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Abstract 

Previous studies have shown that copulas are an effective means for analyzing 

dependence structure among financial assets in a constant, and in a time-varying, context. 

I analyze the dependence structure of daily returns from Korean financial assets using an 

integrated modeling approach. This approach combines GARCH models with Extreme 

Value Theory (EVT) and copula methods to investigate single asset and multivariate 

asset properties. I find that financial returns data are non-normally distributed against the 

classic assumption of the normal distribution. For these situations GARCH models have 

been developed to forecast and capture common facts about conditional volatility (e.g., 

fat tails, volatility persistence and clustering, asymmetry, and leverage effects). 

I employ GARCH models to estimate the conditional volatility and EVT to estimate the 

tails of the error distribution of daily returns during 2000-2013. Both leverage effects and 

long tails are clearly observed in the Korean financial data. By back testing two risk 

measures (Value-at-Risk and Expected Shortfall), I provide evidence that the GARCH-

EVT model produces better estimates than methods which ignore the fat tails of the error 

distribution. I find that the time-varying dependence structures of multiple asset 

portfolios are compatible with several shocks (Korean credit crisis in 2002, U.S. home 

mortgage crisis in 2008, and the EU debt crisis in 2010). The portfolio assets include: 

Samsung Electronics stock, KOSPI200 Futures, US Dollar Futures, and 3-year Korean 

Treasury Bonds. I find that the identified domestic and external economic shocks have 

different impacts on the volatility of returns exhibited by these assets when combined 

into alternative financial portfolios. 

Empirical results from the static and time-varying copula models are not significantly 

different based on tests using information criteria and back testing methods. However, the 

comparison of these models is useful to demonstrate the connection between the time-

varying vector of the dependence structure of each portfolio and the identified shocks. I 
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find that time-varying regular vine copula models provide useful forecast performance 

and they are highly applicable tools for analyzing risk in financial time series data. 
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Chapter 1  

Introduction 

Universally, investors want to avoid catastrophic losses in financial markets. Yet, 

investors have witnessed large financial market fluctuations after the U.S. stock market 

plunge in 1987, the Asian financial crisis in 1997, the Internet bubble in 2000, and the 

subprime mortgage crisis in 2007. In each instance, the negative financial impacts of 

these events have become widespread. The disturbances in one market or country have 

been readily transmitted to other markets or countries due in part to the development of 

improved information and communication technology. Thus, accurately measuring and 

managing portfolio risk associated with trading financial assets has become an 

indispensable part of an overall investing strategy to control losses.  

Generally, portfolio risk arises due to unexpected sharp fluctuations of prices (and the 

implied rates of return) in portfolios of financial assets. The two main sources are: the 

risk contributions of each financial asset separately and the risk contributions attributable 

to the interdependence of prices and returns among assets that comprise the investment 

portfolio. When risk exposure is measured or managed, it is necessary for investors to 

identify the risk properties of each asset, and the dependence among the assets.  

1.1 Research Problem 

The finance literature has proposed that investors evaluate the Value-at-Risk (VaR) and 

Expected Shortfall (ES) of their investments. Here, VaR refers to the expected maximum 

loss over a given horizon under normal market conditions within a given confidence 

interval (Jorion, 1997). The ES is an alternative risk measure that measures the 

conditional expectation of loss given that the loss is beyond the VaR threshold level 

(Artzner, Delbaen, Eber, & Heath, 1997), and it combines aspects of the VaR method 

with more information about the distribution of returns in the tail. Alternative risk 

measures have been proposed to replace the VaR (Krause, 2003; Szegö, 2005; Daníelsson 

et al., 2011). These include: Conditional VaR (CVaR), Expected Regret, Expected 
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Shortfall (ES), Marginal Expected Shortfall, Tail Conditional Expectation, Tail Mean, 

and Worst Conditional Expectation. Empirically, it is ambiguous which approach is 

superior for estimating and modeling the tail structure. 

The primary criticism of VaR is that it is not a coherent risk measure. According to 

(Artzner, Delbaen, Eber, & Heath, 1999), a coherent risk measure is a function that 

satisfies four properties: homogeneity, monotonicity, risk-free conditions, and sub-

additivity. VaR violates the sub-additivity axiom, where sub-additivity invokes the 

principle of diversification, and under certain conditions the VaR may fail to fully capture 

the effect of diversification. As a special case, VaR could be a coherent risk measure and 

satisfy the sub-additivity axiom if the underlying series of returns is a normal (or 

elliptical) distribution, or it is an independent Levy-stable distribution (Sy, 2006). Thus, 

sub-additivity expresses the fact that a portfolio will risk an amount, which is at most the 

sum of the separate amounts risked by its component sub-portfolios. We note that, even 

though theoretical drawbacks of the VaR measure are known, it continues to be used as a 

regulatory metric in the Basel Capital Accord (Basel Committee on Banking Supervision, 

2005).  

Another serious shortcoming of VaR is that it just provides a single number, which does 

not capture the amount of the expected losses beyond a given confidence level. The 

Modified VaR (MVaR) proposed by Zangari (1996) is an alternative nonparametric VaR 

approach to handle skewness and excess kurtosis in return distributions with many 

financial assets. The MVaR approach has the disadvantage that it does not work well at 

extremely high confidence levels and it violates the monotonicity axiom (Stoyanov, 

Rachev, & Fabozzi, 2012). 

The finance literature argues that it is important to accurately and consistently estimate 

these risk measures. If risk exposure is not properly calculated, an incorrect measure 

could result in asset misallocation, a failure to adequately diversify risk, and significant 

financial losses. To improve the measures of VaR for portfolio analysis, this study 
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proposes to investigate the following question: Could an integrated approach to risk 

measurement significantly increase the accuracy of VaR and ES estimates of risk 

exposure in financial portfolio analysis? In addition how might this integrated approach 

perform in different empirical settings?  

The integrated approach I propose to use in this research is motivated by the need to 

consider the important time-series and distributional characteristics of financial data, and 

the multivariate dependence structure of financial returns in multi-asset investment 

portfolios. For example, a typical distribution of financial asset returns exhibits fat-tails, 

volatility clustering, leptokurtosis, and other non-normality features. The finance 

literature clearly demonstrates that financial time series data exhibit autocorrelation, 

heteroskedasticity (Engle R. F., 1982), volatility clustering (Bollerslev, 1986), and 

leverage effects (Nelson, 1991), (Ding, Granger, & Engle, 1993), (Glosten, Jagannathan, 

& Runkle, 1993), (Engle & Ng, 1993). Studies that ignore these characteristics would 

most surely measure risk incorrectly and strategies that utilize those estimates of risk 

exposure would recommend insufficient investor capital reserves to absorb adverse 

shocks.  

Although several general autoregressive, conditionally heteroskedastic (GARCH) models 

have been used to more accurately describe the conditional distribution of financial data, 

those methods may not be enough to fully capture the extremely skewed or fat tail 

distributions of asset returns. In the context of VaR estimation, precise specification and 

identification of the probability of an extreme movement in the value of an individual 

asset (or portfolio) is essential for risk assessment. By their nature, extreme events are 

related to the tails of the underlying distribution and several studies, after the pioneering 

work of Mandelbrot (1963), indicate that the distributions of most financial time series 

are fat-tailed (Gençay, et al., 2003). Thus, some studies have investigated only the tails of 

the distribution using limit laws, since the tails of the distribution are of greater practical 

importance. Furthermore, parametric modeling of the tails is convenient for the 

extrapolation of probabilities to the quantiles of the distribution or extreme observations.  
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Extreme Value Theory (EVT) is one such approach to the problem, as it provides a 

formal framework to study the tail behavior of fat-tailed distributions (Gençay et al., 

2003). Pioneering work by Fisher and Tippett (1928), Gnedenko (1943), Balkema and de 

Haan (1974), and Pickands (1975) has led to EVT being widely applied to problems in 

probability and statistics1. EVT has been increasingly applied to financial data, following 

early work by Embrechts et al., (1997) and Reiss and Thomas (1997), who introduced 

EVT into finance and insurance research. With respect to tail estimation and risk 

measurement, two pivotal properties make EVT appealing. First, it is based on statistical 

theory. Second, it uses the parametric form for the tail analysis, allowing us to model rare 

extreme observations that lie beyond the range of available data. Thus, EVT provides a 

good tool to obtain more accurate risk estimates where fat-tail distributions are observed.  

The EVT approach is dominated by the theory of independent and identically distributed 

(i.i.d.) observations. In financial applications, the EVT approach may not be directly 

applied to the raw data, since the underlying distribution may not be i.i.d. Therefore, 

Embrechts et al., (2000, 2001), McNeil and Frey (2000), and later Nystrom and Skoglund 

(2002), propose using GARCH models and EVT in combination to estimate VaR. They 

use GARCH models to estimate current volatility and EVT to estimate the tail of the 

distribution of residuals from the GARCH model. In this way GARCH models can be fit 

to returns data using pseudo-maximum likelihood methods to estimate the current 

volatility, and then use an approximation (as proposed by EVT) to model the tail of the 

error distribution of the GARCH model. In this way they take into account non-normality 

in both lower and upper tails as well as the remaining return distribution.  

                                                 

1 Current research using EVT has been undertaken in several fields including, statistics (Coles, 2001; 

Beirlant et al., 2004), hydrology (Ashkar et al., 1991), water resources (Cunnane, 1979), meteorology 

(Smith and Shively, 1995), insurance (Embrechts et al., 1997), and finance (Novak, 2011). 
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This integrated approach represents an improvement on the conventional method of 

estimating VaR and ES, which was frequently based on the assumption that returns are 

normally distributed. Thus, to calculate the correct VaR and ES of a portfolio (where 

values are influenced by the tails of the distribution), I argue that a GARCH-EVT 

integrated approach needs to be implemented after obtaining standardized residuals with 

a GARCH model. Application of GARCH models alone often fail to fully capture the fat 

tail (skewness) frequently observed in financial asset returns when the standardized 

residuals are not normally distributed. EVT is useful to capture the tails of the 

distribution and to obtain effective tail estimation by using alternative parametric forms. 

Previous studies of VaR have focused largely on the univariate (single asset) case, which 

has made the results of those studies inadequate for general portfolio risk assessment 

(Hallerbach, 2002). Nelson (2006) and Joe (1997) suggest that a copula function could be 

used to complete the multivariate model and capture the dependence structure of a 

broader portfolio of financial assets2. 

Sklar (1959) first introduced the copula approach. Subsequently, Schweizer and Sklar 

(1983), Joe (1997), McNeil et al. (2005), and Nelsen (2006) published detailed studies of 

the copula method. According to the Sklar theorem, a joint multivariate distribution is 

formed from the univariate marginal distribution functions of each random variable and a 

copula function is used to describe the dependence structure between the random 

variables. In general terms, a copula function transfers the space of cumulative multi-

dimensional distributions into one-dimensional space. These marginal distributions of 

jointly distributed random variables represent their dependence. If the marginal 

distributions are continuous, then the copula is uniquely defined and it is possible to use 

marginal distributions for the random variables to capture the dependence structures 

                                                 

2 Other applications of the copula method have been made in numerous fields including: quantitative 
finance (MacKenzi, 2008; Donnelly and Embrechts, 2010; Brigo et al., 2010; Qu, 2005), civil 
engineering (Thompson et al., 2011), medicine (Onken et al., 2009), and meteorology (Schölzel and 
Frederichs, 2008). 
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between those variables. Since Embrechts et al., (2001), the copula approach has been 

applied to financial assets such as stocks, bonds, foreign exchange, commodities, 

insurance, futures and options. 

The research conducted here addresses four problem areas. First, I propose to use the 

regular vine copula method (Schepsmeier, et al., 2013) with time varying parameters, as 

suggested by Patton (2006). Copula models have been applied widely where the marginal 

density is obtained from an empirical CDF. This allows me to consider more general and 

flexible dependence measures as well as avoid the misspecification of a GARCH model, 

when focusing on the properties of financial time series (skewness, excess kurtosis, and 

asymmetric dependence). 

Second, the time-varying copula approach, as related to the Korean financial market, has 

been mostly applied to bivariate (two asset) copula functions, not to higher dimensional 

datasets, or to financial assets such as a stock index or the foreign exchange rate. My 

research focuses on a more diverse financial market where several assets may be 

positively, negatively or weakly correlated, and where investors want to understand the 

time-varying dependence structure of asset returns. 

Third, compared with the previous studies related to the Korean financial market, my 

research considers more time periods. Previous studies focused on how a single external 

shock affected the dependence structure of the Korean market. However, now we have 

more daily data to investigate two different types of shocks (a domestic shock in Korea 

during 2002, and two external shocks in 2008 and 2012). I will analyze whether these 

shocks are different in terms of the resulting effects on the dependence structure of assets. 

I will also determine if the integrated approach is useful for investigating how the 

dependence structure changes over time.  

Fourth, by allowing the dependence relationship to follow a restricted ARMA process (as 

in Patton 2006), I identify nonlinearity in the dependence structure. Standard research on 

VaR and ES calculation has focused on the distribution of returns for a single asset, 
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which limits the relevance of those studies for portfolio risk assessment. In contrast with 

previous research, I propose to analyze portfolio risk by developing VaR and ES 

methodologies that utilize GARCH-EVT-Time-Varying Copula methods. This is the 

fully integrated approach that I propose to use in this research, and I contend that this is a 

superior approach to portfolio risk assessment. For this purpose, a well-fitted copula 

function using data from separate periods will be used to explain innovations in the 

dependence structure of alternative financial portfolios. 

1.2 Research objectives  

First, I propose to critically evaluate the research literature related to applications of the 

GARCH, EVT and copula methods to portfolio risk assessment. Under this objective I 

seek to identify: 1) which methods are sufficiently robust to alleviate the problems 

associated with non-normality, fat tails, and volatility clustering; and 2) which methods 

are more effective for capturing the static and dynamic dependence structure of asset 

rates of return. 

Second, I want to determine if an integrated approach for evaluating dependence 

structure adequately accounts for the distributional properties of financial asset returns in 

a time-varying context. Under this objective I seek to establish the empirical basis for the 

integrated approach using time series data from the Korean financial markets. I propose 

to evaluate if changes in the magnitude of dependence over time are related to the 

identified internal and external economic shocks. 

Third, I want to determine if a well-fitted copula provides an accurate representation of 

risk exposure. This will be determined by employing VaR and ES violation tests and 

comparing actual data with simulated data from the best copula model. Through back-

testing of VaR and ES, I plan to examine the accuracy of the VaR and ES measures, 

along with the robustness and consistency of the integrated approach. 
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Chapter 2  

Literature Review 

In this chapter I plan to review several key research papers related to the development of 

the integrated approach (GARCH-EVT-Time-Varying Copula). I provide a summary of 

the literature review in Appendix A. I observe that multivariate copula functions have 

been combined with EVT and GARCH methods to measure price risk of a financial 

portfolio. Also, I identify how these methods have been applied to capture the 

dependence structure of multivariate data and the implications for risk measurement 

research relating to the VaR and ES back-testing approach. In this chapter the goal is to 

trace the progression of the empirical financial literature to understand what methods 

have been applied to improve the accuracy of portfolio risk measurement. 

The review is presented in three subsections: GARCH-EVT-Static Copula applications, 

GARCH-EVT-Time Varying Vine Copula applications, and Korean financial market 

applications. In each subsection, I identify the methods that have been applied to improve 

the accuracy of risk measurement when using an integrated modeling approach. The 

primary difference between the two sets of literature that are presented here is the 

underlying assumption about dependence structure: Is it static (i.e., fixed) or is it time-

varying? 

2.1 GARCH-EVT-Static Copula Approach 

When the financial data is not i.i.d., but exhibits leptokurtosis, fat tails, and volatility 

clustering, McNeil and Frey (2000) propose use of the GARCH model to fit the sample 

data and then apply EVT to the innovation part. In this section, there have been several 

studies that use an integrated approach, extending the GARCH-EVT model to develop a 

GARCH-EVT-Copula approach for portfolio risk measurement. 

Joe (1997) first introduced the pair-copula construction (PCC) of multivariate copulas. 

He provides a construction in terms of distribution functions, while Bedford and Cooke 
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(2001, 2007) express these constructions in terms of densities. They organize these 

constructions graphically to show a sequence of nested trees, which they call “regular 

vines.” They also identify two popular subclasses of PCC models, which they call “D-

vines” and “Canonical vines” (Kurowicka & Cooke, 2007). To construct a multivariate 

distribution of highly dependent variables (compared to the classical hierarchical model), 

the PCC model forms simple local building blocks (bivariate pair copula) based on 

conditional independence. The modeling structure is based on a decomposition of a 

multivariate density into a cascade of pair copulae, applied on the original variables and 

their conditional and unconditional distribution functions. This simple-looking 

decomposition could be a primary tool in modeling, not requiring conditional 

independence assumptions when these are not natural, but it maintains the logic of 

building complexity by simple elementary blocks. The main concept and theory of the 

PCC in terms of vine copula are primarily from Bedford and Cooke (2001, 2002).  

Modeling high-dimension copula is still challenging in that, although there are many 

cases of parametric bivariate copulas (Gaussian, Student-t, Clayton, Frank, Gumbel, Joe 

and mixed), the set of high-dimension copulae is comparatively limited. That is, some 

have constructed multivariate extensions of Archimedean bivariate copulae using a 

nested (hierarchical) framework (see Embrechts et al., 2003; Whelan 2004, Savu and 

Trede, 2006; Fischer and Kock, 2007). However, the PCC is a more flexible and intuitive 

way of extending bivariate copulae to higher dimensions (see Berg and Aas, 2007; 

Schirmacher and Schirmacher, 2008; Aas et al., 2009; Czado, 2010; Haff et al., 2010; 

Min and Czado, 2010; Brechmann and Czado, 2013).  

Fernandez (2008) illustrates how tail dependency tests may be misleading as a tool to 

select a copula that closely mimics the dependency structure of the data. He shows that 

this problem would become more severe when the data is scaled by conditional volatility 

or when serial correlation is filtered out. Ghorbel and Trabelsi (2009) propose a method 

to estimate the VaR of a portfolio based on a combination of time series methods, 

extreme value theory and copula fitting. Given multivariate financial data, I plan to use a 
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univariate ARMA-GARCH model for each return series. Ghorbel and Trabelsi fit a 

generalized Pareto distribution to the tails of the residuals to model the distributions of 

marginal residuals, followed by a bivariate extreme value copula fitting procedure, which 

is used along with simulation to estimate the portfolio VaR. As a first step, this method is 

applied to two portfolios, each composed of two indexes. As a second step, they extend 

the method to portfolios based on three indexes. In this case dependence between the 

residuals is modeled by using tri-variate nested copulas.  

