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Abstract

Increased interest in non-Hermitian quantum systems calls for the development of ef-

ficient methods to treat these. This interest was sparked by the introduction of PT -

symmetry and the study of mathematical mappings which map conventional statistical

or quantum mechanics onto non-Hermitian quantum operators. One of the most com-

mon methods in quantum mechanics is the semiclassial approximation which requires

integration along trajectories that solve classical equations of motion. However in non-

Hermitian systems these solutions are rarely attainable. We borrow concepts from alge-

braic topology to develop methods to avoid solving the equations of motion and avoid

straightforward integration altogether. We apply these methods to solve the semiclas-

sical problem for three largely different systems and demonstrate their usefulness for

Hermitian and non-Hermitian systems alike.
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Chapter 1

Introduction

One of the central paradigms in quantum mechanics is Hermiticity of the Hamilton

operator [1]. However, in recent years there was growing interest in systems where

this paradigm is violated. This was ignited by the introduction of PT -symmetry by

Bender et al [2, 3, 4], and application of non-Hermitian methods in condensed matter

physics by Hatano and Nelson when studying the depinning of vortex lines in super-

conductors [5, 6]. The number of applications in theoretical condensed matter physics

grew rapidly, further examples are the study of hydrodynamic stabilities [7, 8, 9], tunnel

splitting of degenerate states in molecular magnets [10, 11], and statistical mechanics of

multivalent Coulomb gases [12, 13]. Experimentally non-Hermitian systems are realized

in photonic lattices of evanescently coupled waveguides [14, 15, 16], where gain and loss

in intensity translate to non-Hermitian terms in the effective Hamiltonian. All these

systems share that they are derived from conventional statistical or quantum mechan-

ics, however mathematical treatment maps them onto non-Hermitian quantum systems.

Such an abundance of physical problems with non-Hermitian Hamiltonians calls for the

development of new methods for an effective treatment.

In this thesis we develop new methods for semiclassical calculations which are based

on the framework of algebraic topology. The semiclassical approximation, or first-order

Wentzel-Kramers-Brillouin (WKB) method is arguanly the most important approxima-

tion to quantum mechanics. Herein the key quantities are the classical and instanton

action which are integrals along trajectories that solve the classical equation of motion.

However, in classical mechanics with a non-Hermitian Hamiltonian the coordinate and

1
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its conjugate momentum have to be treated as complex variables. In the resulting phase

space of 4 real dimensions determining the classical paths is rather non-trivial, if at all

attainable. More importantly the distinction of ”classically allowed” and ”classically

forbidden” regions is ill-defined in a complex potential. To overcome these hurdles we

apply methods of algebraic topology. This framework was first introduced in physics

in the context of the Seiberg-Witten solution of supersymmetric field theories [17, 18]

and its extensions [19, 20, 21]. By interpretation of the action as integrals on a 1-

dimensional manifold one can apply concepts of de Rham theory in algebraic topology.

We will use two main results: we will derive the so-called Picard-Fuchs equation which

is an ordinary differential equation for the actions, and we will utilize monodromy which

quantifies non-analyticities of the solutions at special points. Both concepts can be used

independently or combined to compute the required action integrals. We develop these

methods with non-Hermitian quantum mechanics in mind, however they can also be

applied to Hermitian systems and provide new results in cases where straightforward

integration fails.

This thesis consists of four main parts. In chapter 2 we present the relevant concepts

of algebraic topology and show their connection to the main semiclassical formulas,

Bohr-Sommerfeld quantization and Gamow’s formula. Throughout this chapter we

relate the abstract concepts to a well-studied Hermitian example, the Mathieu equation.

In chapter 3 we turn to an example that is derived from statistical mechanics of a 1-

dimensional Coulomb gas. This is a good approximation for biological ion channels

with mobile ions dissolved in water. Through a standard textbook mapping [22, 23]

this system is mapped onto a non-Hermitian quantum system. We use the divalent

Coulomb gas as a first non-trivial example to demonstrate the power of the Picard-

Fuchs equation, and show in the appendices A.1.1-A.1.3 the cases for tri- and tetravalent

Coulomb gases. In all cases we use the results to obtain the thermodynamic pressure and

transport coefficients of ion channels. In chapter 4 we turn to single-molecule magnets

which are described by large spins in SU(2). This is a compact group where the actions

have a non-trivial measure of integration. In this case we use monodromy properties

to study non-analyticities of the actions near special values of the parameters. The

constraints on the analytic structure derived from monodromy are sufficient to uniquely

identify the action integrals, without needing to solve the Picard-Fuchs equation. As
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a result we derive splitting of nearly degenerate energy levels, and oscillation of this

splitting with the strength of an applied magnetic field. In chapter 5 we study the

Lamé potential as an example for a periodic potential which can’t easily be brought

onto algebraic form, and as a Hermitian system where straightforward integration fails.

The periodicity introduces additional structure to the manifold, however we show the

same methods can be applied. Furthermore we examine beyond-first-order terms in the

WKB approximation, and show that all terms of higher order can be obtained from

derivatives of the classical action. In chapter 6 we summarize our findings.



Chapter 2

A Semiclassical Theory based on

Algebraic Topology

In classical mechanics the abbreviated action is a functional which relates the trajectory

x(t) a particle takes to the integral

S =

∫
pdx (2.1)

along this path, where p is the momentum and x the position of the particle at time

t. The principle of least action shows that the true path is the one where the action is

stationary, i.e. δS = 0 for small variations. From this principle the classical equations

of motion are derived. There are two solutions to the classical equation of motion, for

real time t and for imaginary time. The first corresponds to motion in the classically

allowed region, while the latter describes motion in the classically forbidden region.

Thus one can define two different actions corresponding to integration along the two

different paths. The classical action is the integral in the classically allowed region, for

a potential with two turning points xa,b the action for one full period is

Sc = 2

∫ xb

xa

pdx. (2.2)

4
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In semiclassical approximation it is related to the energy levels En of a bound particle

via the Bohr-Sommerfeld quantization condition,

Sc(En) = 2π~
(
n+

1

2

)
. (2.3)

The path in the classically forbidden region corresponds to tunneling through a barrier

between different minima of the potential and defines the instanton action1,

Si = 2

∫ xa

xb

pdx. (2.4)

In the classically forbidden region the momentum p is imaginary, and so is the instanton

action. For a visualization in a periodic potential see figure 2.1. Si describes the

probability of tunneling from one minimum to another and is related to the bandwidth

of the n-th band through Gamow’s formula,

(∆E)n =
~ω
π
eiSi(En)/2~, (2.5)

where ω is the frequency at the potential minimum. This notion of the actions (2.2) and

(2.4) as integrals between turning points is based on integration in one real dimension. In

section 2.1 we show a way to relax this constraint and allow for integration in complex

phase space. This naturally gives rise to a notion of the integrals as periods on a

manifold, for which we can apply methods of algebraic topology. In section 2.2 we

discuss the concepts of homology and cohomology, and two of the most important

results of algebraic topology, Stokes’ theorem and de Rham’s theorem. These lead to

the existence of the Picard-Fuchs equation, an ordinary differential equation for the

actions. Solving this equation allows to compute the classical and instanton action,

and from there semiclassical results for the energy levels and bandwidth. In section 2.3

we present the concept of monodromy, which is an additional tool for computing the

actions. Throughout we demonstrate the application on the basis of the well-studied

1In literature the instanton action is frequently defined between two classical minima of the potential,
independent of the energy of the particle. Throughout this thesis we use the definition as the integral
connecting the turning points corresponding to the semiclassical energy levels.
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Mathieu Hamiltonian,

H =
p̂2

2m
− 2α cosx. (2.6)

This is a Hermitian example, however the framework we develop in this chapter is also

applicable for non-Hermitian systems. We show potential applications in the subsequent

chapters.

Figure 2.1: The classically allowed (forbidden) region at energy 2u < 0 are shown for the
cosine potential, with turning points xa and xb. Integration along the solid (dashed) line
gives the classical (instanton) action. The lower part shows the closed integration cycles γc
(γi) in complex x plane.

2.1 Physical Action as Integral on a Complex Manifold

Before applying methods from algebraic topology we need to set up the general frame-

work. Therefore we want to connect the physically relevant actions to closed contour

integrals on a manifold. To this end we first focus on the structure of the manifold as a

Riemann surface of the function p(x). For classical motion in a potential V (x) energy

conservation demands that E = p2

2m + V (x). This yields two possible values for the
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momentum,

p(x) = ±
√

2m(E − V (x)), (2.7)

i.e. momentum is globally a double-valued function. The two different values correspond

to opposite direction of motion. One may choose a unique principal value for the

function, e.g. the positive sign in equation (2.7). However that choice can not be made

continuously over the entire complex plane2. Therefore lines of discontinuity appear

in the complex plane. Almost everywhere in the complex plane p(x) is locally single-

valued. An exception thereof are the turning points xa,b, defined by the condition

E − V (xa,b) = 0. These point are called branch points. The lines of discontinuity may

be arbitrarily chosen, but they always connect a pair of branch points and are called

branch cuts.

The choice of a principal and a secondary value give two possible interpretations of

the complex plane, these two sheets can be connected into one Riemann surface. The

Riemann surface is defined by a family of curves

EE : F(p, z) = p2 − 2m(E − V (x)) = 0. (2.8)

Whenever one crosses a branch cut, one crosses over to the other sheet. The Riemann

surface consists of two copies of the complex plane3, but by this definition one obtains a

function p(x) which is analytic everywhere. Figure 2.2 shows a geometric interpretation

of that construction for a function with four branch points and two branch cuts, which

yields a simple torus. This defines a manifold of complex dimension 1 in 2-dimensional

phase space (p, x). For cases with multiple branch cuts manifold surface obtains ad-

ditional structure, but it is in general topologically equivalent to a multi-torus. The

actions (2.2) and (2.4) turn into line integrals on the multi-torus. An important char-

acteristic of each manifold is the genus g. It is defined as the maximum number of

nontrivial closed cycles that can be drawn on the surface which are non-intersecting.

