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Abstract

A major challenge for the growth of multi-crystalline silicon is the formation of carbide

and nitride precipitates in the melt that are engulfed by the solidification front to form

inclusions. These lower cell efficiency and can lead to wafer breakage and sawing defects.

Minimizing the number of these engulfed particles will promote lower cost and higher

quality silicon and will advance progress in commercial solar cell production.

To better understand the physical mechanisms responsible for such inclusions during

crystal growth, we have developed finite-element, moving-boundary analyses to assess

particle dynamics during engulfment via solidification fronts. Two-dimensional, steady-

state and dynamic models are developed using the Galerkin finite element method and

elliptic mesh generation techniques in an arbitrary Eulerian-Lagrangian (ALE) imple-

mentation. This numerical approach allows for an accurate representation of forces and

dynamics previously inaccessible by approaches using analytical approximations.

We reinterpret the significance of premelting via the definition of an unambiguous

critical velocity for engulfment from steady-state analysis and bifurcation theory. Para-

metric studies are then performed to uncover the dependence of critical growth velocity

upon some important physical properties. We also explore the complicated transient

behaviors due to oscillating crystal growth conditions as well as the nonlinear nature

related with temperature gradients and solute effects in the system.

When compared with results for the SiC-Si system measured during ParSiWal ex-

periments conducted by our collaborators, our model predicts a more realistic scaling of

critical velocity with particle size than that predicted by prior theories. However, the

engulfment growth velocity observed in the subsequent experiment onboard the TEXUS

sounding rocket mission turned out to be unexpectedly higher. To explain this model

discrepancy, a macroscopic model is developed in order to account for the natural con-

vection in the terrestrial experiments. We demonstrate that the convective flows are

able to keep most small particles suspended in the melt, so that the observed criti-

cal velocities and their variance are enhanced in the experiments conducted on earth.

According to simulation results, some solutions, which are applicable in photovoltaic

industry, to the inclusion problem are also discussed and studied.
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Chapter 1

Introduction

It is not sensational news that most of our natural resources and fossil fuel reserves

will be depleted within the next 100 years [3]. Moreover, the consumption of coal,

oil and natural gas has caused extensive environmental damage. Thus it is important

for us to develop renewable energy technologies, which, at the same time, should be

environmental-friendly. Recently, solar photovoltaic industry, which devotes to con-

verting solar energy into direct current electricity using semiconducting materials that

exhibit the photovoltaic effect, is enjoying a boom, as demonstrated by the soaring

worldwide installed photovoltaics in Figure 1.1. Although there are concerns that this

solar boom is starting to look like a bubble, photovoltaic technology, particularly silicon-

based, has its own reasons to become a promising candidate within those limited choices

of next-generation energy sources.

Firstly, the Earth receives 174,000 terawatts (TW) of incoming solar radiation (in-

solation) at the upper atmosphere [7]. Although approximately 30% is reflected back to

space, the remaining 70% is absorbed by clouds, oceans and land masses in one hour is

even more than the total energy used by the world in one year in 2002 [8,9]. The amount

of solar energy reaching the surface of the planet is so vast that in one year it is about

twice as much as will ever be obtained from all of the Earth’s non-renewable resources

of coal, oil, natural gas, and mined uranium combined [10]. Actually, humans have a

long history of indirectly utilizing solar energy, because most energy resources—such

as petroleum, natural gas, biomass, hydroelectricity, wind and so on—originally derive

from the sun. While photovoltaic technology allows humans to directly convert sunshine

1
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Figure 1.1: Worldwide installed photovoltaics in megawatts is plotted with time since
1992. The semi-log scale in y-axis demonstrates the recent boom in solar technology.
Figure is reproduced from several data sources [4–6].
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into electricity, which is most convenient form of energy for us to use in large scale. Thus

the first reason to develop solar industry is that it is able to provide us with a nearly

infinite source of energy, compared with our current level of energy consumption.

Moreover, the solar cells on the current market can be grouped into two distinct cat-

egories: crystalline silicon (c-Si) solar cells and thin-film solar cells. The former, c-Si, is

used in traditional, conventional, wafer-based solar cells and can be further divided into

three subdivisions: monocrystalline silicon (mono-Si), multicrystalline silicon (multi-Si

or mc-Si) and ribbon silicon (ribbon-Si). While the thin-film solar cells can also be

be divided into subdivisions: amorphous silicon (a-Si), nanocrystalline silicon (nc-Si),

protocrystalline silicon (pc-Si) and other non-silicon materials, such as cadmium tel-

luride (CdTe) and copper-indium-gallium-selenide (CIGS). It is not difficult to notice

that except for some thin-film solar cell, silicon has been the mainstream material for

PV industry. This fact is of great importance because over 90% of the Earth’s crust

is composed of silicate minerals, making silicon the second most abundant element in

the Earth’s crust (about 28% by mass) after oxygen [11]. Thus the supply of raw ma-

terials for producing solar cells is also nearly unlimited, which will allow the large-scale

utilization of silicon-based solar cells.

PV technology also has a long history, beginning in 1839, when the photovoltaic

effect was first observed by Alexandre Edmond Becquerel. In 1954, Bell Labs announced

the invention of the first practical silicon solar cell, which had about 6% efficiency [12].

However, due to the high cost as well as the low efficiency, silicon solar cells were

not widely used in daily life during a long time. Nevertheless, similar to the famous

Moore’s law in semiconductor industry, solar industry observation indicates that the

price of solar photovoltaic modules drops 20 percent for every doubling of cumulative

shipped volume. This is called Swanson’s law [1], as depicted in Figure 1.2. Meanwhile,

Figure 1.3 reveals that innovations and inventions in PV technology are continuously

improving solar cell efficiencies. This small year-by-year progress has accumulated for

decades to give rise to an impending turning point in solar industry—grid parity, which

means solar cells can generate power at a levelized cost of electricity (LCOE) that is

less than or equal to the price of purchasing power from the electricity grid. Likely the

tendencies in PV technology’s cost and efficiency will last for the next decades, which

leads solar cell closer to the target of next-generation energy source.
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Figure 1.3: Figure plotted by Kurtz and Emery [14]. Conversion efficiencies of best
research solar cells worldwide from 1976 through 2016 for various photovoltaic tech-
nologies. Efficiencies determined by certified agencies/laboratories.
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1.1 PV silicon crystal growth

Figure 1.4 shows the global market share in terms of annual production by PV tech-

nologies, including crystalline silicon (c-Si), ribbon silicon (ribbon-Si), and thin-film

technology, encompassing amorphous silicon, CdTe and CIGS. Made up of monocrys-

talline silicon (mono-Si) and multicrystalline silicon (multi-Si), c-Si dominates the solar

market throughout all the years. This is owing to the large-scale application of some

classic crystal growth methods in industry to manufacture the bulk crystalline silicon

ingots—the precursors for mono-Si and multi-Si solar cells. These mature crystal growth

processes, such as Czochralski method and directional solidification method, have been

studied and developed for a long time, so that they can ensure the low cost as well as

the high quality of grown silicon ingots.
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Figure 1.4: The global market share of PV technologies is plotted from 1980 to 2014,
in terms of annual worldwide production. Figure created by Fraunhofer ISE [15].

1.1.1 Growth of monocrystalline silicon

Monocrystalline silicon or single-crystal silicon possesses a diamond cubic lattice, where

the periodic arrangement of atoms is continuous throughout the entire ingot unbroken

to its edges, with the absence of any grain boundaries. In industry, most mono-Si ingots
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are grown by the Czochralski (CZ) process, invented by Polish scientist Jan Czochralski

in 1916 [16]. The typical steps in CZ growth consist of (1) melting polysilicon, (2)

seeding and (3) growing, which can be elaborated upon as follows. In a chamber filled

with an inert atmosphere, raw electronic-grade polysilicon chunks or grains are first

loaded into a quartz crucible and melted at a high temperature for a while, so that no

solid silicon will be left and tiny bubbles will be completely ejected. A seed crystal of

precise crystallographic orientation is then dipped into the melt and pulled back when

it begins to melt itself. This technique named after Dash [17] will lead to the formation

of a neck, which can eliminate the propagation of dislocations. With a decreasing

pulling rate, the conical part and shoulder are grown to gradually increasing the crystal

diameter up to a prescribed value. Then, as depicted by the schematic view of CZ

growth process in Figure 1.5(a), the automatic monitoring and control system will

control the pulling rate and the melt temperature, as well as compensate for the drop in

the melt level as the crystal grows, to ensure that the newly grown crystal has a constant

diameter. Meanwhile, the growing crystal and crucible will rotate in opposite directions

simultaneously to promote the growth of crystalline silicon at the melt/solid interface.

Near the end of growth, while the molten silicon has not be completely depleted, a

conical part has to been formed at the end by gradually decreasing the ingot diameter,

just in the opposite direction with the one at the upper end. This end-cone is required to

minimize thermal shock and avoid slip dislocations at the tail end. Finally, the crystal

can be lifted and separated from the little liquid silicon left in crucible.

Usually, the cones at both ends, as well as the shoulder part should be cut and

discarded, because these parts may contain inhomogeneous crystal characteristics due

to the abrupt change in solidification conditions. This waste is not a very big issue

during the production of most modern day electronic devices, because fabricating very-

large-scale integrated (VLSI) circuits has a much higher value added to a single chip, and

when comparing with this, the cost of preparing single-crystal silicon substrates is nearly

negligible. Moreover, semiconductor devices are fabricated almost exclusively on only

mono-crystalline silicon wafers, because the presence of grain boundaries, dislocations

and other crystallographic defects such as point defect clusters can adversely affect their

performance. However, when it comes to the realm of photovoltaics, CZ process is not

so competitive as solar cells are not so sensitive to those defects, and some other cheaper
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methods can act as a substitute to grow crystalline silicon with a lower grade, as will be

introduced in Section 1.1.2. Also, as shown in Figure 1.5(b), an ingot produced via CZ

process will inevitably have a cylindrical shape. But in order to fully utilize the area

when being paved onto a solar panel, solar cells have to possess a shape of square. As a

compromise between module-packing density and material cost, the cylindrical ingot is

usually trimmed into an almost square cross section with four round corners, as depicted

in Figure 1.5(c). This waste also contributes to the higher cost of mono-Si solar cells.

Nevertheless, some insiders in solar industry pointed out that as the price of silicon

feedstock drops much faster than the cost of PV module processing, the use of higher-

efficiency solar cells will gradually become more and more preferred over those cheaper

wafer or process. Therefore, mono-Si solar cell might still keep its competitiveness for

a long time in the future.

The crucible-less floating zone (FZ) technique can also be used to grow mono-Si, with

even higher material purity and structural quality. But due to its stricter requirements

for feedstock silicon as well as its limitations on ingot sizes, FZ silicon for solar cells is

still mostly a matter of R&D and has rarely been applied in industry. Thus the details

of FZ method won’t be introduced here.

1.1.2 Growth of multicrystalline silicon

Unlike mono-Si, multi-Si is composed of a number of smaller crystals, also known as

crystallites, which give rise to multi-Si solar cell’s characteristic appearance—metal flake

effect, as shown in Figure 1.6(c). The directional solidification (DS) method is widely

used in the large-scale production of multi-Si ingots for solar cells, and Figure 1.6(a) is a

schematic of this growth process. A charge of solar-grade silicon feedstock is first loaded

into the crucible and melted. Then the insulation pad (6) in Figure 1.6(a) is lowered to

allow for the entrance of cold air from the outer chamber. Because the heaters locate

in the upper part of the inner chamber and also the cold air enters from the inlet at

the bottom, a temperature gradient will develop within the domain of silicon. As the

temperature gradually drops, the cooler part of the melt at the bottom will solidify first

and the solid-liquid interface will directionally move upward until all the melts become

a whole silicon ingot.

By comparing the two methods described in Sections 1.1.1 and 1.1.2, it is apparent
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that DS method is much simpler than CZ process, due to its lack of the sophisticated

monitoring and control system, which is indispensable in order to control the ingot diam-

eter during CZ growth. The inevitable waste of silicon material when producing square

solar cells from a cylindrical mono-Si ingot can also be avoided, because the resultant

multi-Si ingot via DS method has a square cross section, inherited from the tetragonal

shaped crucible used in DS method. Moreover, another great merit of DS method is

its compatibility with large ingot batch sizes. While the ingot size in CZ process is

typically limited by the neck, as it will fracture when lifting a larger and heavier ingot.

These advantages of DS method significantly reduce the cost of manufacturing solar

cells, at the expense of lower crystal quality, which approximately decreases the energy

conversion efficiency of multi-Si solar cells by 1.2 percentage points, comparing to those

made of mono-Si. However, to some extent, it is worthwhile to make this sacrifice as

along as it can bring about dramatical reduction in cost, because after all, profit is the

first priority from the perspective of industry.

1.2 Motivation

As revealed by Figure 1.4, multi-Si solar cell has steadily increased its market share from

1980s, owing to the rapid progress on DS technique. In 2014, more than 55% solar cells

are made of multi-Si, as it can strike a great balance between performance and cost. But

there are still significant opportunities for increasing quality and reducing cost of multi-

Si for solar applications via a better understanding of the growth process. One challenge

is the formation of silicon carbide (SiC) and silicon nitride (Si3N4) inclusions embedded

in the multi-Si solid (see Figure 1.7), which can deteriorate conversion efficiency of solar

cells by causing severe ohmic shunts [20] or resulting in nucleation of new grains in

silicon ingots [21].

Even worse, the most vital problem occurs when those grown silicon ingots are

sliced into thin wafers via multi-wire sawing, as depicted in Figure 1.8(a). Because

β-SiC, which is the most commonly encountered polymorph in multi-Si ingots [24], has

an extremely high hardness between corundum and diamond, due to its diamond-like

crystal structure. If a SiC inclusion intercepts the sawing path, it will be very difficult

for the sawing wire to directly cut through. Thus the sawing wire will either tend to
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(a) (b)

Figure 1.7: (a) The embedded SiC and Si3N4 inclusions can be observed via SEM after
etching the multi-Si wafer [22]. (b) Optical micrograph for inclusions taken out of the
silicon matrix. The black particles are SiC and the yellow rods are Si3N4 [23].

climb over the hard particle, leaving linear sawing defects on the wafer surface, as those

in Figure 1.8(b), or even be broken by the inclusion blocking the way [22,25,26].

500 µm

(b)

Si
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(a)

Figure 1.8: (a) Schematic of multi-wire sawing [27] (b) Optical micrograph of linear
sawing defects across a SiC inclusion on the surface of a multi-Si wafer [22]

In order to minimize the number of these hard inclusions, some prior researchers

have already conducted many experimental as well as theoretical investigations on this

topic [21, 23, 26]. They have already arrived at a consensus that these SiC and Si3N4

particles are first formed within the liquid silicon, rather than in the solidified crystal.

Although impurities can also be initially contained in some low-grade silicon feedstock,
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the carbon in the silicon mainly comes from the graphite heaters and insulation ele-

ments in the furnace, via several etching chemical reactions, while nitrogen is mainly

from the silicon nitride coating on the quartz crucible [28]. Because both elements have

relatively low segregation coefficients in silicon [23], carbon and nitrogen will be rejected

from crystal upon solidification and accumulate in the melt, due to segregation effects.

After their concentrations exceed the solubilities in liquid silicon, SiC and Si3N4 will

precipitate in melt and then further grow up. To finally form inclusions in ingot, these

precipitates have to undergo an engulfment process, during which foreign particles in

melt are captured by the advancing solid-liquid interface and embedded into solid. How-

ever, this particle engulfment process is not necessary to happen as long as a particle

approaches the solidification front. Depending on conditions, the particle may simply be

pushed, rather than engulfed. This phenomenon is interpreted as particle rejection by

the solidification front due to repulsive van der Waals forces, which will be introduced

in Section 1.4. Transitions between engulfing and pushing modes can occur, in either

direction, depending on the changes in various solidification conditions.

Recently, our collaborators, Jauß et al. [29] and Azizi et al. [30], have aimed to quan-

titatively determine engulfment conditions via experiments using a silicon floating zone

system pre-seeded with a distribution of SiC particles and grown under microgravity

and terrestrial conditions. Their preliminary studies of inclusions during silicon crystal

growth have pointed out that classical theoretical models of engulfment do a poor job of

explaining experimental observations. However, high system temperatures (greater than

1687 K) and small particle size (typically ranging between 1 and 400µm) hinder their

further investigations, since these tough conditions significantly increase the difficulty

as well as the cost of conducting quantitative experiments to accurately measure the

engulfment conditions, especially on a sounding rocket, which is the main objective of

our collaborators, to explore whether microgravity conditions can help eliminate these

harmful inclusions. As will be introduced in Section 6.1, besides the gravity, our collab-

orators basically choose particle diameter and growth rate as controlled parameters in

their experiments. However, since the engulfment system is so complicated, many other

parameters can also influence the pushing/engulfing transition. Only obtaining one

datum from one time-consuming experimental run is very inefficient and uneconomic

for this multivariable problem. Therefore, it is advisable to resort to modeling efforts,
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which are generally much cheaper and more convenient, to investigate the mechanisms

that determine the dynamics of particle transport in silicon melts and the pushing or

engulfment of these particles at a moving solid-liquid interface.

1.3 Prior efforts on particle engulfment

Although the engulfment of hard inclusions in multi-Si ingots is a newly posed problem

due to the boom of solar industry, there is a long history and substantial body of

literature devoted to the analysis of solidification and particle engulfment or capture,

because this complicated phenomenon also plays an important role in a wide variety

of physical processes, such as the fabrication of composite materials [31–37], separation

processes [38], cryogenic preservation of biological materials [39, 40], and frost heaving

[41].

Corte [42] was one of the first to study engulfment during solidification by conduct-

ing experiments on particle segregation during the freezing of ice. Pioneering studies

were also performed by Uhlmann, Chalmers, and Jackson [43]; they posited a criti-

cal velocity below which particles were rejected at the interface and above which they

were trapped in the solid. Uhlmann et al. [43] assumed that the chemical potential of

the liquid between the particle and solidification front dominated the particle-interface

interaction and could be described by an inverse power-law function of particle-solid

separation. This repulsive force was balanced by viscous drag on the particle, which

increased continuously with solidification velocity and led to an ever decreasing steady-

state separation between particle and solidification interface. Since their analysis always

predicted a finite gap between the particle and the growth front, a cut-off criterion for

a minimum gap size, argued to be on the order of several molecular diameters, was

invoked to define the critical velocity of engulfment. This practice of choosing an ar-

bitrary cut-off distance has been employed by many other analyses of engulfment; see,

e.g., [44–47].

In important papers published over a decade later in the former Soviet Union, Cher-

nov, Temkin, and Mel’nikova [48, 49] proposed that the physics of inclusion was dom-

inated by the balance of repulsive van der Waals forces between the particle surface

and the solidification interface and drag forces arising from the flow of liquid around
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the particle. Chernov et al. appear to be the first to directly account for the effect of

the van der Waals interactions on the chemical potential of the melt within the gap

between particle and growth front. This causes significant undercooling of the melt in a

thin layer of liquid separating the particle and solid surfaces, which further deflects the

growth interface when the particle approaches. This premelting effect is explained in an

excellent overview of the general phenomenon by Wettlaufer and Worster [50]. Finally,

Chernov et al. were able to approximate changes to the shape of the solidification front

caused by perturbations to heat flow caused by the particle and derive an approximate

analytical expression for the critical velocity.

Rempel and Worster [51,52] made significant advances in the theory of particle en-

gulfment via a more fundamental representation of interfacial interactions. Similar to

the approach of Chernov et al. [48], their analyses included a premelted layer arising

from a phase equilibrium shift due to the effects of van der Waals interactions in the thin

liquid gap separating the particle and freezing interface. Further, they emphasized that

including the physics of premelting circumvented the arbitrary cut-off values employed

in prior analyses for determining minimum gap thickness prior to engulfment of the

particle. In [51], after assuming equal thermal conductivities of particle, melt, and solid

and ignoring latent heat of solidification, they were able to relate the movement of the

particle to the spatial form of the invariant temperature field and approximate fluid flow

through the gap via lubrication theory. Employing impressive insight, they formulated

an analytical form for the steady-state particle velocity as a function of film thickness.

This result clearly demonstrated that two, steady-state gap thicknesses corresponded to

a single particle velocity. The larger of these gap sizes corresponded to a stable, pushed

particle state, while the smaller represented an unstable state which would eventually

lead to engulfment. The shape of this velocity-gap thickness curve exhibited a maxi-

mum, which defined a unique critical velocity for a given set of conditions, including

particle size. This behavior will be further explored and explained by the models de-

veloped here in Chapter 4. In a subsequent study, Rempel and Worster [52] refined

their analysis to include Gibbs-Thomson curvature effects on the solidification inter-

face and different interfacial interactions characterized by inverse power-law functions

of separation distance.
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Analyses of particle engulfment have more recently been put forth by Davis and co-

workers [53, 54]. Park et al. [53] assumed equal thermal conductivities of the melt and

crystal, no latent heat of solidification, and a constant thermal gradient; however, they

were able to consider the important effects of differing thermal conductivities of particle

and melt using the prior approximation of Chernov et al. [49]. They also employed the

ideas of Rempel and Worster [51,52] to include the effects of premelting caused by van

der Waals forces and the representation of viscous forces in the gap via application of the

lubrication approximation. Park et al. [53] also considered gas bubble capture during

solidification, in which thermocapillary forces strongly influence engulfment behavior.

Kao et al. [54] considered solute effects, namely mass transfer, segregation, and melting-

point dependence on composition, on particle capture during binary solidification.

Another series of studies were conducted by Garvin and Udaykumar [55–60], who

were motivated by the fabrication of metal-ceramic composites. They systematically

examined the approximations used to model the myriad forces acting on a particle

during engulfment. This work culminated in a multiscale, numerical model in which

the lubrication approximation was applied in the thin, inner gap and coupled to the outer

solution of the Navier-Stokes equations for the liquid surrounding the particle. Moving

interfaces were computed using a level-set approach [59, 60]. Arguably, this work was

less elegant than prior analytical and semi-analytical analyses [48, 49, 51–54]; however,

it could be directly applied to study specific systems without resorting to simplifying

assumptions. In contrast to virtually all prior analyses, Garvin and Udaykumar [59,60]

formulated engulfment as a time-dependent phenomenon and proposed a new criterion

for judging whether the particle will be pushed or engulfed. Their criterion was based

on a dynamic consideration of the nonlinear evolution of the gap width, rather than the

more conventional approach that considered the linear stability of steady-state particle

velocity [51–54].

Nearly concurrent with the multiscale models of Garvin and Udaykumar, Chang

et al. [40] developed a modified level-set method for modeling the dynamic interaction

of biological cells with a solidifying interface, a particle engulfment problem that occurs

in cryopreservation processes. They included solutal effects on solidification and cell

volume changes arising from water transport across the cell membrane. Chang et al. [40]

addressed the challenges of accurately computing both field and interfacial phenomena
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at disparate length scales using an adaptive mesh refining scheme, and they employed

pair-wise interaction potentials, as proposed by Hamaker [61], to compute van der Waals

repulsive forces without assuming a specific geometry for the problem. The modeling of

van der Waals repulsions during particle engulfment will be further considered in depth,

in Sections 1.4 and 4.5.1.

1.4 Repulsive van der Waals forces

As mentioned in Section 1.3, to explain the experimental observations of particle rejec-

tion by the advancing solid-liquid interface, some repulsive interactions between parti-

cle and solidification front have to be introduced. In this context, Derjaguin and Kus-

sakov [62] performed some of the earliest definitive studies of these repulsive interactions

by investigating thin liquid films. They found that an extra pressure was needed beyond

the pressure in an adjoining bulk liquid to maintain a thin liquid film between rigid plates

and termed this the disjoining pressure. This quantity is now understood to represent

the intermolecular forces characteristic of a given fluid-solid combination, comprising

contributions from molecular, electrostatic, and structural components [63,64]. Within

them, experiments indicate that molecular contributions, most commonly referred to

as van der Waals interactions, are usually dominant in preventing the incorporation of

particles in the solid [43].

Van der Waals interactions can be subdivided into three types—Keesom, Debye

and London forces, within which only London force is universal and it is the most

important component, because it does not require permanent dipoles. However, it is a

counterintuitive fact that the repulsive forces between the particle and crystal mainly

derive from London force, because at the level of atoms or molecules, London force,

also called as dispersion force, is always attractive. Hamaker [61] first predicted the

existence of this kind of repulsive van der Waals interaction in a system consist of two

different solids immersed in a liquid medium. He argued that if the attractions between

the liquid and solids are stronger than that directly between two solids, a liquid film

will tend to separate the solids spontaneously, which appears to behave like a repulsive

force. This phenomenon is somewhat analogous to the concept of hydrophobicity. A

hydrophobic material does not mean that it “fears” or repels water. Instead, there also
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exists attraction between a hydrophobe and water molecules, but this interaction is

much smaller than that between two hydrophobes.

Neumann et al. [65] further demonstrated, both theoretically and experimentally,

that the net van der Waals interactions between two different solid materials separated

by a thin liquid film are most typically repulsive. If the repulsive force on the solid

bodies is expressed per unit area of each surface, as alluded to above, this value has

been historically termed the disjoining pressure, although its origins are distinct from

those that determine the hydrodynamic pressure field within the liquid layer. How-

ever, in a thin-film analysis, it is convenient to ignore span-wise variations and express

mechanical forces as functions along the length of the film, in which case there is no

mathematical distinction between the pressure within the fluid (i.e., its mechanical or

thermodynamical pressure) and normal forces per unit area applied along its boundaries

(i.e., the disjoining pressure); see, e.g., [63, 66,67].

Calculation of the molecular contributions to interaction energies and forces was first

approached by the summation of pair-wise London-van der Waals interactions [61, 68].

For example, Hamaker [61] solved for van der Waals forces between two macroscopic

spherical particles by first summing pair potentials of the form w(r) = −C/r6, where w

represents the intermolecular interaction energy, C is the van der Waals force constant,

and r is the distance between interacting molecular pairs. The potential energy E for the

system involving these two spheres with radii R1 and R2 whose surfaces are separated

by a distance d has the form:

E = −A
6

[
2R1R2

(2R1 + 2R2 + d)d
+

2R1R2

(2R1 + d)(2R2 + d)
+ ln

(2R1 + 2R2 + d)d

(2R1 + d)(2R2 + d)

]
, (1.1)

where A is Hamaker’s constant. For the solidification system involving a spherical

particle and an infinite planar phase interface, the radius of one of the spheres need

to be infinity, i.e. R1 → ∞, and then use a simplify notation to represent the other

radius, i.e., let R = R2. The disjoining force F between the particle and plane can be

calculated by taking derivative of the potential energy:

F (d) = −∂E
∂d

= − 2AR3

3d2(2R+ d)2
. (1.2)

Later developments considered the interactions among phases via electromagnetic

field interactions [69], most notably in the theory of Lifshitz and coworkers [70,71]. Lif-

schitz [70] considered a uniform thin film between two unbounded, parallel flat surfaces
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and derived a disjoining pressure, Π, of the following form for nonretarded interactions,

Π(d) = − A

6πd3
, (1.3)

where d is the distance between the two surfaces. Excellent extended discussions of these

phenomena are available in the monographs by Parsegian [72] and Israelachvili [64].

The rigorous computation of van der Waals forces must account for detailed molec-

ular interactions and the geometries over which they are acting. This poses a significant

challenge for models of particle engulfment, since the shape of the solidification interface

deviates from planarity when a particle approaches closely. Several different approaches

have been applied to estimate this force. Rempel and Worster [51, 52] and subsequent

analyses of Park et al. [53] and Kao et al. [54] used the Lifshitz expression for disjoining

pressure between infinite parallel plates in their analyses of engulfment phenomena. In

particular, they integrated the disjoining pressure, Π(d) from Eq. (1.3), over an area

of interaction delimited by θ, which is the angle defining a polar coordinate system

centered on the particle, to compute a repulsive force F :

F (d) = 2πR2

∫ θc

0
sin θ cos θ ·Π(d) dθ = −AR

2

3

∫ θc

0

sin θ cos θ

d3(θ)
dθ, (1.4)

where R is the particle radius, d(θ) is the gap thickness, which varies as a function of

position, and the limit of integration is taken as θc → π/2, as depicted in Figure 1.9(a).

Garvin and Udaykumar [59,60] computed the van der Waals repulsive force by explicitly

adding the disjoining pressure, Π(d) of Eq. (1.3), into the lubrication equations of the

inner region of their model. This was similar to classical approaches for the analysis of

thin film flows [63, 66, 67] and yields an outcome that is functionally equivalent to the

above integral.

The Lifshitz integral of Eq. (1.4), though intuitive and relatively straightforward,

is simply incorrect in its attempt to account for geometrical effects. This has been

recognized by others who have considered how the disjoining pressure should be correctly

computed for geometries other than infinite, parallel planes. Wu and Wong [73] derived

a new disjoining pressure expression for nonplanar interacting surfaces by attempting to

minimize the total interaction energy and showed that the Lifshitz formula, Eq. (1.3),

must be modified to include derivatives of the surface shape. Dai et al. [67] considered a
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Figure 1.9: (a) A schematic diagram showing an insoluble particle suspended in a
melt above an advancing solidification front, reproduced from Rempel and Worster’s
paper [52]. (b) Schematic of a nonuniform thin film in the small slope limit, reproduced
from [67].

similar problem, whose schematic is shown in Figure 1.9(b), and derived a new formula

for the disjoining pressure Π within a thin film of nonuniform thickness:

Π = −A123(4− 3d2
x + 3ddxx)

24πd3
, (1.5)

whereA123 is the Hamaker constant for phases 1 and 3 interacting through phase 2; d, dx,

and dxx are the local film thickness, slope and second order derivative, respectively. The

advantage of Eq. (1.5) over the formula put forth in [73] is that Eq. (1.5) can recover the

correct Lifshitz formula Eq. (1.3) in the limit of infinite flat plates. Unfortunately, there

seems to have been little progress beyond that of Dai et al. [67] on analytical solutions

for the van der Waals forces between surfaces with arbitrary, non-planar shapes.

Admittedly, accurately computing the repulsive forces is of great importance when

studying the particle engulfment behaviors, because it can directly influence particle-

solidification front dynamics. More detailed discussion on this topic will be presented

in Section 4.5.1, with quantitive comparisons and analyses.
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1.5 Interfacial premelting theory

The van der Waals interactions within this solidification system involving particle, melt

and crystal not only give rise to the repulsive forces discussed in Section 1.4, but also

result in a thin premelted layer between the particle and solidification front. This is

because the molecular orientation as well as the chemical potential of the melt will be

altered simultaneously when interacting with the particle and crystal. Wettlaufer and

Worster [74] explicitly considered this interfacial melting phenomenon in an analysis of

frost heave phenomena. The subsequent models for particle trapping by Rempel and

Worster [51,52] considered this effect, and Wettlaufer and Worster [50] later presented an

overview of premelting dynamics. To quantify this effect, Wettlaufer and Worster [50,74]

expanded the chemical potential in a region around the melting point and applied

the Gibbs-Duhem relationship to relate local temperature and pressure. The resulting

expression includes the pressure dependence of melting temperature for the bulk phase,

which represents the direct effect of pressure on bulk melting temperature as well the

Gibbs-Thomson effect [75]. Even when these explicitly pressure-dependent terms are

ignored, it is argued that long-range intermolecular interactions in this geometry provide

field energy per molecule that shifts the equilibrium domain of the liquid phase into the

solid region of the bulk-phase diagram. Accounting for these interactions, they arrive

at an expression that represents the expected thickness of a liquid film surrounding a

solid particle embedded within another solid as,

d = λ

(
Tmp

Tmp − Teq

)1/ν

, (1.6)

where λ is a length scale that characterizes the strength of the intermolecular inter-

actions between the surfaces and ν depends on the type of intermolecular forces that

dominate. Nonretarded van der Waals interactions are modeled using ν = 3, while

values of 4 and 2 correspond to the cases of retarded van der Waals interactions and

long-range electrical interactions, respectively [64,76]. Tmp refers to the bulk equilibrium

melting temperature along a planar interface, and Teq represents the actual temperature

along the solid-liquid interface at equilibrium.

Dispersion contributions are important to van der Waals forces at small separation

distances (the non-retarded case) but become less important at greater distance (the
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retarded case) [64]. Gregory [77] employed an approximate analysis to predict that

the transition from nonretarded to retarded interactions begins to occur at O(10 nm)

separation between a sphere and plane. As will be demonstrated by the simulation

results, for the systems of interest in this project, characteristic separation distances at

engulfment are also of the order of 10 nm. Thus, ν is usually set to 3, and the constant

λ can then be related to Hamaker constant A, which is used to calculate the repulsive

force:

λ =

( −A
6πρs∆Hf

)1/3

, (1.7)

where ρs is the solid (crystal) density and ∆Hf denotes latent heat of fusion.

Eq. 1.6 can also be rearranged into the following form:

Teq = Tmp − Tmp

(
λ

d

)ν
= Tmp −∆Tmp, (1.8)

therefore, interfacial premelting can also be interpreted by the depression of equilibrium

melting point along the solid-liquid interface due to the approach of a second phase

particle.

The freezing-point depression ∆Tmp is usually very tiny when compared with the

bulk melting temperature Tmp, thus in order to simplify the models, most prior re-

searchers just ignored this premelting effect when studying particle engulfment phe-

nomenon [43, 78–80]. In those studies, according to Eq. (1.2) or (1.3), the repulsive

force or the disjoining pressure will quickly tend to infinity when the separation be-

tween particle and solidification front approaches zero. To circumvent this problem, a

cut-off value for the minimum separation is adopted, to limit the repulsive force and also

to define the criterion of engulfment. If the minimum distance between the solidification

front and the particle becomes less than 7 molecular diameters—a typical value used for

this cut-off thickness [56, 79–81]—the particle is considered “engulfed”, and visa-versa

if the minimum separation does not decrease to this cut-off value during solidification,

the particle is pushed.

This undoubtedly groundless assumption of cut-off thickness was first discarded in

the work by Rempel and Worster [51, 52], via including the effect of premelted layer.

Because this premelting effect confines the decrease in gap thickness, and most impor-

tantly, it allows the alteration in interfacial morphology when the solidification front
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approaches a particle, so that the drag force on the particle will significantly increase

accordingly. The restriction on the repulsive force, together with the enhanced viscous

drag, facilitates the capture of particle when the growth rate reaches a critical value. In

Section 4.4, the detailed results for the particle-solidification front interaction including

a premelted layer will be compared to that when no premelting effect on the interface

temperature is assumed, and thus the role of the premelting effect can be revealed.



Chapter 2

Model Development

A depiction of particle interactions with a solidification front is presented in Figure 2.1,

where the geometry and flow field in the melt is represented for a typical case on the

left and quantities used in the model are defined on the right. Solidification is driven

by a translating temperature gradient, which causes the solid-liquid interface to move

upward in the figure, as denoted by the growth velocity, vg, which is defined with respect

to a laboratory reference frame fixed to the solid. Away from the solidification front,

the particle experiences buoyant forces due to gravity acting upon density differences

between the particle and the melt. As the solidification front approaches the particle,

repulsive van der Waals forces between the solid phase and the particle will push the

particle away from the interface, leading to an upward motion of the particle, indicated

by the particle velocity, vp. However, with the upward particle motion, liquid must flow

into the gap to fill the volume previously occupied by the particle. This flow results

in drag forces on the particle, the most significant of which arise in the gap between

particle and solid, that act in opposition to the motion of the solidification interface.

The net balance among these forces determines the ultimate fate of the particle. If

van der Waals forces are stronger than those due to buoyancy and drag, the particle will

be pushed ahead of the growth interface. Eventually, the gap thickness is expected to

adjust so that the opposing forces balance and the particle steadily advances at the same

velocity as the growth interface, with vp = vg and with a constant separation distance,

characterized by the minimum separation distance along the centerline, dmin. If drag

24
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Figure 2.1: A depiction of particle engulfment by a solidification interface (left) and
symbols used in mathematical model (right). Velocity vectors are shown through the
melt, indicating the form of the flow field induced by particle and interface motion. The
direction of the buoyant forces depicted here is for the case of particle density greater
than fluid density.
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overcomes van der Waals forces, the particle will resist pushing, and the advancing

solidification front will deform around the particle. The engulfed particle is stationary

in the laboratory frame, with vp = 0.

Heat transfer can also play an important role in the behavior of this system. As the

particle approaches the solid, differences in thermal conductivity between particle and

melt will locally alter heat flows and affect the shape of the growth front. This shape

change can either increase or decrease hydrodynamic drag and influence engulfment

behavior. In the magnified view of the temperature field and the system geometry

shown by the left image of Figure 2.2, the solidification interface is deflected downward

by the increased heat flow through the particle, due to its larger thermal conductivity

relative to that of the melt. The recessed shape of the interface brings more surface area

of the solid closer to the particle than would a planar shape, thereby increasing drag

effects as the melt flows into the gap and increasing the likelihood of particle capture.

Notice also the thin liquid layer surrounding the particle. Much of the material within

this layer is at a temperature below its normal melting point; however, it remains liquid

due to the effects of premelting [50]. This phenomenon is explained further in the

ensuing discussion of model development.

