be an N × (N + 1) matrix with maximal rank. The tangent vector t(A) ∈ RN +1 induced by A is a unique vector with that satisfies the following
conditions:
1. At(A) = 0
2. k t(A) k= 1
"
#
A
3. det
> 0.
t(A)T
Theorem 3.3.3. Refer [62] Let A be an N ×(N +1) matrix with maximal rank and let t(A)
be its tangent vector. Then the following statements are true for b ∈ RN and x ∈ RN +1 :
1. Ax = b and t(A)T · x = 0
2. x = A+ b
3. x solves the problem: Minimize {k c(s) − d k |f (u) = 0}
c(e
s)

Linearizing the system about the predictor d,
0

0

f (c(s)) = f (d) + f (d)(c(s) − d) + O(k c(s) − d k2 )
0

tT (f (c(s)) · (c(s) − d) = tT (f (d)) · (c(s) − d) + O(k c(s) − d k2 )

(3.20)
(3.21)

Discarding the higher order terms and from theorem we observe that,
0

c(e
s) = d − f + f (d)

(3.22)

Geometrically we are solving the equilibrium equation in the hyperplane perpendicular to
0
the previous tangent vector. So, the predictor at each step is given by d = ci + t(f (ci ))ds
0
and the corrector step is given by, d = d − f + f (d). Fig. 3.7 shows a schematic of the
Moore-Penrose algorithm. The tangent vector to the path and the Moore-Penrose inverse
can be easily constructed once the QR factorization of the transpose of the augmented
0
Jacobian, QR = (f )T is available. Let the QR decomposition be given by
"
0

(f )T = Q
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R
0T

#
(3.23)

φ0i+1
λ
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φ2i+1
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xi+1

φi+1
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kuk

Figure 3.7: Moore-Penrose continuation.
where Q is an (N + 1) × (N + 1) orthogonal matrix and R is an N × N nonsingular upper
triangular matrix. So, if q denotes the last column of Q, then,
0

f q=0

(3.24)

k q k= 1 since Q is an orthogonal matrix

(3.25)
0

So from the definition of the tangent vector, q is the tangent vector t of f up to a sign (direction). In order to determine the sign, use the sign convention from differential geometry.
The positive direction along the curve is such that,
"
det

f

0

dc T
ds

#
>0

(3.26)

Evaluation of this determinant can be further simplified by observing that,
"
det

0

f
zT

#

h 0
i
= det f T , z = detQ detR

(3.27)

detR is the product of its diagonal elements and detQ is unity if Givents rotations are used
and the sign of detQ = (−1)p in case the Householder reflections are used, where p is the
0
number of reflections used in the factorization. This gives the path tangent t(f ) = ±z
depending the sign of the determinants.
The Moorse-Penrose pseudo inverse can be computed as follows: From the definition
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of Moore-Penrose pseudo inverse, A+ = AT (AAT )−1 and from the QR decomposition
Eq. 3.23, we obtain,
#
"
−T
R
(3.28)
A+ = Q
0T
0

Due to the upper triangular form of R, the term f + f (d) in the calculation of predictor can
be computed in two stages as follows:
RT y = f (d)
"
#
y
0+
f f (d) = Q
0T

(3.29)
(3.30)

λ

kuk

Figure 3.8: A schematic of the a path computed using step length adaptation. The red curve
shows the actual solution path. The blue points are the computed solution points along the
path using a step length adaptation scheme. Note that at places where the slope of the curve
varies slowly, the solution points computed with larger step sizes. But at places where the
curve changes its slope faster, the solution points are computed at smaller step sizes so as
to approximate the curve with high accuracy.

3.4

Step size control

The step length in the true sense refers to the Euclidean or the parametrized distance between two consecutive points on the computed path. But a more directly accessible and
controllable quantity is the step length along the predictor and most numerical continuation methods attempt to manipulate this quantity along the curve to maintain a certain
performance level for the corrector procedure. Too small step sizes can lead to wasted
computational effort and too large step sizes can lead to issues like divergence or lower
performance iteration and loss of detail of the curve that is being approximated especially
in the vicinity of the critical points where too large step sizes can result in misidentifying
the singularity. As such the step length adaptation is crucial to the performance of the
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continuation technique and is typically achieved through a posteriori estimates of the local properties of the curve such as: (1) the magnitude of the Newton correction, (2) the
Newton contraction rate and (3) the angle between tangent vectors at the previous and the
current solution points. For a detailed discussion and algorithmic implementation refer
to [62, 66, 67]. A schematic of a path computed with step length adaptation is shown in
Fig. 3.8.

3.5

Identification of critical points

As already discussed, the Jacobian f,u becomes singular at critical points. So, identification
of critical points involves monitoring for these singularities along the solution branch. This
is achieved numerically by the use of test functions. Test functions are real scalar valued
functions that are evaluated during the numerical continuation to monitor the occurrence of
singularities along the path.
Definition 3.5.1. Test functions: Let U be a neighborhood of an equilibrium path c(s) =
(u(s), λ(s)) at a singular point (u(s0 ), λ(s0 )). A scalar valued C 1 function τ : U → R is
called a test function for (u(s0 ), λ(s0 )) if each (u(s0 ), λ(s0 )) ∈ U is a regular zero of τ ,
i.e.
τ (u(s0 ), λ0 ) = 0
d
τ (u(s), λ(s))
ds

s=s0

6= 0.

(3.31)
(3.32)

The occurrence of a singular point between two consecutive solution points at c(si ) and
c(si+1 ) during the continuation procedure is monitored by the change in sign of the test
function,
τ (si )τ (si+1 ) < 0.
(3.33)
Typical choices for the test functions are (i) the determinant, det ∇u f (u, λ), (ii) critical
eigenvalues of ∇u f (u, λ), (iii) test functions via the bordered matrices and (iv) Orientation of the path tangent. In the current work we adopt option (ii), i.e. monitoring critical
eigenvalues. Here we use the result, that the eigenvalues of the matrix ∇u(s) f (u(s), λ(s))
continuously depend on the parameter s [68, 69]. Consider two consecutive solution points
c(si ) and c(si+1 ) and let Λi = {Λ1 (si ), · · · , ΛN (si )} and Λi+1 = {Λ1 (si+1 ), · · · , ΛN (si+1 )}
be the set of consistently ordered eigenvalues. Assuming that the step size ds = si+1 − si is
small enough so that any eigenvalue does not switch its sign more than once within the interval, there exists at least one critical point in the interval s ∈ [si , si+1 ] if Λk (si )Λk (si+1 ) ≤
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0 for one or more k ∈ [1, N ] with the equality implying the case that either c(si ) or c(si+1 )
or both are critical points. However in practice we assume a strict inequality holds. In general there can be multiple eigenvalues that change sign within a given interval, particularly
in case of symmetry breaking bifurcations. In such a case the maximum number of critical
points present with in an interval ds is the number of eigenvalues that change sign.
A practical problem in implementing the above procedure is that many numerical techniques that compute eigenvalues do not ensure consistent ordering of the eigenvalues Λk (s).
This is schematically depicted in Fig. 3.9a. Here a plot of the two critical eigenvalues in the
vicinity of the critical points is shown. The red and green curves show the actual values of
the eigenvalues through the interval. With a naive implementation of eigenvalue tracking,
one can entirely miss the presence of a critical point as indicated by the dots.
Λk

Λk
Λ1

Λ1

Λ2

Λ2

kxk

kxk

(a) Without preconditioning.

(b) With preconditioning.

Figure 3.9: Variation of two critical eigenvalues of ∇u(s) f (u(s), λ(s)) along the equilibrium path.
This issue can be resolved by observing that the equilibrium equations are derived from a
potential function (f = ∇u E) and so the Jacobian ∇u f can be expressed in the diagonal
form Λ as,
R T ∇u f R = Λ
(3.34)
and this similarity transformation corresponds to the rotation of the underlying coordinate
basis through the rotation matrix R with its columns as the eigenvectors of ∇u f . Assuming
that the step size ds is small, the rotation matrix corresponding to the point c(si+1 ) can be
expressed as a composition of the rotation matrix at the point c(si ) and a small rotation Rθ
corresponding to the step ds as,
Ri+1 = Rθ Ri
(3.35)
The consistently ordered eigenvalues at c(si+1 ) with respect to the eigenvalues at c(si )
can then be obtained by finding the eigenvalues of the nearly diagonal preconditioned
matrix RiT ∇u f (c(si+1 ))Ri . The evaluation of eigenvalues of this nearly diagonal matrix
37

then involves the similarity transformation using the small rotation Rθ to obtain Λi+1 . Although one should make sure that the numerical library utilized shall obtain the eigenvalues
through the above procedure.

3.6

Switching branches at bifurcation points

Once a bifurcation point is located along the equilibrium branch to a determined tolerance
level, the next step is to follow the bifurcated path. This involves finding the tangent to
the bifurcating path that serves to construct an initial predictor to branch off the bifurcation
point. From the definition of a tangent vector in def. 3.3.2, the tangent vector at a bifurcation point lies in the null space of the N × N + 1 Jacobian matrix [f,u , fλ ] and tangents
to different branches can be formed by a linear combination of the eigenvectors spanning
the null space. The analysis of the bifurcation point begins with Eqs. 3.3, 3.4 and 3.5 [63].
0
Since at bifurcation point fλ0 ∈ Range(f,u
), there exists a unique solution φ0 such that,
0
f,u
φ0 + fλ0 = 0,

ψi∗ φ0 = 0,

i = 1, . . . , m

(3.36)

From Eqs. 3.3,3.4 and 3.36,
u̇0 =

m
X

αi φi ,

α0 = λ̇0 ,

αi = ψi∗ u̇0 ,

i = 1, . . . , m

(3.37)

i=0

In order to find the constants α0 , α1 , . . . , αm we differentiate the equilibrium equation twice
with respect to the parameter s at the critical point,
0
f,u
ü0

+

fλ0 λ̈0

=−

h

0
fuu
u̇0 u̇0

+

0
2fuλ
u̇0 λ̇0

+

0
fλλ
λ̇0 λ̇0

i

(3.38)

0
0
The first term on the L.H.S, f,u
ü0 ∈ Range(f,u
). Since for a bifurcation point fλ0 ∈
0
0
Range(f,u
), the second term on the L.H.S, fλ0 λ̈0 ∈ Range(f,u
). As such the bracketed
0
term in the R.H.S must also be in Range(f,u
). Therefore,

h
i
0
0
0
ψi∗ fuu
u̇0 u̇0 + 2fuλ
u̇0 λ̇0 + fλλ
λ̇0 λ̇0 = 0,

i = 1, . . . , m

(3.39)

1≤i≤m

(3.40)

From Eqs. 3.36 and 3.39,
m X
m
X
j=1 k=1

Aijk αj αk + 2

m
X

Bij αj α0 + Ci α02 = 0,

j=1

38

where
0
Aijk = ψi∗ fuu
φj φk ,


0
0
Bij = ψi∗ fuu
φ0 + fuλ
φj ,


0
0
0
Ci = ψi∗ fuu
φ0 φ0 + 2fuλ
φ0 + fλλ

(3.41)

2
=1
If the solution of Eq. 3.40 along with the normalization condition α02 + α12 + · · · + αm
exists, then the coefficients α0 , α1 , . . . , αm can be evaluated. The local form of the bifurcating branch can then be found from the equation,

u(s) = u0 + s

m
X

!
αj φj

j=0

+ O(s)

(3.42)

λ(s) = λ0 + α0 s + O(s)
If Eq. 3.40 has r ≥ 2 distinct and non-trivial roots, then there exists at least r solution
branches through the critical point [70]. Of particular interest to us is the case of simple
bifurcations (see next section) where m = 1. In this case Eq. 3.40 reduces to,
A111 α12 + 2B11 α1 α0 + C1 α02 = 0

(3.43)

where
0
A111 = ψ1∗ fuu
φ1 φ1 ,


0
0
B11 = ψ1∗ fuu
φ0 + fuλ
φ1 ,

(3.44)

0
0
0
C1 = ψ1∗ fuu
φ0 φ0 + 2fuλ
φ0 + fλλ
.



A practical way to switch branches without evaluating the coefficients α0 and α1 is by
perturbing the system at the simple bifurcation point in the direction,
(u̇, λ̇) = (∆sφ1 , 0).

(3.45)

Due to the convergent nature of the predictor-corrector scheme, the solution converges on
to the bifurcating branch and it is this method that is implemented in the current work.

3.7

Symmetry

The bifurcation of solution paths is often associated with breaking and making symmetries of the system. Symmetries of the governing equations depend on many aspects of
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the system. They typically arise from the geometry, underlying physical laws such as the
material constitutive relations, the boundary conditions and the external stimulus such as
a symmetrically applied load etc. For the governing equations to exhibit symmetry all the
underlying aspects should exhibit symmetry of some form. The use of symmetries in bifurcation analysis greatly simplifies the study and has several advantages. An immediate
consequence of symmetry adapted analysis in BFB methods is that the problem can be
studied in a smaller domain by restricting the system to a particular symmetry group, thus
greatly reducing the computational effort. The most compelling factor to use symmetries is
that under generic perturbations such as slight numerical precision errors, the equilibrium
behavior in the vicinity of the critical points can be quite different. Bifurcation points might
entirely disappear due to numerical sensitivity of the governing equations near the critical
points and one typically observes that a continuation procedure approaching a critical point
along a solution branch switches to a bifurcating branch completely cutting off the critical
point. In such cases only turning points are associated with algebraically simple eigenvalues. But the presence of symmetry restricts a path to that particular symmetry thereby
preventing it from switching to a path of different symmetry close to the bifurcation point.
As such the branch that is being traversed is guaranteed to pass through any bifurcation
points, there by ensuring that the bifurcation point is not missed. The perturbed solutions
in the absence of symmetries are schematically depicted in Fig. 3.10 where Figs. 3.10a and
3.10b can be compared to their symmetry restricted counterparts in Figs. 3.11a and 3.11b.
As such our next goal is to incorporate symmetries into the continuation procedures.
λ

c2 (s)

λ
c2 (s)
(uc , λc )

c1 (s)
(uc , λc )

c1 (s)

kuk

kuk

(a) A symmetric bifurcation

(b) An asymmetric bifurcation

Figure 3.10: Under generic perturbations and without any symmetry restrictions the continuation procedures can fails to capture bifurcation points. The bifurcation points can be
misidentified as turning points due to branch switching.
Mathematically the concept of symmetries is dealt with using group theory. Since the use
of group theory in bifurcation is a mature topic and is beyond the scope of the current work
to present it in great detail, here we present only the basic results of group theoretic bifurcation. Interested readers are referred to some the existing works [71–75] on the use of group
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theory in bifurcation analysis and references [76, 77] for group theory and representation
in general.
λ

λ

c2 (s)

c2 (s)
(uc , λc )

c1 (s)

(uc , λc )

c1 (s)

kuk

kuk

(a) A symmetric bifurcation

(b) An asymmetric bifurcation

λ

(uc , λc )
c(s)

kuk

(c) A turning point

Figure 3.11: Types of critical points. In the presence of symmetry restrictions, the continuation algorithms can detect the bifurcations with out switching branches.
A group is an abstract mathematical quantity that expresees the idea of symmetry.
Definition 3.7.1. Group: A set G is called a group, if for every pair of elements g, h ∈
G, there exists an element gh ∈ G, called the product of g and h, and if the following
conditions hold,
1. There exists an identity element e ∈ G such that ge = eg = g,

∀g ∈ G.

2. For every g ∈ G there exists an element g −1 ∈ G, called the inverse of g such that
gg −1 = g −1 g = e.
3. The associativity of composition (gh)k = g(hk) hold for every g, h, k ∈ G.
The number of elements in the group is called the order of the group. A subgroup H of
G is a nonempty subset of G such that H itself is a group. A subgroup H of G is called a
proper subgroup of G if H ⊂ G and H 6= G.
Definition 3.7.2. Group action: Let G be a group and X be a non-empty set. An action of
the group G on the set X is a function φ : G × X → X such that the following conditions
hold.
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1. φ(e, x) = x ∀x ∈ X
2. φ(g, φ(h, x)) = φ(gh, x)

∀g, h ∈ G and x ∈ X

A group and group action defined so far are abstract concepts where the elements of the
abstract group encode some form of symmetry of a set and the group action of the elements
on the set is an operation that preserves the structure of the set. The representation of groups
describe these abstract concepts as concrete realizations in terms of linear transformations
of vector spaces. A representation of a group G on a vector space v is simply a group action
of G on V
Definition 3.7.3. Representation: The representation of G on representation space V is a
homomorphism T̂ : g → T̂ (g) of G into GL(V ) such that
1. T̂ (gh) = T̂ (g)T̂ (h),
2. T̂ (g)−1 = T̂ (g −1 )

∀g, h ∈ G
∀g ∈ G.

3. T̂ (e) = I where I is the identity operator on V .
Here the dimension N of the representation space V is called the degree or the dimension
of the representation.
The matrix counter part of the abstract representation of a group G on RN is a homomorphism T : g → T (g) of G into RN ×N , where g ∈ G and RN ×N is the set of all non-singular
linear transformations of RN into itself with the following properties:
1. T (g)T (h) = T (gh) for all g, h ∈ G where the composition T (g)T (h) is the regular
matrix multiplication.
2. T (g)−1 = T (g −1 )

∀g ∈ G.

