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Abstract

The search for quantum spin liquid (QSL) physics has been long and storied, but α-

RuCl3 and the iridates A2IrO3 have opened up the possibility of realizing a new family

of “Kitaev” quantum spin liquids. The Kitaev honeycomb model is a highly anisotropic

quadratic spin model that has an exact QSL ground state. We study the Kitaev model

on a variety of 3D lattices with the goal of identifying characteristic signatures of its QSL

phase. We use the exact solution to demonstrate several features of the Kitaev QSL both

quantitative and qualitative. These include broad Raman spectra characteristic of the

fractionalized excitations and rich momentum-dependent RIXS spectra. We discuss how

these measurements can probe novel features of these QSL’s. For example, topological

surface modes accessible to Brillouin scattering, and Landau level peaks in Raman

spectra on carefully strained honeycomb flakes. In addition, the technical underpinnings

of these calculations are reviewed in detail. Specifically, the theoretical predictions are

completed with considerations of the effects of perturbations, finite temperature studies,

and careful analysis of the experimental excitations.
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Chapter 1

Introduction

Imagine we knew the microscopic description of all matter. Could we describe and

design materials to perfection? Probably not. In fact, quantum mechanics has been

known to be a spectacular theory of matter at the atomic scale for several decades, yet

some problems with three particles are still too difficult to solve exactly – far from the

extremely large numbers of atomic particles that make up the physical systems that we

experience.

Condensed matter physics deals with many-body interacting systems by providing

a framework to describe the collective properties of many identical particles interacting.

It does so by defining a phase of matter by identifying tangible emergent properties

that characterize the system. An easy example is liquid water and solid ice, for which

particles are either always moving, or are frozen to fluctuate near a single position in

the atomic lattice – see Fig. 1.1. 1

1The case of water and ice is a bit more nuanced. In particular, the density of ice is actually smaller
than that of water!

Figure 1.1: Cartoon of molecules in a liquid and a solid.

1



2

Figure 1.2: Cartoon examples of phases of magnets.

One of the most essential contributions of fundamental condensed matter physics

has been the discovery that familiar phases of matter – and many not-so-familiar ones

– can be characterized by the breaking of symmetry. In liquid water the molecules can

be found anywhere, and therefore, on average, no point in space is distinguished from

another by the water molecules’ configuration. However, when the H2O molecules are

nearly fixed to sites on a lattice, these points in space are distinguished so that only

translations that relate positions on the lattice to each other are symmetries of ice.

Therefore, the ordering is signaled by the breaking of translation symmetry. Moreover,

one can write down an order parameter measuring the symmetry breaking at the atomic

scale: the statistical correlation of where one water molecule is with respect to the other.

If they are fixed nearly to a repeating lattice structure, as in the solid phase of Figure

1.1, then they will be highly correlated – the position of one or two atoms nearly tells

you the position of all of them.

Magnets are solid systems where not only the molecules are fixed in a lattice, but all

of the electrons are essentially bound to a particular atom. In this case the only unbound

degree of freedom is the small magnetic moment, or spin, of the electron, which can

choose what direction to point. When the spins all point together in one direction they

from a macroscopic magnet – in other words, the collective properties of spins are what

make refrigerator magnets work, as well as computer memory and electric motors.

At high temperatures spins fluctuate an extreme amount and can be found in any

direction. That phase is called a paramagnet. When cooled, the interactions of the

spins become important and new collective properties can emerge, corresponding to
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new phases of the magnetic system. In typical magnets the spins ‘freeze’ into an or-

dered phase where their moments point in such a way that the spins have long range

correlations, such as all in one direction in a ferromagnetic, or an alternating pattern

in a Neel antiferromagnet – see Fig. 1.2. This breaks spin-rotation symmetry and the

corresponding order parameter is precisely the expectation of the spin orientation.

Most spin systems find an ordered phase at low temperatures that minimizes the

interaction energy between them. However, this is not the only option. Analogous to a

molecular liquid, a spin liquid is a system of quantum spins that are highly correlated

due to their mutual interactions without becoming locked into a pattern with long-

ranged order. The characterization and identification of such system is the primary

focus of this thesis.

1.1 Fractionalization

Perhaps the most exciting implication of such a strongly-interacting state is the ability

to support non-local fractionalized excitations. Such excitations can be well-defined

quasiparticles, but local operators can only create them in groups because they carry

fractions of local quantum numbers. To illustrate the existence of fractionalization we

consider a simple example for a one-dimensional spin system: the Ising model in a

transverse field. [1, 2, 3] The Hamiltonian is

H = −J
∑
i

σzi σ
z
i+1 − h

∑
i

Sxi , (1.1)

where σi is a quantum spin operator represented by a Pauli matrix. At low temperatures

the system seeks out a low energy configuration. J > 0 is a ferromagnetic exchange

coupling between nearest-neighbor (NN) spins that favors spontaneous magnetic order

along the z-axis: either |↑↑↑ · · · ↑〉 or |↓↓↓ · · · ↓〉. This is a true ordered phase. In

contrast, the magnetic field h is minimized if the spins point along the positive x-axis,

but does not involve any spontaneous symmetry breaking. The h � J phase is simply

a quantum version of the paramagnet with the spins biased along a single direction.

We are particularly interested in the limit h � J where interactions dominate.

For h = 0 the eigenstates have are simply ‘up’ and ‘down’ in the z-basis. A simple
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Figure 1.3: From Ref. [4]. Reprinted with permission from AAAS. Inelastic
neutron scattering data for quasi-one-dimensional CoNb2O6 under various transverse
magnetic fields at low temperatures. (E) shows a sharp quasiparticle spectrum for the
paramagnetic phase h > J while by (C) 4T the broad continuum has developed due to
the fractionalization of excitations illustrated in the cartoon (A).

excitation is to flip a single spin as in Fig. 1.3 A. This makes two unhappy bonds, or

kinks. Moreover, it is the number of kinks - places on the lattice where the magnetization

changes sign - that determines the energy. Therefore, we can actually pull apart the two

kinks created by a spin flip at no energy cost, and view the kinks as freely propagating

quasiparticles on their own!

What are the consequences of such fractionalization? One useful signature can

be the momentum-energy distribution of local excitations such as the dynamical spin

structure factor, or the Fourier transform Sαβ(ω, k) of the dynamical correlation function

〈σαi (t)σβj (0)〉. If the local excitations themselves create single quasiparticles then an

experiment like neutron scattering that probes the spectrum of spin flips would see a

sharp line representing the spectrum ω(k). However, if a spin flip can fractionalize into

two parts, there turns out to be a broad continuum of total energies that can be realized

for any total momentum of the two particles.

Remarkably, this continuum characteristic of fractionalization has been observed

in experiments that are approximately modeled by (1.1). For example, quasi-one-

dimensional CoNb2O6 forms near-isolated zig-zag chains of Co2+ ions with a strong
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Figure 1.4: The excitations and braiding in the Toric code model.

easy-axis exchange anisotropy due to crystal field effects mimicking the model (1.1) [4].

Moreover, J ≈ 0.5meV ∼ 5T is low enough to allow direct access the quantum phase

transition to the paramagnet above hc = J . In the paramagnet the basic spin flip

excitations are quasiparticles of their own. In Fig. 1.3 we reproduce inelastic neutron

scattering (INS) data, which probes the dynamical structure factor. For magnetic fields

above the transition to the paramagnet we see a sharp spectrum. However, once the

external transverse magnetic field is lowered below the transition, the INS spectrum

shows a broad continuum of excitations, demonstrating the quantum fractionalization

of that phase.

1.2 Mutual statistics

Higher dimensional spin systems do not have the same freedom to fractionalize as the

1D Ising model. Even for a two-dimensional Ising model, if we think about a kink as the

boundary separating domains of up spins and downs spins the energy is proportional

to its length. This energy cost confines kinks to be small and therefore act as usual

quasiparticles in two and higher dimensions.

Systems that do support non-local excitations in 2D are expected to have a much

more exotic type of order in which the fractional excitations have mutual statistics –

moving one excitation around another induces a phase change in the wave function

known as a Berry phase. In systems with a finite energy gap between the ground
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state and excited states, such mutual statistics define what is known as a topological

order for the phase. To illustrate a topologically ordered phase with mutual statistics

we introduce the toric code model of Kitaev [5]. The toric code is defined on a square

lattice with spins on the middle of the links. The terms in the Hamiltonian are products

of spins around plaquettes Pp =
∏
i∈p σ

z and of spins from all links around a single site

Ss =
∏
i∈s σ

x, called a star – see Figure 1.4. The Hamiltonian is simply [6, 7, 8]

H = −K
∑
p

Pp −K ′
∑
s

Ss, (1.2)

where the sums are over plaquettes p and stars s. It is easy to see that all of the Pp and

Ss operators commute with each other. This is because any two operators always share

an even number of acting sites so that the minus signs from anticommuting σx and σz

operators always cancel. Therefore, ground states have Ss = 1 = Pp for every star and

plaquette.

First, let us see how this model achieves fractionalization. Choosing the x basis,

consider the action of σz : σx → −σx on a single link. It flips Ss to −1 on the two stars

that include that link. Like in the Ising model these Ss excitations could be moved

anywhere and would the total energy would be the same. Similarly, the action of σxj

on a link flips Pp on the two plaquettes sharing that link, creating Pp = −1 fractional

excitations.

Hand-in-hand with this fractionalization comes mutual statistics for these two types

of excitations. Let us call the Ss = −1 stars e particles, and Pp = −1 plaquettes m

particles. It immediately follows that these two particles have an Aharanaov-Bohm

phase when one moves around the other, just like electrons going around a solenoid.

To see this, consider moving an e particle around an m particle by acting with σz

on consecutive bonds to make a loop that the e particle traverses. One can check a

discrete version of Stokes’ theorem: consider the product of all Pp within a loop (see

Fig. 1.4). All of the σz cancel except the ones on the boundary. Therefore
∏

Area Pp

is equal to the product of σz around the loop. But if there is only one m particle

inside, and therefore one plaquette with Pp = −1, then
∏

Area Pp = −1 and the action

of the braiding process is to change the phase of the wavefunction! This type of ‘action

at a distance’ is one simple way to see that there is some deep quantum correlation,
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or entanglement, within the many-body toric code wavefunction [8]. Despite these

correlations, one can quickly check that the local spin excitations are only correlated

at nearest neighbor by computing the zero-temperature static structure factor. Since a

single spin operator creates a pair of excitations that can only be destroyed by acting

with the same operator again, the state σαi σ
β
j |0〉 is orthogonal to the ground state unless

the two spins are identical. Therefore

〈σαi σβj 〉 = δij δ
αβ, (1.3)

which means there is no long-range spin-spin order – in fact the correlation length is

zero! In this thesis we will study we focus a model that has a similar fractionalization

structure within a Hamiltonian that is more realistic for a condensed matter system.

Having identifies some positive properties of a spin liquid it is worthwhile to contrast

this state with that of a spin glass. A spin liquid is a system without long-range order in

the clean limit, whereas a spin glass involves spins freezing in random orientations, which

requires a high degree of disorder. These two states are particularly distinguished by

their dynamics since a spin glass has a very long single-spin autocorrelation time while

a spin-liquid lacks such frozen spin configurations.

1.3 Spin liquids in experiment

Perhaps the most important and difficult question with regard to spin liquids is how to

experimentally realize and identify the spin liquid phase [8]. A necessary requirement

is to find a magnetic material that does not order magnetically at low temperatures.

Magnetic moments are routinely measured with NMR, µSR, X-ray scattering, neutron

scattering, and magnetic susceptibility measurements, revealing magnetic ordering pat-

terns when they exist. When magnetic order exists, a spin configuration that minimizes

the classical interaction energy is typically expected to be a good description of the

quantum ground state. Therefore, it is natural to seek systems that escape this nat-

ural ordering tendency by having many different low-energy classical configurations to

choose from [9]. A system that has many energetically degenerate options for how to

point its spins is said to be frustrated. Frustration can come from the inability to satisfy

competing constraints. For example, consider the Ising model (1.1) with h = 0 and
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−J > 0 on a triangular lattice. Now each spins wants to sit anti-parallel to all of its

neighbors – which is impossible even for a single triangle!

A long experimental quest has already identified a number of frustrated magnets

as spin liquid candidates. These include Heisenberg antiferromagnets on the kagomé

[10, 11] and triangular [12, 13, 14, 15, 16]. Prominent candidates are ZnCu3(OH)6Cl2

(herbertsmithite) as well as κ-(ET)2Cu2(CN)3 and EtMe3Sb[Pd(dmit)2]2. All three of

these materials show a lack of magnetic order (e.g. in NMR [17], µSR, neutron scattering

[18, 19], and susceptibility [20]) to the lowest temperatures of 50mK. NMR and first

principles calculations indicate J ∼ 200K so that ordering is avoided down to almost

10−4 times the typical ordering temperature. Thermodynamic measurements also do

not see any anomalies suggestive of phase transitions between these temperature scales.

Lack of order does not prove that these materials are spin liquids. Such an iden-

tification requires positive evidence of a spin liquid state. To this end there are some

suggestive signs of fractionalization in the form of a large density of low-energy states

seen by specific heat [21], as might be expect for a Fermi surface of fractional fermionic

particles. These fractional fermions are typically referred to as spinons.

In spite of this progress, however, an unambiguous identification of quantum spin

liquid (QSL) phases in these systems remains elusive. For more telling signatures of

spin liquid physics, the community has turned to detailed theoretical modeling to al-

low quantitative comparisons between theory and experiment. This type of comparison

was already demonstrated in the Ising model example, and also in CuSO4 · 5D2O and

KCuF3 [22, 23, 24, 25, 26] where the fractionalization in these 1D systems was defini-

tively identified by excellent quantitative agreement between experiments [22, 23] and

exact calculations of the two- and four-spinon dynamical structure factor based on an

exact solution of the Heisenberg model in one dimension using Bethe Ansatz. [24, 25]

However, for the Heisenberg QSL candidates theoretical calculations are restricted either

to numerics, for which obtaining entire spectra in 2D and 3D models is quite challenging

(see Ref. [27] and references therein), or to variational-type ansatz such as slave-particle

[28, 29, 30, 31, 32] or resonant-valence-bond treatments. [33, 34, 35]

Another spin-liquid candidate is offered by the Rare-earth pyrochlore oxide spin ices

Ho2Ti2O7 and Dy2Ti2O7, as well as some materials with important quantum correla-

tions such as Yb2Ti2O7 [8]. Similar to the AFMs, Yb2Ti2O7 evades order down to low



9

temperatures, but there appears to be a transition to order at Tc ≈ 240mK. Nonetheless,

studies above this temperature have found spectroscopic signatures of fractionalization

known as “pinch points” seen in neutron scattering. This is nearly the quantitative

comparison that could identify a spin liquid. However, the full spectrum is far from

understood, again because reliable theory is challenging for their Hamiltonians. More-

over, there are many outstanding questions about the spin ices, including the role of

quantum fluctuations [8].

Broad spectra characteristic of fractionalization have also been predicted and ob-

served in other two- and three-dimensional candidate QSL materials. [36, 37, 38, 39,

40, 41, 42, 43, 44] However, the level of quantitative agreement between experiment and

theory is still not nearly what was found was demonstrated in 1D. [45, 46] The models

are either too simple or too complicated, making accurate predictions difficult, so that

definitive evidence has yet to be realized [8]. In large part, this is because obtaining a

reliable calculation of the spin response functions for spin liquid states in Heisenberg

models and spin ices has proven difficult due to a lack of controlled methods that can

be used to treat these highly frustrated systems.

1.4 Kitaev spin liquid candidates

Motivated by the challenges in obtaining a good quantitative agreement between theory

and experiment in the spin liquid materials described above, this thesis will focus on

a class of Hamiltonians for which the theoretical situation is much more tractable.

These Hamiltonians are based on the Kitaev honeycomb model, [5] and involve Ising-

like anisotropic nearest-neighbor spin-spin couplings. For these (integrable) models both

the dynamical structure factor[46, 47, 48, 49] and the Raman response[50, 51] can be

obtained analytically. This is highly significant, since any quantitative features of the

resulting spectrum that are characteristic of the spin-liquid phase can provide a reliable

basis for comparison with experiments.

Of course, the fact that experimental responses are more easily calculable is only rel-

evant if the possibility of actual experiments exists. In this context, an exciting current

development in the search for spin liquids has been another class of materials – the tran-

sition metal compounds belonging to the A2IrO3 iridate family, [52, 53, 54, 55, 56, 57]
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and more recently, α-RuCl3. [45, 58] These materials form trivalent lattice structures in

the harmonic honeycomb family of lattices. Due to strong spin-orbit coupling, magnetic

moments arising from Ir4+ or Ru3+ ions, are characterized by Jeff = 1/2 states. More-

over, strong Hund’s leads to a Kitaev-like super-exchange coupling [59, 60, 61, 62, 63],

the processes for which are reviewed in Chapter 5. Although these theoretically tractable

systems might sound like the ideal place to first identify spin liquid physics, all known

candidate compounds A2IrO3, as well as α-RuCl3, actually order at low temperature

(TC ≈ 7–40K depending on the material). Nonetheless, theoretical studies have sug-

gested that the Kitaev term is the leading energy scale, [64, 65, 66, 67] see the recent

review Ref. [64] and references therein. A dominant Kitaev exchange suggests that the

ordered ground states are proximate to spin liquid phases. Ultimately one hopes that

these systems can be modified [68, 69, 64], such as by doping [70], straining [71, 72], or

putting them under a magnetic field [73] in a way that will bring them into a Kitaev spin

liquid regime. And by then, we want to have developed the theoretical machinery to

allow for a strong quantitative comparison that could ultimately put an end to the long

search for spin liquid materials. This is precisely the challenge that this thesis takes on

by considering particular dynamical spectra that can probe the Kitaev fractionalization

in descriptive ways.

Much like the toric code, the tractability of the Kitaev model allows for explicit

computations of the dynamics. [46, 50] In these systems spins fractionalize into two

types of degrees of freedom in the Kitaev model. First there are gapped flux excitations

analogous to the Toric code’s m particles. In the unperturbed Kitaev model the flux

is conserved (static). Second are dispersing fermionic quasiparticles, which we refer to

as Majorana spinons, or spinons when the context is clear.2 These are analogous to

the toric code e particles since braiding them around the flux gives a Berry phase of

π, or a sign change. However, being dispersing fermions these Majorana spinons form

effective band structures. In fact these turn out to topological semimetal band structures

with protected boundary modes, as we review below. The dynamical structure factor

exhibits a gap (although see Ref. [74]) that can be understood as the energy to excite

a pair of fluxes (a flux loop in 3D) because spin excitations fractionalize into both

2The word spinon originates from a different fractionalization picture where it carries the full spin-
1/2 quantum number, which isn’t the case here since SU(2) is broken. However these spinons do carry
spin in the sense that they couple to the physical spin operators.



11

dispersing Majorana spinons and gapped fluxes [46]. On the other hand, as we discuss

in detail, Raman scattering probes only the Majorana spinons, making for rich continua

to contrast with the highly local response from probes of flux physics. This is precisely

the reason that light-scattering experiments are well suited to the Kitaev spin liquid.

These predictions have already begun to be tested experimentally in the candidate

systems at temperatures above the magnetic ordering. The idea is that nearby the spin

liquid regime, as long as the order does not set in, the fractionalized quasiparticles of the

nearby phase may still lead to signatures very similar to the actual spin liquid phase. In

fact, the INS data is reminiscent of the fractionalization of the Kitaev model. [45, 75]

Both a gapped spectrum and a broad continuum were observed and are consistent with

the theoretical calculation. [46]. On the other hand, another probe – Raman light

scattering – offers a different perspective. Low-energy photons create pairs of Majorana

spinons (no fluxes), allowing the Raman operator to directly probe a two-Majorana

spinon density of states (DOS), as shown by Knolle et al. [50]. Indeed, above the

ordering temperature, Raman scattering experiments in α-RuCl3 [76] show a broad

scattering continuum consistent with this prediction, as well as with the prediction

of no dependence on polarization [50, 42]. Further, the temperature dependence of

the Raman spectral weight has been shown to be consistent with predictions from the

Kitaev spin liquid [77]. However, comparisons thus far are too rough to constitute a

proof of Kitaev fractionalization above the magnetic ordering temperature. Moreover,

it is not clear which, if any, aspects of the QSL phase are expected to persist in this

regime.

1.5 Outline

The work of this thesis continues the effort to identify sharp quantitative features of the

Kitaev spin liquid in dynamical spectra by focusing on inelastic light scattering. We

illustrate a few news ways in which Raman or Brillouin scattering could characterize

the Kitaev spin liquid through its fractional spinon excitations, [46, 51, 78, 79] as well

as discussing the possibilities for RIXS to probe their momentum profile. We study

the honeycomb, [5] hyperhoneycomb, [80] stripyhoneycomb, [81] and hyperhexagon [82]

lattices. The first three are realized in the α−, β− and γ−Li2IrO3 compounds, [81, 57]
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while the fourth has only been proposed theoretically. Finally, we identify the types

of dynamical response that can be caused by topological surface modes, as well pre-

dicting an unusual numerology for the Landau Levels that can be induced by straining

honeycomb flakes.

New dynamical signatures of the Kitaev spin liquid presented in this thesis include:

(1) Raman signatures and polarization dependence of 3D harmonic honeycomb Kitaev

spin liquids. (2) Raman signatures of boundary modes for strip and slab systems. (3)

Characterization of the anti-symmetric Raman channels and their microscopic origins.

(4) Finite temperature Raman predictions of Landau levels for strained honeycomb

flakes. (5) Resonant Inelastic Light scattering predictions for 3D Kitaev systems. In

addition, we present the first complete exposition of Lieb’s theorem and its proof for

the Kitaev honeycomb model, as well as completing thorough discussions of the effects

of perturbations and the flux-flux interactions.

In Chapter 2, we review the Kitaev model and its solution. We include a direct

mapping to Z2 gauge theory and explicit proofs of the necessary mathematical results

upon which the solution relies. Chapter 3 collects some essential results on the properties

of the Kitaev spin liquid state and its effective band structures. Here the arguments

of topological band theory are reviewed and used to characterize the boundary modes.

Chapter 4 reviews the effects of likely perturbations, such as a magnetic field or sub-

dominant spin-exchange terms, on the low-energy physics.

Chapter 5 extends the theory of inelastic light scattering in Kitaev spin liquids to

describe all Raman channels at lowest order, deriving operators to describe the spin-

photon interactions. Emphasis is put on the differences in the Raman channels for

hopping mediated by oxygens as compared with the typical case of light interacting

with direct hopping. The pieces leading to the Kitaev spin-exchange Hamiltonian in the

relevant materials are reviewed in detail to allow for new calculations of magnetic Raman

matrix elements beyond nearest-neighbor spins. Great detail is taken in consideration

of the various symmetry channels for the Raman response.

Chapter 6 provides the formalism to write the Raman matrix elements in terms of

the pure-Kitaev fractionalization. This yields general procedures for the computation

of the relevant correlation functions for Raman and Brillouin scattering as well as for

spin-conserving resonant inelastic X-ray scattering (RIXS).
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Chapter 7 presents results of our calculations of Raman and Brillouin scattering,

as well as RIXS, for the four models considered, yielding quantitative predictions for

comparison with experiments. Particular emphasis is put on the ability to see signatures

of boundary modes in Brillouin scattering experiments of a true Kitaev spin liquid.

Chapter 8 presents our results for Raman scattering in a honeycomb flake where

effective gauge fields induced by strain lead to Landau level peaks. Those peak structure

characteristic of the low-energy effective Dirac spectrum is shown to have a peculiar

numerology related to the sublattice structure of the modes. This analysis includes

a full finite temperature calculation using classical Monte Carlo to discuss the phase

transition signaled by the appearance of the Landau level peaks.

In Chapter 9 we conclude with a summary of the work, as well as a discussion of

what remains to characterize a Kitaev spin liquid both experimentally and theoretically.

In the Appendices we collect an exact calculation of the density of states for the 2D

Kitaev honeycomb model, as well as a novel, detailed comparison of the Majorana slave

fermions introduced in Kitaev’s seminal paper with the usual slave-fermion decouplings.



Chapter 2

The Kitaev honeycomb model

The Kitaev model[5] follows the Ising and quantum compass models with highly anisotropic

exchange between nearest-neighbor (NN) spins. An exactly-solvable spin-liquid model

can be defined on any lattice that is tri-coordinated, meaning each site has (at most)

three neighboring sites. Then on each of the three bonds emanating from each site the

axis of exchange is different.

H =
∑
〈ij〉α

Jασαi σ
α
j . (2.1)

Here α = x, y and z label the three types of bonds emanating from each vertex by

the spin component involved in the interaction, and Jx, Jy and Jz are the associated

coupling constants. The canonical example is the 2D honeycomb lattice, which is il-

lustrated in Figure 2.1, but the exact solution that we present below applies for any

tri-coordinated lattice, including a wide variety of lattices that have already appeared

in the literature for this model [82, 83, 84].

We study the Kitaev model in detail in this chapter, focusing on its solution, before

going on to study the spin liquid phase that it supports in Chapter 3. 2.1 reviews

existing literature about the model’s exact solution, including an original derivation

of the connection to lattice gauge theory, and explicit review of diagonalization for

quadratic Majorana Hamiltonians. Then follows a review of Lieb’s theorem including the

first explicit proof for the Kitaev honeycomb model in Section 2.2. Finally, 2.3 reviews

details of the lattices that we study presenting explicit momentum space Hamiltonians

14
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Figure 2.1: The bonds, sublattices, reciprocal lattice vectors, and unit cell of the 2D
honeycomb lattice.

in each case.

2.1 Solution and Excitations

The Kitaev Hamiltonian is solved by identifying its excitations as Z2 gauge fluxes and

dispersive Majorana fermions. We first present the solution in terms of a direct mapping

to Majorana lattice gauge theory in the first subsection, and then go on to review the

direct fractionalization picture in terms of slave-Majorana fermions given originally by

Kitaev [5]. Then we continue to discuss the methods of quadratic fermions used to solve

the model completely.

2.1.1 Mapping to lattice gauge theory

View the Hamiltonian as a sum of bond operators V̂〈ij〉α = Sαi S
α
j . This particular spin

Hamiltonian has only one V̂〈ij〉α per bond b = 〈ij〉α and their algebra is

{Vb, Vb′} = 0 if b and b′ share a site (2.2)

[Vb, Vb′ ] = 0 otherwise, (2.3)
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with V 2
b = 1. This simple algebra happens to be the one realized by a Majorana lattice

gauge theory on the same lattice. Therefore, we can solve it by introducing such a

representation. To replace the V’s, which replaced the spins, we introduce a bosonic

Z2 variable u〈ij〉α = ±1 for every bond, and a Majorana fermion cj at each site. The

Majoranas are Hermitian c†j = cj fermions, which implies the algebra {ci, cj} = 2δij

with the factor of 2 chosen so that c2
j = 1. Then we let V〈ij〉α = u〈ij〉αicicj so that the

Hamiltonian is

H =
∑

α=x,y,z

∑
〈ij〉α

J〈ij〉αu〈ij〉αicicj . (2.4)

We define the mutual statistics be trivial [u〈ij〉α , cj ] = 0 so that u〈ij〉α is really a number,

representing the Z2 phase eiπ,0 of the hopping of the Majoranas (Hermiticity disallows

U(1) Majorana lattice gauge theory). Then it is easy to check that this gives the same

algebra as the original Hamiltonian.

The spin Hamiltonian is now solved in the sense that the eigenstates come from

setting a gauge of u〈ij〉α = ±1 on each site, and then diagonalizing the remaining

quadratic fermionic Hamiltonian in the usual way. However, one caveat is that this

representation, as with any gauge theory, is redundant. To see this, one can simply

count the states in the new Hilbert space, and see that there are more than were the

spin description. Two sites give two Majoranas per unit cell, which is one complex

fermion. If each of the three bonds in the unit cell has an independent boson u then

there are four degrees of freedom (d.o.f). The constraint
∏
i∈NN(j) uij = cj on each site,

where NN(j) is the list of nearest neighbor sites of j, reduces the Hilbert space by two

as needed. This constraint is the usual Gauss’ law of lattice gauge theory. Moreover,

it commutes with the representation Hamiltonian (2.4), thereby identifying a faithful

subalgebra to represent the original Hamiltonian (2.1).

The gauge representation is convenient for calculations due to the quadratic form

(2.4). However, a simpler picture of the gauge excitations in terms of flux is useful for

enumerating the states of the system. We show in subsection 2.1.5 that the only gauge

degrees of freedom correspond to products WP =
∏
b∈P ub of directed bond gauge-field

operators around the plaquettes P and possibly non-contractible loops on the lattice.

Therefore the eigenstates can be obtained by choosing a gauge for each flux configuration
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{P}, and solving the remaining quadratic fermionic problem for the chosen gauge. The

conserved quantity can be written in terms of spins as

WP =
∏
i∈P

σ
α(i)
i , (2.5)

which is the product of certain spin operators around the plaquette P , whose spin

component α(i) is given by the label of the outgoing bond direction, as illustrated for

the honeycomb lattice in Fig. 2.3.

This solution works elegantly for a family of models with certain Ising-type inter-

action on tri-coordinated lattices, [80, 82] Of particular interest would be models with

other spin-exchange terms in addition to the Kitaev model. These can introduce op-

erators new V β
〈ij〉α

= SβSβ for β 6= α, for instance, which turn out to anti-commute

with some of the operators Vb already introduced that it shares a single site with, and

commute with others. While this can be represented within the current degrees of free-

dom, it requires the introduction of ladder operators to change the bond variables u and

thereby undermines representation purely in terms of quadratic fermionic Hamiltonians.

The benefit of this solution in which we represent the NN spin bilinears without

explicit expressions for the spins is that it highlights the level of connection to gauge

theory that this model has, as well as offering a quick route to the result. Although the

fractionalization of the spin is not explicit, it should already be clear from this solution

that the spinon operators cj cannot easily be represented in terms of spins, and are

therefore not directly connected to them. However, Kitaev’s original solution can be

more convenient as it affords a local representation to the spin operators, which we now

turn to.

2.1.2 Majorana fractionalization

Following the notation of the original work by Kitaev, [5] we map from the spin rep-

resentation with two quantum dimensions per site to one with four, realized by four

Majorana fermions cj and bαj that satisfy the algebra

c2
j = b2j = 1, {bαj , bβi } = {bαj , cj} = 0 (2.6)
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Figure 2.2: A spatial representation of the Majorana fractionalization.

so that c† = c and Majorana operators at different sites anticommute. In this new basis

we seek to represent the spins as the composite operator

σαj = icjb
α
j . (2.7)

In terms of Majorana fermions the Hamiltonian becomes

H = i
∑
〈ij〉α

Jαu〈ij〉αcicj , (2.8)

where we have defined the bond operators

u〈ij〉α = ibαi b
α
j , (2.9)

which satisfy u〈ij〉α = −u〈ji〉α . Since the bond operator u〈ij〉α commutes with the

Hamiltonian in any eigenstate it is a constant. Therefore, in the unconstrained Hilbert

space, eigenstates of Eq. (2.8) are described by the value of u〈ij〉α on each edge, together

with an eigenstate of the resulting hopping Hamiltonian for the {cj}Majorana fermions.

Since
(
u〈ij〉α

)2
= 1 then u〈ij〉α = ±1 and the possible hopping parameters on each edge

are tij = ±iJ〈ij〉α .
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Figure 2.3: An elementary plaquette of the honeycomb lattice with the bonds labeled
by the component of spins that interact along them. The spin component shown at
each vertex is the one that enters the product WP of Eq. (2.5), and corresponds to the
color of the bond pointing out of the plaquette from that vertex.

Because the Majorana representation is redundant, not all of the eigenstates de-

scribed above are physically distinct. Imposing 1 = Dj = cjb
x
j b
y
j b
z
j at each site makes

the representation exact. In particular, though individual u〈ij〉α commute with H, they

do not commute with the constraint. The only conserved quantities corresponding to

the u〈ij〉α in the physical Hilbert space are the {WP }, defined by Eq. (2.5), which in the

Majorana representation have the form:

WP =
∏
〈ij〉∈P

〈u〈ij〉α〉 . (2.10)

Thus the physical eigenstates (and the band energies for {cj} Majorana fermions) de-

pend only on the phase accumulated by a fermion hopping around a given plaquette.

We define the flux ΦP through plaquette P by exp [iΦP ] =
∏
〈ij〉∈P tij/|tij | = inWP ,

where n is the number of the bonds around the plaquette P . Since u〈ij〉α = ±1, then

WP = ±1 and the fluxes – which effectively generate lattice-scale magnetic flux for the

dispersing fermions – can only take on two values: 0 or π. This therefore brings us back

to a Z2 lattice gauge theory as discussed in the previous subsection 2.1.1, but in a way

in which the action of Sαj to both flip a flux and create/destroy a spinon cj becomes

explicit, showing exactly that the ground state is fractionalized. From here on we will

use the language of gauge theory and describe excitations of the bαj Majorana operators

in terms of their effect on these Z2 fluxes, and refer to the dispersing cj excitations as
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Majorana spinons.

