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Abstract 

Cell migration is key to many biological processes including embryonic development, 

wound healing, and disease progression, and the mechanical stiffness of a cell’s 

environment exerts a strong, but variable, influence on this migration. Many cells display 

a stiffness optimum at which migration is maximal, however, these stiffness optima span 

several orders of magnitude, from ~1-1000 kPa, suggesting that different cell types 

possess distinct operating parameters. Firstly, we describe how a motor-clutch model of 

cell traction, which exhibits a maximum in traction force with respect to substrate 

stiffness, may provide a mechanistic basis for understanding how cells are “tuned” to 

sense the stiffness of specific microenvironments. We found that the optimal stiffness is 

generally more sensitive to clutch parameters than to motor parameters, but that single 

parameter changes are generally only effective over a small range of values. By 

contrast, dual parameter changes, such as coordinately increasing the numbers of both 

motors and clutches, offer a larger dynamic range for tuning the optimum. The model 

exhibits distinct regimes with “frictional slippage” at both low and high substrate stiffness 

where clutches are inefficiently utilized. Between the two extremes, we find the 

maximum traction force where clutches are most efficiently utilized, which occurs when 

the substrate load-and-fail cycle time equals the expected time for all clutches to bind.  

Secondly, we also present a master equation-based ordinary differential equation 

(ODE) description of the motor-clutch model, from which we derive an analytical 

expression for a cell’s optimum stiffness. This analytical expression provides insight into 

the requirements for stiffness sensing by establishing fundamental relationships between 

the key controlling cell-specific parameters. Both the ODE solution and the analytical 

expression show good agreement with Monte Carlo motor-clutch output, and reduce 

computation time by several orders of magnitude, which potentially enables long time 

scale behaviors (hours-days) to be studied computationally in an efficient manner. The 

ODE solution and the analytical expression may be incorporated into larger scale 

models of cellular behavior to bridge the gap from molecular time scales to cellular and 

tissue time scales. 

Thirdly, to create a unified theoretical framework for cell migration, we have 

developed and experimentally tested a whole cell migration simulator based on the 
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motor-clutch model by imposing coupled force balances and mass balances on 

molecular motors, adhesion molecules (“clutches”), and actin subunits in a compliant 

microenvironment. The model predicts a stiffness optimum that can be shifted by altering 

the number of active molecular motors and clutches. This prediction was verified 

experimentally by comparing cell traction and F-actin retrograde flow for two cell types 

with differing amounts of active motors and clutches: embryonic chick forebrain neurons 

(ECFNs; optimum ~1 kPa) and U251 glioma cells (optimum ~1000 kPa). In addition, the 

model predicted, and experiments confirmed, that the stiffness optimum of U251 glioma 

cell migration, projected area, aspect ratio, F-actin flow rate, and traction strain energy 

can be shifted to lower stiffness by simultaneous drug inhibition of myosin II motors and 

integrin-mediated adhesions. Overall, the motor-clutch cell migration simulator provides 

a unified theoretical framework with which to predict cell adhesion and migration in 

defined mechanochemical environments. 
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1. Introduction 

 

Optimality is an important concept in our world. In fact, we may not even be here to 

discuss optimality if Earth did not lie in the “Goldilocks Zone,” a region which is neither 

too close nor too far from the sun. Earth orbits at an optimal distance which is just right 

to support life55. In the context of cell migration, optimality has been found in the 

adhesiveness of a cell to its environment, a quantity termed adhesivity. If adhesivity is 

too high, a cell cannot migrate well because it is securely adhered to its location. 

However, if adhesivity is too low, a cell cannot migrate well because it cannot gain 

enough traction against its environment86. A similar phenomenon has been observed in 

environments of different mechanical properties. Cells seem to have an optimal 

environmental stiffness on which migration rate is maximal90,110. Understanding how cells 

sense the optimal stiffness of their environment, while simultaneously sensing the 

optimal adhesivity of their environment, constitutes the main focus of this dissertation. 

1.1. Cell migration 

Cell migration is an important biological process involved in embryonic 

development, immune response, and wound healing64. It has also been exploited in 

tissue engineering and regenerative medicine to restore and enhance tissues44. Despite 

its benefits, cell migration, or the failure of normal cell migration, can lead to undesirable 

outcomes such as cancer metastasis, osteoporosis, and chronic inflammatory 

diseases98. The classical view of single cell migration consists of three steps1. First, the 

cytoskeletal polymer actin polymerizes to extend the cell membrane at the front of the 

cell. This creates a protrusion called a filopodium if it is narrow or a lamellipodium if it is 

broad. Second, transmembrane molecules join with intracellular proteins to form an 

adhesion complex that binds the protrusion to exterior molecules in the cellular 

environment. Third, molecular motors contract the rear of the cell causing a 

displacement toward the front of the cell. These three steps may not necessarily happen 

sequentially, and they may each occur continuously. Regardless, they are the processes 

necessary for cell migration. 
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1.1.1. Actin polymerization and cellular protrusions 

Actin is the most abundant protein in most eukaryotic cells31. The cytoskeletal 

component filamentous (F)-actin forms from the polymerization of globular (G)-actin 

monomers, which is catalyzed by the hydrolysis of adenosine triphosphate (ATP). F-

actin is inherently polarized with one “barbed” end and one “pointed” end. G-actin 

typically adds to the barbed end of the polymer, while monomers typically dissociate at 

the pointed end17. Actin polymerization can extend the cell membrane to form a cellular 

protrusion20, and it also may stabilize a protrusion formed by addition of cell membrane 

in a particular region of the cell105. 

The organization of F-actin determines the type of protrusion formed75. Filopodia 

result from unbranched parallel F-actin bundled together by cross-linking proteins such 

as fascin and α-actinin21. Filopodial formation is mainly promoted by the small GTPase 

Cdc4284. Filopodia are believed to be exploratory structures that a cell may use to probe 

its environment73. Conversely, lamellipodia result from F-actin networks created by the 

Arp2/3 complex which allows for nucleation of F-actin branching off of an existing 

filament113. Arp2/3 is activated the WAVE/Scar complex and N-WASP, which in turn are 

activated by the Rac small GTPase69. 

1.1.2. Cellular adhesion 

Cellular adhesions allow cells to bind to their environment or to other cells. These 

adhesions generally consist of transmembrane molecules which bind to the environment 

outside of the cell, and intracellular molecules which assist in adding stability and 

signaling capability to the adhesion2. Cell-cell adhesion occurs through transmembrane 

cadherins accompanied by intracellular catenins57, while cell adhesion to extracellular 

matrix (ECM) fibers occurs through transmembrane integrins and other cell adhesion 

molecules (CAMs). Most integrins bind to exposed arginine-glycine-aspartate (RGD) 

amino acid sequences of ECM components such as collagen, fibronectin, and laminin49. 

Cell adhesion to hyaluronic acid, another ECM component, occurs through CD4491. 

The intracellular portion of an adhesion complex consists of several different 

molecules. Talin links integrin to F-actin and undergoes a conformational change under 

tension, while vinculin stabilizes talin in its tension-induced conformation70. Signaling 
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molecules such as focal adhesion kinase (FAK) and paxillin regulate the formation, 

maturation, and disassembly of adhesions117,125. 

1.1.3. Myosin and cellular retraction 

Myosin molecules generate force through the hydrolysis of ATP. When bound to 

F-actin, this hydrolysis results in a conformational change in the myosin molecule, 

causing it to “walk” along the F-actin toward the barbed end. If the myosin tail remains 

stationary in the cell, this walking results in a retrograde flow of F-actin away from the 

leading edge and toward the interior of the cell. Cellular adhesions bound to the F-actin 

may act as a clutch resisting this retrograde flow. Retraction occurs when adhesions 

release the F-actin, allowing myosin to pull it toward the interior of the cell. During 

retraction, the F-actin is typically no longer polymerizing against the membrane in the 

region of the release, so the membrane retracts with the F-actin. Importantly, myosin 

walking velocity is inversely proportional to the myosin force generation such that at low 

force, velocity is high, and at high force, velocity is low112. The same type of force-

velocity relationship is also seen for actin polymerization against the cell membrane77.  

1.2. Cell migration models 

Previously proposed cell migration models essentially fall into two different 

categories: cellular scale and molecular scale. The first cellular scale models generally 

followed a random walk or biased random walk framework to describe chemotaxis116. 

More recently, a similar approach has been used to describe stiffness-sensitive cell 

migration127. More detailed molecular scale models incorporate the intracellular process 

involved with cell migration to simulate the cellular scale movement. One of the first 

models of this type was proposed by DiMilla et al. to describe the optimality of cell 

migration versus adhesion strength, also called adhesivity29.  

This model incorporated the three processes of cell migration into a network of 

viscoelastic nodes comprising a cell. After imposing a front and back on the cell with 

differing adhesion strengths, the cell cycled through the processes of extension, 

adhesion, and retraction. Cell adhesivity was altered by changing the binding affinity of 

the adhesion molecules at the front and back of the cell. The model output mimicked 

experimental results obtained by measuring cell speed on differing concentrations of 
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adsorbed protein29. In either case, cell speed was low at low adhesivity, high at 

intermediate adhesivity, and low at high adhesivity. This model incorporated a number of 

important elements found in subsequent models, including adhesion molecule dynamics 

and intracellular mechanics. However, this model neglected extracellular mechanics so it 

cannot be used in its present form to describe cell migration in differing mechanical 

environments. Additionally, the model imposes a front/back polarity to the cell without 

explanation for its origin or persistence. It is also a one-dimensional model that is not 

readily scalable to two or three dimensions. 

More recent cellular scale models have attempted to describe the stiffness 

sensitivity of cell migration. Zaman et al. implement a stiffness dependent function for 

adhesion tension such that the tension increases proportionally to the environmental 

stiffness127. While this model does predict both adhesivity and stiffness optima for cell 

migration, it contains no molecular scale information, and because of the constant force 

on adhesions, contains no adhesion dynamics. A similar model has been proposed by 

Pathak and Kumar, which employs two stiffness dependent functions: one governing the 

number of cellular adhesions, and one governing the cellular contractile force90. Just as 

in the Zaman et al. model, this model lacks molecular detail and adhesion dynamics. 

Moreover, both of these models implement empirical stiffness sensitivity as a functional 

input of the model, rather than prescribing physically-based rules that give rise to 

stiffness sensitivity as an output of the model. 

Some recent molecular scale models for adhesion formation and maturation do 

give rise to stiffness sensitivity. For example, Paszek et al. developed an adhesion 

model demonstrating that integrin clustering increases with substrate stiffness88. In this 

model, integrins are modeled as Hookean springs with off-rates that increase with 

tension according to a Bell model11. Tension on the integrins is provided by the 

mechanical resistance of the cellular glycocalyx. Soft substrates easily deform, meaning 

tension on integrins is minimal. However, stiff substrates do not easily deform, meaning 

clustering of integrins is required to cooperatively deform the substrate and form stable 

adhesions. The model was implemented using a direct Gillespie Stochastic Simulation 

Algorithm, also know was Kinetic Monte Carlo41, which is advantageous because it 

allows only one event per timestep and minimizes the requirement to generate random 
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numbers. Walcott, et al. developed a similar model for adhesion maturation and decay, 

however, in their model, tension on adhesion molecules originated due to actomyosin 

contractility rather than glycocalyx mechanical resistance122. Regardless, they found 

similar results that adhesions grew faster and were more stable on stiff substrates. 

However, neither model explains the observed biphasic dependence of cell migration on 

substrate stiffness. 

Another molecular scale model of adhesion dynamics is the motor-clutch model 

of cellular force tranmission18,76. In this model, nm molecular motors with stall force Fm 

transmit force to a compliant extracellular substrate with spring constant κs through rigid 

F-actin and nc compliant transmembrane adhesion molecules or “clutches”, each with 

spring constant κc. The motor velocity, vm, decreases from its unloaded value, vu*, 

following the inverse force-velocity relationship given in Eq. 1.1 where xs is the substrate 

displacement.  













mm

ss

mm
Fn

x
vv


1*

 Eq. 1.1 

The clutches bind from the F-actin to the substrate at a constant rate, kon, but their rate 

of unbinding, koff, increases exponentially with the force on the clutch, Fc, according to 

the Bell model11 in Eq. 1.2 where koff* is the unloaded off-rate, and Fb is the 

characteristic bond rupture force.  













b

c
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F

F
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 Eq. 1.2 

The force on each clutch follows the Hooke’s law in Eq. 1.3 where xc is the position of 

clutch attachment to F-actin. 

 sccc xxF   Eq. 1.3 

The model was implemented through a fixed time step Monte Carlo algorithm, and in 

each time step, the substrate position was calculated through an elastic force balance 

between the clutch ensemble force and the substrate spring force as in Eq. 1.4 

 



cn

i

siccss xxx
1

, 0  Eq. 1.4 



 

 6 

The motor-clutch model accurately captured the load-and-fail characteristic of 

cellular force transmission seen experimentally in migrating cells25. A load-and-fail cycle 

starts when molecular clutches begin to bind from actin to the extracellular substrate 

allowing molecular motors to transmit force to the substrate. At first, the retraction of 

actin is fast because there is little force to resist the motors. As the cycle continues, force 

builds as the substrate deforms, and the F-actin flow slows down. Force also builds on 

the bound clutches, increasing their off-rates. At some points, the clutches begin to 

unbind due to tension which leads to a cascading failure of the entire adhesion as all 

clutches sequentially unbind as their load increases. At this point, the substrate relaxes 

back to its rest position, and the cycle restarts. 

The motor-clutch model contains some key aspects which were not contained 

together in previous models. It implements an inverse force-velocity relationship to 

accurately describe F-actin flow due to molecular motors as observed from in vitro 

experiments112. It is substrate stiffness sensitive, exhibiting an optimum stiffness at 

which force transmission is maximal and F-actin retrograde flow is minimal, even though 

none of the input functions are explicitly stiffness dependent. And it captures the load-

and-fail dynamic necessary for cell migration. Without adhesion failure, a cell would 

remain adhered to its initial position unable to migrate. Because of these characteristics, 

the motor-clutch model provides a useful framework for further exploring stiffness 

optimality in cell migration and force transmission. 

1.3. Cell migration in glioblastoma 

Aberrant cell migration leads to the progression of many diseases, one of which is 

glioblastoma (GBM), the most common and deadly form of brain cancer120. Even after 

surgical tumor resection and aggressive radiation and chemotherapy, median survival 

time after diagnosis is about 14 months, with only about one fourth of patients surviving 

for at least two years111. Glioblastoma tumor cell (hereafter referred to simply as “glioma” 

cell) migration is one of the contributing factors to the poor prognosis of this disease65. 

The tumor boundary is often diffuse due to cell migration into the surrounding tissue, 

making tumor resection minimally effective because tumor boundaries are not clearly 

defined. After resection, recurrent tumors arise from the migratory cancer cells in the 

tissue surrounding the original tumor location. 
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In vitro, glioma cell lines migrate faster than other cancer cell lines47, and they also 

migrate faster than healthy developmental glial cells14. Like other cell types, glioma cells 

possess a stiffness optimum at which migration is maximal90. Unfortunately, this 

“optimum” would be the worst case for a patient. Glioma cells can migrate centimeter 

distances in the brain over only a few months, and reducing this migration would greatly 

improve the prognosis for the disease. Assuming that glioma cells are operating near 

their stiffness optimum, examinations into the mechanism of stiffness sensing, 

determinants of the stiffness optimum, and perturbations of the migration machinery 

could provide insights for therapeutic targets to reduce glioma cell migration. 

Furthermore, a comprehensive mechanistic simulator of cell adhesion and migration 

could provide a number of benefits. It could provide a deeper understanding of basic cell 

mechanics by describing cellular behavior in different environments and making 

predictions about cellular response to environmental changes. More importantly, it could 

be an in silico screen for cell migration therapies. Historically, about 5% of investigational 

cancer drugs proceed to phase II clinical trials58. Computational drug screening using a 

disease simulator could greatly increase phase I clinical success by quickly disqualifying 

unsuitable drugs before clinical trials. Alternatively, the simulator could be used for 

personalized medicine. Key parameters could be measured for a particular individual’s 

disease, and those parameters could be used in a simulation to determine would the 

disease would react to a particular treatment. Either way, a cell migration simulator has 

the potential to improve the outlook for patients of glioblastoma and other cancers.  
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2. Determinants of maximal force transmission in a motor-clutch 

model of cell traction in a compliant microenvironment 

 

This chapter was originally published as a research article in Biophysical Journal8 

and is reprinted with permission from Elsevier. 

The mechanical stiffness of a cell’s environment exerts a strong, but variable, 

influence on cell behavior and fate. For example, different cell types cultured on 

compliant substrates have opposite trends of cell migration and traction as a function of 

substrate stiffness. Here we describe how a motor-clutch model of cell traction, which 

exhibits a maximum in traction force with respect to substrate stiffness, may provide a 

mechanistic basis for understanding how cells are “tuned” to sense the stiffness of 

specific microenvironments. We find that the optimal stiffness is generally more sensitive 

to clutch parameters than to motor parameters, but that single parameter changes are 

generally only effective over a small range of values. By contrast, dual parameter 

changes, such as coordinately increasing the numbers of both motors and clutches, offer 

a larger dynamic range for tuning the optimum. The model exhibits distinct regimes: at 

high substrate stiffness, clutches quickly build force and fail (so-called “frictional 

slippage”), while at low substrate stiffness, clutches fail spontaneously before the motors 

can load the substrate appreciably (a second regime of “frictional slippage”). Between 

the two extremes, we find the maximum traction force, which occurs when the substrate 

load-and-fail cycle time equals the expected time for all clutches to bind. At this stiffness, 

clutches are utilized to their fullest extent, and motors are therefore resisted to their 

fullest extent. The analysis suggests that coordinate parameter shifts, such as increasing 

the number of motors and clutches, could underlie tumor progression and collective cell 

migration. 

 

2.1. Background 

Cell proliferation, differentiation, migration, and survival are all sensitive to the 

mechanics of the cell microenvironment35,67,81. Several studies have found that cell 
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speed increases with substrate Young’s modulus, including U87 and U373 glioblastoma 

cells on substrates of 0.08-119 kPa118, vascular smooth muscle cells on substrates of 8-

72 kPa50, and MCF10A epithelial cells on substrates of 3-35 kPa82. However, several 

other studies have found that cell speed decreases with substrate Young’s modulus, 

including 3T3 fibroblasts on 14-30 kPa67, T24 carcinoma cells on 1.95-9.9 kPa4, 

neutrophils on 10-100 kPa85, and SNB19 glioblastoma cells on increasingly stiff silicone 

rubber114. These apparently opposite results suggest that cell speed may be biphasic 

with respect to substrate stiffness. The cell speed may rise and then fall, exhibiting 

maximal migration at some intermediate stiffness depending on the cell type and 

experimental conditions. Figure 2.1A presents selected monotonic cell migration data 

with possible biphasic fits to the data and two experimental examples showing biphasic 

cell migration with respect to substrate Young’s modulus—maximal migration speed of 

neutrophils at 4-7 kPa110 and of smooth muscle cells at >300 kPa93. All of these cell 

migration studies suggest that the optimum stiffness of cell migration can vary from ≤2 

kPa4 to ≥300 kPa93. 

Additionally, cell traction studies have also shown variable dependence on substrate 

stiffness. For some cells, traction force increases with substrate stiffness4,16,45,67,71, while 

for others it decreases18. These apparently opposite results suggest a biphasic 

dependence of cell traction force on substrate Young’s modulus. Figure 2.1B presents 

select examples of monotonic traction force for different cell types with possible biphasic 

fits to the data. The possible optimum stiffness for cell traction ranges from ≤1 kPa18 to 

≥30 kPa45,67. It is unknown why these different cell types have apparently different 

stiffness optima for both cell migration and traction force. 

Several models have been proposed to describe cell migration and force 

transmission96. For example, a full description of the keratocyte actomyosin network and 

force transmission on a stiff substrate has been presented9. However, this model does 

not address the stiffness sensing shown in Figure 2.1, and the use of a friction 

coefficient to model traction does not allow for load and fail of adhesions as seen 

experimentally on soft substrates18. Another model affords stick-slip properties to the 

adhesion, allowing load and fail, but imposes an empirical stiffness sensitivity108. 

Additionally, these models do not include a force-velocity relationship for the driving 
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force on the actin and adhesion. Myosin motors follow this type of relationship112, as 

does actin polymerization26,77, so for either of these sources of force, a force-velocity 

relationship is obeyed. 

Another model for cell traction is the “motor-clutch hypothesis76,” where F-actin 

self-assembly at the plasma membrane pushes the membrane forward while myosin 

motors pull F-actin rearward to generate F-actin retrograde flow76. In this model, cell 

adhesion molecules act as molecular “clutches” that transmit force to the extracellular 

environment, which slows retrograde flow and induces leading edge advance. Recently, 

we encoded the motor-clutch hypothesis in a stochastic simulation with balanced forces 

and inclusion of both chemical and mechanical properties of the integrated cell-

microenvironment system18. This model formulation allows for different substrate 

stiffnesses, load and fail of cellular adhesions, and imposes a force-velocity relationship 

on the motors. In the model, nm molecular motors with stall force Fm and unloaded 

velocity vu act to transmit loads to the substrate through nc molecular clutches with on-

rate kon and unloaded off-rate koff*. As the clutches load (having spring constant κc), their 

off-rate increases exponentially in the load (scaled by the characteristic bond rupture 

force, Fb)
11. Together the three motor parameters (nm, Fm, and vu) and the five clutch 

parameters (nc, kon, koff*, Fb, and κc) define the motor-clutch model. If the cell types listed 

above adhere to this model, they should possess different parameter values, so we 

independently varied each parameter to determine the sensitivity of the optimal stiffness 

with respect to each parameter change. Because single parameter changes resulted in a 

limited ability to shift the optimum, we went further to examine dual parameter changes, 

which can extend the range of stiffness sensing over many orders of magnitude. 

 

2.2. Materials and Methods 

2.2.1. Simulation algorithm 

The motor-clutch model was simulated using a stochastic algorithm as previously 

described18 with the following modifications (see Supplemental Information for details). 

The most significant modification was to incorporate a Gillespie Stochastic Simulation 

Algorithm (SSA)41, such that the event time for each possible reaction (all clutch binding 

or unbinding events), tevent,i, was calculated in each iteration by Eq. 2.1 where URNi is a 
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uniformly distributed random number between zero and one, and ki is the kinetic rate for 

the clutch binding or unbinding. 
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  Eq. 2.1 

The event with the shortest tevent,i was executed. The Gillespie SSA was 

computationally faster than the previous fixed time step approach, and guarded against 

the possibility of two events occurring in a single time step. One might imagine a 

situation where one clutch is bound, and when using a fixed time step approach, that 

clutch would unbind and another clutch would bind. If the unbinding event came first, the 

system should have failed, but did not because another clutch was allowed to bind in the 

same time step. The Gillespie SSA does not allow such instances because one and only 

one event occurs per variable time step. 

Additionally, the order of events was altered so that the force balance was 

calculated at the end of the time step, which ensured that elastic equilibrium was 

reached before proceeding to the next iteration. These modifications did not change the 

conclusions reached in our previous study, and only require modest revision to some of 

the parameter values previously estimated for embryonic chick forebrain neurons in vitro 

(i.e. the base parameter set in this present study, see Supplementary Information). 

