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Abstract

Supersymmetry is the most natural framework for physics above the TeV scale,

and the corresponding framework for early-Universe cosmology, including inflation, is

supergravity. No-scale supergravity emerges from generic string compactifications and

yields a non-negative potential, and is therefore a plausible framework for construct-

ing models of inflation. No-scale inflation yields naturally predictions similar to those

of the Starobinsky model based on R + R2 gravity, with a tilted spectrum of scalar

perturbations: ns ∼ 0.96, and small values of the tensor-to-scalar perturbation ratio

r < 0.1, as favored by Planck and other data on the cosmic microwave background

(CMB). In this thesis we introduce a novel no-scale inflationary model that averts the

stabilization problem of supergravity models; to study it we develop a multi-field for-

malism applicable to supergravity models. We discuss the low-energy phenomenology

of generic no-scale models and its connection to the lifetime of the inflaton. We use

our results to analyze the constraints on these models imposed by CMB measurements,

which through the calculation of the number of e-folds N∗, we relate to constraints on

the inflaton decay rate and other parameters of specific no-scale inflationary models.

Finally, we revisit gravitino production following inflation, including thermal and non-

thermal effects, and discuss the potential implications of upper limits on the gravitino

abundance for no-scale models of inflation. Our results may provide insights into the

embedding of inflation within string theory as well as its links to collider physics.
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Chapter 1

Introduction

1.1 Motivation

Cosmological inflation is an attractive solution to the horizon/flatness problems of the

standard Big Bang model and to the cosmological monopole problem of Grand Unified

Theories (GUTs) [1]. Nevertheless, inflation has yet to find a compelling physical basis.

Interest in this question has been recently rekindled by the Planck measurement of the

anisotropies of the Cosmic Microwave Background (CMB), which are consistent with an

almost scale-invariant spectrum [2,3], and by the (now retracted) announcement of the

direct detection of primordial gravitational waves by the BICEP2 collaboration [4, 5].

Such a spectrum arises naturally from the quantum fluctuations in ‘slow-roll’ inflationa-

ry models, in which a scalar field (the inflaton) drives a phase of exponential expansion

as it evolves towards its minimum. The observed amplitude of the temperature fluctu-

ation, δT/T ∼ 10−5, requires an extremely flat scalar potential, stable against radiative

corrections. This is generally argued to be a “cry of inflation for supersymmetry” [6],

where a gauge singlet field in supergravity would be a natural candidate for the inflaton

field.

Supersymmetry is still one of the most attractive candidates for physics beyond

the Standard Model (SM). It is the single possible extension of Poincaré symmetry [7].

Cancellation of quadratic divergences in supersymmetric theories can naturally explain

the stability of the electroweak scale against radiative corrections [8, 9]; the observed

1
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value of the Higgs mass falls within the favored range of masses in simple supersymme-

tric models [10–14]. In the Minimal Supersymmetric extension of the Standard Model

(MSSM), the three coupling constants of the SU(3)C × SU(2)L × U(1)Y gauge group

of the SM meet at ∼ 1016GeV; supersymmetric Grand Unification without interme-

diate scale breaking is therefore possible [15–18]. The extra degrees of freedom in the

MSSM contain suitable cold dark matter candidates, corresponding to the Lightest

Supersymmetric Particle (see e.g. [19, 20] and references therein); the scalar superpart-

ners of SM fermions carry non-zero baryon and lepton numbers, and can produce the

observed baryon asymmetry of the universe via supersymmetric electroweak baryoge-

nesis [21–27], supersymmetric leptogenesis [28–30], or through the out-of-equilibrium

decay of coherent scalar fields associated with supersymmetric flat directions, known as

the Affleck-Dine mechanism [31].

The local extension of supersymmetry contains Einstein’s theory of gravity and it

is therefore called supergravity. This is derived from the fact that two internal local su-

persymmetry transformations lead to a general coordinate transformation; in this sense

“local supersymmetry is the square root of general relativity” [32], in the same way

that the Dirac equation is the square-root of the Klein-Gordon equation. The simplest

realization of supergravity (N = 1 supergravity) is an unlikely candidate for the “theory

of everything”, as supergravity with added matter multiplets diverges at one loop [33].1

Nevertheless, it naturally emerges as the low energy effective field theory of superstring

theory, which is regarded as one of the leading candidates for a TOE. The existence of

an elementary spin-3/2 particle, the supersymmetric partner of the graviton, the gravi-

tino, is the key prediction of supergravity, as supergravity is the single mathematically

consistent field theory of a spin-3/2 particle [40–44]; in the same way that a gauge sym-

metry ‘removes’ unphysical modes of spin-1 particles, gauged supersymmetry cancels

the negative norm modes of the gravitino. Spontaneous breaking of local supersymme-

try is arguably the most compelling model for the manifestation of supersymmetry in

the universe, and supergravity turns out to be the proper framework for spontaneous

breaking of supersymmetry [45, 46]. The scalar sectors of supergravity theories involve

1 Pure N = 1 supergravity diverges at three loops [34, 35]; in comparison pure Einstein gravity
diverges at two loops [36–38]. N = 8 supergravity has been explicitly shown to be finite up to four
loops [39], and is expected to be at least six-loop finite, and speculated to be (perturbatively) ultraviolet
finite.
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non-linear σ-models on complex manifolds with interesting new geometries, which in

some cases lead to radiatively stable, flat potentials.

It is for these reasons that supergravity models of inflation are considered to be na-

tural. However, generic supergravity models contain very weakly coupled fields (moduli)

with weak-scale masses, which create difficulties with the cosmological history after in-

flation. One of these is connected to the ‘Polonyi problem’, in which scalar moduli

acquire large vacuum expectation values (vevs) along flat directions during the infla-

tionary phase and release their vacuum energy very late, generating an unacceptable

amount of entropy [47–50]. Gravitinos can also have effects on the standard cosmolo-

gy, since they interact with Planck-suppressed strength and decay very late. Although

their primordial abundance is inflated away, they are recreated during reheating as the

inflaton oscillates about its minimum and decays, converting its vacuum energy into

radiation. This imposes a severe constraint on the reheat temperature since even a

small number of massive late decaying particles can disrupt primordial nucleosynthesis

or the thermalization of the CMB [51–58].

In this thesis, we attempt to develop a comprehensive picture of inflation in no-scale

supergravity models. No-scale models are based on a non-compact SU(N, 1)/SU(N)×
U(1) Kähler structure that appears in the compactification of higher dimensional su-

perstring models. In these models local supersymmetry is broken by the no-scale

structure of the Kähler potential, with a residual global supersymmetry leading to

a semi-positive definite scalar potential. The effective potential for the hidden-sector

scalars is flat, implying that their expectation values, and consequently the gravitino

mass, are undetermined at tree-level; the only input scale is the (reduced) Planck scale

MP = (8πGN )
−1/2 ≃ 2.435×1018GeV. This offers an interesting explanation of the hi-

erarchy problem through the radiative determination of weak/supersymmetry breaking

scale. The underlying Kähler symmetry can be softly broken through superpotential

terms; by a suitable choice of the breaking parameters a plateau potential for a hidden-

sector inflaton can be obtained. This class of potentials, with a small value of the

tensor-to-scalar ratio, is favored by the most recent Planck results.

No-scale models share two common issues: the instability of the inflationary direction

in field space, commonly fixed via moduli stabilization [59, 60], and the stability of the

inflaton at tree-level, which leads to a highly suppressed decay rate and a very small
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reheating temperature, Treh < 10MeV [61]. In the present work we introduce a novel

two-field no-scale supergravity model with a Kähler potential motivated by orbifold

compactifications of string theory. In 10-dimensional heterotic string models, some fields

do not propagate in the bulk, but only in the four space-time directions. This results

in that the low-energy effective supergravity theory contains fields that are not part of

the SU(N, 1)/SU(N) × U(1) structure (the so-called twisted sector). By coupling the

inflaton modulus to a twisted sector field, we can show that stabilization is not necessary

for successful inflation, and the effective model contains a flat potential for two coupled

real fields. For this reason, it becomes necessary to use a multi-field approach to analyze

the predictions of our model of inflation. We have therefore developed a general multi-

field formalism for supergravity models of inflation, which we use to demonstrate how

our model, upon variation of two parameters that control the width of the inflationary

valley and its orientation in field space, can successfully reproduce the Planck-favored

predictions of the R+R2 Starobinsky model, those of the quadratic chaotic model, and

a continuum of models that interpolates between these two. All this while retaining the

desirable features of single-field inflation, namely a small amount of non-Gaussianity

and a nearly adiabatic power spectrum.

Particle experiments hope to constrain the pattern of soft supersymmetry breaking,

which is sensitive to the form of the effective supergravity theory, and the breaking

of supersymmetry alters the form of the effective inflationary potential, in general. In

particular, the no-scale structure must to be broken to lift the flatness of the potential

during inflation, and therefore the generic predictions of no-scale supergravity need to

be revisited. These predictions are dependent on the nature of the inflaton field: it is

either a string modulus or an untwisted matter field. In this work we prove that no-

scale (matter) inflation is compatible with low-energy supersymmetry breaking if the

hidden sector is stabilized by the inclusion of higher order terms in the Kähler poten-

tial.2 Modulus inflation is compatible with supersymmetry breaking via a strongly

stabilized Polonyi sector3, or an unstabilized untwisted field with cubic superpotential,

2 In contrast, it has been shown that other forms of stabilization (through the superpotential) do
not allow for successful inflation [62]

3 In order to keep the size and reach of this work manageable, we refer the reader to our previous
work [63], in which we discuss in detail the solution of the Polonyi problem via strong stabilization.
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for weak-scale supersymmetry breaking. We show how within our (generalized) no-

scale formalism Constrained MSSM, minimal supergravity and pure gravity mediation

boundary conditions can all be generated. We demonstrate that a non-vanishing infla-

ton decay rate exists upon the addition of twisted matter, for a modulus inflaton, or by

the identification of an untwisted matter inflaton with a heavy right-handed sneutrino.4

Different no-scale supergravity models lead to different estimates of the reheating tem-

perature after inflation, demonstrating a connection between the reheating temperature

and the mechanism of supersymmetry breaking.

It is well known that the predictions of any specific model of inflation depend on

N∗, the number of e-folds of inflation at some reference scale k∗. The emerging data

on the scalar tilt ns and the tensor-to-scalar ratio r are beginning to impose interesting

constraints on N∗, which depends on the reheating temperature and the equation of

state during the reheating epoch [67]. The cosmological data are therefore starting to

impose supplementary constraints on inflationary models that may help discriminate

among no-scale scenarios, casting some light on the mechanism of inflaton decay, and

possibly supersymmetry breaking. We study here these connections in detail for no-

scale models, both analytically and numerically. This required a novel analysis of the

physics of the reheating epoch and thermalization, which we present in detail. By doing

so, we can use the CMB bounds on ns and r to constrain N∗ and thereby parameters

in scenarios for no-scale inflation; our main result is the relation of the lower bound for

the reheating temperature to the Planck constraint on the scalar tilt.

One of the most stringent constraints on the decay rate of the inflaton in a super-

symmetric theory comes from the production of gravitinos in the radiation-dominated

universe that follows inflation. These constraints may arise from considerations of the

relic dark matter density due to gravitinos or their decay products and/or from limits

on late-decaying gravitinos imposed, e.g., by the success of Big-Bang nucleosynthesis

calculations. Here we study the details of post-inflationary gravitino production. Com-

pared with previous studies, we have made the following essential improvements: (i) we

consider the thermal production of gravitinos during and after reheating, obtaining nu-

merical and analytical expressions for the final gravitino-to-entropy ratio; (ii) we study

4 In this scenario, the decay of the inflaton can generate a lepton (and hence a baryon) asymme-
try [64–66].
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the effects of thermalization on the final abundance, and (iii) we consider non-thermal

production, through the scatterings of the not-yet-thermalized decay products of the in-

flaton, and by a non-vanishing inflaton-to-gravitino branching ratio. In a previous work

we studied the production of gravitinos through moduli decays; the interested reader

can find these results in [63].

1.2 Organization of this thesis

This thesis is divided into six Chapters that follow a logical progression. Chapter 1

contains an introduction to inflationary cosmology. We follow a non-orthodox approach:

we start by discussing the shortcomings of standard Big Bang cosmology, and showing

how they can be resolved by inflation. We then introduce cosmological perturbations,

and develop the tools necessary to calculate their power spectra in multi-field inflation;

this formalism will serve as the basis for Chapter 3. Posteriorly we specialize to the

single field limit to show how, in the slow-roll approximation, closed formulas can be

obtained for the power spectra and their running. We finish with a discussion of the

current observational status of inflation.

In Chapter 2 we provide a summary of supersymmetry in particle physics and cos-

mology. We show how supersymmetry naturally handles the hierarchy problem, while

providing a natural extension of Poincaré symmetry. The superalgebra is introduced,

and we build the chiral (matter) and vector (gauge) supermultiplets in superspace. A

brief introduction to the MSSM is included; it will become useful for our posterior dis-

cussion of no-scale phenomenology. We motivate the need for gauged supersymmetry

(supergravity), and show how supersymmetry is broken in this formalism. It is here

where we introduce no-scale supergravity, which serves as the basis of this work. We

conclude by discussing cosmological issues that arise in supergravity, and their possible

solution.

Chapter 3 is the backbone of this work. It is there where we discuss no-scale infla-

tion models, their evolution and predictions during the inflationary epoch. We briefly

discuss the R + R2 Starobinsky model of inflation, and show how it can be embedded

in a variety of no-scale models. We then proceed to introduce a new no-scale model

which dynamically reduces to a two-field model; here not only the Starobinsky model is
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recovered, but one can continuously interpolate between the predictions of this model

and quadratic chaotic inflation. The multifield formalism in supergravity is introduced,

after which we proceed to compute the curvature power spectrum, the scalar tilt and

the tensor-to-scalar ratio in a variety of limits (inflating along each axis in field space, at

intermediate angles, with and without the inclusion of stabilization terms). We compare

these results to the Planck data, and show that not only they are in good agreement,

but how they can provide non-trivial limits in the amount of inflation, parametrized by

the number of e-folds; this serves as our motivation for Chapter 5. We finish by showing

that the limits on non-Gaussianity and isocurvature modes are respected.

No particle physics embedding of inflation is complete without a mechanism that

provides a ‘graceful exit’ from inflation. We discuss in Chapter 4 how, in no-scale models

that describe the low-energy regime of generic string compactifications, this mechanism

exists. Supersymmetry automatically provides the couplings between matter and the

inflaton, and we make use of them to calculate the decay rate of the inflaton (and

therefore, the reheating temperature of the Universe) for two scenarios: one in which

the inflaton can be identified as a matter field, such as a heavy right-handed sneutrino, or

as the volume modulus of string compactifications. In the context of a supersymmetric

theory, the resulting reheating temperature is constrained by the observed dark matter

and gravitino abundances, and this in turn can be used to constrain the couplings in the

supergravity Lagrangian; we postpone the discussion to Chapter 7. We also study the

low energy phenomenology of no-scale models. We show that mechanisms for low-scale

supersymmetry breaking are compatible with our no-scale inflationary model, and show

how a variety of patterns arise by variation of the parameters in the theory.

Chapter 5 is devoted to the study of reheating constraints. The simplest, and ar-

guably most widely used, approach to study the transition between the inflationary

epoch and the subsequent radiation dominated era corresponds to assuming that re-

heating takes place instantaneously at the time equal to the inverse decay rate. In the

first Section of this Chapter we improve this assumption, by showing how the transi-

tion takes place continuously, and by deriving approximate formulas to track the energy

densities of the decaying inflaton condensate and the relativistic decay products. We

subsequently present an original study of the thermalization mechanism, and show that

complete thermalization takes place during reheating in a very short timescale. In the
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following Sections we apply our reheating machinery to analytically calculate the number

of e-folds of inflation as a function of the decay rate of the inflaton, for Starobinsky-like

inflation. We later combine this result with CMB constraints on observables, and con-

straints on gravitino production, and show how the combined limits provide a tool to

discriminate between models, as they allow to directly constrain the inflaton decay rate

and other parameters of specific no-scale inflationary models.

In Chapter 6 we consider gravitino production following inflation. We first review

the standard calculation of gravitino production, under the over-simplified assumption

of instantaneous reheating and thermalization. Next we consider gravitino produc-

tion prior to the completion of reheating, including non-thermal production prior to

thermalization, and show that our final estimate of the gravitino-to-entropy ratio is

approximated well by the ‘naive’ calculation, if the time of decay is suitably defined.

Finally, in light of our calculations, we consider potential implications of upper limits on

the gravitino abundance for models of inflation, with particular attention to scenarios

for inflaton decays in supersymmetric Starobinsky-like models.

In addition to the aforementioned Chapters, we include four Appendices that contain

definitions and expressions that should be well known to the experienced reader, but

which are useful as a bridge between the existing literature and the present work.

Appendix A contains the conventions used in this thesis. They coincide with the con-

ventions used in the well known Field Theory textbook of Peskin and Schroeder [68]. It

also contains a spinor dictionary, that should aid the reader to translate between two-

component (van der Waerden) notation and the more familiar four-component Dirac

notation. A very brief introduction to Grassmann variables and the superspace is in-

cluded.

In Appendix B we include the global supersymmetry transformations for a general

superfield.

In Appendix C the full N = 1 supergravity Lagrangian, including matter and gauge

field couplings, is shown explicitly. We also provide the (local) on-shell supergravity

transformations. As it is discussed therein, the form of the Lagrangian is chosen to be

compatible with the conventions defined in Appendix A. We include a ‘dictionary’ to

translate between our notation and the canonical references.
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Appendix D includes a brief introduction to the Boltzmann equation in a Friedmann-

Robertson-Walker universe. For completeness, and for later reference, we show explicitly

the integration of the Boltzmann equation, from its partial-integro-differential form in

terms of the phase space distributions, to an ordinary differential equation for the par-

ticle number density; we calculate this for the thermal and non-thermal production of

gravitinos.

Numerical results have been obtained with the help of routines developed in Math-

ematica and FORTRAN. Figures were created in Mathematica and LATEX.

The results presented in this thesis have been published in the following papers:

• J. Ellis, M. A. G. Garćıa, D. V. Nanopoulos, and K. A. Olive, A No-Scale Inflationary

Model to Fit Them All, JCAP 1408 (2014) 044, [arXiv:1405.0271]

• J. Ellis, M. A. G. Garćıa, D. V. Nanopoulos, and K. A. Olive, Two-Field Analysis of

No-Scale Supergravity Inflation, JCAP 1501 (2015) 010, [arXiv:1409.8197]

• J. Ellis, M. A. G. Garćıa, D. V. Nanopoulos, and K. A. Olive, Phenomenological

Aspects of No-Scale Inflation Models, JCAP 1510 (2015) 003, [arXiv:1503.08867]

• J. Ellis, M. A. G. Garćıa, D. V. Nanopoulos, and K. A. Olive, Calculations of Inflaton

Decays and Reheating: with Applications to No-Scale Inflation Models, JCAP 1507

(2015) 050, [arXiv:1505.06986]

• J. Ellis, M. A. G. Garćıa, D. V. Nanopoulos, K. A. Olive, and M. Peloso, Post-

Inflationary Gravitino Production Revisited, JCAP 1603 (2016) 008, [arXiv:1512.05701]

• J. Ellis, M. A. G. Garćıa, D. V. Nanopoulos, and K. A. Olive, No-Scale Inflation,

Class. Quant. Grav. 33 (2016) 094001, [arXiv:1507.02308]

Part of the content of these papers, as well as some figures, have been repro-

duced in the present work. By the Creative Commons Attribution 3.0 Unported li-

cense (https://creativecommons.org/licenses/by/3.0/), under which these works

are covered, these contents may be reproduced by the author without explicit permis-

sion. IOP Publishing and SISSA maintain the version of the record. Figures 2.1 and

http://dx.doi.org/10.1088/1475-7516/2014/08/044
http://dx.doi.org/10.1088/1475-7516/2014/08/044
http://dx.doi.org/10.1088/1475-7516/2014/08/044
http://dx.doi.org/10.1088/1475-7516/2014/08/044
http://dx.doi.org/10.1088/1475-7516/2014/08/044
http://arxiv.org/abs/1405.0271
http://dx.doi.org/10.1088/1475-7516/2015/01/010
http://dx.doi.org/10.1088/1475-7516/2015/01/010
http://dx.doi.org/10.1088/1475-7516/2015/01/010
http://dx.doi.org/10.1088/1475-7516/2015/01/010
http://dx.doi.org/10.1088/1475-7516/2015/01/010
http://arxiv.org/abs/1409.8197
http://dx.doi.org/10.1088/1475-7516/2015/10/003
http://dx.doi.org/10.1088/1475-7516/2015/10/003
http://dx.doi.org/10.1088/1475-7516/2015/10/003
http://dx.doi.org/10.1088/1475-7516/2015/10/003
http://dx.doi.org/10.1088/1475-7516/2015/10/003
http://arxiv.org/abs/1503.08867
http://dx.doi.org/10.1088/1475-7516/2015/07/050
http://dx.doi.org/10.1088/1475-7516/2015/07/050
http://dx.doi.org/10.1088/1475-7516/2015/07/050
http://dx.doi.org/10.1088/1475-7516/2015/07/050
http://dx.doi.org/10.1088/1475-7516/2015/07/050
http://arxiv.org/abs/1505.06986
http://dx.doi.org/10.1088/1475-7516/2016/03/008
http://dx.doi.org/10.1088/1475-7516/2016/03/008
http://dx.doi.org/10.1088/1475-7516/2016/03/008
http://dx.doi.org/10.1088/1475-7516/2016/03/008
http://dx.doi.org/10.1088/1475-7516/2016/03/008
http://arxiv.org/abs/1512.05701
http://dx.doi.org/10.1088/0264-9381/33/9/094001
http://dx.doi.org/10.1088/0264-9381/33/9/094001
http://dx.doi.org/10.1088/0264-9381/33/9/094001
http://dx.doi.org/10.1088/0264-9381/33/9/094001
http://dx.doi.org/10.1088/0264-9381/33/9/094001
http://arxiv.org/abs/1507.02308
https://creativecommons.org/licenses/by/3.0/
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2.3, by ESA and the Planck Collaboration, are covered by the the Creative Commons

Attribution 3.0 Unported license and have been properly credited and referred to the

original works from which they have been obtained.



Chapter 2

Inflationary cosmology

This Chapter contains an exposition of inflationary cosmology, in particular of slow roll

inflation. We discuss how, as well as providing a solution to the shortcomings of the

standard Big Bang model, slow-roll inflation is capable of accounting for the size of

the density perturbations in the Cosmic Microwave Background radiation. Section 2.5

contains our original approach to multi-field inflation.

2.1 The Standard Model of Cosmology

The standard Big Bang model assumes that the universe is homogeneous and isotropic,

described by the Friedmann-Robertson-Walker (FRW) metric

ds2 = dt2 − a2(t)
[

dr2

1− kr2 + r2(dθ2 + sin2 θ dφ2)

]
, (2.1)

where a(t) is the scale factor and the parameter k is the curvature constant, k =

−1, 0, 1 corresponding to negative, zero or positive spatial curvature, respectively. The

coordinates t, r, θ, φ are comoving coordinates − coordinates of an observer in free fall.

It is assumed that the matter in the universe behaves like an ideal fluid, with energy-

momentum tensor

Tµν = (p+ ρ)uµuν − pgµν , (2.2)

where p is the isotopic pressure, ρ is the energy density and uµ = (1, 0, 0, 0) is the

velocity vector in a comoving frame. The Einstein equations lead to the Friedmann

11
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equation

H2 ≡
(
ȧ

a

)2

=
ρ

3M2
P

− k2

a2
+

1

3
Λ , (2.3)

and
ä

a
=

1

3
Λ− 1

6M2
P

(ρ+ 3p) . (2.4)

H is the Hubble parameter and determines the expansion rate of the universe, MP =

(8πGN )
−1/2 is the reduced Planck mass, and Λ is the cosmological constant. Energy-

momentum conservation further implies

ρ̇+ 3H(ρ+ p) = 0 . (2.5)

Once the equation of state is known, the energy density ρ can be related to the scale

factor. At early times the contributions from k and Λ to H can be neglected, and the

universe was dominated by radiation (p = ρ/3). From (2.3) and (2.5) one finds

ρ ∝ a−4 , a ∝ t1/2 , H =
1

2t
. (2.6)

During this epoch, the energy density and the entropy are determined by the tempera-

ture,

ρ(T ) =
π2

30
g(T )T 4 , s(T ) =

2π2

45
g(T )T 3 , (2.7)

where g(T ) =
∑

B gB + 7
8

∑
F gF denotes the number of relativistic degrees of freedom

for which mB,F < T . The factor of 7/8 is due to the difference in boson and fermion

statistics. For a universe dominated by matter (p = 0),

ρ ∝ a−3 , a ∝ t2/3 , H =
2

3t
. (2.8)

The critical density is defined as the total density required for k = 0 in the absence

of a cosmological constant, ρc = 3H2M2
P . The density parameter is then defined as

Ω = ρ/ρc. It has the present value Ω = 1.000± 0.005 [2].

The speed of light sets an upper limit to the local propagation velocity of any signal.

In a FRW Universe, the maximum distance from which particles could have traveled to

an observer in the age of the universe is given by

Lp = a(t)

∫ t

0

dt′

a(t′)
. (2.9)
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For a universe dominated by a fluid with equation of state p = wρ, where w is the

equation-of-state parameter, the integral (2.9) converges for w > −1/3 and

Lp ∼ t ∼ 1/H . (2.10)

Therefore, signals can only propagate a finite distance between the Big Bang and the

present; there exists a particle horizon with a size approximately equal to the Hubble

radius 1/H. Such a horizon therefore exists in conventional models in which radiation

dominates at early times.

The standard ΛCDM model of cosmology is based upon a spatially-flat, expanding

Universe whose constituents are dominated by cold dark matter (CDM) and a cosmo-

logical constant (Λ) at late times, with a density parameter Ω ≡ 1. The primordial seeds

of structure formation are Gaussian-distributed adiabatic fluctuations with an almost

scale-invariant spectrum. This model is described by only six parameters, shown in

Table 2.1. As Figure 2.1 shows, the base ΛCDM model has proved to be successful in

fitting the observed Cosmic Microwave Background (CMB). Additionally, it describes a

wide range of cosmological data, including the Type Ia supernovae magnitude-distance

relation, baryon acoustic oscillation measurements, the large-scale clustering of galaxies

and cosmic shear [2].

Parameter Symbol Planck 2015 68% limits

Physical baryon density Ωbh
2 0.02226± 0.00023

Physical dark matter density Ωch
2 0.1186± 0.0020

Sound horizon at last-scattering 100θMC 1.04103± 0.00046
Curvature perturbation amplitude ln(1010As) 3.062± 0.029
Scalar spectral index ns 0.9677± 0.0060
Reionization optical depth τ 0.066± 0.016

Table 2.1: Cosmological parameter values for the six-parameter base ΛCDM model. The
physical baryon (DM) density is the baryon (DM) density Ωb (Ωc) multiplied by the square
of the reduced Hubble constant h, where H0 = 100h (km/s)/Mpc. The angular scale θMC

is an approximation to the scale of the sound horizon (the distance sound waves could have
traveled in the time before recombination) used in CosmoMC [75,76]. The amplitude and the
spectral index of the curvature perturbation are defined in section 2.6; they are measured
at the pivot scale k∗ = 0.05Mpc−1. The Universe is highly ionized at low redshifts; the
probability that a given CMB photon scatters once with an ionized electron is parametrized
by the reionization optical depth τ .
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Figure 2.1: The Planck 2015 temperature power spectrum. The quantity DTTℓ is defined by
DTTℓ = ℓ(ℓ+ 1)CTTℓ /(2π), where the multipole CTTℓ is related to the two-point correlation
function of the temperature anisotropy in two directions in the sky eee1,2 separated by an
angle θ, as 〈 δTT (eee1)

δT
T (eee2)〉 = 1

4π

∑∞
ℓ=0(2ℓ + 1)CTTℓ Pℓ(cos θ). The red line is the Planck

best-fit primordial ΛCDM power spectrum. Residuals with respect to this model are shown
in the lower panel. The error bars show ±1σ uncertainties. Credit: ESA and the Planck
collaboration [2].

2.2 Inflation

The standard model of cosmology faces a certain number of problems (for a detailed

discussion see e.g. [77]). Among these are

• The flatness problem. The condition Ω ≈ 1 is unstable. In the early radiation

dominated universe, the Friedmann equation (2.3) can be rewritten as

Ω− 1 =
k

H2a2
=

90M2
p k̂

g(T )T 2
, (2.11)

where the quantity k̂ = k/a2T 2 = (Ω−1)(H0/T0)
2 < 10−61 is a constant, assuming
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an adiabatically expanding universe. At the GUT scale, |Ω − 1| < 10−57 − the

present value of Ω requires a fine tuning of 57 orders of magnitude!

• The horizon problem. The particle horizon at recombination (the epoch at which

electrons and protons became bound into neutral atoms), spans an angle of 2◦

on the present sky. Points in the sky separated by larger angular distances must

have been causally disconnected. However, the cosmic microwave background is

to a good approximation homogeneous and isotropic over the whole sky, with

T = 2.7255± 0.0006 K [78,79].

• The monopole problem. Magnetic monopoles occur whenever a simple gauge

group is broken to a group with a U(1) factor. This is the case of GUTs. Since

monopoles are stable and heavy, they may overclose the universe [80,81]. Thus, a

mechanism to dilute the relic density of monopoles is necessary.

• Small-scale inhomogeneities. Although the Universe is very smooth on large scales,

there is a plethora of structure on smaller scales (stars, galaxies, clusters,. . . ).

The problem is to understand the origin and development of such density per-

turbations. A fluid of self-gravitating particles is unstable to growth of small

inhomogeneities (the Jeans instability [82, 83]); for a physical scale k ≪ H, the

density perturbation can be shown to grow linearly with time during radiation

domination [84]. A galactic scale perturbation grows by a factor of O(1057) be-

tween the Planck time and recombination. The limit δρ/ρ ∼ δT/T < 10−4 implies

(δρ/ρ)tP < 10−61, well below the predicted value δρ/ρ ∼ 10−40 for purely random

fluctuations [85]. Additionally, a perturbation with a wavelength large enough to

correspond to a galaxy today must have formed with wavelength modes greater

than the horizon size (acausal) if the perturbations are primordial. This is due

to the fact that the wavelengths red shift as λ ∼ a ∼ t1/2 while the horizon size

grows linearly.

Cosmological inflation was proposed as a solution for these shortcomings [1]. It

consists in a period where the vacuum energy dominated the energy density of the

universe. In such epoch, the scale factor grows exponentially, a ∼ eHt; a small, smooth

and causally coherent patch of size less than H−1 can grow to such a size that it easily
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encompasses the comoving volume that eventually became the entire universe today.

This solves the horizon problem. From (2.11), |Ω − 1| ∝ e−2Ht. If the time scale for

inflation τ is such that Hτ & 69, the flatness problem is also resolved.

A period of exponential expansion also solves the monopole problem by diluting

the concentration of monopoles by a very large factor. The same dilution affects the

matter and radiation content; however, matter and radiation may be produced at the

end of inflation by converting the energy stored in the vacuum. This process is known as

reheating, since during the inflationary phase the universe cools down as T ∝ e−Ht; when
inflation ends, the temperature of the decay products returns to the pre-inflationary

temperature. No extra monopoles will be produced if Treh < MGUT.

Inflation also provides the primordial density perturbations from which all observed

structures grow. The generation of density perturbations is discussed in Sections 2.5

and 2.6.

The inflationary epoch is defined as a period of accelerated expansion. Equation

(2.4) then implies

ä > 0 ⇐⇒ w < −1/3 . (2.12)

This condition can be attained by means of one (or more) scalar fields. The field

responsible for driving inflation is called the inflaton φ. In multiple field models, the

inflaton is usually identified with the slowly-rolling field (see discussion below). Let

us assume for now that inflation is driven by a single scalar field; multifield inflation

is thoroughly explored in Section 2.5. Here we will concentrate in what is known as

‘chaotic’ inflation [86, 87] (for a review of the ‘old’ and ‘new’ inflationary scenarios

see [77]). In these models, before the Planck time t ∼ M−1
P , the universe is assumed

to be in some chaotic quantum state. The scalar field φ may then take any value in

different regions of space, which may be φ &MP or even φ≫MP ; it is argued that as

long as the scalar potential V (φ) ≤ M4
P , these initial conditions may be justified. The

action of the inflaton reads

S =

∫
d4x
√−g

[
1

2
∂µφ∂

µφ− V (φ)

]
, (2.13)

For simplicity we will always assume a FRW background (even at the initial chaotic

state), in order to analyze the evolution of the scalar field during and after inflation.
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This assumption is at least partially justified since the region of spacetime which inflates

approaches a FRW model shortly after inflation starts. The Klein-Gordon equation

which follows from (2.13) is then

φ̈+ 3Hφ̇− ∇
2φ

a2
+ V ′(φ) = 0 . (2.14)

The inflaton field may be split as

φ(x, t) = φ0(t) + δφ(x, t) , (2.15)

where φ0 is the ‘classical’ field, the expectation value of φ on the isotropic and homo-

geneous state, and δφ represents the fluctuations around φ0. A large initial fluctuation

might be important in determining whether or not inflation starts [88]; however, if

inflation starts, the gradient term will be damped as e−2Ht, and will rapidly become

negligible. Therefore, the fluctuations δφ can be assumed to be small, and have a quan-

tum origin; we study them in Sections 2.5 to 2.8. Dropping the subscript for simplicity,

this implies that the Klein-Gordon equation (2.14) reduces to

φ̈+ 3Hφ̇+ V ′(φ) = 0 , (2.16)

for the homogeneous inflaton φ. The energy-momentum tensor for the inflaton has the

form (2.2) with

ρ =
1

2
φ̇2 + V (φ) , (2.17)

p =
1

2
φ̇2 − V (φ) . (2.18)

The condition (2.12) can then be rewritten as

ǫ1 ≡ −
Ḣ

H2
=

3

2

(
φ̇2

φ̇2/2 + V

)
=

3

2
(1 + w) < 1 , (2.19)

where ǫ1 is the first Hubble flow-function; in general ǫi+1 ≡ ǫ̇i/(Hǫi) [67,89]. Typically,
the stronger condition ǫ1 ≪ 1 is considered as the requirement for inflation; in this case

φ̇2 ≪ V , and the scalar field slowly rolls down its potential. In this slow-roll regime, φ̈

may also be considered negligible, and the equation of motion for the inflaton reduces

to

Slow-roll: 3Hφ̇ ≃ −V ′ , (2.20)
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with H2 ≃ V/3M2
P . The slow-roll conditions can be equivalently recast as the con-

straints ǫV , |ηV | ≪ 1 on the slow-roll parameters

ǫV (φ) ≡
M2
P

2

(
V ′(φ)
V (φ)

)2

, (2.21)

ηV (φ) ≡M2
P

(
V ′′(φ)
V (φ)

)
. (2.22)

In the slow-roll approximation, ǫV ≈ ǫ1 and ηV ≈ 2ǫ1 − 1
2ǫ2 (see also Section 6.2.2). In

this approximation, it is straightforward to compute the number of e-folds of inflation

that occur as φ rolls from φi to φf ,

N ≡ ln

(
af
ai

)
=

∫ tf

ti

H dt ≃ − 1

M2
P

∫ φf

φi

V

V ′ dφ . (2.23)

For a potential that supports slow roll, many e-folds of growth can occur; for a power-like

potential V ∼ φp, N ∼ 1/η ≫ 1.

Inflation ends when the kinetic energy of the inflaton becomes larger than its po-

tential energy. Once φ reaches the bottom if its potential, it will begin coherent oscil-

lations around this minimum. If the potential at the bottom can be approximated as

V ≃ 1
2m

2φ2, these oscillations have a frequency m2 and they redshift as pressureless

matter,

φ(t) ∝ 1

mt
sinmt , H ≃ 2

3t

[
1− sin 2mt

2mt

]−1

≃ 2

3t
. (2.24)

The interaction between φ and ordinary matter allows the conversion of the vacuum

energy density and the reheating for the universe. In the simplest scenario, the comoving

energy density of the zero mode of the inflaton decays into Standard Model particles,

which then scatter and thermalize to form a thermal background. It is assumed that

the decay width of this process is the same as the decay width of the free inflaton field.

If the decay rate of φ is large, Γφ > HI , where HI is the Hubble parameter during

inflation, oscillations never really begin and the vacuum energy density is converted to

radiation immediately. Equation (2.7) yields the reheating temperature

Γφ > HI : Treh ≃
(

90

π2g(Treh)

)1/4

(HIMP )
1/2. (2.25)
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For a weakly coupled field, the oscillations continue until the field decays at t ∼ Γφ.

Equation (2.24) then gives

Γφ < HI : Treh ≃
(

40

π2g(Treh)

)1/4

(ΓφMP )
1/2. (2.26)

In Chapter 6 we improve this oversimplified analysis of reheating.

2.3 Cosmological perturbations

Cosmological perturbations can be classified in two types:

• Adiabatic perturbations. Correspond to fluctuations which perturb the solution

along the same trajectory in phase-space as the background solution. For any

scalar quantity f , the perturbation can therefore be written as δf = ˙̄f δt, where f̄

denotes the background value of f . In particular, for the energy density and the

pressure,
δρ
˙̄ρ
=
δp
˙̄p
, (2.27)

which implies p = p(ρ), and hence the name. For such perturbations, a given δt

causes the same relative change δf/ ˙̄f in all quantities, i.e. “the perturbation is

democratically shared by all components of the universe” [90].

• Entropy perturbations. Fluctuations that perturb the solution off the background

solution, δf1/
˙̄f1 6= δf2/

˙̄f2. The (dimensionless and gauge invariant) total entropy

perturbation is defined as [91]

S = H

(
δp

ṗ
− δρ

ρ̇

)
, (2.28)

which can be used as the basis of a generalized “entropy perturbation” between

any two matter quantities x and y,

Sxy ≡ H
(
δx

ẋ
− δy

ẏ

)
. (2.29)

A second classification, adequate to describe the linear evolution of the cosmological

perturbations, is obtained by considering fluctuations to the homogeneous FRW back-

ground spacetime. The most general first-order perturbation to the spatially flat FRW
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metric can be written as

ds2 = (1 + 2Φ)dt2 − 2a(t)Bi dx
idt− a2(t)[(1− 2Ψ)δij + 2Eij ] dx

idxj , (2.30)

where Φ is a 3-scalar called the lapse, Bi is a 3-vector called the shift, Ψ is the 3-scalar

spatial curvature perturbation, and Eij is the symmetric and traceless shear 3-tensor.

These metric perturbations can be decomposed according to their spin with respect to

a local rotation of the spatial coordinates on hypersurfaces of constant time. This leads

to [92]

• scalar perturbations, which have the form

ds2 = (1 + 2Φ)dt2 − 2a(t)B,i dx
idt− a2(t)[(1− 2Ψ)δij + 2E,ij ] dx

idxj , (2.31)

where Φ, B,Ψ, E are 3-scalars,

• vector perturbations,

ds2 = dt2 − 2a(t)Si dx
idt− a2(t)[δij + 2F(i,j)] dx

idxj , (2.32)

where Si,i = Fi,i = 0, and

• tensor perturbations,

ds2 = dt2 − a2(t)[δij + hij ] dx
idxj , (2.33)

where hij,i = hii = 0.

Due to the absence of anisotropic stress, vector perturbations are not produced by

perturbations of the inflaton field, and even if they were initially present, they can be

shown to decay quickly with the expansion of the universe (see e.g. [93]). Scalar and

tensor perturbations, however, can be created by inflation. These quantum fluctuations

result in density perturbations in the post-inflationary universe, which are responsible

for structure formation.

2.4 Perturbations from inflation

During inflation, a ∼ eHt, and the universe approximately doubles in size in a ‘Hubble

time’ t ∼ 1/H. The Hubble distance 1/H then sets the distance light can travel in this
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Figure 2.2: The evolution of the comoving Hubble scale and the present horizon scale in the
standard scenario with a single reheating era, showing the different epochs involved in the
calculation leading to (2.47). The solid curve shows the evolution from the initial horizon
crossing to the present, while the dashed lines correspond to extrapolations to the past and
future. (Adapted from [67]).

time. Therefore, a scale larger than 1/H is expanded faster than the extra distance

that light can travel in an expansion time, and so becomes out of contact with itself.

Moreover, physical scales grow like λphys ∝ a ∼ eHt, so during inflation every scale

eventually becomes larger than 1/H. This is at the heart of the solution of the horizon

problem; looking back in time, a physical scale shrinks rapidly and is therefore in causal

contact with itself at some earlier point in inflation. Equivalently, a comoving scale

λ = λphys/a goes out of causal contact with itself when λ ≃ (aH)−1, or

k = aH . (2.34)

As it is shown in Fig. 2.2, a given comoving wavelength can start inside the (Hubble)

horizon before inflation begins, cross outside the horizon during inflation, and then cross

back inside after the radiation (or matter) universe is established.

Following [67], we can compute the number of e-folds of inflation after the comoving
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scale k crosses the horizon by defining

eN∗ ≡ aend
a∗

, (2.35)

where aend denotes the scale factor at the end of inflation and a∗ is its value at horizon

crossing, k∗ = a∗H∗, during inflation. With this in mind we can write

k∗
a0H0

=
a∗H∗
a0H0

= e−N∗
aendH∗
a0H0

(2.36)

= e−N∗
aend
areh

(
ρend
ρreh

)1/4 H∗

ρ
1/4
end

(
ρ
1/4
rehareh
a0H0

)
, (2.37)

where a0, H0 denote the present scale factor and Hubble parameter, areh is the scale

factor at the end of reheating, and ρend,reh denote the energy density at the end of

inflation and the end of reheating, respectively. Eq. (2.36) can be equivalently rewritten

as

N∗ = − ln

(
k∗
a0H0

)
+ ln

(
H∗

ρ
1/4
end

)
+ ln

(
aend
areh

(
ρend
ρreh

)1/4
)

+ ln

(
ρ
1/4
rehareh
a0H0

)
. (2.38)

The second term in (2.38) can be readily evaluated in the slow roll approximation,

ln

(
H∗

ρ
1/4
end

)
≃ ln

(
V

1/2
∗

(3M2
P )

1/2ρ
1/4
end

)
=

1

4
ln

(
V 2
∗

M4
Pρend

)
+ ln

(
1√
3

)
. (2.39)

The third term of (2.38) corresponds to the logarithm of the so-called ‘reheating pa-

rameter’, Rrad ≡ aend
areh

(
ρend
ρreh

)1/4
[94]. It can be computed under the assumption that

the reheating phase is dominated by a conserved effective fluid with equation-of-state

parameter w. The Friedmann equation

ρ̇ = −3H(1 + w)ρ (2.40)

can be recast in the form
dρ

dN
= −3(1 + w) (2.41)

which has the formal solution

ln

(
ρreh
ρend

)
= −3

∫ Nreh

Nend

(1 + w(n)) dn ≡ −3(1 + wint) ln

(
areh
aend

)
. (2.42)
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Straightforward substitution implies

lnRrad =
1− 3wint

12(1 + wint)
ln

(
ρreh
ρreh

)
. (2.43)

Finally, we can rewrite the last term in (2.38) if we assume that the entropy is conserved

between the end of reheating and today, a3s =const. With

ρreh =
π2

30
grehT

4
reh , sreh =

2π2

45
grehT

3
reh , s0 =

2π2

45

(
43

11

)
T 3
0 , (2.44)

we have

ρ
1/4
reh

areh
a0

= ρ
1/4
reh

(
s0
sreh

)1/3

=

(
π2

30

)1/4(
43

11

)1/3

g
−1/12
reh T0 . (2.45)

Therefore, (2.38) is equivalent to

N∗ = ln

[
1√
3

(
π2

30

)1/4(
43

11

)1/3 T0
H0

]
− ln

(
k∗
a0H0

)
+

1

4
ln

(
V 2
∗

M4
Pρend

)

+
1− 3wint

12(1 + wint)
ln

(
ρreh
ρend

)
− 1

12
ln greh , (2.46)

or, with T0 = 2.7255K, H0 = 67.74 km/s/Mpc [2],

N∗ = 66.89−ln
(

k∗
a0H0

)
+
1

4
ln

(
V 2
∗

M4
Pρend

)
+

1− 3wint

12(1 + wint)
ln

(
ρreh
ρend

)
− 1

12
ln greh . (2.47)

For a given inflationary model and a specific pivot scale k∗, the first three terms of

(2.47) can be computed very precisely. However, there is still a large uncertainty in

the physics of the reheating stage, parametrized by the last two terms of (2.47). This

uncertainty for the entropy generation stage is typically accounted by considering

50 < N∗ < 60 (2.48)

when calculating the observables derived from an inflationary model. In Chapter 6 we

will analyze the reheating mechanism in the context of no-scale supergravity models of

inflation, which will justify this range.
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2.5 Scalar perturbations in multifield inflation1

In what follows we will takeMP = 1 unless otherwise specified. For generality, and since

the formalism will prove to be useful for our study of a no-scale supergravity model of

inflation in Chapter 4, we will start by investigating inflationary scenarios driven by

multiple scalar fields, φi, where i = 1, 2, . . .. We will assume that the inflationary action

can be written in the form

S =

∫
d4x
√−g

[
1

2
Gij∂µφ

i∂µφj − V (φ)

]
, (2.49)

where V (φ) is the inflationary potential, g = det(gµν) is the determinant of the space-

time metric, and Gij ≡ Gij(φ) is the symmetric metric in field space, which deter-

mines the form of the kinetic term of the Lagrangian; for canonically normalized fields,

Gij = δij . The expression (2.49) is not the most general possible form for the inflation-

ary action; for analyses based on even more general actions, such as Dirac-Born-Infeld

models, see e.g. [105].

Assuming a spatially flat Friedmann-Robertson-Walker geometry, with the metric

ds2 = dt2 − a(t)2 dx2 , (2.50)

the classical (background) equations of motion for the spatially uniform real scalar fields

and the scale factor correspond to

φ̈i + Γijkφ̇
jφ̇k + 3Hφ̇i +GijV,j = 0 , (2.51)

where

H2 =
1

3

[
1

2
Gijφ̇

iφ̇j + V

]
, (2.52)

and

Ḣ = −1

2
Gijφ̇

iφ̇j . (2.53)

Here H ≡ ȧ/a denotes the Hubble parameter, Gij is the inverse field metric, and Γijk is

the connection in field space.

1 Multi-field inflation has been discussed extensively in the literature (see, for example, [91,95–97]
for multi-field inflation with canonical kinetic terms, [98–104] for examples with particular non-canonical
kinetic terms, and [105, 106] for a discussion of more general kinetic terms). The approach followed in
this section is based on [70]
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Next, we generalize the treatment of linear perturbations in [98] in a way applicable

to the model defined by the action (4.28). The Newtonian (or longitudinal) gauge

for the gravitational perturbations is a convenient gauge choice, since by definition

B = E = 0 in (2.31), and the anisotropic stress for the scalar fields vanishes in the

linear approximation, further implying Φ = Ψ in (2.31). The perturbed metric then

takes the simple form

ds2 = (1 + 2Ψ)dt2 − a2(1− 2Ψ)dx2 . (2.54)

Decomposing the fields into the uniform background and the space-time-dependent per-

turbation

φi(t,x) = φi(t) + δφi(t,x) , (2.55)

the resulting perturbed equations of motion for the fields in Fourier space read

¨δφi + 2Γijkφ̇
j ˙δφk + 3H ˙δφi +

k2

a2
δφi +

[
(GijV,j),k + Γijl,kφ̇

jφ̇l
]
δφk = 4φ̇iΨ̇− 2GikV,kΨ

(2.56)

while Einstein’s equations lead to

Ψ̈ + 4HΨ̇ + (Ḣ + 3H2)Ψ =
1

2

[
Gijφ̇

i ˙δφj +
1

2
Gij,kφ̇

iφ̇jδφk − V,kδφk
]
, (2.57)

3H(Ψ̇ +HΨ) + ḢΨ+
k2

a2
Ψ = −1

2

[
Gijφ̇

i ˙δφj +
1

2
Gij,kφ̇

iφ̇jδφk + V,kδφ
k

]
, (2.58)

HΨ+ Ψ̇ =
1

2
Gijφ̇

iδφj . (2.59)

To represent the field perturbations in a gauge-invariant form, we introduce the multi-

field versions of the Mukhanov-Sasaki variable [107,108],

Qi ≡ δφi +
φ̇i

H
Ψ , (2.60)

which equal the field perturbations in the spatially-flat gauge Ψ = 0. In terms of these,

the perturbation equations (2.56)-(2.59) reduce to

Q̈i + 2Γijkφ̇
jQ̇k + 3HQ̇i +

k2

a2
Qi + CikQ

k = 0 , (2.61)
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where the coefficients Cik are defined as

Cik ≡ 3Gjkφ̇
iφ̇j − 1

2H2
GjkGlmφ̇

iφ̇jφ̇lφ̇m + Γijl,kφ̇
jφ̇l +GijGlk

φ̇l

H
V,j +

φ̇i

H
V,k

+ (GijV,j),k .