2.1.3 Diagonalization

The previous subsections showed that the Kitaev Hamiltonian can be mapped to many

non-interacting quadratic Majorana fermion Hamiltonians, one for each flux configura-

tion. We will now detail the eigenstates of these Majorana spinons, which form a band

structures once a gauge is fixed. We re-write

H = i
∑
〈ij〉α

Jαu〈ij〉αcicj =
∑
ij

Hijcicj . (2.11)

It turns out that this matrix can be diagonalized in the same way as for complex

fermions. If we define αi to be a complex fermion, with ci =
√

2Qijαj . Then the

Majorana algebra ci, cj = δij and c2
j = 1 is preserved if Q unitary diagonalizes H as a

matrix.

Q†HQ = Ω =
1

2

(
ε 0

0 −ε

)
(2.12)

α =
1√
2
Q†c. (2.13)

Therefore Q can be computed using standard diagonalization schemes.

In the common case that the lattice is bipartite, the Hamiltonian can be given the

block-off-diagonal form

H = i

(
0 D

−D† 0

)
. (2.14)

In this special case diagonalization can be achieved using the singular value decompo-

sition (SVD) of D, which consists of matrices u and v that satisfy

u†Dv = ε/4 (2.15)

α = ucA + ivcB, (2.16)
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where A and B denote the two sublattices. Computing the SVD of D is often compu-

tationally more tractable than direct diagonalization of H [85].

For very large systems, diagonalizing H becomes computationally infeasible. We

next consider the case where the flux configuration has some translation symmetry

and that we can choose a gauge compatible with this symmetry. Then the Fourier

basis is defined by ck =
∑

s e
irs·kcs, where rs defines the position of the unit cell s,

cs = (c1s, c3s, ...; c2s, c4s...) defines the vector of distinct Majorana spinons in this unit

cell. Note that c†k = c−k, and k belongs to the first Brillouin zone (BZ).

The Hamiltonian is now written as

H =
∑
k

c†kHkck =
∑
k

cT−kHkck (2.17)

Let Uµνk be the unitary matrix that diagonalizes the Hermitian matrix Hµν
k . Therefore

U †kHkUk = Ω =
1

2

[
diag(~εk) 0

0 −diag(~ε−k)

]
, (2.18)

with εµk ≥ 0, where the positive and negative eigenvalue pairing comes from the particle-

hole redundancy of the Nambu-Bogoliubov-deGennes form, as shown in Ref. [86]. The

case of usual fermions treated in that reference can be related to the Majorana descrip-

tion by the standard pairing(
fk

f †−k

)
=

(
1 i

1 −i

)(
cAk

cBk

)
.

We can define operators aµk = (U †k)µνcνk for µ = 1, ..., n/2 to get the set of n/2 fermionic

quasiparticles {(a†k)µ, aνk} = δµ,ν and the Hamiltonian becomes

H =
∑
k

εµk

[
(a†k)

µaµk −
1

2

]
. (2.19)

Therefore the excitation created by (a†k)
µ has energy εµk . The particle-hole redundancy

forces Uk to take the following form reflecting the fact that are only n/2 fermionic
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quasiparticles.

Uk =
1√
2

(
uk u∗−k

−ivk iv∗−k

)
. (2.20)

Let us consider in more detail the case where Hk has a chiral symmetry {S,Hk} = 0

(for some S). This is common for the Kitaev model on a bipartite lattice that can lead

to a sublattice symmetry within the unit cell. In the basis where S is diagonal Hk takes

the block-off-diagonal form

Hk = i

(
0 Dk

−D†k 0

)
. (2.21)

In this case the diagonalization of Hk in the form of Eq. (2.20) comes from letting uk

and vk be the n/2×n/2 unitary matrices that achieve a singular value decomposition of

Dk: u†kDkvk = εk/4, where again all of the eigenvalues are positive. [One algorithm is

to find uk as the unitary matrix diagonalizing GkG
†
k, whose eigenvalues are (εµk)2. Then

vk comes from matrix inversion.] We can view the quasiparticles formed by u and v as

n Majorana fermions, while the formation of U from u and v corresponds to the usual

Dirac-fermionization of a pair of Majoranas.

The fact that α†n,k is related to αn,k by Hermitian conjugation leads to some redun-

dancy. In a real space representation this is simply a redundancy within the eigenvectors

of the Hamiltonian matrix. However, when working with a momentum space represen-

tation one needs to be to be careful that QT
k = γQ†−k, where γ =

(
0 1

1 0

)
. In practice

we impose this constraint by computing Qk for k in half of the Brillouin zone and defin-

ing Q−k = γQ∗k. The ground state is the one with no quasi-particles, am,k |0〉 = 0, and

has energy E0 = −1
2

∑
m;k εm,k. Note that the chemical potential is fixed to what might

be interpreted as half-filling in this effective band structure by particle-hole symmetry.

Having illustrated the diagonalization of the Hamiltonian, we now comment on the

structure of the eigendecomposition. For every two Majorana spinons there is one

spinless fermion, whose corresponding excited state a†m,−k |0〉 has energy εm,k. We refer

to the energies of the different quasiparticles as different Majorana spinon bands, of

which there are one for every two sites in the unit cell. The physical excitations above
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Figure 2.4: Fluxes changed by a single bond on the honeycomb lattice.

the ground state correspond to pairs of the original Majoranas: flux+Majorana spinon

or two Majorana spinons. Operators that create single-Majorana fermion excitations

do not commute with the constraint, and therefore are not physical – see section 2.1.6.

2.1.4 Correlation functions

In the Kitaev fractionalization it is already easy to see that there is no net magnetization

at zero temperature. Consider the expectation value

mα
j = 〈σαj 〉 = 〈bαj cj〉 . (2.22)

the action of bαi is to flip the plaquettes to which the α bond emanating from site i

is a part of, as in the gray hexagons in Fig. 2.1.4. Since cj does not change the flux

configuration, bαj cj |0〉 is orthogonal to the ground state.

One also immediately finds that the static spin-spin correlation functions are short-

ranged. One simply computes the structure factor

〈σαi σβj 〉 = 〈bαi bβj cicj〉 . (2.23)

Since this is a zero-temperature correlation function it must begin and end in the ground

state. However, the only way to return to the same flux configuration is if bαi flips the

same plaquettes as bβj . Therefore the correlator (2.23) is zero unless bαi and bβj flip the

same bond u〈ij〉γ , which requires that α, β = γ are the spin component corresponding
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to that bond. Therefore

〈σαi σβj 〉 = δαβδ〈ij〉α 〈cicj〉 , (2.24)

where δ〈ij〉α = 1 only if i and j form a NN α bond and 0 otherwise. That is, the

structure factor vanishes except at NN on a single site.

If i = j then 〈cicj〉 = 〈c2
i 〉 = 1. Otherwise, i and j must be NNs. In that case the

correlation function can be reduced to a simple integral over the BZ [87].

〈cicj〉 =

∫
dkeik·rij 〈icµ(i)

−k c
µ(j)
k 〉 (2.25)

=

∫
dkeik·rij

[
U †kUk + U †−kU−k

]µ(i)µ(j)
, (2.26)

where Uk unit-cell-sized matrix that diagonalizes the lattice-specific matrix Hamiltonian

H discussed in the previous chapter, µ(i) labels the sublattice of site i within the unit

cell, and rij is the vector from site i to site j. On the honeycomb lattice with isotropic

couplings 〈σαi σαj 〉 = 0.52 [87].

2.1.5 Gauge transformations

We have now shown that the Kitaev model can be mapped to a lattice gauge theory,

and that each gauge sector can be solved on a finite lattice by quadratic diagonalization.

Here we review the arguments of lattice gauge theory that show that the fluxes determine

the spectrum, identifying it as the only physical part of the gauge degree of freedom.

The ideas here are useful not only for choosing a gauge for the diagonalization of the

previous subsection 2.1.3, but also for the proof of the ground state flux sector in the

following section 2.2.

A gauge transformation is a diagonal unitary transformation of the form Gij =

exp(iφj)δij , which corresponds to a redefinition of the Majorana operator cj → eiφjcj .

Since c† = c for Majoranas φ can only be 0 or π, reducing the discussion to Z2 gauge

theory. The gauge transformation does not change the spectrum since H and G†HG

have the same spectrum as matrices. However, note that the eigenvectors can change.

Nonetheless, any observable quantity must be independent of such a transformation.

Note that the constraint 1 = Dj = cjb
x
j b
y
j b
z
j can be thought of as identifying the Z2
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gauge transformation at site j with redefinitions of the sign of cj since the operator cj

acted on the Hamiltonian changes the sign of the u on bonds connected to j, which is

the same as the action of bxj b
y
j b
z
j on the operators û. In the case of the Kitaev model

this constraint is already satisfied, but one can imagine other spin models where this

projects to the Z2 lattice gauge theory.

The fluxes can be generally written as the phase ΦP = arg[WP ], where WP =
∏
uij .

Following Lieb and Loss [88] we now prove the following Lemma.

Lemma 1 (Fluxes determine the spectrum). Let u and u′ be two gauge choices which

have the same hopping amplitudes and the same flux through every loop (plaquettes and

non-contractible loops). Then there is a gauge transformation such that u′ = G†uG.

Proof We construct the gauge transformation as follows. We can define wij = uij/u
′
ij

on each bond since if u′ij were zero the bond ij should have been removed from the

lattice. The flux of wij is then zero in every loop since by assumptions
∏
P u =

∏
P u
′.

Now choose an arbitrary reference site j0 and define a phase for every site by φj =

arg(
∏
pj
w) where pj is any path from j0 to j. For any two paths Pi and P ′i to the same

site i, the path Pi(P
′
i )
−1 is a loop, and φi − φ′i is the flux through the loop. Therefore

path-independence of φ follows from the fact that w is flux-free. For any paths Pi

and Pj from j0 we have a loop 1 =
(∏

pi
w
)
wij

(∏
pj
w
)

= exp[i(φx − φy)]wxy, which

determines wxy = uij/u
′
ij . Therefore H ′ij = exp[iφi]Hij exp[iφj ], which specifies the

necessary gauge transformation explicitly.

On a lattice with open boundary conditions the flux through every plaquette de-

termines the flux through every loop by a lattice version of Stokes theorem: the flux

through a loop is the sum of the flux through each plaquette contained in any surface

for whom the loop is a boundary. However, if the lattice is not simply connected, such

as for the case of periodic boundary conditions, then each independent non-contractible

loop is independent of the plaquettes, and therefore must be specified separately. These

loops, however, are typically few in number and their contribution is expected to vanish

in the thermodynamic limit.
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2.1.6 Majorana spinon parity

We have just shown that the fluxes – through plaquettes and non-contractible loops –

are the only physical degrees of freedom described by the gauge variables in Majorana

lattice gauge theory. We also know that they are essential since they lead to states with

different energies. It may seem then that we have completely identified an equivalence

mapping between the gauge theory and the original Hamiltonian. However there remains

one process in the Majorana gauge theory that cannot be written in terms of spins at

all (i.e. it cannot be made gauge invariant): a single Majorana spinon operator.

The basic conclusion that follows is that these excitations can only be created/destroyed

in pairs, and therefore the physical Fock algebra consists of only even products of their

operators. With these operators, then one can obtain any state that has the same spinon

parity as the ground state. One way to express this remaining degree of freedom is in

terms of parity of the spinon eigenstates [89]

π̂ =
∏
ξ

(2a†ξaξ − 1), (2.27)

where ξ denote the eigenstates of the Majorana Hamiltonian. This clearly commutes

with the Majorana representation of the Hamiltonian, and the representation of the

spin operators, if the number of sites are even. Therefore in that case, which is the

only one considered in this thesis, the Majorana parity π̂ represents a redundancy that

can be fixed by the constraint π̂ = 1 so that the ground state is represented by the

ground state |0〉 of the Majorana Hamiltonian satisfying aξ |0〉 = 0. This completes the

one-to-one correspondence of between Z2 lattice gauge theory and that of the Kitaev

spin Hamiltonian.

2.2 Lieb’s flux theorem for Majoranas

The previous section mapped the Kitaev Hamiltonian to Majorana lattice gauge theory.

To find the ground state of Majorana lattice gauge theory we need to solve the flux

phase problem: For which pattern of gauge fluxes does the lowest-energy state of the

quadratic c-fermion Hamiltonian have the lowest energy of all? Lieb’s theorem solves

this problem exactly for systems with reflection symmetries that move all sites, showing
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that they should have flux ΦP = n−2
2 π (mod 2π) where n is the number of bonds around

plaquette P . Although many authors have cited Lieb’s flux phase paper [90], that

work was done for complex fermions, and the proof for Majorana lattice gauge theory

has its differences, despiting yielding the same results. Nonetheless, only a handful of

authors have considered Lieb’s theorem in the Majorana context [91]. To the author’s

knowledge, this constitutes the first explicit proof of Lieb’s theorem for Majorana lattice

gauge theory beyond spin-ladders. We first present the theorem and its proof based on

Reflection Positivity (RP) for Majoranas proved in [92] and then go on to present a

simplified proof of RP for the case at hand.

2.2.1 Lieb’s Theorem

Lieb’s flux theorem fixes the value of the fluxes

WP =
∏
〈ij〉∈∂P

iu〈ij〉 = iu〈i1i2〉iu〈i2i3〉 · · · iu〈ini1〉 = ±1, (2.28)

which describes the sign accumulated by a Majorana hopping around the plaquette P .

For convenience we call a flux configuration canonical [93] if all plaquettes (shortest

circuits) have flux ΦP = n−2
2 π (mod 2π), where n is the number of bonds around the

plaquette. We follow Ref. [94] to prove the following Theorem.

Theorem 2 (Lieb’s flux Theorem for Majoranas). Assume θ is a reflection symmetry

that moves all lattice points, and let Θ = θK, or θ composed with complex conjugation.

Assume the lattice has two halves Λ± that are exchanged by θ and that we can freely

gauge the bonds connecting the two halves so that uij = 1 for all i ∈ Λ− and j ∈ Λ+.

Then for every plaquette that is mapped to itself by θ there must be a ground state that

has canonical flux through P .

To prove the theorem we follow Lieb [90] to use Reflection positivity, which we

state now. We split the Hamiltonian into three parts H = H− + H0 + H+ such that

H+ and H− are composed only of terms from Λ+ and Λ− respectively, and H0 denotes

coupling between the two halves of the lattice. Finally, we assume that the “interaction”

Hamiltonian is term-wise reflection positive and that we can gauge every one of its bonds

without changing the fluxes.
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Theorem 3 (Reflection Positivity for Majoranas). Let A be an operator that is a linear

combinations of terms with an even number of Majoranas. If H is of the form just

described with Θ(H+) = H− then

0 ≤ Tr
(
AΘ(A)e−H

)
. (2.29)

Note that an inverse temperature β can be introduced by scaling H.

Reflection positivity was proven for complex fermions in Ref. [90], and more recently

for Majoranas in Ref. [92]. For completeness, we give a proof in subsection 2.2.3. The

primary difference from the proof of the same theorem in Ref. [90] is that the conditions

for when the trace vanishes and does not vanish are quite different for Majoranas, as

detailed in the Propositions below.

Ref. [92] uses Reflection positivity to prove that, given any Hamiltonian, without

assumptions of symmetry positivity, if we define the two refection positive ones Hm =

H− + H0 + Θ(H−) and Hp = Θ(H+) + H0 + H+, we have the following bound (RP-

Bounds): [94, 92]

|Tr(AΘ(B)e−H)|2 ≤ |Tr(AΘ(A)e−βHm)|
× |Tr(BΘ(B)e−βHp)|, (2.30)

for any A,B ∈ Aeven
− , and likewise for Aeven

+ . An analogous inequality was proven for

complex fermions in Ref. [90]. Taking β →∞ and expanding gives

E0 ≥
Em0 + Ep0

2
≥ min(Em0 , E

p
0). (2.31)

Therefore, given any Hamiltonian that is not already symmetry-positive, there is a

Hamiltonian with a lower ground state energy, namely, one of the Hamiltonians that

can be obtained by ‘reflecting’ the Hamiltonian from one half-space. To highlight its

importance we restate this result a Corrolary.

Corollary 4 (SP-Bound). The ground state energy is always lowered (or kept the same)

by symmetrizing either H− or H+ over Θ to create a new Hamiltonian.

This leads to a simple proof of Lieb’s theorem.
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Figure 2.5: A generic plaquette invariant under the reflection symmetry.

Proof Proof of Theorem 2.

We consider the restriction HP of the Hamiltonian H to bonds in the plaquette P ,

numbered in a directed loop around the plaquette, as in Fig. 2.5. P must have half of

its sites on each side since P is sent to itself under Θ. Then the Hamiltonian takes the

form

HP
− =

L−1∑
i=1

Ji,i+1ui,i+1icici+1,

HP
+ =

2L−1∑
i=L+1

Ji,i+1ui,i+1icici+1,

HP
0 = J1,2Liu1,2Lc1cθ1 + JL,L+1iuL,L+1cLcθL,

where 2L is the number of sites in the plaquette. We consider the product

WP =
∏
i∈P

iu〈ij〉 = sgn

(∏
i∈P

Ji,i+1iui,i+1

)
. (2.32)

Since Ji,i+1 > 0 by assumption these drop out immediately. Corollary 4 above yields

that Θ(HP
− ) = HP

+ in at least on ground state so that for i = 1, ..., L − 1, we have

u2L−i,2L−i+1 = ui,i+1. Therefore by making this replacement for all ui,i+1 for i =

L + 1, ..., 2L − 1 we get each ui,i+1 term appearing twice except for uθ1,1 and uL,θL.
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Then the product is reduced to

WP = i2LαLuL,θLuθ1,1α1 = −i2L = (−1)
n−2

2 , (2.33)

The second equality follows from the gauge assumption, which requires uL,θL and u1,θ1

to have the same sign, where the additional minus sign comes from uθ1,1 = −u1,θ1. The

final equality comes from n = 2L, and the result follows from ΦP = argWP .

One might hope to prove a similar theorem for other Z2 symmetries like C2 rotation

or even a glide plane. However, if the bonds connecting the two parts of Hilbert space

are not left stationary by the symmetry, then Reflection Positivity breaks down, as we

argue in subsection 2.2.3.

The reader interested only in the physical results can safely skip to subsection 2.3.

2.2.2 Propositions

Before tackling the theorem, we prove some preliminary propositions.

The Majorana Fock space has a linear basis in monomials of the form Mβ =

ci1ci2 · · · cil of degree l with a fixed ordering i1 < i2 < · · · il. This basis turns out to be

irreducible, meaning that each of these is a different operator: Mβ = Mβ′ =⇒ β = β′

(See Proposition 1 of Ref. [92]). All we need here is the following

Proposition 1 (Tracelessness). If a product of unique Majorana operators M = c1 · · · cl
is not the identity, then the trace vanishes.

Proof If degM is odd, then since there is an even number of Majoranas in the Hilbert

space, there is at least one Majorana cj that is not in the product M . Since cjMj =

−Mjcj , by the cyclic property of the trace [92]

Tr(M) = Tr(cjcjM) = ±Tr(cjMcj) = 0. (2.34)

On the other hand, if degM is even, but not the identity, then we can let cj be any of

the operators in M and the previous line again follows.
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Proposition 2 (Fundamental Reflection Positivity). Consider an operator A ∈ Aeven
− .

Then

Tr(AΘ(A)) ≥ 0. (2.35)

Proof This is Proposition 2 of Ref. [92], the proof of which we reproduce.

Expand the operator in the monomial basis

A =
∑
β

aβMβ

Θ(A) =
∑
β

a∗βΘ(Mβ). (2.36)

Then

Tr (AΘ(A)) =
∑
β,β′

aβa
∗
β′ Tr(MβMθβ), (2.37)

where Mθβ = cθi1 · · · cθil . By Proposition 1 the trace vanishes unless β = θβ′ so that

MβMθβ = 1. Since β is on the left and β′ on the right this only occurs when Mβ =

Mθβ = 1 so that

Tr (AΘ(A)) = |a0|2 ≥ 0, (2.38)

as claimed.

2.2.3 Reflection Positivity

Having put in place all of basic basic parts, we now prove the last piece in the exact

solution of the ground state of the Kitaev honeycomb model following the proof of the

same theorem in Ref. [92]. We being by reviewing the context and assumptions.

Majorana lattice theory

We consider a Hamiltonian H on the Hilbert space H with operator algebra A, corre-

sponding to (neutral) Majorana fermions ci at sites i ∈ Λ, where Λ denotes the lattice.
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The Majoranas satisfy

{ci, cj} = 2δij c†j = cj ∀i, j = 1, ..., 2N, (2.39)

where 2N = |Λ|, the number of sites in Λ. We assume the lattice is bipartite so that

the Majoranas on one sublattice can be chosen to be real c∗j = cj and the other half

imaginary c∗i = −ci. Then if we order the sites such that l = 1, ..., N are real, the

algebra is equivalent N complex fermions al and their adjoint a†l (such that {al, al′} =

{a†′ , a†l′} = 0 and {a†′ , al′} = δll′) [92]. The equivalence comes follows from cl = al + a†l

and cN+l = i(al − a†l ). We consider a Majorana lattice gauge Hamiltonian

H =
∑
〈ij〉

iJijcicj , (2.40)

where Jij is a non-zero real. If a Hamiltonian had next-nearest-neighbor hopping, or

one of the Jij was zero then we should just change what we refer to as the lattice to put

the Hamiltonian in this form. Although the algebra is equivalent to complex fermions,

a lattice gauge theory for the Majoranas defined by the hopping Hamiltonian across

nearest neighbor bonds is not the same as a complex-fermionic lattice gauge Hamiltonian

due to the presence of pair creation and annihilation terms (superconducting terms) in

any complex-fermionic representation of the Majorana algebra.

Reflection Symmetry

We assume that there is a symmetry Θ composed of a lattice symmetry θ that leaves no

site untouched (has an empty stabilizer), and complex conjugation ∗. We also need, as

in reflection symmetry, that there is a bipartition of the lattice Λ into two disjoint parts

Λ+ and Λ− so that the two parts are exchanged under the symmetry θ(Λ±) = Λ∓. We

denote the set of parity-conserving, or even, terms (subalgebra) as Aeven ⊆ A, which

contains the lattice gauge Hamiltonian. We split the Hamiltonian into three parts

H = H− +H0 +H+, (2.41)
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such that H± ∈ A±, that is they are composed only of terms from one of Λ± and H0

denotes coupling between the two halves of the lattice/Hilbert space. Importantly, the

‘interaction’ Hamiltonian necessarily takes the following form, symmetric in Θ

H0 =
∑

i∈Λ−,j∈Λ+

Jijicicj . (2.42)

We will assume that we can simultaneously gauge these Jij > 0 without changing the

fluxes. Assuming this, we now prove the following technical theorem following Jaffe and

Pedrocchi [92] for the simple (quadratic) Hamiltonian just described.

For convenience we restate the theorem.

Theorem 3 (Reflection Positivity for Majoranas). Let A be an operator that is a linear

combinations of terms with an even number of Majoranas. If H is of the form just

described with Θ(H+) = H− then

0 ≤ Tr
(
AΘ(A)e−H

)
. (2.29)

Note that an inverse temperature β can be introduced by scaling H.

Proof Similar proofs have been given by a number of authors [90, 93, 92, 95]. We

proceed similarly to Ref. [92] to write Eq. (2.29) in a general form, and then to analyze

it in two lemmas. We use the Lie product formula for matrices to write

exp(−H) = lim
k→∞

(
(1−H0/k)e−H−/ke−H+/k

)k
(2.43)

≡ lim
k→∞

(
e−H

)
k
. (2.44)

Now we expand the kth term. We label the set of left-sites that are connected by a

bond to a right-site by l = 1, ..., L, and the connected site by l′ so that

1−H0/k = 1− 1

k

L∑
l=1

Jl,l′iclcl′ = −1

k

L∑
l=0

Jl,l′iclcl′ , (2.45)

where we define c0 = c0′ = 1 and J0,0′ = −k to account for the identity term on the left



34

of Eq. (2.45). With this we have

(
e−H

)
k

=

L∑
l1,...,lk

ikcl1,...,lkYl1,...,lk , (2.46)

where we define

cl1,...,lk =
1

kk

k∏
i=1

(−Jli,l′i) (2.47)

Yl1,...,lk = cl1cl′1e
−H−/ke−Θ(H−)/k

× · · · clkcl′ke
−H−/ke−Θ(H−)/k. (2.48)

Lemma 5. The trace Tr (AΘ(A)Yl1,...,lk) vanishes unless k, the number of c’s, is even.

In that case

0 ≤ cl1,...,lk . (2.49)

Proof The fact that A and H− have an even number of c’s in the left algebra A−, there

must also be an even number of c’s from the left algebra in Yl1,...,lk for it not to vanish

(see Proposition 1). Therefore k must be even. As in Ref. [90], the positivity of the

coefficient cl1,...,lk follows from counting signs. Recall that we assumed Jl,l′ all have the

same sign. Since there are an even number of interaction terms and therefore an even

number of these terms, and −J0,0′ > 0, the product of these is positive.

Lemma 6. For k even, we can reorder terms in Yl1,...,lk into a term Dl1,...,lk in the left

algebra followed by a term Θ(Dl′1,...,l
′
k
) in the right algebra as follows:

Yl1,...,lk = (−1)k/2Dl1,...,lkΘ(Dl′1,...,l
′
k
) (2.50)

Dl1,...,lk = cl1e
−Θ(H−)/k · cl2e−Θ(H−)/k · · · clke−Θ(H−)/k

Proof We need to move all the Majorana operators in A− to the left. We first move all

cj ∈ A− to the left as far as possible without permuting their order. We observe that

[H+, cj ] = 0 (they commute) for cj ∈ A− since H+ ∈ Aeven
+ , and the operator cj cannot
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appear in it. Likewise [H−, cj ] = 0 for cj ∈ A+. Therefore we write

Yl1,...,lk = (−1)k/2cl1e
−H−/kcl2e

−H−/k · · · clke−H−/k

× cl′1e
−Θ(H−)/k · · · cl′ke

−Θ(H−)/k (2.51)

which has the desired form. To show that we indeed have the sign term correct we

count the minus signs due to permuting left cj ’s in interaction terms with right cj ’s

from interaction terms (the order of terms on a single side was preserved). Following

Ref. [90], we consider as though we start from the LHS of the product and keep moving

right; each time we find a new left Majorana we move it as far left as it can go. The first

term cl1cl′1 contributes no minus sign. The term cl2cl′2 contributes 1 minus sign because

cl′2 has to pass cl′1 . The term clicl′i contributes i − 1 minus signs. The total number

of minus signs is
∑k−1

j=0 j = k(k − 1)/2. Since k is even this is k/2 mod 2. Finally we

make the replacement cl′ = −Θ(cl), where the minus sign comes from the fact that the

sublattices are swapped by θ, which contributes a further k/2 minus signs, for a total

of k (an even number of) minus signs.

Completion of the proof of Theorem 3

If Tr(AΘ(A)Yl1,...,lk) 6= 0, then these two lemmas yield the form

Tr(AΘ(A)e−H) = lim
k→∞

L∑
l1,...,lk

cl1,...,lk

× Tr (ADl1,...,lkΘ(ADl1,...,lk)) , (2.52)

where ik(−1)k/2 = 1 for k even. By Proposition 2 each term is positive and the total is

therefore positive.[92]

Note that if we perturb the Kitaev Hamiltonian with other spin-exchange terms we

introduce bond operators that anticommute with the Kitaev bond operators. Adding

these terms to the interaction Hamiltonian H0 would make the sign in (2.51) depend

on the number and nature of such terms. Although we do not have a counterexample

for this interacting case, the theorem does not seem provable in this way for the generic

spin liquid.
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Figure 2.6: The primitive unit cell of the honeycomb lattice. A and B denote the two
sublattices of the honeycomb lattice. The bond vectors are given by dz = (0, 1) and
dx/y = (±

√
3,−1)/2 with the unit vectors a1/2 = (±

√
3, 3)/2.

One might also want to prove reflection positivity for other Z2 space symmetries.

However, if the bonds connecting the two parts of Hilbert space are not left stationary

by the symmetry, then we do not have the relationship that for a bond ll′ joining the two

Hilbert spaces, cl′ = cθl. Therefore Lemma 6 breaks down since Eq. (2.51) cannot be

written in a symmetry-positive form. Therefore symmetry-positivity cannot be proven

this way, except for reflection. In fact, counterexamples can be found on 3D lattices for

the C2 symmetries, even for plaquettes that are stationary under the symmetry.

2.3 Spinon band Hamiltonians

The Kitaev model (2.1) presented in the beginning of this Chapter was mapped to

lattice gauge theory (see Eq. 2.4). This model can be written, and solved, on any

trivalent lattice, although Lieb’s theorem of section 2.2 does not constrain the ground

state of every one. As mentioned in the introduction we study the Kitaev model on

four tri-coordinated lattices: the honeycomb, hyperhoneycomb, stripyhoneycomb, and

hyperhexagon. In this section we give details of the lattice geometries and their ground

state flux configurations. Finally, we go on to write down explicit Hamiltonian matrices

for a gauge of the ground state.
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Figure 2.7: The primitive unit cell of the hyperhoneycomb lattice. There are bonds

along five different directions given by dz = (0, 0, 1), d
x/y
32 = 1

2(±1,
√

2,−1), and d
x/y
14 =

1
2(±1,−

√
2,−1). The unit vectors are a3 = (−1, 0, 3) and a1/2 = (−1,∓

√
2, 0).

Figure 2.8: The primitive unit cell of the hyperhexagon lattice. For i < j the bonds
without circles carry the gauge uij = 1 and those with circles have uij = −1. There

are six distinct bonds: dz16 = (−1, 0, 0), dz24 = dz35 = 1√
3
(0,−1,−

√
2), d

x/y
14/12 = d

x/y
36/56 =

1
2
√

3
(
√

3,∓1,±2
√

2), and d
x/y
25/34 = 1

2(±1,
√

3, 0). The unit vectors are a1 = (1
2 ,

1
2
√

3
, 2

5
√

6
),

a2 = (0, 1√
3
, 4

5
√

6
), and a3 = (0, 0, 6

5
√

6
).
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...

Figure 2.9: The harmonic honeycomb (H-n) lattices: H-0 hyperhoneycomb (left), H-1
stripyhoneycomb (center), H-∞ honeycomb (right). Here n counts the number of rows
along the c-axis before the orientation of the honeycomb plane switches between the
two non-parallel chains of x and y bonds. The hyperhoneycomb lattice switches chains
at every c-bond. The stripyhoneycomb has one set of c-bonds making rungs (gray) of
ladders before a bridge (c-bonds in black) to the opposite ladder. The honeycomb never
switches ladders. The ladders are labeled by red(orange) and blue(green) on x(y)-bonds.
The primitive unit cell for n <∞ contains 4n+4 sites. The honeycomb lattice has only
two sites in the unit cell. Our choice of unit cell is illustrated by the spheres, whose
color alternates yellow and white indicating the odd and even sublattices respectively.
The excited bonds in the π flux state are circled on the stripyhonecyomb lattice.
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2.3.1 Lattice Geometries

As mentioned in the introduction 1, properties of the Kitaev model have been docu-

mented on a wide variety of tri-coordinated lattices [82, 83, 84]. Our four examples were

chosen for the following reasons (1) exact solubility due to tri-coordination [80, 82] (2)

Large Fermi-surface at the boundary for studies of surface modes [79] and (3) represen-

tation of important symmetry classes [82] and dimensions (4) 120 degree bond angles

[59, 82].

Three of the lattices are part of the so-called Harmonic-Honeycomb series [81]: the

2D honeycomb, the 3D hyperhoneycomb, and the 3D stripyhoneycomb. Motivated by

recent synthesis of the α-, β- and γ-Li2IrO3 compounds, the harmonic honeycomb series

consists of bipartite orthorhombic tri-coordinated 3D lattices. The honeycomb lattice

is the exception, splitting into uncoupled 2D honeycomb lattice planes, shown on the

right of Fig. 2.9. The H-n lattice consists of n rows of co-planar hexagonal plaquettes,

followed by a “bridge” layer of ĉ axis bonds, and then another n rows in a new plane. In

terms of the orthorhombic coordinates (â, b̂, ĉ in Fig. 2.9), a natural set of unit vectors

(for n <∞) is [96]

a1 = (−1,−
√

2, 0)

a2 = (−1,
√

2, 0)

a3 =

{
(−1, 0, 3) + (0, 0, 6)× n

2 if n is even,

(0, 0, 6)× n+1
2 if n is odd.

(2.53)

where we have set the bond length to 1. The unit cell therefore contains 4n+ 4 sites.

The spin-orbit coupling distinguished directions (x̂, ŷ, ẑ in Fig. 2.9), which determine

which spin components couple along which bonds, are ẑ = b̂, ŷ = (â + ĉ)/
√

2, and
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x̂ = (−â + ĉ)/
√

2. The nearest-neighbor bond vectors (in the â, b̂, ĉ basis) are

dz = (0, 0, 1) (black and gray)

dxA =
1

2
(1,
√

2,−1) (red)

dxB =
1

2
(1,−

√
2,−1) (blue)

dyA =
1

2
(−1,−

√
2,−1) (orange) (2.54)

dyB =
1

2
(−1,

√
2,−1) (green),

where the bonds are oriented from the odd (yellow) to the even (white) sublattice, and

the colors refer to Fig. 2.9. Note that the x- and y-type couplings occur along bonds of

two different orientations, labeled A (red x- and orange y-bonds) and B (blue x- and

green y-bonds). All z bonds are parallel to the ĉ axis.