2.2.2. Calculation of parameter range values 

We define the range of a parameter p with the value R as shown in Eq. 2.2. 











min

maxlog
p

p
R  Eq. 2.2 

The values pmax and pmin correspond to the maximum and minimum allowable parameter 

values before resulting in a free flowing or stalled system. The free flowing parameter 

limit is defined as the parameter value that first results in a minimum F-actin flow rate 

within 5% of the unloaded velocity, vu. The stalled parameter limit is defined as the 

parameter value that first results in a minimum F-actin flow rate within 5% of zero 

(relative to the unloaded velocity, vu). An alternative to the stalled limit is the limit where 

stiffness sensing is lost without stalling. This limit was reached if the difference in the 

minimum and maximum F-actin flow rates was less than 5% of the unloaded velocity. 
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The values of pmax and pmin were found by progressively increasing or decreasing the 

parameter until one of these conditions was reached. Depending on the parameter, pmax 

may result in either a free flowing or stalled system, with pmin generally resulting in the 

opposite state. Regardless of the system state, pmax is put in the numerator so the range 

value is always positive. The R value can be interpreted as the maximum allowable 

order of magnitude change in the parameter p. 

2.2.3. Calculation of parameter sensitivity values 

The sensitivity value S of the optimum substrate stiffness κs,opt to a parameter p is 

defined in Eq. 2.352,46 where p0 is the base parameter value, and  is the optimum 

substrate stiffness at the base parameter value. 
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  Eq. 2.3 

The S value is also equivalent to the slope of κs,opt versus p on a log-log scale, and can 

be interpreted as the fold-change in the optimal stiffness resulting from a fold-change in 

a parameter value. The S value was calculated by plotting the optimal stiffness at 0.25-, 

0.5-, 1-, 2-, and 4-fold changes of the base parameter on a log-log scale. A line was fit to 

the data points with the slope of the line taken to be the S value. For some parameters, 

the allowable range did not allow for the extreme fold-changes, so in these cases, the 

maximum or minimum fold-change of the parameter was used to calculate the sensitivity 

instead. 

2.2.4. Calculation of parameter sensitivity-range values 

The sensitivity-range of each parameter was defined as the product of S and R 

as given in Eq. 2.4. 
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 Eq. 2.4 

This value can be interpreted as the maximum possible order of magnitude change in 

the optimal stiffness due to parameter p. 

2.2.5. Calculation of R, S, and SR for dual parameter changes 
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For dual parameter changes, S, R, and SR were not calculated for the 

parameters themselves, but for a multiplier, c, applied to each parameter. Two 

parameters pi and pj can be coordinately changed in two ways: they may both move in 

the same direction, increasing or decreasing together, or they may move in opposite 

directions, with one increasing while the other decreases. To coordinately change two 

parameters in the same direction, the base values of each parameter were both 

multiplied by the same constant c as in Eq. 2.5 and Eq. 2.6. 

0,ii cpp   Eq. 2.5 

0,jj cpp   Eq. 2.6 

To coordinately change two parameters in opposite directions, the base value of one 

parameter was multiplied by the constant c and the base value of the other parameter 

was divided by the constant c as in Eq. 2.7 and Eq. 2.8. 

0,ii cpp   Eq. 2.7 

c

p
p

j

j

0,
  Eq. 2.8 

S, R, and SR values were calculated for the constant c as it related to the particular 

parameter combination of interest. 

2.2.6. Catch-slip bonds 

To simulate catch-slip bonds, the off-rate of the ith clutch (koff,i) was modeled as the sum 

of two exponentials92 as shown in Eq. 2.9. 
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The first term in this equation is identical to the Bell model11 used in the rest of this study 

and models the slip portion of the catch-slip bond. As the force on the ith clutch (Fi) 

increases, the slip bond off-rate increases according to the unloaded off-rate koff*, and 

the characteristic rupture force Fb. The second term models the catch portion of the 

catch-slip bond, and decreases with clutch force according to the unloaded catch off-rate 

koff,c* and the characteristic catch force Fc. At low clutch force, the catch portion of the 
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model dominates, decreasing the off-rate as force increases. At high clutch force, the 

slip potion dominates, and off-rate increases as force increases. 

2.3. Results 

2.3.1. Individual parameter changes 

To determine which model parameters are the most important in determining 

substrate stiffness sensing, we first systematically varied the individual motor and clutch 

parameters of our previously published stochastic model18 (Figure 2.2A) using an 

improved model algorithm (See Supplementary Information). New parameter values, 

summarized in Error! Reference source not found., were fit to the experimental data from 

our previous study and were used as the base parameters for the rest of the present 

study. Overall, the new parameters were very similar to our previously published 

parameters, and do not affect the conclusions that were made previously (see 

Supplementary Information for additional details). Altering model parameters can change 

the optimal stiffness and the shape of the modeled F-actin retrograde flow rate. For 

example, increasing the number of clutches (nc) causes the maximum traction force to 

shift to a higher substrate stiffness as shown in Figure 2.2B. Equivalently, the minimum 

F-actin retrograde flow rate also shifts to a higher stiffness (Figure 2.2C). The optimal 

stiffness, defined as the substrate stiffness at which traction force is maximal, is also the 

substrate stiffness at which F-actin retrograde flow is minimal. 

As expected, we also found that further increases in nc result in a “stalled” 

system that is insensitive to stiffness (Figure 2.2B&C). In this situation, there are 

enough clutches resisting the force of the motors so that the clutches never collectively 

fail. In this limit, the traction force is constant at the stall force of the motors, and the F-

actin retrograde flow rate is very nearly zero at all stiffnesses. Conversely, if the number 

of clutches is significantly decreased, the system is “free flowing.” In this opposite 

extreme case, the motors overpower the clutches and traction force is near zero while 

the F-actin flow rate is near the unloaded velocity at all substrate stiffnesses. Between 

these two extremes is a regime where motors and clutches are approximately balanced 

so that the substrate cyclically loads and fails when the substrate stiffness is near the 

optimum. In the load-and-fail regime, the time-averaged traction force and retrograde 
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flow rate vary with substrate stiffness and give rise to an optimal stiffness. Animations of 

these three types of model behavior, stalled, load-and-fail, and free flowing, are shown in 

Supplementary Movie 2.1. 

Each model parameter has an effect on the shape of the F-actin retrograde flow 

rate curve, and most parameters shift the optimal stiffness before resulting in either a 

free flowing or stalled system. Figure 2.3A depicts the effect of changing any one of the 

eight parameters. The optimal stiffness is more sensitive to some parameters, such as 

kon (clutch on-rate), than to others, such as koff* (clutch unloaded off-rate). Surprisingly, 

the one parameter that defines a stiffness property of the cell, κc (clutch stiffness), does 

not shift the optimal stiffness, so the model optimum is insensitive to changes in κc. As 

with nc, each parameter also has a limited range before resulting in either a free flowing 

or stalled system. Some parameters, such as κc, have a large range, while other 

parameters, such as nm (number of motors) have a small one. 

The ability of any single parameter to shift the optimal stiffness can be calculated 

as the product of the sensitivity (S) and range (R) values. This product, which we call the 

sensitivity-range (SR = S x R), gives the maximum possible order-of-magnitude change 

in the optimal stiffness due to changes in a particular parameter without entering the 

stalled or free-flowing regimes. Sensitivity, range, and sensitivity-range values for each 

parameter are given in Figure 2.3B, which ranks the parameters from those with the 

greatest ability to positively shift the optimum to those with the greatest ability to 

negatively shift the optimum (assuming the parameter value is increasing). It should be 

noted that changes in a model parameter with a high sensitivity may not necessarily 

result in large changes of the optimal stiffness because the parameter may quickly go 

out of range. For example, increasing nc from 50 to 110 clutches causes a stalled 

system while decreasing it to 6 clutches causes a free flowing system. 

In general, increasing the values of clutch parameters (kon, Fb, nc, κc, koff*) tended 

to increase the optimal stiffness, while increasing the values of motor parameters (Fm, nc, 

vm*) decreased the optimum. The only exception, the unloaded clutch off-rate koff*, can 

be explained because an increase in koff* weakens the clutches, whereas an increase in 

any other clutch parameter strengthens the clutches. Increasing the value of any of the 

motor parameters strengthens the motors. Therefore, we conclude that any single 
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parameter change that strengthens the clutches will shift the optimum toward higher 

stiffness, while single parameter changes that strengthen the motors will shift the 

optimum toward lower stiffness. Importantly, we find that the optimum is generally much 

more sensitive to changes in the clutches than it is to changes in the motors (Figure 

2.3B). 

2.3.2. Dual parameter changes 

For individual parameter changes, the maximum log-fold-change in the optimal 

stiffness is 2.6 (Figure 2.3B), which is probably an overestimate considering the 

dramatic change in the shape of the F-actin retrograde flow curve over this range. Since 

the optimal stiffness for a cell may vary more than 2.6 orders of magnitude1109318, we 

explored dual parameter changes. Chan and Odde18 showed that model behavior can 

be rescued by compensating for changes in koff* with changes in nc. This occurs because 

an increase in koff* strengthens the motors while an increase in nc strengthens the 

clutches. In general, the motor-clutch system can be kept from stalling or free flowing by 

compensating for one parameter change with another. As seen in Figure 2.3B, clutch 

parameters generally have positive SR values while motor parameters have negative SR 

values. In order to compensate for a change that favors clutches and shifts the system 

towards stall, a corresponding compensatory change must be made that favors the 

motors and shifts the system back towards free flowing. 

One such example is shown in Figure 2.4A where increases in the clutch 

number, nc, are compensated for by increases in the motor number, nm. As a single 

parameter, an increase in the number of clutches results in a stalled system. However, 

when coordinately increased with the number of motors, the system maintains its load-

and-fail behavior near the optimal stiffness, yet the optimum is shifted to a higher 

substrate stiffness. This happens because the optimum is more positively sensitive to 

the number of clutches (S = +1.2) than it is negatively sensitive to the number of motors 

(S = -0.3) as shown in Figure 2.3B, so it shifts positively when both motors and clutches 

are increased (S = +0.9). The corresponding traction force plot is shown in Figure 2.4B, 

where average traction forces greater than the 550-1000 pN seen experimentally13,97 are 

easily attainable. Since the number of motors is increasing, the magnitude of the traction 

force also increases as the optimum moves to higher stiffnesses. This is a characteristic 
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feature of compensation for a clutch parameter with a motor parameter: the shape of the 

F-actin retrograde flow rate remains approximately constant, while the magnitude of the 

traction force increases with increasing motor parameters. We refer to these dual 

parameter shifts as “motor-clutch.” 

The optimum can also be shifted by changing two clutch parameters, rather than 

by changing either a single motor or single clutch parameter. For example, an increase 

in koff* should counteract the tendency toward stalled behavior produced by increasing 

kon. As seen from the individual parameter sensitivities, the single-parameter positive 

sensitivity of kon (S = +1.4) should overcome negative sensitivity of koff* (S = -0.4), and 

shift the optimal stiffness upward as both increase. Indeed, Figure 2.4C shows this shift 

for the retrograde flow rate, and Figure 2.4D shows the corresponding traction force 

dependence. However, the shape of the retrograde flow curve is not maintained, and the 

minimum becomes less pronounced. In this case of changing two clutch parameters (a 

“clutch-clutch” case), the magnitude of the maximum traction force remains constant 

because it cannot change without a change in either number of motors (nm) or motor 

stall force (Fm). This is unlike the case of changing one motor parameter and one clutch 

parameter (a “motor-clutch” case). 

Given these two examples of dual parameter changes, we performed an 

exhaustive analysis on all possible pairwise parameter combinations. The sensitivity (S), 

range (R), and sensitivity-range (SR) values for all dual parameter changes are given in 

Figure 2.5A-C. The dual parameter changes that result in the greatest SR values fall 

into the two categories mentioned above: motor-clutch changes, and clutch-clutch 

changes. By contrast, motor-motor changes were only weakly effective at shifting the 

optimum (at most |SR| = 1.0). The five highlighted boxes show parameter combinations 

that can shift the optimum much more than individual parameter changes (|SR| > 2.6), 

with the potential to shift the optimum up to five orders of magnitude in some cases (|SR| 

= 5). 

It is possible to change more than two parameters at the same time to gain even 

more range in the optimal stiffness. The example given in Figure 2.5D shows the 

change in the optimal stiffness with respect to changes in the number of motors and 

clutches and the kinetic on- and off-rate constants. By coordinately changing four 
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parameters simultaneously, it is possible to gain more range for the optimal stiffness with 

smaller parameter changes. Four-parameter changes such as this would be difficult to 

test experimentally, so the bulk of this analysis was concerned with two-parameter 

changes, as they can already describe shifting the stiffness optimum over a wide rage. 

2.3.3. Deconstruction of model behavior 

While the preceding analysis is informative in terms of which parameter 

combinations are effective at shifting the optimum, it is not necessarily obvious what 

determines the optimum generally. For example, as discussed above, it is necessary for 

the motors to be approximately balanced by the clutches; otherwise, stiffness sensitivity 

is lost and the system becomes either stalled or free flowing (Figure 2.2B&C). 

Therefore, we wished to deconstruct the model, so we could better understand the 

determinants of optimality at an intuitive level. Through iterative hypothesis testing 

against computer simulation, we identified three stiffness regimes of the model. On the 

stiffest substrates, there is no stiffness sensing because the substrate is stiffer than the 

clutches of the cell. In this regime, clutches load quickly and fail before many clutches 

may bind, so relatively few clutches are engaged at any point in time18 (Figure 2.6A). 

We define the ensemble clutch stiffness as the individual clutch stiffness multiplied by 

the mean number of engaged clutches. The ensemble clutch stiffness is a variable 

output of the model, whereas the clutch stiffness is a physical property of the individual 

clutches encoded as an input parameter. In this stiff substrate regime, the ensemble 

clutch stiffness is the softer of two springs in series, the ensemble clutch spring and 

substrate spring (Figure 2.6B), so the cell only senses its own stiffness, which is 

approximately constant, rather than the substrate stiffness. However, as the substrate 

becomes softer, the ensemble clutch stiffness starts to rise, and there is a point where 

the ensemble clutch stiffness crosses over the substrate stiffness (Figure 2.6B). To the 

left of this cross-over point, the substrate now becomes the softer of the two springs, and 

the cell can sense changes in the stiffness of its environment. We call this point the 

“upper limit of stiffness sensing.” The region to the right of this point is not stiffness 

sensitive and is characterized by frictional slippage of the module. The region to the left 

is characterized by load-and-fail dynamics18. 
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The second regime transition occurs at the optimum stiffness. Below the upper 

limit of stiffness sensing the system exhibits load-and-fail dynamics, which are 

characterized by a quasi-periodic cycle time required to reach failure as shown in Figure 

2.6C. The softer the substrate, the longer it takes for the motors to reach sufficiently 

large forces to cause failure (i.e. the longer the cycle time), as shown in Figure 2.6C and 

Figure 2.6D. To utilize the entire ensemble of clutches, the cycle time must be 

sufficiently long so as to allow all clutches to bind at least once during loading. The 

ensemble binding time (tbinding) does not depend on any system variables, and can be 

calculated analytically (Eq. 2.10) by considering the clutches binding as a set of nc 

parallel reactions each occurring at rate kon. 

 


 


1

0

1cn

i con

b ind ing
ink

t  Eq. 2.10 

The binding time does not depend on stiffness, and is therefore constant at all 

stiffnesses, as shown in Figure 2.6D. On a sufficiently soft substrate, the cycle time 

equals the binding time, and clutches are utilized to the maximum extent possible. To 

the right of this point (i.e. substrate stiffness above the optimum), the cycle time is too 

short for all of the clutches to bind, so the maximum resistance to flow cannot be 

achieved. To the left of that point (i.e. substrate stiffness below the optimum), the cycle 

time is longer than the binding time, and clutches begin to spontaneously unbind prior to 

failure even under relatively low load. This is another region of frictional slippage, where 

clutch turnover again results in less than maximal resistance to flow. Figure 2.6E depicts 

the three motor-clutch model regimes. At high substrate stiffness bonds break quickly 

after they are formed, leading to frictional slippage and poor force transmission. Once 

substrate stiffness falls below the ensemble clutch stiffness, the upper limit of stiffness 

sensing is reached and the second regime, characterized by load-and-fail dynamics, is 

entered. As the substrate becomes softer still, the cycle time eventually equals the 

binding time, and the maximum in force transmission is reached. Below this substrate 

stiffness, the third regime is entered, where the cycle time is longer than the binding 

time. In this regime the bonds fail spontaneously before failure is reached, leading to a 

second regime of frictional slippage. 

2.3.4. Model validation against previous experiments 
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The model was tested against previously published experimental results of 

studies of cellular adhesion and traction. First, the model was used to reproduce the 

results of stable and fluctuating traction dynamics observed on different substrate 

stiffnesses and under different experimental conditions as reported by Plotnikov et al.94. 

For the parameter set used, mean traction force decreased with stiffness (Figure 2.7A). 

Traction fluctuated at the low stiffness of 8 pN/nm while it remained stable at the high 

stiffness of 32 pN/nm. To mimic the expression of defective paxilin, the number of 

clutches on 8 pN/nm was decreased resulting in a shift from fluctuating to stable traction. 

To mimic the addition of blebbistatin, the number of motors on 32 pN/nm was 

decreased, and the system regained fluctuating traction. A decrease in the force 

generating capability actually resulted in an increase in the traction force as suggested 

by Plotnikov et al.94. 

The model was also tested against the talin stretching results of Margadant et 

al.70. Assuming the talin length changes are manifested as clutch length changes in the 

model, the motor-clutch model was able to reproduce the length distribution of talin 

molecules, as well as the dynamic fluctuations in length (Figure 2.7B). To model the 

addition of blebbistatin or Y-27632, the number of motors was decreased, resulting in a 

shift of the length distribution to lower values, and less fluctuation in talin molecule 

length, consistent with the findings of Margadant et al.70. 

Finally, catch-slip bonds were added to the model. The catch-slip off-rate model 

was fit to integrin catch bond data from Kong et al.60 (Figure 2.7C), and the fitted 

parameters were used to test the model results with catch-slip bonds. The model 

maintained its qualitative behavior exhibiting a minimum in actin retrograde flow 

corresponding to a maximum in traction force. Additionally, the coordinate increase of 

motors and clutches shifted the optimum stiffness higher. The exact relationship 

between the numbers of motors and clutches and the optimum stiffness seems to be 

more complicated than with slip bonds, but the qualitative behavior is maintained. This 

suggests that catch bonds may be important for external cellular forces such as shear 

flows72,126, but less important for internally generated cellular forces. Parameter values 

for all experimental validations are given in Table 2.2.

 

2.4. Discussion 
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Our simulations show that the optimal stiffness in a motor-clutch model for cell 

traction can be shifted by coordinately changing a parameter that strengthens the 

clutches and a parameter which either strengthens the motors or weakens the clutches. 

By contrast, the optimum is only weakly sensitive to single parameter changes or to two 

coordinate changes in motor parameters. This provides complementary insight to other 

clutch analyses68 by specifically examining the consequences of environmental 

mechanics. Since the optimal stiffness is generally more sensitive to the clutches than 

the motors, increasing both will move the optimum toward higher substrate stiffness. The 

changes do not cancel out because the strong positive sensitivity to the clutch 

parameters is greater than the weak negative sensitivity to the motor parameters. 

We identified five parameter combinations that can cause the greatest change in 

the optimal stiffness. These involve two motor-clutch combinations, nm and nc, and nm 

and Fb. They also involve three clutch-clutch combinations: kon and koff*, Fb and koff*, and 

nc and koff*. Each combination involves an increase in a parameter which strengthens the 

clutches that is compensated by an increase in a parameter which strengthens the 

motors. We suggest that these coordinate parameter shifts may explain the differences 

seen in cell traction force and migration with respect to substrate stiffness, where 

different cells operate at different points in parameter space of the motor-clutch model. 

Such shifting of the optimal stiffness may then explain why several studies have reported 

increasing cell traction with substrate stiffness on deformable 2D gels4,16,45,67,71 and 

micropost arrays40,101,102, yet others have seen decreasing cell traction18. The biphasic 

nature of traction force in the motor-clutch model could explain these conflicting results. 

The neurons used by Chan and Odde18 may have a traction maximum at a stiffness 

below the lowest one observed, while the other cell types may have a traction maximum 

at a stiffness above the highest one observed. Traction is difficult to measure on 

surfaces of high stiffness because deflections or deformations become vanishingly small 

even at high forces. In some cases, it may not be possible to record the decrease in 

traction to the right of the optimum because the deformations or deflections are below 

the detection limit. 

The shifting optimum of cell migration may also be explained by this model. 

While the model was originally tested against neuron filopodia, the behavior of the model 
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is consistent with experimental results for other cell and protrusion types. Depending on 

the parameter sets, the model can produce both fluctuating and stable traction forces as 

seen with fibroblast focal adhesions on polyacrylamide gels94 (Figure 2.7A). Molecular 

clutch length may also fluctuate or remain stable as seen with talin in CV1 kidney cells70 

(Figure 2.7B). We should note that the model makes no assumption about the identity of 

the clutch molecules or the location of clutch failure. The clutch failure will occur at the 

weakest point along the adhesion, whether inside or outside the cell. Experiments have 

shown failure to occur between integrins and their ECM ligands6, which is also 

consistent with the model since the it is only the existence of a failure point, and not its 

position, that is important to the model. An inverse relationship between actin speed and 

traction stress has been shown at the edge of kidney epithelial cells38, and the same 

relationship is seen in this model. However, to conserve mass, F-actin must undergo net 

depolymerization as it approaches the convergence zone of anterograde and retrograde 

flow located between the lamellum and cell body103. Net depolymerization, which is 

presumably preceded by severing95, would result in decreased mean F-actin flow and 

traction stress.  This would produce a direct relationship between F-actin flow and 

traction stress in the lamellum, as observed experimentally38. 

This convergence zone could be modeled by coupling two motor-clutch modules 

to one another pointing in opposite directions, one toward the leading edge and one 

toward the cell center. Larger actin network behavior could be modeled by coupling 

several motor-clutch modules together with flexible linkages giving compliance to the 

actin network. The current inextensible actin in the model is accurate when the substrate 

is softer than the cell, but even in situations where the substrate is stiffer than the cell, 

the actin compliance can be lumped together with the substrate compliance because the 

model does not specify the location of this compliance. Greater insight may be gained by 

including actin polymerization, depolymerization, severing, and capping, as well as 

membrane mechanics and adhesion maturation87. Further insight into cell migration 

could be gained by linking opposing motor-clutch modules together into a whole-cell 

model. The traction dynamics, stiffness sensitivity, and extension and retraction of the 

modules should determine the migration behavior of the modeled cell. The whole-cell 
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model could also provide insight into cell morphology9 and its relationship to the motor-

clutch mechanism and environmental mechanics. 

It is unclear exactly how this motor-clutch model translates into cell migration, but 

the stiffness sensitivity of the model traction likely plays a role in the stiffness sensitivity 

of cell migration. Different cell types have different parameter sets that will result in 

different stiffness optima. The maximum in cell migration may not necessarily coincide 

with the maximum in traction force. However, it seems that it should closely correlate 

with the region of stiffness sensitivity. Studies have shown that short load-and-fail cycle 

time correlates with fast cell migration74. However, the fastest cycle times in the model 

correspond to a frictional slippage regime where little traction force is generated. 

Therefore, we suspect that the optimum in cell migration will occur to the right of the 

maximum traction force because the cycle times are shorter, but to the left of the limit of 

stiffness sensitivity because little traction force is generated beyond that limit. Model 

parameter changes shift these two points and could therefore shift the optimum 

migration stiffness. 