(2.62)

The equations (2.61) form a closed system for describing the gauge-invariant pertur-

bations Qi. These equations are in general coupled and do not allow an immediate

interpretation of the perturbations in terms of observables. Instead, it is customary to

introduce a kinematical basis in which the corresponding components of the perturba-

tions can be related directly to the curvature and isocurvature perturbations, which in

turn lead to the observable amplitudes and power spectra.

The transition to the kinematical basis in the general multi-field scenario is dis-

cussed in [109]. Here we specialize to the two-field scenario, i = 1, 2. In this case, the

kinematical basis consists of the instantaneous directions parallel and orthogonal to the

background trajectory in field space. The speed in field space is conventionally denoted

by σ̇, where

σ̇2 = Gijφ̇
iφ̇j , (2.63)

The parallel and orthogonal directions to the background trajectory can be parametrized

by the unit vectors

eiσ ≡ ei‖ =
φ̇i

σ̇
, eis ≡ ei⊥ = G̃ij

φ̇j

σ̇
, (2.64)

where we have defined

G̃ij ≡
ǫikGkj√

G
, (2.65)

with ǫ12 = 1. In this new basis, we introduce the adiabatic and isocurvature perturba-

tions

δσ = Gije
i
σδφ

j , δs = Gije
i
sδφ

j (2.66)

and the directional derivatives

Vσ = eiσV,i , Vs = eisV,i , Vσσ = eiσe
j
σV,ij , Vσs = eiσe

j
sV,ij , Vss = eise

j
sV,ij .

(2.67)

The background equations can now be written in this basis. The background isocurva-

ture is constant, ṡ ≡ Gijeisφ̇j = 0, while the adiabatic homogeneous equation of motion
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corresponds to

σ̈ + 3Hσ̇ + Vσ = 0 . (2.68)

In turn, the equations of motion for the gauge-invariant perturbations

Qσ = Gije
i
σQ

j , Qs = Gije
i
sQ

j , (2.69)

correspond to

Q̈σ + 3HQ̇σ + 2
Vs
σ̇
Q̇s +

(
k2

a2
+ Cσσ

)
Qσ + CσsQs = 0, (2.70)

Q̈s + 3HQ̇s − 2
Vs
σ̇
Q̇σ +

(
k2

a2
+ Css

)
Qs + CsσQσ = 0 , (2.71)

where the background-dependent coefficients are

Cσσ = Vσσ −
(
Vs
σ̇

)2

+
2σ̇

H
Vσ + 3σ̇2 − σ̇4

2H2
+ ΓlikGljφ̇

iφ̇jφ̇k
Vσ
σ̇3

+ ǫilΓ
l
jkφ̇

iφ̇jφ̇k
Vs
σ̇3

,

(2.72)

Cσs = 6H
Vs
σ̇

+ 2
VsVσ
σ̇2

+ 2Vσs +
σ̇Vs
H
− 2G̃liGmkΓ

m
lj φ̇

iφ̇jφ̇k
Vσ
σ̇3

− 2G̃mi G̃
l
jGnlΓ

n
kmφ̇

iφ̇jφ̇k
Vs
σ̇3

, (2.73)

Csσ = −6HVs
σ̇
− 2

VsVσ
σ̇2

+
σ̇Vs
H

, (2.74)

Css = Vss −
(
Vs
σ̇

)2

− G̃ljG̃mk GinΓnlmφ̇iφ̇jφ̇k
Vσ
σ̇3

+ G̃lkGjmΓ
m
il φ̇

iφ̇jφ̇k
Vs
σ̇3

− 1

2

(
G̃ki G̃

mjGmlΓ
l
kj + G̃ki Γ

l
kl

)
φ̇i
Vs
σ̇

+
1

2
Rσ̇2 . (2.75)

Here R denotes the curvature scalar, ǫ12 =
√
Gǫ12, and G̃ij = G−1ǫikǫjlGkl.

We can find the initial conditions for the adiabatic and isocurvature perturbations

if we switch to conformal time dτ ≡ dt/a and introduce the (canonically normalized)

variables

uσ = aQσ , us = aQs . (2.76)

In terms of these, (2.70) and (2.71) can be rewritten in the form

u′′σ + 2
Vs
σ̇
au′s +

[
k2 − a′′

a
+ a2Cσσ

]
uσ +

[
−2Vs

σ̇
a′ + a2Cσs

]
us = 0 , (2.77)

u′′s − 2
Vs
σ̇
au′σ +

[
k2 − a′′

a
+ a2Css

]
us +

[
−2Vs

σ̇
a′ + a2Csσ

]
uσ = 0 . (2.78)
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At the start of inflation, deep inside the Hubble radius, k ≫ aH. Since a′′/a ∼ a2H2

and CIJ ∼ Ḣ during slow roll, in this limit (2.77) and (2.78) can be approximated as

u′′σ + k2uσ ≃ 0 , (2.79)

u′′s + k2us ≃ 0 , (2.80)

which have plane wave solutions u ∼ e±ikτ . The exponent sign and the normalization

factor are fixed by noting that in the inflating universe, all pre-existing classical fluc-

tuations are red-shifted by the accelerated expansion of space, and therefore one must

assume that the quantum-mechanically generated perturbations uσ,s start out at the

initial time ti mode by mode in their vacuum state. Expanding

uα = a−
k,αvα + a+

−k,αv
∗
α , (2.81)

where α = σ, s, and the creation-annihilation operators satisfy the usual canonical

commutation relations

[a−
k,α,a

+
k′,α′ ] = δαα′δ(k − k′) , [a−

k,α,a
−
k′,α′ ] = [a+

k,α,a
+
k′,α′ ] = 0 , (2.82)

the vacuum state is defined via a−
k,α|0〉 = 0. With the canonically conjugate momentum

πα ≡ u′α, these commutation relations are equivalent to

[uα(τ,x), πα(τ,y)] = iδ(x− y) , (2.83)

and

[uα(τ,x), uα(τ,y)] = [πα(τ,x), πα(τ,y)] = 0 , (2.84)

provided that

vαv
∗
α
′ − v∗αv′α = i . (2.85)

It is straightforward to verify that the energy density in the vacuum state for each

perturbation is given by

εα =
1

4

∫
d3k

(
|v′α|2 + k2|vα|2

)
, (2.86)

(see [93] for a detailed discussion). To find the appropriate vacuum solution the inte-

grand of (2.86) must be minimized, subject to the constraint (2.85). Up to an irrelevant

phase, the solution is given by

vα(τ) =
e−ikτ√

2k
. (2.87)
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During inflation, these quantum perturbations are eventually stretched out of the Hub-

ble radius and become classical. The parametrization of the perturbations in terms of

harmonic oscillator creation and annihilation operators which are uncorrelated at diffe-

rent scales implies that these perturbations are Gaussian in nature. At early times they

are evidently statistically independent. Therefore, the initial values of the adiabatic and

isocurvature perturbations may be approximated by

Qσ(τi) =
e−ikτi

a(τi)
√
2k
ξσ(k) , Qs(τi) =

e−ikτi

a(τi)
√
2k
ξs(k) , (2.88)

where dτ ≡ dt/a is the conformal time, and ξα : α = σ, s are independent Gaussian

random variables satisfying

〈ξα(k)〉 = 0 , 〈ξα(k), ξ̄α′(k′)〉 = δαα′δ(k − k′) . (2.89)

2.6 The curvature and entropy power spectra

The comoving curvature perturbation is defined as

R ≡ H

σ̇
Qσ . (2.90)

It represents the gravitational potential on comoving surfaces where δφi = 0,

R = Ψ|δφi=0 , (2.91)

and therefore, to linear order, it gives the intrinsic spatial curvature via the Poisson

equation, (3)R = 4
a2
∇2Ψ. The isocurvature perturbation in turn defines the entropy

perturbation,

S ≡ H

σ̇
Qs =

H

σ̇2
√
G
(φ̇1δφ2 − φ̇2δφ1) . (2.92)

The curvature perturbation R is commonly used to characterize the amplitude of adia-

batic perturbations because it does not evolve on superhorizon scales when isocurvature

modes are suppressed, as is the case in single field inflation (see 2.7), allowing one to

relate the perturbation spectrum on large scales to quantities at the Hubble scale cross-

ing during inflation. If isocurvature modes are present however, they will affect the

super-Hubble evolution of the adiabatic perturbations, since they act as a source term

for the adiabatic perturbation in Eq. (2.70).
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Given the curvature and entropy perturbations, their power spectra are defined as

〈R(k)R̄(k′)〉 = 2π2

k3
PR δ(k − k′), (2.93)

〈S(k)S̄(k′)〉 = 2π2

k3
PS δ(k − k′). (2.94)

Equations (2.70),(2.71) couple the adiabatic and isocurvature perturbations. With the

initial conditions given by (2.88), the curvature perturbation at the end of inflation will

be a linear combination of the adiabatic and isocurvature Gaussian random variables,

R = R1ξσ +R2ξs. In terms of these components, the power spectrum takes the form

PR =
k3

2π2
(
|R1|2 + |R2|2

)
. (2.95)

The same argument applies to the entropy power spectrum, S = S1ξσ + S2ξs and

PS =
k3

2π2
(
|S1|2 + |S2|2

)
. (2.96)

Equations (2.70) and (2.71) can be integrated numerically. To avoid the introduction

of random variables, the statistical independence of the adiabatic and entropy pertur-

bations is taken into account by integrating the equations twice: first with Qσ initially

equal to the corresponding initial value (2.88) and Qs = 0, then with Qs given by (2.88)

and Qσ = 0. The end of inflation correspond to the end of accelerated expansion,

w = −1/3 (see (2.12)). The resulting power spectra for the curvature and entropy

perturbations are then calculated as in (2.95) and (2.96), where in this case the indices

1, 2 denote the corresponding numerical run. If the numerical code were to be run only

once with both Qσ and Qs in the vacuum state, the resulting curvature perturbation

would be given by R = R1 +R2, with the power spectrum PR = k3

2π2 |R1 +R2|2, which
is different from (2.95) [95].

The scalar tilt of the curvature power spectrum is defined as

ns ≡ 1 +
d logPR
d log k

. (2.97)

In general, it must be computed from the power spectrum directly from this definition.

However, as it is discussed in the next section, it can be calculated directly from the

scalar potential at horizon crossing in the absence of isocurvature perturbations.
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The comoving curvature perturbation can be related to the density perturbation

through the introduction of the gauge invariant curvature perturbation on slices of uni-

form energy density

ζ = Ψ+H
δρ

ρ̇
= Ψ− δρ

3(ρ+ p)
(2.98)

It represents the gravitational potential on slices of uniform energy density, ζ = Ψ|δρ=0.

The comoving curvature perturbation and the curvature perturbation on uniform energy

density slices are equal on superhorizon scales,

ζ −R =
2H2

3σ̇2

(
k

aH

)2

Ψ −→ 0 . (2.99)

From the Poisson equation in Fourier space, k
2

a2
Ψ = −1

2δρ, (2.98) can be further rewritten

as

ζ = −δρ
ρ

[
3

2

(
aH

k

)2

+
ρ

ρ+ p

]
. (2.100)

Therefore, at horizon reentry, in the matter or radiation dominated universe (see Fig.

2.2), one has ζ ∼ R ∼ δρ/ρ, and the power spectrum for the density perturbations can

be related to the curvature power spectrum produced during inflation, Pδρ/ρ ⇔ PR, if
the curvature perturbation is conserved on superhorizon scales (for a detailed discussion

including an introduction to the transfer function formalism see [90, 93]).

2.7 Single field inflation

From the previous analysis, it follows that the cosmological perturbations generated

during inflation are only of the adiabatic type if a single field drives inflation. In this

case, as we will show, the curvature perturbation is conserved in super-Hubble scales,

and the primordial power spectrum can be readily computed in terms of the slow roll

parameters.

In the single field case, any quadratic kinetic term can be rewritten in canonical

form by a suitable field transformation,

1

2
f(φ)∂µφ∂

µφ =
1

2
∂µφ̂∂

µφ̂ with φ̂ =

∫
[f(φ)]1/2 dφ . (2.101)

In what follows, we will assume that such transformation has been implemented, and the

inflaton corresponds to a canonically normalized field. With the single scalar degree of
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freedom, the equation of motion for the Mukhanov-Sasaki gauge-invariant perturbation

(2.60) reduces to

Q̈+ 3HQ̇+
k2

a2
Q+

[
3φ̇2 − φ̇4

2H2
+ 2

φ̇Vφ
H

+ Vφφ

]
Q = 0 . (2.102)

Introducing the rescaled perturbation u = aQ and using conformal time τ , this equation

can be rewritten as

u′′ +

[
k2 − a′′

a
+ a2

(
3φ̇2 − φ̇4

2H2
+ 2

φ̇Vφ
H

+ Vφφ

)]
u = 0 , (2.103)

or, equivalently, in terms of the Hubble flow-functions (2.19),

u′′ +
[
k2 − (aH)2

(
2− ǫ1 +

3

2
ǫ2 −

1

2
ǫ1ǫ2 +

1

4
ǫ22 +

1

2
ǫ2ǫ3

)]
u = 0 . (2.104)

Despite the appearance of the flow-functions, equation (2.104) is exact. Furthermore,

by definition we have
d

dτ

(
1

aH

)
= ǫ1 − 1 . (2.105)

The exact solution of equation (2.104) precises in general a numerical calculation; how-

ever, we can find an approximate expression for u by recalling that the flow-functions

are defined through the derivatives of the Hubble parameter and thus are expected to be

small during inflation, ǫi ∼ O(ǫ1) ≪ 1. Moreover, by their definition, ǫ̇i ∝ ǫiǫi+1 ≪ 1,

and they can be considered constant. We can therefore rewrite (2.105) as

aH ≃ −1

τ
(1 + ǫ1) , (2.106)

and (2.104) takes the approximate form

u′′ +

(
k2 − ν2 − 1

4

τ2

)
u ≃ 0 , ν ≡ 3

2
+ ǫ1 +

1

2
ǫ2 . (2.107)

This equation has an exact solution for constant ν in terms of Hankel functions. The

solution consistent with the initial condition (2.88) at −kτ →∞ corresponds to

u(τ) =

√
π

2
ei(ν+

1
2
)π
2
√
−τH(1)

ν (−kτ) ξ(k) , (2.108)



33

which implies

R =

√
π

2
ei(ν+

1
2
)π
2

√−τH
aφ̇

H(1)
ν (−kτ) ξ(k) , (2.109)

PR =
k3

8π

(−τH2

a2φ̇2

) ∣∣∣H(1)
ν (−kτ)

∣∣∣
2
. (2.110)

On superhorizon scales, −kτ ≪ 1. Using the asymptotic form

lim
kτ→0

H(1)
ν (−kτ) = − i

π
Γ(ν)

(
−kτ

2

)−ν
, (2.111)

and (2.106), we finally obtain the curvature power spectrum after horizon crossing,

PR ≃
H4

4π2φ̇2

(
k

aH

)−2ǫ1−ǫ2
. (2.112)

This in turn gives the expressions for the amplitude and the tilt of the power spectrum:

AS =
H4

4π2φ̇2
, (2.113)

ns − 1 = −2ǫ1 − ǫ2 . (2.114)

Expression (2.112) gives the power spectrum after horizon crossing. We need how-

ever to relate this spectrum to the observables after horizon re-entry. Fortunately, as it

was discussed in 2.6, the curvature perturbation does not evolve on superhorizon scales

in the absence of isocurvature modes. We can prove this statement in a straightforward

way in the single field case. In this scenario, the curvature perturbation (2.90) can be

rewritten as

R = Ψ+
H

φ̇
δφ . (2.115)

The derivative of this expression with respect to time, and the substitution of the

background equations (2.51), (2.53) and the perturbation equations (2.58), (2.59), leads

to the time evolution equation of R,

Ṙ = −2H3

φ̇2

(
k

aH

)2

Ψ . (2.116)

On superhorizon scales, k/aH → 0, and therefore the comoving curvature perturbation

is conserved. This implies that the expressions (2.112)-(2.114) must be understood as
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being evaluated at horizon crossing, k = k∗, with k∗ = a∗H∗ the pivot scale. The

amplitude and tilt of the power spectrum can then be evaluated purely in terms of the

scalar potential using the slow-roll approximation during horizon crossing, resulting in

AS∗ ≃
V 3
∗

12π2(Vφ∗)2
, (2.117)

ns − 1 ≃ −6ǫV ∗ + 2ηV ∗ . (2.118)

As it was previously discussed in Section 2.4, these observables are typically evaluated

for N∗ = 50, 60.

2.8 Tensor perturbations

The formalism that has been introduced to study the scalar perturbations can be

adapted to compute the generation of tensor perturbations. To linear order, the ten-

sor perturbations are gauge invariant and don’t backreact on the inflationary back-

ground [110, 111]. From their definition (2.33), it is straightforward to verify that,

upon substitution into Einstein’s equations, the background equations (2.51)-(2.53) are

unchanged, while the equation of motion for the tensor perturbations is given by

ḧij + 3Hḣij − a−2∇2hij =

[
2(2Ḣ + 3H2) + 2

(
1

2
Gabφ̇

aφ̇b − V
)]

hij = 0 . (2.119)

Introducing the standard Fourier representation for the transverse, traceless tensor

perturbations,

hij(τ,x) =

∫
d3k

(2π)3/2

∑

γ=+,×
ǫγij(k)hk,γ(τ)e

ik·x , (2.120)

where γ = +,× denotes the two polarization modes of the gravitational waves, ǫγii =

kiǫγij = 0 and ǫγijǫ
γ′

ij = 2δγγ′ , Eq. (2.119) takes the equivalent form

ḧk,γ + 3Hḣk,γ −
k2

a2
hk,γ = 0 . (2.121)

Switching to conformal time and in terms of the canonically-normalized perturbations

vk,γ ≡ a
2hk,γ , (2.121) becomes

v′′k,γ +
[
k2 − (aH)2(2− ǫ1)

]
vk,γ = 0 . (2.122)
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During the slow roll of the inflaton, this expression is identical to (2.107) with ν = 3
2+ǫ1.

Therefore, with the power spectrum of tensor perturbations defined as

∑

γ=+,×
〈hk,γ h̄k′,γ〉 =

2π2

k3
PT δ(k − k′) , (2.123)

we immediately obtain the tensor power spectrum on superhorizon scales,

PT =
2

π2
H2

(
k

aH

)−2ǫ1

, (2.124)

with amplitude and tilt

AT ≡ PT
∣∣
k=aH

=
2H2

π2
, (2.125)

nT ≡
d logPT
d log k

= −2ǫ1 . (2.126)

The tensor-to-scalar ratio is defined as

r ≡ AT
AS

. (2.127)

For single field models, it can be computed in the slow roll approximation,

Single field: r =
8φ̇2

H2
= 16ǫ1 ≃ 16ǫV . (2.128)

This implies the so-called consistency relation for single field models,

Single field: r = −8nT . (2.129)

A violation of this condition would automatically rule out single-field models.

2.9 Observational status of inflation

The current generation of CMB experiments have confirmed the generic predictions

of inflationary cosmology, and are now capable of discriminating between models of

inflation. Specifically, the predictions of spatial flatness, the presence of Doppler peaks

in the CMB multipole moments, and the almost scale invariant power spectrum for

density perturbations have been confirmed by the CMB anisotropy measurements.
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The Planck collaboration first released CMB data in 2013 [112], and more recently

in 2015 [2]. The later data not only includes the measurement of the CMB temperature

anisotropies and their corresponding multipoles, shown in Fig. 2.1, but they also include

measurements of the E-mode (vanishing curl) CMB polarization and the corresponding

multipole moments CTEℓ and CEEℓ . Primordial scalar and tensor fluctuations produce

E-mode polarization [113], and the data can be used to pose constraints on ns and

r; moreover, polarization information can break degeneracies among the isocurvature

modes that may have been excited in multifield models [114]. Recently, the BICEP2

collaboration announced the detection of B-mode (vanishing divergence) polarization

at 150 GHz, which, in case of being of primordial origin, would correspond to the direct

detection of primordial tensor modes with a tensor-to-scalar ratio r ≃ 0.2 [4], as scalar

fluctuations do not generate B-mode polarization. Nevertheless, a later joint analysis

of the BICEP/KeckArray and Planck data [5] suggests that this relatively large amount

of B-mode polarization is mostly due to polarized Galactic dust emission instead of

primordial tensor modes.

The Planck 2015 constraints on inflation [3,115], which include the BICEP/KeckArray

data (BKP), are summarized below. They are consistent with a near scale-invariant

spectrum of primordial fluctuations that are adiabatic and Gaussian, suggesting that

inflation was driven by a single field. The constraint on isocurvature modes is charac-

terized by the ratio

βiso(k) ≡
PI(k)

PR(k) + PI(k)
, (2.130)

where, as before, PR denotes the curvature power spectrum, and where PI , with

I = ICDI, INDI, INVI, denotes the power spectrum of the cold dark matter density isocur-

vature (CDI), neutrino density isocurvature (NDI) and the neutrino velocity isocurva-

ture (NVI) [116]. The baryon density isocurvature mode possesses an imprint which

is indistinguishable from the CDI at linear order and it is therefore not considered se-

parately. At the 95% CL with the TT,TE,EE+lowP data, the bounds on isocurvature

modes at the scale k∗ = 0.002 Mpc−1 are given by

βiso(k) <





2.0% CDI

7.3% NDI

7.4% NVI

. (2.131)
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A quantitative measure of non-Gaussianity is provided by the dimensionless nonli-

near parameter fNL, which is related to the bispectrum by [117]

BR(k1, k2, k3) ≡ −
6

5
fNL(k1, k2, k3) [PR(k1)PR(k2) + cyclic] (2.132)

where the bispectrum is defined through the relation

〈R(kkk1)R(kkk2)R(kkk3)〉 = (2π)3δ(3)(kkk1 + kkk2 + kkk3)BR(k1, k2, k3) . (2.133)

At the 68% CL, the temperature and polarization data give

f localNL = 0.8± 5.0 , f equilNL = −4± 43 , forthoNL = −26± 21 . (2.134)

Here the superscripts indicate the shape of the bispectrum for fixed k1+k2+k3; the local

configuration corresponds to the “squeezed” limit, e.g. k1 ≃ k2 ≫ k3, the equilateral

configuration has k1 = k2 = k3, and the orthogonal configuration, which generates a

signal with a positive peak at the equilateral configuration and a negative peak at the

folded configuration with k1 + k2 ≃ k3 [118].

The measured amplitude of the scalar power spectrum in the base ΛCDM model at

the pivot scale k∗ = 0.05 Mpc−1 is given by

ln(1010As) = 3.094± 0.034 , (2.135)

at the 68% CL with the TT,TE,EE+lowP data. In order to allow for the presence of a

running scalar tilt and tensor perturbations, the basic ΛCDM model must be extended.

For the ΛCDM+r+running model, the Planck constraint on ns and its running become

ns = 0.9645± 0.0049 , (2.136)

dns
d ln k

= −0.0057± 0.0071 , (2.137)

at the 68% CL with the TT,TE,EE+lowP data. For the tensor-to-scalar ratio the bound

is quoted at the scale k∗ = 0.002 Mpc−1, and is given by

r0.002 < 0.10 (2.138)

at the 95% CL with the TT+lowP+BKP data, as opposed to the bound r0.002 < 0.15

derived solely from the Planck TT + polarization data. The results for ns and r are
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Figure 2.3: The Planck 2015 constraints on the inflationary parameters ns and r. The
figure shows the marginalized joint 68% and 95% confidence level regions for the scalar
tilt ns and the tensor-to-scalar ratio r0.002 from Planck alone and in combination with
BICEP2/KeckArray and/or BAO data, along with the theoretical predictions of selected
inflationary models. The R + R2 Starobinsky model (labeled as R2 inflation) is shown in
orange, being the closest to the center of the shaded regions. Credit: ESA and the Planck
Collaboration [3].

displayed in Fig. 2.3, which shows how we can constrain the shape of the inflaton

potential. Specifically, the data points towards a potential of the plateau type, while

simple monomials are disfavored.

The Planck results are also a source of non trivial constraints on the processes that

took place during reheating. We explore in detail these constraints for Starobinsky-like

inflation in Chapter 6.



Chapter 3

Supersymmetry and Supergravity

3.1 The hierarchy problem

It is well known that the Higgs mass is very sensitive to the details of the physics at

higher energies, since it depends quadratically on the scale Λ at which the Standard

Model should be replaced by a more complete description. This is a generic problem

for any field theory that contains fundamental scalar fields [119]. Figure 3.1 shows the

Feynman diagrams that result in the quadratic dependence of the scalar mass-squared

on the cutoff scale of the effective field theory Λ. In the limit of zero momentum flow

through the external lines, the diagrams result in the contributions

∆m2
H

∣∣
scalar

= λS

∫
d4k

(2π)4
i

k2 −m2
S

=
λS
16π2

[
Λ2 − 2m2

S ln

(
Λ

mS

)
+O

(
m2
S

Λ2

)]
, (3.1)

and

∆m2
H

∣∣
fermion

= iλ2F

∫
d4k

(2π)4
Tr

[
i(/k +mF )

k2 −m2
F

i(/k +mF )

k2 −m2
F

]

=
λ2F
4π2

[
−Λ2 + 6m2

F ln

(
Λ

mF

)
− 2m2

F +O
(
m2
F

Λ2

)]
.

(3.2)

In the case of the Standard Model, the Higgs mass receives the one-loop corrections

∆m2
H =

3Λ2

8π2v2

[
(m2

H + 2m2
W +m2

Z − 4m2
t ) +O

(
ln

Λ

µ

)]
, (3.3)

where one recognizes the contribution from the top quark loop, with λ2F ∼ m2
t /v

2, and

the Higgs loop with λS ∼ m2
H/v

2 [120]. Setting the cutoff equal to the Planck scaleMP ,

39
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H

S

+ H

F

Figure 3.1: The scalar and fermion one-loop diagrams that give rise to the quadratic
divergence of the scalar mass. The vertices arise from couplings with strengths λS and λF ,
respectively.

the one-loop correction to the Higgs mass-squared is more than 30 orders of magnitude

larger than m2
H itself1. In fact, the bare Higgs mass must be fine tuned more than the

percent level as soon as the scale of new physics Λ is larger than 100 TeV2. The Higgs

mass is an unnatural parameter of the SM, as setting mH = 0 does not increase the

symmetry of the theory, leaving the mass unprotected, unlike fermion masses which are

protected by the chiral symmetry, or gauge boson masses, which are protected by gauge

invariance in the form of Ward identities [68].

Let us now illustrate how relating under a new symmetry the scalar field with a

fermion field can render the scalar mass natural. Assume for simplicity that, in addition

to the real scalar field H, the theory contains a scalar S and a Majorana fermion ψ,

with the same mass as H, mH,S,ψ ≡ m,

L =
1

2
∂µH∂µH +

1

2
∂µS∂µS +

1

2
ψ̄(iγµ∂µ −m)ψ − 1

2
m2(H2 + S2) + Lint . (3.4)

If we postulate that the interactions that give rise to the self-energy diagrams of Fig. 3.1

have the special form

Lint ⊃ −
λ2

4
(H2 + S2)2 − λ√

2
ψ̄(H − iSγ5)ψ , (3.5)

then, including the appropriate combinatorial factors, the quadratically divergent part

of the mass-squared vanishes:

∆m2 =
Λ2

16π2
( 3λ2︸︷︷︸
H-loop

+ λ2︸︷︷︸
S-loop

− 4λ2︸︷︷︸
ψ-loop

) + · · · (3.6)

1 The quadratically divergent contribution would be canceled if the Veltman condition 4m2
t =

m2
H + 2m2

W +m2
Z was satisfied [121]. It may hold close to the Planck scale [122,123].

2 There are no quadratic divergences in dimensional regularization, but even the residual finite
correction in (3.2) would lead to an unnatural amount of fine tuning if the SM eventually gives way to
a more fundamental theory, such as a Grand Unified one, for which mF ∼ MGUT.
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Moreover, it is straightforward to show that upon inclusion of the term

Lint ⊃ −
mλ√
2
H(H2 + S2) , (3.7)

all O(ln(Λ/m)) and finite terms cancel, implying a nonrenormalization of the mass.

The Lagrangian (3.4),(3.5),(3.7) can be equivalently written in two-component spinor

notation as

L = ∂µφ̄∂µφ+ iξ̄σ̄µ∂µξ −
1

2
m(ξξ + ξ̄ξ̄)− λ(φξξ + φ̄ξ̄ξ̄)− |mφ+ λφ2|2 , (3.8)

with

φ ≡ 1√
2
(H + iS) and ψ ≡

(
ξα

ξ̄α̇

)
(3.9)

(see Appendix A.1). The model (3.8) is known as the Wess-Zumino model [124], and is

invariant under the supersymmetry transformations that relate the bosonic and fermionic

degrees of freedom,

δφ = ǫαξα ,

δξα = i(σµǭ)α∂µφ− ǫα(mφ+ λφ2) .
(3.10)

This new symmetry must be connected in a way to the Poincaré group, since it connects

representations of different spin. It is also worth noting that requiring invariance under

supersymmetry transformations leads to a doubling of the spectrum, in a similar way

that the requisite of Poincaré invariance for quantum mechanics lead to the introduction

of antiparticles in the theory [125].

3.2 Global supersymmetry

Supersymmetry is the unique extension of the Poincaré algebra, which includes fermionic

generators with anticommutation relations [7]. It is the fermionic nature of the genera-

tors what provides a way around the Coleman-Mandula no-go theorem [126]. In addition

to the Poincaré algebra generators (translations, rotations and boosts), the generators

of supersymmetry include the anticommuting spinors Qα for which

{Qα, Qβ} = {Q̄α̇, Q̄β̇} = 0 , (3.11)

[Qα, P
µ] = [Q̄α̇, P

µ] = 0 , (3.12)
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{Qα, Q̄α̇} = 2σµαα̇Pµ , (3.13)

[Qα,M
µν ] = (σµν) βα Qβ , (3.14)

[Qα̇,Mµν ] = (σ̄µν)α̇
β̇
Q̄β̇ , (3.15)

where Q̄α̇ = (Qα)
†, and

σµν ≡ i

4
(σµσ̄ν − σν σ̄µ) , (3.16)

σ̄µν ≡ i

4
(σ̄µσν − σ̄νσµ) . (3.17)

The (anti)commutation relations (3.11)-(3.15), together with the usual commutation

relations for the Poincaré generators, define the super-Poincaré algebra, or Golfand-

Likhtman superalgebra [127]. This minimal supersymmetry with four supercharges is

commonly referred to as N = 1 supersymmetry. Single particle states fall into irre-

ducible representations of the superalgebra, called supermultiplets. A massless super-

multiplet contains two states3 of the same momentum which differ in helicity by half a

unit (i.e. one boson and one fermion), upon which the action of the supercharges is

Q1 = |p, h〉 = Q̄1̇|p, h〉 = Q2 = |p, h〉 = 0 , Q̄2̇|p, h〉 = |p, h+ 1
2〉 . (3.18)

Further extensions allowed by the Haag-Lopuszański-Sohnius result [7] include super-

symmetries with up to 16 supercharges Q in four dimensions (N = 4). Centrally

extended supersymmetries, for which the supercharges do not anticommute, can also be

defined (see e.g. [128]).

An immediate consequence of unbroken global supersymmetry is the vanishing of

the vacuum energy density. Indeed, the commutation relation (3.13) implies that

Evac =
1

4

∑

α

〈0|{Qα, Q̄α̇}|0〉 =
1

4

∑

α

〈0|Qα(Qα)† + (Qα)
†Qα|0〉 ≥ 0 , (3.19)

which leads to Evac = 0, as the vacuum is annihilated by supercharges, Qα|0〉 = Q̄α̇|0〉 =
0. The vanishing of the vacuum energy is the necessary and sufficient condition for global

supersymmetry to be unbroken.

3 Massless physical (on-shell) supermultiplets contain a total of four states, the supermultiplet and
its CPT conjugate. The supersymmetric extension of the Standard Model is built out of massless
multiplets which acquire their masses through spontaneous symmetry breaking.
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Supersymmetric field theories can be constructed “by hand” by imposing the super-

symmetry on the corresponding Lagrangian, in a manner similar to the construction of

the Wess-Zumino model (3.8) discussed before; a thorough discussion of these methods

can be found in [129]. However, in the same way that the use of Lagrangian densities

in Minkowski spacetime facilitates building Lorentz-invariant actions, the construction

of supersymmetric actions is greatly simplified by the use of superfields defined in su-

perspace, which is the manifold obtained by adding the four Grassmann coordinates θα,

θ̄α̇ to four dimensional space (for a review of Grassmann variables see Appendix A.2).

Following the conventions of [129], we write a general superfield as

S(x, θ, θ̄) = a+ θξ + θ̄χ̄+ θθb+ θ̄θ̄c+ θ̄σµθvµ + θ̄θ̄θη + θθθ̄ζ̄ + θθθ̄θ̄d , (3.20)

where χ, ξ, η and ζ are Weyl spinors, vµ is a complex vector field, and a, b, c and d

are complex scalar fields, all dependent on the spacetime coordinate xµ. The Poincaré

algebra elements can then be written in the usual differential operator representation

(Pµ = i∂µ, . . . ), while the supercharges have the form

Qα = i
∂

∂θα
− (σµθ̄)α∂µ , Q̄α̇ = −i ∂

∂θ̄α̇
+ (θσµ)α̇∂µ . (3.21)

In this representation, an infinitesimal supersymmetry transformation corresponds to a

translation in superspace,

√
2δǫS ≡

(
e−i(ǫQ+ǭQ̄) − 1

)
S

=

(
ǫα

∂

∂θα
+ ǭα̇

∂

∂θ̄α̇
+ i
[
ǫσµθ̄ + ǭσ̄µθ

]
∂µ

)
S

= S(xµ + iǫσµθ̄ + iǭσ̄µθ, θ + ǫ, θ̄ + ǭ)− S(xµ, θ, θ̄) . (3.22)

By expanding the previous relation in components, the transformation rules for the

component fields of the general superfield (3.20) can be immediately obtained. These

transformation rules are shown explicitly in Appendix B.

Supersymmetric covariant derivatives, which anticommute with the generators of

the supersymmetry algebra, are defined as

Dα =
∂

∂θα
− i(σµθ̄)α∂µ , D̄α̇ = − ∂

∂θ̄α̇
+ i(θσµ)α̇∂µ . (3.23)

These two differential operators can be used to impose constraints that are consistent

with supersymmetry transformations.
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3.2.1 Chiral superfields

Matter fields are described by chiral superfields. A chiral superfield Φ is defined by one

of the constraints

D̄α̇Φ(x, θ, θ̄) = 0 , chiral (left-chiral) , (3.24)

DαΦ∗(x, θ, θ̄) = 0 , antichiral (right-chiral) . (3.25)

The constraint (3.24) is easily solved in terms of the shifted variable yµ = xµ − iθ̄σ̄µθ,
which yields the following general form,

Φ = φ(y) +
√
2θψ(y) + θθF (y) (3.26)

= φ(x)− iθ̄σ̄µθ ∂µφ(x)−
1

4
θθθ̄θ̄ ∂µ∂µφ(x) +

√
2θψ(x)− i√

2
θθ θ̄σ̄µ∂µψ(x) + θθF (x) .

(3.27)

The transformation rules for the component fields of the chiral superfield are given by

δǫφ = ǫψ

δǫψα = ǫαF − i(σµǭ)α∂µφ
δǫF = −iǭσ̄µ∂µψ

(3.28)

Notice that upon a supersymmetry transformation, the θθ component (the F-term)

transforms by a total derivative. Therefore, the F -term of a chiral superfield,

[Φ]F ≡
∫
d2θ d2θ̄ δ(2)(θ̄)Φ(x, θ, θ̄) , (3.29)

can be used to build the supersymmetric invariant
∫
d4x [Φ]F . Since the product of

chiral superfields is itself a chiral superfield, as it can be shown in a straightforward way

from the expansion (3.26), we can build invariants out of holomorphic functions of chiral

superfields. Moreover, the transformation rule (B.9) shows that the d-component of a

general superfield also transforms as a total derivative, which implies that the D-term

[S]D ≡
∫
d2θ d2θ̄ S(x, θ, θ̄) , (3.30)

yields the invariant
∫
d4x [S]D. Noting that

[Φ∗Φ]D = ∂µφ̄∂µφ+ iψ̄σ̄µ∂µψ + F̄F + total derivative , (3.31)
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we can build a general renormalizable Lagrangian density for a set of interacting chiral

superfields Φi as

Lren = [Φ∗iΦi]D + ([W (Φi)]F + h.c.) , (3.32)

where the holomorphic function W (Φi) is called the superpotential, which in the renor-

malizable limit is a polynomial of degree three or less in the superfields. In terms of the

component fields, the Lagrangian (3.32) has the form

Lren = ∂µφ̄i∂µφi + iψ̄iσ̄µ∂µψi + F̄ iFi +

(
W iFi −

1

2
W ijψiψj + h.c.

)
(3.33)

≈ ∂µφ̄i∂µφi + iψ̄iσ̄µ∂µψi −
1

2

(
W ijψiψj + W̄ijψ̄iψ̄j

)
−W iW̄i , (3.34)

where in (3.34) the non-propagating fields Fi, F̄
i have been integrated out. Notice

that the Wess-Zumino model (3.8) is a particular form of (3.34) with superpotential

W (φ) = 1
2mφ

2 + 1
3λφ

3.

3.2.2 Vector superfields

Gauge fields are described by vector superfields. A vector superfield V is defined by the

constraint V = V ∗. In components, this yields the general form

V = a+ θξ + θ̄ξ̄ + θθb+ θ̄θ̄b̄+ θ̄σµθ Aµ + θ̄θ̄θ

(
λ+

i

2
σµ∂µξ̄

)

+ θθθ̄

(
λ̄− i

2
σ̄µ∂µξ

)
+ θθθ̄θ̄

(
1

2
D +

1

4
∂µ∂

µa

)
.

(3.35)

In this case, the transformation rules for the component fields correspond to

√
2δǫa = ǫξ + ǭξ̄ ,

√
2δǫξα = 2ǫαb+ (σµǭ)α(Aµ − i∂µa) ,
√
2δǫb = ǭλ̄− iǭσ̄µ∂µξ ,

√
2δǫA

µ = ǫσµλ̄− ǭσ̄µλ− iǫ∂µξ + iǭ∂µξ̄ ,

√
2δǫλα = ǫαD −

i

2
(σµσ̄νǫ)α(∂µAν − ∂νAµ) ,

√
2δǫD = −iǫσµ∂µλ̄− iǭσ̄µ∂µλ .

(3.36)

A gauge superfield is defined as a matrix of superfields in the fundamental representation

of the Lie algebra, V ≡ V aT a. A super gauge transformation is parametrized by a chiral
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superfield Ω in the fundamental representation, Ω ≡ ΩaT a. A chiral superfield Φ is then

defined to transform under a super gauge transformation as

Φ → e2igΩΦ , (3.37)

(where g denotes the gauge coupling constant), while the gauge superfield transforms

as

eV → eiΩ̄eV e−iΩ , (3.38)

or

V → V + i(Ω̄− Ω)− i

2
[V, Ω̄ + Ω] + i

∞∑

k=1

B2k

(2k)!
[V, [V, · · · [V, Ω̄− Ω] · · · ]] + · · · (3.39)

Here B2k denote the Bernoulli numbers. One can understand the connection between

a super gauge transformation and a ‘regular’ gauge transformation most easily by ex-

panding (3.39) in component fields, and considering for simplicity an Abelian gauge

theory. In this case, only two terms survive, and, with Ω = ρ+
√
2θχ+θθf + · · · , (3.39)

is equivalent to

a → a+ i(ρ̄− ρ) ,
ξα → ξ − i

√
2χα ,

b → b− if ,
Aµ → Aµ − ∂µ(ρ+ ρ̄) ,

λα → λα ,

D → D .

(3.40)

This shows that there is a lot of ‘gauge freedom’ in the theory. One can fix χ, f and

Im ρ in such a way that a, ξ, b vanish, while retaining the ordinary gauge freedom in

the vector field Aµ. This particular way to fix the gauge is known as the Wess-Zumino

gauge. It is worth noting that, due to the V -independence of the second term in (3.39),

this procedure is extended in a straightforward way for non-Abelian gauge theories.

The field strength chiral superfield is defined as

Wα = −1

4
D̄D̄(e−VDαeV ) . (3.41)

Under a super gauge transformation, it transforms as

Wα → eiΩWαe
−iΩ , (3.42)
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and in the Wess-Zumino gauge takes the form

(Wa
α)WZ = λaα + θαD

a − i

2
(σµσ̄νθ)αF

a
µν + iθθ(σµ∇µλ̄a)α , (3.43)

whereWα = 2gWa
αT

a, F aµν = ∂µA
a
ν−∂νAaµ−gfabcAbµAcν is the field strength, and∇µλa =

∂µλ
a − gfabcAbµλ

c. By imposing invariance under super gauge and supersymmetry

transformations, we can now build the most general renormalizable Lagrangian for a

supersymmetric gauge field theory,

Lren =

(
1

4
− ig

2
aΘa

32π2

)
[WaαWa

α]F+h.c.+
[
Φ∗i(e2gaV )jiΦj

]
D
+([W (Φi)]F + h.c.) , (3.44)

where Θa is the CP -violating parameter that gives rise to the strong CP problem (see

e.g. [130]). In the case of a U(1) gauge symmetry, the term

L ⊃ −2κ[V ]D , (3.45)

is allowed, as V is a gauge singlet. It is called the Fayet-Iliopoulos term [131]. In

components, (3.44) is

Lren = − 1

4
F aµνF aµν +

g2aΘa

64π2
ǫµνρσF aµνF

a
ρσ + iλaσµ∇µλ̄a +

1

2
DaDa

+∇µφ̄i∇µφi + iψ̄iσ̄µ∇µψi + F̄ iFi +

(
W iFi −

1

2
W ijψiψj + h.c.

)

−
√
2gaφ̄

i(T a)jiψj λ
a −
√
2gaλ̄

aψ̄i(T a)jiψj + gaφ̄
i(T a)jiφj D

a . (3.46)

After integrating out the non-dynamical fields F and Da, the effective scalar potential

takes the form

Vren(φ) = F̄ iFi +
1

2
DaDa = W̄iW

i +
1

2

∑

a

g2a[φ̄
i(T a)jiφj ]

2 , (3.47)

where, for evident reasons, the first term is referred to as the F -term and the second as

the D-term.

If we give up the requirement of renormalizability, as it may be required when treat-

ing effective field theories, a more general supersymmetric Lagrangian can be written

in the form4

Lnon−ren =
[
K
(
Φi, Φ̄

k(e2gaV )jk

)]
D
+

([
1

4
fab(Φi)WaWb +W (Φi)

]

F

+ h.c.

)
. (3.48)

4 Eq. (3.48) is not the most general form for a supersymmetric Lagrangian, as, in principle, one can
also include terms dependent on the chiral derivatives of the superfields.
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Here the superpotential W can now be any gauge invariant holomorphic function of

dimension [mass]3. The Kähler potential K is a real, super gauge invariant function of

chiral and antichiral fields of dimension [mass]2; in the renormalizable limit K(Φ, Φ̄) =

ΦΦ̄. The gauge kinetic function fab is a dimensionless, symmetric and holomorphic

function of the chiral superfields; for non-Abelian fields, fab ∝ δab, but in the Abelian

case it is not necessarily proportional to δab. In the renormalizable limit, fab = (1 −
iΘag

2
a/8π

2) δab. The scalar potential that results from (3.48) after integrating out the

non-dynamical degrees of freedom has the form

Vnon−ren(φ) = (K−1)jiW
iW̄j +

g2a
2
(Re f−1

ab )
[
Ki(T a)jiφj

] [
K l(T b)ml φm

]
, (3.49)

where K−1 is the inverse of the Kähler metric, defined as

Ki
j =

∂2K

∂Φi∂Φ̄j

∣∣∣∣
Φi→φj , Φ̄j→φ̄j

. (3.50)

3.3 Supersymmetric extension of the Standard Model

If supersymmetry is realized in nature, it must be possible to classify all known par-

ticles in supermultiplets, with each particle having a superpartner with spin differing

by a half-unit. Although it is possible to construct a model which describes the weak

and electromagnetic interactions for one leptonic sector, in which the photon and the

neutrino form a multiplet of massless particles while the W± and the e± are part of

massive supermultiplets [132], the existence of multiple lepton families, and the realiza-

tion in different representations of SU(3) symmetry of quarks and gluons, leads to an

inevitable doubling of the spectrum of the Standard Model [133, 134]. Moreover, the

gauge symmetry breaking sector of the theory must be enlarged by the introduction of

a second Higgs doublet. Without it there would be no cancellation of the chiral anoma-

lies due to the presence of the higgsino, and the SU(2)× U(1) symmetry could not be

broken correctly, since the massive vector supermultiplets Z0, W± contain now each an

extra longitudinal degree of freedom and a real scalar field; a single complex doublet

Higgs can only provide four degrees of freedom, which are clearly insufficient [120].

The minimal particle content for the supersymmetric extension of the Standard

Model is summarized in Tables 3.1 and 3.2. All matter fields are described by chiral

superfields, which for convenience are defined in terms of left-handed Weyl spinors,
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Particle spin 0 spin 1/2 SU(3)C , SU(2)L, U(1)Y

squarks, quarks Q (ũL, d̃L) (uL, dL) (3,2, 16)

(×3 families) ū ¯̃uR ūR (3̄,1,−2
3)

d̄
¯̃
dR d̄R (3̄,1, 13)

sleptons, leptons L (ν̃, ẽL) (ν, eL) (1,2,−1
2)

(×3 families) ē ¯̃eR ēR (1̄,1, 1)

Higgs, higgsinos Hu (H+
u , H

0
u) (H̃+

u , H̃
0
u) (1,2, 12)

Hd (H0
d , H

−
d ) (H̃0

d , H̃
−
d ) (1,2,−1

2)

Table 3.1: The chiral multiplets of the Minimal Supersymmetric Standard Model.

which is why it is the conjugates of the right-handed leptons appear in Table 3.1. Spin

0 fields correspond to complex scalars. Vector bosons reside in vector supermultiplets,

within which the fermionic components are referred to generically as gauginos. After

electroweak symmetry breaking, the W 0 and B0 gauge eigenstates mix to give mass

eigenstates Z0 and γ; the corresponding gaugino mixtures of W̃ 0 and B̃0 are called the

zino and the photino.