The spin-exchange Hamiltonian for each lattice is expected to preserve the lattice

symmetry, which, due to spin-orbit coupling, simultaneously acts on the spin and lattice

basis vectors. On the 2D honeycomb lattice, C6 rotation symmetry[97] requires that

the exchange coupling be the same on each bond: Jx = Jy = Jz. On the H-n, n < ∞
lattices the C2 rotation symmetry interchanges Jx and Jy bonds, and thus Jx = Jy.

However, in general, Jz 6= Jx = Jy, since these are not related by symmetry. For

comparison with the 3D cases, we will also consider Jz 6= Jx = Jy on the 2D lattice,

although this explicitly breaks the C6 rotation symmetry. Moreover, the H-∞ lattice

does not have the full D3d point group symmetry of the 2D honeycomb lattice, because

the vector relating adjacent layers, a1, is not normal to the honeycomb plane (a2 × c
or n1 × n2 (see Fig. 2.9)). This provides additional motivation for studying anisotropic

couplings in these systems, even though in the limit that there is no interaction between

the layers we expect that the full D3d symmetry will be restored. [45] A detailed

discussion of the lattice symmetries is given in Section 5.5.

The hyperhexagon lattice represents a different case in terms of the gauge structure,

as we will explain below. Primitive unit cells for the honeycomb, hyperhoneycomb, and

hyperhexagon are portrayed in Figs. 2.6, 2.7, and 2.8, respectively.
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2.3.2 Ground state flux configurations

Reflection positivity applies for every reflection symmetry that moves all points on the

lattice. On the honeycomb lattice there are three such mirror planes about the center

of each plaquette in the lattice, each normal to one of the bond directions. For the

case of periodic boundary conditions in at least one direction, this symmetry is enough

to fully constrain the flux configuration on this lattice [5]. Each hexagonal plaquette

has flux 0, completing an exact solution of the Kitaev model on the honeycomb lattice.

Numerically, the fluxes are found to be extremely local excitations, so that this result

should hold in the bulk of any finite system. Further, a large body of numerical work

has found the flux-free configuration to be the ground state for many different finite

systems. A gauge of this configuration can be achieved simply by setting uij = 1 when

i is on the A sublattice and j on B.

The hyperhexagon lattice also affords an exact solution by Lieb’s theorem, making it

the first exactly solved 3D Kitaev model [82]. The required reflection planes are related

by symmetry to the one normal to, and passing through the center of, the 2 − 5 bond

in Fig. 2.8. The symmetry leaves every 8-sided plaquette with π flux. A gauge of this

configuration can be achieved by setting uij = 1 for i < j except on the 5 − 6 bonds

circled in Fig. 2.8 where u56 = −1.

The hyperhoneycomb lattice does not have any of the required mirror planes to

apply Lieb’s theorem. Instead, the ground state has been found to be in the zero-flux

sector numerically [80, 98, 99]. Again uij = 1 for i ∈ A and J ∈ B is a sufficient gauge.

The stripyhoneycomb lattice does have some mirror planes, passing through, and

normal to, the gray bonds in Fig. 2.9(b). These mirror planes constrain the flux

through the hexagonal plaquettes to zero, as well as the flux through the fourteen-

sided plaquettes that are are also invariant under the reflection. This leaves twelve-

sided plaquettes and other fourteen-sided plaquettes unspecified. However, reflection

positivity further requires there exist a gauge that is symmetric under all of the mirror

planes so that the unit cell should not be extended in the a3 direction. Numerically,

it turns out that the ground state flux configuration respects the translation invariance

of the lattice, as it has on all bipartite lattices studied so far. However, it has π flux

through both the remaining twelve and fourteen-sided plaquettes, and gauging this

requires doubling the unit cell in either the a1 or a2 direction. One gauge uses uij = 1
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for i ∈ A and J ∈ B except on the bonds circled in Fig. 2.9(b) where uij = −1, and

requires doubling the unit cell in the a2 direction. Because, it turns out numerically,

the π flux state is relatively near in energy to the zero flux state, we choose to study

both flux configurations on this lattice.

We have confirmed that the energy of the π-flux state is lower on the stripyhoney-

comb lattice by studying the translation invariant system in the thermodynamic limit

with an enlarged unit cell [96]. In particular, at Jx = Jy = Jz ≡ J the 0-flux state has

energy −0.77397J per site while the π-flux has −0.77611J . For comparison, the local

flux gap on the hyperhoneycomb lattice is ∼ 0.1J [100].

In all cases the lowest-energy state in any other flux sector is separated from the

ground state by a gap ∆, which is typically a small fraction of J .[82] Therefore, given

low-enough temperature we may focus on the ground state sector.

After fixing a gauge, and finding a unit cell compatible with that gauge, we can

perform a Fourier transformation to solve for the entire spectrum of the dispersing

Majorana spinons. Using matrix notation, we get the following quadratic Majorana

fermion Hamiltonian:

H =
∑
all k

cT−kHkck. (2.55)

Due to different number of sublattices in the unit cell, the resulting band structure for

the Majorana spinons consists of one, two, three, and four bands of fermionic quasi-

particles for the honeycomb, hyperhoneycomb, hyperhexagon, and stripyhoneycomb

lattices respectively. For the honeycomb lattice, the band structure is essentially that

of graphene, with a pair of Dirac nodes at the corners of the Brillouin zone. On the

hyperhoneycomb and stripyhoneycomb the Majorana spinon band structure exhibits a

1D Fermi ring, while the hyperhexagon lattice has bulk Weyl nodes. We will explore

the topological nature of these band structures further in Sec. 2.3.

2.3.3 Explicit Hamiltonian matrices

The Majorana spinon Hamiltonian on the H-n lattice in the flux background Φ is

specified by the matrix Dηk from Eq. (2.55) (recall η = n(Φ)). For each lattice the sites

are numbered by their position in the positive c-direction. We choose a gauge such that
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u〈ij〉α = +1 if i is at an odd site (yellow) and j is at an even site (white) – see Fig. 2.9.

The hopping matrices are [96, 5]

D∞(0)
k = Jz + Jxein1·k + Jyein2k (2.56)

D0(0)
k =

[
Jz Axke

−ik3

Bx
k Jz

]
(2.57)

D1(0)
k =


Jz 0 0 Ayke

−ik3

Axk Jz 0 0

0 By
k Jz 0

0 0 Bx
k Jz

 (2.58)

Axk = JxA + JyAe
ik1 Bx

k = JxB + JyBe
ik2

Ayk = JyA + JxAe
−ik1 By

k = JyB + JxBe
−ik2 ,

where ki = k ·ai and the subscript on the couplings distinguishes Jx and Jy bonds that

lie on chains consisting of A and B bonds – see Eq. (2.54). The π-flux Hamiltonian

requires a doubled unit cell. For a basis we take

cT =
(
c1, c3, c5, c7, c

′
1, ..., c

′
7; c2, c4, c6, c8, c

′
2, ..., c

′
8

)
, (2.59)

where we have dropped the k-dependence to simplify the expression. In the gauge

illustrated in Fig. 2.9 (the sign of u〈ij〉α is switched on the circled bonds), with the unit
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cell doubled in the a2 direction, the hopping is described by

D1(π)
k =



Jz 0 0 Ayke
−ik3 0 0 0 0

Axk Jz 0 0 0 0 0 0

0 JyB Jz 0 0 JxBe
−2ik2 0 0

0 0 JxB Jz 0 0 JyB 0

0 0 0 0 Jz 0 0 Ay−k e−ik3

0 0 0 0 Ax−k Jz 0 0

0 JxB 0 0 0 JyB Jz 0

0 0 JyBe
2ik2 0 0 0 JxB Jz


,

where we define

Ax−k = −JxA + JyBe
ik1 Ay−k = −JyA + JxAe

−ik1 . (2.60)

Due to the incompatibility of sublattice symmetry (time-reversal) and translation

symmetry within the unit cell of this lattice, the Hamiltonian matrix cannot be written

in block-off-diagonal form. Instead the Hamiltonian matrix of the hyperhexagon lattice

reads

H8b
k =

i

2



0 Jx12e
−ik3 0 Jz14 0 Jy16e

−i(k1+k3)

0 0 Jy24 Jz25 0

0 Jx34e
ik2 Jy35 Jz36

0 0 0

0 −Jx56e
−ik3

0


, (2.61)

where cTk = (c1,k, c2,kk, c3,k, c4,k, c5,k, c6,k) and the lower triangle of the previous matrix

has not been filled in for compactness, but is related to the upper triangle by the

Hermiticity of H8b
k .



Chapter 3

The spinon semimetals

In Chapter 2, we demonstrated the exact solution of the Kitaev model on several lattices.

While in only a few cases cases can we compute the flux configuration of the ground

state exactly, it was shown that the spin model exactly fractionalizes into Majorana

partons, which we refer to as Majorana spinons, and the ground state gauge sector was

checked numerically in all cases.

In this section we study the basic spectra and excitations of the model, focusing on

the effective band structures of the Majorana spinons , which are the low-energy modes.

We begin by reviewing the dispersions and topological band structures of the Majorana

spinons. Then we consider the effects that the flux excitations have on these band

structures by considering finite temperature properties. We complete the discussion of

the effects of fluxes by giving a detailed review of the effects of perturbations to the basic

model. Finally, we end the chapter with a review of boundary modes in topological band

structures. Section 3.2.2 presents new work to characterize the sublattice character of

the topological boundary modes.

3.1 Topological Band Structures

All four quadratic Hamiltonians in Eqs. (4.27-2.61) can form semimetallic band struc-

tures [96]. In this section we review the basic dispersions and densities of states for

these models.

By semimetals, we mean that the dimension of the Fermi-surface is not a full surface

45
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Figure 3.1: Dispersion of the Kitaev honeycomb model (left). The positions of the Dirac
points in the Brillouin zone (right), with the position of the surface flat bands illustrated
on the edges.

in the BZ, but is instead at least two dimensions smaller in size than the dimension of

space. This is expressed in terms of the co-dimension dc = d − df where d is the

dimension of space and df is the dimension of the Fermi surface. A codimension of 1 is

the case of a typical Fermi-surface and a semimetal has dc > 1. The name semimetal

originates from studies of electronic band structures where such a system would support

some electronic transport, unlike an insulator, but not nearly that of a metal. As we

argue in 3.1.2, such band structures are not the norm, but instead require symmetries

to fix the dispersions this way. But first we review the basic features of the Majorana

spinon band structures with an emphasis on the Majorana spinon density of states

(DOS), to which the light scattering spectra will be closely related.

3.1.1 Dispersions and DOS

Since particle-hole symmetry fixes the chemical potential of the Majorana spinons to

half-filling, the Fermi-surface for the Kitaev models studied here is the set of zero-energy

modes. The spectrum of the honeycomb model is simply εk = 2|Jz+Jxeik1 +Jyeik2 | and

is illustrated in Fig. 3.1. The energy units are taken with respect to J unless otherwise

specified. We see two Dirac points, and ~∇εk = 0 at ε = 2J and 6J . At 2J this to a van

Hove singularity in the DOS, and at 6J there is a singularity in the derivative of the

DOS, as seen in Fig. 3.2.

The linear low-energy DOS follows directly from the linear low-energy dispersion

and the co-dimension. Following Ref. [101] we review the arguments for this: The
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Figure 3.2: DOS for the pure Kitaev model on the 2D honeycomb lattice computed for:
(a) the symmetric point Jx = Jy = Jz, (b) another gapless point Jx = Jy = 1.43Jz, (c)
a gapped point Jx = Jy = 0.3Jz.

density of states simply counts the number of states at a given energy, which in the

case of free fermions can be indexed by their crystal momentum k. Assuming that as

we go away from the FS in k-space the dispersion of excitations obeys some power-law

εk ∼ |q|p, where q parametrizes the components of k that are perpendicular to the FS,

q = k⊥FS, we find

ρ(ω) =

∫
BZ

δ(ω − εk)ddk =

∫
{k:εk=ω}

1

|∇kεk|
ddk

ρ(ω → 0) ∼ 1

|∇qεq|
AFS |q|dc−1 (3.1)

≈ 1

|q|p−1
AFS |q|dc−1

= AFS |q|dc−p

∝ ω(dc−p)/p, (3.2)

where AFS is the area of the FS (in the appropriate dimension df ). The term |q|dc−1

describes the rate at which the size of the constant-energy surface grows. For Dirac

points in d = 2 we have df = 0 so that dc = 2. With linear dispersion p = 1 for the

honeycomb model this yields ρ(ω) ∼ ω at low energies.

All of the lattices considered have gapless states (Fermi-surfaces) for ‘isotropic’ cou-

plings Jx = Jy = Jz, and have a gapped phase when any of the three couplings

dominates the others. An example of gapped DOS is shown in Fig. 3.2. For the 2D

honeycomb system the DOS can be computed exactly, as is shown explicitly in Ap-

pendix A. For all three of the harmonic honeycomb lattices the phase diagram is given
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Figure 3.3: The Deathly Hallows, or the phase diagram of the Kitaev model on the
harmonic honeycomb lattices.

Figure 3.4: Position of the nodal line in the Hyperhoneycomb spectrum (left) and the
stripyhoneycomb at zero flux (right).

by the one shown in Fig. 3.3, while the hyperhexagon lattice has a slightly smaller

gapless phase [82].

The gapless points for the hyperhoneycomb and flux-free stripyhoneycomb model

are illustrated in Fig. 3.4. Similar to the 2D case the dispersion is linear about the

zero-energy modes, as illustrated in Fig. 3.5, a 3D plot of the energy of the two bands

of the hyperhoneycomb lattice taken on the plane of the nodal line. The case of the

stripyhoneycomb lattice in the π-flux state has two such nodal lines.

For the nodal line in three dimensions the codimension is again 2, and the linear

dispersion leads to the expectation of a linear low-energy DOS for all of the harmonic
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Figure 3.5: Dispersion of the hyperhoneycomb model through the plane of the nodal
line in the Brillouin zone.
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Figure 3.6: 2-DOS for the Majorana spinons on the (a) H-0, (b) H-1 and (c) H-1π
lattices. Up to polarization dependence these spectra determine the character of the
Raman intensities. The number of maxima and minima grows linearly with the number
of combinations of bands for two-particle states, which increases from left to right due
to increasing unit cell size.

honeycomb lattice. Indeed these DOS are plotted in Fig. 3.6. The maximum energy is

set by the lattice connectivity and couplings to be 4(Jx + Jy + Jz) = 12J for isotropic

couplings. The differences between the densities of states for the different lattices can be

understood in terms of the number of spinon bands. The unit cells have 2, 4, 8, and 16

sites leading to 1, 2, 4, and 8 fermionic bands1 for the honeycomb, hyperhoneycomb, 0-

flux stripyhoneycomb, and π-flux stripyhoneycomb. This leads to a van Hove singularity

and a two band edges for each band making up to 3n/2 features for n-sites.

The hyperhexagon lattice is unique among the lattices considered here in that it has

1Recall that two Majoranas make one usual fermion.
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Figure 3.7: The density of states for the Kitaev model on the hyperhexagon lattice.

co-dimension 3 due to having zero-energy points, known as Weyl points. With a linear

dispersion about these points the DOS gets a quadratic low-energy power law, as seen

in Fig. 3.7. This lattice has 6 sites per unit cell, leading to three bands.

3.1.2 Symmetry Classification

We just reviewed the phenomenology of Fermi surface dimensions of the Kitaev model on

the different lattices that we consider. Here we show that the differences in codimension

can be understood by some general symmetry arguments. The main character in this

story is time-reversal (TR) symmetry and its relationship to sublattice symmetry.

To discuss the implications of TR on the band structures we must first find a repre-

sentation of the TR operator T in the Majorana spinon basis that recovers the known

action of T on the original spin Hamiltonian. Since the action of T on the emergent

Majorana fermions is not directly observable there is indeed some choice for this repre-

sentation. First, for the symmetry action to be entirely treated in the quadratic band

structure T must act trivially on the uij . Second, due to the factor of i in the quadratic

Hamiltonian, T must act non-trivially on the Majorana spinons. Then, since all of the

lattices considered here are bipartite, TR symmetry can be represented by

cA,j → cA,j , cB,j → −cB,j
bαA,j → −bαA,j , bαB,j → bαB,j (3.3)

Provided the Hamiltonian is comprised only of NN Kitaev exchange (i.e. in the absence

of a magnetic field) this gives uij → uij and icAj c
B
j → icAj c

B
j and recovers the correct
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action on the spins: σj → −σj at each site. However, the transformation (3.3) does not

respect the translation invariance of every lattice. Indeed since the a1 unit vector of the

hyperhexagon lattice relates sites on opposite sublattices translation invariance and T
cannot be represented by commuting operators entirely within the Majorana spinons.

Therefore, within this description the TR transformation breaks lattice translations and

effectively doubles the unit cell in the a1 direction.

To pursue the consequences of this we consider the representation of T in the unit

cell for the cases in which it is compatible with lattice translations. Time reversal takes

Hk → SH∗−kS, where S is the sublattice-resolved gauge transformation

S =

(
1 0

0 −1

)
, (3.4)

where 1 is a 1× 1 (2× 2) identity matrix on the honeycomb (hyperhoneycomb) lattice.

For the hyperhexagon lattice with a doubled unit cell the identity matrix 1 would have

dimension 6 × 6. This symmetry becomes more useful if we multiply it by another

symmetry that takes k → −k, so that we can obtain a true symmetry of the matrix

Hk. Since our quadratic Hamiltonian of Majoranas essentially describes a spinless

superconductor, one option is to use a particle-hole symmetry fk ↔ f †−k for a given

representation of Dirac fermions f in terms of the Majoranas c. One such representation

is (
fk

f †−k

)
= P†

(
cAk

cBk

)
, P† =

(
1 1i

1 −1i

)
. (3.5)

This gives the most trivial particle hole symmetry P acting as Hk → P†H−kP =

−H∗−k. The product of P and T gives the sublattice-resolved gauge transformation

Eq. (3.4), T P = S, given in Eq. (3.4). Then Hk → −Hk under S, making S a chiral

symmetry.2 We will refer to S as sublattice symmetry since it can be thought of as a

gauge transformation that acts non-trivially on one of the two sublattices.

For both the honeycomb and hyperhoneycomb models, this sublattice symmetry

guarantees the block-off-diagonal form of the matrices Hk. In the low-energy subspace,

2This use of the word ’chiral’ is in the sense of Ref. [102]. Below we use the same word in a separate
way to refer to direction-polarized boundary modes.
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where we keep only the two bands that intersect at the Fermi surface, this also guarantees

that the Hamiltonian takes the form Hk = ~σ · ~dk for some vectors ~dk such that dzk = 0.

The zero energy eigenvalues (which comprise the Fermi surface in our systems) occur

at the intersection of the surfaces defined by dxk = 0 and dyk = 0. Hence, generically,

the Fermi surfaces are lines in 3D and points in 2D. In this sense, the chiral sublattice

symmetry S is responsible for the Fermi-ring that appears in the hyperhoneycomb

lattice[96] and the Dirac points in the honeycomb lattice, both of which are in the

symmetry class BDI.[102]

The hyperhexagon lattice is also bipartite and therefore its full Hamiltonian belongs

to the symmetry class BDI as well. However, in this case the sublattice symmetry, and

therefore time-reversal symmetry, does not commute with the fundamental translations

on this lattice, and thus can only be represented projectively within the unit cell. [82]

In momentum space the action of T can be represented as SHkS = −Hk+k1/2+k3/2,

where the Hamiltonian Hk is given by Eq. (2.61). The k-space Hamiltonian matrix Hk,

therefore, lacks sublattice symmetry, putting it in the symmetry class D as a matrix.

This explains the different co-dimension of the Fermi-surface on this lattice.

Time-reversal can be broken, for instance, by introducing a magnetic field perturba-

tion. Kitaev shows that such a perturbation leads to a second-neighbor hopping within

the Majorana spinons,

Hκ = i
∑
〈〈ij〉〉

κijcicj , (3.6)

We review this perturbation theory in detail in Section 2.1.4. This perturbation, con-

trolled by κ, breaks time-reversal symmetry T and sublattice symmetry S, and therefore

takes both the honeycomb and hyperhoneycomb lattices into symmetry class D, both

in terms of their full Hamiltonians, and in terms of their momentum-space Hamiltonian

matrices.[103] In terms of the topological band structures discussed here it is convenient

to group these cases together in terms of the symmetry class of the momentum-space

Hamiltonian matrices (for a single unit cell), although this differs from the conventional

terminology for disordered systems. In each of the cases where Hk is in class D, dzk

is generically not zero so that the Fermi “surface” occurs at the intersections of three

surfaces, which generically occurs at Weyl points.
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3.2 Topological boundary modes

In the previous section we demonstrated the semimetallic nature of the effective Ma-

jorana spinons band structures, showing that their form follows from symmetry. Here

we extend the symmetry arguments to topological ones, showing that these exotic band

structures lead to protected boundary modes.

3.2.1 Toplogical invariants

One way to see that these gapless boundary modes must exist is to identify a suitable

topological invariant of the bulk band structure.[102] These invariants cannot be changed

unless TR symmetry, which prevents the Fermi-surfaces of these two systems from being

gapped, is broken. The topological invariant protected by chiral sublattice symmetry

can be computed for a test loop γ in momentum space [96] by

ν[γ] =
1

4πi

∫
γ
dkTr

[
H−1
k S∂kHk

]
=

1

2π

∫
γ
dk Im

[
∂kΓk
Γk

]
. (3.7)

For the honeycomb lattice, Γk is given in Eq. (4.27); evaluating the integral gives |ν| = 1

for arcs γ containing a single Dirac point and νγ = 0 otherwise. The sign of ν is

determined by the orientation of the loop, and which of the Dirac points is included.

Similarly on the hyperhoneycomb lattice, for which Γk is given in Eq. (8), we find |ν| = 1

only for arcs that are linked with the Fermi-ring.

As an example, let us compute the topological invariant ν[γ] for the honeycomb

lattice system. (The same calculation for the hyperhoneycomb lattice can be found in

Ref. [96] [Supplementary Material].) The Hamiltonian along any loop kγ reduces to

an effective 1D Hamiltonian Hkγ . Here we will be particularly interested in the loops

obtained by fixing one of the momenta, e.g., k2 and traversing the Brillouin zone in

the k1-direction, for which a partial Fourier transform gives a Hamiltonian in a mixed

representation using real space along the a1-direction and momentum space along the

k2-direction. With these variables one can rigorously consider making the a1-direction

finite, allowing a direct treatment of the boundary modes for a given k2, which is still

a good quantum number.
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Proceeding with the calculation, we find that for a given k2 the integral (3.7) is given

by

ν[γk2 ] =
1

2π
Im

∫ 2π

0
dk

iJxeik

Jz + Jxeik + Jyeik2

=
1

2π
Im

∫
C
dx

1

x+ (Jz + Jyeik2)/Jx

=

{
1 Jx > |Jz + Jyeik2 |
0 otherwise,

(3.8)

where the evaluation was done by changing variables to x = eik and evaluating the

contour integral around the unit circle C. In the case Jx = Jy = Jz, which we focus

on here, this is nontrivial if |1 + eik2 | < 1, which is satisfied with k2 ∈ [2π
3 ,

4π
3 ]. This

corresponds to the region between the projected Dirac points in the edge BZ, as depicted

in bold in Fig. 3.1. For k2 in this region there is a symmetry-protected Majorana

mode on the edge of the system, represented by thick lines in the figure. In fact, the

one-dimensional Hamiltonian obtained by taking k2 as a parameter and considering k1

as the 1D momentum is precisely a Kitaev Majorana chain for which the sublattice

symmetry protects a Majorana end mode. [104, 105] In Section 3.2.2, we derive the

boundary modes for the finite Majorana chain with careful consideration of the effect

of the perturbation κ, which later will be useful for characterizing the Raman response.

In the absence of TR symmetry gapless boundary modes may still occur, in this

case protected by topology rather than by symmetry. Hamiltonians belonging to the

symmetry class D can have a non-trivial value for the following invariant which corre-

sponds to the fundamental group element associated with the Berry curvature of the

eigenfunctions of the filled bands:

νΣ =
1

4π

∫
Σ
~mk · (∂k1 ~mk × ∂k2 ~mk)dk1dk2. (3.9)

Here ~mk = ~dk/|~dk| is a unit vector defined in terms of the decomposition of the Hamil-

tonian Hk = ~σ · ~dk near the band crossing into Pauli matrices, and Σ is an arbitrary

surface in momentum space. In 2D, the only non-trivial choice for Σ is to wrap the

entire BZ, in which case this integral gives the Chern number. The Chern number for
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Figure 3.8: The hyperhoneycomb Brillouin zone projected on the surface obtained by
cutting normal to the a1 direction. Illustrated are the projection of the Fermi-ring and
the initial Weyl points (left), and their corresponding surface modes - the flat band
filling the ring and the Fermi-arc connecting the points (right).

the Kitaev model on a honeycomb lattice perturbed by a weak magnetic field computed

in the Kitaev’s original paper was shown to be equal to sgnκ.[5] There it was also shown

that breaking TR symmetry stabilizes a topologically ordered phase with a topologically

protected chiral edge state. In 3D we obtain νΣ =
∑

j Cj , where Cj is the topological

charge of Weyl node j. Nonzero projections of νσ to a surface imply the existence of

topologically protected surface Fermi arcs.[106]

In Fig. 3.8 we illustrate the relationship between the bulk Fermi surface and gapless

surface modes for the hyperhoneycomb lattice, both with and without time reversal

symmetry. When the lattice is finite in the a1-direction (see Fig. 2.7), a surface flat

band appears inside the projection of the bulk Fermi ring onto the boundary surface

if TR symmetry is unbroken. Applying a weak magnetic field gaps the Fermi ring

everywhere except at a pair of Weyl nodes, whose positions in the limit κ → 0, along

with the projection of the Fermi ring, are shown on the left of Fig. 3.8. On the right,

we show the corresponding surface modes: the flat band filling the projected ring for

κ = 0, and the Fermi-arc connecting the projected Weyl points for small κ.
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Figure 3.9: One unit cell of the 1D effective Hamiltonian on k1 in real space.

3.2.2 End modes of finite Majorana chains

We close the section with a detailed study of the boundary modes of a finite Majorana

chain, from which many of the properties of the higher-dimensional systems follow

immediately, including the surface and sublattice polarization that is important to the

Raman results on strips and slabs presented in Chapter 7.

When we fix a wave vector k2 perpendicular to the surface normal of a lattice that

has open boundary conditions in only one spatial dimension, the system at this value

k2 is described explicitly by a 1D Hamiltonian with open boundary conditions. The

spectrum of the 1D model corresponds to the spectrum of the original system along the

line in reciprocal space with k2 fixed, which, for most values of k2 in a semimetal is a

gapped spectrum. Therefore the resulting 1D Majorana chain [104] is a gapped system

in the same symmetry class as its parent lattice. We focus on the case applicable to

the harmonic honeycomb lattices where the system is in class BDI but a perturbation

κ takes it into class D.

We follow Ref. [107] to consider recursion relations for zero-energy modes in finite

chains. For concreteness, we consider the Hamiltonian obtained by fixing the k2 wave

vector in the Hamiltonian for the honeycomb lattice, Eq. (4.27), and treating the result

as a 1D Hamiltonian on crystal momentum k1. In real space, this Hamiltonian can be

visualized as shown in Fig. 3.9, where A and B are the sublattice indices within a single

unit cell.

In momentum space, the Hamiltonian can be written in matrix form as

H1D = i

(
F1e

ik1 − c.c. Γ0 + Γ1e
ik1

−(Γ∗0 + Γ∗1e
−ik1) −(F1e

ik1 − c.c.)

)
, (3.10)
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where Γ0 = Jz +Jyeik2 and Γ1 = Jx are, respectively, the effective NN hopping and the

hopping between 1D effective unit cells. The diagonal terms, describing the hopping

between the sites of the same sublattice, come from F1 = −κze−ik2 +κy. This is precisely

the Hamiltonian of the bulk system. However, for our purposes the dependence on k2

is only relevant when we want to characterize the Hamiltonian in the boundary BZ of a

higher-dimensional system and we therefore drop k2 for simpler notation, and take Γ0,

Γ1, and F1 as complex hopping parameters for the Majorana spinons.

We first consider the effective finite chain pictured in Fig. 3.9 when TR-symmetry

is unbroken (F = 0). The Hamiltonian takes the form

H1D = iΓ1



0 λ

−λ∗ 0 1

−1 0 λ

. . .
. . .

. . .

−λ∗ 0 1

−1 0

−λ∗


, (3.11)

where λ = Γ0/Γ1 and we have used that Γ1 ∈ R. For an eigenvector to be at zero energy,

its action at every row must be zero. For an ansatz A, the equation H1DA = 0 will give a

recursion relation for its components.[107] Due to the sublattice symmetry, the recursion

relation only relates terms in the eigenvectors associated with the same sublattice. We

therefore take the ansatz ATL = (A1, 0, A2, 0, · · · , AN , 0) giving the recursion relation

[107]

−λ∗Aj +Aj+1 = 0. (3.12)

This is solved in the bulk by

Aj = (λ∗)j−1A1 =
A1

λ∗
exp [−j log(1/λ∗)] . (3.13)

This solution is exponentially localized to one end or the other for |λ| < 1 and |λ| >
1 respectively. Of course, there is another eigenvector AR that exists on the other
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sublattice. This one is related to the first one by inversion symmetry and is therefore

localized on the opposite end.

AR = IAL =


1

1

. .
.

A∗L. (3.14)

However, we have to ignored terms in the Hamiltonian at the boundary. More

precisely, the Hamiltonian Hbulk, for which these are eigenvectors at zero energy, is the

one without the first and last rows. We, therefore, treat these additional terms as a

perturbation, V = H −Hbulk, which is responsible for the finite-size effects:

V = i


0 Γ0

. . .
. . .

. . .

. . .
. . .

−Γ∗0

 , (3.15)

where all but the two elements are zero. For AR and AL to become approximate

eigenvectors in the infinite limit, the boundary terms must act on an exponentially

suppressed part of the eigenvectors. This occurs only if |λ| < 1, corresponding to the

non-trivial topological phase. In this case the eigenvectors are normalized if

A1 = λ∗
(λ∗)N+1 − 1

λ∗ − 1
. (3.16)

Since the perturbation Eq. (3.15) is a part of the Hamiltonian, it is no surprise that

its action exchanges the sublattices. So, although 〈AL|V |AL〉 = 〈AR|V |AR〉 = 0, the

off-diagonal matrix element

Eend = 〈AL|V |AR〉 = (iΓ0A1AN + h.c.) ∼ |λ|N . (3.17)

The finite-size splitting exists only to the extent that the two Majorana modes can inter-

act and is thus exponentially suppressed. Moreover, since V exchanges the two states,

within this low-energy subspace the eigenstates are the even and odd combinations of
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AR and AL.

To understand how the lowering of the symmetry affects the endmodes, we now

introduce the second-neighbor hopping perturbation, which can be written as

F = iF1



0 0 1

0 0 0 −1

1 0 0 0 1

0 −1 0 0 0 −1

. . .
. . .

. . .
. . .

−1 0 0


, (3.18)

where we have used that F1 is pure imaginary, so that −F ∗ = F . Unlike the boundary

terms, this perturbation splits the degeneracy between the states AL and AR but does

not mix them within the low-energy eigenspace. Thus, 〈AL|F |AR〉 = 0 and

EF = 〈AL|F |AL〉 = −〈AR|F |AR〉

=
N−2∑
j=2

A∗j (Aj−2 +Aj+2) ∼ |F1| ∼ κ. (3.19)

Therefore, we generally expect the choice of low-energy basis to depend on a competition

between these energy scales EF ∼ |F1| ∼ κ and Eend ∼ exp (−N/|λ|).



Chapter 4

Effects of flux excitations

Having studied the Majorana spinon excitations in detail, we turn to the flux excitations

with an emphasis on how the fluxes change the situation for the Majorana spinons.

We begin by discussing the details of the effects of the flux disorder that occurs at

finite temperature, and then proceed to discuss the effects of typical perturbations the

Majorana spinons. This chapter is primarily review of previous work.

4.1 Finite temperature

By diagonalizing the real space Hamiltonian in different flux configurations one finds

that the flux excitations are gapped. On the 3D lattices the excitations correspond to

flux loops, which pierce multiple plaquettes of the 3D lattice. There is a strong non-local

interaction between the spinons and the fluxes due to their mutual phase Arahanov-

Bohm phase of π. It turns out then, that the finite-temperature phase transition out

of the gapless spin-liquid phase occurs only once unbound fluxes exist, confining the

spinons due to the phase cancellation of paths going around unbound fluxes on either

side. In 2D the fluxes appear unbound immediately. Despite their attractive interaction,

given a large enough system size there will be regions with an odd number of fluxes that

confine the spinons. Therefore, in the thermodynamic limit the quantum spin liquid

state exists only at zero temperature in two dimensions. In 3D, however, confined flux

loops are the first excitations to appear. Since it is only when the spinon paths braid

the flux loops that there is a nontrivial mutual phase decoherence, the spin liquid phase

60
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persists to a finite temperature corresponding to the energy required to unbind the flux

loops. In practice, the crossover temperature for the 2D system decays with ∼ 1/ln(L),

which is not-so-small even for macroscopic systems so that in practice the phases can

both be expected to persist to temperatures on the order of 0.01J at the isotropic point

[108, 100].