Wang, Chen, Jin and Zhou (2010) introduce the GARCH-EVT-Copula model and apply 

it to a foreign exchange portfolio problem. Multivariate copulas, including Gaussian, 

Student t and Clayton, are used to describe a portfolio risk structure, and to extend the 

analysis from a bivariate to an n-dimensional asset allocation problem. They find that the 

optimal investment concentrates on the US dollar (USD) investment. They conclude that 

the Student t-copula and Clayton copula better describe the correlation structure of 

multiple assets than the Normal copula.  

Kang and Zhao (2010) combined the EGARCH-EVT model with a copula function and 

construct a GARCH-EVT-Copula model to analyze the tail correlation of financial asset 

returns. They present an inference procedure that is based on the parametric estimation 

for the copula parameters. Some numerical techniques are used for selecting an 

appropriate EGARCH-EVT-Copula model. They empirically study the tail correlation of 

the Shanghai and Shenzhen compositional index of Chinese financial markets. Although 

they do not calculate the risk measures related to financial data, the VaR of multiple asset 

returns could be easily obtained from simulating the best fitting copula function and 

using the parameters of the selected copula function. 

Huang, Chien and Wang (2011) estimate the portfolio VaR of G7 exchange rates using a 

GJR-GARCH-EVT-Copula based approach (see Glosten, Jagannathna and Runkle, 

1993). They consider different leverage effects (between good news and bad news) on 

variance, similar to the exponential GARCH (Nelsen, 1991) and the threshold GARCH 
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(Zakoian, 1991) models. Their empirical results demonstrate that an integrated approach 

performs better than traditional methods such as historical simulation or conditional 

Gaussian models. Deng, Ma and Yang (2011) calculate CVaR as the risk measure and 

apply EVT to model the tails of the return series in order to estimate the risk exposure of 

assets more accurately. They suggest that PCC can better characterize the dependence 

structure between assets and the performance of a pair copula-GARCH-EVT-CVaR 

model is better than that of a multivariate Student t-copula-GARCH-EVT-CVaR model. 

Berger (2013) proposes a hybrid copula approach with EVT margins to empirically 

analyze portfolios consisting of stocks, indexes and foreign exchange rates. He shows 

that this could be a highly efficient and flexible approach for calculating and forecasting 

daily VaR. 

Apart from deriving the portfolio risk measure using the integrated model, other copula 

applications include the determination of optimal hedge ratios using GARCH-EVT-

Copula models with stock returns data and various commodity futures contracts (e.g., 

grains, raw materials, currencies). These include studies by Han, 1999; Fernandez, 2005; 

Ha, 2005; Power and Vedenov, 2008; Lai, Chen, and Gerlach, 2009; Goodwin and Zhao, 

2012; Harris and Mazibas, 2013; Chen and Tu, 2013; and Lertwattanasak, Leemakdje 

and Mokkhavesa, 2013. Aloui, Aissa and Nguyen (2011) examine the extent of the 

current global crisis and the contagion effects it induces by conducting an empirical 

investigation of the financial interdependence of selected emerging markets with the U.S. 

Using daily return data from Brazil, Russia, India, China (the BRIC countries) and the 

U.S., their empirical results show strong evidence of time-varying dependence between 

each of the BRIC markets and the U.S. markets. But the dependency is stronger for 

commodity-price dependent markets than for finished-product export-oriented markets. 

They observe high levels of dependence persistence for all market pairs during both bull 

and bear markets. 

The integrated model is an extension of McNeil and Frey (2000) as the GARCH-EVT 

model is used to construct the marginal distribution. However, an integrated model can 
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be made more applicable than what is shown in McNeil and Frey (2000) when various 

copula functions are considered for modeling the dependence structure and determining 

the risk measure of a financial portfolio. 

2.2 GARCH-EVT-Time Varying Vine Copula Approach  

A dynamic integrated model can be developed to specify the multivariate conditional 

distribution of financial returns series by expanding the constant copula into the 

conditional copula and allowing the first and second conditional moments to vary over 

time. This approach has the comparative advantage that the normality assumption is not 

necessary, nor is a specification of the dependence dynamics required. This means that 

the dynamic approach is more flexible in modeling portfolio dependence structure over 

time. This has an advantage for the analyst since the dependence structure in financial 

markets is usually asymmetric due to investor heterogeneity (Xu and Li, 2009). 

Moreover, recent empirical studies have shown that the correlations between variables 

tend to be higher during market downturns than during market upturns, and that 

dependence structure is not constant over time3. 

Gourieroux and Jasiak (2008) and Harvey (2008) introduce a nonparametric, time-

varying quantile regression model as an alternative way to calculate and forecast the VaR 

of a financial portfolio. They propose the use of goodness of fit tests and diagnostic tools 

for assessing these dynamic models and calculating the VaR of Canadian exchange rates 

and the conditional dependence structure between exchange rates and the Hong Kong and 

Korean stock market indexes. 

Patton (2001) finds substantial evidence of time variation in the conditional volatility of 

financial returns. This confirmed the earlier findings of Bollerslev (1987), Engle et al., 

                                                 

3 See Ang and Chen, 2001; Longin and Sonik, 2001; Bouye et al., 2002, Cappiello et al., 2003; Mendes, 
2005; Canela and Collzo, 2006; Patton, 2006, Liebscher, 2008; Fantazzini, 2008; Bastiainin, 2009; 
Manner, 2010, Herrera and Eichler, 2011; Garcia and Tsafack, 2011, Chordia et al., 2011; 
Nikoloulopoulos et al., 2012; Chang, 2012; Chen et al., 2013). 
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(1990), and Andersen et al., (2000). Patton sets up a conditional copula to capture time-

varying dependence of foreign exchange rates, similar to a GARCH model for 

heteroskedasticity. He finds that time variation in the dependence structure among returns 

series is significant and that the dependence structure is asymmetric. Van den Goorbergh 

et al., (2005) find the time-varying dependence structure by modeling the relation 

between option pricing and the dependence structure of the underlying financial 

portfolios. Mendes (2005) addresses the problem of modeling the evolution through time 

of the bivariate distribution of log-returns using a conditional copula approach. He 

proposes a time-varying copula model for the dependence structure and shows that the 

portfolio risk measure could be improved by assuming a dynamic copula. 

Ozun and Cifter (2007) use a time-varying copula to estimate the VaR of a Latin America 

stock index portfolio. Aussenegg and Cech (2008) examine the ability of time-varying 

elliptical copulas to accurately predict the probability of joint extreme co-movements in 

stock index returns. Giacomini et al. (2009) use the Clayton copula function to; 

adaptively estimate the time-varying parameters for the distribution of returns, calculate 

the portfolio risk measures, and show that a time-varying copula performs well. Hu 

(2008) uses a time-varying conditional copula to model the dependence structure of the 

Hong Kong and U.S. stock markets with other financial markets and to compare those 

results with constant copula models. The dynamic copula captured persistence and co-

movement of the time-varying equation, but they conclude that the constant copula model 

is preferred to fully describe the dependence structure between markets. 

Hafner and Manner (2009) propose a stochastic copula model with a latent stochastic 

process driving the copula parameter. They compare the simulated performance of a 

stochastic copula autoregressive (SCAR) model with a dynamic conditional correlation 

(DCC) model (see Engle, 2002) and a conditional copula (see Patton, 2001 and 2006). 

When misspecification of either the marginal distributions or the copulas occurs, the 

SCAR model performs better. But, their research is implemented using just a bivariate 

Gaussian copula, and they do not compare the results with nonlinear, asymmetric, time-
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varying or stochastic copulas. Aas et al., (2009) and Almeida and Czado (2012) extend 

this model to more dimensions by using pair copula construction (PCC) to capture the 

time-varying dependence structure among financial returns. Min and Czado (2010, 2012) 

propose a Bayesian method to estimate the parameters of D-vines using a Markov Chain 

Monte Carlo model (Appendix C). They use vine copulas to capture the dependence 

structures between foreign exchange rates with the aid of maximum likelihood 

estimation. 

Ausin and Lopes (2010) perform simultaneous estimation of the marginal and copula 

parameters in contrast with traditional two-stage estimation procedures. They explicitly 

point out the problem of Bayesian prediction of volatilities, various dependence 

measures, portfolio VaR and CVaR, and efficient frontiers for portfolio selection. 

Furthermore, they show how to construct more flexible models based on mixtures of 

copula functions that could capture tail dependence. 

Hafner and Reznikova (2010) propose a new semi-parametric, dynamic copula model. 

This model is implemented in two steps: First, a univariate GARCH is used to model the 

conditional volatilities. Second, local likelihood estimation is used to determine the 

dependence parameter of the copula. With this model, they capture time-varying, 

nonlinear dependence between the variables, suggesting a semi-parametric efficient 

estimator of the model. Their models appear to be globally correctly specified, but using 

tests based on portfolio VaR they find some lack of fit in the joint tails. This implies that 

more complex and flexible copulas with time-varying parameters should be used. 

Li, Lai and Liang (2011) propose using time-varying copula-GARCH models to estimate 

the portfolio VaR in energy markets. They find that non-normality and asymmetry are 

significant in these returns and the dependence structure is time varying. Empirically 

their copula approach has important implications for improving portfolio VaR forecasts, 

although the forecasting performance of the model is evaluated only in comparison with 

the constant copula model. 
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More recently, Patton (2012) reviews copula-based models for economic and financial 

time series. He shows that copula-based, multivariate models allow the researcher to 

specify the models for the marginal distributions separately from the dependence 

structure. This provides a greater degree of flexibility in specifying and estimating 

models for multivariate distributions. 

Manner and Reznikova (2012) provide a survey of existing copula models that allow for 

time-varying dependencies. They conclude that correctly modeling the dependence 

between financial assets plays a crucial role for measuring market risks. Since there is 

strong evidence that dependencies change over time, appropriately modeling and 

measuring these changes is not only challenging work but it also has important economic 

implications. They identify several remaining problems; 1) how to develop models for 

higher dimensioned applications, 2) how to extend beyond elliptical copulas, and 3) how 

to select a best-fit model by appropriate use of goodness-of-fit tests. 

Wen, Wei and Huang (2012) apply time-varying copulas to investigate whether a 

contagion effect exists between energy markets (the WTI spot price) and stock markets 

(S&P500 and Shanghai stock market index) during the recent U.S. financial crisis. They 

report evidence supporting the existence of contagion between those markets after the 

crisis. In particular there is evidence of increased tail dependence and symmetry implies 

the existence of contagion and strong linkage between these markets.  

Silva Filho and Ziegelmann (2013) identify the optimal time-varying copula via the use 

of several criteria (e.g., AIC, BIC, negative log-likelihood, and the square distance of 

Mahalanobis) to capture the conditional tail dependence structure between international 

stock returns. They calculate and implement an unconditional/conditional VaR violation 

test for evaluating each time-varying bivariate copula model. 

Empirical applications of time-varying copula to financial portfolios have been limited to 

the bivariate type, not time-varying multivariate copulas. To extend the time-varying 

copula approach to higher dimensions, Vesper (2012) suggests combining the time-
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varying copula approach of Patton (2006) with the pair-copula construction (PCC) 

proposed by Aas et al. (2009). In particular, the PCC allows one to model multivariate 

distribution dependence as individual pairs, even with the possibly of different types of 

bivariate elliptical or Archimedean copula components for each bivariate pair. Hence, 

one can compare multivariate Archimedean, multivariate Gaussian, or Student t copulas. 

This time-varying PCC approach is more flexible for modeling conditional dependence 

structure of all possible types of higher dimensional copulas to capture the time-varying 

structure of financial portfolios. 

Wang, Wu and Zhang (2012) use the DCC-Copula-GARCH model to capture the 

dynamic dependence structure of financial markets. In that model, they establish 

nonnegative skewness, positive excess kurtosis, and time-varying correlation. They 

conclude that the minimum CVaR strategy based on DCC-Copula-GARCH model with 

non-Gaussian distributions (generalized hyperbolic and skewed Student t distribution) is 

an alternative for portfolio management to raise portfolio performance in financial 

markets.  

Zhou and Ma (2012) use the GARCH-EVT method to construct elliptical copulas with 

the DCC method, analyze the dynamic dependency between stock index returns, and 

calculate the CVaR of funds through the use of Monte Carlo simulation. 

Berger (2013) focuses on VaR as a popular risk measure and combines elliptical copula 

with time-varying DCC matrices and EVT-based models for the marginal return 

distributions. This approach leads to reliable VaR estimates with respect to several back-

testing criteria. Berger performs extensive comparisons of each approach to address two 

fundamental questions: Which model is better at forecasting portfolio market risk, and 

how should one identify an optimal model using within-sample analysis? 

Weiß (2013) applies the DCC-Copula-GARCH model to calculate and forecast VaR and 

ES of 1,500 bivariate portfolios (stocks, commodities, and foreign exchange futures). 

Compared with earlier work (that supports superiority of the copula-based model), the 
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correlation-based DCC model performs better than the copula model when many 

portfolios are included. He shows that linear discriminant analysis could be used to 

regress descriptive statistics on a discrete dependent variable to select a VaR- and ES-

optimal parametric copula (or DCC model). This approach is valid and superior to both 

the Kullback-Leibler Information Criteria (KLIC) and other copula goodness-of-fit tests 

in terms of the accuracy of market risks derived from each model. 

2.3 Studies of the Korean Financial Market 

Considering the corresponding copula application on developed country financial 

markets, it was not until recently that the copulas were applied to Korean data. Kim and 

Shin (2003) first proposed that the static bivariate copula function be used to investigate 

the dependence between government bonds and corporate bonds. They conclude that the 

Student t copula outperforms others, based on a comparison of the simulated data and 

historical data.  

As the first copula application with more than two data periods, Hong and Lee (2011) use 

multiple copula functions (e.g., exchangeable copula, fully nested copula, partially nested 

copula) to measure the VaR of four major industry stocks (POSCO, Hyundai Auto, SK, 

and Hanhwa). They show that the accuracy of the VaR depends on identifying the best-fit 

copula and the corresponding dependence structure.  

Kim and Lee (2011) provide the first dynamic copula application in Korea. They measure 

the market risk (VaR) of two Korean composite stock indexes (KOSPI200 and 

KOSDAQ) using traditional VaR forecasting methods and a conditional copula. They 

conclude that the conditional copula method can improve the accuracy of portfolio VaR 

forecasting in the presence of high kurtosis and strong correlation in the data.  

Kim (2014) investigates the dependence structure of Korean financial markets (stock and 

bond) using the Copula-GARCH and Dynamic Conditional Correlation (DCC) models. 

He finds that the correlation between stock and bond markets increased dramatically. 
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Kim concludes that the Student t copula is the best copula for describing the dependence 

among Korean markets. Kim observes strong tail dependence among returns, and finds 

dramatic movement both upward and downward during the 2008 global financial crisis.  

Moon (2014) proposes the EVT-Copula model, rather than traditional model (Mean-VaR 

and Mean-Variance model), for the VaR and the optimal asset allocation between stock 

and bonds. The EVT-Copula model is better than traditional model in terms of the 

accuracy of VaR and the corresponding optimal asset allocations based on diverse 

objective functions during the global crisis. 

Tsui and Zang (2010) employ various time-varying copula models to examine possible 

structural breaks and indicate significant changes in dependence, tail behavior and 

asymmetry between five currencies (Singapore Dollar, Japanese Yen, South Korea Won, 

Thailand Baht and Indonesia Rupiah) before and after the Asian financial crisis in 1997.  

Lee and Kim (2013) apply the AR-GARCH with Gaussian mixture innovation for 

marginal return having leptokurtic property and time-varying copula to investigate the 

dependence structure between two stock indexes (KOSPI and NYSE).  

Park (2016) analyzes characteristics of the dependence between the Korean Won/Dollar 

and the Japanese Yen/Dollar exchange rates during the 1997 Asian financial crisis using 

an EVT-Static Copula. He concludes that dependence becomes stronger after the crisis. 

More recently, Lee and Yeo (2016) estimate and back test the VaR of the portfolio 

composed of KOSPI, Dow Jones, Shanghai, and NIKKEI indexes based on the GARCH-

EVT-Static Copula model. They explore several GARCH models with diverse innovation 

distributions to show the importance of the correct marginal distribution when the static 

copula approach is applied. 

Bae and Choi (2015) investigate relationship between monthly financial and real assets 

using copula function to show the existence of asymmetry dependence structure since the 

2008 global financial crisis. They suggest that policy makers need to check the co-
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movement of these assets to forecast and prevent crises. Song and Lim (2016) use the 

bivariate static copula function to describe the nonlinear structure of correlation and 

dependence among U.S., Japanese and Chinese foreign exchange rates against the Korean 

won, stock prices, and real estate prices. They conclude that the Student t copula is the 

best fitting copula and kurtosis is critical to determining the shape of the bivariate 

distribution. 
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Chapter 3  

Methodology 

In this section, I develop the methodology of the integrated model. First, the method for 

constructing the marginal distribution is presented using the GARCH-EVT approach to 

obtain the random variate in [0,1]. Second, a Pair Copula Construction (PCC) model is 

constructed using the uniform data to capture the dependence structure, and then the best-

fit model is identified. Third, I consider how to simulate the selected model and how the 

market risks are to be calculated. Fourth, I discuss how the static and time-varying 

dependence structure versions of the model are used to assess how well the model 

explains the real situation. 

3.1 Construction of the Marginal Distribution4 

Several methods have been developed to obtain uniform data. They include parametric, 

semi-parametric, and nonparametric approaches. However, I choose the second approach 

to calculate the VaR and ES of the corresponding portfolio from the best-fitting copula 

model. The nonparametric approach is comparatively easier and avoids a problem of 

misspecification better than the others when the empirical cumulative distribution of each 

asset is directly applied to the copula. Considering all kinds of advantages and 

disadvantages of each approach, the GARCH-EVT model and empirical cumulative 

distribution function is most suitable. 

                                                 

4 Three packages of R; version 3.3.1 (2016-06-21) are used for this research. The first two steps are for 
obtaining i.i.d. data at lower (upper) tails as well as the remaining area. The last step is for ‘rugarch’ 
package for specifying and estimating parameters of GARCH models. ‘evir’, ‘pot’, ‘evir’, and ‘spd’ 
package for specifying and estimating parameters of GPD models. ‘CDVine’ & ‘VineCopula’ 
package for specifying and estimating dependence structure of static vine copula models. For time-
varying vine copula, some user-defined time-varying copula functions with restricted ARMA(1,10) 
are created and revised by author. 
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The GARCH-EVT model has been used widely since Engle (1982), and Bollerslev 

(1986), and Embrechts et al., (1997) to transform auto-correlated, heteroscedastic, and 

extremely skewed financial data into approximately i.i.d. data that is applicable to copula 

estimation. For this purpose, the mean equation is an ARMA process, and the innovations 

are generated from a GARCH process. In this research the ARMA and GARCH model 

are combined and described in the form of an apARCH5 (asymmetric power ARCH) 

model as in (1), 

 

		

~	 0,1 	

| |  

(1) 

with mean , autoregressive coefficients , moving average coefficients , 

innovations (ordinary residuals of the ARMA process), 0,1  the probability density 

function of the innovations or residuals with zero mean and unit variance. Optionally,  are 

additional distribution parameters that are used to describe the skewness  and shape  of the 

distribution. In the variance equation,  is the conditional variance, is the ARCH 

parameter, is the GARCH parameter, reflects the leverage effect (meaning that a 

positive  indicates a negative shock has a stronger impact than a positive shock on the 

price volatility), and  is the exponent of conditional variance. I allow the power of  to 

                                                 

5 The family of apARCH models includes the ARCH ( 2, 0, 0  and GARCH ( 2,
0 models, and, as special cases, five other ARCH extensions including the TS-GARCH ( 1,
0), the GJR-GARCH ( 2 , the Threshold-ARCH model ( 1), the Nonlinear-ARCH model 
( 0, 0), and the Log-ARCH model ( → 0). (Wurtz, Chalabi, & Luksan, 2008) 
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be additionally estimated from the stock data. The power ( 0  makes the conditional 

variance equation either linear or nonlinear (Ding, Granger, & Engle, 1993). 