Following the above general discussion, the mathematical model of this system is

based on continuum transport and mechanics coupled with a detailed representation of

geometrical interactions and interfacial phenomena. The assumption that continuum

mechanics is appropriate to describe such small-scale systems is justified in the recent

overview of Bocquet and Charlaix [82], where theoretical considerations suggest that

continuum mechanics accurately describe liquid flows though channels of 1 ∼ 2 nm in

lateral dimension. The liquid gap between the particle and interface is typically much

larger, with dmin ≥ O(10) nm.

Three domains are considered, the melt, the solidifying crystal, and the particle, as

depicted in Figure 2.1. It is assumed that the geometry is defined by a two-dimensional,

axisymmetric coordinate system and that the particle shape is spherical. The assump-

tion of axisymmetry is credible to the extent that particle shape does not deviate too

much from spheroidal. This is typically true for ceramic powders in metal-matrix com-

posites but less apparent for the system that motivates our study. Specifically, Søiland
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Figure 2.2: Model prediction of a particle undergoing engulfment (left) and snapshot
of the time-evolving mesh of the finite element model (right). Isotherms are plotted on
the left, indicating the thermal field for this case, where kp > k` > ks. The inset shown
in upper right is an expanded view of the geometry and mesh around the thin liquid
gap between particle and solid that arise from premelting phenomena.
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et al. [24] identified blocky, facetted β-SiC particles engulfed during the growth of multi-

crystalline silicon ingots. To assess the validity of our model to describe this system,

we must consider the dependence of the dominant forces of hydrodynamic drag and van

der Waals repulsion on particle shape. For the very low Reynolds number flows around

these small particles, drag is fairly insensitive to sharp corners or edges and depends

much more strongly on the surface area over which fluid forces act [83]. In fact, Hill

and Power [84] proved that the Stokes drag on an object is bounded by the drag on

any shape inscribed within and circumscribed around the actual object. Thus, even for

three-dimensional, facetted particles, the computation of drag forces here is expected

to be accurate, as long as the assumed spherical shape encloses most of the actual par-

ticle, with readily assessable errors by the consideration of bounding spheres. It is also

expected that van der Waals interactions at longer range will as well be relatively insen-

sitive to the details of particle shape; however, the effects of facets, corners, and edges

may become more important at the small separation distances during engulfment. The

issues involved in computing van der Waals forces for arbitrary geometries will further

be addressed in Section 4.5.1.

For the formulation of the time-dependent model, a laboratory-frame coordinate

system is defined with its origin locating at the bottom centerline of the solid domain.

In the ensuing sections, we describe the field equations and boundary conditions needed

to specify temperature, velocity, and pressure. This is followed by discussions of the

mathematical representation of the solidification boundary and the detailed balance of

forces needed to predict particle motion. Finally, we briefly describe the formulation of a

steady-state model that may be applied to more efficiently compute certain states of this

system. We note that the following governing equations are presented in dimensional

form to facilitate their understanding.

2.1 Field equations and boundary conditions

2.1.1 Temperature

The temperature field, T (r, z) is determined over the three domains, each characterized

by its own density ρi, thermal conductivity ki, and heat capacity Cp,i, by solution of
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energy conservation equations of the following form:

ρiCp,i

(
∂T

∂t
+ ui · ∇T

)
= ∇ · ki∇T, (2.1)

where the subscript i denotes the domain, with ` denoting liquid (melt), p the particle,

and s the solid (crystal). The variable t refers to time, partial derivatives are represented

by ∂/∂t, and the nabla operator represents gradients in space, ∇ ≡ (∂/∂r)er+(∂/∂z)ez,

where ej indicates a unit vector pointing in the j-coordinate direction. The convection

term includes a velocity, ui, for each domain. In the liquid, this velocity represents the

motion of the melt around the particle (its determination will be discussed immediately

below). In the fixed coordinate frame employed for transient calculations, the particle

moves as a solid body with up = vpez (determination of the particle velocity vp(t)

will be discussed in Section 2.3 and the solid is stationary, so that us = 0. We do

not expect convective heat transfer to be important for the systems of interest to us,

due to small length scales, slow speeds, and relatively large thermal conductivities.

Indeed, characteristic Peclet numbers for the liquid scale as Pe ≈ 10−6 ∼ 10−5; however,

inelegant as this may be, we choose to retain these terms, since removing them from

our codes poses more challenges than keeping them.

Along the particle-liquid interface, Γp, both temperature field and heat fluxes must

be continuous:

T |` = T |p, (2.2)

k`(np · ∇T )|` = kp(np · ∇T )|p, (2.3)

where np denotes a unit vector that is normal to the particle surface. The temperature

field is also continuous across the solid-liquid interface, but solidification results in the

release of latent heat at a rate proportional to growth, which makes the heat flux balance

across this interface more complicated than that along the particle-liquid interface.

Therefore, along the growth interface, Γg:

T |` = T |s, (2.4)

k`(ng · ∇T )|` − ks(ng · ∇T )|s = ρs∆Hfng · vg, (2.5)

where ng denotes a unit vector that is normal to the growth interface, ∆Hf is the latent

heat of fusion, and vg = vgez represents the velocity of the solidification interface. The
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growth velocity, vg(t, r), is defined by the local vertical movement of the solid-liquid

interface and arises from the response of the interface to the dynamics of the thermal

field, as influenced by the proximity of the particle and the time-dependent temperatures

applied at the far-field axial domain boundaries (described below).

A radially symmetric temperature field is achieved via the imposition of the fol-

lowing boundary conditions along the centerline and outer radial domain boundaries,

respectively,

∂T

∂r

∣∣∣∣
r=0

= 0, (2.6)

∂T

∂r

∣∣∣∣
r=RD

= 0, (2.7)

where RD denotes the radial extent of the domain.

Axial boundary conditions are specified toward the goals of achieving a specified

thermal gradient and interface growth velocity. We thus impose temperatures along

the bottom and top of the computational domain that represent the effects of a moving

reference frame through which a nearly constant heat flux is maintained. The thermal

boundary conditions at the hot and cold ends of the model domain are set as follows:

T |z=0 = TC − vt
(
k`
ks

)
Gt, (2.8)

T |z=Z = TH − vtGt, (2.9)

where z = 0 and z = Z define the lower and upper axial boundaries of the domain.

The initial temperatures bracket the melting temperature of the system, with TC <

Tmp < TH . The axial heat flux is kept nearly constant through time by decreasing

temperatures proportionally to the product of time, t, domain translation rate, vt, and

domain gradient. Note that in the absence of the particle and latent heat evolution,

these conditions will yield constant thermal gradients of G in the liquid phase and

(k`/ks)G in the solid phase. However, the actual gradients at the solid-liquid interface

will be determined by the disturbance of heat flows caused by the nearby particle and

the release of latent heat of solidification at the solidification front.

It is also important to understand that the interfacial growth velocity is not directly

specified in this model, rather solidification occurs as an outcome of the time-dependent
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boundary conditions, eqs. (2.8) and (2.9). In the absence of interactions with the par-

ticle, the solidification interface will be planar and its velocity will match that of the

domain translation rate, namely vg = vt, along its entirety. However, time-dependent

particle interactions with the solid-liquid interface cause the local growth velocity to

deviate from the applied translational velocity, as will be seen in ensuing results.

2.1.2 Melt flow

The velocity and pressure fields in the melt domain, u` ≡ u(r, z) and p(r, z), are gov-

erned by the Navier-Stokes equations and the continuity equation, written for an in-

compressible, Newtonian fluid with constant viscosity, to satisfy momentum and mass

conservation, respectively:

ρ`

(
∂u

∂t
+ u · ∇u

)
= ∇ · T + ρ`g, (2.10)

∇ · u = 0, (2.11)

with

T ≡ −pI + µ
(
∇u + (∇u)T

)
. (2.12)

In the above equations, T is the total stress tensor, I is the identity tensor, g is the

gravity vector and µ is the viscosity of the liquid. The momentum balance, Eq. (2.10),

accounts for inertial, viscous, pressure, and gravity forces, while continuity is enforced

via Eq. (2.11). We do not expect inertial forces to be significant in these systems,

with the Reynolds number scaling as Re ≈ 10−4 ∼ 10−3; however, echoing the above

discussion of the form of the energy conservation equations, we choose to retain the

terms on the left side of Eq. (2.10) in our computational model.

No-slip boundary conditions for the liquid velocity are set along the moving particle

surface, Γp:

np · u = np · vpez, (2.13)

tp · u = tp · vpez, (2.14)

where np and tp denote unit vectors that are normal and tangent to the particle sur-

face, respectively. Continuity boundary conditions for the Navier-Stokes equations are
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applied along the solid-liquid interface, Γg:

ng · u =

(
1− ρs

ρ`

)
ng · vg, (2.15)

tg · u = 0, (2.16)

where ng · u is the melt velocity normal to the solid-liquid interface, tg · u is the melt

velocity parallel to the interface and vg represents the velocity of the solidification

front. On the right side of Eq. (2.15), the prefactor (1− ρs/ρ`) arises from the volume

change upon solidification and will lead to a net flow into or away from the solid-liquid

interface. Park et al. [53] were among the first to explicitly consider this effect during

particle engulfment.

To complete the specification of flows, symmetry, far-field, and inlet conditions are

specified in the liquid domain as follows. Symmetry along the centerline is ensured via:

ur|r=0 = 0, (2.17)

ez · (er · T|r=0) = 0. (2.18)

Similar conditions are applied at the outer radial domain boundary to represent flow

conditions far away from the particle:

ur|r=RD
= 0, (2.19)

ez · (er · T|r=RD
) = 0. (2.20)

On the top boundary of the melt region, an inflow/outflow boundary condition is re-

quired to satisfy the assumptions of incompressible flow and mass conservation:

ur|z=Z = 0, (2.21)

ez · (ez · T|z=Z) = −p0, (2.22)

where p0 sets a hydrostatic datum for the pressure field in the liquid. Inflow or outflow

through this domain boundary is only required if a mismatch in liquid and solid density

results in solidification flow, as represented by Eq. (2.15).

2.2 Solidification interface

The location of the solid-liquid interface is an unknown function of time and position

that must be solved self-consistently with the field equations discussed above. Toward
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this end, we consider the case of atomically rough solid-liquid interface, which is typical

for the solidification of most metals and semiconductors. Under such conditions, the

phase change occurs on a much faster time scale than that characteristic of transport

processes, and the solid-liquid interface is located by the equilibrium melting point of

the material. That the interface must fall along the melting-point isotherm provides

an equation for its location that is implicit with respect to the interface unknowns and

written as,

Ti − Teq = 0. (2.23)

This form of the distinguishing equation for determining the solidification interface is

known as the isotherm condition [85–87] when the equilibrium melting temperature is

taken to be constant at Teq = Tmp, the melting point of a planar interface separating the

two bulk phases. This equation is purely algebraic in nature, i.e., it lacks an explicit time

derivative of interface position, thus it is implicit for the interfacial velocity vg. However,

the interface position can be found as a function of time via solution of Eq. (2.23), and

vg is therefore readily determined.

For the small length scales characteristic of these systems, the melting point is

affected by curvature of the interface. This is commonly known as the Gibbs-Thomson

effect and is represented as follows,

Teq = Tmp

[
1− σs`κ

ρs∆Hf

]
, (2.24)

where κ is the mean interfacial curvature, σs` is the solid-liquid interfacial free energy,

and ∆Hf is the latent heat of solidification.

As already introduced in Section 1.5, premelting effect also plays a important part

in determine the morphology of the solid-liquid interface near the particle. Therefore,

Eq. (2.23) is finally modified using both the Gibbs-Thomson effect, Eq. (2.24), and

premelting, Eq. (1.8), to write the full form of the solid-liquid interface distinguishing

equation,

Ti = Tmp

[
1− σs`κ

ρs∆Hf
−
(
λ

d

)ν]
, (2.25)

where the force type exponent, ν, if not particularly specified, is usually set to a value

of 3, representing the most common case of nonretarded van der Waals interactions.

Eq. (2.25) is the form that we employ to locate the solid-liquid interface in our model,
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as long as the melt is simplified as pure liquid silicon. When impurities such as carbon

and nitrogen in liquid silicon are taken into account, although their concentrations are

usually very low, the resultant solute effects can also significantly alter the interfacial

location and thus influence the particle engulfment behaviors. Please refer to Section

6.5 for the details of locating the solidification front when solute effects are included.

2.3 Particle force balance and motion

The motion of the macroscopic particle is governed by Newton’s second law,

ma = F, (2.26)

where m denotes the mass of the particle, a denotes its acceleration vector, and F is

the net force acting on the particle. In our two-dimensional model, the rigid spherical

particle is constrained to lie on the symmetry axis of our cylindrical coordinate system.

Hence, radial forces on the particle naturally cancel, leaving only a scalar force balance

to determine the axial motion of the center of mass of the particle located at zp (see

Figure 2.1).

Into Newton’s second law, we substitute m = ρpVp, where ρp and Vp are the density

and volume of the particle, respectively, and the axial acceleration of az = d2zp/ dt2. We

finally replace the right-hand-side F with an accounting for the various forces acting on

the particle, including buoyancy arising from density differences and gravity, drag caused

by flow around the particle, and van der Waals repulsion from the solid-liquid interface.

This axial force balance yields the following equation of motion for the particle,

ρpVp
d2zp
dt2

= −ρpVpg +

∫
Γp

ez · (np · T) dS + fR(d). (2.27)

The first term on the right-hand side of this equation is the gravitational force directly

acting on the particle, where g is the gravity constant. The second term represents

hydrodynamic forces on the particle, where ez is the axial direction, np is the normal

vector to the particle surface (outward), and these terms are integrated over the surface

of the particle, Γp. Note that the hydrodynamic forces include viscous drag along the

particle surface and the effect of the fluid pressure distribution around the particle.
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As a brief aside, the net buoyant force on the particle results from gravity acting

on the density difference between the particle and fluid. In Eq. (2.27), this arises from

the difference between the first term on the right-hand side of the equation and one

contribution from the integral of the second term. Specifically, the effect of gravity acting

on the fluid is represented in the pressure term of total stress tensor (see Eq. (2.10)),

which contains a hydrostatic component due to the action of gravity in Eq. (2.12). This

buoyant force is responsible for particle sedimentation and is absent when either g = 0

or the particle and fluid densities are the same.

The third term on the right-hand-side of the particle force balance represents the

repulsive force that arises from van der Waals interactions, where fR(d) is some function

of separation distance d and geometry of the particle and solidification interface. As

discussed in Section 1.4, an feasible choice to approximate this repulsive force is the

analytical expression for the interaction between a sphere and a flat surface that was

derived by Hamaker [61]. Thus, we employ,

fR(d) = − 2AR3

3d2
min(2R+ dmin)2

, (2.28)

where dmin is the minimum separation distance, R is the particle radius, and A is

Hamaker’s constant. We provide an extended discussion on the form, calculation, and

model outcomes of van der Waals forces in Section 4.5.1.

Note that via solution of Eq. (2.27), we know the particle position as a function of

time, zp(t), thus the particle velocity, vp(t) = dzp/ dt, is readily computed, as needed

in the previously discussed energy balance over the particle, Eq. (2.1), and velocity

boundary conditions along the particle surface, eqs. (2.13) and (2.14).

2.4 Steady-state formulation

Most of the prior models on particle engulfment have posed the problem via steady-state

balances, which considerably simplified their analysis. However, such models were only

able to compute pushing states, and the specification of particle engulfment conditions

relied upon defining an arbitrary minimum distance for the gap between particle and

solid-liquid interface, typically taken to be on the order of a few molecular diameters.
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Rempel and Worster [51] rectified this shortcoming via the demonstration that premelt-

ing effects resulted in multiple states that could be clearly identified as stable, leading

to pushing, or unstable, leading to engulfment. Park et al. [53] further refined these

arguments of engulfment versus pushing. The more recent numerical models of Garvin

and Udaykumar [59, 60] and Chang et al. [40] consider a dynamic formulation of the

problem, similar to the approach we have described above.

We can define steady-state conditions in our model by formally setting the time

derivatives in all field equations to zero and defining a new coordinate system that

moves axially upward at a rate equal to the previously specified translation velocity, vt

in eqs. (2.8) and (2.9). Within this moving coordinate frame, the field equations and

associated boundary conditions are modified accordingly. In particular, the particle’s

acceleration on the left-hand side of Eq. (2.27) is set to zero, leaving its right-hand side

as an expression of minimum gap thickness, dmin, as an implicit function of solidification

rate, vg. We will discuss the correspondence between this steady-state formulation and

the fully dynamic model in Section 4.3.



Chapter 3

Numerical Methods

In seeking numerical solutions to this moving-boundary problem, a moving mesh is em-

ployed to simultaneously provide for the solution of the underlying field equations and

to satisfy conditions that represent the moving solid-liquid interface and particle. Be-

low, we briefly describe implementation of the Galerkin finite-element method (GFEM)

and solution strategies for temperature and flow, followed by a discussion of the most

important features of the arbitrary Lagrangian-Eulerian (ALE) approach to solve for

interfacial phenomena.

3.1 Galerkin finite element discretization

The detailed descriptions of the GFEM employed here are distributed in several sources

[88–91], rather than in a single reference, while the essential ideas are succinctly pre-

sented as follow. Basically, GFEM is utilized to discretize the governing equations

described in the previous chapter. The first step is to divide the problem domain into

subdomains, also known as finite elements. Next, via parametric mapping, all the

equations are transformed from the cylindrical coordinates system of z, r into a ξ, η co-

ordinate system, where a nine-node quadrilateral element is mapped into a unit square:

(z, r) =

9∑
k=1

(zk, rk)φk(ξ, η), (3.1)

37
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whose schematic is also depicted in Figure 3.1. In Eq. (3.1), zk, rk are nodal coordinates

and φk(ξ, η) are C0 Lagrange polynomials, which possess the convenient property that

their value equals to one at the corresponding node k and zero at all other nodes in the

element.

z

r
⇠

⌘

Figure 3.1: Parametric mapping to a unit square parent element [91].

Also using the Lagrange basis functions φk(ξ, η), the field variables of temperature

T and velocity u are approximated on the parent element:

u ≈ û =
9∑

k=1

ukφku(ξ, η), (3.2)

T ≈ T̂ =
9∑

k=1

T kφkT (ξ, η), (3.3)

where û, T̂ refer to the approximated field variables. When the conservation of multiple

species is activated to account for the solute effects in Section 6.5, the concentration

field of species j has a similar form of approximation:

Cj ≈ Ĉj =

9∑
k=1

Ckj φ
k
C(ξ, η). (3.4)

However, the treatment of pressure field p is slightly different, although it can also be

interpolated with φk. Instead, in order to retain LBB (Ladyzhenskaya [92], Babuska [93]
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and Brezzi [94]) stability and also to damp spurious pressure waves, Q2P−1 element

[88] is used. Thus pressure is approximated with a linear discontinuous basis function

ψk(ξ, η):

p ≈ p̂ =
3∑

k=1

pkψkp(ξ, η). (3.5)

Then these approximation solutions are substituted into the governing partial dif-

ferential eqs. (2.1), (2.10), (2.11) and (2.12), and terms are gathered on the right-hand

side to represent residual equations:

RT = ρiCp,i

(
∂T̂

∂t
+ ûi · ∇T̂

)
−∇ · ki∇T̂ , (3.6)

Ru = ρ`

(
∂û

∂t
+ û · ∇û

)
−∇ · T̂− ρ`g, (3.7)

Rp = ∇ · û, (3.8)

with

T̂ ≡ −p̂I + µ
(
∇û + (∇û)T

)
. (3.9)

These residual equations represent the closure error in the approximation to the differen-

tial equations, and in GFEM, they are made orthogonal to the corresponding set of basis

functions, which are also called as weight functions, so that all the residuals are equal

to zero and the solution to the equations is found. To accomplish this, eqs. (3.6)-(3.8)

are multiplied by the weight functions and integrated over the computational domain

to obtain the weighted residuals: ∫
A
φiTRT dA = 0, (3.10)∫

A
φiuRu dA = 0, (3.11)∫

A
ψipRp dA = 0, (3.12)

where the index i applies to all the nodes in the global domain. Moreover, because

information is lost as long as a derivative is taken, in order to enhance the accuracy

of the equations, chain rule and Gauss divergence theorem are used to eliminate the
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second derivates:∫
A
φiTρiCp,i

(
∂T̂

∂t
+ ûi · ∇T̂

)
dA+

∫
A
∇φiT · ki∇T̂ dA−

∫
Γ
φiTn · ki∇T̂ ds = 0, (3.13)∫

A
φiuρ`

(
∂û

∂t
+ û · ∇û− g

)
dA+

∫
A
∇φiu · T̂dA−

∫
Γ
φiun · T̂ds = 0, (3.14)∫

A
ψip∇ · û dA = 0, (3.15)

where s denotes the arc length along boundary Γ. The above area integrals over the

real space are transformed to the parent element via the jacobian of transformation and

the resultant integrals are evaluated using 3x3 Gaussian quadrature [95] to give rise to

a set of non-linear algebraic equations.

3.2 Elliptic mesh generation and front tracking

A significant challenge for this problem is the representation of moving, interacting

interfaces. Prior computational models of engulfment by Garvin and Udaykumar [59,60]

and Chang et al. [40] employed level-set algorithms on fixed grids to represent the shapes

of the solidification front and advancing particle. While providing for great flexibility

to represent topologically complicated interfaces, such as those that arise in engulfment

problems, the accuracy of such approaches is often limited by meshes that are not

refined enough to represent regions near the interfaces. Our approach explicitly tracks

the fronts by moving the mesh so that the interfaces always lie along element edges. Such

deforming-grid methods make it possible to achieve high accuracy with much less grid

refinement than typically required by fixed grid methods, provided that the interface

can be represented without excessive distortion of the computational cells.

Although it is also possible to use parabolic and hyperbolic partial differential equa-

tions to generate deforming meshes, however, for a system where its meshes must con-

form to a given domain size and shape, it is more advisable to apply elliptic mesh

generation technique [96,97] to parametrize the locations of the nodes:

∇ ·Dξ(ξ, η)∇ξ = 0, (3.16)

∇ ·Dη(ξ, η)∇η = 0. (3.17)
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The solution of these elliptic partial differential equations is a function that is determined

in part by its values, or its derivatives values, on the domain boundary, and its iso-lines

always stay inside the domain, without any intersection between each other, thus grid-

line overlapping is prevented. Elliptic mapping is also advantageous because it produces

meshes that have an inherent degree of smoothness and slope discontinuities at the

domain boundaries are not propagated to the interior of the domain. The simplest

elliptic mesh generation equations in two dimensions are a pair of Laplace equations,

by setting Dξ(ξ, η) and Dη(ξ, η) in eqs. (3.16) and (3.17) both to a constant:

∇2ξ = 0, (3.18)

∇2η = 0. (3.19)

If the boundary conditions for eqs. (3.18) and (3.19) are the prescription of one the

Cauchy-Riemann equations—either ξz = ηr or ξr = −ηz—on a boundary of prescribed

shape, then the resulting mesh is uniform and orthogonal—a conformal mesh—provided

that the domain boundaries meet at straight angles at the corners.

The pair of nonconstant diffusion coefficients, Dξ(ξ, η) and Dη(ξ, η), allows for the

control of element size distribution in the domain. In the model, these two coefficients

are calculated basing on the initial density distribution of the mesh. For a initial mesh

that is manually stretched according to the problem, the calculatedDξ(ξ, η) andDη(ξ, η)

will vary exponentially from element to element, to result in a geometric variation of

element size. These mesh equations are then coupled to the physical problem through

free moving boundary conditions to generate a deforming mesh, whose internal grid

preserves the initial mesh characteristics during its evolution.

Just like the treatment of the governing equations in Section 3.1, the mesh equations

are also transformed into the weak-form of the weighted residuals:∫
A
Dξ∇φi · ∇ξ dA−

∫
Γ
φiDξn · ∇ξ ds = 0, (3.20)∫

A
Dη∇φi · ∇η dA−

∫
Γ
φiDηn · ∇η ds = 0. (3.21)

When eventually solve for the nodal positions, eqs. (3.20) and (3.21)—written in terms

of the computational variables, ξ and η—have to be transformed into the real space

variables, z and r, in the cylindrical coordinate for the system. Please refer to [91] for

the details of this conversion.
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3.2.1 ALE formulation

In general, when using deforming grid methods in time-dependent problems, it is im-

portant to recognize that the time derivatives in the governing equations are taken with

respect to the computational reference frame, whereas time derivatives of the discretized

equations are computed with respect to the reference frame of the parent domain, which

moves locally at the velocity of the nodes. Thus, corrections must be applied to subtract

the convective motion of the grid [98,99]:

∂û

∂t
= u̇− ẋ · ∇û, (3.22)

∂T̂

∂t
= Ṫ − ẋ · ∇T̂ , (3.23)

where the overdot indicates time derivatives with respect to the reference frame of the

parent element, which is analogous to the material derivate of the Reynolds transport

theorem, and ẋ denotes the moving velocity of the mesh.

Because the reference frame of the parent domain is neither Eulerian nor Lagrangian,

this approach is referred to as an arbitrary Lagrangian-Eulerian (ALE). Several refer-

ences [100,101] describe the use of ALE methods with elliptic grid generation for solving

time-dependent moving boundary problems in fluid mechanics.

3.2.2 Solidification interface

There are several advantages specific to the solution of solidifying interfaces using front-

tracking with finite elements. First, a discontinuous temperature gradient across the

solid-liquid interface, arising as a consequence of unequal thermal conductivities of melt

and solid, is naturally represented along the border of adjacent elements with C0 con-

tinuity (as is the case for Lagrangian basis functions). Second, our choice of enforcing

the flux balance along the solid-liquid interface, Eq. (2.5), via the weak form of the field

equations, rather than supplying a Dirichlet boundary condition to set the interfacial

temperature at the melting point, has been demonstrated by Ettouney and Brown [85]

to yield a more accurate and convergent numerical solution. Our prior experience with

front-tracking algorithms to solve for solidification in crystal growth have demonstrated

that, with proper implementation of conditions at the interface, the accuracy of solving
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for the interface position is comparable to the accuracy of solving the underlying field

variables; see, e.g., [86, 87,102,103].

There are additional advantages in the solution of the governing equation of the

interface, Eq. (2.25), via the weak form of the Galerkin finite element method. The

residual equations for the nodal positions of this interface are given by Galerkin weighed

integrals of Eq. (2.25) along the surface,

Ri =

∫
Γg

φi

{
T − Tmp

[
1− σs`κ

ρs∆Hf
−
(
λ

d

)3
]}

r ds, (3.24)

where φi represents the Lagrangian basis functions that approximate the interface shape,

and s is arc length along the interface. Hidden in this representation is the challenge

of accurately computing the effects of curvature of the interface, κ, which incorporates

second derivatives of the r, z coordinates. Direct computation is error-prone, since this

is numerically unstable.

The usual strategy is to apply integration by parts to the Galerkin-weighted inte-

gral to reduce second order derivatives to first order derivatives, similar to the pro-

cedure adapted before. Apparently this cannot be done for a scalar equation of the

form
∫

Γg
φiκr ds. However, an integration can be performed if curvature is decomposed

into Cartesian components and treated as a vector equation. For example, in planar

coordinates curvature can be written as the change in tangent with arclength, namely

κn = −dt/ds, where n and t are unit vectors normal and tangent to the interface,

respectively. In this vector form the curvature can be integrated:∫
Γ
φi

dt

ds
ds = −

∫
Γ

dφi

ds
t ds+ φit

∣∣∣∣b
a

, (3.25)

where the points a and b represent the ends of boundary Γ.

The situation is more complicated in cylindrical coordinates, where there are several

possible forms of κ. The most convenient expression to integrate by parts is given by:

κn = −
[

1

r

d(rt)

ds
+

1

r

d(eθ)

dθ

]
(3.26)

which is a surface divergence in the orthogonal surface coordinates s and θ. To under-

stand this equation better in physical terms, start by expanding the first term by the
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chain rule and noting that dr/ds = t · er, the curvature can be written as:

κn = −
[

dt

ds
+

1

r
(t · er)t−

1

r
er

]
, (3.27)

where use of the relation deθ/dθ = −er has also been made. Decomposing er into

normal and tangential components, namely er = (n · er)n + (t · er)t, allows us to

consolidate the final two terms,

κn = −
[

dt

ds
− 1

r
(n · er)n

]
. (3.28)

In this form, the two principal radii of curvature are clearly indentified—the first term

on the right-hand side of the above equation represents the in-plane component of curva-

ture, while the second represents the hoop stress caused by curvature of the coordinate

system about the symmetry axis.

Using the above expressions, the Galerkin-weighted integral of the vector curvature

can be integrated by parts in the cylindrical coordinates of this problem,∫
Γ
φiκnr ds = −

∫
Γ
φi
[

d(rt)

ds
− er

]
ds =

∫
Γ

(
dφi

ds
rt + φier

)
ds− φirt

∣∣∣∣b
a

, (3.29)

which gives a computable form with highest derivatives of first order.

The technique stated above was first put forth in capillary fluid dynamics by Ruschak

[104], widely applied by Scriven and co-workers [101, 105, 106], and later generalized

to three-dimensional cases by Patera and Ho [107, 108]. Derby and co-workers applied

such techniques to represent curvature-driven phenomena in particle sintering [109–115].

Thus this strategy is a proven approach with great accuracy and robustness.

As a simple example to couple this approach with elliptic grid generation techniques,

the Galerkin weighed integral Eq. (3.24) can be written as Eq. (3.30), by excluding the

premelting effect of the system (λ = 0):∫
Γ
φi(Tmp − Cκκ− T )r ds = 0, (3.30)

where Cκ ≡ σs`/ρs∆Hf . Eq. (3.30) is decomposed into r, z directions, by multiplying

its integrand by n and also combining with Eq. (3.29),

Rirz =

∫
Γ
φi(Tmp − T )n r ds−

∫
Γ
Cκ

dφi

ds
t r ds−

∫
Γ
Cκφ

ier ds+ Cκφ
irt

∣∣∣∣b
a

= 0, (3.31)
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which can also be written in a more compact form:

Rirz = Rirer +Rizez, (3.32)

to emphasize its scalar components Rir and Riz. It seems natural that the conditions

Rir = 0 and Riz = 0 each replace an elliptic mesh equation at the boundary, since

it apparently provides two equations to determine the vector position of a node, xi,

which consists of two unknowns. The pitfall here is that we are merely imposing the

same equation twice, as can be seen if we recall having multiplied Eq. (3.30) by n to

obtain the components Rir = 0 and Riz = 0. In a sense, we are are still solving a

single equation Rin = 0 to constrain nodes in the direction normal to the boundary. A

second scalar condition, call it Rit = 0, is needed to control node movement tangential

to the boundary. Lacking this condition the system of equation is indeterminate and

will produce a singular Jacobian.

Since the tangent and normal vectors are orthogonal to one another, any scalar

equations Rin = 0, Rit = 0 are independently satisfied by the vector equation Rinni +

Ritti = 0. We know that Rirz is a vector acting in the ni direction, so we can express

our second condition as a vector Ritti that can be added to Rirz in r, z components.

Eq. (3.31) is modified thusly:

Rirz = Ritti +

∫
Γ
φi(Tmp − T )n r ds−

∫
Γ
Cκ

dφi

ds
t r ds−

∫
Γ
Cκφ

ier ds+ Cκφ
irt

∣∣∣∣b
a

= 0.

(3.33)

With this change Rirz represents two independent conditions on xi, one acting to enforce

Eq. (3.30) in the normal direction, the other acting to control node movement in the

tangential direction.

The final task is to specify a suitable form of Rit. In directional solidification prob-

lems, it turns out to work very well by restricting the nodes to move only in the growth

direction eg, which can be accomplished by enforcing the condition,

Ritti =

∫
Γ
φi [(eg · ez)(r − r0)− (eg · ez)(z − z0)] t r ds = 0, (3.34)

where r0, z0 are interpolants of the initial node coordinates. Eq. (3.34) can easily be

computed using only information local to the element, but the need to save and update

ri0 and zi0 complicates the practical implementation of the algorithm. Eq. (3.34) is
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effectively a weighted Dirichlet condition acting on a rotation of the position vector x

perpendicular to the growth direction eg. In this axisymmetric problem, the growth

direction must be axial, namely eg = ez, which simplifies the equation further,

Ritti =

∫
Γ
φi(r − r0)t r ds = 0. (3.35)

This equation represents a weighted Dirichlet condition on the node coordinate ri.

Therefore, with sufficient boundary conditions for the elliptic mesh equations, the vector

positions of nodes on the solidification front can be solved for.

3.2.3 Particle motion

The general equation of motion for the particle is,

d2zp
dt2

= F (zp), (3.36)

where F (zp) denotes the right hand-side of Eq. (2.27). To solve this problem by an

implicit time-marching scheme, the time rate of change of particle position is discretized

by a second-order backward difference recursion [116],

żk+1
p = 2

zk+1
p − zkp

∆t
− żkp , (3.37)

where superscript k denotes the current time step number and the particle position

zkp and velocity żkp must be saved from the previous time step. The particle velocity

żkp computed by this formula is itself time discretized by the same backward difference

recursion,

z̈k+1
p = 2

żk+1
p − żkp

∆t
− z̈kp . (3.38)

Thus, the left side of Eq. (3.36) is obtained by computing Eq. (3.37) and substituting

this result into Eq. (3.38), along with particle velocity żkp and acceleration z̈kp from the

previous time step, which results in a nonlinear equation to be solved for zkp at each

time step.

This discretization is second-order accurate in time step size for both velocity and

acceleration of the particle [117]. Executing the scheme requires saving three values

from the previous time step, which are the particle position, velocity, and acceleration.
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Notably, the method discretizes particle velocity by the exact scheme used to discretize

the flow field to which particle motion is coupled.

For the steady-state formulation, the particle acceleration is set to zero, thus d2zp/ dt2 =

0 in Eq. (2.27), and the remaining terms on the right-hand side actually become a phys-

ical constraint forcing the particle-solidification front system to retain a steady state.

Solving this physical constraint gives rise to a relationship between the minimum gap

thickness dmin and the growth rate vg, which will be elucidated in Section 4.2.

3.3 Boundary conditions

Except for the boundary conditions for the elliptic mesh equations along the solidifi-

cation interface, as already discussed in Section 3.2.2, the treatment for all the other

boundary conditions in this problem is considerably simpler. Although various in ap-

pearance, these boundary conditions can be generally categorize into three types: (1)

Dirichlet condition where the value of the field variable is prescribed at the boundary;

(2) Neumann condition in which the first derivative of the field variable is specified; and

(3) Robin condition which is a linear combination of the field variable and its derivates

at the boundary. Dirichlet condition is also called as essential boundary condition in the

realm of finite element method, because it has to be manually imposed by replacing the

residual of the conservation equation at the specified boundary. While the Neumann

and Robin conditions are referred to as natural boundary conditions as they appear

naturally in the boundary integral of the weak-form of the residual, such as the scalar

fluxes of field variables—n·∇T in the energy residual or n·T in the momentum residual.

These two conditions are imposed by simply replacing the integrand in the boundary

integral of the residuals with a specified value or a computable expression.

3.4 Time integration

The entire set of model equations for the time-dependent problem is represented in a

general manner as,

M
dy

dt
= R(y), (3.39)
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where y is a vector containing all nodal values of the temperature, velocity, and pressure

fields, as well as nodal coordinates that define the mesh and follow the locations of the

moving interfaces. We note that this represents a differential-algebraic equation set,

since the mass matrix M on the left-hand side of the equation is singular, owing to

the absence of explicit time derivatives in the continuity equation, Eq. (2.11), and

the distinguishing equation for the solid-liquid interface, Eq. (2.25). We solve these

equations using a scheme of third-order explicit Adams-Bashforth predictor and second-

order implicit trapezoid rule corrector with a fixed time step, put forward by Gresho

et al. [118]. Since the trapezoid rule depends on the derivative of the previous time step,

the first time integration step of Eq. (3.39) is done with implicit Euler,

M(y1)

[
1

∆t
(y1 − y0)

]
−R(y1) = r(y1,y0) = 0, (3.40)

where the subscripts refer to time steps. The initial condition, y0, is obtained from a

quasi-steady state solution of the governing equations R(y0) = 0. In the subsequent

steps, trapezoid rule is used:

M(yn)

[
2

∆t
(yn − yn−1)−

(
dy

dt

)
n−1

]
−R(yn) = r(yn,yn−1, ẏn−1) = 0, (3.41)

For n = 2, the derivative ẏn−1 ≡ ( dy/ dt)n−1 is calculated using implicit Euler:(
dy

dt

)
1

=
1

∆t
(y1 − y0), (3.42)

while for n > 2 the derivative ẏn−1 is based on trapezoid rule:(
dy

dt

)
n−1

=
2

∆t
(yn−1 − yn−2) +

(
dy

dt

)
n−2

. (3.43)

The steady-state problem does not contain time derivatives, thus its residual equa-

tion is directly given as,

r(y) = 0, (3.44)

where the equations have been modified according to the discussion of Section 2.4.

3.5 Solution methods

The residual expressions (3.40), (3.41) and (3.44) all constitute a set of nonlinear alge-

braic equations of y and are solved by Newton-Raphson iterative method, where the
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non-linear residuals are linearized about the solution vector, yk:

J(yk)δk+1 = −r(yk), (3.45)

where k denotes the iteration count. The Jacobian matrix, J(yk), is defined as:

Jij =
∂ri
∂yj

, (3.46)

where the subscripts i and j denote row and column indices respectively (ri is the ith

component of vector r and yj is the jth component of vector y). The solution update

vector, δk+1, is added to the old solution and generate a new one for (k+ 1)th iteration,

yk+1 = yk + δk+1. (3.47)

The iterations continue until the L2 norm of the residual vector and the solution update

vector are both less than specified error tolerances:

‖r(yk+1)‖2 =

√√√√ N∑
t=1

|rt(yk+1)|2 < ε1, (3.48)

‖δk+1‖2 =

√√√√ N∑
t=1

|δk+1|2 < ε2, (3.49)

where ε1 and ε2 are both set to 10−5 during calculation.