4.1.1 Finite temperature phase diagrams

To get a better understanding of the finite-temperature phase transition we present a

novel discussion of a toy model of the flux proliferation on this lattice. To do so we

ignore interactions and assume that inserting a flux costs a constant energy ∆ on any

given plaquette. Then, the energy for any configuration of p fluxes is p∆. The total

flux free energy as a function of the number of fluxes can be written as

F = ∆p− TS(p), (4.1)

where S is the entropy. At the transition F ∼ 0, so that

Tc ≈ ∆
pc

S(pc)
. (4.2)

In the toy model it is quite simple to count the number of configurations of p fluxes given

NP plaquettes. It is the log of the binomial coefficent NP choose p, which converges to

the binary entropy function.

S(p) = ln

(
NP

p

)
NP→∞−−−−−→ −p log2

(
p

Np

)
−Np(1−

p

Np
) log2

(
1− p

Np

)
. (4.3)

We can relate flux density and temperature by setting the derivative of the free energy

density zero

0 = ∂ρF [ρ] = ρ

[
∆ + T log2

(
ρ

1− ρ

)]
. (4.4)
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Figure 4.1: The entropy per plaquette and the critical temperature Tc as a function of
flux density and critical flux density respectively.

This gives the familiar Fermi-Dirac distribution for fluxes and a critical temperature

that depends on the critical flux density ρc a given observable can tolerate

〈ρ〉 =
1

1 + e(ln 2)∆/T
(4.5)

Tc = ∆

[
log2

(
1− ρc
ρc

)]−1

. (4.6)

The entropy and critical temperature are plotted in Fig. 4.1. We find that the critical

temperature is a significant fraction of the flux gap unless the flux densities required are

astronomically low. Although in practice the fluxes do interact so that this toy model

is not quite accurate, their interaction is found to fall off quickly with distance, and is

somewhat small compared to the flux gap ∆.

For some measurable quantities already one free flux 〈ρ〉 = 1/NP is problematic.

Due to the long-ranged nature of their phase interaction, the spinons are confined to

a length scale ∼ ρ−1/2 immediately when fluxes appear. To compare with finite size

systems it is enlightening to ask at what temperature T 0 the zero flux sector no longer

dominates.

For few fluxes, ρ = p/NP is very small and S(p) ≈ p lnNP . In this case the free

energy is linear in p, and we get

F = p [∆− T lnNP ] (4.7)

T 0 =
∆

lnNP
, (4.8)
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Figure 4.2: The fluxes created by a Heisenberg spin-exchange perturbation. In this
example the perturbation is of z-type on the dotted x-bond: H1 = Sz1S

z
2 and creates

fluxes on the four gray plaquettes by flipping the blue bonds.

which goes to zero with growing system size, albeit so slowly that in practice T 0 > 0.01∆

in all but astronomical systems. Therefore, in addition to a high energy scale T ∗∗ ∼ J

[77] where the spinon band is filled, for any measurable quantity we have two low-

temperature scales: T 0, at which the spectrum begins to depend on temperature, and

Tc, the crossover temperature up to which a particular observable persists as it does in

the spin liquid, set by the critical flux density pc tolerated by that observable.

4.2 Effects of perturbations

In addition to finite temperature, in practice one wants to know how the physics of

the Kitaev spin liquid changes in the presence of small perturbations, which inevitably

exist in a real material. We consider perturbation theory about the pure-Kitaev point

here, using the flux gap as a large energy scale to see how the Majorana spinon DOS is

affected at low-frequencies.

Of particular interest are spin-exchange terms not included in the model. The two

perturbations believed to be most relevant to the materials are the Heisenberg coupling

and the the Gamma term.

H1 = HH +HΓ (4.9)
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with

HH =
∑
〈ij〉

∑
α

JHσ
α
i σ

α
j (4.10)

Hγ =
∑
〈ij〉γ

∑
α,β

JΓ|εαβγ |σβσγ , (4.11)

An example of the Gamma term is σxσy +σyσx on a z-bond. Writing out a non-Kitaev

exchange term gives σαi σ
β
j = bαi b

β
j cicj , where each b term either creates or destroys a flux

excitation. For example, consider z-type exchange on an x bond bzi b
z
jcicj , which is part

of the Heisenberg term. The flux excitations created by this term are illustrated in Fig.

4.2. Because the flux excitations are gapped one expects the spin-liquid phase to persist

up to a certain point before free fluxes generated by the perturbation lead to spinon

confinement. An effective spinon correction due to fluxes would require the ability to

make non-trivial products of terms in the Hamiltonian that project to the ground state

flux sector. However, it was shown in Ref. [74] that neither the Heisenberg term alone

nor the symmetric Γ term alone can produce low-energy corrections to the spinons. This

is because of the form required by low-energy corrections to the spinons [74]. However,

one immediately finds that terms at order JHJΓ can produce the effect of flipping a

single spin, such as with a magnetic field. For example, consider the product[
JHS

y
i S

y
j

] [
JΓ

(
Syi S

z
j + Szi S

y
j

)]
= i (JHJΓ)

(
Sxj + Sxi

)
(4.12)

since SxSySz = i on a single site.

Therefore, when considering low-energy physics of the spinons, one only needs to

consider one perturbation – a magnetic field. Of course, this perturbation is interesting

in its own right since it can be tuned directly in the lab. Following Kitaev [5] we derive

the effects of magnetic field a perturbation below. We begin by reviewing the relevant

degenerate perturbation theory.

4.2.1 Brillouin-Wigner perturbation theory

We develop Brillouin-Wigner perturbation theory for finding an effective Hamiltonian

within a low-energy part of the Hilbert space, which is conserved in the absence of the
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perturbation. This was reviewed in Fradkin’s book [109] where it was used to derive

the Heisenberg exchange interaction from the Hubbard model, the same arguments for

which can be used to find the effective Raman operator for a Mott insulator [43].

We assume the Hamiltonian is H = H0 + V and that without V the ground state

lies in a subspace H0 of the Hilbert space H due to conservation laws. We assume that

V breaks those conservation laws allowing for some small amplitude in the rest of the

Hilbert space, whose states are labeled by |Ψ〉.
We seek an effective Hamiltonian in terms of the smaller Hilbert space labeled by

|α〉. We do so by solving for an eigenstate |Ψ〉 of H in terms of its projection Π |Ψ〉 into

the subspace H0.

We first write Schroedinger’s equation

H |Ψ〉 = E |Ψ〉 ,

where Ψ is an eigenstate of the total Hamiltonian H = H0 + V . We rearrange to

(E −H0) |Ψ〉 = V |Ψ〉 . (4.13)

Now we separate into the different parts of the Hilbert space by defining projection

operators Π0 and P̂ which project into H0 and H/H0 (H “minus” H0), respectively.

(E −H0) |Ψ〉 = (Π0 + P̂ )V |Ψ〉 , (4.14)

where Π0 + P̂ = 1. Notice that since H preserves H0 then [H,Π0] = 0. Within H0 we

find (multiplying by Π0)

Π0V |Ψ〉 = (E −H0)Π0 |Ψ〉 . (4.15)

Then we can write (4.14) as

(E −H0) |Ψ〉 = (E −H0)Π0 |Ψ〉+ P̂ V |Ψ〉 , (4.16)
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which we can now solve for Ψ in terms of the projected state Π0 |Ψ〉,

|Ψ〉 = Π0 |Ψ〉+ (E −H0)−1P̂ V |Ψ〉

|Ψ〉 =

[
1− P̂

E −H0
V

]−1

Π0 |Ψ〉 . (4.17)

Here we have used that P̂ commutes with H0, and therefore also (E−H0)−1 there is no

ambiguity in the notation P̂
E−H0

. So far this result is exact as long as it is well defined,

which we can worry about on a case-by-case basis. Note that[
1− P̂

E −H0
V

]−1

=

∞∑
n=0

(
P̂

E −H0
V

)n
. (4.18)

Finally, we consider the projection of H |Ψ〉 to the subspace, and use (4.17) to re-write

it as an expression purely in the subspace.

Π0H |Ψ〉 = Π0(H0 + V )

[
1− P̂

E −H0
V

]−1

Π0 |Ψ〉 .

Defining Heff (E) = Π0 |Ψ〉 = Π0H |Ψ〉 = EΠ0 |Ψ〉 we find

Heff (E) = H0 + Π0V
∞∑
n=0

(
P̂

E −H0
V

)n
Π0, (4.19)

where we have used that Π0H0P̂ = 0 since they commute and Π0 and P̂ project onto

disjoint spaces. One may also talk about the effective perturbation such that Heff (E) =

H0 + Veff (E), which is

Veff (E) = Π0V
∞∑
n=0

(
P̂

E −H0
V

)n
Π0. (4.20)

Notice the requirement that the intermediate states be outside H0 due to the term P̂ .

The Heff (E) is, by definition, a Hamiltonian which has eigenstates Π0 |Ψ〉 whose

energies are those of |Ψ〉 under H. Note that E is truly the energy of the eigenstate, and
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the Hamiltonian must generally be taken as the decomposition of the effective Hamil-

tonian into the eigenbasis. However, in many cases one can ignore the E-dependence,

such as in the Hubbard model, where the energies in H0 are small compared to the

energies of the states outside of H0 so that one can safely take E −H0 ≈ U . One also

typically considers considers the case where the energy scales in V are much smaller

than those for E −H0 so that one can truncate the series at some point.

Other methods of perturbation theory, including the Schreiffer-Wolff unitary trans-

formation method, avoid this E-dependence but come with complications of their own.

4.2.2 Effects of a magnetic field

We follow Kitaev’s original work [5] (see page 24 in particular). In terms of the majo-

ranas the Kitaev Hamiltonian is

H = −
∑
〈ij〉a

σai σ
a
j =

∑
〈ij〉a

iu〈ij〉acicj , (4.21)

where σj = ibaj cj and u〈ij〉a = ibai b
a
j are conserved. The perturbation is

V =
∑
j

∑
a

σaj = i
∑
j

∑
a

habaj cj . (4.22)

We use equation (4.20) to project this perturbation to the zero-flux state

Veff (E) = Π0V

∞∑
n=0

(
P̂

E −HV

)n
Π0. (4.23)

Since V projects out of the zero-flux space H0 entirely, the n = 0 term vanishes. Let us

first consider n = 1. Since the effective propagator P̂
E−H conserves the flux sector, the

two V -terms must create and annihilate the same flux. We assume projections to the
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zero-flux state to begin and end and drop them from here on.

V
(1)
eff (E) = V

(
P̂

E −HV

)
=
∑
j

∑
a

[
habaj cj (E −H)−1 habaj cj

]
=
∑
j

∑
a

(ha)2ci

[
baj (H − E)−1 baj

]
cj

+ (same site term) (4.24)

The Hamiltonian conserves the flux sector, so that commuting Hbaj = bajH
′. H ′ is

a Hamiltonian with u〈ij〉a flipped to the opposite sign, and therefore is an effective

Hamiltonian for the cj in the one flux-loop sector. One can check the power series to

find that (H − E)−1 baj = baj (H ′ − E)−1. This leads to

V
(1)
eff (E) =

∑
j

∑
a

(ha)2u〈ij〉aci
(
H ′ − E

)−1
cj . (4.25)

The ground state energy of H ′, which is in the one flux-loop sector, is the gap energy of

the corresponding flux-loop. The approximation of Kitaev is to approximate (H ′ − E)−1

as a constant proportional to 1/J . In particular, for low energy states E = E0 = 0 we

expect something close to one over the appropriate gap energy if we assume all of the

states in the upper flux sector are approximately the same energy. Translation invari-

ance of the Hamiltonian implies that the gap energy must depend on bond-type only

∆abaj |0〉 = Hbaj |0〉 = bajH
′ |0〉. In the case of the honeycomb lattice further symmetries

relating the bonds constrain this value to be the same for every bond. In the Hyper-

honeycomb case the lattice has symmetries relating x and y bonds to each other, but

not to z-bonds. In fact, the flux-loop created by an z-bond passes through 8 plaquettes

while the others pass through 6. On all lattices, it is the product of the u〈ij〉a around the

smallest loops that is the physical part of the flux excitations, hence their namesake, and

one therefore expects a greater energy cost to fluxes about a z-bond than those about

the others. In fact, one might expect the flux-loop energy to be roughly proportional

to its length in plaquettes [100]. However, one might also expect the energy of adding

neighboring plaquettes to result in less energy than independent ones as was found to
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(a) (b)

Figure 4.3: The perturbation that leads to second-neighbor Majorana spinon hopping
cicj for a pair of x and y bonds is the product of the three spin components σxi σ

z
l σ

y
j in

the two configurations shown here.

be the case for the Honeycomb model [5].

The most interesting term is the third order one, which is the first non-vanishing one

that breaks time-reversal symmetry (h → −h), which follows by the same arguments

and leads to a second-neighbor hopping [5]. One such term involves four sites pictured

in Fig. 4.3(b). This term leads to a four-spinon interaction that is irrelevant at low

energies,[5, 103] and is ignored here. The other term, illustrated in Fig. 4.3(a), leads

to the effective interaction of the form σxi σ
z
l σ

y
j between three adjacent sites i, l, and j,

where x, y, z labels are fixed by the character of the two bonds connecting these sites.

More specifically, the interaction on the adjacent bond pairs � ij �γ≡ 〈il〉β 〈ll〉α,

where γ is complementary to α and β (εαβγ 6= 0), is σαi σ
γ
l σ

β
j . Using Kitaev’s decomposi-

tion of spin operators into Majoranas, this can be expressed as a next-nearest neighbor

(NNN) hopping term for the Majorana spinons

Hh =
∑
�ij�γ

κijσ
α
i σ

γ
l σ

β
j

= i
∑
�ij�γ

κγijcicj , (4.26)

where the NNN hopping amplitude is determined by κγij = κij ũ�jl�γ with ũ�jl�γ =

u〈il〉αu〈lj〉β . Therefore, once we have fixed the gauges u〈ij〉α in the parent spin liquid,

the magnitudes and phases of these second-neighbor hopping terms are completely fixed

by the magnetic field, whose role role is described by an effective interaction κij ∼
hxhyhz/(∆il∆lj), where ∆il denotes the gap to the flux excitation created by changing

the sign of the bond variable u〈il〉.
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Explicit Hamiltonian matrices

The effective interaction (4.26) due to a magnetic field changes the quadratic Hamilto-

nians describing the Majorana fermion band structure presented in Section 2.3.3. As

anticipated in Section 3.2, the primary result of breaking TR is to gap the honeycomb

model, and to reduce the dimension of the Fermi-surface from one to zero for the hy-

perhoneycomb lattice. Similar effects would be expected in the stripyhoneycomb, but

the hyperhexagon already breaks TR spontaneously so that there would be no quali-

tative change to its Fermi surface under such a perturbation. As examples we study

the effects of such a perturbation on the honeycomb and the hyperhoneycomb lattices,

whose Hamiltonian matrices we present here.

(i) The Hamiltonian matrix of the honeycomb lattice reads

H∞k =
i

2

(
Fk Γk

−Γ∗k −Fk

)
Γk = Jz + Jxeik1 + Jyeik2

Fk = κzei(k2−k1) − κxeik2 + κyeik1 − c.c. (4.27)

where cTk = (cA,k, cB,k), ki = k · ai.
(ii) The Hamiltonian matrix of the hyperhoneycomb lattice reads

H0
k =

i

2

(
Fk Γk

−Γ†k Gk

)
Γk =

(
Jz Ake

−ik3

Bk Jz

)

Fk =

(
−κz14(eik1 − e−ik1) δk

−δ∗k −κz32(eik2 − e−ik2)

)

Gk =

(
κz32(eik2 − e−ik2) −δk

δ∗k κz14(eik1 − e−ik1)

)
Ak = Jx14 + J14

14 e
ik1 Bk = Jx32 + Jy32e

ik2

δk = κy32 − κy14e
−ik3 − κx32e

−ik2 + κx14e
−i(k3−k1), (4.28)

where cTk = (c1,k, c3,k, c2,k, c4,k). Note that for both honeycomb and hyperhoneycomb

lattices the diagonal blocks Fk, Gk vanish for κ = 0, leaving only the off-diagonal terms

which couple sites on different sublattices. The lower indices of κ -interaction specify a
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bond that is involved in the process leading to that term. This notation will be useful

in Chapter 6 for discussing the corresponding Raman operators.



Chapter 5

Inelastic light scattering: theory

In this chapter we develop the theory of inelastic light scattering in Mott-insulators,

with a focus on the particular materials currently considered candidates to host the

Kitaev model. We consider both non-resonant and resonant Raman and Brillouin scat-

tering, as well as some basic resonant inelastic X-ray scattering (RIXS). The work on

mediated Raman, resonant Raman, and Raman polarization dependence all represent

new contributions by the author.

In each case the relevant processes involve an incoming photon that creates an

excitation through some high-energy process, and then at a later time set by the energy

scale of interest, a photon is emitted through a similar process as the absorption and

is measured. The experiments simply measure the correlation function of such photon-

in-photon-out processes, i.e. the pair probability density function of incoming and

outgoing photon energies. In practice the polarization of the light is controlled to get

more detail on what excitations couple to the photons. While Raman and Brillouin

scattering excite electrons near the electronic Fermi surface, and just refer to different

measurement systems for the same processes, the high-energy processes in RIXS occur

by exciting a ‘core’ electron that has much lower energy than the ones involved in the

low-energy physics – all the way to the empty states above the Fermi surface.

72
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Figure 5.1: Level splitting of the transition metal ions. Further splitting of the jeff = 3/2
states by Hund’s coupling JH is essential to the Kitaev model.

5.1 Jackeli-Khaliullin Kitaev systems

The typical process by which the photon couples to spin is indirectly though an electric

interaction as part of a hop between sites. Because the systems at hand are Mott-

insulators this virtual process create a site with an extra electron and one with one

electron fewer at some energy cost corresponding to a Mott gap befre relaxing again

to the a low-energy configuration. To understand what spin interactions these hopping

processes lead to for Raman and Brillouin scattering in the materials which come closest

to realizing the Kitaev spin liquid phases we will need some details of the electronic

structure of the iridates and α-RuCl3.

We therefore give here a detailed review of the exchange processes in systems leading

to a Kitaev interaction firs proposed by Jackeli and Khaliullin, [59] which we refer to

as JKK systems. The Ir4+ ion’s 5d levels, and the Ru3+ 4d levels, are split into and eg

doublet and a t2g triplet by large crystal field effects, as illustrated in Fig. 5.1. The eg

states are much higher in energy and can be ignored, while because of the edge-sharing

oxygen octahedra both of these have five electrons in the t2g, i.e. a single hole. Within

the leff = 1 t2g manifold a large spin-orbit coupling splits the six angular momentum

states into a filled jeff = 3/2 quadruplet and the somewhat higher energy jeff = 1/2

doublet on which all of the physics resides.

It is convenient to describe the full states of the d5-configurations using a hole

description for which the jeff = 3/2 quadruplet are an excited state, separated by the

Mott gap U . In the local axes bound to the oxygen octahedron the t2g orbitals are

|X〉 = |yz〉, |Y 〉 = |zx〉, and |Z〉 = |xy〉.
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Figure 5.2: The edge-sharing octahedra consisting of a transition metal ion at the center
(filled dots) surrounded by an octahedral cage of oxygens (open dots).

The bond symmetry of a pair of non-distorted edge-sharing octahedra shown in Fig.

5.2 restricts the independent hopping integrals to three terms, which we call t1, t2, and

t3. [65, 64] t2 is special because it leads to the Kitaev interaction, and because it is

the only term that comes from oxygen-mediated exchange paths, which are dominant

in JKK systems. t1 and t3 come from direct hopping processes between iridium sites.

Following Rau. et al,[65] we include one additional hopping integral t4 to account for

the other terms that exist when the local structure deviates from perfect octahedra,

such as by trigonal or monoclinic distortions.1 Then the hopping integrals between the

t2g orbital states in the basis (|X〉 , |Y 〉 , |Z〉)T for a NN z-bond take the form

t̂zNN =


t1 t2 t4

t2 t1 t4

t4 t4 t3

 . (5.1)

The forms of t̂xNN and t̂yNN are obtained by permuting the basis of orbitals. On the

honeycomb lattice rotation symmetry ensures that the ti have the same magnitude and

structure on all three bonds. On the 3D tri-coordinated lattices, the hopping integrals of

Z and X or Y bonds may be significantly different, however in this work, for simplicity,

we will treat them as being of the same order of magnitude.

The second-neighbor hopping t̂zNNN has the same symmetry as the product t̂xNNt̂
y
NN

1In the case of trigonal distortion, one also needs to revise the wave function of the doublet states.
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and is therefore not a symmetric matrix. We choose a simplified form given by

t̂zNNN =


0 ts 0

ts + ta 0 0

0 0 0

 . (5.2)

The origin of these processes is a bit more complicated, and is different for RuCl3 than

for the iridate A2IrO3 compounds. In the former case, there exist only the Ruthenium

octahedra in the lattice, and the hoppings between second neighbors are primarily due

to direct overlap of Ru orbitals; consequently these terms are expected to be small. In

A2IrO3, an extended s-orbital of the element A=Na,Li in the center of the octahedron

makes a sizable contribution to second-neighbor hoppings along the path Ir-O-A-O-Ir.

The form (5.2) for this hopping is justified by numerical work on the iridates.[110, 111,

66, 112] In addition, with ta < ts this model is sufficient to explain the dominant Kitaev

interactions together with non-vanishing Heisenberg exchange between second neighbors

believed to apply to the iridates.[62]

To proceed, it is useful to express the above hopping matrix elements in the basis of

the angular momentum eigenstates diagonalizing the spin-orbit coupling, |jeff = J, Jz〉.
These states are energetically split into a low-energy Kramers doublet |12 , Jz〉 and a

higher-energy quartet |32 , Jz〉. (In the presence of lattice distortions these are not exact

eigenstates, but are adiabatically related to them; therefore we use the same notation

in both cases).

In order to obtain a hopping matrix in the hole picture, we substitute electronic

creation/annihilation operator with those of holes. In the single-hole eigenbasis this

results in a hopping matrix T a,a
′
, where a, a′ run over these six angular momentum

eigenstates; T a,a
′

can be obtained from Eq. (5.1) using the appropriate change of basis

between the |X〉, |Y 〉, |Z〉 orbitals and the |J, Jz〉 eigenstates. [113] In this basis, the

hopping Hamiltonian takes the form

Ht =
∑

n,n′,a,a′

T a,a
′

n,n′ψ
†
n,aψn′,a′ , (5.3)



76

where n, n′ are site indices, ψ†n,a and ψn,a are the hole creation and annihilation opera-

tors in the angular momentum eigenstate indexed by a.

The exchange couplings appear at order T 2/U in perturbation theory where T is

the hopping parameter just described and U describes the energy of the intermediate

excited state. The on-site interactions between holes, namely Hund’s coupling JH , lead

to different values of U for different hopping processes, and are what ultimately choose

the Kitaev term as the dominant exchange path. We treat the on-site interaction physics

with the Kanamori Hamiltonian [65]

Hint =
∑
n

[
U − 3JH

2
(Nn − 5)2 − 2JHS

2
n −

JH
2
L2
n

]
, (5.4)

where Ln = 1 is the effective orbital angular momentum on the site n and Nn is the

number of electrons in the t2g orbitals. For the case of no holes, which is a filled-doublet,

this Hamiltonian is magnetically trivial. However, for the case of a two-hole state the

interactions are essential. There are 15 two-hole states, and we indicate a basis of

product states of single-particle eigenstates by |µ〉 = |ψ(1)〉|ψ(2)〉 = |J(1), J
(1)
z ; J(2), J

(2)
z 〉,

and the two-hole angular momentum eigenstates of (5.4) by ξ. Ignoring the lattice

distortions, the eigenstates |ξ〉 can be obtained from the single-particle eigenstates using

the Clebsch-Gordon coefficients. The computation of spin exchange operators proceeds

by using the hopping terms and the on-site interactions just described to compute a

spin-spin interaction within the low-energy doublet [see Eq. (5.12) below].

5.2 Raman scattering in Mott insulators

The basic processes leading to the Raman response are similar to those leading to

exchange interactions, except that the electron hopping is assisted by photons. Conse-

quently, the operator describing Raman processes is proportional to the spin-exchange

couplings, weighted by polarization-dependent factors that determine the ability of the

photons to control the magnitude of an electron hopping along certain bonds.[114, 115,

116, 117, 43, 44, 50, 51, 79, 77]

In our derivation, we will follow the T-matrix formulation of time-dependent per-

turbation theory for Raman scattering. [118, 43, 119] At zero temperature the Raman
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intensity can be written as a correlation function of Raman operators R:

I(ω) = 2π

∫
dteiωt 〈R(t)R(0)〉 , (5.5)

where ω = ωin − ωout is the total energy transferred to the system, and in the following

we assume that ω � ωin(out). For a Mott-insulator, the Raman operator is

R = −PHεout
t (H − iη)−1Hεin

t P, (5.6)

where P is the projector onto states with a fixed electron occupancy per site, and εin

and εout are the incoming and outgoing photon polarization vectors, respectively. Hε
t is

the electron/photon vertex for the polarization ε given by

Hε
t =

(
ie

~c

)∑
n,n′

∑
a=1,2

a′=1,...,6

(dn,n′ · ε)T a,a
′

n,n′ψ
†
n,aψn′,a′ , (5.7)

where a = 1, 2 runs through the low-energy doublet (i.e. the states that can be occupied

before scattering) and a′ = 1, .., 6 runs through all of the single hole angular momentum

eigenstates. We use dn,n′ to denote the spatial vector from the lattice site n to site n′.

The full Hamiltonian in the resolvent (−H + iη)−1 can be written as H = Ht + HU ,

where for convenience, we define the interaction term HU relative to the initial photon

energy, HU = Hint − ωin, with Hint given in Eq. (5.4). The resolvent (−H + iη)−1 can

be formally expanded to give

R = PHεout
t

[
H−1
U +H−1

U HtH
−1
U + ...

]
Hεin
t P, (5.8)

where we have dropped the finite (negative) imaginary part −iη in the inverse operators

for simpler expression.

In the presence of a magnetic field, the resolvent in Eq. (5.8) has an additional small

parameter proportional to h/U :

[HU +Ht +Hh]−1 = H−1
U

[
1+HtH

−1
U +HhH

−1
U + ...

]
.

Hence, in the regime h � t we can neglect the magnetic field during the Raman
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process.[79]

If the perturbation parameter

t/(U − ωin) ≡ t/Uω (5.9)

is small, the photon-assisted electron hopping is strongly suppressed, and the derivation

of the Raman operator proceeds as it does for a spin-exchange Hamiltonian. The lowest-

order terms contributing to R are linear in t/Uω and have the well-known Loudon-Fleury

(LF) form [115]

R =
∑

n,n′;α,β

(dn,n′ · εin)(dn,n′ · εout)H
α,β
n,n′σ

α
nσ

β
n′ , (5.10)

where Hα,β
n,n′ defines the generic spin-exchange Hamiltonian on the bonds 〈n, n′〉.

It is useful to review the algebra required to compute the spin-exchange processes

contributing to Hα,β
n,n′ , which we will generalize to include further hoppings when we

examine resonant Raman scattering in section 5.4. In the basis of single-particle eigen-

states a, a′ on site 1 and b, b′ on site 2, we have

Hα,β
n,n′ =

∑
a,a′=1,2
b,b′=1,...,6

σαa′a[Tn,n′ ]abΣ
β
bb′ [Tn′,n]b′a′ (5.11)

= Tr
[
σαnTn,n′Σ

β
n′Tn,n′

]
. (5.12)

Here σα is the α Pauli matrix acting on the low-energy doublet states, and the interac-

tion between the 6 two-hole intermediate states and the low-energy J = 1/2 doublet on

site n′ is described by the matrix element Σα
bb′ .

Computing the Σ matrix is a non-trivial but a straightforward procedure. We do it

in three steps: i) diagonalize the two-hole Hamiltonian, ii) rewrite each eigenstate |ξ〉 of

the two-hole Hamiltonian in the basis of the product states of the single-particle angular

momentum eigenstates |µ〉 using Clebsch-Gordan coefficients described by a matrix Cµ,ξ
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Figure 5.3: An example path with the photon involved in the first and last legs.

as in

[HU ]−1
µµ′ = Cµ,ξ

1

εξ
C†ξ,µ′ (5.13)

[HU ]−1
ab;b′a′ = [HU ]−1

νa,b,νb′,a′
sgn(a− b) sgn(b′ − a′). (5.14)

Here νa,b = 1, ..., 15 is the index of a unique product state given the indices for two

single-hole eigenstates a and b. Note that νa,b = νb,a and the fermion statistics are

taken care of by the explicit sgn factors. Finally, iii) compute the matrix element

between an electron coming into single-hole eigenstate a′ and going out from a with the

local low-energy doublet’s α component.

Σα
aa′ = −σαb′b[HU ]−1

a,b;b′a′ . (5.15)

5.3 Mediated Raman Processes

What we have just considered is the effect of photon-mediated hopping between transi-

tion metal (TM) sites in the JKK systems. While this will turn out to be an important

description for the resonant case, in the non-resonant case we must consider that the

TM-TM hopping is actually mediated by oxygen sites. In this case we expect the pho-

ton to couple to the TM − O hops. Fig. 5.3 illustrates the mediated hopping between

NN TM sites 1 and 2 by the two oxygens. Here the hopping T ∼ t2pd/∆pd where tpd

is the TM-O hopping an ∆pd is the TM-O gap [65]. What we show here is that the

expected excitations created by the photons are the same in the mediated case, but the

dependence on polarization is different for mediated TM-O coupling than for the direct

hopping case.



80

Figure 5.3 shows an example of a process where the hopping starts at site 1 with

a photon-aided hop, and then proceeds to site 2, coming back along the opposite leg

with the photon emission occurring on the last hop. This is an example of one of four

different paths the hopping can take: clockwise, counterclockwise, only on the top, or

only on the bottom. For each path there are twelve possibilities for choosing two out of

four bonds to couple the hopping with the photon.

In the limit when the frequency of the incoming photon is small compared to the

Coulomb energy, we can ignore the photon energy. This is the non-resonant Loudon-

Fleury limit.[115] Then the problem of computing the Raman vertex for the plaquette

requires summing over all of the possible processes, each multiplied by their polarization-

dependent factor. In diagrams we write the Raman operator on the bond 1− 2 as

R12 = × (all pol’s) + × (all pol’s)

+ × (all pol’s) + × (all pol’s) , (5.16)

where the twelve possible polarization combinations can be different for each term.

The sum over the six processes for each of the four hopping paths can be written

in terms of the usual TM-TM bond vector d as well as the O-O bond vector f between

the two oxygens that mediate the TM-TM exchange as R12 = ε∗inR̃12εout with

R̃12 = −
[

+ + +

]
× (d⊗ d + f ⊗ f)/

√
2

= −Heff
12 × (d⊗ d + f ⊗ f)/

√
2, (5.17)

where Heff
12 is the super-exchange coupling between sites 1 and 2, which appears be-

cause these are precisely the four process that contribute this same coupling in the

Hamiltonian. Here ⊗ denotes the outer product (a⊗ b)ij = aibj .

The arguments just given are valid locally for any super-exchange bond mediated on

a square plaquette. For a JKK system where the possible TM-O bonds form the sides

of an octahedron we can be a bit more specific about how the polarization dependence



81

changes for polarization-symmetric Raman processes. There are six TM-TM bond di-

rections coming in three orthogonal pairs xA, xB, yA, yB, zA, zB. More explicitly, dxA

is orthogonal to dxB and no others. These vectors d and f for an x-bond turn out

to be dxA and dxB, in the absence of distortions. This is true for both the xA-type

bonds and the xB-type bonds. Therefore the processes on these two bonds have the

same polarization dependent factor ∝ dxA⊗dxA + dxB ⊗dxB, and likewise for y and z.

This is in contrast with the case of direct hopping for which every bond with a different

orientation has a different coupling to polarization.

In summary, in the non-resonant case there are two possible couplings depending on

the precise microscopics of the TM-TM hopping. These are

R =
∑

n,n′;α,β

(dn,n′ · εin)(dn,n′ · εout)H
α,β
n,n′σ

α
nσ

β
n′ (Direct) (5.18)

R =
∑

n,n′;α,β

[
(dn,n′ · εin)(dn,n′ · εout) + (fn,n′ · εin)(fn,n′ · εout)

]
Hα,β
n,n′σ

α
nσ

β
n′ (Mediated),

(5.19)

where Hα,β
n,n′ defines the generic spin-exchange Hamiltonian on the bonds 〈n, n′〉 and fn,n′

is the vector between the two oxygen sites that mediate the hopping.