To estimate the i.i.d innovation in the data, McNeil and Frey (2000) and Allen et al., 

(2010) use a Generalized Pareto Distribution (GPD) to model the residuals in the lower 

and upper tails and the empirical distribution in the remaining part. Pickands (1975) and 

Balkema and de Hann (1975) use the conditional excess distribution function , 

when  is large for the class of underlying distribution functions, F. This function is 

approximated well by , , → ∞ where 

 

,
1 1 0

1 exp 0

 (2) 

for ∈ 0,  if 0 and ∈ 0,  if 0. , is the GPD. In this research, 

when the residuals of the upper extreme values are greater than the positive threshold ( ) 

and lower than the extreme values and less than the negative threshold , they are 

estimated and combined with residuals from the fitted GARCH model. Then they are 

transformed into univariate random variates for copula function estimation. 

After estimating the parameters, simulating the VaR estimates, and back testing the VaR 

using goodness-of-fit tests, this approach can be applied to estimate the VaR correctly. 

That is, the marginal distribution (once it has been filtered by the best fitting GARCH 

model) may not perfectly estimate the upper or lower tails of the distribution in the 

extreme case. Therefore, extreme value theory needs to be considered for more accurate 

tail estimation. 
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3.2 Specification of the Copula Function and Dependence Structure 

Fischer (2010) shows that a copula incorporates information on the dependence structure 

of 1 random variables, , … , . For simplicity, it is assumed that the 

corresponding distribution functions, , … , , are continuous with inverse function, 

, … , . Then it follows from the probability integral transform that ≡  is 

uniformly distributed on (0,1) for 1,… , . Conversely,  for 1,… , . 

Then one can write (3).  

 , … , , … ,

≡ ,… ,  
(3) 

Obviously,  is a distribution function with support on 0,1  with uniform margins. This 

is the copula. Conversely, one can obtain the decomposition in (4). 

 , … , , … ,

, … ,  
(4) 

Under these assumptions, there is a one-to-one correspondence between C and the 

distribution of , … , , as stated in the fundamental theorem of Sklar (1959). 

The Sklar theorem is written: Given random variables, , … , , with continuous 

distribution functions, , … , , and the joint distribution function, F, there exists a 

unique copula, , such that for all , … , ∈ : 

 , … , , … ,  (5) 

Then  is defined as an n-variate distribution function with marginals, , … , . 

According to (5), the copula “couples” the marginal distributions to the joint distribution 

function, . Then (5) enables us to construct  as follows: At the first stage, the marginal 

distributions, , … , , have to be specified, and at the second stage, the underlying 

copula model has to be selected. Then, the model can be written as in (6). 
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 , … , , … ,  (6) 

Equation (6) reveals how to extract the copula of a given multivariate distribution. 

3.2.1 Copula 

The class of elliptical copulae constitutes the prime example of implicit copulae. The 

elliptical copulae are those associated with elliptical (symmetric) distributions. They are 

widely used in statistics and econometrics, especially in finance (Cherubini et al., 2004). 

Within the elliptical class both Gaussian and Student t copulae play a predominant role 

(Joe, 1997; Nelsen, 2006). 

Joe (1997) and Nelsen (2006) indicate that Archimedean copulas have a common method 

of construction involving a one-dimensional generator function. Let : 0,1 → 0,∞  be 

a continuous, strictly decreasing and convex function with 1 0, 0 ∞ and let 

 be the so-called pseudo-inverse of  defined as in (7). 

 
≡

0 0
0 0 ∞

 (7) 

It can be shown that ,  defines a class of bivariate 

Archimedean copulae. The function  is called the (additive) generator of the copula. 

Furthermore, if 0 ∞, the pseudo-inverse describes an ordinary inverse function 

(i.e.,  and in this case φ is known as a strict generator. Given a strict 

generator : 0,1 → 0,∞ , the bivariate Archimedean copulae can be extended to the n-

dimensional case. For everyn 2, the function : 0,1 → 0,1  defined as 

, , … , ⋯ . In the case of a Gumbel copula 

it is derived from the generator , 1 and for the Clayton copula it is 

generated by 1 , 0. 
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3.2.2 Static PCC 

We focus on vine copula to capture the dependence structures between variables. With 

this kind of copula, the asymmetric dependence and tail dependence can be considered in 

a multivariate framework. Longin and Solnik (1995) show that, when applying the static 

method, the correlations among multiple financial returns are typically time-varying. 

Therefore, we propose modeling the static and the time-varying PCC to identify the 

dynamic properties of the dependence structure. 

Multivariate distributions with n marginal distributions are easily set. However, this 

general approach does not easily capture the flexible multivariate distributions that may 

fit the data well. Therefore, a more flexible approach for multivariate distribution is 

introduced by Joe (1996) and developed by Bedford and Cooke (2002) in terms of 

Gaussian copulas. Aas et al. (2007) extend this to bivariate Gaussian, Student t, Gumbel 

and Clayton copulas as building blocks. 

For example, consider a vector , … ,  of random variables with a joint density 

function , … , . This density can be factored as 

 , … , ∙ |

∙ | , ⋯ | , … ,  
(8) 

and this decomposition is unique up to a relabeling of the variables. In a sense every joint 

distribution function implicitly contains both a description of the marginal behavior of 

individual variables and a description of their dependency structure. Thus, a copula is a 

multivariate distribution with uniformly distributed marginals 0,1 on	 0,1 . For an 

absolutely continuous F with strictly increasing, continuous marginal densities, , … , , 

and using the chain rule we have 
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 , … , ⋯ , … , ∙ ⋯ 	6 (9) 

for some uniquely identified n-variate copula density ⋯ ∙ .  

Joe (1996) shows that each term in (9) can be decomposed into the appropriate pair-

copula times a conditional marginal density, using the general formula 

 | | , ∙ |  (10) 

for a n-dimensional vector . Here  is one arbitrarily chosen component of 	and	  

denoting that the -vector excludes this component. Thus, under appropriate regularity 

conditions, a multivariate density can be expressed as a product of pair-copulae, acting on 

several different conditional probability distributions. It is also clear that the construction 

is iterative by nature, and that given a specific factorization, there are still many different 

re-parameterizations. The pair-copula construction involves marginal conditional 

distributions of the form, | .  

For high-dimensional distributions there is a significant number of possible pair-copula 

constructions.7 Bedford and Cooke (2001) and Kurowicka and Cooke (2006) give the 

density of an n-dimensional distribution in terms of a regular vine. The matrix 

specification of R-vines at the same time directly allows for the derivation of the pair-

copula decomposition (Aas et al., 2009) of the corresponding R-vine distribution. Let 

, 	| , 1, … ,  refer to element ,  in the R-vine matrix representation of the 

                                                 

6 In the bivariate case, it simplifies to the pair-copula density for the pair of transformed variables. For 
example, the second factor on the right-hand side of (8) can be decomposed into the pair-copula and a 
marginal density. 

7 To help organizing the concept of vines, Bedford and Cooke (2001, 2002) introduce a graphical model 
denoted as the regular vine. The class of regular vines is still general and embraces a large number of 
possible pair-copula decompositions. Here, I concentrate on two special cases of regular vines; the 
canonical vine and the D-vine (Kurowicka and Cooke, 2004). Each model gives a specific way of 
decomposing the density. The specification may be given in a nested set of trees. 
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R-vine. Then, as indicated at Dissmann et al., (2013), the R-vine density is written as in 

(11) 

 
;

, , , | , ,…, ,
⋅ | 	 ⋅ ;  (11) 

where the pair-copulas 
, , , | , ,…, ,

⋅  have two arguments written as, 

,
|

,
, … ,

,
 and 

,
|

,
, … ,

,
 ,  is the set of all parameters in 

the R-vine density of copula ⋅  and the marginal density, ⋅ , , , index  

identifies the trees, while  runs over the edges in each tree. 

I introduce some advantages of using copula, such as the measures of dependence 

structure and tail dependence. At first the dependence structure between random variables 

is completely described by their joint distribution function8. It is important to note that 

Kendall’s  will be used to measure the level of dependence between random variables. 

The copula can be used to measure the  as in (12), based on (Nelsen, 2006), 

 
 

, 4 ,
,

, 1 

(12) 

where c (d) are the number of concordant (discordant) pairs,  is the copula,  and  

are the values of the CDFs. The second advantage of using a copula is that one can 

                                                 

8 Linear correlation, as a benchmark, captures part of this dependence structure. It has the shortcoming 
that linear correlation is not invariant under nonlinear monotonic transformations of the random 
variables. Linear correlation conflicts with an important property of copulas, which are invariant 
under monotonic transformations of the random variables. 
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measure the upper and lower tail dependences,  and . Based on (Nelsen, 2006), one 

can write (13).  

 
lim
→

| lim
→

,
 

lim
→

| lim
→

1 2 ,
1

 

(13) 

3.2.3 Time-Varying PCC 

Patton (2006) let  be an n-dimensional distribution function with continuous marginal 

distributions, , , … , , to convert a static copula into a time-varying copula. Then an 

extension of Sklar’s theorem can be written as in (14),  

 , , , , … , ,

, , | , , , | , … , , | 	|	  
(14) 

where , , , , … , , , , , , , … , , , … 	for	 1,2, … , . 

If each marginal  and the copula  are differentiable, one can obtain the density of the 

conditional copula and the conditional joint density , , , , … , , 	  is written 

 , , , , … , ,

	 , , | , , , | , … , , | 	|	

⋅ , , ⋅ , , ⋅ ⋯ ⋅ , , |  

(15) 

where , , |  is the univariate conditional density. 
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The static PCC model is transformed into a time-varying PCC model over T time periods 

in n dimensions, , using an evolution equation to capture the parameters of the time-

varying PCC copula (Vespers, 2013).9 This equation can be written as in (16), 

 

, ; , , , , | , ,…, ,
⋅ | ,

⋅ , ;  

(16) 

where the pair-copulas 
, , , | , ,…, ,

⋅ | ,  have two arguments 

, ,
, … ,

,
 and 

,
|

,
, … ,

,
 , ,  is the set all of parameters 

in the R-vine density, index  identifies the trees, while  runs over the edges in each tree 

and t is over time period. The time-varying PCC in equation (16) is different from the 

static PCC in equation (11) since the former adds the time index  to , becoming the 

dependence structure parameter ,  to show the time-varying property. 

The difficulty in specifying how the parameters evolve over time is primarily based on 

how to specify the forcing variable for the evolution equation. Unless the parameter has 

some interpretation, as the parameters of the elliptical copula (Gaussian and Student t 

copula) and the Archimedean copula (Clayton, Gumbel, Frank, Joe, Clayton-Gumbel, 

Joe-Gumbel, Joe-Clayton, and Joe-Frank copula) do, it is difficult to know what might 

                                                 

9 Dependence has cross section and time series properties. Most research on copulas has focused on 
static type as described earlier. However, in the case of financial markets, there is a clearly dynamic 
element (Dias and Embrechts, 2004; Chollete and Heinen, 2005). There are many ways of capturing 
possible time variation in the conditional copula; (i) the functional form of the copula remains fixed 
over the sample, whereas the parameters vary according to some evolution equation (Hansen, 1994), 
(ii) the functional form of the copula has a time-variation format using a regime switching copula 
model (Rodriguez, 2003), or (iii) extend the DCC model to make the D-vine copula dynamic, and 
transform the dynamic Kendal tau  into the parameters  of each copula. 



 

30 

 

cause it to change. Patton (2006) proposes the use of evolution equations for the 

Gaussian, Student t, Clayton, Gumbel and the SJC copula as in (17), 
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(17) 

where ≡ 1  is to keep , ,  and  in (0,1) at all times. 

The second copula considered, the Gaussian and Student t copula, is the dependence 

function associated with bivariate normality, and the evolution equation of the normal 

copula is written as in (18), 
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(18) 

where ≡ 1 / 1  is the modified logistic transformation, which is 

designed to keep  in (-1,1) over time. 
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3.3 Estimation and Inference 

Regardless of the copula model, I separate the estimation of the ARMA-GARCH process 

and the copula. This results in two great advantages. First, the marginal models are only 

estimated once, regardless of the copula function. This reduces the number of parameters 

to be estimated in each step. Second, the residuals, which set the basis for any copula 

estimations, are filtered by the same marginal models. Hence, all copulas are calibrated 

on the same data, which allows a direct comparison of the copulas and the copulas are not 

biased by differences in the marginals. Nevertheless, the total log-likelihood (LL) 

depends on all the data ( ) and is written as in (19),  

 
: , log | ; ,  (19) 

where , … ,  represents the history of the full process,  are the 

parameters of the marginal models and  are the copula parameters. Consequently, I can 

decompose the log-likelihood into one part for the marginals ( ) and one part for the 

copula ( ): 

 ; , ; ; ,  

; log , ; ,  

; ,

log , ; , , … , , ; , ;  

(20) 

where , , … , ,  denotes the full history of the variable i. The likelihood of the 

marginals ( ) is defined through the marginal parameter, , , … , , , which 

collects the parameters for each of the  density functions, . Regardless of the copula 
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framework,  indirectly also depends on the parameters of the marginal densities, 

through the distribution function  because  transforms the observations into uniform 

[0,1] variables that are the inputs for the copula.  

Fortunately, Newey and McFadden (1994) show that one and two-step estimations are 

similarly efficient. At first, I assume the marginals depend only on their own history, but 

are independent from each other. Consequently, I can estimate each series separately as 

in (21), 

 
, ,

log , | , ,  (21) 

and collect the coefficients in a vector: , , … , , . With this procedure I only 

have to estimate between 5 to 8 parameters at once for each marginal model. In a second 

step I bundle the marginal parameters and reuse them to estimate the copula parameters 

as in (22). 

 ; ,  (22) 

The two-step estimation procedure is also known as the method of Inference Functions 

for Margins (IFM) as discussed in (Joe & Xu, 1996). To calculate the copula standard 

errors, the IFM estimator ( ) collects the parameters of the marginal and the copula 

methods as a vector, , , … , , , ). I follow the approach of Durrleman et 

al., (2000) who propose to calculate the copula standard errors based on the Godambe 

information ratio. They show that the IFM estimator verifies the property of asymptotic 

normality as shown in (23), 

 √ → 0,  (23) 
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with  the information matrix of Godambe. Further, they define a score function, 

, , , … , , , , . The Godambe information matrix takes 

the form in (24) (Joe, 1997), 

 ′ (24) 

where  and . The estimation of the covariance matrix 

requires one to calculate many derivatives. Joe and Xu (1996) suggest the Jackknife 

resampling method (the most commonly used method) for estimation of the variance and 

efficient estimation. 

Full inference for static or time-varying PCC is the same as the Partially Nested 

Archimedean Copula (PNAC) when the PCC is in hierarchical form. First, I select which 

variables have the strongest tail dependence to join and choose the order of the variables 

at the first level. Second, I choose the pair-copula type (i.e., the parametric shapes of all 

pair-copulas involved) based on graphical observations and/or goodness-of-fit tests. 

Third, I estimate the corresponding parameters of the PCC function, chosen by using 

maximum likelihood estimation. Fourth, I determine the observations required for the 

second level as the partial derivatives of the copulas from the first level. Fifth, I select 

which copula families to use at the second level in the same way as at first level. Sixth, I 

repeat steps 1-4 for all levels of the PCC. 

To check if an estimated C-vine copula appropriately captures the dependence structure 

in the data, a goodness-of-fit test is needed.10 Therefore, I use various copula models and 

                                                 

10 Some goodness of fit tests has been proposed in the literature for vine copulas (see Genest et al., 2007 
for a review of omnibus goodness-of-fit tests for copulas).  Several are based on the probability 
integral transform (PIT) of Rosenblatt (1952) (see Breymann et al., 2003, and Dobric and Schmid, 
2007). Aas et al. (2009) employ the probability integral transform of Rosenblatt (1952). Aas and Berg 
(2009) use two procedures, one based on the empirical copula (Deheuvels, 1979; Genest et al., 2009), 
and the other based on the empirical distribution function of the empirical copula (Genest et al., 
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compare using information criteria (AIC, BIC), empirical distance measures 

(Kolmogorov-Smirnov, KS; Anderson-Darling, AD), and empirical lambda function 

methods. The AIC is used because of its optimality properties, and also since it can be 

used to compare nested or non-nested models in contrast with tests based on likelihood 

ratios, or other multivariate model selection methods (see Burnham and Anderson, 2002; 

Dias and Embrechts, 2004; Rodriguez, 2004). The BIC is used as a complement. While 

the BIC does not share the same optimality properties as AIC, it penalizes more strictly 

for over-fitting a model, which is sometimes a desirable property.  

3.4 Calculation of Market Risk Measures 

One of the objectives of this research is to evaluate the adequacy of realized VaR 

forecasts by use of a risk measure. It is well known that there are many sources of error in 

VaR estimates (e.g., sampling error, incorrect data, improper model specification, model 

error). These factors may cause our estimate to be biased or inconsistent. Also, with the 

increasing complexity of models, there is always the risk of over-fitting the data. To 

examine whether this is the case for the PCC, the out-of-sample method is used to 

validate the model. The fitted PCC (from the estimation and inference step) is used to 

determine the risk of the return distribution for an equally weighted portfolio over a one-

day horizon. 

The validation test for the fitted model (in terms of VaR and ES) is run for each out-of-

sample period, given t days, j data dimensions, and k simulations. There are several steps 

in the validation process.  

                                                 

2006). However, it is more technically complicated as the univariate distribution functions are 
unknown. Hence, despite an obvious need for such tests in applied work, relatively little is known 
about their properties, and there is still no agreed method (Aas et al., 2009). For the same reason, 
there is no demonstrated goodness-of-fit technique currently available for validating this pair-copula 
decomposition. 
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First, for each variable 1,… , , compute the 1-step ahead forecast of , . Second, for 

each simulation; 1) generate a sample , … ,  from the fitted PCC, 2) convert , … ,  

to standardized error samples , … ,  using the innovation (error) distribution GARCH 

model, 3) for each variable 1,… , , determine the log-return of each data series, and 

4) compute the return of the equally weighted portfolio.  