3. T (e) = I where I is the identity operator on V .
Consider the equilibrium equations Eq. 3.1, i.e. f (u, λ) = 0, f : RN × R → R. Let
the equilibrium equations exhibit symmetry of an abstract group G with an orthogonal
representation T such that Tg ≡ T (g), where g ∈ G.
Definition 3.7.4. Equivariance: The equilibrium equations are said to be equivariant under
the action of group G if,
f (Tg u, λ) = Tg f (u, λ) ∀g ∈ G.
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(3.46)

Equivariance enables to systematically find proper subspaces of RN which contain the
global solution paths to Eq. 3.1. Let H be any subgroup of the complete symmetry group
G. The subspace
SH = {v ∈ RN : Th v = v} ∀h ∈ H
(3.47)
is called the H-symmetric subspace of RN . Since SH is a subspace of RN one can find the
basis of SH ,
SH = span{ψ1 , ψ2 , . . . , ψm }
(3.48)
where m is given by,
m=

1 X
trace(Th ).
|H| h∈H

(3.49)

From Eq. 3.47 it follows that for v ∈ SH and for all h ∈ H
f (v, λ) = f (Th v, λ) = Th f (v, λ).

(3.50)

Thus f (v, λ) ∈ SH when v ∈ SH . Eq. 3.50 allows for symmetry reduction of the governing equations Eq. 3.1.
fH (v̄, λ) ≡ (ψH )T f (ψH v̄, λ) = 0
(3.51)
where v̄ ∈ Rm and ψH ≡ [ψ1 , ψ2 , . . . , ψm ] is an N × m matrix that maps v̄ into SH and
the inverse map of ψH maps vectors in SH into Rm ,
T
v̄ = ψH
v.

(3.52)

Thus there is a one-to-one relationship between the solutions of the symmetry restricted
system of equations (v̄, λ) and the H-symmetric solutions of the full equations, (v, λ) =
(ψH v̄, λ). The idea of symmetry reduction is to identify the subgroup H of the equilibrium
pathways and solve the symmetry restricted set of equilibrium equations using continuation
procedures outlined in this chapter.
With these numerical methods available, we will seek a methodology to employ these equilibrium path tracing techniques and construct evolution trajectories of atomistic systems.
To this end, in the next chapter we define a mathematical structure, the EM, that is a distillation of all the equilibrium and kinetic features of the system.
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Chapter 4
The Equilibrium Map
This chapter presents the basic framework of the EM and its use in constructing evolution
trajectories of the system that correspond to various physical regimes and loading rates. To
elucidate the concept of the EM, we take a bottom to top approach. We begin by explaining each of the constituents of the EM by giving their mathematical definitions and their
physical significance. We then describe how all these constitutents together make up the
EM. Once a high-level picture of the EM is established, we embark on using it to construct
various trajectories of the system. Throughout this discussion, we limit ourselves to the
case where only simple bifurcations and turning points occur in the system.

4.1

Definition of the EM

Here we give a formal definition of the EM for a discrete system. The EM can be logically
thought of as consisting of two interwoven entities, the bifurcation diagram (BD) and the
parameter dependent kinetic transition network (PDKTN). We will show that either of
these two entities constituting the EM or their combination are needed for the construction
of dynamical trajectories of the system under various physical regimes of interest. In order
to define these entities, we first introduce various physical quantities and their notation.
Let E(u, λ) be an analytic function defining the potential energy of the system, where
u ∈ RN is the set of configurational variables, and λ ∈ R is the loading parameter. The
ordered pair (u, λ) characterizes the state of the system. The set S of equilibrium points,
i.e. states with vanishing force, are obtained by solving the nonlinear system
f (u, λ) ≡ E,u (u, λ) = 0,
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f : RN × R → RN .

(4.1)

The Jacobian f,u ∈ RN ×N is the Fréchet derivative [78] of f with respect to u. A regular
point of f is a solution to Eq. 4.1 where f,u is of maximal rank N . We denote
R := {(u, λ) : f (u, λ) = 0, dim ker(f,u ) = 0}

(4.2)

as the set of all such regular points.
A regular point can further be characterized by the number of negative eigenvalues of f,u
at that point. Such a characterization is useful when studying the stability of the system.
The eigenvector directions corresponding to the negative eigenvalues of f,u , termed as the
unstable modes, represent the subspace in which the PES (fixing the value of λ) has a negative curvature and any motion in such directions leads to a decrease in the potential energy
of the system in the neighborhood of the point. In order to distinguish the regular points
based on their stability, we introduce the superscript notation such that R(i) represents the
set of regular points where f,u has exactly i ∈ Z≥0 negative eigenvalues. Two particular
subsets of R, R(0) and R(1) , corresponding to the stable and transition states (first-order
saddle points) of the system, play a vital role in understanding the dynamical evolution of
the system under the premises of hTST. Therefore, we explicitly define these quantities
due to their recurrent appearance in our discussion. The set of stable points are the solution
points where the Jacobian f,u is positive definite and is given by
R(0) = {(u, λ) : f (u, λ) = 0,

v T f,u v > 0 ∀v ∈ RN \ {0}}.

(4.3)

and the set of all first-order saddle points of f , i.e. points in R where f,u has a single
negative eigenvalue is defined as,
R(1) := {(u, λ) : ∃!v̂ ∈ RN \ {0}(f,u v̂ = β v̂),

β ∈ R<0 ,

kv̂k = 1}.

(4.4)

Where the notation ∃! means “there is exactly one”. We will later see that the single unstable mode v, at the first-order saddle points, is used to initiate a gradient descent trajectory
from that point.
The set of all critical points C are the solutions of f in the complement of R (where f,u is
singular),
C := {(u, λ) : f (u, λ) = 0, dim ker(f,u ) ≥ 1}.
(4.5)
Both bifurcation and turning points together constitute C. We define the subsets Rλ and Cλ
of R and C, consisting of all the regular and critical points of f respectively, at a particular
(i)
value of λ. Under this notation, Rλ represents the set of all regular points with i ∈ Z≥0
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(0)

(1)

negative eigenvalues of f,u . Again we are particularly interested in the sets Rλ and Rλ
representing all the stable and transition states of f at a particular value of the loading
parameter λ.
By virtue of the IFT [60], the regular points can be grouped into maximal connected subsets
of smooth local solution branches called the regular branches. We are now interested in
parametrizing each of these solution branches. The need for such a parametrization from
a physical perspective is that we are ultimately interested in understanding the dynamical
evolution of the system as the loading parameter is being varied. So it is important that we
have a means to track the evolution of each of the states of the system as a function of the
loading parameter. This is achieved by parametrizing each of the solution branches, thereby
defining continuous manifolds of states (curves in this case) of the system as a function of
the loading. Under the parametrization1 by λ, a regular branch through some regular point
(u0 , λ0 ) is given by,
x(λ; λa , λb ) = {(u(λ), λ) ∈ R : λa < λ, λ0 < λb , (u(λ0 ), λ0 )) = (u0 , λ0 ),
(u(λa ), λa ) ∈ C, (u(λb ), λb ) ∈ C}. (4.6)
The solution branches can be distinguished by indexing them, i.e. xi indicates the ith
branch. Further for simplicity, we drop the specification of range of the loading parameter, λa through λb , of a branch and just call it xi (λ) instead of xi (λ; λa , λb ).
Since by definition, a regular branch is entirely composed of regular points and no singular points, the number of negative eigenvalues of f,u for each point along a particular
regular branch remains the same. As such, we can extend the notion of stability to regular
branches. Thus x(i) is a regular branch entirely composed of points that have i ∈ Z≥0
negative eigenvalues of f,u and we refer to it as a branch of stability index i. Again we
are particularly interested in the regular branches x(0) and x(1) , representing the stable and
first-order saddle branches.
Our goal is to use these solution branches as a part of a physical model to describe the
system behavior. As such one is interested in some set of physical properties computed
at each of the solution points along a branch rather than the solution points themselves,
such as the potential energy etc., at each point along the branch. The actual set of such
1

The choice of parametrization, α, is arbitrary. Parametrization by arc-length is used to describe branches
past turning points [63]. Since we have excluded the turning points from the set of regular points by defining
the regular points with respect to the Jacobian f,u as opposed to [f,u , fλ ], all regular branches can as well be
parametrized by λ and in such case each solution branch is monotonic in λ. Also see Seydel [61] pg. 61-75
for a geometric and algebraic understanding of the bifurcation and turning points.
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physical properties of interest depend on the system being studied. Although each such
physical property may be computed knowing the state (u, λ), such computations may be
expensive. So one might want to compute them at once and use many times later. To this
end, we augment each point along a solution branch with a set of physical properties P . To
distinguish such a solution branch composed of augmented solution points from its original
counterpart xi , we introduce the notation x̄i such that,
x̄i (λ) = (xi (λ), P (xi (λ))).

(4.7)

We refer to the ordered pair (xi (λ), P (xi (λ))) as a augmented solution point and x̄i as a
augmented regular branch. Such a notation can be naturally extended to the sets R and C
¯
to get their augmented counterparts R̄ and C.
In the current study, we apply the concept of EM, yet to be presented in this chapter, to
understand the behavior of a Nickel nanoslab sandwiched between two rigid blocks that are
under displacement control, presented later in Ch. 7. In this problem, the set of physical
properties P that are of interest to us are the potential energy of the nanoslab and the force
applied by the rigid blocks on the nanoslab.
4.1.1

The bifurcation diagram

The BD is the set of all augmented solution points S of f , both regular and critical, and
can be thought of as the piecing together of the augmented regular branches and the augmented critical points, with critical points forming the junctions where two or more solution branches meet. Thus, the BD can be represented as a graph with the augmented critical
points as nodes and the augmented regular branches as edges connecting these nodes and
is given by the ordered set,
BD := (V, E),

¯
V = C,

E=

[

x̄i (λ),

(4.8)

i

where V is the set of nodes and E is the set of edges. Note that in the regular definition of
a graph, an edge is defined as a two element subset of V and is thus limited to defining a
connection between two nodes along with any associated weights. But in the present case,
an edge is not limited to defining an association between two nodes but the equilibrium
path that connects the two nodes is also a part of the definition of the edge. Multiple edges
can exists between two nodes. For the rest of the discussion, we will drop the explicit
qualifier, augmented, to describe branches and solution points associated with a property
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list. It should be understood depending on the context.
In the context of regular graphs, where an edge is just link between two nodes, traveling
from one node to another node via an edge is a one step jump process and during such a
process one is generally not interested in asking the question, how far have we progressed
along the edge during such a traversal ? In most cases such a question may even be meaningless. But in the current case of a BD, such a traversal along an edge, particularly a stable
edge, has a physical meaning. Note that by definition each regular branch is monotonic in
λ. Thus traversal along an edge of the BD can be parametrized by λ [63]. From a physical point of view, each edge is an equilibrium path connecting two critical points. Thus
traversal along an edge represents the evolution of the state as a function of the loading parameter. Now if one considers a stable edge, any point along the edge is a stable state. As
the loading is varied, the stable state morphs as is the entire PES. Such traversals facilitate
the physical interpretation and computational tracking of a state evolving with the load and
are useful in simulating the behavior of system under proportional loading.

4.1.2

The parameter dependent kinetic transition network

As already mentioned in chapter 2, the steepest descent paths corresponding to gradient
dynamics on the PES at a loading parameter λ = λ∗ are given by
du(s)
= −f,u (u(s), λ∗ ),
ds

(4.9)

where s is the virtual time parameter. A gradient dynamics path converges to an equilibrium point on the PES. Since the gradient dynamics corresponds to the regime of perfect
damping, we use the terminology of quenched dynamics to refer to the gradient dynamics and the quenched solution to refer to the converged solution obtained through gradient
dynamics.
If we begin quenching the system from a first-order saddle, the quenched solution at s →
∞, (u∞ , λ∗ ) ∈ Sλ∗ , obtained through the gradient dynamics by a slight perturbation from
transition state (usp , λ∗ ) is defined as:
u±
∞


u(s)
 lim u(s) = usp ,
lim
= ±v,
s→−∞
s→−∞ ds
:= lim u(s) :
s→∞
 f (usp , λ∗ )v = γv, γ < 0, v ∈ RN \ {0},
,u
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k v k= 1,
(4.10)

In a general case, the quenched solutions need not be stable2 , i.e. they may not correspond
to a positive definite f,u . Examples of such cases where the gradient line from the transition
state converges to another transition state exist in reaction chemistry and are typically associated with the presence of valley-ridge inflection (VRI) points, also referred to as branch
points, along the steepest descent path, where the Jacobian f,u has a zero eigenvalue and
the corresponding eigenvector is perpendicular to the gradient at that point. Beyond the
VRI point, the gradient line travels on a ridge top, leading to another transition state. In
this study we neglect such scenarios and assume that the quenched solutions are stable. For
more on such issues, see [44, 45, 79–83] and the references therin. Another scenario that
can arise is one where the quenched dynamics path converges to a critical point. But since
the number of critical points is small, we also neglect such scenarios.
From the above definition, we can associate to each point in R(1) two points u+
∞ and
(0)3
u−
. Alternatively, one can think of this as establishing connectivity between the
∞ in R
∗
−
∗
sp
∗
quenched solutions (u+
∞ , λ ) and (u∞ , λ ), through the first-order saddle point (u , λ ),
representing a transition pathway. Thus, if the set of all quenched solutions from every
(1)
point in Rλ∗ are considered as nodes in a graph, the connectivities between each of these
pairs “through” a first order saddle point can be considered as edges connecting the nodes in
the graph 4,5 . It is emphasized that every edge has an intermediate entity, the transition state
(1)
that it passes through. One such edge passing through a transition state (usp , λ∗ ) ∈ Rλ∗
(0)
(0)
∗
∗
−
and connecting (u+
∞ , λ ) ∈ Rλ∗ and (u∞ , λ ) ∈ Rλ∗ with an associated edge weight w is
defined as,
−
ET (usp , λ∗ ) := (u+
(4.11)
∞ , u∞ , w).
The weight w is a set of kinetic parameters,
∗
−
∗
w = (E(usp , λ∗ ), ν(usp , λ∗ ), ν(u+
∞ , λ ), ν(u∞ , λ )),

(4.12)

where ν is the product of all the normal mode frequencies corresponding to the positive
eigenvalues of f,u at a given equilibrium configuration (u, λ). These weights are used to
2

The steepest descent path converges to a point of vanishing gradient [38], i.e.
lim k f (u(s), λ∗ ) k→ 0.

s→∞

−
Pathological cases can arise on the PES where u+
∞ and u∞ are the same.
This graph should not be confused with the BD. The BD is a graph where the edge traversal involves
changing the load parameter where as the current graph is defined at a fixed load parameter, i.e. a network on
a PES at a given loading, connecting various stable states through transition states.
5
Self loops in such a graph arise due to aforementioned pathological cases where both the quenched
−
solutions u+
∞ and u∞ are the same.
3

4
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compute the energy barriers, transition rates and frequency factors [57] used in hTST. Note
that there can be multiple transition pathways or edges between two nodes.
With such a definition of the graph, it is immediately evident that as the loading parameter
λ is varied, the graph connecting the stable states through transition pathways evolves, i.e.
new nodes and edges may appear and the existing nodes and edges may disappear. We call
this evolving graph the PDKTN. The term kinetic transition network [23] indicates that the
graph represents the transition pathways between various stable states of the system (at a
particular loading λ) with the weights being the kinetic parameters used in the hTST. The
prefix, parameter-dependent, represents the fact that the graph evolves with the loading
parameter λ. Thus the PDKTN can then be defined as
Γ(λ) = {V (λ), E(λ)},

V (λ) =

[

(0)

x̄i (λ),

i

(1)

E(λ) = {ET (u, λ) : (u, λ) ∈ Rλ }.

(4.13)
where V (λ) is the set of nodes and E(λ) is the set of edges at a value of the loading λ.
4.1.3

The EM

Finally, an equilibrium map (EM) can be defined as a union of the bifurcation diagram
(BD), the parameter dependent kinetic transition network (PDKTN) and the quench network (QN).
A typical scenario in a temporal coarse-grained simulation involves the mapping of minima
and the transition states on the PES and building the kinetic transition network by establishing connectivity between various minima, through transition states (corresponding to the
reaction/transition pathways). This, now reduces to the act of querying the EM database to
retrieve the PDKTN for a particular loading value λ.
Given an EM, the next step is to use the EM to construct dynamical trajectories of the
system for various physical regimes of interest. The first ingredient to this construction is
the loading schedule. The loading schedule defines how the loading parameter is manipulated6 , i.e. λ(τ ). Here τ is a virtual time parameter. The dynamic trajectory of the system
is then the state of the system as a function of τ . In many cases, one is interested in some
property of the system along the trajectory as opposed to the configuration of the system.
In case of the nanoslab compression experiment considered in the current work, we present
the dynamical trajectory either as the configuration of the system versus the loading, or
6

From a computational perspective, the loading schedule is just an ordered list of numbers corresponding
to the discretized loading sequence or a functional form of λ(τ ).
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potential energy of the system versus the loading, or the applied force versus the loading.
As described earlier time dependence arises through the loading schedule. We describe
three dynamical regimes that span the spectrum of the loading rates, the quasi-static, the
quenched-dynamic and the driven-dynamic paths.

4.2

Quasi-static path

As the name suggests, the quasi-static path (QP) corresponds to the long time limit wherein
at each load λ, the system is given infinite time to sample all possible configurations and to
settle into the global minimum of the PES. Physically, this corresponds to a system loaded
infinitely slowly and in contact with a heat bath (at T = 0+ ). Thus, each point along the
QP is a state corresponding to the global minimum of the PES and is given by,
QP (λ) = {u : argmin E(u, λ)}.