5.4 Raman matrix elements beyond nearest neighbors

Having reviewed the steps by which the standard Loudon-Fleury Raman vertex is ob-

tained in JKK systems, we now derive the analogous operator for resonant Raman

processes. Resonant Raman scattering involves driving the system at photon frequen-

cies where t/Uω, though less than 1, is not overwhelmingly small. This can be achieved

in practice by choosing a laser with ωin ∼ U . In this case, processes involving multiple

electron hops can contribute significantly to the Raman response. To compute such

contributions, we have to consider terms that are of subleading order in t/Uω. Here we

will include terms generated by both three and four hop processes, which contribute to

an effective 3-spin Raman vertex. This 3-spin vertex is of particular interest as, unlike

the Loudon-Fleury vertex, it can couple to the symmetry-protected gapless boundary

modes of the honeycomb and hyperhoneycomb Kitaev QSLs.
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Figure 5.4: The three- and four-hop pathways on a tri-coordinated lattice with second-
neighbor hopping. The Roman numerals indicate the order in which the hops occur.
The blue arrows represent hops mediated by photons, which connect the half-filled sector
to the one with one holon and one doublon. The solid red represents a doublon hop and
the dashed red arrows are for holon hops. For the three hop processes there are similar
processes starting at the other sites, indicated by the subscript, and each path has a
reverse, indicated by a prime.

The general three-spin terms have the form [118, 116, 43]

Rres = i
∑
�ilj�

Mαγβ
ilj σαi σ

γ
l σ

β
j ×Ailj (5.20)

Ailj = [(εin · dji) (εout · dil)− (εout · dji) (εin · dil)] ,

where the polarization-dependent factor Ailj is only non-zero in polarization channels

that are anti-symmetric in the exchange of in and out polarizations. These anti-

symmetric channels vanish in the non-resonant Loudon-Fleury Raman operator. In

the following, we denote the symmetrized channel as Rαβ = (Rαβ + Rβα)/2 and the

anti-symmetrized one as R[αβ] = (Rαβ −Rβα)/2.

The remainder of this section is devoted to computing the matrix element Myzx
123 in

Eq. (5.20) for the leading-order exchange processes involving 3 and 4 hops. We will

focus on the subset of the resulting chiral three-spin terms that project into the zero-flux

sector of the Kitaev Hamiltonian discussed in the previous section, as these are the only
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ones that can contribute at energies below the flux gap. In practice this leaves only

one term on each bond pair. For the bond pair in Fig. 5.4 it is σy1σ
z
2σ

x
3 where 2 is the

middle site between an x and a y bond. For the rest of the calculation we pursue this

example, computing the matrix element Myzx
123 . The form of Mαγβ

ilj for other NN bond

pairs is identical. We proceed primarily under the assumption that the conditions for

realizing the Kitaev model are near perfect, so that the dominant hopping terms are

the ones mediated by oxygens and the direct hopping terms are perturbatively small.

We first consider terms involving three hops, which necessarily involve one hop across

a NNN bond. There are twelve such 3-hop processes. To describe them, it is convenient

to use the language of doublons and holons [43] by calling the two-hole state the doublon

(as it involves two excitations) and the completely filled state the holon (representing a

lack of excitations). We label the processes that have a doublon hopping clockwise by

(a1), (a2), and (a3) when the initial hop is from site 1, 2, or 3 respectively; the process

(a2) is illustrated in Fig. 5.4(a). The corresponding counter-clockwise processes are

(a′1), (a′2), and (a′3). The remaining six processes (see Fig. 5.4(b)) are analogous, except

with an intermediate holon hop; we label the clockwise (counter-clockwise) processes

(bj) (b′j) respectively. For each such process, the contribution to Mαγβ
ilj is given by

a trace of the relevant hopping and interaction matrices. For the process (a2), for

example, we obtain Tr
[
T xNNΣαT zNNNΣβT yNNσ

γ
]
. (More technical details can be found in

the Mathematica notebook included in the ancillary files of Ref. [79].)

All of the processes considered here turn out to yield contributions that are equal

in magnitude, and of opposite sign, to their time-reversed partners, and consequently

cannot contribute to Raman channels that are even under the exchange of in and out

polarizations. However, the odd combination of these events [(a1)− (a′1) + (a2)− (a′2) +

(a3) − (a′3)] plus an analogous one for the (bi)’s yields a non-vanishing Raman matrix

element. Adding together the contributions of all possible three-hop processes gives a

contribution to the three-spin Raman matrix element:

Myzx
123 = −i 4J2t22(3ta + 5ts)

9(J − Uω)2(3J − Uω)2

[
1 +O

(
t4t1
t22

)]
(5.21)

where we have used that t2 � t1, t3, t4 [Recall tj from Eqs. (5.1) and (5.2)]. Since

J ∼ t in these systems, we can take Hund’s coupling to be small to the same extent
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that we take processes leading order in t/Uω [See Eq. (5.9)]. Notice that the term

(5.21) appears only at O(J2/U4
ω). This occurs because the t2 hopping term does not

allow hopping directly between the low-energy J = 1/2 doublets, and requires Hund’s

coupling to mediate the interaction with this low-energy spin. There are thus no three

spin terms coming from this process in the absence of Hund’s coupling.

In addition to Eq. (5.21), there are other 3-hop terms at the same order O(J2/U4
ω)

that do not project into the zero-flux sector. As these processes are suppressed at low

energies, we do not present them here.

The 4-hop processes are of two types. The first type of processes are those in which

an electron hops traverse the simple path 1 → 2 → 3 → 2 → 1 (and the analogous

process starting at the site 3). For these paths, the photon is absorbed and re-emitted

on the same bond, making them their own time-reversal partners. Consequently, these

processes can only contribute to the symmetric Raman channels.

The second type of processes involve one intermediate holon hop and one interme-

diate doublon hop, instead of two doublon hops. The holon hop must happen when the

doublon is on site 1 or 3, yielding the two distinct types of paths in Fig. 5.4 (c) and (d),

as well as their time-reversed partners, which we label (c′) and (d′) (not shown). Again

the sum of time-reversal pairs vanishes, but their difference yields a Raman term that

is odd under time reversal. Each term gives a contribution to the matrix element Mαβγ
ijk

of the form Tr
[
T yNNσ

αT xNN(Σ′)β
′
T xNNΣβT yNNσ

γ
]
, where Σ′ represents the interactions for

staying at the same site during two hops, and the bond labels x, y correspond to the

pathway shown in Fig. 5.4(c). Note that β and β′ correspond to the same site 2. Adding

up [(c)− (c′) + (d)− (d′)] gives

Myzx
123 = i

[
3t22 − t2(t3 + 11t1)− t4(3t4 + (t3 + 2t1))

]
× t4(2t1 + t3)

32J2(2J − Uω)

81(J − Uω)3(3J − Uω)3
. (5.22)

Note that the t4 term is non-zero only in the presence of the trigonal distortion. Both

Eqs. (5.21) and (5.22) multiply the same polarization factors and 3-spin term Sz1S
y
2S

x
3

in Eq. (5.20).

There are also other three-spin terms that do not project into the zero flux sector

appearing at the order J2/U5
ω, which do not require the symmetry-breaking hopping
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t4. Importantly, there are no three-spin terms at lower orders in J/Uω. All three-spin

terms due to the 4-hop processes vanish if there is only oxygen-mediated hopping. This

is easy to understand since the holon hops without two-hole interactions so that Hund’s

coupling cannot be involved. Then since the t2 hop is not allowed between low-energy

J = 1/2 states, these states can only be connected through direct hopping terms.

In summary, the 3-spin term in Eq. (5.20) can appear even in materials with no direct

electron hopping processes, provided that second-neighbor oxygen-mediated hopping is

present. Alternatively, if we include direct hopping processes, all of the processes shown

in Fig. 5.4 can contribute to the 3-spin resonant Raman response. We emphasize that the

3-spin term needs not to be of the same order as the Loudon-Fleury term in the Raman

vertex, since it will be the dominant contribution to the anti-symmetric polarization

channel, to which the Loudon-Fleury term does not contribute.

Mediated hopping. In the resonant case the photon energy cannot be ignored. In

particular, intermediate states on the TM sites that come after the photon has been

absorbed come with a factor of t/(U − ωin), while hopping without the photon energy

has the prefactor t/U . In the resonant limit, the latter is much smaller, and therefore

the photon must be absorbed before the doublon arrives at the first TM site, and

emitted after it has passed through all of the intermediate TM sites, just before it is

annihilated with the holon. If the hopping is mediated by oxygens then we must also

consider whether the photon interaction occurs on the first TM-O hop or the second

one. However, the result turns out to be identical to the case of direct hopping between

the sites. This can be understood by noting that the difference in the non-resonant case,

which is due to the extra f ⊗ f terms in Eq. (5.18), appears because of the possibility

that the incoming and outgoing photon interaction can occur both before or both after

the intermediate TM site, which are precisely the processes that are forbidden when the

photon energy is resonant with the TM Mott gap U . Since there is no distinction at

lowest order between the two microscopic origins of spin-exchange near resonance we do

not consider any changes to the anti-symmetric channels, which are only appreciable in

the resonant limit.
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5.5 Raman polarization dependence

As discussed in the previous sections, the Raman operator is generally a different oper-

ator for different polarization choices of incoming and outgoing light given by εin and

εout, leading to many different spectra denoted Iµν,µ′ν′(ω). Here we discuss the rela-

tions between Raman intensities that come from symmetry and the explicit form of the

operators.

If we act on the system with a space group symmetry transformation, the Raman

intensity should be the same. That is, the symmetries must act trivially on the Raman

intensity. We first consider the action of the symmetries on the Raman operator. This

corresponds to changing the polarization so that for a symmetry action parametrized

by Oµµ′ we get

R→
∑

µ,ν,µ′,ν′

(εin)µOµµ′Rµ′ν′Oν′ν(εout)ν . (5.23)

In particular Rµν → Oµµ′Rµ′ν′Oν′ν . The action of the symmetries on the symmetric

tensor Rµν must form a representation of the space group, which is a quadratic repre-

sentation since it has two spatial indices. The task is then to associate the operators

in the Rµν basis with the irreducible representations (irreps) of the space group. Then,

since the symmetries must act trivially on I, the cross terms between Rµν associated

with different irreps must vanish.

It is convenient to define the Raman operators that are symmetric and anti-symmetric

in incoming and outgoing polarizations.

R(µν) =
1

2
(Rab +Rba) (5.24)

R[µν] =
1

2
(Rab −Rba) . (5.25)

We call Iαβ,γδ for a choice of αβ, γδ a spectrum. A spectrum forms a representation

of an irrep, and we call those representations channels, which can contain multiple

spectra that are linearly related to one another due to symmetry constraints or operator

constraints. Note that there can be multiple independent realizations of the same irrep,

and therefore the channels are not always uniquely identified by an irrep. Nonetheless,
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when there is only one representation of each irrep we will label the channels by the

irrep, as is common in practice for high symmetry systems. When there are multiple

channels representing a single irrep, as for the hyperhoneycomb lattice’s Ag irrep, we

use representative spectra to distinguish the channels.

Before going on to discuss the relationships between these spectra in specific lat-

tices, we first discuss the general procedure required to isolate the specific parts of the

spectrum.

5.5.1 Symmetric and anti-symmetric channels

The isolation of spectra representing distinct representations of symmetry classes, known

as symmetry channels, often involves taking linear combinations of multiple observable

spectra. The particular linear combinations required for the symmetry group C4v of

layered cuprate superconductors has been tabulated in Refs. [118] and [120]. The

low symmetry of the hyperhoneycomb model in a magnetic field, for instance, makes

this case more involved and we therefore present here an example set of observations

that allow one to isolate the [ac] channel [78]. We have not seen these more general

results elsewhere in the literature. The result applies for any antisymmetric channel

[αβ] with no symmetry assumptions. The result can be trivially generalized to obtain

a prescription for measuring the antisymmetric except that α and β be perpendicular.

Near resonance the light-scattering operator is a 3× 3 matrix in cubic polarizations

α, β = a, b, c [51].

R = εin,αRαβε
∗
out,β, (5.26)

where the complex conjugation occurs only for photon-creation and is important only

for polarizations with a circular component. We allow ourselves to use labels for other

vectors in place of a, b, c to represent R in polarization channels other than these. One

example is the coordinates rotated by 45 degrees: â′ = (â+ ĉ)/
√

2 and ĉ′ = (−â+ ĉ)/
√

2.

These can be decomposed in terms of the cubic coordinates as

2Ra′a′ = Raa +Rcc + 2R(ac) (5.27)

2Rc′c′ = Raa +Rcc − 2R(ac), (5.28)
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for instance, where 2R(ac) = Rac + Rca and 2R[ac] = Rac − Rca. We can use Eq. (5.27)

to decompose the spectra in the rotated coordinates in terms of ones in the cubic

coordinates leading to

4Ia′a′ = Iaa + Icc + 2Iaa,cc + 4Iaa,(ac) + 4Icc,(ac) + 4I(ac), (5.29)

for example, where the mixed polarizations such as IA,Bare not directly observable and

must be inferred from other measurements. We additionally define the left and right

polarization vectors
√

2r̂ = â+ iĉ and
√

2l̂ = â− iĉ. Note that this assumes that both

incoming and outgoing light travels in the direction normal to the a− c plane. One can

infer the desired spectra using only linearly polarized light by making measurements

along additional non-orthogonal directions, but we do not report on those results here

since back-scattering is the typical experimental setup and allows for cleaner results.

Using decompositions such as Eq. (5.29), as well as the more trivial relation Iac +

Ica = 2(I(ac) + I[ac]), the desired polarization combination can be related to the observ-

able ones by

4I[ac] = (Iac + Ica)− (Ia′a′ + Ic′c′) + (Irr + Ill). (5.30)

If we have a symmetry of the Hamiltonian taking c → −c, or a → −a, then we have

that Ia′a′ = Ic′c′ and Irr = Ill so that one need only measure four independent spec-

tra. Similarly the symmetric spectra can be isolated by taking the following linear

combination.

4I(ac) = −(Iac − Ica) + (Ia′a′ + Ic′c′)− (Irr + Ill). (5.31)

5.5.2 Symmetry considerations

We just gave an example of how one could isolate the independent spectra. In the

remainder of the section we detail the relationships between the possible polarization

combinations, which can come from symmetry, or additional relations at the operator

level. Here we begin with the former. The entire discussion, including relationships

based on the form of the Raman operator, is summarized in Table 5.5.4 and is expected

to extend beyond the ideal model to any spin-exchange Hamiltonian. Some of the
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Figure 5.5: The primitive unit cell of the Honeycomb lattice with arrows to represent
the sign of the hopping terms.

changes in the presence of a magnetic field are discussed in Section 5.5.3.

Honeycomb lattice

The honeycomb lattice has point group D3d including three-fold rotations, two-fold

reflections, and inversion. Raman scattering only couples to inversion-symmetric chan-

nels. D3d has three of these: A1g, A2g, and Eg. Within the 2D restriction of this group

there are only two distinct quadratic operators. We use the ∼ symbol to indicate that

two operators lead to the same spectra due to symmetry. Then the non-zero Raman

operators are Rxx ∼ Ryy in the A1g channel and Rxy in the Eg channel, while the A2g

channel does not support any symmetric quadratic operators. However, when we allow

for anti-symmetric operators we find that the A2g channel has a contribution from the

operator R[xy].

Next we consider the effect of second-neighbor spinon hopping, which comes from

the magnetic field perturbation, and study the effects on the symmetry-group analysis.

We illustrate the interaction with directed bonds in Fig. 5.5, where the arrows indicate

the directions for positive hopping. One can then check that the three-spin perturbation

breaks the reflection symmetries of the Hamiltonian that pass through sites (and hence

pass through the C3 rotation center, which is left intact). Therefore, for small magnetic

fields the symmetry group is broken down to S6. This removes the distinction between

A1g and A2g allowing correlations between the [xy] channel and the xx ∼ yy channels
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Figure 5.6: The hyperhoneycomb lattice with arrows to represent the sign of the hopping
terms.

within the new Ag channel (I[xy],xx 6= 0). However, numerically we find I[xy],xx = 0 for

this particular model.

3D harmonic honeycomb lattices

The 3D harmonic honeycomb lattices have the point group D2h. This group admits four

inversion-symmetric Raman channels: Ag, B1g, B2g, and B3g, which leads to nine inde-

pendent non-zero spectra: {Iaa, Ibb, Icc, Iaa,bb, Iaa,cc, Ibb,cc, Iab, Iac, Ibc}. However, there is

an effective C4 screw axis within a spin-exchange model that is not present in the lattice

itself. The symmetry is composed of C4 rotation, (a3−a2)/2 translation (e.g.), and the

dilatation a →
√

2a, b → b/
√

2. This effectively enlarges the point group symmetry to

D4h. We find then that Ibb = 4Iaa, 2Iac = Ibc, and 2Iaa,cc = Ibb,cc. Thus a representative

set of spectra is given by the following six representations: {Iaa, Icc, Iaa,bb, Iaa,cc, Iab, Iac}.
Anti-symmetric resonant Raman operators add three operators to D2h. These are

{R[ab], R[ac], R[bc]}, which correspond, respectively, to B1g, B2g, B3g irreducible repre-

sentations. However, the higher effective symmetry group of D4h implies that [ab] is
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J κz κx or κy
Ca2 − + −
Cb2 − − +

Cc2 + − −
Ta3−a1

2

σa + + −
Ta3

2
σb + − +(

Ta1
2

or Ta2
2

)
σc − − −
i − − −

Ta3
2
Cc4 + − +

Ta3−a1
2

C−c4 + − +

Table 5.1: The action of the lattice point-group symmetries, and the effective screw
axes, on the second-neighbor terms shown in Fig. 5.6. An even (+) (odd (-) ) entry
denotes an unbroken (broken) symmetry. The relevant symmetries are [51] (1) Cα2
symmetries in the orthogonal â, b̂, and ĉ directions about the center-points of z-bonds;
(2) Inversion about centers of x or y bonds; (3) Effective screw axes composed of C4

rotation, (a3 − a2)/2 translation (e.g.), and the dilatation a →
√

2a, b → b/
√

2; and
(4) Glide planes with their normals in the directions a,b, and c with their reflections
passing through the inversion centers.[51]

relegated to its own channel (A2g) and therefore cannot mix with any other channels.

It also leads to R[bc] = 2R[ac]. This leads to the three additional symmetry-allowed

independent spectra {I[ab], I[ac], I[ac],ac}.
The second-neighbor hopping terms for the hyperhoneycomb lattice are illustrated

in Fig. 5.6. We find that the low-energy perturbation preserves both inversion and the

glide planes along the c-axis, while breaking the other symmetries. To verify this, it

suffices to compare the sign changes obtained by each term in the full Majorana spinon

Hamiltonian collected in Table 5.5.2. This leaves the point group C2h at small fields.

For this group, all nine possible quadratic operators are distinct. The only symmetry

constraints are to organize them into two channels Ag and Bg that do not mix with 4 and

2 symmetric spectra respectively and 1 and 2 antisymmetric spectra respectively. This

gives 13 or 25 independent spectra depending on whether we include symmetric-only or

also anti-symmetric operators. Similar arguments can be made for the H-1 lattice.
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Hyperhexagon lattice

The hyperhexagon lattice has space group R3m.[82] The corresponding point group is

D3d. This is the same one obtained for honeycomb layers stacked by a unit vector normal

to the plane.Realizations of the corresponding Eg representation come in two types:

Rab and Rac ∼ Rbc. The A1g channel now has two independent representations, Raa ∼
Rbb and Rcc. Keeping only the spectra that are allowed to be non-zero by symmetry,

the six distinct spectra are represented by the set {Iaa, Icc, Iaa,cc, Iab, Iac, Iab,ac}. Anti-

symmetric Raman processes appear in both the A2g and Eg channels and are represented

by R[ab] and R[ac] ∼ R[bc]. This leads to the three distinct anti-symmetric Raman spectra

I[ab], I[ac], and I[ac],ac, making a total of nine by symmetry for this lattice.

5.5.3 Loudon-Fleury relationships

Further relationships between the different Raman spectra follow from the explicit simi-

larity between the Raman operators and the Hamiltonian. In particular, as an operator,

the Hamiltonian itself does not create any excitations so that its Raman spectrum is

trivial. We refer to relationship of this kind as Loudon-Fleury (LF) relationships. In

this subsection we discuss such relationships for the direct hopping case. For the case

of mediated hopping there is greater coupling to photon, which leads to more such

relationships. These are discussed in the subsection to follow.

The Raman operator is made up of a part that depends on bond orientation, and a

spin exchange term, so that if we let α be an index of the different bonds in the unit

cell

R =
∑
α

PαHα (5.32)

H =
∑
α

Hα, (5.33)

where Hα is the restriction of the spin-exchange Hamiltonian to all terms on bonds with

like-orientation, labeled by α. The relationships discussed in the remainder of the section

use this explicit form of the Loudon-Fleury Raman operator to its fullest extent and

do not make any assumptions about the form of the spin-exchange Hamiltonian, such
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as translation invariance or similarity to the Kitaev model, except that it be nearest-

neighbor only. Although further neighbor terms could easily be added to the discussion,

their typical effect would be to make for fewer such relationships since they have the

effect of adding a new bond orientation.

Honeycomb lattice

Using 5.18 and the bond vectors of Section 2.3.1 for the honeycomb lattice, we carry

out the respective outer products to find

Rxx =
3

4
(Hx +Hy), Ryy = Hz +

1

3
Rxx, (5.34)

RA1g = H, REg = −Hz +
2

3
Rxx, (5.35)

Rxy =

√
3

4
(Hy −Hx). (5.36)

We see that the RA1g channel does not create any excitations since it is equal to the

Hamiltonian. Therefore only the Eg irrep is active on this lattice.

We can relate Rxy and REg by considering the action of C6 rotation on the correlation

functions involving those operators. We find

Ixy,xy →
1

4
Ixy,xy +

3

4
IEg ,Eg ±

√
3

2
IEg ,xy. (5.37)

This implies that IEg ,xy = 0 and that Ixy,xy = IEg ,Eg .

The fact that the Hamiltonian makes no excitations also implies that the operators

Hx + Hy and −Hz give rise to the same correlation functions and, by some rear-

rangement, Rxx, −Ryy, and REg lead to the same Raman intensities. Finally, we have

Ixx,xx = Iyy,yy = −Ixx,yy = Ixy,xy. Combining these relationships with the symme-

try constraints we have Ixx,xx = Iyy,yy = Ixy,xy = −Ixx,yy and Ixx,xy = 0 = Iyy,xy,

which leaves only one independent spectrum. Considering an arbitrary polarization

εin = cos θx̂ + sin θŷ and εout = cosφx̂ + sinφŷ we can compute I in terms of Ixx,xx, for

instance. In this case one finds that the angular dependence drops out and I = Ixx,xx

independent of polarization.
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3D harmonic honeycomb lattices

A similar analysis for the Harmonic honeycomb lattice bond vectors gives

4Raa = Hx
A +Hx

B +Hy
A +Hy

B (5.38)

2
√

2Rab = Hx
A −Hx

B +Hy
A −H

y
B (5.39)

2
√

2Rbc = −Hx
A +Hx

B +Hy
A −H

y
B (5.40)

4Rac = −Hx
A −Hx

B +Hy
A +Hy

B (5.41)

Rcc = Raa +Hz. (5.42)

First we find Rbb = 2Raa. Second, note that 3Raa +Rcc = H.

Consider what this means for the correlation functions I. In the ground state

〈eiHtRµνe−iHt1〉 = 0. Therefore, since Rcc |0〉 = −3Raa |0〉+ E |0〉, where E is the en-

ergy of |0〉 we find that

〈Rµν(t)Rcc(0)〉 = −3 〈Rµν(t)Raa(0)〉 . (5.43)

This gives Icc = 9Iaa = −3Iaa,cc for any nearest-neighbor spin-exchange Hamiltonian

on these lattices.

Hyperhexagon

Carrying out the identical analysis for the hyperhexagon lattice we find one Loudon-

Fleury (LF) relationship between these spectra, giving −2Iaa,ac = Icc leaving the five

independent spectra {Iaa, Icc, Iab, Iac, Iab,ac}.

5.5.4 Mediated hopping relationships

In this subsection we discuss the LF relationships for the case of mediated hopping.

As shown in Section 5.3, the effective model achieved by integrating out the mediated

hopping gives a Raman operator that depends on polarization in the following way.

R =
∑

n,n′;α,β

[
(dn,n′ · εin)(dn,n′ · εout) + (fn,n′ · εin)(fn,n′ · εout)

]
Hα,β
n,n′σ

α
nσ

β
n′ , (5.44)
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where fn,n′ is the vector orthogonal to the TM -TM bond vector dn,n′ that lies in the

TM −O plane.

Trigonal JKK lattices

We first consider the case of the honeycomb and hyperhexagon lattices, which have

identical bond orientations. Carrying out the respective outer products we find

2Raa = 2Hz +Hx +Hy (5.45)

6Rbb = 2Hz + 5Hx + 5Hy (5.46)

3Rcc = 2H ∼ 0 (5.47)
√

6Rac =
√

12Rab = Hx −Hy (5.48)

3
√

2Rbc = 2Hz −Hx −Hy. (5.49)

Raa+Rbb = 4H/3 ∼ 0 gives Raa ∼ −Rbb. For isotropic couplings, C3 symmetry dictates

that REg = (Raa − Rbb)/2 has the same spectrum as Rab. Since by some arrangement

REg ∼ Raa, the spectrum indeed turns out to be independent of polarization within

the ab plane, just as was found using TM-TM bond vectors for the honeycomb lattice.

Moreover, the correlation functions are the same as computed in Refs. [50, 51] up to an

overall constant for the honeycomb lattice. However, out of plane there are measurable

correlations with these bond vectors, unlike what was reported in Ref. [51]. However,

these spectra are all linearly related to ones within the ab plane since Rbc ∼
√

2Raa

while Rac =
√

2Rab. Therefore both the honeycomb lattice and the hyperhexagon have

only one linearly-independent symmetric spectrum for spatially isotropic couplings, and

two with C3 broken.

Orthorhombic JKK Lattices

The same analysis just given applies for any JKK lattice, but it is useful to translate to

the natural coordinates of the Harmonic Honeycomb series 3D lattices, which lack the C3

symmetry of their 2D counterpart, and therefore have their most natural orthorhombic

coordinate system defined by the C2 symmetries that remain. The bond vectors become



96

Lattice Irrep Spectra
LF relations

(Direct)
LF relations
(mediated)

2D HC
A1g Ixx Ixx = Ixy

Ixx = Ixz = 1
2Iyz =

1√
2
Iab,ac

Eg Ixy
I[xz] = I[yz] =

I[xz],[yz]

A2g I[xy] I[xy] I[xy]

3D HH

A1g
Ibb = 4Iaa; Icc Icc = 9Iaa

2Iaa = 2Icc = Iaa,bbIbb = 2Iaa,cc = −3Iaa,cc
B1g Iaa + Ibb − 2Iaa,bb Iaa,bb
B2g Iab Iab Iab = 0

Eg
Ibc = 2Iac I[ac]; Iac I[ac]; Iac; Ibc = 0
I[bc] = 2I[ac]

A2g I[ab] I[ab] I[ab]

Hex

A1g
Iaa = Ibb; Icc ;
Iaa,cc = Ibb,cc

−2Iaa,cc = Icc;
Iac; Iaa

Iab = Iaa = Iab =
Iaa,bb = 1

2Ibc =
1√
2
Iab,ac

Eg

Iab,ac =
Iab,bc; Iac = Ibc

Iaa,bb; Iab; Iac Icc = 0 = Iaa,cc

Iaa,bb ∼ Iab;
I[bc] = I[ac]

I[ac]; Iab,ac I[ac]

A2g I[ab] I[ab] I[ab]

Table 5.2: A table summarizing the symmetry channels for each of the lattice classes:
hyperhoneycomb (HC), 3D harmonic honeycomb (3D HH), and hyperhexagon (Hex).
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[see Fig. 2.9]

dzA = (0, 0, 1) (black and gray)

dzB = (−1, 0, 0) (not used)

dxA =
1

2
(1,−

√
2,−1) (blue)

dxB =
1

2
(1,
√

2,−1) (red)

dyA =
1

2
(−1,

√
2,−1) (green)

dyB =
1

2
(−1,−

√
2,−1) (orange), (5.50)

Carrying out the outer products and summing the terms we find

4Raa = 4Rcc = 2Hz +Hx +Hy (5.51)

2Rbb = Hx +Hy (5.52)

4Rac = Hy −Hx (5.53)

Rab = 0 = Rbc. (5.54)

There is a Loudon-Fleury relationship of 2Raa + Rbb = H ∼ 0 so that 2Rcc = 2Raa ∼
−Rbb. The two independent spectra turn out to be Iaa and Iac since Ibb = 2Iaa,bb =

4Iaa = 4Icc while all others are zero.

The results of this entire section are summarized in Table 5.5.4.

5.6 RIXS Processes

Similar to the Raman case, RIXS is a photon-in-photon-out process. Like Raman, in

Mott insulators the photon interaction can be described by a high-energy (short-time)

electronic process projected to a spin excitation for the magnetic states at the Fermi

level. In RIXS the photon energy is much higher (keV) corresponding to excitations

of deep core electrons. By tuning the laser frequency to a resonance with a particular

core-to-Fermi-level excitation, the probe can act on the low-energy magnetic states.

As for Raman, the RIXS response I can be written as the correlation function of a
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RIXS operator R as

I(ω, q) =

∫
dteiωt 〈Rqe−iHtR†q〉 . (5.55)

For a given polarization ε in and ε′ out, the RIXS operator R describes the high-

energy process by which a core electron is excited into the low-energy orbitals in which

electronic physics and magnetism occur. In a spin-1/2 Mott-insulator, the short-lived

excitation can be described foremost by the presence of a filled doublet in place of a

hole, which modifies the super-exchange processes occuring at the site r. In a Jackeli-

Khaliulin-Kitaev system of t2g-orbital with a single hole it is convenient to think of

the extra low-energy electron as creating a vacancy, or non-magnetic impurity, in the

hole-picture. In a system with a super-exchange Hamiltonian H =
∑
〈rr′〉 J

αβσαr σ
β the

RIXS operator is dominated, in the fast-collision approximation, by the change in the

Hamiltonian. Expanding e−i∆Ht up to first order in J/Γ, where Γ is the inverse lifetime

of the core hole, which is by far the largest energy scale, and integrating over t we get

Rγq =
∑
〈rr′〉

eiqrσγ
[
1− i

Γ
Jαβσαr σ

β
r′

]
(5.56)

Here γ = 0, 1, 2, 3. For γ = 1, 2, 3 the lowest order term has the same form as the

dynamical structure factor, up to very small corrections due to higher-order terms [121].

The DSF has been studied on several lattices [46, 50, 48, 49, 74, 121] and therefore does

not require further investigation here. However, for a certain channel γ = 0, known as

the spin-conserving channel [121], the leading excitation becomes next-order in J/Γ. In

fact, the excitation has the form of a spin-exchange term, much like that of Raman,

which can directly probe the low-energy physics of the spinons.

Focusing on the spin-conserving channel (σ0 = 1) only the second term in 5.56

makes excitations so that the lowest-order term becomes

R0
q ∝

∑
〈rr′〉

eiqrJαβσαr σ
β
r′ . (5.57)



Chapter 6

Light scattering in the Kitaev

models

In the previous chapter we discussed the form of the light-scattering operators for RIXS,

Raman, and Brillouin scattering. In this chapter we pursue the form of those operators

in the Kitaev fractionalization, finding that they probe pairs of Majorana spinons and

no fluxes, as opposed to INS which sees a highly local response within this model due

to its creation of flux excitations. The bulk of the zero-temperature formalism, as well

as the results for RIXS are the author’s own contributions.

6.1 Raman formalism

The form of the Raman operator R depends on the polarization of incoming and outgo-

ing light. For the LF operator [Eq. (5.10)] this is because driving an exchange process

along a certain bond requires the photon’s polarization to have a component along that

bond vector. We will use the short hand notation µν to refer to a scattering geometry

with the polarization of incoming light along µ̂ and outgoing along ν̂. It is convenient

to use the cubic coordinates µ, ν = a, b, c (see Fig. 2.9) due to their relation to the

symmetries of the lattice.

Since the Raman operator is linear in polarizations it can always be written as a

tensor dotted with the polarization vectors, as explicitly demonstrated in Eq. (5.18).

By inserting Eq. (5.18) into Eq. (5.5) the Raman intensity can be decomposed into
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a linear combination of intensities obtained for pairs of these Raman operators.

I(ω) =

∫
dteiωt 〈R(t)R(0)〉

≡
∑

µ,ν,µ′,ν′

(εin)µ(εout)ν(εin)µ′(εout)ν′Iµν,µ′ν′(ω), (6.1)

where

Iµν,µ′ν′(ω) ≡
∫
dteiωt

1

2

(
〈Rµν(t)Rµ′ν′(0)〉

+ 〈Rµ′ν′(t)Rµν(0)〉
)

(6.2)

The terms with µ, ν 6= µ′, ν ′ only appear when either the incoming or outgoing polar-

ization is not along a cubic unit vector â, b̂, or ĉ so that the Raman operator is the sum

of multiple terms. For instance, a polarization with εin = â and εout = 1√
2
(â+ b̂) would

give

I =
1

2
(Iaa,aa + Iab,ab) +

√
2Iaa,ab, (6.3)

where we have left the ω dependence implicit, to simplify the expression. One could

measure the spectrum Iaa,ab by first isolating the other terms Iaa,aa and Iab,ab and then

subtracting off the components of these other two from the spectrum measured with

the polarization in Eq. (6.3).

Note that the intensity “cross terms” Iab,cd, for ab 6= cd are sums and differences of

measurable quantities and may therefore be positive or negative. Otherwise, we refer

to the intensity for a simple polarization configuration along the cubic directions µ and

ν by Iµν , which is given by Iµν ≡ Iµν,µν above.