Third, evaluate the VaR model accuracy. In this research, statistical evaluation tests for 

VaR forecasts are based on back testing measures (see Kupiec, 1995; Christoffersen, 

1998). For significance levels	 ∈ 0.01, 0.05 , I compute the one-day	  and  as 

the q-th quantile of the distribution of portfolio returns. After the market risks are 

calculated, the unconditional and conditional tests of VaR and ES violation (or 

exceedance) are implemented to evaluate the accuracy and performance of the calculated 

market risks. 

The objective is to estimate one-day-ahead VaR of an equally weighted portfolio 

composed of two, three and four assets. We denote  as the time series of daily log-

returns. Then, the portfolio returns are approximately equal to ∗ ∑ . To estimate the 

portfolio VaR, I need to investigate the joint distribution of the vector, ,. I use the 

GARCH-EVT-Copula model to fit the time series, . Because there are no analytic and 

easy-to-use formulas to switch from conditional mean and volatility to VaR of the 

portfolio, Monte Carlo simulation is employed to forecast VaR based on copulas (see 

Patton 2006; Fantazzini 2008; Bastianin 2009; Lu et al., 2014). I denote , , 1, … ,6,

1, … ,  as the profit and loss function of the portfolio sub-groups based on the 

bivariate Regular Vine copula estimation result. The procedures for a four-asset portfolio 

VaR and ES are expressed as: 

, 1
4

, , ,

exp 1 	 
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The procedures I use to forecast one-day-ahead VaR based on copulas at 95% and 99% 

confidence level are the following (Lu et al., 2014): 

1) ARMA-GARCH-type models are fitted, and marginal distributions are estimated for 

each return series. 

2) One-step return means and variances are forecast in time T+1, and denoted as  

and . 

3) I simulate N = 100,000 Monte Carlo scenarios over the time horizon [T,T +1], using 

the conditional bivariate distribution modeled by well-fitted GARCH-EVT-Copula 

models. 

a) Estimate copula parameters  by PIT (Probability Integral Transformation)  

, ,  of standardized residuals  of ARMA-GARCH-EVT models. 

b) Simulate j random variables , , , , where j = 1, . . . , N, from 

the copula function estimated in step (a). (See Cherubini et al. (2004), for a 

discussion of copula simulation.) 

c) Obtain the simulated standardized residuals ,  by using the inverse functions 

of the estimated marginals.  

, , , , , , ,

, ; , , ; , , ; , , ; ,  

d) Get the (simulated) asset log-returns by using standardized residuals in step (c) 

and the forecast means and variances from step 2. 

, , , , , , ,

̂ , , ̂ , , ̂ , , ̂

,  
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e) Repeat steps (b)–(d) for N times, and calculate the values of ,  using the loss 

equation for j = 1, . . . , N. 

f) Sort the 100,000 values of ,  in increasing order, and the 95%, 99% VaR and 

ES (Expected Shortfall) are calculated as: 

i) 95% VaR is the absolute value of 100,000×(1−95%) = 5000th ordered 

scenario of ,  

ii) 99% VaR is the absolute value of 100,000×(1−99%) = 1000th ordered 

scenario of ,  

iii) 95% ES is the average amount of the absolute value of 5000, if the loss is 

greater than the 95% of the loss distribution. of ,  

iv) 99% ES is the average amount of the absolute value of 1000, if the loss is 

greater than the 99% of the loss distribution of ,  

4) I repeat steps 1–3 M times by rolling over the daily returns for 6 year periods with one 

day increments. For example, I use the dataset from Jan. 5, 2000 to Dec. 26, 2007 to 

forecast the next trading day VaR (Jan. 4, 2008). Then I add the price in Jan. 4, 2008 to 

the dataset and delete the price on Jan. 5, 2000, so that the dataset always has T 

observations. M is the number of out-of-sample instances. The results of this step are 

used for back testing the VaR. 

Note that the number of simulations (N) is a critical variable when using this procedure. 

Obviously, the larger N is, the more accurate the VaR will be. However, the simulation 

can be time-consuming, especially when conducted in a recursive or rolling forecasting 

scheme (Bastianin, 2009). Fantazzini (2008) suggests a choice of 100,000 simulations, 

while Bastianin (2009) suggests only 5,000 and Lu et al., (2014) uses 10,000. For the 

accuracy of VaR, I use 100,000 simulations, which represents a good compromise 

between accuracy and efficiency. 
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3.5 Evaluation of Market Risk by Back Testing 

After forecasting the VaR of each day in the out-of-sample period I use the procedure to 

compare the forecast VaRs with the real observed portfolio profit (loss) and then evaluate 

the performance of the constructed models using back testing techniques. I apply two 

statistical tests and three loss functions to back test the performance of different VaR 

models. 

First, I define  as the hit series, 1 when the value of observed profit (loss) 

function is less than the negative forecast VaR threshold, and 0 otherwise. q is defined as 

the true probability coverage % (i.e., 5%). Let ∑  be the number of exceptions 

in a sample size of T. The first statistical test is Kupiec’s unconditional coverage test. 

This test is proposed by Kupiec (1995) and it tests the difference between the observed 

and the expected number of VaR exceptions of the effective portfolio profits and losses. 

The test of the null hypothesis is that the observed exception frequency Z is equal to the 

expected exceptions as given by a likelihood ratio (LR) test statistic, defined as in (25), 

 
2 ⋅ log 1 ⋅ 2 ⋅ log 1 ⋅  (25) 

When T is large enough, the test statistic is asymptotically distributed as 1  under . 

This test can reject a model for both high and low failures. However, it ignores 

conditioning, or time variation in the data, and cannot cope with the case where observed 

exceptions cluster together in time (Jorion 2007). To overcome the shortcomings of 

Kupiec’s unconditional coverage test, Christoffersen (1998) developed the conditional 

coverage test, which tests the joint assumption of unconditional coverage and 

independence of failures. His test statistic can be expressed as in (26), 

 

2 ⋅ log 1 ⋅ 2

⋅ log 1 ⋅ ⋅ 1 ⋅  

(26) 
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where  is the number of observations with value i followed by j for i, j = 0,1 and 

/∑  are corresponding probability. This test is distributed as 2 . 

 



 

40 

 

Chapter 4  

Empirical Analysis 

In this chapter, I report on an analysis of the static and time-varying dependence 

structures of four representative Korean financial assets using the Regular vine copula 

approach. Second, I calculate risk measures such as VaR and ES of the portfolio from the 

well-fitted static and time-varying copulas. Lastly, through the VaR and ES exceedance 

test based on the best fitted copula and alternatives, I evaluate how well the best-fitted 

copula function describes the dependence structure of the asset return distributions. 

4.1. Data 

I model the dependence among the returns of the KOSPI 200 Index Futures (KPf), the 

Samsung Electronics stock index (SS), U.S. Dollar Futures (USDf), and 3-year Korean 

government bond (TB3YR) traded on the KRX (Korean Exchange Market, Inc.), using 

both the Dynamic Regular Vine copula model and the Static Regular Vine copula model.  

KOSPI 200 Index Futures contracts have been traded in the derivative market since May 

3, 1996. These futures contracts are traded on the underlying KOSPI 200 Index. U.S. 

Dollar Futures contracts have been traded since April 23, 1999, to manage exchange rate 

risk. I collect closing prices for these contracts covering January 2, 2000 to April 12, 

2013, with 3286 daily observations. In this period, I consider two distinct sub-periods, 

from January 3, 2000 to December 28, 2007 and from January 2, 2008 to April 12, 2013. 

I label these as the “Pre-crisis” and “Crisis” periods, respectively. I investigate the 

different patterns of structural dependence that characterize these two periods. The 

intention is to further evaluate the proposed model concerning the accuracy of the VaR 

forecasts in crisis periods. 

4.2. Static and Time-varying Copula Estimation 

I use two data sets of daily log-returns (defined as 100 ln	 / ) of the KOSPI 

200 index futures, Samsung Electronics stock index, U.S. dollar index futures and Korean 
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government bond yields. The “pre-crisis” period runs from January 3, 2000 to December 

28, 2007. During this period financial markets were in an upturn trend until December, 

2007. We have a total of 1,967 observations in the pre-crisis period. The “crisis” sub-

period runs from January 2, 2008 to May 4, 2012. It coincides with a U.S. subprime 

mortgage crisis until June, 2009, and with the European sovereign debt crisis starting in 

early 2010. There are 1,319 observations in the crisis period. I use close-to-close returns, 

meaning that the daily returns are those observed for trading days occurring 

simultaneously in the stock (SS), the stock futures index (KPf), the currency futures 

index (USDf), and the three-year government bond (TB3YR). These data are 

representative by market share of the Korean financial market. They reflect the market 

situation and many institutional investors including pension funds are invested in them.  

As indicated in Nguyen and Nguyen (2014) by focusing on equity, bond and currency 

futures, the problem with non-synchronous trading inherent in indexes is avoided. This is 

because the corresponding index and currency futures (KPf, USDf) are actively traded on 

a quarterly expiration cycle (March, June, September, and December). To generate 

continuous daily return series, they choose the nearest-maturity contract. For the KPf and 

USDf futures contracts, the switchover only occurs on the last day of trading of the old 

futures contract. However, the last trading day of KPf is the second Thursday of the 

contract month and that of the USDf is on the third Monday of the contract month. In 

addition, as indicated in Liang et al., (2007), I construct continuous long price series 

using data before contract maturity. As Danielsson (2011) indicates, extensive study on 

the properties of financial returns has shown that the returns typically exhibit three 

statistical properties; volatility clustering, fat tails, and nonlinear dependence.  

In Figure 1 and Table 1, I demonstrate that KPf and SS exhibit volatility and volatility 

clustering around 2000-2002 and 2008-2010. These two periods are closely connected 

with the Korean financial market downturns, although the sources of these crises are 

different. Regarding magnitude of volatility clustering, the USDf looks more volatile and 

volatility clusters occur around 2009-2011 due to more trading volume and transactions 
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to hedge exchange rate risk. Volatility and volatility clustering do not appear to exist in 

TB3YR during these two sub-periods. 

Figure 1. Return Rate of Each Asset (2000.1.5-2014.4.12) 

 

The pattern of each asset’s non-normality is mainly attributed to the environment of 

Korean financial markets during the domestic Korean and global financial crises. After 

the Asian financial crisis in 1997, market intervention by the Korean government in 2000 

was directed by IMF guidelines. Korea experienced a domestic financial crisis around 

2000-2002, due to imprudent credit card issuance without checking personal financial 

performance and overdue card payments. This resulted in a sharp increase of insolvencies 

among households. The second volatility cluster resulted from a global financial crisis 

that started with the U.S. subprime mortgage crisis, and rapid capital outflows from the 

emerging markets, especially the Korean financial market. 

Table 1 provides descriptive statistics of our data sets during the pre-crisis, the post-crisis 

and the full period. While the descriptive statistics of each asset during a given data 

period is found within each column, a comparison can be made for the same asset across 

data periods in the rows. The third column in Table 1 is inserted for reference to cover the 

full data period.  
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Table 1 Descriptive Statistics 

Asset 
Descriptive  

Statistics 

Pre-Crisis Crisis  Full Period 

  2000-2007   2008-2013   2000-2013 

KPf Mean 2.92% 0.29% 
 

1.86% 

 Minimum -10.53% -10.54% 
 

-10.54% 

 Maximum 9.50% 9.53% 
 

9.53% 

 Standard Deviation 1.9877 1.6928 
 

1.8747 

 Skewness -0.3856 -0.3938 
 

-0.3882 

 Kurtosis 2.6648 5.7036 
 

3.6024 

 Jarque-Bera 630.7*** 1,821.9*** 
 

1,859.3*** 

SS Mean 3.04% 7.68% 
 

4.91% 

 Minimum -14.66% -14.80% 
 

-14.80% 

 Maximum 13.98% 12.27% 
 

13.98% 

 Standard Deviation 2.7900 2.1580 
 

2.5549 

 Skewness 0.0070 0.0003 
 

-0.0007 

 Kurtosis 3.6518 3.0566 
 

3.8965 

 Jarque-Bera 1,093.0*** 513.5*** 
 

2,078.8*** 

USDf Mean -0.93% 1.44% 
 

0.02% 

 Minimum -1.67% -5.13% 
 

-5.13% 

 Maximum 1.98% 4.88% 
 

4.88% 

 Standard Deviation 0.4129 0.9387 
 

0.6750 

 Skewness 0.3369 0.0833 
 

0.1754 

 Kurtosis 2.0597 6.4105 
 

11.5427 

 Jarque-Bera 384.9*** 2,260.0*** 
 

18,258.8*** 

TB3YR Mean 0.16% 0.22% 
 

0.18% 

 Minimum -0.49% -0.29% 
 

-0.49% 

 Maximum 0.49% 0.31% 
 

0.49% 

 Standard Deviation 0.0602 0.0594 
 

0.0599 

 Skewness -0.3537 0.0964 
 

-0.1776 

 Kurtosis 8.4913 4.2559 
 

6.8516 

 Jarque-Bera   5,417.7***   891.8***   4,938.4*** 

 Note: ***, **, * indicates statistical significance at the 1%, 5%, and 10% level 
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To compare the pre-crisis and post-crisis period the average returns of the first three 

indexes were positive, but TB3YR was negative during the full period. 

However, during the pre-crisis period two assets (USDf and TB3YR) have negative 

minimum returns. Based on the minimum, maximum and standard deviation, SS stock 

has comparatively wider range between minimum and maximum, but the distribution is 

not highly skewed. The mean return on TB3YR is positive, but close to zero. It has a 

comparatively narrow range. Thus, TB3YR is a more stable asset even in the crisis 

period. SS has a high average return but a relatively wide distribution, and KPf and 

TB3YR share a similar range. Based on the Jarque-Bera test,11 all the daily returns data 

series strongly reject the null hypothesis of normality. I suggest that leptokurtosis arises 

from a pattern of volatility clustering in the market where high (low) volatility periods are 

followed by high (low) volatility periods both numerically and graphically. This clearly 

suggests the need to apply the ARMA and GARCH model specifications to handle this 

non-normality condition. 

Compared with the full period (third column of Table 1), we can see that the average 

returns of SS and USDf indexes increased during the post-crisis period, but KPf and 

TB3YR returns decreased. The USDf daily return has a small range compared to other 

asset range patterns. The TB3YR daily return distribution is highly peaked, while USDf 

and TB3YR both have smaller deviations and positive skewness. Similarly, daily returns 

                                                 

11 Most tests for normality are based on either on comparing the empirical cumulative distribution with 
the theoretical normal cumulative distribution (Kolmogorov-Smirnov, Anderson-Darling, ) or 
empirical quantiles with the theoretical normal quantiles (Wilk-Shapiro). In contrast, the Jarque-Bera 
test is based on the sample skewness and kurtosis and defined as 

6
3

4
 

   with , , and  denoting the sample size, sample skewness, and sample kurtosis respectively. The 
statistic  is compared to a  distribution with 2 degree of freedom (normality would be rejected if 
the test statistic is greater than the value. Table 1 clearly indicates all assets are non-normally 
distributed, regardless of data period. 
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during the pre-crisis period are not normally distributed, as indicated by the Jarque-Bera 

test. 

In the crisis period, the average returns of KPf decreased but those of SS and USDf 

increase more than TB3YR. In the crisis period USDf is widely distributed, TB3YR is 

positively skewed, and KPf and USDf are more highly peaked. The movement of USDf 

and TB3YR returns looks more volatile in response to an external shock. Regardless of 

any period, the Jarque-Bera test would reject the null hypothesis that the daily returns are 

normally distributed. This requires us to apply the ARMA-GARCH approach for these 

Korean financial data. In terms of skewness, there are two kinds of trends: lower negative 

skewness of KPf and TB3YR, but close to symmetric movement of SS and USDf. I 

conclude that institutional investors could use the USDf contract to avoid exchange rate 

risk and KPf and TB3YR to hedge domestic price risk during the crisis period 

(particularly 2008-2009). However, to invest more strategically and accurately, these 

descriptive statistics are not enough to analyze the relationship of a multivariate data 

series, so that the dependence structure of these assets should be analyzed. 

4.2.1. ARMA-GARCH Application 

For this analysis of dependence structure within the portfolio, a copula approach has been 

proposed and applied to the financial market. As a first step for the copula application, I 

proceed to the modeling the marginal distributions using the ARMA(m,n)-GARCH(p,q) 

specification where m is AR order, n is MA order, p is ARCH order, and q is GARCH 

order.  

To account for the leverage effect12 that is present in financial time series, and to avoid 

model misspecification of the marginals, I consider all possible kinds of GARCH models. 

                                                 

12 Standard GARCH models assume that positive and negative error terms have a symmetric effect on 
the volatility. In other words, good and bad news have the same effect on the volatility in this model. 
In practice this assumption is frequently violated, by stock returns, in that the volatility increases 
more after bad news than after good news. 
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These include: Standard GARCH (sGARCH) and asymmetric GARCH specifications, 

such as the Exponential GARCH (eGARCH), Integrated GARCH (iGARCH), 

Asymmetric Power ARCH (apARCH), and Glosten-Jagannathan-Runkle GARCH 

(gjrGARCH) models, with conditional density to use for error distributions, such as 

Normal (norm), student-t (std), Generalized Error (ged), Generalized Hyperbolic (ghyp), 

Johnson’s SU (jsu), Normal Inverse Gaussian (nig), GH Skew-student (ghst); skew 

variants, skew-normal (snorm), skew-ged (sged) and skew-std (sstd). 

For this ARMA-GARCH estimation I consider the case of 1920 models for each asset: 

three AR order index (0, 1, 2, 3), three MA order index (0,1, 2, 3), two ARCH and 

GARCH order index (1:2), five GARCH models (sGARCH, eGARCH, gjrGARCH, 

apARCH, and iGARCH), and six error distributions (norm, skew-norm, std, skew-std, 

ged, skew-ged). I choose the best specifications for the marginal distribution using the 

ARMA-GARCH approach based on the AIC information criterion. The reason that all 

available ARMA-GARCH models are considered is that misspecified marginals lead 

incorrect tails and copulas, and finally to incorrect static and time-varying dependence 

structures and risk evaluation in terms of VaR and ES. Thus, the accuracy of the marginal 

models directly impacts the copula parameters. 

In Tables 2-4 I report the empirical results of the mean and variance equation as the 

marginal distribution for the copula model. To fit the autocorrelation of each series, I use 

the ARMA model for the conditional mean of each series. The empirical results show 

that the ARMA model is sufficient to fit the means of the KPf, SS, and TB3YR series, 

but not the USDf series. After fitting the mean equation, I use the ARCH LM test (Engle 

1982) to examine whether the residuals of each series exhibit heteroskedasticity. Thus, 

the ARMA-GARCH model is useful to capture the heteroskedasticity of the residuals of 

the mean equations of each series.  