Roughly speaking this is equal to the number of holes. For an orientable manifold its

2To see this for an easy example, consider
√
x and a small loop x = ε2eiφ, φ ∈ [0, 2π] around the

origin. At φ = 0, choose the principal value
√
x = ε. Then continuity gives

√
ε2eiφ = εeiφ/2. I.e. at

φ = 2π this gives
√
x = −ε, but x = ε2e2iπ and x = ε2 are identical points.

3To be precise, here one needs to consider the compactification of the complex plane into a sphere,
including ∞ as a regular point.
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relation to the Euler characteristic χ is χ = 2− 2g.

Figure 2.2: Schematic construction of a Riemann surface with four branch points and two
branch cuts. Both copies of the complex plane have two branch cuts each (a), they are
opened along these cuts and deformed into two tubes (b) which are then glued together
along the branch cuts (c). The construction with two cuts yields a simple torus. On the
torus there are two fundamental closed cycles γ0 and γ1, around the handle and around the
hole of the torus respectively.

To illustrate this construction we apply it to the Mathieu Hamiltonian (2.6). We

replace the momentum operator p̂ with the classical momentum and scale p/
√

2mα→ p

for convenience. The classical problem becomes

2u = p2 − 2 cosx, (2.9)

where u = E/2α so that u = ∓1 are the bottom and top of the cosine potential. This

is turned into an algebraic equation by setting z = eix,

2u = p2 −
(
z +

1

z

)
, (2.10)

which defines a family of complex algebraic curves Eu that is parametrized by u:

Eu : F(p, z) = p2z − (z2 + 2uz + 1) = 0. (2.11)
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Here we have to consider (p, z) as complex variables. u is called a modulus of the

Riemann surface. It is easy to check that for u 6= ∓1 the Jacobian (∂F/∂z, ∂F/∂p) do

not vanish on Eu. Then F(p, z) implicitly defines a locally holomorphic map p = p(z)

almost everywhere. The exceptions are the points z = 0,∞, z±, where

z± = −u± i
√

1− u2 (2.12)

are the classical turning points, p(z±) = 0. In a neighborhood of these four branch

points, p(z) behaves locally as

p ∼(z − z±)1/2, (z ≈ z±)

p ∼z1/2, (z ≈ ∞)

p ∼z−1/2, (z ≈ 0). (2.13)

The definition of the branch cuts is arbitrary, but for the present example it is convenient

to connect the two turning points z± along the trajectory of classical motion, and

connect the other pair z = 0,∞ along the negative real axis, see figure 2.3. From here

we construct the Riemann surface as shown in figure 2.2, on which p(z) is single-valued.

Next we want to describe the integrals for the classical and instanton action, equa-

tions (2.2) and (2.4), as integrals along closed contours on this manifold. The action Sc

is an integral between two branch points xa and xb, see also figure 2.1. We consider these

to be connected by a branch cut along the classical trajectory, and define the principal

sheet so that below the cut (Im(x) = 0−) the momentum is positive, p(x) > 0. Above

the cut (Im(x) = 0+) this gives p(x) < 0, i.e. motion in reversed direction. Together

these two pieces form a closed path which describes a full period of the classical mo-

tion. By Cauchy’s theorem any closed cycle can be arbitrarily deformed in the space of

complex coordinate x without a change in the result of integration, as long as it doesn’t

cross any branch point. Therefore the integration cycle can be pushed off from the real

axis into the cycle γc marked in figure 2.1, enclosing the branch cut. For the classical

action this gives

Sc = 2

∫ xb

xa

pdx =

∮
γc

pdx. (2.14)
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Similarly the instanton action becomes

Si = 2

∫ xa

xb

pdx =

∮
γi

pdx. (2.15)

In the example of the Mathieu equation the change of coordinate z = eix changes the

contours into the ones shown in figure 2.3. The classical and instanton action become

Sc,i =

∮
γc,i

√
2u+ 2 cosxdx =

∮
γc,i

√
z2 + 2uz + 1

iz3/2
dz =

∮
γc,i

p(z)
dz

iz
. (2.16)

In the next section we want to find an efficient method to evaluate the action for cases

where straightforward integration fails.

Figure 2.3: The classical and instanton cycle γc,i for the Mathieu equation after change of
coordinate z = eix at energy u = −0.9. The classical turning points z± are a complex
conjugated pair of points symmetric to z = 1 which corresponds to the classical minimum
z = 0. These two branch points are connected with one branch cut (gray), while the other
branch cut runs along the negative real axis from z = 0 to z → −∞. The classical cycle γc is
entirely on the principal sheet, denoted as solid blue line. The instanton cycle crosses the
branch cuts and runs on both sheets, denoted as solid blue or dashed red line, respectively.
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2.2 Homology, Cohomology and the Picard-Fuchs Equa-

tion

To further study the actions Sc,i we turn to methods from algebraic topology4. In this

general framework, the Riemann surface defined by (2.8) is a differentiable manifoldM
of complex dimension n = 1, embedded in a space of 2 complex dimensions given by the

coordinates (p, x). The integration contours γc,i are closed 1-dimensional cycles on this

surface, which belong to the first homology group ofM. The integrand λ(E) = pE(x)dx

is a differential 1-form, thus it belongs to the first cohomology group. In this section

we begin with the main definitions for calculus on a differentiable manifold, before we

continue to show the classification of forms into the de Rham cohomology and cycles

into the singular homology group. de Rham’s theorem provides an isomorphism between

both groups. This relates the topological properties of a manifold (homology) to its

analytic properties (cohomology), and most importantly shows that there only exists a

finite number of distinct forms on the Riemann surface. A consequence of this is the

existence of the Picard-Fuchs equation, a special case of the Gauss-Manin connection. In

physical terms it is an ordinary differential equation for the actions S(E) with energy

E as variable. The classical and instanton actions Sc,i(E) can be obtained from the

solutions to the Picard-Fuchs equation. At the end of this section we will demonstrate

how to obtain and solve the Picard-Fuchs equation for the actions (2.16) of the Mathieu

Hamiltonian.

The set Ωk(M) is the set of all differential k-forms on an n-dimensional differentiable

manifold M. By convention, a 0-form is a differentiable function f :M→ C. Locally

Ω1(M), the space of differential 1-forms, is spanned by the coordinate differentials

{dxi}i=1,...,n. A differential k-form ω is a linear combination of terms of the form

ω = f dxi1 ∧ . . . ∧ dxik (2.17)

for functions f and multi-indeces i1 < . . . < ik. Here ∧ denotes the wedge product. Due

to the antisymmetry of the wedge product, every term with a repeated differential dxi0

equals zero. Therefore there are no k-forms with k > n. The exterior derivative of this

4The mathematical background in this section is taken from the Encyclopedia of Mathematics [24].
A more detailled discussion of relevant and related concepts is in [25], basic definitions are e.g. in [26].
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k-form is

dω =

(
n∑
i=1

∂f

∂xi
dxi

)
∧ dxi1 ∧ . . . ∧ dxik , (2.18)

i.e. the derivative of a k-form is a (k+1)-form5. Two important special cases of k-forms

are closed and exact forms. A k-form ω whose derivative is zero, dω = 0, is called a

closed form. From the definition of the derivative (2.18) it follows that every n-form is

closed. An exact form is a k-form ω which is the derivative of a (k− 1)-form ϕ, ω = dϕ.

Each k-form ω can be integrated along any k-dimensional submanifold σ ⊆ M.

Formally the submanifold is parametrized by a subset of Rk, and the integral
∫
σ ω is

defined by pulling back to integration in Rk. A closed k-dimensional submanifold σ,

i.e. σ is compact and the boundary operator ∂ vanishes, ∂σ = 0, is called a k-cycle6

and the set of all k-cycles is Sck(M). Now we have the necessary tools to state a central

theorem in algebraic topology:

Stokes’ theorem: Let ω be a (k− 1)-form with compact support on a k-dimensional

submanifold σ ⊆M and ∂σ is the boundary of σ, then∫
σ
dω =

∫
∂σ
ω. (2.19)

There are two important corollaries:

1. The integral of an exact form over a cycle (∂σ = 0) is zero.

2. The integral of a closed form (dω = 0) over the boundary of a submanifold is zero.

In the case of the physical problem, the Riemann surface (2.8) is a 1-dimensional

manifold M. Thus the only non-trivial forms are functions and 1-forms. Every 1-

form is a closed form, so integrals over boundaries vanish. Furthermore, the integration

contours γc,i in figures 2.1 and 2.3 are cycles. Therefore every exact form ϕ = ∂f
∂xdx = df

integrates to zero.

The first corollary of Stokes’ theorem motivates the definition of an equivalence

relation on the set of closed k-forms Ωk
c (M). Two closed k-forms ω, ω̃ ∈ Ωk

c (M) are

5Here and in the following we drop the adjective ”differential”. Every manifold, function and k-form
is assumed to be differentiable or differential, respectively.

6To be precise we have to consider chains which are linear combinations of such objects with integer
coefficients.
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considered equivalent, ω ∼= ω̃, if their difference is an exact form, ω − ω̃ = dϕ. This

implies
∫
σ ω =

∫
σ ω̃ for a cycle σ ∈ Sck(M). Thus all closed k-forms are sorted into

equivalence classes [ω], the set of all equivalence classes of closed k-forms onM is called

the de Rham cohomology Hk
dR(M). It inherits the structure of a vector space over

C from Ωk
c (M). Formally the elements of Hk

dR(M) are equivalence classes of closed k-

forms, but in an abuse of notation we will use ω for both the k-form and the equivalence

class it represents.