6.1.1 Zero temperature correlation functions

A striking feature of Raman spectroscopy in a Kitaev spin liquid is that the Raman

operator couples only to the dispersing Majorana spinons. For the Kitaev Hamiltoian
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(2.1), the LF operator Eq. (5.10) takes the form [50]

R =
∑
〈ij〉α

(εin · dα)(εout · dα)Jασαi σ
α
j

= i
∑
〈ij〉α

(εin · dα)(εout · dα)Jαu〈ij〉αcicj , (6.4)

which is a simple quadratic operator in terms of the Majorana spinons ck. Remark-

ably, due to its similarity to the original Kitaev spin Hamiltonian, the Raman operator

(6.4) does not excite the gapped flux excitations. This is one distinct advantage of

using Raman response in these systems, as it probes only one of the fractionalized sec-

tors. (In contrast, neutron scattering always excites both fluxes and Majorana spinons.)

In addition, the fact that the Raman operator conserves the flux in each plaquette

greatly simplifies the calculations of the Raman intensity, since we can use the fixed-

flux Hamiltonian (2.55). Consequently, we can write the Raman operator in terms of

the Bogoliubov-deGennes fermions that diagonalize the Hamiltonian (see Sec. 2.1.3).

In this basis, the Raman operator takes the form R =
∑

kRk with

Rk = Cmn,ka
†
m,kan,k +

1

2

(
Dmn,ka

†
m,ka

†
n,−k + h.c.

)
, (6.5)

where indices m,n = 1, ...,M refer to bands and Cmn,k and Dmn,k are bilinear func-

tions of the in and out polarizations. Note that Dmn,k is the antisymmetric matrix

corresponding to the creation of two excitations in Eq. (6.5). One can reduce the Ra-

man intensity to a weighted two-Majorana spinon DOS (2-DOS). To see this, insert the

Fourier decomposition for R into the expression for the Raman intensity gives

I(ω) =

∫
dt
∑
k,k′

eiωt 〈0|Rk(t)Rk′(0)|0〉 . (6.6)
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Notice that only the Dmm′,k terms in (6.5) survive in (6.6) at zero temperature since

the Cmm′,k terms annihilate the ground state. Therefore,

I(ω) =
∑
k

π

2
δ(ω − εm,k − εn,k)

× 〈0|
(
D∗mm′,kam′,−kam,k

) (
Dnn′,ka

†
n,ka

†
n′,−k

)
|0〉 ,

where we have used that a†n,k(t) = e−itεn,ka†n,k(0) in the Heisenberg picture. Applying

the anti-commutation relations and writing the sum over bands explicitly we find:

I(ω) = π
∑
k 6=0

∑
m,m′

δ(ω − εm,k − εm′,k)D∗mm′,kDmm′,k, (6.7)

The non-trivial commutation relations between a†k and a†−k for k = −k lead to a can-

cellation of the k = 0 term. However, the contribution of the k = 0 term vanishes in

thermodynamic limit anyway. This leads to

I(ω) = π
∑
m,n;k

δ(ω − εm,k − εn,k)|Dmn,k|2. (6.8)

It is useful to define the momentum-locked two-spinon density of states as follows.

ρ2(ω) =
∑
m,n;k

δ(ω − εm,k − εn,k). (6.9)

Thus the Raman respons I(ω) is essentially probing ρ2, weighted by the matrix elements

|Dmn,k|2.

6.1.2 Finite temperature formalism

Although the Majorana spinon Hamiltonian is translation-invariant in the flux sectors

considered in the main text, the introduction of isolated fluxes would break this symme-

try. To evaluate the Raman spectra at finite flux density requires numerical simulations

on finite-sized lattices. In this case one can sample the band structure of many different

representative flux configurations, labeled by M .
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By the simple form of the canonical ensemble we can write

I(ω) ∝
∑

flux patterns M

e−βE
M
0 IM (ω, β) (6.10)

where EM0 is the energy of the lowest-energy state in the flux-configuration M , and

IM (ω, β) is the spectrum due to the band fermionic excitations in the flux background

M , at temperature β. The proportionality constant is the partition function Z =∑
flux patterns M e−βE

M
0 ZM with ZM being the free fermion partition function in a given

flux background.

For the case of a finite system we write the Raman operator with a similar form as

the translation-invariant case of Eq. (6.5).

R =
∑

α=x,y,z

∑
〈ij〉α

(εin · dα) (εout · dα) JαSαSα (6.11)

=
∑
〈rr′〉

(εin · dα) (εout · dα)Hrr′crcr′ (6.12)

=
1

2

(
cA

cB

)T
i

(
A B

−B† A′

)(
cA

cB

)
(6.13)

=
1

2

(
a

(a†)T

)†(
C D

D† −C

)(
aλ′

(a†λ′)
T

)
. (6.14)

Here C = u†Bv + v†B†u and D = −u†Bv + v†B†u are analogous to the ones given in

the previous subsection. Explicitly, for a Raman operator that is symmetric w.r.t.

swapping in and out polarizations and C = i
(
u†Au+ v†A′v

)
and D = u†Au− v†A′v

for an antisymmetric channel. Then finally,

IM (ω, β) ∝
∑
λλ′

[
2|Cλλ′ |2f(ελ, β)[1− f(ελ′ , β)]δ(ω + ελ − ελ′)

+|Dλλ′ |2[1− f(ελ, β)][1− f(ελ′ , β)]δ(ω − ελ − ελ′)
]
, (6.15)

where B and therefore C and D depend on the gauge chosen for each flux configuration

M , and f(ε, β) is the familiar Fermi-Dirac distribution.

Note that at zero temperature we recover Eq. (6.8) since f = 0 for the excitations
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and we need only consider the ground state flux sector M = 0.

6.2 Spin-conserving RIXS

In Section 5.6 we wrote down the spin excitations created by spin-conserving RIXS. We

now reduce the computation of I0(ω, q) to something numerically tractable within the

Kitaev fractionalization.

We decompose the site index r = R + µ where R represents the position of the

center of the unit cell and µ denotes the relative position of site µ = 1, .., , n. Let α,

more generally, run over the bonds in the unit cell (of which there are 3n/2 due to tri-

coordination). Let δαµν be the bond vector relating the unit cell of site µ to the one of ν

for the bond α (this is zero for bonds that don’t cross unit cells) so that α = ν − µ+ δαµν .

We choose a gauge (this might require a larger unit cell than the lattice has) and let

J̃α = Jαuα〈r,r+α〉 by translation invariance. Then we can write the RIXS operator as

R0
q ∝

∑
〈rr′〉

eiqr + eiqr
′

2
Jαuα〈rr′〉icrcr′

=
∑
µ,ν

∑
R,δαµν

[
eiq(R+µ) + eiq[(R+δαµν)+ν]

]
× J̃α icR+µc(R+δαµν)+ν

=
∑
µ,ν

∑
R,δαµν

J̃α
[
eiq(R+µ)icR+µc(R+δαµν)+ν

+eiq(R+ν)icR−δαµν+µcR+ν

]
where the photon can interact on either site r or r′ and 〈rr′〉 ran over each bond along
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both directions. Fourier transforming

R0
q =

∑
k,k′

(∑
R

ei(q+k+k′)R

) ∑
δαµν ,µ,ν

J̃α
[
eiqµeik

′δαµν ick,µck′,ν

+eiqνe−ikδ
α
µν ick,µck′,ν

]
=
∑
k,µ,ν

[
eiqµHµν

k−q + eiqνHµν
k

]
c−k,µck−q,ν

In terms of the quasiparticles this is

R0
q =

∑
k,µ,ν

(U †k)µ
′µ
(
eiqµHµν

k−q +Hµν
k eiqν

)
Uνν

′
k−q(ã

†
k)
µ′ ãν

′
k−q

≡
(

ak

a†−k

)†
Mk,k−q

(
ak−q

a†−k+q

)
, (6.16)

where ã†k = (a†k, a
T
−k). Letting Qq = diag{eiqrµ}µ we can write

Mk,k−q = U †k [QqHk−q +HkQq]Uk−q

=
(
U †kQqUk−q

)
Ωk−q + Ωk

(
U †kQqUk−q

)
=

1

2

[
εk(u

†Quu+ v†Qvv) εk(u
†Quū− v†Qvv̄)

−ε−k(ū†Quu− v̄†Qvv) −ε−k(ū†Quū+ v̄†Qvv̄)

]

+
1

2

[
(u†Quu+ v†Qvv)εk−q −(u†Quū− v†Qvv̄)εq−k

(ū†Quu− v̄†Qvv)εk−q −(ū†Quū+ v̄†Qvv̄)εq−k

]
, (6.17)

where we introduced a shorthand u = uk and ūk = u∗−k likewise for v, as well as Qu,

Qv, which are short for the upper-left and lower-right blocks of Q respectively as in the

following.

(Qu)µνq = eiq·rµδµν (Qv)µνq = eiq·rµ+n/2δµν , (6.18)
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where here µ = 1, ..., n/2. Focusing now on zero temperature we need only the upper-

right block of M , which creates a pair of excitations. We find

I(ω, q) ∝
∑
k;µ,ν

|Aµνk,q|2δ(ω − ε
µ
k − ενk+q) (6.19)

Ak,q ≡ εkVk,q − Vk,qεq−k
Vk,q ≡ u†kQuqu∗q−k − v

†
kQ

v
qv
∗
q−k (6.20)

where εk is the diagonal matrix of positive eigenvalues. Note that in this form Ak,q turns

out already to be antisymmetrized over the two ways to create a pair of excitations at

k and q − k since, as you can check, ATq−k,q = −Ak,q.
Finally, we present the honeycomb lattice case as an example. In the notation

used there one solution is vk = G∗k/|Gk| and uk = 1 with µ = 1 only. If we set

the origin of the unit cell at the A site and put the B site that is in the same unit

cell at (0, 1) then Quq = 1 and Qvq = eiqy . In this notation Gk/J = 1 + eik1 + eik2

with kj = k · aj and a1/2 = (±
√

3, 3)/2. Then since v∗k = e−ikyeiϕk we get Vk,q =

1− e−ikyeiϕkeiqye−i(qy−ky)eiϕq−k = 1− eiϕkeiϕq−k and it follows that

Ak,q ∝ (εk − εq−k)
(
1− eiϕkeiϕq−k

)
, (6.21)

which agrees with [121].

Integrated spectrum

Let’s just integrate the spectrum.

I0(ω) =
∑
q

I0(ω, q) (6.22)

∝ δ[ω − εk,µ − εk′,µ′ ]
∑
q

〈0|Rq|k, µ; k′, µ′〉

× 〈k, µ; k′, µ′|R†q|0〉 (6.23)
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If we write Rq =
∑
〈xx′〉 e

iqxAxx′ then the intensity for the excitation ζ ≡ k, µ; k′, µ′

becomes

∑
〈xx′〉,〈yy′〉

(∑
q

eiq(x−y)

)
〈0|Axx′ |ζ〉 〈ζ|A†yy′ |0〉 (6.24)

=
∑
r

〈0|
∑
x∈Nr

Arx|ζ〉 〈ζ|
∑
y∈Nr

A†ry|0〉 , (6.25)

where Nr is the set of NNs of site r. This is now a sum over spectra due to each site.

Translation invariance reduces this sum to one over the sites in a single unit cell r = µ.

This spectrum is equivalent to

I0(ω) =
∑
µ

I0
µ(ω) (6.26)

I0
µ(ω) =

∫
dteiωt 〈R̃0

µe
iHt(R̃0

µ)†〉 (6.27)

R̃0
µ =

∑
ν+δ∈Nµ

Aµ,ν+δ. (6.28)

Further, Fourier transforming gives

R̃0
µ =

∑
ν+δ∈Nµ

Jµ,ν+δu〈µ,ν+δ〉
1

2
icµcν+δ (6.29)

=
∑

ν+δ∈Nµ

∑
k,k′

Jµ,ν+δu〈µ,ν+δ〉e
ik′δic−k,µck′,ν (6.30)

=
∑
k,k′

∑
ν

Hµ,ν
k′ ic−k,µck′,ν (6.31)

=
∑
k,k′

∑
ν

c−k,µH
µ,ν
k′ ck′,ν (6.32)

=
∑
k,k′

∑
µ′,ν,ν′

(ã†k)
µ′
[(
U †k

)µ′µ
Hµν
k′ U

νν′
k′

]
ãν
′
k′ (6.33)
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After some further calculation following the same algebra as for Aq we find

I0(ω) =
∑
µ

I0
ρ(ω) (6.34)

I0
ρ(ω) ∝

∑
k,k′;µ,ν

|Ãµρνk,k′ |2δ(ω − ε
µ
k − ε

µ
k′) (6.35)

Ãµρνk,k′ = εµk Ṽ
µρν
k,−k′ − Ṽ

µρν
k,−k′ε

ν
−k′ (6.36)

Ṽ µρν
k,−k′ =

{
(u†k)

µρ(u∗−k′)
ρν , if ρ ∈ A

(v†k)
µρ(v∗−k′)

ρν , if ρ ∈ B
. (6.37)

We find that the sublattice phase is gone in this case, since the now the contribution

from each sublattice is added at the level of intensities rather than amplitudes. In fact,

the phases of u and v don’t contribute at all.



Chapter 7

Light scattering predictions

In the previous Chapter 6 we demonstrated explicitly that the Raman scattering, Bril-

louin scattering, and spin-conserving RIXS all access Majorana spinon pair excitations.

The yields two advantages: (1) The Majorana spinons have long-range correlations and

although it cannot be accessed directly by these probes, there are immediate possi-

bilities for quantitative predictions. (2) The spectrum is gapless, and the low-energy

response can access distinctive signatures of the spin-liquid phase if it exists, including

surface modes. In this chapter we present results for computing the Raman, Brillouin,

and RIXS scattering intensities in terms of the fermionic correlations functions outlined

in the previous chapter. We begin by discussing the quantitative features expected for

Raman spectra with an emphasis on the different symmetry channels. Then we discuss

how the low-energy Raman or Brillouin spectra would be expected to change in the

presence of a magnetic field. Third, we discuss the appearance of topological boundary

modes in Brillouin scattering for systems with large surface-to-bulk ratios. Finally, we

show more quantitative predictions for a momentum-resolved Majorana spinon probe

such as spin-conserving RIXS. All of the material in this chapter describes the author’s

own work.

7.1 Basic Raman results

We begin this discussion by focusing on bulk systems, or systems in the thermodynamic

limit, although later we discuss spectra for Raman and Brillouin scattering on systems
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Figure 7.1: Raman intensities for the pure Kitaev model on the 2D honeycomb lat-
tice computed for: (a) the symmetric point Jx = Jy = Jz, (b) another gapless point
Jx = Jy = 1.43Jz, (c) a gapped point Jx = Jy = 0.3Jz. For each figure, the inset on
the left is a plot of the one-particle DOS; the inset on the right is a plot of the derivatives
of the Raman intensity I ′(ω).

where the boundaries are important so that surface modes can enter. As expected the

bulk Raman spectra access a momentum-locked two-spinon DOS. Here we present the

predicted spectra for the symmetric channels of the lattices under consideration, and

discuss where the quantitative features come from. In each case we proceed to present

results in for the direct hopping limit, and then discuss the mediated hopping limit for

which the fewer number of independent spectra can be viewed as a special case of the

direct one.

7.1.1 2D Honeycomb spectra

The symmetric Raman spectra for the Honeycomb lattice are presented in Fig. 7.1,

along with the Majorana spinon DOS, and the derivative of the Raman spectrum.

Although the van Hove (VH) singularity is suppressed by matrix-element effects in

the Raman spectrum, its derivative shows a sharp VH peak [50]. At the isotropic

point Jx = Jy = Jz there is only one independent spectrum, and in fact the result in

independent of polarization for this symmetry class and a spin-exchange Hamiltonian

[50], as discussed in Section 5.5. When we take Jz 6= Jx = Jy, the rotation symmetry is

broken and after LF relationships there are two spectra for which we have chosen Ixx and

Ixy of the A1g and B1g irreps. These are plotted for a gapless point (Jx = Jy = 1.43Jz)

and a gapped point (Jx = Jy = 0.3Jz) in Figures 7.1(b) and 7.1(c).
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Figure 7.2: The relative total spectral weight SW =
∫
I(ω)dω of the two representative

Raman intensities as a function of the Kitaev exchange-coupling anisotropy for the 2D
honeycomb lattice. The transition to the gapless phase occurs at Jx/Jz = 0.5.

Along with the excitation gap seen in the gapped phase, the computed intensities

show broad humps that are qualitatively similar to the isotropic case. The relative total

spectral weight between the two active channels is plotted in Fig. 7.2 where we find

that the relative weight is determined by the coupling anisotropy Jx/Jz. In the limit

Jx/Jz → 0 the lattice becomes zero-dimensional and the excitations become diagonal

in σz so that the Raman operators vanish as Jx = Jy → 0. In this limit the ratio

Ixx/Ixy = 3 comes from the different projections of the x and y bonds onto the x and

y axes. Surprisingly, this ratio persists throughout the gapped phase including lower

symmetry points with Jy 6= Jx (not shown). However, we expect that this is not the

result of symmetry since the spectra of Ixx and Ixy are not linearly related as functions

of ω. Therefore, we do not have a reason to expect that the constant spectral weight

is a generic property of the gapped phase that would survive small perturbations that

preserve the gap and the spin liquid phase, in contrast to the unit ratio at isotropic

coupling, which is a result of hexagonal symmetry.

Apart from the broad hump there are also fine features related to the Majorana

spinon density of states (shown in the left insets). In particular, the van Hove singular-

ities of the saddle points in the dispersion lead to singularities in the derivative of the

Raman response (shown in the right insets of Fig. 7.1).

In addition to the symmetric spectra there is the anti-symmetric spectrum I[xy] on

this lattice. That spectrum is shown in Fig. 7.11 where we see another broad continuum.
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Figure 7.3: Raman intensities for the hyperhoneycomb lattice computed for:
(a) Jx = Jy = Jz (gapless), (b) Jx = Jy = 1.43Jz (gapless), (c) Jx = Jy = 0.3Jz

(gapped). The spectrum looks qualitatively the same throughout the gapless phase,
in contrast with the 2D case in which the symmetric coupling point has extra symme-
try. The maxima and minima in I(ω) originate from van Hove singularities and band
edges, respectively, for each band (see Fig. 7.4). The only two particle combination
that couples to the B1g channel is one from the lower band and one from the upper
band causing the spectrum Iab to vanish unless 4Jz < ω < 4

√
5Jz.2

7.1.2 3D Harmonic Honeycomb spectra

Many of the characteristic features of the 2D Raman spectra carry over to the 3D

Harmonic Honeycomb lattices. Notably, because Raman scattering couples only to

the Majorana spinons, the spectra are broad, reflecting the total bandwidth3 4zJav =

4(Jx+Jy+Jz) accessible to two-particle Majorana spinon excitations above the ground

state, where z is the number of neighboring sites. We note that this is also the energy

range in which we would find magnons (spin-waves) if the state were ordered. Moreover,

in the gapless spin liquid phases we always find a linear Raman spectrum at low energies,

as was anticipated from the nature of the fermi-surface and low-energy dispersion in

Section 3.1. [96, 103] This feature, together with a gapped dynamical spin structure

factor, are common to all of the harmonic honeycomb lattices.

However, there are also a number of notable differences between the spectra for the

3D lattices and the 2D case. The most striking one is the greater number of independent,

non-vanishing spectra as a function of polarization, due to the lower symmetry and larger

number of ways for light to couple to the lattice. This can be clearly seen in the Raman

spectrum of the hyperhoneycomb lattice, shown in Fig. 7.3. However, we find that

2Iac = Ibc so that the B2g and B3g channels have identical response, as anticipated in

3In Eq. (2.1) we defined the Hamiltonian in terms of Pauli matrices. If we define the coupling in
terms of spins, H =

∑
〈ij〉 Γ̃αβij S

α
i S

β
j , where Sαi = 1

2
σαi , the Raman bandwidth is zΓ̃av in place of 4zΓav.
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Figure 7.4: The Majorana spinon spectrum on the hyperhoneycomb lattice plotted along
high symmetry lines. The inset on the left shows the 2-DOS defined in Eq. (6.9). The BZ
is illustrated in Fig. 7.5. The two complex fermions per unit cell make two bands, ε±,k.
This gives three distinct configurations for the two-particle states of interest in Raman
scattering: two with both excitations in the same band, and one with one excitation
per band. The 2-DOS is split into the contributions from each of the configurations by
ρmn(ω) =

∑
k δ(ω − εm,k − εn,k), where indices m,n = ±. The maxima and minima

in I(ω) appear as extrema in the spectrum of the appropriate band at some symmetry-
distinguished point in the BZ.

Figure 7.5: From Ref. [123]. Reprinted with permission from Elsevier. The
BZs of the hyperhoneycomb and stripyhoneycomb lattices.
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Section 5.5.2 due to the effective C4 screw axis. In addition, the equalities 4Iaa = Ibb and

2Iaa,cc = Ibb,cc mentioned in the previous section are also guaranteed by this symmetry,

leaving only two relationships that depend on the Loudon-Fleury form of the operator:

Icc = 9Iaa = −3Iaa,cc.

Unlike in the 2D case, the low-frequency response for the hyperhoneycomb lattice

shows a strong polarization dependence, with only one of the three polarization com-

binations showing a significant low-frequency response in the gapless phase. In fact,

a strong polarization dependence in the low-energy response is common to all of the

3D lattices harmonic honeycomb lattices: the B1g channel (Iab in the Figure) is always

inactive at low energy. This can be understood by considering the symmetry of the

Raman operator in this channel. There is a Z2 glide plane symmetry (see Section 5.5.2)

common to all finite n lattices. Therefore the bands can be labeled even or odd under

this symmetry. For momentum-dependent symmetries such as a glide plane, the parity

of the Raman operators can be carried by momentum-dependent coefficients rather than

the excitations. However, the Raman operator in the B1g channel (Rab) is odd under

the glide plane transformation, and, since this operator does not vanish at k = 0, this

parity must be carried by the Majorana spinon excitations that it creates. Therefore

the pair of excitations must change the glide plane symmetry quantum number of the

state it acts on. Because glide plane symmetry is a Z2 symmetry, creating two Majo-

rana spinon excitations in the same band is always a glide-even operation. Therefore

the Raman operator in the B1g channel can only couple to two-particle states involving

excitations from different bands. In particular it cannot excite a pair of excitations both

in the lowest band. (Nor can it excite a pair in the highest band). This is apparent in

Fig. 7.3(a) where Iab (the Raman intensity in the B1g channel) is non-vanishing only in

the region 4Jz < ω < 4
√

5Jz – i.e. only at energies accessible by exciting one Majorana

spinon from each band. For identification of the contributions of each band see Fig. 7.4

below. Since for general n the Majorana spinon ground state contains only one gapless

band, the spectrum Iab is gapped for all of the 3D lattices. See Figures 7.6 and 7.7

for similar vanishing of Iab on the stripyhoneycomb lattice. This is a particular result

of the interplay between the fermionic fractionalization in the Kitaev spin liquid and

the symmetries of the 3D harmonic honeycomb lattices. Note, however, the signal from

this spectrum is expected to vanish in the limit of mediated hopping, which is a better
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Figure 7.6: Raman intensities for the stripyhoneycomb lattice in the zero-flux state at
the isotropic point (Jx = Jy = Jz).

approximation for the JKK systems far from resonance.

Another notable difference between the Raman spectra of the hyperhoneycomb and

honeycomb lattices is the number of maxima and minima. The 2D lattice shows only a

broad continuum (at least in the pure Kitaev model [50]), with only one broad peak. In

contrast, the 3D lattices show a number of rather sharp peaks in addition to the overall

broad response. This is even more noticeable in the spectrum of the stripyhoneycomb

lattice, shown for the zero flux ground state in Fig. 7.6, and for the π flux ground state,

which has an enlarged unit cell, in Fig. 7.7, for Jx = Jy = Jz.

These new peaks can be understood by considering the momentum-locked two-

particle density of states (2-DOS) defined in Eq. (6.9), which the Raman spectrum

closely emulates. For the H-0 lattice, this is plotted in Fig. 7.4, along with the band

structure along high symmetry lines. The 4-site Majorana spinon unit cell implies that

there are two Majorana spinon bands, and therefore three types of quasiparticle pairs

above the ground state. As the figure makes clear, the sharp features correspond either

to band edges, or to van Hove (VH) singularities that occur near the high-symmetry

points in the Brillouin-zone.

Fig. 7.8 compares the 2-DOS of the hyperhoneycomb, stripyhoneycomb, and stripy-

honeycomb with π flux. (Here the “stripyhoneycomb with π flux” refers to the π flux

ground state of the stripyhoneycomb lattice, while stripyhoneycomb denotes the ener-

getically proximate 0-flux state.) Since the number of sites in the unit cell increases

with n, so does the number of sharp features in the Raman spectrum (see Figs. 7.1a,
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Figure 7.7: Raman intensities for the stripyhoneycomb lattice π-flux state at the
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Figure 7.8: 2-DOS for the Majorana spinons on the (a) hyperhoneycomb, (b) stripy-
honeycomb and (c) stripyhoneycombπ lattices. Up to polarization dependence these
spectra determine the character of the Raman intensities. The number of maxima and
minima grows linearly with the number of combinations of bands for two-particle states,
which increases from left to right due to increasing unit cell size.



117

7.3, 7.6, and 7.7). In the 2D lattice there is only one Majorana spinon band, and the

Raman spectrum has only an upper edge, a lower edge and a VH singularity. For the

nth harmonic honeycomb lattice there are n + 2 bands in the zero flux sector. Then

each pair of Majorana spinons has a maximum and a minimum, as well as possibly

one or more VH singularities, leading to a number of features growing approximately

quadratically in the unit cell size.

0 0.5 1 1.5 2
0

0.5

1

1.5

2

Jx/Jz

R
el

. S
pe

ct
ra

l W
ei

gh
t

 

 

SW
aa

/SW
ac

SW
ab

/SW
ac

Figure 7.9: Relative spectral weights for Raman on the hyperhoneycomb lattice as a
function of the bond-coupling anisotropy. Here SWαβ =

∫
dωIαβ(ω).

7.1.3 Hyperhexagon

Similar physics is apparent for the hyperhexagon lattice, as seen in Fig. 7.10, where we

see numbers of peaks characteristic of its three Majorana spinon bands, and a variety

of spectra following the 2-DOS closely. However, this is the only lattice considered here

where the spectrum does not completely saturate the limit of 4(Jx + Jy + Jz). Be-

sides this difference, the hyperhexagon has a major reduction in independent symmetry

channels from five to one, corresponding to the Iaa channel in Fig. 7.10, as discussed in

Section 5.5.4.

To summarize, the Raman spectra of the 3D harmonic honeycomb Kitaev models

differ from those of the 2D model in both their polarization dependence and the number

of sharp peaks. However, a number of key features are common to all of these spin liquid

phases, including the bandwidth and the fact that symmetry and LF relations determine

the polarization dependence. Moreover, in the 3D lattices the polarization dependence
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Figure 7.10: (a) DOS and (b) 2-DOS for the hyperhexagon lattice with no external
applied magnetic field. (c) The Raman spectra reflect the qualitative features of the
2-DOS shown in (b). These five independent spectra should be contrasted with the one
that would appear in the limit of mediated hopping, which precisely the Iaa channel of
this plot.

is again characteristic of the coupling anisotropy Jx/Jz. This is illustrated in Fig. 7.9,

which shows the relative total spectral weights (integrated over all frequency) of the

representative polarization combinations for the hyperhoneycomb lattice. We have not

plotted the analogous weights for the stripyhoneycomb lattice because the results are

nearly indistinguishable. For the 3D lattices we do not have polarization independent

response at the symmetric coupling point Jx = Jy = Jz due to lower symmetry of the

lattice. In addition, there is no constant ratio found in the gapped phase. Note that

on the honeycomb lattice there is only one quasiparticle band to excite and the ratio

of the spectral weights is determined by the magnitude of the positive-definite matrix

elements for coupling to the excitation. Such a constant ratio on the 3D lattices would

require more fine-tuning due to the presence of multiple fermionic excitations.

7.2 Response in a magnetic field

7.2.1 Reliability of the projected model at finite frequency

For the honeycomb and hyperhoneycomb lattices, it is interesting to consider how the

magnetic field, which fundamentally alters the nature of the low-energy band structure,

changes the bulk Raman response. Below we discuss how the second-neighbor hopping

terms, generated at weak magnetic field in the effective spinon Hamiltonian, affect the

Raman spectra in these two cases. Before presenting the results, however, we review
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several caveats in comparing Raman spectra for the Hamiltonian derived perturbatively

in Sec. (4.2.2) to actual Raman spectra at finite magnetic field. Specifically, though we

expect the spectra to match well at sufficiently low energy, there are several potential

differences for Raman processes involving excitations above the flux gap ∆, which is a

fraction of J in these systems. In practice, this means that caution must be exercised

when comparing our results below to the exact finite-field result at all but the lowest

energy scales.

The first caveat is that the three-spin terms discussed in Section 4.2.2 comprise the

leading-order correction at finite magnetic field only at energy scales that are small

compared to ∆. For a Raman processes that generates a pair of spinons with total

energy ω > 2∆, the action of the original magnetic field perturbation (which creates

one flux and one spinon), may be able to relax the system due to the interaction of the

initial spinons with these new particles. In particular, if the spinon generated by the

magnetic field perturbation is able to annihilate one of the two present in the Raman

process at hand, the energy of the intermediate state in perturbation theory may be

lower than initial state energy ω, which would lead to a breakdown of the perturbation

theory used in Section 4.2.2 when applied to Raman excited states.

The second concern at higher energies is that, of the 3-spin terms described in

Section 4.2.2, our second-neighbor hopping model ignores those that generate four-

spinon interactions (shown in Fig. 4.3(b)). While these terms are irrelevant at low

energies in the renormalization-group sense, they could become important at energies

where the DOS is not small, which is roughly near or above J .

The third potential complication is that the resonant Raman operators have con-

tributions from terms that do not project to zero flux, which we have ignored in our

calculations. This approximation is certainly valid when describing Raman spectra at

energy scales below the flux gap, as is relevant to our analysis of the topological surface

states, but is questionable at higher energies for the anti-symmetric channels.

7.2.2 Bulk response in a magnetic field

We now study the Raman spectra of the effective model in which the magnetic field

generates second-neighbor hopping terms for the Majorana spinons, but does not other-

wise alter the system. Despite the caveats outlined above, we will plot the results across
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Figure 7.11: (a) The DOS (b) the Raman intensity in the xx channel and (c) the
antisymmetric Raman spectrum [xy] each for three values of κ. The lower panels show
Raman spectra over their entire frequency range; the upper panels show a close-up of
the low-frequency behavior on both a linear and log scale, demonstrating the sharp gap.
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Figure 7.14: Raman spectra for the hyperhoneycomb lattice, shown for three channels
(aa, ab, and ac) representative of the linearly independent spectra in the limit κ → 0
for direct hopping. In the limit of mediated hopping the Iab channel vanishes.
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Figure 7.15: The Raman intensity in the anti-symmetric or rotational symmetry channel
[ac] of the hyperhoneycomb lattice.

the entire spinon bandwidth to illustrate the symmetry effects of the perturbation and

to get an idea of its qualitative effects. In both the honeycomb and hyperhoneycomb

lattices, a weak magnetic field significantly alters the polarization dependence, since the

second-neighbor hopping terms in Eq. (4.26) break much of the lattice symmetry. It

also changes the low-energy power law due to the change in Fermi-surface dimension.

In particular, since the dispersion is generically linear about the Fermi-surface in the

cases considered here, the limiting DOS is ρ(ω) ∼ ωdc−1, where dc = d − df is the

co-dimension of the Fermi-surface, whose dimension is df (d is space dimension). A

similar power law rule exists for the surface BZ as well.

First, we consider the honeycomb lattice in the presence of a weak magnetic field

κ > 0. As detailed in Section 5.5, the second-neighbor hopping terms reduce the

symmetry of the honeycomb lattice. They also break the LF-relationship, since they add

a term to the Hamiltonian without affecting the Raman operator at the same order.

However, rather surprisingly, in this case the number of independent Raman spectra

does not increase. The resulting two independent non-vanishing spectra Ixx and I[xy],

together with the DOS, are plotted in Fig. 7.11. In this case the spectra are qualitatively
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unaltered at high energies, and the only qualitative effect of the second-neighbor hopping

terms is to gap both low-energy spectra.

These results illustrate an important point: the point group symmetries broken

by the bare magnetic field are not necessarily broken by the second-neighbor hopping

terms. For instance, a generic magnetic field breaks all of the lattice symmetries except

inversion in all of the lattices considered here. However, on the honeycomb lattice the

rotation symmetry remains in the low-energy theory where the magnetic field is replaced

by second-neighbor hopping, while the reflection symmetries of this lattice are broken

even by small magnetic fields.