In Table 2 the best-fitting ARMA and GARCH model specification in equation (1) are 

estimated during the full period. In the full period, I choose an ARMA(2,2)-
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apARCH(2,2) with sged innovation for KPf, an ARMA(1,2)-gjrGARCH(1,1) with std 

innovation for SS, apARCH(1,2) with sstd innovation for USDf, and ARMA(3,3)-

sGARCH(1,1) with std innovation for TB3YR. 

Regarding conditional mean, I note that   is the AR (MA) parameter and it is 

statistically significant. Here the AR regresses the variable on its own past values, and the 

MA models the error term as a linear combination of error terms occurring 

contemporaneously and at various times in the past. Also, regarding the conditional 

variances, except for TB3YR, I choose the apARCH and gjrGARCH model as the best 

specification, which suggests the existence of a leverage effect.  

In terms of each parameter specification, the  and  are highly significant and the sum 

of these parameters are close to 0.99, which suggests persistent13 volatility clustering. 

The parameter of  (KPf, SS, and USDf) is highly significant but has a different sign for 

each asset except for TB3YR, indicating the leverage effect (the impact of the positive or 

negative shock on volatility). As expected, the USDf has positive  (0.2229), indicating 

that a negative shock (bad news) has a relatively greater impact on volatility. On the 

contrary, the KPf and the SS have negative  (-0.5679, -0.0177), indicating that a 

positive shock (good news) has more impact on volatility. Given the opposite sign 

between the KPf (the SS) and the USDf, a portfolio that combines KPf and USDf, or SS 

and USDf has less volatility than the KPf-SS portfolio, indicating a possible 

diversification effect. The skew ( ) and shape ( ) parameters are estimated for the 

corresponding error distribution and they are statistically significant, suggesting a heavy 

right tail and a high peaked marginal distribution.  

                                                 

13 It is possible to express the persistence as a half-life, log 0.5 /log	 , measuring the average 
time it takes for | | to decrease by one half and meaning the closer  is to one the longer 
is the half-life of a volatility shocks. 
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Table 2 GARCH Estimation14 Results for the Full Period 

  KPf SS USDf TB3YR 

 -0.0089 * a/   -0.0512 *   0.0054 *   0.0021 *** 

 1.9483 *** 0.6259 *** -0.8742 *** 

 -0.9586 *** -0.5629 *** 

 -0.3579 *** 

 -0.5546 *** -0.5760 *** 0.7164 *** 

 0.9665 *** -0.1136 *** 0.5060 *** 

 0.3998 *** 

 0.0413 *** 0.0203 *** 0.0101 *** 0.0000 *** 

 0.0450 *** 0.0445 *** 0.1716 *** 0.0943 *** 

 0.0764 ***  
 0.5883 *** 0.9608 *** 0.5360 *** 0.9047 *** 

 0.2928 *** 0.3111 ***  
 -0.5679 *** -0.0177 **  0.2229 ***  
 -0.3389 **   
 1.0882 *** 1.2312 ***  
 1.1417 *** 0.8984 ***  
 1.4530 *** 9.2991 *** 5.5372 *** 4.0667 *** 

LB b/ 0.4737  0.4155  0.7424  0.7339  

LB2 b/ 0.5988  0.5927  0.8568  0.9231  

ARCH-LM b/ 0.2414  0.6021  0.7978  0.6914  

KS c/ 0.2570  0.3904  0.2214  0.4970  

ARMA ARMA(2,2) ARMA(1,2) ARMA(0,0) ARMA(3,3) 

GARCH apARCH(2,2) gjrGARCH(1,1) apARCH(1,2) sGARCH(1,1) 

Error d/ sged std sstd std 
a/ ***, **, and * are statistically significant at the 1%, 5%, and 10% level 
b/ p-value of Ljung-Box of standardized residuals, squared one and ARCH LM test  
c/ p-value of Kolmogorov-Smirnov normality test  
d/ conditional distribution function to generate the innovations (shocks). 

The purpose of the application of ARMA-GARCH is to remove, due to serial 

dependence, the conditional heteroskedasticity (or autocorrelation in the squared 

                                                 

14 For detail parameter specification of apARCH model, see page 21 
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residuals) of each residual. To check whether the selected models remove serial 

correlation, I apply the Ljung-Box test and ARCH LM test15 (Engle, 1982). All p-values 

of the two tests are greater than 0.05, meaning that the selected models successfully filter 

the heteroskedasticity and autocorrelation of each residual. The best fitted ARCH-

GARCH model of each asset seems to be well specified will be applied to the empirical 

result of the marginal distribution for each asset in the static and time-varying copula 

models. Additionally, the p-values of the Kolmogorov-Smirnov test (Anderson-Darling 

test, Cramer-von Mises test) of uniformity of the PIT of the standardized residuals during 

the full period were obtained. For all series, there is no evidence against uniformity, so all 

marginal distributions seem to be well specified. This is important, since the static and 

time-varying copula estimates and inferences would be misspecified and not reliable 

otherwise. 

In Table 3 the best-fitting ARMA and GARCH model specification in equation (1) are 

estimated during the pre-crisis period. In this period, I choose an ARMA(3,3)-

eARCH(1,1) with sged innovation for KPf, an ARMA(1,2)-sGARCH(2,2) with std 

innovation for SS, ARMA(3,3)-apARCH(1,1) with sstd innovation for USDf, and 

ARMA(3,3)-sGARCH(1,1) with std innovation for TB3YR. Regarding the conditional 

mean, I note that   is the AR (MA) parameter and it is statistically significant. 

When compared with the full period, the conditional variance model of the SS series 

changes from gjrGARCH to sGARCH. That is, I choose the eGARCH and apARCH 

model as the best specification, suggesting the existence of leverage effect in KPf and 

USDf. In terms of each parameter specification, the  and  are highly significant and 

the sum of these parameters are close to 0.99, suggesting persistent volatility clustering. I 

                                                 

15 The Ljung-Box test on standardized residuals evaluates the dependence of the first moments with a 
time lag. The Ljung-Box test on squares of standardized residuals and the ARCH-LM test evaluate 
the dependence of the second moments with a time lag. 
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note that the negative leverage effect of conditional variances in SS and KPf series does 

not exist or it transforms to positive during the pre-crisis period. 

Still the ARMA-GARCH estimates of USDf and TB3YR series during the pre-crisis 

period are similar to those found during the full period. The exception is the ARMA 

parameters of USDf. The parameter estimates  for KPf and USDf are highly significant 

and have positive signs, indicating the leverage effect of shocks on return volatility. 

Table 3 GARCH Estimation Results for the Pre-crisis Period 

  KPf SS USDf TB3YR 

 -0.0794 *** -0.0441 *   0.0073 *** 0.0036 *** 

 0.4319 *** 0.7445 *** 0.6296 *** -0.2232 *** 

 -0.2408 *** -0.8204 *** 0.6402 *** 

 0.2133 *** 0.0175 *** 0.5879 *** 

 -0.5180 *** -0.6748 *** -0.2576 *** 0.3190 *** 

 0.7295 *** -0.1155 *** 0.9841 *** -0.6653 *** 

 -0.3050 *** 0.0130 *** -0.6517 *** 

 0.0209 *** 0.0130 *   0.0105 *** 0.0001 *** 

 0.0611 *** 0.0362 *** 0.1440 *** 0.1498 *** 

 0.9797 *** 0.9622 *** 0.8665 *** 0.8441 *** 

 0.1657 *** 0.1403 **    
 1.1335 ***   
 1.1690 *** 0.9028 ***   
 1.4199 *** 8.2621 *** 5.1627 *** 3.9127 *** 

LB    0.2364     0.7965     0.9148     0.1189 

LB2    0.3739     0.3199     0.8958      0.9956 

ARCH LM     0.7549      0.2371    0.6588     0.7248 

KS    0.3682     0.7452    0.7881     0.3247 

ARMA ARMA(3,3) ARMA(1,2) ARMA(3,3) ARMA(3,3) 

GARCH eGARCH(1,1) sGARCH(1,1) apARCH(1,1) sGARCH(1,1) 

Error Sged std sstd std 
Note: ***, **, and * are statistically significant at the 1%, 5%, and 10% level. 
          See the parameters of GARCH model specification in Table 2 in detail. 

 



 

51 

 

Still the ARMA-GARCH estimates of USDf and TB3YR series during the pre-crisis 

period are similar to those found during the full period. The exception is the ARMA 

parameters of USDf. The parameter estimates  for KPf and USDf are highly significant 

and have positive signs, indicating the leverage effect of shocks on return volatility. As 

expected, a negative shock (bad news) has relatively more impact on volatility. Since the 

exponent parameter  of USDf during the pre-crisis period is 1.1335, which is 

statistically significant but close to 1, the apARCH with =1.1335 reduces the Power 

GARCH (PGARCH) with leverage effects (  0.1403), tending to be less sensitive to 

outliers than when 2. The skew ( ) and shape ( ) parameters of each asset are 

similar for both the full and pre-crisis periods and they are statistically significant. This 

result indicates a right heavy tail and high peaked returns for the marginal distribution. 

All p-values of the Ljung-Box and ARCH LM tests are greater than 0.05, meaning that 

the heteroskedasticity and autocorrelation of each residual are removed. The best fitting 

ARCH-GARCH model of each asset during the pre-crisis period seems to be well 

specified. Additionally, the p-values of the Kolmogorov-Smirnov test (uniformity of the 

PIT of the standardized residuals) during the pre-crisis period were obtained, which is no 

evidence against uniformity, so all marginal distributions seem to be well specified.  

In Table 4 the best-fitting ARMA and GARCH model estimates for equation (1) are 

reported for the crisis period. I choose an ARMA(2,2)-gjrGARCH(1,1) with sged 

innovation for KPf, an ARMA(3,2)-eGARCH(1,1) with std innovation for SS, 

apARCH(1,1) with sstd innovation for USDf, and AR(1)-sGARCH(1,1) with std 

innovation for TB3YR. Regarding conditional mean, I note that   is the AR (MA) 

parameter and it is statistically significant. The AR(p) is required to be stationary if the 

roots of the lag polynomial lie outside the unit circle and | | 1. Also, regarding the 

conditional variances, except for TB3YR, I choose the eGARCH, apARCH and 

gjrGARCH model as the best specification, suggesting the existence of a leverage effect.  
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In terms of each parameter specification, the  and  are highly significant and the sum 

of these parameters is close to 0.99, which suggests persistent volatility clustering. The 

parameter of  (KPf, SS, and USDf) is highly significant but has a different sign based 

on each asset except for TB3YR. The KPf series has a negative parameter , meaning a 

negative shock (bad news) has a relatively greater impact on volatility. However, both the 

SS and USDf series have positive parameters , meaning the positive shock (good news) 

has greater impact on volatility. 

Table 4 GARCH Estimation Results for the Crisis Period 

  KPf SS USDf TB3YR 

 0.0387 *** -0.0469 *** -0.0032 *     0.0019 ** 

 -0.8895 *** -0.5939 *** -0.0595 ** 

 -0.2013 *** 0.2409 ***   

  -0.1660 ***   

 0.8892 *** 0.6278 ***   

 0.7043 *** -0.3805 ***   

    

 0.0455 *** 0.0138 *** 0.0143 *** 0.0000    

 0.1804 *** 0.0265 **   0.1476 *** 0.0461 ***  

 0.9270 *** 0.9900 *** 0.5284 *** 0.9529 *** 

  0.3402 **     
 -0.2419 *** 0.0716 *** 0.4864 ***   

  1.0413 ***   
 1.1541 *** 0.8778 ***   
 1.3892 *** 14.1901 **   6.3784 *** 4.6266 *** 

LB     0.5734     0.8792     0.8719     0.2521 

LB2     0.6370     0.3381     0.2927     0.9603 

KS    0.1458     0.1161     0.8634     0.5237 

ARCH LM      0.4510      0.2120     0.6401    0.8137 

ARMA ARMA(2,2) ARMA(3,2) ARMA(0,0) ARMA(1,0) 

GARCH gjrGARCH(1,1) eGARCH(1,1) apARCH(1,2) sGARCH(1,1) 

Error sged std sstd std 
Note: ***, **, and * are statistically significant at the 1%, 5%, and 10% level. 
          See the parameters of GARCH model specification in Table 2 in detail. 
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When compared with the leverage effect during the pre-crisis period, we see that the 

magnitude of the positive leverage effect of the USDf series increases during the crisis 

period. The negative leverage effect of the KPf series during the crisis period is greater 

than the positive effect during the pre-crisis period. Thus, the total leverage effect of the 

KPf series is significantly negative. The magnitude of parameters such as  and  

increases during the crisis period, suggesting there exists a structural shift between the 

two sub-periods. The skew and shape parameters are estimated for the corresponding 

error distribution and they are statistically significant. We observe heavy tails but more 

highly peaked marginal distributions compared with those during the pre-crisis period. In 

all periods, the skewness parameters of the error distribution of the KPf and the USDf 

series are positive, indicating that severe positive rate of return changes occur rather 

seldom, but they are more intensified than the negative ones (Braun, 2011). 

All p-values of the two tests are greater than 0.05, meaning that the heteroskedasticity 

and autocorrelation of each residual are removed. The best fitted ARCH-GARCH model 

of each asset seems to be well specified and these results are applied to the marginal 

distributions for each asset in the static and time-varying copula models. Additionally, the 

p-values of the Kolmogorov-Smirnov test (Anderson-Darling test, Cramer-von Mises 

test) for uniformity of the PIT of the standardized residuals during the crisis period 

indicate there is no evidence against uniformity. So, all marginal distributions seem to be 

well specified. 

In Figures 2-4, I show the Quantile-Quantile of GARCH standardized residuals of each 

data series with the corresponding innovation during the full, pre-crisis, and crisis periods 

along with the theoretical normal residuals (solid lines). We see that the GARCH filter 

works well around the middle range of the series, but it is not sufficient to handle low and 

high extremes. In Figure 2 we observe high deviation between the theoretical and the 

sample quantiles based on the standard residuals of each asset during the full period. If 
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the residuals are fitted from the well fitted GARCH model with normal innovation.16, the 

QQ plot of standardized residuals  ̂ /  should look roughly linear. The USDf series 

(upper tail) and TB3YR series (upper and lower tails) show strong departures from 

normality. 

Figure 2. Quantile-Quantile Plot of the GARCH Residuals for the Full Period 

 

We observe the first two QQ plot are completely satisfactory and favorable to a sged and 

std innovation distribution with the GARCH model capturing the prominent features of 

the KPf and the SS series. On the contrary, the lower and the upper estimated tails of the 

USDf and the TB3YR series deviate from each solid line, indicating the existence of fat 

tails of the corresponding distribution. Therefore, the EVT approach is required to handle 

the low (high) extremes properly and, through use of the GARCH-EVT model, the 

uniform random variate of each series can be used in the copula, and the portfolio VaR 

and ES calculations can be done correctly. 

In Figure 3 I show the QQ plot of the standardized residuals from the eGARCH with sged 

for KPf, the sGARCH with std for SS, the apARCH with sstd for USDf, and 

                                                 

16 If an error (innovation) distribution other than the normal is assumed, the QQ plot should be 
constructed using the quantiles of the selected innovation distribution, such as normal, student t, 
generalized error, skew norm, skew student t, and skew generalized error distribution. 
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sGARCH(1,1) with std for TB3YR. This plot demonstrates that the first two innovation 

distributions (sged and std) adequately capture the fat-tailed behavior in the standardized 

residuals for the KPf and the SS returns, but not for the USDf and the TB3YR returns. 

Therefore, the EVT approach is combined with the best fit GARCH model to deal with 

the low and high extreme values. 

Figure 3. Quantile-Quantile Plot of the GARCH Residuals in the Pre-Crisis Period 

 

In Figure 4 I display the QQ plot of the standardized residuals from the gjrGARCH with 

sged for KPf, the eGARCH with std for SS, the apARCH with sstd for USDf, and 

sGARCH(1,1) with std for TB3YR. This plot demonstrates that the first two innovation 

distributions (sged and std) adequately capture the fat-tailed behavior in the standardized 

residuals for the KPf and the SS return series, but not for the USDf and the TB3YR 

returns. Therefore, the EVT approach is used to capture the features of the extreme tails 

of the USDf and the TB3YR series. That approach is combined with the best fitting 

GARCH model to deal with low and high extreme values. 

At the pre-crisis period, some deviation of the USDf and the TB3YR series is observed. 

Also, at the crisis period, the similar deviation of the TB3YR series is observed. It means 

that the corresponding GARCH models for these assets don’t fit well at both tails. 

Particularly, in applications related to the risk measure, the lower tail of the standardized 

residuals from the fitted GARCH model is more important. Consequently, the GARCH 
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model is useful to solve the non-normality of the financial data, to analyze the leverage 

effect of each asset on volatility, and to get standardized residuals by dividing the 

residuals into the corresponding volatility ̂ / . 

Figure 4. Quantile-Quantile Plot of the GARCH Residuals in the Crisis Period 

 

In Appendix B, I provide three histogram groups to illustrate how well the standardized 

residuals of each GARCH model fit with the empirical data. I also compare the data with 

the normal density. Generally, these figures reflect the skewness ( ) and the scale 

parameter ( ) of the error distribution in Tables 2, 3, and 4. That is, the density (dashed 

line) of the fitted error distribution per each asset during the corresponding period fits the 

empirical histogram better than the normal density (solid line). The standardized residuals 

are finally used for analyzing the dependence structure among financial assets.  

4.2.2. EVT Application 

I fit the Generalized Pareto Distribution (GPD) to each standardized residual series and 

then choose the threshold value  for the upper and lower tails of the distribution. 

Finally, I transform each standardized residual series into a uniform distribution 0,1  

using the Probability Integral Transformation (PIT).  
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The semi-parametric modeling of margins has the advantage that we have an explicit 

model for each tail. As illustrated in Figures 2, 3, and 4, the extreme upper and lower tails 

deviated from the normal Quantile-Quantile plot of standardized residual based on the 

best fitting ARMA-GARCH estimation.17 For that reason, I implement the peak over 

threshold (POT) method and fit the GPD to observations in the residual series that exceed 

a high threshold level u.  

The most important step in estimating the parameters of the GPD is the choice of the 

threshold u. McNeil and Frey (2000) tell us that the threshold value should be high 

enough to approximate the conditional excess distribution by the GPD. However, with a 

higher threshold level there are fewer observations left for the estimation of parameters. 

Consequently, the variance of the parameter estimates increases. So far, there is no 

formal way to select the optimal threshold level ‘u’. I follow McNeil and Frey (2000) and 

set the threshold level at the 5th and 95th percentiles of the residual distribution for the 

lower and upper tail, respectively. 