The linearized matrix problem in Eq. (3.45) is put into LU-decomposition form

using a direct solver method called the frontal solver developed by Hood [119]. Here,

the Jacobian matrix, J, is not completely assembled as usually, because of its sparsity

resulting from the orthogonal nature of the basis functions and their derivates. Instead,

the entries of J are computed finite element by finite element and summed into an

array called the frontal matrix. Gauss elimination can be performed as soon as all

finite elements that contribute to it have been assembled and the results are stored in

arrays representing the LU factors. In this manner, Gauss elimination is confined to the

submatrix of rows and columns corresponding to nodes not yet eliminated but interact

with the node being assembled. These nodes, called active variables, form a front that

moves along the region hence the name frontal method. A single factorization of the
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Jacobian matrix, for a typical discretization with 60,982 degrees of freedom, required

8.1 seconds on an HP Z820 workstation.

Usually, the equations may be difficult to solve directly at the desired parameter

values, as generating an initial guess close to the accurate solution is merely a matter of

luck. Thus it is necessary to first obtain a converged solution when the set of algebraic

equations r(y, P ) is easier to solve with parameters P , and then apply continuation

technique to provide a good enough initial guess for the system at P + δP , which

approaches a little closer to the targeted parameter values P ?. Step by step, the system

will eventual reach P ? and the corresponding solution can be solved for. There are three

common continuation techniques: zero-order, first-order, and arc-length continuation.

Zero-order continuation uses the solution at the previous parameter value as the initial

guess for the new parameter value. First-order continuation is better, to some extent,

as it is able to provide a even more prudent initial guess ỹ(P + δP ) at P + δP , by

estimating the first-order sensitivity of the solution vector with the parameter P :

y(P + δP ) ≈ ỹ(P + δP ) = y(P ) +

(
∂y

∂P

)∣∣∣∣
P

δP. (3.50)

First order continuation can fail at turning points or bifurcations. Under these circum-

stances, arc-length continuation [120, 121] is used by mapping the process parameter,

P , onto a new parameter, L, which characterizes arc-length along the solution curve.

This method can be further generalized by substituting a physical constraint for the arc-

length constraint. Then it is possible to track the value of a parameter such that the

desired physical constraint is satisfied. For example, under steady states, the left-hand

side of Eq. (2.27) equals zero, and the satisfaction of this physical constraint results in an

equilibrium growth rate, as long as the separation between the particle and solidification

front is prescribed. Please refer to Section 4.2 for details.

All the above mentioned numerical procedures are implemented using the Cats2D

(Crystallization and transport simulator 2D) software developed at the University of

Minnesota. An extensive description of this code is presented in [91].
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3.6 Code validation

Before applying an in-house code to model any physical processes via FEM, code vali-

dation and mesh refinement study are always indispensable to guarantee the accuracy

of simulation results. For some extremely complicated scenarios, such as particle en-

gulfment during solidification, it is advisable to break down the model into several

“modules” and test each one separately, so that any hidden problem can be quickly lo-

cated and debugging can be much easier. Therefore, three validation tests are performed

to verify the formulation, in-house code as well as the mesh quality used in model.

3.6.1 Flow field

The computation of hydrodynamic drag forces depends on the ability to accurately

compute the flows through the narrow gap between particle and solidification interface.

A similarly challenging problem is the determination of flows around a spherical particle

with a specified downward velocity of vp approaching a stationary flat plate, as shown

in Figure 3.2(a). When the particle closely approaches the plate, lubrication theory can

be applied to find an analytical expression for the pressure field p(r) along the lower

surface of the particle [122]:

p(r)− p(r0) = −3µRvp

[
1

(dmin + r2/2R)2
− 1

(dmin + r2
0/2R)2

]
, (3.51)

where r0 is the radial coordinate of the outer extent of the lubrication domain.

During finite element computations, mesh equations are first activated to manually

move the particle to an appropriate position with a tiny distance from the solidification

front, in order to ensure the validity of Eq. (3.51) derived by lubrication approximation.

Then mesh equations are turned off to keep the solid-liquid interface flat and only

flow equations are activated. Model results are compared to the analytical solution in

Figure 3.2(b), where conditions for the test case are taken to be representative of a

challenging engulfment computation, with R = 1.0µm, vp = −500µm/s, and dmin/R =

0.01. Model results show convergence toward the analytical solution as the mesh is

refined from a coarse mesh of 1,824 elements (see Figure 3.3) to a fine mesh of 4,624

elements (Figure 3.4). The inset to Figure 3.2(b) demonstrates the excellent coincidence

of the pressure fields calculated by Eq. (3.51) and the FEM model with a fine mesh. It
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Figure 3.2: (a) Schematic of a spherical particle approaching a stationary flat plate.
(b) Finite element computations employing different meshes converge to the analytical
solution of the pressure distribution along the lower surface of the particle depicted in
(a). Solutions are shown for dmin/Rp = 0.01.
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is also worth noting that the fine mesh in Figure 3.4 is graded to have an extremely high

density along the radial direction near the axisymmetric axis, where numerical errors are

prone to take place for a coarse mesh, as revealed by Figure 3.2(b). Notice that the mesh

is relatively coarse in the axial direction between the particle and solidification front in

Figure 3.4. But this is not a problem, since the mesh deforms as the particle approaches

the interface, and then, the elements become finer and finer, in both directions within

the thin gap, producing an accurate solution. According to the mesh refinement study

presented here, unless otherwise specified, a mesh shown in Figure 3.5, comprising of

4,908 elements, is always employed for the following computations, so that a fair balance

is struck between accuracy and computational efforts.

3.6.2 Heat transfer

Although Rempel and Worster’s excellent work [51, 52] ignored heat transfer in the

system by assuming equal thermal conductivities of particle, melt and solid, thermal ef-

fects are undoubtedly of great importance in determining particle pushing/engulfment

transition. The location and movement of a solid-liquid interface is governed by its

surrounding temperature gradient, which is usually positive due to the heat extraction

taking place through the growing crystal. When the particle thermal conductivity, kp,

is different from that of the melt, k`, the existence of the particle will distort the tem-

perature field around it and also deform the solid-liquid interface near it. For example,

if the particle is less thermally conductive than the melt (kp < k`), it will act as a ther-

mal resistance and shield the local segment of solidification front beneath the particle,

to prevent the interface’s direct exposure to the hotter melt. A convex protuberance

towards the particle will thusly occur along the interface, as revealed by Figure 3.6(a).

With such a geometry, it is much easier for the liquid to flow into the thin film between

the particle and the interface, giving rise to a smaller hydrodynamic force, compared to

the scenarios with a concave or planar surface. Then the particle is prone to by pushed

by this convex protuberance, as viscous drag promotes engulfment. For kp > k`, the

reverse is true and the particle tends to be captured by a concave depression formed

along the solidification front.

Within the limited prior researchers who took the thermal effects into consideration,

Catalina et al. [80] developed a closed-form expression for the perturbed shape of the
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Figure 3.3: The coarse mesh used in vali-
dation test

Figure 3.4: The fine mesh used in valida-
tion test
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Figure 3.5: The mesh used in simulation.
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Figure 3.6: (a) Schematic of perturbed solid-liquid interface in the presence of a foreign
particle, whose thermal conductivity is smaller than that of the melt, reproduced from
[80]. (b) The comparison of interface shapes given by the finite element method (FEM)
computations and the closed-form solution of Catalina et al. [80].
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solid-liquid interface in the presence of a foreign particle of different thermal conductivity

(when the effects of convection, latent heat, and premelting are ignored) as,[
d(θ) +R

R

]3

− H

R cos θ

[
d(θ) +R

R

]2

+ ka = 0, (3.52)

where

ka ≡
k` − kp
2k` + kp

, (3.53)

and H is the distance between the particle center and the unperturbed melting point

contour, as shown in Figure 3.6(a).

Figure 3.6(b) shows a comparison between the solid-liquid shapes predicted by this

equation and our numerical model, for two cases with different particle conductivities.

Like the foregoing qualitative analysis, when kp/k` > 1, heat flow is facilitated through

the particle, and the shape of the solidification interface is deflected away from the

particle. The opposite behavior, a deflection of the interface toward the particle, occurs

when kp/k` < 1. As evident in the figure, the computational model predictions align

precisely with the calculations of Eq. (3.52), demonstrating that the code is of high

accuracy in computing the thermal field.

3.6.3 Interfacial boundary condition

As already mentioned in Section 3.6.2, the hydrodynamic force on the particle greatly

depends upon the interfacial morphology. Therefore, it is necessary to faithfully repre-

sent the premelting and Gibbs-Thomson effects on the solid-liquid interface, which is

also one of this model’s advantages over those prior ones. But first of all, it is neces-

sary to validate the weak-form computation of curvature for the Gibbs-Thomson and

premelting effects in the code. Toward this goal, we construct a test case where we

are able to independently compute curvature effects along the interface. If we consider

equal thermal conductivities of all phases and ignore latent heat, the temperature field

has the particularly simple form, which depends only on the axial coordinate z and the

applied temperature gradient G, namely,

T (r, z) = T (z) = Gz +GH + Tmp, (3.54)
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where H has the same definition in Figure 3.6(a). Combining eqs. (2.25) and (3.4), we

write an equation for the position of the solid-liquid interface, zi, as:

Gzi +GH = −
(
λ

d

)3

Tmp −
σs`κ

ρs∆Hf
Tmp. (3.55)

If we define the origin by the particle center, it is easy to deduce that:

d =
√
z2 + r2 −Rp. (3.56)

When the particle is placed near the interface, the physics of premelting deforms the

solid-liquid interface from the flat isotherm corresponding to Tmp, and the interface

shape zi is then further modified by curvature and Gibbs-Thomson effects. For an

axisymmetric surface zi(r) in a three-dimensional cylindrical coordinate, a explicit ex-

pression of the surface curvature is given as [123]:

κ = − ∂2zi/∂r
2

[1 + (∂zi/∂r)2]3/2
− ∂zi/∂r

r [1 + (∂zi/∂r)2]1/2
(3.57)

Eqs. (3.56) and (3.57) are substituted into Eq. (3.55) to arrive at a nonlinear, second-

order ordinary differential equation for zi with respect to r,

r
d2zi
dr2
−r

A1zi +A2 +A3

 A4√
z2
i + r2 − 1

3[1 +

(
dzi
dr

)] 3
2

+
dzi
dr

[
1 +

(
dzi
dr

)2
]

= 0,

(3.58)

where constants A1 ≡ GR2ρs∆Hf/Tmpσs`, A2 ≡ GHRρs∆Hf/Tmpσs`, A3 ≡
ρs∆HfR/σs`, and A4 ≡ λ/R. This equation is numerically integrated by a fourth-

order Runge-Kutta algorithm combined with a shooting method to satisfy its boundary

conditions, dzi/dr = 0 at r = 0 and zi = −H/R when r →∞. We apply a premelting

coefficient of λ = 2.0 × 10−10 m and a dimensionless surface energy of σs`/ρs∆Hf =

5.36×10−14 to compute the interface shape shown in Figure 3.7. The resultant solution

is demonstrated to be in excellent agreement to the interface shape computed under

identical conditions by our two-dimensional, finite-element code. Note that the vertical

axis is expanded to facilitate the viewing of the gap in this figure, and the resulting

representation of the circular particle outline is distorted.
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Chapter 4

Engulfment Phenomena

Reproducing the experimental observations of pushing/engulfing transition should be

an essential capability of a particle engulfment model. Therefore, a simplified solidifi-

cation system is adopted to explain how engulfment arises via both dynamic (Section

4.1) and steady-state (Section 4.2) interpretations. The correspondence between these

two models and the role of premelting effect are elucidated in Sections 4.3 and 4.4, re-

spectively. At the end of this chapter, in Section 4.5, we also examine the strengths and

limitations of our model primarily by investigating the representation and calculation

of repulsive van der Waals and drag forces.

For all of the computations carried out in this chapter, we employ a set of parameters,

listed in Table 4.1, that are representative of a ceramic particle in a solidifying metal [55].

The system is made simple by assuming that the thermal conductivities of the particle,

melt and crystal are identical and that no latent heat is generated at the solidification

interface. In addition, gravitational forces on the particle and Gibbs-Thomson effects

on the solidification interface are ignored by setting, respectively, g and σs` to zero.

The definition and values of the characteristic variables as well as the scaling groups

for the simulations of this simplified system are given in Table 4.2.

60
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Table 4.1: Physical properties for the simplified system used in simulations
Properties Name Notation, value, units

Liquid Density ρ` = 2.365 g·cm−3

Viscosity µ` = 0.003 Pa·s
Thermal compressibility β` = 1.4× 10−4 K−1

Thermal conductivity k` = 100 W·m−1·K−1

Heat capacity cp,` = 821.03 J·kg−1·K−1

Solid Density ρs = 2.365 g·cm−3

Thermal conductivity ks = 100 W·m−1·K−1

Heat capacity cp,s = 821.03 J·kg−1·K−1

Melting temperature Tmp = 933 K
Latent heat ∆Hf = 3.99× 105 J·kg−1

Particle Density ρp = 2.365 g·cm−3

Thermal conductivity kp = 100 W·m−1·K−1

Heat capacity cp,p = 821.03 J·kg−1·K−1

System Premelting length scale λ = 2.0× 10−10 m
Particle radius R = 1.0µm
Temperature gradient G = 10 K·mm−1

Hamaker constant A = −1.42× 10−19 J
Gravity constant g = 0

Table 4.2: Typical values of characteristic variables and dimensionless parameters for
the simplified system

Name Notation, definition Typical value

Characteristic length Lc 10−5 m
Characteristic velocity Uc 10−6 m/s
Characteristic time tc ≡ ρ`L2

c/µ` 7.88× 10−5 s
Characteristic pressure pc ≡ µ`Uc/Lc 3× 10−4 Pa
Characteristic temperature Tc 0.1 K
Reference temperature Tref 933 K
Reynolds number Re≡ ρ`LcUc/µ` 7.88× 10−6

Stokes number St≡ ρ`gL2
c/µ`Uc 0

Thermal Peclet number Pei ≡ ρicp,iLcUc/ki 1.94× 10−7

Prandtl number Pri ≡ ρicp,iµ`/kiρ` 2.46× 10−2

Dimensionless temperature T̂ ≡ (T − Tref)/Tc ≈ −100 ∼ 100

Dimensionless temperature gradient Ĝ ≡ GLc/Tc 1.0
Dimensionless time step ∆t ≈ 10−2 ∼ 10−1
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4.1 Dynamic model

The dynamic model is first used as an example to reproduce pushing/engulfing transi-

tion, since the motion of a particle can be vividly revealed in this model. In order to

finally arrive at the criteria of pushing or engulfment, Figure 4.1 provides definitions for

the time-dependent measures used to understand the dynamic nature of the system. In

all the ensuing transient simulations, four variable are tracked with time—the minimum

gap thickness, dmin, the particle velocity, vp and two velocities for the growth interface,

one measured directly underneath the particle at the system centerline, vg,0, and the

other measured far away from the particle, denoted as vg,∞.

Melt

Solid

dmin

vp

vg,0vg,1

Particle

Figure 4.1: Schematic diagram illustrating quantities tracked during transient simula-
tions.

4.1.1 Pushing versus engulfment

Figure 4.2 shows the results of two transient simulation runs, where (a) and (b) corre-

spond to a particle pushing case, while (c) and (d) denote a engulfment case. In both

cases, a motionless particle is initially placed at a relatively large distance, which is

equal to the particle radius 1µm, away from the advancing solidification interface. All

the initial conditions and properties are identical, except that the growth rate is set to
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7.65µm/s in the first pushing case, but it is increased to 7.7µm/s when the particle is

captured in the other case.

Figure 4.2(a) shows that both locations along the interface—far away from the par-

ticle and at the centerline—are initially moving with the applied translational velocity

of the thermal field, with vg,∞ = vg,0 = vt = 7.65µm/s. When the advancing so-

lidification front approaches the initially stationary particle, the gap thickness, dmin,

steadily decreases with time, as shown in the left part ofFigure 4.2(b). Meanwhile, van

der Waals repulsive forces begin to set the particle in motion, and around t = 0.1 s,

as the solidification interface is close enough, the particle is dramatically accelerated

and its velocity, vp, rapidly approaches the velocity of the interface. Besides van der

Waals forces, premelting effect also becomes obvious when the separation decrease to a

certain value. Thus, the centerline growth rate of the interface, vg,0, slows down a little

due to the melting point depression directly under the particle caused by premelting.

However, vg,0 quickly recover to the prescribed growth rate around t = 0.2 s, resulting

in a small dent along the curve of vg,0. Shortly after that, the particle is also accelerated

to the growth rate, and then these three velocity—vp, vg,0 and vg,∞—will exactly equal

to 7.65µm/s and keep independent with time. Figure 4.2(b) also demonstrates that at

last, the particle is steadily and stably pushed by the interface, because the distant of

separation finally reaches a constant value of approximately 40 nm.

In the second transient simulation, the growth rate has a slightly higher value of

7.7µm/s, although this difference is not very easy to notice in Figure 4.2(c). Fig-

ure 4.2(c) and (d) show that the three tracked velocities as well as the gap thickness

behave similarly at the beginning of simulation to those of the prior case (shown in

Figure 4.2(a) and (b)). With the steadily decreasing gap thickness in Figure 4.2(d), the

particle is also accelerated from rest to a velocity nearly matches that of the interface

by a time of 0.2 s in Figure 4.2(c). However, in this case, the particle velocity will never

rise up to 7.7µm/s. A closer look indicates that the maximum vp the particle can reach

during this whole process is 99.6% of the growth rate value, occurring around t = 0.3 s.

After that, especially after time 0.4 s, the particle slows along with the centerline inter-

face position, which stems from the increased viscous drag due to the curved interface

beneath the particle and premelting effect, whose detailed mechanism will be explained
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Figure 4.2: Results of two transient simulation runs. (a) and (b): Velocities and gap
thickness are plotted as functions of time for the case where the growth rate is set
to 7.65µm/s. The outcomes shown in (a) and (b) indicate a steady pushing state is
achieved. (c) and (d): Velocities and gap thickness are plotted as functions of time for
the case where the growth rate is set to 7.7µm/s. The outcomes shown in (c) and (d)
indicate that engulfment occurs.
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in Section 4.4. However,throughout the whole process, the far-field interface keeps ad-

vancing at the constant growth velocity of 7.7µm/s. As the solidification front far away

continues to outrun and eventually throughly passes through the particle, whose ve-

locity tends to zero with time, engulfment happens and this leaves the particle as an

immobile inclusion in the grown crystal. Figure 4.2(d) also demonstrates the capture of

particle as dmin decreases to zero with time. The inset of the figure more clearly shows

that the gap thickness never reach a steady value as that in Figure 4.2(b).

These two foregoing transient simulations perfectly demonstrate that the model

developed here is able to determine a particle’s final destiny, via investigating the

tendencies of velocities vs. time and dmin vs. time. The reproduced occurrence of

pushing/engulfing transition under an increased growth rate is also consistent with ex-

perimental observations. Therefore, this dynamic model can be used to evaluate the

critical growth velocity, in a form of a narrow range, whose upper limit is the minimum

solidification velocity under which engulfment will happen and the lower limit is the

maximum velocity where particle will be pushed. But this approach involves a number

of trials to narrow the range of critical velocity into a desirable level, and a more accu-

rate and time-saving method to evaluate the critical velocity will be soon introduced in

Section 4.2.

Also note that, the purpose of adopting this simplified solidification system pre-

viously proposed by Garvin et al. [55] is to validate the capability and accuracy of

the model developed here. However, during Garvin’s efforts of simulating particle en-

gulfment using his dynamic model, he was unable to observe any pushing mode when

kp ≥ k`, with other parameters unchanged in Table 4.1. Therefore, Garvin et al. fi-

nally arrived at a conclusion that the pushing/engulfing transition only exists when the

particle is less thermally conductive than the melt. Actually, this thermal conductivity

ratio is also a criterion of particle engulfment given by some primitive models [124].

While the outcome of the first case in this section seems to be contradictory to those

prior models, because it demonstrates that particle repulsion can at least occur when

kp = k`, and later, in Chapter 6, experimental and simulation results will further prove

that the pushing/engulfing transition can also exist in the SiC-Si system, where kp > k`.

A thought experiment on a simple system described below can also serve as the proof

for the correctness of our model.
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In a solidification system where kp ≥ k`, the gravity is set to zero and the densities

of particle and melt are assumed to be identical, so there will only be two kinds of

force exerting on the particle—the viscous drag and the van der Waals repulsive force.

The former one, drag force, depends upon the velocities of particle and solidification

interface. If these two velocities both tend to zero, i.e., the particle and interface keep

nearly stationary, the drag force will also tend to zero. However the van der Waals

interaction only vary with the gap thickness, thus it always exists even if the particle

and the front do not move. This means it is always possible for the repulsive force to

surpass the drag force, and cause the particle to be pushed by the interface as long

as the solidification rate is sufficiently low. Therefore, particle repulsion exists under

any circumstances, as long as the van der Waals interaction is repulsive, although the

critical velocity for pushing/engulfing transition might be very low when kp ≥ k`.
The level set method used by Garvin and Udaykumar might be the cause leading

them to the incorrect conclusion above, because the accuracy of this method is usually

strongly limited by the refinement of fixed grids near the solid-liquid interface. Moreover,

starting with a thin initial gap thickness in the transient simulations by Garvin et al. can

also promote particle engulfment and lower the velocity of pushing/engulfing transition,

as will be explained in Section 4.3.

4.2 Steady-state model

Although in Section 4.1.1, the dynamic model has exhibited its capability of evaluating

the critical velocities, this approach is not perfect as it requires plenty of trial and error

to narrow the velocity range. Each run of transient simulation needs to start from an

initial condition and perform a long time integration to obtain the final result. Even

worse, when the solidification front is very close to the particle, the problem becomes

very nonlinear, thus a tiny time step is required to ensure the convergence of solution.

To save the computational cost, it is advisable to utilize a steady-state model instead,

as it is a conventional approach proven feasible to evaluate critical velocities by nearly all

prior researchers. As described in Section 2.4, the dynamic model can be easily modified

into a steady-state model, by setting all time derivatives to zero. When the particle and

solidification interface are both moving at the applied translation rate (with vp = vg =



67

−vt) and the system geometry is constant time, Eq. (2.27) becomes an implicit function

of minimum gap thickness and growth rate, which can be denoted as f(dmin, vg) = 0.

This function serves as a physical constraint and is solved simultaneously with all the

other equations. Parameter tracking technique is used to numerically calculate the

trajectory of a tracking parameter when continuing in the continuation parameter (it

does not matter to specify which variable—either dmin or vg—to be the continuation or

tracking parameter).

Figure 4.3 plots the minimum gap distance, dmin, as a function of the solidification

velocity, vg, for the same system studied by the dynamic model in Section 4.1. Each

point along the curve in Figure 4.3 represents an equilibrium state, where particle

steadily moves together with the solidification interface. This outcome is not new;

indeed, prior analyses of Rempel and Worster [51,52], Park et al. [53], and Kao et al. [54]

have shown that multiple gap thicknesses are computed for a given growth rate and

assert that only one of these thicknesses represents a state that is linearly stable. The

same interpretation is surmised by viewing Figure 4.3 in light of bifurcation theory for

nonlinear systems [125–127]. The upper branch of the curve represents particle pushing

states that are temporally stable, with separation distance decreasing with growth rate.

However, the curve turns back upon itself at a finite solidification velocity of 7.67µm/s,

which falls right into the velocity range of 7.65 ∼ 7.7µm/s predicted by the dynamic

model in Section 4.1.1. Beyond this point there are no steady state solutions, thus it

again confirms that the growth rate at this limit point represents a critical velocity for

particle engulfment. Arguing an exchange of stabilities at the limit point, the lower

branch of the steady-state solution curve, indicated by the dashed line in Figure 4.3,

consists of unstable solutions, whose properties will be discussed in detail in Section 4.3.

Therefore, the application of the steady-state model gives rise to an exact value for

the critical velocity, instead of an interval. More importantly, only one computation

run is needed in steady-state model, so the computational cost can be greatly reduced.
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under steady-state conditions, where the particle velocity is equal to the solidification
velocity.
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4.3 Steady and dynamic states

As mentioned in Section 4.2, the steady-state model is superior to the dynamic one

in predicting a critical solidification velocity. However, in order to further probe and

understand the behavior of the states on the stable and unstable branches of the steady-

state solution curve in Figure 4.3, dynamic model is required and the following transient

simulations are performed. Figure 4.4(a) shows an enlarged view near the turning

point of the solution branches of Figure 4.3, for growth velocities higher than 6.5µm/s.

The first transient simulation is conducted for a system with an initial condition

set by the state indicated by the solid circle on the stable branch of the curve shown

in Figure 4.4(a), with vg,∞ = vp = 7µm/s and dmin = 47.96 nm. Without doubt, the

whole system will forever keep this steady state if no parameter is changed, and the

four tracked variables—vp, vg,0, vg,∞ and dmin—are independent of time, as depicted

in the beginning stages of Figures 4.5(a) and (b). After time t ≈ 0.2 s, a step increase

in the translation velocity is implemented. The new conditions cause the interface

growth velocity to increase to vg = 7.65µm/s, slightly lower than the critical velocity

vc = 7.67µm/s. Notice that the far-field growth velocity, vg,∞, achieves the new veloc-

ity nearly instantaneously, while the velocity of the interface under the particle, vg,0,

responds more slowly. The particle lags further but eventually speeds up to match the

same velocity of vp = 7.65µm/s. During this transient, the gap thickness decreases,

then asymptotes to a smaller value, as shown in Figure 4.5(b). The solid diamond

symbol plotted in Figure 4.4(a) indicates the final state of this system at long times,

and it is no surprise that it falls on the stable branch of the steady-state solutions. The

evolution of the system for this test is from one stable steady, pushing state to another

stable, pushing state.

We next consider a step change from the same initial state but to a new velocity

of vg = 7.7µm/s, which is higher than the critical velocity of vc = 7.67µm/s. The

same measures of the system as considered above are plotted in Figures 4.5(c) and (d).

Interestingly, the initial evolution of this system resembles that of the prior case, with

all velocities approaching the new, imposed velocity of vg = 7.7µm/s along with the

particle being pushed in front of the interface at a slightly small gap thickness. However,
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Figure 4.4: (a) An expanded view of the steady-state solution curve of Figure 4.3; points
indicate the initial conditions for ensuing dynamic calculations. (b) The phase diagram
of initial conditions that eventually lead to pushing or engulfment.
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Figure 4.5: Results of two transient simulation runs starting from the stable branch of
the steady-state curve. (a) and (b): Velocities and gap thickness are plotted as functions
of time for a step increase in translation from the stable steady-state solution indicated
by the solid circle in Figure 4.4(a). The outcome is the steady pushing state indicated
by the solid diamond in Figure 4.4(a). (c) and (d): Velocities and gap thickness are
plotted as functions of time for a larger step increase in translation (to a velocity slightly
greater than vc) from the stable steady-state solution indicated by the solid circle in
Figure 4.4(a). While a new pushing state initially arises, the ultimate fate of the particle
is engulfment.
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near a time of t ≈ 0.45 s, the velocities of both the particle and the interface under the

particle rapidly approach zero, and dmin simultaneously decreases, indicating that the

particle is engulfed.

These two examples show a clear correspondence between the stable branch of the

steady-state model and expected dynamic behavior. This observation again suggests

that there is no ambiguity about the meaning of the critical velocity and that this

quantity is effectively computed by finding the limit point of steady-state solutions with

respect to growth velocity. These observations are consistent with the ideas put forth

by Rempel and Worster [51,52] and are also of pragmatic importance, since steady-state

computations are far less expensive than transient calculations.

A more interesting behavior is observed in the dynamic evolution from a steady

state located on the unstable branch. The next transient simulations are performed

near an initial condition set by the unstable state indicated by the open circle shown

in Figure 4.4(a), with vg,∞ = vp = 7µm/s and dmin = 31.43 nm. Figures 4.6(a) and (b)

show the behavior of the system after a very small negative perturbation in translational

velocity to vg = 6.99µm/s from vg = 7µm/s. The far-field growth velocity decreases

almost immediately to the new, lower growth rate; however, the velocities of both the

particle, vp, and the interface under the particle, vg,0, increase before decreasing to new

growth rate. Through this transient, the gap thickness, dmin, shown in Figure 4.6(b),

increases to ultimately reach a stable, pushing state that lies on the stable branch of

Figure 4.4(a).

In contrast, when a tiny step increase in velocity, to vg = 7.01µm/s from vg =

7µm/s, is applied to the same initial state, the far-field interface velocity rapidly attains

the applied value, but both particle and the underlying interface velocities instead evolve

toward zero, as indicated in Figure 4.6(c). Concurrent with this transient, dmin steadily

decreases, see Figure 4.6(d), indicating engulfment.

Here, we have two vastly different outcomes—the system evolves toward a stable,

pushing state when the growth velocity is perturbed downward, but the particle is en-

gulfed when the growth velocity is slightly increased, even though the velocity is far

less than the critical engulfment velocity for this system. While not a comprehensive

investigation of transient behavior, these results suggest that non-obvious dynamics un-

derlie the steady states that make up the curves shown in Figure 4.3. The shading of
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Figure 4.6: Results of two transient simulation runs starting from the unstable branch of
the steady-state curve. (a) and (b): Velocities and gap thickness are plotted as functions
of dimensionless time for a very small step increase in translation from the unstable
steady-state solution indicated by the open circle in Figure 4.4(a). The outcome is the
steady pushing state very near the solid circle in Figure 4.4(a). (c) and (d): Velocities
and gap thickness are plotted as functions of dimensionless time for a very small step
decrease in translation from the unstable steady-state solution indicated by the open
circle in Figure 4.4(a). The particle is engulfed.
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Figure 4.4(b) is meant to qualitatively indicate basins of initial states that ultimately

result in pushing or engulfment. Park et al. [53] also identified conditions leading to

pushing and engulfment states, but their predictions are fundamentally different from

ours, since their steady-state model assumed an unchanging growth rate along the en-

tire solidification interface. Figure 4.4(b) can also be used to qualitatively explain the

interesting behaviors in a system with oscillating growth rate, as will be introduced in

Section 6.3.2. But because a lot of information is lost in a steady state, the dynamic

model is required when studying some more complicated scenarios, such as a case where

vp 6= vg initially, or where there are fluctuations in growth rate, vg.

4.4 The role of premelting

All the above simulations—either steady-state or transient—are conducted when the

premelting effect is taken into consideration. Although this is necessary for the purpose

of faithfully representing the nature of a realistic particle-solidification front system, it is

very enlightening to assume a system without interfacial premelting and then investigate

what will happen under such a scenario.

Figure 4.7 shows the results from a transient simulation for the same solidification

system described in Table 4.1, except that the premelting effect is excluded, via setting

its length scale λ to zero. It is clear that the particle is finally steadily pushed by the

advancing interface, even if the growth rate is 60µm/s, much higher than those values

around 7µm/s in the forgoing simulation cases. As depicted in Figures 4.7(c), (d)

and (e), the morphologies of the solidification front when it approaching a particle can

provide some useful insights to understand this pushing case under such a high vg. These

three snapshots of the particle and interface correspond to three different representative

moments—the beginning of simulation, t = 0, the beginning of steady state, t = 0.018 s,

and the end of simulation, t = 0.029 s, respectively. According to these figures, during

the whole process, this solid-liquid interface only involves translational motion towards

the particle, while its shape keeps flat and does not change with time. The explanation

is not far to seek when realize the fact that the location of the interface is determined

by the temperature field as well as the equilibrium melting point given by Eq. (2.25). In

this case, when the particle, melt and crystal have the same thermal conductivity, the
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temperature contours in this undistorted thermal field will look like flat planes parallel

to r-axis. Now that premelting and Gibbs-Thomson effects are both turned off, the

temperature along interface won’t deviate from the constant bulk melting point, and

the resultant interface will thusly be perfectly flat all the time. This geometry limits

the rate of increase in viscous drag on the particle when the planar surface moves closer.

However, according to Eq. (2.28), the repulsive van der Waals force grows very quickly

with the decreasing separation, as it is roughly inversely proportional to the square

of gap thickness. Therefore, it is always possible for the repulsive force to overcome

the drag force, as long as the distance between particle and interface becomes small

enough. Figure 4.7(b) gives a final steady minimum gap thickness of 6.85 nm, which is

much thinner than those in the prior simulations.

Steady-state model is also used to plot the curve of dmin vs. vg for this system

excluding interfacial premelting, as shown in Figure 4.8. Here, the gap thickness mono-

tonically decreases with increasing growth rate, consistent with many prior models for

engulfment, see, e.g., [43, 46, 47]. All states exhibit particle pushing, where a stable,

equilibrium separation distance exists between particle and interface. When the gap

thickness tends to zero, equilibrium growth rate goes to infinity, because extremely high

growth velocity is required to result in a drag force balancing the repulsive force under

a thin gap. To obtain a finite value for critical velocity, engulfment in such models

without premelting has to be argued to occur when the separation becomes comparable

to molecular length scales, thus the critical velocity must be defined using an arbitrary

cut-off thickness.

Therefore, including premelting in the model avoids the groundless assumption of

cut-off thickness, but what’s the detailed mechanism behind this great distinction in

particle behavior? As a controlled experiment, the transient simulation conducted under

the same high growth rate of 60µm/s, with premelting effect turned on, can provide

some useful information on the role of premelting effect. In Figure 4.9(c), at t = 0,

the motionless particle is initially placed with a large separation equal to its radius,

1µm, and the solid-liquid interface quickly approaches the particle, similar to the prior

case in Figure 4.7. However, when the particle is close enough to the solidification

interface, at t ≈ 0.014 s, the premelting effect emerges. The velocity of the interface

under the particle, vg,0, begins to slow down due to melting point depression. As
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Figure 4.7: Results of a transient simulation excluding the premelting effect under a
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vg,0 < vg,∞, the solidification front starts to sag beneath the particle. The increasing

concavity of the solid-liquid interface produces a significant increase in drag force on

the particle. Hence, the particle decelerates after reaching a maximum velocity, which,

in turn, further hinders solidification underneath it due to premelting. As shown in

Figure 4.9(d), at t = 0.018 s, the small dent on the interface has already decreased the

particle velocity from its climax of 7.65µm/s along the vp curve in Figure 4.9(a) into

2.5µm/s, and meanwhile, vg,0 significantly decelerates from 60µm/s to only 7.57µm/s.

However, during the entire process, the solidification velocity far from the particle, vg,∞,

remains constant at the translation velocity, because it is unaffected by the premelting

effect. Thus, the front far away eventually outruns the particle and engulfs it. The

transient simulation stops at t = 0.029 s, when more than one-third of the particle has

been embedded in the solid, as shown in Figure 4.9(e). According to Figure 4.9(a),

at that time, the particle velocity, vp, together with vg,0, the interface growth velocity

under the particle, has already been very close to zero, so engulfment is doomed and

there is no need to continue the time integration. While not represented by this model,

the physical situation after the engulfment event is a continued cooling of the particle

as the growth front continues to advance away from it, until supercooling overcomes

the premelted liquid layer and the foreign particle is completely surrounded by solid.

Introducing the premelting effect into the model permits the solidification interface to

deform, curve around, and finally capture the particle, hence, the ad hoc presumption

of a cut-off thickness for engulfment can be discarded.

The time requred for the premelting effect to emerge also dominates particle be-

haviors before its capture. In the 1970’s, Omenyi and Neumann conducted several

experiments, and based on them, they concluded three possible destinies for a particle

in a solidification system, namely: (i) pushed along by the moving front indefinitely and

segregated in the last-freezing liquid, (ii) pushed for a while before being entrapped, or

(iii) captured by the front instantaneously [128]. The pushing mode, scenario (i), is very

common, as has been revealed several times in the forgoing simulations. The scenarios

(ii) and (iii) are both engulfment cases, and the difference between them depends on

the various time needed for premelting to take effect. In Figure 4.2(c), it takes inter-

facial premelting a relatively long time to finally curve the interface and decelerate the

particle, so the particle can be nearly accelerated to the applied growth velocity and
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Figure 4.9: Results of a transient simulation including the premelting effect under a
very high growth velocity, vg = 60µm/s. (a) and (b): Velocities and gap thickness
are plotted as functions of time. The outcomes shown in (a) and (b) indicate that
engulfment occurs. (c), (d) and (e): Locations and morphologies of the solid-liquid
interface at different times during this transient simulation. The interface gradually
curves around the particle because of premelting.
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have a obvious displacement before capture, which just reproduces scenario (ii). While

under a much higher growth rate, the premelting effect, as well as the particle’s accel-

eration/deceleration transition happens so quickly that the maximum particle velocity

looks negligible to vg,∞, and the hump along the vp curve in Figure 4.9(a) shrinks a

lot when compared to that in Figure 4.2(c). This indicates that the particle is nearly

engulfed in situ, or in other words, instantaneously. The three snapshots in Figure 4.9

also vividly elucidate the process of scenario (iii). Although some prior dynamic models

are also able to distinguish the pushing and engulfing modes for a particle, by reproduc-

ing the experimental observations (i) and (iii), this is the first time to observe scenario

(ii) in modeling work. The high-order accuracy and faithful representation of the solid-

liquid interface equip this model with the capability of completing more than 20,000

time integration steps during the whole processes corresponding to Figure 4.2(c), where

the time span is one order higher than that of an instantaneous engulfment process in

Figure 4.9.