The shifting of the migration optimum may have important biological 

consequences. For example, rodent models of glioblastoma exhibit up-regulated myosin 

II10, the molecular motor most associated with actin contractility. Several integrins, 

adhesion molecules associated molecular clutches53, are also up-regulated in 

glioblastoma cells32. Given that the increased myosin must be active, and noting that 

several other molecules make up the cellular adhesions, this coordinate increase in 

motor and clutch molecules may suggest that glioblastoma cells are tuned to a higher 

stiffness than normal glial cells. This could cause them to migrate quickly along stiff 

areas of the brain. 

The motor-clutch model may also be applicable to collective cell migration such 

as that observed by border cells in the ovaries of Drosophila melanogaster79 or in 

collective tumor cell migration99. In both cases, cells effectively increase their motors and 

clutches by teaming together with other cells. Cadherins involved in cell-cell interaction 

have been shown to transmit actomyosin forces across the cell membrane12, and 

cadherin linked cells have been shown to transmit more force to their substrates than 

isolated cells51. Through the mechanical coupling of cadherins, a group of cells working 
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together may effectively tune themselves to a high stiffness and migrate differently than 

the individual cells would. In fact, studies of epithelial cell sheets show that sheets of 

cells are sensitive at higher stiffnesses than individual epithelial cells82. 

The predictions of this model can be tested through multiple experiments. Model 

parameters can be perturbed through the addition of inhibitory molecules to cells in 

culture. Actin retrograde flow and traction stress can be measured for unperturbed cells 

over a range of substrate stiffness. The actin flow should show a minimum with respect 

to substrate stiffness corresponding to a maximum in traction stress. A molecule such as 

blebbistatin could then be added to inhibit the myosin motors of the cells. This should 

result in a stalled motor-clutch system, and actin flow should approach zero. If the 

experiment is performed at near the optimum substrate stiffness, load-and-fail cycles 

should cease resulting in a stable low traction stress. Additionally, a clutch inhibitor such 

as a soluble RGD compound could be added. This should result in a free flowing motor-

clutch system with actin flow consistently near the unloaded velocity. Again, load-and-fail 

cycles would cease and traction would be stably low. Finally, both molecules could be 

added to inhibit both the motors and clutches of the cell. The same measurements could 

be made on the doubly perturbed cells, and the minimum actin flow and maximum 

traction stress should shift to a lower stiffness. At the correct stiffness below the 

optimum, addition of soluble RGD would decrease traction stress, but the subsequent 

addition of the contractile inhibitor blebbistatin would actually increase the traction stress 

from the clutch inhibited state. This would result because the optimum stiffness was 

shifted down to the experimental stiffness. 

This motor-clutch model provides a possible explanation for the differing results 

found for cell migration and traction force dependence on substrate stiffness. These 

experimental results suggest an optimum substrate stiffness that differs with cell type. 

While individual parameter changes in the motor-clutch model cannot sufficiently 

account for the shifting optimum, coordinate parameter changes in the model can shift 

the optimum substrate stiffness over several orders of magnitude. A coordinate change 

in motors and clutches is of particular interest because it may apply to collective cell 

migration as well as individual tumor cell migration. The results of this study suggest that 

targeting tumor cells to decrease their motor and clutch numbers may slow their 



 

 25 

migration by shifting their optimum stiffness away from the stiffness of their 

microenvironment. 

2.5. Supplementary Information 

2.5.1. Model Simulation Algorithm 

The model simulation algorithm from Chan and Odde18 was updated from a fixed 

time step Monte Carlo simulation to a variable time step Gillespie Stochastic Simulation 

Algorithm (SSA), also known as a Kinetic Monte Carlo simulation41. Additionally, the 

order of events in the simulation was updated to: 

1. Calculate the off-rate for each engaged clutch based on the clutch deformations 

2. Determine event times based on clutch on- and off-rates (see Eq. 2.1) 

3. Advance time by the minimum calculated event time 

4. Execute the reaction corresponding to the minimum calculated event time 

(binding or unbinding of the particular clutch) 

5. Calculate F-actin retrograde flow rate based on the current substrate deformation 

using as linear force-velocity relationship18. 

6. Advance engaged clutch positions by the product of the F-actin retrograde flow 

rate and time step. 

7. Calculate substrate position through a force balance on the substrate and clutch 

springs 

8. Return to step 1 

This ordering ensures elastic equilibrium is achieved at the end of every time step, 

leading to more accurate calculation of clutch off-rate at the beginning of the next step. 

As shown in Figure 2.8A, using the SSA algorithm resulted in behavior qualitatively 

similar to that obtained from our previous fixed time step algorithm. In particular, the 

biphasic dependence of F-actin retrograde flow rate (and equivalently traction force) 

remains a central and robust aspect of the model. By modest modification of a subset of 

model parameters, the SSA algorithm produces simulated model behavior consistent 

with our previous published data (Figure 2.8B&C).  

2.5.2. Analysis of each clutch parameter 
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The effect of each clutch parameter on the shape of F-actin retrograde flow rate 

as a function of substrate stiffness, and the position of the optimum is examined below. 

 

Clutch on-rate (kon): An increase in kon causes an increase in the average 

number of clutches bound on any stiffness. This causes the ensemble clutch 

stiffness (see Figure 2.6A&B) to increase, which results in an increase in the 

optimum stiffness. A large increase in kon eventually causes a stalled system 

because more clutches are bound at any given time, providing too much 

resistance for the motors to break all of the clutch bonds. A decrease in kon 

decreases the ensemble clutch stiffness, which shifts the optimum to lower 

stiffnesses. A large decrease causes few clutches to be bound at any given time 

resulting in a free flowing system because the motors quickly break the clutch 

bonds. 

 

Clutch bond rupture force (Fb): An increase in Fb causes an increase in the 

average number of clutches bound on any stiffness. This causes an increase in 

the ensemble clutch stiffness, which results in an increase in the optimum 

stiffness. A large increase in Fb causes a stalled system because more clutches 

are bound at any given time, providing too much resistance for the motors to 

break all of the clutch bonds. A decrease in Fb decreases the ensemble clutch 

stiffness, which shifts the optimum stiffness to lower values. A large decrease 

causes few clutches to be bound at any given time resulting in a free flowing 

system because the motors quickly break the clutch bonds. 

 

Number of clutches (nc): An increase in nc causes an increase in the average 

number of clutches bound on any stiffness. This causes the ensemble clutch 

stiffness to increase, which increases the optimum stiffness. A large increase in 

nc causes a stalled system because more clutches are bound at any given time, 

providing too much resistance for the motors to break all of the clutch bonds. A 

decrease in nc decreases the ensemble clutch stiffness, in turn decreasing the 

optimum stiffness. A large decrease causes few clutches to be bound at any 
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given time resulting in a free flowing system because the motors quickly break 

the clutch bonds. 

 

Clutch stiffness (κc): An increase in κc means that clutch bonds are stiffer, 

which, by itself, would tend to increase the ensemble clutch stiffness and shift the 

optimum to higher substrate stiffness. However, stiffer clutch bonds also tend to 

load quickly and therefore fail quickly, which decreases the average number of 

engaged clutches. By itself, the decreased number of engaged clutches would 

decrease the ensemble clutch stiffness. Combined, these two opposing effects 

might effectively cancel each other, and in fact this is observed in our 

simulations. The only obvious effect of increasing clutch stiffness is that the 

retrograde flow rate on high substrate stiffnesses (i.e. well above the optimum) 

increases. In this high stiffness frictional slippage regime (see Figure 2.6E), the 

decreasing number of engaged clutches as the clutch stiffness increases means 

that the system is tending toward free flowing (i.e. higher F-actin retrograde flow 

rate). In the low stiffness frictional slippage regime (i.e. below the optimum, see 

Figure 2.6E), the substrate stiffness is softer than the ensemble clutch stiffness, 

and in this regime clutches tend to fail spontaneously prior to reaching 

appreciable loads. For this reason, the model behavior in the low substrate 

stiffness regime is insensitive to the mechanical properties of the clutch itself. 

This is perhaps one of the most surprising findings of the single parameter 

changes: the optimum stiffness is insensitive to the clutch stiffness, the only 

parameter that describes a cellular mechanical property. 

 

Motor stall force (Fm): An increase in Fm strengthens the motors and decreases 

the load-and-fail cycle time, which shifts the optimum stiffness to lower values. A 

large increase in Fm causes clutch bonds to quickly break and results in a free 

flowing system. A decrease in Fm weakens the motors and increases the load-

and-fail cycle time, which shifts the optimum stiffness to higher values. A large 

decrease weakens the motors to the point where they cannot break the clutch 

bonds and the system stalls. 
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Number of motors (nm): An increase in nm strengthens the motors and 

decreases the load-and-fail cycle time, which decreases the optimum stiffness. A 

large increase in nm causes clutch bonds to quickly break and results in a free 

flowing system. A decrease in nm weakens the motors and increases the load-

and-fail cycle time, which increases the optimum stiffness. A large decrease 

weakens the motors to the point where they cannot break the clutch bonds and 

the system stalls. 

 

Clutch unloaded off-rate (koff*): An increase in koff* is similar to an increase in 

kon in that it causes a decrease in the average number of clutches bound on any 

stiffness, which results in a decrease in the optimum stiffness. A large increase in 

koff* causes few clutches to be bound at any given time resulting in a free flowing 

system because the motors quickly break the clutch bonds. A decrease in koff* 

increases the ensemble clutch stiffness, in turn increasing the optimum stiffness. 

A large decrease causes a stalled system because more clutches are bound at 

any given time, providing too much resistance for the motors to break all of the 

clutch bonds. 

 

Motor unloaded velocity (vm*): An increase in vm* strengthens the motors and 

decreases the load-and-fail cycle time, which shifts the optimum stiffness to 

lower values. A large increase in vm* does not cause a free flowing system, but it 

does cause F-actin retrograde flow rates above the physiologically relevant limit. 

A decrease in vm* weakens the motors and increases the load-and-fail cycle time, 

which shifts the optimum stiffness to higher values. A large decrease essentially 

stalls the system because all retrograde flow is near zero. 

2.5.3. Analysis of select dual parameter changes 

Dual parameter changes can shift the optimum stiffness over a wide range of 

values, as long as the changes compensate for each other by avoiding the transitions to 

either free flowing or stalled states. Below, two examples are explained in further detail. 
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Number of clutches/number of motors (nc/nm): An increase in nc by itself shifts 

the optimum higher and eventually will stall the system. A compensatory increase 

in nm rescues the stalled system but shifts the optimum to lower stiffnesses. 

However, the optimum has a higher positive sensitivity to the clutches than it has 

a negative sensitivity to the motors (see Figure 2.3B).  The result is a shift of the 

optimum stiffness to higher values, but with a lower sensitivity value (S).  

Although the sensitivity of the optimum to the dual parameter change is less, the 

range is much larger resulting in a high sensitivity-range (SR, see Figure 2.5A-

C). 

 

Clutch on-rate/Clutch off-rate (kon/koff*): An increase in kon by itself shifts the 

optimum higher and eventually will stall the system. A compensatory increase in 

koff* rescues the stalled system but shifts the optimum to the left. However, the 

optimum has a higher positive sensitivity to the on-rate than it has a negative 

sensitivity to the unloaded off-rate (see Figure 2.3B).  The result is a shift of the 

optimum stiffness to higher values, but with a lower sensitivity value (S). 

Although the sensitivity of the optimum to the dual parameter change is less, the 

range is much larger resulting in a high sensitivity-range (SR, see Figure 2.5A-

C). 

2.6. Collaborator contributions 

The work in this chapter was completed with the collaboration of Steven S. 

Rosenfeld and David J. Odde, who assisted with analysis design and overall guidance. 
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2.7. Tables and Figures 

 

 

Table 2.1 Motor-clutch model base parameter values. 
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Table 2.2 Model parameters for experimental validation. 
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Figure 2.1 Experimental evidence for shifting stiffness optima. 

A) Cell migration data for neutrophils110, NIH/3T3 fibroblasts67, U87 glioma cells118, and 

smooth muscle cells93 shows varying dependence on stiffness. For U87 glioma cells and 

smooth muscle cells, experimentally measured migration increases with substrate 

stiffness. For NIH/3T3 fibroblasts it decreases with stiffness, and for neutrophils it 

increases and then decreases with stiffness. These results suggest a biphasic 

dependence of cell migration on substrate stiffness, so Gaussian curves were fit to the 

data to show potential stiffness optima. B) Traction force data for embryonic chick 

forebrain neurons18, T24 bladder cancer cells4, and bovine aortic endothelial cells16 also 

shows varying dependence on substrate stiffness. For embryonic chick forebrain 

neurons, traction force decreases with stiffness, while for T24 bladder cancer cells and 

bovine aortic endothelial cells it increases with stiffness. This also suggests a biphasic 

response, and Gaussian curves were fit to the data to show potential stiffness optima. 

For both A and B, data was normalized to the maximum value for the particular cell type, 

so all data can be shown easily on one plot. Dashed lines indicate extrapolation of the 

Gaussian curves beyond the given data. 
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Figure 2.2 Motor-clutch model for cell traction force. 

A) The motor-clutch model describes the adhesion and traction generation of a cellular 

protrusion18. Briefly, molecular motors generate forces on the F-actin cytoskeleton that 

are resisted by molecular clutch bonds that transmit forces to a compliant substrate 

external to the cell. B and C) Changing the number of clutches changes the shape of the 

model output traction force and F-actin retrograde flow rate. Increasing clutches from nc 

= 50 to nc = 100 shifts the traction force maximum and the retrograde flow minimum to 

the right toward higher stiffness. The traction force maximum corresponds to the 

retrograde flow minimum. Increasing clutches to nc = 300 results in a stalled system 

while decreasing clutches to nc = 5 results in a free flowing system. (A used with 

permission of the American Association for the Advancement of Science, AAAS). 
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Figure 2.3 Single parameter sensitivity. 

A) All model parameters affect the shape of the F-actin retrograde flow rate as a function 

of substrate stiffness. Plots are shown for 0.1, 0.3, 1, 3, and 10 times the base 

parameter value. B) The eight parameters have varying sensitivity and range values. 

The parameters are ranked from strongest positive (red) to strongest negative (blue) 

sensitivity-range (SR) value. Clutch parameters are highlighted in gray 
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Figure 2.4 Shifting the optimum by coordinate parameter changes. 

A) The minimum in F-actin retrograde flow shifts with coordinate changes in the number 

of motors and the number of clutches (i.e. motor clutch parameter changes). B) The 

traction force maximum also increases as both motors and clutches increase because 

the number of motors is increasing. C) The F-actin retrograde flow rate minimum also 

shifts with changes in kon and koff*, but the shape of the curve is not maintained. In this 

case of coordinate increase in kon and koff* (i.e. clutch-clutch parameter changes), the 

maximum traction force remains constant because the number of motors is unchanged. 
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Figure 2.5 Systematic pairwise parameter sensitivity analysis. 

A) Sensitivity values were calculated for each parameter combination. The diagonal 

corresponds to the single parameter sensitivities while the entries above the diagonal 

correspond to dual parameter changes in the same direction (i.e. both parameters 

increase and both parameters decrease). Entries below the diagonal correspond to dual 

parameter changes in opposite directions (i.e. one parameter increases and the other 

decreases). Entries are color-coded based on the sensitivity value (S), as previously 

described by Gaudet et al.39. B) The range values (R) of each parameter set were also 

calculated for all pairwise combinations. Again, the diagonal corresponds to the single 

parameter ranges, and above and below the diagonal correspond to parameter changes 

in the same and opposite directions. C) The product of sensitivity and range, which we 
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call sensitivity-range (SR) is given for all pairwise combinations. The same convention 

for changes above and below the diagonal is used for SR as for R. Clutch-clutch and 

motor-clutch parameter changes that shift the optimum to the greatest extent are 

highlighted. Clutch parameters are highlighted in gray. D) Combination of the strongest 

pairwise interactions can extend the SR even further. An example of changing four 

parameters is shown where the surface signifies the optimal stiffness when changing the 

numbers of motors and clutches, nm and nc, and the kinetic rate constants, kon and koff* 

coordinately. The ratios of nm to nc and of kon to koff* are maintained at 1 and 3 

respectively. 
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Figure 2.6 Key determinants of stiffness sensitivity and the optimal stiffness. 

A) The number of clutches engaged increases with decreasing substrate stiffness. On 

soft substrates, it takes longer for forces to build on the clutch bonds, thereby decreasing 

the rate at which clutch bonds break. This effect results in an increased number of 

clutches engaged on average on softer substrates. B) The upper limit of stiffness 

sensing occurs when the ensemble clutch stiffness (mean number of engaged clutches 

multiplied by the individual clutch stiffness) equals the substrate stiffness. At substrate 

stiffness greater than this crossover point, the ensemble clutch stiffness is the softer of 

the two springs in series, and the system is insensitive to stiffness changes in the 

environment. At substrate stiffness below this crossover point, the ensemble clutch 

stiffness exceeds the substrate stiffness, and the system responds to mechanical 

changes in the environment. C) The load-and-fail cycle time near the optimal stiffness 

increases with decreasing substrate stiffness. On soft substrates, it takes longer to reach 

the load required to ensure collective failure of the clutch bonds. D) The optimal stiffness 

occurs when the clutch binding time (see Eq. 2.10) equals the load-and-fail cycle time. 

At substrate stiffness above this crossover point, it is expected that not all of the clutches 

will engage during one loading cycle, whereas at substrate stiffness below this crossover 

point, all clutches can engage. Further decreases of substrate stiffness lead to even 

longer cycle times, and spontaneous low-load individual clutch failure prior to collective 

failure leads to a regime of frictional slippage at low substrate stiffness. E) The model 

predicts three regimes of stiffness sensing. There are two regions of frictional slippage, 

one below the optimal stiffness on soft substrates, and one above the upper limit of 

stiffness sensing on stiff substrates. Between these two regimes, the cycle time is long 

enough for load-and-fail to occur, but short enough to prevent spontaneous bond 

rupture. This is the regime of load-and-fail without frictional slippage. 
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Figure 2.7 Experimental validation of the motor-clutch model. 

A) As in Plotnikov et al.94, the motor-clutch model produces either fluctuating or stable 

traction forces depending on the conditions. Parameters were adjusted to show 

decreasing traction force on substrate stiffnesses ranging from 8 pN/nm to 55 pN/nm. 

Over this range the traction dynamics also shifted from fluctuating traction to stable 

traction (blue). Reduction of the number of clutches on 8 pN/nm resulted in stable 

traction (green), while reduction of the number of motors on 32 pN/nm resulted in 

fluctuating traction (red). B) Clutch extension histograms and dynamics show behavior 

similar to that seen in Margadant et al.70. Clutch length shows a broad distribution from 

10nm to >290 nm, while individual clutch length cycles through time (blue). Reduction of 

the number of motors shifts the length distribution to lower values, and the individual 

clutch length remains relatively constant (red). C) A catch-slip bond model was fit to 

integrin catch bond data from Kong et al.60. The fitted catch-slip bond model was 

incorporated into the motor-clutch model to produce qualitatively similar results to the 

simplified slip bond motor-clutch model. The catch-slip bond model produces a minimum 

in actin retrograde flow with respect to substrate stiffness, and this minimum can be 

shifted by coordinately changing the number of motors and clutches. 
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Figure 2.8 Modified model algorithm. 

A) The changes in the model algorithm caused a change in the quantitative shape of the 

output using the same parameters. B and C) Using the new algorithm the model was fit 

to the embryonic chick forebrain neuron data from Chan and Odde18 to obtain a new set 

of base parameters. The new value of κc was assigned based on experimental data for 

the spring constant of integrins19,60. The values of nm, nc, kon, and koff* were allowed to 

change subject to the constraint nm = nc. The fitted value of koff* turned out to be the 

same as the original value, so only nm, nc, kon, and κc were altered in the new parameter 

set. Clutch parameters are highlighted in gray. 
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Figure 2.9 Pairwise parameter limits. 

A and B) For the dual parameter sensitivity tests, upper and lower limits were reached 

before resulting in stalled or free flowing system. The upper and lower limits of the 

multiplier c are shown. Cases were a physiological limit was imposed are highlighted in 

orange. These tables use the same above and below the diagonal convention used in 

Figure 2.5. Clutch parameters are highlighted in gray. 
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Supplementary Movie 2.1 Motor-clutch dynamics. 

The movie demonstrates motor-clutch behavior with different numbers of clutches (nc). 

Myosin motors appear in blue on the left side. The F-actin filament is purple with dots 

placed on it to visualize F-actin retrograde flow. Clutches are the vertical blue lines, and 

the red is the substrate. When a clutch binds it will extend from the red substrate to the 

purple F-actin. In the top case, nc = 6 and the system is free flowing. The F-actin flows at 

near its unloaded velocity because the clutches provide little resistance to the motors. 

For nc = 50, the system loads and fails. F-actin retrograde flow is fast at the beginning of 

the cycle and slows toward the end of the cycle. In the bottom case, nc = 150, and the 

system stalls. In this case, there are too many clutches for the force of the motors to 

break all the bonds. 
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3. Master equation-based analysis of a motor-clutch model for 

cell traction force 

 

This chapter was originally published as a research article in Cellular and Molecular 

Bioengineering7 and is reprinted with permission from Springer. 

Microenvironmental mechanics play an important role in determining the 

morphology, traction, migration, proliferation, and differentiation of cells. A stochastic 

motor-clutch model has been proposed to describe this stiffness sensitivity. In this work, 

we present a master equation-based ordinary differential equation (ODE) description of 

the motor-clutch model, from which we derive an analytical expression for a cell’s 

optimum stiffness (i.e. the stiffness at which the traction force is maximal). This analytical 

expression provides insight into the requirements for stiffness sensing by establishing 

fundamental relationships between the key controlling cell-specific parameters. We find 

that the fundamental controlling parameters are the numbers of motors and clutches 

(constrained to be nearly equal), and the time scale of the on-off kinetics of the clutches 

(constrained to favor clutch binding over clutch unbinding). Both the ODE solution and 

the analytical expression show good agreement with Monte Carlo motor-clutch output, 

and reduce computation time by several orders of magnitude, which potentially enables 

long time scale behaviors (hours-days) to be studied computationally in an efficient 

manner. The ODE solution and the analytical expression may be incorporated into larger 

scale models of cellular behavior to bridge the gap from molecular time scales to cellular 

and tissue time scales. 

3.1. Background 

Many models of cell migration and force transmission implement stochastic 

simulation methods because they deal with small numbers of molecules37,88 or treat 

single cells as black box particles27. However, stochastic simulations are more 

computationally intensive than deterministic ones because the stochastic simulations 
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must be run many times to produce the mean system behavior. If we desire to cross 

scales from molecular scale models to molecularly detailed whole-cell models, we must 

find a way to bridge between the molecular scale and the cellular scale. In addition, a 

mean-field treatment naturally lends itself to dimensional analysis and identification of 

key parameter groupings that dictate system behavior and regimes. 

One stochastic model of cell force transmission based on the motor-clutch 

hypothesis76 was presented by Chan and Odde18 (Figure 3.1). Briefly, this model 

includes molecular motors which transport F-actin retrogradely from the leading edge via 

a force-velocity relationship. Molecular clutches bind the F-actin to the microenvironment 

outside the cell. These clutches stochastically bind at a constant rate and unbind 

according to a force-dependent Bell model11. Importantly, this implementation of the 

motor-clutch hypothesis shows tunable sensitivity to the microenvironmental mechanics 

around the cell8,18 , complementing experimental results showing stiffness-sensitive cell 

morphology114,118 , migration50,67,82,93, and traction16,67. 