(4.14)

(0)

(u,λ)∈Rλ

Since every point along the QP is an equilibrium point, the determination of the QP only
involves a knowledge of the BD. Note that although a QP path is single valued in terms
of the loading versus potential energy plot, each configuration along the QP path need not
correspond to a unique state. There can be multiple states that have the same potential energy. This is immediately obvious in case of systems with symmetry, where the symmetry
related variants having the same potential energy can correspond to the same point along
the QP trajectory.

4.3

Quenched-dynamic path

The quenched-dynamic (QD) path corresponds to the case where kinetic energy is instantaneously removed from the system. At a point of instability, the system can only roll down
the PES to a local minimum without the ability to overcome any energy barriers. This is an
idealization of a system with very high damping and very high thermal conductivity such
that any mechanical vibrations are instantly damped out and the heat released is transferred
to the surroundings at a rate that is very high compared with the rate of loading. In this
section, we begin with an overview of physical underpinnings of a QD process and then
present a method to construct a QD path.
(0)

Consider a stable regular branch xi that terminates at one end at the critical point (ucp , λcp ) ∈
C in the BD. Since we have limited the discussion to simple bifurcations and turning points,
the Jacobian f,u at the critical point has a single zero eigenvalue. Let the system be ini51

(0)

tially located on the stable branch xi and the load parameter λ be varied (increased or
decreased) in a way that the system traverses the stable branch and approaches the critical
point (ucp , λcp ). We are interested in the trajectory of the system, under the assumption of
perfect damping and at temperature T > 0K, as the loading parameter is varied taking the
system past the critical point. This can be understood as follows.
The system, initially located on the stable branch is in a potential well. As the system
traverses the stable branch, due to a change in λ, the entire PES constantly morphs. From
the perspective of the system, it sits in a constantly evolving potential well (both in terms
of the depth of the well and the topography of its neighborhood). The perfect damping
assumption means that the system is confined to the potential well and is unable to surmount
any barriers to escape from the well due to a lack of sustained activation, regardless of
the barrier size. As the system approaches the simple critical point, one of the principal
curvatures of the PES approaches zero and the system experiences an incipient instability
along the current branch. At exactly the critical point, the potential well ceases to exist and
an infinitesimal motion of the system in the direction of the eigenvector corresponding to
the zero eigenvalue of f,u is energetically degenerate [84].
At this encounter of instability we would like to quench the system. The goal of such a
quenching processes is to associate every critical point at the loss of stability of a stable
branch to a set of stable solutions, so that at the loss of stability and under perfect damping,
the system can roll down the PES and reach one of these stable solutions. Two scenarios
arise at this juncture. In the first case, where the critical point is a turning point, or a
bifurcation point wherein the newly emanating bifurcation branches are all unstable (as
in a simple sub-critical pitchfork bifurcation), no stable solutions exist locally beyond the
critical point. In such a case, any generic perturbation of the system in the direction of
the eigenvector corresponding to the zero eigenvalue results in the system sliding down the
PES along a steepest descent path (eq. 4.9). In the second case, where the critical point is a
bifurcation point and the bifurcating paths are stable (as in a simple super-critical pitchfork
bifurcation), perturbation of the system in the direction of the eigenvector corresponding
to the zero eigenvalue, does not result in the system rolling down the potential energy
hill, but results in a mere switch from the stable branch that is being followed to one of
the newly emanating stable bifurcated branches. Both the cases can be dealt under the
same idea of perturbing the system in the direction of the zero eigenmode at the critical
point and associating the critical point to a pair of quenched solutions corresponding to the
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positive and negative eigevector directions7 . Under such a framework, the second scenario
corresponds to the case when the quench process does not result in the system rolling
down the PES instead remaining on the new stable branch. Once the system is quenched
at the critical point, the system traverses the new stable branch in response to the applied
loading and the process continues. Thus the construction of the QD is a traversal problem
that involves marching the stable segments of the BD from a given initial stable solution,
according to the loading schedule λ(τ ), interleaved with rolling down the PES at critical
point encounters to reach a stable state.
As evident from the above discussion, a particular QD path depends on the solution point
where it is initiated. Also, at the encounter of a critical point the system can have multiple
pathways to roll down the PES. Since the system is assumed to be perfectly damped and the
temperature is above absolute zero, it is safe to assume that the thermal noise of the system
serves to perturb the system at the encounter of instability and the history of loading or
the loading rate does not effect the selection of the quench direction. The actual selection
process can thus be assumed to be stochastic. One way to perform such a selection is to
run a large number of MD simulations at the point of instability and determine the relative
probabilities of the system taking any one of the quench directions. Another simplification
can arise in case where the critical point is a symmetry breaking bifurcation point. In
which case one can select with equal probability each of the symmetry related bifurcation
directions. In the present work we have not implemented the MD based selection procedure
but used equal probability to choose the unstable modes to quench the system.
In the rest of this section, we outline the procedure to compute a QD path. For ease of
exposition, we assume that the initial solution is a stable solution and not a critical point.
The ingredients to the QD trajectory are the loading schedule λ(τ ), the EM and a selection
criterion, which in this case is of equal probability to each of the unstable modes at the
critical point. Algorithm 2 presents the process of QD construction.
7

In most cases the quenched solutions are two stable configurations, often related by symmetry if the
critical point is a bifurcation point associated with symmetry breaking.

53

Algorithm 2 General procedure for a QD trajectory construction
1:
2:
3:
4:
5:

6:
7:
8:

4.4

Input: initial state x, loading schedule λ(τ ), maximum virtual simulation time τsim .
From the BD, locate the branch x(λ) on which the initial state x lies.
while τ < τsim do
March along the current path x(λ) as per λ(τ ) until critical point encounter.
Choose a quench pathway and roll down the PES as per the PDKTN to a stable
state xnext on a stable branch xnext (λ).
Set current state x ← xnext and the current branch x(λ) ← xnext (λ).
end while
Return the chain of branch segments.

Driven-dynamic path

A driven dynamic path (DD) corresponds to the real-world experimental case where a system is loaded at a finite rate. Here the loading rate is limited to the premise of adiabaticity [59], i.e. the escape rate out of a state is well approximated by the instantaneous value of
the the loading parameter and not the time history. We also limit ourselves to the context of
rare event dynamics [6, 7, 11]. In such cases, the evolution of the system can be explained
by state to state dynamics [85] on an evolving (by virtue of varying load parameter) configurational energy landscape (PES) as opposed to dealing with the entire phase space (that
includes the momentum space).
The evolution of the system can be understood as follows. The system is on a constantly
morphing PES due to the application of the external load. The external load λ(t) varies
according to some loading schedule as a function of the real time t. The system spends most
of its time localized around some evolving stable state (i.e. a point along a stable path in the
BD at a particular load), constantly sampling the morphing PES in its neighborhood (basin
of attraction) owing to the thermal fluctuations. The stable state is energetically isolated
from the rest of the configurational space by evolving barriers. Among these barriers are
the transition states (corresponding to the points along the first-order saddle paths in the BD
at a particular load), that are the barriers of least activation, leading to another stable state.
The escape pathways out of the current state through the transition states are described by
the PDKTN. Once in a while the thermal vibrational energy of all the atoms is directed in a
right deformation mode, giving the system enough energy to jump across a barrier and this
is most likely to happen through the transition states. The amount of time the system spends
vibrating around a stable state is related to the height of the barriers that the system has to
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surmount in order escape out of the stable state and the temperature of the system. This
time is referred to as the waiting or the residence time in a state. Larger energy barriers
and lower temperatures result in the system having longer waiting times. Also the time
taken for the transition itself is negligible compared to the waiting time between two such
transition. Another crucial assumption that we make is that the energy barriers are large
enough such that the escape time of the system out of the stable well is vastly separated
from the thermal vibrational scale of the atoms. The resulting events are termed as rare
events [7]. A characteristic feature of rare event dynamics is that the system forgets how
it got into a particular stable well. The rare event dynamics along with the assumption
of adiabaticity means that the choice of escape pathways through the transition states are
only functions of their activation barriers and the escape events are not correlated. Thus
there is an inherent stochasticity built into the system in terms of the choice of the transition
pathway out of the energy basin and the waiting time in each energy basin. Once the system
escapes to another stable well, after waiting in the current state for a certain amount of time,
the same process repeats. A trajectory of the system is then a sequence of states visited by
the system and the corresponding waiting times in each of those states. A schematic of
such trajectories starting from a given state are shown in fig. 4.1.
Such a dynamics of the system can be mathematically modeled by inhomogeneous continuous time Markov process (chain) (IHCTMC) on a discrete state space [12, 86, 87]. The
terminology arises from the fact that, the transition rates between various states of the system change with time and so it is inhomogeneous; the amount of time spent in each stable
well can take any positive real value and there is no minimum waiting time before the system transitions to another state, thus continuous time; the process is memoryless with the
next transition event being completely determined by the current state occupied by the system and thus a Markov process; each stable state is an isolated stable equilibrium solution
and thus the state space is discrete. A consequence of the Markov property is that the system obeys the master equation (ME) [88]. The ME describes the evolution of occupational
probabilities of various states of the system and is simply a coupled system of loss-gain
equations of the occupational probability flux of various states and is given by,
i
dpm (t) X h
=
wn→m (t)pn (t) − wm→n (t)pm (t)
dt
n6=m

(4.15)

where pm (t) is the occupational probability of the state m at a time t, wn→m is the transition
rate from a state n to the state m. In this work, the transition rates are obtained by hTST.
Given an initial occupational probability distribution vector at an instant t = t0 , p(t =
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Figure 4.1: A schematic of DD trajectories. A series of energy landscapes at various times
are shown to represent the evolving landscape along the time arrow. The system initially
starts at a state shown in the bottom most PES. Due to the inherent stochasticity various
dynamical trajectories of the system are possible and are schematically shown by colored
curves passing through the evolving PES.
t0 ) = (p1 , p2 , · · · , pi , · · · ), and the transition rates between various states at all instants
of time, the solution to the ME gives the occupational probability vector at any instant of
time. This can be viewed as time-wise average of an ensemble of evolution trajectories of
the system obeying the aforementioned dynamics. Each such trajectory of the system is
termed as a DD trajectory.
The goal of our study is two fold. (i) Given an initial occupation probability distribution of
various states of the system, compute the occupational probability distributions at a future
time, (ii) given that the system is initially occupying a particular state, compute a DD trajectory of the system. Before discussing how we answer these questions, let us revert to the
ME (Eq. 4.15). The ME is a coupled system of ordinary differential equations. If one aims
to integrate it by brute force, in time, to obtain the evolution of occupational probabilities,
it will be immediately evident that one will run into problems due to the dimensionality of
the state space. The integration becomes computationally intractable when the dimension
of the state space is large. As such we take the route of generating an ensemble of DD
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trajectories and then estimating the occupational probabilities or average properties of the
system as a function of time through this ensemble of trajectories. Another important point
in the interest of the DD trajectory is that, since a DD trajectory is a chain of states of the
system as a function of the time, these trajectories provide insights into various transition
mechanisms occurring during the process. Thus, if one seeks a solution to the ME, a DD
trajectory is a building block to obtaining it. But from a physical perspective, a DD trajectory is more than a building block. A set of such trajectories provide an understanding of
the transition mechanisms, an aspect lost in the averaged picture of the ME. As such in this
study we dedicate our attention only to the computation of the DD trajectories.
The ingredients to constructing a DD trajectory are, (i) the information about the evolving
stable state and the pathways that take the system out of the current state to another at each
instant of time, (ii) a means to compute the residence time in the current state, and (iii) a
way to choose an escape pathway out all the possible escape pathways. In the rest of this
section we outline how the input data for a DD trajectory is obtained from the EM and the
basic idea of the DD construction process. We dedicate the next chapter to discussing the
actual numerical implementation of the DD trajectories.
4.4.1

Data for DD trajectory

The EM, in principle, contains the complete information about the all stable states and
the transition pathways out of each of the stable states of the system as a function of the
load which in turn can be a function of the time. In fact we do not need the complete
EM for this. A subset of the DB corresponding to stable and first-order regular branches
and the PDKTN will provide such information, since the BD has the information about
the evolution of the states as a function of loading and the PDKTN has the information of
the transition pathways at each of the loading values. For the rest of our discussion we will
assume that there is a loading program λ(t) and show the direct time dependence of various
state variables of the system instead of the indirect dependence through λ.
We will now explain the use of BD and PDKTN data for computing DD trajectory. Let us
begin with the system localized to a stable state x at an instant of time t. This is shown
schematically in the Fig. 4.2. The state x is filled in light blue indicating that it is the currently occupied state. The state x(t) is a solution point on some regular branch in the BD.
The state x(t) is connected to other stable states of the system y1 (t) through yn (t) through
the network of transition pathways E(S1 (t)) through E(Sm (t)) passing through first-order
saddle points S1 through Sm . These pathways are given by the PDKTN (Eq. 4.13) as the
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graph Γ(t) with nodes as the stable states and the edges as the transition pathways at the
instant of time t.

y 1 (t)
y 2 (t)
E(S2 (t))
E(S3 (t))

E(S1 (t))

x(t)
E(Sm (t))
y 3 (t)

y n (t)

E(S4 (t))
E(Sj (t))

y i (t)

Figure 4.2: A slice of the EM at a particular value of loading λ(t). The stable states are
shown in blue circles. The current state of the system X is filled in light blue. The transition
states are shown in red. Transition paths connecting the current state X to other states Y1
through Yn are shown in gray edges labeled E1 through Em .
we are now interested in knowing how long does the system stay localized to x, denoted
by τ (x) and in the event of escape what is the next state of the system xnext ∈ {y1 (t =
τ ), · · · , yn (t = τ )}. Answering these questions is the topic of Ch. 5. For the sake of
continuing the current discussion let us assume that we know of a way to compute xnext
and τ x. We now present an outline of the algorithm to construct the DD trajectory.
4.4.2

Outline of DD construction

The process of constructing the DD trajectory is basically an iterative process wherein at
each step we compute the residence time and the next state of the system, constructing a
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chain of states. So at each step, we have the picture of the current stable state x and its
transition neighborhood as outlined in fig.4.2, at the current time t and have a means to
compute xnext and τ x. The system transitions to the next state at the end of the residence
time τ (x) and the process is repeated. This is presented in algorithm 3 below.
Algorithm 3 General procedure for a DD trajectory construction
1: Input: initial state x0 , simulation time tsim
2: Set current state x ← x0
3: while t < tsim do
4:
Compute residence time τ (x)
5:
Compute escape pathway and choose next state xnext
6:
Set current state x ← xnext
7: end while
8: Return the chain of state and residence times (xi , τ (xi ))

In the next chapter, we see the physical and mathematical basis for estimating the residence
time and selecting an escape pathway out of the current state.
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Chapter 5
The Kinetic Monte Carlo Method for
Time Dependent Transition Rates
The objective of this chapter is to present a numerical technique, an extension of the KMC
method, to compute the DD trajectories. Although, in the current work, we apply this
numerical technique to a system whose EM is available, i.e. where the state space of the
system has been explored and the transition pathways and corresponding transition rates
between various states of the system are precomputed, the technique is general in its applicability and can be easily adapted to scenarios where the state space and the transition
pathways are explored on the fly or built from primitive transition mechanisms as in a lattice
KMC. We begin with a discussion of the KMC algorithm for time independent transition
rates, an efficient method to solve the Master equation and construct statistically correct
dynamical trajectories of the system, in the context of time independent systems, where the
transition rates do not change with time during a state to state jump process. As a next step
towards dealing with proportionally loaded systems, we present an existing KMC technique
to deal with evolving transition rates. At this juncture, we discuss the small barrier issue
and the resulting potential energy traps called superbasins that degrade the performance of
the KMC technique. We discuss an existing method to deal with the small barrier problem
in the context of time independent systems based on the absorbing Markov chain approach
and also reference other works addressing the issue. We then adapt the absorbing Markov
chain approach to coarse-grain the fast dynamics within the superbasin and accelerate the
simulation in the time dependent case. Finally, we present an extended KMC algorithm to
simulate the evolution of a system with time dependent transition rates and with the occurrence of superbasins, that seamlessly handles the small barrier issues and integrates it into
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the existing time dependent KMC algorithm. We apply the developed technique to a test
case of a system with a 1D potential evolving in time. This technique will then be used to
simulate the DD trajectories for a nanoslab under proportional loading, presented later in
Ch. 7.