4.5 Particle force balance and criticality

It is now clear that the predicted value of the critical velocity is determined by competing

forces that act on the particle, namely the pushing force arising from van der Waals

interactions and the drag arising from flow, if no gravity and no transverse flows are

assumed. The following content discusses the origins and representation of forces on the

particle and the different outcomes in critical velocity predicted by our model versus

that of Rempel and Worster [51]. While the comparison between results is specific to

the simple system considered here, it might be able to shed some light on the general

representation of both van der Waals and drag forces in the ensuing discussion.

4.5.1 Van der Waals forces

As introduced in Section 1.4, the rigorous computation of van der Waals forces must

account for detailed molecular interactions as well as the geometries over which they

are acting. Hamaker [61] derived an exact expression Eq. (1.2) specifically for the van

der Waals forces between a sphere and an infinite plane. In order to distinguish this
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formula from others, Hamaker’s expression is denoted as fR,H here, i.e.,

fR,H(d) = − 2AR3

3d2(2R+ d)2
. (4.1)

In the foregoing simulations, fR,H is employed in the model to approximate van der

Waals forces exerted on the particle.

In consideration of the fact that the shape of the solidification interface deviates

from perfect planarity when a particle approaches closely, Rempel and Worster [51, 52]

and subsequent analyses of Park et al. [53] and Kao et al. [54] calculated van der Waals

forces by integrating the disjoining pressure over the lower area of a spherical particle,

instead,

fR,L(d) = 2πR2

∫ θc

0
sin θ cos θ ·ΠL(d) dθ = −AR

2

3

∫ θc

0

sin θ cos θ

d3(θ)
dθ, (4.2)

where ΠL(d) represents Lifshitz’s expression for disjoining pressure,

ΠL(d) = − A

6πd3
. (4.3)

This manner of computing van der Waals forces will be denoted as fR,L, the Lifshitz

integral approach.

But concerns are also raised about the utilization of ΠL in fR,L, since this Lifshitz

expression of disjoining pressure was originally derived from a uniform thin film between

two unbounded, parallel flat surfaces. The lower surface of a sphere obviously violates

Lifshitz’s assumption, as it becomes perpendicular to the solidification interface at the

edge away from the centerline. Meanwhile, the distance d between the two surfaces varies

rapidly along the radial direction in a sphere-plane system, which also jeopardizes the

validity of applying Eq. (4.3) in Eq. (4.2). Therefore, Dai and Leal [67] figured out a

new formula for the disjoining pressure within a thin film of nonuniform thickness,

ΠD(d, dx, dxx) = −A123(4− 3d2
x + 3ddxx)

24πd3
, (4.4)

which takes the local film thickness d, slope dx, and second order derivative dxx into

account at the same time. However, Eq. (4.4) cannot be directly used in our model

via simply re-expressing the x, y coordinates to r, θ coordinates, since the expression is

derived for the two-dimensional Cartesian geometry. After looking more carefully at
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Dai and Leal’s paper, there must be curvature effects coming out of the plane in three-

dimensional or two-dimensional axisymmetric systems, while they are all missing in Dai

and Leal’s assumptions. To use Dai and Leal’s work for our spherical particle, we would

need to re-derive and re-evaluate the interaction integrals, which may be possible, but

certainly not easy. Thus, I would like to skip Eq. (4.4), and only discuss about two

approaches named after Hamaker and Lifshitz.

It is difficult to draw a conclusion on which one is better between fR,H and fR,L, sim-

ply because no one has ever managed to calculate an exact value for the van der Waals

repulsive force over such complicated problem geometries. In theory, the approach by

Chang et al. [40] is the most promising one in accuracy, as the disjoining force between

a spherical particle and an arbitrarily-shaped solidification front is computed via di-

rect numerical integration of London interaction potentials of the same form used by

Hamaker [61]. However, due to the expensive pair-wise integrations, Chang et al. [40]

limited the integration domain size using a preset cutoff distance to speed computation

of this force. In the end, their approach was not especially accurate for small separation

distances, with a 7.5% error reported in calculating a benchmark for two micron-sized

spheres separated by 100 nm. While this error is not huge, this model problem, with

dmin/R = 0.1, is not representative of the much more demanding geometries of the en-

gulfment problem, where typical separation distances at the critical point of engulfment

are an order of magnitude smaller, with dmin/R ≈ 0.01. While the rigor of integrating

pair-wise potentials over the problem geometry, as done by Chang et al. [40], is ap-

pealing, it is believed that, in practice, it may prove to be either too computationally

expensive or too inaccurate.

Although it arrives at a conclusion that there is no simple approach for computing the

true van der Waals forces between arbitrary surfaces in the engulfment problem, let us

recap the pros and cons of the two available approaches here, to see if anyone of them can

strike a balance between efficiency and accuracy. The Hamaker approach, fR,H , is the

exact form to compute the disjoining force between a sphere and an infinite plane, but

it might fail when the solidification front deforms near a particle. The Lifshitz integral

approach, fR,L, is thus put forward to account for the curved solid-liquid interface, while

this method neglects the shape of the particle, which does not satisfy the prerequisite

of Lifshitz’s expression for disjoining pressure, Eq. (4.3). So there comes a question, is
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the nonuniform-thickness film a big issue when applying the integral approaches? If the

error cause by this non-ideality is proven to be tiny or acceptable, fR,L would still be a

great choice for computing the disjoining forces in particle engulfment models. Due to

the existence of an exact solution—fR,H for the van der Waals force, the sphere-plane

system can actually be chosen as a test problem to estimate the error of fR,L.

Figure 4.10 shows the computed van der Waals forces by these two approaches, with

respect to the minimum gap thickness between a sphere and an infinite plane. The figure

is plotted in a dimensionless form, using the same nondimensionalization scheme applied

by Rempel and Worster [51]. Although the most obvious length scale for the geometry is

simply the particle radius, R, following the seminal work of Chernov et al. [48], Rempel

and Worster argue that the most relevant length scale is that characteristic of the film

thickness between particle and interface, which is determined by the premelting effect

and the temperature field and given by,

l ≡
(
λ3Tmp

G

)1/4

. (4.5)

Chernov et al. [48] and Rempel and Worster [51] also reasoned that the balance point

between hydrodynamic drag (approximated by Stokes law) and thermomolecular pres-

sure (arising from van der Waals effects) provides an estimate of the velocity at which

engulfment should occur. Rearrangement of this force balance yields the following char-

acteristic velocity,

W ≡ ρs∆Hf l
3G

6µTmpR
. (4.6)

With this characteristic velocity, the scale used to nondimensionalize forces can be

defined as,

Fc ≡
12πµR4W

l3
=

2πR3ρs∆HfG

Tmp
. (4.7)

The above scheme of nondimensionalization brings about a great merit that at critical

conditions for engulfment, i.e., when the solidification velocity reaches maximum in the

dmin vs. vg plot, the dimensionless minimum gap will have an approximate value of 1.

Another thing worth mentioning about Figure 4.10 is that the curve of fR,L is actu-

ally calculated by an analytical expression. Although it is always feasible to numerically
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Figure 4.10: Comparison of van der Waals repulsive forces computed by two
approaches—fR,H and fR,L—in a sphere-plane system.



85

integrate Eq. (4.2) for general cases, in the special scenario of a sphere and a plane, fR,L

has an analytical solution as below,

fR,L =
(2dmin +R)(−6d2

min − 6dminR+R2)

2d2
minR

4
+

6(dmin +R)2 [− ln(dmin) + ln(dmin +R)]

R5
.

(4.8)

Eq. (4.8) avoids setting a limit of integration θc → π/2 in Eq. (4.2), thus it is believed

to be more rigorous to calculate the disjoining force.

Figure 4.10 demonstrates that the errors of fR,L are acceptable within the whole

regime of minimum gap. Especially at the critical condition for engulfment, with

dmin/l ≈ 1, the Lifshitz integral approach predicts a disjoining force only 6.75% smaller

than the exact value. Therefore, the shape of a spherical particle will not significantly

undermine the validity of applying Lifshitz disjoining pressure formula, and obviously,

neither will a curved solidification interface near the particle. Now that the error range

of fR,L is known and proven to be small, the Lifshitz integral approach itself can in

turn serve as a standard to evaluate the accuracy of Hamaker force law Eq. (4.1), which

was previously applied in the model, when the solid-liquid interface deforms due to

premelting or thermal effects.

Figure 4.11(a) plots the dimensionless van der Waals repulsive force on the particle

as a function of dimensionless minimum gap for the simple system thus far considered

using the two approaches of Eq. (4.2) and Eq. (4.1). Note that fR,H is only a function

of separation distance, since the interface is always assumed to be planar, while fR,L

depends upon both particle separation distance and interface shape. In the system con-

sidered here, interface deformation is caused solely by premelting. Clearly, the Lifshitz

integral approach computes a larger van der Waals repulsion force than the Hamaker

law at separation distances characteristic of engulfment, with dmin/l ≈ 1. In this regime,

the approach of fR,L, which was also employed by Rempel and Worster, computes a

repulsive force that is on the order of 20-40% larger than that computed in the model

using fR,H .

Toward better understanding the differences in van der Waals forces using these two

approaches, Figures 4.11(c) and (d) show the particle position and interface shape at

critical conditions for engulfment predicted, respectively, by the finite-element model

and the model of Rempel and Worster. Interestingly, both models indicate that there
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Figure 4.11: (a) The dimensionless van der Waals force on the particle is plotted as
a function of dimensionless minimum gap via the approaches of fR,H and fR,L. The
solidification front is set able to deform due to premelting effect. (b) The dimensionless
drag coefficient for the particle is plotted as a function of dimensionless minimum gap for
the lubrication approximation of Rempel and Worster [51] and for the exact integration
performed in the current FEM model. The geometry of the system is shown at the
steady-state critical velocity for (c) the FEM model with fR,H and (d) the model of
Rempel and Worster with fR,L.
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is very little interface deflection in this system at criticality. But this little deflection

is already able to generate the obvious gap between the curves of fR,L and fR,H in

Figure 4.11(a). Therefore, replacing the Hamaker force law with the Lifshitz integral

scheme in the current model should greatly enhance the accuracy of the predicted critical

velocities.

However, a technical issue emerges during the incorporation of pressure integral fea-

ture into the existing code. As introduced in Section 3.5, a frontal solver is employed in

the code by taking advantage of the banded structure of the Jacobian matrix J, which

derives from the orthogonal nature of the basis functions and their derivates. Never-

theless, for each evaluation of the integrand in Eq. (4.2), it is necessary to determine

the distance from the particle surface to the growth interface along a line normal to

the particle surface. This requires the nodes along the particle surface to associate with

those on the solidification front (see Figure 4.12(a)), and the banded structure of the

Jacobian matrix is thus destroyed. The frontal solver is no longer able to deal with this

non-local Jacobian, and neither can the problem be solved. Since the frontal solver is

so closely incorporated in the code, it is nearly impossible to replace the solver without

a time-consuming reconstruction.

But hope always exists if we carefully look at the problem in hand. During the fore-

going simulations, the frontal solver works perfectly when the minimum gap thickness

dmin is used in Hamaker force law to compute the disjoining forces. This implies that

the interaction between the two nodes P1 and F1 in Figure 4.12(a) won’t significantly

increase the band width of Jacobian. The failure of the frontal solver is caused by the

other nodes far away along the particle and solidification interfaces. Remember that the

Jacobian matrix is only used to update the solution when applying Newton-Raphson

iteration, and it is the residual vector that finally ensures the precision of numerical

solutions. As long as an exact form of residual vector is used, and the Jacobian is

proven capable to lead the initial guess to converge into the target solution, no one

would care about the accuracy of that Jacobian. Following this strategy, an approxi-

mate Jacobian can be constructed as below. First, denote the Jacobian entries related

to the nodes {P1, P2, · · · , PN} on particle surface as well as the nodes {F1, F2, · · · , FM}
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Figure 4.12: (a) Schematic of the nodes on the particle surface and solidification front.
(b) L2-norms of the residual vector are plotted versus iteration time for the two scenarios
using different approaches to compute van der Waals forces.
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along solidification front as,

JPn =
∂rf
∂zPn

, (4.9)

JFm =
∂rf
∂zFm

, (4.10)

where rf represents the residual entry related with the force balance on the parti-

cle Eq. (2.27), and the nodes are constrained to only move in z-direction. To re-

tain the banded structure of the Jacobian matrix, the entries {JP2 ,JP3 , · · · ,JPN
} and

{JF2 ,JF3 , · · · ,JFM
} are all set to zero, and their contributions are combined into JP1

and JF1 . Therefore, it is of great importance to assign appropriate values to the entries

JP1 and JF1 , as they determine the quality of the constructed Jacobian. Unfortunately,

there does not exist analytical expressions for these two entries. Numerical differentia-

tion method is resorted to here to compute the values in JP1 and JF1 , by assuming that

the interface—either the particle surface or the solidification front—as a whole moves

forth and back by a tiny displacement, i.e.,

JP1 =
rf (zP1 + ∆z, zP2 + ∆z, · · · , zPN

+ ∆z)− rf (zP1 −∆z, zP2 −∆z, · · · , zPN
−∆z)

2∆z
,

(4.11)

JF1 =
rf (zF1 + ∆z, zF2 + ∆z, · · · , zFM

+ ∆z)− rf (zF1 −∆z, zF2 −∆z, · · · , zFM
−∆z)

2∆z
,

(4.12)

where a tiny value of 10−9 is proven effective for ∆z. Note that all the force balance

residuals rf in code use the exact form, where the Lifshitz integral approach fR,L is

applied, so that there is no ambiguity on solution convergence as long as its L2-norm,

||r||2, becomes less than the specified tolerance.

Figure 4.12(b) shows the comparison of the convergence behaviors by plotting the

L2-norm of the residual vector versus iteration time. The line with diamonds denotes the

case applying Hamaker force law, where only the minimum gap thickness dmin is used to

compute the disjoining force, and an accurate Jacobian is available for Newton-Raphson

iteration. While the case represented by the other line with circles employs the Lifshitz

integral method, thus as discussed above, an approximate Jacobian has to be constructed

for the frontal solver. Interestingly, the non-exact Jacobian does not affect the rate of

convergence. Its only side effect is that the norm of residual vector eventually fluctuates
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around a higher value between 10−8 and 10−7, while an accurate Jacobian can decrease

the residual norm into lower than 10−10. But this precision is already acceptable and

the solution can still be regarded as converged, as the convergence criterion is usually

set to 10−5.

Therefore, our model is able to compute the van der Waals repulsive force both ac-

curately and efficiently, after some appropriate code modifications. For critical velocity

evaluation, another factor at play is the drag force on the particle, which is examined

next.

4.5.2 Drag forces

At criticality, the hydrodynamic drag forces on the particle just balance the van der

Waals forces. Rempel and Worster calculate drag by integrating the pressure along the

lower surface of the particle using the lubrication approximation for the flow within the

gap. Their drag computation is thus,

fD,RW = (2πR2)6µR2vp

∫ θc

0
sin θ cos θ

(∫ θ

θc

sinφ

d3
dφ

)
dθ, (4.13)

where the limit of integration is taken as θc → π/2.

In contrast, the model developed here does not rely on the lubrication approximation

but numerically solves the Navier-Stokes equations for the flow throughout the liquid

domain. The drag force is then computed by integrating the traction arising from the

flow field around the entire particle surface, free from analytical approximations, via

the following equation,

fD,FEM =

∫
Γp

ez · (np · T) dS, (4.14)

where ez is the axial direction (the direction in which the drag force acts), np is the

normal vector to the particle surface, and Γp denotes the entire surface of the particle.

Note that this form includes both the effect of fluid pressure on the particle and the

viscous drag caused by flow past the particle surface.

Figure 4.11(b) shows the dimensionless drag coefficient, cD, computed as a function

of separation distance for our model and that of Rempel and Worster [51]. The drag

coefficient is defined as the dimensionless drag force divided by the dimensionless particle
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velocity,

cD ≡
fDW

Fcvp
=

fDl
3

12πµR4vp
, (4.15)

where fD represents the hydrodynamic drag resulting from either model. This quantity

provides a measure of the hydrodynamic drag that is independent of particle veloc-

ity and thus solely dependent upon the system geometry (like the dependence of the

dimensionless van der Waals force in this system).

The model of Rempel and Worster predicts a significantly lower drag coefficient

than that computed by our numerical model. Under critical conditions for engulfment,

near dmin/l ≈ 1, their model computes a value approximately 30-40% less than that

predicted by finite-element computation. This difference is not explained by the effects

of system geometry, as depicted in Figures 4.11(c) and (d). Indeed, the deeper deflection

of the interface along with the smaller gap width would argue for increased drag in the

Rempel and Worster predictions. Clearly, the lubrication approximation applied by

Rempel and Worster, Eq. (4.13), underestimates the actual drag force on the particle.

This underestimation of drag also significantly contributes to the higher critical velocity

predicted by Rempel and Worster [51] for engulfment in this system, as will be discussed

in the next section.

4.5.3 Comparison between various approaches

Now we have various approaches to compute the forces on the particle, i.e., fR,H and

fR,L for van der Waals repulsive force; fD,RW and fD,FEM for drag force. Different

combination between them gives rise to different curves of dmin vs. vg, as well as

different values for critical velocity, as shown in Figure 4.13. Among them, the Lifshitz

integral method, fR,L, and the FEM integral method, fD,FEM , according to the analyses

in Sections 4.5.1 and 4.5.2, are the preciser approaches for computing disjoining force

and hydrodynamic drag, respectively. Thus, in Figure 4.13, the solid line given by our

FEM model, which just applies these two superior approaches, is believed to be the

most accurate one. The curve with circles, however, plotted according to Rempel and

Worster’s analytical expression,

vg
W
≈
(

1

2δ6
0

+
1

2δ2
0

)(
1

6δ9
0

+
2

5δ5
0

+
1

2δ0

)−1

, (4.16)
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where δ0 ≡ dmin/l represents the dimensionless minimum film thickness, happens to

rank second in accuracy, with a critical velocity vc/W = 0.94, which is 9.3% higher

than the predicted by the best model in Figure 4.13, vc/W = 0.86. By saying “happens

to”, I mean Rempel and Worster’s model is in fact not so accurate in predicting critical

velocities. Because when Rempel and Worster analytically derived Eq. (4.16), they just

ignored all the terms containing ε ≡ l/R, which equals to the ratio of the film thickness

length scale to the particle radius. The approximate function Eq. (4.16), which is thus

accurate to leading order in ε, somewhat offsets their model’s underestimated drag force

by accident. If Eq. (4.16) is allowed to possess one order higher accuracy, i.e., if all the

terms containing ε are retained, it will have a form as below,

vg
W
≈
(
80δ3

0ε+ 120δ6
0h+ 168δ7

0hε+ 120δ10
0 h

2 − 360δ11
0 h

2ε
)

[
40δ3

0h+ 96δ7
0h

2 + 120δ11
0 h

3 + 30ε+ 69δ4
0hε− 306δ8

0h
2ε+ 1840δ12

0 h
3ε

+840δ12
0 h

3ε ln δ0 + 840δ12
0 h

3ε ln ε− 840δ12
0 h

3ε ln (1 + δ0ε)
]−1

. (4.17)

In Figure 4.13, Eq. (4.17) results in the curve with diamonds, which predicts a much

higher critical velocity, vc/W = 1.09. Furthermore, the function in Rempel and Worster’s

paper [51],

vg
W

= − ε
∫ θc

0 sin θ cos θδ−3 dθ∫ θc
0 sin θ cos θ

(∫ θ
θc

sinφ δ−3 dφ
)

dθ
, (4.18)

can also be solved numerically, which gives a most rigorous representation of their model

results, as described by the curve with crosses. It comes as no surprise that this curve

further deviates away from the solid line, giving rise to an even higher critical velocity,

vc/W = 1.15. The value is 33.7% higher than that predicted by the most accurate

model, vc/W = 0.86, and is thus consistent with the relative error, 30-40%, when

computing hydrodynamic drag in Rempel and Worster’s model, as already demonstrated

in Figure 4.11(b). Last but not least, the dotted line, where the Hamaker force law

is employed to compute the disjoining force, predicts a dimensionless critical velocity

of 0.54, namely 37% lower than the most accurate value. This again confirms the

importance of applying Lifshitz integral approach for the calculation of van der Waals

forces.
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Figure 4.13: The dimensionless minimum gap is plotted versus dimensionless solidifi-
cation velocity for the steady-state system considered in the current study using the
approaches of Rempel and Worster [51] and the FEM model developed here. While the
shapes of these curves are similar, these models predict different critical conditions for
particle engulfment.



Chapter 5

Physical properties and critical

velocities

Different from the Si-SiC system discussed in the next chapter, an imaginary solidifica-

tion system, like the one described in Table 4.1, has a much higher degree of freedom,

which complicates the problem, but brings about a great advantage meanwhile. In other

words, it is free to alter the physical properties, such as thermal conductivities, heat ca-

pacities, densities and so on, as these parameters are no longer constrained by a specific

system. This merit of modeling, although seems to be useless to the engineers eager

to solve the inclusion problem in photovoltaic industry, can still provide some precious

insight into the particle engulfment phenomenon commonly occurring in various fields.

In this chapter, parametric studies are performed to investigate how the critical

velocity depends on three most important factors, i.e., particle radius Rp in Section 5.1,

thermal conductivity ratio of particle to liquid kp/k` in Section 5.2, and Gibbs-Thomson

effect in Section 5.3. Several parameters, such as thermal conductivity ratio of solid to

liquid, ks/k`, or melting temperature, Tmp, turn out to be not so dominant in influencing

the critical velocity, thus they are not delved into and the discussion is simply omitted

here. While some other factors, like gravity (with direction and scale) and temperature

gradient, G, only play a role under certain circumstances, as will be discussed in Sections

6.2 and 6.4, respectively. Please refer to Chapter 6 for these details.
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5.1 Rp dependence

In those substantial prior modeling work, the particle radius, Rp, always possesses the

first priority to be researched on, as it is the most accessible variable to change in

particle engulfment experiments. Figure 5.1(a) reveals some prior experimental results

showing the relationships between critical velocity and particle radius. In these particle

engulfment experiments, although the solidification systems as well as particle materials

varies widely, the measured critical velocities typically fall into a rough range of 10−1 ∼
101 µm/s. Moreover, all the experiments discover that the critical velocity monotonically

decreases with the increasing particle size. In order to quantitatively study the Rp

dependence, linear regression is also performed using these experimental data points

plotted in this log-log scale. In Figure 5.1(a), the different symbols correspond to the

following particle materials in water: (a) copper with G ≈ 104 K/m [129], the best-fit

line has a slope of -0.9; (b) copper with G ≈ 103 K/m [129], slope -1.2; (c) tungsten

with G ≈ 104 K/m [129], slope -0.4; (d) latex with G ≈ 104 K/m [130], slope -1.0; (e)

latex with G ≈ 4 × 104 K/m [131], slope -0.6; (f) latex with G ≈ 1.8 × 104 K/m [132],

slope -0.9; (g) nylon with G ≈ 200 K/m [133], slope -1.1. The upward pointing triangles

correspond to polystyrene particles in a succinonitrile melt with G ≈ 104 K/m and a

slope of -1.0 [134]. The slope of the line through data set (h), for silicon carbide particles

in a succinonitrile melt, is -0.9 [79]. It is clear that, the slope usually has a value around

-1, namely the critical velocity is inversely proportional to the particle radius for most

systems. Actually, most prior researchers, such as Shangguan et al. [79], Rempel and

Worster [51], and Garvin et al. [55], all obtained this value of negative one for the slope.

Nevertheless, for some special systems, such as tungsten or latex particles in water, this

approximate relationship of vc ∝ R−1
p no longer works. As we will see in Chapter 6, Si-

SiC system also belongs to this special family, with a obviously steeper slope which can

not be explained by those existing particle engulfment models. Therefore, it requires

some more theoretical work specifically on the Si-SiC system if the photovoltaic industry

desires to solve the inclusion problem.

But here, this chapter still remain on the most generic situation, i.e., the simplified

solidification system. There’s no doubt that the ability of accurately predicting critical
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Figure 5.1: (a) The dependence of the critical velocity on the particle radius from a
number of experimental studies, adapted from [51]. (b) Simulation results of critical
velocity vs. particle radius plotted in a log-log scale.
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velocity’s dependence upon particle radius is definitely an important criterion for a par-

ticle engulfment model. Figure 5.1(b) shows the simulation results from the steady-state

model, again for the system whose property parameters are listed in Table 4.1. More

specifically, premelting effect is turned on to result in a finite value for critical velocity,

but gravity and Gibbs-Thomson effect are excluded here. Under typical experimental

conditions, i.e., λ ≈ 10−10 m, G ≈ 104 K/m, A ≈ 10−19 J, and Rp ≈ 100 ∼ 102 µm,

the model predicts critical velocities ranging from 10−1 to 101 µm/s. This order of

magnitude for critical velocities is consistent with experimental observations already

mentioned in Figure 5.1(a). Moreover, the straight line made up by numerical solutions

in Figure 5.1(b) possesses a slope of -0.9834, which again shows that our model has the

capability to reproduce the prevalent reversely proportional dependence, as the slope is

very close to -1.

5.2 kp/k` dependence

As already briefly introduced in Section 3.6.2, thermal transport can profoundly influ-

ence the particle engulfment behaviors via altering the solid-liquid interfacial shape,

especially when the thermal conductivities of particle and melt varies. Unfortunately,

it is almost impossible to isolate the effect of the particle-liquid thermal conductivity

ratio, due to its tight dependence upon materials. Changing the value of kp/k` requires

using different systems, which also brings about different densities, heat capacities, λ,

Hamaker constant and so on. However, lots of previous theoretical work has already

taken the kp/k` effect into account, and one of the popular conclusions suggests that the

critical velocities is inversely proportional to kp/k`. For example, Shangguan et al. [79]

derived an analytic expression for critical velocity:

vc =
a0∆σ0

12µ`Rp

(
kp
k`

)−1

, (5.1)

where a0 is called the intermolecular diameter, which is defined as the sum of the radii

in the surface layers of the particle and the solid. A few years later, Catalina et al. [80]

also figured out a similar expression:

vc =

√
2

3

∆σ0

µ`

(
a0

a0 + d

)2(Rp
d

)−(20δ−3)/6(kp
k`

)−1

, (5.2)
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where a0 is the interatomic distance.

Since kp/k` plays a really important role in particle-solidification front dynamics,

its value was also directly used as a criterion instead of the critical velocity for the

pushing-engulfing transition by some researchers, although this is not so elegant as

the foregoing theories by Shangguan et al. and Catalina et al. . Zubko et al. [124]

asserts that kp/k` > 1 leads to particle capture, while a particle will definitely be

rejected when kp/k` < 1. Their prediction succeeded in nine out ten experimental

systems studied by them. Although Garvin et al. [55] also agrees that a particle will

always be engulfed when kp/k` > 1, they further refine this criterion according to their

numerical simulation results, since their model only discovered the existence of particle

pushing/engulfing transition when kp/k` < 1. Therefore, Garvin et al. only studied the

critical velocities in some fictitious systems whose kp/k` was set very low, with a typical

value of 0.01. This conclusion by Garvin et al. might be right for a cylindrical particle,

as the geometry of their two-dimensional model is not axisymmetric. However, it is

clear that a spherical particle can also be pushed in a system whose kp/k` is greater

than one, because the critical velocities for a copper particle in the water-ice system

were experimentally measured and reported [129].

Our established model also confirms that the value of kp/k` is of great importance

in influencing particle rejection/capture, but it alone cannot determine the destiny of a

particle, i.e., critical velocities or particle pushing/engulfing transitions exist whatever

kp/k` equals to, as shown in Figure 5.2 given by our FEM model. Here, gravity and

Gibbs-Thomson effect are again ignored, and different values of kp/k` are achieved via

altering the particle thermal conductivity only, while all the other parameters are kept

unchanged as in Table 4.1. It is obvious that the critical velocity decreased as kp/k`

increase in Figure 5.2. This is because of the fact that higher kp/k` tends to depress

the solid-liquid interface right beneath the particle, as already revealed in Figure 3.6(b).

Since the depressed solidification front eventually becomes concave underneath the par-

ticle when kp/k` increase to a value greater than one, the drag force will significantly

rise, and thus critical velocity decreases.

As indicated by the line with diamond markers in Figure 5.2, linear regression is

perform in a log-log scale within the range 0.8 ≤ kp/k` ≤ 1.25, i.e., where kp/k` is close

to one. An empirical expression for the critical velocity with respect to kp/k` is thus
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Figure 5.2: FEM computation result for vc vs. kp/k`. The line with diamond markers
where 0.8 ≤ kp/k` ≤ 1.25 denotes the range of linear regression, which gives a slope
of -1.02 and an intercept of 2.045. The dotted lines represent the calculated critical
velocities by the empirical expression Eq. (5.3).
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given as,

vc = e2.045 ×
(
kp
k`

)−1.02

= 7.73×
(
kp
k`

)−1.02

µm/s, (5.3)

according to the curve fitting results with an intercept of 2.045, a slope of -1.02, and a

R2 value of 0.999.

Note that when analytically deriving Eq. (5.2), an assumption of cut-off thickness

was made by Catalina et al. . While interestingly, when premelting effect is invoked

to avoid setting the cut-off value in our model, the exponent on the term kp/k` is

again found to be a value extremely close to negative one. However, this time the

inversely proportional relationship only works in a kp/k` interval near unit one. The

dotted curves in Figure 5.2 plot the critical velocities calculated by Eq. (5.3) outside

the curve fitting range, i.e., when kp/k` < 0.8 or kp/k` > 1.25. The deviation between

the dotted lines and the solid line becomes obvious when the value of kp/k` leaves far

away from one, indicating that the conventional inverse proportionality in eqs. (5.1)

and (5.2) breaks down within these domains. This inconsistency between analytical

and numerical solutions might be caused by the asymptotic methods applied during

the formula derivation process. Since the functions are usually expanded into a series

around kp/k` = 1, and then the higher orders are ignored, it is very likely that the

inaccuracy of an analytical expression, such as Eq. (5.1) or (5.2), will become larger

when kp/k` deviates the base point 1. When it comes to numerical technique, although

admittedly rounding in floating point arithmetic can also cause similar problem, its

error is usually much smaller than that comes from asymptotic analysis. But of course,

the real detailed reason for this deviation between the curves in Figure 5.2 still remains

to be investigated.

5.3 Influence of Gibbs-Thomson effect

In all the foregoing simulations, Gibbs-Thomson effect is just turned off by setting the

solid-liquid interfacial free energy σs` to zero. Actually, this is the case in most existing

theoretical work done for particle engulfment process, as including the complicated

curvature term in the expression of the temperature along the solidification front is

somewhat troublesome from the perspective of mathematics. This simplification in

modeling is not a big issue for large particles, since curvature has a unit of inverse
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length, which means that its value is usually too small to be accounted for as long as

the the characteristic length is large enough. Nevertheless, according to our experience

from other cases, it is worthwhile to take the effort to include Gibbs-Thomson effect

into a particle engulfment model. For instance, the Kelvin equation [135] predicts that

the vapor pressure at a convex curved surface is higher than that at a flat surface. As

another physical phenomenon also caused by curvature, Kelvin effect begins to play a

role when the length scale decreases to 0.1 ∼ 1µm, which is just the size range of some

small particles in the solidification system.

The detailed dependence of Gibbs-Thomson effect upon particle size will be discussed

in Section 6.2.1, for the specific system of SiC-Si. But here, the particle radius is directly

presumed to be as small as 1µm, so that the Gibbs-Thomson effect is guaranteed

to have a considerable influence on interface shape. Simulations are again performed

in the idealized solidification system described in Table 4.1, except for introducing a

new physical property—σs` = 0.1 J/m2, which is a typical order of magnitude for the

solid-liquid interfacial free energy in metal solidification systems. In order to better

understand how does Gibbs-Thomson effect play a role in affecting the engulfment

behaviors, it is found advisable to introduce another independent variable kp/k`, whose

value is continuously altered like the one in Section 5.2.

Figure 5.3(a) shows these simulations results, where Gibbs-Thomson effect is turned

on, so that they actually serve as the controlled experiments to those in Figure 5.2.

Although the curves in Figures 5.3(a) and 5.2 have similar shapes, there are still two

distinctions between them.

Firstly, although the ranges of the x-axes in both figures are identical, the span of

y-axis in Figure 5.3(a)—from 63 to 69µm/s—is much narrower than that in Figure 5.2,

which starts from 0 to 40µm/s. This implies the critical velocity no longer changes so

dramatically with kp/k`, when Gibbs-Thomson effect is turned on. Further confirmation

is obtained by again performing linear regression in a log-log scale within the range

0.8 ≤ kp/k` ≥ 1.25, just like Section 5.2, and the resultant empirical expression for

critical velocity is given as:

vc = e4.177 ×
(
kp
k`

)−0.0335

= 65.2×
(
kp
k`

)−0.0335

µm/s. (5.4)

Note that the exponent −0.0335 in Eq. (5.4) is much larger than −1.02 in Eq. (5.3).
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Figure 5.3: (a) FEM computation result for vc vs. kp/k`, when Gibbs-Thomson effect is
turned on. The line with diamond markers where 0.8 ≤ kp/k` ≤ 1.25 denotes the range
of linear regression. The dotted lines represent the calculated critical velocities by the
empirical expression Eq. (5.4). (b) and (c): Interfacial shapes with different kinds of
effects applied on the solidification front; kp/k` = 0.3 in (b), and kp/k` = 3 in (c).
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To understand why the prevalent inversely proportional relationship predicted by most

prior models is overturned so easily by just turning on the Gibbs-Thomson effect, it is

enlightening to look at the two cases in Figures 5.3(b) and (c). Similar to Figure 3.6(b),

the interfacial morphologies are plotted, with kp/k` = 0.3 in Figure 5.3(b) and kp/k` = 3

in Figure 5.3(c). The solid lines in both figures represent the solidification fronts without

any interfacial effect applied on. As discussed in Section 3.6.2, due to the thermal effect,

when the particle is less thermally conductive than the melt (kp/k` < 1), the interface

will become convex and this promotes particle rejection. The reverse is turn when

kp/k` > 1, as shown in Figure 5.3(c). This is why a curve whose left is higher than its

right is observed in Figures 5.2 and 5.3(a). Although different in appearance, these two

kinds of curved solid-liquid interfaces—either convex or concave—both have larger areas

than a flat one. But when the system includes Gibbs-Thomson effect, whose essence is

actually the minimization of energy, the solidification front will tend to be smoothed

out to give rise to a smaller area, namely, a lower total interfacial free energy. Thus

Gibbs-Thomson effect makes the interface become less convex in Figure 5.3(b), and

also less concave in Figure 5.3(c), as indicated by the lines with dots. Meanwhile, the

promotion of particle rejection due to kp/k` < 1 is weakened, as well as the inclination of

engulfment when kp/k` > 1. Therefore, the curve in Figure 5.3(a) looks more horizontal

when compared with the one in Figure 5.2, and a smaller slope of -0.0335 is thus obtained

from linear regression.

The second distinction between Figures 5.3(a) and 5.2 is that the critical velocities in

the former one are generally higher than those in the latter figure, as also reflected by the

higher intercept of 4.177 in Eq. (5.4), compared with 2.045 in Eq. (5.3). The explanation

can also be found in Figures 5.3(b) and (c), by looking at the lines with diamond markers,

representing the scenarios where only premelting effect is applied along the solidification

front. These two curves again confirm that premelting effect always tends to depress

the solid-liquid interface right beneath the particle, no matter the interface is originally

convex or concave. As discussed in Section 4.4, this nature of interfacial premelting

will lead the solidification front to curve around the particle and finally result in a

finite value of critical velocity. But we already know that Gibbs-Thomson effect always

tries to smooth out the interface and thus hinders the interface from becoming concave

when approaching the particle. In other words, Gibbs-Thomson effect counteracts the
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premelting effect to some extent. This is why Gibbs-Thomson effect can enhance the

possibility of particle repulsion and increase the critical velocities.



Chapter 6

Results for SiC-Si System

As introduced in Section 1.2, those foreign inclusions found in multicrystalline silicon

ingots are mainly made up of SiC and Si3N4. However, most serious problems during the

manufacturing of solar cells, such as linear sawing defects and sawing wire breakage, are

caused by SiC inclusions, due to their much higher hardness of 9.2 ∼ 9.3 on the Mohs

scale [136], compared to the hardness of Si3N4 inclusions—8.5 [137]. While problems of

lower cell efficiency and wafer breakage can also be caused by Si3N4 inclusions, they are

not so detrimental as the formers one. Therefore, the scenario of SiC particles in the

silicon solidification system possesses the first priority to be simulated by the established

models.