The supersymmetric couplings between chiral fields are described by the superpo-

tential

WMSSM = ūyuQHu − d̄ydQHd − ēyeLHd + µHuHd . (3.51)

Here gauge and family indices are suppressed (e.g. writing in full the family indices

i, j = 1, 2, 3, the color index a = 1, 2, 3 and the weak isospin indices αβ = 1, 2, we have

ūyuQHu ≡ ūia(yu)
j
iQjαa(Hu)βǫ

αβ). The µ-term gives the Higgs bosons their mass and

contains the single dimensionful parameter in the theory; in order to correctly give the

observed value for the Higgs mass, this parameter must be of the order of magnitude

of the electroweak scale. The explicit appearance of such a parameter many orders of

magnitude lighter than the natural cutoff scale MP is called the µ-problem; among the

possible solutions, in which the µ-term arises from the vev of new fields, include the

Kim-Nilles mechanism [135] and the Giudice-Masiero mechanism [136]. From (3.51) its

is also clear that the second Higgs doublet is also necessary to give masses to all quarks

and leptons, as a term such as d̄ydQH̄u is forbidden by holomorphy.
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Particle spin 1/2 spin 1 SU(3)C , SU(2)L, U(1)Y

gluino, gluon g̃ g (8,1, 0)

winos, W bosons W̃±, W̃ 0 W±,W 0 (1,3, 0)

bino, B boson B̃0 B0 (1,1, 0)

Table 3.2: The gauge multiplets of the Minimal Supersymmetric Standard Model.

An important property of the Standard Model is that its Yukawa couplings form the

most general set of couplings compatible with gauge invariance and renormalizability.

However, this is not the case in the supersymmetric extension, as terms of the form

W ⊃ LLē , LQd̄ , ūd̄d̄ . (3.52)

can in principle be considered. These terms are phenomenologically forbidden, or at

least very strongly constrained, as they violate baryon or lepton number conservation.

In their absence, the multiplicative quantum number

PR = (−1)3(B−L)+2s , (3.53)

called R-parity, is conserved. Here B, L and s denote the baryon, lepton and spin

quantum numbers. As it turns out, all Standard Model particles and Higgs bosons

have even R-parity, while all supersymmetric particles, or sparticles, have odd R-parity.

Conservation of R-parity would then imply that the lightest sparticle, or LSP, is ab-

solutely stable, and is therefore a prime candidate for non-baryonic dark matter if it

only interacts weakly with ordinary matter [137, 138]. The Minimal Supersymmetric

Extension of the Standard Model, or MSSM, is defined to conserve R-parity.

Supersymmetry breaking will generate new couplings, which are necessary to accom-

modate the experimental fact that is the non-equality of particle and sparticle masses.

Our original motivation for supersymmetry, namely the solution of the hierarchy prob-

lem, should not be affected by such breaking. Therefore, we consider that only soft

supersymmetry breaking terms appear in the MSSM Lagrangian, which will not generate

quadratic divergences. The most general form for such couplings, as classified in [139],
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correspond to the addition of scalar mass terms δL = −δm2|φ|2 + (B0W2(φ) + h.c.),

LMSSM
soft ⊃ −m2

HuH̄uHu −m2
Hd
H̄dHd − (B0µHuHd + h.c.)

− ¯̃Qm2
QQ̃− ¯̃Lm2

LL̃− ˜̄um2
uũ− ˜̄dm2

dd̃− ˜̄em2
e ẽ ,

(3.54)

where the term proportional to the quadratic part of the superpotential W2(φ) is called

the B-term; A-terms which are proportional to the real part of the cubic part of the

superpotential, δL = A0(W3(φ) + h.c.),

LMSSM
soft ⊃ −

(
Au0 ˜̄uyuQ̃Hu +Ad0

˜̄dydQ̃Hd +Ae0 ˜̄eyeL̃Hd + h.c.
)
, (3.55)

and gaugino masses,

LMSSM
soft ⊃ −1

2

(
M3g̃g̃ +M2W̃W̃ +M1B̃B̃ + h.c.

)
. (3.56)

The perturbative spectrum and the renormalization group equations for the MSSM are

discussed in great detail in [129,140].

3.4 Local supersymmetry

When supersymmetry is promoted to a local symmetry, the resulting theory is known as

supergravity. The reason is evident from (3.13): with spacetime dependent parameters

ǫ1(x) and ǫ2(x), the commutation relation implies

[ǫ1(x)Q, Q̄ǭ2(x)] = 2ǫ1(x)σ
µǭ2(x)Pµ . (3.57)

Therefore, the commutator of two local supersymmetry transformations is a spacetime-

dependent translation – a general coordinate transformation. Hence, if we want our

theory to be invariant under these local supersymmetry transformations, we will be

lead to a theory of gravity. The spectrum will then contain the spin 2 graviton and its

supersymmetric partner, the spin 3/2 gravitino. The necessity of introducing the gravity

supermultiplet can alternatively be motivated by adapting the Noether procedure to lo-

cal supersymmetry [141]. Namely, if we consider a local supersymmetry transformation

of the (free) Lagrangian (3.34), a straightforward calculation reveals that

δLfree = (∂µǫ)J µ + J̄ µ(∂µǭ) + total derivative , (3.58)
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where J µα = (σν σ̄µψ)α∂ν φ̄ is the Noether supercurrent. In order for the action to be

invariant, a vector-spinor with the transformation rule

δ(0)ψµα =M∂µǫ (3.59)

and (non-renormalizable) coupling

L(0)3/2 = −
1

M
ψµJµ + h.c. , (3.60)

must be added to the theory. Variation of the new Lagrangian shows that the action is

still not locally supersymmetric, since

δ(Lfree + L(0)3/2) =
i

M
ψµσν ǭ Tµν + h.c.+ · · · , (3.61)

with Tµν = ∂µφ∂ν φ̄+∂νφ∂
µφ̄− δµν |∂ρφ|2+ iψ̄σ̄µ∂νψ the energy-momentum tensor of the

Wess-Zumino model. It is then necessary to introduce a tensor field gµν with coupling

L(0)2 = −1

2
gµνT

µν , (3.62)

which transforms as

δ(0)gµν =
i

M
(ψ̄µσν + ψ̄νσµ)ǫ . (3.63)

The coupling (3.62) shows that the spin 2 tensor corresponds to the (massless) graviton

field, while (3.63) ensures that the vector-spinor ψµ is a pure spin 3/2 state, since it is the

supersymmetric partner of the graviton. The mass scale M must therefore be identified

with the (reduced) Planck mass MP = (8πGN )
−1/2 ≃ 2.4× 1018GeV. Further variation

of L shows that the action is not supersymmetric, and additional Lagrangian terms

and modifications to the transformation rules are necessary, which can be constructed

iteratively. In this case, the iteration naturally leads to a “covariantized” Lagrangian

with respect to gravity [142].

In the case of pure supergravity, the Noether procedure leads to the locally super-

symmetric action

S = −M
2
P

2

∫
d4x eR− 1

2

∫
d4x ǫµνρσψ̄µγ5γνD̃ρψσ , (3.64)

which is the sum of the standard Einstein-Hilbert action and the action for the spin-

3/2 Rarita-Schwinger field written in four-component spinor notation. Here R denotes
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the curvature scalar, and e = |det e aµ |, where e aµ is the vierbein with world index µ

and local Lorentz index a, satisfying gµν = e aµe
b
νηab [143]. The local supersymmetry

transformations are given by

δe aµ = − i

MP
ǭγaψµ , (3.65)

δψµ = 2MP D̃µǫ , (3.66)

where the covariant derivative D̃µ is defined as

D̃µ = ∂µ −
i

4
ω̃µabσ

ab , (3.67)

with

ω̃µab = ωµab +
i

4M2
P

(
ψ̄µγaψb + ψ̄aγµψb − ψ̄µγbψa

)
, (3.68)

and

ωµab =
1

2
e νa (∂µebν − ∂νebµ) +

1

2
e ρa e

σ
b ∂σeρce

c
µ − (a↔ b) , (3.69)

which is the standard spin connection.

The coupling of supergravity to matter is in general complicated. The construction of

the (on-shell) locally supersymmetric free theory via the Noether procedure is described

in detail in [32]. The off-shell formulation of the interacting theory was derived using

the so-called local tensor calculus technique [46, 144–146]. The resulting Lagrangian

(after integrating-out auxiliary fields), including the chiral and vector supermultiplets

is shown in Appendix C, along with the corresponding supersymmetry transformations.

The complete supergravity Lagrangian is invariant under the Kähler transformation

K(φi, φ̄
j) → K(φi, φ̄

j) + f(φi) + f̄(φ̄i) , (3.70)

W (φi) → e−f(φi)W (φi) , (3.71)

which implies that the Lagrangian depends on the Kähler potential K and the super-

potential W only through the combination

G = K + ln |W |2. (3.72)

In particular, the bosonic part of the N = 1 supergravity Lagrangian is given by

LB = −R
2
+GijDµφiD

µφ̄j − eG(Gi(G−1)ijG
j − 3)− 1

4
(Re fab)FaµνF

µν
b

+
i

4
(Im fab)FaµνF̃

µν
b −

g2

2
(Re f−1

ab )G
i(Ta)

j
iφjG

k(Tb)
l
kφl ,

(3.73)
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where for convenience we have set MP = 1, and where Dµ are covariant with respect to

gravity and the gauge group. In terms of the Kähler potential and the superpotential,

the scalar potential is written as

V = eK
[
(K−1)jiD

iWD̄jW̄ − 3|W |2
]
+
g2

2
(Re f−1

ab )K
i(T a)jiφjK

l(T b)kl φk , (3.74)

where the Kähler derivative is defined as

DiW = KiW +W i . (3.75)

Restoring units, it is straightforward to show that the locally supersymmetric potential

(3.74) reduces to (3.49) in the limit MP →∞.

3.5 Supersymmetry breaking

Unlike the global case, the scalar potential (3.74) is no longer positive semi-definite,

which implies that the condition Evac > 0 is not a necessary condition for local su-

persymmetry breaking, as there is now the possibility of a ground state with negative

energy. We expect supersymmetry to be an exact symmetry that is spontaneously bro-

ken at low energies. This will only occur if at least one of the fields in the theory acquires

a non-supersymmetry invariant vev. Among the supersymmetry transformation laws

(C.13)-(C.18), only (C.16) and (C.18) can have a non-vanishing right-hand side without

breaking Lorentz invariance. If we further assume that the fields acquiring the vev are

gauge singlets, and that no non-vanishing vevs are generated for the terms involving

fermionic fields5, then local supersymmetry is broken if

〈0|δχi|0〉 = −
√
2eG/2(G−1)jiGjǫ 6= 0 (3.76)

or, equivalently, if 〈Gi〉 6= 0 for at least one value of i. Comparing this requirement with

(3.73), we see that it is possible for a cancellation in the scalar potential to occur to

give a supersymmetry breaking vacuum with vanishing cosmological constant.

The spontaneous breaking of a (global) symmetry always implies a massless Nambu-

Goldstone mode with the same quantum numbers as the broken symmetry generator.

5 These assumptions are by no means necessary, as demonstrated by the existence of models in
which supersymmetry is broken by gaugino condensates [147].
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For supersymmetry, this Goldstone field is a massless neutral Weyl fermion, called

the goldstino. In the case of broken local supersymmetry, the super-Higgs mechanism

operates, in which the would-be goldstino becomes the longitudinal component of the

(now massive) gravitino [46, 146]. The goldstino is identified with

η = Giχi , (3.77)

so that the kinetic and mass terms for the gravitino and the chiral fermions in (C.8),

(C.11), can be rewritten as

e−1LCF = −e
−1

2
ǫµνρσψ̄µγ5γν∂ρψσ +

i

2
eG/2ψ̄µσ

µνψν +
i√
2
eG/2ψ̄µγ

µη

+
1

3

(
i

2
η̄γµ∂µη − eG/2η̄η

)
+
i

2

(
Gij −

1

3
GiGj

)
χ̄iγ

µ∂µχ
j

+
1

2
eG/2

(
−Gij − 1

3
GiGj +Gijk (G

−1)kl G
l

)
χ̄iχj + · · · (3.78)

A careful, but straightforward calculation shows that, in the cosmological constant-free

vacuum, where V = 0 and V i = 0, there is no contribution to the mass of η from the

subtracted fermion mass matrix in (3.78). It can then be shown that, upon the field

redefinition

ψ′
µ = ψµ −

i

3
√
2
γµη −

√
2

3
e−G/2∂µη , (3.79)

the Lagrangian can be rewritten as

e−1LCF = −e
−1

2
ǫµνρσψ̄′

µγ5γν∂ρψ
′
σ +

i

2
eG/2ψ̄′

µσ
µνψ′

ν +
i

2

(
Gij −

1

3
GiGj

)
χ̄iγ

µ∂µχ
j

+
1

2
eG/2

(
−Gij − 1

3
GiGj +Gijk (G

−1)kl G
l

)
χ̄iχj + · · · (3.80)

The physical gravitino ψ′
µ is now a massive spin 3/2 field, with the extra helicities

deriving from the contribution of the goldstino to (3.79). Its mass is given by

m3/2 = 〈eG/2〉 . (3.81)

The most successful applications of supergravity to the construction of low-energy

phenomenological supersymmetric models have the supersymmetry breaking occurring

in a ‘hidden sector’, that only couples to the Standard Model gravitationally (the gravity

mediation scenario). Denoting by Za the chiral superfields of the hidden sector (and by
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za the scalar component), and assuming for simplicity a flat Kähler metric, the Kähler

potential and the superpotential are then sums of two decoupled terms,

K = ZaZ̄
a +ΦiΦ̄

i , W =Wh(Za) +Wo(Φi) . (3.82)

In the global limit MP →∞ we would simply have a model with two decoupled sectors,

with potential V = |W a|2 + |W i|2. When the coupling to supergravity is included,the

two sectors are coupled, with a scalar potential given by

V = e|za|
2+|φi|2

[
|W a

h + z̄a(Wh +Wo)|2 + |W i
o + φ̄i(Wh +Wo)|2 − 3|Wh +Wo|2

]
. (3.83)

Since hidden sector terms are assumed to dominate, it is a good approximation to

minimize the potential by minimizing terms quadratic in Wh. With 〈Wh〉 6= 0, the

vacuum conditions that impose supersymmetry breaking and vanishing cosmological

constant can be written as

DaWh = z̄aWh +W a
h 6= 0 , |DaWh| =

√
3|Wh| . (3.84)

The earliest and simplest realization of the hidden sector is the Polonyi model [148],

which consists of a single chiral multiplet Z with a linear superpotential,

Wh(Z) = µ(Z + β) . (3.85)

The supersymmetry breaking conditions (3.84) are satisfied in the vacuum if β is tuned

to the value β = 2−
√
3, in which case the potential is minimized at

z0 =
√
3− 1 , (3.86)

and, in the unitary gauge, the gravitino acquires the mass

m3/2 = e2−
√
3µ . (3.87)

The low-energy, phenomenological form of the potential for the observable sector is

obtained by substituting back into (3.83), and, after restoring factors of MP , taking the

limit MP →∞ with m3/2 fixed. The resulting potential has the form

V (φi) = e4−2
√
3
[
|W i

o|2 + µ2|φi|2 + µ
(
φiW

i
o −
√
3Wo + h.c.

)]
+O(M−2

P ) . (3.88)
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In the previous expression, the prefactor can be absorbed by the re-scaling Wo →
e
√
3−2Wo, which amounts to the replacement µ → m3/2. The first term in (3.88) cor-

responds then to the scalar potential in the globally supersymmetric limit. The second

term is a soft supersymmetry breaking mass term with mass m0 = m3/2. The third

and fourth terms will lead, for a renormalizable superpotential, to B and A-terms with

B0 = (2−
√
3)m3/2 and A0 = (3−

√
3)m3/2. It is therefore an attractive feature of grav-

ity mediation that universal soft breaking terms are automatically generated, avoiding

flavor-changing neutral currents in a natural way. Gaugino masses will also be induced

if the gauge kinetic function has a non-trivial dependence on Z,

e−1LF,kin ⊃
√
3

4
(f̄ab),zm3/2λ̄aLλbR + h.c. (3.89)

3.5.1 No-scale supergravity

The gravity mediation scenario previously discussed contains two problematic features.

The first is that a high degree of fine tuning is necessary to obtain a vanishing cos-

mological constant at the classical level. The second is that the gravitino mass is not

determined dynamically, but it is rather ‘put in by hand’, with a value m3/2 . 1TeV to

avoid the hierarchy problem. No-scale models avoid these issues. They are constructed

in such a way that the classical potential vanishes identically for all values of the fields

(possesses infinitely many flat directions), while breaking supersymmetry everywhere

on the scalar manifold, with a non-vanishing, but classically undetermined, value of the

gravitino mass. Non-gravitational radiative corrections can then lift the degeneracy of

the tree level potential, and produce a gravitino mass m3/2 hierarchically smaller than

the Planck scale MP [149–152]. No-scale models commonly occur in string phenomeno-

logy, as they emerge as the effective four-dimensional low-energy field theory in generic

compactifications of string theory [153–155].

The tree level potential will vanish identically if the Kähler function G satisfies the

nonlinear partial differential equation

Gi(G
−1)ijG

j = 3 . (3.90)

The simplest example of a no-scale model corresponds to taking

G = −3 ln(z + z̄) , (3.91)
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where z is a hidden sector scalar. The gravitino mass is undetermined and different

from zero for any finite z, z̄,

m2
3/2 = eG = (z + z̄)−3 . (3.92)

The Kähler metric

Gzz = 3(z + z̄)−2 , (3.93)

describes the Kähler manifold with Ricci tensor Rzz = ∂z∂
z lnGzz = 2

3G
z
z and scalar

curvature R = Rzz/G
z
z =

2
3 . This target space can be identified with the SU(1, 1)/U(1)

projective manifold, invariant under the SU(1, 1) group of isometric transformations

z → αz + iβ

iγz + δ
, α, β, γ, δ ∈ R , αδ + βγ = 1 . (3.94)

The SU(1, 1) symmetry is less concealed if we define the complex field y as

z =
1

2

(
1− y/

√
3

1 + y/
√
3

)
, (3.95)

so that the no-scale model is now described by the Kähler potentialG = −3 ln
(
1− |y|2/3

)
+

3 ln |1 + y/
√
3|2, which upon a Kähler transformation is equivalent to

G = −3 ln
(
1− |y|2/3

)
. (3.96)

The Lagrangian is then invariant under the SU(1, 1) transformations of the form6

y → ay + 3b

b̄y + ā
, |a|2 − |b|2 = 1 . (3.97)

It is worth noting that the complete supergravity Lagrangian is invariant under SU(1, 1),

except for the gravitino mass term, which breaks SU(1, 1) down to the non-compact

U(1)NC group of imaginary translations z → z + iβ, as it is not invariant with respect

to dilatations z → α2z or conformal transformations z → (z + i tan θ)/(i tan θ + 1).

With the addition of a superpotential W (z), the scalar part of the Lagrangian takes

the form

Lz =
1

(z + z̄)2

[
3∂µz̄∂

µz − V̂
]
, (3.98)

6 This corresponds to the defining representation of SU(1, 1), the group of matrices A =

(

a b
b̄ ā

)

with unit determinant such that A†JA = J , with J =

(

1 0
0 −1

)

.
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where

V̂ =
1

3
(z + z̄)|W z|2 − (WW̄z + W̄W z) . (3.99)

In general, upon the addition of non-zero W , the flatness of the potential is lost, as is

the SU(1, 1) invariance of the Lagrangian, save for the kinetic term [156].

When observable-sector superfields are incorporated, the desired property of an un-

determined gravitino mass may be retained if the tree level effective potential is positive

semi-definite with a flat direction, along which the degeneracy in the value of z can be

lifted by radiative corrections. A simple example corresponds to taking [157]

G = −3 ln
(
z + z̄ − 1

3
φ̄iφi

)
+ ln |W (φi)|2 . (3.100)

For this Kähler function, the scalar potential takes the simple form

V = e2K/3W iW̄i . (3.101)

This potential is minimized for W i = 0, which immediately implies V = 0. The vev of z

is undetermined in the vacuum, and so is the gravitino mass. Another immediate con-

sequence is the absence of soft supersymmetry breaking parameters in the scalar sector,

m0 = B0 = A0 = 0. These soft parameters may be induced by radiative corrections

from non-vanishing gaugino masses. Upon a field redefinition which generalizes (3.95),

the resulting Kähler metric shows that the fields {z, φi}, i = 1, . . . , N − 1, parametrize

the coset space SU(N, 1)/SU(N) × U(1) (see Section 5.1.1 for the transition to the

symmetric basis).

As we mentioned before, generic string compactifications yield no-scale supergra-

vity as the effective field-theoretical framework for sub-Planckian physics. In orbifold

compactifications of the heterotic string7 (defined in 10 dimensions), the six internal

directions are compactified on a torus T 6 modulo a discrete symmetry group. The field

content is then naturally divided into two classes: untwisted and twisted sector fields.

This classification distinguishes fields propagating in all 10 dimensions (untwisted) from

those propagating only in 6 or 4 dimensions (twisted). At the lowest-genus level the

Kähler potential K has the general form [159]

K = − ln(S + S̄)−
h(1,1)∑

i=1

ln(Ti + T̄i)−
h(2,1)∑

j=1

ln(Uj + Ūj) , (3.102)

7 For a review see [158].
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where S is the dilaton (which controls the strength of the string coupling), Ti are

untwisted Kähler moduli, which parametrize the sizes of the compactification tori, and

Ui are the complex structure moduli, which parametrize the complex deformations of

the tori. In general h(1,1) ≥ 3, while h(2,1) is model dependent. If one assumes that

the dilaton S and the complex structure moduli Uj are fixed at a high scale by some

(unspecified) mechanism, as well as the relative sizes of the (three) untwisted Kähler

moduli, one can simplify

− ln(S + S̄)−
∑

i

ln(Ti + T̄i)−
∑

j

ln(Uj + Ūj) → −3 ln(T + T̄ ) , (3.103)

where T now denotes the so-called volume modulus, and plays the role of the hidden

sector field. Untwisted matter fields φi are included via the substitution

T + T̄ → T + T̄ − 1

3

∑

i

|φi|2 , (3.104)

while twisted matter fields, denoted by ϕa, which have non-zero modular weights na,

are included by writing the general form of the Kähler potential as

K = −3 ln
(
T + T̄ − 1

3

∑

i

|φi|2
)

+
∑

a

|ϕa|2
(T + T̄ )na

. (3.105)

We will use (3.105) as the basis of our subsequent discussion of no-scale inflation in

Chapters 4 and 5.

3.6 Cosmological problems in supergravity

Supersymmetric models provide a wealth of new fields and mechanisms that may play a

significant role in cosmology, particularly during the inflationary epoch. Since inflation

is operative at very high energies close to the fundamental scale of gravity, threshold

effects from the yet unknown theory of quantum gravity cannot be neglected. It is for

this reason that any supersymmetric inflationary model must be set in the framework

of gauged supersymmetry, supergravity, which, as we saw, provides a natural extension

to General Relativity. In a generic supersymmetric theory, flat directions, along which

inflation can take place, are natural and abundant [160, 161]. Realistically, these ‘flat’
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directions are only approximately flat, since they are lifted by soft supersymmetry-

breaking terms, and by non-renormalizable terms in the superpotential, but their slopes

can be maintained reasonably gentle without excessive fine-tuning. Of particular interest

are light scalar fields, which come naturally in two varieties: pseudo-Goldstone bosons

and moduli fields, which couple to matter with gravitational strength. As we discussed in

the previous section, flat directions are a natural property of moduli, which makes them

prime inflaton candidates. However, as we discuss below, this “modular cosmology” is

not without problems, that must be addressed if supergravity is to provide the particle

physics underlying inflationary cosmology. Here we focus on the so-called η and moduli

problems; for an overview of other challenges for supersymmetric cosmology see e.g. [120,

162].

3.6.1 The η problem

The measured amplitude of the power spectrum of primordial fluctuations requires an

extremely flat potential at a high energy scale, V
1/4
∗ ≃ (3π

2

4 ASr)MP . 6 × 10−3MP ,

which, although hierarchically smaller than the Planck scale (and remarkably close to

the GUT scale), is much larger than the TeV scale. The requirement of a large number

of e-folds of inflation for the successful solution of the flatness problem leads almost

inevitably to the appearance of small parameters in the theory8. For example, for a

power law potential V ∼ λφn, Eqs. (2.23) and (2.117) give

N∗ ≃
φ2∗
2n

, AS∗ ≃
λφn+2

∗
12π2n2

, (3.106)

which imply λ ∼ 10−7(2N)−(n/2+1) ≪ 1. Moreover, upon embedding inflation within an

effective field theory (EFT) of elementary particles, these small parameters will not be

stable in general against radiative corrections. For instance, in the presence of a mass

term V ⊃ m2φ2, radiative corrections will drive the scalar mass to the cutoff scale,

∆m2 ∼ Λ2 , (3.107)

unless the fields are protected by symmetries (e.g. φ is a Goldstone boson), or a high

degree of fine-tuning is introduced. Since consistency of the EFT treatment requires

8 The introduction of small parameters may be avoided, for example, in Kaluza-Klein models
[163,164]
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that Λ > H, a large renormalization of the η-parameter (2.22) appears

∆η ∼ Λ2

H2
& 1 , (3.108)

which violates the slow-roll condition. This is known as the η problem, first identified in

the context of supergravity inflation [165,166], which must be addressed in any effective

field theory embedding of inflation [167]. It is often argued that the previous problems

are a cry of inflation for supersymmetry [6], as the necessary fine-tunings are technically

possible, or avoided, if the underlying theory is supersymmetric. In a theory with

a symmetry relating fermions and bosons, the scalars inherit the stable small masses

from the fermions, a fact that is at the heart of the solution of the hierarchy problem

for the Higgs mass. In a supersymmetric theory, the couplings λ are renormalized

multiplicatively, keeping quantum corrections under control.

Let us then consider a supergravity inflationary model, in which inflation is driven

by the F -term of the potential (3.74), while the D-term is vanishing or negligible. In

this case, the slow roll parameters (2.21), (2.22) can be evaluated as

ǫV =
1

2
(KΦ + · · · )2 , ηV = KΦΦ̄ + · · · , (3.109)

where here the subscript denotes differentiation with respect to the inflaton Φ. The

extra terms denoted as · · · have model-dependent values, and may be of the same order

as the terms written explicitly. It is immediately clear from (3.109) that it is difficult

to reconcile the slow roll conditions with a minimal Kähler potential, K = |Φ|2, for
which KΦ = Φ̄, KΦΦ̄ = 1, unless the superpotential is very fine-tuned. For example,

the model with W (Φ) = m2(1 − Φ)2 leads to successful inflation for 0 . Φ . 0.76,

but produces a scalar spectrum with tilt ns = 0.933, in disagreement with Planck [168].

Hybrid inflation with minimal Kähler potentials is discussed in [165,169]. An alternative

solution consists in choosing a special form for K that allows for ǫV ≪ 1. However, the

ηV condition is severe, since KΦΦ̄ stands in front of the kinetic term and therefore must

be normalized to one in the true vacuum of the theory, not being expected to be much

smaller during inflation. This indicates that F -type inflation models in supergravity

are generically afflicted with the η problem. Among the solutions to the η problem one

finds theories with a Nambu-Goldstone-like shift symmetry, where K ∝ (Φ − Φ̄)2, for

which the dangerous term arising from eK does not depend on the combination Φ+ Φ̄,
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which is then identified with the inflaton [170,171]. Multifield models with a Heisenberg

symmetry

T −→ T + iν ,

T −→ T + ᾱiφi +
1

2
ᾱiαi ,

φi −→ φi + αi ,

(3.110)

where αi, ν are constant transformation parameters, for which K = K(T + T̄ − φ̄iφi),
have also been proposed [172–174]. Other examples of models with non-minimal Kähler

potentials can be found in [166, 175, 176]. Alternative approaches include driving infla-

tion with the D-term [177–179], and models dependent on the nilpotent property of a

chiral superfield [180–182].

The η problem is not the only issue that affects supergravity inflation models. In

general, the scalar potential (3.74) does not automatically vanish at its minimum, and

the vacuum energy density receives unacceptably large contributions proportional to the

supersymmetry breaking scale [183, 184]. By fine tuning the Kähler potential and/or

the superpotential, it may be possible to achieve V0 ≪ 1. Nevertheless, when the

cosmological constant at the desired minimum is canceled by a constant, one generically

finds a deeper minimum at values of the inflaton field larger than MP [185, 186].

3.6.2 The moduli and gravitino problems

The very presence of light weakly-interacting fields (moduli) in the early universe has

problematic consequences in cosmology [47–50]. Their late decay implies that these

moduli may eventually dominate the energy density of the universe, redshifting as non-

relativistic pressureless matter. When they decay, they generally generate too much

entropy, diluting any baryon asymmetry generated at earlier times, while failing to re-

heat the universe sufficiently to restart nucleosynthesis. Furthermore, their late decays

may lead to the overproduction of the lightest supersymmetric particle (LSP) [187,188].

The best known example of this problem appears in the context of the Polonyi model

(see Section 3.5). Expanding the potential (3.83) with superpotential (3.85) around the

supersymmetry breaking minimum,

z = z0 +
1√
2
(zR + izI) , (3.111)
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the masses of the real and imaginary parts are of the order of the gravitino mass,

m2
zR

= 2
√
3m2

3/2 , m2
zI

= (4− 2
√
3)m2

3/2 . (3.112)

Since z couples with gravitational strength to matter fields, its decay rate is Planck

suppressed,

Γz ∼
m3

3/2

M2
P

. (3.113)

During the inflationary epoch, the Polonyi field will be displaced from the minimum

of the potential. Generically, this displacement is of the order of the Planck scale,

∆z ∼ O(MP ) [189]. This is easily demonstrated for the shift symmetric model of

inflation of [170,171], with

Kinf = −
1

2
(Φ− Φ̄)2 + SS̄ − ξ(SS̄)2 , Winf = Sf(Φ) , (3.114)

which, along the inflaton path S = ImΦ = 0, stable for ξ & 1/12, leads to the inflatio-

nary potential V = f2(ReΦ). With the addition of a Polonyi sector, the scalar potential

during inflation along the real direction of z has the form

V = ez
2 [
f2(Φ)− 3µ2(z + β)2 + µ2(1 + z(z + β))2

]
. (3.115)

Since during inflation, f2 ≃ 3H2 ≫ µ2, the expectation value of z is 〈z〉inf ≃ 2
3(

µ
H )2 ≪ 1

[190]. At the end of inflation, the minimum of the potential shifts to the supersymmetry

breaking minimum (3.86), and z subsequently starts oscillations, redshifting as matter

and dominating the energy density of the universe until its decay. The resulting re-

heating temperature, Treh ∼ m
3/2
3/2/M

1/2
P , is very low, and will be smaller than the

temperature required for nucleosynthesis, TN ∼ 1MeV, unless m3/2 & 10TeV. Even

more problematic is the release of entropy from the decay of the oscillating field,

sf
si
∼ MP

m3/2
, (3.116)

where sf,i are the entropy densities before and after decay. This late injection of entropy

would severely dilute any pre-existing baryon asymmetry.

When the Polonyi field decays into lighter supersymmetric particles, the eventual

overproduction of the LSP is likely. In particular, gravitinos may be copiously produced

by the decay of the Polonyi field leading to a gravitino problem [191, 192]. If the
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gravitino is unstable, the decay products will in turn eventually decay into the LSP,

generically resulting in a dark matter relic density much larger than that observed

[187, 188]. Furthermore, the gravitino decay rate is also of the order Γ3/2 ∼ m3
3/2/M

2
P .

So it too can decay late and cause problems for nucleosynthesis.

Some of the problems of the Polonyi field can be solved by giving it a larger mass

[50, 187, 193]. For a modulus mass mz (or m3/2) larger than O(10TeV), the rehea-

ting temperature is high enough to restart nucleosynthesis after decay. The late time

entropy release would nevertheless dilute the results of any previous nucleosynthesis or

baryogenesis. If the baryon asymmetry is generated by a very effective mechanism, such

as the Affleck-Dine (AD) mechanism [31], which can generate a baryon-to-entropy ratio

as large as O(1), the resulting increase in entropy could provide the necessary dilution

factor to yield the observed baryon asymmetry [173, 194]. Of particular interest is

the solution through moduli stabilization [195–198]. In these models, the cosmological

problems are addressed by generating a hierarchy between the Polonyi and gravitino

masses, mz ≫ m3/2, effectively stabilizing the Polonyi field during inflation. Indeed,

by considering a Polonyi sector with superpotential (3.85) and non-minimal Kähler

potential

K = ZZ̄ − (ZZ̄)2

Λ2
, (3.117)

with Λ ≪ 1, it can be shown that: (i) there is no large initial displacement, as at the

supersymmetric minimum 〈z〉 ∼ Λ2 ≪ 1, (ii) the Polonyi mass is hierarchically larger

than the gravitino mass, mz ∼ m3/2/Λ ≫ m3/2, and (iii) the decay rate is enhanced,

Γz ∼ m3
3/2M

3
P /Λ

5 [199, 200]. Furthermore, for Λ ∼ 10−3, the decay of z produces an

LSP abundance of the order of the observed dark matter abundance, while evading the

injection of entropy into the primordial plasma [63]. Within this model, the gravitino

mass may be made hierarchically larger than the weak scale, which implies a decay rate

for the gravitino that is much larger than in the standard Polonyi model.

As we discuss in the subsequent chapters, moduli stabilization is necessary in generic

no-scale models in order to fix the direction of the inflationary flat direction in moduli

space. In the case of a modulus inflaton, the presence of extra heavy fields in the

theory, such a stabilized Polonyi sector, can backreact in the inflationary dynamics,

and significantly alter the dynamics of the system, spoiling the flatness of the potential

[201]. We will find that, in no-scale models, the regime in which the backreaction
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is under control is consistent with a moderate degree of stabilization and low-scale

supersymmetry breaking.



Chapter 4

Two-field no-scale supergravity

inflation

In the previous chapters, we discussed the necessary conditions for the realization of

primordial inflation, we showed how the currently available observational data can be

used to discriminate between models of inflation, and we motivated the cry of inflation

for supersymmetry. Our goal now is to present a physical model of inflation which

satisfies the phenomenological constraints imposed by the experimental results tied to

the particle physics theory.

In this chapter, we introduce a multifield supergravity model that is highly consistent

with the Planck/BICEP results, and interpolates between quadratic and Starobinsky-

like inflation. Hereafter, we will work in Planck unitsMP = 1, unless explicitly denoted.

The results of this analysis have been published in [69, 70, 72].

4.1 The Starobinsky model

One of the first proposed inflationary models is the R+R2 Starobinsky model [202]. It

was conceived with the motivation to include semi-classical quantum effects in Einstein

gravity, by considering higher curvature corrections to the action,

S =
1

2

∫
d4x
√−g

(
−R+

R2

6m2

)
, (4.1)

67
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where m≪ 1. In this model the higher curvature corrections are the source of inflation,

leading to an exponentially expanding de Sitter phase. The spectrum of cosmological

density perturbations found by using (4.1) for inflation were calculated by Mukhanov

and Chibisov [203] and by Starobinsky [204] in the original (Jordan) frame. However,

as shown by Stelle [205] and Whitt [206], the theory is conformally equivalent to a

theory combining canonical gravity and a scalar field ϕ. Indeed, in this so-called linear

representation, the action

S =
1

2

∫
d4x
√−g

[( ϕ

3m2
− 1
)
R− ϕ2

6m2

]
, (4.2)

is equivalent to (4.1), as it is easy to see by integrating out ϕ. After writing the action

(4.2) in the Einstein frame by means of the conformal transformation

gµν → e−
√

2/3φgµν ≡
(
1− ϕ

3m2

)−1
gµν , (4.3)

one obtains the equivalent scalar field version of the Starobinsky model,

S =
1

2

∫
d4x
√−g

[
−R+ ∂µφ∂

µφ− 3

2
m2
(
1− e−

√
2/3φ

)2]
, (4.4)

where the scalar potential

V =
3

4
m2
(
1− e−

√
2/3φ

)2
, (4.5)

is commonly referred to as the Starobinsky potential, shown in Figure 4.1. In this form,

the spectrum of scalar and tensor perturbations can be computed in the usual way,

leading to [207]

ns − 1 ≃ −8(4N∗ + 9)

(4N∗ + 3)2
, r ≃ 192

(4N∗ + 3)2
. (4.6)

As we thoroughly discuss in Chapter 6, the normalization of the amplitude of the scalar

power spectrum fixes m ≃ 10−5MP . The main feature of the spectrum corresponds to

the extra suppression by ∼ 1/N∗ of the tensor-to-scalar ratio with respect to ns, which

translates to a very small amount of primordial gravitational waves. The predictions

for N = 50 and N = 60 are shown in Fig. 2.3, and are fully consistent with the

Planck/BICEP constraints.

The Starobinsky model can be embedded in a particle theory by simply adding a

matter Lagrangian to (4.1), which, in the Einstein frame, leads to universal matter-

scalaron interactions, that in the Standard Model lead to Treh ≃ 3.1 × 109GeV [208].
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V/m2

Figure 4.1: The Starobinsky potential V = 3
4m

2(1 − e−
√

2/3φ)2. For small values of the
field φ the potential is approximately quadratic, V ≃ 1

2m
2φ2, while for φ≫ 1 the potential

is asymptotically scale-invariant, V ≃ 3
4m

2.

This model, however, is regarded as unnatural due to the large value of the R2 coefficient

in (4.1) [74]. Luckily, as we show below, the Starobinsky model can be naturally em-

bedded within no-scale supergravity. Besides the obvious particle theory consequences,

such an embedding improves the model as it naturally subsumes a mechanism for super-

symmetry breaking, and it shrinks the necessary initial homogeneous patch necessary

for inflation from ∼ 103 Hubble radii at the Planck time down to just (!) ∼ 10 Hubble

lengths [209]1.

4.2 No-scale supergravity inflation

It was first pointed out in [211] that a natural solution to the η problem is offered by

no-scale supergravity. In the absence of twisted matter in (3.105), the field content of

the SU(N, 1)/SU(N)× U(1) model can be equivalently described by the fields {T, φi}
or by the canonically normalized fields

zR = K/
√
6 , zI = eK/3

√
3/2(T − T̄ ) , Φi = eK/6φi . (4.7)

1 A rebuttal can be found in [210]. Therein it is argued that the analysis of [209], formulated in
the Einstein frame, leads to an unnatural hierarchy in the Jordan frame. Without this hierarchy in the
defining frame, inflation is not unlikelier than in chaotic models.
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When the argument of the Kähler potential zR is fixed by some high-scale dynamics,

the scalar potential takes the simple form (3.101), similar to that of a globally super-

symmetric model, and the η problem is avoided. Moreover, the cosmological constant

naturally vanishes, and deeper minimum values of the potential are absent, as the poten-

tial is positive semi-definite. In [211] it was further shown that the simple superpotential

W = µ2(φ − φ4/4) leads to successful small field inflation with potential µ4|1 − φ3|2.
However, this model is strongly disfavored by Planck, as it predicts ns ≃ 0.933. A

quadratic potential can be obtained by choosing W = mφ2/2; nonetheless, besides the

Planck incompatibility, these models suffer from the presence of the nearly massless

scalar field zI .

The most successful models of no-scale inflation correspond to those in which the

Kähler potential is undetermined, and it is rather the volume modulus T or a mat-

ter field φ what is fixed. In these models, the solution of all the inflationary moduli

problems is not immediate, as, for example, the semi-positive-definite property of the

potential is generically lost for a T -dependent superpotential, something that is evi-

dent for the minimal SU(1, 1)/U(1) model (3.98) [156]. Quadratic chaotic inflation can

be accommodated within no-scale supergravity [212–214], but, being concerned with

pure gravity, as demonstrated by the action (4.1), it is the R + R2 Starobinsky model

that lends itself to a natural embedding within supergravity. The first example of such

embedding was found by Cecotti [215]. He showed that the Starobinsky model (4.1)

can be recovered as the bosonic part of a pure higher derivative supergravity model

dependent on a chiral curvature superfield R. Whitt’s trick can then be generalized by

introducing appropriate Lagrange multipliers with which, upon a dual transformation,

the higher derivative model can be shown to be equivalent to a standard two-derivative

supergravity interacting with two chiral superfields T and φ. This dual supergravity

model is defined by the Kähler potential

K = −3 ln
(
T + T̄ − |φ|

2

3

)
, (4.8)

and superpotential

W =
√
3mφ(T − 1/2) , (4.9)

which are precisely of the no-scale type. The Starobinsky potential is recovered along

the inflationary direction φ = ImT = 0 in terms of the canonically normalized inflaton
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x =
√
3/2 ln(2ReT ). It can be shown in a straightforward way, however, that this flat

direction is unstable, and the inflaton is driven away from this direction for the smallest

perturbation in φ. This shortcoming can be cured by adding quartic terms in φ to the

Kähler potential, in order to stabilize the flat direction [59],

K = −3 ln
(
T + T̄ − |φ|

2

3
+
|φ|4
Λ2

)
, Λ < 1 . (4.10)

An alternative no-scale realization of the Starobinsky model was found by Ellis

et.al. [216]. The Kähler potential is still of the SU(2, 1)/SU(2)× U(1) form (4.8), but

the superpotential is T -independent and of the Wess-Zumino form

W =
µ̂

2
φ2 − λ

3
φ3 . (4.11)

For T = 1/2, and in terms of the canonically normalized inflaton χ, defined as

φ =
√
3 tanh

(
χ/
√
3
)
, (4.12)

the scalar potential takes the form

V = µ2
∣∣∣∣sinh(χ/

√
3)

(
cosh(χ/

√
3)− 3λ

µ
sinh(χ/

√
3)

)∣∣∣∣ , (4.13)

where µ =
√
3µ̂. Written in terms of the real and imaginary parts χ = (x + iy)/

√
2,

and choosing λ = µ/3, the potential has the form

V = µ2
e−
√

2/3x

2
sec2(

√
2/3y)

(
cosh

√
2/3x− cos

√
2/3y

)
. (4.14)

Along y = 0 (enforced by the potential), it reduces to the Starobinsky model, with

m = µ̂. The inflationary direction is however unstable against perturbations in ReT and

ImT . In a similar way as (4.10), the instability can be fixed via moduli stabilization [60]

K = −3 ln
(
T + T̄ − |φ|

2

3
+

(T + T̄ − 1)4 + d(T − T̄ )4
Λ2

)
, Λ < 1 , (4.15)

where d allows the masses of the real and imaginary parts of T to differ. A non-zero

mass for T at the vacuum can be obtained by adding a constant to the superpotential,

which generates the gravitino mass, with mT ∼ m3/2/Λ [156].

Many more examples of Starobinsky-like models with the inflaton identified as either

a modulus field or a matter field have been constructed and discussed in [156]. All
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these models rely on moduli stabilization to successfully lead to inflation. However,

stabilization terms with forms (4.10) or (4.15) have not yet been derived in string theory,

whereas the corrections to (4.8) that have been motivated by string theory, do not

stabilize the volume modulus while maintaining the Starobinsky form of the potential

necessary for inflation [62]. String modulus stabilization remains an important open

problem.

4.3 A no-scale inflationary model to fit them all

Can moduli stabilization be avoided? As we discussed in Section 3.5.1, in typical orbifold

string compactifications with three moduli that are fixed by some unspecified mechanism

at a high scale to be proportional, the Kähler potential may be written in the form

(3.105). If, in particular, we consider the case when, besides the volume modulus, we

have a single twisted matter field of modular weight 3, the Kähler potential has the

following form [217]:

K = −3 ln(T + T̄ ) +
|ϕ|2

(T + T̄ )3
, (4.16)

The specification of our no-scale supergravity model of inflation is completed by speci-

fying the superpotential,

W =

√
3

4

m

a
ϕ(T − a) , (4.17)

where we identify T as the chiral inflaton superfield. Although the superpotential (4.17)

is the same as in the Cecotti model [215], the Kähler potential (4.16) manifests only the

minimal SU(1, 1)/U(1) no-scale structure. As it is easy to check by expansion of the

scalar potential (3.74), the motion of the scalar field ϕ is constrained by the exponential

factor eK :

V ∝ e|ϕ|
2/(T+T̄ )3 ≃ e(2a)

−3|ϕ|2 . (4.18)

For a ≤ 1, ϕ is rapidly driven to zero at the onset of inflation. Henceforth we assume

that a = 1/2 so that ϕ has a canonical kinetic term. For vanishing ϕ, the scalar potential

takes the simple form

V =
3m2

4a2
|T − a|2 (4.19)

It is convenient to decompose T in terms of two real fields ρ and α that parameterize

its real and imaginary components, respectively, where ρ is canonical and α is canonical
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at the minimum when ρ = 0:

T = a

(
e
−
√

2
3
ρ
+ i

√
2

3
α

)
, (4.20)

The scalar component of T minimizes the potential when T = a, and the resulting

effective Lagrangian is given by

L =
1

2
∂µρ∂

µρ+
1

2
e
2
√

2
3
ρ
∂µα∂

µα− 3

4
m2

(
1− e−

√

2
3
ρ
)2

− 1

2
m2α2 . (4.21)

It is worth noting that for a generic modular weight w for the matter field φ, the effective

Lagrangian takes the form

L =
1

2
∂µρ∂

µρ+
1

2
e
2
√

2
3
ρ
∂µα∂

µα

− 3

2(5−w)a(3−w)
m2e

√

2
3
(3−w)ρ

(
1− e−

√

2
3
ρ
)2

− 1

2(4−w)a(3−w)
m2e

√

2
3
(3−w)ρ

α2 . (4.22)

The minimum of the effective potential (4.21) in the (ρ, α) plane is located at

ρ0 = α0 = 0 . (4.23)

When ρ is at the minimum, the effective Lagrangian for α is

L =
1

2
∂µα∂

µα− 1

2
m2α2 , (4.24)

and we recover the minimal quadratic inflationary model. Conversely, when α is at the

minimum, the effective Lagrangian for ρ is

L =
1

2
∂µρ∂

µρ− 3

4
m2

(
1− e−

√

2
3
ρ
)2

, (4.25)

which is of the same form as the Starobinsky model. Notice that in this model no

amount of moduli stabilization was required. Various slices through the potential (4.21)

for the canonical choice a = 1/2 are shown in Fig. 4.2. In the upper left panel we see

the characteristic Starobinsky form in the ρ direction (4.25) and the simple quadratic

form in the α direction (4.24); this plot suggests that, by an adequate choice of initial

conditions, we could interpolate between the predictions of quadratic and Starobinsky
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Figure 4.2: Slices through the effective potential for the model (4.21). Upper left: The
potential in the (ρ, α) plane for ϕ = 0. Upper right: The potential in the (Reϕ, Imϕ) plane
for ρ = α = 0. Lower left: The potential in the (α,Reϕ) plane for ρ = Imϕ = 0. Lower
right: The potential in the (ρ,Reϕ) plane for α = Imϕ = 0.

inflation. In the upper right panel we see that both the real and imaginary parts of ϕ

are indeed stabilized at zero. The lower left panel shows that the effective potential is

well-behaved in the (α,Reϕ) plane for ρ = Imϕ = 0, and the lower right panel makes

the same point for the (ρ,Reϕ) plane for α = Imϕ = 0. In both cases, the effective

potential is identical when the roles of Reϕ and Imϕ are reversed. The Starobinsky

form of potential is visible again in the lower right panel of Fig. 4.2.

Although the Lagrangian (4.21) is similar to the Lagrangian for the no-scale model

of [213, 215], it differs in an crucial way. In that SU(2, 1)/SU(2) × U(1) model, the

mass term for α contained a coupling to ρ of the form e2
√

2/3ρ. In (4.21), the real

and imaginary parts of T are decoupled in the potential and only mix through their
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kinetic terms. As it turns out, this kinetic term coupling yields a coupling between the

curvature and isocurvature perturbations, resulting in an enhancement of the curvature

modes at super-horizon scales. Therefore, a correct discussion of their behavior during

inflation requires a more sophisticated analysis than single-field models of inflation.