Recall that the tail index parameter 0 corresponds to heavy-tailed distributions 

whose tails decay like power functions (Pareto, Student t, Cauchy and Frechet 

distribution), where 0 corresponds to distributions whose tails decay exponentially 

(e.g., normal, exponential, gamma and lognormal distributions), and 0 corresponds 

to short-tailed distributions with some finite right endpoints (e.g., uniform and beta 

distributions). 

Two threshold levels (upper and lower) are indicated in Table 5, where 164 observations 

(5% of total observation for these portfolio residual series) are used in the estimation 

                                                 

17 In Figures 2, 3, and 4, the QQ plots display how much the standardized residuals deviate from the 
theoretical line. It is useful to check the upper and lower tails graphically. For this purpose, 
Embrechts et al., (1997) apply the semi-parametric distribution constructed by parametrically 
modelling the tails of the distribution using the GPD.  In the middle of the range, the density is 
computed by using a smooth gradient approach (kernel methods). Interpolation is used to splice 
together the ends with the middle portions, providing for an approximate piecewise constant density 
function. 
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process. The results are the percentage return threshold values ‘u’ and maximum 

likelihood GPD estimates of the tail index , and the scale parameter  with 

corresponding standard errors for upper and lower tails, respectively. A high value of the 

estimated tail index  is an indication of extreme values, since 0 reflects a heavy-

tailed distribution.  

From the Table 5, I compare the QQ plot (in Figures 2, 3, and 4) and the GPD estimate 

result to evaluate the plot at the extreme tails. As expected, the positive tail index (skew) 

parameter and the scale parameter of the TB3YR are statistically significant (extremely 

fat tailed), regardless of the period. Only the upper tail of the USDf series is not 

statistically significant during the full period and the crisis period. However, compared 

with the USDf and the TB3YR, the lower tail index of the SS series during the crisis 

period is statistically significant. This may indicate that the USDf and the TB3YR are 

significantly skewed and the fat tails of the corresponding standardized residuals for 

USDf and TB3YR) are observed. The skew parameters in Table 5 are in accordance with 

the fat tails in Figure B.1 and Figure B.2. 

.Based on the GPD model using the estimated tail index and the shape parameter of the 

USDf and the TB3YR series, the corresponding standardized residuals within the upper 

and lower threshold values  are converted into the random variate in (0,1) to be applied 

in the copula approach. Here, the Binned Kernel Density Estimate approach is used to 

convert the corresponding standardized residuals between upper and lower threshold 

values  into (0,1) to be applied in the copula approach. However, the standardized 

residuals of the KPf and the SS, which are not statistically significant, are converted into 

random variates in (0,1) by using the PIT method without the GPD model. 

The combination of GARCH-EVT is meaningful, since the risk measure requires us to 

analyze these rare but extreme events. Transformed data, in the form of uniform variates 

[0,1], applied to this combined model is mainly used in analyzing static and time-varying 

dependence structure of copula functions. The EVT results (comparing the pre-crisis and 
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crisis periods) describe the range of the tail index  which is much broader and highly 

skewed in the crisis period. 

Table 5 GPD Estimation Results for the Full, Pre-Crisis, and Crisis Periods 

To estimate the i.i.d innovation of data, McNeil and Frey (2000) and Allen, Singh, and 
Powell (2010) use GPD to model the residuals in the lower and upper tails and the empirical 
distribution in the remaining part. In Pickands (1975), Balkema and de Hann (1975) for a 
large class of underlying distribution functions F the conditional excess distribution function 

, for  large, is well approximately by , , → ∞ where 

,

1 1 0

1 exp 0

 (27) 

for ∈ 0,  if 0 and ∈ 0,  if 0. , is the so called generalized 

Pareto distribution (GPD). 

Full period Upper  Lower 
    

  KPf 1.776  0.176 *    0.459 ***  -2.355 -0.471 *** 0.611 *** 
  SS 2.578  0.247 0.406 ***  -1.997  0.161 0.439 *** 
  USDf 1.136  0.079  0.496 ***  -1.188 0.119 ** 0.634 *** 
  TB3YR 1.094 0.195 ** 0.531 ***  -1.140 0.154 ** 0.582 *** 
Pre-Crisis period        
  KPf 1.333  -0.135    0.703 ***  -1.148 -0.056  0.512 *** 
  SS 1.220  0.041 0.548 ***  -1.217  0.048 0.539 *** 
  USDf 1.140  0.147 *  0.463 ***  -1.172  0.114 * 0.619 *** 
  TB3YR 1.467  0.140 ** 0.591 ***  -1.603  0.249 ** 0.581 *** 
Crisis period        
  KPf 1.249  -0.136    0.736 ***  -1.211 -0.136 0.544 *** 
  SS 1.172  -0.157 0.688 ***  -1.317  0.252 ** 0.637 *** 
  USDf 1.127  -0.003  0.495 ***  -1.692  0.260 * 0.569 *** 
  TB3YR 1.118 0.287 ** 0.503 ***  -1.639  0.108 ** 0.551 *** 
Note: ***, **, and * indicates statistical significance at 1%, 5%, and 10% level. 

To correctly estimate the marginal distribution of each asset’s standardized residuals I 

need to analyze the empirical result of the GARCH and the EVT model. This suggests 

that the result of the GARCH filter only should not be applied for all assets as a best 

fitting marginal distribution in the multivariate copula function. The GARCH model 

could mislead the static and the time-varying dependence structure of the portfolio. For 

example, let us focus on the lower tails. To obtain standardized residuals over the whole 
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distribution (lower tail, interior, and upper tail distribution), the estimated lower tail index 

and the estimated scale parameter of the TB3YR and the USDf are used for the lower tail 

distribution and the estimated GARCH parameters of the two assets are used for the 

interior of the distribution. However, the application of GARCH model on the KPf and 

the USDf during the pre-crisis period is enough to obtain the standardized residual. 

Interestingly, during the crisis period, the GARCH and the EVT model is required to 

obtain the standardized residuals of the SS.  

In brief, the GARCH and the EVT model is useful to correctly obtain the standardized 

residuals for copula application, but this does not always hold true. Based on the 

parameter estimation of the EVT model, either the GARCH-EVT model or the GARCH 

model is applied for the standardized residuals of each asset, Then, the correct 

standardized residuals of each asset are transformed to the elements of the copula 

function. 

4.2.3. Copula Application 

In the second step, the static and time-varying dependence structure is explored mainly in 

terms of the copula function. After the data is filtered using the best-fitting ARMA-

GARCH model, a nonparametric rank transformation is applied to transform the 

standardized residuals of each asset into uniformly distributed variates for the copula 

function. The marginal distributions of each asset are assumed to be known. Time 

variability exists only in the time-varying dependence parameters of the copula function.  

Having chosen the R-vine decomposition of the multivariate copula, I still have to match 

the indexes returns to the labels 1,…,4 since there are 4!/2 possible distinct permutations. 

A rule for selecting the best permutation for C-vines, as indicated at Nikoloulopoulos et 

al. (2010), consists of choosing and connecting the most dependent pairs in the first tree.  
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4.2.3.1 Static Regular Vine Copula 

According to the two-step estimation procedure (see Section 3.3 Estimation and 

Inference), the uniform random variates from the GARCH-EVT approach are used for 

the static and time-varying copula estimation. In Tables 6, 7 and 8 I report the results of 

the best-fitting static (and time-varying) copula estimations based on the AIC information 

criteria and the log likelihood (LL), compared with the second and third best copula 

models, during the full, the pre-crisis (in-sample), and the crisis (out-of-sample) period. 

The contents of each table consist of two rows for the static and time-varying copula of 

each edge. At each row, there are estimated parameters for Kendall’s , Upper (and 

Lower) Tail Dependence (UTD, LTD), LL, AIC, and BIC. In the second row (time-

varying copula), there is no Kendall’s , UTD, and LTD.18 Instead, the persistence 

parameters ( , ) indicate that the dependence parameters in the time-varying copula 

models are highly persistent. Each table consists of six columns, such as: KPf-SS, KPf-

USDf, KPf-TB3YR, SS-TB3YR|KPf, USDf-TB3YR|KPf, and SS-USDf|KPf-TB3YR 

based on the Regular Vine (PCC). The bold copula at each pair is selected as the best 

fitting copula. Also, based on the selected copula at each pair, the dependence relation of 

the corresponding two-asset pair is determined.19 

In the Table 6 (full period), the symmetric Student t copula is dominant as the best-fitting 

copula function at the first three edges. Symmetric copula (e.g., Student t copula) is 

chosen as the best-fitting copula for the first three edges, meaning that each bivariate 

asset combination is symmetric. Interestingly, the second two trees (SS-TB3YR|KPf, 

USDf-TB3YR|KPf) and the final tree (SS-USDf|KPf-TB3YR) are asymmetric copulas 

                                                 

18 Kendall’s tau  and UTD (LTD) are calculated from the estimated parameters, but, in the case of 
time-varying copula, the  and the UTD (LTD) of the corresponding copula result are vector, 
different from a scalar at static copula result. Therefore, the time paths of the time-varying copula 
parameter can be clearly shown in following graphs. 

19 Symmetric or Asymmetric dependence. If asymmetric is true, it is upper (or lower) extreme copula. 
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Table 6 Static & Time Varying Copula Estimation in the Full Period 

Full period 
KPf-SS   KPf-USDf  KPf-TB3YR  SS-TB3YR|KPf  USDf-TB3YR|KPf  SS-USDf|KPf-TB3YR 

T N CG7   T N CG27  T N CG7  T N C  T N JF10  T N J270 

S
ta

ti
c 

 0.761 0.757 0.379   -0.402 -0.385 -0.086  0.228 0.211 0.079  0.025 0.025 0.031  0.061 0.067 1.092  -0.008 -0.007 -1.004 

 11.310  1.810   6.210  -1.292  7.783  1.121  30.000    24.360  0.994  30.000   

 0.555 0.547 0.536   -0.264 -0.251 -0.258  0.146 0.136 0.141  0.016 0.016 0.015  0.039 0.042 0.047  -0.005 -0.004 -0.002 

UTD 0.219  0.534   0.004    0.044  0.144  0.000  0.000  0.000  0.000  0.000   

LTD 0.219  0.364   0.004    0.044  0.001  0.000    0.000  0.000  0.000   

LL 1369.2 1349.9 1345.1   291.9 244.8 280.6  92.9 69.0 83.2  22.0 20.5 40.5  25.0 19.5 34.1  10.2 9.9 14.5 

AIC -2736.5 -2697.8 -2686.2   -579.7 -487.6 -557.1  -181.7 -136.0 -162.4  -40.0 -39.0 -79.0  -46.0 -37.0 -64.2  -16.4 -17.8 -27.0 

BIC -2730.4 -2691.7 -2674.0   -567.5 -481.5 -544.9  -169.5 -129.9 -150.2  -27.8 -32.9 -72.9  -33.8 -30.9 -52.0  -4.2 -11.7 -20.9 

T
im

e-
V

ar
yi

ng
 

 5.124 5.146 -2.238   -0.020 -0.017 6.114  0.003 0.443 -3.351  0.075 0.072 -0.349  0.023 0.000 2.309  -0.001 -0.012 0.379 

 -4.071 -4.123 0.428   1.985 1.972 -1.407  2.027 -0.409 4.775  -0.881 -0.820 -0.617  1.503 2.007 -0.952  -1.999 -1.997 0.609 

 -0.037 -0.064 -5.013   0.113 0.185 -5.024  0.026 0.541 -4.628  -0.104 -0.119 1.475  0.123 0.012 -3.101  0.177 0.196 0.928 

   -3.621     4.317    4.158        1.808     

   1.065     -0.504    -6.049        -2.121     

   -0.947     -5.072    -1.868        2.723     

LL 1384.1 1352.3 1391.0   365.8 347.1 317.5  135.4 122.1 117.1  50.5 45.3 57.4  34.7 31.4 40.9  16.1 15.1 18.1 

AIC -2762.2 -2698.6 -2770.0   -725.6 -688.2 -623.0  -264.8 -238.2 -222.2  -95.0 -84.6 -108.8  -63.4 -56.8 -69.8  -26.2 -24.2 -30.2 

BIC -2743.9 -2680.3 -2733.4   -707.3 -669.9 -586.4  -246.5 -219.9 -185.6  -76.7 -66.3 -90.5  -45.1 -38.5 -33.2  -7.9 -5.9 -11.9 

Note : T is T copula, N is Gaussian copula, C is Clayton copula, J is Joe copula, CG is Clayton-Gumbel copula, and JF is Joe-Frank copula. 
           ,  is static copula parameter.  is Kendall’s tau, UTD (LTD) are upper (lower) tail dependence. 
           LL, AIC, and BIC is log likelihood, Akaike Information criteria, Bayesian Information Criteria. 
           , ,  is time-varying parameter of one-parameter copula such as constant, AR(1), and mean absolute difference (see page 30). 
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(e.g., Clayton copula, Joe-Frank copula rotated 180 degrees, and Joe copula rotated 270 

degrees). Through the static Kendall’s  of each selected copula, it is observed that there 

exist positive (negative) dependence and the high (low) dependence between the two-

asset pairs at each tree. The Kendall’s  in first bivariate tree takes the values 0.555, -

0.264, and 0.146. These are greater than those in the second and third conditional 

bivariate trees (0.015, 0.047, and -0.0023 during the full period). This result indicates that 

there is a greater diversification effect in the second and third bivariate trees. Also, the 

positive  means the ranks of the corresponding assets tend to increase together (i.e., they 

covary). For example, the positive  asset pairs (e.g., KPf-SS, KPf-TB3YR, SS-

TB3YR|KPf, and USDf-TB3YR|KPf) are positively correlated. The negative  asset pairs 

(e.g., KPf-USDf and SS-USDf|KPf-TB3YR) are negatively correlated, implying the rank 

of one variable increases while the rank of the other one decreases.  

The dependence structure of the two-asset pair is interpreted differently than the 

correlation coefficient of each asset’s rate of return. Compared with the positive 

correlation of the KPf-SS and the KPf-TB3YR pair, the KPf -USDf is weakly negative 

during the full period. The same pattern is observed in the correlation of the SS with the 

other assets. Also, the USDf and the TB3YR are weakly negatively correlated with the 

other assets. With regards to Kendall’s  estimated from the corresponding copula 

function, the KPf-SS pair shows the most and positive dependence due to the close 

connection between the KPf and SS. The SS stock represents a large market 

capitalization (16.5% in 2016) and has an influential financial market position. As 

expected, the KPf-USDf pair is not strong but exhibits a negative dependence 

relationship. The KPf-TB3YR pair is weak but has a positive dependence. The 

dependence relation of the three-asset pairs (e.g., SS-TB3YR|KPf and USDf-

TB3YR|KPf) are weakly positive. The dependence relation of the four-asset pair (SS-

USDf|KPf-TB3YR) is statistically significant, but weakly negative. The main reason for 

the disparity between correlation and dependence comes from how we account for 

nonlinearity and asymmetry between the asset returns. Thus, linear and symmetric 
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correlations have a weakness, while the copula approach handles nonlinearity and 

asymmetry. 

Many previous studies propose the time-varying approach is more flexible in modeling 

portfolio dependence structure over time and show the correlations between variables 

tend to be higher during market downturns than during market upturns. This indicates 

that dependence structure is not constant over time. Thus, it is worth investigating how 

Kendall’s  changes during the full period and the two subperiods. These questions are 

part of the main objective and are answered using the time-varying copula application. 

In the Table 7 (Pre-Crisis period), the symmetric Student t copula and symmetric Frank 

Archimedean copula are dominant as the best-fitting copula functions similar to the 

results reported for the full period. Symmetric copulas (Student t and Frank copulas) are 

chosen as the best-fitting copulas for the first three trees, meaning that each bivariate 

asset portfolio has symmetric returns. Interestingly, the second tree (TB3YR-USDf|KPf) 

and the final tree (USDf-SS|TB3YR-KPf) are asymmetric copulas (Joe-Frank copula 

rotated 180 degrees and Clayton copula rotated 270 degrees).  

All estimated parameters ,  of the applicable static copula functions in Table 7 are 

statistically significant, as they were in Table 6. Thus, it is difficult to compare the 

magnitudes of the dependence relationship using one parameter ( ) or two parameters 

( ,  from the selected copulas at each edge. For example, among all six bivariate 

copulas, the pair of highest dependence is the KPf-SS based on the Kendall’s  statistic. 

The best fitting copula for the pair is the Student t copula based on the LL, AIC, and BIC 

statistics. However, the corresponding parameters ( 0.766, 8.67  are not 

apparently compared with the other parameters ( 0.763 for Gaussian copula; 

0.341, 1.874 for Clayton-Gumbel copula) since the parameter ranges of the 

selected copula are different such as the two parameters’ range of t copula ( 1

1, 2 ∞), Clayton-Gumbel (0 ∞, 1 ∞). Instead, the Kendall’s  of 
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each pair (3th row) is used to directly compare the degree of dependence structure of each 

pair. 

Using the estimated Kendall’s  for each copula for comparison, we observe that the 

dependence relationship changes over time. The Kendall’s  in the first bivariate tree is 

0.550, -0.157, and 0.119, and is generally greater than those in the second and third 

bivariate trees (0.034, 0.085, and -0.015) during the pre-crisis period. This suggests that 

there is a diversification effect present in the latter portfolios. The positive  means that 

the ranks of the corresponding assets increase together (e.g., the KPf-SS, the KPf-

TB3YR, the SS-TB3YR|KPf, and the USDf-TB3YR|KPf portfolios) over the full period.  