When modeling many cellular adhesions over an F-actin network or an entire 

migrating cell, it may be unnecessary to model the dynamics of every individual 

molecular clutch. Instead, the average dynamics of a motor-clutch module may be 

sufficient when describing larger-scale events like whole-cell migration. It may also be 

helpful to utilize an analytical expression for cell optimum stiffness as it relates to 

molecular-level quantities. In this study, we present a mean-field treatment of an 

ordinary differential equation (ODE) description of the stochastic motor-clutch model, 

which may in turn be used to bridge the gap between molecular time scales and cellular 

time scales. While not as accurate as the stochastic output, this new model solution may 

possibly be incorporated into a multi-scale model to describe F-actin networks or whole-

cell migration, while reducing computational intensity. From our master equation 

approach, we have now derived an explicit analytical expression for the optimum 

stiffness (i.e. the substrate stiffness at which traction force is maximal) as a function of 

the motor-clutch parameters and have also derived a dimensionless number that defines 

the optimum. 

3.2. Model description 



 

 47 

3.2.1. Single clutch equations 

In the stochastic motor-clutch simulation, clutch binding and unbinding events are 

calculated using a Gillespie Stochastic Simulation Algorithm8,41 also known as Kinetic 

Monte Carlo. In the following master equation approach, calculation of individual binding 

and unbinding events is discarded in favor of calculating the probability that a clutch is 

bound or unbound at any given time. The change over time in the probability that the ith 

clutch is bound (pb,i) is given by the master equation in Eq. 3.1. 
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1   Eq. 3.1 

The clutch can exist in two states, bound or unbound, with respective probabilities pb,i 

and 1-pb,i. An unbound clutch transitions into the bound state at rate kon, and a bound 

clutch transitions into the unbound state at rate koff,i. The value of koff,i at any time 

depends on the current force on the clutch, and is calculated from the following algebraic 

equations: Eq. 3.2,Eq. 3.4-Eq. 3.6. 

Eq. 3.2 is a Hooke’s Law relating the force on the ith clutch (Fc,i) to the extension 

of the clutch through the clutch spring constant (κc). 

 siccic xxF  ,,   Eq. 3.2 

The position of the substrate (xs) defines one end of the clutch, while the position of the 

clutch bond to actin (xc,i) defines the other end. Note that the model is formulated in one 

spatial dimension for simplicity, although in principle it can be generalized to two and 

three dimensions. 

The substrate position is calculated through an elastic force balance between the 

clutch ensemble force and the substrate spring force which sum to zero, given by Eq. 

3.3 where κs is the substrate spring constant and nc is the number of clutches. 
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In the case of the Monte Carlo simulation, the summation in Eq. 3.3 may equivalently 

include only the bound clutches because the unbound clutches have zero extension and 

do not contribute to the force sum. However, in the current mean-field treatment, no 

individual clutch is either bound or unbound. Each clutch merely has a probability of 

being bound or unbound. Therefore, we maintain the summation over all clutches, 
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because all clutches have some probabilistic mean extension. Eq. 3.3 may be solved for 

the substrate position to give Eq. 3.4. 
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Eq. 3.4 

The clutch off-rate (koff,i) is calculated through the Bell model11 in Eq. 3.5 where koff* is 

the clutch unloaded off-rate and Fb is the characteristic bond rupture force. 
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Finally, the actin retrograde flow velocity (vm) is calculated through the linear force-

velocity relationship in Eq. 3.6 where vm* is the unloaded motor velocity, nm is the 

number of motors, and Fm is the force per motor. 
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 Eq. 3.6 

Unfortunately, this set of equations is insufficient to solve the system because there are 

six unknowns (pb,i; koff,i; Fc,i; xc,i; xs; and vm) and only five equations. In order to solve the 

system, we define an equation for the velocity of the end of the ith clutch (Eq. 3.7). 
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If the clutch is unbound, its end is moving at the velocity of the substrate because it has 

zero extension. If the clutch is bound, its end moves at the actin retrograde flow rate. 

The total velocity of the clutch is the sum of these two velocities weighted by the 

respective probabilities that the clutch is either bound or unbound. 

Eq. 3.1,Eq. 3.2,Eq. 3.4-Eq. 3.7 can be used to solve for the time course behavior of 

a single clutch, and validation of these equations is given in the Supplementary 

Information. In these and all following solutions, the base parameter set from Chan and 

Odde18 was used unless otherwise specified (see Table 3.1). 

3.2.2. Clutch ensemble equations 

To solve for the behavior of an ensemble of clutches, we can take the ensemble 

average of Eq. 3.1,Eq. 3.2,Eq. 3.4-Eq. 3.7. All equations except Eq. 3.5 involve only 
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linear operations, and we can therefore take the average by simply substituting average 

values for the individual clutch values of bound probability, force, position, and off-rate. 

This gives Eq. 3.8-Eq. 3.12. We also assume that the mean probability that a clutch is 

bound ( ) equals the mean proportion of clutches bound in the ensemble (Pb), 

similar to the ergodic hypothesis56. 
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The Bell model for the clutch off-rate (Eq. 3.5) involves a non-linear exponential 

operation, so the mean off-rate must be calculated using the definition of the mean, i.e. 

integrating the product of the Bell model function and the probability density function of 

clutch forces f(Fc,i) over all clutch forces as shown in Eq. 3.13. 
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The probability density function was defined to have two components, one for the 

unbound distribution and one for the bound distribution. Both components must be 

included because each clutch has some probability of being bound and another 

probability of being unbound. The distributions of the bound and unbound states are 

weighted by the respective probability of each state. An unbound clutch has zero force, 

so the probability density function for the unbound distribution is a delta function at force 

zero which appears as the first term in Eq. 3.14. A gamma distribution was chosen to 

represent the bound force distribution because the shape can be made to approximate a 

variety of force distribution shapes by changing the gamma shape parameter. 

Additionally, no clutch should ever have a negative force, and the gamma distribution 



 

 50 

does not allow for negative values. This gamma distribution is the second term in Eq. 

3.14, where r is the gamma distribution shape parameter and θ is the scale parameter, 

both of which we estimate below. 
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We can substitute Eq. 3.14 into Eq. 3.13, to obtain Eq. 3.15. Also, the limits of 

integration have been changed to 0 and nmFm because those are the respective 

minimum and maximum possible forces on a clutch. 
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Integrating Eq. 3.15gives Eq. 3.16. 
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In order to avoid the physically impossible case where

 

*

offoff kk  , we must maintain 

that 1/θ > 1/Fb or θ < Fb. With this constraint and assuming that nmFm >> Fb, Eq. 3.16 

simplifies to Eq. 3.17. 
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 Eq. 3.17 

In the gamma distribution, the mean of the distribution equals the product of the shape 

and scale parameters. In this case, the gamma distribution only applies to bound 

clutches. We define 
bcF ,

 as the mean force on the bound clutches, so rF bc ,
. We 

can also define the mean force over all clutches as the sum of the mean force of the 

unbound clutches (which is zero) and the mean force of the bound clutches, each scaled 

by their respective proportions, so 
bcbc FPF , . With this information we can solve for 

the gamma distribution scale parameter in terms of 
cF to obtain Eq. 3.18. 
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  Eq. 3.18 
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The constraint involving θ can also now be written as 
bbc FrPF  . This constraint is 

evaluated in the Supplementary Information. Substituting Eq. 3.18 into Eq. 3.17 gives 

Eq. 3.19, the force sensitive mean off-rate, which can be solved along with the ensemble 

of Eq. 3.8-Eq. 3.12. 
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 Eq. 3.19 

The value of the shape parameter r can be varied according to the particular situation 

being simulated. Eq. 3.8-Eq. 3.12,Eq. 3.19 were solved simultaneously using the 

MATLAB ODE solver ode15s for stiff systems because the characteristic time of 

unbinding changes by orders of magnitude over the time evolution of the system. 

3.2.3. Derivation of an analytical expression for optimum stiffness 

As previously shown8, the optimum stiffness for cell traction occurs when the cycle 

time equals the amount of time needed for all clutches to bind. Because the clutches 

bind as a Poisson process, the expected amount of time for all nc clutches to bind is 

equal to the sum of the time for the first clutch to bind plus the time for the second clutch 

to bind, etc. This time (tbind) can be written as the summation shown in Eq. 3.20. 

 


 


1

0

11 cn

i con

b ind
ink

t  Eq. 3.20 

The summation in Eq. 3.20 is a general harmonic series which obeys the property given 

in Eq. 3.21 relating to Euler’s constant (γ ≈ 0.577). 
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Therefore, for high nc, we can approximate this limit as an equality, solve for the 

summation and substitute it into Eq. 3.20 to obtain Eq. 3.22. 
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 Eq. 3.22 

Also for high nc, ln(nc) >> γ so we can make a final simplification by dropping γ to obtain

 Eq. 3.23

. 
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In order to derive an equation for the cycle time (tcycle), we start by decomposing the actin 

filament velocity (vm) into two components, one related to the ensemble clutch 

deformation (xc), and the other related to the substrate deformation (xs). The result is 

shown in Eq. 3.24. 

dt

dx
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v sc

m   Eq. 3.24 

As previously shown8, at the optimum substrate stiffness, the ensemble clutch stiffness 

is larger than the substrate stiffness. Additionally, the substrate and the clutch ensemble 

bear the same force, and that force is distributed over many clutches. Using these two 

facts, we can expect the change in the ensemble clutch deformation to be much less 

than the change in the substrate deformation. Applying this assumption and substituting 

the force-velocity relationship for vm (Eq. 3.6) gives Eq. 3.25. 
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Integrating Eq. 3.25 with the initial condition xs(0) = 0 gives Eq. 3.26. 
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Eq. 3.26 asymptotically approaches its maximum value of xs,max = Fmnm/κs as time 

progresses. We may assume that the cycle ends when xs reaches some fraction of its 

maximum value, defined as (1-ε)xs,max where 0 < ε < 1. We may then substitute the cycle 

end condition of xs(tcycle) = (1-ε)Fmnm/κs into Eq. 3.26 and simplify to obtain Eq. 3.27. 
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Solving for tcycle gives Eq. 3.28. 
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Setting Eq. 3.28 equal to Eq. 3.23 to obtain the optimum stiffness gives Eq. 3.29. 
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Finally, solving for κs,opt gives Eq. 3.30, which is an analytical expression for the optimum 

stiffness for cell traction. 
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The value of ε is somewhat arbitrary, but it is some small number less than one. In 

reality, the value of ε is probably dependent on the other parameters in the model. For 

our case we chose ε = 0.01. The application of Eq. 3.30 requires that the motor-clutch 

system is in a stiffness sensitive regime possessing an optimum stiffness. To ensure 

this, parameters must be maintained within a certain range as previously shown8 and as 

discussed below. 

3.3. Results 

3.3.1. Clutch ensemble ODE solution matches multiple clutch Monte Carlo 

simulation output 

The ensemble clutch equations show good agreement with the Monte Carlo 

simulations for many clutches188. In the Monte Carlo simulation of multiple clutches, 

more clutches become bound as the cycle progresses until they reach a cascading 

failure (Figure 3.2A). Figure 3.2B-F depict both Monte Carlo outputs and ODE solutions 

for the mean cycle behavior. As the bound clutches (Figure 3.2B) transmit the motor 

force displacing the substrate (Figure 3.2C), the tension builds on these clutches 

(Figure 3.2D). Since the resisting force on the motors increases, the actin velocity slows 

according to the force-velocity relationship (Figure 3.2E). The increasing force on the 

clutches also causes a sharp rise in the clutch off-rate (Figure 3.2F). This spike in the 

off-rate causes system failure, and all quantities return to their initial values (Figure 

3.2B-F).  

The Monte Carlo results were averaged over 1000 simulated cycles, and r = 2 was 

used for the ODE force distribution shape parameter. The ODE results vary slightly from 

the Monte Carlo results, mainly due to the abrupt failure in the ODE solution and the 

gradual failure obtained from averaging over many Monte Carlo simulations. To be clear, 
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the failure in any one Monte Carlo simulation is abrupt (Figure 3.2A), but the average 

failure over many simulations is gradual. The abrupt failure in the ODE solution is due to 

a spike in the mean clutch off-rate (Figure 3.2F). This spike causes a fast transition of 

clutches into the unbound state. The average off-rate for the Monte Carlo simulation 

possesses a broader peak, again because of averaging over many abrupt failure events 

occurring at different times. 

3.3.2. ODE force distribution resembles Monte Carlo force distribution 

We have chosen a gamma distribution to represent the distribution of forces among 

bound clutches at any time. Figure 3.3 presents the evolution of this distribution over 

time along with the bound clutch force distribution from the Monte Carlo output. This 

data was obtained on substrate stiffness κs = 0.1 pN/nm and r = 2 was used for the ODE 

force distribution shape parameter. At short times in both the Monte Carlo and ODE 

cases, few clutches are bound, and those that are have low forces. As time progresses, 

more clutches bind, the force on the clutches increases, and the distribution of forces 

becomes wider. These trends hold for both the Monte Carlo distribution of forces and the 

assumed gamma distribution of forces. However, the gamma distribution remains tighter 

than the Monte Carlo output, indicating there is a larger variance in clutch forces than 

predicted by the gamma distribution. The variance in the gamma distribution of forces 

equals rθ2, so the distribution may be broadened by increasing the shape parameter, r. 

However, increasing r also increases the cycle time (see Supplemental Information), 

which may lead to less accurate results. Overall, the gamma distribution provides a 

reasonable first approximation to the force distribution. 

3.3.3. Clutch ensemble equations show shift in stiffness optimum 

Tunability of the optimum stiffness was a key finding of the Monte Carlo simulated 

motor-clutch model8. As shown in Figure 3.4, the ODE solution captures this behavior of 

the Monte Carlo output. When coordinately increasing the numbers of motors and 

clutches, optimum stiffness shifts to higher values8. The ODE solution maintains this 

prediction. However, the optimum is not as pronounced for the ODE solution as it is for 

the Monte Carlo output, and the ODE solution optimum is shifted slightly higher. This is 

likely due to the complexity of the force distribution of clutches. The Monte Carlo output 
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of frictional slippage due to rebinding on soft substrates may account for a change in the 

distribution that is not captured in the ODE solution. Overall, the ODE model provides a 

reasonable approximation of the qualitative response of the motor-clutch system to 

varying substrate stiffness, and in particular reproduces the biphasic response to 

substrate stiffness. 

3.3.4. Analytical expression predicts optimum stiffness 

As previously shown8, parameters within the motor-clutch model must remain within 

a constrained parameter range in order for the system to maintain stiffness sensitivity, a 

requirement for possessing an optimum stiffness. Most importantly, motor parameters 

must be approximately balanced against clutch parameters, e.g. nm ≈ nc, Fm ≈ Fb, and kon 

≈ 10koff*. If the motors are too strong, the retrograde flow is nearly the unloaded motor 

velocity at all substrate stiffnesses, and the system lacks sensitivity to the substrate 

stiffness. Conversely, if the clutches are too strong, the retrograde flow is nearly zero at 

all substrate stiffnesses, and again the system loses stiffness sensitivity. By combining 

these constraints with Eq. 3.30, a complete description of the motor-clutch optimum 

stiffness relating to all of the parameters can be given. Figure 3.5A shows optimum 

stiffness output from the Monte Carlo simulations while varying the numbers of motor-

clutch molecules and the kinetic constants subject to the constraints that nm = nc and kon 

= 10koff*. The analytical results obtained from Equation 30 show very good agreement 

with the Monte Carlo output for the same situation (Figure 3.5B). Eq. 3.30 may be used 

to quickly determine the optimum stiffness for a given parameter set and can quickly 

predict the effect of altering motor-clutch parameters on the optimum stiffness. 

Interestingly, only four of the motor-clutch parameters are involved in setting the 

optimum stiffness (Fm, nm, kon, and vm*), while three of the remaining parameters (nc, Fb, 

and koff*) must be balanced against those four in order to maintain stiffness sensitivity 

(see discussion for further analysis). The final parameter, κc, does not appear in the 

analytical expression for optimum stiffness, consistent with Monte Carlo simulations that 

show that clutch stiffness has little effect on the optimum stiffness8. 

3.3.5. ODE calculation reduces motor-clutch computation time 
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In order to determine mean behavior in the Monte Carlo simulations, they must be 

run many times and averaged together to smooth out fluctuations. The ODE equations 

must be solved only once to obtain mean behavior, potentially saving on computation 

time. Figure 3.6A compares the ODE solution and computation time to the cases of 

simulating 1, 10, and 100 Monte Carlo runs of a motor-clutch cycle.  The time for one 

Monte Carlo run is similar to the time for the ODE solution, but the Monte Carlo accuracy 

increases with the number of runs as does the computation time. 

It is possible that in large scale applications of the motor-clutch model, stochastic 

events unassociated with the motor-clutch model may be highly variable and require 

more significant averaging than the motor-clutch model to obtain mean behavior. In this 

case, averaging over motor-clutch behavior may be unnecessary, and a single Monte 

Carlo simulation run would be sufficient.  Since a single run of the Monte Carlo 

simulation takes a comparable time to solving the ODEs, little is gained by abandoning 

the Monte Carlo method. However, if we alter the parameter sets, ODE solution again 

becomes faster than Monte Carlo simulation. Figure 3.6B shows the computation time 

for 1 and 100 runs of the Monte Carlo simulation and the ODE solution as we increase 

the number of motors and clutches.  At low motor and clutch numbers, a single run of 

the Monte Carlo simulation is faster than the ODE solution, but the Monte Carlo run time 

increases as the parameters do because it must simulate every individual clutch.  The 

ODE time remains constant because the number of clutches is simply a value input into 

the equations.  At higher clutch numbers, the ODE solution is orders of magnitude more 

computationally efficient than the Monte Carlo simulation. 

3.4. Discussion 

This study has presented an ODE-based articulation of the motor-clutch model, as 

well as the derivation of an analytical expression for the optimum stiffness for cell 

traction mediated by a motor-clutch mechanism. The ODE solution qualitatively and 

approximately quantitatively captures the motor-clutch behavior observed in Monte Carlo 

simulations. These ODEs may be helpful in larger scale simulations (e.g. for a whole cell 

or an ensemble of cells) because their solution is less computationally intensive than the 

Monte Carlo simulation. As mentioned previously8, individual motor-clutch modules may 

be linked together to form larger actin networks or to simulate whole-cell migration. 
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Since these simulations would encompass phenomena on larger spatial and temporal 

scales than motor-clutch dynamics, the individual clutch events are less important. 

These ODEs capture the average behavior of a motor-clutch module and may be 

sufficient to bridge the scales of molecular level clutch dynamics to larger scale actin 

networks and whole-cell adhesion and migration. 

Insight into the clutch kinetic parameters can be gained through an order of 

magnitude examination of Eq. 3.30, which may be rearranged as shown in Eq. 3.31 for 

easier analysis where the number of motors and the number of clutches are both 

represented by n because nm ≈ nc to avoid situations where either the motors or the 

clutches dominate (see above). 
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The first quantity, Fm/vm*, pertains to the motors, and is constrained to a relatively narrow 

range of values based on experimental observations of myosin molecular motors. 

Specifically, Fm has been found to be on the order of 1 pN78 and is constrained by the 

energy from ATP hydrolysis expended over nanometers-scale step sizes59, while vm* is 

on the order of 0.1 µm/s18,23,38,119, so Fm/vm* ≈ 10 pN-s/µm. Similar values are obtained 

for the force-velocity relationship of F-actin self-assembly, which may drive retrograde 

flow in some cases22,26. To achieve traction force on the order of 1000 pN13,97, the 

number of motors must be of order 1000 if each one has Fm ≈ 1 pN. In this case the 

second quantity, n/ln(n), is of order 100, and in any case scales approximately linearly in 

n due to the relatively weak log dependence of the denominator. Assuming ε = 0.01, the 

quantity ln(1/ε) = 4.6 which is of order 1, and has a weak log dependence (i.e. changing 

ε  by 10-fold changes this quantity by ~2-fold) . Substituting these estimates leaves us 

with . Therefore, to obtain an optimum 

substrate stiffness in the range of 1-1000 kPa89,93,110 (κs ≈ 1-1000 pN/nm)18, kon must 

range from 1-1000 s-1. Since koff* must be about an order of magnitude less than kon
8, it 

would range from 0.1-100 s-1. 

This analysis shows that the strongest determinants of the optimum stiffness are 

the numbers of motors/clutches and the kinetics of the clutch binding/unbinding. By 
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changing these parameters together, as depicted in Figure 3.5B, the system remains 

out of the stalled and free-flowing regimes, and maintains sensitivity to the stiffness of 

the environment. We should note that the molecular clutch is likely composed of many 

different molecules in an adhesion complex53, and the clutch parameters in this study 

represent the limiting quantities of these complexes. The on-rate refers to the limiting 

rate of bond formation along the adhesion, and the off-rate refers to the off-rate of the 

weakest bond along the adhesion, whether inside or outside of the cell. Finally, the 

clutch stiffness also refers to the stiffness of the weakest part of the adhesion.  

Eq. 3.31 also lends itself to a new dimensionless number (Ncr) by dividing the 

substrate stiffness, κs, by the optimum stiffness, i.e. Ncr = κs/κs,opt. The resulting 

dimensionless quantity is given in Eq. 3.32 where k = kon = 10koff*, and ln(1/ε) is 

assumed to be order 1. 
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When Ncr = 1, the motor-clutch system is on its optimum substrate stiffness. If Ncr > 1, 

the substrate stiffness is above the optimum, but the system is still stiffness sensitive 

until Ncr >> 1, at which point the system is in the high stiffness frictional slippage regime. 

If Ncr < 1, the system is in the low stiffness frictional slippage regime8. The dimensionless 

number Ncr describes the motor-clutch behavior on a given substrate stiffness, and may 

be used to quickly define the motor-clutch regime of a system. 

It is suspected that the deviations of the ODE solution from the Monte Carlo 

output are due to the imposed clutch force distribution, in particular the choice of the 

shape parameter r. A constant value of r is used for all ODE solutions, regardless of 

other parameters, substrate stiffness, or time. In reality, the value of r may be dependent 

on the parameter set used and on the substrate stiffness. Moreover, the value of r may 

be changing in time as a cycle progresses. Future work on this model may determine the 

dependence of r on the model parameters and its evolution in time. 

This motor-clutch model is advantageous because it is stiffness sensitive, allows 

load and fail dynamics, and employs a force velocity relationship for actin flow. Another 

model of adhesion allows load and fail dynamics, but imposes an empirical stiffness 

sensitivity108. A whole cell actomyosin and adhesion model has also been presented, but 
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does not include stiffness sensitivity, load and fail dynamics, or the force-velocity 

relationship9. Aspects of these and other models such as actin dynamics9,107, membrane 

tension34,77, and adhesion formation and maturation68,88,122 could be incorporated to 

provide further insight into actomyosin, adhesion complex, and membrane behavior. For 

example, the individual clutch molecules could be included, each with its own kinetic 

rates and spring constant to better describe adhesion formation and maturation. Actin 

polymerization against an additional membrane force could be added to the actin 

velocity calculation. Finally, individual motor-clutch modules described by the presented 

ODEs could be coupled together to describe larger actin network behavior123. These 

actin, adhesion, and membrane properties could be important if the ODEs are to be 

integrated into larger-scale cell migration simulations. Inclusion of these properties could 

also be important in the analytical Eq. 3.30 because they likely affect the motor-clutch 

cycle time. However, the added complexity would slow the computation and may be 

unnecessary to capture average cellular scale behavior. 