5.1

The KMC algorithm for time independent transition rates

The goal of a stochastic simulation program is to represent the evolution of a stochastic system as a chain of states and the times spent in each of the states before jumping to another
state of the system. Each such chain is a single realization of the system behavior akin to a
single experimental observation made in a laboratory. Many such observations are needed
to build a statistical understanding of the system behavior. A simple and straightforward
method to construct such a trajectory of a system is to discretize the time and at each time
step check if any transition of the system to a different state takes place depending on some
criterion. Naturally the time step will depend on the properties of the system such as the
transition rates between the states and in the time dependent context the choice of time step
also depends on how these transition rates evolve in time. If the criterion is not fulfilled,
reject the trial until a successful transition occurs. This in essence is the underlying principle of the standard rejection sampling algorithm. The drawback of such an algorithm is
that it is computationally inefficient due to the rejected trials and the finite size of time step
introduces discretization errors and so the computed trajectory is not exact.
An alternative way to simulate a stochastic process is that when a system is in a certain state,
instead of asking the question, what is the next state that the system transitions to at the end
of a given time increment, we ask how long the system has to wait in the current state before
eventually transitioning to the next state. If the waiting times are drawn from the correct
probability distribution and the transition events are selected according to their relative
transition probabilities, a chain of states produced by such a method and the waiting times
in each of the states represents a dynamically correct trajectory of the system. Perhaps the
most fecund aspect of such a simulation procedure is that the sampling process is rejection
free and thus no computational time is wasted in simulating events that would eventually
be discarded as in a rejection sampling. This is the idea underlying the basic KMC method.
For a detailed discussion of its derivation, working and its variants refer to the works by
Doob [89, 90], Kendall [91], Bortz et. al. [32], Gillespie [33, 34], Voter [85], Jansen [37]
and the references therein.
Here for the completeness of our discussion, we present only an outline of the KMC al61

Final states
1

2
Initial state
i
wi→j
j

N

Figure 5.1: A schematic of the state space neighborhood of the current state i. The system
can transition into any one of the final states 1 through N . The transition rate from the state
i to a state j is given by wi→j
gorithm for time independent transition rates. Consider a system undergoing a state to
state stochastic jump process. The state space neighborhood, which is the set of states directly reachable from the current state through a single transition or a jump is schematically
shown in Fig. 5.1. The initial state of the system is labeled as i. An escape out of the state
leads the system to any one of the set of N states labeled 1 through N for each of the N
possible transition pathways shown as arrows connecting the initial state i to each of the
final states. A generic state among such final states is labeled j and the transition rate from
state i to state j is wi→j . The transition rates do not change with time.
With this picture of transitions out of the current state, a basic KMC algorithm involves
answering two questions at each step. 1. How long does the system wait in the current state
before eventually escaping out? 2. What is the next state the system jumps to? Constructing
a dynamical trajectory is then essentially an iterative procedure of answering these two
questions at each step. The basic KMC algorithm is presented below.
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Algorithm 4 The KMC algorithm for time independent transition rates
1: Start with initial state i and set time t = 0.
2: while t < maximum simulation time do
3:
List all possible escapes and corresponding transition rates wi→j , j = 1 · · · N
from the current state i.
j
P
4:
Calculate the cumulative function, Γj =
wi→k
j = 1 · · · N.
k=1

5:
6:
7:
8:
9:
10:

Generate a uniform random number rs ∈ (0, 1].
Select the transition j satisfying Γj−1 < rs Γtot ≤ Γj .
Generate a uniform random number rt ∈ (0, 1].
1
log r1t .
Calculate the time for escape from i to j as ∆t = Γtot
Update time to t = t + ∆t and update current state to state j.
end while

Fig. 5.2 presents a schematic of the random selection procedure in step 6 of the KMC
algorithm, for an escape out of the current state i where a transition pathway is chosen with
a probability proportional to the associated transition rate.
(rs Γtot )

0

Γ1

Γj−1

Γ2

Γj

ΓN = Γtot

Figure 5.2: A schematic of the next state selection procedure. Transitions pathways out of
the current state are selected with a probability proportional to the escape rate.

The KMC is applicable to cases where the transition rate does not change with time. This
means that the transition rates shall remain constant during the waiting time of an event but
are allowed to be updated at the end of each event. But many physical processes of interest,
particularly in the current work of simulating proportionally loaded systems, involve time
dependent transition rates. As such, we are interested in simulating such time dependent
systems. The next section presents an extension of the basic KMC to the time dependent
systems.

5.2

KMC algorithm for time dependent transition rates

Several works exist on the application of KMC technique to study the evolution of systems
where the transition rates vary with time. Here we present a brief overview, highlighting
the important results and the simulation procedure. For an in-depth survey of the method
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refer to [87, 92–96] and the references therein. The outline of the simulation procedure is
essentially the same as that of the KMC for time independent transition rates, in the sense
that we try to construct a dynamical trajectory as a chain of states with the corresponding
residence times. But in the case of time dependent systems one should account for the
time varying transition rates in a proper manner. To this end, we first present the results
to sample the residence time and then the procedure of selecting the next state in the time
dependent context.
To compute the residence time, let us start with the system initially in state i at a time t.
The cumulative escape rate out of the current state is given by,
Ωi (t) =

X

wi→j (t),

(5.1)

j6=i

where the summation runs over all the states in the state space neighborhood of the state
i. Ωi (t)dt represents the probability that the system leaves the state i during the interval
(t, t + dt). We define the survival probability S(τ | i, t) as the probability that the system
in state i at a time t, has not yet transitioned out of the state i by t + τ . Then,
S(τ + dτ | i, t) = S(τ | i, t). [1 − Ωi (t + τ )dτ ]

(5.2)

or, in differential form,
∂S(τ | i, t)
= −Ωi (t + τ )S(τ | i, t).
∂τ

(5.3)

The solution to eq. (5.3) with the initial condition that the system is in state i at time t i.e.
S(τ | i, t) = 1 is given by,

S(τ | i, t) = exp −

Zt+τ


0

0

Ωi (t )dt  .

(5.4)

t

The First Passage Time (FPT) density for the system that entered a state at time t and jumps
out of the state at time t + τ is then given by,
F(τ | i, t) = −

∂S(τ | i, t)
∂τ


= Ωi (t + τ )exp −

Zt+τ

0

0

Ωi (t )dt  .
t
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(5.5)

It can be immediately observed from eq. (5.4) and (5.5) that there is a finite probability
that the system never transitions out of the current state i, if the integral on the right hand
side is finite even in the limit τ → ∞. Such states are referred to as frozen states and
the simulation terminates when such states are encountered. The system is guarenteed to
transition out of the state i in a finite time when Ωi (t) does not go to zero or approaches
zero slower than 1 1/t.
The goal of the KMC algorithm is to sample this FPT density through computer generated uniform pseudo-random numbers, ut ∈ (0, 1]. This is achieved through the inversion
method [97], where we equate the cumulative distribution function to the uniform random
number and solve for the random variable τ ,
Zt+τ
ln(1/ut ) =

0

0

0

0

Ωi (t )dt .

(5.6)

t

The current state is a frozen state if,
Z∞
ln(1/ut ) >

Ωi (t )dt .

(5.7)

t

Once the time step τ is computed, an exit pathway is chosen based on the relative rates of
escape from the current state i at the instant of escape t + τ . This is given by,
j−1
X
k=1

wi→k (t + τ ) < us Ωi (t + τ ) ≤

j
X

wi→k (t + τ ).

(5.8)

k=1

To summarize, the time dependent KMC algorithm is as follows:
1

The probability that the system never transitions out of the current state is given by,


t+τ
Z
0
0
S ∞ = lim S(τ | i, t) = exp − lim
Ωi (t )dt  .
τ →∞

τ →∞

t

If the limit on the right hand side is a finite quantity, this means that the system remains in the state i for all
time > t and thus i is a frozen state. From the above equation the condition for the integral on the right hand
side to be finite is,
lim τ Ωi (t + τ ) = 0.
τ →∞
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Algorithm 5 The time dependent KMC algorithm
1: Start at an initial state i and set the time to t = 0.
2: while t < maximum simulation time do
3:
Draw a pair of uncorrelated uniform random numbers ut , us ∈ (0, 1] and check if
the inequality, in Eq. 5.7 is satisfied. If satisfied, the system is frozen in the current
state and so terminate the simulation.
4:
Compute the residence time in the current state using eq. (5.6) and update the time
to t = t + τ .
5:
Choose the next state j from eq. 5.8.
6:
Update the current state to state j.
7: end while

The KMC algorithm outlined above can correctly compute the dynamical trajectory of a
time dependent system. But if at any time during the simulation the system ends up in a
cluster of states separated by very small barriers, the time scale of the event clock becomes
too small. Under such scenarios, simulation of system behavior over long time periods
through the KMC technique becomes highly inefficient and impractical. The next section
presents methods to deal with fast transitions arising due to small barriers between states.

5.3

The small barrier problem

A troubling feature of the PES that one often encounters is the presence of a set of states
that are reachable from each other through small energy barriers and separated from the
rest of the state space by relatively large barriers. These states with fast transitions among
them are collectively referred to as a superbasin. If during a KMC simulation the system
enters a state within the superbasin, firstly the time scale of escape out of the state is drastically reduced owing to the fact that the superbasin states are connected to each other by
very high transition rates as evident from Eq. 5.4 where the time step by which the event
clock progresses is inversely related to the net escape rate out of the current state. Secondly, the next state the system transitions to is highly likely to be another state within the
superbasin as opposed to a state that is located out of the superbasin. This is evident from
Eq. 5.8, where transition pathways are selected in proportion to their transition rates and
so the transitions within the superbasin with high transition rates are chosen with a very
high probability when compared to those transitions with relatively low transition rates that
take the system out of the superbasin. This results in the simulation algorithm repeatedly
sampling the states within the superbasin, executing a large number of events with minimal
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time progression, essentially getting trapped in the superbasin.
Often these fast timescale transitions within the superbasin, termed as flickering events,
are uninteresting as opposed to the relatively long timescale events that take it out of the
superbasin. There are several existing works that address this small barrier problem in the
context of time independent systems. Most of these methods either make use of the separation of timescales of state to state dynamics within and out of the superbasin or modify the
transition rates to accelerate the simulation while properly accounting for the effect of such
modification on the system dynamics. Since a complete discussion of these methods is out
of scope of the current discussion and serves no purpose to replicate the already well written
works, we discuss only the method based on solving the Master equation on reduced state
space of the superbasin and with absorbing boundary conditions for transitions out of the
superbasin [98–100] for time independent systems. We then adapt this particular method
to time dependent systems, discussed in the next section. For an indepth understanding on
other superbasin acceleration methods refer to the very well written works [99, 101] for the
equilibrating basin approach, [102] for higher order methods and [103] for a method based
on modification of rate constants.

5.4

Superbasins, absorbing Markov chains and first passage times

We begin with introducing the basic terminology of superbasins and a technique for identification of the superbasin. We then review the absorbing Markov chain framework to
compute the sample the FPT out of the superbasin thereby coarse graining the uninteresting transitions within the superbasin for time independent systems. Finally we adapt
this framework to time dependent systems and present an algorithm that incorporates this
superbasin acceleration technique into the KMC procedure for time dependent transition
rates.
Let us consider a system with a state space v(t) at an instant of time t. Since we first review
the time independent case, we can drop the time dependence of the state space, at least
during the waiting time of an event. The state space, the connectivities between states and
the transition rates can change after each event but this does not affect our analysis. For
ease of exposition, let us presume the occurrence of two timescales that characterize the
transitions between the states in v. A longer timescale that characterizes the dynamics of
transitions between states separated by large energy barriers and prevails over a large subset
of the state space. We then consider a relatively short timescale of transitions corresponding
to small energy barriers but prevailing over small connected subsets of state space. Note
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(b)

Figure 5.3: (a). The state space of the system at a time t. The gray circles indicate the
states of the system. The initial state of the system, i is shown as a blue circle. The lines
connecting various states are the transition pathways. (b). Identifying superbasin at a time
t. The initial state called the seed state is where the search process is initiated is labeled
i. All transient states are shown with blue borders. The peripheral subset of the transient
states are filled with green and the interior subset of the transient states are filled in orange.
All absorbing states are shown in black.
that both the timescales, long and short, although separated from each other, fall under the
timescale of rare event dynamics and thus there are no correlated transitions between states
even in the short timescale regime.
Fig. 5.3a presents a schematic of a state space of a system. The gray circles are the states
of the system. The initial state of the system i is shown in blue. The line segments connecting various states of the system represent the transition pathways. Let us assume that
we encounter such a state space during a KMC simulation at an instant of time t. We then
intend to check if the initial state is in a superbasin based on the transition barriers. In order
to do this we first introduce some terminology to classify the states lying within and out of
a superbasin.
A superbasin is defined as, (i) a subset of the state space v, such that all states within
the superbasin are reachable through small barriers. Note that all the transition barriers
directly connecting a state in a superbasin to another state in the superbasin need not be
small, but each state within the superbasin is connected to another state in the superbasin
through a sequence of intermediate transitions visiting states within the superbasin and with
small barriers. Thus if we consider three states A, B and C within a superbasin, the pairs
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A, B and B, C may be connected by small barriers and there may not be a direct pathway
or a pathway with small barrier between A and C. But since an indirect pathway with
low barriers between A and C exists via the intermediate state B, A and C are reachable
through small barriers. (ii) Pathways leading to and leaving from the superbasin to the rest
of the state space have high activation barriers. This essentially separates the transition
time scales within the superbasin from those that enter and leave the superbasin.
The idea behind accelerating the KMC procedure in the presence of superbasins is that
since a KMC procedure becomes inefficient if one attempts to apply it to simulate fast
transitions, the domain of fast transitions is partitioned from the rest of the state space
characterized by relatively slow dynamics. One can then use KMC to simulate events
outside the superbasin and if the system enters the superbasin, the Master equation can be
integrated on the fast domain to sample the first passage time (FPT) to exit the superbasin.
Naturally such an integration scheme is computationally efficient and tractable if the superbasin consists of a small number of states and there is a good amount of separation between
the fast and the slow dynamics within and out of the superbasin. An important point to observe here is that the FPT analysis is exact and so there will be no errors introduced into
the computation due to the partitioning of the state space and how the partitioning is done.
Infact the FPT analysis places no restriction on the degree of separation between the fast
and slow time scales. The FPT analysis is just a method to sample the distribution of times
according to which a given random process reaches a specific state or a boundary on the
state space. But from a computational efficiency perspective, the entire faster domain shall
be properly identified and partitioned from the rest of the state space. This can be explained as follows. Assume that a superbasin is properly identified and it includes all the
fast states. Thus if one expends some computational effort to compute the FPT and escape
out of the superbasin into the region of slow dynamics, such a computation is efficient in
that in the case of the trajectory returning back into the superbasin (with some probability),
a considerable time must have elapsed for such a return to occur as the dynamics outside
of the superbasin is slow. Thus the simulation proceeds forward in time reasonably. On the
other hand, if the superbasin is improperly identified as a subset of the previous superbasin,
leaving out a few states in the faster domain, the escape time out of the smaller superbasin
is still correct but the transition to the next state is highly likely be into one of those fast
states left out of the superbasin and then the next transition out of the fast state is more
likely to be back into the superbasin. So, we are back to the same problem of slower event
clock progression with an added computational burden of integrating the Master equation
to sample the FPT. Thus our goal here in identifying a superbasin is to find the maximal
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connect subset of the fast states and identify a boundary with the rest of the state space. We
will then apply absorbing boundary conditions at such a boundary to compute the FPT.
Before we proceed further we introduce additional terminology that is used while dealing
with the superbasins. The set of states comprising the fast domain are called the transient
states and are denoted by vT . The set of transient states that are directly connected to any of
the absorbing states are termed as peripheral states, denoted by the set vP and the transient
states that are not peripheral are termed as the interior states, denoted by the set vI . So
vT = vP ∪ vI ,

(5.9)

and the set of absorbing states vA is the set of states that are directly connected to the
peripheral states but do not lie in the transient domain.
For computational simplicity all the absorbing states can be bundled into a single state
further reducing the size of the system of equations for computing the FPT. Fig. 5.3b
presents a schematic of the superbasin on the PES. The search for a superbasin begins with
a single or multiple states, generally the state of the system during the KMC simulation
where a trapping in superbasin is suspected due to small time steps between successive
events and/or repetitive transitions between a subset of states of the state space. Here
we begin our search from a single initial state i shown with a blue border. We then find
all the states that are reachable from the initial state through energy barriers less than a
preset upper threshold that defines a small barrier. In the present case this results in the
propagation of the superbasin to the extent shown by the light blue region. All the transient
states are shown in blue border. The peripheral states are filled in green and the interior
states are filled in orange. The states that are directly connected to the transient states and
are external to the superbasin i.e. the absorbing states are shown in black.
The reduced state space of the system is the union of transient states and the absorbing
state(s),
vR = vT ∪ vA .
(5.10)
We can now define the evolution of the system by the Master equation (Eq. 4.15) on the
reduced state space vR , recast into the vector form as,
dp
= −M p,
dt

(5.11)

where p(t) = (p0 (t), p1 (t), . . .)T is the column vector of the state probabilities for the
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reduced state space vR , and M is the transition rate matrix defined as,

 −wj→i if i 6= j
P
Mij =
wi→k if i = j,


(5.12)

k

where all the transition rates are computed from the physics of the problem.
We now apply the absorbing boundary conditions by turning off the transitions out of the
absorbing states.
wi→j = 0 ∀i ∈ vA .
(5.13)
Given the initial probability distribution p(t = 0) at the instant when the system is in
the superbasin, typically the initial probability is 1 for the state i and 0 for the rest of the
reduced state space, the solution to Eq. 5.11 is given by,
p(t) = exp(−M t)p(t = 0).

(5.14)

If we express the transition matrix in the diagonal form as M = V ΛV −1 , where V is the
matrix of eigenvectors of M with each column i as an eigenvector corresponding to an
eigenvalue λi , Eq. 5.14 can be written as,
p(t) = V −1 exp(−Λt)V p(t = 0).

(5.15)

If we either combine all the absorbing states into a single state as mentioned earlier for
computational simplicity and find its occupational probability at a time t or take a sum of
the occupational probabilities at a time t of all the absorbing states, such a quantity, the absorbing probability denoted by P a (t) represents the probability that the system has escaped
out of the superbasin at the time t. The survival probability, of being in the superbasin at a
time t is given by,
X
S(t) =
pi (t) ∀i ∈ vT = 1 − P a (t).
(5.16)
i

The probability flux crossing the absorbing boundary never returns and hence survival probability S(t) → 0 as t → ∞. The probability that the system is absorbed during the interval
t and t + dt is given by P a (t + dt) − P a (t). Thus the distribution of FPT is given by,
f (t) =

∂S(t)
∂P a (t)
=−
.
∂t
∂t

(5.17)

Thus we can sample the escape time out of the superbasin by generating a uniform random
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number rt ∈ (0, 1] and finding the time t at which the absorbing probability equals rt .
rt = P a (texit ).