4.4 Multifield inflation in supergravity

In Section 3.4 we introduced the N = 1 supergravity action, which for the scalar sector

can be written as

S =

∫
d4x
√−g

[
KIJ̄∂µΦ

I∂µΦ̄J̄ − V (Φ)
]
, (4.26)

with the scalar potential given by (3.74). Here {ΦI} : I = 1, . . . , n denote the n complex

components of the chiral superfields. Notice that, for convenience, we use a different

convention for the labeling and position of scalar field indices and their conjugates2. The

action (4.26) can be rewritten in terms of the real and imaginary components of these

complex fields:

ΦI =
1√
2
(χI + iζI) . (4.27)

Substituting (4.27) into the scalar potential (3.74), the action (4.26) takes the form

S =

∫
d4x
√−g

[
1

2

(
∂µχ

I , ∂µζ
I
)
(
KR
IJ̄

KI
IJ̄

−KI
IJ̄

KR
IJ̄

)(
∂µχJ

∂µζJ

)
− V (χ, ζ)

]

≡
∫
d4x
√−g

[
1

2
Gij∂µφ

i∂µφj − V (φ)

]
, (4.28)

where i = 1, . . . , 2n, and KR,I
IJ̄

denote the real and imaginary parts of the Kähler metric

KIJ̄ . It can readily be verified that the real field metric Gij is symmetric. Equation

(4.28) is in the form (2.49), which implies that the standard multifield formalism de-

veloped in Section 2.5 can be immediately applied to supergravity inflation. In the

particular case when the theory contains a single chiral superfield Φ = (χ+ iζ)/
√
2, or

when the dynamics of n − 1 of the complex fields is constrained so that they can be

replaced by their expectation values, the metric Gij reduces to

(Gij) = KR
ΦΦ̄

(
1 0

0 1

)
≡ f(χ, ζ)

(
1 0

0 1

)
. (4.29)

2 This is the convention of [120].
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The background equations (2.51)-(2.53) take then the form

χ̈+ 3Hχ̇+
1

2
f−1

[
(χ̇2 − ζ̇2)fχ + 2χ̇ζ̇fζ

]
+ f−1V,χ = 0 (4.30)

ζ̈ + 3Hζ̇ +
1

2
f−1

[
(ζ̇2 − χ̇2)fζ + 2χ̇ζ̇fχ

]
+ f−1V,ζ = 0 (4.31)

H2 =
1

3

[
1

2
f(χ̇2 + ζ̇2) + V

]
(4.32)

Ḣ = −1

2
f(χ̇2 + ζ̇2) (4.33)

while the perturbation equations correspond to (2.70), (2.71), where

Cσσ = Vσσ −
(
Vs
σ̇

)2

+
2σ̇

H
Vσ + 3σ̇2 − σ̇4

2H2
− fχχ̇+ fζ ζ̇

2fσ̇
Vσ −

fζ χ̇− fχζ̇
2fσ̇

Vs, (4.34)

Cσs = 6H
Vs
σ̇

+ 2
VsVσ
σ̇2

+ 2Vσs +
σ̇Vs
H
− fχχ̇+ fζ ζ̇

f σ̇
Vs +

fζ χ̇− fχζ̇
f σ̇

Vσ, (4.35)

Csσ = −6HVs
σ̇
− 2

VσVs
σ̇2

+
σ̇Vs
H

, (4.36)

Css = Vss −
(
Vs
σ̇

)2

+
fχχ̇+ fζ ζ̇

2fσ̇
Vσ +

fζ χ̇− fχζ̇
2fσ̇

Vs

+
σ̇2

2f2

(
f2χ
f

+
f2ζ
f
− fχχ − fζζ

)
, (4.37)

with eσ = (χ̇/σ̇, ζ̇/σ̇) and es = (ζ̇/σ̇,−χ̇/σ̇). In this particular scenario, the perturba-

tion equations can be brought into an integral form in the slow roll approximation [104].

Nevertheless, equations (2.70), (2.71) with coefficients (4.34)-(4.37) can readily be solved

numerically in general, even for non-trivial forms of the effective sigma-model function

f(χ, ζ), which are commonly found in strongly-stabilized models in minimal and no-

scale supergravity. In the particular case of our model (4.16), the sigma-model function

is given by

f(χ, ζ) =
3

2χ2
, (4.38)

where T = (χ+ iζ)/
√
2.

4.5 Two-field analysis of the no-scale model

As we pointed out before, previous studies of no-scale inflation require a constrained

motion of the inflaton field in moduli space by means of strong stabilization of the
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Figure 4.3: The inflationary branch of the effective potential for the model (4.39) with
c = 20, θ = 4π/9, for φ = 0. The “bobsleigh track” is separated from the rest of the (ρ, α)
plane by infinitely tall walls.

Kähler potential. Such stabilization is a necessary feature of many string scenarios, and

might arise from corrections to the minimal no-scale form induced by either perturbative

or non-perturbative effects, though the general forms of such corrections are unknown.

We will therefore consider the modified Kähler potential3

K = − 3 log
(
T + T̄ − c

[
sin θ(T + T̄ − 1)− cos θ(T − T̄ )2

]2)
+

|ϕ|2
(T + T̄ )3

, (4.39)

where θ and c are free constant parameters. It is apparent that the corrections are

quartic for θ = 0 and quadratic for θ = π/2, with a combination at intermediate θ4. For

values of c that are sufficiently large, the inflaton is confined to a narrow “bobsleigh

track”, and its dynamics reduces to that of a single real field (see Fig. 4.3). As we show

below, by variation of θ and c one can interpolate between quadratic and Starobinsky

inflation, varying over the range of the Planck/BICEP2 predictions for ns and r, while

exhibiting small values of the non-Gaussianity parameter fNL.

3 This is the convention of [72]; the correspondence with [69,70] is given by θ → π/2− θ.
4 In [69] we considered a purely quartic modification of K with c ≫ 1 as a default option.
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4.5.1 ‘Imaginary’ inflation

We consider initial conditions φ = 0 as enforced by (4.17) when a = 1/2, and consider

first the possibility that θ = π/2. For ReT = 1/2 (or, equivalently, ρ = 0), the effective

Lagrangian along the imaginary direction has the form

L =
1

2
(1 + 2c)∂µα∂

µα− 1

2
m2α2 , (4.40)

which corresponds to the usual quadratic chaotic Lagrangian in terms of the canonically-

normalized field

A ≡ α(1 + 2c)1/2 (4.41)

with the physical mass

M =
m

(1 + 2c)1/2
. (4.42)

Naively, one might expect that this model would necessarily yield a large value of r, as

in minimal quadratic chaotic inflation. However, even with ρ = 0 initially, the two-field

analysis shows that the inflaton trajectory evolves through non-zero values of ρ when

c = 0 or not very large. Moreover, we find that when c is not large feed-through from

isocurvature perturbations to curvature perturbations is capable of enhancing conside-

rably the scalar perturbation spectrum, and hence suppressing r.

The inflaton evolution in (ρ,A) field space for selected color-coded values of c is

displayed in Fig. 4.4. The initial condition is taken along the imaginary axis in the

inflaton field space, i.e., ρ = 0 initially, and the initial value of A is chosen to yield a

total of N = 70 e-folds of inflation. We see that the trajectory remains very close to

the ImT axis when c = 100, apart from small deviations in the final ‘circling the drain’

phase of the evolution. The deviations in ρ are very visible for the choices c = 2 and 0.5

also shown in Fig. 4.4, but the deviations in these cases are also not significant during

the inflationary phase. It is only for c <∼ 0.1 that the inflaton trajectory is modified

significantly during the inflationary phase. We see that there is a large deviation to

ρ 6= 0 throughout the inflationary phase when c = 0.01, which is qualitatively similar

to the case c = 0 when the modification to the Kähler structure in (4.39) is removed.

The power spectrum can be calculated numerically following the formalism develo-

ped in Sections 2.5 and 4.4. The steps utilized in the numerical code are the following:
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Figure 4.4: Inflationary trajectories for the Kähler potential (4.39) at θ = π/2 for selected
color-coded values of c. The initial conditions correspond to ρ = 0 and A tuned to yield 70
e-folds of inflation.

1. The background equations (2.51)-(2.53) are solved in a range of initial conditions,

with a(ti) = 1. The numerical integration is stopped when the equation of state

parameter is w = −1/3 (see (2.12)).

2. The initial condition that yields Ntot = N∗ + 10 is selected (larger values of Ntot

yield pivot scales with unsuitably small values of k∗ for numerical integration).

The time t∗ is identified.

3. The pivot scale k∗ = eN∗H∗ is calculated, and substituted into the equations of

motion of the adiabatic and isocurvature perturbations (2.70), (2.71). The initial

condition (2.88) is chosen, assuming for simplicity a vanishing phase.

4. As described in the discussion following (2.96), the perturbation equations are

integrated twice, once with Qσ = 0 and once with Qs = 0, to ensure statistical
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Figure 4.5: The curvature power spectrum PR for the trajectories shown in Fig. 4.4 cor-
responding to different color-coded values of c. The curves are normalized relative to the
single-field expression, and correspond to the mode that leaves the horizon at the start of
the last 60 e-folds of inflation.

independence. From the results of both runs, the power spectra PR and PS are

computed in the form (2.95), (2.96)

5. The tensor to scalar ratio is calculated as r = PT /PS at the end of inflation, as

the power spectra is not conserved in general after horizon crossing.

6. Steps 3 and 4 are repeated for a suitable range of k centered at k∗, and the scalar

tilt ns is evaluated from its definition (2.97), where the differentiation is applied

to a fit for PR(k).

The enhancement of the curvature power spectrum as function of the number of

e-folds after the start of inflation, N , is displayed in Fig. 4.5, for the same color-coded

choices of c as in Fig. 4.4. Here PR is normalized to the single-field expression, and

corresponds to the mode that leaves the horizon at the start of the last 60 e-folds

of inflation. We see that there is no significant enhancement for c ≥ 0.5, and that

the enhancement is not large for c = 0.1. However, the curvature power spectrum is

enhanced by an order of magnitude for c = 0.01, and by almost two orders of magnitude

for c = 0.

As a consequence of the enhancement in PR, the scalar tilt ns and the tensor-to-

scalar ratio r are reduced relative to their values in the single-field chaotic scenario with

a quadratic potential, as seen in Fig. 4.6. In particular, compatibility with the range

of ns allowed by Planck is lost for c . 0.05, as seen in the upper panel of Fig. 4.6.
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Figure 4.6: The dependences on the parameter c of the scalar spectral index ns (upper
panel) and the tensor-to-scalar ratio r (lower panel), assuming either N∗ = 50 or 60 e-folds
(blue and orange lines, respectively) and ReT = 0 initially, i.e., θ = π/2.

The lower panel of Fig. 4.6 shows that r has a plateau with a value similar to that in

the chaotic quadratic single-field model when the stabilizing parameter c >∼ 0.2, falling

to much smaller values as c → 0. Therefore, two-field effects provide a mechanism for

suppressing r in this type of quadratic inflationary model.

The enhancement of the curvature power spectrum is completely negligible for c >∼ 1,

where the single-field expressions can be trusted. Therefore, pure quadratic inflation

is recovered in the limit of large c. Fig. 4.7 shows the parametric curve (ns(c), r(c))

for c decreasing from 1 → 0 from top to bottom of the plot. This shows that, even

with initial conditions along the imaginary direction in the T plane, one can interpolate

in the Planck allowed range by varying the stabilization parameter c. We recall that

the modification of the Kähler potential in (4.39) has no deep theoretical justification.

A priori, one might have expected any such modifications of the simple no-scale form
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Figure 4.7: The 68% and 95% CL regions (yellow and blue, respectively) in the (ns, r)
plane (upper panel) and the (N∗, c) plane (lower panel) for the no-scale inflationary model
(4.39), assuming a starting-point along the imaginary field direction. The colored lines in
the upper panel are contours of N∗ for 0 ≤ c ≤ 1.
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(4.39) to have coefficients that are O(1) in natural units, so it is interesting that the

naive single-field results would be recovered in this case. This result could perhaps have

been expected, since the energy scale during inflation is very small in natural units.

Finally, we note an important feature of Fig. 4.7 in the limit of small c: although r

may become as small as in the Starobinsky model, this is possible only for unacceptably

small values of ns when an initial condition with ReT = 0, i.e., θ = π/2, is chosen.

4.5.2 ‘Real’ inflation

We now consider inflation along the direction where ImT = 0, i.e., α = 0 and θ = 0,

with the inflaton identified as ReT , i.e., ρ. We recall that when θ = 0 the imaginary

direction is quartically constrained. For this reason, there is no renormalization of any
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Figure 4.8: The dependences on the parameter c of the scalar spectral index ns (upper
panel) and the tensor-to-scalar ratio r (lower panel), assuming either N = 50 or 60
e-folds (blue and orange lines, respectively) assuming ImT = 0 initially, i.e., θ = 0.
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kinetic or mass term as occurred for ‘imaginary’ inflation. In the case of ‘real’ inflation,

as we see in Fig. 4.8, the values of ns and r are essentially identical for any c 6= 0.

As could be expected, in this direction the no-scale supergravity model has the same

predictions as the Starobinsky model, which are completely compatible with the Planck

data.

4.5.3 ‘Complex’ inflation

We now explore the possibilities for 0 < θ < π/2 and varying c, finding that Planck-

compatible predictions for general θ > 0 are possible even when the stabilization coef-

ficient c < 1. It must be stressed that, for c = 0, the shape of the inflationary potential

is independent of θ, and it is flat in the half plane ρ ≥ 0 (see Fig. 4.2); variation of θ

amounts only to a variation of the initial conditions for inflation. When c 6= 0, the effec-

tive potential is now flat only along the bobsleigh track (see Fig. 4.3); in this scenario,

variation of θ amounts to a change in the shape of the potential, besides the variation

of the initial condition. In what follows, for any c 6= 0, the initial condition in the (ρ, α)

plane will be chosen to be that for which the stabilizing term in the Kähler potential

(4.39) vanishes initially,

cot θ =
3

2α2
0

(
e
−
√

2
3
ρ0 − 1

)
, (4.43)

i.e., the initial condition is chosen in the middle of the bobsleigh track. This choice is

justified by the presence of infinite walls surrounding the inflationary valley.

The upper panels of Fig. 4.9 and 4.10 show a selection of inflationary trajectories

in the (ρ, α) plane for c = 0 and c = 100, respectively. All the trajectories start from

the Ntot = 70 contour line, where N denotes the number of e-folds. In the c = 100

case, the trajectories are generally convex until they start ‘circling the drain’, with the

exception of θ = π/2, for which the evolution is strictly along the real axis. However,

one sees deviations in the evolution even for angles very close to the real axis. For

example, we show in Fig. 4.10 the trajectory for θ = π/2 cos(π/600), which exhibits a

substantial departure from the axis at ρ ≈ 1.4. In the c = 0 case, the trajectories all

become concave for small ρ and α, and ‘circle the drain’ clockwise.

The enhancement of the power spectrum, PR, is shown as a function of θ in the

lower panels of Fig. 4.9 and 4.10 for c = 0 and c = 100, respectively. In the c = 0
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Figure 4.9: Upper panel: Inflationary trajectories for the Kähler potential (4.39) at c = 0.
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case, the kinetic coupling between the real and imaginary parts of T is sufficiently

strong to cause the inflationary trajectory to deviate from the expected path along

the inflationary potential, for any θ 6= 0. As a result, the enhancement of the power

spectrum is significative, increasing from negligible values near θ = 0 to ∼ 70 (80) for

θ → π/2 with N∗ = 50 (60). In contrast, the power spectrum at c = 100 shows a peak

at θ ≃ 0, which is a result of the weaker quartic stabilization that dominates near θ = 0.

The scalar potential is very flat for ρ . 3, and the kinetic coupling drives the imaginary

part α to values away from the minimum of the inflationary valley, As a result, two-

field effects are important (see the red trajectory near θ = π/2 in Fig. 4.10), and the

power spectrum is enhanced. The large value of c confines the motion of the fields to

a narrow valley, and the enhancement is therefore not as dramatic as it is for small c,

being generally . 2%, apart from the small enhancement to nearly 4% for θ ∼ 0. At

θ = π/2 the kinetic coupling vanishes, and inflation is purely single-field.

For intermediate c, the power spectrum generally exhibits some combination of both

features, which become of comparable size for c ≃ 0.3. For c < 0.3 the largest enhance-

ment is due to the weakness of the stabilization parameter, whereas for c > 0.3 the peak

is due to the weaker quartic stabilization near the real axis. For c = 0.3, the power

spectrum is enhanced by a factor between 1.1 and 1.2 over a broad range in θ between

π/16 and 19π/40.

The corresponding values of ns at N∗ = 50 (blue) and 60 (yellow) e-folds are shown

in Fig. 4.11 for c = 0 (upper panel) and c = 100 (lower panel). When c = 0, ns

decreases monotonically as θ → π/2, becoming smaller than 0.95 for θ & 4π/9 with

N∗ = 50, due to the enhancement of the power spectrum. In contrast, when c = 100,

we find that 0.95 . ns . 0.97 or both the displayed values of N∗ at all values of θ.

The only notable feature is a downward glitch at θ ∼ 0, which is associated with the

corresponding excursion in the inflaton trajectory seen in the left panel of Fig. 4.10.

The corresponding values of r at N = 50 (blue) and 60 (yellow) e-folds are shown

in Fig. 4.12 for c = 0 (upper panel) and c = 100 (lower panel). In the small-c case, the

value of r is smaller than 0.0043 for any θ, again due to the significant enhancement of

the power spectrum. It is worth emphasizing that this enhancement results in a value

of r that is smallest close to the imaginary axis, where the potential is quadratic. In

the large-c case, we see a smooth interpolation between Starobinsky- and quadratic-like
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Figure 4.13: The scalar tilt ns (upper panel) and the tensor-to-scalar ratio r (lower panel)
as functions of θ and N∗ for the Kähler potential (4.39) at c = 0.
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Figure 4.14: The scalar tilt ns (upper panel) and the tensor-to-scalar ratio r (lower panel)
as functions of θ and N∗ for the Kähler potential (4.39) at c = 100.
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values of r as θ increases from 0→ π/2.

The above results correspond to N∗ = 50, 60 e-folds, and we now explore the possible

modifications of the previous results for different values of N∗. Fig. 4.13 displays general

results at c = 0 for both ns and r in the (ρ, α) plane, parametrized by the angle θ and

the number of e-folds at horizon crossing N∗. We see that the scalar tilt is monotonically

increasing withN∗ and decreasing with θ. This implies that for most of the configuration

space, Planck friendly values are obtained for 45 . N∗ . 88 at almost any θ. Close to

ImT = 0, the scalar tilt is reduced, but will result in Planck-friendly values for larger

N∗, as it was also demonstrated in Fig. 4.7. The lower panel shows the corresponding

results for r as function of (N∗, θ). We see that in this case Planck-friendly values are

found throughout the complex plane for all values of N∗ therein considered.

Fig. 4.14 shows the results at c = 100 for ns and r as functions of the angle θ,

which here parametrizes the initial condition and the shape of the potential, and N∗.

Here, acceptable values of ns are found throughout the (ρ, α) plane, except for a small

region around θ ∼ 0.02 (corresponding to α ∼ 0.18) at lower values of N∗. Besides this

previously discussed feature, in general there is very little variation in ns for a fixed N∗.

In the lower panel we see that the tensor-to-scalar ratio interpolates smoothly between

quadratic- and Starobinsky-like values in the (ρ, α) plane. Planck-friendly values are

found for θ . π/4.

The correlations in the behaviors of ns and r are seen in the upper panels of Fig. 4.15

and 4.16, which display the parametric curves (ns(θ), r(θ)) for fixed N∗ for c = 0 and

c = 100, respectively. In the background, the 68% and 95% Planck CL regions (yellow

and blue, respectively) are also shown. As seen in the upper panel of Fig. 4.15, the

important CMB constraint in the case with c = 0 is that from ns, which is almost

independent of r for the relevant values of N∗ (colored lines). On the contrary, for

c = 100, the data constraints on ns depend in an essential way on the value of r, as

the contours of N∗ depend in a non-trivial way on the value of θ. We observe that the

interpolation between θ = π/2, the limit in which the model realizes chaotic quadratic

inflation, and θ = 0, the Starobinsky limit, is nonlinear.

In the lower panels of Fig. 4.15 and 4.16 the 68% and 95% Planck CL regions are

displayed in the (N∗, θ) plane, for c = 0 and c = 100, respectively. The lower panel of

Fig. 4.15 shows that, in the unstabilized case c = 0, N∗ ≥ 50 is favored at the 68% CL,
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whereas N∗ ≥ 44 is allowed at the 95% CL. Both of these limits are rather insensitive

to θ in the range . 3π/8, whereas only very large values of N∗ are allowed as θ → π/2,

corresponding to a starting-point along the imaginary direction. We conclude that in

the absence of stabilization, there is no significant preference for Starobinsky-like models

with the starting-point of inflation close to the real direction.

As we discussed above, for c = 100, the conversion of the CMB data into constraints

on N∗ depends non-trivially on θ, which is manifest here in the “whale-like” shape

in the lower panel of Figure 4.16. In particular, the whale’s “mouth” is the converse

of the leftward swerve in the N∗ contours in the upper panel of Figure 4.16, and the

“lower jaw” corresponds to the swerve back to larger ns at small r. Overall, we see that

N∗ ≥ 50 is preferred at the 68% CL, whereas N∗ ≥ 43 is allowed at the 95% CL.

In Chapter 6 we will revisit these results after we develop the formalism necessary

to predict the number of e-folds at horizon crossing, N∗, for no-scale models, which is

fixed by the Liddle-Leach relation (2.47) in terms of the particle physics of the model,

parametrized by the decay rate of the inflaton.

4.6 Non-Gaussianity

The two-field formalism used above relies on the assumption that the scalar field fluctua-

tions are nearly Gaussian, an assumption that clearly needs to be verified. In Chapter 2

we introduced the nonlinear parameter fNL as a measure of non-Gaussianity, its relation

with the bispectrum given by (2.132). For bispectrum configurations of the local type

(e.g., k1 ≃ k2 ≫ k3), fNL can be calculated using the δN formalism [106, 218, 219].

Namely, for a Lagrangian of the form

L =
1

2
Gij∂µφ

i∂µφj − V (φ1, φ2) (4.44)

with the gradients with respect to the fields defined as

∇ ≡ (∂i) , ∇T ≡ (Gij∂j) , (4.45)

one finds that

fNL = −5

6

∇N∇T∇N∇TN
|∇N |4 , (4.46)
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where N is the number of e-foldings, and the gradients are evaluated at horizon exit.

In our particular case, in the non-canonical basis

T =
1√
2
(χ+ iζ) (4.47)

the expression (4.46) conveniently reduces to

fNL = −5

6

NijNiNj

(N2
i )

2
. (4.48)

Some results for fNL in the (ρ, α) planes for c = 100 and c = 0 are displayed in Fig. 4.17 5.

The upper panels show the values of fNL in the (ρ, α) plane for c = 100, and the lower

panels show results for c = 0. The left (right) panels assume a horizon exit 50 (60) e-folds

before the end of inflation. Since, as we saw previously, two-field effects are generally

small for c = 100, with no significant enhancement of the scalar power spectrum and

values of ns and r that are generally close to those in the single-field limit, we do not

expect large values of fNL in the upper panels. Indeed, we do find values of fNL that

are very small, typically . 0.015 in most of the (ρ, α) plane, and attaining values only

as large as 0.036 in the limit θ → 0 corresponding to initial conditions with α ≃ 0. This

implies that two-field effects are stronger in this limit. This coincides with the behavior

of the power spectrum and the shape of the inflationary trajectory near θ = 0 shown

in Fig. (4.10). Interestingly, as seen in the lower panel of Fig. 4.17, we also find small

values of fNL . 0.032 even in the case c = 0 where we might have expected two-field

effects to be much more important. We conclude that, for all points in the (ρ, α) plane

in the cases studied, the assumption of near-Gaussianity is acceptable.

For completeness, we mention that we have also examined two other possible sig-

natures of two-field inflation: isocurvature perturbations and running of the spectral

index for scalar perturbations. Figure 4.18 shows the curvature and entropy power

spectra normalized to the single field value, in the case of no stabilization c = 0. As we

previously discussed, the curvature power spectra PR is significantly enhanced at su-

perhorizon scales for θ = π/2, and it is conserved in super Hubble scales for θ = 0. The

entropy power spectrum PS , shown in purple, is not as suppressed for imaginary initial

5 We show here the linear interpolation of the numerical results obtained for a grid of 100×100
points in this plane. We use the surface defined by the triplets {χ, ζ,N} to calculate the gradients with
respect to N .
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Figure 4.17: Values of the non-Gaussianity parameter fNL in the (ρ, α) plane, evaluated for
N = 50 (left) and 60 (right) e-folds, for c = 100 (upper panel) and c = 0 (lower panel).

conditions as it is for real initial conditions, due to two-field effects. Nevertheless, at the

end of inflation, it decays to negligible values for any θ. We therefore do not discuss the

quantitative results of our calculations, as they lie far below the present experimental

sensitivity in all the cases studied. A similar conclusion applies to the running of ns.
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Figure 4.18: The curvature and entropy power spectra PR,S for the Kähler potential (4.39)
at c = 0. The power spectra are normalized to the single-field expression for PR. The initial
conditions are chosen to yield a total of 70 e-folds of inflation, and the pivot scale leaves the
horizon 60 e-folds before the end of inflation, i.e. N = 10 in the figure. Upper panel: The
power spectra with purely imaginary initial condition, θ = π/2. Lower panel: The power
spectra with real initial condition, θ = 0.

4.7 Remarks

In this Chapter we have presented a general formalism for the study of two-field effects

in supergravity models, and we subsequently specialized to a particular example in

the context of no-scale supergravity motivated by the Planck/BICEP data. As we

verified, not only no-scale models achieve the same predictions as Starobinsky inflation

in a technically natural way, via small superpotential couplings rather than large non-

minimal gravitational couplings, but this framework is also more flexible, being able
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to accommodate intermediate models between the Starobinsky model and a quadratic

potential suitable for chaotic inflation that could yield larger values of r, that are still

compatible with the constraints from Planck and other experiments.

It must be emphasized that the presence of twisted matter, in our case of modu-

lar weight three, negates the seemingly generic requirement of strong stabilization for

successful inflation in supergravity. Moreover, the Kähler potential (4.16) can be im-

mediately identified as the low energy limit of generic string compactifications. The

mechanism through which the remaining string moduli, the dilaton and the complex

structure moduli, are dynamically fixed is still an open question. As we discussed, the

inflationary observables are sensitive to the mechanism of modulus stabilization, and

therefore may be able to cast some light on this basic issue in string phenomenology. An

additional open question is the ‘stringy’ origin of the superpotential of the form (4.17).



Chapter 5

Phenomenology of no-scale

models

In this Chapter we discuss the phenomenological aspects of inflationary models with

a no-scale supergravity Kähler potential motivated by compactified string models. In

Sections 4.2 and 4.3 we showed that in these models the inflaton may be identified either

as the volume modulus or an untwisted matter field. Our goal here is to embed the

inflationary models with Kähler potentials (4.8, 4.16) in a more complete supergravity

model, including matter fields and a source of supersymmetry breaking. As it was

pointed out in Section 3.6.2, the addition of a supersymmetry-breaking sector modifies

in general the form of the inflationary potential, and it is of interest to determine to

what extent the conclusions drawn in the pure (T, φ) or (T, ϕ) scenarios still hold.1

Furthermore, previous studies [61, 220] of inflaton decays in a no-scale set up have

shown that, in the absence of a direct coupling of the inflaton to matter, or of a non-

trivial gauge kinetic function, the decays of the inflaton are completely suppressed at

tree level. It was assumed in [61] that the Kähler potential possessed an overall no-

scale SU(N+1)/[SU(N)×U(1)] symmetry, including N matter fields, with the volume

modulus T playing the role of the supersymmetry-breaking field with flat tree-level

potential. However, here we consider a generic no-scale model with the Kähler potential

of the form (3.105), and we explore the phenomenological implications of this model for

1 Following the convention adopted in (3.105), φi will refer to an untwisted field and ϕa will refer
to a twisted field.
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two different scenarios: one in which T is the inflaton, and another in which one of

the untwisted matter fields φ is responsible for inflation. Matter fields may be either

twisted or untwisted. The results of this analysis have been published in [71].

5.1 Patterns of supersymmetry breaking

In order to break supersymmetry, the superpotential must have a non-zero vacuum

expectation value at the minimum of the scalar potential. We consider first scenarios

in which the inflaton is identified with one of the untwisted matter fields φi, which

we denote by φ1. In such a case we know that a T -independent superpotential like

(4.11) leads to an inflationary potential. The volume modulus T is free to play a role in

supersymmetry breaking, and we discuss in this Section various options for achieving

this while obtaining Starobinsky-like inflation and zero vacuum energy.

5.1.1 Scenarios with a matter inflaton

Supersymmetry breaking via the volume modulus

One possibility is to add a constant term to a superpotential that otherwise would

have a vanishing vacuum expectation value. For definiteness we consider a generic

superpotential of the form

W =Winf(T, φ1) + (T + c)βW2(φi) + (T + c)αW3(φi)

+ (T + c)σW2(ϕa) + (T + c)ρW3(ϕa) + µ ,
(5.1)

where c is an arbitrary constant, and W2,3 denote bilinear and trilinear terms with

modular weights that are in general non-zero. If we assume vanishing F terms for

all the scalar fields: 〈W I〉 = 0, and vanishing vevs for all scalar fields except T , the

inflationary minimum φ1 = 0 corresponds to a supersymmetry-breaking minimum with

vanishing cosmological constant if the following constraints are satisfied,

〈W TT 〉 = 〈W Tφ1〉 = 0 . (5.2)

These are trivially fulfilled for the Wess-Zumino superpotential (4.11). When {φ, ϕ} = 0,

the effective potential for T is completely flat at the tree level, so the volume modulus
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has an undetermined vev, and the gravitino mass

m3/2 =
µ

(T + T̄ )3/2
(5.3)

varies with the value of the volume modulus.

The induced soft terms can readily be calculated: they are sector-dependent and

sensitive to the vev of T , and are given by

φi : m0 = 0 , B0 = −βm3/2
(T + c)β−1

(T + T̄ )1/2
, A0 = −αm3/2

(T + c)α−1

(T + T̄ )1/2
, (5.4)

ϕa :





m0 = m3/2
(1− na)1/2
(T + T̄ )na/2

,

B0 = 2m3/2
(T + c)σ−1

(T + T̄ )3/2

[
(1− na)(T + c)− σ

2
(T + T̄ )

]
,

A0 = 3m3/2
(T + c)ρ−1

(T + T̄ )3/2

[
(1− na)(T + c)− ρ

3
(T + T̄ )

]
,

(5.5)

One can immediately check that GI = 0 for I = φα, ϕa, and that GT = −3/(T + T̄ ).

Therefore, as expected, the Goldstino η =
∑

I G
IχI is the fermionic partner of the

modulus T , namely the modulino χT .

The previous results ignore the fact that one typically needs to fix the vacuum

expectation value of the volume modulus T during inflation. In the case of the Wess-

Zumino model (4.11), the Starobinsky potential is obtained for 〈T 〉 = c. This vev may

be fixed with the addition of strongly stabilizing terms in the Kähler potential of the

form (4.15), namely

K = −3 ln
(
T + T̄ +

(T + T̄ − 2c)4 + d(T − T̄ )4
Λ2

− |φ1|
2

3
+ · · ·

)
+ · · · . (5.6)

This modification of K fixes T during inflation and generates a mass term for it. If

Λ≪ 1, this mass is hierarchically larger than the gravitino mass:

m2
T = 144c(d+ 1)

m2
3/2

Λ2
. (5.7)

With the addition of the stabilizing terms, the induced soft parameters (5.4, 5.5) reduce
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to

φi : m0 = 0 , B0 = −βm3/2 , A0 = −αm3/2 (5.8)

ϕa : m0 = (1− na)1/2m3/2, B0 = 2
(
1− na −

σ

2

)
m3/2, A0 = 3

(
1− na −

ρ

3

)
m3/2

(5.9)

after rescaling the fields, φ′i = (2c)−1/2φi, ϕ
′
a = (2c)−na/2ϕa, where φ′, ϕ′ are canonically

normalized, and upon rescaling:

W2(φi)→ (2c)3/2−βW2(φ
′
i) , W3(φi)→ (2c)3/2−αW3(φ

′
i) ,

W2(ϕa)→ (2c)3/2−σW2(ϕ
′
a) , W3(ϕa)→ (2c)3/2−ρW3(ϕ

′
a)

(5.10)

with m3/2 = (2c)−3/2µ. The forms of the soft supersymmetry-breaking terms for the

twisted matter fields suggest that modular weights with na > 1 in the Kähler potential

are not consistent with this framework. A careful analysis reveals that in such cases the

fields evolve towards a global anti-de-Sitter (AdS) minimum.

The forms of Eqs. (5.8) and (5.9) open up various phenomenological possibilities,

some of which we now enumerate.

• If all matter fields are of the untwisted type, we see that there are no supersymmetry-

breaking contributions to scalar masses. If in addition, the modular weights α and β

vanish, then A0 = B0 = 0. and we recover the original no-scale boundary condi-

tions [150, 152]. Models with radiative electroweak symmetry breaking [221–226] can

be accommodated if these boundary conditions are fixed at scales above the GUT

scale [227–229]. In addition, this yields a much more restrictive phenomenological

parameter space than CMSSM-like models since the ratio of the Higgs vevs, tanβ,

is determined by the Higgs minimization conditions and is no longer a free parame-

ter [230,231].

• However, if matter fields are of the twisted type, then other possibilities arise.

For simplicity, let us take the kinetic modular weights to be 0. In this case, we have

universal soft scalar masses as in CMSSM-like models, which are determined by the

gravitino mass [232].

• On the other hand, when the superpotential weights are equal (ρ = σ), we obtain

mSUGRA-like boundary conditions, with A0 = (3− ρ)m3/2 and B0 = (2− ρ)m3/2, i.e.,
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B0 = A0 −m0 [230–232]. These mSUGRA-like models also yield a much more restric-

tive phenomenological parameter space where, in the context of radiative electroweak

symmetry breaking, the ratio of the Higgs vevs, tanβ, is again determined by the Higgs

minimization conditions and no longer a free parameter.

• Had we chosen to work in the symmetric (y1, y2) basis with no superpotential

weights, we would find ρ = σ = 3, in which case A0 = 0 and B0 = −m3/2. If, in addition,

there are no tree-level sources for gaugino masses, the models would be equivalent to

pure gravity mediation (PGM) with radiative electroweak symmetry breaking [233–236].

• Finally, we note that if the weights na 6= 0, we have a source for non-universal

scalar masses in the twisted sector.

Further examples of no-scale, CMSSM and mSUGRA patterns of soft supersymme-

try breaking are presented subsequently.

One possible generalization of the superpotential (5.1) is to incorporate a modular

weight for µ:

µ→ µ(T + c)p . (5.11)

It is not difficult to verify that the scalar potential is not minimized at (T, φ1) = (c, 0)

for generic p 6= 0. However, with the addition of the stabilizing term (5.6) one always

has 〈T 〉 ≃ c and a p-dependent inflationary potential of the form

V = 3m2 cosh4
(
x√
6

)[
tanh4

(
x√
6

)
− 2 tanh3

(
x√
6

)

+

(
1− pµ̃

3m

)
tanh2

(
x√
6

)
+
(p
3
− 2
) pµ̃2
3m2

] (5.12)

where

µ̃ = (2c)p−3/2µ, (5.13)

and

x =
√
6 tanh−1(φ1/

√
6c) (5.14)

denotes the canonically-normalized real part of φ1. The left panel of Fig. 5.1 shows

the shape of the potential for various values of p. As expected, for p = 0 one exactly

recovers the Starobinsky potential. When we assume a ratio µ/m = 10−8 (corresponding

to µ ∼ 100 TeV) then for x . 9 (during the inflationary phase) the potentials are almost
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Figure 5.1: Projections of the effective inflationary potential for the model (4.11) with the
stabilized Kähler potential (5.6) and the T -dependent superpotential ∆W = µ(T + 1/2)p,
for different values of p, and c = 1/2. Here T is stabilized at T = 1/2 with Λ−2 = 10,
and we use the nominal values m = 10−5, µ = 10−13. Left: The potential along the
canonically-normalized real direction, x =

√
6 tanh−1(φ1/

√
3). Right: The cosmological

constant as a function of p.

indistinguishable, yielding a maximum of Nmax ≃ 1160 e-folds of inflation. For smaller

µ, the potential remains flat to higher x and more e-folds of inflation are possible.

However, the right panel of Fig. 5.1 shows that there is, in general, a non-vanishing

cosmological constant at x = 0, where

V0 =
|µ̃|2
3
p(p− 6) . (5.15)

Note that for p > 0, the potential is unbounded from below and for p < 0, we have a

positive cosmological constant, so that p = 0 is the only possible solution in this case.

Supersymmetry breaking via the Polonyi mechanism

As another possible generalization of the above set of models, we can promote µ in (5.1)

to have the form of the Polonyi superpotential (3.85), dependent on a singlet field z:

µ→ µ(z + ν) , (5.16)

which belongs to the twisted matter sector and has zero modular weight, assuming a

strongly-stabilized Kähler potential of the form (3.117),

K ⊃ zz̄ − (zz̄)2

Λ2
z

(5.17)
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which might be due, e.g., to non-perturbative effects. In the standard scenario, the

second term in (5.17) drives the field z to a supersymmetry breaking minimum located

at z ≃ Λ2
z/
√
12, with the parameter ν ≃ 1/

√
3 tuned to yield a vanishing cosmological

constant [63, 237]. In the present case, with a no-scale inflationary sector where φ1 is

identified as the inflaton, the same values of z, ν with T = c, φ1 = 0 minimize the scalar

potential. However, this point in field space corresponds to a de Sitter minimum with

cosmological constant V0 ≃ |µ̃|2.
This positive vacuum energy may be used to uplift a potential that would otherwise

have an AdS minimum. In particular, in the case of (5.11) with 0 < p < 6, the extremum

at x = 0 can be uplifted if, instead of the superpotential (5.11), we assume

µ→ µ(z + ν)(T + c)p . (5.18)

The scalar potential is minimized with a zero cosmological constant at (T, φ1) = (c, 0)

for

z ≃ −(p2 − 6p+ 3)Λ2
z

4(3p(6− p))1/2 , ν ≃
(

3

p(6− p)

)1/2

, (5.19)

assuming Λz ≪ 1. For a small stabilizing parameter Λz ≪ µ/m, the superpotential

(5.18) becomes virtually indistinguishable from (5.11). However, for the range of p that

we consider, the global minimum is not located at x = 0, but corresponds to an AdS

minimum located at

xAdS ≃ −
1

2

√
3

2
log

[
3(6− p)µ2
64m2p

]
, VAdS ≃ −

4m3

3
√
3µ̃

(
p

6− p

)3/2

. (5.20)

For larger, but still small values of Λz, there is still a minimum at large x, but it is no

longer a global minimum. In order to avoid this minimum altogether, the stabilizing

parameter Λz must satisfy the constraint

Λz & f(p)

(
µ̃

m

)0.3

, (5.21)

where f ∼ 2 for 0 < p ≤ 4, f ≃ 4 for p = 5. This constraint is illustrated in Fig. 5.2 for

µ/m = 10−8.

The gravitino mass in this model is

m3/2 = µ̃

(
3

p(6− p)

)1/2

. (5.22)
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Figure 5.2: Projections of the effective inflationary potential for the model (4.11) with the
Polonyi sector (5.17) with superpotential ∆W = µ(z + ν)(T + 1/2)p (5.18), for different
values of p and c = 1/2. Here T = 1/2, z and ν are given by (5.19), and we use the nominal
values m = 10−5, µ = 10−13. Left: The potential along the canonically-normalized real
direction, x =

√
6 tanh−1(φ1/

√
3), for Λz = 10−2. Right: Idem. for Λz = 4× 10−3.

Assuming a superpotential for the matter fields of the form (5.1), the induced soft

parameters take the forms

φi :





m0 =
1

3
((6− p)p)1/2m3/2 ,

B0 = −
1

3
(p− β(p− 3))m3/2 ,

A0 =
1

3
α(p− 3)m3/2 ,

(5.23)

ϕa :





m0 =
1

3
(9− na(p− 3)2)1/2m3/2 ,

B0 =
1

3
(6 + 2na(p− 3) + p(σ − 3)− 3σ)m3/2 ,

A0 = −
1

3
(3− 3na − ρ)(p− 3)m3/2 .

(5.24)

In this case, the untwisted matter sector has non-vanishing soft supersymmetry-breaking

masses for any 0 < p < 6, which are of universal CMSSM type. If p = 3, one has

mSUGRA boundary conditionsm0 = m3/2, B0 = −m0 and A0 = 0 in both the untwisted

and twisted sectors. Since the twisted-sector soft supersymmetry-breaking parameters

are independent of the modular weights na for p = 3, all values of the weights are

allowed in this case. For na = 0 or for p = 2, 4 and modular weight na = 9, the soft

supersymmetry-breaking scalar masses m0 = 0 in the twisted sector.

It is natural to consider if an untwisted Polonyi sector can provide the necessary
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uplifting for the superpotential (5.11). It can be shown that this uplifting can be

achieved, but at the cost of spoiling the inflationary potential. For example, using a

superpotential of the form

µ→ µ

(
z√
3
+ ν

)q
(T + c)p , (5.25)

it is possible to show that the resulting potential is either unbounded from below or

possesses an AdS minimum for large values of x, the canonically-normalized real com-

ponent of φ1. The addition of strong stabilization terms for z in the Kähler potential

does not alleviate these problems.

Incorporating the Giudice-Masiero mechanism

In Section 3.3 we introduced the Giudice-Masiero mechanism as the extension of minimal

supergravity that provides a solution to the µ-problem. This is achieved by introducing

a term proportional to H1H2 into the Kähler potential2. In our no-scale framework,

there are several ways to implement this mechanism, depending on the sector to which

the Higgs superfields belong. If the Higgs belong to the twisted sector with modular

weights n1, n2, then a generic GM term of the form

∆K = (T + T̄ )−n12 (cH(T + c)γH1H2 + h.c.) (5.26)

induces the µ-term and a soft B-term,

∆µH = (1− ñ12)cHm3/2 ,

∆Bµ =
[
(1− ñ12)(2− γ̃ − ñ1 − ñ2 + ñ12) +

p

3
ñ12

]
cHm

2
3/2 ,

(5.27)

where a tilde denotes a rescaling by a factor of (3− p)/3, e.g. γ̃ = 3−p
3 γ, and where we

have rescaled cH → (2c)n12−γ−(n1+n2)/2cH . In the case of minimal (no) coupling to T ,

these reduce to ∆µH = cHm3/2, ∆Bµ = 2cHm
2
3/2. When the Higgs fields belong to the

untwisted sector, a GM term such as (5.26) generates soft terms of the form

∆µH = (1− ñ12)cHm3/2 , ∆Bµ = [(1− ñ12)(ñ12 − γ̃ + p/3) + p/3] cHm
2
3/2. (5.28)

2 To avoid cumbersome notation, in this Section we denote Hu,d by H1,2.
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Alternatively, one can consider scenarios in which the GM term resides inside the loga-

rithm. One of the possibilities is

K = −3 ln
[
T + T̄ − 1

3

(
|H1|2 + |H2|2 + (T + T̄ )−q(cH(T + c)γH1H2 + h.c.) + · · ·

)]

(5.29)

for which

∆µH = (p/3− q̃)cHm3/2 , ∆Bµ =
[
−q̃(1 + q̃ − γ̃ − p/3) + p

3
(2− γ̃)

]
cHm

2
3/2,

(5.30)

with cH → (2c)q−γcH .

Formulation in the symmetric basis

Up to now we have defined the no-scale models in terms of the (T, φ) basis, for which

the underlying symmetry is not manifest. Let us now relate the phenomenology in

the (T, φ) basis to the phenomenology in the more symmetric basis, for which, in the

absence of twisted matter, the SU(N, 1)/SU(N)× U(1) symmetry is more evident.

The SU(2, 1)/SU(2)× U(1) model (4.8) can be equivalently written as

K = −3 log
(
1− |y1|

2 + |y2|2
3

)
. (5.31)

In this basis, the SU(2, 1) transformations of the fields live in the defining representation

of the group, and correspond to

y1 →
√
3
A11y1 +A12y2 +

√
3A13

A31y1 +A32y2 +
√
3A33

, y2 →
√
3
A21y1 +A22y2 +

√
3A23

A31y1 +A32y2 +
√
3A33

, (5.32)

with A ∈ SU(2, 1). The complex fields y1,2 are related to the fields T, φ by the relations

y1 =

(
2φ

1 + 2T

)
, y2 =

√
3

(
1− 2T

1 + 2T

)
, (5.33)

and their inverses

T =
1

2

(
1− y2/

√
3

1 + y2/
√
3

)
, φ =

(
y1

1 + y2/
√
3

)
. (5.34)

Simultaneously, the superpotential is transformed as

W (T, φ) → W̃ (y1, y2) =
(
1 + y2/

√
3
)3
W . (5.35)
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Unsurprisingly, under the transformations (5.34),(5.35), inflationary potentials in the

(T, φ) basis are mapped into inflationary potentials in the y1,2 basis [156]. In particular,

the Wess-Zumino superpotential (4.11) transforms to

W̃ = m

[
y21
2

(
1 +

y2√
3

)
− y31

3
√
3

]
, (5.36)

for which the Starobinsky potential is recovered along the canonically normalized y1

direction for y2 = 0. Analogously, the Cecotti superpotential (4.9) transforms into

W̃ = my1y2

(
1 + y2/

√
3
)
, (5.37)

where now y2 plays the role of the inflaton, with a Starobinsky potential along its real

direction.

When we add untwisted and twisted matter fields {φ, ϕ}, the transformation rules

(5.34) are generalized to include

φi =
φ̃i

1 + y2/
√
3
, ϕa =

ϕ̃a

(1 + y2/
√
3)na

, (5.38)

where we denote the matter fields belonging to the (y1, y2) basis with a tilde (̃ ). The

inverse relations are given by

φ̃i =
2φi

1 + 2T
, ϕ̃a =

ϕa
(T + 1/2)na

. (5.39)

The Kähler potential (3.105) is then equivalent to

K = −3 ln
[
1− 1

3

(
|y1|2 + |y2|2 +

∑

i

|φ̃i|2
)]

+
∑

a

|ϕ̃a|2
(1 + |y2|2/3)na

, (5.40)

and the superpotential (5.1) is mapped into

W̃ = W̃inf(y1, y2) + (1 + y2/
√
3)1−βW2(φ̃i) + (1 + y2/

√
3)−αW3(φ̃i)

+ (1 + y2/
√
3)3−2na−σW2(ϕ̃a) + (1 + y2/

√
3)3−3na−ρW3(ϕ̃a) + µ(1 + y2/

√
3)3 ,

(5.41)

which leads to the same form of the soft supersymmetry breaking parameters given in

(5.8), as expected. Analogous results hold for the generalizations of the parameter µ

considered above, including the addition of a Polonyi sector, always recalling that upon

changing basis one must substitute µ→ µ(1 + y2/
√
3)3.
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5.1.2 Scenarios in which the volume modulus T is the inflaton

Our discussion of no-scale inflation in Chapter 4 relied on the identification of the volume

modulus T with the inflaton, for which the superpotential (4.9) leads to a Starobinsky-

like inflationary potential. While the simple form for supersymmetry breaking by a

constant in W does not work in this case, we will see that the Polonyi mechanism

and its generalizations will allow for successful phenomenological models. In the next

subsubsection, we consider φ1 to be an untwisted field, and subsequently we will consider

it to be a twisted field (labeled accordingly as ϕ1).