The ODEs presented in this paper, which are based on a master equation approach, 

may be used to bridge scales from molecular level adhesion dynamics to larger-scale 

actin network behavior and whole-cell migration simulations.  These simulations could 

become computationally intensive as multiple motor-clutch modules would be involved 

and averaging of many simulations would be required. The ODEs bypass this 

computational hurdle and may be integrated into these complex models to provide quick, 

accurate results relating to cell adhesion, morphology, and migration. 

3.5. Supplementary Results 

3.5.1. Validation of single clutch ODEs against Monte Carlo simulations 

To test the validity of the single clutch ODEs (Eq. 3.1,Eq. 3.2,Eq. 3.4Eq. 3.7), the 

ODE solution was compared to a fixed time step Monte Carlo model18 output for the 

case of one clutch and one motor. Figure 3.7A depicts the on and off cycles of the 

single clutch.  The clutch is initially set in the unbound state and stochastically binds 

after some amount of time.  Once bound, tension builds on the clutch, increasing its off-

rate until it stochastically unbinds.  This unbinding event signifies the end of one cycle 

and the start of another. After this unbinding, the clutch is free to bind again. Figure 
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3.7B-F present the average time evolution of the clutch binding and unbinding cycle over 

1000 Monte Carlo runs and compares the Monte Carlo output to the ODE solution.  In 

these figures, the ODE solution matches very well with the stochastic output.  In Figure 

3.7B, the probability that the clutch is bound raises at first, reaches a peak, and then 

settles over time to a steady state probability of being bound, given that the cycle has 

lasted to that time.  Likewise, the substrate position (Figure 3.7C), clutch force (Figure 

3.7D), and clutch off-rate (Figure 3.7F) all rise to steady state values.  Conversely, the 

actin retrograde flow rate (Figure 3.7E) slows to a stalled steady state. This indicates 

that long cycles will result in no actin flow at the end of the cycle.  Again, all of these 

steady state values are conditional on the cycle lasting until that time. However, cycles 

will likely fail before this steady state is reached since cycle times are ~5 s (Figure 

3.7A). 

3.5.2. Constraint on gamma distribution shape parameter (r) 

As described in the main text, use of the gamma distribution for the clutch forces 

imposes that 
bbc FrPF   or bbc FPFr / . Figure 3.8A shows the minimum allowable 

value of r (
bbc FPF / ), over the course of one Monte Carlo load-and-fail cycle.  As the 

cycle progresses, the quantity 
bbc FPF /  increases to about 2 before spiking at the time 

of failure, indicating a minimum overall value of r = 2.  Other values of r were examined 

by plotting the quantity 
cbb FFrP   over the time-course of the cycle (Figure 3.8B).  

Values of r for which the curve remains positive indicate the values for r which are 

allowed.  Since the curve for r = 1 drops below 0, it is not an allowable value, but both r = 

2 and r = 3 satisfy the constraint. 1000 Monte Carlo cycles were averaged to give Figure 

3.8C, depicting smooth curves of the quantity 
cbb FFrP   over time.By altering r on 

different stiffnesses, we can generate a curve of the minimum r-value as a function of 

stiffness. The value of r was stepped until the average 
cbb FFrP   over 1000 Monte 

Carlo runs remained positive (within 1% of the maximum value) at all times. This value 

of r was taken as the minimum allowable r for that stiffness. Figure 3.8D presents this 

minimum value of r as a function of substrate stiffness. On soft substrates, the minimum 

r-value remains relatively constant at about 2 (the F-actin retrograde flow dependence 
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on substrate stiffness is also shown for reference). At the highest stiffness sensitivity (i.e. 

when the change in actin flow is the greatest with respect to substrate stiffness) the 

minimum value of r begins to increase and continues increasing while in the frictional 

slippage regime. Since the model is insensitive to stiffness in the stiff frictional slippage 

regime, the change in the minimum r-value in this regime has little consequence. 

The chosen value for r also affects the motor-clutch cycle time as represented by the 

fraction of bound clutches (Figure 3.8E). Increasing r from 1 to 3 results in an increase 

of cycle time from 15 s to 73 s. Figure 3.8F compares the Monte Carlo output cycle time 

as a function of stiffness to the ODE solutions for different values of r. At low stiffness (< 

1 pN/nm), r = 2 matches very well with the Monte Carlo output, but at intermediate 

stiffness (1-10 pN/nm) lower values of r are required to match the Monte Carlo cycle 

time. At high stiffness, the Monte Carlo time flattens, requiring higher values of r to 

match it.  Fortunately, at these high stiffnesses, the motor-clutch behavior is insensitive 

to stiffness, so changing r has little effect on the overall behavior. Given the minimum r-

values calculated for varying stiffness and the dependence of cycle time on r, values of r 

between 2 and 3 were used in this study. 

The calculated minimum value of r does provide some insight into the system 

behavior. The minimum value of r increases with substrate stiffness, constraining the 

distribution to be closer to Gaussian in the high stiffness frictional slippage regime. On a 

stiff substrate, only a few clutches become engaged for a given cycle. In the limit of one 

engaged clutch, its force distribution is a delta function at the force on that particular 

clutch. As the clutch loads, this delta function moves to higher forces. The increase in r 

value on stiff substrates indicates this shift toward a narrow, approximately Gaussian 

distribution.  On softer substrates, the distribution is allowed to be more skewed because 

of the lower minimum r value, and likely is more skewed because r ≤ 2 in order to match 

the Monte Carlo cycle time. On soft substrates where frictional slippage may occur 

during the loading cycle, r = 2 matches the Monte Carlo output indicating some 

skewness in the distribution with a mode at some non-zero force. 

3.6. Collaborator contributions 

The work in this chapter was completed with the collaboration of David J. Odde, 

who assisted with theory and analysis development and overall guidance. 
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3.7. Tables and Figures 

 

 

Table 3.1 Base parameter values 
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Figure 3.1 Motor-clutch model.  

The motor-clutch model describes the transmission of force from myosin motors through 

F-actin and molecular clutches to a compliant substrate. The myosin motors retract F-

actin retrogradely while the molecular clutches and compliant substrate, each modeled 

as springs, resist this motion. Clutches bind at a constant rate and unbind at a rate 

increasing with tension. The F-actin bundle/network is treated as inextensible, so that 

the spatial positions of clutches along the F-actin do not affect the model force balance. 

Note that although clutch failure is shown as occurring intracellularly, the model does not 

specifically require this to be the case and applies equally to failure on the extracellular 

interface between clutches and the substrate. 
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Figure 3.2 ODE and Monte Carlo behavior of a motor-clutch load-and-fail cycle. 

A) During a Monte Carlo cycle, clutches initially bind, and the fraction of clutches bound 

fluctuates over time. Once a sufficiently high load builds, the clutch bonds successively 

break resulting in failure of the system which happens near 25 s in this example. B-F) 

Motor-clutch model outputs are presented for both the clutch ensemble ODEs and the 

mean Monte Carlo simulation output. The Monte Carlo output is shown as red dashed 

lines while the ODE solution is shown as solid blue lines. Monte Carlo output was 

averaged over 1000 simulations of motor-clutch cycles. All data presented is for the 

base parameter values on κsub = 0.1 pN/nm. 
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Figure 3.3 Force distribution on molecular clutches. 

A) and B) each present two-dimensional histograms of clutch forces over time for both 

Monte Carlo and ODE motor-clutch cycles.  The color coding indicates the frequency of 

observation.  At short times, low clutch forces are frequent, but this distribution broadens 

over time.  The mode also shifts to higher forces as time progresses.  The gamma 

distribution used for the ODE solution maintains a tighter distribution than the output of 

the Monte Carlo simulations.  Monte Carlo simulations were run for 10,000 cycles to 

obtain the distribution, and the ODE solution is for r = 2. C) Cross-sections of both force 

distributions at t = 4 s show good qualitative agreement, but again the ODE solution 

distribution is tighter than the Monte Carlo output. 
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Figure 3.4 Shifting the optimum stiffness. 

A) The Monte Carlo simulations produce a tunable optimum (cite BJ) which should be 

reproduced by the ODE solution.  Increasing the numbers of motors and clutches from 

25 to 3600 shifts the optimum stiffness (characterized by the minimum actin flow rate) 

from 0.4 pN/nm to 50 pN/nm. Monte Carlo actin flow was averaged over 106 events on 

each stiffness. B) The ODE solutions also produce an optimum stiffness, but the actin 

flow curves are shaped slightly differently than for the Monte Carlo output.  Over the 

same change in motors and clutches, the optimum shifts from 1 pN/nm to 200 pN/nm, 

meaning that the use of the ODE solution may slightly over-predict the optimum 

stiffness. ODE solutions were obtained using r = 3. 
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Figure 3.5 Analytical optimum stiffness. 

A) Maintaining the balance of nm = nc and kon = 10koff*, the parameters were altered to 

change the optimum stiffness of the Monte Carlo output (as defined by the stiffness at 

which traction force is maximum). The presented changes in these parameters result in 

nearly a four order of magnitude shift in the optimum stiffness. B) Again maintaining the 

parameter relationships of nm = nc and kon = 10koff*, the analytical solution for optimum 

stiffness (Eq. 3.30) behaves very similarly to the Monte Carlo output. 
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Figure 3.6 Computation time for ODE and Monte Carlo simulations. 

A) A single motor-clutch cycle may take vastly different times to simulate depending on 

the method used and accuracy desired.  The ODE solution for one average cycle using 

the base parameters on κsub = 0.1 pN/nm takes 0.11s, while the Monte Carlo (MC) 

simulation time for one average cycle increases from 0.15 s to 15 s as desired accuracy 

increases. B) Run times for 1 and 100 Monte Carlo runs are compared to ODE solution 

times over varying motor and clutch parameters (maintaining the balance of nm = nc). At 

low motor and clutch numbers, the single-run Monte Carlo time is shorter (but may be 

inaccurate due to lack of averaging), and increases as motors and clutches increase.  

The ODE solution time remains constant regardless of the parameters used and was 

faster than the single-run Monte Carlo simulation time at approximately 70 clutches 

(balanced by 70 motors). When averaging over 100 Monte Carlo run, the ODE solution 

becomes faster at only 2 clutches. ODE solutions were calculated using r = 2. 
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Figure 3.7 ODE and Monte Carlo behavior of a single clutch system. 

The single clutch ODEs were validated again Monte Carlo simulations of motor-clutch 

systems with one clutch and one motor. A) The clutch stochastically binds and unbinds 

over time. Initially, the clutch is unbound and takes some time to bind. Force builds on 

the clutch increasing its off-rate until it unbinds defining the end of one cycle and the 

start of the next. B-F) Motor-clutch model outputs are presented for both the single 

clutch ODEs and the single clutch Monte Carlo simulation mean. The Monte Carlo 

output is shown as red dashed lines while the ODE solution is shown as solid blue lines. 

Monte Carlo output was averaged over 1000 motor-clutch cycles. All data presented is 

for the base parameter values on κsub = 0.1 pN/nm. 
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Figure 3.8 Analysis of the gamma distribution shape parameter. 

A) As described in the model derivation, the use of the gamma distribution imposes the 

constraint that bbc FPFr / . Monte Carlo simulation outputs on κsub = 0.1 pN/nm were 

used to calculate the minimum value of r over time. B) The same Monte Carlo output 

was used to calculate the quantity 
cbb FFrP 

 
for r = 1, r = 2, and r = 3. In order to 

adhere to the constraint, these curves must not drop below zero. For r = 1, the curve 

clearly goes negative, while r = 2 and r = 3 remain positive until the failure event at the 

end of the cycle. C) 1000 Monte Carlo cycles were averaged to obtain the average 

shape of the curves presented in B. D) At each substrate stiffness, the average curves of 

cbb FFrP   were generated while stepping r up from zero until the curve remained 

above zero (within 1% of its maximum value). The first r resulting in this case was taken 

as the minimum allowable r for that stiffness. E) Increasing the value of r in the ODE 

solution increases the motor-clutch cycle time, here indicated by an abrupt drop in the 

fraction of clutches bound. F) Monte Carlo cycle time dependence on substrate stiffness 

is compared to ODE solution cycle times using different values of r. r = 2 matches the 

cycle time very well on stiffnesses below 1 pN/nm. In the range of 1-10 pN/nm, the 

Monte Carlo cycle time drops sharply and matches better to values of r between 0.3 and 

2. Above 10 pN/nm, the Monte Carlo cycle time flattens, and requires increasingly high 

values of r to match it. 
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4. Shifting stiffness optima for cells using a combination drug 

approach 

 

Cell migration is key to many biological processes including embryonic development, 

wound healing, and disease progression98. Recent studies have shown that cell 

migration is sensitive to environmental stiffness, and many cells display a stiffness 

optimum at which migration is maximal90,93,110. Moreover, these stiffness optima span 

several orders of magnitude, from approximately 1-1,000 kPa, suggesting that different 

cell types possess distinct operating parameters8. To create a unified theoretical 

framework for cell migration, we have now developed and experimentally tested a whole 

cell migration simulator based on the motor-clutch model of cellular force transmission18 

by imposing coupled force balances and mass balances on molecular motors, adhesion 

molecules (“clutches”), and actin subunits in a compliant microenvironment. The model 

predicts a stiffness optimum that can be shifted by altering the number of active 

molecular motors and clutches. This prediction was verified experimentally by comparing 

cell traction and F-actin retrograde flow for two cell types with differing amounts of active 

motors and clutches: embryonic chick forebrain neurons (ECFNs; optimum ~1 kPa) and 

U251 glioma cells (optimum ~1,000 kPa). In addition, the model predicted, and 

experiments confirmed, that the stiffness optimum of U251 glioma cell migration, 

morphology, and F-actin retrograde flow rate can be shifted to lower stiffness by 

simultaneous drug inhibition of myosin II motors61 and integrin-mediated adhesions24. 

Overall, the motor-clutch cell migration simulator provides a unified theoretical 

framework with which to predict cell adhesion and migration in defined 

mechanochemical environments. 

4.1. Background 

Several models have been proposed to describe optimality in cell migration, 

beginning with DiMilla et al.’s adhesion strength model of cell migration29. This model 
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provided understanding for the experimental observation that cells migrate fastest at 

intermediate adhesion strength43. Since the observation of stiffness sensitive cell 

migration by Lo et al.67, other models have provided some basis for stiffness sensitive 

cell migration by incorporating stiffness-dependent functions for force transmission90,108. 

We have previously presented a model of cellular force transmission18 based on 

the motor-clutch hypothesis76. In this model, intracellular molecular motors transmit force 

to the external environment through actin filaments and transmembrane molecular 

clutches. We performed a detailed sensitivity analysis on this model and determined that 

dual parameter changes were needed to account for the range of stiffness optima seen 

experimentally8. Specifically, coordinate changes in the expression of molecular motors 

and clutches resulted in broad shifting of the stiffness optimum for maximal force 

transmission8,7. 

While the motor-clutch model set a foundation for migration sensitivity to 

stiffness, it did not describe the direct link between force transmission sensitivity and cell 

migration sensitivity. To explore this link, we have developed a cell migration simulator 

based upon our earlier motor-clutch model. In this simulator, we have linked multiple 

motor-clutch systems, termed modules, together such that they each exert a force on a 

central cell body (Figure 4.1A&B). The resulting cell migration arises due to a force 

balance among the motor-clutch modules and the cell body. 

4.2. Methods 

4.2.1. Migration simulator description 

The cell migration simulator is based on the motor-clutch model of cellular force 

transmission18. In this simulator, the cell is composed of j motor-clutch modules, each 

following rules as previously described8,18. Briefly, nc,j clutches may bind from F-actin 

within the cell to a compliant substrate outside of the cell at rate kon. These clutches 

unbind at a rate, koff,i, which depends on the clutch force, Fc,i, according to the Bell 

model11 in Eq. 4.1 where koff* is the unloaded clutch off-rate, and Fb is the characteristic 

bond rupture force. 
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The clutches and the compliant substrate are each modeled as Hookean springs with 

spring constants κc and κs respectively. The rigid F-actin is retracted by nm,j molecular 

motors, each with stall force Fm and unloaded velocity vm*, at rate vm,j as described by 

Eq. 4.2 in which xs,j is the substrate displacement for the jth module.  
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 Eq. 4.2 

Additional rules were added to govern F-actin polymerization and 

depolymerization in the module. The polymerization speed, vp, was defined to be 

proportional to the ratio of G-actin, AG, to the total amount of actin in the cell, AT, as in 

Eq. 4.3 where vp* is the maximum F-actin polymerization speed.  
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F-actin was depolymerized when it passed the motor position for its module (xm,j). 

Clutches were also forced to unbind if their F-actin attachment point passed the motor 

position. Each module contained a cell spring with spring constant κcell, which connected 

the module motors to the central cell body. The forces along each module balance 

according to Eq. 4.4 where xcell,j is the extension of the cell spring for the jth module, and 

xc,i is the extension of the ith clutch of the module.  
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There were also nc,cell clutches associated with the central cell body which balance a 

central substrate displacement as in Eq. 4.5 describing the force on the cell body, Fcell. 
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An overall cell force balance was imposed such that the cell force and all module forces 

summed to zero as in Eq. 4.6 where nmod is the number of modules. 
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Modules of initial length lin were created at rate kmod which was proportional to the 

ratio of G-actin to the total actin raised to the fourth power54,115 as in Eq. 4.7 where kmod* 

is the maximum rate of module formation. 

4

*

modmod 
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When a module was created, it was assigned motors and clutches from a pool of free 

motors, Nm,free, and a pool of free clutches, Nc,free, according to Eq. 4.8 and Eq. 4.9 where 

Nm and Nc are the total numbers of motors and clutches in the cell, and nm* and nc* are 

the maximum numbers of motors and clutches for a module. 
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The direction of the module was assigned randomly in the two dimensional plane. 

Modules were capped at rate kcap, eliminating further polymerization for the capped 

modules, and they were destroyed if their length was less than a minimum length, lmin. 

Upon module destruction, all motors, clutches, and remaining actin were returned to 

their respective pools. 

4.2.2. Simulator implementation 

The model was implemented using a direct Gillespie Stochastic Simulation 

Algorithm (SSA)41 in Matlab (MathWorks). The time to the next event, tevent, was 

calculated by Eq. 4.10 where URN1 is a uniformly distributed random number, and ki is 

the rate of the ith of n possible events including clutch binding, clutch unbinding, module 

creation, and module capping.  
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Eq. 4.10 

The event i to execute was then determined using a second random number, URN2, 

such that Eq. 4.11 was satisfied.  
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This direct method is computationally efficient because only two random numbers are 

generated regardless of the number of possible events. 

The order of the model algorithm is described below. 

1. Initialize a cell with three equally spaced modules of length lin and no clutches 

bound 

2. Calculate all clutch unbinding rates and the module birth rate 

3. Calculate time to next event 

4. Determine which event to execute 

5. Calculate F-actin retrograde flow rate for each module 

6. Shorten each module by the product of the F-actin flow rate and the event time 

7. Advance the clutch, substrate, and reference positions for each uncapped 

module by the F-actin polymerization length for the event time 

8. Execute event 

9. Destroy modules shorter than length lmin 

10. Evaluate force balance to determine the new cell body position 

11. Use the force on each module to determine the cell spring extension, clutch 

extensions, and the substrate spring extension 

12. Return to step 2. 

4.2.3. Simulation analysis 

The random motility coefficient (μ) for simulated cell migration was defined 

similarly to a diffusion coefficient as in Eq. 4.123.  

t

r

4

2

  Eq. 4.12 

In this equation,  is the mean squared displacement of the cell center in a given time 

interval, t. From this relation, μ can be calculated from the slope of  vs. t. This plot 

was generated for each simulated cell according to the overlap method of mean squared 

displacement calculation28. In this method, all displacements at all possible time intervals 

are used to generate the plot. To correspond to our experimental cell migration 
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experiments, simulation data at 15 minute intervals were used to calculate mean 

squared displacements, and the first two hours of each simulation were excluded from 

analysis to allow the system to reach steady state (Figure 4.2). A linear trend line 

intersecting the origin and inversely weighted by the uncertainty in each data point was 

fit to the first half of the  vs. t data for each simulated cell. The random motility 

coefficient was calculated from the slope of the trend line and averaged across all 

simulated cells at a given condition to obtain the mean random motility coefficient for that 

condition. 

Simulated cell morphology was determined by creating a geometric shape based 

on the position outputs of the simulation. First, a 10 µm radius circle was centered at the 

cell body position. Then, 10 µm was added to the length of each module to account for 

the module starting at the edge of the cell body rather than the central point. Tangent 

lines to the central cell circle were then drawn to connect the module tips to the central 

circle. The resulting shape was then analyzed for aspect ratio using MATLAB’s 

‘regionprops’ function. Simulation movies depicting cell shape and migration are 

provided for 0.01, 10, and 1000 pN/nm substrates using the low Nm and Nc parameter 

set (Supplementary Movie 4.1-Supplementary Movie 4.3). 

Finally, the F-actin flow rate was calculated by taking the mean of the F-actin flow 

rates for each module, and the traction force was calculated by summing the magnitudes 

of the force on each module as well as the cell body. 

4.2.4. Preparation of collagen-coated polyacrylamide substrates 

Polyacrylamide gel substrates were prepared according to a standard method 

popularized by Wang and Pelham124. Briefly, No. 0 glass bottom culture dishes (MatTek 

P35G-0-20-C) were treated with 0.1 M NaOH, 97% (3-aminoproyl)trimethoxysilane 

(Aldrich 281778), and 0.5% glutaraldehyde (Polysciences 01909) to activate the glass 

surface5. Activated cultures dishes were stored in a desiccator for up to two weeks until 

use. A prepolymer mixture of 40% acrylamide solution (Fisher BP1402), 2% bis-

acrylamide solution (Fisher BP1404), 1M 4-(2-hydroxyethyl)piperazine-1-ethanesulfonic 

acid (HEPES, Sigma H6147) solution, and deionized water was prepared for the desired 

Young’s modulus (Figure 4.3A). For cell traction experiments, 200 nm crimson 

fluorospheres (Invitrogen F8806) were added to the mixture. After degassing, 
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polymerization was initiated by adding 1% ammonium persulfate (Biorad 161-0700) 

solution and N,N,N’,N’-tetramethylethylenediamine (TEMED, Fisher BP150). Next, 4 μL 

of polymer solution was quickly pipetted onto the activated glass culture dishes and 

covered with a 12 mm No. 1.5 circular cover slip (Fisher 12-545-80) to create a gel 40-

100 µm thick18. After removal of the coverslip, type I rat tail collagen (BD Biosciences 

354236) was conjugated to the gel using sulfosuccinimidyl 6-(4’-azido-2’-

nitrophenylamino)hexanoate (sulfo-SANPAH, Thermo 22589). Effectively stiffer thin 

polyacrylamide gels were prepared using the same procedure with only 0.4 μL of 

polymer solution rather than 4 μL, to create a gel 4-10 µm thick. 

4.2.5. Characterization of polyacrylamide substrates 

The Young’s moduli of polyacrylamide gels made from different formulations 

were measured using a bead indentation technique18 based on Hertzian indentation 

theory48 (Figure 4.3B-D). Glass beads (Polysciences) with radii ranging from 0.03-5 mm 

were placed on the gels, and the bead contact area was measured using the embedded 

fluorospheres as a marker for the gel surface. The bead indentation depth (δ) was 

calculated from the bead radius (R) and the contact radius (r) according to Eq. 4.13. 