(5.18)

The above equation is solved by making an initial approximation to texit and iteratively
refining the exit time until a desired accuracy is achieved. A good starting point for the
solution is to start with texit = htexit i, the mean FPT (MFPT) and is given by,
htexit i =

Z∞
f (t)tdt.

(5.19)

0

If we start from a state i within the superbasin, pi (t = 0) = 1 and pj (t = 0) = 0
i. From Eq. 5.16 the survival probability is then given by,
S(t) =

X

=

X

j

∀ j 6=

pj (t) ∀j ∈ vT
Vjk e−λk t Vki−1

jk

Using Eq. 5.17 and substituting the above relation in Eq. 5.19 and after simplification, we
get the MFPT
X
Vjk Vki−1 /λk
hτexit i =
(5.20)
jk

The next step in the simulation procedure is to select the next state when the system jumps
out of the superbasin. This next state is thus one of the absorbing states and is connected
to a peripheral state through a transition pathway(s). This selection procedure is done on
similar lines as in the KMC procedures described earlier but has to be adapted to account
for the fact that in the case of an escape from a superbasin the escape can occur through any
of the peripheral states as opposed to a single state in the previously described basic and
time dependent KMC methods. In the event of the system escaping from a single state, the
relative likeliness of a particular transition pathway being chosen for executing an escape is
completely determined by its transition rate normalized by the total transition rate out of the
current state as in Fig. 5.2 for time independent case and Eq. 5.8 for time dependent case.
But in the case of an escape from a superbasin the escape pathways out of the superbasin
into the transition states occur through any of the peripheral states. As such the likeliness
of a particular transition pathway being chosen should also account for the occupational
probability of the peripheral state through which the escape out of the superbasin occurs.
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To do this, we multiply the transition rate of a particular escape pathway by the probability
of being in the corresponding peripheral state, normalized by the cumulative occupation
probability of all the peripheral states at the instant of escape from the superbasin. Thus
if wi→j is the transition probability from a peripheral state i to an absorbing state j, the
weighted transition rate is given by,
pi (texit )
w̄i→j = wi→j P
pk (texit )

∀k ∈ vP .

(5.21)

k

Once such a weighting procedure is carried out, the escape pathway is selected similar to
Fig. 5.2.
Our final goal is to extend this methodology of dealing with superbasins to the context
of time dependent systems. In case of time dependent systems, the state space vector is
a function of time because, firstly states can appear and disappear at any instant of time
over the evolution of the system and secondly the properties associated with a state are
themselves functions of the time due to the evolving landscape of the system. Thus we
revert to our time dependent notation of the state space, v(t). Naturally in such cases,
the superbasin itself evolves in time. Since our goal is to numerically integrate the master
equation on the reduced state space comprising the transient and the absorbing states, we
do so by descretizing the time domain and stepping forward in time. As such we are
interested in identifying the evolution of the superbasin over a span of time for integrating
the master equation, ahead of sampling the actual escape time τ out of the superbasin. Let
us denote this conservative estimate of the escape time by τesti . The average escape time
on the reduced state space of the first superbasin and assuming that the transition rates are
constant in time given by Eq. 5.20. The average exit time can then be multiplied with a
factor, typically 2, to give a conservative estimate for τesti . The evolution of superbasin is
then built by propagating the superbasin on a time grid {t1 , t2 , . . . , τesti }. We first begin
with an initial time t1 and identify the superbasin St1 . The transient states at t1 now act as
seeds to propagate the superbasin to the next time step t = t2 and so on.
The evolution of the system on the reduced state space can now be defined by the time
dependent Master equation,
dp
= −M (t)p(t),
(5.22)
dt
where p(t) = (p0 (t), p1 (t), · · · )T is the column vector of the state probabilities for the
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reduced state space, and M (t) is the transition rate matrix defined as,

 −wj→i (t) if i 6= j
P
Mij =
wi→k (t) if i = j,


(5.23)

k

where the absorbing boundary conditions are applied similar to the time independent case,
but now over the time range of existence of the superbasin.
The rest of the procedure is similar to the superbasin methodology described above but extended to time dependent case. The exit time is sampled by integrating the time dependent
Master equation (Eq. 5.22) and solving,
rt = P a (texit ).

(5.24)

To integrate the master equation, we use the solver CVODE from Sundials package [104]
that provides robust time integrators and nonlinear solvers for stiff and non-stiff systems,
that is directly integrated into the KMC code.
The next state is computed by weighting the transition probabilities with the normalized
occupational probabilities of the peripheral states at the instant of the escape similar to
Eq. 5.21, but now the transition rates out of the peripheral states should correspond to those
at the instant of escape, like Eq. 5.8. Thus,
pi (texit )
w̄i→j (texit ) = wi→j (texit ) P
pk (texit )

∀k ∈ vP ,

(5.25)

k

and

j−1
X
k=1

w̄i→k (texit ) < us Ω̄(texit ) ≤

where Ω̄(texit ) =

P

j
X
k=1

w̄i→k (texit ) i ∈ vP , k ∈ vA ,

(5.26)

w̄i→k (texit ) is the net rate of transition into the absorbing states and

k

us ∈ (0, 1] is a uniformly distributed random number.
5.4.1

Computing system properties

When a dynamical trajectory of a system is computed, in most of the cases it is some
observable property along the trajectory that is of interest to us rather than the state-wise
configurations along the trajectory. In the conventional scenario wherein the system dwells
in a state for a duration of time and then makes a jump at the end of the waiting time,
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computing the system property at any instant during the waiting times is a straight forward
task. We just retrieve the property of the system if it is already available as a function of the
time in the time dependent case as in the EM or a constant value in the time independent
case or compute it from the configuration of the system. But in the case of a superbasin,
we forgo the state-wise resolution of dynamics within the superbasin and instead one is
interested in computing an aggregate property, representative of the superbasin dynamics
for the given initial conditions. This is done by taking a weighted average of the properties
of transient states normalized by the total occupation probability of the superbasin at any
instant of time.
Let g be the property of interest. So, each state i of the system corresponds to a property
value gi (t) at a time t. Then the average property of the system during its residence within
the superbasin is given by,
P
hg(t)ivT =

k

gk (t)pk (t)
P
pk (t)

k ∈ vT .

(5.27)

k

5.4.2

Temporal network database for KMC simulations

Systems in which the transition rates and the connectivities between the states evolve with
time can be effectively represented as temporal networks, particularly where the explored
state space and the transition pathway data are used to build a database as in the adaptive
(AKMC) [105] and self learning [106] KMC methods. More recently a numerical continuation based method is applied to perform KMC simulations of a nanoslab under displacement controlled loading by Pattamatta et. al. [27] where the time dependent transition data
is precomputed and stored as a temporal network.
In the context of KMC simulations where the rates and the connectivities between the
states do not change during a state to state transition event, the transitions between various
states are represented as a graph with the vertices and the edges representing the states
and the transition pathways connecting them, respectively. The vertices and edges have
property attributes such as a vertex being a state is associated with a set of properties like
the potential energy, applied displacement corresponding to that particular configuration
etc. and an edge being a transition pathway through a transition state is associated with
transition rates, as presented in Ch. 4. Such a description is similar to the rate tables popular
in the KMC literature.
A temporal network can be thought of as a generalization of rate table graph to time de75

pendent systems. Here the vertices, edges, the connectivities between the vertices and their
attributes are time dependent. The state space of the system can be described as a set V of
N states, over a given time interval. Each state v(T ) ∈ V is a vertex in the network that is
0
0
0
active/exists during a set of time intervals, T = {(t1 , t1 ), (t2 , t2 ), . . . , (tn , tn )}. A directed
0
edge e(m, n, t, t ) represents a transition pathway from the vertex m to the vertex n. The
0
connectivity between m and n through e exists during the interval (t, t ). The time dependent attributes associated with the vertices and edges are stored either in a closed functional
form, as a function of time (if such a formula is available), or as a discrete set of values at
various intervals on time grid over the span of the existence of the vertex or the edge. This
is schematically presented in the figure 5.4 that describes a system with three states, not all
concurrently present at the same time, changing in time through a parameter λ. Frames (a)
through (h) represent the potential energy of the system as the parameter is increased from
λ1 through λ8 . States L and R are the only stable states from λ1 until λ2 and are connected
by an edge e1 . A third state C begins to appear as the parameter is increased beyond λ2
and becomes progressively stable. The edge e1 disappears beyond λ2 and two edges e2 and
e3 now connect L to C and C to R respectively as shown in the frames (c), (d), (e) and
until (f ). Just as the parameter is increased beyond λ6 , both the states L and R loose their
stability making the state C the only survivor above λ6 . Such a picture is very common
in time dependent systems, similar to the evolving PES example in Ch. 2, Fig. 2.5. As already explained the existence, connectivities and attributes of the states and edges are time
dependent. We present such a time dependent system using a temporal network as shown
in the frame (i). Here each edge connects two nodes through a span of time shown by the
curly braces.
Once the network is set up, all graph theory methods can be applied it, such as querying
the neighbors of a vertex at a given time, computing the cumulative escape rates out of a
state in a given time interval, identifying a connected subgraph with certain constrains such
as given an initial state at a time, get the subgraph of all vertices reachable from the given
node whose barrier are less than a given value etc. An appealing aspect of such a method
of organization of the rate catalogs is that methods that build the database on the fly can be
seamlessly integrated into the structure.

5.5

Algorithm and numerical examples

In this section the algorithm for the superbasin KMC and numerical examples are presented. Fig 5.5 presents the flowchart of the method wherein the superbasin technique
is seamlessly integrated into the regular time dependent KMC method. This algorithm is
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Figure 5.4: Parametric KMC network: Frames (a) through (h) represent schematic free
energy plots at various (loading) parameter values, λ1 < λ2 < · · · < λ8 . L, C and
R represent three states through the evolution of the system. The connectivities between
various states are indicated by edges e1 , e2 and e3 . In frame (b), the pale cyan dot represents
the incipient metastable C and the pale purple edge e1 represents the incipient loss of direct
connectivity between L and R. In frame (f), the disappearing states L and R are shown in
pale cyan and the associated edges in pale purple. Frame (i) represents the system as a
temporal network.
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Figure 5.5: Flowchart of KMC method with superbasin acceleration applicable to both time
dependent and time independent systems.
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generic and is valid for simulations with predefined rate tables as well as on the fly KMC.
The simulation clock is initially set to t = 0 and the system is initialized to the initial
state. Simulation parameters: the maximum simulation time tsim , minimum average step
size to trigger the superbasin search τtrap are preset. The time monitor buffer is initialized
with large elements so that the superbasin search is not triggered until N KMC steps are
executed. If the average time step is greater than τtrap then no trapping is detected and the
simulation proceeds to step 2 to execute the regular KMC method to evaluate the residence
time and the next state from equations 5.6 and 5.8. If a superbasin search is triggered,
attempt to constructed/propagate the superbasin until the estimated time τesti . If it is not a
superbasin or the superbasin search has failed, revert to step 2 and perform regular KMC.
In case a superbasin is successfully identified, use Eq. 5.24 to sample the escape time out of
the superbasin and Eq. 5.26 to select the next state. Repeat this procedure until the desired
simulation time is reached.
Note that in the above algorithm, although the size of the energy barriers between states
sets the criterion for a superbasin, it is the average of the last N time steps that triggers
a superbasin search. Thus one has to properly set the parameter τtrap . If τtrap is set too
large then the superbasin search is triggered too often possibly even when no superbasin
is detected based on the barrier criterion. On the other hand , if τtrap is set too small then
a super basin search may not be triggered even if the system is trapped in a superbasin.
So in practice one should set τtrap based on the dynamics of the problem. Another way
to overcome this is set an alternative criterion to trigger a superbasin search. A straight
forward approach to keep track of the last N states of the system and identify any repeated
states.
5.5.1

Example: One-dimensional PES

We present a simple example involving the evolution of a system on a 1-dimensional periodic potential as shown in the Fig. 5.6. The system is subjected to an external loading λ
and the time dependence of the loading is given by λ(t) = t/2. The system has 9 stable
states throughout its evolution. States 1, 2, 8 and 9 are fixed, i.e the energy does not change
with the applied loading λ(t), whereas energy of the states 3, 4, 5, 6 and 7 changes with
the loading. The transition rates between various states is computed by the usual TST expression wi→j = νe−β/kB T where the prefactor is assumed to be a constant, ν0 = 1012 s−1 ,
temperature is 300K and the energy barriers are computed from the PES. A check for superbasin is triggered if the time step falls below 10−5 s and the escape time is computed
by integrating the master equation as outlined in section 5.4. The minimum barrier for the
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Figure 5.6: One dimensional periodic PES evolving in time. Only one periodic element is
shown.
states within the superbasin is set to 0.5eV . As the time progresses, a superbasin emerges
with states 3, 4, 5, 6, 7 as transient states. States 2 and 8 are the peripheral states.
Figures 5.7 and 5.8 present an evolution of the system using KMC algorithm without and
with superbasin acceleration. In case of the conventional KMC, the blue bands indicate
the frequent entrapment of the system in the superbasin comprising of the states 3 through
7. The total physical time progression of the simulation consisting of 1.326 million KMC
hops is just 2ms. Whereas with the superbasin acceleration turned on, the physical time
progression is 1sec for 94918 KMC steps. 0.1s.
We have presented a simple methodology to deal with the superbasins in the time dependent context and seamlessly integrated it into the KMC algorithm. The detection of the
superbasin is triggered by monitoring the time steps of the KMC simulation. Once the
average time step over the last preset number of transitions falls below a set tolerance, a
superbasin search is triggered. A conservative estimate is made for the residence time with
in the superbasin at the initial time and the super basin is explored until the end of this
conservative estimate, thereby characterizing the evolution of the superbasin and building
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Figure 5.7: Evolution trajectory for 1.326 million KMC steps without turning on superbasin
acceleration.
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Figure 5.8: Evolution trajectory for 94918 KMC steps after turning on superbain acceleration.
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a reduced state space representation of the system by applying absorbing boundary conditions to transitions leading the system out of the superbasin. The residence time within the
superbasin is then sampled by direct solution of the master equation on the reduced state
space. This superbasin protocol is integrated into the actual KMC algorithm. In Ch. 7 we
apply this KMC algorithm to compute DD trajectories for a nanoslab under displacement
controlled loading.
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Chapter 6
The EM code structure
In this chapter, we present the algorithmic procedures of generation of the EM. As already
discussed in Ch. 4, the EM consists of two tightly interwoven entities, the BD and the
PDKTN. Both of these entities are graphs, i.e. broadly a set of nodes linked together by a set
of edges. Building the EM is then an exploratory procedure that involves propagating the
BD and the PDKTN concurrently. This procedure begins with an initial solution, typically
the unloaded configuration of the system, that is a point along the edge of the BD and
involves following the edge to explore new nodes. We then follow the new edges emanating
from these nodes and repeat the procedure. Since some of these nodes are bifurcation
points, multiple edges emanate from such nodes resulting in an explosion of pathways as
the exploration progresses. This progressive enrichment of the EM dataset is continued
until the state space1 of the system is characterized to a level that suffices to compute the
dynamics of the system to a reasonable degree.
This exploratory procedure is inherently parallelizable as computations on one region of
the graph can be done “almost” independently of the other. For example, if we just consider the BD, as we compute a solution branch on a processor and when a bifurcation point
is encountered, multiple new computations can be spawned on the fly to follow each of
the bifurcating branches on different processors and these computations are independent
of each other. Although it shall be pointed out that this procedure is not entirely embarrassingly parallel and there is some degree of inter-dependency between computations to
ascertain consistency of the data being generated. The issue of consistency arises because
of two reasons. Firstly, the EM is not just the BD but also consists of the PDKTN. The
1

Actually the extended state space that contains the loading parameter along with the configurational
variables.
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PDKTN as already explained is a network of SD pathways and can be thought of as graph
network that runs orthogonal to the BD as it establishes connectivity between various solution points (between two stables via a first-order saddle) of the BD at each value of loading factor as opposed to the BD whose edges correspond to exploration along the loading
factor axis. Thus whenever a first-order saddle path of the BD is explored, the ensuing PDKTN computations involve spawning SD computations from points along the path and then
comparing the converged SD solutions against all the existing stable solutions in the BD.
Now since these stable solutions that are points along the edges of the BD and these edges
keep pouring in continuously from all the processors, a comparison operation on these stable solutions should be aware of all the existing stable solutions there by necessitating a
knowledge of the entire EM that is constantly being updated. The second reason is that of
the uniqueness requirement of the graphs being explored and to avoid any repetitive computations, such as finding the same node or edge more than once on different processors
and trying to add duplicate entities to the graph. Such duplicities not only pose a problem
to meaningful usage of the data for drawing physical conclusions, but also drastically degrade the computational efficiency of the procedure. This is due to the snowballing effect
of the duplicate computations where in duplicate computations generate more duplicate
data. Thus in terms of computational layout, we are converging to a manager-worker type
parallelism. The workers are the work-horses, crunching the numbers to compute the equilibrium pathways and do the SD calculations and the manager coordinates with the workers
to ensure the uniqueness and consistency of the EM data while performing only high level
managerial computations such as comparing two configurations/nodes or edges so that a
node or edge addition to the EM is unique, distributing work to the workers, computing
some performance measures on the data etc.
Also with the huge dataset and its rich structure of entities that we wish to compute, the next
immediate question that arises is that of handling the data that is being generated, i.e. how it
is stored in memory, modified and retrieved. Managing the data is of paramount importance
in such data intensive computations because the I/O issues often form bottlenecks and
exacerbate scalability issues in parallel codes. With a stream of solution points constantly
computed by the workers, we need a high speed parallel file system and a file format that
scales satisfactorily with the number of worker processors as well as the problem size. The
problem size is also a criterion because it dictates the sizes of these solution points that
are being stored which in turn dictate the overall memory requirement of the EM dataset.
Overall we are looking for a parallel database that supports rich type of data structures,
scales well and has high throughput.
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Our main goal here is to present a high level overview of the EM construction. For ease of
exposition, we breakdown the presentation roughly into three classes. The first class deals
with the numerical computations that are needed to construct the EM such as following an
equilibrium path and performing SD calculations. The second class deals with the data that
is generated through these computations, its organization, storage and retrieval. The third
and the final class deals with the top most layer of the entire EM procedure. It deals with the
parallelization of these numerical computations, the tasks of worker i.e. how the primitive
computations are aggregated to form a super class of computations, tasks of the manager,
interaction of various constituent procedures and data entities. We make no attempt to
present the finer details of implementation but just provide a bird’s-eye-view of the entire
procedure.