A negative  implies the rank of one variable increases while the other one decreases 

(e.g., the KPf-USDf and the SS-USDf|KPf-TB3YR). The main difference between the 

full period and the pre-crisis period results is the magnitude of Kendall’s , which is 

smaller in the pre-crisis period. That is, the comparison between the full and the pre-crisis 

period aims at capturing changes in the dependence structure of the financial portfolios 

across time and in different market conditions. It is expected that the magnitude of the 

dependence structure during the pre-crisis period would be smaller than during the full 

period since the dependence structure during the full period includes both the dependence 

structures during the pre-crisis and the crisis period. For example, the dependence 

structure of the KPf-SS pair during the full period is 0.555, bigger than 0.550 during the 

pre-crisis period and smaller than 0.621 during the crisis period. Mostly, the dependence 

structure of all pairs during the crisis period is expected to be bigger than during the full 

and the pre-crisis period, reflecting the high dependence structure during market 

downturn. Therefore, it is meaningful to separate the full period into two subperiods to 

investigate the dependence structures of the same pairs between the two subperiods. 
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Table 7 Static & Time Varying Copula Estimation in the Pre-Crisis Period 

Pre-Crisis 

period 

KPf-SS  KPf-USDf  KPf-TB3YR  SS-TB3YR|KPf  USDf-TB3YR|KPf  SS-USDf|KPf-TB3YR 

T N CG7  T N CG27  T N CG7  T N F  T N JF10  T N C270 

S
ta

ti
c 

 0.766 0.763 0.341  -0.244 -0.235 -0.019  0.186 0.179 0.099  0.048 0.047 0.306  0.142 0.144 1.204  -0.015 -0.014 -0.030 

 8.670  1.874  7.477  -1.173  7.987  1.084  30.000    30.000  0.969  30.000   

 0.550 0.552 0.544  -0.157 -0.151 -0.155  0.119 0.114 0.121  0.030 0.030 0.034  0.092 0.091 0.085  -0.009 -0.009 -0.015 

UTD 0.285  0.552  0.005    0.035  0.104  0.000    0.000  0.222  0.000   

LTD 0.285  0.338  0.005    0.035  0.002  0.000    0.000  0.000  0.000   

LL 854.4 837.5 847.0  70.4 50.8 66.9  41.5 28.5 36.0  24.1 22.8 29.7  19.6 18.8 23.2  15.1 14.7 18.9 

AIC -1704.8 -1672.9 -1689.9  -136.9 -99.6 -129.8  -79.0 -55.0 -68.0  -44.2 -43.6 -57.4  -35.2 -35.7 -42.4  -26.2 -27.4 -35.8 

BIC -1693.7 -1667.4 -1678.8  -125.7 -94.0 -118.7  -67.9 -49.4 -56.8  -33.0 -38.0 -51.8  -24.1 -30.1 -31.2  -15.0 -21.8 -30.2 

T
im

e-
V

ar
yi

ng
 

 3.731 4.089 -2.347  -0.018 -0.012 8.544  0.229 0.245 -2.646  0.149 0.145 -0.322  0.622 0.633 -0.635  -0.058 -0.058 -0.330 

 -2.151 -2.626 -0.379  1.909 1.937 -1.740  0.474 0.196 1.629  -0.768 -0.731 0.397  -2.009 -2.007 0.924  -1.820 -1.817 -1.309 

 -0.064 -0.104 -2.822  0.079 0.105 -7.964  0.326 0.661 -6.720  -0.319 -0.343 0.942  -0.264 -0.283 -0.093  0.601 0.169 0.686 

   -3.494    2.568    -1.946        1.334     

   1.011    -1.737    0.235        2.805     

   -1.029    -2.841    -9.146        -1.772     

LL 857.4 839.6 851.0  92.9 83.1 74.2  59.1 53.4 57.9  31.1 29.7 34.2  20.4 21.3 27.2  21.4 19.7 22.7 

AIC -1708.8 -1673.2 -1689.9  -179.7 -160.3 -136.3  -112.3 -100.9 -103.9  -56.2 -53.4 -62.4  -34.9 -36.6 -42.4  -36.8 -33.4 -39.4 

BIC -1692.0 -1656.4 -1656.4  -162.9 -143.5 -102.8  -95.5 -84.1 -70.4  -39.4 -36.6 -45.6  -18.1 -19.8 -8.9  -20.0 -16.6 -22.6 

Note : T is T copula, N is Gaussian copula, C is Clayton copula, J is Joe copula, CG is Clayton-Gumbel copula,  and JF is Joe-Frank copula.  
          	 ,  is static copula parameter.  is Kendall’s tau. LL, AIC, and BIC is log likelihood, Akaike Information criteria, Bayesian Information Criteria. 
           , ,  is time-varying parameter of one-parameter copula such as constant, AR(1), and mean absolute difference (see page 30) 
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In Table 7 the Kendall’s  is a positive or negative value with the best fitting static copula 

of each pair chosen based on information criteria. However, it is still questionable that the 

Kendall’s  keep positive or negative constantly over time when the two external shocks 

(e.g., U.S. home mortgage crisis and EU sovereign debt crisis) occur at Korean financial 

markets. Also, the time-varying copula is necessary to use for investigating how the 

Kendall’s  changes during the corresponding period. 

In Table 8 (Crisis period), the symmetric Frank Archimedean and the symmetric Student 

t copula are dominant as the best fitting copula functions at the first two pairs. The 

symmetric copulas (Student t and Frank copula) are chosen as the best-fitting copula for 

the first two trees, meaning that each bivariate asset return series is symmetric. The next 

four trees (TB3YR-KPf, USDf SS|KPf, TB3YR-USDf|KPf, and TB3YR-SS|USDf-KPf) 

are asymmetric copulas (e.g., Joe-Frank and Frank copulas).  

The Kendall’s  in first bivariate tree (1st edge), such as 0.621, -0.429, and 0.311, are 

greater than second and third conditional bivariate tree (2nd and 3rd edge), such as 0.086, -

0.105, and -0.07 during the pre-crisis period, implying that there would exist a 

diversification effect by making more assets into financial portfolio. Also, the positive  

means the ranks of the corresponding assets increases together, such as the KPf-SS, the 

KPf-TB3YR, and the SS-USDf|KPf, over the crisis period, while the negative  implies 

the rank of one variable increases while the other one decreases, such as the KPf-USDf , 

the USDf-TB3YR|KPf , and the SS-TB3YR|USDf-KPf. The main difference of the 

dependence structure per each pair between the two subperiods is that the magnitude of 

all Kendall’s  is greater during the crisis period than during the pre-crisis period. As 

expected, the (absolute) Kendall’s  values during the crisis period are greater than 

during the pre-crisis period, meaning that the dependence structure could be more highly 

dependent during the crisis period (market downturn), e.g., 0.552, 0.550, and 0.602 are 

Kendall’s  of the KPf-SS during the full, the pre-crisis, and the crisis period, 

respectively. 
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Table 8 Static & Time Varying Copula Estimation in the Crisis Period  

Crisis period 
KPf-SS  KPf-USDf  KPf-TB3YR  SS-USDf|KPf  USDF-TB3YR|KPf  SS-TB3YR|USDf-KPf 

T N F  T N CG27  T N JF10  T N J  T N F  T N F 

S
ta

ti
c 

 0.828 0.811 6.445  -0.625 -0.617 -0.207  0.389 0.354 3.403  0.151 0.138 1.164  -0.123 -0.105 -0.951  -0.032 -0.027 -0.663 

 5.346    6.010  -1.453  6.843  0.685  15.025    14.100    16.000   

 0.621 0.602 0.537  -0.429 -0.423 -0.376  0.254 0.231 0.311  0.089 0.088 0.096  -0.079 -0.067 -0.105  -0.020 -0.017 -0.073 

UTD 0.468    0.000    0.101  0.274  0.003  0.191  0.000    0.000   

LTD 0.468    0.000    0.101  0.000  0.003  0.000  0.000    0.000   

LL 469.1 466.4 469.7  304.2 294.7 298.3  51.6 43.4 55.9  35.1 32.7 38.1  25.4 23.8 28.5  18.7 16.7 19.4 

AIC -934.1 -930.9 -937.5  -604.5 -587.4 -592.6  -99.3 -84.7 -107.9  -66.2 -63.4 -74.2  -46.8 -45.6 -55.0  -33.4 -31.4 -36.8 

BIC -923.8 -925.7 -932.3  -594.1 -582.2 -582.2  -88.9 -79.5 -97.5  -55.8 -58.2 -69.0  -36.4 -40.4 -49.8  -23.0 -26.2 -31.6 

T
im

e-
V

ar
yi

ng
 

 1.830 0.137 2.868  -0.020 -0.017 1.667  0.026 0.915 0.249  0.039 0.041 1.391  0.120 0.049 0.325  0.001 0.000 0.046 

 0.102 2.454 0.471  1.985 1.972 -3.824  1.897 -2.122 0.382  0.325 0.404 -1.760  -1.815 0.455 0.376  1.743 1.752 -0.120 

 -0.072 0.127 0.557  0.113 0.185 1.728  0.102 1.022 0.057  -0.051 -0.047 1.671  0.615 0.271 -0.274  0.050 0.055 0.083 

       0.039    -1.497             

       -1.925    4.326             

       -1.380    -2.164             

LL 470.1 468.5 480.7  365.8 347.1 302.3  62.5 53.2 75.3  42.7 38.4 45.5  31.4 29.7 35.0  20.4 19.8 22.1 

AIC -934.1 -930.9 -955.4  -725.6 -688.2 -592.6  -119.1 -100.4 -138.6  -79.4 -70.8 -85.0  -56.8 -53.4 -64.0  -34.8 -33.6 -38.2 

BIC -918.5 -915.3 -939.8  -710.0 -672.6 -561.5  -103.5 -84.8 -107.5  -63.8 -55.2 -69.4  -41.2 -37.8 -48.4  -19.2 -18.0 -22.6 

Note : T is T copula, N is Gaussian copula, C is Clayton copula, J is Joe copula, CG is Clayton-Gumbel copula, and JF is Joe-Frank copula.  
,  is static copula parameter.  is Kendall’s tau. LL, AIC, and BIC is log likelihood, Akaike Information criteria, Bayesian Information Criteria. 
, ,  is time-varying parameter of one-parameter copula such as constant, AR(1), and mean absolute difference (see page 30) 
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Therefore, the dependence structure (and relation) between the two subperiod is 

necessary to be analyzed separately but compared simultaneously in Tables 7 and 8.  

The dependence structure of the two-asset pair during the crisis period is similar to the 

pre-crisis period in terms of static Kendall’s  of the chosen copula for each pair. 

However, there are two main differences between the subperiods. First, the magnitude of 

the dependence structure during the crisis period is bigger, implying the assets are highly 

dependent during the crisis period. Second, the right tail dependence (Joe copula) and the 

symmetric Frank copula during the crisis period are observed for the three and four-asset 

portfolios. The more symmetric Frank copula with higher dependence means that the 

crisis period is more volatile.  

Also, the correlation between the USDf and the TB3YR is weakly negative during the 

crisis period, but it is weakly positive during the pre-crisis period. This implies that there 

is a structural shift between dollar futures and bond markets, requiring the use of time-

varying copula approach. Therefore, I need to investigate how Kendall’s  changes 

between the crisis period and the other periods. By comparing Table 7 and 8, I find that 

time-varying copulas always do better than their corresponding static copulas. To see 

clearly this time-varying , I calculate the implied time path of conditional dependence 

between these assets, and present the results in Figs 5, 6, and 7. 

Based on the results of the static copulas during the full, pre-crisis, and crisis periods, the 

higher dimensional portfolio has the lower dependence relation. This suggests that there 

is a diversification effect. In the first two or three trees, the Student t copula is dominant, 

which means that the symmetric t copula is chosen as the best fitting copula. Surprisingly 

when a higher dimensional tree is being estimated, it is more probable that an asymmetric 

copula is chosen. Based on the algorithm of building up the Regular vine copula with 

diverse assets, the Student t copula could be chosen more frequently (Bedford and Cooke, 

2001). 
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The pre-crisis period result is similar to the full period result except for the best fitting 

copula for the second tree (TB3YR-SS given KPf). According to the absolute value of the 

 between these full and pre-crisis periods, the dependence structures between them are 

almost similar. However, between the full (or the pre-crisis) and the crisis period, there 

are not many similarities. The Kendall’s  for the KPf-USDf portfolio during the crisis 

period is negative and greater magnitude than what occurs in the other periods. 

Therefore, the two assets may also work as a hedge. 

4.2.3.2 Time-Varying Regular Vine Copula 

Although the static copula is useful to observe positive or negative dependence and high 

or low dependence, it is limited. The Kendall’s  of the best fitting copula at each pair is 

a single value over the full period. Therefore, it is not possible to observe the time paths 

of the dependence structure correctly during periods of market downturns or market 

upturns. Therefore, like Braun & Grizska (2011), my investigation of the Korean 

financial market attempts to answer three basic questions. First, which dependence 

structure is sufficiently flexible to model an accurate joint distribution for various asset 

groups? Second, does the interaction of mixed asset classes change dramatically over 

time? Third, are the different asset groups tail-dependent? The estimation results of the 

time-varying copula reported in Tables 6, 7, and 8 are insufficient to answer these 

questions and provide an understanding of the time-varying dependence structure among 

these assets.  

In Figures 5, 6 and 7 I demonstrate shifts in Korean financial market dependence 

structure in terms of the Kendall’s , instead of the estimated parameters, in order to 

compare the time-varying dependence structures among each asset pair over the full 

period. Each figure has the time-path line of the best-fitted copula with the two solid 

lines, indicating each static  during the pre-crisis and the crisis period, respectively. 

In Figure 5 we see the static and the time-varying dependence structure of the KPf-SS 

pair during the full period using the time-varying Student t copula as the best-fitting 
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copula. Without the time-varying , one might conclude that the dependence structure 

during the pre-crisis period is simply greater than the crisis period, opposite from existing 

research that the dependence structure tends to increase during market downturns. The 

reason the static dependence structure is higher during the pre-crisis period is probably 

due to characteristics of the two assets. The SS stock is a dominant asset in the Korean 

stock market with almost 20% of total market capitalization. Thus, the stock market 

index (KPf) and SS stock are highly correlated. Also, the staple product of the SS is the 

smart phone (Samsung Galaxy). After iPhone 3GS was released on Nov 2009, the market 

share of the SS decreases before the Galaxy S model was released on the domestic and 

the international market seven months later. Also, the EU sovereign debt crisis made the 

Korean financial markets worse due to rapid EU investors’ foreign fund outflows. 

Therefore, the time-varying  (the rank-based correlation indicator) is highest around 

2010, since the negative effect of the U.S. home mortgage crisis remains and the EU debt 

crisis occurs. If one considers the time-varying  and the static  simultaneously, the 

conclusion needs to be modified. There are high dependences around 2002, 2004, and 

2010 and a one-time downward trend of the time-varying  in 2007 (at the end of the pre-

crisis period) and the highest dependence occurs around 2010 during the crisis period.  

Figure 5. Static and Time-varying Dependence Structures for KPf-SS 

 

During the full period those are mainly driven by some economic shocks, such as 

domestic credit insolvency crisis around 2002-2004, the U.S. mortgage crisis during 

2008-2009, and the European fiscal crisis around 2010-2011. This means that the 



 

72 

 

dependence in the KPf -SS asset group becomes higher and the two shocks in 2002 and 

2010 affect the dependence relation in the same way. Comparatively, the U.S. mortgage 

crisis does not affect much. Using the static dependence structure only could lose the 

information from the time-varying dependence structure and lead to an incorrect 

assessment of the dependence structure between the KPf-SS assets. 

In Figure 6 we see that the static and the time-varying dependence structure of the two 

futures contracts (KPf-USDf) during the full period using the time-varying Student t 

copula. Without the time-varying  series, we might conclude that the dependence during 

the crisis period is simply greater than that during the pre-crisis period.  

Figure 6. Static and Time-varying Dependence Structures for KPf-USDf

 

The static and time-varying dependence structure of the KPf-USDf pair during the full period uses the Student t copula. 

The time-varying dependence between the KPf and the USDf becomes weaker around 2002-2004, implying that the 

domestic shock was not intense enough to make dependence more negative or positive, but more unstable during the 

pre-crisis period. The static dependence of the KPf-USDf pair between the two periods is smaller than that of the KPf-

SS pair, denoting the shocks during the full period could affect the KPf-SS pair more than the KPf-USDf pair. This 

conclusion is modified with the time-varying dependence structure considered. Except for three or four occurrences 

during 2002-2004 (where positive dependence occurs), the time-varying dependence structure of the pair is negative 

and stable, indicating that the asset pair may imply a portfolio strategy to avoid market risk. 

In Figure 7 we see the static and the time-varying dependence structure of the KPf-

TB3YR pair during the full period using the Student t, the Gaussian, and the Clayton-

Gumbel copula. The dependence between KPf and TB3YR becomes weakly negative 

before the domestic shock. However, after 2002, the time-varying dependence relation 
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looks comparatively stable and positive. At the beginning of the period, a flight-to-

quality20 could exist. We note that before the domestic credit crisis occurred, the Korean 

government used monetary policy and fiscal policy to change the primary interest rate. 

As domestic assets, the KPf and the TB3YR returns are comparatively stable against 

these shocks. The time-varying dependence with the Clayton-Gumbel copula is also 

matches with the observed the shock. 

Figure 7. Static and Time-varying Dependence Structures for KPf-TB3YR

 

In Appendix D, there are the time-varying dependence structures of the other asset pairs 

(e.g., the SS-TB3YR|KPf, the USDf-TB3YR|KPf, and the SS-USDf|KPf-TB3YR). The 

time-varying dependence structure of the SS-TB3YR|KPf starts as weakly positive but 

during the U.S. mortgage crisis, the dependence relation of the best fitting copulas 

(Clayton and Student t copulas) converts to weakly negative and then back to weakly 

positive. This indicates the three-representative domestic financial assets have weakly 

positive dependence structure during the pre-crisis period due to the domestic shock. 

However, due to the two external shocks the time-varying dependence structure becomes 

negative around 2009. Then, the negative dependence structure restores to previous 

                                                 

20 a financial market phenomenon occurring when investors sell what they perceive to be higher-risk 
investments and purchase more secure investments, such as government bond or gold. This is 
considered a sign of fear in the marketplace, as investors seek less risk in exchange for lower profits 
(https://en.wikipedia.org/wiki/Flight-to-quality). 
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positive dependence structure, indicating the external shocks has a meaningful impact on 

the time-varying dependence structure of the SS-TB3YR|KPf portfolio over the full 

period. 

The time-varying dependence of the USDf-TB3YR|KPf starts as weakly positive but 

during the first two shocks, the dependence relation of the best fitting copulas (Joe-Frank 

copula) increases a bit positive dependence and decreases weakly negative after 2010, 

implying the external shocks make the negative dependence structure persistent. The 

phenomenon would arise from the USDf, the financial asset sensitive to the external 

shocks. In the Figures D.1 and D.2 the best-fitting time-varying copulas for those 

portfolios outperform their corresponding static copulas at all time horizons. I find time-

varying copula make time-varying dependence structure more informative, rather than 

static dependence structure, to show how the dependence structure changes over the 

period. 

As expected, it is observed that the time-varying dependence structure of the SS-

USDf|TB3YR-KPf pair look stable even if the very weakly positive and negative 

dependence is observed frequently. Therefore, it demonstrates that the diversification 

effect could exist even during domestic and external shocks. 
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Chapter 5  

Risk Measurement and Evaluation 

In Chapter 4 I applied the GARCH-EVT-Copula model to investigate the dependence 

structure of the Korean financial portfolios and demonstrated that both nonlinearity and 

asymmetry might exist in the relation. In this chapter, I use the time-varying copula 

framework to measure, forecast, and evaluate the VaR and the ES of alternative 

portfolios. I use several univariate and multivariate VaR models for comparison. By back 

testing the models, I find that the integrated approach provides more accurate forecasts 

of returns, and it outperforms particularly during the crisis period. This supports the 

economic argument for integrating time-varying and asymmetric properties of returns 

into the risk measurement methodology. 