22 rRR   Eq. 4.13 

From this indentation depth, the gel Young’s modulus (E) was calculated using the 

Poisson ratio of the hydrogel (ν), and the buoyancy corrected bead force (f) according to 

Eq. 4.14. 
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For polyacrylamide gels, ν = 0.3-0.5 (ν = 0.3 was used here), and the glass bead density 

was measured to be approximately 3000 kg/m3. 

4.2.6. U251 glioma cell culture 

U251 glioma cells were cultured in vented T25 tissue culture flasks (Becton 

Dickinson, 353108) for 3-4 days in a 37oC 5% CO2 incubator in media comprised of 

45.5% F12+GlutaMAX supplement (Gibco 31765-035), 45.5% high glucose Dulbecco’s 

Modified Eagle Medium (DMEM, Gibco 10566-024), 8% heat-inactivated fetal bovine 
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serum (FBS, Gibco 10438-026), and 1% penicillin/streptomycin solution (Cellgro 30-001-

CI). Cells were removed from the flask using 0.05% trypsin with EDTA in HBSS (Gibco 

25-052-CI) and transferred to the collagen-coated gels at a density of approximately 5 

cells/mm2. The cultured gels were placed in the 37oC 5% CO2 incubator overnight before 

imaging the next day. 

4.2.7. Formation of stably-expressing EGFP-actin U251 glioma cell line 

EGFP-actin plasmid (provided by Paul Letourneau, University of Minnesota) was 

transfected into U251 glioma cells using a GenePulser XCell electoroporator (BioRad). 

Approximately 106 cells in 400 µL of antibiotic-free media were placed in a 4 mm 

electroporation cuvette (Molecular BioProducts 5540) with 10 µg of plasmid. The cells 

were electroporated using nine 0.1 s square wave pulses of 480 V at 1 s intervals, 

achieving 5-10% transfection efficiency. Positive transformants were then selected using 

a clonal selection in a 24 well plate with 6 serial dilutions from 4 to 0.5 cells per well 

using 1 mg/mL Geneticin (G418 Sulfate, Gibco). Wells with only a single colony were 

selected and passaged to a tissue culture flask after reaching ~80% confluency. 

Subsequent cell culture was performed in the aforementioned U251 media 

supplemented with 1 mg/mL Geneticin. 

4.2.8. Live cell imaging 

Cells were imaged using a Nikon Eclipse TE200 inverted microscope and a 

CoolSnap HQ2 CCD camera (Photometrics) controlled by MetaMorph v7.1.4 imaging 

software (Molecular Devices). For all imaging, cell culture dishes were placed in a Bold 

Line top stage incubator (Okolab) at 37oC and 5% CO2. Cell migration images were 

taken using phase contrast imaging and a plan fluor 10x/0.30NA objective. Time lapse 

movies were taken at 15 minute intervals for 16-24 hours. Sample movies of U251 

glioma cells on 12 kPa, 1 MPa, and 10 MPa are presented as Supplementary Movie 

4.4-Supplementary Movie 4.6. EGFP-actin flow images were taken using a plan fluor 

40x/0.60 NA objective with epifluorescence microscopy illumination provided by a 

PhotoFluor II light source (89 North). Time lapse movies were taken at 2 s intervals for 3 

minutes. Additional actin flow movies were taken with phase contrast imaging to verify 

that the expression of EGFP-actin did not alter the actin retrograde flow rate (Figure 
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4.4A-C). Sample movies of EGFP-actin flow and phase contrast actin flow are presented 

as Supplementary Movie 4.7 and Supplementary Movie 4.8 respectively. 

4.2.9. Cell traction imaging 

Cell traction images were taken with a plan fluor 40x/0.60 NA objective using 

both phase contrast imaging and epifluorescence. A phase contrast cell image was 

taken followed by an epifluorescent strained gel image. Media was then removed and 

0.05% trypsin with EDTA in HBSS (Gibco 25-052-CI) was added to remove cellular 

adhesions to the substrate, relieving the stress in the gel. Ten minutes after adding 

trypsin, another epifluorescent image was taken of the gel in its relaxed state. For 

traction measurement on 1 MPa gels, an improved microscope stage insert with better 

dish stability was used to reduce measurement noise (Figure 4.4D-F). 

4.2.10. Cell migration analysis 

Individual cells were identified in each frame of the cell migration movies by using 

a custom-written image segmentation algorithm in MATLAB (MathWorks). A Gaussian 

filter was first applied to remove noise in the images, and cell edges were identified 

using Sobel edge detection. The identified edges were then dilated to bridge any gaps in 

the edge detection. Regions enclosed by the edge detection were filled and eroded back 

to their original size. The user then selected one of the regions (cells) to track throughout 

the movie. For each frame, the region centroid, area, and major and minor axis lengths 

were recorded (Figure 4.5A-D). Regions were matched from frame to frame by 

identifying a region which contained the recorded centroid from the previous frame. If no 

such region existed, the user manually identified the region corresponding to the cell 

being tracked, or the user skipped recording for that frame. The algorithm also requested 

user input if the area of the tracked region increased by more than 50% or decreased by 

more than 25% from frame to frame. In these cases, the user manually confirmed if the 

region information should be recorded or discarded for that frame. The random motility 

coefficient (μ) for 2D cell migration was calculated using the same method as for the 

simulated cells by fitting a line to the mean squared displacement versus time plot that is 

constrained to go through the origin (Figure 4.5E). 

4.2.11. Actin retrograde flow rate measurement 
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Actin flow speed was calculated by taking kymographs (space-time plots) along 

the axis of moving actin features (approximately orthogonal to the local leading edge) 

near the edges of EGFP-actin U251 glioma cells using the ImageJ multiple kymograph 

plugin. The kymographs were analyzed using a custom-written MATLAB (MathWorks) 

algorithm which cross-correlated each spatial frame along a specified region of the time 

axis18. A Gaussian curve was fit to the average cross-correlation function for the 

specified region, and the maximum of the curve was taken as the average displacement 

of actin from frame to frame. This displacement was used in conjunction with the frame 

rate to calculate the speed. 

4.2.12. Traction strain energy measurement 

Cell traction stress fields were measured using a custom-written MATLAB 

(MathWorks) implementation of Fourier transform traction cytometry (FTTC)15. First, 

background signal was removed from the strained and relaxed gel images using a 

morphological top hat filter. The phase contrast image of the cell was then used to 

create a mask which was overlaid on top of the strained and relaxed gel images. This 

excluded beads displaced by the cell from the subsequent image registration. The 

strained and relaxed gel images where roughly registered by two-dimensional Fourier 

transform cross-correlation and then fully registered to sub-pixel accuracy by optimizing 

an affine transformation to maximize the cross-correlation between the two images. In all 

steps of the registration, the strained image was left unchanged while the relaxed image 

was transformed. This was done because the strained image most closely corresponded 

in position to the cell mask. 

A gel displacement field was calculated by applying particle image velocimetry 

(PIV) to the fluorospheres in the strained and relaxed gel images. A coarse displacement 

field was calculated using a 48x48 pixel (7.8x7.8 μm) window size with a search 

neighborhood extending 100 pixels (16.3 μm) beyond the window. Window displacement 

was calculated my maximizing the cross-correlation between the strained and relaxed 

images. A fine displacement field was calculated using a 24x24 pixel (3.9x3.9 μm) 

window size with the coarse displacement field as an initial guess for the cross-

correlation maximization. Windows for the fine displacement field were overlapped by 

one half of their length in each dimension for a final lattice spacing of 12 pixels (2.0 µm). 
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From the displacement field, the traction stress field was calculated using the 

inverse Bousinesq solution63 in Fourier space15. Finally, the traction strain energy was 

calculated by integrating the dot products of the traction vectors ( ) with the 

displacement vectors ( ) at each position ( ) over the area of the image as in Eq. 4.1515.  

     dxdyrurTU strain



2

1
 Eq. 4.15 

The stain energy calculation provides an advantage over simply summing the 

magnitudes of the traction field vectors because the dot product with the displacement 

vectors minimizes the effect of noise in the calculation. Traction vectors which are poorly 

aligned with their corresponding displacement vectors contribute weakly to the stain 

energy. However, given the same traction field, the strain energy will decrease with 

Young’s modulus (E) because , therefore . To correct for this 

effect, the strain energy was multiplied by the substrate Young’s modulus to validate that 

experimental differences in strain energy corresponded to differences in cell traction 

(Figure 4.4G-I). 

4.2.13. U251 mRNA expression 

To collect enough mRNA for expression analysis on different stiffnesses, U251 

glioma cells were cultured on large polyacrylamide gels covering the surface of a 1 well 

chamber glass slide (Lab-Tek 154453). After one day of culture on the gels, mRNA was 

purified from the cells using an RNeasy Mini Kit (Qiagen 74104). mRNA samples were 

then given to the University of Minnesota Genomics Center to analyze for expression 

using a HumanHT-12 BeadChip microarray (Illumina BD 103-0204).  

4.2.14. Composite metrics 

For both the simulation and experimental results, a composite metric was created 

to pool the data of random motility coefficient, cell area, aspect ratio, actin flow rate, and 

traction. To create this composite metric, each data set was scaled such that the 

minimum value was zero and the maximum value was one. For actin flow rate, the data 

was reflected with respect to the x-axis (i.e. inverted) and then scaled as described 

because the optimum for actin flow is a minimum value rather than a maximum. The 

scaled data sets were then averaged at each stiffness and again scaled to span from 
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zero to one to create the composite data. To create the composite data fit curves, a 

logarithmic Gaussian curve was fit to the composite data. For the ECFNs, only the actin 

flow rate and the traction strain energy were used to calculate the composite metric 

because the other types of data were not available. 

4.2.15. Statistical analysis 

For determining confidence in maxima and minima, a Kruskal-Wallis one-way 

analysis of variance62 was performed to determine if any of the sampled conditions 

originated from a different distribution that the others. This test was chosen because the 

sample sizes varied, and the expected shape of the sampled distributions was unknown 

a priori. The Kruskal-Wallis analysis allows for differing sample sizes and makes no 

assumption as to the shape of the originating distribution. A subsequent Dunn’s test33 for 

multiple comparisons was performed to determine which sample sets, if any, originated 

from differing distributions than other sample sets. The same analysis was done for 

comparing the no drug, blebbistatin, cyclo(RGDfV), and both drug cases. For figures 

comparing only two data sets, the Kruskal-Wallis analysis was performed without Dunn’s 

test because there was no need to correct for multiple comparisons. 

The null hypothesis that the stiffness optima for the composite data fit curves are 

not different from each other was tested using a bootstrapping method. Data at a 

particular stiffness was randomly selected from either the untreated or combined drug 

treated scaled random motility coefficient, cell area, aspect ratio, actin retrograde flow 

rate, and traction strain energy for U251 glioma cells and assigned to the untreated 

case. The remaining data was assigned to the combined treated case. New composite 

metrics were calculated for each case, and logarithmic Gaussian curves were fit to the 

composite data. The logarithmic distance between the maxima for the two fit curves was 

recorded. This process was repeated 10,000 times to generate a probability distribution 

of potential stiffness optima differences according to the null hypothesis that there is no 

different between the stiffness optima for the two sets of composite data. The 

experimental stiffness optima difference was then compared to the distribution of 

differences to determine the confidence to which the two fit optima were significantly 

different. The same process was performed to test the null hypothesis that the 
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composite data fit curve optima for simulations with low and high motor and clutches are 

not different from each other. 

4.3. Results 

4.3.1. Cell migration simulator predicts shift in stiffness optima 

The cell migration simulations exhibited a stiffness optimum for cell migration 

which was shifted by altering the numbers of motors and clutches (Figure 4.1C). Upon 

coordinately altering the numbers of motors and clutches by an order of magnitude, the 

stiffness for maximal random motility coefficient also shifted by an order of magnitude as 

expected based on our previous motor-clutch analysis8. The maximum of the simulated 

cell aspect ratio also shifted by an order of magnitude due to the change in motors and 

clutches (Figure 4.1D). This aspect ratio maximum was reached at the same stiffness 

as the maximum random motility coefficient. The cell migration simulator also predicted 

stiffness optima for cell traction force and F-actin retrograde flow rate which was shifted 

by altering the numbers of motors and clutches (Figure 4.1E&F), corroborating the 

results for the simpler motor-clutch model8. A composite metric was created to pool all 

four metrics, and it shows the shift in the stiffness optimum caused by coordinately 

changing motors and clutches in the simulator (Figure 4.1G). 

4.3.2. U251 glioma cells show optimum stiffness in the range of megapascal 

substrate Young’s modulus 

U251 glioma cells were cultured on collagen type I-treated polyacrylamide 

corsslinked hydrogel substrates of different Young’s moduli prepared according to the 

formulations given in Figure 4.3A. The Young’s moduli of these gels were measured 

using a bead indentation technique (Figure 4.3B-D). As shown in the representative 

images in Figure 4.6A, the cell morphology changed with the substrate stiffness. On a 

12 kPa gel, the cells were small and round; while on a 1 MPa gel they were large and 

elongated. On an even stiffer gel of 10 MPa, the cells again appeared small and round. 

Projected cell area was calculated using an image segmentation algorithm, and 

cell aspect ratio was calculated by fitting an ellipse to the projected cell area (Figure 

4.5A&C). Cells were tracked over time by recording the centroid of the projected cell 

area to obtain cell trajectories (Figure 4.5B&D). Figure 4.6B shows representative 
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wind-rose plots of cell trajectories on 12 kPa, 1 MPa, and 10 MPa, demonstrating the 

difference in cell migration. Each plot shows the trajectories of ten cells over ten hours. 

The cells on 1 MPa clearly migrate further in ten hours than the cells on either 12 kPa or 

10 MPa. 

Cell trajectories were used to calculate the mean squared displacement for each 

cell over time intervals ranging from 15 minutes to 5 hours (Figure 4.5E). The mean 

squared displacement versus time interval data were then used to calculate the cell 

random motility coefficients as described in the methods. Over a stiffness range of 100 

Pa to 10 MPa, the mean cell random motility coefficient has a maximum between 260 

kPa and 2 MPa (Figure 4.6C). Similarly, mean cell area had a maximum between 260 

kPa and 10 MPa (Figure 4.6D), and mean cell aspect ratio had a maximum between 80 

kPa and 10 MPa (Figure 4.6E).  

4.3.3. Stiffness optima for U251 glioma cells suggest increased motors and 

clutches compared to ECFNs 

Previous data of embryonic chick forebrain neurons (ECFNs) suggest that they 

have minimal actin flow and maximal traction strain energy on a stiffness less than 1 

kPa18,8. According to the cell migration simulator, this suggests that the ECFNs have 

fewer motors and clutches than U251 glioma cells because the ECFNs have a lower 

optimum stiffness than the U251 glioma cells (<1 kPa versus ~1 MPa). 

This difference in stiffness optima was corroborated by measuring actin flow in 

EGFP-actin U251 glioma cells cultured on polyacrylamide gels ranging from 1.3 kPa to 

10 MPa. Actin flow could not be measured on 100 Pa for U251 cells because there were 

no protrusions long enough to make the measurement. Expression of EGFP-actin has 

previously been shown not to affect actin flow rate in neurons, a finding that we have 

also validated for U251 glioma cells in Figure 4.4A-C. Figure 4.7A shows a 

representative fluorescent image of an EGFP-actin U251 cell, and Figure 4.7B shows a 

representative kymograph of actin flow at the edge of a U251 glioma cell. As seen in 

Figure 4.7C, the actin flow for U251 cells has a minimum between 260 kPa and 2 MPa. 

This minimum occurs at a Young’s modulus approximately three orders of magnitude 

greater than the minimum for ECFNs. According to the cell migration simulator, this 
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difference should be accompanied by an approximately three order of magnitude 

difference in expression of motors and clutches. 

Approximate motor number was compared by measuring traction strain energy 

for both cell types on the same stiffness. Figure 4.7D presents representative traction 

fields calculated using FTTC for an ECFN and a U251 glioma cell. The U251 glioma cell 

clearly transmits more force, and when plotted on the same scale, the traction vectors 

for the ECFN are nearly undetectable compared to those for the U251 glioma cell. 

Figure 4.7E shows that on 1.3 kPa, the mean U251 glioma cell traction strain energy is 

about three orders of magnitude greater than the mean ECFN traction strain energy. 

These measurements are validated against measurement noise in Figure 4.4D&E. The 

greater force transmission for U251 glioma cells suggests that they express 

approximately three orders of magnitude more motors than the ECFNs. We have 

previously shown that clutches must approximately balance motors to maintain stiffness 

sensitivity8. Therefore, since actin flow is stiffness sensitive for both cell types, the 

expression of clutches also likely differs by three orders of magnitude. 

Furthermore, the mean traction strain energy was calculated for U251 glioma 

cells on polyacrylamide gels ranging from 100 Pa to 1 MPa. The measurement at 1 MPa 

was made possible by adapting the microscope stage insert to better stabilize the cell 

culture dish during imaging (Figure 4.4E&F). The traction strain energy has a maximum 

between 12 kPa and 260 kPa, much higher than the potential maximum of ECFN strain 

energy below 1 kPa (Figure 4.7F). 

4.3.4. U251 glioma cell stiffness optima is shifted by inhibiting both motors and 

clutches 

To further test the hypothesis that coordinate changes in motors and clutches 

shift the optimum stiffness for a cell, blebbistatin was added to inhibit myosin II motors 

and cyclo(RGDfV) was added to competitively inhibit integrin-mediated adhesions to the 

collagen-coated substrate. Traction strain energy was measured for U251 cells at 

varying concentrations of each drug to determine amounts that would give an 

approximate order of magnitude reduction in active motors and adhesion molecules 

(Figure 4.8; each drug alone at saturating concentrations effectively eliminated cell 

traction strain energy). As predicted, when active motors and adhesion molecules were 
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simultaneously reduced, the optimum stiffness for the cell decreased. Figure 4.9A 

shows that the maximum for random motility was shifted down to between 1.3 kPa and 

10 MPa. More importantly, the random motility coefficient on 12 kPa increased in the 

combined drug case compared to the cases with no drug or each drug individually. 

Conversely, the combined drug treatment decreased random motility compared to the no 

drug case on 1 MPa. Interestingly, the individual drug treatments each decreased the 

motility more than the combined treatment on 1MPa indicating that the addition of a 

motility inhibiting drug partially rescues motility in the presence of the other motility 

inhibiting drug. 

The combined drug treatment reduced the optimum for cell area to between 1.3 

kPa and 1 MPa (Figure 4.9B). Again, the combined treatment had opposite effects on 

12 kPa where it increased cell area and on 1 MPa where it decreased cell area. 

Similarly, the optimum for cell aspect ratio was shifted down to between 1.3 kPa and 10 

MPa with the combined drug treatment (Figure 4.9C). On 12 kPa, this treatment 

increased the cell aspect ratio, but it had no significant effect on aspect ratio on 1 MPa. 

The combined drug treatment also reduced the minimum of actin flow to between 1.3 

kPa and 80 kPa (Figure 4.9E). This occurred due to a decrease in the actin flow rate on 

12 kPa, but the actin flow rate on 1 MPa was not significantly affected. 

The maximum in traction stain energy did not shift out of the control range due to 

the combined treatment, but the traction strain energy was reduced as shown in Figure 

4.9E. On 12 kPa, each drug individually decreased the traction strain energy by about an 

order of magnitude, but the combined drug treatment actually increased the traction 

strain energy compared to the single drug cases. Just as with the motility, this indicates 

that the addition of a traction-inhibiting drug can actually increase the traction strain 

energy in the presence of the other traction inhibiting drug, an effect predicted by the 

model. On 80 kPa, the traction strain energy was reduced by about an order of 

magnitude in each single drug case and the combined treatment. 

The combined data of random motility coefficient, cell area, cell aspect ratio, 

actin flow rate, and traction strain energy indicates that the coordinate inhibition of 

motors and clutches reduced the cell optimum stiffness. Figure 4.9F demonstrates this 

fact by presenting a metric that combines all five types of data for U251 glioma cells with 
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no drug and with the combined drug treatment. These results are also compared to the 

composite metric for ECFN actin flow and traction strain energy. The ECFNs are 

expected to have low numbers of motors and clutches, and correspondingly they have a 

low optimum stiffness near 1 kPa. The U251 glioma cells have a much higher optimum 

stiffness near 1 MPa. The combination drug treated U251 glioma cells, which are 

expected to have about an order of magnitude fewer active motors and clutches, in turn 

have an optimum near 100 kPa, about an order of magnitude below the optimum for the 

untreated U251 glioma cells. 

4.4. Discussion 

The cell migration simulator presented in this work provided accurate and 

unexpected predictions that were validated experimentally. The simulator not only 

predicted the trends seen in the cell migration experiments, but it also gave 

quantitatively accurate predictions. The values for random motility coefficient, cell aspect 

ratio, and actin flow rate differed at most by about 25% from the experimental values. 

This accuracy for each of the four separate metrics of cell behavior is especially 

remarkable given that many of the parameter values were order of magnitude estimates 

taken from broad experimental ranges. The quantitative accuracy of the simulator, given 

the uncertainty in many of the parameters, suggests that the simulator predictions are a 

robust feature of cell migration. 

Currently, no signaling pathways or feedback loops are present in the simulator, 

and it could be made even more accurate by incorporating them. For example, protein 

delivery by microtubules plays a role in cell migration98. We have previously developed a 

model of microtubule dynamics106 which could be incorporated into the cell migration 

simulator. Additional simulation analysis could also provide a deeper mechanistic 

understanding of cell migration and force transmission. Traction dynamics are essential 

to cell migration25, and we have previously shown how parameter changes in the earlier 

motor-clutch model may halt traction dynamics8. The cell migration simulator now 

incorporates cell-wide parameters that may also change traction dynamics. Experiments 

quantifying traction dynamics could provide further vetting of the model. 

The cell migration simulator could also be used in the future to simulate a variety 

of cell migration behaviors in heterogeneous environments including durotaxis67 and 
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migration though pores10. Although the current version of the simulator acts in two 

spatial dimensions, it can be readily extended to three dimensions simply by allowing 

modules to extend into a third dimension and solving a force balance in the third 

dimension. To speed computational efficiency, our previous deterministic motor-clutch 

model7 could be substituted into the cell migration simulator for the current stochastic 

motor-clutch model. Assuming the simulation variance due to module direction, birth, 

and death is greater than the variance due to clutch binding and unbinding, this 

substitution would have little effect on the simulation output. The computational 

efficiency gained by this substitution could allow for more complex simulations of 

collective cell migration which could test our previous hypothesis that cells may alter 

their stiffness optima by mechanically coupling to other cells to effectively increase their 

numbers of motors and clutches8.  

Perhaps most importantly, the cell migration simulator could be used as an in 

silico diagnostic and treatment tool for diseases such as glioblastoma for which aberrant 

cell migration is a major contributor to poor prognoses65. As shown here, the same drug 

treatment may have opposite effects in different mechanical environments. Even more 

surprising may be the fact that the addition of two drugs which inhibit cell traction or 

migration can actually increase traction or migration compared to the addition of only 

one of the drugs. The results here express the importance of understanding the 

operating conditions for a migrating cell before prescribing treatment. In the future, our 

simulator could be used to help determine these operating conditions. Glioblastoma has 

been divided into four different subtypes based on gene expression profiles, and some 

of the subtypes respond better to common therapies than others121. The difference in 

response could be due to different cell migration parameters, in which case the cell 

migration simulator could help determine the types and relative amounts of drugs to 

prescribe to decrease tumor cell migration. Furthermore, tumor cell migration from 

resected tissue of individual patients could be quantified on different stiffnesses as done 

here, and the simulator parameters could be fit to that data. By then altering the fit 

parameters, the cell migration simulator could be used to prescribe personalized 

medicine for the optimum glioblastoma treatment. 