6.1

The numerical procedures

The main numerical algorithms involved in the generation of the EM are, (i) a numerical
continuation technique that computes the solution branches, critical points, and the tangents
to the bifurcating path in case of the critical point being a bifurcation point, that forms a
primitive building block of the BD, (ii) the steepest descent technique to establish connectivity between various stable states via transition states, that forms a primitive building
block of the PDKTN.
Apart from this we need several auxiliary routines, that handle the symmetries, given an
approximate solution polish an equilibrium a desired tolerance, finding intersections of the
solution branch with a PES at a given load, compare different solutions and their symmetry
variants for a match etc. For a clear presentation of all the numerical procedures, we take a
logical approach where in we first present the algorithms for the primitive building blocks
and then use these to progressively construct high level routines.
6.1.1

The equilibrium refinement primitive

This primitive, given an initial guess for an equilibrium solution, iteratively corrects the
solution until the equilibrium equation Eq. 3.1 is satisfied to the desired level of tolerance.
This iteration procedure is performed holding the value of loading parameter fixed, i.e. we
are looking for an equilibrium solution on the PES determined by the loading value and in
the neighborhood of the initial guess.
The iterations are based on the Newton’s method. This is derived by considering linear
approximation of the vector function f at the initial guess u0 (let the loading be fixed at
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λ = λ∗ ) as,
f (u, λ∗ ) ≈ f (u0 , λ∗ ) + ∇f (u0 , λ∗ )(u − u0 )

(6.1)

We wish to find a vector u that makes f (u, λ∗ ) = 0. So, starting with the initial guess u0 ,
we can find an improved estimate for the system f = 0 by solving,
∇f (u0 , λ∗ )∆u = −f (u0 , λ∗ ).

(6.2)

Once the solution ∆u is found, the improved estimate of u is given by, u = u0 + ∆u. The
subsequent iterations are then given by the rule,
∇f (ui , λ∗ )∆ui = −f (ui , λ∗ ),
ui+1 = ui + ∆ui

(6.3)
(6.4)

The linear system in Eq. 6.3 can be solved efficiently via singular value decomposition
technique.
Here we outline the algorithm for this refinement procedure. The routine takes the set of
inputs, the initial guess u0 , the loading parameter λ∗ , the convergence criteria i.e. either
force norm k f k or the configuration correction norm k ∆u k or both, the convergence
tolerance  and the maximum number of corrector steps Nmax after which the refinement
procedure is considered as a failure and aborted. In case of a successful convergence, the
routine returns the refined equilibrium solution.
Algorithm 6 The equilibrium refinement primitive
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:

Input: Nmax , , (u0 , λ∗ )
Input: ConvergenceType
while (i < Nmax ) and (not converged) do
Solve: ∇f (ui , λ∗ )∆ui = −f (ui , λ∗ ) for ∆ui
Corrector: ui+1 = ui + ∆ui
end while
if Converged then
return {ui }
else
Error: Solution not converged
end if
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. Force, Configuration, Both

6.1.2

The continuation primitive

This primitive given an initial solution point on a branch and a tangent direction, numerically approximates the solution branch by computing a sequence of solution points along
the branch. The initial point can be critical point or a regular point along a pathway. The
numerical algorithm used to follow the branch is the Moore-Penrose continuation algorithm described in Ch. 3. The continuation algorithm can continue through turning and
bifurcations points without any issue. Thus a continuation procedure initiated from a solution point can track an equilibrium pathway that contains multiple critical points on it. But
here our goal is to use this continuation primitive as a numerical tool to explore edges of
the BD. These edges are capped at each end by nodes which are the critical points. So here
we define this continuation primitive such that the procedure terminates at the encounter of
a critical point during the continuation procedure.
Algorithm 7 The continuation primitive
1:
2:
3:
4:
5:
6:

Input: initial solution (u0 , λ∗ ), initial tangent t (optional)
Input: step length ds, convergence tolerance 
Input: Convergence type
. Force, Configuration, Both
Continue until critical point encounter
return: regular points {ui } along the path, i = 1, 2 · · ·
return: ending critical point information

6.1.3

The steepest descent primitive

This primitive given an initial configuration of the system, follows the gradient line passing
through that state on the PES, leading to a minimum. As such, the procedure can be initiated
from any point on the PES. In the case of the initial point being a non-equilibrium point
on the PES, there is a unique gradient line passing through it. But in case where the initial
point is an equilibrium point (of any order), Eq. 2.3 has multiple solutions or gradient
curves passing though it. So in such cases apart from supplying an initial configuration,
there shall be a criterion to select a particular gradient line over the other. In the current
setting, this procedure is exclusively used for building the PDKTN, where we quench the
system from a first order saddle point on the PES to reach a minimum. Here the means
to selecting a particular gradient curve is achieved through perturbing the system in the
direction of the eigenvector corresponding to the single negative eigenvalue of the Hessian
at the first order saddle point.
Here we outline the algorithm for tracing the steepest descent pathway. The routine takes
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the set of inputs, the initial configuration u0 , the corresponding loading factor λ∗ , the
direction v (unit vector) for initial perturbation of configuration u0 and the magnitude
γ ∈ R \ {0} of perturbation, the maximum step size δ, the convergence criteria i.e. either
the force norm k f k or the configuration correction norm k ∆u k or both, the convergence
tolerance  and the maximum number of corrector steps Nmax after which the procedure
procedure is considered as a failure and aborted. In case of a successful convergence, the
routine returns the converged solution.
Algorithm 8 The steepest descent primitive
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:

Input: (u0 , λ∗ ), v, γ, δ, Nmax , , Nmax
Input: Convergence type
Initial Perturbation: u = u0 + γv
while (i < Nmax ) and (not converged) do
ui+1 = ui − ∇f (ui , λ∗ )δ
if E(ui+1 ) > E(ui ) then
δ = δ/2
Goto: 5
end if
end while
if Converged then
return {ui }
else
Error: Solution not converged
end if

. Force, Configuration step, Both

It can be observed from the algorithm 8 that, although a steepest descent is guaranteed to
converge to an equilibrium point, we have incorporated a limit Nmax on the step count.
The use of such a criterion serves to diagnose some pathological cases where the energy
landscape is very flat or cases where the convergence tolerance is set too small, the procedure might not converge or take extremely large number of steps to converge. In such cases
one might either choose to relax the convergence tolerance or switch to more sophisticated
methods like preconditioning the Hessian matrix where the PES is very flat.
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6.2

The EM database

The structure of the EM data can be better understood by answering two questions. (i) The
association of data with the constituents of the EM i.e. the BD and the PDKTN, (ii) The
level of perception of the data from the view point of the manager and the workers. These
two points set the overall structure and organization of the EM data.
Here we answer these questions. Firstly with regards to the association of data with various
entities of the EM, we take the following view point. The entire data content of the EM
is basically two types, the configurational data and the linkage data. The configurational
data forms the bulk of the data comprising the EM. It is the collection of the configurations
along the solution branches, the critical points i.e. the bifurcation and turning points, the
additional data associated with the bifurcation points such as the bifurcation tangents and
the kinetic data associated with the solution points such as the product of normal frequencies at the stable and transition state configurations, the potential energy etc. The linkage
data, as the name indicates, links various entities of the configurational data such as associating a string of regular solution points forming a regular branch with the bounding
critical points, associating a first order saddle point with two quenched solutions forming a
transition pathway etc. With such a categorization of the entire EM data, it is immediately
obvious that all of the configurational data and a part of the linkage data that describes the
graph connectivities of the BD is entirely present in the BD graph. The PDKTN can can
then be seen as containing the linkage data that associates various entities with in the BD,
such as a single edge of PDKTN at a given loading links a first saddle solution with two
stable solutions that are a all parts of the BD.
Secondly, the level of perception of the data with respect to the manager and the workers.
As per the functional requirements of the manager, the manager is in charge of ascertaining
consistency and uniqueness of the EM data apart from coordinating the workers. As such,
it suffices that the manager has a high level global picture of the data such as an information
about the critical points in the BD, and how are these critical points are linked to each other
as a graph network through the regular branches forming the BD. On the other hand, from
the perspective of a worker all it needs is a very local picture of the data such as what is
the regular branch it is currently working on, and is the current branch a first order saddle
branch, if so how are these saddle points along that branch linked to the quenched stable
solutions.
After establishing such a viewpoint of the EM data, it is now straight forward to describe
the EM data structure. We divide the entire data into two separate entities, the manager
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database and the worker database. These are described below.
6.2.1

The Manager database

The manager database consists of the high level description of the EM. It is basically a
skeletal representation of the BD graph structure. It is necessary to keep this database as
light as possible because under the manager-worker paradigm, the manager needs to be
very fast to be able to cater to a large number of workers. So the lighter the manager
database the faster the storage and query operations on it. The manager database consists
of the following entities:
1. The node dataset: It is the set of all the critical points that are present in the BD. The
manager needs this data to ensure consistency and uniqueness of the EM data and to
have a high level view of the content of the BD graph. Each element in the node dataset
is the compound data structure consisting of the entities, the critical point information
i.e. its configuration and the meta data that identifies the critical point as a turning or
a bifurcation point, information about the regular branches that this critical points joins
together, such as their symmetries, the critical points these regular branches lead to when
followed in case they have already been explored. It also contains some precomputed
quantities such as the norm of the configurations that are used to weed out unnecessary
comparisons when comparing two configurations.
2. The edge dataset: The edge data contains further information about the edge connecting two critical points such as the indices of the two critical points in the node dataset
and their tangents that the current edge connects, the stability of the edge or the regular
branch, the range of indices of the solution points (configurations) along the edge that
are stored in the worker database and the loading factor and potential energy at critical
points connected by the edge. The edge dataset contains some duplicate data that is already present in the node dataset and in principle there is no need for a separate edge
based representation of the graph. But the reason behind such a separate representation
of the data is done to speed up and to easen some search and retrieval operations on the
database.
3. The manager and worker metrics datasets: This datasets are used to monitor the performance of the code. They also present a snapshot of the entire EM process as a function
of time. It records the amount of times the manager spent in communicating with the
workers, doing consistency checks and other managerial computations such as checking
if two configurations match etc., time spent in I/O operations on the manger database, the
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number of workers that are idling at any instant, the phase of engagement i.e. whether
any new jobs are being assigned to the workers or has the manager been waiting for all
the workers to return as the wall clock time has approached to an end or the databases
are close to being filled to their maximum capacity and the master wished to shutdown
the process, and snapshot measures such as the number of critical points (turning and
bifurcations individually) in the BD at any given instant of time, average time spend for
computing a single solution point, a single bifurcation and turning points and the number
of waiting jobs. These performance measures help to tune the operational variables such
as the priority scheme, the number of processors etc, to optimize the performance of the
code as well as to diagnose any potential bottlenecks that could be corrected to improve
the performance of the code. Whether a particular job done by a worker is fruitful or is
it discarded due to a duplicacy, the flips
6.2.2

The Worker database

The worker data consists of the bulk of the configurational data of the EM such as the set
of all configurational along an edge or a regular solution branch and also the links that
associate various saddle solutions to stable solutions. Here we describe the entities of the
worker database.
1. The solution branch dataset: This dataset consists all the solution points that comprise
all the regular branches of the BD as a huge array. Solution points pertaining to a single
branch occupy contiguous elements in the array. Each element is a compound datastructure that holds the configuration along with the load factor and to avoid repeated
computations it also contains the potential energy of the configuration.
2. The critical restart dataset: This is mostly a duplication of the node dataset in the
manager database with some additional data required by the QD code such as the meshing order etc. The reason for this duplicated storage is two fold. Firstly, the QD mesh
data is considerable size and so storing this data along with the nodes in the manager
database makes the manager database bulky and is against our goal of keeping the
manger light. Secondly storing the critical point dataset within the worker database
obviates the need to communicate this data to the workers in the case of spawning a new
branch from a critical point. All it is needed is that the manager communicate the critical
point index and the tangent index. Although it must be ensured that the order of storage
of nodes in the manager database exactly correspond to the order of storage of critical
points in this dataset.
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3. The stable state intersection dataset: Although the branch dataset consists the necessary discretized representation of a regular branch as a set of solution points, the construction of PDKTN necessities the slicing of the BD at various intervals of the loading
factor and identifying pathways between various stable states through first order saddle
solutions at each value of the loading parameter. The spacing of each of these slices along
the loading axes is determined by the physics of the problem so that the discretization
reasonably approximates the evolving kinetic parameters of the PDKTN as a function of
the loading factor. Thus we need the set of stable states at each of these loading intervals. The stable state intersection dataset, as the name indicates, intersects each stable
regular branch at a predetermined loading grid and stores these stable points as an array.
Each element of this dataset is a compound datastructure and contains, the configuration,
kinetic parameters i.e. the product of all the normal modes (all positive as it is a stable
state) and the potential energy, and metadata describing the edge or regular branch index
from which this particular intersection is derived.
4. The saddle state intersection dataset: This is analogous to the stable state intersection
dataset. Here each data entry corresponds to a first order saddle branch intersection at a
loading parameter. But here each data element consists additional fields that describe the
connectivity of this transition state to two stable states obtained as a result of quenching
from it. If the quenched states are already present in the stable state intersection dataset,
then it also describes the symmetry operation that is to be performed on the quenched
solution to exactly match with the existing stable state intersection. In the case where the
quenched solution is not a part of the stable state intersection, this implies that the corresponding stable path has not been explored yet and the quenched solution is temporarily
residing in the quench restart dataset (described below).
5. The quench restart dataset: In the case where a quenched solution originating from
a saddle state intersection and by extension the stable path that should have contained
the quenched solution has not already been explored, the saddle state intersection cannot
has no means to latch on to a stable state intersection. In such cases, the quenched
solutions are temporarily stored in this dataset. The points (regular) will later be used to
spawn bi-directional continuations to reconstruct the stable branch. Once such a stable
branch construction has happened, the new branch and its intersections will be added to
the appropriate databases and the saddle connectivity will then be updated appropriately
to connect it to the newly found stable state intersection. This will free the quenched
solution, essentially orphaning it. The orphaned quench restarts will periodically be
purged releasing memory resources.
93

6.3

Aggregate routines

We then need a high level coordination and control algorithm that distributes the work
and directs various compute units to use these primitive building blocks and the auxiliary
programs to collectively put together the EM, incrementally as in building a structure out
of lego blocks.
6.3.1

The bi-directional continuation

The continuation primitive in algorithm 7 computes an equilibrium path starting from any
given equilibrium point i.e. either a regular point or a critical point. In case of the initial
solution being a regular point the continuation primitive follows the path until a critical
point is reached. Although the ending critical point obtained during this procedure is a
node in the BD graph the initial point is just a point along the edge that lead us to the node.
Thus we have explored the edge only partially toward one direction. If on the other hand
we flip the direction of continuation and follow the equilibrium pathway from the initial
point we can reach a critical point the forms other end of the edge. This in order to fully
explore the edge and the nodes bounding the edge upon which the initial solution is located,
we need an aggregate routine that performs two continuation primitives in either directions
of the initial solution and returns the whole edge and the nodes on either ends. This we call
a bi-directional continuation.
Algorithm 9 The bi-directional continuation primitive
1:
2:
3:
4:
5:
6:
7:

Input: initial solution (u0 , λ∗ )
Input: step length ds, convergence tolerance 
Input: Convergence type
. Force, Configuration, Both
Use continuation primitive in forward direction
Use continuation primitive in the backward direction
return: regular points {ui } along the entire path path, i = 1, 2 · · ·
return: starting and ending critical point information

6.3.2

The Manager routine

The manager processor as already outlined only performs high level managerial work with
little computational load such as scheduling and distribution of work, allocating memory resources to the workers and building the skeletal BD graphs. This is presented in
Flowchart 6.1 below.
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 Run diagonostics
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Figure 6.1: Work flow of manager processor. The red and green arrows indicate communication sent to and received from respectively the worker processor.
95