As a common risk measure, VaR is the expected loss that will not be exceeded with a 

certain probability level during a specific period. ES is the same as VaR with the 

additional condition that the expected loss occurs with greater frequency than a certain 

probability level. Both risk measures are required to know the distribution of portfolio 

returns. Therefore, the copula approach to measure the risk is theoretically more 

consistent. Also, the choice of copula is important for risk measurement because it 

modifies the risk of target portfolios (Chollete, Heinen, & Valdesogo, 2009).  

I have examined the volatility and dependence structures for four return series on Korean 

financial assets using a copula-based GARCH-EVT model. The portfolio distribution is 

calculated from the marginal distributions, but it is not easy to obtain an analytical form 

for the jointly multivariate distribution (Silva Filho, Ziegelmann, & Dueker, 2014). 

Therefore, we use Monte Carlo simulation for the copula based model to calculate the 

VaR and the ES of an equally-weighted portfolio. To test the VaR estimates, the 

unconditional VaR (Kupiec, 1995) and conditional VaR test (Christoffersen, 2004) are 

conducted to test the probability of exceeding the VaR that is obtained from both the 

marginal results and the best-fitting static and time-varying copula. An ES test (McNeil, 
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Frey, & Embrechts, 2005) is conducted to determine which conditional ES of the fitted 

models is valid.21 

The first step is to create a rolling density forecast from the best-fitted GARCH models 

with options for refitting every 25 periods. I back test the VaR using conditional and 

unconditional coverage tests and an ES conditional coverage test at the 5% significance 

level.  

In Table 9, I show the exceedance percentages and the p-value of the VaR and the ES 

tests as obtained from the best-fitting GARCH-EVT model for each asset. The VaR test 

of each marginal distribution consists of the VaR conditional and unconditional coverage 

test. These test results indicate that all p-values of the VaR_cc and the VaR_uc are 

greater than 0.05 and the calculated exceedance percentages of all VaR tests are close to 

the theoretical probability level of 5%. This means that all the null hypotheses are not 

rejected and the calculated exceedances based on the best-fitting GARCH-EVT model 

are correct. That is, they are correct and independent (conditional coverage test). The ES 

test results are similar to the VaR results. 

  

                                                 

21 Under the unconditional coverage, the null hypothesis is , where  is the number of observed 

exceedance and  is the theoretical VaR coverage rate (5%) using the LR test ~  with one degree of 

freedom. Under the conditional coverage, I simultaneously test whether, as the null hypothesis, the VaR 

exceedances are independent and the average number of exceedances is correct. 
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Table 9 VaR 5% and ES 5% Exceedance Tests of the GARCH-EVT Model 

    KPf SS USDf TB 

VaR_uc  b/ N/T a/ 4.85% 4.93% 5.41% 5.23% 

 p-value 0.7071 0.8051 0.5281 0.7971 

VaR_cc p-value 0.9320 0.8512 0.111 0.9342 

ES_cc  b/ N/T 4.85% 4.93% 5.84% 4.93% 

 p-value 0.9895 0.7643 0.8154 0.9903 

a/  N is the number of occurrences in which the VaR (ES) is exceeded, T is the sample size (1319), and N/T is the estimated percentile of the VaR (ES) exceedance. 
b/ VaR_uc (VaR_cc) is unconditional (conditional) coverages test and ES_cc is conditional coverage test at 5% significance level. 

 

Table 10 VaR 5% and ES 5% Exceedance Tests of the Copula Model 

Copula 
KPf-SS KPf-USDf KPf-TB3YR SS-TB3YR|KPf USDf-TB3YR|KPf SS-USDf|KPf-TB3YR 

N/T b/ VaR_uc VaR_cc N/T VaR_uc VaR_cc N/T VaR_uc VaR_cc N/T VaR_uc VaR_cc N/T VaR_uc VaR_cc N/T VaR_uc VaR_cc 

time-
varying 
a/ 

5.3% 0.989 0.673 5.6% 0.326 0.340 5.3% 0.573 0.682 5.4% 0.389 0.745 5.2% 0.483 0.937 5.3% 0.661 0.602 

static a/ 4.2% 0.949 0.800 4.4% 0.241 0.276 4.1% 0.404 0.987 4.2% 0.189 0.127 4.9% 0.588 0.805 4.6% 0.446 0.756 

  N/T ES_cc   N/T ES_cc   N/T ES_cc   N/T ES_cc   N/T ES_cc   N/T ES_cc   

time-
varying 
a/ 

5.2% 0.546   5.4% 0.667   4.8% 0.629   5.7% 0.825   5.2% 0.214   5.3% 0.459  

static a/ 4.5% 0.405   4.1% 0.326   4.7% 0.695   4.4% 0.233   4.0% 0.896   4.2% 0.789   

a/ The best fitting time-varying copula of each portfolio is used for simplicity (i.e., the best fitting copula of the KPf-SS pair is the Student t copula). 
b/ N is the number of occurrences in which the VaR (ES) is exceeded, T is the sample size (1320), and N/T is the estimated percentile of the VaR (ES) exceedance. 
c/ VaR_uc (VaR_cc) are the unconditional and conditional coverage test. ES_cc is the conditional coverage test at the 5% significance level. 
    The values shown for each test are the p-values. 
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In Table 10, I report the forecasting performances of the best fitting GARCH-EVT-

Copula models using out-of-sample data at the 5% significance level. To implement the 

VaR and the ES exceedance tests, I simulate 100,000 replications for the best fitting time-

varying copula and the corresponding static copula of the six portfolios.  

Table 10 consists of two main rows and six columns. All time-varying and static copula 

of each pair leads to good approximations of each distribution in estimating the VaR 

(ES). This is indicated by the p-values of the VaR_uc, VaR_cc, and ES_cc, which are 

higher than 0.05. The null hypothesis of the exceedance test is not rejected. That is, the 

back test results from the best fitting static and time-varying copula exhibit the calculated 

exceedances are correct and independent, implying that the best fitted models of each pair 

are reliable to analyze the time-varying dependence structures of each asset pair and the 

static dependence structures of each pair.  

The exceedance percentages (N/T) for the time-varying copula and the static copula are 

different. The time-varying copula is slightly higher than the quantile used for the VaR 

and the ES. Conversely, the N/T percentage of the static copula is lower than the quantile. 

This means that the detection of exceedances of the VaR and the ES are comparatively 

loose. This makes the risk measurement possibly incorrect during the crisis period and 

may lead to incorrect assessments of risk and unexpected losses. The main reason that the 

static copula is inferior to the time-varying copula is that the static copula parameter is 

derived without estimating the copula parameter by rolling over the daily returns during 

out-of-sample period. That is, the parameter of the static copula also reflects the 

dependence structure as a single value during the whole period, but the single value does 

not reflect the deviation during the crisis period and it is not fully reflected in the estimate 

of the copula parameter. Implementation of the risk measurement back testing approach 

supports the application of the best fitting time-varying copula.   
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Chapter 6  

Summary and Conclusions  

The general objective of this research was to explore an integrated approach for 

evaluating financial risk exposure. This approach incorporates copula models to 

investigate the nonlinear and asymmetric dependence structure of financial assets.  

The first sub-objective was to review the applied research literature related to use of the 

GARCH, EVT and Copula methods to portfolio risk assessment for the purpose of 

identifying important developments in the applied literature. I identify two such 

developments in the research literature.  

First, a well-fitting GARCH model can be robust in the sense of effectively alleviating 

the problems of non-normality, fat tail, and volatility clustering in financial data. 

However, to handle extreme (tail) values and implement the risk measurement correctly, 

the EVT approach needs to be combined with the GARCH model to develop a more 

integrated GARCH-EVT model. Thus, the literature suggests combining the GARCH and 

copula approaches. Copula functions allow one to treat marginal distributions and 

copulas separately, giving more flexibility to specify and estimate the model, and to 

investigate the dependence structure based on all the information about joint behavior.  

Second, the regular vine copula approach is useful for capturing the static and time-

varying dependence structure of financial asset rates of return. It is a more flexible tool 

for modeling high dimensional dependence cases and it accommodates different 

parametric families of copulas. Copula functions are adaptable (symmetric elliptical 

copula, asymmetric Archimedean copula, or mixed copula), so that nonnormal financial 

data can be analyzed. Since copula functions are invariant to increasing and continuous 

transformations, they are useful in economics and finance where we frequently work with 

transformed data. In addition, time-varying dependence structure and dynamic risk 
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measures can be obtained with the use of conditional distributions. The one weakness 

with copulas is that extreme values are not explicitly considered. 

The literature has evolved to demonstrate that the dependence structure of the underlying 

data need not be treated as constant, but can be time-varying. A prime interest is the 

effect of time variation on the underlying dependence structure of financial returns and 

market risk in multivariate portfolios. The literature applies the GARCH-EVT-copula 

integrated approach to demonstrate how well EVT-based models can perform in 

estimating and forecasting VaR. EVT-based models provide a sound statistical 

framework and parametric form for the upper and lower tails. This makes those methods 

appealing when evaluating portfolio VaR.  

I conclude that the recently developed research literature provides a good foundation for 

the use of copula methods in financial risk measurement. That literature suggests how to 

address questions about the use of static or time-varying parametric copulas when 

estimating portfolio risk measures, how to identify an optimal copula model by using 

goodness-of-fit tests, and how to obtain market risk measures for financial portfolios.  

The second sub-objective was to apply an integrated approach (GARCH-EVT-Copula) 

to evaluate the dependence structure and account for the distributional properties of 

financial asset returns in a time-varying context. To implement this, I set up the empirical 

basis for the integrated approach.  

I find that the Korean financial market data has a time-varying dependence structure and 

it exhibits pro-cyclical and counter-cyclical properties when compared with the timing of 

several internal and external economic shocks. I find that the magnitude of dependence 

over the period is closely related to the shocks based on a time-varying dependence 

structure. I identify diversification effects among financial assets and evaluate how these 

effects change over time. I check the robustness of these effects by exploring alternative 

time-varying regular vine copula specifications.  
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I conclude that the best fitting time-varying regular vine copula is useful to analyze the 

time-varying dependence structure of Korean financial markets. The empirical 

application of the GARCH-EVT-Copula model to the Korean financial portfolio clearly 

indicates the dependence structure of the markets is nonlinear, time-varying, and 

asymmetric. The time-varying dependence structures based on the property of each asset 

and two-asset pairs are different in the three identified crisis periods (domestic credit 

insolvency, U.S mortgage crisis, and EU fiscal crisis. The time-varying dependence 

structures estimated from the best fitting model provide investors and policy makers with 

information that can be used to manage the consequences of these types of economic 

shocks in a small open economy such as Korea. 

The third sub-objective was to evaluate the consistency of the integrated approach. This 

was accomplished by back testing the time-varying regular vine copula method using the 

VaR and ES exceedance tests. For these tests, the actual data and the simulated data 

estimated from the copula model are used to calculate the one-day-ahead VaR series. To 

make up for limitations of the VaR measure, the ES test is also conducted.  

Through back testing I find that the VaR and ES measures and exceedance tests confirm 

that the integrated model approach is robust and consistent over time. Both the static and 

the time-varying best-fitting regular vine copulas pass the exceedance tests, but the time-

varying approach is more accurate With regards to the exceedance percentage. This 

confirms the usefulness of the time-varying regular vine copula when modeling the non-

normalities and asymmetries found in financial return series. The back-testing of these 

risk measures does not fully support the superiority of the GARCH-EVT-time-varying 

regular vine copula model, but it does show how important the correct marginal 

distributions are to analyzing the static and the time-varying dependence structure of 

asset returns. 

I conclude that there is a small difference between the VaR and the ES tests when 

conducted using Monte Carlo simulation. This implies that there is more importance to 
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estimating the GARCH-EVT model correctly, relative to the selection of the best fitting 

copula model. To improve the accuracy of the portfolio risk forecasts, I conclude that the 

advice found in Braun & Grizska (2011) is correct. There are three factors that determine 

accuracy of these forecasts. These factors include: the future dependence structure of the 

assets, the future univariate volatility forecasts, and the shapes of the univariate 

distributions. The last two factors are particularly useful for estimating both the static and 

the time-varying copula models, because the static and the time-varying dependence 

structure are estimated from the same standardized residuals of each asset.  
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Appendix A 

Table A.1 Summary of Literature Review 

 Author Approach Data Result 
GARCH-
EVT-static 
Copula 

Berg & 
Aas 
(2007) 

Extend bivariate copula to 
higher dimensions for 
construction of higher-
dimensional dependence and 
tails. 

Four equity returns 
(BP, Exxon, DT, 
and FTE) in 2003-
2006. 

Demonstrate the accuracy of 
the D-vine by evaluating the 
performance of FNAC, 
PNAC, and D-vine in terms of 
VaR violation test. 

Ghorbel 
& 
Trabelsi 
(2009) 

Estimate the VaR and the ES of 
portfolio with GARCH-EVT-
Copula. 

Three equity returns 
(CAC40, DAX, and 
FTSE100) in 1998-
2007. 

Demonstrate the accuracy of 
the conditional copula by 
evaluating the performance of 
BEKK, DCC, and Copula in 
terms of VaR & ES violation 
test. 

Wang et 
al., 
(2010) 

Estimate risk of foreign 
exchange portfolio calculating 
VaR & CVaR to describe the 
portfolio risk structure by 
extending bivariate to n-
dimensions 

Four foreign 
exchange rates 
(USD/CNY, 
EUR/CNY, 
JPY/CNY, 
HKD/CNY) in 
2005-2008 

Suggest the optimal 
investment allocations are 
similar across different 
copulas and confidence levels. 
The USD are dominant 
element for optimal 
investment. T and Clayton 
copula better. 

Deng et 
al., 
(2011) 

Estimate the portfolio risk 
using CVaR and apply Mean-
CVaR to optimize portfolio. 

Four Chinese 
equities (Shanghai, 
Shenzhen, SME, 
and Shanghai Fund) 
in 2008-2011 

Exhibit Mean-CVaR model is 
better than Mean-Variance 
model to optimize portfolio 
allocation. C-vine model is 
better than other multivariate 
models. 

Berger 
(2013) 

Estimate VaR and combine 
elliptical copulas with time-
varying DCC and EVT with 
several back-testing. 

Five Euro equities 
(CAC, DAX, IBEX, 
MIB) with Four 
currencies (GBP, 
CHF, CZK, NORK) 
in 2003-2009 

Hybrid DCC copula is better 
than static copula for VaR 
estimation. 

GARCH-
EVT-
Time-
Varying 
Copula 

Patton 
(2002) 

Extend the static copula to 
allow for conditioning 
variables. Show how to 
construct time-varying copula 
using copula theory 

Two foreign 
exchange rates 
(DEM/USD, 
JPY/USD) in 1991-
2000. 

Find the time-varying SJC 
copula as optimal copula and 
clearly show the existence of 
structural break at the 
introduction of the Euro in 
1999. 

Ozun & 
Cifter 
(2007) 

Estimate portfolio risk (VaR) of 
Latin American equity and use 
back testing to compare the 
performance between EWMA 
and Copula. 

Two Latin 
American equity 
returns (Bovespa & 
Mexico) in 2001-
2007. 

Find the time-varying SJC 
copula is better than EWMA 
to capture the extremes most 
successfully in terms of 
Christoffersen back-testing. 
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 Author Approach Data Result 
Austin & 
Lopes 
(2010) 

Apply Full Bayesian inference 
to estimate the whole set of 
model parameters 
simultaneously. Propose 
Bayesian procedure for the 
estimation of several measures 
of risk (variance, VaR, and 
CVaR) of a portfolio of assets. 

Simulated data 
based on time-
varying copula-
GARCH model & 
DJIA and DAX in 
1998-2004. 

Allow for the simultaneous 
estimation of the marginal and 
copula parameters, which is in 
contrast with the classical 
two-step estimation 
procedures. The t-copula-
GARCH with t innovation 
distribution needs to be 
extended to more general 
models. 

Kim & 
Lee 
(2011) 

Provide the first dynamic 
copula application in Korea. 
Measure the market risk (VaR) 
using traditional VaR 
forecasting methods and a 
conditional copula. 

Two Korean stock 
index returns 
(KOSPI200, 
KOSDAQ) 

the conditional copula method 
can improve the accuracy of 
portfolio VaR forecasting in 
the presence of high kurtosis 
and strong correlation in the 
data. 

Almeida 
et al., 
(2012) 

Build High dimensional time-
varying copula by combining 
D-vine with SCAR models to 
capture dependence that 
changes over time. 

Twenty-nine equity 
returns (DAX30 
list) in 2007-2011. 

By restricting the conditional 
dependence parameter on 
higher cascades of the PCC to 
be constant, they greatly 
reduce the number of 
parameters to be estimated 
without losing much 
flexibility. 

Silva 
Filho & 
Ziegelma
nn (2013) 

Identify the optimal time-
varying copula via the use of 
several criteria (e.g., AIC, BIC, 
negative log-likelihood, and the 
square distance of 
Mahalanobis) to capture the 
conditional tail dependence 
structure between international 
stock returns. 

Four international 
stock returns 
(IBOVESPA, 
FTSE, IPCMX, and 
SP500) in 1999-
2008. 

Analyze the dependence 
structure between financial 
assets and additionally 
compute the Value at Risk 
(VaR) and calculate and 
implement an 
unconditional/conditional 
VaR violation test for 
evaluating each time-varying 
bivariate copula model. 

Vesper 
(2013) 

Combine the time-varying 
copula with Vines. Then, 
compare his model with 
multivariate Archimedean, 
multivariate Gaussian, or 
Student t copulas. 

Sixteen US-based 
monthly stock 
returns in 1990-
2011. 

This time-varying PCC 
approach is more flexible for 
modeling conditional 
dependence structure of all 
possible types of higher 
dimensional copulas to 
capture the time-varying 
structure of financial 
portfolios. 

Cerrato et 
al., 
(2015) 

Estimate the dynamic copula 
model based on the Generalized 
Autoregressive Score (GAS) 
model to investigate the 
dynamic and asymmetric 
dependence structure and 
incorporate the dynamic and 
asymmetric dependence 
structure in risk management. 

Two stock index 
returns (SP500, 
FTSE100) in 2000-
2011 

Demonstrate the usefulness of 
dynamic & asymmetric 
copula by evaluating the 
forecasting performance of 
VaR & ES for the high-
minus-low portfolios. Find 
consistent and robust evidence 
that dynamic asymmetric 
copula model provides the 
most accurate forecasts by 
back-testing. 
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Appendix B 

Figure B.1 Histogram and PDF of standard residuals (Pre-Crisis period) 

 

 

Figure B.2 Histogram and PDF of standard residuals (Crisis period) 
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Appendix C 

Figure C.1 Vine Copula Structure 
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Appendix D 

Figure D.1 Time-Varying Dependence Structure (SS-TB3YR|KPf) 

 

Figure D.2 Time-Varying Dependence Structure (USDf-TB3YR|KPf) 

 

Figure D.3 Time-Varying Dependence Structure (SS-USDf|TB3YR-KPf) 

 