As shown for the hyperhoneycomb lattice in Fig. 7.12, the magnetic field has very

little impact on the DOS at high energies. The low-energy power (below J) law changes

from linear at κ = 0 to quadratic for κ > 0. However, the dramatic reduction in symme-

try has a significant impact on the high-energy Raman spectra of the hyperhoneycomb

lattices, as illustrated in Fig. 7.13. However, the difference is particularly pronounced

for the Iac and Ibc spectra which take on a low-energy power law that is quartic and

quadratic respectively. To compare the effects on the different Raman channels that

exist without the perturbation we have collected those spectra for different values of the

perturbation in Fig. 7.14. A similar plot for the anti-symmetric channel I[ac] is included

in Fig. 7.15.

Since time-reversal symmetry cannot be represented in terms of the Majorana spinons

within the primitive unit cell of the hyperhexagon lattice, there is no change in the in-

ternal symmetries if we perturb it with a magnetic field. For this reason we do not

consider the effect of a finite magnetic field on this lattice. We note, however, that in

the absence of a magnetic field its low-energy bulk Raman spectrum falls off with a

larger power than that of they hyperhoneycomb, since this system has bulk Weyl nodes

rather than a bulk Fermi ring.

7.3 Raman spectra for strips and slabs

In section 3.1 we reviewed the topological nature of the band structures, including the

surface and sublattice polarizations of the surface modes demonstrated explicitly from

the 1D effective Hamiltonian. It is easy to see that a NN two-spinon operator cannot
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Figure 7.16: The low-energy DOS for the honeycomb lattice plotted for (a) κ = 0 and
(c) κ = 0.03 for different slab widths L, measured in unit cells in the a1 direction. The
low-energy peaks and plateaus in the DOS are due to (a) the edge flat bands and (c)
topological edge modes. (b) and (d) show the corresponding log-log plots. The crossover
between power laws describing the surface contribution to ones describing the bulk is
clearly seen. (e), (f), (g), and (h) are the same plots for the resonant Raman intensity
I[ab] in the antisymmetric [ab] channel. The suppression of low-frequency modes in (g)
compared to (c) is due to the matrix element effects discussed in section 7.3. All spectra
are obtained using the methods outlined in Ref. [51].

create a pair of such excitations. This is because it must create an excitation on each

sublattice. Yet, on one side of the system the zero-energy modes are completely relegated

to a single sublattice. Therefore, there won’t be a peak in the symmetric Raman spectra

despite one in the DOS. However, as we discuss now, the antisymmetric polarization

combinations, which probe excitations on the same sublattice, do have such a peak and

show signatures of the gapless boundary modes.

To study the Raman response of the topological surface modes, we consider systems

that are infinite in two directions, but have a finite length L in the stacking direction

a1. In the following, we measure L in units of a1. For all of the cases considered here,

given a fixed L (on the order of a few tens of a1), there is an energy below which the

DOS is dominated by the two surfaces, leading to a possibility to detect signatures of

the surface modes in the Raman spectrum.

Specifically, in the honeycomb and hyperhoneycomb cases with κ = 0, the flat surface

bands lead to a ω ≈ 0 peak in the DOS, defined as DOS(ω) ≡ ∑eigenstates ξ δ(ω − εξ)
for finite L (Figs. 7.16 and 7.17 (a,b)). Because the finite thickness allows weak back-

scattering between the top and bottom surfaces, at finite L the surface modes do not
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Figure 7.17: The low-energy DOS for the hyperhoneycomb lattice plotted for (a) κ = 0
and (c) κ = 0.1 for different slab widths L, measured in unit cells in the a1 direction.
Note that the unit cell size is 4 compared to 2 on the honeycomb lattice so that the
same lengths are taken when counted in numbers of sites. Similar to the honeycomb
lattice case the low-energy peaks and plateaus in the DOS are due to (a) the surface
flat bands and (c) surface Fermi-arcs.
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form a true flat band, and the observed peak is neither infinitely sharp nor strictly at

ω = 0, though it becomes increasingly sharply focused there in the limit of large L. The

height of this peak relative to the rest of the spectrum also decreases with L, however,

due to the decreasing surface-to-bulk ratio.

As discussed above, for both of these systems the sublattice symmetry ensures that

the boundary flat bands can be seen only in the antisymmetric Raman channels. At low

frequencies the resulting Raman spectrum in the [ac] channel (Figs. 7.16 and 7.17 (e,f))

closely tracks the DOS, as anticipated, giving a qualitative signature of the topological

surface flat bands.

When κ 6= 0, or for the hyperhexagon lattice, the DOS is expected to tend to a

constant at zero energy, since most of the states in the flat surface band are gapped,

leaving only a surface Fermi arc. This low-energy plateau is clearly visible in the DOS, as

shown in Figs. 7.16 and 7.17 (c,d) and Fig. 7.18(a,b). However, in the Raman response

the effect is strongly suppressed, as shown in Figs. 7.16 and 7.17 (g,h), and Fig. 7.18(c,d).

This suppression is present in both non-resonant Raman channels, such as I(a,a), and

resonant Raman channels such as I[a,c]. It is most striking for the honeycomb and

hyperhexagon lattices, though it is also present for the hyperhoneycomb lattice.

These unexpected results indicate that for surfaces with broken TR-symmetry the

Raman spectrum does not simply reflect the DOS. Instead, the contribution of the

surface modes to Raman scattering is also suppressed by matrix element effects, which

occur when two boundary mode excitations cannot be created on the same surface

without momentum transfer. As we now discuss, these processes are suppressed because

the Raman scattering is essentially a ∆q = 0 process,[124] which in the Kitaev spin

liquids excites a pair of spinons on neighboring lattice sites.

Let us investigate how this affects each of the lattices. With κ > 0, the gapped

2D honeycomb lattice has chiral Majorana edge modes – meaning that all of these

Majoranas on the top (bottom) edge of our strip will be right (left) movers. It follows

that creating a pair of such excitations on (say) the top edge requires a net momentum

transfer, which cannot be accomplished with Raman processes. Although a Raman

process could, in principle, create one surface mode with momentum ~p and one bulk

mode with momentum −~p, the bulk modes are gapped, so that such a spinon pair cannot

be created at arbitrarily low frequencies. Thus, in this case the low-frequency behavior
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seen in the DOS is not observed in the Raman spectrum.

On the other hand, if we leave time-reversal symmetry intact on the honeycomb

lattice the edge modes have a very different character: they now consist of a flat band

over the range 2π
3 < k2 <

4π
3 , where k2 represents the momentum along the edge. States

in this symmetry-protected flat band necessarily consist of both right-movers and left-

movers, since the symmetry protection requires a degeneracy at each k2 value in the

flat-band region. Thus in this case a Raman process can create a pair of boundary

low-energy spinons on the same edge, and the resonant Raman response tracks the

DOS.

A useful perspective on the difference between the TR- invariant and TR-breaking

cases can be obtained by the mapping of the full 2D system onto a series of 1D Majorana

chains. For a strip of the honeycomb lattice with N unit cells along the a1 direction, and

k2 the conserved crystal momentum along the strip, we view the Hamiltonian matrix

Hk2 as a one-parameter family of 1D Majorana chains. For 2π
3 < k2 <

4π
3 the fact that

there are symmetry-protected zero-energy edge states of the full 2D system follows from

the existence of a zero-energy boundary mode in each 1D Hamiltonian. These boundary

modes are sublattice polarized – which is unsurprising since the zero-energy flat bands

are protected by sublattice symmetry. In Section 3.10, we demonstrated the origin of

this sublattice polarization by explicitly solving for the boundary modes of the finite

chain. The explicit solution shows that for a given k2, finite size effects dictate that the

true eigenstates of the Hamiltonian are superpositions of states that have zero-energy

Majorana boundary modes at each of the chain’s endpoints. In other words, for a given

k2, there is an equal probability for the corresponding boundary spinon to live on either

edge of the system. For the TR-broken case, however, the boundary eigenstates (which

are no longer required to have exactly zero energy) are localized purely on one end of the

system for k2 > 0, and on the opposite end for k2 < 0, consistent with our expectations

for chiral edge states.

Using the explicit solution we can also investigate how, at fixed k2, the edge state

becomes polarized to one boundary or the other as we turn on the TR-breaking per-

turbation. The nature of the boundary eigenstates is determined by a competition

between the energy scale of the TR-breaking perturbation εk = |Fk| ∼ κ, and the finite

size splitting EFS . If EFS > εk, the eigenstate at a given k2 has an amplitude on both
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Figure 7.19: (a) The surface polarization and (b) the distribution of the Raman weight
W[ac] in the lowest-energy band as a function of κ/J at an arbitrary point on the flat band
of the hyperhoneycomb lattice. (c) and (e) are colormaps of the surface polarization,
and (d) and (f) surface-band Raman weights for the hyperhoneycomb lattice at κ = 0
and κ = 0.1, respectively. For non-zero κ, the Raman intensity is strongly suppressed in
the regions of the surface BZ where surface flat bands are present (see Fig.6). (g) The
surface polarization and (h) Raman weight Waa of the surface band for the unperturbed
hyperhexagon system. All of the other Raman channels (not shown) similarly vanish in
the surface-polarized regions away from the Fermi-arcs.

boundaries, and the Raman operator still reflects the boundary density of states at low

energies. However if EFS < εk, the boundary mode at a given k2 lives entirely on one

of the two boundaries, and the local Raman operator cannot create a pair of boundary

excitations.

The situation on the hyperhoneycomb lattice is very similar to the honeycomb

case just described. Again the symmetry-protected surface flat bands are necessar-

ily sublattice-polarized, and hence can couple to (resonant) Raman processes. However,

breaking time-reversal symmetry polarizes the boundary mode for each surface momen-

tum such that it lives almost entirely either on the upper or the lower surface, leading

to a strong suppression of the resulting Raman weights. This is illustrated in Fig. 7.19,

which shows the extent of this surface polarization, together with the corresponding

Raman weights, on the hyperhoneycomb lattice both with and without TR symmetry,

as well as on the hyperhexagon lattice. In all cases, the figure shows slab configurations

with N = 16 unit cells in the a1 direction and open boundary conditions. The signed

surface polarization is determined by computing M = 〈ψε|M|ψε〉, where ψε are the

surface states at energy ε → 0 and M is a diagonal operator in the Majorana spinon
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basis M = diag(1, ..., 1, 0, ..., 0,−1, ...,−1), where the number of nonzero elements cor-

responds to two unit cells on each end. (The number of sites per unit cell is 2, 4, and

6 for the honeycomb, hyperhoneycomb, and hyperhexagon lattices respectively) Then

M = 1(−1) means that the boundary mode is polarized to the upper (lower) edge or

surface; eigenstates with equal amplitudes on both surfaces have M = 0.

The associated Raman weight is the matrix element

W[ac](k) = 〈R[ac]|a†ka
†
−k〉0 0

〈a†ka
†
−k|R

†
[ac]〉0 0

(7.1)

where R[ac] = (Rac−Rca)/2, and a†k creates a surface- polarized excitation with crystal

momentum k. Importantly, because the Raman operator acts locally in space, it creates

or destroys a pair of excitations localized to the same surface.

Figs. 7.19 (a) and (b) show the appearance of surface polarization and the corre-

sponding vanishing of the Raman weight W[ac] as the perturbation κ is turned on for a

particular k-point on the surface BZ of the hyperhoneycomb lattice. As expected, for

larger systems the vanishing is more immediate due to the exponentially smaller finite

size splitting (see Subsection 3.2.2). Fig. 7.19(c)-(f) illustrate how this occurs in the

Brillouin zone. For κ = 0, eigenstates in the flat band on the hyperhoneycomb lattice

have equal amplitude on each boundary, so that the signed surface polarization vanishes

(see 7.19 (c)). As κ is increased, the states originally in the flat band quickly become

polarized to a single surface for each surface k value, as seen in (e). Correspondingly

Raman weight is pushed out of the flat band region, remaining only near the surface

projection of the Weyl points. The surface polarization is opposite on either side of the

Fermi-arc, and also odd under k → −k as required by inversion symmetry. For the value

of κ shown, the Raman weight is significant only very close to the Fermi arc (where the

energy scale due to the perturbation κ vanishes, and finite-size effects dominate) and

on the portion of the Fermi-arc near the surface projection of the Weyl points. This is

because the finite size effects are strongest near the projected Weyl nodes, falling off as

a power law rather than exponentially in the slab thickness. On the honeycomb lattice,

where the bulk is fully gapped, the total Raman weight of the boundary modes vanishes

much more quickly with κ, as observed above.

On the hyperhexagon lattice the sublattice symmetry is always broken, and there
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is never a flat surface band. Instead the modes near the Fermi-arcs are always surface-

polarized, except for extremely thin slabs. In Figs. 7.19 (f) and (g) we see small pockets

in the surface BZ around the Fermi-arcs, at which the surface bands are polarized to a

single surface of the system in a way that switches when we cross the Fermi-arc and that

respects inversion symmetry. All of the Raman channels, of which one representative

Waa is shown, vanish in these pockets except possibly in a small region very close to

the Fermi-arc, whose size depends on the size of the system.

In summary, our analysis reveals that Raman scattering is an effective probe of

non-chiral topological boundary modes, for which zero-momentum transfer processes

can excite a pair of Majorana spinons at the same edge or surface. For chiral boundary

modes, however, the coupling between the Raman operator and these surface pairs

is very strongly suppressed, since a spinon on the top boundary with momentum k2

generally has a partner spinon of momentum −k2 that is localized to the bottom surface,

and vice versa. This suppression is controlled by the ratio of the TR-breaking energy

scale to the scale of finite-sized splitting (see Section 3.10).

7.4 RIXS results

The previous section demonstrated that momentum-resolved Majorana spinon probes

would be extremely useful in characterizing their exciting band structures. However, the

wavelength of light used in Raman scattering is near or below the Mott gap. At these

energies the photons have very little momentum, and therefore Raman and Brillouin

scattering take their data without resolving momentum. On the other hand, RIXS is a

light-scattering experiment that has its photons resonant with the energy to excite deep

core electrons, allowing for a momentum and energy resolved probe. This additional

data could be quite useful for identifying a Kitaev spin liquid based on quantitative

comparison. Moreover, in the spin-conserving channel this indirect probe of spin physics

is able to probe the Majorana spinons without fluxes, just like Raman, allowing for a

more detailed spectrum, as compared to the local excitations created by INS [121].

The RIXS spectrum of the 2D honeycomb model is illustrated for a particular cut

through the second Brillouin zone in Fig. 7.20. This cut is similar to the one taken in

[121] except on its last leg where we go from K̃ to M̃ without making a non-contractible
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Figure 7.20: Momentum-resolved RIXS for the honeycomb model taken on the cut
through the second BZ illustrated in Fig 7.21.

Figure 7.21: The second BZ for the honeycomb model to illustrate the cut taken for
Fig. 7.20

loop, as illustrated in Fig. 7.21. The RIXS spectrum is symmetric only in the second

BZ precisely because it is a two-spinon process. As described in Ref. [121], the spin-

conserving RIXS channel shows a pronounced momentum dependence with suppression

at the Gamma point. The momentum integrated spectrum in shown in Fig. 7.22 on

the left.

As examples we study the response on the hyperhoneycomb and stripyhoneycomb

lattices. We find a similarly rich momentum dependence with a multitude of fine fea-

tures. In fact, for the π-flux stripyhoneycomb case, which has the largest unit cell,

the features become almost too fine to distinguish in one single plot. We again find

an integrated spectrum with a low-frequency power law of ω5: three powers from the
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Figure 7.22: .
The momentum-integrated spin-conserving RIXS spectra for the honeycomb (left) and

hyperhoneycomb (right).

Figure 7.23: Momentum-resolved RIXS for the hyperhoneycomb model taken on the cut
through the first BZ of Fig. 7.5 achieved by interpolating linearly between the listed
points.
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Figure 7.24: Momentum-resolved RIXS for the zero-flux stripyhoneycomb model taken
on the cut through the first BZ of Fig. 7.5 achieved by interpolating linearly between
the listed points.

Figure 7.25: Momentum-resolved RIXS for the π-flux stripyhoneycomb model taken on
the cut through the first BZ of Fig. 7.5 achieved by interpolating linearly between the
listed points.
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linear dispersion [74] and two from a matrix-element suppression [121]. We point out

that RIXS on finite strips and slabs should in principle be able to probe surface spectra,

such as surface Fermi arcs, although we have not pursued in calculations in this regard.

We also comment that the energy resolution is currently probably too low even for bulk

RIXS measurements at the energy scales of the exchange interaction in the iridates and

ruthenates.



Chapter 8

Strain-engineered gauge fields

Up to now we have considered effects of perturbations, surface modes, and quantitative

spectra as helpful diagnostics for the identification of a Kitaev spin liquid. In this

chapter we consider a very different way to elicit an unusual response by straining the

lattice system. A strain gradient across the lattice induces a gradient in the exchange

constant. Within the Majorana spinons this appears as a gradient in their hopping

amplitude, as would be the case for an electron in a magnetic field. As shown in Ref.

[85], this leads to the possibility of Landau levels in the Majorana spinon spectrum with

the
√
n numerology characteristic of Dirac cones, as for graphene. Here we consider what

these Landau levels would produce in Raman scattering, including finite temperature

predictions made using a classical Monte Carlo approach specific to the exactly-solvable

model. Although one might consider patterns for 3D strain, we focus here on the

honeycomb model, and the case of a 2D hexagonal flake with a strain pattern optimized

to recreate a uniform magnetic field. Except the review of the route to an effective

gauge field, this work is entirely the author’s own.

We first review the mapping from strain fields to effective gauge fields in the Kitaev

fractionalization. The Hamiltonian for Kitaev honeycomb model reads

Hk = i

(
0 Γk

−Γ∗k 0

)
Γk = Jz + Jxeik1 + Jyeik2 . (8.1)

For isotropic exchange couplings it has a linear spectrum εk = 2|Γk|, with Γk = Jz +

135
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Jxeik1 + Jyeik2 and ki = k · ai = (±
√

3kx + 3ky)/2, about the two Dirac points k1 =

−k2 = ±2π/3, similar to graphene.

A strain field modifies the parameters Jα in Eq. (2.1). At lowest order the correction

to the unstrained exchange couplings is given by [85]

δJαij/J
α = −β

(
|~δij | − 1

)
≈ −β(~δ0 · ~∇)(~U · ~δ0), (8.2)

where δ0 is the lattice vector in the absence of strain, ~Uj = ~R′j − ~Rj is the displacement

field, and ~δij = ~R′i − ~R′j is the strained lattice vector. β ≡ −∂ ln J
∂ ln δ is the magnetic

Grüneisen parameter [125].

Next we expand the Hamiltonian around the Dirac points to first order in the strain

field. We use exp(±i2π
3 ) = 1

2(−1 ± i
√

3) and the unit vectors δz = (0, 1) and δx/y =
1
2(±
√

3, 1) to find that

δΓ = δJz + δJxei
2π
3 + δJye−i

2π
3 (8.3)

= −βJ 3

4
[uyy − uxx − 2iuxy] . (8.4)

If the strain field is constant, then this amounts simply to a small change to the

low-energy spectrum forming a gap. However, if we allow the strain-field uαβ =
1
2 (∂αUβ + ∂βUα) vary spatially, then the first order variation appears as a gauge field

would in the Hamiltonian. In particular, the first-order low-energy Hamiltonian can

now be written

H±(k) = i
3

2
J

(
0 ∓kx − iky −Ax + iAy

−c.c. 0

)
, (8.5)

where [Ax, Ay] = β[
uxx−uyy

2 ,−uxy] [126, 127]. This gives the effective out-of-plane mag-

netic field [128]

B = −β
[
∂xuxy + ∂y

(
uxx − uyy

2

)]
. (8.6)
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8.1 Low-energy theory

For convenience we work in the Landau gauge A = B(0, x) and introduce the low-

energy Majorana field operators Ψ̂ν = (ΨA(r),ΨB(r))T . The index ν = ±1 labels the

two valleys while A and B refer to the two sublattices in the following. Now we can

write the Hamiltonian as H =
∑

ν

∫
d2rΨ̂†νĤνΨ̂ν with

Ĥν = i
3

2
J

(
0 νpx − i(py − νBx)

−νpx − i(py − νBx) 0

)
.

Note that B has opposite sign at the two Dirac points leaving time reversal symmetry

(TRS) unbroken, which prevents the usual trick of combining the two Majorana cones

into a single cone of complex fermions [74]. As long as there is no coupling between the

two cones we can concentrate on only one of them. We introduce the ladder operator

a = lB√
2~ (Πx − iΠy) with l2B = c~

e|B| (in the following we absorb e, c into the definition of

B and set ~ = 1) and expand the field operators in terms of the standard Landau Level

wave functions ΨA(r) = 1√
2

∑
n,p Φn−1,p(r)cA,n,p and ΨB(r) = 1√

2

∑
n,p Φn,p(r)cB,n,p,

where the Majorana operators cX,n,p (X = A,B) anticommute, with c2 = 1 (note the

sign change of momenta from conjugation Ψ†B(r) =
∑

n,p Φ∗n,p(r)cB,n,−p). Using the

standard properties of ladder operators, aΦn =
√
nΦn−1 and a†Φn =

√
n+ 1Φn+1, we

obtain the Hamiltonian

H+ =
3J

2

∑
n,p

cTn,−p

 0 i
√

2
lB

√
n

−i
√

2
lB

√
n 0

cn,p, (8.7)

where cTn,p = (cA,n,p, cB,n,p). We diagonalize H+ by the complex fermions fn,p with

cB,n,p = fn,p+f
†
n,−p and cA,n,p = i

(
fn,p − f †n,−p

)
such thatH+ =

∑
n,pE(n)

[
f †n,pfn,p − 1

2

]
.

The energies

E(n) = ωc
√
n (8.8)

obey the well known
√
n scaling of Dirac fermions with ωc = 3J

√
2

lB
= 3
√

2J
√
B and

n ∈ N≥0.
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We are interested in the behavior of the Raman response within this low-energy

theory. Similar to the case of boundary modes discussed in Chapter 7, we find that there

is a stark difference between the coupling of Landau level peaks to the resonant spectrum

of the A2g as compared to the symmetric channels (which all have identical response).

The main difference between the non-resonant and resonant Raman vertices is that the

latter can couple sites on the same sublattice, whereas the former cannot [78]. As we

are only interested in the scaling form of the Raman response we omit the polarization

dependent prefactors to obtain

Rnon-res ∝ i
∫

d2rΨ†A(r)(t)ΨB(r)

∝
∑
n,p

[
fn,−p(t)− f †n,p(t)

] [
fn−1,p + f †n−1,−p

]
(8.9)

for the non-resonant processes, and

Rres ∝ i
∫

d2r
[
Ψ†A(r)(t)ΨA(r + δ)−Ψ†A(r)(t)ΨA(r− δ)

]
∝
∑
n,p

sin (pδ)
[
fn,−p(t)− f †n,p(t)

] [
fn,p + f †n,−p

]
(8.10)

for the antisymmetric combination of polarizations in the resonant processes. Only

the non-resonant combination mixes states which differ by one LL index. From the

time dependence fn,p(t) = fn,pe
−itE(n) and fn,p|0〉 = 0 we can directly calculate the

low-energy Raman responses,

Inon-res ∝
∑
n

δ
[
ω − ωc

√
n− ωc

√
n+ 1

]
,

Ires ∝
∑
n

δ
[
ω − 2ωc

√
n
]
.

(8.11)

This is the central result of the chapter: the Raman response (8.11) is a direct probe

of the LL quantization. The two different scalings of the resonant and non-resonant

intensities in Eq. (8.11) originate from the sub-lattice selectivity of the two vertices.
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8.2 Bubbles and flakes

We next turn to the problem of engineering a constant magnetic field to create the

Landau levels just described in the previous section. Following Refs. [129, 130, 85] we

study a honeycomb flake subject to triaxial strain preserving the C3v symmetry. The

strain pattern defined by the displacement field

~U(x, y) = C̄
(
2xy, x2 − y2

)
(8.12)

leads via uij = (∂iUj + ∂jUi)/2 to a uniform pseudo-magnetic field with magnitude

B = −4βC̄. This pattern could be engineered by shaping a honeycomb flake in the

out-of-plane direction to make a dome, or bubble, as illustrated in Fig 8.1(a). We

numerically construct the honeycomb flake as r rings of honeycombs placed around an

initial single one [85]. We let C̄ = C̄(r) depend on system size so that the fractional

stretch in the maximal direction s = δL
L =

√
3(r+ 1

2)C̄ is fixed. Then B ≈ − 4β√
3r
s decays

with system size. This also fixes the maximum magnetic response: For linear elasticity

to hold δJ/J � 1, or s�
√

3
2β independent of system size.

Typical values for the parameter β in the usual magnetic exchange setting are around

10 [131, 132]. However, the origin of the Kitaev model in a Jackeli-Khaliullin-Kitaev

(JKK) system [59] is significantly different, making this parameter much more difficult

to estimate. A first-principles study of relevant materials focused on the value would

allow for a much more precise prediction of the strains required to see the Landau levels.

For concreteness we use β = 10 which gives for optimal parameters strain s of 1–4%

in systems of flake size r = 10–50 unit cells. The pseudo-magnetic field needs to be

sufficiently strong that the Landau levels are easily distinguished from finite-size effects

in the Raman response; for these system sizes this requires at least B ≈ 0.03, or strains

of 0.02% if β = 10.

8.3 Results

In Fig. 8.1 (b) we show how the characteristic Raman response for an unstrained ther-

modynamically large system transforms under strain. Without strain the linear slope

at low energies from the Dirac density of states (DOS) [50] is apparent. The Figure
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Figure 8.1: Schematic plot of a nano-bubble of a α-RuCl3 thin film is shown in panel (a).
The resulting lattice distortion induces a strain pattern that acts as a pseudo-orbital
magnetic field for the Majorana fermions which emerge from spin fractionalization in
the QSL of the Kitaev model. The resulting Landau level quantization can be directly
probed by Raman scattering. The evolution of the response for finite (s = 0.04) and
zero strain (s = 0) is shown in panel (b).
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Figure 8.2: The DOS and all possible Raman correlation functions for maximum strain
(s = 0.04) and zero strain (s = 0) with r = 50 corresponding to 6 ∗ (50 + 1)2 = 15606
sites. DOS (a) shows peaks at

√
nωc (gray vertical lines) while Inon-res (b) features

them at (
√
n +
√
n+ 1)ωc and Ires (c) at 2

√
nωc. In all panels the unstrained result

(s = 0) is shown for comparison (dotted lines). Ires is the resonant channel, which is
anti-symmetric in polarization, as discussed in Ref. [78].
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Figure 8.3: A set of density plots showing the progression of Landau level peaks as a
function of (a) strain s, (b) system size r, and (c) temperature T . Where not specified
we used parameters s = 0.04 and T = 0 with the system sizes (a) r = 30 and (c)
r = 15. The temperature of the crossover in (c) agrees well with the expected spinon-
confinement transition for non-interacting fluxes at T ∗ ≈ 0.02J (s = 0.04, r = 15).

also shows that the non-resonant response of a strained flake obeys the characteris-

tic discrete scaling predicted by our low-energy theory (Eq.(8.11)), which is a direct

consequence of the emergence of Landau quantization. In Fig. 8.2 we concentrate on

the low-frequency window and compare the evolution of the Majorana fermion DOS

[Fig. 8.2 (a)], non-resonant [Fig. 8.2 (b)] and resonant Raman response [Fig. 8.2 (c)]. We

recover the distinct scaling of the resonant and non-resonant processes (8.11).

In order to make contact with possible future experiments, Fig. 8.3 traces the evo-

lution of the Landau level peaks as a function of strain and flake size in panels (a) and

(b). They follow the expected behavior of the effective magnetic field B ≈ 4β√
3r
s. Panel

(c) shows the evolution with temperature. The details of this calculation are given in

Sections 8.4 and 8.5.

The results for strained flakes are consistent with a transition similar to the one

described in Section 4.1 with a critical flux density of ρc ∼ 0.1. This high critical flux

density can be attributed to the a large spatial anisotropy in the flux gap in a strained

system. The fluxes are almost all found near the edge of the system leaving a ‘clean’

center for the same physics to survive in. These conditions yield a transition temperature

T ∗ > 0 that depends strongly on the strain both through the flux anisotropy and the

magnetic length. For the relevant system sizes and strain values we find a conservative

estimate of T ∗ ≈ 0.02J , in agreement with entropic estimates. Details of the finite

temperature calculation including comparison to known results [133, 77] are the focus

of the remainder of the remaining sections in this chapter.
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8.4 Markov Chain Monte Carlo

Having discussed the important features of the Raman response we now detail the finite

temperature study taken up to make the predictions in Fig. 8.3.

Similar to Refs. [133, 134], we evaluate the finite temperature spinon DOS us-

ing Markov Chain Monte Carlo (MCMC) of the usual kind, which we review now.

The Markov chain is a series of flux configurations that represent ones taken from the

Boltzmann distribution for a fixed temperature, where the finite temperature Raman

correlation functions were reviewed in Section 6.1.2. The chain is built by proposing

steps that either (1) flip a random plaquette, (2) move a single plaquette to another

empty space, (3) flip a plaquette that is a neighbor or next-nearest-neighbor (NNN) of

one of the current fluxes (including the fluxes themselves) and (4) shuffle the fluxes to

a random pattern with the same number. If a proposed flux configuration is accepted,

it is appended to the chain, otherwise it is denied, in which case the current state is

appended to the chain again. To recreate the correct distribution, the probability of

acceptance is set to be

P(p′|p) = min

(
e
−(E0

p′−E
0
p)Q(p|p′)
Q(p′|p) , 1

)
, (8.13)

where Q(p′|p) is the probability of proposing configuration p′ given that you are in

configuration p. For proposals (1), (2), and (4) Q(p′|p) = Q(p|p′), but for the case of

NNNs (3) the new configuration p′ can have a different number of plaquettes that are

NNNs of fluxes, making the probability of flipping the same plaquette slightly different.

In this case the term can be interpreted as a relative entropy of possible proposals before

and after the given proposal.

The error in the result is analyzed using Geyer’s initial convex sequence estimator

(ICSE) g for the variance along a Markov chain.[135] This measure takes into account

the local correlation between events, thereby producing a reliable, tight upper-bound

estimate for the sample variance given the data. Then the error in the mean for a

given observable can be computed as σ =
√

(g(X)/N), where X is the Markov chain

of that observable, N is the length of the chain. The ICSE was computed using the

initseq function implemented in R by Geyer in the mcmc contributed package on CRAN,

translated to Matlab for this project. In addition, the autocorrelation time, or the
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Figure 8.4: Plots of unstrained Raman and DOS to compare with Ref. [77] Fig. 3(a)
and Ref. [133] Fig. 3(a). resp. The comparisons appear quite favorable, although
the present study did not involve the superlattice treatment that allowed Ref. [133] to
suppress the finite-size effects that are large in our plot of the DOS. The system sizes
used were r = 11 and r = 7 chosen to most closely mimich the ones used in those
references.
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Figure 8.5: The flux gap as a function of position for zero strain (left), and s = 0.04
(right) for r = 15. The lattice positions are true to the strain pattern.

number of steps/proposals required to achieve an affective independent sample can be

estimated by τ(X) = g(X)/Var(X) where Var computes the usual variance of the values

in the chain X.

The algorithm was run until either the mean error relative to the mean value of each

observable was below 1/65, or 100,000 proposals steps were made. The mean expected

error relative to the mean value for a given temperature was below 2% in all cases. Plots

comparable to results already in the literature are rendered in Fig. 8.4.
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8.5 Finite temperature strained flakes

As discussed in Section 4.1, the introduction of fluxes into the Majorana spinon band

structure acts as a defect with a long-range interaction due to their mutual statistics.

For this reason, one expects that very few fluxes are necessary to spoil the low-energy

physics of the Majorana spinons. However, it turns out that in the case of a strained

flake the situation is much better. The flux gap becomes highly spatially anisotropic

following the local anisotropy in Jα. This leads to the preference to excite fluxes nearer

to the edge of the lattice, leaving a center region untouched. Moreover, the outer region

of the lattice is large enough to satisfy much of the entropic constraints so that the

Landau level physics remains to a relatively high flux density and temperature.

In Fig. 8.5 we plot the flux gap as a function of position on the lattice for the system

size used in the finite temperature study. First, upon comparison with the unstrained

case we find that the flux gap is reduced throughout. This is expected due to the local

anisotropy in Jα. In the translation-invariant case it is well known that the flux gap

shrinks quickly with increased anisotropy, as the spin physics becomes less frustrated

and more local simply to satisfy the dominant bonds. This effect is greatest near the

edges for this particular strain pattern precisely because the strain, and therefore the

local anisotropy, increases radially.

Another consideration for the explanation of the dominant flux patterns is the flux-

flux interactions. The flux-flux interaction energy relative to a chosen example plaquette
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is plotted in Fig. 8.6. We find that these interactions become increasingly local with

strain. However, in both cases the flux-flux interactions are highly anisotropic. More-

over, we find that in typical configurations the two-body interactions describe less than

half of the deviation from the independent flux approximation making a phenomeno-

logical model of their interaction difficult.

Fig. 8.7 includes plots to help understand the details of the finite temperature

transition. In (a) and (b) the energy density versus flux density demonstrates a type of

spectrum for the fluxes. In the strained case (b) we see a broader spectrum due to the

high spatial anisotropy. However, it is made much sharper by energetic requirements.

In fact, upon close inspection of (b) one can see tails running between low and high flux

sectors coming from the simulated annealing. These are representative of random flux

configurations showing that the flux configurations that are important are significantly

lower in energy than random ones. The same is not seen in (a) for the unstrained case.