The second corollary of Stokes’ theorem allows the definition of an equivalence rela-

tion on Sck(M). Two k-cycles σ, σ̃ ∈ Sck(M) are equivalent, σ ∼= σ̃, if the difference is a

boundary of a (k + 1)-dimensional submanifold N ⊆ M, σ − σ̃ = ∂N . For a closed k-

form ω ∈ Ωk
c (M) that means

∫
σ ω =

∫
σ̃ ω. This sorts all k-cycles into equivalence classes

[σ], the set of all equivalence classes of k-cycles on M is called the singular homology

group Hs
k(M). Figure 2.4 visualizes this equivalence relation for 1-cycles on the torus

defined by the Mathieu Hamiltonian (2.11). The homology group has the structure of a

vector space over Z, which in mathematical literature is called a Z-module. As for the

cohomology in the following we will abuse notation and equate an equivalence class [σ]

in Hs
k(M) with one of its representatives σ.

So far we discussed analytic properties of the manifold M and defined cohomology,

and topological properties and defined homology. A connection between these two

seemingly opposite aspects is given by what is arguably the most important theorem in

algebraic topology:

de Rham’s theorem: The de Rham cohomology Hk
dR(M) and the singular homology

group Hs
k(M) are isomorphic. As a corollary, one can construct bases {γi}i=1,...,N of

Hs
k(M) and {ωj}j=1,...,N of Hk

dR(M) so that∮
γi

ωj = δi,j . (2.20)

In more intuitive language, on a manifold the number of linearly independent k-

cycles (up to boundaries) is equal to the number of linearly independent closed k-forms

(up to exact forms). The dimension of a homology group is given by the Betti number p

and always finite. This leads to the existence of the Picard-Fuchs equation. Suppose the



14

manifold M depends on a modulus t and consider a k-form ω =
∑

i fi dx
i1 ∧ . . .∧ dxik ,

cf. equation (2.17). Derivatives with respect to t are defined as

ω(l) =
∂l

∂tl
ω =

∑
i

∂lfi
∂tl

dxi1 ∧ . . . ∧ dxik . (2.21)

The functions fi and their derivatives are all holomorphic functions on the manifoldM,

i.e. each ω(l) is a k-form on M. By de Rham’s theorem the Betti number p also gives

the dimension of the cohomology Hk
dR(M), therefore the set {ω(l)}l=0,...,p with p + 1

elements must be linearly dependent,

p∑
l=0

alω
(l) = dϕ, (2.22)

where dϕ is an exact k-form and the coefficients al may in general depend on the modulus

t. In the sense of cohomology this is an ordinary differential equation, because every

exact form is equivalent to zero. This is called the Picard-Fuchs equation. There are

several generalizations to this concept, e.g. for a Riemann surface with a set of moduli

Figure 2.4: γa (blue) and γb (red) represent two different 1-cycles in the homology group of the
torus. The cycle γa is the boundary of the region shaded in blue, therefore under homology
it is equivalent to a point, i.e. trivial. The difference of the cycles γb and γ̃b is the boundary
of the region shaded in red, upon homology they are equivalent but not trivial. Intuitively,
two cycles are equivalent if they can smoothly be deformed into each other. In complex
space this equivalence is a manifestation of Cauchy’s integral theorem.
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one can derive a partial differential equation, which are known as the Gauss-Manin

connection.

To illustrate this concept we want to apply it to the actions (2.16) on the Riemann

surface for the Mathieu Hamiltonian (2.11). The integration contours γc,i in figure

2.3 are 1-cycles on a 1-dimensional manifold M of genus 1, and ω(u) = p(z)dziz =
√
z2+2uz+1
iz3/2

dz is a closed 1-form. For any multi-torus of genus g the Betti number is 2g,

which can also be found from the Riemann-Roch theorem. By application of de Rham’s

theorem there are only two independent closed 1-forms, and the set {ω(u), ω′(u), ω′′(u)}
must be linearly dependent. To find a linear combination akin to equation (2.22) we

write
2∑
l=0

alω
(l) = ∂z[P2(z)z−1/2(z2 + 2uz + 1)−1/2]dz, (2.23)

where P2(z) is a polynomial of degree 2 with u-dependent coefficients. Matching coeffi-

cients for powers of z leads to 5 equations for 6 unknown parameters, determining the

sought combination up to an overall multiplicative factor. This way one finds that the

operator L = (u2 − 1)∂2
u + 1/4 acts on ω(u) as

Lω(u) =
∂

∂z

[
i

2

1− z2

z1/2(z2 + 2uz + 1)1/2

]
dz. (2.24)

Upon integration along a cycle γc,i we obtain the Picard-Fuchs equation for the Mathieu

equation [21]:

0 =

∮
γc,i

Lω(u) = LSc,i(u) = (u2 − 1)S′′c,i(u) +
1

4
Sc,i(u) = 0. (2.25)

This differential equation can be brought to the standard hypergeometric form by chang-

ing variable to u2 [27]. The two independent basis solutions are F0(u2) and uF1(u2),

where

F0(u2) = 2F1

(
−1

4
,−1

4
;
1

2
; u2

)
,

F1(u2) = 2F1

(
+

1

4
,+

1

4
;
3

2
; u2

)
. (2.26)

These solutions form a basis out of which the classical and instanton actions Sc,i(u)
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must be composed:

Sc(u) = C0F0(u2) + C1uF1(u2),

Si(u) = I0F0(u2) + I1uF1(u2). (2.27)

To find the coefficients Ck and Ik, k = 0, 1, for the action cycles γc,i it is sufficient to

evaluate the periods at one specific value of u. Employing the fact that the hyperge-

ometric functions (2.26) are normalized and analytic at u = 0, i.e. Fk = 1 + O(u2),

one notices that Sc(u) = C0 + uC1 + O(u2). Thus to identify Ck we expand Sc(u)

to first order in u and evaluate the integrals at u = 0 (and similarly for Si(u)). The

corresponding cycles in the z-plane are shown in Fig. 2.3 and explicit calculation yields

C0 = e−iπ/2I0 = 8π−1/2Γ(3/4)2,

C1 = e+iπ/2I1 = π−1/2Γ(1/4)2. (2.28)

As a sidenote, the relations between Ck and Ik are not accidental. They originate from

the fact that for u = 0 the turning points are ±i, so the cycle γc transforms into γi

by substitution z′ = e−iπz, see figure 2.3. These relations imply a global symmetry

between the two periods,

Sc(u) = e−iπ/2Si(e
iπu). (2.29)

The Bohr-Sommerfeld quantization rule (2.3) gives the n-th energy level in semi-

classical approximation, counted from the classical minimum u = −1. The change of

scale in the momentum in equation (2.9) shows that α−1/2 takes the role of the Planck

constant ~ if one chooses m = 1/2 for the mass. Expanding the classical action from

equations (2.26-2.28) to first order gives

Sc(um) = 2π(u+ 1) = 2πα−1/2

(
n+

1

2

)
, (2.30)

implying for the energy levels En = 2αun:

En = −2α+ 2α1/2

(
n+

1

2

)
. (2.31)
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To find the width of the n-th band we use Gamow’s formula (2.5), where ω = 2 is the

classical frequency of the Hamiltonian (2.9). Expanding the instanton action around

the classical minimum in the physically relevant region −1 < u < 1 we find

Si(um) = 16i+ 2i(u+ 1) ln

(
u+ 1

32e

)
. (2.32)

Gamow’s formula leads to

(∆E)n = 2α(∆u)n = 2α
ω

π
√
α
eiα

1/2Si(un)/2

=
4

π

(
32e

n+ 1/2

)n+1/2

e−8α1/2+(n/2+3/4) lnα, (2.33)

where we applied the Bohr-Sommerfeld condition (2.30) to the energy levels. This

coincides with the known asymptotic result for the Mathieu equation [28, 29, 30].

To summarize, in this section we derived a novel method to calculate the classical and

instanton actions (2.2) and (2.4) which are necessary to obtain semiclassical results for

energy states and bandwidth. Interpretation of these integrals as periods on a complex

manifold allows us to sidestep straightforward integration, and instead solve an ordinary

differential equation. The boundary conditions to identify the classical and instanton

action from the basis solutions are obtained through integration for special values, in

the Mathieu example we chose u = 0. In the next section we explain a different method

to obtain boundary conditions, employing properties of the manifold for singular values

of the modulus.

2.3 Monodromy Group and Monodromy Matrices

The name monodromy translates to ”running around once”. For our purposes we want

to apply it to the space of the modulus E of the manifold defined by EE , equation (2.8).

In this case we ”run around” a value of the modulus E0 where the manifold is singular,

i.e. where two branch points coincide. This transformation may act non-trivially on

cycles in the homology group Hs
k(M). We want to identify the effect on the classical

and instanton cycles γc,i and connect it to the analytic properties of the corresponding
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action Sc,i
7.

We consider a Riemann surface as in equation (2.8) which is parametrized by one

modulus E which in general has to be taken complex. Suppose that Ek is a critical value

for which two of the branch points xa,b coincide. This implies a branch cut collapses into

one point and the Riemann surface is singular. In this case, quite generically a smooth

transformation E = Ek + δeiφ, φ ∈ [0, 2π] will return the same Riemann surface but the

two branch points exchange in the process, xa → xb and vice versa. However, for cycles

in the homology group Hs
1(M) not to change they may not cross through a branch

point, therefore they are dragged along in this procedure. This effect is visualized in

figure 2.5. If we consider the effect on a basis {γj}j=1,...,m of the homology group, they

are changed into a new set of cycles {γ̃j}j=1,...,m. The cycles γ̃j are defined on the same

Riemann surface, so they can be expressed in terms of the basis {γj}. Therefore the

action of a monodromy transformation on the homology group Hs
1(M) can be expressed

as a mondromy matrix,

Γ̃ = MkΓ, (2.34)

where Γ = (γ1, . . . , γm)t (and similarly for Γ̃), and Mk is an m×m-matrix with integer

coefficients. The set of all critical values {Ek}k=1,...,K corresponds to a set of monodromy

matrices {Mk}k=1,...,K which form a non-commutative group. To see this consider a

closed path in the complex plane of the modulus E which encloses several critical values.