4.5. Supplementary information 
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4.5.1. Simulation Steady State 

In order to determine which portions of the cell migration simulations should be 

analyzed, a steady state analysis was performed using the low motor and clutch 

parameter set on 0.1, 10, and 1,000 pN/nm substrates (Figure 4.2A-D). The number of 

motor-clutch modules and the cell aspect ratios each take about 100 minutes to reach 

steady state which agrees well with previous experiments and models of cell spreading 

on elastic substrates83. However, actin flow rate reaches its steady state almost 

immediately. This occurs because, unlike the aspect ratio, the actin flow is independent 

of the number of motor-clutch modules. Traction force, on the other hand, is dependent 

on the number of modules, so it also takes about 100 minutes to reach steady state. To 

ensure that only steady state cell simulations were analyzed, the first two hours of each 

simulation were excluded from further analysis. 

4.5.2. Adhesivity Simulations 

Many experiments have shown that cells migrate fastest at intermediate 

adhesion strength (adhesivity)30,36,43. At low adhesivity, cells cannot transmit enough 

force to effectively move, while at high adhesivity, cells are too well adhered to their 

substrate to move. The adhesivity for cell migration simulations was altered by changing 

the total number of clutches (Nc) and the maximum number of clutches per module (nc*). 

The ratio between the two was held constant such that the maximum clutches per 

module was one tenth of the total. Our cell migration simulator agrees well with previous 

experiments and adhesivity models29 (Figure 4.2). 

As seen in Figure 4.2F, simulated cells were most migratory at intermediate 

adhesivity. Aspect ratio was highly variable and showed no significant difference among 

the adhesivity simulations (Figure 4.2H). Our previous study showed that low adhesivity 

leads to free flowing actin and low force transmission while high adhesivity leads to 

stalled actin and high force transmission8. These effects also occur in the cell migration 

simulator (Figure 4.2I-J).  

The migration results on different stiffnesses can be described similarly to 

adhesivity. At low substrate stiffness, nearly all clutches are bound because there is little 

tension causing them to unbind. This is a highly adhesive regime resulting in low cell 

migration. As substrate stiffness increases, the adhesivity decreases because tension 
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builds more quickly on the adhesion bonds causing them to fail faster. The overall effect 

is fewer bound clutches resulting in a more migratory cell. As substrate stiffness is 

increased further, tension builds even more quickly, causing even fewer bound clutches 

at any given time. This results in a low adhesivity regime in which migration is low again. 

4.5.3. Justification of simulator parameter values 

The parameter values for the cell migration simulator are given in Table 4.1. 

Some of these parameters were taken directly from our previous motor-clutch model, 

where their justification can be found18. These parameters include the maximum actin 

polymerization velocity (vp*), motor stall force (Fm), unloaded motor velocity (vm*), clutch 

on-rate (kon), unloaded clutch off-rate (koff*), and the characteristic clutch rupture force 

(Fb). Additionally, the clutch spring constant (κc) was altered to its current value in our 

previous motor-clutch model analysis8. Justifications for the remaining parameters are 

given below. 

 

Total number of motors (Nm): Measurements of total cell traction force 

magnitude have ranged from about 1 nN74 to 1 µN16. If each motor generates 

approximately 1 pN of force78, there must be on the order of 100-100,000 motors 

involved in force transmission. Therefore, we chose 1000 and 10,000 to test low 

and high numbers of motors. 

 

Total number of clutches (Nc): As previously shown, the number of clutches 

must be similar to the number of motors in order to achieve stiffness sensitivity8. 

Preliminary simulations suggested that matching total clutch number to total 

motor number resulted in low migration due to high adhesivity (Figure 4.2). 

Therefore, the total number of clutches was reduced to 750 and 7,500 for the low 

and high clutch cases. 

 

Total possible actin length (Atot): This is not meant to be the total possible 

length of all actin the cell; rather, it is the total possible length of actin that 

contributes to the length of cellular protrusions. In our experiments the longest 

cells were generally on the order of 100 µm, so we have set Atot as 100 µm. 
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Maximum module birth rate (kmod*): This maximum is the module birth rate 

given that all actin is free. Generally, the actual rate will be much lower because 

a fraction of the total actin is free, and the actual rate declines as a fourth order 

function as free actin decreases. This fourth order decay agrees with in vitro 

experimental results54,115 and mitigates the importance of the value of kmod*. 

 

Module capping rate (kcap): Capping of individual actin filaments occurs at about 

a 1 s-1 rate104. Since each protrusion is made up of many actin filaments, the 

capping of the entire protrusion should occur at a much slower rate. In our 

experiments, we observed that protrusions generally survive more than 10 

minutes but less than a few hours. For this reason, we have chosen 0.001 s-1 as 

the module capping rate. 

 

Initial module length (lin): Initial module length was chosen to be short at 5 µm, 

but long enough such that the module would be visible in the simulation. 

 

Minimum module length (lmin): This length was set to a small positive number 

relative to maximum module length to avoid any situations where a module may 

have negative length before being destroyed in the implementation of the 

simulation algorithm. 

 

Cell spring constant (κcell): Our experiments show stiffness sensitivity in the 

megapascal range, indicating that the relevant cell stiffness much be at least on 

the same order as the substrate it is sensing. If the relevant cell stiffness were 

significantly softer than the substrate the cell would only sense its own stiffness 

and show no sensitivity to the significantly stiffer substrate. We have previously 

shown that for our gels a 1 kPa Young’s modulus corresponds to approximately a 

1 pN/nm spring constant18. Therefore, we have chosen 10,000 pN/nm as the cell 

spring constant to account for stiffness sensitivity beyond 1 MPa. 
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Number of cell body clutches (nc,cell): Cell body clutches were added to avoid 

instantaneous jumps in the cell body position due to module failure. We wanted 

to maintain that the majority of the cell’s adhesions resided in the modules, so we 

added a small number of clutches to the cell body (10 for the low clutch case, 

and 100 for the high clutch case), to provide some drag to the cell body 

movement. 

 

Maximum number of module motors (nm*): Studies have shown that the 

average traction stress for a focal adhesion is about 0.1 kPa over about a 1 µm2 

area94. This translates into about 100 pN of force transmission per focal 

adhesion. If each motor contributes 1 pN of that force, there should be about 100 

motors per focal adhesion. Therefore we chose 100 and 1,000 as the low and 

high values for the maximum number of module motors. 

 

Maximum number of module clutches (nc*): As stated for the total number of 

clutches, the maximum number of clutches per module must be similar to the 

maximum number of motors per module8. When clutches were equalized to 

motors, adhesivity was too high (Figure 4.2), so we chose 75 and 750 as the low 

and high values for the maximum number of clutches per module. 

4.5.4. Single drug treatment results 

Blebbistatin was added to U251 glioma cells to inhibit myosin II activity61. As 

seen in Figure 4.8A, the addition of 50 uM blebbistatin caused cellular protrusions to 

extend, likely because myosin II was no longer retracting the actin filaments of these 

protrusions. Cylco(RGDfV) was added to inhibit integrin binding to collagen24. As seen in 

Figure 4.8B, the addition of 50 uM cyclo(RGDfV) caused a cell to become round, likely 

because its protrosions could no longer adhere to the collagen-coated substrate. To 

determine intermediate levels of blebbistatin and cyclo(RGDfV) which would reduce, but 

not eliminate, motor and clutch activity, traction strain energy was measured on 80 kPa 

for varying drug concentrations. The resulting stain energy data (Ustrain) was fit to the 

logistic Eq. 4.16. 
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Eq. 4.16 

In this equation, Umax is the strain energy without drug, C is the concentration of drug, 

IC50 is the concentration at which the drug reduces the response (Ustrain) by 50%, and H 

is the Hill slope parameter. As seen in Figure 4.8C-D, blebbistatin had a weaker effect 

on traction strain energy than cylco(RGDfV), as indicated by its greater IC50 value, 0.55 

µM versus 0.14 µM. For validation of the cell migration simulator predictions, 6 µM 

blebbistatin and 0.6 µM cyclo(RGDfV) were used because those concentrations resulted 

in approximately an order of magnitude reduction in the traction strain energy. 

Two stiffnesses, one near the untreated U251 glioma cell optimum and one near 

the combined treatment U251 glioma cell optimum, were chosen to compare the 

untreated and combined treated cases to single treatments of blebbistatin and 

cyclo(RGDfV) (Figure 4.9). On 12 kPa, blebbistatin had no significant effect on the 

random motility coefficient, while cyclo(RGDfV) slightly reduced the random motility 

coefficient. 12 kPa is far below the optimum stiffness for the untreated case, and the 

cells on that stiffness do not migrate very quickly. Therefore, the addition of either drug 

which inhibits force transmission had little effect because the cells already had low 

motility. The interesting effect came when adding both drugs because in that case they 

increased the random motility coefficient due to shifting the optimum to a lower stiffness 

closer to 12 kPa. On 1 MPa, the drugs each individually decreased the motility because 

the cells were near their optimum stiffness. As show in our previous analysis8, individual 

parameters changes lead to a stalled or free-flowing motor-clutch system, neither of 

which is efficient for migration. The addition of blebbistatin likely shifted the motor-clutch 

behavior toward stall, while the addition of cyclo(RGDfV) likely shifted the behavior 

toward free flowing, both of which decrease the cell motility. Interestingly, the addition of 

both drugs on 1 MPa increased the motility compared to the individual drug cases. It 

may seem counter intuitive that two motility inhibiting drugs actually increased motility 

compared to either one individually, but this effect can be explained by the shifting 

optimum. Adding both drugs maintains balance of motors and clutches, but shifts the 

optimum to a lower stiffness, reducing motility near the untreated optimum at 1 MPa. 
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The cell area responded similarly to the random motility coefficient in that the 

combined drug treatment increased cell area on 12 kPa, but decreased cell area on 1 

MPa due to the shifting optimum stiffness. On 12 kPa, the untreated cells were small, so 

the addition of blebbistatin to reduce contractility resulted in larger cells because actin 

was allowed to polymerize against the cell edge without being retracted by myosin II. It 

was expected that the addition of cyclo(RGDfV) would result in cell protrusion retraction, 

decreasing cell area, but on 12 kPa the cells were already small, so the addition of 

cyclo(RGDfV) had little effect. On 1 MPa, the opposite was the case. Blebbistatin had no 

significant effect on the cell area because the cells were already large near their 

optimum stiffness. However, cyclo(RGDfV) did reduce cell size because it caused 

protrusions to be retracted. 

The aspect ratio on 12 kPa followed the same pattern as the cell area. 

Blebbistain increased the aspect ratio due to extending cell protrusions, but 

cyclo(RGDfV) had no significant effect because cells were already round. The addition of 

both drugs increased the aspect ratio due to shifting of the stiffness optimum. None of 

the treatments had a significant effect on aspect ratio at 1 MPa. Cells on 1 MPa were 

already elongated before the addition of blebbistatin, so the drug could not elongate 

them much more. However, the result that neither cyclo(RGDfV) nor the combined 

treatment changed the aspect ratio indicates that although cell area was reduced, the 

cells maintained their elongation along a particular axis, i.e. the cell area was not 

decreased enough to allow for new protrusions away from the major axis. 

Both blebbistatin and cyclo(RGDfV) had the expected result on actin flow rate on 

12 kPa. Blebbistatin inhibits myosin II motor retraction of actin, so the actin flow rate 

decreased. cyclo(RGDfV) inhibits integrin adhesions meaning there is less resistance to 

myosin II retraction of F-actin, and the actin retrograde flow rate increased. The 

combined treatment decreased the actin retrograde flow rate due to shifting of the 

stiffness optimum. The actin flow rate was already minimal on 1 MPa, so the addition of 

blebbistatin did not significantly decrease it further. However, the addition of 

cyclo(RGDfV) again reduced the resistance to the motors causing an increase in the 

actin flow rate. The combined treatment did not significantly change the actin flow on 1 

MPa because it reduced the new optimum to a lower minimum actin retrograde flow rate 



 

 96 

than in the untreated case. Because of this decrease, the actin retrograde flow rate was 

still rising when it passed through 1 MPa, and happened to cross at a value similar to the 

untreated case. 

Finally, both individual drug treatments reduced the traction strain energy on both 

12 kPa and 80 kPa. In fact, this is how the treatments were chosen. Blebbistatin reduced 

force generation by myosin II motors, so force transmission in turn decreased. 

cylco(RGDfV) reduced integrin adhesion to the substrate, so that even though myosin 

motor activity was likely unchanged, less force was transmitted due to weaker coupling 

to the substrate. Notably, the addition of both drugs increased the traction strain energy 

compared to the individual treatments on 12 kPa, indicating that the addition of two 

traction inhibiting drugs can actually increase traction compared to the individual traction 

inhibition. This occurred because the combined treatment maintained the balance of 

motors and clutches which shifted the optimum stiffness to a lower value. A similar 

increase in the traction strain energy on 80 kPa was not seen because the optimum was 

shifted away from that stiffness in the combined treatment case. Although the identified 

range for the optimum did not change between the untreated and the combined 

treatment cases, we hypothesize that the optimum did indeed shift within that range. 

Indeed, the increase in traction strain energy seen in the combined drug case indicates 

this shift must have occurred. 

 

4.5.5. U251 mRNA expression 

A beadchip microarray was used to measure the mRNA gene expression levels 

of U251 glioma cells cultured on tissue culture plastic and 12 kPa, 260 kPa, and 2 MPa 

polyacrylamide gels. The microarray tested for 34,694 known and predicted human 

genes using 47,323 unique sequences, i.e. some genes were tested using multiple 

sequences. Six biological replicates were done for each stiffness and for plastic, and the 

average expression was calculated for each condition. Since some genes were identified 

by more than one sequence, the average for these genes was taken over more than six 

readings. Each gene was compared for each condition, and genes having a greater than 

1.5 fold change with p<0.01 by a one-way analysis of variance for any comparison are 

presented as a heat map in Figure 4.10A. 117 genes met these criteria, with the vast 
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majority of differences occurring between the polyacrylamide gels and plastic. There 

were few expression changes among the different polyacrylamide gels, indicating that 

surface chemistry plays a larger role in gene expression than the surface stiffness. 

Of the 117 genes that met the fold change and significance criteria, the 11 

shaded in grey appear in Simpson et al.’s list of 1081 cell migration genes109. Of those 

11, only one, CD9, was significantly different among polyacrylamide gels, and this was 

only a 1.2 fold change from 260 kPa to 12 kPa. The consistency of mRNA expression 

among polyacrylamide gels, and the further consistency of cell migration gene mRNA 

expression across all conditions suggest there is little change in motor-clutch 

components across those conditions, and a consistent set of parameters can be used for 

different stiffnesses. 

The mRNA expression was further used to identify the most likely genetic 

components of the cell migration simulator using Simpson et al.’s list of 1081 cell 

migration genes109. Selected genes are presented in Table 4.2. mRNA expression of 

myosin IIA is much higher than both myosin IIB and IIC in agreement with previous 

results from Beadle, et al10, suggesting that myosin IIA is likely the motor involved in the 

cell migration simulator. As expected, beta actin had one of the highest mRNA 

expressions and was accompanied by many highly expressed actin binding proteins 

including cofilin1, Arp2/3 complex members, and capping proteins. The hyaluronic acid 

receptor CD44 had the highest mRNA expression among adhesion molecules, which is 

not surprising considering that hyaluronic acid is the predominant component of brain 

extracellular matrix100. However, our experiments used collagen for cell adhesion, so the 

high mRNA expression integrins alpha V and beta 1 are likely the adhesion molecules 

used by the cells in our experiments. Vinculin and talin 1 are known to play a role in 

rigidity sensing70, and each are appreciably expressed by these cells. The key 

contributors to the motor-clutch model are also identified on a histogram of all gene 

mRNA expression in Figure 4.10B. 

4.6. Collaborator contributions 

The work in this chapter was completed with the collaboration of Clarence E. 

Chan, Kwaku N. Opoku, Erkan Tüzel, Benjamin W. Schlichtmann, Ghaidan Shamsan, 

Jesse A. Kasim, Benjamin J. Fuller, Brannon R. McCullough, Steven S. Rosenfeld, and 
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David J. Odde. B.L.B. performed U251 traction and actin flow experiments and analysis, 

developed the traction analysis code, and analyzed ECFN traction. B.L.B. and C.E.C. 

developed the cell migration simulator and the cell migration analysis program and actin 

flow measurement program. B.L.B and K.N.O. performed U251 cell migration 

experiments. B.L.B., K.N.O., J.A.K., and B.J.F. performed PAG characterization 

experiments and analysis. B.L.B. and B.W.S. analyzed mRNA expression data. C.E.C. 

and E.T. performed preliminary U251 experiments and analysis. B.W.S. performed 

mRNA collection and purification. G.S. performed traction experiments on 1 MPa and 

assisted with traction strain energy calculations. B.R.M. developed the EGFP-actin U251 

cell line. S.S.R. and D.J.O. provided overall guidance and direction on the project. 
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4.7. Tables and figures 

 

 

Table 4.1 Cell migration simulator parameter values 
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Table 4.2 Motor-clutch gene mRNA expression 
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Table 4.3 Number of experimental observations 
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Table 4.4 Significance values for comparisons in Figure 4.9  



 

 103 

 

Figure 4.1 Cell migration simulator 

(A) Schematic of a motor-clutch module attached to the central cell body. Additional 

modules also extend from the cell body but are not shown here for simplicity. (B) 

Representative schematic of the cell migration simulator overlaid on top of a U251 

glioma cell. This image demonstrates how the simulator captures the three main 

protrusions of the cell. (C-F) Plots of relevant simulator outputs for the cases of low and 

high numbers of motors and clutches. (C) For low motors and clutches, random motility 

coefficient peaks between 0.1-10 pN/nm (p = 0.03). For high motors and clutches, it 

peaks between 0.1-100 pN/nm (p = 0.05). (D) The maximum cell aspect ratio for the low 

motor and clutch case occurs between 0.1-100 pN/nm (p = 0.002), while for the high 

case the maximum occurs between 0.1-100 pN/nm (p = 0.000002). (E) For the low case, 
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the actin retrograde flow minimum occurs between 0.01-10 pN/nm (p = 0.003), and for 

the high case it occurs between 0.1-100 pN/nm (p = 0.002). (F) The traction force 

maximum occurs between 0.01 pN/nm-1 pN/nm for the low case (p = 0.0002) and for the 

high case it occurs between 0.01-100 pN/nm (p = 0.002). (G) The composite metric and 

fit curves show a shift in the optimum stiffness for the low and high motor and clutch 

cases. The difference in the peaks of the two fit curves is significantly different with p = 

0.01. All error bars are s.e.m. The number of observations for each condition can be 

found in Table 4.3. 
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Figure 4.2 Steady state analysis and adhesivity simulations 

(A-D) Time course data for the low motor and clutch parameter set shows that steady 

state is reached after about 100 minutes on 0.1 pN/nm, 10 pN/nm, and 1,000 pN/nm  

substrates for number of motor-clutch modules (A), cell aspect ratio (B), actin retrograde 

flow rate (C), and traction force magnitude (D). Each type of data was recorded at one 

minute intervals and averaged over 40, 34, and 15 simulations for 0.1 pN/nm, 10 pN/nm, 

and 1,000 pN/nm  substrates, respectively. (E-H) Adhesivity results obtained from the 

cell migration simulator. Each simulation was run on a 10 pN/nm substrate with 1,000 

total motors (Nm) and 100 maximum motors per modules (nm*). The total clutches (Nc) 

were varied while maintaining the maximum number of clutches per module (nc*) at 1/10 

of the total clutches. (E) Random motility coefficient is maximal between 100-750 total 

clutches (p=0.02). (F) Cell aspect ratio does not significantly change (p=0.3). (G) Actin 

flow rate decreases with total clutches. (H) Traction force magnitude increases with total 

clutches. 
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Figure 4.3 Formulations and stiffness measurement of polyacrylamide gels 

(A) Recipes for each stiffness of polyacrylamide gel. (B) Schematic of a glass bead 

indenting a polyacrylamide gel containing crimson fluorospheres. (C) 600 μm diameter 

glass bead used for stiffness measurement. (D) Indentation in a 12 kPa polyacrylamide 

gel caused by a 600 μm diameter glass bead. The indented region appears out of focus 

compared to the surrounding gel. 
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Figure 4.4 Actin flow and traction strain energy validation 

(A) Fluorescence kymograph of actin flow in an EGFP-actin U251 glioma cell on a 12 

kPa polyacrylamide gel. Horizontal bar is 2 μm. Vertical bar is 30 s. (B) Phase contrast 

kymograph of actin flow in a U251 glioma cell on a 12 kPa polyacrylamide gel. 

Horizontal bar is 2 μm. Vertical bar is 30 s. (C) On a 12 kPa polyacrylamide gel, actin 

flow in EGFP-actin U251 glioma cells is not significantly different from actin flow in U251 
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glioma cells (p=0.7). (D) ECFN strain energy is above the noise floor of the 

measurement. (E) U251 glioma cell strain energy is above the noise floor except for the 

measurement on 1 MPa. For this stiffness, a new pronged microscope stage insert was 

used to better secure the dish during the experiment. (F) The U251 glioma cell traction 

strain energy on 1 MPa is greater than the noise floor using the pronged stage 

(p=0.009). (G) Scaled strain energy for ECFNs. The scaled strain energies are not 

significantly different (p=0.9). (H) Scaled strain energy for U251 glioma cells with 6 µM 

blebbistatin and 0.6 µM cylco(RGDfV). The correction eliminates the significant 

difference between 80 kPa and 260 kPa (p=0.3). (I) Scaled strain energy for U251 

glioma cells. The maximum occurs between 12 kPa-1 MPa (p=0.09). All error bars are 

s.e.m. 