The two-dimensional nature of the models developed here is another reason for

neglecting the Si3N4-Si system in this project. As depicted in Figure 1.7, the facetted

SiC particles generally have a shape of polyhedron very close to a sphere, while the

Si3N4 particles are usually cylindrical. For the very low Reynolds number flows around

those small facetted SiC particles, drag is fairly insensitive to sharp corners or edges and

depends much more strongly on the surface area over which fluid forces act [83]. Hill

and Power [84] have proved that the Stokes drag on an object is bounded by the drag on

any shape inscribed within and circumscribed around the actual object. Thus, a two-

dimensional model is already capable to faithfully represent the SiC-Si system, in spite of

the facetted surface of SiC particles. Theoretically, by simply changing the axisymmetric

geometry into a planar one, the same two-dimensional mesh in Figure 2.2 can also be

used to model the Si3N4-Si system, with the assumption that the infinitely long Si3N4

105
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rod is parallel to the solidification front. Nevertheless, for the general scenarios, a three-

dimensional model is required to simulate the engulfment process of a cylindrical Si3N4

particle.

6.1 Experiments by collaborators

For modelers who only focus on theoretical work, it is important to collaborate with

experimenters, so that the developed models can be validated by the experimental

data and then, be further improved. Under the ParSiWal (Partikeleinfang bei der

Siliziumkristallisation im Weltall) project funded by the German DLR, Jauß et al. [29]

and Azizi et al. [30] from Fraunhofer IISB, University of Freiburg, and University of

Bayreuth are trying to quantitatively determine engulfment conditions via experiments.

As depicted in Figure 6.1(a), to prepare samples for their experiments, a small hole is

first drilled on a single crystalline, boron doped silicon rod with 8 mm diameter. After

filled with 4 mg pre-synthesized SiC particles, whose diameter D varies from 7µm to

300µm, this small hole is sealed and the whole silicon rod is oxidized at 1050 ◦C for

up to 140 hours to form a 5µm thick SiO2 skin on the silicon surface. This SiO2

skin can help the rod keep its shape and prevent Marangoni convection during crystal

growth. Then the silicon rod sample with an ampoule outside is mounted into an ELLI

mirror furnace [138], within which, the light from a lamp can be focused onto a small

portion on the silicon rod and create a short molten zone of 10 ∼ 12 mm in length. After

homogenization of the pre-seeded SiC particles in melt, which is achieved by temporarily

turning on an external rotating magnetic field, a downward translation speed of 0.2 ∼
10 mm/min is applied to the silicon rod. Because the location of the molten zone is

fixed relative to the ELLI furnace, a growth rate approximately equal to the applied

translation speed can be observed at the lower solid-liquid interface. A more detailed

description of the experiment can be found in [139]. After these growth experiments

performed in the research team led by A. Cröll (University of Freiburg), J. Friedrich et al.

[139] at Fraunhofer IISB carried out the subsequent characterization, where infrared

transmission microscopy was used to determine the particles’ final positions. As shown

in Figure 6.1(b), if a particle eventually locates above the lower phase boundary, it is

considered as pushed all the way by the solidification front. While if a particle stops
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traveling half-way, engulfment is assumed to happen at that point.
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Figure 6.1: (a) During experiments, a silicon rod filled with pre-synthesized SiC particles
is mounted in an ELLI mirror furnace [30]. (b) IR transmission mapping shows that
SiC particles (D = 7µm) in the left sample are pushed over the complete crystal length,
while particles in the right sample (D = 60µm) are captured at the beginning of the
growth process [139].

Figure 6.2 shows the experimental results, where the green circles denote that the

particles are eventually found to be pushed, while the red squares means particle en-

gulfment under corresponding solidification velocities. The solid line represents the the-

oretical critical velocities for this system calculated by Søiland [140], using the model

by Stefanescu et al. [141], who predicted the critical velocity as below,

vc =
∆σ0d0

6(n− 1)µ`R

(
2− kp

k`

)
, (6.1)

where ∆σ0 is the difference in interfacial energy, i.e., ∆σ0 = σps − (σp` + σs`), d0 is

interatomic distance in the melt, µ` is the viscosity of the melt, R is the particle radius,

n is equal to 2, kp and k` are thermal conductivities of the particle melt, respectively.
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Clearly, this prior prediction of critical velocities [140], based on classical engulfment

theory [141], poorly describes the experimental data. Therefore, it is advisable to study

the SiC-Si system with our newly developed models, which are examined next.
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Figure 6.2: The experimental data are compared with prior model calculations for the
SiC-Si system. The circles and squares denote the outcomes of experiments by our
collaborators. The curve plots the theoretical predictions of the critical velocity and
mark the boundary between particle pushing (to the left or below) and engulfment (to
the right or above).
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6.2 Critical velocities from FEM model

To evaluate the critical velocities, vc, for various particle diameters, D, the steady-state

model is employed with the physical properties listed in Table 6.1, for SiC particles in

silicon solidification system. All the data in Table 6.1 can be found in prior literature, or

directly from our collaborators’ measurement, excepting the Hamaker constant, which

is used to compute the repulsive van der Waals forces. Unfortunately, the measurement

of this value is extremely difficult, and we are not aware of any published values for this

system. We therefore take a pragmatic approach, namely, matching our steady-state

computation of the critical velocity with one datum from experiment. The upper-left

point in Figure 6.2 is chosen, and the critical velocity for a 7µm diameter particle is

thus assumed to be 8 mm/min, the highest growth rate observed in experiments to

keep this particle pushed. Then, the steady state model gives a Hamaker constant of

3.344× 10−19 J, which is of a reasonable magnitude [64]. The length scale representing

the strength of the premelting effect, λ, can also be computed from this Hamaker

constant, via Eq. (1.7). We will return to the issue of the Hamaker constant at the

end of this chapter in Section 6.7.

The definition and values of the characteristic variables as well as the scaling groups

for the simulations of this SiC-Si system are given in Table 6.2.

The physical properties in Table 6.1, including the evaluated Hamaker constant, are

subsequently employed to conduct steady-state computations for particles with different

sizes to predict their critical velocities. In Figure 6.3, the finite element method (FEM)

simulation results for critical velocity versus particle diameter are plotted, along with

recent data from terrestrial experiments of Cröll and Friedrich, as already shown in

Figure 6.2.

Our collaborators’ primary goal is to investigate the role of gravity in the particle

engulfment process. Therefore, crystal growth experiments described in Figure 6.1

are planned to be conducted both on the earth and on a sounding rocket. However,

due to the complex preparation and elaborate arrangement required in rocket launch

missions, terrestrial experiments were conducted first, and until recently, only a few

results were obtained from microgravity experiments, which will be discussed in Section

6.6.1. Applying or removing gravity in models only involves altering the value of gravity



110

Table 6.1: Physical properties for β-SiC particles in silicon solidification system
Properties Name Notation, valuea, units

Liquid Density ρ` = 2.560 g·cm−3 (R)b [142]
Viscosity µ` = 8.77× 10−4 Pa·s (C,I)c [142]
Thermal compressibility β` = 1.4× 10−4 K−1 (R) [143]
Thermal conductivity k` = 45.6 W·m−1·K−1 (R) [144]
Heat capacity cp,` = 968.47 J·kg−1·K−1 (R) [145]

Solid Density ρs = 2.300 g·cm−3 (T)d [142]
Thermal conductivity ks = 22 W·m−1·K−1 (R) [142]
Heat capacity cp,s = 1030 J·kg−1·K−1 (R) [145]
Melting temperature Tmp = 1687.0 K (R) [142]
Latent heat ∆Hf = 1.804× 106 J·kg−1 (R) [142]
Interfacial tension σs` = 0.464 J·m−2 (C,I) [146]

Particle Density ρp = 3.237 g·cm−3 (T) [147]
Thermal conductivity kp = 52.7 W·m−1·K−1 (C,I) [148]
Heat capacity cp,p = 1309.7 J·kg−1·K−1 (R) [149]

System Premelting length scale λ = 1.623× 10−10 m
Particle radius R = 1 ∼ 400µm
Temperature gradient G = 30 K·cm−1

Hamaker constant A = 3.344× 10−19 J
Gravity constant g = variable

aIf not specified, all the property data are the values at the melting temperature of silicon, i.e.,
1687 K.

bRaw datum directly given by literature.
cThe raw data are plotted as a curve of value vs. temperature in literature, and interpolation is

performed to evaluate the value at the melting point of silicon.
dTheoretical value predicted by a formula.
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Figure 6.3: The critical velocities from finite element method (FEM) computation are
plotted as functions of particle diameter in a log-log scale. The results from terrestrial
experiments (the open circles and solid squares) are also plotted for the purpose of
comparison.
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Table 6.2: Typical values of characteristic variables and dimensionless parameters for
the SiC-Si system

Name Notation, definition Typical value

Characteristic length Lc ≈ 10−5 ∼ 10−3 m
Characteristic velocity Uc ≈ 10−7 ∼ 10−5 m/s
Characteristic time tc ≡ ρ`L2

c/µ` ≈ 10−4 ∼ 100 s
Characteristic pressure pc ≡ µ`Uc/Lc ≈ 10−8 ∼ 10−3 Pa
Characteristic temperature Tc ≈ 10−2 ∼ 100 K
Reference temperature Tref ≡ 1687 K
Reynolds number Re≡ ρ`LcUc/µ` ≈ 10−4 ∼ 10−3

Stokes number St≡ ρ`gL2
c/µ`Uc ≈ 101 ∼ 108(a)

Thermal Peclet number Pei ≡ ρicp,iLcUc/ki ≈ 10−6 ∼ 10−5

Prandtl number Pri ≡ ρicp,iµ`/kiρ` ≈ 10−2

Dimensionless temperature T̂ ≡ (T − Tref)/Tc ≈ −100 ∼ 100

Dimensionless temperature gradient Ĝ ≡ GLc/Tc 1.0

aWhen gravity is included and the gravity constant g is set to 9.8 m/s2

constant, g. Thus, simulations under microgravity conditions can easily be performed,

and both results—under normal gravity, 1g, and under microgravity, µg—are plotted

in Figure 6.3. For the microgravity case, i.e., when g = 0, the curve with plus symbols

is nearly straight in the log-log scale. Linear regression gives a slope of -1.66, indicating

that the relationship between critical velocity and particle diameter can described as

vc ∝ D−1.66, when the gravity is turned off. Simulations under terrestrial conditions

result in the curve with triangles in Figure 6.3. This curve coincides well with the former

one with plus symbols in the domain of small particles. However, when D > 50µm,

these two curves begin to diverge, as the curve representing terrestrial scenarios suddenly

turns downward. This sharp drop of the critical velocity in dependence on the particle

diameter is caused by sedimentation effects. Therefore, according to simulation results,

gravity only plays a role for large particles whose diameter is higher than 50µm, since

obviously, the strength of settling (buoyancy) is proportional to R3.

Moreover, when compared with the prior prediction of critical velocities by Søiland

in Figure 6.2, the newly developed model here better describes the engulfment-pushing

transition, admittedly with some help by the fit of the Hamaker constant to match the

experimental result for the 7µm diameter particle. However, our model still predicts a

more realistic scaling of engulfment velocity with particle diameter, with regard to the
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slope of the curves in the log-log scale, which will be discussed next.

6.2.1 Cause of the steeper slope

In Figure 6.2, the Søiland curve is a straight line with a slope of -1, indicating that

vc ∝ D−1. This inverse relationship between critical velocity and particle diameter

is representative of nearly all classical models for particle engulfment; see, e.g., [43,

48, 49, 51, 53, 55, 141]. However, in Figure 6.3, the microgravity curve computed by

our numerical model exhibits a slope of -1.66. When the sedimentation effects are not

dominant, the terrestrial curve for small particles also possesses this steeper slope, which

appears to more closely align with the experimental data.

Parametric study indicates that this more reasonable slope is mainly due to the

Gibbs-Thomson effect, which was usually not considered by those prior theoretical re-

searchers. In order to demonstrate this, a controlled experiment is conducted by artifi-

cially turning off the Gibbs-Thomson effect in the code. Meanwhile, the gravity is also

excluded to avoid the influence of sedimentation. The resultant solid curve in Figure 6.3

is nearly straight, and differs from the curve with plus symbols in two major aspects.

Firstly, the critical velocities along the solid curve are generally one order of mag-

nitude lower than those on the curve with plus symbols, which representing the cases

including Gibbs-Thomson effect. Actually, this phenomenon has already be explained in

Section 5.3. Namely, Gibbs-Thomson effect hinders the interface from curving around

the particle due to interfacial premelting, and thus increases the critical velocities.

Secondly, the nearly straight solid curve in Figure 6.3 has a slope of -1.05, indicating

that the critical velocity’s dependence upon particle diameter basically recovers the

classical inverse proportionality of prior models if Gibbs-Thomson effect is excluded.

This can explain why the inversely proportional relationship between critical velocity

and particle diameter was prevailing among most previous models, since the Gibbs-

Thomson effect was usually not taken into consideration due to the complex form of

interfacial curvature. Moreover, as we know, curvature effect usually plays a more

important role under smaller length scales, since the curvature, κ, has a unit of m−1.

The critical velocities for small particles are thus enhanced by a larger amount due

to the more powerful Gibbs-Thomson effect. This is why a steeper, and also more

reasonable slope is observed when Gibbs-Thomson effect is considered in our model of
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SiC-Si engulfment system. To estimate the dependence of Gibbs-Thomson effect upon

particle size, we can rearrange Eq. (2.24), which only consider the equilibrium and

Gibbs-Thomson terms, as,

Teq − Tmp = −Tmpσs`κ

ρs∆Hf
, (6.2)

The characteristic temperature change across the particle can be represented by GR,

where G is the temperature gradient across the solidification interface and R is the

particle radius. Divide Eq. (6.2) by this temperature scale gives,

Teq − Tmp

GR
= − Tmpσs`κ

ρs∆HfGR
. (6.3)

The mean curvature can also be nondimensionalized by the particle radius, i.e., κ̂ =

κR, where κ̂ is a nondimensional mean curvature. Substituting this results in a final

nondimensional form:
Teq − Tmp

GR
= − Tmpσs`κ̂

ρs∆HfGR2
. (6.4)

We argue that the Gibbs-Thomson effect will be meaningful when the departure of

the interface temperature from its equilibrium value is comparable to the temperature

change induced by the approaching particle. This is equivalent to setting the left-hand

side of Eq. (6.4) to unity. Setting (Teq − Tmp)/GR = 1 yields

1 = − Tmpσs`κ̂

ρs∆HfGR2
. (6.5)

Arguing that κ̂ ≈ 1 and ignoring the sign in front of the term above, we see that the

conditions required to make the Gibbs-Thomson effect meaningful are when,

Tmpσs`
ρs∆HfGR2

= 1. (6.6)

The Gibbs-Thomson effect is thus expected to have a considerable influence on interface

shape (and thus on particle drag) in the engulfment problem, when rearrangement of

the previous equation gives

Rc ≈
(
Tmpσs`
ρs∆HfG

)1/2

. (6.7)

Using the SiC-Si parameters in Table 6.1, the characteristic particle radius is calculated

to be Rc ≈ 7.9µm, which corresponds well with the data in Figure 6.3.
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Although including Gibbs-Thomson effect can significantly alter the scaling of criti-

cal velocity with particle size, interestingly, the value of slope seems to be independent

of the strength of Gibbs-Thomson effect, which can be measured by the coefficient

σs`/ρs∆Hf in Eq. (2.25). Additional computations show that when the coefficient

σs`/ρs∆Hf is changed to half of the realistic value for SiC-Si system, the slope would

be −1.69, basically unchanged when compared with the prior value −1.66 given by our

model. Rempel and Worster also eventually managed to incorporate the curvature effect

in one of their outstanding work [52], and obtained a constant value of −4/3 for the

slope of vc vs. D curve in log-log scale, under small particle limit. Derby et al. [150]

recently developed analytical arguments to demonstrate that the slope value −1.66 nu-

merically given by our model actually equals to a simple fraction −5/3. This more

reasonable scaling of vc ∝ R−5/3 is caused by a previously unascertained interaction be-

tween particle-induced interface defelction (orginating from the thermal conductivity of

the SiC particle being larger than that of the surrounding silicon liquid) and curvature-

induced changes in melting temperature arising from the Gibbs-Thomson effect. While

Rempel and Worster [52] simplified the system by assuming equal thermal conductivi-

ties for particle and melt when they derived the scaling vc ∝ R−4/3. Please refer to our

new paper in Appendix A for details.

For the SiC-Si system, experimental results demonstrate that a steeper slope pre-

dicted by our model is more realistic, although we still over-predict the growth velocities

needed to engulf particles of diameters 45µm and 60µm, as shown in Figure 6.3. There

are several possible reasons behind this inconsistency, which will be discussed next, in

Sections 6.3.2, 6.4, 6.5, 6.6.3, and finally 6.7.

6.3 Effects of fluctuation during growth

All the predicted critical velocities in Figure 6.3 are computed by the steady-state model,

in which all the time derivatives are set to zero. However, Section 4.3 has already

demonstrated that dynamical effects may override the behaviors predicted by steady-

state analysis. G-jitter and oscillating growth rate are two typical time-dependent

fluctuations in the solidification conditions that have to be studied via dynamic model,

and may give us some enlightening results, as will be discussed next.
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6.3.1 G-jitter effect

G-jitter effect occurs in microgravity experiments conducted in space vehicles. It is

perturbation in gravity originates from a variety of sources including mechanical vibra-

tions (pumps, motors, excitations of natural frequencies of spacecraft structures), crew

motions, spacecraft maneuvers and attitude, atmosphere drag, and the earth’s gravity

gradient [151]. Although the experiments by our collaborators do not show any evidence

that g-jitter effect would influent the particle engulfment behavior, it doesn’t hurt to

use the established model to simulate the scenarios with g-jitter.

Figure 6.4 shows a simulation run for the SiC-Si system under sinusoidal gravity, g,

with the time-dependent form,

g = Am sin(ωt), (6.8)

where Am is amplitude, ω denotes angular frequency, and t represents time. For the case

in Figure 6.4, the frequency, f = ω/2π is set to a typical value of 0.1 Hz, according to the

data measured by an accelerometer installed on the space shuttle [152]. Experimental

results [152] also indicate that the amplitude of g-jitter usually ranges from 10−6g0 to

10−4g0, where g0 is the earth gravity, i.e., g0 = 9.8 m/s2. But in order to magnify

the effect of g-jitter, the amplitude is set to 10−2g0 in Figure 6.4. The three velocities

in Figure 4.1 are again tracked with time during simulation. Figure 6.4 reveals that

the particle is accelerated by the advancing solidification front from immobility in the

beginning. Then, the particle velocity, together with the interfacial growth rate right

beneath it, just oscillates within a narrow range around the applied growth rate of

15.85µm/s, which is slightly lower the critical velocity for this system, 15.91µm/s. The

fluctuation in particle velocity is so small that it can hardly change the pushing state,

even if the fluctuation in gravity is set into two orders of magnitude higher than the

normal level of g-jitter. Therefore, the dynamics caused by g-jitter is proven to be not

so important in determining particle pushing/engulfing transition.

6.3.2 Oscillating growth rate

Video data from ParSiWal growth experiments indicated that solidification rates often

fluctuated over periods of O(10 ∼ 100) seconds [30]; see, e.g., Figure 6.5. Further-

more, turbulent flows in large-scale silicon melts also result in unavoidable oscillations
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Figure 6.4: Velocities are plotted as functions of time for the case with g-jitter. The
applied growth rate is 15.85µm/s, while the critical velocity is 15.91µm/s. The outcome
shows that the particle is pushed all the way by the solidification front.

in crystal growth rates due to temperature fluctuations with frequencies on the order

of 0.1 ∼ 1 Hz [153, 154]. The dynamic model is employed to reproduce these time-

dependent growth rates and their effect on engulfment behavior in the SiC-Si system is

elucidated as below.

The oscillating growth rate is achieve by replacing the thermal boundary conditions

at the top and bottom of the model domains, Eqs. (2.8) and (2.9), with time-dependent

forms,

T |z=0 = TC −G
(
k`
ks

)[
vmt−

Am
ω

cos(ωt+ ϕ) +
Am
ω

]
, (6.9)

T |z=Z = TH −G
[
vmt−

Am
ω

cos(ωt+ ϕ) +
Am
ω

]
, (6.10)

so that the growth rate, vg, becomes a sinusoidal function of time,

vg(t) = vm +Am sin(ωt+ ϕ), (6.11)

where vm, Am, ω and ϕ denote mean growth rate, amplitude, angular frequency and
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Figure 6.5: In the ParSiWal experiments to measure SiC particle engulfment during the
solidification of silicon, the growth rate, as measured by video, oscillates in time, even
though the pulling rate is set to constant. Adapted from [30].
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phase, respectively. The fluctuation in growth rate is simplified as a sinusoidal func-

tion here, to avoid potential problems in solution convergence when performing time

integration, since it is continuous in its first and any higher-order derivatives.

A SiC particle with diameter of 40µm is chosen as an example to study the effect

of oscillating growth rate. Silicon is assumed to solidify upward under earth gravity,

so there is a sedimentation force acting on the particle. All other physical parameters

of the simulations can be found in Table 6.1. The steady-state model is first used

to predict a critical velocity of 7.93µm/s, occurring at dmin = 19 nm for this system.

Then, the dynamic model is resorted to, in order to apply an oscillating growth rate

with frequency f = ω/2π = 1 Hz, which is representative of industrial silicon growth

system. The average growth velocity, vm, is set to 5.5µm/s, which is substantially lower

than the critical velocity of engulfment for the 40µm-diameter SiC particle considered

here. Very different behaviors of this system for small variations in the amplitude of

the solidification velocity are discovered, as described below.

In the first transient simulation, the boundary conditions Eqs. (6.9) and (6.10) are

set to produce a growth rate amplitude of 2.53µm/s around the mean growth rate of

5.5µm/s. Nominally, this variation causes the interface to briefly exceed the critical

velocity, with vg,max = 8.03µm/s. The particle has an initial velocity of vp = 5.5µm/s

at a separation distance of dmin = 19 nm from the solidification interface, corresponding

to its stable, steady pushing state computed by the steady-state model. The particle is

initially placed right on the stable branch of the dmin vs. vg curve, instead of starting

with a large separation as the previous cases in Figures 4.2, 4.7 and 4.9, so that the

downward sedimentation force on the particle can be balanced and the particle won’t

have a large settling velocity at the beginning of simulation.

Figure 6.6(a) shows the velocities of the particle and growth interface as functions

of time during the transient calculation. The particle velocity, vg, follows the general

changes in interface velocities, vg,0 and vg,∞, over the entire simulation, indicating that

the particle is being pushed in front of the interface. Figure 6.6(b) is an expanded view

of the velocities around the first peak in Figure 6.6(a). It shows more clearly that the

transient growth rate, vg,∞, is higher than the critical velocity, vc, during t ≈ 0.2 ∼ 0.3 s.

Interestingly, the curves of particle velocity, vp, and centerline interfacial growth rate,

vg,0, both have a double-humped shape, indicating a complicated, nonlinear interaction
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between the interface and particle. These velocities also exceed vc for very brief periods

during the cycle.
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Figure 6.6: (a) and (b): Velocities are plotted as functions of time during a transient
simulation featuring an oscillating solidification front. (c) and (d): Minimum gap thick-
ness and interface deflection are plotted for the same simulation. These results indicate
that a stable, pushing state has been established.

The solid line in Figure 6.6(c), which denotes dmin versus time, further confirms

the pushing of the particle, because the minimum gap thickness oscillates between two

extreme values and never goes to zero. The dashed line in Figure 6.6(c) plots the

interface deflection under the particle—defined as ∆f = zi,∞ − zi,0—as a function of

time, where zi,0 and zi,∞ represent the interfacial positions at the centerline and far

away, respectively. Nominally, these measures are out of phase, with the gap thickness

decreasing as the interface is driven upward by the underlying thermal oscillations. The

localized interaction between particle and interface are depicted in Figure 6.6(d) by
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expanding these measures over the time corresponding with the first peak in velocities.

The extrema of the interface deflection, ∆f , and gap thickness, dmin, occur at the same

time where the vp, vg,0 and vg,∞ curves intersect in Figure 6.6(b). The concurrence of

extrema in interface deflection and gap thickness can be explained by Eq. (2.25), since

it indicates that smaller gap thickness gives rise to a stronger premelting effect, which

is the main cause for interface deflection. Meanwhile, the changes in minimum gap

thickness depends on the relative velocity between particle and interface at centerline,

while the interface deflection alters when the far-field and centerline interface have

different growth rates. Therefore, the intersection of vp and vg,0 curves corresponds

to an extremum in dmin, and similarly, ∆f would also reach an extremum when vg,0

intersects with vg,∞. Now that the gap thickness, dmin, and interface deflection, ∆f ,

reaches extrema simultaneously in Figure 6.6(d), the intersection between vg,0 and vp

curves will just turn out to be the same one between vg,0 and vg,∞ curves in Figure 6.6(b).

The second transient simulation is carried out with the same initial conditions and

properties, except that the amplitude of the growth variation is increased very slightly,

from 2.53µm/s to 2.535µm/s. Significantly, the behavior of this system is dramatically

different.

Figure 6.7(a) shows the three tracked velocities as functions of time. Early on these

trajectories behave similarly to the prior case. For example, in region I (indicated by the

shadowed area), the growth rates approach and exceed the critical velocity. However,

after time 0.34 s, even though the growth rate far away from the particle, vg,∞, has

decreased to values below the critical velocity, the particle and the centerline interface

suddenly slow. Engulfment of the particle occurs in Region II, as the solidification front

far away continues to outrun the particle, with vg,∞ greater than both vp and vg,0.

Finally the particle velocity, vp, and the growth rate under it, vg,0, both tend to zero,

indicating the complete capture of the particle.

Figure 6.7(b) presents the minimum gap distance, dmin, as a function of time for

the this system. The particle is confirmed to be engulfed, since dmin monotonically

decreases toward zero with time.

Therefore, the dynamical behavior itself can be really complicated. For example,

the first simulation demonstrated that a stable, time-periodic pushing state can arise

even when the maximum solidification rate is higher than the critical velocity. Perhaps
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Figure 6.7: (a) Velocities are plotted as functions of time during a transient simulation
featuring an interface oscillating with slightly larger amplitude than previous case. Stage
I and II are discussed in text. (b) Minimum gap thickness is plotted as a function of
time during the same simulation. These results indicate particle engulfment.
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more typical, however, the second simulation showed that a particle can be captured

under oscillatory growth conditions where the mean growth rate is much lower than

the steady-state critical velocity. The dynamic capture of particles by a time-varying

growth interface may thus explain why large particles are engulfed at nominal growth

rates that are below those predicted by steady-state engulfment theories.

6.4 Dependence of temperature gradient

In all the foregoing simulations on the SiC-Si system, the axial temperature gradient

in the melt, G, is set to 30 K/cm, which is the datum experimentally measured by our

collaborator Jauß. However, the temperature fields—either measured in experiments

or computed by theoretical models—for the same silicon floating zone system indicate

that the actual thermal gradient can vary from 20 K/cm [155] to 140 K/cm [156]. Also,

there may exist fluctuations in the values of temperature gradient during crystal growth.

Since the ELLI mirror furnace shown in Figure 6.1(a) can hardly accurately control the

thermal gradient near the solidification front, our established model is again employed

to investigate the role of temperature gradient during the engulfment process of SiC

particles.

Figure 6.8(a), (b) and (c) depict the simulation results for SiC particles with diam-

eters of 7µm, 60µm, and 120µm, respectively. When the predicted critical velocities

are plotted as functions of temperature gradient, the resultant curves always have a

similar “V” shape. Namely, as the value of thermal gradient increases, critical velocity

will first decrease to a minimum, and then begin to rise after passing the minimum.

This observation conflicts with most prior models, since those models, if able to take

thermal gradient into consideration, only predicted the increasing branch on the right

side. For example, Rempel and Worster [51] proposed that critical velocity, vc, should

be proportional to G1/4, while Hoekstra and Miller [157] argued that vc ∝ G. This

general uptrend of critical velocity can be explained by studying how the interfacial

morphology changes with thermal gradient. The interface deflection during particle

capture is mainly because of undercooling, which can be computed via Eq. (2.25). Sec-

tion 4.4 has demonstrated that the melting point depression due to premelting effect
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causes the solidification front to curve around the particle and thus promotes engulf-

ment. The value of thermal gradient measures how fast does the temperature change

with distance. Therefore, with the same melting point depression, a smaller interface

deflection is already able to satisfy the undercooling needed, when the temperature

gradient becomes higher. In other words, just imagine an extreme scenario, where the

thermal gradient goes to infinity. Then, the solidification front will be constrained to be

perfectly flat, even if there is undercooling along it. According to Section 4.4, a planar

solid-liquid interface will just give rise to an infinite critical velocity. In some sense,

a higher thermal gradient just acts as Gibbs-Thomson effect, and thus increases the

critical velocity. This is why those prior theoretical researchers observed the obliquely

upward right branch.

While in fact, the left declining branch in Figures 6.8(a), (b) and (c) is not a uni-

versal phenomenon. Instead, it is specific to the SiC-Si system or other systems where

the particle is more thermally conductive than the melt. The left image in Figure 6.9

shows the temperature contours near a particle with a higher thermal conductivity. The

thermal field is distorted by the particle, inside which the contour lines are less dense.

The image on the right plots the temperature profile along the centerline before and

after the distortion. When the thermal conductivities of particle and melt are equal,

the temperature is linear within the whole domain, as depicted by the curve with cir-

cles, with the cold end at the bottom and the hot end at the top. The existence of a

more thermally conductive particle will decrease the temperature gradient within it, as

illustrated by the solid line. Therefore, the temperature at the bottom of the particle

becomes higher, and meanwhile, the top of the particle gets colder. The solid-liquid

interface right beneath the particle will thus be further depressed, resulting in a more

concave interface, as well as a higher drag force. Under relatively low temperature gra-

dients, this effect, which reduces the critical velocity, becomes stronger with increasing

thermal gradient. However, if the temperature gradient continues to rise, and eventu-

ally exceeds the value corresponding to the turning point, the interface flattening effect

due to higher thermal gradient will dominate. Then, the general dependence of critical

velocity upon temperature gradient will change its direction. The competition between

these two effects gives rise to the V-shape curves in Figures 6.8(a), (b) and (c). In order
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Figure 6.8: The critical velocities predicted by steady-state model are plotted as func-
tions of axial temperature gradient in the melt. (a), (b) and (c): simulation results
for SiC particles with diameters of 7µm, 60µm, and 120µm, respectively. (d): simula-
tion results for a controlled experiment, where the 60µm-diameter particle is assumed
to possess equal thermal conductivity with the melt, while other parameters keep the
same with those in (b).
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to further prove that the declining branch is caused by the more thermally conduc-

tive particle, a controlled computational experiment is conducted by assuming that the

60µm-diameter particle has the same thermal conductivity with the melt. With other

parameters identical with those in Figure 6.8(b), the predicted critical velocity is plotted

as a function of temperature gradient in Figure 6.8(d). Remarkably, now the critical

velocity just monotonically increases with thermal gradient, which again confirms the

effect of higher particle thermal conductivity.

Hot

Cold

Liquid

Solid

_____

Temperature

kp/k` = 1

kp/k` > 1

Particle

Figure 6.9: Schematic diagram illustrating how the thermal field is distorted by a more
thermally conductive particle. Left side: temperature contours near the particle. Right
side: the temperature profile along the centerline before and after distortion due to the
particle.

When it comes to experimental proofs, the conflicting behaviors observed by prior

researchers also, to some extent, support the non-monotonic dependence of critical ve-

locity on temperature gradient. For example, Korber et al. [158] discovered that critical

velocity increases roughly linearly with thermal gradient, in their experiments to capture
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latex particles with water-ice interface. On the other hand, Cissé and Bolling [129,159]

obtained lower critical velocities under higher temperature gradients in the copper-

water-ice system, which is a typical case where the particle is more thermally conductive.

Obviously, the monotonically increasing critical velocity with thermal gradient predicted

by prior models cannot explain these contradictory experimental observations. While

for the SiC-Si system simulated here, it is really difficult to directly validate the V-shape

curves via experiments. But according to Figures 6.8(a), (b) and (c), it usually requires

changing the order of magnitude of the temperature gradient to result in a notable

alteration in critical velocity. Thus, the thermal gradient may not be so important as

other effects in the SiC-Si system.

6.5 Solute effects

So far, we have developed and applied both steady-state and dynamic models, which

rigorously couple heat transfer, fluid flow and interfacial phenomena, to study the physi-

cal mechanisms that determine the pushing or engulfment of a solid particle at a moving

solid-liquid interface. However, during the directional solidification of crystalline sili-

con, there can be impurities such as C, N, O, B, P and metallic elements in the liquid

silicon. The existence of these impurities not only generates SiC and Si3N4 precipitates,

but also affects the particle engulfment behaviors. In order to account for the effects of

these impurities, which act as solutes in the melt, conservation of species must also be

included in the model, as discussed next.

6.5.1 Species segregation and reaction model

The segregation of a dilute solute (often called a dopant) at the moving solid-liquid

interface can be described as,

−D ng · ∇c = (ρs/ρ` −K) cng · vg, (6.12)

where ng represents a unit vector normal to the growth interface, vg = vgez denotes

the velocity of the solidification front, ρs and ρ` are densities of solid and liquid, respec-

tively, as already appeared previously. D, c and kp are newly introduced parameters

or variables, which are used to describe the solute behaviors and profiles. D is the



128

diffusivity of the species in the melt, c denotes the concentration of the solute in liquid

phase, and K is the ratio of the impurity in the crystal to that in the melt, i.e., the

segregation coefficient.

Because the segregation coefficient, K, is usually less than one, a concentration

boundary layer which is rich in impurity will develop in front of the solid-liquid interface.

When a second-phase particle approaches the solidification front, it is also possible for

the solute boundary layer to interact with the particle. For example, if the carbon

concentration with the boundary layer exceeds the solubility limit, excessive carbon will

react with silicon and precipitate on the surface of SiC particle. Namely, the following

chemical reaction will occur:

Si(`) + C(`) −→ SiC(s). (6.13)

Due to the great excess of liquid silicon, Reaction (6.13) is a pseudo first-order reaction,

whose reaction rate, r, is given as,

r = kr ([C]− [C]sat) , (6.14)

where kr is the reaction rate constant, [C] and [C]sat denote the local carbon concentra-

tion and the saturation concentration for carbon, respectively. Thus the species flux to

the particle surface can be written as a boundary condition,

D np · ∇c = kr(c− csat), (6.15)

where np is a unit vector normal to the particle surface. It should be noted that

Eq. (6.15) is a very versatile formula, since it is not limited to the species of carbon.

Researchers [22] have discovered that SiC particles can occasionally act as nucleation

centers for Si3N4, indicating the occurrence of chemical reaction,

3Si(`) + 4N(`) −→ Si3N4(s), (6.16)

at the surface of SiC particles. However, those other impurities besides carbon usually

do not have a preference to precipitate at the surface of SiC particles, due to their

different lattice structures or parameters. Eq. (6.15) can also be applied to represent

such a scenario of an inert particle, by simply setting the reaction rate constant, kr, to

zero.
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The original structure of the solute boundary layer can be destroyed because of the

presence of a particle. Even if the particle does not react with solutes, the concentration

field will still be perturbed due to the particle’s obstruction on solute diffusion. The

dopant concentration along the solid-liquid interface thus varies with the distance from

the particle. Since the melting temperature of a mixture is a function of composition,

the inhomogeneous solute concentration will alter the morphology of the solidification

front near the particle. This is the mechanism for the solute effect to affect particle

engulfment critical velocities, which are already known to possess a strong dependence

upon the interfacial shapes.

When solute effect is taken into account, the melting point of the bulk crystal, Tmp

in Eq. (2.25), should be replaced with a composition-dependent form. For the sake

of simplicity, the current model only considers the most representative and pertinent

impurity—carbon. The theory of ideal liquid solution gives a relationship between its

freezing point, Tmp, and the mole fraction of solute, x, under constant pressure, p,(
∂ ln(1− x)

∂Tmp

)
p

=
∆H̃f

R0T 2
mp

, (6.17)

where R0 is the gas constant, and ∆H̃f denotes the molar heat of fusion for silicon. Due

to the low solubility of carbon in silicon, the dilute solution leads to the approximation:

ln(1− x) ≈ −x. Therefore the melting point of the mixture, T
(mix)
mp can be represented

as,

T (mix)
mp = Tmp −

R0T
2
mp

∆H̃f

x = Tmp + kCx, (6.18)

where kC is a constant measuring the freezing point depression due to the carbon con-

centration.

Eq. (6.18) is finally substituted into Eq. (2.25) to constitute a new boundary condi-

tion which determines the location of solidification front. Meanwhile, Eqs. (6.12) and

(6.15) are also applied as species boundary conditions at the solid-liquid interface and

particle surface, respectively. It is also important to solve for an additional governing

equation to include the conservation of a dilute, single species in the melt domain,

∂c

∂t
+ u · ∇c = D∇2c, (6.19)

where u is the melt velocity. Although including solutal buoyancy is readily handled

within the framework of our code, the melt density is still assumed to be independent
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of species concentrations in this study. Thus, there is no need to modify the other

governing equations in Chapter 2.