7Most concepts in this section are taken from the Encyclopedia of Mathematics [24], with additional
background in [25] and [31].

Figure 2.5: A monodromy transformation around the critical value E = E0 rotates the branch
cut (blue) between [xa, xb] by 180◦ counter-clockwise. This changes the cycle γ1 (red) as
γ1 → γ′1 = γ1 − γ0 along with it. The cycle γ0 which encloses the branch cut remains
unchanged.
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Figure 2.6: A closed path ν (blue) in the space of the modulus E which encloses several
critical values E1, E2, E3 (black). The path can be deformed into a contour only composed of
narrow circles around the critical values (red). The monodromy matrix for the path ν is the
product of the monodromy matrices for the individual points, Mν = M3M2M1. For the
Riemann surface Eu in the Mathieu example (2.11) the critical values are u1 = −1, u2 = 1
and u3 =∞. The figure shows the case for approaching ∞ with positive imaginary part. It
is easy to see that Im(u3) < 0 changes the order of monodromies along the red path, in this
case the monodromy matrix is Mν = M2M3M1.

This path is equivalent to going around each of them individually, see figure 2.6. The

monodromy matrix of such a path is the product of the monodromy matrices of each

enclosed critical value. If EE has a finite set of critical values one can consider a path

enclosing all of them. This is equivalent to a path enclosing no critical value which has

a trivial monodromy matrix,

M =
K∏
k=1

Mk = I. (2.35)

As a consequence all monodromy matrices are invertible, e.g. M1
∏K
k=2Mk = I and

from there
∏K
k=2Mk = M−1

1 . Therefore any monodromy describes a change of basis

and the monodromy matrices form a non-Abelian group. Furthermore they are matrices

over the integers Z where invertibility implies det(Mk) = ±1.

A useful tool to determine a monodromy matrix is the Picard-Lefschetz formula.

Consider a critical value Ec for which two branch points xa,b coincide and the cycle δ

which encloses the branch cut connecting xa and xb. For any cycle γ we can define the
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intersection < γ, δ > which is a sum over all points on the manifold which are part

of both γ and δ. Following the orientation of the cycles, every point where it takes a

right turn to go from γ to δ contributes −1, every point with a left turn contributes +1.

The intersection < γ, δ > is a topological invariant, through deformation of the cycles

there may appear additional points where the cycles meet, however these additional

points always appear in canceling pairs. The Picard-Lefschetz formula states that for a

monodromy around Ec the cycles transform as

γj → γ̃j = γj− < γj , δ > δ. (2.36)

The change of basis of the homology through monodromy has some practical con-

sequences for integrals on the manifold. Any integral along a cycle γj gets transformed

into an integral along a cycle γ̃j . For an integral Sj(E) =
∮
γj
ω(E) the monodromy

around a critical value Ek acts as

Sj(E) =

∮
γj

ω(E)→ S̃j(E) =

∮
γ̃j

ω(E) =
m∑
i=1

(Mk)j,i Si(E). (2.37)

This change must be reflected in the analytic structure of Sj(E). Therefore, for any

non-trivial monodromy Sj(E) itself is locally multi-valued at Ek. The precise structure

of the non-analytic term depends on the difference between Sj(E) and S̃j(E). As a

consequence, monodromy allows us to quantify non-analytic behavior of the integrals

on the manifold, which in turn yields constraints for the physical actions Sc,i(E) and can

be used to identify the actions from the basis solutions of the Picard-Fuchs equation.

Conversely, every non-analytic behavior of Sj(E) is reflected in the monodromy group.

This leads to the field of Riemann-Hilbert problems, which shows that the function

Sj(E) may be uniquely defined by the complete monodromy data. In the following we

want to derive the monodromy matrices for the Mathieu example, and show how to use

these geometric constraints to identify the classical and instanton actions (2.27) from

the basis solutions (2.26).

Equation (2.12) for the branch points of the Riemann surface (2.11) shows that

the two branch points z± = −u ± i
√

1− u2 coincide for u = ±i. Additionally, for

u → ∞ one of the points goes to z = 0, the other to z = ∞, depending on the
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sign of the root. Thus the set of critical values in u is {−1, 1,∞}. First we consider

u = −1. Figure 2.3 depicts the situation in its vicinity. The monodromy transformation

is written as u = −1 + δeiφ, where φ smoothly goes from 0 to 2π. The branch points

z± ≈ 1± i
√

2δeiφ/2 are exchanged in anti-clockwise direction, similar to figure 2.5. The

classical cycle remains unchanged, γ̃c = γc, but the instanton cycle picks up −2 times

the classical cycle, γ̃i = γi− 2γc. Following equation (2.37) the net effect on the actions

is (
Sc(u)

Si(u)

)
→

(
1 0

−2 1

)(
Sc(u)

Si(u)

)
= M−1

(
Sc(u)

Si(u)

)
, (2.38)

with the monodromy matrix M−1 at u = −1. At u = +1 the situation is very sim-

ilar, what can also be seen from the symmetry relation (2.29) for the actions. The

monodromy is parametrized by u = 1 − δeiφ, φ ∈ [0, 2π]. The two branch points

z± ≈ −1± i
√

2δeiφ/2 are symmetric with respect to the real axis near −1, they get ex-

changed in counter-clockwise direction by the monodromy. The roles of the two cycles

here is opposite to the case u = −1: γi encloses the two branch points thus remains

unchanged, but following the transformation γc picks up an additional contribution 2γi.

For the actions this means(
Sc(u)

Si(u)

)
→

(
1 2

0 1

)(
Sc(u)

Si(u)

)
= M1

(
Sc(u)

Si(u)

)
, (2.39)

To find the monodromy matrix at u =∞ we apply the completeness relation (2.35).

However depending on whether the limit is taken above or below the real line changes

which branch point z± goes to zero or infinity. This changes the order of the mon-

odromies, cf. figure 2.6, and we have to consider the two cut domains Im(u) ≷ 0

separately. For Im(u) > 0 the order of monodromies is ∞ → −1 → 1, therefore the

monodromy matrix becomes

M∞+i = (M−1M1)−1 =

(
1 2

−2 −3

)−1

=

(
−3 −2

2 1

)
. (2.40)

Conversely, for Im(u) > 0 the order of monodromies is ∞ → 1 → −1. From this we
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calculate the monodromy matrix as

M∞−i = (M1M−1)−1 =

(
−3 2

−2 1

)−1

=

(
1 −2

2 −3

)
. (2.41)

We are mostly interested in the actions Sc,i(u) near the classical minimum u ≥
−1. M−1 in equation (2.38) shows that the classical action Sc(u) is invariant under

monodromy, so it is locally analytic in a neighborhood of u = −1. Furthermore the

cycle γc shrinks to a point in the limit, therefore Sc(−1) = 0. This agrees with the

harmonic oscillator approximation near the minimum which shows that in a vicinity

Sc(u) ∼ (1 + u). The two solutions of the Picard-Fuchs equation F0(u2) and uF1(u2) in

equation (2.26) both have logarithmic terms in their expansion near u = −1, only the

combination

Fc(u) = 8Γ

(
3

4

)
F0(u2) + Γ

(
1

4

)
uF1(u2) ≈ 2π3/2(1 + u) (2.42)

is analytic, where Γ is the factorial gamma function. To find the constant of proportion-

ality between Fc(u) and Sc(u) we take the definition in equation (2.16) and calculate

∂uSc(u)|u=−1 =

∮
γc

dz

iz1/2
√
z2 − 2z + 1

= 2πiResz=1
1

iz1/2
= 2π. (2.43)

Comparing the last two equations we find the coefficients C0,1 which are identical to the

results in equation (2.28).

To obtain the instanton action Si(u) we can perform a similar calculation near

u = +1 to determine the coefficients I0,1. However, more can be said when focussing on

the monodromy near u = −1. M−1 shows that Si(u) obtains an additional contribution

of −2Sc(u) for every loop around u = −1 in the space of the modulus. The only

function which increases by a constant amount for every loop is the complex logarithm.

Therefore we can write

Si(u) = Qi(u) +
i

π
Sc(u) ln(1 + u), (2.44)

for a function Qi(u) which is locally analytic. This determines the non-analytic term of
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Si(u) and with that one obtains a constraint on the coefficients I0,1. Furthermore the

net change of −2Sc(u) in the instanton action under monodromy yields an additional

factor of e(i/2)α1/2(−2Sc(un)) in Gamow’s formula (2.33) for the bandwidth. This connects

the Bohr-Sommerfeld rule (2.30) and Gamow’s formula, the quantization condition en-

sures that for the physical bands the bandwidth is single-valued and invariant under

monodromy.

In this chapter we started from two well-established semiclassical formulas, Bohr-

Sommerfeld quantization (2.3) and Gamow’s formula (2.5). These relate the classical

and instanton actions Sc,i to the physical observables, energy states and bandwidth.

However calculation of the actions involves integration, which in many cases can’t be

carried out straightforwardly. Therefore we developed a framework to avoid direct in-

tegration. By identifying the actions with integrals over cycles on a complex manifold

we can utilize powerful theorems from algebraic topology which ultimately relate the

actions to the solutions of an ordinary differential equation. The necessary boundary

conditions for the solutions of the differential equation can either be obtained from

straightforward integration for special values of the energy E where integration is pos-

sible, or we can use monodromy to derive constraints on the parameters from geometric

properties of the interation cycles. In this chapter we demonstrated the concepts on

the basis of the well-studied Mathieu equation (2.6), to validate the method we showed

that we can reproduce the known results perfectly [28, 29, 30]. In the next chapters

we study several seemingly disconnected examples where we apply the concepts of this

chapter in different ways, to derive thermodynamic properties of ion channels, calculate

the ground state splitting of single-molecule magnets in an applied magnetic field and

discuss in the end how to use these ideas in higher-order WKB calculations.