6.3.2.1

Initial setup

The manager processor starts with initial setup where in it prepares a log to keep tack of the
working status of each of the workers i.e. if a worker has been alloted a job and is working
on it or if it is idling and is immediately available to take up any job assigned to it. Initially
at the beginning of the run all the workers are free.
The master processor then initializes job priorities that remain valid through out the run
time. To explain job priority we have to consider various aspects of the EM. First let us
consider the aspect of stability of a path. The paths segments of the BD differ in their
stabilities. Although a path with high instability index (many modes with negative curvatures) can eventually transition to a saddle or a stable path as we traverse the path through
multiple critical points, in the current framework we explore the edge only until the first
encounter of the critical point. What happens after the critical point is treated as a new job.
So if one can prioritize the continuations that lead to a stable or a first-order saddle, then
such continuations are immediately fruitful to constructing the dynamical trajectories of
the system using TST since it is the stable and transition states that eventually make up the
transition networks describing the state-to-state jump processes. Secondly let us consider
another aspect of prioritization of jobs, continuations versus family jobs. We can immediately see that the family jobs which have originated through quenching the intersections on
the saddle paths will immediately count towards a properly connected PDKTN as opposed
to a regular continuation. Thus the family job shall be given priority over the continuation
job. Thirdly the symmetries of the system. It is often observed that the defected structures are of lower symmetry as compared to the non-defective or less defected ones. So if
one considers the process of loading a system of higher symmetry and eventual nucleation
of defective structures of lower symmetry as the load is being changed, one can think of
the process of defect nucleation as a hierarchy of symmetries. Thus if we prioritize based
higher symmetry first the exploration of the EM is more appropriate in representing the
dynamics of the system. Thus we setup the priorities for ones at during this initial setup.
The next important aspect is predicting storage requirements. As the run time progresses
more and more EM data is accumulated with progressive exploration of the EM. This calls
for either declaring a large database initially and storing data to it or periodically extending the size of the database as and when the free space runs low. But in the current case,
we operate under the parallel paradigm and use HDF5 file format to store the data. Under this format extension of the database has to be done collectively by all the processors
that operate on that particular dataset. So if one wishes to extend a database during run
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time, the manger shall interrupt all the processors and request them to take part in the process of extension of the database. Interrupting a running process is not efficient and not
a straight forward task. As such in the current work, the manager estimates the memory
requirements ahead of the run and request the workers to appropriately extend the database
while they are all free at the beginning. Such a prediction of memory requirements can
be achieved through performance tests on the code and accumulating statistics on run time
versus memory requirements.
6.3.2.2

Run type

If the run is done from scratch then the manager creates the manager database and requests
all the workers to collectively create a worker database. In case if it is not a run from
scratch, the manager opens and extends the manager database and requests the workers to
do the same. In case of a fresh run the unloaded configuration of the system serves as initial
point to propagate the EM. Thus it is the sole job that is pushed to the job queue. On the
other hand if the run is not done from scratch previous data exists and the process shall be
restarted from where it was left previously. This is done by building a job queue with those
jobs that are not completed in the previous run.
6.3.2.3

Manager job flow control

The manager job flow control dictates the overall scheduling of various jobs and when the
entire process needs to be terminated. This work flow is constructed based on available free
workers, available wall clock time and available free memory on the database. The flow
control then directs the manager to any one of the subordinate tasks such as job submission,
memory allocation requests by the workers, exception handling etc. as outlined below.
6.3.2.4

Job submission

As and when the master finds free computational resources and time it pops a job of highest
priority from the job queue and submits it to the worker.
6.3.2.5

Space allocation request

When a worker that was previously assigned a job returns with the results, the master first
checks if the results are worthy of insertion into the database by checking against duplicacies. If the data is deemed worthy, the master incorporates the necessary components of the
results into the master database and allots space to the worker to store ts data on the worker
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database.
6.3.2.6

Worker returns successfully

If the worker returns to the master either successfully storing or discarding the data from the
job it ran, the master then validates the data generated by that worker. To understand why
this validation step is necessary, let us consider the scenario where the slave has completed
its job and requested the manager for allocating space and the master aceeds. Suppose that
the data generated by the worker contains a bifurcation point and thus opening up the need
for a new path exploration. Now if the manager submits this new job immediately to a new
worker while the old worker is still storing its data, the new worker might read corrupt data
from the worker database. Thus there shall be a mechanism that prevents such a submission
This is done through validation. In this case the manger although incorporates the data from
the worker into the master database it does not push any new jobs arising out of it into the
job queue until the worker stores all the data and returns to the manager successfully. Only
after verifying that the worker has returned the manger will push any associated new jobs
that arose into the job queue. It then pushes the idling worker into the list of free workers
making it available for any further jobs.
6.3.2.7

Worker returns with error

In case a worker job fails for some reason, the manager runs diagnostics to understand the
error and appropriately handles it.
6.3.2.8

Terminate

In case of either the end of work load (typically impossible), running out of time or memory
resources, the manager orders all workers to terminate once they all finish their jobs.
6.3.3

The Worker routine

A worker processor unlike a manager spends almost all of its time performing computations
that directly lead to accumulation of data and contributes towards a more complete EM. The
job of a worker process in a cycle from initially free status to back to being free after doing
the job can be described as a cycle consisting of either waiting for the manager to allot a
job or doing the job alloted. The work flow of the worker processor is summarized in the
flowchart 6.2.
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Report to master and request space allocation
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Family continuation
 Update family:
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 Intersect the path (always stable) with the load grid
 Report to master and request space allocation
 Receive allocation call from master
If not discard:
 Save data to worker DB
 Report success status to master
 Reset work variables

End

Figure 6.2: Work flow of worker processor. The red and green arrows indicate communication sent to and received from respectively the manager processor.
99

6.3.3.1

Worker database operations

This is a collective operation where all the workers participate to collectively open, close
or extend the worker database.
6.3.3.2

Continuation routine

The continuation routine is a compound routine that constitutes the continuation primitive,
intersection of the path with the loading grid for PDKTN representation and I/O operations
on the worker database intertwined with communication calls to the manager.
6.3.3.3

Family continuation routine

The family continuation routine is aimed towards obtaining a self consistent EM i.e. given
that the EM can never be complete owing to its exponential complexity, a reasonable expectation is that the connectivity between various stable states present with the EM and
through the first-order saddles is as complete as possible. A critical factor driving towards
such a goal is that whenever a first-order saddle path is explored and the quench operation is performed from points along the path, if one can make sure that all the quenched
solutions exist in the EM. If not use these quenced solutions to spawn bi-directional continuations and add the resulting paths to the EM there by filling in the gaps. This procedure
is explained in here.
The worker initially receives from the manager the list of all those quenched solutions that
are obtained from quenching a single first-order saddle segment. Thus we refer to them as
as a family. Each member of the family thus originated from a saddle point on the firstorder saddle path via quenching the system. Our job is to compare each of the siblings
against the existing stable solutions in the EM and update the family preserving only the
unmatched quenches. For all those that found their match in the EM database form a
connecting with the matching stable solution to the saddle point from which the quenched
solution is obtained.
Now a member of the family is choosen and is used to spawn a bi-directional continuation.
This new stable path (since the quench is stable the bi-directional continuation will yield
a stable path) will then be added to the database. Thus the choosen quench will now
correpsond to a stable solution along the newly inserted stable path in the EM database.
This process is continued until all the family members eventually are matched with stable
solutions in the EM and the saddle connectivities are updated appropriately.
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Thus at the end of all such processes, we can be certain that every quench obtained through
quenching every first-order saddle in the EM is present in the EM.
In the next chapter, we employ this code to construct the EM of a model application. The
EM will then be used to construct evolution trajectories of the system as outlined in chapters 4 and 5.

101

Chapter 7
Results and Discussion
In this chapter we apply the EM methodology developed in Ch. 4 to construct the EM of
a Nickel nanoslab under displacement controlled loading. The generated EM is then used
to construct the QP, QD and DD trajectories. In constructing the DD trajectories using the
KMC technique for time dependent transition rates we encounter superbasin states. This
superbasin issue is handled as outlined in Ch. 5.
We begin with a description of the system of interest i.e. a Nickel nanoslab and the physical
symmetries of the nanoslab. Next we present the EM of the nanoslab. Since the EM in itself
is a combination of the two graphs, the BD and the PDKTN, visualization of the EM as a
whole is not possible. So we first present the BD and then the PDKTN. Finally we present
the QP, QD and DD trajectories generated using the EM and give a physical interpretation
of these trajectories.

7.1

Simulation setup - Nickel nanoslab under proportional loading

As an example of the EM based simulation methodology, we focus on a simple atomistic
application as a model problem. A face centered cubic (fcc) nickel nanoslab of finite width
and height and infinite thickness in the out-of-plane direction is uniformly deformed by a
controlled displacement of its top and bottom surfaces as shown in Fig. 7.1. The system
is finite along the x and y axes corresponding to the lattice directions [110] and [001] respectively. The z axis corresponds to the lattice direction [11̄0]. The nanoslab is 1.25nm
wide in the x direction, 3.5nm long in the y direction and is infinite in the z direction. Free
boundary conditions are applied on the faces with surface normals in the x directions and
periodic boundary conditions are applied in the z direction with a minimum repeat distance
102

of two layers. The periodicity in the z direction is shown in the figure to the right where
the darker atoms darker atoms (in red and green) are the atoms in a periodic cell. Alternate
layers of atoms are coloured red and green. The periodic cell of the system consists of 116
atoms, out of which 104 are unconstrained atoms for a total of 312 degrees of freedom.
The displacement control is achieved through controlling the y-displacement of the atoms
in top and bottom faces pointing in the y directions while the displacements of these atoms
is constrained in the x direction. This models a nanoslab held between two rigid plates and
the displacement of these rigid plates, denoted by λ controls the compression or elongation
of the nanoslab and is the loading factor in this case.

∞

W = 1.25 nm
λ
2

L = 3.5 nm

y, [001]

λ
2

x, [110]

z, [11̄0]

Figure 7.1: A Nickel nanoslab under displacement controlled loading.
For the purpose of numerical continuation, as outlined in Ch. 3 we will need to identify
the symmetries of the system. The system has D2h point group symmetry. For a listing of
symmetries of the system refer to Appendix. A.
The next and most important part of the physical model is the constitutive law defining
the material behavior. In the current case of atomistic systems the constitutive law is the
interatomic potential governing the interactions between atoms. For the current case of
Nickel atoms the atomic interactions are modeled by an embedded atom method potential
due to Angelo et. al. [107] and Baskes et. al. [108] modified to have smooth first and second
derivatives.
Once the physical model is available, we use our code outlined in Ch. 6 to generate the EM
map of the system. Since the EM is a combination of two graphs, the BD and the PDKTN,
it is not directly possible to visualize the EM as a set of nodes linked by a set of edges. So
103

we present the BD and the PDKTN separately. One the EM is available, we use it construct
evolution trajectories, QP, QD and DD.

7.2

Bifurcation diagram

Starting with the the initial configuration of the nanoslab presented in Fig. 7.1 as a starting
solution point, the equilibrium pathways are explored to construct the BD. The BD being
a graph connecting various critical points of the system via the equilibrium pathways, it
can either be visualized directly as a graph network or in terms of some physical properties
of the system along the elements (nodes and edges) of the graph. The first approach is
of little use in the current scenario as we are not just interested in the connectivity of the
critical points in the BD but also need to completely represent the edges that are equilibrium
pathways which play a crucial role in the evolution of the system. To this end we use the
second approach of visualizing the BD in terms of the physical properties of interest, the
potential energy of the system and the force applied by the rigid plates that control the
deformation of the nanoslab. Alternatively the applied force can be normalized by the
contact area of the plates in the reference configuration of the system to give the nominal
stress. Now since each edge of the BD is parametrized by the loading factor which in this
case is the applied displacement λ, the properties along the edges of the BD can be plotted
as a function of the applied loading or the nominal strain. Fig. 7.2 presents the BD as a
plot the nominal stress versus the nominal strain of each of the edges constituting the BD.
The stable edges are plotted in blue, the first-order saddle edges are plotted in red and the
paths of higher order instability are plotted in golden brown. As outlined earlier, it is the
set of stable edges that play a significant role in understanding the evolution of the system
compared to the paths of progressively lower stability. As such the blue paths are plotted
on top of red which in turn are plotted on top of the golden brown paths.
To our knowledge the BD presented in Fig. 7.2 is the largest bifurcation graph of an atomistic system computed till date. This BD consists of a total of nearly 210000 critical points
or nodes of which nearly 198000 are turning points and the rest are simple bifurcation
points. The total number of edges connecting these nodes or the equilibrium pathways
connecting these critical points are around 196000 of which 56000 are stable branches,
76000 are first-order saddle branches and the rest are unstable to a higher order.
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Figure 7.2: BD of the Nickel nanoslab. The x-axis represents the nominal strain λ/L0 ,
where λ is the loading factor and is the amount of compression applied by the rigid plates
on the nanoslab and L0 is the initial length of the system corresponding to λ = 0. The
y-axis represents the nominal stress F/A0 in GPa, where F is the net compressive force
applied by the rigid plated on the nanoslab and A0 is the cross-section of the nanoslab in
contact with the rigid plates in reference configuration.

7.3

The parameter dependent kinetic transition network

The next component of the EM is the PDKTN. As already mentioned the PDKTN is a
parameter dependent network that evolves with the loading parameter. In case of simple
systems the PDKTN can be directly visualized, such as the one corresponding to the evolving one dimensional multi-well PES presented in Fig. 5.4. But in the present scenario of the
nanoslab, such a direct visualization of the PDKTN as an evolving network over a parameter range is impossible owing to the size and complexity if the system. A useful alternative
is to extract a slice of the PDKTN at a given value of the parameter. Each such a slice
in itself is a graph that provides the instantaneous connectivities between various states of
the system and is in-fact the KTN of the PES corresponding to a given loading value. In
the cases where the state space is very large one can visualize only regions of interest of
this KTN such as the immediate neighborhood of the current state of the system. Here we
present a few such KTNs at various values of loading. These KTNs are very complex with
a large number of states and transition pathways between the states. As such we make no
attempt to interpret these networks but provide them to emphasize the complexity of these
graphs. Fig. 7.3 and Fig. 7.4 present regions of the KTN compressive strains of 0.07 and
0.114 respectively.
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The ellipses in the figures are the nodes of the KTN i.e. stable states of the system. The
connectivity between two states is represented by a black curves with an intervening red
dot that represents a first-order saddle point. The color coding of the stable states is based
on the potential energy of the state, with the greener nodes corresponding to lower potential
energies compared to the red nodes. The KTN unlike the BD contains all the symmetry
related variants of each configuration. Each node is given a label for identification based
on the edge number of the BD graph on which the node is a stable point and the symmetry
of the state. In fact it is worth noting that the KTN in Fig. 7.4 clearly reflects the symmetry.
The BD and the PDKTN together makeup the EM. The entire EM is generated on a cluster
computer amounting to a time of 9.72 processor years and generating nearly 140 GB of
data.

106

Figure 7.3: A region of kinetic transition network of the nanoslab at a compressive strain
of 0.07.
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Figure 7.4: A region of kinetic transition network of the nanoslab at a compressive strain
of 0.114.
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7.4

Quasi-static path

The QP path as stated in Sec. 4.2 corresponds to the trajectory wherein at each value of
the loading parameter λ the stable segment in the EM with the lowest energy is selected.
This corresponds to the lower envelope on the energy-strain plot in Fig. 7.5 where only
stable segments of the EM are shown. To differentiate adjacent segments of equilibrium
paths comprising the QP, alternate segments are colored red and green and are joined by
black lines if discontinuous in this projection. The corresponding path represented in (compressive) stress-strain space is shown in Fig. 7.6. Note that the transition between stable
segments can occur before each individual segment loses stability at its end point. The
transition is dictated by the changing ground state (lowest-energy) structure as the load is
varied.

Figure 7.5: QP evolution constructed from the lower envelope of the potential energy of all
of the stable segments constituting the EM.
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Figure 7.6: QP evolution: nominal compressive stress versus strain.
Each stable segment traversed by the QP as shown in Fig. 7.5 corresponds to a globally stable configuration of the nanoslab1 . Fig. 7.7 shows the configurations of the nanoslab along
the QP. Each pair of configurations enclosed in a box correspond to the configurations at the
start and end of each QP segment. Note that the QP contains both the compressive and tensile loading regimes. In Fig. 7.7 the configuration corresponding to a zero strain lies on the
segment corresponding to the box on the sixth row and third column. Note that the global
minimum energy configuration of the nanoslab at zero nominal strain is deformed while
one expects it to be a perfect FCC without any deformation. This is due to the constraint
of the applied displacement that is preventing surface relaxation. All the boxes preceding
the zero stain box correspond to QP segments of progressively increasing compression and
all the boxes succeeding the zero strain box correspond to progressively increasing tension.
The transitions from one QP segment to another QP segment cannot be associated with any
specific reaction mechanism, but rather are complex global minimization processes connecting the initial and final structures in the presence of thermal vibrations over long time
scales. The color coding in Fig. 7.7 is based on a local crystal structure indicator [109] (see
the legend at the top of the figure). The nanoslab starts out in the fcc phase (cyan) in the
zero strain configuration (row six and column three) and as the system is compressed, it
transitions through a series of defective states involving the passage of partial dislocations
that leave behind stacking faults (locally hexagonal close-packed structures shown in red).
The nanoslab reverts back to a barrel-shaped fcc structure at higher levels of compression.
1

Owing to the size of the system and resulting exponentially large number of equilibrium configurations,
a complete exploration of the BD and by extension the EM is computationally intractable. So, when we say
the global minimum of the energy landscape at a particular loading, it actually means the global minimum to
the extent the EM is explored.
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The barreling effect is due to the fixed boundary conditions imposed at the top and bottom
ends of the nanoslab. A similar observation can be made on the tensile side of QP, but
instead the system forms a neck before eventually breaking.
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Figure 7.7: QP evolution: each box shows the start and end configurations of each stable
segment constituting the QP path. The atomic structure color coding key is shown at the
top. The numbers under each configuration indicate the corresponding value of the strain
λ/L0 . (Read left to right and top to bottom)
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7.5

Quenched dynamic path

The next case is the QD path corresponding to an overdamped system. As described in
Sec. 4.3, starting from a stable initial configuration in the EM, we vary the load parameter
λ according to a loading schedule and follow the stable segment until a loss of stability is
encountered or the loading schedule terminates on the stable segment. At the point of loss
of stability, the system is perturbed in the direction corresponding to the negative curvature
of the PES. Starting from the perturbed state, a steepest descent path is followed on the
PES until a local minimum on a new stable segment is reached. This new segment is then
followed until it loses stability and so on. In the current case we begin the QD path from
the zero nominal strain configuration of the nanoslab and the loading schedule is taken to
be a monotonically increasing compression.