Besides Eqs. (6.12) and (6.15), other species boundary conditions are also applied

to guarantee that the problem is properly specified. Similar to the thermal boundary

conditions Eqs. (2.6) and (2.7), a radially symmetric concentration field is achieved via

imposition of the following boundary conditions along the centerline and outer radial

domain boundaries, respectively,

∂c

∂r

∣∣∣∣
r=0

= 0, (6.20)

∂c

∂r

∣∣∣∣
r=RD

= 0. (6.21)

At the hot end, i.e., the upper axial boundary far away from the particle and solidifi-

cation front, the carbon concentration is directly set to its equilibrium solubility value,

c|z=Z = csat. (6.22)

This would represent the worst-case scenario of carbon contamination of the melt. Lower

bulk concentrations of carbon can readily be considered by setting this far-field boundary

condition to a different value.

6.5.2 Simulation results

After incorporating the governing equation and boundary conditions presented in the

foregoing section, numerical simulations are conducted to predict the pushing or en-

gulfment of a 20µm-diameter SiC particle during the directional solidification of silicon

under terrestrial conditions. Although precipitate is allowed to happen at the particle

surface, the particle size is still assumed to be constant during simulations, since the

time scale for the particle to grow up is usually much higher than that of engulfment

processes. Table 6.3 lists the physical properties, characteristic variables and dimen-

sionless parameters, which are newly introduced for the purpose of including the solute

effect.

Note that Table 6.3 has recorded all the required parameters, except the reaction

rate constant, kr, for Reaction (6.13). The reason is simply similar to the case of
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Table 6.3: Newly introduced physical properties, characteristic variables and dimen-
sionless parameters

Name Notation (and definition) Valuea (and unit)

Carbon diffusivity D 1.5× 10−4 cm2/s [160]
Segregation coefficient K 0.07 [161]
Carbon solubility csat 4× 1018 atom/cm3 [162]

Melting point depression constant kC ≡ −R0T
2
mp/∆H̃f -0.368 K

Characteristic concentrate cc 4× 1018 atom/cm3

Mass Peclet number Pem ≡ LcUc/D 6.67× 10−3

Schmidt number Sc≡ µ`/Dρ` 22.84

aIf not specified, all the property data are the values at the melting point of silicon

Hamaker constant in Section 6.2—we can not find any published values for this constant.

Within those limited literature related to this topic, Zhou and Singh [163] experimentally

studied the reaction of liquid silicon with carbon, and then put forward a theoretical

model to explain the reaction kinetics and mechanism. Although the reactants and

products seem to be identical with those in Reaction (6.13), Zhou and Singh were

actually working on a different reaction,

Si(`) + C(s) −→ SiC(s). (6.23)

In other words, the carbon used in their experiments was in solid phase, whose surface

was found to be covered by the newly formed SiC layer in experiments, and then further

reaction would be impeded. This mechanism is totally different from the one of the

reaction between solutal carbon and liquid silicon. Therefore, the measured reaction rate

constant by Zhou and Singh cannot be used in our model. On the other hand, Liu et al.

[21] developed a global model for the transport of carbon during directional solidification

of silicon. The value of reaction rate constant was then deduced by matching the final

SiC particle distribution in the silicon ingot. Unfortunately, although the reactants

considered were exactly Si(`) and C(`), Liu et al. regarded the product SiC as another

solute, rather than solid precipitates. This is why the reaction rate constant estimated

by Liu et al. has a unit of 1/s, while as we know, for a heterogeneous reaction that

occurs on the surface of solid SiC particles, the unit of reaction rate constant should be

m/s. It is also very difficult, if not impossible, to directly measure this rate constant via

experiments, since it involves first creating a silicon solution supersaturated with carbon,
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and then let the reaction happen on the surface of solid SiC. The whole experiment has

to be carried out under high temperature (≈ 1687 K) and with inert atmosphere.

Therefore, in the following simulations including solute effect, we just give up our

effort to acquire an accurate reaction rate constant, kr. Instead, a variety of values

are tested, and the different corresponding critical velocities are plotted in Figure 6.10.
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Figure 6.10: The solid curve plots the critical velocity as a function of Damköhler
number when the solute effect is taken into consideration. The horizontal dotted and
dash-dot lines represents the critical velocities for an inert particle (Da = 0) and an
extremely active particle (Da = +∞), respectively. The critical velocity for the same
particle in pure silicon liquid is denoted by the horizontal dashed line.

The x-axis in Figure 6.10 is Damköhler number, defined as Da ≡ krR/D. It is a

dimensionless ratio of reaction rate to diffusion rate. The horizontal dashed line in the
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middle denotes the already known critical velocity predicted by the steady-state model

in Section 6.2, where the carbon concentration field is not considered. The solid curve,

which plots the critical velocities with solute effect turned on, locates in both sides of the

dashed line, indicating that the solute is able to either increase or decrease the likelihood

of particle engulfment. When the speed of Reaction (6.13) goes from zero to infinity, an

interesting nonlinear feature of the system emerges. The critical velocity first increases

from a relatively low value until infinity, meaning that the particle will never be captured

under those circumstances, and then the critical velocity again reduces to a finite value,

which is still higher than the one when solute effect is excluded. In order to understand

the mechanisms behind these interesting phenomena, three representative cases, with

Da = 0, Da = 1 and Da = +∞, are chosen as examples for detailed investigation.

Note that the infinite value of Da is achieved by directly applying a Dirichlet boundary

condition, c = csat, at the particle surface, instead of the mass flux boundary condition

Eq. (6.9).

Firstly, the case with Da = 0 corresponds to an inert particle, on which the solute

cannot react with liquid silicon. As shown in Figure 6.10, this inert particle, together

with the solute around it, gives rise to a critical velocity of 23.56µm/s, which is lower

than 27.39µm/s—the critical velocity represented by the dashed line when the solute

effect is turned off. This change in critical velocity can be explained by looking at the

morphology of the solid-liquid interface. Figure 6.11(a) plots the interfacial shapes at

the critical conditions for engulfment. The x-axis in Figure 6.11(a) denotes dimension-

less radial position, with the centerline located at r/Rp = 0. The vertical dashed line

represents the lateral edge of the particle. For the case Da = 0, the curve with cir-

cles represents its interfacial shape, which has a dent near the region of the particle.

Undoubtedly, the lowered critical velocity should be caused by this depressed solid-

liquid interface beneath the particle. In fact, Sekhar and Trivedi [164] have already

theoretically explained the formation of the dent on solidification front, according to

the observations during their experiments of directional solidification of succinonitrile.

Sekhar and Trivedi deduce that the solute will accumulate within the thin gap between

the phase-change interface and an inert particle, which brings about obstruction on the

diffusion field. As a result, the local melting point is lowered and a dimple appears on

the solidification front which favors particle engulfment due to the increased drag force
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on the particle. The arguments of Sekhar and Trivedi can be validated by the plot of

solute concentration profile along the solidification front in Figure 6.11(b), since our

model also computes a higher solute concentration near the inert particle, as described

by the curve with circles. Note that the concentration values in Figure 6.11(b) are

nondimensionalized by the characteristic concentrate, cc, which equals to the solubility

of carbon in liquid silicon.

Those prior efforts, either experimental or theoretical, are usually limited to the

scenario of inert particles. While the SiC-Si system is definitely more complicated,

since it involves an additional chemical reaction. Following the same logic during the

analysis of the case of inert particle, we can easily arrive at a corollary that particle

repulsion will be favored when the reaction becomes faster to impede the excessive solute

from accumulating beneath the particle. As illustrated by the solid curve as well as the

one with diamonds in Figure 6.11(b), a reactive particle can absorb the supersaturated

carbon around it, creating a carbon depletion region in the concentration boundary

layer. The silicon melting point within this region is depressed by a smaller amount

than that along the solid-liquid interface far away. The resultant interfacial shapes will

thus become convex beneath the particle, as shown in Figure 6.11(a).

Nevertheless, this effect does not monotonically strengthen under faster carbon de-

pletion rates. Although both critical velocities are higher than the value excluding so-

lute effect, it is far more difficult, or even impossible to engulf a particle with moderate

reactivity—like the one with Da = 1—than the case of an extremely reactive particle.

Figure 6.11(a) also reveals that the solid-liquid interface is less convex under the higher

reaction rate constant. Especially within the region near the particle, i.e., the part on

the left side of the vertical dashed line in Figure 6.11(a), the solid curve presents a shape

of platform. While the sharp peak under the moderately reactive particle, as depicted

by the curve with diamonds, would significantly increase the growth rate needed for par-

ticle capture. The difference in these interfacial shapes can be explained by the plots

in Figure 6.11(c)—the dimensionless concentration gradients, which are computed via

taking the derivative of dimensionless concentration with respect to the dimensionless

radial coordinate, r/Rp. Figure 6.11(c) is more enlightening here, since it is actually the

concentration gradient, rather than the concentration itself, that changes the interfacial

shape. Suppose that the solute concentration is uniform everywhere, then the interface



135

0 2 4 6 8 10
-0.4

0

0.4

0.8

1.2

1.6

_______

0 2 4 6 8 10
1

1.5

2

2.5

_______

0 2 4 6 8 10
-0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

_______

r/Rp

r/Rp

r/Rp

(a)

z
/
R

p
D

im
en

si
o
n
le

ss
co

n
ce

n
tr

at
io

n
gr

ad
ie

n
t

(b)

(c)

Da = 0

Da = +1

Da = 0

Da = +1

Da = 0

Da = +1

D
im

en
si

on
le

ss
co

n
ce

nt
ra

ti
on

Da = 1

Da = 1

Da = 1

Figure 6.11: Comparison of the important profiles that account for the different critical
velocities in three representative cases—an inert particle with Da = 0, a moderately
reactive particle with Da = 1 and an infinitely reactive particle with Da = +∞. (a)
Comparison of different interfacial shapes in three cases. (b) Comparison of the di-
mensionless solute concentrations along the solidification fronts. (c) Comparison of the
dimensionless solute concentration gradients along the solidification fronts.
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will just shift by a constant distance but still remain flat, because the melting point

is depressed by the same amount everywhere along the solidification front. Although

the existence of a chemically active particle can generate a concentration gradient via

depleting solute at the its surface, if the reaction rate is too high, the particle will just

create a wide depletion region around it. As shown by the solid curve in Figure 6.11(c),

the concentration gradient is very low at the solid-liquid interface beneath the particle,

since almost all the solute within this region is consumed by the fast chemical reaction.

This nearly zero concentration gradient gives rise to the plateau-like interface shape,

whose top is close to flat right beneath the particle, as depicted by the solid curve in

Figure 6.11(a). While the moderately reactive particle can only consume the solute

within a thin boundary layer tightly enveloping it. The resultant high peak in concen-

tration gradient close to the particle brings about a very convex solidification front and

thus significantly increases the critical velocity.

Another interesting feature of a moderately reactive particle is that it can even

thoroughly defy the capture of particle, no matter how high the growth rate is, as

indicated by the shadowed area in Figure 6.10. This surprising phenomenon can be

explained by Figures 6.12 and 6.13.

Figure 6.12 plots the interfacial morphologies as well as color images of the so-

lute concentration field for the same system with Da = 1, under two different growth

rates. The case of a moderately reactive particle in Figure 6.11 is again studied in

Figure 6.12(a), with the same relatively low growth velocity of 72.4µm/s. According to

the foregoing analyses, the chemical reaction depletes solute just with a right rate, so

that the concentration field varies dramatically near the particle. This effect eventually

enhances the difficulty of particle engulfment by altering the interfacial shape. Undoubt-

edly, the growing solid-liquid interface has to move faster in order capture the particle.

Thus, Figure 6.12(b) plots a case under the growth velocity of 201.2µm/s, which is

much higher than that in Figure 6.12(a). Accompanying with this higher growth rate,

the solute is also ejected more quickly by the growing crystal. The segregated carbon

piles up in front of the solid-liquid interface far away from the particle and reaches a

much higher concentration level there, as indicated by the upper limits of two colorbars

in Figure 6.12. While the solute concentration near the particle does not rise very much,

since the accumulation of excessive carbon is suppressed by the chemical reaction. This
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(a)

(b)

Figure 6.12: Plots of the interfacial shapes and solute concentration fields for a moder-
ately reactive particle. Case (a) has a relatively low growth rate of 72.4µm/s, and Case
(b) possesses a high growth rate of 201.2µm/s.
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results in a even higher peak in concentration gradient and the solidification front thus

becomes more convex beneath the particle. Generally speaking, the system just be-

haves similarly to a positive feedback. Namely, the convex solid-liquid interface requires

a higher growth rate to engulf the particle. While this higher growth rate would bring

about a even more convex interfacial shape due to the solute effect. This vicious circle

continues and makes the engulfment impossible.

The disappearance of the critical velocity for particle capture is demonstrated more

rigorously and clearly by Figure 6.13. Section 4.2 has already elucidated that, under

normal circumstances, the dmin vs. vg curve given by steady-state model possesses a

maximum growth rate, which acts as a turning point connecting the stable and unstable

branches, as shown in Figure 6.13(a). Note that Figure 6.13(a), where the solute effect is

not considered, is only used to reveal the general shape of the steady-state curve, so the

detailed values for x/y-axis ticks are unimportant and not plotted here. Figure 6.13(b)

plots the steady-state curve for a system where solute effect is turned on and Da = 1,

i.e., the same case studied in Figure 6.12. The stable and unstable branches are found

to be totally separated and both extend to infinity. Thus, the curve no longer turns

back upon itself at a maximum growth rate, neither can a critical velocity be defined

here.

6.6 Convection effects

6.6.1 Observation in microgravity experiments

After rescheduling for several times, the microgravity experiment was finally carried out

onboard the TEXUS-51 mission on April 27, 2015. Given the high cost of launching a

sounding rocket, the previous experimental scheme, which applies a constant growth rate

throughout the process, as described in Section 6.1, was found to be very uneconomical.

Thus, our collaborators decided to adopt a varying growth velocity to directly determine

the critical velocity, instead of narrowing the velocity range for the pushing/engulfing

transition via iterative trail and error. Figure 6.14 illustrates how the critical velocity

is determined in the new experimental scheme, where the pulling rate on the silicon rod

gradually increases from zero to a value high enough to engulf the pre-seeded particles

inside. The transient growth velocity, vg is computed by analyzing the striations, which
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is generated by rotation of the ampoule [165]. The green circles in Figure 6.14 denote

the initial position of SiC particles, while the red ones are the locations where those

particles are finally found by infrared transmission microscopy after growth process. The

critical velocity is defined as the transient growth rate corresponding to the length of

grown crystal where the particle is incorporated. Perhaps for the purpose of improving

the efficiency of measuring critical velocities, our collaborators used a mixture of SiC

particles with two different sizes (50% of them have a diameter of 7µm and the diameter

of the other half is 60µm). However, it finally turned out that the apparatuses were

unable to differentiate the particle size during the post-processing of samples [139]. The

experimental procedures as well as measurement principles are described in more detail

in [165].
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Figure 6.14: Images of polished and etched sample slices (top) and the corresponding
growth velocity profiles along the length of crystal (bottom). The left case is an example
of the terrestrial reference experiments, while the right one comes from TEXUS-51
mission. The green circle represents the original position of SiC particles, and the red
circle locates these particles after crystal growth. The black arrows correspond to the
first and last phase boundaries.
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Figure 6.14(b) shows the silicon sample (top) and the growth rate history along the

crystal length (bottom) from the space experiment. The critical velocity pointed by

the red arrow in Figure 6.14(b) is determined as 2.4 mm/min. 10 reference experiments

were also conducted on earth, and the microscopy image of sample as well as the growth

velocity profile from one of these reference experiment runs are shown in Figure 6.14(a).

The behaviors of the growth rates in both experiments are basically similar, except for

the ending parts where the grown crystal lengths are larger than 14mm. While these

distinctions are not relevant to experimental results, since the particles have already

been engulfed before that. The critical velocities measured in these terrestrial experi-

ments scatter from the lower limit of around 3.6 mm/min up to 8 mm/min [139]. The

reason for this large scatter of the critical growth velocity is not clear, nor was clear

correlation with the growth parameters used found during experiments. In spite of

the low reproducibility of the results from terrestrial experiments, the critical veloc-

ity, vc = 2.4 mm/min, measured in the sample onboard TEXUS-51 definitely does not

fall into this wide velocity range. Therefore, microgravity is experimentally proven to

promote the incorporation of small particles (7µm) or even medium particles (60µm).

The discrepancy between this observation and our theoretical prediction in Section 6.2

demonstrates that our model fails to faithfully represent the differences between terres-

trial and microgravity results. The most likely suspect accounting for this inconsistency

is the omission of natural convection under terrestrial conditions in our model. When

a particle comes across flows driven by buoyancy due to thermal or solutal gradients in

the melt, it will experience extra forces, which might be able to influence the particle

engulfment behaviors. The next two Sections 6.6.2 and 6.6.3 present the melt convec-

tion effects to explain the experimental observations from two aspects, i.e., the local lift

effect and global circulation effect.

6.6.2 Local lift effect

When there are no other external fields (external magnetic field, for example) or accel-

eration applied on the solidification system on earth, natural convection would be the

primary form of melt flow. While natural convection is very common and important

during the growth of bulk crystal, it is of great challenge to include it in our current

two-dimensional model. The vertical component along the axial direction is not a big
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issue, and actually, our model has already considered such kind of flow caused by the

density change upon solidification. It is the horizontal component of natural convection

that complicates the scenario, since the system no longer remains axisymmetric when

there are transverse flows across a spherical particle. However, as early as 1962, Segré

and Silberberg [166, 167] observed convincing proof for the existence of a lateral force

on rigid spherical particles in Poiseuille flow. Saffman [168] then applied asymyptotic

analysis to derive an expression for particle lift forces arising from a shear flow,

fL = 6.46µ`vsR
√

ReG, (6.24)

where µ` is the fluid dynamic viscosity, vs is the slip velocity, defined as the relative

velocity of the particle versus that of the background flow (vs = vp− vf |particle center), R

is the particle radius, and ReG = R2Gfρ`/µ` is a Reynolds number based on the shear

rate (or velocity gradient) of the flow, where Gf ≡ dvf/ dz (with z taken to be the

distance perpendicular to the underlying shear flow). As will be analyzed in detail at

the end of this section, while it is severely flawed to apply Eq. (6.24) for a particle closely

approaching a solid-liquid interface, Mukherjee and Stefanescu [169], nevertheless, in-

corporated this formula into their analytical model for particle engulfment. Following

the work of Mukherjee and Stefanescu, our collaborators [139] adopted the same scheme

to theoretically explain the observed results during their experiments on SiC-Si system.

Similarly, effort of incorporating an analytical form of lift force into our numerical model

was also tried. I decided to record the following results in this thesis and explain to the

flaws of this method, in case that they could provide any potential insights for future

studies.

First, in comparison with the microscopic FEM model already established in Chap-

ter 2, a new macroscopic model needs to be developed to solve for the flow parameters

required in Eq. (6.24). This macroscopic model includes the whole melt domain and a

part of its adjacent silicon crystal at two ends, as sketched in Figure 6.15(a). Exper-

imental measurements of this system inside an ELLI mirror furnace are very limited,

and the only known parameters about its temperature field are the molten zone height,

h = 12 mm, and the maximum temperature, Tmax, which is 50 K higher than the silicon

melting point, i.e., ∆T = Tmax − Tmp = 50 K [170]. With these two parameters, the

external boundaries of the whole domain in Figure 6.15(a) are assumed to exchange
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heat by convective transfer, which can be formulated in a dimensionless form:

n · ∇T̂ = Bi(T̂ − 1 + ẑ2) (6.25)

where T̂ and ẑ are dimensionless quantities, i.e., T̂ = (T−Tmp)/∆T and ẑ = z/(h/2). Bi

is a dimensionless heat transfer coefficient (Biot number). Because no information about

this coefficient is available either, a relatively large value of 100 for this Biot number

is currently applied in model. This makes Eq. (6.25) similar to a Dirichlet boundary

condition, and the temperature profile along the external boundaries will thus basically

comply with a parabolic function, as shown in Figure 6.15(b).
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Figure 6.15: (a) Schematic of geometry and domains of the macroscopic model. (b) The
temperature profile along the external boundaries of the macroscopic model.

Conservations of momentum, mass and energy are applied in the macroscopic model,

while solutes are not considered. The lateral side of molten zone is covered with a SiO2

skin, thus melt convection is only caused by buoyancy due to thermal gradient under

the downward earth gravity. Again with the physical properties for silicon system listed
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in Table 6.1, the temperature field within the whole domain, as well as the velocity field

in liquid silicon are solved for. Figure 6.16 illustrates the shapes of solid-liquid interfaces

and the flow patterns under different growth rates. The left half of each figure is the mesh

used in the model, and the right half denotes contours of streamfunction. Figure 6.17

depicts the contours of velocity components, where the left half denotes v-component

and the right half represents u-component. In Figures 6.16(a) and 6.17(a), growth

rate vg is set to 0, while in Figures 6.16(b) and 6.17(b), growth velocity is 8 mm/min.

The existence of velocity boundary layers can be observed clearly in Figure 6.17. The

boundary layer for u-component mainly exists in front of the solid-liquid interface, while

the v-component boundary layer appears near the SiO2 skin on the silicon surface.

In Mukherjee and Stefanescu’s paper [169], they rewrote Eq. (6.24) as below,

fL = 6.46µ`vsR
2

√
ρ`
µ`

(
dvf
dz

)
avg

. (6.26)

Although only two variables—slip velocity, vs, and average velocity gradient, ( dvf/ dz)avg—

are needed to compute lift forces, the space-varying nature of these two variables greatly

complicates the problem. For the purpose of just obtaining some sample calculation re-

sults first, as denoted by the magenta dashed lines in Figure 6.17, a representative

position is set at the dimensionless radial coordinate, r̂ ≡ r/RD = 0.5, to solve for the

required parameters—vs and ( dvf/ dz)avg.

Mukherjee and Stefanescu assumed the u-component velocity of the liquid to be

parabolic within the boundary layer near the solid-liquid interface. The velocity profiles

along the dashed lines in Figure 6.17 given by our macroscopic model confirmed their

assumption. According to this, the slip velocity and average velocity gradient can be

computed,

vs =
vmax

6δ2R

{
α(δ − d)3 + β [2R− (δ − d)]3

}
, (6.27)(

dvf
dz

)
avg

=
vmax

2δ2R

{
α(δ − d)3 − β [2R− (δ − d)]3

}
, (6.28)

where vmax is the maximum flow velocity in the boundary layer, d denotes the distance

between the lower particle surface and solidification front. Mukherjee and Stefanescu
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Figure 6.16: Shapes of solid-liquid interfaces and the flow patterns within the melt
domain. The left half of each figure is the mesh used in the macroscopic FEM model,
and the right half denotes contours of streamfunction. (a): Growth velocity vg = 0.
(b): Growth velocity vg = 8 mm/min.
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Figure 6.17: Contours of velocity components; the left half denotes v-component and
the right half represents u-component. (a): Growth velocity vg = 0. (b): Growth
velocity vg = 8 mm/min.
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defined δ as the thickness of boundary layer, with an expression as below,

δ =
z100

1−
√

1− v100
vmax

, (6.29)

where v100 is the flow velocity at a distance of z100 (=100µm) from the solid-liquid

interface. Thus, the coefficients α and β in Eqs. (6.27) and (6.28) take different values

according to the particle location and boundary layer thickness: (i) for particle totally

within the boundary layer, i.e., δ > 2R + d, α = 1 and β = 1; (ii) for particle totally

out of the boundary layer, i.e., δ < d, α = 0 and β = 0; (iii) for particle partially within

the boundary layer and partially out of it, i.e., d ≤ δ ≤ 2R+ d, α = 1 and β = 0.

Figures 6.16 and 6.17 clearly reveal that the patterns of flow and boundary layer

strongly depend on growth velocities. So do the two parameters related to the boundary

layer structures, as shown by the curves with circles in Figure 6.18. Although the

macroscopic FEM model can numerically compute the dependence of vmax and δ upon

growth velocity, vg, it is more convenient to use analytical forms in the particle dynamics

model. Thus, polynomial curve fitting is performed to convert the data points given by

the numerical model into analytical functions. When 7th-order accuracy is used, the two

curves in Figure 6.18 coincide very well, indicating acceptable errors. The polynomial

coefficients are then passed from the macroscopic model to the microscopic one, so that

these two models are coupled.

In addition to the lift force due to relative translation velocity, the particle also expe-

riences a lift because of rotation (also called Magnus force, fM ). Theoretical expressions

for the Magnus force have been derived at low Reynolds numbers [171,172]. This force

acts along the positive z direction and is given as:

fM =
1

2
πρ`vsR

3

(
dvf
dz

)
avg

. (6.30)

Although Magnus force is usually much smaller than the lift force, it doesn’t hurt to

take it into consideration as well.

All in all, now the microscopic model of particle dynamics includes five forces—the

repulsive van der Waals force, fR, drag force, fD, buoyant force, fG, lift force, fL, and

Magnus force, fM—which are all functions of minimum gap thickness, dmin, and growth

velocity, vg, under a steady state,

fR(dmin, vg)− fD(dmin, vg)− fG(dmin, vg) + fL(dmin, vg) + fM (dmin, vg) = 0, (6.31)
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Figure 6.18: The maximum flow velocity, vmax, and boundary layer thickness, δ, at the
position r̂ = 0.5, are plotted as functions of growth velocity, vg. The curves with dia-
monds denote the analytical functions given by polynomial curve fitting of the numerical
data points, which are computed by our FEM model.
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where the minus signs before the forces indicate that these forces are in the negative z

direction. The curve of dmin vs. vg can again be plotted, as shown in Figure 6.19(a)

for a 15µm-diameter SiC particle. In contrast with the old general pattern depicted in

Figure 4.3, the new dmin vs. vg curve possesses a extra peak in growth velocity on the

upper side, which mainly arises from the newly introduced lift force. While, as before,

the lower peak is dominated by van der Waals force, since disjoining pressure only

becomes significant under thin gaps. For small particles like the case in Figure 6.19(a),

the upper peak can extend further to the right than the lower one, giving rise to a higher

maximum growth rate, under which the system can still remain in steady states. In

other words, the critical velocity of particle engulfment is enhanced by melt convection

under such scenarios. But when the particle becomes larger, this effect is found to

be weaker. This is because the lift force, fL, is proportional to R2, as indicated by

Eq. (6.26). While the buoyant force,

fG =
4

3
πR3(ρp − ρ`)g, (6.32)

is proportional to R3. Thus, for a large enough particle, the upward lift force never

has the chance to defeat the downward sedimentation effect. This tendency is also

reflected in the dmin vs. vg curve, whose upper peak is continuously depressed by

increasing particle size, until its height becomes even smaller than that of the lower

peak. Then, the critical velocity is again mainly determined by van der Waals force,

and the convection effect no longer plays a role.

Computations are again carried out for different particle sizes, just like those done

in Figure 6.3, to determine the corresponding critical velocities. But this time, the

Hamaker constant, A, has to be reevaluated, since we now know that the case where a

7µm particle is engulfed under a growth rate of 8 mm/min does not reflect the actual

level of van der Waals force. Instead, we decided to match the experimental data point

of a larger particle, whose diameter is 60µm, in our pragmatic approach. In order to

engulf this particle under a growth rate of 0.1 mm/min, the Hamaker constant should

at least be smaller than 2.595× 10−20 J. Without any extra experimental measurement

to further confirm its exact value, the Hamaker constant is simply set to 2.595×10−20 J

in the current model.

Figure 6.19(b) shows the simulation results given by our finite element method
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Figure 6.19: (a) The new steady-state curve possesses double peaks in growth velocity
when lift force is included. (b) Critical growth velocity in dependence on the particle
diameter. The open circles, solid squares and shadowed area denote experimental results
under terrestrial conditions. The horizontal line with stars represents the critical velocity
given by the microgravity experiment. The solid and dashed curves are our simulation
results with and without gravity, respectively.
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(FEM) model, as well as the experimental data from our collaborators [139]. The

shadowed area ranges from particle diameter D = 7µm to 60µm, since as already men-

tioned, a mixture of these two sizes of particle was used in experiments, while they

could not be distinguish when post-processing the samples. When melt convection is

included under terrestrial conditions, the critical velocity for a 7µm-diameter particle

is 3.546 mm/min, and it increases slightly into 3.962 mm/min for a particle with a di-

ameter of 10µm. These values locate close to or within the experimental data range

(3.6 mm/min∼8 mm/min) given by the 1g reference experiment. For microgravity sce-

narios, our model predicts a critical velocity of 2.012 mm/min for 7µm-diameter particle,

which is still not far from the experimental data 2.4 mm/min. Within the particle di-

ameter range from 20µm to 30µm, sedimentation force begins to become comparable

with the lift force, thus critical velocities under terrestrial conditions drops dramatically

within that range of particle size. The microgravity and terrestrial curves given by our

FEM model begin to coincide with each other when the particle diameter increases ap-

proximately to 30µm, which can be regarded as the upper limit of particle size for the

lift force to take effect. This confirms the validity of our prior effort to evaluate the

Hamaker constant using the experimental date of a 60µm-diameter particle.

Although the model with lift force seems to be able to explain the difference be-

tween microgravity and terrestrial experiments, the introduction of Eq. (6.18) here is

simply wrong, as I have declared at the beginning of this section. Saffman derived

Eq. (6.18) under the conditions of a particle in a pure shear flow that is far away from

any solid boundaries, rather than for the case of engulfment, where the particle is closely

approaching a solid boundary. Moreover, Saffman’s analysis, Eq. (6.18), is only valid

under mathematical conditions that Res �
√

ReG, where Res = Rvsρ`/µ` is a Reynolds

number based on the particle slip velocity, vs. However, this prerequisite is not satisfied

under the conditions argued by Mukherjee and Stefanescu [169].

In order to apply Eq. (6.18), Mukherjee and Stefanescu [169] need to estimate the

particle slip velocity. They begin with a boundary-layer analysis to estimate both Gf

and vs. In [169], it is claimed, “When a particle moves closer to the S/L interface (SLI)

from outside the boundary layer to regions inside it, the particle continues to move

with the same bulk flow velocity parallel to the SLI due to inertia. However, the liquid

velocity inside the boundary layer lags behind the particle velocity due to the presence
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of the SLI. Hence, the velocity of the particle relative to the liquid is the difference of

the bulk flow velocity and the average velocity of the liquid at a line passing through

the center of the particle.” This convoluted logic is simply wrong, for the following two

reasons.

Firstly, the particle has virtually no inertia, due to its small radius and its density,

which is close to that of the surrounding fluid (SiC is about 26% denser than liquid

silicon). There is no reason to believe that the particle will continue “to move with

the same bulk flow velocity,” while the velocity of the fluid “lags behind the particle

velocity due to the presence of the SLI.” In fact, the particle is being carried along with

the fluid flow, and its velocity is expected to be very nearly the same as the underlying

flow. As will be elucidated in the next section, some simple particle-tracking algorithms

can quantitatively demonstrated that vs is at most 2% of vf .

Secondly, if one assumes that vs is significantly different from the underlying flow

velocity, as do Mukherjee and Stefanescu [169], one finds that the underlying mathe-

matical assumption of Saffman [168] is violated. Let’s assume that the particle is almost

touching the interface, with d� R (where d is the particle-interface separation). Let’s

also assume that the boundary-layer thickness is nR and, not unreasonably, that the

velocity is linear through the boundary layer (giving a constant Gf ). According to the

logic of Mukherjee and Stefanescu [169], although not strictly following their formula,

the bulk flow velocity would be nRGf and the velocity of the liquid at a line passing

through the center of the particle would approximately be RG. Thus, vs = (n−1)RGf .

With this value of vs, one calculates a slip Reynolds number of Res = nR2Gfρ`/µ`. It

is obvious that, under such conditions, Res = nR2Gfρ`/µ` > ReG = R2Gfρ`/µ` and

the condition for Saffman’s analysis to hold, namely Res �
√

ReG, is not valid.

In order to rectify the above problems, the model must be able to accounts for the

presence of a solid surface, and also reasonably estimate the actual slip velocity one

would expect for a geometry comparable to that displayed by the engulfment problem.

The effects of a nearby wall have been considered by McLaughlin [173], who also gener-

alized Saffman’s analysis to remove the restriction of Res �
√

ReG in earlier work [174].

However, the analysis of McLaughlin [173] assumed that the distance between the wall

and the particle is large compared to the radius of the particle, a condition not valid for

an engulfment geometry. Fortunately, this assumption was removed by Cherukat and



153

McLaughlin [175], who were able to derive lift forces on a rigid sphere in linear shear

flow arbitrarily close to a flat wall. These analyses assumed that both Res and ReG are

small compared to unity; however, computations have indicated that these expressions

are still reasonably accurate when Res ∼ O(1) (see, e.g., Cherukat et al. [176]). The use

of the expressions in [175] should reasonably well describe the engulfment system, as

long as the melt-solid interface shape is close to being flat. However, perhaps no anal-

ysis of particle lift has ever been performed for non-flat solid surfaces, which definitely

complicate the problem.

Estimating the particle slip velocity with a surface nearby is also of great challenge.

We might even have to resort to a three-dimensional numerical model, and undoubtedly,

more work has to be done.

6.6.3 Global circulation effect

The lift force mentioned in the foregoing section acts in a direction perpendicular to

the flow, due to its origin from the velocity gradient within the boundary layer. As

for the influence caused by transverse flow across a particle, this lateral force is more

like a secondary effect, because the drag force along the flow direction is usually much

higher than the lift force. Although in the microscopic model which only involves

a particle and its nearby solid-liquid interface, this horizontal drag force, as well as

the resultant particle motion parallel to the interface, seems to be meaningless when

simulating particle engulfment, the drag effect from transverse flow might be able to

dramatically change the way particles interact with the advancing solidification front,

if studied from a perspective of macroscale, as shown by the particle trajectories in

Figure 6.20(a).

The velocity field due to natural convection in Figure 6.20(a) is exported from

the macroscopic FEM model developed in Section 6.6.2, under a growth velocity of

8 mm/min. At the beginning of transient simulations, a 7µm-diameter particle is re-

leased into the liquid phase with its initial velocity set equal to the local flow velocities,

namely,

vp = vf |xp
at t = 0, (6.33)

where xp denotes the position of particle center. Then, this particle will be conveyed

by flow due to the drag force on it, and its trajectory is plotted in a moving reference
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Figure 6.20: (a) Particle trajectories computed by the single particle circulation model.
The dashed line on the left denotes the centerline of the silicon rod. A particle initially
placed at the position denoted by up-pointing triangle will collide with the lower solid-
liquid interface, while a particle starts from down-pointing triangle will forever circulate
within the melt. (b) The relative slip velocity during the circulation of a particle along
the blue loop in (a) is plotted as a function of time.
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frame whose velocity is set to be identical with the growth rate. The drag force fD on

the spherical particle is calculated by Stokes’ law,

fD = 6πµ`R
(

vf |xp
− vp

)
. (6.34)

When the particle is far away from any walls, there is only one extra force that is notable

on the particle—the buoyant force, which is written here in a vector form of Eq. (6.32),

fG =
4

3
πR3(ρp − ρ`)g. (6.35)

Thus, the equation of motion for a particle in the melt can be expressed as,

ρpVp
d2xp
dt2

= fD + fG. (6.36)

Eq. (6.36) is discretized by the exactly same second-order backward difference recursion

used for tracking the particle motion in microscopic model, as described by Eqs. (3.37)

and (3.38) in Chapter 2. This implicit trapezoid rule is second-order accurate in time

step size for both velocity and acceleration of the particle, however, it depends on the

derivative of the previous time step. Thus, when starting transient simulations, the

code will first conduct 10 tiny time integration steps via forward Euler scheme.

Simulations show that when a single particle is released from the position denoted

by up-pointing triangle in Figure 6.20(a), it will follow the path represented by the

red curve, and eventually approach the lower interface. Since the length scale becomes

extremely small (dmin ∼ O(10) nm) when the particle get close to the solidification front,

the macroscopic particle tracking model on longer works for this scenario, and we have

to resort to our microscopic model to determine the destiny of this particle. However,

if the initial particle position is moved slightly away from the centerline, as depicted

by the down-pointing triangle in Figure 6.20(a), the particle’s trajectory will become a

closed loop. The blue curve in Figure 6.20(a) actually consists of many cycles, while

the trajectories in each cycle coincide with prior ones, thus the particle will just travel

along the same path over and over. This implies a nearly conservative system, where

the particle is confined on a constant orbit. Therefore, the natural convection under

terrestrial conditions is demonstrated to be able to keep some particles suspended in the

melt for a long enough time, so that these particles will not approach the solid-liquid

interface during the time needed to conduct the experiment. Without the chance to
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interact with solidification front, the particle won’t be engulfed, even if the growth rate

exceeds critical velocity.

When the particle circulates in the melt, its relative speed compared with flow

velocity is also tracked with time, as shown by the periodic curve representing five cycles

in Figure 6.20(b). The ratio of slip velocity to flow rate just approximately oscillates

from −2% to 1%, which confirms our argument in Section 6.6.2 that the particle has

virtually no inertia, thus the assumption made by Mukherjee and Stefanescu [169] for

computing the lift force on particle does not hold here. We also have tried to compute

the lift force with actual transient slip velocity, and incorporate this term into Eq. (6.36).

However, the resultant particle trajectory just coincides with the one without lift force.

A tiny shift can only be observed in a greatly zoomed-in view.