Chapter 3

Multivalent Coulomb Gases

In this chapter we apply the Picard-Fuchs equation to solve a non-Hermitian quantum

problem. Recent interest in those was stipulated by the introduction of PT -symmetry

by Bender et al. in 1998 [2, 3, 32], and application of non-Hermitian methods in con-

densed matter physics by Hatano and Nelson in 1996/97 [5, 6]. Condensed matter

systems involving non-Hermitian treatment include the depinning of vortex lines in su-

perconductors [5, 6], the theory of hydrodynamic stabilities [7, 8, 9] and tunnel splitting

of degenerate states in large-spin molecular magnets [10, 11]. All these systems have in

common that they are derived from conventional statistical or quantum mechanics, but

their mathematical treatment requires mapping onto a non-Hermitian theory.

The model we discuss in this chapter is derived from statistical mechanics of cations

+n1e and anions −n2e inside a narrow channel, as they are found in biological mem-

branes. Such an ion channel may be approximated as a cylindrical water-filled tube

surrounded by a lipid membrane. The dielectric constant of water εwater ≈ 80 is sig-

nificantly larger than that of the surrounding lipid membrane εlipid ≈ 2, therefore the

electric field lines are mostly confined to stay inside the channel [33]. This observation

has far reaching consequences, as it implies that charged ions interact with an effective

1-dimensional Coulomb potential. A single charged ion moving through the ion channel

experiences a transport barrier U ≈ 4kBTroom [33], which would essentially block all

transport and prohibit the channel to perform its biological functions [34, 35]. This

blockage is overcome by screening [34, 36, 37, 38, 39, 40, 41, 42], either by mobile ions

or charged ions attached to the walls, which reduces the transport barrier down to

24
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U ≈ kBTroom. We want to verify this reduction in the transport barrier. Therefore

we use a standard mapping to map the statistical system onto a 1-particle quantum

theory [22, 43]. For equal valencies n1 = n2 this reduces to the Mathieu Hamiltonian,

cf. chapter 2, which was used to study thermodynamic and transport properties of

monovalent Coulomb gases [33, 44, 45]. Here we focus on the case of unequal valen-

cies n1 6= n2 which yields a PT -symmetric Hamiltonian with a potential of the form

V (θ) = α(ein1θ/n1 + e−in2θ/n2). From semiclassical calculations on that Hamiltonian

we obtain pressure and transport barrier in the ion channel at large fugacity α.

In section 3.1 we briefly review the mapping of statistical mechanics of a Coulomb

gas onto an equivalent quantum Hamiltonian and derive the relationship between ther-

modynamic properties on one side and the band spectrum on the other side. Section

3.2 discusses numerical results for the comlex spectra and bandstructure for the family

of PT -symmetric Hamiltonians. In section 3.3 we apply the methods from algebraic

topology in chapter 2 to the divalent Coulomb gas (n1, n2) = (2, 1). We derive and solve

the Picard-Fuchs equation for this example of a genus-1 manifold. The cases for multi-

valent Coulomb gases with genus-2 manifolds are given in the appendices A.1.1-A.1.3.

We conclude with section 3.3.2 with a summary of the results for these four cases and

connect them to physical observables in the ion channel.

3.1 Equivalence of Statistical Mechanics and a non-Hermitian

Quantum Theory

Consider a 1D gas of cations with charge n1e and anions with charge −n2e, where

(n1, n2) are positive integers. By Gauss’s theorem, the electric field at a distance x

larger than the radius of the channel a from a unit charge is E0 = 2e/a2εwater. At

the location of a charge n1,2 the electric field exhibits a discontinuity ±2E0n1,2. Since

all charges are integers the field is conserved modulo 2E0 along the channel. This

allows us to define the order parameter [33, 44] q = E(x) mod 2E0, which acts like

an effective boundary charge ±q at the two ends of the channel. In 1 dimension, the

Poisson equation ∇2φ = −2E0δ(x) leads to the 1D Coulomb potential φ(x) = −E0|x|.
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The potential energy of the gas is thus

U = −eE0

2

∑
i,j

σiσj |xi − xj | , (3.1)

where σj is the charge n1 or −n2 of an ion at the position xj and we omit the ±q
boundary charges for brevity. A biological ion channel is connected to charge reservoirs

on both sides, therefore our goal is to evaluate the grandcanonical partition function of

the gas in the channel of length L

ZL =

∞∑
N1,N2=0

fN1
1 fN2

2

N1!N2!

N1∏
i=1

∫ L

0
dxi

N2∏
j=1

∫ L

0
dxj e

−U/kBT , (3.2)

where f1,2 are fugacities of the two charge species. One can now introduce the charge

density ρ(x) employing a delta-function δ[ρ(x) −
∑

j σjδ(x − xj)]. The delta-function

is elevated in the exponent with the help of the auxiliary field θ(x). This procedure

decouples all xj integrals [33], bringing them to the form
∑

N [f
∫
dx eiσθ(x)]N/N ! =

exp{f
∫
dx eiσθ(x)}. The interaction potential (3.1), being inverse of the 1D Laplace

operator, leads to exp{(T/eE0)
∫
dx θ∂2

xθ}. As a result the partition function (3.2) is

identically written as the Feynman path integral, in an ”imaginary time” x, for quantum

mechanics with the Hamiltonian

Ĥ = (i∂θ − q)2 −
(
α1e

in1θ + α2e
−in2θ

)
, (3.3)

where α1,2 = f1,2kBT/eE0 are dimensionless ion concentrations. Such Feynman integral

is the expectation value of the evolution operator during ”time” L, leading to

ZL =

〈
q
∣∣∣X e− eE0

kBT

∫ L
0 dx Ĥ

∣∣∣q〉 =
∑
m

|〈q|m〉|2e−
eE0L
kBT

εm(q)
, (3.4)

where X stands for x-ordered exponent. Here εm(q) are eigenvalues of the effective

Hamiltonian Ĥ, |m〉 = ψm(θ) are its eigenvectors in the Hilbert space of periodic func-

tions ψm(θ) = ψm(θ+ 2π), and the matrix elements are 〈q|m〉 =
∫ 2π

0 dθe−iqθψm(θ). The

boundary charge q plays the role of the Bloch quasi-momentum and the spectrum is

periodic in q with unit period (reflecting the fact that the integer part of the boundary
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charge may be screened by mobile ions).

The pressure of the Coulomb gas is its free energy per unit length

P = kBT
∂ lnZL
∂L

L→∞−→ −eE0ε0(q) , (3.5)

where ε0(q) is the eigenvalue with the smallest real part. In equilibrium the system

minimizes its free energy by choosing an appropriate boundary charge q. In all cases

considered below the minimum appears to be a non-polarized state of the channel, i.e.

q = 0 (see however [45] for exceptions to this rule). Adiabatic charge transfer through

the channel is associated with the boundary charge q sweeping through its full period.

As a result, the barrier in free energy for ion transport is

U0 = eE0L∆0 , (3.6)

where ∆0 is the width of the lowest Bloch band. Therefore the ground state energy and

the width of the lowest Bloch band of the Hamiltonian (3.3) determine thermodynamic

and transport properties of the (n1, n2) Coulomb gas.

3.1.1 PT Symmetry

For n1 6= n2 the Hamiltonian (3.3) is apparently non-Hermitian and may assume non-

real eigenvalues. However a physical partition function (3.4) must be real and positive.

This is ensured by PT-symmetry of the Hamiltonian [3, 32]. Here the parity operator

P acts as θ → −θ, while the time-reversal operator T works as complex conjugation

i → −i. Clearly the two operations combined leave the Hamiltonian (3.3) unchanged.

One may prove [32, 46] that all eigenvalues of PT -symmetric Hamiltonians are either

real or appear in complex conjugated pairs. This leaves the partition function (3.4)

real, and as long as the lowest energy band ε0(q) is entirely real ensures poitivity. As

shown below this holds for positive values of concentrations α1,2 > 0, while the higher

bands εm(q) are in general complex. It is interesting to note that for unphysical negative

concentrations α1,2 < 0 already the lowest band ε0(q) is complex, making the free energy

ill-defined.
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3.1.2 Isospectrality

The spectrum of the Hamiltonian (3.3) is invariant under shift of the coordinate θ →
θ+θ0, where θ0 is an arbitrary complex number. Upon such transformation (preserving

the periodic boundary conditions) the dimensionless concentrations α1,2 renormalize

as α1 → α1e
in1θ0 and α2 → α2e

−in2θ0 . Notice that the combination αn2
1 αn1

2 remains

invariant. From here one concludes that the family of Hamiltonians (3.3) with

αn2
1 αn1

2 = const (3.7)

are isospectral [22]. Thus without loss of generality, one may pick one representative from

each isospectral family. It is convenient to choose such a representative to manifestly

enforce charge neutrality in the bulk reservoirs. To this end one takes α1n1 = α2n2 = α,

which brings the Hamiltonian (3.3) to the form

Ĥ = α

[
p̂2 −

(
1

n1
ein1θ +

1

n2
e−in2θ

)]
. (3.8)

Here we have defined the momentum operator as

p̂ = α−1/2(−i∂θ + q) ; [θ, p̂] = iα−1/2 . (3.9)

With the help of the isospectrality condition (3.7), one may always choose a proper α

such that the spectrum of a Hamiltonian with arbitrary α1,2 is identical with that of Ĥ

in (3.8). The physical reason for this symmetry is that the interior region of the long

channel always preserves charge neutrality, allowing the edge regions to screen charge

imbalance of the reservoirs. Therefore, irrespective of the relative fugacities of cations

and anions in the reservoirs, the thermodynamics of the long channel are equivalent

to the one in contact with neutral reservoirs with an appropriate salt concentration

α. Hereafter we restrict ourselves to the neutral Hamiltonian (3.8) with the single

parameter α.
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3.2 Spectrum of a PT-symmetric Hamiltonian

If the valences are equal, n1 = n2, the potential in (3.8) reduces to the cosine potential,

which was widely studied in literature [28, 29, 33, 44, 45] and discussed in chapter 2.