Inflation via coupling to untwisted matter fields

For definiteness, we assume that the scalar fields {φ, ϕ} have vanishing vevs, and we

can consider the same superpotential (5.1) used in the previous subsection. However,

the conditions for a supersymmetry breaking minimum with vanishing cosmological

constant (5.2) are not satisfied by the Cecotti superpotential (4.9) for T field inflation.

In fact, none of the multiple examples discussed in [156] that yield inflationary potentials

for T satisfy these constraints.

For example, when the constant term to the superpotential (5.1) is used as the

source of supersymmetry breaking, with the inflationary superpotential given by (4.9),

the minimum of the scalar potential is found at

T =
1

2
− µ2

m2
, φ1 =

√
3
µ

m
, (5.42)

with cosmological constant V0 = −3〈eG〉 = −3m2µ2/(m2 − 3µ2) < 0.

This ADS vacuum must be lifted and we first attempt to use the a stabilized Polonyi

sector as the source of supersymmetry breaking. With the Kähler potential (5.17) and

superpotential (5.16), the supersymmetry breaking minimum is found at

T ≃ 1

2
+

2

3

( µ
m

)2
, φ1 ≃

µ

m
, z ≃ Λ2

z√
12

, ν ≃ 1√
3

(
1−

( µ
m

)2)
, (5.43)

for Λz, µ/m≪ 1. In this case, the form of the inflationary potential is unmodified from

the Starobinsky form, save for the horizontal shift of the position of the minimum given

by ρ0 = −
√
2/3(µ/m)2, where, as in (4.20), ρ denotes the canonically-normalized real

part of T , which we associate with the inflaton. The supersymmetry breaking scale
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given by the gravitino mass is given by m3/2 = µ/
√
3. The Goldstino in this case is

identified with the fermionic partner of the Polonyi field, χz, plus a small admixture of

the fermion component of the φ1 superfield, χ1,

η ≃
√
3

(
1−

( µ
m

)2)
χz + 3

µ

m
χ1 . (5.44)

When used with the superpotential (5.1) including matter we obtain the following uni-

versal soft parameters

m0 = m3/2 B0 = −m3/2 A0 = 0 , (5.45)

which are of the mSUGRA type when the gaugino masses are of order m3/2 and of

the PGM type if gaugino masses are generated through anomalies. Unlike the case

where φ1 played the role of the inflaton (5.23), we find no dependence for the soft

parameters on the modular weights in (5.1). This is because, in general, the weight-

dependent parts of the induced soft parameters are generated by the presence of the

term 〈(K−1)TTD
TW 〉W T in the effective scalar potential for the matter fields. In the

present case of T inflation, 〈DTW 〉 = 〈KTW +W T 〉 ∝ 〈GT 〉 = 0, and no contribution

is generated. However, different phenomenological boundary conditions could arise in

the presence of z-dependent weights for which 〈Gz〉 6= 0.

Supersymmetry can be broken by an untwisted Polonyi field that does not require

stabilization in the Kähler potential if we choose

Wsusy = µ

(
ν +

z√
3

)3

. (5.46)

For µ ≪ m, a solution to the system of equations V = VT = Vφ1 = Vz = 0 that

preserves the Starobinsky potential along the real T direction, except for a small shift

in the position of the minimum to ρ0 = −
√
6(µ/m)2, can be approximately found to

second order in µ/m, and is given by

T ≃ 1

2
+
( µ
m

)2
, φ1 ≃

√
3
µ

m
, z ≃ −

√
3
( µ
m

)2
, ν ≃ 1 . (5.47)

Supersymmetry is broken by the non-vanishing vev of the superpotential (5.46), with

the gravitino mass given by m3/2 = µ. It is straightforward to check that GI 6= 0 for
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I = T, φ1, z if µ 6= 0. The Goldstino then consists of χz, with a small admixture of the

modulino χT , and χ1,

η ≃
√
3

(
1− 3

( µ
m

)2)
χz + 2

√
3
µ

m
χ1 + 3

( µ
m

)2
χT . (5.48)

The induced soft supersymmetry-breaking terms using (5.1) are given by

φi : m0 = 0 , B0 = −m3/2 , A0 = 0 , (5.49)

ϕa : m0 = m3/2 , B0 = −m3/2 , A0 = 0 . (5.50)

In this case, the soft supersymmetry-breaking terms are universal in each sector. Since

the soft supersymmetry-breaking terms in the twisted sector are independent of the

modular weights na, the latter are unconstrained in this case. In the untwisted sector

we have a special case of a mSUGRA-like spectra with m0 = A0 = 0, which would

impose universality above the GUT scale [238–240]. In the twisted sector, we recover

mSUGRA- or PGM-like models with m0 = m3/2.

Inflation via coupling to twisted matter fields

As we thoroughly discussed before, the Starobinsky inflationary potential for the volume

modulus T can also be obtained by coupling T with a matter field ϕ with modular weight

3, for which a suitable superpotential has the form (4.17). As before, we consider (5.1)

as the form of the couplings to matter. The conditions for vanishing gradients and

cosmological constant for the scalar potential at this point are completely analogous

to the constraints (5.2) after replacing φ1 → ϕ1 in Winf . Once again, these conditions

are not compatible with T field inflation. Our example using a constant term in (5.1)

displaces the minimum of the potential to the approximate location given by (5.42)

(with the replacement φ1 → ϕ1). It again corresponds to an AdS minimum, V0 ≃ −3µ2.
We note that the solution in this case is only approximate due to the presence of the

factor e|ϕ1|2/(T+T̄ )3 in the scalar potential.

Spontaneous supersymmetry breaking with a strongly stabilized Polonyi sector al-

lows for a vanishing cosmological constant at the minimum given by

T ≃ 1

2
+

2

3

( µ
m

)2
, ϕ1 ≃

µ

m
, z ≃ Λ2

z√
12

, ν ≃ 1√
3

(
1 +

1

3

( µ
m

)2)
, (5.51)
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for Λz, µ/m≪ 1. Unlike the (T, φ) scenario, this deformation is not limited to a shift in

the position of the minimum; the behavior of the potential at large values of the inflaton

becomes dependent on the magnitude of µ. In particular, along the real direction the

potential receives the correction

∆V = µ2
(
e

√

2
3
ρ − 4e

2
√

2
3
ρ
+ 3e

√
6ρ

)
, (5.52)

(see Fig. 5.3), and the gravitino mass is m3/2 = µ/
√
3. The Goldstino is a mixture of

the fermion components of the T , ϕ1 and z superfields,

η ≃
√
3

(
1− 7

3

( µ
m

)2)
χz + 3

µ

m
χ̃1 − 6

( µ
m

)2
χT . (5.53)

In this case the couplings to matter generate universal soft supersymmetry breaking

terms of the mSUGRA type, given by (5.45).

Finally, we can also consider an untwisted Polonyi sector field with the cubic su-

perpotential (5.46). In complete analogy to the scenario contemplated in the previous

section, the non-vanishing vev of this superpotential shifts the position of the minimum

of the potential. For µ≪ m, this minimum is located at

T ≃ 1

2
+
( µ
m

)2
, ϕ1 ≃

√
3
µ

m
, z ≃

√
3

2

( µ
m

)2
, ν = 1 . (5.54)
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Figure 5.3: Projections of the effective inflationary potential for the model (4.17) with a
Polonyi sector (5.16), for different values of the ratio µ/m. The fields ϕ1, z are assumed
to have their minimum values, computed numerically. Left: The potential along the canon-
ically normalized real direction, ρ = −

√
3/2 log(2ReT ). Right: The potential along the

canonically normalized imaginary direction, α =
√
6 ImT .
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The inflaton potential is again deformed by the addition of (5.46). Upon the addition

of the Polonyi sector, the inflaton potential becomes dependent on µ. To leading order

in µ, the potential correction along the real direction has the form

∆V ≃ 3µ2
(
e

√

2
3
ρ − 3e

2
√

2
3
ρ
+ 2e

√
6ρ

)
. (5.55)

Although different from the correction in (5.52), the form of the potential looks very

similar to that shown in Fig. 5.3. As one can see, only for for very small µ/m can the

potential yield Starobinsky-like inflation at large field values.

In this case the gravitino mass given by m3/2 = µ, and the Goldstino is

η ≃
√
3

(
1− 3

( µ
m

)2)
χ2 + 2

√
3
µ

m
χ̃1 −

33

2

( µ
m

)2
χT . (5.56)

The induced soft parameters can be readily evaluated, and correspond to the CMSSM

and mSUGRA forms (5.49), (5.50) in the untwisted and twisted sectors, respectively.

5.2 Inflaton decays

Any complete model of cosmological inflation should include mechanisms for inflaton

decay that yield successful reheating at the end of the inflationary epoch. In this Section

we consider inflaton decay in the model scenarios discussed in the previous Section,

emphasizing differences in their corresponding predictions for the reheating temperature.

These have important phenomenological impacts, among which are the inferred number

of e-folds during inflation, the resultant gravitino abundance and hence the possible

scale of supersymmetry breaking, which may be used to discriminate between models.

We will revisit these results in Chapters 6 and 7.

5.2.1 Decay of the untwisted matter inflaton

We first calculate inflaton decays in the scenario where the untwisted matter field φ1

plays the role of the inflaton, assuming that all matter fields {φ, ϕ} have vanishing vevs

at the end of inflation. This implies that

〈W i〉 = 〈W a〉 = 0 , 〈Ki〉 = 〈Ka〉 = 0 , (5.57)
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or, in terms of the Kähler function G = K + log |W |2,

Gi = Ga = 0. (5.58)

The volume modulus T must typically be stabilized in order to inflate successfully along

the φ1 direction. As we have already seen, sufficient stabilization can be achieved by

the addition of quartic terms in the Kähler potential as in (5.6). Thus, we assume

now that T has a non-vanishing vev, 〈T 〉 = 1/2, which implies 〈GT 〉 = p − 3 for the

supersymmetry breaking superpotentials (5.11), (5.18), and the simple scenario with

breaking by a constant (5.1), for which p ≡ 0. In this case, all the matter scalar and

fermion fluctuations about the global minimum are canonically normalized, whereas

the canonically-normalised modulus fluctuation corresponds to δT =
√
3(T − 1/2). For

convenience, we define the ratio of the gravitino mass to the inflaton mass, ∆ ≡ m3/2/m.

For the present analysis we consider a generic superpotential of the form

W =Winf(T, φ1) +WM(T, φi, ϕa;µ) , (5.59)

for which we assume that the constraints (5.2) are satisfied. Here µ denotes the mass

parameter that determines the scale of supersymmetry breaking: 〈WM〉 = µ. A par-

ticular example corresponds to the superpotential (5.1) with Winf(T, φ1) given by the

Wess-Zumino superpotential (4.11). The decay rate of the inflaton is determined by

its coupling to the moduli, matter and gauge fields. These couplings can be computed

from a series expansion of the supergravity Lagrangian. For readability, in the follo-

wing discussion we drop the subscript M from the matter superpotential, except when

otherwise stated.

Decays to matter scalars

The interactions between the inflaton φ1 and the rest of the matter sector are determined

from the scalar kinetic and potential terms in the Lagrangian. The scalar kinetic term

is given by the second term in (3.73), namely

LS,kin = GIJDµΦID
µΦ̄J , (5.60)

where we denote Φ ≡ {δT, φi, ϕa} and introduce the multiindex I = {δT, i, a}. After

substitution of the matter field and modulus vevs, the scalar kinetic term yields no inter-

action terms relevant for the kinematically-allowed decays up to four-body interactions.
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We therefore look at interactions stemming from the potential term in the Lagrangian.

Recall that the gauge-independent part of the scalar potential is given by the third term

of (3.73), that is

V = eG
(
GI(G

−1)IJG
J − 3

)
, (5.61)

and can be expanded to find the decay couplings. It is straightforward to calculate the

scalar mass matrix, which takes the form

Φ̄I(M2)JIΦJ =

(
φ̄1 Φ̄I

)(m2 +m(W 11 + W̄11) +W 1KW̄K1 mW 1J +W JKW̄K1

mW̄1I +W 1KW̄KI W JKW̄KI

)(
φ1

ΦJ

)
,

(5.62)

Here we have segregated the inflaton explicitly from the rest of the matter and moduli

fields, and we have associated the inflaton mass m with the vev of W 11
inf , as is true for

the Wess-Zumino superpotential (4.11). It is immediately evident that, in the absence

of a direct coupling between the inflaton and other fields in the matter superpotential,

the field φ1 is the inflaton mass eigenstate3.

A direct coupling between φ1 and the rest of the matter sector may be allowed. For

example, this field can be associated with a heavy singlet sneutrino [65,66,227,241–245].

In such case, one can consider the addition of a Yukawa-like term

∆W = yνHuLφ1 (5.63)

to the Standard Model superpotential, where yν denotes the Yukawa coupling. Such a

coupling leads to a mass matrix characteristic of seesaw models,

(
φ̄1 ¯̃ν

)(m2 + m̃2 −mm̃
−mm̃ m̃2 + κµ2

)(
φ1

ν̃

)
, (5.64)

where m̃ ≡ yν〈Hu〉 = yνv sinβ, and κ = (1 − nν) for a twisted neutrino, κ = 0 for an

untwisted neutrino. Therefore, even in the presence of direct couplings, we can consider

φ1 to be the inflaton mass eigenstate, up to corrections of order µ/m, v/m≪ 1.

3 We have ignored subdominant O(µ) contributions in the expression (5.62), which actually vanish
for a φ1-independent matter superpotential.
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In order to determine the decay rate of the inflaton φ1, we must consider couplings

beyond quadratic interactions. Expansion of the scalar potential yields

LB,pot =
2√
3
mW̄1Jφ1δT Φ̄

J − 1√
3
B1
Jφ1δT Φ̄

J − 1

3
√
3
W 1TT

inf W̄TJφ1δT Φ̄
J

− cIδT
3
W 1IW̄JTφ1ΦIΦ̄

J −W 1IKW̄KJφ1ΦIΦ̄
J − 1

6
mW 1TT

inf φ1δT̄ δT̄

+
2√
3
mW̄1Jφ1δT̄ Φ̄

J − 1√
3
B1
Jφ1δT̄ Φ̄

J − 1

2
mW̄1IJφ1Φ̄

IΦ̄J

− 1

2
W 1KW̄KIJφ1Φ̄

IΦ̄J − cIJ
6
W 1T W̄IJφ1Φ̄

IΦ̄J + h.c.+O(µ) + · · ·

(5.65)

where we have introduced the notation

BI1I2...
J1J2...

=
[
(na − 3)W I1I2...aW̄aJ1J2... − 2W I1I2...kW̄kJ1J2...

]
. (5.66)

and

cIJ =




−1 −3 nJ − 2

−3 −5 nJ − 4

nI − 2 nI − 4 nI + nJ − 3


 , (5.67)

where the rows and columns correspond to submatrices following the notation I =

{δT, i, a}. The expression (5.65) shows that all couplings to matter vanish in the absence

of an explicit φ1 dependence in the matter superpotential, W 1I1I2... = 0. It can be

verified that the same is true for all the O(µ) terms that we have neglected in (5.65), as

well for any couplings leading to three- and four-body decay of the inflaton. The only

non-vanishing interaction in this limit correspond to those proportional to W 1TT
inf . This

coupling vanishes identically for the Wess-Zumino superpotential (4.11). However, it

is known that the superpotential (4.11) is not the unique superpotential that leads to

Starobinsky inflation [156]. Consider, e.g., the addition of the term

∆Winf = ζ(T − 1/2)2φ1 , (5.68)

which does not alter the shape of the potential for the inflaton Re φ1 for any value of

ζ. In the presence of this term, the mass matrix has the structure

m2|φ1|2 +m2
T |δT |2 +

2ζ

3
√
3
(p− 3)m3/2MP (φ1δT + h.c.) , (5.69)

and the inflaton mass eigenstate corresponds to

φM1 ≃ φ1 + (p− 3)
2ζ∆MP

3
√
3m

δT̄ . (5.70)
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In this case, the decay of the inflaton φ1 into the fluctuation of the modulus T is possible,

with rate

Γ(φ1 → δT δT ) = m
|ζ|2
72π

, (5.71)

assuming that the modulus mass satisfies the hierarchy m ≫ mT ≫ m3/2 as in (5.7).

As we see in the next subsubsection, this is the same rate as the decay into gravitinos. If

these were the dominant decay rates, the Universe would become dominated by moduli

and gravitinos, forcing their masses to exceed ∼ 10 TeV in order to obtain a reheating

temperature above 1 MeV, and hence suitable for nucleosynthesis. However, in this

case, decays into neutralinos are liable to yield a relic neutralino density that is far too

large. Thus we can not afford decays to moduli (and gravitinos) to be the dominant

decay product. We will revisit these bounds quantitatively in Section 7.4.

Decay of the inflaton into matter becomes possible only if we allow a non-trivial

dependence on φ1 for WM . In particular, the superpotential (5.63) leads to a non-

vanishing amplitude for which the dominant contribution corresponds to the seventh

term in (5.65) if W 1IJ 6= 0, namely −1
2mW̄1IJφ1Φ̄

IΦ̄J . In the particular case of sneu-

trino inflation, this coupling would be −myνH̄u
¯̃Lφ1, and the decay width would be given

by

Γ(φ1 → H0
uν̃, H

+
u f̃L) = m

|yν |2
16π

, (5.72)

where we have neglected the masses of the final-state particles. This decay rate would

be fast if |yν | = O(1) and, as we thoroughly discuss in Section 7.4, in order to avoid

problems associated with gravitino production during reheating, we must set a bound

on the Yukawa coupling associated with the inflaton

yν <∼ 10−5 , (5.73)

with a corresponding constraint on the reheating temperature.

Decays to matter fermions

The decay of the inflaton φ1 to matter fermions is mediated by the interactions de-

termined by the fermion kinetic term, the fermion mass matrix and the fermion-scalar

interactions of the supergravity Lagrangian. The fermion kinetic term is given by

LF,kin =
i

2
GIJ χ̄ILγ

µDµχ
J
L + h.c. , (5.74)
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(see Appendix C) and yields no couplings relevant to two-, three- and four-body decays.

One must then look for interactions stemming from the fermion mass matrix and the

fermion-scalar interactions. Working in the unitary gauge, one finds no dependence on

the modulino χT , which becomes the longitudinal component of the gravitino,

LF,int =
i

2
χ̄IL /DΦJχ

K
L

(
−GIJK +

1

2
GIKG

J

)

+
1

2
eG/2(−GIJ −GIGJ +GIJK (G−1)KAG

A)χ̄ILχJR + h.c. (5.75)

+ four-fermion terms

= − 1

2
W 1IJφ1χ̄ILχJR +

i

4µ
W 1JΦJ χ̄KL/∂φ1χ

K
L +

i

4µ
W 1Jφ1χ̄KL/∂ΦJχ

K
L

+
1

4µ
W 1JW IKφ1ΦJ χ̄ILχKR −

1

2
W 1IJKφ1ΦJ χ̄ILχKR (5.76)

+

√
3

2
W 1JKφ1(Re δT )χ̄JLχKR −

1

2
W 1Kφ1Φ̄

J(χ̄KLχJR + χ̄JLχKR) + · · ·

Similarly to the scalar case, all couplings to matter fermions vanish for a φ1-independent

matter superpotential. The decay into a fermion and a higgsino is possible if we identify

φ1 with a singlet neutrino, with superpotential (5.63). In this case, the rate is given by

Γ(φ1 → H̃0
uν, H̃

+
u fL) = m

|yν |2
16π

, (5.77)

i.e., equal to the rate of decay into scalars.

Decay to the gravitino and inflatino

We now explore the possibility of the decay of the inflaton φ1 to the gravitino. In the

unitary gauge, this process is in general mediated by the interaction terms

L3/2,int =
1

8
ǫµνρσψ̄µγνψρG

I∂σΦI +
i

2
eG/2ψ̄µLσ

µνψνR + h.c. . (5.78)

Since 〈GI〉 = 0 for all matter fields, and 〈GT 〉 = p− 3, the couplings vanish unless there

is mixing between the inflaton φ1 and the volume modulus T . Such mixing is possible

in the presence of a term such as (5.68), in which case the mass eigenstate is φM1 , given

by (5.70). In this case, the interaction is mediated by the Lagrangian

L3/2 ≃ −
ζm3/2

2m2

[
1

2
ǫµνρσψ̄µγνψρ∂σφ

M
1 − im3/2φ

M
1 ψ̄µσ

µνψν

]
. (5.79)
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This results in the decay rate

Γ(φ1 → ψ3/2ψ3/2) ≃ m
|ζ|2
72π

. (5.80)

The same result is found for the decay of φ1 to the canonically-normalized modulino

χT , the relevant coupling in this case being given by L ⊃ −1
6W

1TT
inf φ1χ̄δTLχδTR.

The decays to a single gravitino and a matter fermion are mediated by the interaction

terms

L3/2,χ =
i√
2
eG/2GI ψ̄µLγ

µχIL +
1√
2
GIJ ψ̄µL /DΦ̄IγµχJR + h.c. (5.81)

=
i√
2
W 1Jφ1ψ̄µLγ

µχjL +
i√
2
mφ1ψ̄µLγ

µχ1L +
1√
2
χ̄1Rγ

µ/∂φ1ψµL + · · · . (5.82)

The decay amplitude to a matter fermion different from the inflatino is zero, unless there

is an explicit dependence on φ1 in the matter superpotential. Identifying the inflaton

with a singlet neutrino, with a coupling given by (5.63), the decay to a left-handed

neutrino and a single gravitino is allowed, but with a negligible width relative to the

decays to the Higgs, fermions and their supersymmetric partners:

Γ(φ1 → ψ3/2 ν) = v2 sin2 βm
|yν |2

32πM2
P

∼ 10−32 Γ(φ1 → H̃0
uν, H̃

+
u fL) . (5.83)

Equation (5.82) includes the interaction between the gravitino and the inflatino.

The availability of this decay channel is strongly dependent on the mechanism of su-

persymmetry breaking. In the simplest scenario (5.1), the decay is not kinematically

allowed, since there is no mass splitting at tree level for the untwisted matter field φ1.

In the case when a splitting exists, such as (5.23), the decay will be suppressed [246,247]

due to the degeneracy m−mχ ∼ m3/2:

Γ(φ1 → ψ3/2 χ1) ∼
(m3/2

m

)2 17m3

48πM2
P

. (5.84)

It can also be shown that all two-body decays involving one inflatino and one matter

fermion χJ are dependent on the coupling W 11J , which vanishes in the limit of no φ1

dependence in WM , as well for a superpotential such as (5.63).

We are led to conclude that, in the absence of a direct coupling between the inflaton

and the rest of the matter (and gauge) sectors, there are no efficient decay channels for
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the inflaton, if it is identified with an untwisted matter field, as found in other studies

of no-scale supergravity [61]. On the other hand, if the field φ1 is associated with a

singlet neutrino, the decay rates (5.72) and (5.77) imply a reheating temperature

Treh = (5.6× 1014GeV)|yν |
(

g

915/4

)−1/4( m

10−5MP

)1/2

, (5.85)

assuming that the Yukawa coupling yν . O(1) so that the decay of the inflaton occurs

after the end of inflation, during the oscillation of the inflaton around the minimum of

the potential. Here g denotes the effective number of degrees of freedom, and g = 915/4

for the MSSM.

Decays to gauge bosons and gauginos

The decay of the inflaton φ1 into gauge fields and gauginos is possible in the presence

of a non-trivial coupling between φ1 and the gauge degrees of freedom, as would be

provided by a φ1-dependent gauge kinetic function fαβ = f(φ1) δαβ [61, 248]. If super-

symmetry is not broken by the inflaton, this term will not contribute to gaugino masses.

These require a non-trivial dependence in the gauge kinetic function of fields involved

in supersymmetry breaking. The relevant supergravity Lagrangian terms correspond to

LG = −1

4
(Re fαβ)FαµνF

µν
β +

i

4
(Im fαβ)FαµνF̃

µν
β

+

(
1

4
eG/2(f̄αβ),J(G

−1)JKG
K λ̄αLλβR + h.c.

)
,

(5.86)

(see Appendix C for conventions). Neglecting contributions suppressed by the gaugino

masses, the decay widths to canonically-normalized gauge boson pairs and gauginos can

be evaluated in a straightforward way, resulting in [61]

Γ(φ1 → gg) = Γ(φ1 → g̃g̃) =
3d2g,1
32π

(
NG

12

)
m3

M2
P

, (5.87)

where NG is the number of final states: NG = 12 for the standard model, and dg,1 is

given by

dg,1 ≡ 〈Re f〉−1

∣∣∣∣
〈
∂f

∂φ1

〉∣∣∣∣ . (5.88)

The equality of the rates to gauge bosons and gauginos requires that Wφ1φ1 is related to

the inflaton mass rather than the supersymmetry-breaking scale. In the presence of a
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coupling such as (5.63), these rates are subdominant, being suppressed by (m/MP )
2 re-

lative to the widths into Higgs, leptons and their supersymmetric partners, cf, (5.72) and

(5.77). On the other hand, if no such couplings are present, the decays to gauge bosons

and gauginos are the dominant channels, and would yield a reheating temperature

Treh = (2× 1010 GeV) dg,1 g
−1/4

(
NG

12

)1/2( m

10−5MP

)3/2

. (5.89)

In this case, the constraint on the thermal production of gravitinos is easily satisfied if

dg, 1 <∼ 10−1.

The decay of φ1 to gauge bosons and gauginos can also be achieved through a

coupling between T and the gauge degrees of freedom. Indeed, a T -dependent gauge

kinetic function fαβ = f(T ) δαβ is a generic feature of heterotic string effective field

theories [159, 249–252]. A superpotential such as (5.68) produces a mixing between φ1

and T , allowing in this case decays of the φ1 mass eigenstate to gauge bosons, with a

rate

Γ(φ1 → gg) = (p− 3)2
d2g,T |ζ|2
216π

(
NG

12

)
∆2m, (5.90)

where we define

dg,T ≡ 〈Re f〉−1

∣∣∣∣
〈
∂f

∂T

〉∣∣∣∣ . (5.91)

We see, however, that this rate is suppressed by a factor (m3/2/m)2 relative to the decay

widths (5.71) and (5.80), and it can also be shown that the rate for decays to gauginos

is further suppressed by an additional (m3/2/m)2 factor. Gaugino masses are generated

in this case and are given by

m1/2 =

∣∣∣∣
1

2
eG/2

f̄αβ,T
Re fαβ

(G−1)TTG
T

∣∣∣∣ =
dg,T
6
|p− 3|m3/2 . (5.92)

There is an additional contribution if fαβ also depends also on the Polonyi field z.

5.2.2 Decays of a volume modulus inflaton

We will now consider the case where the inflaton is identified with the volume modulus

T . We assume as before that all matter fields {φ, ϕ} have vanishing vevs at the end

of inflation, which is equivalent to the conditions (5.57). For all scenarios explored in
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Section 5.1.2, the volume modulus inflaton T has a non-vanishing vev at the minimum

of the potential, which is located at

〈ReT 〉 = 1

2
+O(µ2/m2) , 〈ImT 〉 = 0 , (5.93)

where µ is the mass parameter that determines the scale of supersymmetry breaking:

µ =
√
3m3/2 for an untwisted Polonyi modulus z with superpotential (5.16), µ = m3/2

for breaking by an untwisted sector field with superpotential (5.46). At this minimum

we have 〈W T 〉/〈W 〉 = 3 + O(µ2/m2), and 〈KT 〉 = −3 + O(µ2/m2). The decays of

the inflaton are determined by its couplings to the moduli, matter and gauge fields,

which can be computed from a series expansion of the supergravity Lagrangian. In this

subsection, we denote Φ ≡ {φ, ϕ} and use the multiindex I = {i, a}.

Decays to matter scalars

The couplings of the inflaton T to matter stem from the scalar kinetic term of the

Lagrangian and the scalar potential. We first assume that no direct coupling between T

and the matter fields exists, except for the superpotential coupling to φ1 or ϕ1 necessary

to obtain the desired inflationary potential. The scalar kinetic term (5.60) may then be

expanded to first order in δT , to yield

LB,kin =
1√
3
δTφi∂µ∂

µφ̄i +
na√
3
δTϕa∂µ∂

µϕ̄a + h.c.+O
(
∆2
)
+ · · · (5.94)

The gauge-independent part of the scalar potential (5.61) can also be expanded to reveal

the interaction terms:

LB,pot = −
BI
J√
3
δTΦIΦ̄

J − BIJ
K

2
√
3
δTΦIΦJ Φ̄

K − BI
JK

2
√
3
δTΦIΦ̄

J Φ̄K − BIJK
L

6
√
3
δTΦIΦJΦKΦ̄L

− BI
JKL

6
√
3
δTΦIΦ̄

J Φ̄KΦ̄L − BIJ
KL + CIJKL
4
√
3

δTΦIΦJ Φ̄
KΦ̄L + h.c.+O(∆) + · · · .

(5.95)

Here the coefficients BI1I2...
J1J2...

are as defined in (5.66), and the CIJKL are sector-dependent

functions of the bilinear coupling constants of the superpotential given by

CIJKL = −
(
3 + (nI + nJ − 3)(nK + nL − 3)

)
W IJW̄LK

+ (nI + nM − 3)δILW
JMW̄MK . (5.96)
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Note that this expression assumes ni = 1 when I represents an untwisted field (see

below). We have ignored the couplings to φ1 (or ϕ1), due to the fact that this field,

when coupled to T , possesses a mass equal to the inflaton mass m, and therefore the

decay of T to φ1 (ϕ1) is kinematically forbidden.

At tree level, the equation of motion for the conjugate matter fields may be substi-

tuted in (5.94). To quadratic order, the tree-level contribution from the Kähler potential

for untwisted matter fields has the same form as that of twisted matter fields with unit

modular weight,

K ⊃ −3 log
(
T + T̄ −

∑

i

|φi|2
3

)
= −3 log

(
T + T̄

)
+
∑

i

|φi|2
T + T̄

+ · · · (5.97)

Therefore, at this level we can define ni ≡ 1, where i runs over all untwisted matter

fields. The effective Lagrangian, including the contributions from (5.94) and (5.95), can

then be written as

LB,eff = − δT√
3
(nI + nL − 3)W ILW̄LJΦIΦ̄

J

− δT

2
√
3
(nI + nL − 3)W ILW̄LJKΦIΦ̄

J Φ̄K

− δT

2
√
3
(nI + nJ + nL − 3)W IJLW̄LKΦIΦJ Φ̄

K

− δT√
3
(nJ + nL − 3)W JLW̄LKΦIΦJ Φ̄

IΦ̄K

− δT

6
√
3
(nI + nL − 3)W ILW̄LJKMΦIΦ̄

J Φ̄KΦ̄M (5.98)

− δT

4
√
3
(nI + nJ + nL − 3)W IJLW̄LKMΦIΦJ Φ̄

KΦ̄M

− δT

6
√
3
(nI + nJ + nK + nL − 3)W IJKLW̄LMΦIΦJΦKΦ̄

M

− δT

12
√
3
(nI + nJ − 3)

(
9 + (nI + nJ − 1)(nK + nM − 3)

)
W IJW̄KMΦIΦJ Φ̄

KΦ̄M

+ · · ·

Under the assumption that the masses of all scalar matter fields are hierarchically

smaller than the inflaton mass, mI ≪ m, the two-body decay rate can be computed

immediately:

Γ(T → ΦIΦ̄
J) = (nI + nL − 3)2

|W ILW̄LJ |2
48πmM2

P

, (5.99)
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where a sum over the repeated index L is implied. This rate is dependent on the matter

sector to which the decay products belong, and is weak-scale suppressed in the case of

MSSM scalars. For example, the rate for decay to two Higgs bosons is

Γ(T → Hu,dH̄
u,d) = (2nH − 3)2

|µH |4
24πmM2

P

, (5.100)

where µH denotes the MSSM bilinear Higgs coupling. These two-body rates lead to an

extremely low reheating temperature: for an inflaton mass m ∼ 10−5MP , and µH ∼ 1

TeV, TR ∼ 10−1 eV. In the three-body case, the decay to light scalars is given by the

widths

Γ(T → ΦIΦ̄
J Φ̄K) = (nI + nL − 3)2

|W ILW̄LJK |2m
12(8π)3M2

P

, (5.101)

Γ(T → ΦIΦJ Φ̄
K) = (nI + nJ + nL − 3)2

|W IJLW̄LK |2m
12(8π)3M2

P

. (5.102)

In particular, the decay to the neutral d-type Higgs and the left and right stops has the

rate

Γ(T → H̄0
d
¯̃tRt̃L, H

0
d t̃R

¯̃tL) =
(
(2nH − 3)2 + (2nt + nH − 3)2

) |µHyt|2m
4(8π)3M2

P

, (5.103)

where yt denotes the top Yukawa coupling. The corresponding reheating temperature

is also low, in the MeV range. The rates corresponding to four-body decays are the

largest, despite the phase-space suppression. The decay width

Γ(T → ΦIΦJ Φ̄
KΦ̄M ) = (nI + nJ + nL − 3)2

|W IJLW̄LKM |2m3

72(8π)5M2
P

, (5.104)

for which we have disregarded the bilinear couplings, implies the following decay rate

to four stops

Γ(T → t̃Rt̃L
¯̃tR
¯̃tL) = (2nt + nH − 3)2

|yt|4m3

8(8π)5M2
P

(5.105)

which corresponds to

TR = |2nt + nH − 3|(107GeV)g−1/4|yt|2(
m

10−5MP
)3/2 . (5.106)

Thus, as long as the matter fields do not reside in the untwisted sector (for which ni = 1

and the rate vanishes), we obtain an adequate reheating temperature. The preceding
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rates may be modified if there are direct couplings between the modulus T and the

matter sector. A multiplicative coupling of the form

W ⊃ g(T )WM(φ, ϕ) (5.107)

respects the form of the inflaton potential in the absence of linear terms in WM . As-

suming for simplicity that g(1/2) = 1, the addition of the factor g(T ) to the matter

superpotential results in rates proportional to those obtained for constant g(T ), for a

given sector. In particular, for the effective Lagrangian (5.98) it amounts to the substi-

tution

(nI1 + · · ·+nL−3)W I1I2...LW̄LJ1J2... −→
(
nI1 + · · ·+nL−3+g′(1/2)

)
W I1I2...LW̄LJ1J2....

(5.108)

Therefore, the decay rates shown previously are enhanced by a factor of |g′(1/2)|2, at
most.

Decays to matter fermions

The direct decays of the volume modulus T to fermions are determined by the couplings

arising from the fermion kinetic term, the fermion mass matrix and the fermion-scalar

interactions of the supergravity Lagrangian. The relevant couplings stemming from the

fermion kinetic term (5.74) are shown in (5.109) below. Similarly to the scalar case, the

interactions are diagonal with respect to matter field indices:

LF,kin = − i

2
√
3
δT χ̄iLγ

µ∂µχ
i
L −

i na

2
√
3
δT χ̄aLγ

µ∂µχ
a
L + h.c.+O(∆2) + · · · . (5.109)

The interaction terms derived from the fermion mass matrix and the fermion-scalar

interactions (5.75) correspond to

LF,int =
i

2
√
3
χ̄iL(/∂δT )χ

i
L +

i na

2
√
3
χ̄aL(/∂δT )χ

a
L +

√
3

2
δT W IJ χ̄ILχJR

+

√
3

2
δT W IJKΦK χ̄ILχJR + h.c.+O(∆2) + · · · . (5.110)

In analogy with the scalar case, at tree level the equation of motion for the fermion fields

may be substituted in (5.109) and (5.110). Additionally, one must consider the fermion-

dependent part of the equation of motion for the scalar fields in (5.94). Identifying ni = 1
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for all untwisted matter fields, the effective interaction Lagrangian for fermion decays

can be written as

LF,eff = − δT

2
√
3
(nI+nJ−3)W IJ χ̄ILχJR−

δT

2
√
3
(nI+nJ+nK−3)W IJK χ̄ILχJRΦK+· · · .

(5.111)

Assuming negligible masses for all final states, mI ≪ m, the rates for two-body decays

to matter fermions take the form

Γ(T → χ̄IχJ) = (nI + nJ − 3)2
|W IJ |2m
192πM2

P

. (5.112)

which are (1/4) times the rate for three-body decays into scalars. The dominant rates

are for three-body decays involving two fermions and one matter scalar are,

Γ(T → χ̄IχJΦK) = (nI + nJ + nK − 3)2
|W IJK |2m3

36(8π)3M2
P

. (5.113)

which are non-vanishing in the MSSM so long the fields are twisted with weights ni 6= 1.

In particular, in the case of the top quark it implies the decay rate

Γ(T → H0
utLt̄R, t̃LH̃

0
u t̄R,

¯̃tRtLH̃
0
u) = (2nt + nH − 3)2

|yt|2m3

12(8π)3M2
P

. (5.114)

which is somewhat larger than the four-scalar decay rate (5.105) because of the three-

body phase-space factor.

Decays to supersymmetry-breaking moduli and the gravitino

The volume modulus T can also decay into the moduli responsible for the breaking

of supersymmetry, with an amplitude that depends on the details of the inflationary

and supersymmetry-breaking sectors. We consider first breaking by a hidden-sector

untwisted matter field z, with the cubic superpotential (5.46). The direct decay is

mediated by the effective Lagrangian

Lz = −
δT√
3
(4 + γ)m2

3/2zz̄ + h.c.+O(∆2) + · · · , (5.115)

where γ is a constant that depends on the inflationary model: γ = 8 for the (T, φ1)

superpotential (4.9), and γ = 6 for the (T, ϕ1) superpotential (4.17). The effective

Lagrangian (5.115) leads to the decay rate

Γ(T → zz̄) =
(4 + γ)2∆4m3

48πM2
P

. (5.116)
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The coupling of T to z in the effective potential implies that, at the global supersym-

metry breaking minimum, 〈GT 〉 6= 0. Therefore, the direct decay of T to the gravitino

is allowed. In the unitary gauge, this process is in general mediated by the Lagrangian

(5.78). In the present case of supersymmetry breaking by z, the couplings are suppressed

by the ratio of the gravitino mass to the inflaton mass, ∆:

L3/2,z = −
√
3

16
(82− 13γ)∆2

[
1

2
ǫµνρσψ̄µγνψρ∂σδT − im3/2δT ψ̄µσ

µνψν

]
+O(∆4) + · · · .

(5.117)

The decay rate can be readily evaluated to yield

Γ(T → ψ3/2ψ3/2) ≃ (82− 13γ)2
∆2m3

768πM2
P

. (5.118)

The decay widths (5.116), (5.118) are suppressed by powers of the ratio of the gravitino

mass to the inflaton mass, ∆, relative to the three-body matter decays (5.114),

Γ(T → zz̄)

Γ(T → H0
utLt̄R)

∼ 103∆4 ,
Γ(T → ψ3/2ψ3/2)

Γ(T → H0
utLt̄R)

∼ 103∆2 , (5.119)

and hence are relatively unimportant for reheating.

One can also consider the scenario in which supersymmetry is broken by a strongly-

stabilized Polonyi modulus in the twisted sector with superpotential (5.16). In this case,

the couplings between the inflaton T and the Polonyi field z are given by

Lz = −5
√
3m2

3/2δTzz−4
√
3m2

3/2δT z̄z̄−12
√
3
m2

3/2

Λ2
z

δTzz̄+h.c.+O(∆4)+· · · . (5.120)

Since Λz ≪ 1, the dominant decay channel corresponds to zz̄, with a rate

Γ(T → zz̄) =
27

π

∆4M2
Pm

3

Λ4
z

. (5.121)

The decay of T to the gravitino in the Polonyi scenario is mediated by the following

couplings:

L3/2,z = −
3
√
3

16
(4−3γ̄)Λ2γ̄

z ∆2

[
1

2
ǫµνρσψ̄µγνψρ∂σδT + im3/2δT ψ̄µσ

µνψν

]
+· · · , (5.122)

where now γ̄ = 0 for the (T, ϕ1) superpotential (4.17), and γ̄ = 1 for the (T, φ1)

superpotential (4.9). In the latter case the amplitude is further suppressed by the

factor Λ2
z. The width is then given by

Γ(T → ψ3/2ψ3/2) ≃ (4− 3γ̄)2
(

Λz
M2
P

)4γ̄ 3∆2m3

256πM2
P

. (5.123)
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It is straightforward to verify that the decays of T to the Polonyi modulus and to the

gravitino in this scenario are negligible relative to the matter decay (5.114),

Γ(T → zz̄)

Γ(T → H0
utLt̄R)

∼ 106
(

∆

Λz/MP

)4

,
Γ(T → ψ3/2ψ3/2)

Γ(T → H0
utLt̄R)

∼ 103∆2

(
Λz
M2
P

)4γ̄

.

(5.124)

The decays to a single gravitino and a fermion belonging to a chiral multiplet are

mediated by the interaction terms (5.81). It is straightforward to show that the ampli-

tudes for the decays with a final-state matter fermion vanish up to O(∆2). The only

non-vanishing couplings with T are those with the inflatino and the φ1 or ϕ1-ino. The

corresponding amplitudes are dependent on the supersymmetry-breaking mechanism.

However, in all cases it can be shown that the decay rates to kinematically-allowed

final-state mass eigenstates are suppressed by a factor of ∆2: Γ ∼ ∆2(m3/M2
P ), due to

the mass degeneracy m−mχ ∼ m3/2.

In the absence of a direct coupling of T to the gauge degrees of freedom, i.e., fTαβ = 0,

where fαβ is the gauge kinetic function, the total decay rate of the inflaton is the sum

of the rates previously shown. The largest width corresponds is that to two matter

fermions plus a matter scalar, (5.114), which implies the reheating temperature

Treh = (108 GeV) |yt(2nt + nH − 6)|
(

g

915/4

)−1/4( m

10−5MP

)3/2

. (5.125)

Decays to gauge bosons and gauginos

The inflaton T can decay to gauge fields and gauginos through a coupling in the gauge

kinetic function fαβ(T ), which, as was mentioned before, is a generic feature of heterotic

string effective field theories. The supergravity Lagrangian terms containing the relevant

interactions are given by (5.86), disregarding contributions suppressed by the gaugino

masses. The decay width to the canonically-normalized gauge boson pairs is readily

evaluated, resulting in

Γ(T → gg) =
d2g,T
32π

(
NG

12

)
m3

M2
P

, (5.126)

where NG is the number of final states: NG = 12 for the Standard Model, and dg,T has

been defined in (5.91). The corresponding reheating temperature is

Treh = (3× 109 GeV) dg,T

(
NG

12

)1/2( g

915/4

)−1/4( m

10−5MP

)3/2

. (5.127)
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The coefficient dg,T might well be O(1), e.g., for a gauge kinetic function linear in T with

O(1) coefficients, in which case all other decay channels of the volume modulus T would

be overwhelmed by the decays to gauge bosons, and the reheating temperature would

be large. The effective reheating temperature generated by decays into gauge bosons

would exceed that due to decays into matter particles, (5.125), for any dg,T & O(1/30).
On the other hand, the decays of T to gauginos are subdominant. Our results differ

from the treatment of [192], in that in our case the mass of the modulus T is determined

not by the bilinear couplingW TT , which has a vanishing vev, but by the couplingW Tφ1

or W Tϕ1 . This results in an amplitude for decay to gauginos that is suppressed by ∆

relative to the amplitude for the decay to gauge bosons. Assuming for simplicity that

f(T ) is a holomorphic function with real coefficients, the corresponding decay rate is

Γ(T → g̃g̃) =
d2g∆

2

16π

(
NG

12

)
m3

M2
P

. (5.128)

A similar suppression for the decay to gauginos was seen in [248].



Chapter 6

Reheating constraints

A new generation of experiments on the CMB is providing detailed probes of models of

cosmological inflation. We showed in Section 2.9 how recent data from Planck provide a

very precise measurement of the scalar spectral index ns. The polarization results from

the Planck and BICEP2 experiments have focused attention on models that predict

relatively low values of the scalar-to-tensor ratio r, such as no-scale models, and a next

generation of B-mode polarization experiments is expected to produce results soon. The

emerging data on ns and r are beginning to impose interesting constraints on the number

of inflationary e-folds N∗, which depends on Treh and the equation of state during the

epoch of inflaton decay, which is conveniently characterized by the effective equation-

of-state parameter wint (see Section 2.4). The cosmological data are therefore starting

to impose supplementary constraints on inflationary models that may help discriminate

among no-scale scenarios, casting some light on the mechanism of inflaton decay, and

possibly supersymmetry breaking.

In this Chapter we study these connections in some detail, comparing analytic and

numerical calculations in Section 6.2 and evaluating wint, ρreh and hence N∗. In Sec-

tion 6.3 we apply these results in various Starobinsky-like no-scale inflationary models,

and in Section 6.4 we use the CMB bounds on ns and r to constrain N∗ and thereby pa-

rameters in scenarios for no-scale inflation. For clarity and convenience, in this Chapter

we restore all MP factors, unless explicitly stated. The analysis presented here is based

on the results published in [72, 73].
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6.1 Reheating and thermalization

6.1.1 Reheating after inflation

In Section 2.2 we introduced the simplest approach to study the transition between the

inflationary epoch and the subsequent radiation dominated era. It consists in assuming

an instantaneous decay of the inflaton at t = 1/Γφ where Γφ is the inflaton decay rate.

Before the decay, the Universe is dominated by the oscillations of the inflaton about the

minimum of the effective potential, which redshift as matter; the condition t = 1/Γφ is

then equivalent to Γφ = 3H/2, cf. (2.24). It is then assumed that the decay products

thermalize very rapidly [253]. In this case, one can define a reheating temperature from

the instantaneous conversion of the energy density in oscillations to that of radiation,

Treh =

(
30ρreh
π2greh

)1/4

, (6.1)

where ρreh denotes the energy density of radiation and greh denotes the effective number

of degrees of freedom at the ‘moment’ of reheating (see (2.7)).

In reality, the decay of the inflaton is a continuous process, and the conversion of

its energy density into the relativistic plasma is incomplete at t = 1/Γφ. A better

indicator to signal for the end of reheating is to assume that reheating is complete when

the energy density of the inflaton is negligible with respect to the density of the decay

products

Ωγ ≡
ργ

ρφ + ργ
= 1− δ , (6.2)

for some suitable δ ≪ 1. In what follows we will work under the assumption of instan-

taneous thermalization, meaning that the decay products compose a thermal plasma,

whose instantaneous temperature is

T =

(
30ργ
π2g(T )

)1/4

. (6.3)

During reheating, the evolution of the inflaton field φ and the relativistic decay

products can be described by the equations

φ̈+ 3Hφ̇+ Γφφ̇+ V ′ = 0 , (6.4)

ρ̇γ + 4Hργ = Γφρφ , (6.5)

ρφ + ργ = 3M2
PH

2 . (6.6)
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It is only after integration of these equations that the moment when the decay is com-

plete can be computed. However, we can find an approximate value when m ≫ Γφ,

where m is the mass of the inflaton, by averaging over the scalar field oscillations. The

average energy density of the inflaton then corresponds to 〈ρφ〉 = 〈φ̇2/2〉+ 〈V 〉 ≃ 〈φ̇2〉,
and the average equation of motion (6.4) simplifies to

ρ̇φ + 3Hρφ = −Γφρφ . (6.7)

These equations have an exact solution in terms of the scale factor,

ρφ(t) = ρend

(
a(t)

aend

)−3

e−Γφ(t−tend) , (6.8)

ργ(t) = ρend

(
a(t)

aend

)−4 ∫ Γφt

Γφtend

(
a(t′)
aend

)
euend−u

′

du′ , (6.9)

where the subscript indicates that the quantity is evaluated at the end of inflation, and

u = Γφt [254]. The energy density at the end of inflation is model-dependent, and we

will calculate it for Starobinsky and power-law potentials in Section 6.2.2 below.