The two cases in Figure 6.20(a) qualitatively show that convective flow can keep part

of particles suspended away from solid-liquid interface, and thus influence the determi-

nation of critical velocity on particle incorporation. However, it is always favorable if

one can conduct quantitative analysis by finding some proper parameters measuring the

strength of natural convection effect. Further simulations demonstrate that, with the

velocity field and particle size unchanged, all particles initially departing from any posi-

tions inside the blue loop in Figure 6.20(a) will keep circulating along non-intersecting

orbits. Thus, the gyre made up of circulating particles must possess a boundary, only

beyond which is a particle able to settle down to the bottom with the help of sedi-

mentation. The area (or volume under a three-dimensional scenario) enclosed by this

boundary would be a good index to assess the importance of convection effect. How-

ever, accurately delimiting the gyre region requires iterative trial and error by placing

a particle at different initial positions, just like determining critical velocities via our

dynamic model. To circumvent this tedious method, a multiple particle tracking model

enlightened by the idea of statistics is thus developed. Because the particles dominated

by natural convection will stay in bulk melt for a very long time, if a model can pick

out all the particles doomed to settle down after a long enough time, the number of

remaining particles and the space occupied by them will just reflect the strength of

convection effect and its affected area, respectively. To ensure the accuracy of results, a

large number of particles have to be involved in the model. These particles are randomly

distributed through the melt domain at time t = 0, as shown by the leftmost images in
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Figures 6.21(a) and (b). Note that although the distribution is random, constraint is

still applied to force the initial separations between every particle center and any solid

walls to be larger than the particle radius.

After starting transient simulations, the same equation of motion, Eq. (6.36), is again

employed on each single particle. Attempts were also made by adding an additional

force—the repulsive van der Waals force, fR—into Eq. (6.36), while simulation results

showed that this force basically does not have any influence on particle trajectories,

since the repulsive force from solidification front is negligible on particles far away in

the bulk melt phase. The interactions between particles are not considered in model

either, since the large quantity of particles is employed only for the purpose of statistics,

and their concentration does not necessarily reflect the realistic level in experiments.

Another problem arises when tracking so many particles simultaneously, since it can

even take the Matlab code a whole afternoon to complete the computations of tracking a

single particle in Figure 6.20(a). Determination of flow velocity at the location of particle

in every time step via Matlab’s built-in function griddata() is found to be the most

time-consuming step. Thus, a new two-dimensional interpolation scheme is applied, by

taking advantage of the solution structure given by the macroscopic FEM model, within

which solutions are expressed as values at the nodes of quadrilateral elements. When a

target particle is confirmed to fall into an specific element, bilinear interpolation [177]

is performed to evaluate the flow velocity across the particle according to the values

at the four corner nodes. The scheme of locating particle is also optimized by staring

searching from the nearby elements after updating the coordinates of particle in every

time step. Finally, a new code is rewritten with the more efficient C programming

language, enabling it to complete the simulations in Figures 6.21(a) and (b) within

several minutes, even if parallel computing feature is not introduced. Comparisons with

those simulation results given by the old Matlab code also demonstrate that application

of these new algorithms does not bring about new errors.

Figures 6.21(a) and (b) show the snapshots of particle distribution at different times

simulated by the multiple particle tracking model described above. The case in Fig-

ure 6.21(a) consists of 2,000 particles with a uniform diameter of 7µm, while the case at

the bottom involves the same amount of 60µm-diameter particles. The velocity fields

in both case are identical, exported from the macroscopic FEM model developed in
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(a)

(b)

Figure 6.21: Particle distributions at different times (from left to right: t = 0 s, t = 3 s,
t = 7 s, t = 12 s, t = 19 s, t = 28 s, t = 40 s). (a) Particle diameter D = 7µm. (b)
Particle diameter D = 60µm.
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Section 6.6.2, with a growth rate of 6 mm/min, under terrestrial conditions. Distinct

from Figure 6.20(a), these series of images in Figures 6.21(a) and (b) are plotted in a

laboratory reference frame fixed to the solid, so the advance of both upper and lower

solidification fronts is clearly revealed. The blue dots denote the particles still staying

in the melt, while the red ones near the bottom are those assumed to be incorporated.

During simulations, a particle is marked as red and no longer get its position updated

as long as its trajectory intersects solidification front. This is the current criterion for

engulfment in the macroscopic particle circulation model, since it is unable to resolve

the fine structure of the ultra-thin liquid layer between the particle and solid-liquid

interface, as done in our microscopic model. But this rough criterion is not a problem,

because we are only interested in those particles remaining in the gyre. Once a particle

approaches solidification front, the flow within the boundary layer is too weak to send

this particle back to the gyre. So our treatment on escaped particles won’t influence the

statistical results for the particles keeping circulating in the melt. The rightmost images

of “particle cloud” in Figures 6.21(a) and (b) sketch the areas dominated by natural

convection. This area nearly occupies the whole melt domain in Figure 6.21(a), and

its corresponding curve with diamonds in Figure 6.22(a) indicates that there are ap-

proximately 80% of the total 7µm-diameter particles staying in the gyre forever. These

circulating particles never get a chance to approach the solidification front, so they will

appear to be pushed even if the growth rate is higher than the critical velocities.

Meanwhile, our collaborators admit that their technique of detecting the engulfed

particles is not very sensitive. In their terrestrial samples, the particles could not be

directly observed, so our collaborators had to determine the critical velocity according

to the locations of twins, which were believed to be formed due to incorporated parti-

cles [139]. Therefore, it was very likely for experimentalists to miss the small part of

particles initially outside the gyre and then got engulfed at normal critical velocities.

Basing on the amount, the particles within the large gyre have a stronger probability to

be discovered. Figure 6.18(a) can demonstrate, to some extent, that high growth rates

tend to weaken the convective flow. Thus, one possible scenario is that these circulating

particles will escape from the gyre and then become captured when the growth veloc-

ity increases during experiments. The fluctuations commonly existing within natural

convection can also stop the circulation of some particles from time to time. All these
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Figure 6.22: (a) The percentages of particles left in the melt are plotted as functions
of time. (b) Critical growth velocity in dependence on the particle diameter. The open
circles, solid squares, shadowed area, and horizontal line with stars are experimental
results. The solid and dashed curves denote our simulation results with and without
gravity, respectively. The curve with diamonds represents the classical inversely pro-
portional relationship between critical velocity and particle size.
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incorporations of particles can occur under a relatively high growth rate, so the apparent

critical velocities measured in reference terrestrial experiments are higher than the value

under microgravity conditions, as shown by the orange box above the line with stars.

The fluctuations usually come with uncertainties, which might be a possible reason for

the wide dispersion of the measured engulfment velocities on earth.

When the particles become larger, the sedimentation effect gradually triumphs over

convection effect. Thus, in the rightmost image of Figure 6.21(b), the final area of

gyre for 60µm-diameter particles is smaller than that in the counterpart image above

it, which represents the case of particles with a diameter of 7µm. The solid curve in

Figure 6.22(a) also reveals that the number of 60µm-diameter particles dramatically

declines at the beginning, and then reaches a stable level of 40% for the particles re-

maining in the molten zone due to natural convection. If particles further grow up into

a diameter of 100µm, only 4.8% of them will eventually keep suspended in the melt, as

shown by the curve with circles in Figure 6.22(a).

6.7 Reconsideration of SiC-Si data and calculations

In Section 6.2, we evaluated Hamaker constant via matching the steady-state compu-

tation of the critical velocity with a data point—vc = 8 mm/min for a 7µm-diameter

particle—under terrestrial conditions. But now, we know that this datum cannot reflect

the actual strength of repulsive van der Waals force, since particle circulation effect is

proven dominant for these small particles. Therefore, when it comes back to the micro-

scopic particle engulfment model, the Hamaker constant should be evaluated basing on

the data measured in microgravity experiments, which are unaffected by natural convec-

tion. The experiment onboard TEXUS-51 used a mixture of 7µm-diameter (50%) and

60µm-diameter (50%) SiC particles, but after incorporation, these two kinds of particles

could not be differentiated with current techniques [139]. In Figure 6.22(b), the hori-

zontal line with stars, as well as the orange box, is thus extended from particle diameter,

D = 7µm, until D = 60µm, in order to faithfully represent this fact in experiments.

But by looking at those prior data points from constant-growth-rate experiments, we

are inclined to believe that these directly measured values actually represent the crit-

ical velocities of smaller particles, with a diameter of 7µm, in the mixture. Firstly,
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the red squares in Figure 6.22(b) indicated that even a constant growth rate as low as

0.1 mm/min is able to capture 60µm-diameter particles, so it is really contradictory to

regard those much higher values measured in variable-growth-rate experiments as the

critical velocities for these identical particles. Secondly, it may be more than just coinci-

dental that for 7µm-diameter particles, the highest circle in Figure 6.22(b) corresponds

to a growth rate of 8 mm/min, which equals to the upper limit of the critical velocities

measured directly. Last but not least, it is more likely for a not-so-sensitive apparatus

to discover inclusions when all the particles are engulfed. As a common sense, small

particles are undoubtedly the last ones to be incorporated, the corresponding growth

rate should thus be counted as the critical velocity for these particles with a diameter

of 7µm.

Therefore, the critical velocity 2.4 mm/min for a 7µm-diameter particle is used to

re-evaluate the Hamaker constant, and this results in a new value of 5.474 × 10−20 J.

We subsequently again employ this value of Hamaker constant to conduct steady-state

computations for particles with different sizes in the microscopic model, and obtain the

solid and dashed curves in Figure 6.22(b), representing the predicted critical velocities

under terrestrial gravity and microgravity, respectively. Due to the Gibbs-Thomson

effect analyzed in 6.2.1, the dashed line again possesses a small slope of −1.68, so that

the two curves given by our model successfully serve as the boundary separating particle

pushing (to the left or below) and engulfment (to the right or above), except for the

upper-left circles, which are affected by natural convection. The curve with diamonds

in Figure 6.22(b) is plotted with the classical slope of −1. However, this inversely

proportional relationship still overestimates the critical velocities for large particles,

even if it is also forced to match the datum from microgravity experiment.



Chapter 7

Possible solutions to inclusion

problem

Before finishing this thesis, I’d like to go back to the primary motivation of this re-

search project—solving the problem of hard inclusions when producing multicrystalline

silicon ingots in solar photovoltaic industry. The foregoing chapters have elucidated

the physical mechanisms behind the pushing or engulfment phenomena of a solid par-

ticle. An apparent idea to reduce those inclusions in ingots is to increase the critical

growth velocity for particle incorporation. Although Sections 4.4, 5.2, 5.3 and 6.5 have

demonstrated that weak premelting effect, small particle-melt thermal conductivity ra-

tio, strong Gibbs-Thomson effect or some proper reaction rate constant at particle

surface are able to enhance critical velocity, it is not applicable to optimize these pa-

rameters in practice, since they are all tightly tied to the SiC-Si system. Meanwhile, the

temperature gradient discussed in Section 6.4 turns out to be too inefficient to control

the critical velocity. According to Figure 6.8, thermal gradient even has to be altered

by orders of magnitude to result in considerable change in critical velocity. In fact,

our control over this particle engulfment process during the growth of crystalline silicon

is very limited. The only two notable options are convective flow and gravity, which

correspond to the following two sections, respectively.
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7.1 Enhanced convective flow

Section 6.6.3 shows a scenario where most particles are kept suspended by natural con-

vection, so that these particles are pushed even under high growth rates. Therefore, we

can speculate that more vigorous convective flow can affect more particles and might

be helpful to hinder the occurrence of particle incorporation, although a more rigor-

ous conclusion requires simulation efforts with various levels of convection. In practice,

convective flow during solidification can be enhanced via several approaches, such as

increasing Grashof number, Gr≡ β`g∆TLc/ν
2
` , applying time-dependent external mag-

netic fields, or acceleratedly rotating the crucible.

Actually, Reimann et al. have already observed some proofs in their experiments

[178]. Figure 7.1(a) reveals the inclusion distribution in a multicrystalline silicon ingot

from directional solidification method with moderate convective transport in the melt.

While increased convective flow is able to remove these inclusions away from the body

of an identical-size silicon ingot, even if extra pre-seeded SiC particles are added into

the melt, as shown in Figure 7.1(b). Furthermore, the red circles in Figure 7.1(b) point

out the concentrated precipitates, which are mainly found at the bottom and edge of

the ingot, when convection level is enhanced. This phenomenon is very similar to that

revealed by the rightmost images in Figures 6.21(a) and (b), given by the macroscopic

particle circulation model.

However, Section 6.6.3 also demonstrates that the effectiveness of convective flow

drops quickly when particle grows up. For a typical large particle with a diameter of

100µm [23], sedimentation effect would dominate, and only a few particles will remain in

the melt, as shown in Figure 6.22(a). Thus, increasing convection level may fail to work

for these large particles, which lead to most of problems during the process of wire sawing

[22]. Moreover, when it get close to the end of solidification, the convection in melt will

inevitably become weaker. Meanwhile, with a shallower liquid silicon layer, the giant

flow cell similar to that shown in Figure 6.16 would probably split into multiple small

flow cells which are horizontally arrayed. Should this scenario occur, convective flow

will no longer be able to convey particles to the edge of ingot. The weaker convection,

as well as split flow cells, might be another reason to explain why most inclusions are

usually present in the top region of multicrystalline silicon ingot [23].
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(a) (b)

Figure 7.1: IR-transmission images of vertical cuts through the silicon ingot center
(adapted from [178]). (a) Sample grown with moderate convective transport in the
melt. (b) Sample grown with enhanced convective flow in the melt due to external
forces. Observed SiC and Si3N4 precipitates at the bottom of the ingot and at the edges
are marked by red ellipsoids.

7.2 Modified Kyropoulos method

In Chapter 6, when studying the role of gravity during the incorporation of SiC particles

via our microscopic model, simulations are conducted under both terrestrial gravity and

microgravity conditions. The left three curves in Figure 7.2 represent simulation results

given by the steady-state model with different levels of gravity, where g0 = 9.8 m/s2,

denoting the acceleration of gravity on earth. The critical velocities are determined by

the maximum solidification velocity along the curves, as pointed out by the dashed line.

Figures 6.3 and 6.22(b) have already illustrated that gravity begins to play a role only for

large particles whose diameters are higher than 50µm. This is why for a 20µm-diameter

particle in Figure 7.2, the peaks of solidification velocity basically possess the same

height, and thus predict nearly identical critical velocities. Note that here, a positive

gravity is defined to point from solid-liquid interface towards particle, representing a

common bottom-up directional solidification scheme to grow multicrystalline silicon. So

during simulations, when the gravity goes on decreasing to negative values, its direction

is revered, which is the case reflected by the two curves on the right side of Figure 7.2.

Under such a scenario, although the peak determining classical critical velocity basically

does not shift either, a much higher solidification velocity can be observed at the upper
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part of the curve, where the particle is not very close to the solidification front. When

the particle further leaves away from the solid-liquid interface, the growth rate required

to reach a steady state will tend to a terminal velocity, vt, predicted by Stokes’ law,

vt = −2(ρp − ρ`)g
9µ`

R2. (7.1)

For a SiC particle with a typical diameter of 100µm, its terminal velocity in liquid silicon

can be as high as 4,202µm/s, if the gravity keeps its scale but gets simply reversed,

i.e., g = −g0. This value is much higher than regular solidification velocity of silicon,

so that the solidification front would hardly catch up the escaping particles. Moreover,

Eq. (7.1) also indicates that the terminal velocity increases rapidly with particle size,

since vt ∝ R2. This feature is greatly favored in industry, because the larger the particles

are, the more serious problems they will cause, and meanwhile, the more effective it is

to remove these particles by reversing gravity.
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Figure 7.2: The steady-state model plots dimensionless minimum gap thickness as func-
tions of solidification velocity under different levels and directions of gravity. When the
direction of terrestrial gravity is reversed, a solidification velocity much higher than the
classical critical velocity is needed to keep the system under steady-state conditions.

However, reversing gravity is scarcely possible in reality. As an alternative, we can
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reverse the solidification direction instead, by forcing the crystal to grow from top to

bottom. An ideal solidification process should follow the steps shown in Figure 7.3,

which appear to be the combination of Czochralski process and heat exchange method

[179]. Silicon first solidifies from center, at the bottom of a heat exchanger, whose lower

surface touches the melt. This is very similar to the Kyropoulos method [180], which

is widely used to grow sapphire in industry, except that in the traditional Kyropoulos

process, the sapphire ingot is usually lifted halfway before it touches the walls of crucible.

But here, in this modified Kyropoulos method, crystal will stay in the crucible until all

the melt solidifies. Because silicon expends upon solidification, if the system literally

goes through a top-down solidification scheme, the crucible might crack after a solid

cap of silicon covers the remaining liquid silicon. To avoid this, thermal profile of the

system should be artificially controlled, so that the liquid silicon at the upper parts of

the four crucible corners will solidify last, as depicted in Figure 7.3(c).

To theoretically explore the feasibility of this modified Kyropoulos method for grow-

ing silicon ingots, some preliminary simulations were first conducted by our in-house

Cats2D software [91]. As shown in Figure 7.4, this simple model only includes regions

of crystal, melt and a thin chunk of heat exchanger (assumed to be solid silicon here).

Conservations of energy and momentum are rigorously taken into account, while I’d like

to simply skip the detailed descriptions of the boundary conditions applied here, since

the model itself is not the emphasis of this thesis. After assigning physical properties

to the corresponding materials in model, continuation in Reynolds number, Re, is per-

formed from an initial solution converged under Re= 0. The crucible size is determined

according to those currently used in industry, with a width of 0.9 m and a height of

0.3 m, which finally results in a ∼ 560 kg ingot [181]. Due to the large length scale of

system, as well as the high flow velocity caused by Marangoni effect at the melt surface,

the target value for Reynolds number is as high as 7.298 × 104. However, the solution

fails to converge when Re is increased to 5.775×103, which just falls in the typical range

for the onset of turbulent flow [182]. Unfortunately, Cats2D does not have a turbulence

model integrated, so I decided to turn to ANSYS Fluent software [183] to continue my

theoretical study on this modified Kyropoulos method.

Figure 7.5 depicts the geometries of the model, which now include the entire fur-

nace. The structured/unstructured combined mesh shown on the left side was generated
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Figure 7.3: Schematics of the modified Kyropoulos process. An ideal solidification
process should follow the steps from (a) through (d). For the better arrangement of
images, the side view on the left and the top view on the right are plotted with different
length scales.
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Heat exchanger
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Figure 7.4: Simulation results from the model developed in Cats2D. The left half shows
the mesh used in model, and the right half depicts the regions and contours of stream-
function in the melt.

by Gambit, and then imported into Fluent to improve the computation efficiency [184].

The structured mesh is used for those sub-domains with regular geometrical boundaries,

while the unstructured mesh is applied for the gas flow and insulation domains. In addi-

tion to the conservations of energy and momentum already considered in the foregoing

model shown in Figure 7.4, standard k − ε turbulence model and discrete ordinates

(DO) radiation model are also activated in the current model developed with Fluent.

The argon gas in furnace chamber is assumed to comply with ideal gas law, and is also

transparent to radiation. The Boussinesq assumption and low Mach approximation are

applied to the melt and argon gas flows, respectively. When computing global heat

transfer, ANSYS Fluent automatically employs temperature continuity as well as heat

flux conservation conditions at all interior boundaries between any two sub-domains.

The velocity fields within the melt domain and its adjacent gas domain are also fully

coupled at the melt-gas interface. The detailed discussion on other boundary conditions

applied and the formulation of the model are again skipped here, since they digress too

far away from the topic of this thesis.

Figure 7.5(a) shows the simulation results from one of my early attempts to model

this modified Kyropoulos process. The lateral growth of silicon is found to be somewhat
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Figure 7.5: Simulation results from the model developed in ANSYS Fluent. The left
half shows the sub-domains and mesh used in model. In the right half, the color image
denotes the temperature field in the furnace, and the vector plot describes the velocity
fields in the melt and gas domains. The grey area is the grown crystalline silicon, which
is found to touch the crucible bottom in (a). While in (b), after some modifications to
the furnace configuration, the ingot is able to keep away from the crucible walls during
the majority time of growth.
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prohibited here, and resultant silicon ingot will thus acquire a shape of long cylinder,

as represented by the grey area in Figure 7.5(a). The growth of sapphire via traditional

Kyropoulos method also behaves similarly. However, if the ingot touches the wall of

crucible at the early stage of growth, some defects, such as dislocations, grain boundaries

and twins, will develop into the crystalline silicon solidifies afterwards. To avoid this,

the insulations is partially cut to expose the heat exchanger directly to argon gas in the

later simulations. Meanwhile, a shield made of quartz is added to confine the relatively

vigorous cooling flow in the space near the heat exchanger, as depicted by the vector

plot on the right side of Figure 7.5(b). Note that when drawing these arrows, different

velocity scales are used within the gas and melt domains, since the gas velocity has much

higher order of magnitude than that of the melt velocity. The above modification to

the furnace configuration is demonstrated to be effective to promote the lateral growth

of silicon ingot, so that crystalline silicon will not contact with the crucible during the

majority time of growth.

The modified Kyropoulos method, which has been theoretically proven feasible

above, possesses multiple advantages over the current techniques for manufacturing crys-

talline silicon in solar photovoltaic industry. First of all, it is able to solve the inclusion

problem occurring in directional solidification process, which is also the primary goal

of this project. Although no experimental data have been collected, the effectiveness of

modified Kyropoulos method can be reflected by the observations on Czochralski pro-

cess, which also employs a top-down solidification scheme. The silicon ingots grown by

Czochralski method sometimes also suffer from the problem of SiC inclusions. However,

these inclusions are all very small and they are harmful mainly due to their disruption to

the lattice structure of mono crystalline silicon. Large SiC inclusions are not discovered

within silicon ingots, since they simply all settle down to the bottom of crucible. There-

fore, modified Kyropoulos method would be a good choice to manufacture solar grade

silicon ingots, because merely small inclusions are not so fatal in the photovoltaic indus-

try. Moreover, although the foregoing discussion only mentions SiC particles, modified

Kyropoulos method also works for Si3N4 precipitates, since Si3N4 also has a higher den-

sity (3.187 g/cm3 [185]) than that of liquid silicon (2.560 g/cm3 [142]). Another merit of

modified Kyropoulos method is that it uses less seed, represented by the small #6 sub-

domain in Figure 7.5. In industry, quasi-monocrystalline silicon is usually produced via
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seed-assisted growth in directional solidification furnace, where the whole bottom of cru-

cible has to be covered with a layer of expensive mono crystalline seed [186]. Czochralski

method is basically not able to provide such a large chunk of single-crystal silicon, so

usually, the crucible bottom is paved with multiple seeds with the same crystallographic

direction, as depicted in Figure 7.6(a). However, the minority carrier lifetime maps in

Figure 7.6(b) indicate that the gaps between these seeds will give rise to sub-grains,

which significantly impact the performance of solar cells. Thus, the requirement for less

seed crystal in modified Kyropoulos method can not only lower the cost, but also make

it possible to directly use a whole disk of single-crystal silicon as seed, so that these

sub-grains are circumvented. The higher quality of the resultant silicon ingot produced

by modified Kyropoulos method also comes from its solidification scheme. At the early

stage of traditional directional solidification process, the silicon ingot begins to touch

the lateral crucible walls, which act as the source of various defects in crystal. While

as demonstrated in Figure 7.5(b), modified Kyropoulos method is capable to avoid the

direct contact between ingot and crucible during the majority time of growth, so fewer

defects will develop into the body of grown crystalline silicon.

a b

Figure 7.6: (a) Schematic of the multiple single-crystal silicon seeds paved on the bottom
crucible. (b) The minority carrier lifetime maps of vertical cuts through the quasi-
monocrystalline silicon ingot. The sub-grains due to the gaps between those seed in (a)
can be clearly observed. Pictures adapted from [186].

The modified Kyropoulos method is also superior to Czochralski process in several

aspects. Firstly, modified Kyropoulos method can considerably reduce the cost by
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getting rid of the sophisticated monitoring system and complex PID controller, since

the newly grown crystal does not necessarily has a constant diameter. In fact, the

final ingot shape is prescribed by the crucible, so square cross-sectional ingots can be

easily produced via modified Kyropoulos method. Nevertheless, Czochralski process

only generates cylindrical silicon ingots, which have to be trimmed in order to fit the

square shape of solar cells. Last but not lease, large-batch production has become

an essential feature of modern industry. However, Czochralski method brings about

limitations on ingot size, since the Dash neck [17] can easily fracture when lifting a

large and heavy ingot. By immersing the growing crystalline silicon in the melt, modified

Kyropoulos method does not have such a concern. On the contrary, a gentle pressure

is needed to press the ingot during growth, because silicon possesses a similar physical

property with water, i.e., the density of solid silicon (2.300 g/cm3 [142]) is slightly smaller

than that of liquid silicon (2.560 g/cm3 [142]). Therefore, modified Kyropoulos method

is able to produce a much larger silicon ingot in every single batch, and thus raise the

productivity and also lower the cost.



Chapter 8

Concluding Remarks

8.1 Thesis summary

The research presented in this thesis aims at better understanding the physical mech-

anisms that determine the pushing or engulfment of a solid particle at a moving solid-

liquid interface. Particular attention is paid to a major challenge for the growth of

multicrystalline silicon—the formation of carbide and nitride precipitates in the melt

that are engulfed by the solidification front to form inclusions, whose presence in sil-

icon ingots lowers cell efficiency and can lead to wafer breakage and sawing defects.

Minimizing the number of these engulfed particles will promote lower cost and higher

quality silicon, and thus advance progress in commercial solar cell production. Despite

ongoing research efforts since 1960s, only a few researchers, however, have specifically

focused on the engulfment behaviors during solidification of silicon. Here, through com-

putational modeling of the continuum transport processes, we developed a fundamental

understanding of particle pushing/engulfing transition during solidification. Modeling

efforts then emphasized on the specific system of SiC-Si, via coordinating with experi-

ments conducted by our collaborators under the ParSiWal (Partikeleinfang bei der Siliz-

iumkristallisation im Weltall) project, and provided insights into solving the problem of

inclusions in solar photovoltaic industry.

In Chapter 2, we described the mathematical formulation of steady-state and dy-

namic models in microscale to study the particle-solidification front dynamics. Both

models rigorously accounts for energy and momentum conservation, while faithfully
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representing the interfacial phenomena affecting solidification phase change and par-

ticle motion. The model is then numerically solved via the Galerkin finite element

method and elliptic mesh generation in an arbitrary LagrangianEulerian (ALE) im-

plementation, and details of the solution procedure are presented in Chapter 3. This

numerical solution scheme allows for a rigorous representation of forces and dynamics

previously inaccessible by approaches using analytical approximations. Chapter 3 also

presents several code validation tests to demonstrate that our formulation is capable of

very accurate computations of two important elements of the engulfment problem, the

geometry of the solidification interface and the fluid velocity and pressure fields through

the liquid as the particle approaches the interface.

In Chapter 4, we applied the microscopic model to a idealized solidification system

to reveal its salient features. The dynamic model was proven able to reproduce the

pushing/engulfing transition observed in experiments. While the steady-state model

predicts multiple, steady-state gap thicknesses for a given solidification velocity, and

the limit point of the steady-state solution curve represents an unambiguous critical

velocity, vc, above which particles will be engulfed. The dynamics underlying these

steady-state solutions were also probed to reveal some surprisingly complicated behav-

iors, basing on which, we uncovered the exchange of stability between different branches

of the steady-state solution curve. However, when premelting effects are excluded, the

model predicts a monotonically decreasing gap thickness with increasing solidification

velocity and only stable particle pushing states. For such a model, engulfment must be

inferred using an arbitrary minimum gap assumption. We thus reinterpreted the signif-

icance of premelting and provided a new context for its understanding via bifurcation

theory. We also presented a critical discussion of how the representation of forces on the

particle strongly affect predictions of engulfment via a comparison of our computational

predictions with those of the classical engulfment model of Rempel and Worster [51].

Assessing the van der Waals repulsive forces on the particle is problematic, since nei-

ther model is strictly correct in the computation of this force. While integration of the

Lifshitz relation for the disjoining pressure around the particle was demonstrated to

compute a net van der Waals force with an acceptable error. In contrast, accurately

computing hydrodynamic drag forces on the particle during engulfment is quite clearly
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achieved in our numerical integration of the flow field around the particle. Our formula-

tion is exact and limited only by inaccuracies in the computation of the flow through the

liquid phase. The lubrication approximation employed by nearly all prior researchers

is notably inaccurate, underestimating drag by 30% or more in the relatively simple

geometry that arises in the idealized system considered here, with possibly larger errors

when more complicated solidification interface shapes are encountered.

In Chapter 5, parametric studies were performed with the same idealized solidifi-

cation system described in Chapter 4, in order to uncover the dependence of critical

velocity upon some physical properties, i.e., particle radius, particle-melt thermal con-

ductivity ratio, and Gibbs-Thomson effect. Under typical experimental conditions, our

model was able to predict critical velocities with reasonable orders of magnitude, when

compared with values measured in experiments. Moreover, our simulation results with-

out Gibbs-Thomson effect also indicated that the critical velocity should be inversely

proportional to particle size, which is a conclusion prevalent within most prior theorists.

When it came to the thermal conductivity ratio kp/k`, the classical inverse proportion-

ality was reproduced by our model, only for the range 0.8 ≤ kp/k` ≤ 1.25. While outside

this range, the relationship between critical velocity and thermal conductivity ratio was

demonstrated to deviate from vc ∝ (kp/k`)
−1, which has not been predicted in previous

analytical analyses. Our model also elucidated that via changing the interfacial shape,

Gibbs-Thomson effect can increase the critical velocities, and also make critical velocity

less sensitively depend on kp/k`.

The focus of our modeling efforts then fell onto the targeted SiC-Si system in Chap-

ter 6. The earlier experimental data measured by our collaborators under terrestrial

conditions were first introduced and were also compared with our simulation results.

Our model predicted a more realistic scaling of critical velocity with particle size than

that predicted by prior theories. Gibbs-Thomson effect, which was usually ignored in

other particle engulfment models, was demonstrated to be the main cause for our better

scaling. Model discrepancies exists, however, for larger particle sizes. Possible explana-

tions were explored by investigating several effects, such as oscillating growth velocity,

temperature gradient and solute effects. The oscillating growth rates, as would arise

due to turbulent fluctuations in large-scale silicon melts, can drive engulfment of silicon

carbide particles at average solidification velocities far below those predicted by prior
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steady-state analyses. Besides growth rates, fluctuations in temperature gradient can

also influence the values of critical velocity. With the capability of considering unequal

thermal conductivities of particle, melt and crystal, our model elucidated that the more

thermally conductive SiC particle in liquid silicon gives rise to a non-monotonic depen-

dence of critical velocity on thermal gradient. Also, depending on the rate of chemical

reaction on particle surface, the supersaturated solute in melt was found able to either

increase or decrease critical velocity. More surprisingly, under some proper reaction

rates, the solute effect can even throughly preclude the particle from being engulfed, no

matter how high the growth rate is. Under these circumstances, our steady-state model

showed that the curve of dmin vs. vg split into two separated branches and no critical

velocity could be defined. Nevertheless, in the subsequent microgravity experiments,

our collaborators observed a lower critical velocity, which could not be explained by our

existing microscopic model. The absence of natural convection under microgravity con-

ditions is believed to account for this surprising phenomenon. We thus developed several

new models, which took the effects of either local lift force on particle or global parti-

cle circulation into consideration. However, after carefully examining the assumptions

made by Mukherjee and Stefanescu [169], their expression of lift force turned out to be

problematic for the case of a particle near a solidification front. While our macroscopic

particle tracking model showed that most small particles were kept suspended by natu-

ral convection and thus explained the enhanced values and variance of critical velocities

measured in terrestrial experiments. With the re-evaluated Hamaker constant when

excluding convection effect, our microscopic model successfully predicted the boundary

separating the regions of pushing and engulfment in the figure of growth velocity versus

particle diameter.

Finally, according to simulation results, in Chapter 7 we put forward two possible

solutions to the inclusion problem in solar photovoltaic industry. The first one is to en-

hance the convective flow in the melt, and some experimentalists have already pointed

out the effectiveness of this approach. But its efficiency might decline significantly with

larger particles. The modified Kyropoulos method, where a top-down solidification

scheme is employed, was thus proposed to solve the problem especially for large parti-

cles. This new method is also believed to possess multiple extra advantages over the

directional solidification method and Czochralski process widely applied in industry.
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8.2 Directions for future research

8.2.1 Solidification front morphology

In the foregoing simulations using the microscopic model developed in Chapter 2, the

solidification front is always assumed to be horizontal and flat, when the influence of

particle is absent in the system. But in reality, the morphologies of solidification front

can become much more complicated.

Multicrystalline silicon is named after its nature of comprising a number of smaller

crystals or crystallites, which give rise to grain boundaries between each other. When

the solid-liquid interface intersects with a grain boundary, its microscopic morphology

will be significantly changed by forming a groove on it. Bolling and Cissé [78] have the-

oretically demonstrated that when there is a grain boundary right beneath the particle,

the hydrodynamic drag forces on the particle will decrease, because the melt can easily

flow into the thin gap between the particle and solidification front through the long

groove. Therefore, particle pushing is promoted and the capture velocity increases by a

factor of
√

2, when compared with the one under a planar interface. However, contra-

dictory to Bolling and Cissé’s theory, Lotnyk et al. [187] experimentally observed that

SiC inclusions are preferentially present in grain boundaries. While this preference of

inclusion distribution was not reproduced in the subsequent experiments conducted by

Chen et al. [23], and Chen et al. attributed this to the different solidification techniques

and conditions employed by Lotnyk et al. . One possible explanation for these inconsis-

tencies could be that most particles are initially engulfed within grains, as predicted by

Bolling and Cissé. But these inclusions can pin the grain boundaries when they migrate

during the growth of grains after solidification [188], so that these inclusions just appear

to be concentrated in grain boundaries.

In order to throughly understand the role of grain boundaries during the incorpora-

tion of particle, a rigorous model is needed. But here, our two-dimensional microscopic

model is no longer capable to take the grain boundary into account. Instead, a three-

dimensional model is required, since the long groove breaks the symmetry of the system.

The interface deflection due to latent heat or unequal thermal conductivities of solid

and liquid is another example of alteration in interfacial morphology. In a microscale

comparable with the particle size (≈ 100 ∼ 102 µm), the deflected interface can still be



179

assumed as flat, but no longer horizontal. A three-dimensional model is again required

to describe this tilted solidification front, and the particle should also be allowed to

move in the direction perpendicular to gravity.

8.2.2 Geometry of particle

In our two-dimensional model, we posit the particle to be spherical in order to take

advantage of its symmetry. But it is possible for the particle shape to deviate from

a sphere. In fact, Søiland et al. [24] discovered that most SiC inclusions are facetted.

Although in Chapter 2, we argued that drag is fairly insensitive to sharp corners or

edges for the very low Reynolds number flows around these small particles, it is always

more rigorous to develop a three-dimensional model to confirm this assumption with a

typically facetted particle. Moreover, we currently have no idea about the importance

of the facets, corners, and edges in computing van der Waals interactions. To answer

this puzzle, a three-dimensional model would be very helpful, if it is able to accurately

calculate the repulsive van der Waals forces in arbitrary geometries via applying some

approaches similar to those developed by Chang et al. [40] and Reid et al. [189,190].

Another case involving different particle geometries is the capture of Si3N4 particles,

whose shape is generally cylindrical, as shown in Figure 1.7. Due to the lower hardness

compared with β-SiC, Si3N4 inclusions are usually not so detrimental, but they are still

the causes of lower cell efficiencies and localized brittle fracture in multicrystalline silicon

substrates [191]. Although by switching the axisymmetric system into a planar one, the

current two-dimensional model is already able to simulate a special scenario, where an

infinitely long Si3N4 particle is parallel to the flat solidification front, a three-dimensional

model is required to describe those general cases, which possess two more degrees of

freedom—the aspect ratio of particle and the angle between the axis of cylinder and the

solid-liquid interface.

When the solute effect is included, the supersaturated solute can precipitate on

particle surface, and thus, the particle will grow up when it interacts with the solidi-

fication front. Because the solute concentration field within the boundary layer is not

homogeneous around the particle, an irregular shape will develop when an initially

spherical particle grows up. Therefore, an ideal model should also be able to allow for

the deformation of a particle during transient simulations, which might bring about new
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challenges to this project.

8.2.3 Transverse flow effect

In Section 6.6.2, we discussed the lift forces due to transverse flows across the particle,

although our efforts finally turned out to be in vain. Admittedly, it is possible for

this effect to play role in particle pushing/engulfing transition, but the problem is how

to compute the lift forces with an acceptable accuracy. A three-dimensional model

possesses a inherent advantage to rigorously account for the effects of transverse flow,

while at the same time, the computations are much more expensive. A compromise is

to keep keep our two-dimensional model, and manually add an extra term representing

the lift force into the expression of force balance on particle, just like what we did in

Section 6.6.2. As we also analyzed at the end of Section 6.6.2, the expressions derived

by Cherukat and McLaughlin [175] should be able to reasonably evaluate the lift forces

on particle, as long as the solid-liquid interface is close to a plane and the particle slip

velocity is well estimated. But before doing that, it might be advisable to first roughly

assess the importance of lift force by bounding its value with two limiting cases, i.e.,

vs → 0 (this would correspond to the particle flowing along with the fluid) and vs → −vf
(this would correspond to the particle not moving, which would be well approximated

by the analysis of Leighton and Acrivos [192] for a particle touching a flat wall), where

vs denotes the slip velocity, and vf is the flow velocity at particle center.