However, for unequal valences n1 6= n2 the Hamiltonian is manifestly non-Hermitian.

This is the case we want to focus on in the following. As mentioned in section 3.1

PT -symmetry ensures that eigenvalues are real or appear in complex conjugate pairs,

and the partition function ZL is positive if the lowest eigenvalue ε0(q) is real. We

want to demonstrate these properties through numerical results for the spectrum of

the Hamiltonian (3.8) for unequal valences n1 6= n2. Since the Hamiltonian Ĥ acts in

the Hilbert space of periodic functions, one may choose the complete basis in the form

{eimθ}m∈Z. In this basis the Hamiltonian is represented by an infinite size real matrix

[45]

Ĥm,m′=(m− q)2δm,m′ − α
(

1

n1
δm+n1,m′ +

1

n2
δm−n2,m′

)
. (3.10)

The boundary charge q plays the role of the quasi-momentum residing in the Brillouin

zone q ∈ [−1
2 ,

1
2 ]. To numerically calculate the energy spectrum εm(q) we truncate the

matrix at a large cutoff, after checking that a further increase in the matrix size does

not change the low-energy spectrum.

For reasons which will become apparent below (cf. figure 3.3), it is convenient to

present the spectrum ε on the complex plane of the normalized energy u defined as

u =
n1n2

n1 + n2

ε

α
. (3.11)

The spectrum for the divalent (2, 1) gas with u = 2ε/3α is shown in figure 3.1. The

spectrum consists of a sequence of complex Bloch bands. At large ion fugacity there

appear exponentially narrow bands inside the unit circle while outside there are wide

bands which are separated by narrow gaps, cf. figure 3.1d. The number of narrow bands

within the unit circle |u| = 1 scales as
√
α. They form three branches which terminate

at u = −1 and u = e±iπ/3 and approximately line up along the lines connecting the

termination points with the point u = 1. Outside the unit circle the bands are wide and

centered near the positive real axis of energy.

This gives unique features for the band structure. Figure 3.2 shows the first Brillouin



30

(a) α = 1 (b) α = 2

(c) α = 5 (d) α = 10

Figure 3.1: Complex plane of normalized energy u = 2εm(q)/3α for (2, 1) gas. The color
corresponds to different values of quasimomentum q; blue stands for q = 0 and red for
q = ±1/2. The dotted circle is |u| = 1, the dashed lines connect between u = 1 and
u = e±iπ/3, indicating positions of the narrow complex bands in the limit of large α.

zone |q| < 1/2 for α = 1. The lowest Bloch band is purely real (this is always the case

for α > 0), but noticeably the next two bands are complex for |q| < qc ≈ 0.36. They

exhibit opposite imaginary parts (not shown), but turn real at |q| > qc. The next two

bands are real, cf. figure 3.1a. The higher bands form an alternating sequence of two

real and two partially complex bands. The complex bands only appear in complex

conjugated pairs, this is a consequence of the above mentioned PT -symmetry [3, 32].

For larger values of α there is a sequence of entirely complex bands, cf. figure 3.3a.

The same features show up for different combinations of valencies, see figure 3.3.

At large α there are n1 + n2 or n1 + n2 − 1 spectral sequences, consisting of order
√
α exponentially narrow bands, seen as points. The central sequence goes along the

real axis terminating at the bottom of the spectrum near u = −1. The others appear

in conjugated pairs terminating near the roots of unity (−u)n1+n2 = 1. Close to the

termination points the band sequences approximately align along the lines pointing

towards u = 1. Further away from the termination points they deviate from these lines
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Figure 3.2: Band structure for the divalent Coulomb gas (n1, n2) = (2, 1) with α = 1, cf.
Fig. 3.1a, vs. boundary charge (quasi-momentum) q. The dashed blue line is the real part of
the two complex bands ε1,2(q).

and may coalesce. Once all spectral sequences intersect the real axis there are no more

narrow bands present, beyond this point one finds wide bands separated by narrow

gaps. This is similar to the Hermitian case, at small energies below the maximum of

the potential one finds narrow bands, while above the maximum there are wide bands

separated by narrow gaps. For the rest of this chapter we focus on the exponentially

narrow bands with |u| < 1 at large fugacity α & 1. These low energy states (i.e. the

states with the smallest real part) yield the main contribution to the partition function

(3.2) and therefore determine the thermodynamic and transport properties of a Coulomb

gas.

3.3 Semiclassical Theory for the Divalent (2,1) Gas

The commutation relation in equation (3.9) shows that α−1/2 plays the role of the

effecctive Planck constant. For large fugacities α & 1 semiclassical approximation is

applicable. As we discuss in chapter 2, the classical and instanton actions are integrals

along trajectories which solve the classical equation of motion. However for the non-

Hermitiain Hamiltonian in equation (3.8) the potential assumes complex values and
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(a) (2, 1), α = 200 (b) (3, 1), α = 300

(c) (4, 1), α = 400 (d) (3, 2), α = 400

Figure 3.3: Complex plane of normalized energy u, equation (3.11), for large α and various
valencies (n1, n2). The dotted circle is |u| = 1, the dashed lines connect spectrum termination
points u = −(1)1/(n1+n2) and u = 1, approximating positions of narrow complex bands.

therefore momentum and coordinate (p, θ) must als be treated as complex variables.

The corresponding equation of motion is

∂2

∂t2
θ =

i

2

(
ein1θ − e−in2θ

)
, (3.12)

which in general is not solvable. Similarly to many other non-Hermitian systems there

is no analytic expression for the trajectory γ, and it was shown that such trajectories

can obtain very elaborate shapes [4, 47]. In this section we apply the methods derived

in chapter 2 to the simplest non-Hermitian case of a Coulomb gas with divalent ions,

(n1, n2) = (2, 1). More complicated cases with higher valencies are presented in the

appendices A.1.1-A.1.3.

Energy conservation defines the base manifold for integration. To find this manifold

we write the normalized Hamiltonian as

3

2
u = p2 −

(
1

2
e2iθ + e−iθ

)
. (3.13)
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Here u = (2ε)/(3α), so u = −1, e±iπ/3 are the energy values corresponding to the

classical turning points of the complex-valued potential. For two complex variables

(p, z = eiθ) this is equivalent to a family of algebraic curves

Eu : F(p, z) = 2p2z −
(
z3 + 3uz + 2

)
= 0 , (3.14)

parametrized by the modulus u. For u 6= −1, e±iπ/3 it can be checked that (∂F/∂z, ∂F/∂p)
does not vanish on Eu, so each Eu is nonsingular. Then F(p, z) implicitly defines a lo-

cally holomorphic map p = p(z). The exceptions to this occur at z = 0 and the three

roots of z3 +3uz+2 = 0, where p(z) = 0, i.e. classical turning points, denoted as z0, z±.

Near these four branching points p(z) locally behaves as

p ∼ z−1/2, (z ∼ 0) p ∼ (z − z0,±)1/2, (z ∼ z0,±) (3.15)

respectively, i.e. p(z) is locally double-valued. As describes in section 2.1 this ambiguity

is resolved by introducing a second sheet of the z-plane. We connect the four branch

points pairwise with two cuts and connect the two sheets by analytic continuation of

p(z) through the cuts. As shown in figure 2.2 a Riemann surface constructed this way

with two branch cuts can be identified with a torus, i.e. a manifold of genus g = 1.

3.3.1 Integration on the Torus and Picard-Fuchs Equation

The action integrals Sj(u) =
∮
γj
λ(u) are the periods of Eu with respect to the 1-form

λ(u) = p(θ) dθ = p(z)
dz

iz
=

i

z3/2

(
1

2
z3 +

3

2
uz + 1

)1/2

dz. (3.16)

From section 2.1 we see that for any physical action Sj the integration contour γj is

a cycle around a pair of branch points. Since there are three turning points z0,± it

is convenient to choose three cycles γ0,1,2 as shown in figure 3.4, avoiding the singular

point at z = 0. The first homology group1 of a torus is generated by two basis cycles.

Therefore the three cycles introduced above are not independent. Inspection shows that

the combination γ0 − γ1 − γ2 is a contractible cycle, not containing any of the branch

1The group of all cycles which are not equivalent under continuous deformations, cf. section 2.2.
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points. After integration this yields S0 − S1 − S2 = 0.

Figure 3.4: Complex z-plane with two branch cuts, shown in gray. (a) Three integration cycles
γ0, γ1, γ2 are displayed for u = 0. (b) The instanton cycle Γ = −γ1 + γ2. The solid (dashed)
lines denote parts of the cycles going over the first (second) branch. Notice that Γ crosses
twice the two cuts from first to second branch and back.

de Rham’s theorem (section 2.2) shows that the homology group and cohomology

group2 are isomorphic. I.e. any three (or more) 1-forms on the torus are linearly

dependent up to an exact form. As a result, there must exist a linear combination

of 1-forms {λ′′(u), λ′(u), λ(u)} which is an exact form (here primes denote derivatives

w.r.t. u). This combination may be found by equating a generic linear combination of

these three 1-forms (with u-dependent coefficients) to the exact form dz[P3(z)z−1/2(z3 +

3uz + 2)−1/2], where P3(z) is a third degree polynomial. Matching coefficients for

powers of z leads to 6 equations for 7 unknown parameters, determining the sought

combination up to an overall multiplicative factor. This way one finds that the operator

L = (u3 + 1)∂2
u + u/4 acts on λ(u) as

Lλ(u) =
d

dz

[
i

4
√

2

−3z2 + u(z3 − 4)

z1/2(2 + 3uz + z3)1/2

]
dz . (3.17)

This implies that Lλ(u) is an exact form, therefore upon integration on a cycle γj on

the torus it follows that
∮
γj
Lλ(u) = LSj(u) = 0, from Stokes’ theorem. Thus the action

2The group of all closed 1-forms modulo exact forms, cf. section 2.2
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integrals Sj(u) satisfy the Picard-Fuchs equation

(u3 + 1)S′′j (u) +
u

4
Sj(u) = 0. (3.18)

Changing variable to u3, this equation may be brought to the standard hypergeomet-

ric form of the Euler-Gauss hypergeometric functions [27]. In the domain | arg(1−u3)| <
π it admits two linearly independent solutions of the form F0(u3) and uF1(u3), where

F0(u3) = 2F1

(
−1

6
,−1

6
;
2

3
; −u3

)
, F1(u3) = 2F1

(
+

1

6
,+

1

6
;
4

3
; −u3

)
. (3.19)

These solutions form a basis out of which Sj(u) (and indeed any period of (3.14)) must

be composed of [49]. In this basis the three periods Sj(u), where j = 0, 1, 2, are given

by

Sj(u) = Cj0F0(u3) + Cj1uF1(u3) . (3.20)

Since the hypergeometric functions are normalized and analytic near the origin, F0,1(u3) =

1 +O(u3), one notices that Sj(u) = Cj0 + uCj1 +O(u3), as u → 0. One can thus find

the constants Cjk by expansion of the actions at u = 0 as Cj0 = Sj(0) and Cj1 = S′j(0).