 

 109 

 

Figure 4.5 Analysis of U251 glioma cell morphology and migration 

(A) A U251 glioma cell on a 12 kPa polyacrylamide gel with its corresponding image 

segmentation and fitted ellipse. (B) Trajectories of U251 glioma cells on 12 kPa over 15 

hours. (C) A U251 glioma cell on a 1 MPa polyacrylamide gel with its corresponding 

image segmentation and fitted ellipse. (D) Trajectories of U251 glioma cells on 1 MPa 

over 15 hours. (E) Averaged mean squared displacement versus time plots for U251 

glioma cell migration on 12 kPa, 1 MPa, and 10 MPa polyacrylamide gels. 
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Figure 4.6 U251 glioma cell migration and morphology have maxima with respect 

to substrate Young’s modulus 

(A) Representative images of U251 glioma cells on 12 kPa, 1 MPa, and 10 MPa Young’s 

moduli polyacrylamide gels. (B) Wind-rose plots of cell trajectories on 12 kPa, 1 MPa, 
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and 10 MPa. Ten cell trajectories over ten hours are shown for each condition. (C) Cell 

random motility coefficient has a maximum between 260 kPa-2 MPa (p=0.04). (D) 

Projected cell area has a maximum between 260 kPa-10 MPa (p=0.006). (E) Cell aspect 

ratio has a maximum between 80 kPa-10 MPa (p=0.02). All error bars are s.e.m. The 

number of observations for each experiment can be found in Table 4.3. 
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Figure 4.7 Actin retrograde flow and traction strain energy of U251 glioma cells 

versus ECFNs 

(A) Representative fluorescent image of an EGFP-actin U251 glioma cell on a 1 MPa 

polyacrylamide gel. The boxed region represents an area selected for an actin flow 

kymograph. (B) Actin flow kymograph for a U251 glioma cell on a 1 MPa polyacrylamide 

gel. Horizontal bar is 2 μm. Vertical bar is 30 s. (C) Embryonic chick forebrain neuron 

(ECFN) and U251 glioma cell actin retrograde flow versus substrate stiffness. U251 actin 

flow has a minimum between 80 kPa-2 MPa (p=0.007). (D) Representative phase 

contrast images with traction field overlays of an ECFN and a U251 glioma cell on 1.3 

kPa polyacrylamide gels. Traction vectors were thinned four-fold for ease of 

visualization. (Inset) Region of ECFN with traction vectors expanded by sixty-fold. (E) 

Mean strain energy of ECFNs and U251 glioma cells on 1.3 kPa polyacrylamide gels. 

U251 strain energy is significantly higher than for ECFNs (p=10-24). (F) U251 stain 

energy has a maximum between 12 kPa-260 kPa (p=0.0004). ECFN data was adapted 

from Chan and Odde18. All error bars are s.e.m. The number of observations for each 

experiment is can be found in Table 4.3. 
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Figure 4.8 U251 glioma cell response to blebbistatin and cylco(RGDfV) 

(A) Addition of 50 µM blebbistatin increases the length of cellular protrusions on 80 kPa. 

(B) Addition of 50 uM cyclo(RGDfV) decreases the size and elongation of a cell on 80 

kPa. In both (A) and (B) the no drug image was taken immediately before the addition of 

drug, and the drugged image was taken 15 minutes after the addition of drug. (C) Dose-

response curve for the effect of blebbistatin on traction strain energy on 80 kPa, with 

logisitc fit curve. (D) Dose-response curve for the effect of cyclo(RGDfV) on traction 

strain energy on 80 kPa with logisitc fit curve. All error bars are s.e.m. 
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Figure 4.9 Simultaneous inhibition of motors and clutches shifts the optimum 

stiffness to lower Young’s modulus 

(A) Simultaneous addition of 6 µM blebbistatin and 0.6 µM cyclo(RGDfV) shifts the 

maximum U251 glioma cell random motility coefficient to between 1.3 kPa-10 MPa 

(p=0.04). On 12 kPa, addition of both drugs increases the random motility coefficient 

compared to the no drug, blebbistatin, and cylco(RGDfV) cases. On 1 MPa, all three 

drugged cases are lower than the no drug case, but addition of both drugs increases the 

random motility coefficient compared to either single drug case. (B) Addition of both 
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drugs reduced the minimum area to between 1.3 kPa-1MPa (p=0.0003). On 12 kPa, the 

addition of both drugs increased the cell area, while on 1 MPa they decreased the cell 

area. (C) Addition of both drugs shifted the maximum aspect ratio to between 1.3 kPa-10 

MPa (p=0.0002). On 12kPa, blebbistatin individually and both drugs combined increase 

the aspect ratio. None of the drugged cases had a significant effect on the aspect ratio 

on 1 MPa. (D) Addition of both drugs reduced the minimum actin flow rate to between 

1.3 kPa-80kPa (p=0.0000003). cylco(RGDfV) alone increased actin flow on both 12 kPa 

and 1 MPa, while blebbistatin alone reduced actin flow on 12 kPa but not significantly on 

1 MPa. The combined drug treatment reduced actin flow on 12 kPa but did not 

significantly affect actin flow on 1 MPa. (E) Addition of both drugs decreased traction 

strain energy by about an order of magnitude on all stiffnesses. The maximum traction 

strain energy maintained its maximum between 12 kPa-260 kPa (p=0.005). However, 

the combined drug treatment increased the traction strain energy compared to either 

individual drug treatment on 12 kPa. (F) A composite metric with corresponding fit 

curves demonstrates the shifting stiffness optimum among U251 glioma cells, U251 

glioma cells treated with blebbistatin and cyclo(RGDfV), and ECFNs. p-values for all bar 

chart comparisons are presented in Table 4.4. All error bars are s.e.m. The number of 

observations for each experiment can be found in Table 4.3. 
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Figure 4.10 U251 glioma cell gene mRNA expression 

(A) List of genes that had at least a 1.5 fold-change in mRNA expression with p<0.01 for 

any of the six comparisons among substrate conditions. Genes with significantly different 

comparisons are color coded according to fold-change in expression. Genes which 

appear in the Simpson et al.109 list of cell migration genes are highlighted in grey. (B) 

Histogram of mRNA expression for all genes measured with selected cell migration 

genes identified. 
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Supplementary Movie 4.1 Cell migration simulation on a 0.01 pN/nm substrate 

The simulated cell shape appears in white with the cell trajectory in red. Each motor-

clutch module is indicated by a line colored according to the force on that module. The 

cell body is indicated by the dot at the center of cell which is also colored according to 

the force on it. On this soft substrate, the simulated cell is small and round. Because the 

traction force is low on this stiffness, the cell does not migrate well as indicated by its 

short trajectory. Frames were recorded at 15 minute intervals for 20 hours. The low 

motor and clutch parameter set was used for this movie. 

 

Supplementary Movie 4.2 Cell migration simulation on a 10 pN/nm substrate 

The simulated cell shape appears in white with the cell trajectory in red. Each motor-

clutch module is indicated by a line colored according to the force on that module. The 

cell body is indicated by the dot at the center of cell which is also colored according to 

the force on it. On this near optimal substrate, the simulated cell is large and elongated. 

The motor-clutch system is utilized efficiently on this stiffness resulting in cell migration 

as indicated by the long trajectory. Frames were recorded at 15 minute intervals for 20 

hours. The low motor and clutch parameter set was used for this movie. 

 

Supplementary Movie 4.3 Cell migration simulation on a 1000 pN/nm substrate 

The simulated cell shape appears in white with the cell trajectory in red. Each motor-

clutch module is indicated by a line colored according to the force on that module. The 

cell body is indicated by the dot at the center of cell which is also colored according to 

the force on it. On this stiff substrate, the motor-clutch system is in a frictional slippage 

regime which transmits little force, resulting in a smaller and more rounded cell 

compared to the optimum. The cell also does not migrate well as indicated by its short 

trajectory. Frames were recorded at 15 minute intervals for 20 hours. The low motor and 

clutch parameter set was used for this movie. 

 

Supplementary Movie 4.4 U251 glioma cell migration on 12 kPa 
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Time lapse images of U251 glioma cells on a 12 kPa polyacrylamide gel were taken at 

15 minute intervals for 15 hours. The cell trajectories (in red) were made using our 

computational cell tracking algorithm. On this low stiffness, cells are small and round. 

They are operating below their optimum stiffness so they migrate slowly and their 

trajectories are short. 

 

Supplementary Movie 4.5 U251 glioma cell migration on 1 MPa 

Time lapse images of U251 glioma cells on a 1 MPa polyacrylamide gel were taken at 

15 minute intervals for 15 hours. The cell trajectories (in blue) were made using our 

computational cell tracking algorithm. On this near optimum stiffness, cells are large and 

elongated. They are operating near their optimum stiffness so they migrate quickly and 

their trajectories are long. 

 

Supplementary Movie 4.6 U251 glioma cell migration on 10 MPa 

Time lapse images of U251 glioma cells on a 10 MPa polyacrylamide gel were taken at 

15 minute intervals for 15 hours. The cell trajectories (in green) were made using our 

computational cell tracking algorithm. On this high stiffness, cells are small and round. 

They are operating above their optimum stiffness so they migrate slowly and their 

trajectories are short. 

 

Supplementary Movie 4.7 Fluorescent actin flow 

A fluorescence movie of an EGFP-actin U251 glioma cell on an 80 kPa polyacrylamide 

gel demonstrates actin retrograde flow at the cell edges. Frames were taken every 2 

seconds for 3 minutes. 

 

Supplementary Movie 4.8 Phase contrast actin flow 

A phase contrast movie of a U251 glioma cell on a 12 kPa polyacrylamide gel 

demonstrates that the actin flow near the edge of the cell can be visualized without using 

fluorescent actin. Frames were taken every 2 seconds for 3 minutes. 
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5. Summary and conclusions 

 

Optimality is an important concept for many biological processes and cell migration is 

no exception. It was puzzling to us at the outset of this dissertation research  that 

different cell types have been shown to have different stiffness optima at which migration 

is maximal. In this work, I sought to explain this phenomenon using both computational 

and experimental approaches. Furthermore, I used the new knowledge gained from this 

work to demonstrate how combination drug therapies can have non-intuitive negative or 

positive effects on cancer cell migration depending on the operating regime of the 

cellular machinery. 

Firstly, I made simple algorithm improvements to and performed a detailed 

sensitivity analysis on the motor-clutch model. While not directly describing cell 

migration, this model described force transmission, a process essential to cell migration. 

The analysis demonstrated that certain parameter balances were necessary to maintain 

stiffness sensitivity and the stiffness optimum of force transmission. Moreover, the 

analysis revealed that dual parameter changes were required to maintain stiffness 

sensitivity while shifting the stiffness optimum several orders of magnitude to span the 

range of stiffness optima seen experimentally for different cell types. In particular, 

changes in motor and clutch number and clutch binding kinetics could maintain and 

widely shift the stiffness optimum. 

The motor-clutch analysis allowed me to define different operating regimes of the 

system. A highly adhesive system in which clutches are favored over motors results in 

stalled actin flow and high force transmission while a low adhesive system in which 

motors are favored over clutches results in free flowing actin and low force transmission. 

Neither of these regimes were stiffness sensitive and neither were expected to produce 

migratory cells because of the biphasic adhesivity hypothesis which was later validated 

by the cell migration simulator. Given a stiffness sensitive case where motors and 

clutches are equally matched, I provided an explanation for the position of the stiffness 

optimum based on efficient use of clutches and demonstrated regimes of inefficient 

frictional slippage on either side of the optimum. 
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The motor-clutch model was also used to provide a mechanistic understanding to 

previous adhesion molecule experiments, and it explained the perplexing finding that 

addition of blebbistatin, a drug which reduces myosin II force generation within a cell, 

can actually increase force transmission in some cases. Furthermore, the model 

analysis led to hypothesis regarding cancer cell gene expression and collective cell 

migration. Since the stiffness optima of force transmission could be shifted by 

coordinately increasing or decreasing the numbers of motors and clutches, the model 

suggests that migratory cancer cells may have altered motor and clutch expression such 

that they may migrate faster in their particular environment. Calls may also be able to 

tune their stiffness optima by mechanically teaming with other cells to effectively 

increase the number of motors and clutches. Future experiments could be performed to 

measure the stiffness sensitive migration of different sizes of cell collectives to determine 

if they indeed have different stiffness optima. 

Secondly, I derived a deterministic ordinary differential equation (ODE) 

implementation of the motor-clutch model which was much computationally faster than 

the previous Monte Carlo version. The ODE version accurately captured the expected 

time evolution of the motor-clutch model; however, because it was deterministic, it did 

not capture the stochastic variability of the Monte Carlo version. In the context of a larger 

cell migration simulator, other processes such as formation or direction of cellular 

protrusions may be the dominating variance in the model, so it would be unnecessary to 

capture the variance in the motor-clutch system. In future work, it may be possible to 

incorporate the deterministic ODE motor-clutch model into a stochastic cell migration 

simulator. The implementation for this simulator may allow for large time steps because 

the necessary simulation events, protrusion formation and retraction, occur on longer 

time scales than individual clutch binding and unbinding. Once stochastically formed, a 

protrusion could be modeled according to the deterministic ODE motor-clutch model. 

The ODE motor-clutch model also led to the derivation of two important 

dimensionless numbers. One describes the parameter relationships required for stiffness 

sensitive force transmission. The force generating capability of the molecular motors 

must be balanced by the force bearing capability of the molecular clutches. If one of the 

two dominates, the motor-clutch system is stiffness insensitive. The other dimensionless 
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number applies given that the motor-clutch system is stiffness sensitive. It describes in 

which portion of the stiffness sensitive regime the system is operating. These 

dimensionless numbers provided an analytical basis for the findings of the motor-clutch 

sensitivity analysis which empirically identified the same relationships between model 

parameters and defined the motor-clutch model regimes. 

Lastly, I expanded the motor-clutch model into a cell migration simulator which 

predicted how changes in active molecular motors and clutches would alter the 

morphology, force transmission, and migration of cells. Much like the previous motor-

clutch model analysis, the cell migration simulator predicted that the stiffness optimum 

for cell migration would shift due to changes in the numbers of motors and clutches. This 

prediction was first validated by comparing the actin retrograde flow rate in U251 glioma 

cells cultured on polyacrylamide gels to the previously published actin retrograde flow 

rate in embryonic chick forebrain neurons (ECFNs) also cultured on polyacrylamide 

gels18. The U251 glioma cells showed an actin retrograde flow minima at a stiffness 

about three orders of magnitude higher than the minimum for ECFN actin retrograde 

flow. Based on the model predictions, this finding suggests that U251 glioma cells 

should express about three orders of magnitude more motors and clutches than ECFNs 

do. Indeed, traction strain energy measurements showed that U251 glioma cells transmit 

about three orders of magnitude more force than ECFNs, suggesting that they express 

approximately three orders of magnitude more motors. Since actin flow is stiffness 

sensitive for both cell types, the motors must be approximately balanced by clutches, 

indicating that the number of clutches in U251 glioma cells is also about three orders of 

magnitude greater than for ECFNs. 

Further model validation was done by altering the activity of motors and clutches in 

U251 glioma cells by adding blebbistain to inhibit myosin II motors and cylco(RGDfV) to 

inhibit integrin adhesions. This combination drug treatment effectively reduced the 

numbers of motors and clutches in U251 glioma cells by about an order of magnitude. 

As predicted by the cell migration simulator, this reduction in motors and clutches shifted 

the stiffness optimum down by an order of magnitude for cell motility, cell area, cell 

aspect ratio, and actin retrograde flow rate. 
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The cell migration simulator provides an accurate description of cell adhesion, force 

transmission, and migration mechanics and possesses a number of qualities that have 

not previously been combined into a cell migration model. The force generation within 

the simulated cell follows an inverse force-velocity relationship which is known to exist 

for myosin motors112 and force generated by actin polymerization against the cell 

membrane26. Unlike other cell migration models, stiffness sensitivity naturally arises as a 

model output in the cell migration simulator from equations that are not inherently 

stiffness sensitive. And perhaps most importantly, the cell migration simulator provides a 

link between molecular scale stiffness sensitive adhesion dynamics and cellular scale 

stiffness sensitive migration and morphology. The simulator also implements 

rudimentary rules for protrusion, actin polymerization, and actin capping. 

Future versions of the simulator could include a more detailed treatment of these 

phenomena, and the simulator may be made more accurate by incorporating signaling 

pathways or feedback loops. For example, protein delivery by microtubules plays a role 

in cell migration98. Seetapun and Odde have previously developed a model of 

microtubule dynamics106 which could be incorporated into the cell migration simulator. 

Additional simulation analysis could also provide a deeper mechanistic understanding of 

cell migration and force transmission. Traction dynamics are essential to cell migration25, 

and here we have shown how parameters changes in the earlier motor-clutch model 

may halt traction dynamics. The cell migration simulator now incorporates cell-wide 

parameters that may also change traction dynamics. Experiments quantifying traction 

dynamics could provide further vetting of the model. 

The unified cell migration simulator presented here could inform a variety of 

fundamental and clinical tests. While it has currently been run in homogenous two 

dimensional environments, the simulator could easily be adapted to simulate durotactic 

migration in heterogeneous stiffness environments67 or migration through porous 

surroundings10. Simulated migration could be easily expanded to three dimensions 

simply by allowing protrusions to extend into a third dimension and solving an additional 

force balance in that dimension. Integration of the ODE motor-clutch model into the cell 

migration simulator could provide a computation boost allowing for simulation of 

collective cell migration in any of the described environments. 
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Perhaps most importantly, the cell migration simulator may be used as a diagnostic 

and therapeutic tool. The previously discussed disease glioblastoma has been classified 

into four different subtypes based on gene expression121. New subtypes could be 

developed by isolating glioma cells from resected tumors and quantifying their migration 

on different stiffness substrates. Parameters in the cell migration simulator could be 

altered such that the simulator returns the same migration behavior. The different 

parameters sets may then be clustered to identify different migratory subtypes of the 

disease. As shown here, a particular drug treatment may have differing effects on cell 

migration depending on the initial parameters of the cell. For example, addition of a 

molecular motor inhibiting drug may actually increase cell migration given that the motor-

clutch system in the cell was previously dominated by motors rather than clutches. 

Therefore, the parameters subtypes identified by the cell migration simulator may inform 

the types of drugs and the relative amounts of those drugs to reduce glioma cell 

migration. In this way, the cell migration simulator may help prescribe personalized 

medicine which is optimized for the individual. 
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Appendix A. Non-dimensionalization of the motor-clutch master 

equation 
 

The single clutch mater equation given in Eq. 3.1 may be non-dimesionalized to 

determine the relative relationships of parameters required for stiffness sensitivity in the 

motor-clutch model. First the Bell model for the clutch off-rate, Eq. 3.5, was substituted 

into Eq. 3.1 to obtain Eq. A.1. 
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Time (t) was scaled with kon to create non-dimensional time (t+) as defined in Eq. A.2. 

ontkt 
 Eq. A.2 

Clutch force (Fc,i) was scaled by the maximum force generation (Fmnm) divided by the 

number of clutches that could bear that force (nc). Therefore, the scaled non-dimensional 

exponential force was defined as in Eq. A.3. 
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Solving Eq. A.2 and Eq. A.3 for t and exp(Fc,i/Fb) respectively and substituting into Eq. 

A.1 gives Eq. A.4. 
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Dividing by kon gives Eq. A.5. 
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This equation yields the dimensionless quantity NB as defined in Eq. A.6. 
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NB describes many of the motor-clutch relationships previously found by doing a 

sensitivity analysis on the motor-clutch model 8. The ratio koff*/kon is important for defining 

the motor-clutch stiffness sensitivity, as is the ratio Fmnm/Fbnc. In fact, the allowable 

ranges for stiffness sensitivity of parameters Fm, nm, Fb, and nc are all small in 

comparison to kon and koff*. These computationally obtained ranges agree well with the 

analytically derived NB because Fm, nm, Fb, and nc all appear in the exponential term 

meaning that changes in those parameters have a larger effect on the motor-clutch 

stiffness sensing ability than changes in kon and koff*. 

If NB >> 1, Eq. A.5 reduces to Eq. A.7. 

  iibB FpN exp0 ,  Eq. A.7 

Since Fi
+ must be positive, exp(Fi

+) cannot approach zero, therefore pb,i must approach 

zero indicating that the ith clutch is unbound independent of time. This corresponds to a 

lowly adhesive, free flowing motor-clutch system which is not stiffness sensitive8. 

Conversely, if NB << 1, Eq. A.5 reduces to Eq. A.8.  

 ib
ib

p
dt

dp
,

,
1


 Eq. A.8 

This differential equation can be solved given the initial condition pb,i(0) = 0 to obtain Eq. 

A.9. 

  tp ib exp1,  Eq. A.9 

As t+ grows, pb,i approaches one indicating that the ith clutch is bound at long times. This 

corresponds to a highly adhesive, stalled motor-clutch system which is not stiffness 

sensitive. Therefore, NB must be on the order of unity for the motor-clutch system to be 

stiffness sensitive. 

 The same non-dimensionalization may be performed on the ensemble clutch 

mater equation, Eq. 3.8, to obtain Eq. A.10. 
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*

2

*

 Eq. A.10 

Unfortunately, Eq. A.10 does not yield a concise dimensionless number as Eq. A.5 

does. However, similar arguments may be made about the relative proportionalities of 

Fm, nm, Fb, nc, kon, and koff*. In order for bonds to form, koff* must be comparable to or less 



 

 140 

than kon. However, if koff* << kon, Eq. A.10 simplifies to the form of Eq. A.8 in which the 

proportion of bound clutches approaches one at long times and produces a stalled 

system. Conversely, if koff* >> kon, the second and third terms of Eq. A.10 become large, 

driving the probability of transition into the bound state to zero producing a free flowing 

system. Finally, if nmFm << ncFb, the third term in Eq. A.10 condenses to Pb
2(koff*/kon), 

and the above arguments for the relationship between kon and koff* may be applied. 

Similarly, if nmFm >> ncFb, the third term in Eq. A.10, and again the kon and koff* 

relationship applies. 



 

 141 

Appendix B. Traction force microscopy of NIH/3T3 fibroblasts 

 

In order to generalize the traction results found with U251 cells and embryonic 

chick forebrain neurons, traction force microscopy was performed on NIH/3T3 fibroblasts 

on polyacrylamide gels of differing Young’s moduli. Fibroblasts are known to cause 

contraction during tissue remodeling42 and wound healing80, so it is reasonable to 

suspect they may have more force generating motors than other cell types. As seen in 

Figures A.1A&B, representative traction stress maps of an NIH/3T3 fibroblast and a 

U251 glioma cell on 80 kPa show that the cells transmit similar amounts of force based 

on vector number and magnitude. 

After quantifying traction strain energy for NIH/3T3 fibroblasts on 1.3, 12, 80, and 

260 kPa, the fibroblasts showed a similar trend to U251 glioma cells. They exhibited a 

maximum traction strain energy between 12-260 kPa, however the 3T3 traction is 

smaller in magnitude than the U251 traction. The lower traction maximum for NIH/3T3 

fibroblasts suggests that they express fewer motors than U251 glioma cells. The 

corresponding fact that the NIH/3T3 fibroblasts remain stiffness sensitive suggests that 

they also have reduced expression of clutches because the relative expression of 

motors and clutches must balance to maintain stiffness sensitivity. Given that one of the 

main functions of fibroblasts is tissue deformation, one might suspect that they should 

produce more strain energy at their stiffness optimum than most other cell types. The 

fact that U251 glioma cells actually produce more strain energy at their optimum 

stiffness testifies to the wildly aberrant gene expression in these cancer cells. 

It is hypothesized that fibroblasts may migrate to sites of pathological fibrosis in 

the body because of their preference for a stiff environment, thus exacerbating the 

disease66. The cell migration simulator could be applied to pathological fibrosis similarly 

to the proposed application to glioblastoma. Simulator parameters for fibroblasts could 

be used to inform the types and amounts of drugs to prescribe to halt pathological 

fibrosis in the body. 
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Figure B.1 Comparison of NIH/3T3 fibroblast and U251 glioma cell traction. 

(A) Representative traction stress map for an NIH/3T3 fibroblast on an 80 kPa 

polyacrylamide gel. (B) Representative traction stress map for a U251 glioma cell on an 

80 kPa polyacrylamide gel. (C) A comparison of the traction strain energy for NIH/3T3 

fibroblasts and U251 glioma cell shows that they have similar dependencies on 

substrate stiffness. The NIH/3T3 traction peaks between 12-260 kPa (p=0.01), but is 

smaller in magnitude than the U251 traction on 12 kPa (p=10-6) and 80 kPa (p=0.01). 