Another interesting effect of transverse flows is that they can drive the particle to

slide or roll over the wall. Zoeteweij et al. [193] demonstrated that particle rotation

is the main mechanism responsible for effective particle removal in linear shear flow

near the wall. This mechanism is heretofore unexamined in particle engulfment during

solidification, and might be helpful to reduce the inclusions in ingots.

8.2.4 Agglomeration of particle

Under some circumstances, especially in microgravity experiments, our collaborators

observed agglomeration and clustering of particles [139], as shown in Figure 6.14. This

clustering is suspected to be caused by the presence of some oxide layer on the SiC
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particles which forms during handling of the particles [165]. Theoretically, an agglom-

eration of particles can be simplified with an effective particle size [194] or an effective

viscosity [141], if we would like to circumvent a rigorous model with high computational

cost. Currently, however, no clear dependence of particle-cluster size upon experimental

conditions is observed, so an extra model might have to be developed to first understand

the formation mechanism of these clusters.

8.2.5 A coupled comprehensive model

Our particle engulfment model only predicts whether a particle is pushed or captured

under a given solidification condition. In order to rigorously study the final distribution

of particles in crystalline silicon, multiscale modeling technique should be applied, since

the particle size is several orders of magnitude smaller than that of the ingot. While

currently, the microscopic model developed in Chapter 2 has not been coupled with

the macroscopic particle circulation model developed in Section 6.6.3. As a long-term

plan, coupling these two models allows us to throughly understand the entire formation

process of hard inclusions, from nucleation, growth, transport, incorporation until final

distribution. In this comprehensive model, a certain number of particles with the crit-

ical nucleation radius is initially introduced into the melt domain, according to some

statistical distribution laws determined by the assumed type of nucleation (e.g. homo-

geneous or heterogeneous). Then, these particles are transported by natural convection,

and meanwhile, they grow up on the basis of the melt composition around them. When

a particle in the macroscopic model travels to a position where the effects of solid wall

cannot be ignored, all the required data will be passed into the microscopic model, which

simulates the interactions between the particle and solid-liquid interface. If this particle

is determined to be captured, the code should record its final position and also remove

it from the subsequent loops of total particles. After the transient simulation comes

to an end as long as all the particles are engulfed or solidification completes, we can

obtain the distribution of inclusions in an ingot and compare it with some experimental

results [23].



Appendix A

A new scaling and quantitative

model for silicon carbide particle

engulfment during silicon crystal

growth

Jeffrey J. Derbya,? , Yutao Taoa, Christian Reimannb, Jochen Friedrichb, Tina

Sorgenfreic, Thomas Jaußc, Arne Cröllc
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Abstract

We present rigorous numerical modeling and analytical arguments to describe data on

the engulfment of silicon carbide particles during silicon crystal growth obtained via

advanced terrestrial and microgravity experiments. For the first time in over a decade

of research on SiC inclusions in silicon, our model is able to provide a quantitative

correlation with experimental results, and we are able to unambiguously identify the

underlying physical interactions that give rise to the observed behavior of this system.

In particular, we identify a significant and previously unascertained interaction between

particle-induced interface defelction (orginating from the thermal conductivity of the

SiC particle being larger than that of the surrounding silicon liquid) and curvature-

induced changes in melting temperature arising from the Gibbs-Thomson effect. For

a critical range of particle sizes, the Gibbs-Thomson effect flattens the deflected so-

lidification interface, thereby reducing drag on the particle and increasing its critical

velocity for engulfment. We show via numerical calculations and analytical reason-

ing that these effects give rise to a scaling of the critical velocity to particle size as

vc ∼ R−5/3, whereas all prior models have predicted either vc ∼ R−1 or vc ∼ R−4/3.

This new scaling is needed to quantitatively describe the experimental observations for

this system.

Key words: A1. Computer simulation, A1. Fluid flows, A1. Heat transfer, A2. Particle

engulfment, B2. Multicrystalline silicon, B3. Solar cells

A.1 Introduction

The engulfment of foreign particles during the growth of multicrystaline silicon (mc-

Si) remains a vexing problem for the production of high-quality, low-cost photovoltaic

devices. In particular, carbon contamination of the melt, from the original silicon

feed and via gas phase reaction and transport from hot furnace internals, leads to

the formation of silicon carbide (SiC) particles which may be engulfed during crystal

growth [24, 178, 195, 196]. These particles are problematic for subsequent processing of

solar cells, leading to issues of lower cell efficiency via the formation of dislocations and

shunts [197,198], wafer breakage, sawing defects, and even saw wire breakage [22,25].
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These issues have motivated experimental analyses of particle incorporation during

the directional solidification of silicon ingots by Søiland et al. [24, 140], Trempa et al.

[196], and Reimann et al. [178, 195]. A common conclusion of these studies was that

classical theories for engulfment were unable to describe the behavior of SiC engulfment.

For example, Søiland [140] applied a classical engulfment model and noted that this

theory predicted that only mm-sized SiC particles should be captured under typical

growth conditions for mc-Si. Subsequent experimental investigations have shown most

inclusions to be micron-sized particles that are 10–100 times smaller than expected

[24,178,195,196].

Melt convection has been demonstrated to have a strong effect on particle inclusions

[195], motivating the design and conduct of microgravity experiments in conjunction

with terrestrial studies [139, 199]. These experiments have provided the best data yet

available for SiC-Si engulfment; however, accompanying theoretical analyses were still

unable to provide a real quantitative correlation with the experimental results [139,155].

It is puzzling that, after over five decades of research on the physics of particle

engulfment during solidification [43,46,48,49,51–53,59,60,139,140,155,200], theory has

thus far been unable to adequately describe the behavior of SiC particles during silicon

growth. In the following discussion, we present rigorous numerical computations that,

for the first time, provide a quantitative representation of the experimental results for

this system [139,199]. We furthermore discuss the underlying physical mechanisms, via

numerical experiments and new scaling arguments, that explain why our predictions

are able to describe the data with greater fidelity than prior models. In contrast with

all prior analytical analyses, which have predicted either vc ∼ R−1 or vc ∼ R−4/3, we

demonstrate that the critical velocity for the engulfment of SiC particles during silicon

crystal growth scales as vc ∼ R−5/3, where R represents the particle radius.

A.2 Experiments

The ParSiWal (Partikeleinfang bei der Siliziumkristallisation im Weltall) project was

designed to study the engulfment of SiC particles during the solidification of silicon

[139,199]. The experiments were conducted as depicted in Figure A.1(a). Samples were

prepared by drilling a small hole into a single-crystal, boron-doped silicon rod of 8 mm
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Figure A.1: (a) In the ParSiWal experiments, a silicon rod, filled with pre-synthesized
SiC particles, was mounted in the ELLI mirror furnace. (b) In example results, IR
transmission mapping shows that SiC particles (D = 7µm) in the left sample are pushed
over the complete crystal length, while particles in the right sample (D = 60µm) are
captured at the beginning of the growth process. More details on the experiments are
provided in text and in [139,199].
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diameter. Into this hole, 4 mg of pre-synthesized SiC particles, with diameters from

7–300 µm, were placed and sealed by localized melting. An oxide film was then formed

on the surface of the rod to prevent Marangoni convection should a free surface arise on

the melt during a growth experiment. This surface oxidation technique was employed

successfully for prior space experiments [201].

The silicon rod was mounted within a quartz ampoule and placed into the ELLI

mirror furnace [138], within which, the light from a lamp was focused onto a small

portion on the silicon rod to create a short molten zone of 10–12 mm in length. After

homogenization of the pre-seeded SiC particles in melt, which was achieved by appli-

cation of an external rotating magnetic field, a downward translation speed of 0.2–10

mm/min was applied to the ampoule assembly. Because the location of the molten zone

is fixed relative to the ELLI furnace, a growth rate approximately equal to the applied

translation is observed at the lower solid-liquid interface. More detailed descriptions of

the experiments can be found in [139,199].

After microgravity and terrestrial growth experiments, infrared transmission mi-

croscopy was used to determine the final positions of the particles. The transmission

images of Figure A.1(b) show a case (on the left) where particles are located above the

lower phase boundary and considered as pushed all the way by the solidification front.

Whereas, the other image (on the right) shows a case where particles are left behind the

growing interface, and engulfment is assumed to happen under the conditions at that

point in the experiment.

A.3 Theory and numerical model

As noted in the introduction, the analysis of particle engulfment dates back over 50 years

and its vast literature in not examined in depth here. Rather, we mention important

advances made by by Uhlmann, Chalmers, and Jackson [43], Chernov et al. [48,49,200],

Rempel and Worster [51, 52], Park et al. [53], and Garvin et al. [59, 60]. Recently, we

have developed a rigorous numerical model for engulfment that is free from most of

the simplifying assumptions that have been employed in previous approaches, and a

comprehensive discussion of this model is presented in [202, 203]. We have reported

our previous steady-state and dynamic studies of engulfment during crystal growth
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in [204, 205]. In the following discussion, we highlight the salient physical features of

engulfment and our modeling approach.
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Si solid
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Figure A.2: Left: A schematic depiction of particle engulfment during crystal growth.
Right: A computation of a SiC particle being engulfed by solid silicon, showing the
thermal field on the left and the finite-element mesh on the right.

A foreign particle, suspended in the liquid phase, is approached by a solidification

front moving at velocity vg, as depicted in Figure A.2(a). When the solidification

interface is close enough to the particle, it exerts a repulsive force that arises from

van der Waals interactions between the two different solids that are separated by the

intervening liquid. The pushing of the particle results in its motion at velocity vp

and liquid flow around it, producing a drag force in opposition to the van der Waals

interaction. If the repulsive forces dominate over drag, the particle is pushed in front of

the solidification interface; however, if the velocity of the solidification interface increases

to a point where the drag forces are greater than van der Waals repulsive forces, the

particle is engulfed. In addition to these forces, gravity can also influence engulfment

behavior, when the density difference between particle and liquid and the particle size

are large enough.

A realistic mathematical model for this system must faithfully represent these myriad

forces acting upon the particle and account for the the changing geometry of the system,

most notably the influence of the nearby particle on the shape of the solidification
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interface. Our model represents and solves for the system geometry, along with the flow

in the liquid and thermal fields in all domains. We obtain accurate numerical solution

via the Galerkin finite element method. We further emphasize that this model allows

for accurate representation of forces and interfacial phenomena previously inaccessible

by classical approaches using analytical approximations [43, 46, 48, 49, 51, 53, 200]. A

representative illustration of a mesh of biquadratic elements is shown in Figure A.2(b);

mesh refinement is employed at a level sufficient to assure model accuracy for all results

[202,203].

The shape of the interface with relation to the particle defines the gap geometry,

which sets the total van der Waals and drag forces on the particle. In particular, the

interface shape strongly impacts liquid flowing into the gap to fill the volume previously

occupied by the moving particle, dramatically changing the drag force on the particle as

a function of interface shape. For the case of SiC particles in silicon liquid, the thermal

conductivity of the particle is greater than that of the liquid, and the increased heat flow

through the particle deflects the interface downward, forming a concave dimple as the

particle approaches the interface. This dimpled interface shape significantly increases

the drag force on the particle compared to the case of a flat or convex (hill-shaped)

interface.

While this particle-induced change of interface shape has been long understood to

affect the critical velocity for engulfment [49, 53, 78–80, 141, 206], we will demonstrate

and explain a newly discovered interaction via our computations. Namely, the depth

of this particle-induced dimple is reduced by corrections arising from curvature and the

Gibbs-Thomson effect, leading to an important feedback between particle size, interface

shape, drag, and critical engulfment velocity.

To provide a basis for understanding the subsequent results, we focus on the physics

that determine the shape of the solidification interface in this system. The location of

the solidification front is determined via its temperature, Ti, which is given by

Ti = Tm

[
1−

(
λ

d

)3

− σs`
ρs∆Hf

H
]
, (A.1)

where Tm denotes the equilibrium melting point for a planar interface. The second and

third terms with the square brackets on the right represent the melting point changes due

to the premelting [50, 51] and Gibbs-Thomson effects, respectively. Here, λ is a length
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scale proportional to the van der Waals interaction strength, d is the gap thickness,

σs` denotes the solid-liquid interfacial free energy, H represents the mean interfacial

curvature, and ρs∆Hf is the product of solid density and latent heat. Note that, as

indicated in Figure A.2(b), while the interface temperature approaches Tm far away

from the particle, the interface temperature, Ti, departs from Tm under the particle due

to the premelting and Gibbs-Thomson effects.

A.4 Model and experimental results

A.4.1 Critical velocity for engulfment

Table A.1: Physical properties and parameters for β-SiC particles in the ParSiWal
silicon growth system.

Properties Name Notation, value, units [Ref.]

Liquid Density ρ` = 2.560 g·cm−3 [142]
Viscosity µ = 8.77× 10−4 Pa·s [142]
Thermal conductivity k` = 45.6 W·m−1·K−1 [144]
Heat capacity cp,` = 968.47 J·kg−1·K−1 [145]

Solid Density ρs = 2.300 g·cm−3 [142]
Thermal conductivity ks = 22 W·m−1·K−1 [142]
Heat capacity cp,s = 1030 J·kg−1·K−1 [145]
Melting temperature Tm = 1687.0 K [142]
Latent heat ∆Hf = 1.804× 106 J·kg−1 [142]
Interfacial tension σs` = 0.464 J·m−2 [146]

Particle Density ρp = 3.237 g·cm−3 [147]
Thermal conductivity kp = 52.7 W·m−1·K−1 [148]
Heat capacity cp,p = 1309.7 J·kg−1·K−1 [149]

System Premelting length scale λ = 8.878× 10−11 m
Particle radius R =1–400 µm
Temperature gradient G = 30 K·cm−1

Hamaker constant A = 5.474× 10−20 J
Gravitational constant g = 0 or 9.81 m·s−2

Before presenting the experimental data, we discuss the concept and computation

of the critical velocity for engulfment. As described in [202], the underlying equations
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Figure A.3: The finite-element engulfment model is employed to plot steady-state min-
imum gap thickness as a function of growth velocity. These are results for a 7 µm-
diameter SiC particle in the ParSiWal silicon crystal growth system. The upper solu-
tion branch represents stable, pushing states, while the lower branch represents unstable
states. The limit point of the curve uniquely defines a critical velocity, vc = 2.4 mm/min,
for engulfment of this particle in this system. Repeated steady-state calculations such
as this are used to construct critical velocity curves, as functions of growth rate and
particle size, for subsequent discussion.
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represent a dynamical system whose analysis can be performed either via directly inte-

grating the time-dependent equations [59,60,202,205] or by solving for steady states in

a reference frame moving with the velocity of the solidification front. The steady-state

assumption greatly simplifies the analysis, has been used by nearly all prior researchers,

and is employed for the results presented here.

A steady solution represents a state of the system fields and geometry in which

all conservation laws are satisfied. For example, the underlying geometries and fields

shown in Figure A.2(b) are computed for a steady state near engulfment. Using this

approach, we compute many solutions for a given system to arrive at a set of results

such as presented in Figure A.3. Every point on this curve represents a steady-state

solution in terms of the minimum gap thickness, dmin, computed as a function of the

solidification velocity, vg.

The upper curve of Figure A.3 indicates a set of stable states, where the particle is

steadily pushed in front of the solidification interface at the indicated value of dmin. The

lower curve comprises states that are temporally unstable, and there exists a maximum

growth rate that precisely delimits the two branches. Beyond this turning point of the

solution curve, there are no steady-state solutions, thus the steady-state growth rate

at this limit point represents an unambiguous critical velocity for particle engulfment,

which we denote as vc. A more extensive discussion of these states is presented in [202].

We perform calculations to compute the critical velocity as a function of particle

size. In these, only the particle diameter is changed to compute the corresponding vc;

all other system operating parameters are kept constant to represent the conditions

of the ParSiWal experiments. We employ the values listed in Table A.1 for the SiC-

Si system considered here, except when noted otherwise. We furthermore note that all

physical properties are found from literature, excepting the Hamaker constant, A, which

is used to compute the repulsive van der Waals forces and to determine the value of the

premelting length scale, λ. Unfortunately, the measurement of this value is extremely

difficult, and we are not aware of any published values for this system. We describe

later how the value of this constant is chosen for subsequent analyses.
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Figure A.4: Comparison of experimental data to engulfment models for the SiC-Si
system. The filled, red squares and open, green circles denote data from terrestrial
experiments, while the star denotes an engulfment event observed in a microgravity
experiment. Curves are theoretical predictions of the critical velocity under steady-
state growth conditions and mark the boundary between particle pushing (to the left
and below) and engulfment (to the right and above).
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A.4.2 Experimental data and model predictions

The experimental results are shown in Figure A.4, where the green, open circles denote

particles that are pushed, while the red, solid squares denote particle engulfment under

the corresponding solidification velocities. These points were obtained from experiments

conducted under terrestrial conditions. The dashed-dotted line in the far upper, right

corner represents the theoretical critical velocities for this system calculated by Søiland

[140], using the classical model of Stefanescu et al. [141]. Clearly, this prediction of

critical velocities poorly describes the experimental data.

Before discussing our model predictions, we must address the issue of the Hamaker

constant for this system. Since it is not known, we choose its value by matching our

model to a single experimental datum of vc = 2.4 mm/min for a particle diameter of 7

µm, which was measured in the microgravity experiment on the TEXUS-51 sounding

rocket [139]. We view this particular datum, represented by the star in Figure A.4,

with a relatively high degree of confidence, since the microgravity environment nearly

eliminates melt convection during the experiment, thus mitigating a major source of

uncertainty [139, 139, 199, 203]. We comment on neglecting the four data points for 7

µm-diameter particles, lying above our curve and interpreted as pushed in terrestrial

experiments, later in the conclusions section. Our steady-state computations intersect

the microgravity datum when the Hamaker constant is set to A = 5.474 × 10−20 J,

which is comparable to known values for other systems; see, e.g., [64]. A consistent

length scale for the premelting effect, λ, is computed from this value and indicated in

Table A.1.

The resulting predictions by our finite-element model (FEM) for critical velocity

versus particle diameter are plotted in Figure A.4. The solid, blue curve represents

computations where the gravitational acceleration is set to zero, which is representative

of the behavior in microgravity experiments, whereas the dotted, purple curve shows

results predicted under terrestrial conditions, with an acceleration of 1g directed down-

ward, per the orientation shown in Figure A.2(a). As is evident, these curves provide a

quantitative correlation of the SiC-Si engulfment experimental data. Interestingly, the

effects of gravity on the particle are not significant until diameters are approximately

50 µm and larger. Even though the microgravity curve correctly demarcates the pushed

and engulfed cases, the trend of with gravity appears to be even more consistent with
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the data for larger particles.

There are several factors that explain the good agreement achieved by our model.

Obviously, the placement of the curve is advantageously set by our choice of the Hamaker

constant to coincide with the microgravity datum. However, this alone is not enough

to ensure an adequate representation of the data. For example, when the classical

engulfment model of Søiland is reevaluated to ensure that it also passes through the

same datum as our numerical model, shown by the dashed line in Figure A.4, the

shifted curve does not describe the data.

The problem with the shifted Søiland curve is that its slope is too shallow. Like most

classical engulfment models, it predicts a scaling of the critical velocity that is directly

inverse with respect to particle size, namely vc ∼ R−1. In contrast, our numerical

model exhibits a measured scaling of vc ∼ R−1.675, and this steeper slope is needed for a

quantitative description of the data. Intriguingly, our numerical results suggest that the

critical velocity for this system scales as the particle size to a simple fractional exponent,

namely vc ∼ R−5/3. Notably, this scaling has not been predicted by prior analytical

models nor observed in prior numerical computations. We examine the mechanisms

responsible for this scaling in the next sections.

A.5 Scaling of critical velocity with particle size

A.5.1 Prior analytical results

Prior models for engulfment have typically approximated the forces acting on the parti-

cle to obtain analytical expressions for critical velocity. For example, virtually all prior

theoretical analyses have considered that the van der Waals repulsive force scales with

the particle size, R, divided by the gap thickness, d, raised to some power. Similarly,

the drag force, arising from lubrication flows in the thin gap, has been reasoned to be

proportional to the particle velocity multiplied by R2. Setting the two forces to be equal

at criticality and assuming a constant cut-off value for d leads to a predicted critical

velocity for engulfment that scales inversely with particle size, namely vc ∼ R−1

Chernov et al. [48,49,200] and Rempel and Worster [51,52] more correctly reasoned

that premelting effects would depress the melting point via the van der Waals interaction

field between the solidification front and the particle. Taking this effect into account
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precluded the need to specify an arbitrary gap thickness at engulfment and allowed both

groups to analyze engulfment via asymptotic means. We retrace the logic of Rempel

and Worster [51,52] in the following arguments.

In their first analysis of engulfment, Rempel and Worster [51], after assuming equal

thermal conductivities of particle, melt, and solid and ignoring the latent heat of so-

lidification and the Gibbs-Thomson effect, were able to relate the thermal field and

solidification interface shape as the particle approached to the minimum gap thickness

produced by premelting. By evaluating the van der Waals force from gap thickness and

the drag force from lubrication theory, they estimated the critical velocity for engulfment

as,

vc =
ρs∆Hfλ

9/4G1/4

6µT
1/4
m R

. (A.2)

where all variables are defined in Table A.1. Note that, in agreement with prior analyses,

this expression indicates that vc ∼ R−1.

In a follow-on study, Rempel and Worster [52] refined their analysis to include Gibbs-

Thomson curvature effects on the solidification interface and derived a new expression

for the critical velocity as,

vc =

(
σs`ρ

2
s∆H

2
fλ

6

63µ3R4

)1/3

. (A.3)

This expression indicates a different scaling than prior predictions, namely that vc ∼
R−4/3. Before continuing, we note that Chernov and co-workers [200] also reasoned that

the Gibbs-Thomson effect would change the scaling in the same manner. We also note

that this vc ∼ R−4/3 scaling was derived for a system in which the thermal conductivities

of the melt and particle were assumed to be identical.

A.5.2 Numerical experiments

While a numerical model does not directly reveal scaling relationships as does a success-

ful asymptotic analysis, we can perform numerical tests to assess how different physical

interactions may change behavior. We show the outcomes of a series of different compu-

tations in Figure A.5, where we plot critical velocity versus particle size. The solid, blue

curve shows the predictions from our original finite-element model of the microgravity
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Figure A.5: Comparison of SiC-Si experiments to different finite-element model predic-
tions. Computations were carried out for microgravity conditions using properties in
Table A.1. Solid curve represents the original numerical model; dashed curve neglects
the Gibbs-Thomson effect; and dotted curve shows case of equal conductivities, keeping
the Gibbs-Thomson effect enabled. The relevance of slope and position changes are
discussed in the text.
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system, corresponding to the properties and conditions specified in Table A.1. This

curve is unchanged from that shown in the previous figure.

The dotted, black curve shows computations for a hypothetical system identical to

the original, but with the thermal conductivity of the particle set equal to that of the

liquid phase, kp = k`. Under these conditions, there is no particle-induced deflection of

the solidification interface, rather the interface remains flat as the particle approaches

and is only deflected by premelting. The slope of this curve, shown by the dotted line

in Figure A.5, indicates a scaling of vc ≈ R−1.32 ∼ R−4/3. This is exactly the scaling

indicated by eq. (A.3), as predicted by Rempel and Worster [52] and Chernov [200] for

a system with equal thermal conductivities and Gibbs-Thomson effects.

The dashed, purple curve shows model computations under the same conditions as

the original model (solid curve), but neglecting the Gibbs-Thomson term in the melting

point condition, eq. (A.1), by setting σs` = 0. The slope of this curve indicates that

the classical scaling of vc ≈ R−1.05 ∼ R−1 arises. This behavior is consistent with prior

analytical models of engulfment that ignore Gibbs-Thomson effects; see also eq. (A.2).

These numerical experiments unambiguously demonstrate that the observed SiC-Si

scaling behavior shown by our original finite-element model, vc ∼ R−5/3, must arise

from interactions that change the shape of the solidification interface, in particular the

particle-induced curvature (arising from the different thermal conductivities of particle

and liquid, with kp > k`) and the Gibbs-Thomson effect. This assertion is examined

via the computations shown in Figure A.6, where the geometry of the particle and

solidification interface are shown under several scenarios. Note that the vertical scale of

these plots is greatly expanded to emphasize the deflection of the solidification interface;

using these scales, the shape of the spherical particle appears parabolic. To focus on the

interaction between particle-induced curvature and Gibbs-Thomson, we have turned off

premelting by setting λ = 0 in eq. (A.1) for these computations.

Figure A.6(a) shows computed interface shapes for a 7 µm-diameter particle. In

this case, the Gibbs-Thomson effect flattens the curvature that has been induced by

the thermal effects of the particle (shown by the blue curve with open circles). The

flattening of the interface is much less for the case of the 100 µm-diameter particle

shown in Figure A.6(b).

These observations are consistent with the critical velocity curves shown previously
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Figure A.6: Shapes of the silicon interface are affected by the nearby SiC particle and
the Gibbs-Thomson efeffect. The interface is computed to lie along the phase-change
temperature, given by eq. (A.1) without the effects of premelting (λ = 0), for cases with
and without the Gibbs-Thomson effect. Two particle sizes are represented: (a) 7 µm
diameter and (b) 100 µm diameter. The vertical scale is expanded to better visualize
the interface deflections.
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in Figure A.5. Notably, the relative flattening of the solidification interface is much more

significant for the 7 µm-diameter particle than for the 100 µm-diameter particle. With

a flatter interface shape, drag is reduced, thus requiring a larger velocity for engulfment.

Accordingly, we expect proportionately larger velocities will be needed to engulf smaller

particles, a behavior which is reflected by the larger separation between the solid, blue

and dashed, purple curves as particle size is decreased.

While we argue that shape changes will affect drag forces, they must also affect the

van der Waals forces between the interface and particle. However, simple geometric

reasoning argues that the flattening of the interface will reduce the van der Waals

repulsive force, because the flatter interface is further away from more of the spherical

particle surface. Reduced van der Waals forces should decrease the critical velocity,

which runs opposite to the trend exhibited by model calculations. Thus, we must

conclude that the dominant phenomenon that gives rise to the vc ∼ R−5/3 scaling is the

effect of interface shape changes on liquid flows around the particle and the resulting

drag forces.

A.5.3 Analytical arguments

Clearly, there is a strong correlation between the size of the particle and the ability of the

Gibbs-Thomson effect to flatten the interface, decrease drag, and influence the critical

engulfment velocity. Here, we present two arguments that quantify and characterize

this interaction.

Our first argument seeks to the quantify the length scale at which the particle-

induced interface curvature is expected to strongly interact with Gibbs-Thomson effect.

If the particle is very large, the curvature induced at the interface will not be significant,

so the Gibbs-Thomson effect will not be large. This was the case shown in Figure A.6(b).

If the particle is very small, it will not transport enough heat through it to strongly

deflect the interface and, again, the effect will be small. To estimate the particle size

at which we expect the interaction to be significant, we return to the expression for the

temperature along the solidification front.
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We ignore the premelting term and focus on the remaining equilibrium and Gibbs-

Thomson terms in eq. (A.1). Rearranging, we obtain,

Tm − Ti =
Tmσs`
ρs∆Hf

H. (A.4)

We next introduce a nondimensional mean curvature scaled by the particle radius,

κ = HR, and we define a characteristic temperature change across the particle as GR,

where G is the temperature gradient in the system. Substituting for the mean curvature

and dividing by this characteristic temperature yields the following equations, where the

terms on each side are nondimensional,

Tm − Ti
GR

=
Tmσs`

ρs∆HfGR2
κ. (A.5)

We argue that the Gibbs-Thomson effect will be meaningful in the system when

κ ≈ 1 and that the interaction between the Gibbs-Thomson effect and the degree of

interface deflection will be significant when the left-hand side of the above equation

is also unity, i.e., when (Tm − Ti)/GR ≈ 1. Applying this logic and rearranging the

subsequent expression yields a characteristic length scale,

Rc =

(
Tmσs`
ρs∆HfG

)1/2

. (A.6)

We expect the Gibbs-Thomson effect to have a considerable influence on interface shape

(and thus on particle drag) in the engulfment problem when the particle radius is

comparable to this length scale, or R ≈ Rc. Using SiC-Si properties and parameters

for this system, we calculate a value of Rc = 7.9 µm, which corresponds well with the

data. Note that the difference between the two curves (solid, blue and dashed, purple)

is greatest when D ∼ O(10) µm and that the curves approach each other as the particle

size increases.

Our second argument attempts to characterize the nature of the interaction be-

tween the Gibbs-Thomson effect and particle-induced interface curvature as a function

of particle size. Namely, we aim to provide analytical arguments that may justify the

observed scaling of vc ∼ R−5/3. We follow closely the framework put forth by Rempel

and Worster [52], who elegantly analyzed the scaling behavior for engulfment includ-

ing Gibbs-Thomson effects but with equal particle and melt thermal conductivities. In
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what follows, we outline the general approach and highlight the differences between the

current analysis and that of Rempel and Worster. We refer the interested reader to the

original paper [52] for a more detailed and enlightening discussion of this challenging

analysis.

As mentioned previously, Rempel and Worster [52] did not consider different con-

ductivities and the deflection of the interface by the approaching particle. This was rec-

ognized by Park et al. [53], who employed the approximate thermal analysis originally

derived by Chernov et al. [49] to relate the interface temperature to the temperature

field caused by the particle near the interface via the following relation,

Tm − Ti(θ) = G(R+ d) cos θ

[
1 + ke

(
R

R+ d

)3
]
−GH, (A.7)

where the interface temperature, Ti(θ), is expressed as a function of a spherical coordi-

nate system originating at the center of the particle, with θ denoting the angle measured

from vertical and H denoting the distance of the particle center from the mean position

of the interface; see Figure A.2(a). All other variables have been introduced previuosly,

except for

ke =
k` − kp
2k` + kp

,

which is a ratio of liquid and particle thermal conductivities.

Next, we replace the left-hand side of eq. (A.7) with the fundamental expression for

the interface temperature given by eq. (A.1),

Tmσs`
ρs∆Hf

H+

(
λ

d

)3

Tm = G(R+ d) cos θ

[
1 + ke

(
R

R+ d

)3
]
−GH. (A.8)

We will use this equation to estimate the film thickness between the particle and solid-

ification interface.

Rempel and Worster [52] argued that the forces between particle and interface are

dominated where the film is thinnest, near θ ≈ 0 and with d � R. Under these

conditions, the right-hand side of the above equation can be considerably simplified,

since R+ d ≈ R and R−H ≈ 0, yielding,

Tmσs`
ρs∆Hf

H+

(
λ

d

)3

Tm ≈ GkeR. (A.9)
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Note that this equation differs from the result of Rempel and Worster [52], due to the

non-zero term that remains on the right-hand side of the equation, representing the

effects of particle-induced curvature.

We next argue that the curvature can be scaled with the particle radius, as we did

above, yielding the non-dimensional variable κ = HR, which is substituted into the

above equation, [
σs`κ

ρs∆HfR
+

(
λ

d

)3
]
Tm ≈ GkeR. (A.10)

Assuming κ ∼ 1 and using representative properties for the SiC-Si system, we further

argue,
σs`

ρs∆HfR
�
(
λ

d

)3

,

to arrive at a simpler relation, (
λ

d

)3

Tm ≈ GkeR, (A.11)

with which we solve for the film thickness,

d ≈
(
λ3Tm
GkeR

)1/3

. (A.12)

Note that this relation balances premelting effects against particle-induced thermal ef-

fects and is different from the scaling derived in [52], where particle-induced effects are

not considered and premelting is balanced against Gibbs-Thomson effects to arrive at

an estimate for the film thickness.

To estimate the critical velocity for engulfment, Rempel and Worster [51,52] derived

approximations to the van der Waals and drag forces and equated them to arrive at,

vc =
ρs∆Hfλ

3

6µR2θ2
0

, (A.13)

where θ0 is argued to be a small angle over which van der Waals and drag forces are

significant. They then define a new coordinate x ≡ 1−cos θ and perform an asymptotic

analysis, identifying the inner region where these interactions are most important as

x ∼ O(εs), where εs ≡ d/R. Via a Taylor series expansion of x in terms of θ, it is

argued that θ0 is order ε
1/2
s , giving the following expression,

vc =
ρs∆Hfλ

3

6µR2εs
. (A.14)
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To complete the analysis, we need to provide a value for the small parameter, εs, in

the above expression. As mentioned in the prior paragraph, Rempel and Worster [52]

defined εs ≡ d/R via their asymptotic analysis. However, we note that our derivation

of the gap thickness, d in eq. (A.12), was obtained by balancing premelting versus

only particle-induced thermal effects. We know, for the cases of interest in the SiC-Si

system, that the Gibbs-Thomson effect must also strongly affect the behavior of this

system. Therefore, we redefine the small parameter of interest to be εs ≡ d/Rc, where

Rc is provided by the previously derived eq. (A.6) and represents the particle size where

Gibbs-Thomson flattening of the interface will be significant. With this substitution

into eq. (A.14), we obtain,

vc =
ρs∆Hfλ

2Rc

6µR5/3

(
Gke
Tm

)1/3

. (A.15)

Notably, the critical velocity for engulfment is predicted in the above equation to scale

as vc ∼ R−5/3. We provide further comments on this analysis below.

A.6 Conclusions

We have shown that the use of a rigorous, finite-element numerical model is able to

quantitatively correlate silicon carbide particle inclusion data obtained in silicon crystal

growth experiments. This is significant, because such agreement between theory and

experiment has been heretofore unattainable.

The success of our model in describing the data depends on the placement and the

shape of the predicted curve of critical velocities. The placement of our curve relies on

the choice of a suitable Hamaker constant, which we have argued is reasonably obtained

from fitting to a single, high-confidence datum measured in a microgravity experiment.

However, this fitting alone is inadequate to describe the data. In addition, the larger

slope of the predicted curve, giving rise to a scaling of vc ∼ R−5/3, is critical. Other

theories, which do not exhibit such a steep slope, do not describe the data, even when

shifted to fit the microgravity datum used for our model. Significantly, the scaling

exhibited by our model has not, to our knowledge, been observed nor predicted in prior

studies of engulfment.

While we believe our model provides new insight and convincingly describes the
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data, there remain issues that merit further discussion. For example, our choice of

Hamaker constant generates a curve that does not describe the four upper data points

for 7 µm-diameter particles that were interpreted as pushed in terrestrial experiments.

We believe that these points are less trusted than the microgravity observation of the

engulfed 7 µm particle. The terrestrial experiments exhibit buoyancy-driven flows that

are strong enough to keep most smaller particles suspended in the melt during the time

needed to conduct the experiment [203]. This makes it quite likely that only a few of

these small particles will actually be engulfed under critical conditions and that most

will be suspended until the final stage of growth. This, coupled with the difficulty

of actually finding an engulfed particle [139], makes it quite likely that the terrestrial

experiments would produce false outcomes, with the few small, engulfed particles missed

and the remainder interpreted as pushed. With this reasoning, we believe it reasonable

to ignore the upper four data points for 7 µm-diameter particles from the terrestrial

experiments.

We have also argued that the new scaling observed in our model predicitons arises

from modifications to the drag forces according to changes in interface deflection caused

by the interaction of particle-induced thermal and Gibbs-Thomson effects. The different

model calculations presented in Section A.5.2 and the length scale arguments presented

at the beginning of Section A.5.3 are unambiguous and consistent with these assertions.

We assert with confidence that these mechanisms underlie the new scaling of vc ∼ R−5/3

seen in the SiC-Si system.

However, the second point of discussion of Section A.5.3, which argues why the ex-

ponent of -5/3 arises in the scaling law, should be considered as plausible rather than

conclusive. Typically, successful analytical scaling arguments rely on the ability to iso-

late two effects that counteract each other. This approach was successfully employed

in the analysis of Rempel and Worster [52], who considered the dominant balance be-

tween premelting and Gibbs-Thomson effects. However, Park et al. [53] employed the

same framework to consider the additional effect of particle-induced interface deflection

and resorted to a numerical solution to the underlying equations. Here, we have at-

tempted to balance three important phenomena that affect the shape of the interface

and thereby the gap, namely premelting, Gibbs-Thomson, and particle-induced effects.

We have postulated different balances of these effects in our derivation, but different
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outcomes would result from different choices.

While we believe the observed vc ∼ R−5/3 behavior is real, the scaling exponent may

not be universal, in that it may apply only to a relatively specialized set of conditions

that characterize the SiC-Si system. Indeed, a closer examination of the numerical

solution (the solid, blue lines in Figures A.4 and A.5) reveals that it curves somewhat

over the region of interest and that its slope, while very close to the value of -5/3,

slightly changes over the particle size range of interest.

Nevertheless, we believe that our model predictions and their analysis here repre-

sent significant progress toward understanding the engulfment of silicon carbide parti-

cles during silicon crystal growth. For the first time in over a decade of research on

SiC inclusions in silicon, our model is able to provide a quantitative correlation of ex-

perimental results, and we are able to unequivocally identify the underlying physical

interactions that give rise to the observed behavior of this system. Finally, these results

have contributed fundamentally new insight to the understanding of particle engulfment

processes and theory.
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[153] Sven Enger, Oliver Gräbner, Georg Müller, Michael Breuera, and Franz Dursta.

Comparison of measurements and numerical simulations of melt convection in

czochralski crystal growth of silicon. Journal of Crystal Growth, 230(1-2):135–

142, 2001.
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