The exact solution of the Friedmann equation during reheating is given by

ρ(t) = ρend

(
1 +

√
3

4
ρend (1 + w̄)

(
t− tend
MP

))−2

(6.10)

or, equivalently, by

H(t) =

(
3

2
(1 + w̄)(t− tend) +H−1

end

)−1

, (6.11)

where the time-averaged equation-of-state parameter w̄ of the radiation/inflaton fluid

is defined as

w̄(t) ≡ 1

t− tend

∫ t

tend

w(t′) dt′ . (6.12)

For a slowly-varying w̄(t), the scale factor at times t > tend can be approximated as

a(t)

aend
= exp

[∫ t

tend

H(t′) dt′
]
≃
(
1 +

√
3

4
ρend(1 + w̄)

(
t− tend
MP

)) 2
3(1+w̄)

. (6.13)

During the initial stages of inflaton decay and thermalization, scalar field oscillations

of the inflaton dominate and the equation-of-state parameter w ≈ 0. Substituting (6.13)



134

into (6.9), and introducing the quantities

v ≡ Γφ(t− tend) , A ≡ Γφ
m

(
3

4

ρend
m2M2

P

)−1/2

, (6.14)

we can write the energy density of the relativistic decay products at early times as

ργ ≃ ρend
( v
A

+ 1
)−8/3

∫ v

0

(
v′

A
+ 1

)2/3

e−v
′

dv′ , v ≪ 1 . (6.15)

The solution (6.15) predicts a maximum of the energy density of the decay products:

for A≪ 1 it corresponds to

vmax ≃ 0.80A ⇒ ργ,max ≃ 0.21Aρend . (6.16)

This in turn implies a maximum temperature of the dilute plasma after the start of

inflaton decay:

Tmax = 0.89

(
Aρend
g(Tmax)

)1/4

≃ 0.74

(
ΓφmM

2
P

gmax

)1/4

, (6.17)

where the second equality uses the value of ρend for the Starobinsky potential (see

(6.81)). Comparing Tmax with the reheat temperature defined in (2.26), we have

Tmax

Treh
= 0.52

(
grehm

gmaxΓφ

)1/4

, (6.18)

which correctly accounts for the peak of the temperature evolution shown in Fig. 6.1,

when the inflaton mass is taken to be m ≃ 10−5MP .

If the inflaton decay rate is small, the reheating epoch spans a considerable interval

of time, and treh ≫ tend. Therefore, during later stages of decay, the scale factor and

the Hubble parameter may be approximated by

a(t) ≃ aend
(√

3

4
ρend(1 + w̄)

(
t− tend
MP

)) 2
3(1+w̄)

, H ≃ 2

3(1 + w̄)(t− tend)
, (6.19)

where here and in what follows the time-averaged equation-of-state parameter is now

assumed to be the constant w̄ ≃ w̄(treh). We define treh as the time at which reheating

completes, that is, the time at which the fractional energy density remaining in the
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Figure 6.1: The temperature of the dilute plasma that would be formed if the inflaton decay
products thermalized instantaneously, as a function of v = Γφ(t−tend), for Γφ/MP = 10−12

and A ≃ 2.76 × 10−7 (corresponding to the Starobinsky potential (4.5)). The numerical
solution of equations (6.4)-(6.6) is shown as the solid blue curve. The dashed (dotted)
curve corresponds to the approximate solution (6.25) for v < 1 (v > 1). All results are
normalized relative to the reheating temperature derived from (6.82). We note the presence
of the peak in the temperature at vmax ≃ 2.2× 10−7, see Eq. (6.16).

inflaton field falls to a value δ ≪ 1, see Eq. (6.2). Using (6.19) the functional dependence

of treh on δ, as well as the value of w̄, can be computed through iteration, as we now show.

Consider as a first approximation w = 0, corresponding to the scalar field oscillations

in the absence of decay. In this case, the solution (6.8),(6.9) can be combined with the

constraint (6.2) to yield

δ−1 − 1 = evreh(vreh)
−2/3

∫ vreh

0
u2/3e−u du

= evreh(vreh)
−2/3γ(53 , vreh) ,

(6.20)

where in this context γ denotes the lower incomplete gamma function, and vreh =

Γφ(treh − tend). The relation (6.20) can be inverted numerically for any value of δ < 1.

For δ < 10−1, the solution is approximately given by

v
(0)
reh ≃ 0.754− 1.113 ln δ , (6.21)
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Figure 6.2: The effective equation-of-state parameters for Γφ = 10−4m as functions of the
end of reheating defined by the parameter δ in (6.2). The numerical data are shown as red
points, while the first-order and iterated approximations discussed in the text are displayed
as dashed and solid lines, respectively. Left panel: The time average w̄. Right panel: The
e-fold average wint.

where the upper index denotes the degree of the approximation. The first estimate for

w̄ may then be derived by noting that the equation of state evaluated over the scalar

field oscillations is just one third of the fraction of the total density provided by the

relativistic decay products of the inflaton:

〈w〉 =
1
2〈φ̇2〉 − 〈V 〉+ 1

3〈ργ〉
1
2〈φ̇2〉+ 〈V 〉+ 〈ργ〉

≃ ργ/3

ρφ + ργ
=

1

3
Ωγ . (6.22)

Therefore, the zeroth order approximation to the time average of w can be calculated

as

w̄(0) ≈ 1

3vreh

∫ vreh

0

γ(53 , u)

γ(53 , u) + u2/3e−u
du ≃ 0.271 , (6.23)

where for illustration purposes we have considered the end of reheating to occur when

δ = 0.002 in (6.2). The functional dependence of w̄(0) on δ is illustrated in the left panel

of Fig. 6.2 for the case of an inflaton decay rate Γφ = 10−4m.

The computed value of w̄(0)(δ) may be substituted in (6.19) to calculate a first-order

approximation to the reheating time, v
(1)
reh, which may in turn be used to evaluate w̄(1),
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Figure 6.3: The effective equation-of-state parameter w̄ as a function of the decay rate of
the inflaton. The data converge to the value w̄ = 0.271 for Γφ ≪ m.

and so on. This iterative procedure relaxes after a few steps, resulting in

v
(∞)
reh ≃ 0.655− 1.082 ln δ , (6.24)

and w̄(∞)(0.002) ≃ 0.273. This iterative solution is not sensitive to the initial choice of

w. We see in the left panel of Fig. 6.2 that w̄(∞), shown as the solid black line, agrees

very well with the results of integrating numerically the evolution equations, shown as

the red points. Numerical results for weff are shown in Fig. 6.3 as functions of the decay

rate of the inflaton. We see that the results converge to the value w̄ ≈ 0.271 for Γφ ≪ m,

a result consistent with the approximation (6.23).

Fig. 6.4 shows the time at which reheating ends as a function of the decay rate. We

see reasonable agreement between our analytical approximation (6.24) for δ = 0.002

(solid line) and exact results found by numerical evaluation of the equations of motion

(6.4)-(6.6), which are represented by yellow dots.

Having calculated w̄, one can then substitute (6.13) into (6.9) to obtain ργ at late

times. We can take into account the initial condition by matching the solution for

w = 0 (6.15) with the late solution for w = w̄. Choosing the matching point at v = 1
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Figure 6.4: A comparison between numerical and approximate analytical calculations of the
end of reheating as a function of the inflaton decay rate Γφ. The (yellow) dots are obtained
from the numerical integration of the equations of motion (6.4)-(6.6). The estimate (6.24)
with δ = 0.002 is represented by the solid line. The inset displays the fractional difference

between the approximate expression v
(∞)
reh and the exact numerical result.

(corresponding to t− tend = Γ−1
φ ), we obtain

ργ
ρend

≃





A2eA(v +A)−8/3
[
γ(53 , v +A)− γ(53 , A)

]
, v < 1 ,

1.44(1 + w̄)−2A2v−8/3(1+w̄)γ( 5+3w̄
3(1+w̄) , v) , v > 1 .

(6.25)

Fig. 6.1 shows the temperature evolution during reheating obtained from the appro-

ximate solution (6.25) and from the numerical solution of equations (6.4)-(6.6), where

the scalar potential has been chosen as the Starobinsky potential: we see excellent

agreement.

Fig. 6.5, shows the entropy during inflation, normalized to its final value Sfinal.

The entropy is small during the period of the bump in temperature seen in Fig. 6.1,

monotonically increasing until it is conserved after the end of reheating, for δ ≪ 1.

We see explicitly that the estimate treh ∼ Γ−1
φ , corresponding to v = 1, does not fully

account for the decay of the inflaton into relativistic degrees of freedom.
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Figure 6.5: The entropy S = sa3 as a function of v = Γφ(t − tend), for the same values
of Γφ and A as in Fig. 6.1. We note that reheating is still incomplete when v = 1, and
that the net entropy is conserved after reheating ends, for δ ≪ 1. The solid blue line is the
numerical result, and the dashed (dotted) curve corresponds to the approximate solution
(6.25) for v < 1 (v > 1).

6.1.2 The thermalization process

In the previous section we have assumed that the inflaton decay products thermalize

instantaneously. We now discuss this approximation, studying the relevant physical

processes and the timescale for the thermalization. The comoving energy density of the

inflaton condensate is not conserved during reheating, as it is evident from (6.8), and

the comoving number of zero-mode inflaton quanta at a time t is given by

Nφ(t) = Nende
−Γφ(t−tend) , (6.26)

where Nend = ρenda
3
end/m. Hence, at a given time t, the number of inflaton quanta that

has decayed in a given comoving volume a3 is given by

∆Nφ(t) = Nend

(
1− e−Γφ(t−tend)

)
. (6.27)

Up to a factor O(1), this is the same as the number of particles that are created by φ

decays. Therefore, in the limit in which the created particles are not interacting, their
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number density will be given by

np(t) ≃
ρend
m

(
1− e−Γφ(t−tend)

)
×
(
a(t)

aend

)−3

. (6.28)

This number density should be compared to the thermal one, given by

nth(t) =
ζ(3)

π2
g̃(T )

(
30ργ(t)

π2g(T )

)3/4

, (6.29)

where g̃ ≡ ∑
B gB + 3

4

∑
F gF denotes the effective number of relativistic degrees of

freedom contributing to the number density. From this result and from (6.25) we obtain

nth
np

≃ 0.28
g̃(T )

g(T )3/4
m

ρ
1/4
end

e
3A
4

(
γ
(
5
3 , A+ v

)
− γ

(
5
3 , A

))3/4
√
A (1− e−v)

≃ 0.26
g̃(T )

g(T )3/4
m

(ΓφMP )1/2
γ
(
5
3 , v
)3/4

1− e−v , (6.30)

where the first expression assumes v . 1, while the second line assumes A≪ v . 1. We

can simplify this expression by noting that the last factor in (6.30) interpolates between

0.68 v1/4 at v ≪ 1 and 0.69 at v = 1. With the MSSM values for the effective degrees

of freedom, g(T ) = 915/4, g̃(T ) = 427/2, and parametrizing the inflaton decay rate as

Γφ = m|y|2/8π, we obtain

nth
np
≃ 3.2 v1/4

√
m

|y| √MP
, A≪ v . 1 . (6.31)

For m ≃ 10−5MP , we thus see that, if they do not interact, the decay products are in a

regime of ‘under-occupation’ with respect to the thermal case (namely, nth/np > 1) for

|y| . O
(
10−2

)
v1/4; since v < vmax ∼ |y|2/8π, this is equivalent to |y| . O

(
10−5

)
for

v > vmax. As we discussed in Section 5.2, this is typically the case in no-scale models.

We conclude that processes that increase the number of quanta need to be effective for

thermalization to take place. We now consider some mechanisms for thermalization of

the inflaton decay products.

Large-angle scattering

As we discussed in the previous section, number-increasing processes are necessary to

thermalize the relativistic decay products of the inflaton. However, elastic scatterings

are also of interest, since they can bring the plasma into kinetic equilibrium.
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We start by considering the 2 ↔ 2 elastic scatterings among the decay products.

The cross section decreases as the square of the transfer momentum, which, at large

angle, is of the order of the momentum of the incoming particles, σ ∼ α2/p2, where α

denotes the coupling strength. Therefore the rate is greatest for the particles produced

at the earliest time, once their energy redshifts from the initial O (m) energy to

predshifted ≃
m

2

aend
a (t)

≃ m1/3

2 (t− tend)2/3
, t− tend ≫ m−1 . (6.32)

One could then imagine that the redshifted inflaton decay products can thermalize

among themselves, and that more energetic particles, produced by later inflaton decay,

can in turn thermalize by interacting with this soft, thermalized tail after it has reached

equilibrium [255]. However, one needs to take into account that, at any moment during

the decay of the inflaton, hard particles with p ∼ m (namely, those produced around that

moment) are more abundant than the previously-produced redshifted decay products.

At any given time, the spectrum of the decay products can be found approximately by

solving the Boltzmann transport equation in the absence of interactions:1

∂fp
∂t
−Hp∂fp

∂p
≃ 0 , (6.33)

where fp(t) denotes the distribution density of the decay products, np =
gp

(2π)3

∫
d3p fp.

When thermalization is complete this distribution density depends on time only through

the temperature, fp ∼ e−p/T . The solution of equation (6.33) that matches the early

time limit of (6.28) using (6.13), A≪ v ≪ 1, namely

np ≃
4Γ2

φM
2
p

3mv
, (6.34)

is

fp(t) =
8
√
2π2

gp

Γ2
φM

2
P

m4

(
m

p

)3/2

v−1 , (6.35)

which implies a spectrum of the form dn
dp ∼

Γ2
φM

2
pp

1/2

m5/2v
. It follows that the large-angle

scattering cross section is IR dominated:

Γelas

H
=

1

H

∫
σ dn ≃ 1

H

∫ m
2

predshifted

dp
dn

dp

α2

p2
≃ α2

(
MP

m

)2(Γφ
m

)2/3

v1/3 . (6.36)

1 See Appendix D for a review. To allow for simpler expressions, we denote here the momentum
dependence of the distribution functions by a subscript, f(p, t) → fp(t).
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Assuming m ≃ 10−5MP and scattering mediated by the strong interaction, the ratio

(6.36) shows that 2↔ 2 processes can achieve kinetic equilibrium at v < 1, if the decay

rate is Γφ & 0.05m3/M2
P . However, as we previously showed, in some no-scale models

the inflaton decay rate lies below this bound.

When the rate of the 2↔ 2 scatterings is too small, processes that increase particle

number must be effective, not only to increase the overall number density to the thermal

one, but also to produce soft particles efficiently, if one hopes to thermalize the plasma

before the end of reheating. At large angles, the rate for 2 → 3 splitting, which is the

most efficient inelastic process, may be approximated by σ ∼ α3/p2 [253]. We can then

mirror the analysis leading to (6.36), but with a rate further suppressed by an extra

factor of α. Under the same assumptions, thermalization would occur before v = 1 only

if Γφ & 4.4m3/M2
P . We conclude that, for a decay rate of the inflaton arising from

Planck-suppressed interactions, thermalization before the end of reheating generically

does not occur via large-angle scattering processes, since (1) not enough particles can

be created to populate the thermal bath, and (2) the spectrum of the existing decay

products remains too hard. However, as we discuss in the following subsection, these

two shortcomings can be cured by considering the small-angle scattering of the inflaton

decay products.

Small-angle scattering

At small angles, the momentum transfer vanishes, and so the cross section is in general

infrared divergent in the vacuum. Due to the increase of the rate, a more careful kinetic-

theory approach than the one used in the previous subsection has to be adopted [256].

The Boltzmann equation controls the evolution of the (uncorrelated) one-particle distri-

bution functions under the assumption that the relaxation time is much larger than the

collision time, so there is no interference between successive scatterings. However, this

assumption is not valid in gauge theories, as the mean free time between small-angle scat-

terings in a thermal bath can be shown to be of the same order as the time for formation

of a bremsstrahlung gauge boson, τ ∼ 1/g2T [257]. This results in a suppression of the

bremsstrahlung rate, since now several successive small-angle collisions become virtu-

ally indistinguishable from a single collision (the Landau-Pomeranchuk-Migdal (LPM)
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effect) [258–261]. Nevertheless, the introduction of the full Bogoliubov-Born-Green-

Kirkwood-Yvon (BBGKY) hierarchy of equations for a system of interacting particles

can be avoided by setting up an effective Boltzmann equation, which can be written

schematically as [256]

∂fp
∂t
−Hp∂fp

∂p
=

∣∣∣∣∣

∣∣∣∣∣

2

+

∣∣∣∣∣

∣∣∣∣∣

2

+ · · ·

≡ −C2↔2[fp]− C“1↔2”[fp] + · · · (6.37)

The leading-order processes are illustrated on the right-hand side of (6.37): elastic 2↔ 2

scattering, and near-collinear 1+N ↔ 2+N particle-splitting processes. The LPM effect

is taken into account by using an effective splitting rate that sums up all interferences

in the bremsstrahlung process. The elastic term can be immediately written as

C2↔2[fp] =
1

2

∫
d3k d3p′ d3k′

(2π)9
|M(p, k; p′, k′)|2

(2p0)(2k0)(2p′0)(2k
′
0)
(2π)4δ(4)(p+ k − p′ − k′)

×
{
fpfk[1± fp′ ][1± fk′ ]− fp′fk′ [1± fp][1± fk]

}
, (6.38)

(see Appendix D). The form of the inelastic term can be deduced by considering the

production of soft electromagnetic radiation, for simplicity. The transition rate for the

creation of a photon with momentum k and polarization ǫµ by a current jµ in the plasma

is given by [262,263]

|Sfi|2 = (2π)4δ(4)(pf + k − pi)
∑

λ

ǫ∗µ(k, λ)ǫν(k, λ)
∫
d4x e−ik·x〈jµ(0)jν(x)〉 (6.39)

≡ (2π)4δ(4)(pf + k − pi)
∑

λ

ǫ∗µ(k, λ)ǫν(k, λ)W
µν(k) , (6.40)

where the brackets denote the sum and average over final and initial states

〈jµ(0)jν(x)〉 ≡
∑

i,f

Pi 〈i|jµ(0)|f〉〈f |jν(x)|i〉 , (6.41)

with P denoting the corresponding density matrix. The inelastic collision term in (6.37)

can then be written as

C1↔2[f ] =

∫
d3k

(2π)28|p||k|

[
∑

λ

ǫ∗µ(k, λ)ǫν(k, λ)W
µν(k)

]
δ(p0 − k0 − |p− k|)

|p− k|

×
{
fp[1± fp−k][1 + fγk ]− fp−kf

γ
k [1± fp]

}
. (6.42)
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For small masses (compared to their energies), the particles are very nearly collinear,

and we can integrate over the transverse components of the momentum to obtain

C1↔2[f ] ≃
∫

dk

(2π)8|p|2

[
∑

λ

ǫ∗µ(k, λ)ǫν(k, λ)W
µν(k)

]

×
{
fp[1± fp−k][1 + fγk ]− fp−kf

γ
k [1± fp)]

}
, (6.43)

where we have ignored the deviations from collinearity in the distribution functions and

the production amplitude. Expression (6.43) can be considered the basis of an effective

“1↔ 2” collision term for any near-collinear 1 +N ↔ 2 +N , by writing

C“1↔2”[fp] =

∫
dk

(2π)8p2
γ(p; k)

{
fp[1± fp−k][1 + fk]− fp−kfk[1± fp]

}
. (6.44)

where the factor γ(p; k) now implicitly depends on the distribution functions of the N

scatterers, including the phase-space integration and all necessary symmetry factors.

The relationship of γ(p; k) to the differential photon production rate can be found by

performing an analogous calculation for the corresponding collision term for the photon

distribution functions

C“1↔2”
prod [fγ ] =

[1 + fγk ]

16πk2

∫
dp γ(p; k) fp[1± fp−k] ≡

dΓLPM
γ

d3k
. (6.45)

Let us first discuss first the consequences of this for the elastic term. In particular,

we consider as an example gluon-gluon scattering: g (p) + g (k) → g (p′) + g (k′). The

gluon-gluon elastic scattering amplitude is

|M|2 ∼ α2

(
3− su

t2
− st

u2
− tu

s2

)
. (6.46)

In the vacuum case, this leads to a IR-divergent rescaled squared amplitude:

|M(p, k; p′, k′)|2 = |M(p, k; p′, k′)|2
(2p0)(2k0)(2p′0)(2k

′
0)
∼ α2

(q2⊥)
2
, (6.47)

in the limit of small momentum exchange q⊥ = |p − p′|⊥; the cross section, σ ∼
∫
d2q⊥|M |2 is therefore divergent. In the plasma, this divergence can be tamed by

including the medium-dependent self-energy (due to successive scatterings) in the ex-

change line of the corresponding diagram in (6.37) [264]:

|M |2 ∼ α2

q2⊥(q
2
⊥ +m2

s)
, (6.48)
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where ms denotes the screening scale, m2
s ∼ α

∫
d3p fp/p, which scales as αT 2 once

thermal equilibrium has been established. With the elastic scattering rate given by

Γelas ∼
∫
d3p d3p′ d3k′ |M |2 δ(4)(p+ k − p′ − k′) fp[1± fp′ ][1± fk′ ] (6.49)

one then finds that, for q⊥ ≪ |p| [264],

Γelas ∼
∫
d2q⊥

α2

q2⊥(q
2
⊥ +m2

s)

∫
d3p fp)[1± fp][1± fk] (6.50)

∼ α2

m2
s

∫
d3p fp[1± fp][1± fk] . (6.51)

Even assuming that 1 ± fp ∼ O(1), we find a rate Γelas ∼ αp ∼ αm, which is much

larger than H ≃ 2Γφ/3v long before the end of reheating, for any decay rate Γφ/m≪ α.

As we see below, number-increasing processes also become effective, leading to fp ≫ 1

(and thus to a even greater elastic cross section) in the bosonic case. Even though

elastic processes do not increase the number of quanta, they can effectively redistribute

energies towards kinetic equilibrium.

Let us now discuss number-increasing processes. We focus the discussion on the pro-

duction of “hard” gauge bosons, namely of a gauge boson that carries a non-negligible

fraction of the energy E of the primary particle. If such processes are efficient, their

combined effect thermalizes the decay products by increasing the total number of quanta

(pushing the ratio (6.30) towards unity) and by decreasing the average energy per quan-

tum. Namely, a hard primary loses energy by emitting a gauge boson with comparable,

but softer, momentum E, which, during a time comparable to its creation time tγ , splits

in turn into two gauge bosons with comparable momenta (the so-called hard branch-

ing). The products of this branching quickly cascade further, giving their energy to the

thermal bath [265].

The leading-order contribution to hard-photon production from near-collinear bremss-

trahlung and pair annihilation including the LPM effect was calculated in [263], as well

as the rate in the non-Abelian case. The time scale of the LPM effect can be deduced

from the qualitative behavior of the solutions for γ(p; k) (as done for example in [266] in

the equilibrium case), or equivalently from a semi-classical analysis. The result is that

the typical time tγ needed for a near-collinear emission of a hard gauge boson can be
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estimated as

tγ ∼
√
τE

q2⊥
, (6.52)

where τ is the mean time between collisions between the primary and the plasma; this

expression is valid for tγ . E/q2⊥ [264].2

We now specialize to the hard particles with E ∼ m produced in inflaton decay with

distribution function (6.35). In the non-equilibrium case, the mean free time between

small-angle scatterings, with momentum transfer of order q⊥ ∼ ms, scales as [263]

τ−1 ∼ α2

m2
s
np. To estimate when the number-increasing scatterings become effective, we

use the expression (6.34) for the number density ni of the hard decay products, and

m2
s ∼ α

Γ2
φM

2
P

m2
v−1 , (6.53)

for the screening mass scale. This results in the following time-dependent production

rate for a hard photon or gluon:

Γγ, hard
H

∼ α
(
MP

m

)
v1/2 , (6.54)

which is≫ 1 much earlier than the end of reheating. Therefore, complete thermalization

can take place long before the start of the radiation-dominated era. It is worth noting

that the hard gauge boson emission time-scale (and therefore the thermalization time-

scale) is in general vhard > vmax, which implies that the maximum temperature of the

relativistic plasma during the reheating era is model-dependent and smaller than the

maximum temperature Tmax (6.17) assuming instantaneous thermalization.

A more detailed account of the thermalization process, tracking the phase-space

distributions of the hard and soft sectors, can be found in [267, 268]. The production

of soft particles emitted from the hard primaries turns out to be very efficient after a

time tini ≪ treh, and these (over-populated) soft products eventually produce a fully

thermalized background at tsoft, that is capable of cooling down the more energetic

2 For the creation of a hard boson, this condition is equivalent to Γφ . ( m
2

MP

)v1/2 ≃ 105( m
3

M2

P

)v1/2.
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particles for t > tmax. The relevant scales can be written as [267,268]

vini = α−1

(
Γφm

M2
P

)1/2

,

vsoft = α−3

(
Γφm

M2
P

)1/2

,

vmax = α−16/5

(
Γφm

2

M3
P

)2/5

,

(6.55)

in terms of which the effective temperature of the soft sector (and the complete plasma

after vmax) can be approximated by

(
π2g

24

)1/4
T

m
≃





α1/2

(
ΓφM

2
P

m3

)1/2(
v

vini

)−1/4

, vini . v . vsoft

α

(
ΓφM

2
P

m3

)1/2(
v

vsoft

)
, vsoft . v . vmax

α4/5

(
ΓφM

2
P

m3

)2/5(
v

vmax

)−1/4

, vmax . v . 1

(6.56)

The third line of (6.56) is simply the small v approximation of (6.25) with A≪ 1, namely

ργ ≃ 4
5(ΓφMP )

2v−1, substituted into (6.3). It is worth noting that the timescale vmax is

parametrically of the same order of magnitude or smaller than the scale of hard-boson

emission vhard for a Planck-suppressed decay rate. The previous results also imply that

the maximum temperature during the reheating era corresponds to

Tmax ≃





α1/2

(
ΓφM

2
P

m3

)1/2

, Γφ > α3 m
3

M2
P

α4/5

(
ΓφM

2
P

m3

)2/5

, Γφ < α3 m
3

M2
P

,

(6.57)

rather than to (6.17).
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6.2 The number of e-folds in no-scale inflation

As it was shown in Section 2.4, in the slow-roll approximation and assuming entropy

conservation after reheating, the number of e-folds to the end of inflation can be ex-

pressed as

N∗ = 66.9−ln
(

k∗
a0H0

)
+
1

4
ln

(
V 2
∗

M4
Pρend

)
+

1− 3wint

12(1 + wint)
ln

(
ρreh
ρend

)
− 1

12
ln greh , (6.58)

where k∗ is the wave number at the reference scale, a0 and H0 are the present cos-

mological scale factor and Hubble expansion rate, respectively, V∗ is the inflationary

energy density at the reference scale, ρend and ρreh are the energy densities at the end of

inflation and after reheating, wint is the e-fold average of the equation-of-state parameter

during the thermalization epoch, and greh is the number of equivalent bosonic degrees

of freedom after reheating: ρreh = (π2/30)grehT
4
reh.

We now discuss the evaluations of the quantities appearing in (6.58), with an initial

focus on Starobinsky-like models of inflation that we extend later to related no-scale

models.

6.2.1 The inflationary energy density V∗

The Starobinsky potential (4.5) is nearly scale-invariant for large values of the inflaton

field φ: for φ ≫ MP , V ≃ 3
4m

2M2
P . This value is therefore a good first approximation

to V∗. We can refine this value by recalling from (2.23) that the number of e-folds of

inflation may be calculated in the slow-roll approximation as

N∗ ≃ −
1

M2
P

∫ φend

φ∗

V

V ′ dφ (6.59)

=

√
6

4MP
(φend − φ∗)−

3

4

(
e

√

2
3

φend
MP − e

√

2
3
φ∗
MP

)
, (6.60)

where φ∗ and φend are the values of the inflaton field at the reference scale k∗ and the

end of inflation, respectively, and the prime denotes differentiation with respect to φ.

Equation (6.60) may be inverted to obtain φ∗ in terms of the lower Lambert function

W−1(x). In practice, the asymptotic form W−1(x) = ln(−x) − ln(− ln(−x)) + · · · is
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sufficient to obtain a good estimate for φ∗, namely

φ∗ ≃
√

3

2
MP ln

[
4

3
N∗ −

√
2

3

φend
MP

+ e

√

2
3

φend
MP

]
. (6.61)

This in turn implies that

V∗ ≃
3

4
m2M2

P


1− 3

4N∗ −
√
6φendMP

+ 3e

√

2
3

φend
MP




2

. (6.62)

In the range 50 < N∗ < 70, this yields 0.728m2M2
P < V∗ < 0.734m2M2

P , a result that is

in good agreement with the more exact values that we obtain from numerical integration

of the equations of motion.

The mass of the scalar field is not arbitrary, but is determined from the amplitude

of the scalar power spectrum. At horizon crossing, the amplitude may be evaluated in

the slow-roll approximation to be

AS∗ ≃
V 3
∗

12π2M6
P (V

′∗)2
=

3

8π2

(
m

MP

)2

sinh4
(

φ∗√
6MP

)
. (6.63)

Using the approximation (6.61), this relation may be inverted to solve for the mass of

the inflaton field,

m ≃ 8πMP

√
2AS∗
3

4
3N∗ −

√
2
3
φend
MP

+ e

√

2
3

φend
MP

(
4
3N∗ −

√
2
3
φend
MP

+ e

√

2
3

φend
MP − 1

)2 . (6.64)

In the range 50 < N∗ < 70 and using ln(1010AS∗) = 3.094 (2.135), this corresponds to

1.218 < 105(m/MP ) < 1.464 . (6.65)

Substitution in (6.62) leads to our final expression for the energy density at horizon

crossing,

V∗ ≃
18π2AS∗M4

P(
N∗ −

√
3
8
φend
MP

+ 3
4(e

√

2
3

φend
MP − 1)

)2 , (6.66)

which we use in our subsequent analysis.
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6.2.2 The energy density ρend

In the case of single-field inflation, the evolution of the homogeneous, canonically-

normalized scalar φ in the presence of a spatially-flat Friedmann-Robertson-Walker

geometry is governed by the equations

φ̈+ 3Hφ̇+ V ′(φ) = 0 , (6.67)

1

2
φ̇2 + V (φ) = 3M2

PH
2 , (6.68)

where H is the Hubble parameter. Differentiating (6.68) with respect to time and

substituting (6.67) yields the relation

Ḣ = − φ̇2

2M2
P

. (6.69)

Using (6.69), the time dependence can be eliminated from the Friedmann equation,

which leads to the Hamilton-Jacobi form of the equations of motion,

[H ′(φ)]2 − 3

2M2
P

H(φ)2 = − 1

2M4
P

V (φ) , (6.70)

φ̇ = −2M2
PH

′(φ) . (6.71)

The Hubble slow-roll parameters are defined by

ǫH(φ) ≡ 2M2
P

(
H ′(φ)
H(φ)

)2

= ǫ1 , (6.72)

ηH(φ) ≡ 2M2
P

H ′′(φ)
H(φ)

= ǫ1 −
ǫ2
2
, (6.73)

where ǫ1,2 are the first and second Hubble flow-functions, ǫ1 ≡ −Ḣ/H2, ǫi+1 ≡ ǫ̇i/(Hǫi)
defined in (2.19). In terms of these parameters, the condition for inflation to occur is

precisely

ä > 0 ⇐⇒ ǫH < 1 , (6.74)

which implies that inflation ends when ǫH = 1.

Alternatively, one can consider the conventional potential slow-roll parameters (2.21)

and (2.22), which are fully determined by the shape of the inflationary potential. They
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can be expressed in terms of the slow-roll parameters via the relations

ǫV = ǫH

(
3− ηH
3− ǫH

)2

, (6.75)

ηV = (2M2
P ǫH)

1/2 η′H
3− ǫH

+

(
3− ηH
3− ǫH

)
(ǫH + ηH) , (6.76)

which show that ǫV = 1 is only a first-order approximation at the end of inflation. It

can be shown that the first term in (6.76) is of higher order in slow roll [269]. Neglecting

this term, we can eliminate ηH from equations (6.75, 6.76) at the end of inflation, to

obtain

End of inflation: ǫV ≃ (1 +
√
1− ηV /2)2 , (6.77)

which can be used to calculate φend.

This equation involves the scalar potential and its first two derivatives, and can be

solved in closed form in the case of a power-law potential V = a(φ/MP )
n, yielding

Power-law: φend ≃
(
2n− 1

2
√
2

)
MP . (6.78)

This deviates from the exact result found by numerical integration of the equations of

motion (6.67,6.68) by less than 5% for n ≥ 1. In the case of the Starobinsky potential,

in a leading-order analytic approximation the end of inflation is reached when

Starobinsky: φend ≃
√

3

2
ln

(
2

11
(4 + 3

√
3)

)
MP ≃ 0.630MP , (6.79)

which is to be compared to the more exact value φend = 0.615MP obtained by the

numerical integration of the Friedmann and Klein-Gordon equations.

The energy density at the end of inflation may then be obtained in a straightforward

way by noting that the slow-roll parameter ǫH can be rewritten as ǫH = 3
2(1+w), where

w ≡ p/ρ is the equation-of-state parameter. When inflation ends, w = −1/3, which
implies

φ̇2end = V (φend) . (6.80)

In the two cases discussed above, this may be evaluated to obtain

ρend ≃




Power-law: 3a

2

(
2n−1
2
√
2

)n
,

Starobinsky: 9
8

(
1− 11

2(4+3
√
3)

)2
m2M2

P ≃ 0.182m2M2
P .

(6.81)
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The latter can be compared with ρend = 0.175m2M2
P , which is obtained if we use

the exact result for the Starobinsky potential, corresponding to the Hubble parameter

Hend = 0.242 m.

6.2.3 The energy density at reheating ρreh

Section 6.1.1 contains all the necessary ingredients to calculate the energy density at

the end of reheating ρreh. It may simply be approximated by (6.10) with vreh given by

(6.24),

ρreh ≃
4

3

[
MP

(1 + weff)(treh − tend)

]2
=

4

3
(1 + weff)

−2M2
PΓ

2
φ(0.655− 1.082 ln δ)−2 . (6.82)

As we discussed before, the plasma thermalizes much earlier than vreh. The correspond-

ing reheating temperature Treh, which in this context corresponds to the temperature

when the fractional energy density remaining in the inflaton field falls to a value δ ≪ 1,

is given by (6.1), where the number of degrees of freedom greh would be 915/4 for Treh

above all the sparticle masses m̃ and falling at lower Treh, e.g., to greh = 427/4 for

mt < Treh < m̃. It is important to notice that (6.1) with ρreh given by (6.82) leads to a

result different from the naive expression (2.26).

The energy density at the end of reheating is displayed in Fig. 6.6, together with the

approximation (6.82) with the value of w̄ that is determined by numerical integration.

It is evident that the approximate expression is a good fit for the data, with a deviation

. 3% for Γφ ≪ m, as shown in the insert in Fig. 6.6.

6.2.4 Result for N∗

Using the previous results, we can rewrite (6.58) for Starobinsky-like models in the form

N∗ = 68.66− ln

(
k∗
a0H0

)
+

1

4
ln (AS∗)−

1

2
ln

(
N∗ −

√
3

8

φend
MP

+
3

4
e

√

2
3

φend
MP

)

+
1− 3wint

12(1 + wint)

(
2.030 + 2 ln (Γφ/m)− 2 ln(1 + weff)− 2 ln(0.655− 1.082 ln δ)

)

(6.83)

− 1

12
ln gth .
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Figure 6.6: Comparison between numerical and approximate analytical calculations of the
energy density at the end of reheating as a function of the inflaton decay rate Γφ. The
(yellow) dots are obtained by numerical integration of the equations of motion (6.4)-(6.6).
The solid line corresponds to the approximation (6.82) with the value of w̄ found by numerical
integration. The inset displays the difference between the approximate expression and the
exact numerical result.

If we define

N1 = 68.66− ln

(
k∗
a0H0

)
+

1

4
ln (AS∗)−

1

12
ln gth

+
1− 3wint

12(1 + wint)

(
2.030 + 2 ln (Γφ/m)− 2 ln(1 + weff)− 2 ln(0.655− 1.082 ln δ)

)
,

(6.84)

N2 = −
√

3

8

φend
MP

+
3

4
e

√

2
3

φend
MP ≃ 0.86 , (6.85)

then (6.83) can be inverted in terms of the (upper) Lambert function W0, resulting in

N∗ =
1

2
W0

(
2e2(N1+N2)

)
−N2 (6.86)

= N1 +
1

2
ln 2− 1

2
ln (2(N1 +N2) + ln 2) + · · · (6.87)

which is the basis for our subsequent analysis. This expression for N∗ depends explicitly

on the decay rate of the inflaton, Γφ, and also implicitly, since its value affects the

effective equation of state during thermalization, as characterized by the e-fold average
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parameter wint(Γφ) as well as the time average weff(Γφ) introduced previously. In the

previous section we have derived an estimate for weff , finding that it has a universal

value for Γφ ≪ m. The e-fold average of the equation of state wint was defined in (2.42),

and is given by the time average of w weighted by the Hubble parameter,

wint ≡
1

Nreh(δ)−Nend

∫ Nreh(δ)

Nend

w(n) dn =
1

Nreh(δ)−Nend

∫ treh(δ)

tend

w(t)H(t) dt . (6.88)

Following the same procedure for weff , we can approximate wint as

w
(0)
int ≈

1

3 ln
(√

3
4ρend

vreh
ΓφMP

)
∫ vreh

0

γ(53 , u)

γ(53 , u) + u2/3e−u
du

u
≃ 0.731

ln(2.67m/Γφ)
, (6.89)

w
(∞)
int ≈

0.743

ln(3.40m/Γφ)
, (6.90)

for Γφ ≪ m and δ = 0.002.

The previous semi-analytical results can be compared with the results of numerical

integration of the equations (6.4)-(6.6). The dependence on the parameter δ of the

effective e-fold-averaged equation-of-state parameter wint is shown in the right panel of

Fig. 6.2. Iteration from the first-order analytic approximation to the e-fold-averaged

parameter wint does not converge as rapidly as that for the time-averaged parameter

weff (shown in the left panel of Fig. 6.2 and in Fig. 6.3). We see that the δ-dependence

of the iterated approximation w
(∞)
int for Γφ/m = 10−4(solid line) mirrors that of the

numerical solution (red dots), though with a fractional offset . 10%.

Fig. 6.7 shows numerical values of wint together with the estimate (6.90) as a function

of Γφ/m. Also displayed is a fit to the data, given by the equation

wint =
0.782

ln(2.096m/Γφ)
. (6.91)

However, as already seen in the right panel of Fig. 6.2, the fractional difference between

the numerical result and the iterated analytic approximation decreases as Γφ/m → 0,

as seen in the insert in Fig. 6.7, and is . 10% for the range of Γφ/m of interest for our

subsequent analysis.
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Figure 6.7: The effective equation-of-state parameter wint as a function of the decay rate of
the inflaton. The solid line corresponds to the fit (6.91) to the data on the average of w, and
the dashed line represents the estimate (6.90). The inset displays the fractional difference
between this approximate expression and the fit (6.91), which is small for Γφ ≪ m.

6.3 The number of e-folds in representative no-scale infla-

tion models

The preceding Section shows that we have good numerical and analytic control over

the inflaton decay and reheating process, which we now use to calculate the number of

e-folds N∗ in some representative no-scale models of inflation.

We see from (6.83) that N∗ depends on Γφ both explicitly and implicitly via the

dependences in wint and w̄, which have been shown in (6.91) and Figs. 6.3 and 6.7. We

use these in the general expression (6.83) to calculate N∗ as a function of Γφ. For this

purpose, we use the Planck pivot point k∗ = 0.05/Mpc, corresponding to k∗/a0H0 = 221,

and take the MSSM value of greh = 915/4. Fig. 6.8 displays the calculated value of N∗

over a wide range of Γφ, parametrized by

Γφ = m
|y|2
8π

, (6.92)

with a coupling ranging from y = 1 to the value y ≃ 10−16, in which the latter would
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correspond to a reheating temperature Treh ≃ 10 MeV, below which the successful con-

ventional Big Bang nucleosynthesis calculations would need to be modified substantially.

Within this overall range, we discuss the values of N∗ found in specific no-scale models

whose inflaton decays were discussed in Section 5.2.

6.3.1 Decays via superpotential couplings

For one class of models discussed in Section 5.2, the inflaton was identified as an un-

twisted matter field in some suitable string compactification, with direct decays to

matter particles via a Yukawa-like superpotential coupling. One possible realization

of this scenario would be to identify the inflaton as a singlet (right-handed) sneutrino

with a superpotential coupling to light Higgs and lepton doublets given by (5.63). The

perturbative decay rate of such a sneutrino inflaton corresponds to (6.92) with y iden-

tified as the neutrino Yukawa coupling yν (see Eq. (5.72) and (5.77)). We use this as

a representative of the broader class of matter inflatons that decay directly to matter

particles via trilinear superpotential couplings.

Within the sneutrino inflation scenario, one might wish to consider values of yν . 1,

the upper limit corresponding to a value of the Yukawa coupling similar to that of the

top quark. In this case, we estimate

y ≃ 1 : N∗ ≃ 55.5 , (6.93)

as shown by the vertical red line in Fig. 6.8.3 Such a large value of y would reheat

the Universe to a very high temperature Treh ∼ 1014 GeV, which would lead to an

overproduction of gravitinos whose decays could aversely affect big bang nucleosynthesis

and could overpopulate the Universe with dark matter particles (see Section 7.4). To

avoid this overproduction, one should require yν . 10−5. For the upper limit in this

case, we estimate

y ≃ 10−5 : N∗ ≃ 51.7 , (6.94)

as shown by the vertical green line in Fig. 6.8. On the other hand, as discussed above, the

smallest value of y consistent with conventional Big Bang nucleosynthesis is y ≃ 10−16,

3 If y & 1, so that the reheating temperature becomes comparable to the inflaton mass, thermal and
non-perturbative effects may become important [270,271]. However, as discussed in the main text, this
case is not important for our discussion.
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Figure 6.8: The values of N∗ in no-scale Starobinsky-like models as a function of Γφ/m,
for a wide range of decay rates. The diagonal red line segment shows the full numerical
results at δ = 0.002 over a restricted range of Γφ/m, which are shown in more detail in
the insert, and the diagonal blue strip represents the analytical approximation (6.86) for
10−3 < δ < 10−1. The difference between the results from evaluating wint via the iterative
procedure and through the analytical approximation in the fit (6.91) are indistinguishable in
the main plot, but are visible in the insert, where the solid black line corresponds to (6.91).
The right vertical axis shows the values of ns in Starobinsky-like no-scale models, for which
the tensor-to-scalar ratio varies over the range 0.0034 < r < 0.0057 for N∗ in the displayed
range. The vertical colored lines correspond to the specific models discussed in Section 6.3,
and the horizontal yellow (blue) lines show the 68 and 95% CL lower limits from the Planck
2015 data, which vary slightly in related no-scale models, as discussed in Section 6.4.
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in which case

y ≃ 10−16 : N∗ ≃ 43.4 , (6.95)

as shown by the vertical purple line in Fig. 6.8. The above range of couplings includes

possible gravitational decays of the inflaton.4 We discuss below the compatibility of

these predictions with the Planck data, shown as the horizontal yellow and blue lines in

Fig. 6.8.

6.3.2 Decays via gravitational-strength couplings

There is another class of no-scale models in which the the inflaton decays via couplings

that are suppressed by one or more powers ofMP , which we exemplify here by examples

in which the compactification volume modulus T is identified as the inflaton. For

instance, as discussed in Section 5.2.2, there are decays into three-body tt̄H and related

final states with rate (5.114), namely

Γ(T → H0
utLt̄R, t̃LH̃

0
u t̄R,

¯̃tRtLH̃
0
u) = (2nt + nH − 3)2

|yt|2m3

12(8π)3M2
P

,

where nt and nH are modular weights that are O(1). Since yt = O(1) andm ≃ 10−5MP ,

this example corresponds to

3− body decay :
ΓT
m
≃ 5× 10−16 . (6.96)

In this case we find

3− body decay : N∗ ≃ 50.3 , (6.97)

as shown by the vertical pale blue line in Fig. 6.8. For nt 6= 1 and nH 6= 1, this three

body rate dominates over other decays of T to matter fields. When nt = nH = 1, this

rate is suppressed by an additional factor of (m3/2/MP )
2 as discussed in [220]. Other

decay rates to matter fields are also suppressed by powers of the weak scale over the

mass of the volume modulus.

However, such three-body decays may be dominated by two-body inflaton decays

into pairs of gauge bosons if the gauge kinetic function fαβ has a non-trivial dependence

4 As was discussed in Section 5.2.1, another possibility in such a matter inflaton scenario would be
a superpotential coupling of the form ζ(T − 1/2)2φ, which would yield decays into T fields with a rate
Γφ = m|ζ|2/(36π). The results for different values of y discussed below could also be applied to this
case, by simply replacing y → ζ

√
2/3.
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on the volume modulus. In this case, the decay into Standard Model gauge bosons g

has the rate (5.126), that is

Γ(T → gg) =
d2g,Tm

3

32πM2
P

,

(where dg,T was defined in (5.91)) corresponding to

Decays into gauge bosons :
ΓT
m
≃

d2g,T
32π

m2 . (6.98)

In the absence of a direct coupling, decays of T to gauge bosons and gauginos could

still occur through anomalies though these would be loop suppressed [220]. In a weakly-

coupled heterotic string model, one might expect dg,T = O(1/20), whereas it might be

O(1) in a strongly-coupled model, leading to

Weakly − coupled : ΓT
m ≃ 2× 10−15

Strongly − coupled : ΓT
m ≃ 10−12 . (6.99)

These estimates of Γφ lead to the following estimates of N∗:

Weakly − coupled : N∗ ≃ 50.5

Strongly − coupled : N∗ ≃ 51.5 , (6.100)

as shown by the vertical yellow and magenta lines in Fig. 6.8, respectively. The com-

patibility of these predictions with the Planck data is also discussed in the next Section.

6.4 CMB bounds on N∗ in representative no-scale infla-

tion models

6.4.1 Matter inflaton

In Section 4.2 we discussed a no-scale inflation model with an untwisted matter field φ

playing the role of the inflaton, with the Wess-Zumino superpotential (4.11). This model

reproduces the predictions of the Starobinsky R + R2 model if λ = µ/3. We will now

show how the predictions of the model are modified when λ/µ 6= 1/3, but lying within

the range 0.33324 ≤ λ/µ ≤ 0.33338. In addition, as we previously discussed, in this
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Figure 6.9: The possible variation of the value of N∗ around the prediction for the Starobin-
sky limit λ/µ = 1/3 in the matter inflation model (4.11) with 0.33324 ≤ λ/µ ≤ 0.33338
(yellow band), and for a stabilizing parameter 10−2 ≤ Λ ≤ 1 in the Kähler potential (4.15)
(blue band), as a function of the inflaton decay rate Γφ.

model the stabilization of the volume modulus is necessary to preserve the inflationary

flat direction. This issue is addressed by incorporating quartic terms into the Kähler

potential (4.15) that depend on the scale Λ. We demonstrate the dependence of the

model predictions on the value of Λ.

For both variations in λ/µ and Λ, the Starobinsky limit is strictly lost, and we

must address the modification to the N∗ result previously derived. This modification

was numerically computed, and is shown in Fig. 6.9. One can see that the maximum

deviation from the Starobinsky prediction forN∗ due to varying λ/µ in the range studied

(yellow band) is always less than one e-fold, and the deviation is significantly smaller for

the favored models with inflaton decay via a two-body superpotential coupling y . 10−5

(corresponding to the green vertical line in Fig. 6.8). The Starobinsky-like analysis gave

N∗ ≃ 51.7 for y = 10−5, as seen in (6.94), and the non-Starobinsky deviation of N∗

in Fig. 6.9 is . 0.5 for this value of y, decreasing to much smaller values close to the
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Big Bang nucleosynthesis lower limit y ≃ 10−16, for which we found N∗ ≃ 43.4 in the

Starobinsky limit, as seen in (6.95).