The corresponding cycles are shown in figure 3.4 and straightforward integration yields:

C00 = C10e
πi/3 = C20e

−πi/3 = 211/63π3/2

Γ( 1
6

)Γ( 1
3

)
, (3.21)

C01 = C11e
−πi/3 = C21e

πi/3 =
31/2Γ( 1

6
)Γ( 1

3
)

211/6π1/2 . (3.22)

The relations among the Cj0 and Cj1 are not accidental. They originate from the fact

that for u = 0 the turning points are z0,± = 21/3{eπi/3, eπi, e5πi/3} and a substitution

z̃ = e−2πi/3z transforms the cycles as γ0 → γ1 → γ2 → γ0. This yields a global

symmetry between the periods:

S0(u) = eiπ/3S1

(
e−2iπ/3u

)
= e−iπ/3S2

(
e2iπ/3u

)
. (3.23)

Equations (3.19)-(3.22) fully determine the three actions S0,1,2 through hypergeometric
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functions. We now relate them to physical observables.

3.3.2 Semiclassical Results

To this end we turn to the concept of monodromy which we described in section 2.3 and

explore analytic properties of Sj(u) in the neighborhood of u = −1. For u→ −1 the two

turning points z± collide, the cycle γ0 contracts to a point and therefore S0(−1) = 0.

By contrast, γ1,2 and thus S1,2(−1) remain finite. Moreover, while S0 is analytic near

u = −1, it turns out that S1,2 are not. Performing a monodromy around u = −1

exchanges the branch points z± akin to figure 2.5. For γ0 this has no effect, the cut

turns within the cycle, but γ1,2 are deformed as in figure 2.5 and obtain an additional

contribution γ1,2 → γ̃1,2 = γ1,2 ± γ0. In the basis {γ0, γ1} of the homology group this

gives the monodromy matrix(
γ̃0

γ̃1

)
=

(
1 0

1 1

)(
γ0

γ1

)
= M−1

(
γ0

γ1

)
. (3.24)

The effect on γ2 follows from the relation γ0 − γ1 − γ2 = 0. This occurs for every

monodromy cycle near u = −1, thus S1,2 must have a logarithmic dependence on 1 +u.

Similarly to equation 2.44 one can check that

S1,2(u) = Q1,2(u)∓ i

2π
S0(u) ln(1 + u) , (3.25)

yields the correct behavior, where Q1,2(u) and S0(u) are analytic functions of (1 + u)

(moreover Q1 +Q2 = S0). This allows us to identify the analytic period

S0(u) =
(√

6π/2
)

(1 + u) +O
(
(1 + u)2

)
(3.26)

as the classical action, while the instanton action is a combination of the two non-

analytic periods S1,2(u).

As an immediate corollary, the symmetry relation (3.23) shows that at the singular

point u = eiπ/3 (e−iπ/3) the period S1(u) (S2(u)) is non-singular and goes to zero.

It should be thus identified with the classical actions for the branch of the spectrum

terminating at the respective singular point, Fig. 3.3a. A combination of the remaining
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(a) Results for the (2, 1)-Hamiltonian,
α = 200. The lines coalesce at u ≈ 0.96.

(b) Results for the (3, 1)-Hamiltonian,
α = 300. The lines coalesce at u ≈ 1.09.

(c) Results for the (4, 1)-Hamiltonian,
α = 400. The lines coalesce at u ≈ 1.20.
There are two non-real spectral sequences
which collide near u ≈ 0.90 + 0.32i. Beyond
this intersection the green line marks the
quantization condition for the sum of the
two corresponding actions, S1 + S2.

(d) Results for the (3, 2)-Hamiltonian,
α = 400. The lines coalesce at u ≈ 0.98, the
first pair of complex conjugate lines
intersects at u ≈ 0.84. The quantization
condition for the sum of these two actions,
S2 + S3, which explains the state at
u ≈ 0.89, is marked in green.

Figure 3.5: Narrow energy bands (red dots) in the upper half-plane of complex energy u for
large α, cf. figure 3.3. In all four cases, ImS0(u) = 0 along the real axis, where the small
lines mark |S0(u)| = 2πα−1/2(m+ 1/2), the quantization condition. The other black lines
mark ImSj(u) = 0 for the other actions Sj , where the small perpendicular lines mark
|Sj(u)| = 2πα−1/2(m+ 1/2). In all cases Sj corresponds to an action encircling two branch
points. These collide at the value of u for which Sj(u) = 0 and the spectral branch
terminates. Near intersections of two lines neither condition holds perfectly, cf.
u ≈ 0.90 + 0.32i in (4, 1) and u ≈ 0.82 in (3, 2). To the right all lines coalesce and beyond
this point we observe bands with narrow gaps (same colors as in figure 3.3). The lower
half-plane is omitted for brevity, it shows the mirror image (i.e. complex conjugate) of the
upper half plane.

two actions S0 and S2 (S1) form the corresponding instanton. For completeness, the

correspnding monodromy matrices in the basis {γ0, γ1} at u = e±iπ/3 and at u → +∞
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are3

Meiπ/3 =

(
1 −1

0 1

)
, Me−iπ/3 =

(
2 −1

1 0

)
, M+∞ =

(
−1 2

−1 1

)
. (3.27)

Quantizing the classical action according to the Bohr-Sommerfeld rule,

Sj(u
(j)
m ) = 2πα−1/2(m+ 1/2), m = 0, 1, ... , (3.28)

one finds the semiclassical energies u
(j)
m determining the centers of the narrow bands

in the complex plane. Figure 3.5a shows the lines ImS0(u) = 0 and ImS1(u) = 0

intersected with the set of lines |S0,1(u)| = 2πα−1/2(m+1/2). The numerically computed

spectrum sits right at the semiclassical complex energies u
(j)
m . The excellent agreement

holds all the way up to the point u ≈ 0.96, where all three periods Sj happen to be

purely real. Beyond this point the semiclassical approximation breaks down, which

manifests in e.g. appearance of wide Bloch bands. Figures 3.5b-d show the results for

other combinations of valences (n1, n2). In those cases the manifold has genus g = 2,

which requires fourth-order Picard-Fuchs equations (see appendices A.1.1-A.1.3).

All graphs exhibit spectral branches along the lines where one of the actions Sj(u)

is real, while the bands lie at the points determined by the Bohr-Sommerfeld condition

(3.28). For (2, 1) and (3, 1) there exists a total of three spectral sequences, for (4, 1)

and (3, 2) five sequences due to a higher number of energies for which two turning

points collide. In the (4, 1) case, Fig. 3.5c, the two complex-valued branches intersect

at u ≈ 0.90 + 0.32i. Beyond this point the two sequences merge into one, for which the

quantization condition is neither determined by S1 nor S2 individually, but instead by

the sum S1 + S2 (shown in green). For (3, 2), Fig. 3.5d, the two lines for the complex-

conjugate pair S2 and S3 collide at u ≈ 0.84, the other pair collides at u ≈ 0.98 where

the semiclassical approximation breaks down. A closer look at the state at u ≈ 0.89

reveals that this cannot be explained by the quantization of S0 along the real axis.

However, it meets the Bohr-Sommerfeld condition (3.28) for S2 +S3 with m = 17. Thus

we may conclude that the spectral branches can be derived from the Bohr-Sommerfeld

3Note that the monodromy matrix at infinity depends on the direction of the limit, here it is taken
along the real positive axis.
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Figure 3.6: Analytical and numerical results for the logarithm of the bandwidth of the lowest
band, ln(∆ε)0, versus square-root of the charge fugacity,

√
α, with (2, 1) as dashed

(diamonds), (3, 1) as dotted (circles), (4, 1) as short-dashed (triangles) and (3, 2) as
dash-dotted line (squares). The Hermitian (1, 1) gas is shown as solid line (stars), for
comparison.

condition for one of the actions, or upon intersection of two branches by the sum of two

actions.

The semiclassical bandwidth is determined by Gamow’s formula,

(∆u)m =
ω

π
√
α
eiα

1/2Sinst(um)/2 , (3.29)

where ω =
√

6 4 is the classical frequency for the Hamiltonian (3.13) and Sinst is the

instanton action.

To obtain the instanton cycle we return to figure 3.4. The cycle Γ = −γ1 + γ2 in

Fig. 3.4b connects z± turning points and may be considered as an analog to integration

4ω =
√

6 can be derived from the harmonic oscillator approximation in (3.13), i.e. expanding the
potential near the turning point θ = 0 up to second order.
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through the ”classically forbidden region” in the Hermitian case, cf. figure 2.3. Thus

we identify Sinst(u) = −S1(u) +S2(u). Following from equation (3.25), the monodromy

transformation leaves the bandwidth in Eq. (3.29) invariant for energies um which fulfill

the quantization condition (3.28).