Fig. 8.7(c) shows the flux density growing with temperature near the transition.

It was shown in Section 4.1 that this should follow a simple fermi-Dirac distribution

〈ρ〉 = 1
1+e(ln 2)∆/T in the limit of independent fluxes (no interaction) where ∆ is the

single-flux gap. In (d) we see the effects of a smaller flux gap lowering the transition

temperature. (e) and (f) demonstrate explicitly that the fluxes appear nearly uniformly

on in the unstrained case (e) while starting near the edge in (f) due to the spatial

anisotropy of the flux gap. Comparison of Fig. 8.7(d) with Fig. 8.3(c) where we see a

crossover around 0.16–0.2J yields a tolerated flux density of around ρ ≈ 0.1.

We emphasize that the Landau level quantization is a feature of the low-temperature

crossover region T < T ∗ proximate to the zero temperature quantum spin liquid phase.

In particular, the high-energy features discussed in Chapter 7 are not qualitatively

unique to the quantum spin liquid phase, but might survive to a nearby phase at higher

temperature. In contrast, the sensitivity of the Landau level degeneracy to disorder

means that it disappears at temperatures where fluxes proliferate and destroy the low-

energy Dirac dispersion of the spin liquid.

It is significant, however, that our finite-temperature data indicates that the Landau

level peaks persist even at a small but finite thermal flux density. In particular, this

strongly suggests that the Landau level quantization is a feature of the KQSL phase,
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rather than of the finely-tuned Kitaev Hamiltonian. Adding additional spin-spin in-

teractions to the model introduces bound pairs of Z2 fluxes in the ground state; our

results suggest that the Landau level quantization is robust at the energy scales stud-

ied here at least until the flux binding length scale is comparable to the system sizes

studied here. Additionally, the Landau level quantization stems from the fact that our

fermions perform cyclotron orbits whose size is set by lB (and to perform a single orbit

a characteristic time τB). Introducing additional interactions will introduce fluxes (with

a characteristic distance lF set by the density) and a new time scale (τF ) because fluxes

are not static anymore but remain slow. As long as lF � lB and τF � τB fermions can

on average still perform cyclotron motion leading to the Landau level quantization.

Next, we discuss the experimental feasibility of our proposal. Currently, different

routes for the realization of α-RuCl3 thin films are pursued either via exfoliation of in-

dividual planes or by direct growth on substrates [136]. Strain could be generated either

via spontaneously formed nano-bubbles, as for graphene [137], or by direct application

of mechanical strain [128, 126, 127]. RuCl3 which correspond to our simulation would

have diameters of 30–60nm; for a value of β = 10 this gives the desired pseudo magnetic

field strength for reasonable strain not exceeding 4%. In standard exchange setting

generically β ≈ 10 [131, 132]; however, the non-standard origin of the spin interac-

tions in α-RuCl3 make this parameter difficult to estimate. Recent electronic structure

calculations suggest that β is negative for the Kitaev interaction in RuCl3, indicating

that it grows with tensile strain while the competing interactions decay [72], due to the

changing Ru-Cl bond angles.

Additionally, do current Raman experiments have the necessary spatial resolution?

While standard Raman experiments average their q = 0 response over large areas of the

sample it is possible to receive a higher resolution by using a so called Raman microscope

with spatial resolution sufficient for larger nano-bubbles.

Our conservative estimate of a cross-over temperature, together with an estimated

Kitaev coupling of J ≈ 100K [76, 138], yields detectable Landau level peaks (see

Fig.8.3(c)) at temperatures below roughly one Kelvin. The separation of the Landau

level peaks would be easily discernible with current energy resolution better than one

meV in Raman experiments [124].

Our calculation of the Raman response in a strained Kitaev Quantum Spin Liquid
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(KQSL) shows that it can be used to directly observe the Landau level quantization and

the corresponding low-energy scaling. This gives direct evidence for the Dirac dispersion

of the Majorana fermions in the KQSL. In general it is notoriously difficult to measure

asymptotic low temperature (or frequency) properties that can definitively identify the

QSL type in candidate materials, making this distinctive signature remarkable.



Chapter 9

Summary and Outlook

Embarking down the path toward identifying a quantum spin liquid we were lead to

study the exactly-solvable Kitaev model, for which an exact spin liquid ground state

was demonstrated. This model has presented new territory in the search for spin liquid

physics. Although candidate materials α-RuCl3 and the iridates A2IrO3 have been iden-

tified, the search has not yet ended. This is due both to the fact that these materials have

turned out to be magnetically ordered, and the difficulty in identifying sharp signatures

of the spin-liquid phase. Nonetheless, it is hoped that once the experimental situation

is improved, that the tractability of this model system will allow for close quantitative

comparison between theory and experiment to allow for an unambiguous identification

and characterization of the long-sought quantum spin liquid. We have stepped up to this

theoretical challenge, answering with quantitative signatures for light-scattering exper-

iments. Namely, we discussed detailed polarization analysis for Raman spectroscopy of

the Kitaev spin liquid, and identified sharp features in the response, due to topological

boundary modes and Landau level peaks within the fermionic fractionalization of the

spin system.

Key results of this thesis included the exact calculation of inelastic light-scattering

spectra for the Kitaev spin liquid model. We provided an explicit proof of the ground

state of the honeycomb model, as well as a review of the topological nature of the

effective band structures of the fractional Majorana spinon excitations.

Second, we exposed the broad features to look for in Raman light-scattering ex-

periments of a Kitaev spin liquid, mimicking a two-particle density of states of the

149
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Majorana spinons. We studied four lattices, including three that have been realized in

a state that may be near the Kitaev spin liquid. This included a full discussion of the

symmetries, the irreducible representations, and the independent channels for a spin-

exchange Hamiltonian on these lattices. Additionally, the study of the Kitaev model

under spin-conserving Resonant Inelastic X-ray Scattering (RIXS) was extended to 3D

Kitaev models, demonstrating a rich continuum in the momentum resolved spectra.

A third key result is the identification of new resonant Raman operators relevant

to the type of system proposed by Jackeli and Khaliullin to host the Kitaev spin liquid

[59]. We demonstrated that this symmetry channel, which had not yet been considered

for this system, has the ability to probe qualitatively different spectra. The topological

boundary modes were shown to appear appreciably in the anti-symmetric channels while

not at all in the symmetric channels.1 A magnetic field was demonstrated to suppress

these boundary modes, and the spin liquid state was argued to have some, albeit small,

window of stability against temperature and non-Kitaev spin-exchange perturbations

due to the finite flux gap.

Finally, based on the recent proposal to create an effective gauge field by strain

engineering on these systems, we demonstrated that Raman scattering would be an ex-

cellent probe of the Landau level peaks characteristic of the low-energy Majorana Dirac

spectrum. We further demonstrated a distinct numerology of the peak structure that

gives completely separate peaks for the symmetric channels than in the antisymmetric

ones. This study was completed with a calculation of finite-temperature Raman spectra

using classical Monte Carlo. We demonstrated a transition temperature independent

of system size, depending strongly on the strain pattern. Moreover, the Landau levels

were shown to be a signature of a true low-energy spin liquid regime, in contrast with

the high-energy broad features that have already been searched for above the ordering

temperature in the current compounds.

We have not solved the problem of identifying a Kitaev spin liquid, but we have

made excellent progress towards the characterization of such a system through inelastic

light scattering. Yet, much remains to be done both experimentally and theoretically.

Foremost, a candidate Kitaev spin liquid material must be rendered in a state without

1The energies of these modes for the currents systems are low in energy to the point that they would
be more well-suited for a Brillouin scattering setup than Raman. These two experiments probe identical
excitations, but at somewhat different photon energy differences.
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magnetic order at low temperatures. It is unclear whether this will be possible simply by

straining, doping, or otherwise modifying the current candidates, or if we need something

slightly different. Second, the proposed experiments of Brillouin scattering on strips and

slabs, as well as bulk Raman, and Raman on strained flakes need to be carried out. In

addition, either the energy resolution of RIXS experiments needs to continue to improve,

or the energy scales of spin-exchange need to be increased before the spin-conserving

RIXS spectra presented here can be resolved to the point of quantitative comparison.

There is already some Raman data at temperatures above the ordering temperature in

the relevant materials [76, 77, 139, 140], as well as neutron scattering data [75, 138],

although quantitative comparison in that regime has been difficult, leaving a definitive

case yet to be made.

Theoretically, the biggest challenge is to model the Kitaev spin liquid system away

from the exactly solvable point. The results presented here are valid for the pure-Kitaev

model. We also obtained results valid at low energies in the presence of a magnetic field,

as well as in a generic spin-exchange Hamiltonian. While one expects that the high

energy signatures remain relatively unharmed throughout the spin liquid phase, a much

stronger case would come from matching the transition with one in the an experimental

system, as was done for the Ising model mentioned in the introduction. The difficulty,

of course, is in solving the model beyond the Kitaev point. However, a few strategies

might be employed to this end. (1) Parton mean field approximations. These models

have a long history in spin liquid physics, and the Kitaev model represents the first

example of a systems for which one of these is exact. Yet parton work beginning from

exact Kitaev solution has only been toward the realization of superconductivity [97]. To

this end we present a review of Majorana slave fermions in Appendix B. Because this

fermionization is exact it is hoped that a calculation of this sort might give accurate

results throughout the spin liquid phase, and perhaps even a characterization of the

transition. (2) Exact diagonalization of the spin model. Some work already exists in

this direction, but dynamical spectra are almost invariably too difficult to predict this

way. Nonetheless, much can be learned from these types of studies – also see [141].

Exact results could be compared with less-controlled approximations like (1) to allow

for stronger predictions. (3) Exact calculations using the fluxes and Majorana spinons.

This has yet to be achieved, but work on the dynamical structure factor has paved the
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way for at least some exact calculations involving flux-spinon interactions. The proposal

would to develop a quantum Monte Carlo approach within these quasiparticles, which

might be efficient within the spin liquid regime where few flux sectors are important.

The search for a Kitaev spin liquid is at full steam, offering a fresh chance at a

clear end to a long and uncertain search for spin liquid physics. It is hoped that the

recently cultivated interest from theorists and experimentalists alike will lead to the

desired discovery, and then even the characterization and further investigation of such a

novel quantum entangled state of matter. Quantitative results such as those presented

in this thesis present one step toward these goals, but will hopefully stimulate further

work from the entire community.
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Appendix A

Exact 2D DOS

In this appendix we compute the density of states (DOS) of the Kitaev honeycomb

model on the honeycomb lattice analytically in terms of elliptic integrals. For reference,

we also compute a particular spectral function that can be used to compute the non-

interacting propagator for the Majorana spinons.

For calculation of the spinon Green function the two relevant reciprocal space inte-

grals are ∫
BZ

d2k
1

ω − Ek
=

∫
dE

ρ(E)

ω − E (A.1)∫
BZ

d2k
Re Γk/|Γk|
ω − Ek

=

∫
dE

ρR(E)

ω − E , (A.2)

where Ek = 2|Γk| is the energy of the excited state with reciprocal lattice vector k, and

we have exchanged each integral for relevant ones over energy space. The density of

states and the chosen spectral weight are

ρ(E) =

∫
BZ

d2kδ (E − 2|Γk|) =

∫
BZ

E

2
δ
(
(E/2)2 − |Γk|2

)
(A.3)

ρR(E) =

∫
BZ

d2kδ (E − 2|Γk|)
reΓk
|Γk|

=

∫
BZ

δ
[
(E/2)2 − |Γk|2

]
reΓk, (A.4)

where we have written the delta function in a more convenient form involving the square
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of the energy by using the appropriate delta function relation,

δ[f(x)] =
∑

x0∈f−1(0)

δ(x− x0)

|f(x0)| . (A.5)

Here evaluate ρ(E) and ρR(E) exactly. Using x and y in place of kx and ky for conve-

nience we get

|Γk| = 1 + 4 cos2

√
3x

2
+ 4 cos

√
3x

2
cos

3y

2
= 1 + 4u(u+ v)

Re Γk = 2 cos

√
3x

2
+ cos

3y

2
= 2u+ v,

where we have anticipated a change of variables to exchange trigonometric functions for

rational functions of square roots. The simplest unit cell for integration is the diamond.

The corners are the turning points of cos
√

3x
2 and cos 3y

2 . Reflection symmetry of the

integrands allows us to integrate over a single quadrant (a quarter of the diamond),

∫
BZ

d2k = 2

√
3

2π

3

2π

∫ 2π√
3

0
dx

∫ 2π√
3
−x/
√

3

0
dy =

∫ 1

−1

du√
1− u2

∫ 1

−u

dv

1− v2
. (A.6)

Upon evaluation of the inside integral we find vu = (E/2)2−1
4u − u, and∫

BZ
d2kf(u, v) =

1

2π2

∫
u:−1<−u<vu<1

du
I(u, vu)√

(1− u2)(α2 − u2)(u2 − β2)
,

where α = E/2+1
2 and β = E/2−1

2 . We take this integral over I(u, vu) = 1 and

I(u, vu) = 2u + vu for ρ and ρR respectively. In each case the integrand will be an

elliptic integral [142]. That is, a rational function of polynomials of u and the square

root of a polynomial of u (without repeated zeros). Integrals of this type can always be

written in terms of the three elliptic functions, whose properties are well known [142].

The evaluation of such integrals in terms of these functions can be done using a table

of integrals such as Ref. [142].

The inequalities −1 < −u < vu < 1 can be written as −α < u < β < 0 for E/2 < 1

and 0 < β < u < 1 for E/2 > 1. We find it convenient to first change variables to
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ρ(ω)

ρR(ω)
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Figure A.1: The density of states (DOS) ρ(ω) and the spectral function ρR(ω) for the
dispersive Majorana spinons in the pure Kitaev model.

t = u2 so that

∫
BZ

d2kI(u, v) =
1

4π2

∫ b

c
dt

1√
t

I
(
±
√
t,±v√t

)
√

(a− t)(b− t)(t− c)
, (A.7)

where a =

{
1 E < 2

α2 E > 2
; b =

{
α2 E < 2

1 E > 2
, c = β2, and we ± = sgn(E/2−1). These

are such that a > b > c > 0. We can evaluate the DOS by taking I = 1 and using

equation (2.54.00) of Ref. [142] with d = 0 and γ = b. In terms of the complete elliptic

function (integral) of the first kind K[m] =
∫ π/2

0 dθ(1−m sin2 θ)−1 this gives

ρ(E) =

√
E/2

2π2

{
f(E)K[f(E)] E < 2

K[ 1
f(E) ] E > 2,

(A.8)

where f(E) = α2−β2

α2(1−β2)
= 8E

(3−E/2)(1+E/2)3 .

For ρR we have I = ±
√
t(1 + αβ/t). Make use of equations (233.00) and (233.02)

with p = 0 and γ = b we find

ρR(E) =
1

2π2
√
E/2

 −h(E)
(
K[h(E)] + 1−E/2

1+E/2Π
[
−4 E/2

(E/2−1)2 , h(E)
])

E < 2(
K[ 1

h(E) ] + 1−E/2
1+E/2Π

[
−4 E/2

(E/2−1)2
1

h(E) ,
1

h(E)

])
E > 2,

(A.9)



172

where h(E) = α2−β2

1−β2 = 2E
(3−E/2)(1+E/2) . Here we have introduced the complete elliptic

integral of the third kind Π[n,m] =
∫ π/2

0 dθ
[
(1− n sin2 θ)(1−m sin2 θ)

]−1
.



Appendix B

Slave-fermion representations of

SU(2)

People write down slave-fermion theories as possible spin-liquid ground state ansatz

(trial wave-functions), largely due to the work of Wen [143], made a bit more general

in Ref. [144]. The work of Kitaev [5] on an exactly solvable 2D spin liquid Hamiltonian

gave this approach much more weight [145]. However, the most natural basis to describe

that ground state is actually the Majorana one used by Kitaev [5, 97, 146] which merits

studying this representation as a family of spin-liquid ansatz. We explicate the relation-

ship between the Majorana description and the usual complex fermionic slave-particle

approach while reviewing both descriptions.

B.1 Spins as fermions.

We consider spin-1/2 degrees of freedom represented by su(2), which has three bosons

Sα, α = x, y, z at each site that obey the following constraint

(Sα)2 = 1/4 (B.1)

SxSySz = i/8. (B.2)

This constraint in the second line is equivalent to the standard commutation relations

[Sα, Sβ] = i
2ε
αβγSγ . The slave-fermion representation introduces quadratic operators

173
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of fermions in place of the spin variables simply by Sα = 1
2
~f †σα ~f where ~f † = (f †↑ , f

†
↓).

For this to be a faithful representation it must reproduce the algebra of Eq. (B.1). By

using the algebra for complex fermions, f2 = 0, {f †, f} = 1 it is immediate that each

constraint can be written as 1 = Ô = f †↑f↑ + f †↓f↓ − 2f †↑f↑f
†
↓f↓. However, multiplying

n̂ = (f †↑f↑ + f †↓f↓) by this representation of unity one finds that n̂ = 1n̂ = Ôn̂ = Ô = 1.

Equivalently f †↑f↑f
†
↓f↓ = 0.

A convenience of this complex fermionic representation is that the operator com-

binations f †a and fa create and destroy spin eigenstates |↑〉 and |↓〉 in the z-basis. It

follows then that the constraint n̂ = 1 represents half-filling of the two states.

B.2 Spins as Majoranas.

The alternative representation of su(2) in terms of Majorana fermions is in some ways

more convenient, and in particular for the Kitaev spin liquid. One uses an algebra of

four Majoranas at each site, cµ, µ = 0, x, y, z with {c†, c} = 1, c† = c to represent the

spins by Sα = i
2c

0cα. In this case the constraint becomes

1 = D̂ = c0cxcycz. (B.3)

This constraint is equivalent to any of the following

c0cx + cycz = 0

c0cy + czcx = 0 (B.4)

c0cz + cxcy = 0.

We can represent time-reversal invariance appropriately if we choose cx and cz to be

pure imaginary [(cx)∗ = −cx] with c0 and cy real.

B.3 Mapping between slave-fermion representations.

The two representations are equivalent under the identification f↑ = 1√
2
(c0 + icz), f↓ =

1√
2
(cy + icx).
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B.4 Gauge structure in complex fermions.

The constraint can be written in any of the following three linearly-dependent (but

equivalent) quadratic forms.

f †↑f↑ + f †↓f↓ = 1

f↑f↓ (B.5)

f †↑f
†
↓

These correspond to an su(2) gauge redundancy in the description that can be seen

directly by a change of basis to the following.[97]

F̂ =
(
~f iσy ~f †

)
=

(
f↑ −f †↓
f↓ f †↑

)
. (B.6)

In this basis the spin degrees of freedom act as

Sαj = Tr
1

4
F̂ †j σ

αF̂j , (B.7)

which generates that representation of su(2), corresponding to the symmetry of basis

changes F̂j → ujF̂j with uj unitary. The trace is over the 2× 2 matrix indices only. On

the other hand, F̂j → F̂jvj with vj unitary forms the su(2) redundancy generated by

Kα
j = −Tr

1

4
F̂j(τ

α)∗F̂ †j . (B.8)

where τα are just another set of Pauli matrices, and the form −τ∗ was chosen to simplify

a later result.

It is convenient to also write the matrix basis F as a vector. One way to do so is to

write

~F =

(
~f

iσy ~f †

)
=


f↑

f↓

−f †↓
f †↑

 . (B.9)
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In this basis the spin degrees of Freedom can be written as

Sαj =
1

4
~F †j

(
σα 0

0 σα

)
~Fj = ~F †j

1

4
(1⊗ σα) ~Fj . (B.10)

The gauge redundancy generators can be written as

Kα
j = −~F Tj

1

4
(τα ⊗ 1)∗ (~F †j )T = ~F †j

1

4
(τα ⊗ 1) ~Fj , (B.11)

where in the last line we have used the particle-hole redundancy ~F † = [(iτy)⊗ (iσy)] ~F T .

In the vector basis the spin-rotation symmetry is implemented by F → (1⊗ U)F and

the redundancy is generated by F → (G⊗ 1)F , where U and G are unitary. Note that

the presence of the redundancy group G requires that we specify the action in G of any

physical symmetry of the original spin system.

B.5 Gauge structure in Majorana fermions.

Let us introduce the vector basis ~C† = ~CT = (c0, cx, cy, cz). In this basis we represent

the spin operators as Sα = i
4C

T sαC where

sx, sy, sz = (B.12)
1

−1

1

−1

 ,


1

−1

−1

1

 ,


1

1

−1

−1

 .

The gauge-group generators are given in the same matrix form Kα = i
4C

TkαC by

kx, ky, kz = (B.13)
1

−1

−1

1

 ,


1

1

−1

−1

 ,


1

−1

1

−1

 ,
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which corresponds precisely to the three redundancies in Eq. (B.4). Naturally, these

generate the algebra su(2) whose action is represented in terms of orthogonal matrices.

Of course, U(1) or Z2 subgroups/subalgebras can be formed analogously to the complex

fermionic representation, as is the case for the Kitaev spin-liquid ground state.

In matrix form, the dictionary between representations can be written as

~F =


1 i

i 1

i −1

1 −i

 ~C. (B.14)

Z2 from SU(2). In the Kitaev fermionization the û<ij>α commute with the Hamil-

tonian. Therefore we can replace the û by its expectation value u to solve the system.

However, we notice that doing so fixes the SU(2) gauge since û it does not commute

with kx, ky, kz. The ground state instead picks out a state that breaks the gauge sym-

metry down to the part that does not mix û with c so that we can make this exact

replacement. [This argument can be formalized in terms of loop operators and related

to the U(1) that is relevant for the 2D spin-order as well [146].] This leaves only the Z2

part of kα on an α bond, which only takes c → −c once the u has been fixed. Due to

the gap to the gauge excitations it may be reasonable to assume that spin liquid states

near the Kitaev point are well described by this same Z2 gauge theory, which is a much

simpler description.

Remarks. As remarked by Kitaev, [5] the group of transformations between Majo-

rana representations is SO(4). The representational relationship between the SU(2)×
SU(2) of usual slave fermion theory and the Majorana one can be understood as being

due to the fact that this group is isomorphic to SO(4) up to the double covering map

that identifies 1⊗ 1 with −1⊗−1.

B.6 Decoupling channels in complex fermions.

What we have discussed so far provides a complete basis for the quadratic operators that

can be created on site. A complete set of quadratic operators that can be created by
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slave fermions at two different sites is needed to consider the possible ways to decouple

a Hamiltonian. One such basis is given by [96]

Eµi,j =
1

2
~f †j σ

µ ~fi, (B.15)

Dµ
i,j =

1

2
~fj(iσ

y)σµ ~fi. (B.16)

Here µ = 0 is known as the singlet channel and µ = x, y, z make up the triplet channel.

These can also be written as

Eµi,j =
1

2
~F †j

(
σµ 0

0 0

)
~Fi (B.17)

(Eµi,j)
† =

1

2
~F †j

(
0 0

0 σµ

)
~Fi (B.18)

Dµ
i,j =

1

2
~F †j

(
0 0

σµ 0

)
~Fi (B.19)

(Dµ
i,j)
† =

1

2
~F †j

(
0 −σµ

0 0

)
~Fi. (B.20)

Notice that these make up sixteen distinct operators.

A (significant) bit of non-linear algebra yields the following

SzSz = E†xEx + E†yEy −
1

4
(B.21)

= D†xDx +D†yDy −
1

4
(B.22)

SxSy + SySx = −
[
E†xEy + E†yEx

]
(B.23)

= −
[
D†xDy +D†yDx

]
(B.24)

i[SxSy − SySx] = −
[
E†0Ez + E†zE0

]
(B.25)

= +
[
D†0Dz +D†zD0

]
(B.26)



179

~S · ~S − 1

4
= −2E†0E0 = −2D†0D0 (B.27)

= 2 ~E† · E − 1 = 2 ~D† · ~D − 1, (B.28)

where we have dropped the indices ij everywhere, but they can be restored in that

order: SαSα = Sαi S
α
j , Eα = Eαij , and similarly for D. The remaining expressions can

be obtained by permuting (x, y, z).

One convenience of this representation is that, due to positive semi-definiteness of

the term E∗0E0, for instance, and the relative signs between singlet and triplet repre-

sentations of the Heisenberg model, we can expect that the singlet decoupling (B.27) of

is relevant for ferromagnetic coupling and the triplet (B.28) for antiferromagnetic [144].

Additionally, it appears that for an AFM Kitaev-Heisenberg model with additionally

symmetric Γ-type terms only it is sufficient to use the six complex operators Eα, Dα.

B.7 Decoupling channels in Majorana fermions.

The eight complex operators Eµ and Dµ correspond to the 16 Hermitian operators

making up the entries in ~CTj ⊗ ~Ci.

It is easy to see how to decouple a spin Hamiltonian in this language since as we

demonstrate now. For the spin Hamiltonian we write

H =
∑
ij

Γαβij S
α
i S

β
j =

∑
ij

Γαβij b
α
i b
β
j cicj , (B.29)

which amounts to a gauge choice of Sa = ibac instead of Sz = ibxby, for instance. We

can decouple the interaction between sites i and j along three channels. The Hubbard

Stratonovich fields for the spin-ordered state are simply the spins Ŝαj = ibjcj . Another

decoupling corresponds to a generalization of the Kitaev spin liquid state with ûαβij =

ibαi b
β
j and v̂ij = icicj making four distinct operators. The third decoupling allows for

a different set of six Majorana valence bonds wαij = bαi cj . It is easy to check that the

w decoupling represents a significantly different algebra than the generalized Kitaev

state, allowing for additional spin-liquid trial wave-functions. Therefore if these were to

become well-defined gapped quasiparticles describing a spin liquid they will be described

by a different set of braiding statistics.
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The valence bond part of the ij Hamiltonian can now be written in block form as

as

H = i ~CTi

( ∑
αβ Γαβuαβ

∑
α Γαβwαji∑

β Γαβwβij vΓαβ

)
~Cj (B.30)

−
∑
αβ

Γαβ
[
uαβv + wαijw

β
ji

]
, (B.31)

where vΓαβ is 3×3 and the w components were written as vectors. It would be interesting

to know if there is a spin liquid that has its dominant contribution from the w channel.

The convenience of this representation is that the Kitaev spin liquid state appears

quite natural in the u− v channel as the case where there are two non-zero expectation

values on each bond: for a bond of type α they are v and uαα. One might expect that

near the Kitaev point that ignoring the w channel might still lead to an acceptable

ansatz for an adiabatically connected spin liquid. This would lead one to an ansatz

with 10 real MF parameters, versus the 12 in Eα, E
∗
α, Dα, D

∗
α. In the case of symmetric

couplings the u − v channel could even be taken with u symmetric αβ reducing to 7

real MF parameters for a quite general Kitaev-like spin liquid. One might hope to

translate these perspectives between representations, but as far as we could tell there is

no nice-looking description of either perspective in the opposite representation.

Note that there is also an entirely different-looking decoupling in the Majorana

basis by using the gauge-equivalent representation Sα = ibα+1bα−1 where the α-index is

taken to be defined mod 3 [145]. This would lead to a different-looking set of channels,

which, when taken together are equivalent to u, v, w, and also to D,E. However, the

decoupling used here leads to a much simpler picture of the Kitaev spin-liquid state [5].
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B.8 Field Theory.

It is enlightening to write out the exact field theory for the usual slave fermions in path

integral form [144].

Z =

∫
dD dE da dF exp

[
−
∫ β

0
dtL
]
, (B.32)

L = Ldyn + Lgauge + Lm + Lsl (B.33)

Ldyn =
1

4

∑
j

F̄j [1∂t]Fj (B.34)

Lgauge =
1

4

∑
j

F̄j
[
iaαj (τα ⊗ 1)

]
Fj (B.35)

Lm =
1

4

∑
j

F̄j

hαj +
∑
i|〈ij〉

Γαβ〈ij〉S
β
i

 (1⊗ σα)

Fj
Lsl =

1

4

∑
〈ij〉

F̄iMij , Fj (B.36)

where the Sα and Fj are written in terms of fermionic operators making for a quartic

Hamiltonian. hαj describes an external magnetic field. Here we have assumed sums over

repeated α, β = x, y, z and i| 〈ij〉 indexes all sites i that are neighbors to j. Mij can be a

bit of a cumbersome matrix in the general case, coming from the equations (B.17-B.28).

Let us first write out

Hij =
∑
αβ

ΓαβSαSβ (B.37)

=
∑
α

ΓααSαSα +
∑
α 6=β

[
Γ(αβ)S(αSβ) + Γ[αβ]S[αSβ]

]
,

where the order of sites is assumed ij in SS and well as Γ. We have introduced the

indexing notation A(ab) = 1
2(Aab + Aba) and similarly A[ab] = 1

2(Aab − Aba). We now
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write

M =

(
E σyD∗σy

D −σyE∗σy

)
, (B.38)

E =
∑
α 6=β

[(
ΓααE∗β − Γ(αβ)E∗α

)
σβ

−
∑
γ

|εαβγ |Γ[αβ]
(
E∗0σ

γ + E∗γσ
0
)]
, (B.39)

where σ0 = 1 and D = E [E → D, |εαβγ | → −|εαβγ |]. We observe that Eq. (B.39) is a

bit simpler in the case of purely symmetric couplings Γ[αβ] = 0, as is most typical.

On the other hand, in the Majorana case we already have an expression (B.30) for

the corresponding Hamiltonian matrix so that the path integral is a bit easier to write

in that case.

Z =

∫
du dv dw da dC exp

[
−
∫ β

0
dtL
]
, (B.40)

L = Ldyn + Lgauge + Lm + Lsl (B.41)

Ldyn =
1

4

∑
j

~CTj [1∂t] ~Cj (B.42)

Lgauge = − i
4

∑
j

~CTj
[
aαj k

α
]
~Cj (B.43)

Lm =
∑
j

i ~CTj

(
0 [~hj +

∑
i|〈ij〉 Γ〈ij〉Si]

T

0 0

)
~Cj

Lsl =
∑
〈ij〉

i ~CTi

 ∑
αβ Γαβ〈ij〉u

αβ
ij

∑
α Γαβ〈ij〉w

α
ji∑

β Γαβ〈ij〉w
β
ij vijΓ

αβ
〈ij〉

 ~Cj

−
∑
〈ij〉

Γαβ〈ij〉

[
uαβij vij + wαijw

β
ji

]
, (B.44)

where here S and C are to be written in terms of Majorana partons making for a

quartic Hamiltonian. No matter the representation, once one fixes a unit cell size for the

ansatz, the gauge parameters aαj are constrained to patterns that respect that translation

symmetry, as are the other MF parameters. The spin-liquid parameters/ansatz are

expected not to break translation symmetry. However, they may realize the translation
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symmetry projectively, meaning that any gauge representation must break translation.

Therefore, it is helpful to have an idea of the gauge one might expect before choosing

the unit cell for the ansatz.


	Acknowledgements
	Abstract
	List of Tables
	List of Figures
	Introduction
	Fractionalization
	Mutual statistics
	Spin liquids in experiment
	Kitaev spin liquid candidates
	Outline

	The Kitaev honeycomb model
	Solution and Excitations
	Mapping to lattice gauge theory
	Majorana fractionalization
	Diagonalization
	Correlation functions
	Gauge transformations
	Majorana spinon parity

	Lieb's flux theorem for Majoranas
	Lieb's Theorem
	Propositions
	Reflection Positivity

	Spinon band Hamiltonians
	Lattice Geometries
	Ground state flux configurations
	Explicit Hamiltonian matrices


	The spinon semimetals
	Topological Band Structures
	Dispersions and DOS
	Symmetry Classification

	Topological boundary modes
	Toplogical invariants
	End modes of finite Majorana chains


	Effects of flux excitations
	Finite temperature
	Finite temperature phase diagrams

	Effects of perturbations
	Brillouin-Wigner perturbation theory
	Effects of a magnetic field


	Inelastic light scattering: theory
	Jackeli-Khaliullin Kitaev systems
	Raman scattering in Mott insulators
	Mediated Raman Processes
	Raman matrix elements beyond nearest neighbors
	Raman polarization dependence
	Symmetric and anti-symmetric channels
	Symmetry considerations
	Loudon-Fleury relationships
	Mediated hopping relationships

	RIXS Processes

	Light scattering in the Kitaev models
	Raman formalism
	Zero temperature correlation functions
	Finite temperature formalism

	Spin-conserving RIXS

	Light scattering predictions
	Basic Raman results
	2D Honeycomb spectra
	3D Harmonic Honeycomb spectra
	Hyperhexagon

	Response in a magnetic field
	Reliability of the projected model at finite frequency
	Bulk response in a magnetic field

	Raman spectra for strips and slabs
	RIXS results

	Strain-engineered gauge fields
	Low-energy theory
	Bubbles and flakes
	Results
	Markov Chain Monte Carlo
	Finite temperature strained flakes

	Summary and Outlook
	References
	 Appendix A.  Exact 2D DOS
	 Appendix B.  Slave-fermion representations of SU(2)
	 Spins as fermions.
	 Spins as Majoranas.
	 Mapping between slave-fermion representations. 
	 Gauge structure in complex fermions.
	 Gauge structure in Majorana fermions.
	 Decoupling channels in complex fermions.
	 Decoupling channels in Majorana fermions.
	 Field Theory.