Fig. 6.10 displays the Planck 2015 constraints on this model in the (ns, r) plane

(upper panel) and the (N∗, λ/µ) plane (lower panel), with the region favored at the

68% CL shaded yellow, and the region allowed at the 95% CL shaded blue. We see in

the upper panel that for values of λ/µ ∼ 1/3 (black lines) the tensor to scalar ratio is

small, and in this case, the data yield constraints on ns that are relatively insensitive

to r. On the other hand, we see that any fixed value of ns corresponds to values of

N∗ (colored lines) that are strongly correlated with the values of λ/µ. Thus for a given

value of λ/µ, the lower bound on ns provided by Planck can be translated into a lower

bound on N∗ that is sensitive to λ/µ. For example, for λ/µ = 1/3, the 68% lower bound

on ns corresponds to a lower bound of ≃ 50 on N∗.

This feature is reflected in the lower panel of Fig. 6.10, where we see that N∗ is es-

sentially unconstrained in this model in the absence of a precise value for λ/µ. However,

if one assumes the Starobinsky value λ/µ = 1/3, one finds N∗ ∈ (50, 74) at the 68% CL,

which would disfavor y . 10−9 according to Fig. 6.8, and the 68% CL lower bound on

N∗ would strengthen for λ/µ > 1/3.

Fig. 6.11 shows the 68% and 95% CL regions (yellow and blue, respectively) in

the (ns, r) plane (upper panel) and in the (N∗,Λ) plane (lower panel) for the Wess-

Zumino model with the Kähler potential (4.15), in the range Λ ≤ 1. As we discussed

in Section 4.2, this matter inflaton model reproduces the inflationary predictions of the

Starobinsky model for Λ . 1, and we see in the upper panel of Fig. 6.11 that the data

constraints on ns are insensitive to r for Λ in this range and the relevant values of N∗

(colored lines). In each of the segments shown, Λ varies from 1/100 to 1 as shown for

several values of N∗. Once again, we can use the lower bound on ns to derive a lower

bound on N∗ for a given value of Λ. Those limits are reproduced in the lower panel of

Fig. 6.11 where we see that in the limit of small Λ the current data require N∗ > 45.5 at

the 95% CL and favor N∗ ∈ (51.0, 75.2) at the 68% CL. The variation in N∗ for values

of Λ ∈ (10−2, 1) is shown as a thin blue band in Fig. 6.9 as a function of Γφ/m. We see

that this is always smaller than the variation due to varying λ/µ, being ≪ 1 and hence

negligible for our purposes.
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Figure 6.10: The 68% and 95% CL regions (yellow and blue, respectively) in the (ns, r)
plane (upper panel) and the (N∗, λ/µ) plane (lower panel) for the no-scale inflationary
model with a matter inflaton field and the Wess-Zumino superpotential (4.11). The black
lines in the upper panel are contours of λ/µ, and the colored lines are contours of N∗. The
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inflationary predictions of the Starobinsky model.
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6.4.2 Volume modulus inflaton

We now discuss the constraints in N∗ for the two-field volume modulus inflation model

that we described and studied in Chapter 4. As this model reduces to the Starobinsky

model only along the real direction in field space with α = 0, the dependence of N∗

on the decay rate will be tied to the initial condition for inflation, parametrized by the

angle θ in (4.39), and to the degree of stabilization, quantified by c.

In Fig. 4.16 we displayed the 68% and 95% CL regions (yellow and blue, respec-

tively) in the (ns, r) plane (upper panel) and in the (N∗, α) plane (lower panel) for the

strongly-stabilized case c = 100. The limits on N∗ shown therein can be translated into

constraints on ΓT /m, although in a less trivial way than in the previous matter inflaton

model, since this modulus inflaton model is not Starobinsky-like for large θ, as shown in

the upper panel of Fig. 4.16. We have studied numerically the possible variations in the

dependence of N∗ on the decay rate ΓT in the range 0 ≤ θ ≤ π/2, with the results shown

as the yellow band in Fig. 6.12. As seen there, any fixed value of N∗ may correspond

to a range of values of ΓT /m, depending on the value of α. The upper side of the band

correspond to the limit of chaotic inflation with a quadratic potential, and the lower

side to the Starobinsky limit. From Fig. 6.8, in the Starobinsky-like limit θ → 0 we find

the following constraints on ΓT /m and the effective two-body coupling y:

Γ

m
& 3× 10−20, y & 10−9 (68% CL) . (6.101)

In the chaotic quadratic inflation case the constraint on ΓT /m is relaxed by a factor

∼ 106 and the effective two-body coupling y is relaxed correspondingly by a factor

∼ 103.

If y . 10−5, corresponding to values of N∗ . 52.7 as shown in (6.94) and Fig. 6.8

for the Starobinsky case, then only the range θ . π/16 is allowed at the 68% CL, rising

to θ . π/4 at the 95% CL. Thus models with a starting-point of inflation with small

θ close to the real direction, i.e., close to the Starobinsky model, are favored in the

strongly-stabilized case, though not strongly at the 95% CL. In the Starobinsky limit

θ → 0, corresponding to the lower jaw of the “whale” in Fig. 4.16, the value y ∼ 10−5

is at the Planck 2015 68% CL limit, whereas N∗ & 47 and hence y & 10−13 is allowed

at the 95% CL.

Fig. 4.15 shows analogous results for the unstabilized case c = 0. As we discussed in
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Figure 6.12: The variation of the value of N∗ as a function of the normalized decay rate
ΓT /m for the modulus inflaton model (4.39) with c = 100 and c = 0 (blue and yellow
bands, respectively), in the range 0 ≤ θ ≤ π/2. The stabilized region c = 100 contains fully
the unstabilized region with c = 0. The upper sides of the bands correspond to the limit of
chaotic inflation with a quadratic potential, and the lower sides to the Starobinsky limit.

Section 4.5.3, in this case there is no significant preference for Starobinsky-like models

with the starting-point of inflation close to the real direction. The numerical results for

the dependence of N∗ on ΓT in this case are shown as the blue band in Fig. 6.12. It is

then clear that the previous results in the θ → 0 limit for the strongly stabilized case

equally apply here for any θ . 7π/16. Larger angles, close to the imaginary direction,

are disfavored if y . 10−5, as they require a too large amount of e-folds.

Fig. 4.7 shows the CMB constraints for inflation along the imaginary direction,

allowing the stabilization parameter c to vary. As we see in the upper panel, the

cosmological constraint depends non-trivially on both ns and r, and the values of these

quantities for fixed N∗ (colored lines) depend non-linearly on c ∈ [0, 1]. In this case, as

seen in the lower panel of Fig. 4.7, the lowest value of N∗ is found for c ≃ 0.03, with

N∗ ≥ 48 favored at the 68% CL and N∗ ≥ 43 allowed at the 95% CL. As can be seen
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in Fig. 6.12, these constraints correspond to y & 10−12 being favored at the 68% CL,

whereas all values of y consistent with Big Bang nucleosynthesis are allowed at the 95%

CL.

6.5 Phenomenological issues

Let us finish this Chapter by consider specific messages from our analysis for a couple

of phenomenological issues, namely sneutrino inflation and supersymmetry breaking.

The cosmological upper limit on the gravitino abundance imposes an upper limit

on the Yukawa coupling responsible for sneutrino inflaton decay: yν . 10−5, which

is itself an important constraint on realizations of sneutrino inflation. It is therefore

of importance to revisit this bound in the context of the theory of reheating that was

presented in this Chapter; the results are discussed in the next Chapter. Moreover, if the

matter field Φ in the no-scale Wess-Zumino model (4.11) is identified with a sneutrino,

it must have a trilinear coupling λ ≃ µ/3. Such a trilinear coupling violates R-parity,

inducing decay of the lightest supersymmetric particle. However, its lifetime is still

much longer than the age of the Universe, and it remains a viable candidate for cold

dark matter. As we have shown here, if λ & µ/3, CMB measurements measurements

favor N∗ & 50, and hence are on the verge of providing a relevant lower bound on the

coupling yν responsible for sneutrino decay. It will be interesting to see how this squeeze

on yν will evolve.

Concerning supersymmetry breaking, we recall that there is a contribution to gau-

gino masses of the form (5.92), namely

m1/2 =

∣∣∣∣
1

2
eG/2

f̄αβ,T
Re fαβ

(G−1)TTG
T

∣∣∣∣ =
dg,T
6
|p− 3|m3/2

where p is a number of order unity. We saw in Section 6.3.2 that strongly-coupled

string models with dg,T = O(1) would give larger values of the inflaton decay rate

Γφ ≃ d2g,Tm
3/(32π) (6.98), Treh, N∗ and hence ns than weakly-coupled models with

dg,T = O(1/20), as seen in (6.100). The difference in N∗ and hence ns is not yet

significant, but this connection will also be interesting to watch in the future.

These two examples serve as illustrations how inflationary observables may in the

future join the phenomenological mainstream. These two examples are in the context of
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specific no-scale supergravity models of inflation, but the connection has the potential

to be more general.



Chapter 7

Post-inflationary gravitino

production

In previous Chapters we have shown how CMB data from the Planck satellite and

ground-based experiments such as BICEP2/Keck Array can be used to exclude and

constrain inflationary scenarios. We showed how the most stringent constraints are

generally those from the magnitude and tilt of the scalar perturbation spectrum, and

the tensor-to-scalar ratio, with constraints on non-Gaussianities, isocurvature perturba-

tions, etc., being less powerful, even for two-field inflation. As these observables depend

on the number of e-folds after horizon crossing, N∗, the experimental data are already

starting to provide interesting constraints on N∗, and hence indirectly on the amount of

reheating. The latter depends, in turn, on the decay rate of the inflaton into relativistic

particles. Denoting by y the two-body decay coupling, we have shown that experimental

constraints on ns and r can be used to constrain the coupling y in the context of any

specific model.

In supersymmetric models, cosmological and astrophysical constraints on the abun-

dance of gravitinos produced after inflation yield complementary restrictions on the

amount of reheating, and hence y [51, 52, 54, 138, 247, 272–285]. These constraints may

arise from considerations of the relic dark matter density due to gravitinos or their decay

products and/or from limits on late-decaying gravitinos imposed, e..g., by the success

of Big-Bang nucleosynthesis calculations. These upper limits on the produced gravitino

168
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abundance translate into an upper bound on a two-body coupling of y . 10−5.

In view of the present and prospective future constraints on inflaton decay via CMB

limits on N∗ and the competition with constraints from the gravitino abundance, we now

revisit the issue of gravitino production following inflation. One source of gravitinos that

is well understood is production by particle collisions in the thermal plasma that fills the

Universe after reheating [52, 274, 276, 277, 279, 280, 282–286]. However, gravitinos could

also have been produced by particle collisions before the reheating process was complete,

either by collisions of relativistic inflaton decay products before thermalization, or in

any dilute thermal plasma formed by their collisions while inflaton decay was continuing

[280, 284, 286]. We consider all these mechanisms in this Chapter1, and apply these

results to inflationary models based on no-scale supergravity. We will show that in

these direct decays of the inflaton to gravitinos may, in general, compete with the

thermal production, and both should be considered when setting limits on the couplings

governing inflaton decay. The results of this analysis have been published in [73].

7.1 Production after reheating

As we discussed in Section 6.1.1, the simplest model of reheating assume the instanta-

neous decay of the inflaton at t = 1/Γφ where Γφ is the inflaton decay rate. It is under

this assumption that most previous calculations of gravitino production have been im-

plemented. After the instantaneous decay and thermalization of the plasma, gravitinos

are produced by scattering processes in the radiation-filled Universe. They subsequently

decay, with the following decay rate into particles within the minimal supersymmetric

extension of the Standard Model (MSSM) [278],

Γ3/2 =
193

384π

m3
3/2

M2
P

. (7.1)

Since the interactions of gravitinos are very weak, they do not thermalize with the

radiation background. Therefore, the Boltzmann equation for the gravitino number

1 We disregard the possible additional gravitino quanta that could be produced if the inflaton
experiences a strong non-perturbative decay at the onset of its oscillations, also known as preheating,
since non-perturbative gravitino production at preheating has been shown to be small [246,280,287–291].
In this scenario, gravitinos may also be perturbatively produced by the non-thermal distributions formed
at preheating. We disregard this effect since it is model-dependent, and since the evolution of these
distributions is not well understood [292].
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density n3/2 can be written as

dn3/2

dt
+ 3Hn3/2 = 〈σtotvrel〉n2rad −

m3/2

〈E3/2〉
Γ3/2n3/2 , (7.2)

where 〈σtotvrel〉 is the thermally-averaged gravitino production cross section, nrad =

ζ(3)T 3/π2 is the number density of any single bosonic relativistic degree of freedom,

and 〈E3/2〉/m3/2 is the averaged Lorentz factor (see Appendix D.1 for a derivation).

Inverse-scattering terms are omitted, because their contributions are unimportant at

the reheating temperatures of relevance [277].

The thermally-averaged cross section for the Standard Model SU(3)c × SU(2)L ×
U(1)Y gauge group was calculated in [52,282,284]. Including contributions from 2→ 2

gauge scatterings, production via 1 → 2 decays allowed by thermal masses, and the

effect of the top Yukawa coupling yt, it can be parametrized as

〈σtotvrel〉 = 〈σtotvrel〉gauge + 〈σtotvrel〉top (7.3)

with

〈σtotvrel〉top = 1.29
|yt|2
M2
P

[
1 +

A2
t

3m2
3/2

]
, (7.4)

where At is the top-quark supersymmetry-breaking trilinear coupling, and

〈σtotvrel〉gauge =
3∑

i=1

3πcig
2
i

16ζ(3)M2
P

[
1 +

m2
g̃i

3m2
3/2

]
ln

(
ki
gi

)

=
26.24

M2
P

[(
1 + 0.558

m2
1/2

m2
3/2

)
− 0.011

(
1 + 3.062

m2
1/2

m2
3/2

)
log

(
Treh

1010GeV

)]
,(7.5)

where themg̃i are the gaugino masses and the constants ci, ki depend on the gauge group,

as shown in Table 7.1. We have obtained these values through a phenomenological fit to

the result of [284] using the convenient parametrization of [282], under the assumption

of a unified gauge coupling α = 1/24 and universal gaugino masses m1/2 at the scale

MGUT = 2 × 1016GeV. Table 7.1 differs from the result of [282] in that it includes

gravitino production via decays, leading to a production rate that is about twice larger.

We have included in (7.5) the leading logarithmic corrections to the running of all the
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Gauge group gi ci ki
U(1)Y g′ 9.90 1.469
SU(2)L g 20.77 2.071
SU(3)c gs 43.34 3.041

Table 7.1: The values of the constants ci and ki in the parameterization (7.5) for the
Standard Model gauge groups U(1)Y , SU(2)L, and SU(3)c. The values are obtained from
a phenomenological fit to the result of [284], as explained in the text.

gauge couplings and gaugino masses, which at one-loop order are given by

gi(T )
2 =

gi(MGUT)
2

1− bi
8π2

gi(MGUT)2 ln(T/MGUT)

,




b′

b

bs


 =




11

1

−3


 , (7.6)

mg̃i(T ) =

(
gi(T )

gi(MGUT)

)2

m1/2 . (7.7)

It is worth noting that the first term in the gaugino mass-dependent factors (1 +

m2
g̃i
/3m2

3/2) corresponds to the production of the transversally polarized gravitino, while

the second term is associated with the production of the longitudinal (Goldstino) com-

ponent.

Immediately after reheating, the second term in the r.h.s. of (7.2) is negligible. In

terms of the gravitino yield

Y3/2 ≡
n3/2

nrad
, (7.8)

the Boltzmann equation (7.2) can be rewritten in the form

Ẏ3/2 + 3

(
H +

Ṫ

T

)
Y3/2 = 〈σtotvrel〉nrad . (7.9)

Under the assumption of entropy conservation, gT 3a3 = const., where a is the cosmo-

logical scale factor. Eq. (7.9) is equivalent to

dY3/2

dT
− d ln g

dT
Y3/2 = −

〈σtotvrel〉nrad
HT

[
1 +

T

3

d ln g

dT

]
. (7.10)

Straightforward integration then yields

Y3/2(T ) = Y3/2(Treh)
g(T )

g(Treh)
− g(T )

∫ T

Treh

〈σtotvrel〉nrad(τ)
g(τ)H(τ) τ

[
1 +

τ

3

d ln g(τ)

dτ

]
dτ . (7.11)
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Notice that this integration begins at Treh, consistent with the assumption that inflaton

decay and thermalization are instantaneous and simultaneous at Treh, and runs to lower

T . Assuming a vanishing abundance at Treh, and disregarding the weak dependence on

temperature of the integrand in the r.h.s., integration from Treh to T ≪ Treh yields

Y3/2(T ) ≃
〈σtotvrel〉nrad(Treh)

H(Treh)
× g(T )

g(Treh)
. (7.12)

Hence the final abundance of gravitinos is given by the ratio of the production rate

(〈σtotvrel〉nrad) to the Hubble rate at reheating, diluted by subsequent particle annihi-

lations and accounting for the ratio of numbers of degrees of freedom at T to that at

Treh.

During the radiation-dominated era, the cosmic time and temperature are related

by

t =

√
45

2π2g

MP

T 2
. (7.13)

When the temperature of the Universe drops to T ≪ (Γ3/2/Γφ)
1/3Treh, where Γφ is the

inflaton decay rate, the decay term in the Boltzmann equation (7.2) dominates over

the scattering term. In this case, gravitinos have redshifted their momenta away, which

implies that (7.2) may be rewritten as

Ẏ3/2 = −Γ3/2Y3/2 . (7.14)

Under the assumption that m3/2 ≪ 1013 GeV × (Treh/10
10GeV), the approximation

(7.12) may be taken as an initial condition for (7.14). Denoting greh = g(Treh), the

gauge contribution to the gravitino abundance can finally be written as

Y3/2(T ) ≃
〈σtotvrel〉nrad(Treh)

H(Treh)
× g(T )

greh
× e−Γ3/2t ,

≃ 7.40× 10−10e−Γ3/2t
g(T )

g
3/2
reh

(
Treh

1010GeV

)

×
3∑

i=1

ci gi(Treh)
2

(
1 +

mg̃i(Treh)
2

3m2
3/2

)
ln

(
ki

gi(Treh)

)
, (7.15)
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Figure 7.1: The gravitino yield Y3/2 for Treh = 1010GeV as a function of temperature
assuming instantaneous reheating and thermalization. The blue curve corresponds to the
numerical integration of (7.9) under the simplifying assumption g = 915/4 =const., disre-
garding the top Yukawa contribution and the m1/2-dependent Goldstino component. The
approximation (7.15), not including the dilution factor g(T )/greh, is displayed as the hori-
zontal black line.

or

Y3/2(T ) ≃ 3.96× 10−8e−Γ3/2t
g(T )

g
3/2
reh

(
Treh

1010GeV

)

×
[(

1 + 0.558
m2

1/2

m2
3/2

)
− 0.011

(
1 + 3.062

m2
1/2

m2
3/2

)
ln

(
Treh

1010GeV

)]
,

(7.16)

where in what follows we use the MSSM value greh = 915/4 and g(T ≪ 1MeV) = 3.91.

Fig. 7.1 compares the approximate result (7.16) and the yield obtained from integrating

(7.9) numerically with the full one-loop correction to the coupling constants gi. We see

that the agreement is excellent, within ∼ 10% for T & 109GeV.

The yield in (7.16) can be rewritten in terms of Γφ once we specify the ‘moment’

of inflaton decay. For example, if we assume that the decay occurs instantaneously at

Γφ t = 2Γφ/3H = c, where c is a constant that is O(1), then we can write

Treh =

(
40

grehπ2

)1/4(ΓφMP

c

)1/2

. (7.17)
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(cf. Eq. (2.26)). We see that the dependence of (7.17) on the arbitrary parameter c

introduces an uncertainty in the gravitino abundance, when expressed in terms of the

physical decay rate of the inflaton. Inserting (7.17) into (7.16), and disregarding the

logarithmic correction, one has

Y3/2 ≃
0.00398√

c

(
Γφ
Mp

)1/2
(
1 + 0.558

m2
1/2

m2
3/2

)
e−Γ3/2 t . (7.18)

As the inflaton does not decay instantaneously, there is in fact no ‘correct’ value for c.

Furthermore, the result (7.18) also assumes that all of the entropy produced by inflaton

decays is already present at t = c/Γφ. However, as we discussed in Section 6.1.1, only

about 1/3 of the entropy produced by inflaton decays would have been released when

Γφt = 1. Thus, an accurate determination of the thermal gravitino yield after inflation

requires the integration of the coupled inflaton/radiation equations of motion. This is

our goal for the next section.

7.2 Gravitino production assuming instantaneous therma-

lization

In Section 6.1 we discussed the process of reheating, and showed that the plasma

composed of the decay products of the inflaton thermalizes rapidly, compared to the

timescale set by the inflaton decay rate. Let us then calculate the effect of gravitino

production before reheating is complete. We refer the reader to the aforementioned

Section for conventions and notation.

In the instantaneous thermalization approximation, we know that, for a brief period

of time, the temperature is significantly larger than Treh and, as seen in (6.18), the

relative increase in T scales with m/Γφ. Since the production rate of gravitinos is

proportional to T , one might suspect that gravitino production at v < 1 could contribute

substantially to the total gravitino abundance. However, one must also take into account

the growth of the entropy S = sa3 during the epoch of inflaton decay and reheating

illustrated in Fig. 6.5. At T = Tmax the plasma is hot, but any production at v < 1 will

be diluted subsequently by later inflaton decays that builds up entropy. Thus, the net

effect of the increased temperature and later dilution is not obvious a priori, and must

be calculated.



175

During the reheating epoch, the gravitino yield cannot be computed directly from

(7.10), due to the continuing injection of entropy into the plasma while the decay of

the inflaton continues. We therefore make use of the full equation (7.9), which can be

rewritten in terms of v = Γφ(t− tend) as

Y ′
3/2 + 3

(
Ĥ +

T̂ ′

T̂

)
Y3/2 =

(
Γφ
MP

)1/2

Σ̂ n̂rad , (7.19)

where Ĥ ≡ H/Γφ, T̂ ≡ T/(ΓφMP )
1/2, n̂rad ≡ nrad/(ΓφMP )

3/2 and Σ̂ ≡ 〈σtotvrel〉M2
P .

Note that for v ≫ A, we can approximate Eq. (6.10) by

ρ(v) ≃ 4

3

(
MPΓφ

(1 + w̄)v

)2

≡ (ΓφMP )
2ρ̂(v) . (7.20)

For a constant number of degrees of freedom during reheating, these rescalings allow us

to rewrite Eq. (7.19) as

Y ′
3/2 + 3

[(
ρ̂φ + ρ̂γ

3

)1/2

+
ρ̂′γ
4ρ̂γ

]
Y3/2 =

3

16π

(
30ρ̂γ
π2

)3/4

g−3/4

(
Γφ
MP

)1/2 3∑

i=1

ci g
2
i

(
1 +

m2
g̃i

3m2
3/2

)
ln

(
ki
gi

)
. (7.21)

Disregarding the temperature dependence of the sum in the second line, (7.21) has the

formal solution

Y3/2(v) =
3

16π

(
30

π2

)3/4 ∫ v

0
ρ̂γ(u)

3/4 exp

[
−3
∫ v

u

{(
ρ̂(z)

3

)1/2

+
ρ̂′γ(z)

4ρ̂γ(z)

}
dz

]
du

× g−3/4

(
Γφ
MP

)1/2 3∑

i=1

ci g
2
i

(
1 +

m2
g̃i

3m2
3/2

)
ln

(
ki
gi

)
.

(7.22)

The integrand of this equation provides the contribution to the abundance at the

(rescaled) time v of the gravitinos produced at any moment u between 0 and v. For any

value of u, the exponential factor accounts for the dilution of those gravitinos due to

the inflaton decay, from the times they are produced (u) to the time at which the abun-

dance is evaluated (v). The v-dependence for v ≫ 1 may be extracted by splitting the

integral in the radiation-dominated era, i.e. integrating over u from 0 to ∞, and then
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subtracting the contribution from v ≫ 1 to ∞. Since the argument of the exponential

dilution factor vanishes during radiation domination, the result can be written as

∫ v

0
ρ̂γ(u)

3/4 exp

[
−3
∫ v

u

{(
ρ̂(z)

3

)1/2

+
ρ̂′γ(z)

4ρ̂γ(z)

}
dz

]
du

=

∫ ∞

0
ρ̂γ(u)

3/4 exp

[
−3
∫ ∞

u

{(
ρ̂(z)

3

)1/2

+
ρ̂′γ(z)

4ρ̂γ(z)

}
dz

]
du −

∫ ∞

v
ρ̂γ(u)

3/4 du

=

∫ ∞

0
ρ̂γ(u)

3/4 exp

[
−3
∫ ∞

u

{(
ρ̂(z)

3

)1/2

+
ρ̂′γ(z)

4ρ̂γ(z)

}
dz

]
du − 2

(
3

4

)3/4

v−1/2 .

(7.23)

During reheating, the energy densities may be approximated by (6.10) and (6.25). An

improved estimate, valid for any A < v <∞, can be constructed if one considers (6.25)

a zeroth-order approximation to ργ . The first-order estimates of the energy densities can

then be built by approximating the time-dependent average equation-of-state parameter

by (6.23), namely

w̄(v) ≃ 1

3v

∫ v

0

γ(53 , u)

γ(53 , u) + u2/3e−u
du , (7.24)

and substituting it into (6.8), (6.10) and (6.13). With this procedure, the first term of

(7.23) is evaluated to be 1.7, which implies that the solution of equation (7.21) may be

approximated for A≪ 1 by

Y3/2 (T ) ≃ (0.233− 0.221 v−1/2) g−3/4

(
Γφ
MP

)1/2

×
3∑

i=1

ci gi(Treh)
2

(
1 +

m2
g̃i

3m2
3/2

)
ln

(
ki

gi(Treh)

)
, (7.25)

after the end of reheating, while the temperature of the thermal bath is still high enough

that the number of relativistic degrees of freedom g = 915/4.

Figure 7.2 displays the comparison between (7.25) and the exact numerical result,

showing that they are in agreement within . 2% over the entire range Γφ . 10−7Mp.

The final abundance for T ≪ 1MeV is obtained in the limit v ≫ 1 in (7.25), including
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Figure 7.2: The final gravitino yield Y3/2(T ≪ 1MeV) as a function of the inflaton decay
rate, assuming instantaneous thermalization during inflaton decay, for them1/2-independent
transversal components. The normalization is chosen to emphasize the dependence of Y3/2
on the running of the coupling constants. The blue continuous line corresponds to the
numerical solution obtained from equations (6.4)-(6.6) and (7.19). The black dashed line
shows the approximation (7.25). Here we assume the MSSM value g = 915/4 for the
number of degrees of freedom during reheating.

the dilution factor g(T )/greh,

Y3/2(T ) ≃ 0.233
g(T )

g
7/4
reh

(
Γφ
MP

)1/2 3∑

i=1

ci gi(Treh)
2

(
1 +

m2
g̃i

3m2
3/2

)
ln

(
ki

gi(Treh)

)
(7.26)

≃ 0.00363

(
1 + 0.56

m2
1/2

m2
3/2

) (
Γφ
Mp

)1/2

, (7.27)

where we have assumed in the second line that greh = 915/4, g(T ≪ 1MeV) = 3.91,

and Treh ∼ 1010GeV for the couplings, neglecting logarithmic corrections. This result

can be compared to the full numerical solution of (7.19), which takes into account the

running of the gauge couplings, integrated from the beginning of reheating to v ≫ vreh,

deep into the radiation-dominated era, where the gravitino yield asymptotes to its final

value. Accounting for the dilution factor, a phenomenological fit to this numerical result
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gives

Y3/2(T ) = 0.00360

(
Γφ
MP

)1/2

(7.28)

for the m1/2-independent part in the range 10−20 ≤ Γφ/MP ≤ 10−8.

We can now compare our exact result (7.28) with the naive approximation made

previously in Section 7.1. In Fig. 7.3 we show the evolution of the gravitino abundance

as a function of time (as parametrized by v). The solid curve shows the exact solution,

which asymptotes to Y3/2/ (Γφ/MP )
1/2 ≃ 0.203. Since T (v = 104) ∼ 1010GeV for the

decay rate considered, this result would still need to be multiplied by the dilution factor

g(T )/greh ≃ 0.0171 in order to obtain the final abundance, Y3/2(T ≪ Treh) ≃ 3.44×10−9,

in very good agreement with (7.27) and (7.28), which give Y3/2 ≃ 3.63 × 10−9 and

3.60× 10−9, respectively (in comparing with these relations, recall that Γφ = 10−12MP

is assumed in the example shown in the Figure). The blue curve tracks the abundance

at v < 1, and the dilution of that production is tracked by the dashed blue curve at

v > 1. Production (and dilution) at v > 1 is shown by the dashed red curve, and the

sum of the two dashed curves gives the solid black curve. The result (7.28) demonstrates

that the gravitino abundance is sensitive primarily to the final reheating temperature,

after the production of entropy has ceased, rather than to the maximum temperature

of the Universe seen in Fig. 6.1, as originally pointed out in [280].

The exact result should be compared with the green dotted curve that assumes

instantaneous decay at v = 1, namely c = 1 in eqs. (7.17) and (7.18). Impressively,

at large v these results lie within 10% of each other2. Another common choice for the

instantaneous decay is c = 2/3 (namely Γφ = H), and in this case we would have an

asymptotic yield of 0.272, which would correspond to Y3/2(T ≪ Treh) ≃ 4.65 × 10−9.

By varying c, we have checked that the instantaneous approximation yields the correct

result when c ≃ 1.2 [283].

So far we have assumed that thermalization occurs instantaneously upon the end of

inflation. However, since the initial distribution of the decay products of the inflaton is

not thermal, the thermalization of the relativistic plasma will not be completed until the

interactions of the constituent particles are sufficient to create a thermal distribution. In

Section 6.1.2 we studied the approach to kinetic and chemical equilibrium, finding that,

2 The difference between the asymptotic value for the yield of 0.222 for c = 1 shown in Fig. 7.3 and
the expected value of 0.233 from (7.18) is due to the logarithmic correction in (7.15).



179

0.1 1 10 100 1000 1040.00

0.05

0.10

0.15

0.20

Y
3
/2
/
(

Γ
φ

M
P

) 1
/2

v

Figure 7.3: The evolution of the gravitino abundance, as a function of v = Γφ(t − tend)
during and after reheating, for the decay rate Γφ = 10−12MP . The solid curve corresponds
to the numerical solution of (7.19), assuming greh = 915/4 =const. and neglecting m1/2-
dependent terms in the collision term. The blue curve shows the evolution of the yield
produced only at v < 1; the dilution of that yield for v > 1 is shown in the blue dashed
curve. The red dashed curve tracks the abundance produced at v > 1, and the sum of the
dashed curves is shown as the black solid curve. The dotted green curve demonstrates the
evolution of the gravitino yield assuming instantaneous decay and thermalization at v = 1.

for a small decay rate Γφ ≪ m, number-conserving and number-changing processes at

small scattering angles would efficiently thermalize the plasma well before the end of

reheating, vth ≪ vreh. It is in any case important to quantify the dependence of the final

gravitino abundance on the thermalization rate. The comparison between (7.18), with

c = O (1), and (7.28) suggests that the bulk of the relic gravitino density is produced

at v ∼ 1, and therefore Y3/2 may only have a weak dependence on vth. Nonetheless, a

non-negligible fraction of the total gravitino abundance may still be produced at v ≪ 1,

since at early times T > Treh.

We assume here that the distribution of the inflaton decay products is non-thermal
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Figure 7.4: The ratio of the gravitino yield at the end of reheating Y3/2(Treh) assuming
delayed thermalization at vth, to the yield assuming instantaneous thermalization, as a
function of the thermalization delay vth. For Y delayed

3/2 , production at v < vth is ignored.

The suppression of the final abundance is negligible unless vth & 0.1

before vth, and we disregard gravitino production at this early stage, thus obtaining a

lower bound on the total amount of produced gravitinos. We treat here vth as a free

parameter. The goal of this analysis is to understand how much the final gravitino

abundance is dependent on this parameter and, ultimately, how much our final result

(7.28) is affected by possible uncertainties on the thermalization processes. The results

summarized in Fig. 7.4 show that the final abundance (7.28) is extremely robust. This

result holds with very good accuracy provided that vth . 0.1. Essentially, only the

gravitinos produced when v & 0.1 contribute to the final abundance, as the gravitinos

produced at earlier stages are diluted away. The fact that the maximum temperature

(6.17) is not reached, as vth > vmax does not affect the validity of (7.28).

Let us for completeness illustrate the time dependence of the gravitino yield during

reheating as the plasma thermalizes. At the end of Section 6.1.2, we discussed how the

interaction of the inflaton decay products with the soft background effectively thermal-

izes the plasma. With the effective temperature of the soft sector (and of the complete
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Figure 7.5: Instantaneous-to-final gravitino yield ratio during reheating for Γφ/m = 10−10,
assuming thermalization through the strong interaction. The dotted blue line shows the
instantaneous approximation, and the solid black line corresponds to the integration of
(7.9) with effective temperature (6.56). The gray area illustrates the uncertainty in the
effective temperature below vini. The effects of one-loop corrections to the gauge couplings
are included.

plasma after vth) given by (6.56), we can track the production of gravitinos during ther-

malization via (7.9). Our result for Γφ/m = 10−10 is illustrated in Fig. 7.5, where we

have assumed thermalization by the strong interaction. The general conclusion that can

be drawn is that, unless thermalization is delayed until v ∼ 1, which is never the case

for interactions mediated by any of the Standard Model gauge bosons if Γφ/m≪ 1, the

final yield at the end of inflation is indistinguishable from the instantaneous scenario.

This is another manifestation of the fact that the final gravitino abundance is sensitive

primarily to the maximum temperature reached after the end of entropy production.
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7.3 Non-thermal gravitino production

So far we have focused on the production of gravitinos by scattering processes in the

thermally-equilibrated plasma. In this Section we study two different mechanisms of

non-thermal gravitino production during reheating. Specifically, in Section 7.3.1 we

study the gravitinos produced by the hard inflaton decay products, before they ther-

malize, and in Section 7.3.2 we study the amount of gravitinos produced by inflaton

decays.

7.3.1 Gravitino production from hard inflaton decay products

In the earliest stages of reheating, before thermalization takes place, some gravitinos

would have been produced by the scattering of the hard decay products with momenta

p ∼ m and distribution function (6.35). If the number density of hard primaries were

sufficiently large, the production rate would be enhanced relative to the thermal one.

In this subsection we study whether this could increase significantly the final yield Y3/2.

For definiteness, we consider the specific scenario in which the inflaton field decays

predominantly into gauge bosons, φ→ gg. As we discussed in Section 5.2 such a scenario

is possible in no-scale supergravity models of inflation with a non-trivial gauge kinetic

function. We can then compute the non-thermal gravitino production via the channel

ga(k1) + gb(k2) → ψ3/2(p1) + g̃c(p2), with scattering amplitude [52] 3

|M|2 = 4g2

M2
P

|fabc|2
(
1 +

m2
1/2

3m2
3/2

)(
s+ 2t+ 2

t2

s

)
, (7.29)

where t, s are Mandelstam variables. The Boltzmann equation for the gravitino distri-

bution function is then given by

∂fp1
∂t
−Hp1

∂fp1
∂p1

=
1

2(2p1)

∫
d3k1

(2π)32k1

d3k2

(2π)32k2

d3p2

(2π)32p2
(2π)4δ(4)(k1 + k2 − p1 − p2)

× |M|2
{
fk1fk2 [1− fp2 ][1− fp1 ]− fp2fp1 [1 + fk1 ][1 + fk2 ]

}
.

(7.30)

The distribution functions fk1,2 for the gauge bosons may be approximated by (6.35); in

the limit Γφ/m≪ 1, they are fk < 1. In this approximation, we integrate the creation

3 The corresponding cross section for this process is infrared-finite, which allows a simple analysis.
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term of the Boltzmann equation with respect to the gravitino momentum, obtaining4

dn3/2

dt
+ 3Hn3/2 ≃

g2|fabc|2Γ2
φM

2
P

π3(mt)2

(
1 +

m2
1/2

3m2
3/2

)

×
∫
dx dy dz G(x, y, z)x−3/2(y + z − x)−3/2Ω(x, y, z; t) ,

(7.31)

where the function G(x, y, z) is defined as

G(x, y, z) ≡ (x+ z − |x− z|)
(y + z) |x− z|

[
(x− z)2

(
z (2x− z)− y2 − 2yz

)

+ |x− z|
(
z (y + z) 2 + 2x2z +

(
y2 − 2yz − z2

)
x
) ]
,

(7.32)

and Ω(x, y, z; t) parametrizes the time-dependent integration limits,

Ω(x, y, z; t) = θ(y) θ(z) θ
(
1
2 − x

)
θ
(
1
2 − (y + z − x)

)

× θ
(
x− b

2(mt)
−2/3

)
θ
(
(y + z − x)− b

2(mt)
−2/3

)
, (7.33)

where

b =

(
3

4

ρend
m2M2

P

)−1/3

. (7.34)

Due to the complicated time dependence of the collision term in (7.31), it is useful

to consider a particular time in order to compare it to the thermal collision term. The

right-hand side of (7.31) can be written as

Cnon−thermal ≡
g2|fabc|2Γ2

φM
2
P

π3

(
1 +

m2
1/2

3m2
3/2

)
F (t) , (7.35)

where the function

F (t) ≡ (mt)−2

∫
dx dy dz G(x, y, z)x−3/2(y + z − x)−3/2Ω (x, y, z; t) (7.36)

is maximized at mt ≃ 5.62 with value F ≃ 3.1 × 10−3, after which it is monotonically

decreasing. Evaluating then at mt ≃ 5.62, close to the (naive) maximum temperature

during reheating tmax ∼ m (6.16), we find the following relation between the thermal

4 See Appendix D.2 for the full derivation



184

collision term Cthermal, given by the right-hand side of (7.2), and the non-thermal collision

term Cnon−thermal defined by (7.35),

Cnon−thermal

Cthermal

∣∣∣∣∣
mt≃5.62

≃
10−4 g23|fabc|2Γ2

φM
2
P

0.007 c3g23 ln(k3/g3)T
6
max/M

2
P

∼ 160

ln(k3/g3)

(
Γφ
m

)1/2(MP

m

)
,

(7.37)

where we have considered only the dominant SU(3) component and disregarded m1/2-

dependent terms for simplicity. Equation (7.37) indicates that, for an inflaton decay

rate Γφ & 10−4(m/MP )
2m ∼ 10−14m, the instantaneous rate for direct production

from the hard decay products is larger than the thermal production rate. However,

this is true only before thermalization is complete, i.e., v < vth, after which the distri-

bution functions have their thermal forms. After thermal equilibrium is achieved, the

non-thermally-produced abundance is rapidly diluted by the growing entropy density,

resulting in a final abundance that is virtually indistinguishable from the abundance

that would be produced in the instantaneous-thermalization case.

Fig. 7.6 shows the evolution of the gravitino abundance during reheating with

Γφ/m = 10−10, when one adds the non-thermal rate of (7.31) to the thermal collision

term. The number density of the bosonic relativistic degrees of freedom nrad is defined

as the sum of the thermal density obtained from the effective temperature of the soft

sector (6.56), and the non-thermal number density (6.28). After thermal equilibrium

is achieved, the non-thermally-produced abundance is rapidly diluted by the growing

entropy density, resulting in a final abundance that is virtually indistinguishable from

the abundance that would be produced in the instantaneous-thermalization case.

7.3.2 Gravitino production by inflaton decays

Gravitinos may also be created by direct inflaton decay. Let us denote by B3/2 the

branching ratio of the decay to gravitinos; we implicitly assume that the number of

gravitinos produced per inflaton quanta is also factored into B3/2. Given that the

number of quanta that have decayed at a time t is given by (6.28), this non-thermally

produced gravitino population during reheating evolves as

n3/2 = B3/2
ρφ
m

(ev − 1) . (7.38)
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Figure 7.6: Instantaneous-to-final gravitino yield ratio during reheating for Γφ/m = 10−10,
assuming thermalization through the strong interaction. The dotted blue line shows the
instantaneous thermalization approximation, and the solid black line corresponds to the
integration of the Boltzmann equation including thermal and non-thermal effects, assuming
a negligible abundance for T < Tmax. This result can be compared to Fig. 7.5.

Since thermalization occurs rapidly, with vth ≪ 1, we can write the ratio n3/2/nrad,

with the instantaneous temperature given by (6.3), as

Y3/2,fromdecay(v) =
π2B3/2

ζ(3)m

(
gπ2

30

)3/4
ρφ

ρ
3/4
γ

(ev − 1)

=
π2B3/2

ζ(3)m

(
gπ2

30

)3/4

ρ1/4Ω−3/4
γ (1− Ωγ)(e

v − 1) . (7.39)

The right-hand side of (7.39) can be evaluated after reheating has ended by noting that,

during the radiation-dominated era, ρ ≈ ργ ≈ 3
4(ΓφMP )

2v−2, and combining (6.8) and

(6.13) with w = 1/3 for the late-time solution for ρφ,

1− Ωγ =
ρφ
ρ
≃

4
3(ΓφMP )

2v−3/2e−v

3
4(ΓφMP )2v−2

=
16

9
v1/2e−v . (7.40)
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After inclusion of the dilution factor g(T )/greh, this leads to

Y3/2,fromdecay(T ≪ Treh) =
π2B3/2

ζ(3)

(
4

3

)7/4 g(T )

greh

(
grehπ

2

30

)3/4 √ΓφMP

m
(1− e−v)

(7.41)

≃ 5.9B3/2

√
ΓφMP

m
. (7.42)

Comparing (7.42) to the thermally-produced yield (7.28), one finds the ratio

Y3/2,fromdecay

Y3/2,thermal
≃ 1.6× 103B3/2

(
MP

m

)
. (7.43)

Hence the direct decay result would dominate if B3/2 & 10−8 for m ≃ 10−5MP .

This branching ratio is model-dependent, and we focus our attention on no-scale

models. In Chapter 5 we studied the decay of an untwisted sneutrino inflaton with

Starobinsky potential, finding that the dominant decay rate in the presence of the

Yukawa-like term W ⊃ yνHuLφ is that into the matter-Higgs channels, with rates

(5.72), (5.77). The decay into gravitinos occurs with rate (5.83), while the decay of

the inflaton to a gravitino and an inflatino may also be possible if it is kinematically

allowed, with a rate (5.84). The corresponding branching ratios are therefore negligible:

B3/2 ∼ (10−33, 10−27|yν |−2) for m3/2 ∼ 100TeV.

An additional channel for inflaton decay into gravitinos may arise from a superpo-

tential term coupling the inflaton φ to the volume modulus T responsible for super-

symmetry breaking, of the form W ⊃ ζ(T − 1/2)2φ. This term leads to the decay rate

(5.80), which may be large; assuming that the dominant channels correspond to the

matter-Higgs decays, and accounting for the two gravitinos that are produced in each

decay, we have

B3/2 =
2|ζ|2
9 |yν |2

, (7.44)

which can indeed be sizeable.

In the case of a volume modulus inflaton T , the dominant channels correspond to the

Ht̄t three-body decays, with rate (5.114). The decay to gravitinos is in this case given

by (5.118). As we previously discussed, in this case the branching ratio into gravitinos

is negligibly small.
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7.4 Implications for supersymmetric inflationary models

We now consider the implications of our results for supersymmetric models of inflation.

Our best estimate of post-inflationary gravitino production corresponds to the estimate

(7.28). We assume that the gravitino is not the LSP, but that it is heavy enough

to decay into MSSM particles, and confront (7.28) with constraints from Big-Bang

nucleosynthesis (BBN) and the relic cold dark matter density.

Standard BBN calculations are in good agreement with the measured light-element

abundances, with the apparent exception of Lithium [293, 294]. One may use this

agreement to set an upper bound on the gravitino abundance, or one may postulate

that the gravitino abundance saturates the upper bound, in which case gravitino decays

may mitigate the cosmological Lithium problem. Studies in a variety of supersymmetric

models compatible with LHC and other constraints yielded [53]

ζ3/2 ≡ m3/2

n3/2

nγ
=

m3/2

2
Y3/2 . 10−11GeV for m3/2 ∼ 3 TeV , (7.45)

rising to ζ3/2 . 10−8 GeV for m3/2 ∼ 6 TeV. Combining (7.27) and (7.45), we find

Γφ .

(
1 + 0.56

m2
1/2

m2
3/2

)−2





8.3× 10−6 GeV for m3/2 = 3 TeV ,

2.1 GeV for m3/2 = 6 TeV .

(7.46)

In the case of two-body inflaton decay via a superpotential coupling y, one has Γφ =

|y|2m/8π. With m ≃ 10−5MP , the bounds (7.46) correspond to

|y| .
(
1 + 0.56

m2
1/2

m2
3/2

)−1





2.9× 10−9 for m3/2 = 3 TeV ,

1.5× 10−6 for m3/2 = 6 TeV .

(7.47)

These bounds would be weakened for larger values of m3/2, disappearing altogether if

the gravitino is sufficiently heavy to decay before BBN.

However, there is another bound on Y3/2 that applies even in this case, which comes

from the contribution to the cold dark matter density from supersymmetric relic dark

matter particles with mass mLSP produced as the end-products of inflaton decay [63]:

Y3/2 <
2Ωcold ρc
mLSP nγ

, (7.48)
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where ρc is the closure density and the factor of 2 is present because we have defined

Y3/2 in terms of nrad = nγ/2. Using Ωcoldh
2 = 0.120 and ρc = 1.054×10−5h2 cm−3GeV,

one finds

Y3/2 < 6.16× 10−9

(
GeV

mLSP

)
. (7.49)

Together with (7.27), this bound corresponds to

|y| < 2.7× 10−5

(
1 + 0.56

m2
1/2

m2
3/2

)−1(
100GeV

mLSP

)
, (7.50)

and we see that |y| . 10−5 for plausible LSP masses in the range of a few hundred GeV,

as we consistently assumed throughout Chapters 5 and 6.

In Section 6.3 we discussed that |y| . 10−5 corresponds, for Starobinsky-like infla-

tionary models, to a number of inflationary e-folds N∗ . 52. This can to be compared

with the 68% lower limitN∗ & 50 from the Planck 2015 constraint on the tilt of the scalar

perturbation spectrum. Moreover, the stronger BBN bound in (7.47) for m3/2 = 3 TeV

would correspond to N∗ . 49, outside the Planck 2015 68% CL range for Starobinsky-

like models of inflation, though within the 95% CL range N∗ & 44. Supersymmetric

Starobinsky-like models are clearly coming under pressure.

To wrap up, let us finally discuss non-thermally-produced gravitinos. The bound

(7.50) assumes that all gravitinos are produced by scatterings in the relativistic plasma

produced during the decay of the inflaton. In Section 7.3 we also computed the amount

of gravitinos produced by the hard inflaton decay products (before they thermalize),

and those produced directly in inflaton decays. While the former effect is negligible, the

latter is model-dependent and gives an additional gravitino population with abundance

given by (7.43). In this case the bound (7.49) from the dark matter abundance on

Y3/2,fromdecay, given by (7.42), translates into

B3/2|y| < 5.2× 10−11

(
m

MP

)1/2(100GeV

mLSP

)
≃ 1.7× 10−13

(
100GeV

mLSP

)
. (7.51)

As discussed in Section (7.3.2), in the case of an untwisted sneutrino inflaton a significant

branching ratio can be induced by superpotential terms that couple the inflaton φ to

the volume modulus T responsible for supersymmetry breaking, of the form (5.68).

Assuming that the dominant channels correspond to the matter-Higgs decays (5.72),
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(5.77), the bound (7.51) translates into the stringent upper limit

|ζ| < 8.7× 10−7 |y|1/2
(
100GeV

mLSP

)1/2

< 4.5× 10−9

(
1 + 0.56

m2
1/2

m2
3/2

)−1/2(
100GeV

mLSP

)
.