Figure 7.8: QD evolution: potential energy of the nanoslab versus compressive strain.
Fig. 7.8 presents the QD path of the nanoslab system in energy-strain space. Only stable
segments are shown in light blue in the background. The green and red segments corre113

spond to the evolution of the system with loading. Alternate segments are colored green and
red to distinguish closely spaced QD segments. In the figure, black vertical segments connecting two QD segments represent rolling down the PES at a point of instability through
a steepest descent path to another minimum. This figure highlights the fact that unlike
the QP path, which follows the lower envelope of the potential energy (Fig. 7.5), the QD
path remains on a stable segment until a loss of stability is encountered. The QD path in
(compressive) stress-strain space is shown in Fig. 7.9.

Figure 7.9: QD evolution: nominal stress versus compressive strain
The sequence of configurations corresponding to the start and end of each of the stable
segments constituting the QD path is presented in Fig. 7.10. The color coding of the atoms
is the same as in Fig. 7.7. A close study of Fig. 7.10 reveals that the start and end configurations corresponding to each stable segment of the QD share the same symmetry group,
whereas following the steepest descent path to a minimum (black lines in Fig. 7.8) is associated with either symmetry breaking (observed in the initial stages of the QD path) or
addition of symmetry (observed in the final stages of the QD path). This can be clearly
observed in the first segment of the path. The structures representing the start and end of
the first segment belong to the complete symmetry group (D2h point group). Although not
visible in the figure, a state of incipient slip exists in the ending structure of the first segment (second structure in first box of Fig. 7.10) in the form of two X-shaped shear bands on
the top and bottom of the nanoslab. At this point a small perturbation in the direction of the
unstable eigenmode of the Hessian nucleates the X shear band at the top of the nanoslab at
the expense of the other, thereby breaking the symmetry.
From the computed EM and the associated QP and QD paths (shown in Figs. 7.7 and 7.10)
an unexpected but simple (“obvious” in hindsight) description of the system’s behavior
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emerges in terms of crystal rotation. Specifically, portions of the fcc crystal rotate by
90° to convert the original {110} free surfaces (on the sides of the nanoslab) into {001}
free surfaces that are 12% lower in energy [107].
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Figure 7.10: QD evolution: each box shows the start and end configurations of each stable
segment constituting the QD path. The atomic structure color coding key is shown at the
bottom right. The numbers under each configuration indicate the corresponding value of
the strain λ/L0 . (Read left to right and top to bottom)

7.6

Driven dynamic path

Finally, we consider the DD regime in which the system is loaded at a finite rate as it would
be in a real-world experiment. Standard MD simulations apply extremely high loading rates
to overcome time scale limitations. However, many physical processes exhibit a sensitivity
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to loading rate which can lead to a situation where MD incorrectly predicts the system’s
behavior. A recent example, relevant to the simulations presented here, are experiments
showing strong rate dependence in the compression of copper nanopillars [26]. Such rate
dependence can be readily understood within the context of the EM as resulting from the
availability of multiple solutions and the limited amount of time available for the system to
sample the PES as it changes due to the evolving loading.
Here we simulate the nanoslab system subjected to two rates of compressive loading. On
the lower end we consider a strain rate of 1s−1 and on the other extreme we consider
a very high strain rate of 108 s−1 . These strain rates correspond to loading the nanoslab
by holding one end fixed and displacing the other end at speeds of 3.52 nm/s and 0.352
m/s. The starting point for both the cases is the initial configuration corresponding to zero
strain. Thus loading rate and the initial solution determine the loading program λ(t) (See
Sec. 4.4.1).
With the loading program λ(t) and the EM available, we use the KMC procedure with
time dependent transition rates along with the superbasin acceleration scheme presented in
Fig. 5.5 and the DD algorithm 3 to compute evolution trajectories of the system at both
the loading rates. Fig. 7.11 presents the stress-strain plot of the nanoslab subjected to the
low and high loading rates averaged over 500 KMC trajectories each. The lower strain
rate corresponds to the blue trajectory while the higher strain rate corresponds to the red
trajectory.
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Figure 7.11: DD evolution of the nanoslab driven at strain rates of 1s−1 (blue) and 108 s−1
(red).
At low strain rate (blue path), the PES evolves slowly compared with the time scale of
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transitions between different states in the EM. This implies that the system is able to visit
most of the available states at any given value of λ. However, it spends most of its time in
low-energy states so that the resulting average behavior closely approximates the QP limit.
However the response of the system the high strain rate (red) differes considerably from
the one corresponding low strain rate (blue) case. At this high strain rate, the PES evolves
at a rate comparable to the time scales at which the system explores the state space on the
PES. As a result the dynamics is frustrated because the system does not have time to fully
sample the available states before their properties significantly change due to the evolving
load. This gives rise to a rate dependence in the system response. The system becomes
stuck in a particular state despite the existence of other lower energy states. As the strain
rate approaches infinity the behavior is expected to approach that of the QD path. For the
hight strain rate case, the stress-strain response in Fig. 7.11 shows a mixture of the QP and
QD behavior.
Once the EM is constructed (which can be very costly but need only be done once), performing the KMC simulations is inexpensive. This means that many KMC simulations
can be performed to obtain good statistics. Furthermore, this approach makes it possible
to simulate processes at experimental loading rates which are inaccessible to dynamical
methods such as MD. (Even for the tiny system studied here the low strain rate simulation is far beyond the capability of currentday computing.) It is also clear from the results
above, that together with our EM-KMC for time-dependent transition rates is capable of
predicting rate-dependent behavior.
In the next chapter, we discuss the contributions of the current work and the limitations and
extensions that need to be addressed in future.
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Chapter 8
Conclusions and Future Directions
A novel solution strategy for simulating atomistic systems under proportional loading is
developed. Central to this method is the concept of the EM that we have introduced. We
have applied the developed technique to construct the EM for a Nickel nanoslab that is
subjected to a displacement controlled loading. The evolution trajectories of the system
are then constructed using the EM for various physical regimes of loading and boundary
conditions. The method produced interesting results that are in qualitative agreement with
the experimental studies conducted on a similar system to study the effect of loading rate
on the response of the system. Another major contribution of this work is the development
of a robust and highly scalable parallel code to compute the EM. We have presented the
methodology and algorithms of the code in reasonable detail. Finally with regard to the
state to state dynamics simulations, we have developed an efficient KMC technique to
handle the super-basin events in the context of driven systems. Here we first summarize the
contributions of this work in detail.

1. Non-uniqueness in energy minimization: The EM methodology addresses the issues
arising due to the non-uniqueness in energy minimization problems. Due to the highly
nonlinear nature of the PES, there exist multiple solution pathways for the evolution of
the system. Nominally identical loadings can lead to many different response sequences.
In traditional molecular simulation techniques only a single trajectory out of a myriad of
possibilities is generated and is thus in no way a representative of the system behavior
in reality. There is a lacking of tools to systematically address this non-uniqueness in
the literature. Another troubling fact of the traditional molecular simulation techniques
is that the solution pathways constructed by these methods are to an extent dependent
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on the type of the numerical method used. In the current method, based on the EM,
we explicitly track all the solution pathways, although not exhaustively owing to the
exponential complexity of these pathways and develop methods to construct dynamical
trajectories of the system. These trajectories agree qualitatively with experiments.
2. Parameter driven systems: We have extended the concept of mapping the equilibrium
features of the PES such as the stable and first-order saddle states and the construction of
kinetic transition networks describing various transition pathways connecting the stable
states to the context of parameter driven systems, where in the entire PES evolves as a
function of the changing loading parameter. We introduced the concept and construction of EM, as a natural extension of the mapping of these features of the PES under
the evolving setting. The EM, a distillation of the equilibrium and kinetic features of
the system, can be thought as the combination of the BD and the PDKTN. It has the
entire information of the equilibrium pathways and the kinetic transition networks of the
evolving landscape, characteristic to a particular system. The EM is constructed using a
combination the branch following and bifurcation and PES exploration methodologies.
The framework of EM allows us to tackle a broad class of problems that are of interest
in physics, chemistry and biology where the system evolves in time under the influence
of an external driving. In the current case we have applied this methodology to study a
nickel nanoslab under proportional loading.
3. Three regimes of loading: For the chosen model application of the displacement controlled loading of a Nickel nanoslab, we have constructed the EM of the system. Such a
construction revealed the extreme complexity and richness of the EM dataset. We have
then used the EM to construct the evolution trajectories of the system under three loading regimes, the QP, the QD and the DD. The QP and QD are idealized situations. A QP
trajectory corresponds to the long time limit where in the system can seek a global minimizer of potential energy at each value of the loading. A QD trajectory on the other hand
corresponds to the evolution of perfectly damped system governed solely by damped gradient dynamics. A DD trajectory corresponds to the realistic case, where in the applied
loading rate is close to real life situations. The evolution trajectory in this case can be
understood in terms of the stochastic explorations of the configurational neighborhood
of the system on the evolving PES.
4. Loading rates and rate dependent behavior: A key shortcoming of the standard molecular dynamics simulations is that the loading rates employed in simulation are orders of
magnitude larger than, those intended to be simulated, and in many cases, those observed
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in real life situations. These high loading rates are necessary for computational feasibility, as the need to resolve short time scale atomic vibrations greatly limit the time step
of numerical integration. These unphysical loading rates can result in qualitatively different results in systems that are sensitive to loading rate. The developed methodology
to construct the DD trajectories aims to address this issue as follows. When the rate of
change of the system parameter is limited to the premise of adiabaticity, i.e. the escape
rate out of a state is well approximated by the instantaneous boundary conditions of the
system and not affected by the time history, the evolution of the system can be explained
by state to state dynamics on an evolving (by virtue of varying system parameter) configurational energy landscape (PES) as opposed to dealing with the entire phase space
(that includes the momentum space). In the context of the EM, the BD and the PDKTN
provide such a frame work for state to state evolution of the system modeled through
in-homogeneous continuous time Markov chains (for rare event simulations). The system can then be solved as a ensemble of dynamical trajectories constructed through a
stochastic simulation technique, such as the KMC method for systems with time dependent transition rates, where in each trajectory is constructed based on the transition
probabilities (computed through h-TST) and obeying the underlying master equation.
5. Dealing with super-basins: We have extended the idea of super-basins to the time dependent context where the super-basins evolve in time. A technique to accelerate the time
dependent KMC algorithm, in the presence of these super-basins, is developed based on
absorbing Markov chain approach to sample the first passage time out of the morphing
super-basin, by direct solution to the master equation on the reduced state space of the
super-basin with absorbing boundary conditions applied to transitions leading the system out of the super-basin. We applied this technique to both a 1-dimensional evolving
landscape as well the nanoslab problem and successfully achieved considerable speedup.
A general KMC code that deals with super-basins in both time independent and time dependent cases is developed, where the super-basin method is seamlessly integrated into
the actual KMC algorithm.
6. Development of parallel code: We have developed a highly scalable parallel code to
compute the EM. The code is built on top of the existing software, the QC code and the
BFB code. An efficient database that supports rich and hierarchical data structures is
developed to store, modify and retrieve EM data using parallel HDF5 file format. The
code scales reasonably well up to a thousand cores. Although we cannot compare the
EM with any other benchmarks, to out knowledge the BD that we have explored is the
largest such diagram till date with 208766 nodes, 196394 edges and 10793605 solution
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points.

While the proposed technique addresses some of the issues that the existing molecular
simulation methods fail to do, just like any other method there are premises of physical
of validity of the method as well as some shortcomings that need to be addressed. One
such physical restriction is that in the case of DD, the loading rate shall be restricted to
the premise of adibaticity. Here we address the shortcoming and where ever possible we
outline future directions of research.

1. Completeness of the EM: The equilibrium equations of a system can have isolated solutions branches in some scenarios. The physical meaning and relevance of such isolated
solutions in the context of system evolution has not been studied. Also, methods to automatically identify the presence and explore such isolated regions of the BD will be of
interest.
2. Extension to multiple bifurcations: In the present work, we have limited ourselves to
dealing with only simple bifurcations. A future direction of the EM technique is to
extend it to the case of multiple bifurcations.
3. Dealing with branch points: In the present work, we did not address the issues arising due to the presence of branch points along the gradient-descent trajectories and the
convergence of these gradient lines to unstable equilibrium points. Such occurrences
have two fold implications on the EM and the system dynamics. Firstly, they can arise
during the construction of the kinetic transition networks (primitive entities of PDKTN)
where the gradient lines are followed from a perturbed first-order saddle point. In this
case, when a gradient line converges to an unstable equilibrium instead of stable state,
the transition network becomes complicated. The reaction path bifurcations occurring at
the branch points along the gradient line are often associated with the minimum energy
paths following a valley bed that lead the system to a minimum. Such a construction is
lacking in the current work. Secondly, in the instance of a branch point encounter during
a quench process, we need a mechanism to select a particular bifurcating pathway at the
branch points.
4. Parallelization scheme: The current parallelization scheme is based on a single manger
multiple worker paradigm. Although, for the current application of the nanoslab with
only 116 atoms, we are able to achieve good scaling up to a thousand cores, there are
still thousands of bifurcation tangents in the queue waiting to be explored. So, there is
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no scarcity of work if one wishes to use more number of cores. But, further large scale
simulations i.e. both in terms of the problem size (number of atoms in the system) as well
as the extent to which the EM is to be explored would result in bad scaling issues if one
wishes to use more number of cores. Though the huge amount of data and the resulting
higher I/O requirements can be handled by sophisticated file systems and further better
structuring of data, it is the single manger that will quickly be overloaded trying to cater
to many workers and thus becomes the principle bottleneck to scaling. As such we are
currently looking at a multiple manager multiple worker paradigm to alleviate the work
load on the manager. Such new paradigms involve some sought of graph partitioning
methods to deal with the EM data among multiple managers and multiple workers. This
is a tough task as the EM graph as already mentioned is an interwoven entity of the three
component graphs, the BD, the PDKTN and the QN. As such, partitioning this data is not
a trivial task. On top of this there is a need to maintain consistency and uniqueness in the
EM data, meaning that all the managers and their respective shares of EM data need some
coordination. This line of research, to our belief, has significant potential both in terms
of it being able to extend the EM to larger problems as well as to developing a general
computational framework for such problems from a computer science perspective.
5. Extension to multiscale systems: The current implementation of the EM uses the QC
code as a library. The code calls QC for evaluating potential energy, gradient and Hessian. Although, in the current application, we have not used the multiscale feature of
the QC, in future, the code can be used to construct EM for multiscale problems where
some regions of the system can be represented as a continuum and some regions can be
refined atomistically.
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Appendix A
Symmetries of the Nickel nanoslab
The Nickel nanoslab system has D2h point group symmetry. For simplicity, let us shift the
origin of the system to the center of the periodic cell. Then the system is invariant with
respect to the following operations.
• Identity, denoted by I
• Mirror through yz plane, denoted by Rx
• Mirror through xz plane, denoted by Ry
• Mirror through xy plane, denoted by Rz
• A 180◦ about the x-axis, denoted by Qx
• A 180◦ about the y-axis, denoted by Qy
• A 180◦ about the z- axis, denoted by Qz
• Inversion denoted by J
The complete symmetry group of the system is given by,
G0 = {I, Rx , Ry , Rz , Qx , Qy , Qz , J}.
The group multiplication table is shown in Fig. A.1.
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(A.1)

Figure A.1: Group multiplication table for the D2h symmetric nanoslab.
The subgroups of G0 are given by,
G1 = {I, Rx}
G2 = {I, Ry}
G3 = {I, Rz}
G4 = {I, Rx, Ry, Qz}
G5 = {I, Rx, Rz, Qy}
G6 = {I, Ry, Rz, Qx}
G7 = {I, Rz, Qz, J}
G8 = {I, Qx}
G9 = {I, Qy}
G10 = {I, Qz}
G11 = {I, J}
G12 = {I, Qx, Rx, J}
G13 = {I, Qy, Ry, J}
G14 = {I, Qx, Qy, Qz}
G15 = {I}
The complete symmetry group and the subgroups as outlined in Ch. 3 play a crucial role
in the construction of the BD through BFB techniques. Each of the equilibrium pathways
or equivalently the edges of the BD graph belong to a particular symmetry group. The
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bifurcation points in the BD are associated the making and breaking of symmetries. The
irreducible representations in this case are all one dimensional and so the bifurcation points
are all simple [73]. At each of the simple bifurcation points of the system the system breaks
the symmetry and the bifurcated path has the symmetry of a subgroup of the path that is
being followed. One can alternatively think of approaching the bifurcation point from a
lower symmetry branch. In such case the bifurcated path is of higher symmetry and this is
called symmetry reconstruction. In either case the breaking and making of symmetries will
have to respect the group dependency. We represent the group dependency in decreasing
order of symmetry in Fig. A.2.

Figure A.2: Symmetry dependency table for the D2h symmetric nanoslab. The symmetry breaking bifurcations have symmetries of parent and child in the dependency graph.
Reconstructive bifurcations have the symmetries of a child and parent in the dependency
graph.
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