(7.52)



Chapter 8

Summary and Conclusions

No-scale supergravity is an attractive framework for constructing models of inflation,

as supersymmetry naturally accommodates the required hierarchy between the scale of

inflation and the Planck scale. Gravity must be incorporated in any discussion of cosmol-

ogy, and this signals the necessity of a supergravity framework. No-scale supergravity

further emerges from generic string compactifications and yields a positive semi-definite

effective potential. We have discussed various no-scale inflationary scenarios, review-

ing how they naturally yield an effective potential, and hence predictions for ns and r,

that are coincident with the Planck-friendly Starobinsky model based on R+R2 grav-

ity. No-scale models achieve this in a technically natural way, via small superpotential

couplings rather than surprisingly large non-minimal gravitational couplings as in the

Starobinsky and Higgs inflation models.

The no-scale framework is, moreover, more flexible, being able to accommodate

intermediate models between the Starobinsky model and a quadratic potential suitable

for chaotic inflation that could yield larger values of r that are still compatible with

the constraints from Planck and other experiments. It is necessary to take into account

multi-field effects; we have presented in this thesis a general formalism for the study of

two-field effects in supergravity models. We specialized to a particular no-scale example

motivated by Planck and BICEP2 data. Although most no-scale models require terms in

the Kähler potential that stabilize some field components, we have shown that, upon the

inclusion of twisted matter, this requirement can be removed, and Planck-compatible

results are obtained for most initial conditions that yield a number of e-folds sufficient to

190
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resolve the flatness and horizon problems. We have studied how sensitive the predictions

for the CMB observables ns, r are to the magnitude of the stabilization parameter. We

have also studied the magnitude of the non-Gaussianity parameter fNL and of the power

spectrum of isocurvature perturbations in the presence of two-field effects. Our studies

have been within the framework of one particular form for the stabilization terms, but

we expect them to have broader validity. We have found that varying the magnitude of

the stabilization terms yields predictions for the tensor-to-scalar ratio r that interpolate

between large values ∼ 0.15 at the edge of the Planck 95% CL region, to much smaller

Planck-friendly values. This is possible along a fixed direction in field space, whereas in

the single-field approximation (which applies when the stabilization is strong) such an

interpolation is possible only by varying the inflationary direction in field space. The

new degree of flexibility in the two-field case is due to the enhancement of the scalar

power spectrum. This mechanism may offer a way of resuscitating quadratic chaotic

inflationary models, which would otherwise yield large values of r. In general, our

two-field analysis yields values of the scalar spectral tilt ns that are highly compatible

with the range currently favored by experiment, and this concordance is not lost when

stabilization terms are outright removed. It reassuring that our two-field analysis yields

values of fNL that are within the experimental upper bounds. Indeed, our small results

for fNL give little encouragement that this type of non-Gaussianity could be measured

within the foreseeable future.

In principle, no-scale inflation could provide a phenomenological bridge between

string theory and collider physics. In addition to the above-mentioned model depen-

dence of r, the value of ns is related directly to the number of e-folds during inflation

N∗, which is in turn sensitive to the rate of inflaton decay and thereby the assignment of

the inflaton as a modulus or matter field. We considered in this thesis two main classes

of models: those in which the inflaton is identified with an untwisted matter field φ,

and those in which the inflaton is identified with the compactification volume modulus

T . We have focused on two important phenomenological issues: possible patterns of

soft supersymmetry breaking, and inflaton decays and the related reheating tempera-

ture of the Universe subsequent to inflation. The supersymmetry breaking mechanisms

discussed in Chapter 5 yield many possibilities for the soft supersymmetry-breaking
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parameters of the effective low-energy theory. In general, the patterns of soft super-

symmetry breaking for the untwisted and twisted matter sectors are different. For

example, no-scale, CMSSM or mSUGRA boundary conditions are natural possibilities

in the untwisted sector, whereas in the twisted sector the soft supersymmetry-breaking

parameters are not universal in general, since they depend on the modular weights of the

fields. As usual, the gaugino masses would in general arise from a non-minimal gauge

kinetic function or through loop effects via anomalies. The pattern of supersymmetry

breaking is sensitive to the form of no-scale inflationary model and the assignments of

matter particles as well as the inflaton, and would be measurable at the LHC or in other

collider experiments.

We studied inflaton decays in the same two classes of models. The reheating tem-

perature could in principle be larger in the φ inflaton case, namely O(1015)GeV, if

there is an O(1) trilinear superpotential coupling between φ and light matter fields, as

might occur in a sneutrino inflation scenario. A similar reheating temperature could

in principle also be generated by decays into gravitino and modulino pairs. However,

the gravitino problem imposes a non-trivial upper limit on the reheating temperature,

and hence on the possible trilinear superpotential, moduli and gravitino couplings. On

the other hand, the reheating temperature is naturally considerably smaller in the T

inflaton case, namely O(3× 108)GeV, with the dominant decays being into three-body

matter final states, whereas decays into gravitinos are expected to be much smaller. We

note, however, that in both scenarios decays into gauge bosons may also yield reheating

temperatures as large as 1010GeV, depending on the form of the gauge kinetic func-

tion. This provides a possible link between the supersymmetry-breaking mechanism for

generating gaugino masses and the thermal history of the Universe.

We explored the connection between the CMB observables and the number of e-

folds N∗, finding the relationship between the decay rate of the inflaton, or equivalently

the reheating temperature, the scalar tilt and N∗ for Starobinsky-like models. We also

analyzed the ranges of N∗ for a variety of no-scale models that yield values of ns and

r within the 68 and 95% CL regions found by the Planck Collaboration. Comparing

our results we showed in detail how models with smaller inflaton decay rates lead to

lower values of Treh, N∗ and ns, whereas the CMB data prefer larger values of ns and

hence N∗. Numerically, in the Starobinsky-like limit models with two-body decays and
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y . 10−5, as suggested by the gravitino constraint, correspond to N∗ . 52.7, whereas

the data favor N∗ & 50 at the 68% CL, with values of N∗ & 43 being allowed at the 95%

CL. The present data therefore tend to favor models with relatively rapid inflaton decay:

Γφ/m & 10−19 corresponding to y & 2 × 10−9 for two-body decays at the 68% CL. It

will be interesting to see how, as the experimental constraints tighten, the experimental

noose on y tightens.

As a by-product of our analysis, we developed a detailed picture of the processes

of reheating and thermalization that follow the end of inflation. For Planck-suppressed

inflaton decays, thermalization is mainly due to small-angle scatterings that increase the

number of particles. We verified that the maximum temperature of the thermal bath

is in general lower than the result (6.17), since thermalization is generically delayed to

later times mt > O(1), but it is still achieved well before Γφt = O(1).
We finally revisited gravitino production in supersymmetric models of inflation, with

applications to no-scale models. Our main focus was to (re)examine the production of

gravitinos during inflaton decay, before reheating is completed, as there are two effects

that the instantaneous decay approximation ignores: (i) gravitino quanta are produced

before t ≃ Γ−1
φ , and (ii) these quanta are diluted by subsequent inflation decays. We

extended previous studies by providing some semi-analytic and analytic results for the

final abundance. We started by obtaining a simple parametrization of the rate of inverse

decay processes that contribute to the gravitino abundance, as computed in [284]. This

parametrization was used to calculate the gravitino abundance including the precise

evolution of the inflaton and of the thermal number densities during the inflaton decay.

Our parametrization of the gravitino production rate allowed us to obtain an accurate

analytic solution for the gravitino abundance, in the instantaneous thermalization limit.

Our result is accurate at the . 2% level over the entire range Γφ . 10−7MP , when

compared to the numerically computed solution. A rather surprising outcome is that

the bulk of the gravitino abundance is produced at Γφt = O(1), as most of the abundance

produced earlier is effectively diluted by the entropy increase. We found then that the

instantaneous decay approximation can accidentally lead to the correct gravitino yield

if one assumes that the decay occurs at t ≃ 1.2Γ−1
φ .

To obtain a complete answer on the gravitino abundance, we extended our study

in two directions. We first checked whether relaxing the assumption of instantaneous
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thermalization of the inflaton decay products modifies the final gravitino abundance,

finding no effect on the final gravitino abundance, as thermalization is completed well

before the end of reheating. We also computed the amount of non-thermal production of

gravitinos. We first studied the production from hard quanta generated by the inflaton

decay, before thermalization takes place, finding that the gravitinos produced by these

quanta are diluted by the subsequent inflaton evolution and decays, and provide a neg-

ligible contribution to the final gravitino abundance. We also considered the gravitinos

directly produced by inflaton decays in no-sale supergravity models; in this case the

direct gravitino production is generally subdominant with respect to the thermal one,

with the exception of contributions due to the superpotential coupling (5.68) between a

matter inflaton and a supersymmetry-breaking modulus field T . This does not modify

the inflaton potential, and is not constrained by inflation.

We finished by studying the phenomenological implications of gravitino production.

Gravitino production following inflation is subject to two important constraints: late-

decaying gravitinos may destroy the agreement of standard BBN calculations with astro-

physical measurements of light-element abundances, and supersymmetric dark matter

particles (LSPs) produced in gravitino decays may have a density exceeding cosmological

and astrophysical limits. In terms of a generic two-body inflaton decay coupling y, the

BBN constraint enforces the bound y . 2.9 × 10−9 for m3/2 = 3TeV, which is relaxed

for larger gravitino masses. The dark matter density constraint enforces y . 10−5 for

LSP masses of a few hundred GeV. This analysis strengthens the potential connections

between inflationary cosmology and TeV-scale physics. The decays of the inflaton into

light particles are constrained by gravitino production as well as CMB measurements,

and gravitino production is in turn constrained by BBN and the density of cold dark

matter. The constraints are becoming quite tight, implying that either some observable

signal should soon turn up, or the supersymmetric inflationary framework discussed

here may need to be rethought.
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Appendix A

Conventions

Throughout this thesis we have systematically used the “mostly minus” metric conven-

tion, as it is currently in more common use in the field of phenomenology; we follow the

conventions of [68]. In the Minkowsky limit, it corresponds to

ηµν = diag(+1,−1,−1,−1) , (A.1)

Greek indices run over 0, 1, 2, 3 or t, x, y, z. Four-vectors are denoted by light italic type;

three-vectors are denoted by boldface type. For example,

xµ = (x0,x) , xµ = ηµνx
ν = (x0,−x) , (A.2)

∂µ =

(
∂

∂t
,∇
)
, ∂µ = ηµν∂ν =

(
∂

∂t
,−∇

)
, (A.3)

and

p · x = ηµνp
µxν = p0x0 − p · x . (A.4)

The dispersion relation for a massive particle corresponds to

p2 = (p0)2 − |p|2 = m2 . (A.5)

We work in ‘natural units’, for which

~ = c = 1 , (A.6)

and occasionally work in units where the reduced Planck mass MP = (8πGN )
−1/2 is set

to one. The instances in which this choice is made are labeled accordingly in the text.
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A.1 Spinors

It is a well know result that the Lie algebra of the Lorentz group is isomorphic to the

product of two SU(2) algebras, SO(1, 3) ≃ SU(2) × SU(2)∗ (see e.g. [295, 296]). The

irreducible representations of the Lorentz group can then be classified by two quantum

numbers (j1, j2), which come from the above two groups.

Four-dimensional spinors realize an irreducible representation of the Lorentz group.

The left-chiral two-component fermion ψα is defined as a (0, 12) spinor. A right-chiral

fermion ψ̄α̇ is defined as a (12 , 0) spinor. Both representations are related by Hermitian

conjugation,

ψ̄α̇ = (ψα)
† . (A.7)

Spinor indices are raised and lowered with the two-index antisymmetric symbol, with

non-zero components

ǫ12 = −ǫ21 = ǫ21 = −ǫ12 = 1 . (A.8)

One can then write

ψα = ǫαβψ
β , ψα = ǫαβψβ , ψ̄α̇ = ǫα̇β̇ψ̄

β̇ , ψ̄α̇ = ǫα̇β̇ψ̄β̇ . (A.9)

Lorentz scalars are constructed following the convention

ξχ ≡ ξαχα = ξαǫαβχ
β = −χβǫαβξα = χβǫβαξ

α = χβξβ ≡ χξ . (A.10)

For right-chiral spinors the convention is an ‘ascending’ one, ξ̄χ̄ ≡ ξ̄α̇χ̄α̇.
Lorentz vectors can be obtained by introducing the sigma matrices σµ

αβ̇
and σ̄µα̇β,

defined as

σµ = (1,σ) , σ̄µ = (1,−σ) (A.11)

where 1 denotes the 2 × 2 unit matrix, and where the three-vector σ = (σ1, σ2, σ3)

contains as components the three Pauli matrices

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
. (A.12)

Upon the introduction of parity, the representations of the Lorentz group (12 , 0) and

(0, 12) are no longer irreducible; the rotation generators transform like axial vectors,
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which implies that under parity (12 , 0) ↔ (0, 12) [295, 296]. One must then consider the

(12 , 0)⊕ (0, 12) representation, in which fermions are written as four-component spinors.

In four-dimensional Minkowski space, four-component spinor notation employs the 4×4
Dirac gamma matrices, whose defining property is

{γµ, γν} = 2ηµν1 , (A.13)

where now 1 is the 4× 4 unit matrix. The connection between two-spinor notation and

four-component notation is most easily exhibited in the so-called chiral representation

(see e.g. [68]). In this representation, the gamma matrices take the form

γµ =


 0 σµ

αβ̇

σ̄µ α̇β 0


 , γ5 ≡ iγ0γ1γ2γ3 =


−δ

β
α 0

0 δα̇
β̇


 . (A.14)

The generators of the Lorentz group in the (12 , 0)⊕ (0, 12) representation may be written

as

Sµν ≡ i

4
[γµ, γν ] =


σ

µν β
α 0

0 σ̄µν α̇
β̇


 , (A.15)

where σµν , σ̄µν are defined in (3.16).

A four-component Dirac fermion Ψ(x) is made up of two mass-degenerate two-

component spinor fields of opposite U(1)-charge as follows:

Ψ(x) =

(
ξα(x)

χ̄α̇(x)

)
. (A.16)

Introducing the chiral projector operators

PL ≡
1

2
(1− γ5) , PR ≡

1

2
(1 + γ5) , (A.17)

a Dirac spinor can be decomposed as a sum of two Weyl spinor fields Ψ = ΨL + ΨR,

where

ΨL ≡ PLΨ =

(
ξα

0

)
, ΨR ≡ PRΨ =

(
0

χ̄α̇

)
. (A.18)

A four-component Majorana fermion ΨM(x) is defined by imposing the constraint

ΨC(x) = Ψ(x) on a four component spinor. Here C denotes the operation of charge
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conjugation, which is defined as

ΨC ≡ CΨ̄T =

(
χα(x)

ξ̄α̇(x)

)
, (A.19)

where Ψ̄ = Ψ†γ0, and C denotes the charge conjugation matrix satisfying C−1γµC =

−γTµ [296, 297]. This implies that a Majorana field has the form

ΨM(x) =

(
ξα(x)

ξ̄α̇(x)

)
. (A.20)

With this at hand, one can translate between any two-component-form bilinears and

the corresponding four-component expression. Products involving the chiral projectors

have the form [298]

Ψ̄iPLΨj = χiξj , Ψ̄iPRΨj = ξ̄iχ̄j , (A.21)

Ψ̄iγµPLΨj = ξ̄iσ̄µξj , Ψ̄iγµPRΨj = χiσµχ̄j , (A.22)

Ψ̄iSµνPLΨj = χiσµνξj , Ψ̄iSµνPRΨj = ξ̄iσ̄µν χ̄j . (A.23)

From these, any bilinear may be translated. For example, the Dirac Lagrangian can be

equivalently written as

LDirac = Ψ̄(iγµ∂µ −m)Ψ = iΨ̄γµPL∂µΨ+ iΨ̄γµPR∂µΨ−m(Ψ̄PLΨ+ Ψ̄PRΨ)

= iξ̄σ̄µ∂µξ + iχσµ∂µχ̄−m(χξ + ξ̄χ̄) .
(A.24)

A.2 Grassmann calculus and superspace

Grassmann variables θα are variables that anticommute with each other, but commute

with ordinary numbers x:

θαθβ = −θβθα , θαx = xθα . (A.25)

In particular θ2α = 0. This implies that the expansion of a function contains a finite

number of terms; for a single Grassmann variable ϑ,

f(ϑ) = a0 + a1ϑ . (A.26)
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Differentiation is defined as left differentiation, so that operating on the function above

df

dϑ
= a1 . (A.27)

The differentiation operator anticommutes with Grassmann-odd objects,

d(ϑ2ϑ1)

dϑ1
= −d(ϑ1ϑ2)

dϑ1
= −ϑ2 . (A.28)

Integration is defined as the linear operator such that
∫
dϑ = 0 ,

∫
dϑϑ = 1 . (A.29)

For the function (A.26) this implies
∫
dϑ f(ϑ) = a1 , (A.30)

which illustrates the fact that differentiation and integration are equivalent for anticom-

muting variables. The anticommuting δ-function is defined as
∫
dϑ δ(ϑ− ϑ′) f(ϑ) = f(ϑ′) , (A.31)

which leads to

δ(ϑ− ϑ′) = ϑ− ϑ′ . (A.32)

Superspace is defined as the manifold obtained by adding four anticommuting coor-

dinates to the usual spacetime coordinates. Points are labeled by coordinates

xµ, θα, θ̄α̇ . (A.33)

The derivatives with respect to the anticommuting coordinates are defined by

∂

∂θα
(θβ) = δβα ,

∂

∂θα
(θ̄β̇) = 0 ,

∂

∂θ̄α̇
(θ̄β̇) = δα̇

β̇
,

∂

∂θ̄α̇
(θβ) = 0 . (A.34)

Integration with respect to these coordinates is defined as

d2θ = −1

4
dθαdθβǫαβ , d2θ̄ = −1

4
dθ̄α̇dθ̄β̇ǫ

α̇β̇ , (A.35)

so that ∫
d2θ θθ = 1 ,

∫
d2θ̄ θ̄θ̄ = 1 . (A.36)
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The Dirac δ-functions with respect to integrations d2θ, d2θ̄ are given by

δ(2)(θ − θ′) = (θ − θ′)(θ − θ′) , δ(2)(θ̄ − θ̄′) = (θ̄ − θ̄′)(θ̄ − θ̄′) . (A.37)

No boundary term arises from integration by parts, as the integral of total derivatives

identically vanishes,

∫
d2θ

∂

∂θα
(anything) = 0

∫
d2θ̄

∂

∂θ̄α̇
(anything) = 0 . (A.38)



Appendix B

Global supersymmetry

transformations

The (global) supersymmetry transformation rules for the components of the general

superfield (3.20),

S(x, θ, θ̄) = a+ θξ + θ̄χ̄+ θθb+ θ̄θ̄c+ θ̄σµθvµ + θ̄θ̄θη + θθθ̄ζ̄ + θθθ̄θ̄d ,

are given by

√
2δǫa = ǫξ + ǭχ̄ , (B.1)

√
2δǫξα = 2ǫαb+ (σµǭ)α(vµ − i∂µa) , (B.2)

√
2δǫχ̄

α̇ = 2ǭα̇c− (σ̄µǫ)α̇(vµ + i∂µa) , (B.3)

√
2δǫb = ǭζ̄ − i

2
ǭσ̄µ∂µξ , (B.4)

√
2δǫc = ǫη − i

2
ǫσµ∂µχ̄ , (B.5)

√
2δǫv

µ = ǫσµζ̄ − ǭσ̄µη − i

2
ǫσν σ̄µ∂νξ +

i

2
ǭσ̄νσµ∂ν χ̄ , (B.6)

√
2δǫηα = 2ǫαd− i(σµǭ)α∂µc+

i

2
(σν σ̄µǫ)α∂µvν , (B.7)

√
2δǫζ̄

α̇ = 2ǭα̇d− i(σ̄µǫ)α̇∂µb−
i

2
(σ̄νσµǭ)α̇∂µvν , (B.8)

√
2δǫd = − i

2
ǭσ̄µ∂µη −

i

2
ǫσµ∂µζ̄ . (B.9)
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Appendix C

The N = 1 supergravity

Lagrangian

In this Appendix we show the full expression for the supergravity Lagrangian, including

chiral and vector superfields, in four-component spinor notation. To ease its reading we

break up the Lagrangian into purely bosonic terms LB and terms including fermions

LF , following the convention of [140,297]. Each part is further divided into gauge kinetic

function-independent (LC) and dependent (LG) parts. For simplicity we work in Planck

units, MP = 1. All derivatives Dµ are covariantized with respect to the gauge group

and to gravity. In four-component notation, in the present convention, we define

σµν ≡ i

2
[γµ, γν ] , (C.1)

(cf. (3.16) and (A.15)). The left and right chiral components of the Majorana spinors

are defined as

χiL = 1
2(1− γ5)χi

χiR = 1
2(1 + γ5)χi

and
χ̄iL = χi

1
2(1 + γ5)

χ̄iR = χi
1
2(1− γ5)

(C.2)

and the Kähler function G = K + ln |W |2. The field strength dual is defined as

F̃µνa =
1

2
ǫµνρσFa ρσ . (C.3)

The bosonic part of the supergravity Lagrangian corresponds to

LB = LCB + LGB (C.4)
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where,

e−1LCB = −R
2
+GijDµφiD

µφ̄j − eG(Gi(G−1)ijG
j − 3) , (C.5)

and

e−1LGB = −1

4
(Re fab)FaµνF

µν
b +

i

4
(Im fab)FaµνF̃

µν
b

− g2

2
(Re f−1

ab )G
i(Ta)

j
iφjG

k(Tb)
l
kφl . (C.6)

The kinetic terms of the fermion Lagrangian are contained in

LF,kin = LCF,kin + LGF,kin , (C.7)

with

e−1LCF,kin = −e
−1

2
ǫµνρσψ̄µγ5γνD̃ρψσ +

e−1

8
ǫµνρσψ̄µγνψρ

(
GiDσφi −GiDσφ̄

i
)

+

[
i

2
Gijχ̄iRγ

µDµχ
j
R +

i

2
χ̄iR /Dφjχ

k
R

(
−Gijk +

1

2
GikG

j

)

+
1√
2
Gji ψ̄µR /Dφ̄

iγµχjL + h.c.

]
, (C.8)

e−1LGF,kin =
1

2
Re fab

(
i

2
λ̄a /Dλb −

1

4
λ̄aγ

µσνρψµFb νρ −
i

2
GiDµφiλ̄aRγµλbR

)

+
1

8
Im fab e

−1Dµ(eλ̄aγ5γ
µλb)−

i

4
√
2
(fab)

,i χ̄iLσ
µνFaµνλbR + h.c. (C.9)

The terms that only contain interactions for the fermions,

LF,int = LCF,int + LGF,int (C.10)

are given by

e−1LCF,int =
i

2
eG/2ψ̄µLσ

µνψνR +
1

2
eG/2(−Gij −GiGj +Gijk (G

−1)kl G
l)χ̄iRχjL

+
i√
2
eG/2Giψ̄µLγ

µχiL +
i

16
Gji χ̄iLγσχjL(ǫ

µνρσψ̄µγνψρ − iψ̄µγ5γσψµ)

+

(
1

8
Gijkl −

1

8
Gijm(G

−1)mn G
n
kl −

1

16
GikG

j
l

)
χ̄iRχjLχ̄

k
Lχ

l
R + h.c. (C.11)

e−1LGF,int =
1

4
eG/2(f̄ab),j(G

−1)jkG
kλ̄aLλbR −

g

2
Gi(Ta)ijφjψ̄µRγ

µλaR

− ig
√
2Gji (Ta)jkφkλ̄aLχ

i
R −

i

2
√
2
g(Re fab)

−1(fbc)
,kGi(Ta)ijφjχ̄kRλcL

+
3

32
[(Re fab)λ̄aRγµλbR]

2 +
i

16
(Re fab)λ̄aγ

µσρσψµψ̄ργσλb
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− 1

32
(G−1)kl (fab)

,l(f̄cd),kλ̄aRλbLλ̄cLλdR

+
1

4
√
2
(fab)

,i

(
χ̄iRσ

µνλaLψ̄νRγµλbR +
i

2
ψ̄µLγ

µχiLλ̄aLλbL

)

+
1

16
χ̄iRγ

µχjRλ̄dLγµλcL

[
Gij(Re fcd) +

1

2
Re
(
f−1
ab (fac)

,i(f̄bd),j
)]

− 1

16
χ̄iRχjLλ̄cRλdL

(
2Gijk (G

−1)kl (fcd)
,l − 2(fcd)

,ij +
1

2
Re f−1

ab (fac)
,i(f̄bd),j

)

+
1

128
χ̄iRσµνχjLλ̄cRσ

µνλdLRe
(
f−1
ab (fac)

,i(fbd)
,j
)
+ h.c. (C.12)

The transformation laws of local supersymmetry are given by

δφi =
√
2ǭχiL (C.13)

δe aµ = −iǭγaψµ (C.14)

δψµL = 2DµǫL +
1

2
ǫL(G

iDµφi −GiDµφ̄
i)− ieG/2γµǫR −

1

4
σµνǫLG

j
i χ̄

i
Lγ

νχjL

− 1

2
√
2
ψµL(G

iǭRχiL −GiǭLχiR) +
i

2

(
gµν −

i

2
σµν

)
ǫLλ̄

a
Rγ

νλbRRe fab (C.15)

δχiL = −i
√
2 /Dφ ǫR −

√
2eG/2(G−1)jiGjǫL +

1

2
√
2
ǫLλ̄

a
Lλ

b
R(G

−1)ki (f̄ab),k

+
1√
2
ǫL(G

−1)kiG
jl
k χ̄jRχlL −

1

2
√
2
χiL(Gj ǭLχ

j
R −Gj ǭRχjL) (C.16)

δAµa = iǭγµλa (C.17)

δλaR =
i

2
σµνFaµνǫR +

1

2
λaR(G

iǭRχiL −GiǭLχiR)

+ iǫRRe f−1
ab

[
gGi(Tb)

j
iφj +

i

2
√
2
(fbc)

,iχ̄iRλcL −
i

2
√
2
(f̄bc),iχ̄

i
LλcR

]
(C.18)

Note that the transformation laws differ from those in Appendix B and [129] by factors

of
√
2.

The form of the Lagrangian and the transformation laws have been translated from

the original reference [146], as it made use of the so-called Pauli metric with imaginary

fourth coordinate, δµν = diag[1, 1, 1, 1], as well as different expressions for the matrices

σµν and the projectors PL,R, and a different chiral spinor normalization. The ‘dictionary’

that we used is adapted from [299], and is shown in Table C.1.
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δµν −gµν
ǫµνρσ −iǫµνρσ

γµ −iγµ

γ5 −γ5
∂µ ∂µ

σµν
i
2σ

µν

PL,R PL,R

G −G
χi χi/

√
2

Table C.1: Supergravity translation dictionary between the canonical references [141, 146]
and the present work.



Appendix D

The Boltzmann equation in the

expanding Universe

The microscopic evolution of the phase space distribution of a particle is governed by

the Boltzmann equation. It has the form

L̂[f ] = C[f ] . (D.1)

Here L̂ is the Liouville operator

L̂ = pµ
∂

∂xµ
− Γµνλp

νpλ
∂

∂pµ
, (D.2)

where Γµνλ denote the coefficients of the Levi-Civita connection [300]. In the FRW Uni-

verse the phase space distribution is spatially homogeneous and isotropic, f = f(|p|, t),
or equivalently f = f(p0, t). The Liouville operator then takes the form

L̂[f(p0, t)] = p0
∂f

∂t
−H|p|2 ∂f

∂p0
. (D.3)

If we are tracking the phase space density of a particle ψ, then the collision term for

the process ψ + a+ b+ · · · ←→ i+ j + · · · is given by

C[fψ] = −
1

2

∫
gad

3pa

(2π)32p0a

gbd
3pb

(2π)32p0b
· · · gid

3pi

(2π)32p0i

gjd
3pj

(2π)32p0j
· · ·

× (2π)4 δ(4)(pψ + pa + pb + · · · − pi − pj − · · · )

×
[
|M|2ψ+a+b+···−→i+j+··· fafb · · · fψ(1± fi)(1± fj) · · ·

− |M|2i+j+···−→ψ+a+b+··· fifj · · · (1± fa)(1± fb) · · · (1± fψ)
]
, (D.4)
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where fa, fb, fi, fj , · · · are the phase space densities of species a, b, i, j, · · · ; the blocking
and stimulated emission factors are (+) for bosons and (−) for fermions.

In the most general case, the Boltzmann equations are a coupled set of integro-

differential equations for the phase space distributions for all species present in the

interaction. There are, however, two well motivated approximations that greatly sim-

plify the problem. One is the assumption of CP invariance, under which

|M|2ψ+a+b+···−→i+j+··· = |M|2i+j+···−→ψ+a+b+··· . (D.5)

The second is the use of Maxwell-Boltzmann statistics in lieu of Fermi-Dirac or Bose-

Einstein statistics. In the absence of Bose condensation or Fermi degeneracy, one can

approximate 1± f ≃ 1, and f(E) = e−(E−µ)/T for any species in kinetic equilibrium.

D.1 Thermal particle production

Consider the production of an unstable particle ψ through scatterings with a thermally

equilibrated plasma, through 2↔ 2 inelastic scatterings and forward and inverse decays,

ψ(p1)ψ̄(p2) ←→ γ(k1)γ(k2) , (D.6)

ψ(p1)γ(p2) ←→ γ(k1)γ(k2) , (D.7)

ψ(p1) ←→ γ(k1)γ(k2) . (D.8)

Here γ denote the (ultrarelativistic) components of the thermal plasma; for each process

they do not necessarily correspond to identical particles. They are assumed to have their

thermal distributions with vanishing chemical potential. Assuming CP invariance and

Maxwell-Boltzmann statistics, the Boltzmann equation for ψ (D.4) takes the form

∂fψ
∂t
−H |p1|2

p01

∂fψ
∂p01

=
1

(2p01)

∫
gγ d

3k1

(2π)32k01

gγ d
3k2

(2π)32k02

gψ d
3p2

(2π)32p02
(2π)4δ(4)(k1 + k2 − p1 − p2)

× |Mγγ↔ψψ̄|2
{
fγ(k1)fγ(k2)− fψ(p1)fψ(p2)

}

+
1

(2p01)

∫
gγ d

3k1

(2π)32k01

gγ d
3k2

(2π)32k02

gγ d
3p2

(2π)32p02
(2π)4δ(4)(k1 + k2 − p1 − p2)

× |Mγγ↔ψγ |2
{
fγ(k1)fγ(k2)− fψ(p1)fγ(p2)

}

+
1

(2p01)

∫
gγ d

3k1

(2π)32k01

gγ d
3k2

(2π)32k02
(2π)4δ(4)(p1 − k1 − k2)

× |Mγγ↔ψ|2
{
fγ(k1)fγ(k2)− fψ(p1)

}
, (D.9)
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Using the definition of the number density

n(t) =
g

(2π)3

∫
d3p f(p0, t) , (D.10)

and upon integration by parts, (D.9) can be rewritten as

dnψ
dt

+ 3Hnψ =

∫
gγ d

3k1

(2π)32k01

gγ d
3k2

(2π)32k02

gψ d
3p1

(2π)32p01

gψ d
3p2

(2π)32p02
(2π)4δ(4)(k1 + k2 − p1 − p2)

× |Mγγ↔ψψ̄|2
{
fγ(k1)fγ(k2)− fψ(p1)fψ(p2)

}

+

∫
gγ d

3k1

(2π)32k01

gγ d
3k2

(2π)32k02

gγ d
3p1

(2π)32p01

gψ d
3p2

(2π)32p02
(2π)4δ(4)(k1 + k2 − p1 − p2)

× |Mγγ↔ψγ |2
{
fγ(k1)fγ(k2)− fψ(p1)fγ(p2)

}

+

∫
gγ d

3k1

(2π)32k01

gγ d
3k2

(2π)32k02

gψ d
3p1

(2π)32p01
(2π)4δ(4)(p1 − k1 − k2)

× |Mγγ↔ψ|2
{
fγ(k1)fγ(k2)− fψ(p1)

}
. (D.11)

If the deviation from thermal equilibrium of the ψ particles is momentum-independent,

such as the case of pure kinetic equilibrium fψ = e(µ−p)/T ≡ Fψe
−p/T , then by energy-

momentum conservation, enforced by the δ-function, we can write for the first process

in the collision term

fψ(p1)fψ(p2) = F 2
ψf

eq
ψ (p1)f

eq
ψ (p2) = F 2

ψe
−(p01+p

0
2)/T

= F 2
ψe

−(k01+k
0
2)/T = F 2

ψfγ(k1)fγ(k2) , (D.12)

and analogous relations for the other two processes. Further noting that Fψ = nψ/n
eq
ψ ,

this implies that (D.11) will take the form

dnψ
dt

+ 3Hnψ =
1

n2γ

∫
gγ d

3k1

(2π)32k01

gγ d
3k2

(2π)32k02

gψ d
3p1

(2π)32p01

gψ d
3p2

(2π)32p02
(2π)4δ(4)(k1 + k2 − p1 − p2)

× |Mγγ↔ψψ̄|2fγ(k1)fγ(k2) · n2γ
[
1− (nψ/n

eq
ψ )2

]

+
1

n2γ

∫
gγ d

3k1

(2π)32k01

gγ d
3k2

(2π)32k02

gγ d
3p1

(2π)32p01

gψ d
3p2

(2π)32p02
(2π)4δ(4)(k1 + k2 − p1 − p2)

× |Mγγ↔ψγ |2fγ(k1)fγ(k2) · n2γ
[
1− (nψ/n

eq
ψ )
]

+
1

neqψ

∫
gγ d

3k1

(2π)32k01

gγ d
3k2

(2π)32k02

gψ d
3p1

(2π)32p01
(2π)4δ(4)(p1 − k1 − k2)

× |Mγγ↔ψ|2f eqψ (p1) ·
[
neqψ − nψ

]
, (D.13)



236

or

dnψ
dt

+ 3Hnψ = 〈σγγ→ψψ̄|v|〉n2γ
[
1− (nψ/n

eq
ψ )2

]

+ 〈σγγ→ψγ |v|〉n2γ
[
1− (nψ/n

eq
ψ )
]
+

mψ

〈Eψ〉
Γψ(n

eq
ψ − nψ) .

(D.14)

The thermally-averaged production cross section for the process (D.6) can be com-

puted as

〈σ|v|〉n2γ =

∫
gγ d

3k1

(2π)32k01

gγ d
3k2

(2π)32k02

gψ d
3p1

(2π)32p01

gψ d
3p2

(2π)32p02
(2π)4δ(4)(k1 + k2 − p1 − p2)

× |Mγγ↔ψψ̄|2fγ(k1)fγ(k2)

=

∫
gγ d

3k1

(2π)32k01

gγ d
3k2

(2π)32k02
4σγγ→ψψ̄(s) (k1 · k2) fγ(k1)fγ(k2)

=

∫
gγ d

3k1

(2π)32k01

gγ d
3k2

(2π)32k02
2σγγ→ψψ̄(s) s e

−(k01+k
0
2)/T

=

∫
4πgγ |k1|dk01

2(2π)3
4πgγ |k2|dk02

2(2π)3
d cos θ12 σγγ→ψψ̄(s) s e

−(k01+k
0
2)/T (D.15)

For simplicity we include the internal degrees of freedom g in the phase space integrals

that define the scattering cross section σ. Consider now the change of variables

E+ ≡ k01 + k02 , E− ≡ k01 − k02 , s = 2k01k
0
2(1− cos θ12) . (D.16)

Then

dp01 dp
0
2 d cos θ12 =

1

4k01k
0
2

dE+dE−ds . (D.17)

The limits k01, k
0
2 ≥ 0, | cos θ12| ≤ 1 translate into

E+ + E− ≥ 0 , E+ − E− ≥ 0 ,

∣∣∣∣1−
2s

E2
+ − E2

−

∣∣∣∣ ≤ 1 . (D.18)

The third inequality can be solved for E−,

|E−| ≤
√
E2

+ − s (D.19)

which requires in turn E+ ≥
√
s. Eq. (D.15) can then be finally rewritten as

〈σγγ→ψψ̄|v|〉n2γ =
g2γ

4(2π)4

∫
dE+

∫
dE−

∫
ds s e−E+/T σγγ→ψψ̄(s)

=
g2γT

2(2π)4

∫ ∞

0
ds s3/2K1

(√
s/T

)
σγγ→ψψ̄(s) (D.20)
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An analogous expression can be derived for the process (D.7).1

The Lorentz factor in the decay term can be derived in an analogous way,

1

neqψ

∫
gγ d

3k1

(2π)32k01

gγ d
3k2

(2π)32k02

gψ d
3p1

(2π)32p01
(2π)4δ(4)(p1 − k1 − k2) |Mψ↔γγ |2f eqψ (k)

=
1

neqψ

∫
gψ d

3p1

(2π)3
Γψ(p

0
1)f

eq
ψ (p1)

=
1

neqψ

∫
gψ d

3p1

(2π)3
mχ

p01
ΓRF
ψ f eqψ (p1)

≡ mψ

〈Eψ〉
Γψ

where in the last line the decay rate is evaluated in the rest frame of ψ.

In the case of thermal gravitino production, in the timescale when production is

important, the number density is suppressed with respect to the equilibrium value due

to the gravitational strength of the interactions, (n3/2/n
eq
3/2)prod ≪ 1. Therefore, (D.14)

can be simply written as

dnψ
dt

+ 3Hnψ ≃
(
〈σγγ→ψψ̄|v|〉+ 〈σγγ→ψγ |v|〉+

mψΓψn
eq
ψ

〈Eψ〉n2γ

)
n2γ −

mψ

〈Eψ〉
Γψnψ

≡ 〈σtot|v|〉n2γ −
mψ

〈Eψ〉
Γψnψ (D.21)

which reproduces (7.2).2

D.2 Non-thermal particle production

In this Section we derive the expression (7.31) for the non-thermal production of graviti-

nos before thermalization of the decay products of the inflaton. Namely, we integrate the

Boltzmann equation to obtain a differential equation for the gravitino number density,

1 The expression (D.20) for 〈σ|v|〉 differs from that of [301], since we focus on the production cross
section, rather than the annihilation one. Energy-momentum conservation in the collision term allows
to translate our result to theirs via 〈σ|v|〉n2

γ −→ 〈σ|v|〉(neq
ψ )2.

2 In the case of gravitinos, some of the 2 → 2 processes are infrared divergent due to the exchange
of massless gauge bosons. The computation of the production rate must then incorporate thermal field
theory effects which regularize the divergence; this procedure is not simple [52,282,284]. In addition, as
it was shown in [284], at finite temperature production through 1 → 2 decays, such as gluon → gluino +
gravitino, is also allowed since gluons acquire thermal masses that grow linearly with the temperature.



238

when it is produced non-thermally through the process

ga(k1) + gb(k2) −→ ψ3/2(p1) + g̃c(p2) . (D.22)

In the absence of kinetic equilibrium, the simplifying assumption (D.12) cannot be

considered, and the collision term of the Boltzmann equation must be evaluated using

the non-thermal distribution function (6.35) for the decay products. Equation (7.30)

shows the Boltzmann transport equation, where the distribution functions are labeled

by the momenta of the corresponding particle, in an unambiguous way. However, in

the following derivation ambiguities will arise in intermediate steps, due to the presence

of the δ-function. It is therefore necessary to denote the distribution function of each

particle in a unique way. We will denote simply by f the distribution functions of

gluons, by f1/2 that of the gluino, and by f3/2 the distribution density of the gravitino.

In this notation, Eq. (7.30) is rewritten as

∂f3/2

∂t
−Hω1

∂f3/2

∂ω1
=

1

2(2ω1)

∫
d3k1

(2π)32ε1

d3k2

(2π)32ε2

d3p2

(2π)32ω2
(2π)4δ(4)(k1 + k2 − p1 − p2)

× |M|2
{
f(ε1)f(ε2)[1− f1/2(ω2)][1− f3/2(ω1)]

− f1/2(ω2)f3/2(ω1)[1 + f(ε1)][1 + f(ε2)]
}
,

(D.23)

where |M|2 stands for the squared-amplitude (7.29), and where we denote ε1 = k01,

ε2 = k02, ω1 = p01, ω2 = p02 for simplicity. To reduce (D.23) to a manageable expression,

let us evaluate the integral

I ≡
∫
d3k1

2ε1

d3k2

2ε2
|M|2δ(4)(k1 + k2 − p1 − p2)f(ε1)f(ε2) . (D.24)

Recalling that, in general
d3k

2ε
= δ(k2 −m2)θ(ε) d4k , (D.25)

we can rewrite I in an explicitly Lorentz invariant way as

I =

∫
|M|2f(ε1)f(ε2)δ(4)(k1 + k2 − p1 − p2)δ(k21)δ(k22)θ(ε1)θ(ε2) d4k1d4k2 (D.26)

Introducing the reference momentum q = k2 − p2 we write

I =

∫
|M|2f(ε1)f(ε2)δ(4)(k1 + k2 − p1 − p2)δ(k21)δ(k22)θ(ε1)θ(ε2)

× δ(3)(q+ p2 − k2) d
3qd4k1d

4k2

=

∫
|M|2f(ε1)f(ε2)δ(4)(k1 + k2 − p1 − p2)δ(k21)δ(ε22 − |q+ p2|2)θ(ε1)θ(ε2) d3qd4k1dε2
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=

∫
|M|2f(ω1 + ω2 − ε2)f(ε2)δ

(
(ω1 + ω2 − ε2)2 − |p1 − q|2

)
δ(ε22 − |q+ p2|2)

× θ(ω1 + ω2 − ε2)θ(ε2) d3qdε2

To go further, we specialize to the coordinate system with

q = q(0, 0, 1)

p1 = ω1(0, sinϑ, cosϑ)

p2 = ω2(cosφ sin θ, sinφ sin θ, cos θ)

(D.27)

In this frame we have

t = (k2 − p2)2 = (ε2 − ω2)
2 − q2

s = (p1 + p2)
2 = 2ω1ω2(1− sin θ sinφ sinϑ− cos θ cosϑ)

|p1 − q|2 = ω2
1 + q2 − 2qω1 cosϑ

|q+ p2|2 = ω2
2 + q2 + 2qω2 cos θ

(D.28)

In terms of these, and with R = 4g2

M2
P
|fabc|2

(
1 +

m2
1/2

3m2
3/2

)
,

I = R

∫ [
s+ 2t+ 2t2/s

]
f(ω1 + ω2 − ε2)f(ε2)θ(ω1 + ω2 − ε2)θ(ε2)

× 1

2qω1
δ

(
cosϑ+

(ω1 + ω2 − ε2)2 − ω2
1 − q2

2qω1

)

× 1

2qω2
δ

(
cos θ − ε22 − ω2

2 − q2
2qω2

)
d3q dε2 (D.29)

Schematically, after integration, besides substituting the corresponding values of the

angles,
∫
δ

(
cos θ − ε22 − ω2

2 − q2
2qω2

)
d cos θ → θ

(
ε22 − ω2

2 − q2
2qω2

− 1

)
θ

(
ε22 − ω2

2 − q2
2qω2

+ 1

)

→ θ (q + ω2 − ε2) θ (ε2 − |q − ω2|)
→ θ (ω2 + ε2 − q) θ (q − |ε2 − ω2|)

∫
δ (cosϑ+

(ω1 + ω2 − ε2)2 − ω2
1 − q2

2qω1

)
d cosϑ

→ θ

(
(ω1 + ω2 − ε2)2 − ω2

1 − q2
2qω1

− 1

)
θ

(
(ω1 + ω2 − ε2)2 − ω2

1 − q2
2qω1

+ 1

)

→ θ (2ω1 + ω2 − ε2 − q) θ (q − |ε2 − ω2|)
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Therefore,

∫
I d cosϑ =

R

4ω1

∫ [
s+ 2t+ 2t2/s

]

q2ω2
f(ω1 + ω2 − ε2)f(ε2)θ(ω1 + ω2 − ε2)θ(ε2)

× θ (ω2 + ε2 − q) θ (2ω1 + ω2 − ε2 − q) θ (q − |ε2 − ω2|) q2dφ dq dε2

With only s depending on φ, we integrate

∫ [
s+ 2t+ 2t2/s

]
dφ =

π

q2(ω1 + ω2)
(q − ω2 + ε2) (q + ω2 − ε2)

×
(
4q3 − (ω1 + ω2)

(
3q2 + (ε2 − 2ω1 − ω2) (ω2 + ε2)

))

Noting now that

θ (ω2 + ε2 − q) θ (2ω1 + ω2 − ε2 − q) θ (q − |ε2 − ω2|)
= [1− θ (q − ω2 − ε2)] θ (2ω1 + ω2 − ε2 − q) θ (q − |ε2 − ω2|)
= θ (2ω1 + ω2 − ε2 − q) θ (q − |ε2 − ω2|)
− θ (2ω1 + ω2 − ε2 − q) θ (q − ω2 − ε2)

we can write

∫ [
s+ 2t+ 2t2/s

]
θ (ω2 + ε2 − q) θ (2ω1 + ω2 − ε2 − q) θ (q − |ε2 − ω2|) dφ dq

=

∫ 2ω1+ω2−ε2

|ε2−ω2|

(∫ [
s+ 2t+ 2t2/s

]
dφ

)
dq −

∫ 2ω1+ω2−ε2

ε2+ω2

(∫ [
s+ 2t+ 2t2/s

]
dφ

)
dq

= 2πG(ε2, ω1, ω2)

where the function G(ε2, ω1, ω2) is defined in (7.32). Gathering the previous results, we

finally obtain the reduced form for equation (D.23),

∂f3/2

∂t
−Hω1

∂f3/2

∂ω1
=

g2|fabc|2
2(2π)5ω2

1M
2
P

(
1 +

m2
1/2

3m2
3/2

)

×
∫
dε2 dω2 G(ε2, ω1, ω2) θ(ω1 + ω2 − ε2)θ(ε2)θ(ω2)

×
{
f(ω1 + ω2 − ε2)f(ε2)[1− f1/2(ω2)][1− f3/2(ω1)]

− f1/2(ω2)f3/2(ω1)[1 + f(ω1 + ω2 − ε2)][1 + f(ε2)]
}
.

(D.30)
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As we discussed before, in the limit Γφ/m≪ 1, the distribution functions are such that

1± f(p) ≃ 1. Under this approximation, the creation term of the Boltzmann equation

can be approximated as

∂f3/2

∂t
−Hω1

∂f3/2

∂ω1
=

g2|fabc|2
2(2π)5ω2

1M
2
P

(
1 +

m2
1/2

3m2
3/2

)

×
∫
dε2 dω2 G(ε2, ω1, ω2) θ(ω1 + ω2 − ε2)

× θ(ε2)θ(ω2) f(ω1 + ω2 − ε2)f(ε2) ,

(D.31)

while the annihilation term is negligible. Integrating with respect to the gravitino

momentum, we finally obtain

dn3/2

dt
+ 3Hn3/2 =

g2|fabc|2
32π7M2

P

(
1 +

m2
1/2

3m2
3/2

)

×
∫
dω1 dω2 dε2 G(ε2, ω1, ω2) θ(ω1 + ω2 − ε2)

× θ(ε2)θ(ω2)θ(ω1) f(ω1 + ω2 − ε2)f(ε2) ,

(D.32)

or, substituting the distribution functions (6.35),

dn3/2

dt
+ 3Hn3/2 =

g2|fabc|2Γ2
φM

2
P

π3(mt)2

(
1 +

m2
1/2

3m2
3/2

)

×
∫
dx dy dz G(x, y, z)x−3/2(y + z − x)−3/2Ω(x, y, z; t) ,

(D.33)

where Ω(x, y, z; t) has been defined in (7.33).
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