A comparison of the results from Eq. (3.29) with numerical simulations is shown in

Fig. 3.6 for the four non-Hermitian cases under consideration and the Hermitian (1, 1)

case. This reduces to the well-studied Mathieu equation which we discuss in chapter 2

All cases show good agreement with the numerical data for larger values of α 5. Overall,

we find that in all cases the bandwidth is of the form

(∆ε)m = A×
(

k

m+ 1/2

)(m+1/2)

× exp
(
−b
√
α+ (m/2 + 3/4) lnα

)
, (3.30)

where A, k and b are numerical factors that can be calculated directly by expanding S0

and Sinst:

(n1, n2) A k b

(1, 1) 4/π 32e 8

(2, 1) 2
√

6/π 36
√

6e 3
√

6

(3, 1) 4
√

2/π 582.88 7.06

(4, 1) 5
√

5/2/2π 1303.46 6.90

(3, 2) 5
√

5/2/3π 6740.06 5.65

In the long-channel limit L � xT the thermodynamic properties are mainly de-

termined by the energy eigenvalue with the smallest real part. Applying the Bohr-

Sommerfeld condition (3.28) to the expansion for the classical action (3.26), the energy

levels calculate to εm ≈ −3α/2 +
√

6(m + 1/2) in the (2, 1) case. Using equation (3.5)

for the pressure and the definition (3.11), we obtain in this case

P =
3

2
kBTf −

√
3

2
kBTeE0f. (3.31)

The two terms here are the pressure of the ideal gas with the fugacity f = α/xT and

5Note however, that for the non-Hermitian cases Gamow’s formula had to be multiplied by an overall
factor of 4/3 (in (2, 1) case), 3/2 (in (3, 1) case) or 2 (in (4, 1) and (3, 2) cases), respectively. The origin
of this preexponential factor is beyond the scope of this work.
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the mean-field Debye-Hueckel interaction correction respectively [45]. The transport

barrier can be calculated directly from equations (3.6) and (3.30):

U0 =
12 · 63/4L

π
(fkBT )3/4(eE0)1/4 exp

(
−3
√

6

√
kBTf

eE0
+

1

2

)
. (3.32)

Similar solutions are obtained for the other combinations of charges that are discussed

above. It is instructive to note that for all cases the pressure takes the form of the

ideal gas pressure and a Debye-Hueckel-like term, while the transport barrier decays

exponentially with the square-root of the ion fugacity f . This and the preexponential

factor f3/4 are in agreement with the results for a monovalent Coulomb gas [33, 44],

here we have shown that the same behavior applies for multivalent gases.

Overall this chapter presents a non-trivial example where the methods we discuss

in chapter 2 were instrumental for semiclassical calculations. We obtain pressure and

transport barrier for several cases of ion channels and show that all of them follow

the same behavior. The family of Hamiltonians (3.8) is non-Hermitian, therefore en-

ergy, momentum and coordinate may assume complex values. This poses difficulties

for straightforward integration when calculating the semiclassical actions, here we show

integration can be avoided by converting the action integrals to periods on a manifold.

We derive and solve the Picard-Fuchs equation from section 2.2 for four non-Hermitian

cases, and connect analytic properties of the solutions to monodromy properties of the

cycles, cf. section 2.3, to identify the classical and instanton actions. With that we

extend previous results [33, 44, 45] for a monovalent (1, 1) Coulomb gas to different

cases of multivalent Coulomb gases.



Chapter 4

Single-Molecule Magnets

The methods in chapter 2 were developed with non-Hermitian quantum mechanics in

mind, however they are of more general use. In this chapter we present application to a

system with curved phase space. SU(2) describes systems with large spins, and it is the

simplest example of a compact group where the action integrals are defined in curved

phase space. The Hamiltonian itself is Hermitian, however in curved space the classical

trajectories obtain non-trivial shapes. We apply the methods from algebraic topology

to circumvent solving the classical equation of motion. In this example we extensively

use the concept of monodromy and show that all actions can be determined solely from

residues and monodromies. With that we go one step further than in chapter 3, we

present a case where we can avoid solving the Picard-Fuchs equation.

4.1 Single Molecule Magnets and Spin-Coherent States

The study of systems with large spin J goes back to the works by Harter and Patterson

[50, 51]. They realized that the total spin J takes the role of an inverse Planck constant,

so for J � 1 semiclassical treatment is applicable. The most important example for

such large-spin systems are single molecule magnets (SMM). SMM are biochemical

macromolecules with several metallic atoms. Their spins are fixed with respect to each

other and thus at low temperatures act like one large spin [52, 53, 54, 55]. One of the

most widely studied examples is [Fe8O2(OH)12(tacn)6]8+, short name Fe8, with a total

spin J = 10 [56, 57, 58, 11]. The anisotropy of the effective spin Hamiltonian can be

42
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derived directly from the molecule’s symmetry properties [52], up to leading order in an

external magnetic field we can write

Ĥ = k1J
2
x + k2J

2
y − gµB ~J · ~H. (4.1)

In the usual notation k1 > k2 > 0, therefore x is hard, y medium and z the easy axis.

Experimentally, g ' 2, k1 ' 0.338K and k2 ' 0.246K [56].

Classically there are two degenerate ground states with the spin pointing along the

easy axis in positive or negative direction. Quantum mechanically this degeneracy is

lifted by magnetic quantum tunneling [56, 58]. However the splitting of the two levels

oscillates with the strength of an external magnetic field applied along the hard axis,

~H||x̂ [56], cf. figure 4.1. This is caused by the presence of two interfering instantons

with complex actions. A magnetic field applied along the hard x axis adds a Berry

phase, causing oscillations between constructive and destructive interference and thus

of the level splitting [59]. At zero field interference is purely constructive in a system

with integer spin and purely destructive with half-integer spin. The latter implies that

the two lowest states are perfectly degenerate, which is a manifestation of Kramer’s

theorem.

The 2J + 1 spin states are best described by SU(2) spin-coherent states |z >=

ezJ+ |J,−J >. Here z is a stereographic coordinate of the spin direction, z̄ its formal

complex conjugate. However these have to be treated as two independent complex

variables [60]. The instanton action in spin-coherent states is [11]

S = −
∫
γ

(
˙̄zz − z̄ż
1 + z̄z

−H(z, z̄)

)
dt, (4.2)

where

H(z, z̄) =
< z|Ĥ|z >
J < z|z >

= k1

(
J − 1

2

)(
1− z̄z
1 + z̄z

)2

+ k2

(
J − 1

2

)
−(z̄ − z)2

(1 + z̄z)2

+
k1 + k2

2
− gµBH

−1 + z̄z

1 + z̄z
(4.3)

is the expectation value of the Hamiltonian (4.1). The stereographic coordinates (z, z̄)

are taken along the x axis, i.e. as projection onto a plane parallel to the yz-plane. The
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Figure 4.1: Energy levels for λ = k2/k1 = 0.728 and J = 10 versus applied magnetic field. The
red-dashed line marks the critical value for the field, underneath it pairs of levels are nearly
degenerate. The splitting is caused by instantons and oscillates with applied field, the inset
shows the example for the sixth pair of levels.

classical equations of motions are obtained by independent variations of this action with

respect to z and z̄. The integration path γ runs along a solution of these equations,

satisfying the proper boundary conditions. Any such solution conserves the energy H.

As a result, the last term in the action (4.2) is always trivial and, in all cases considered

below, a pure phase. The first term is the dynamic contribution which we calculate

in the following to obtain the level splitting due to instantons. We will show that the

quench condition where the splitting disappears can be obtained from a simple residue

calculation, while the instanton action which defines the amplitude of the oscillation

can be fully determined from monodromies.
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4.2 Analysis of the Manifold

In this section we construct the Riemann surface and identify the required action inte-

grals. To this end we define the new complex coordinates

p =
1− zz̄
1 + zz̄

; q =
z − z̄
i(z + z̄)

.

The 1-form in equation (4.2) is transformed into

σ = −zdz̄ − z̄dz
1 + z̄z

= i(1− p) dq

1 + q2
, (4.4)

and complex energy conservation from equation (4.3) becomes

ε =
1

λ
(p− h)2 +

(1− p2)q2

1 + q2
, (4.5)

where we defined λ = k2/k1, h = −HgµB
2k1(J−1/2) and ε = H−(k1+k2)J/2

k2J(J−1/2) + k1h2

k2
. The shift in

H fixes the classical minimum to ε = 0. Energy conservation (4.5) defines a family of

algebraic curves Eλ,h,ε with three moduli (λ, h, ε):

Eλ,h,ε : F(p, q) = ((p− h)2 − ελ)(1 + q2) + λq2(1− p2) = 0. (4.6)

To obtain the 1-form equation (4.6) is solved for p = p(q):

p(q) =
h(1 + q2)±

√
λ
√
ε+ [ε(2− λ)− 1 + h2]q2 + [ε− ελ+ (h2 + λ− 1)]q4

(1 + q2 − λq2)
. (4.7)

Substituting this into σ in equation (4.4) reduces the problem to integration in one

complex variable q. The square root and ± sign in equation (4.7) imply p(q) is double

valued, i.e. the Riemann surface (4.6) has two different sheets. Locally p(q) is single

valued and analytic except near the four zeroes of the square root, these are the branch

points which are pairwise connected via two branch cuts. As described in section 2.1

a Riemann surface with two branch cuts is equivalent to a manifold of genus g = 1.

Figure 4.2 shows the complex plane in q with two branch cuts. The cut around the

origin along the real axis is labeled the inner branch cut, the cut along the imaginary
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axis which is closed through ∞ is labeled the outer branch cut.

Figure 4.2: Left: Plane of complex q for λ = 0.5, h = 0.4 and ε = 0.1. The black points are the
singularities ±i and q±, where a full (open) point means the non-zero residue is only on the
first (second) sheet. The blue lines are the branch cuts, the outer branch cut, along the
imaginary axis, is continued to ±i∞. The instanton trajectories γ1 (γ̄1) in light (dark) red
connect two classical turning points (endpoints of inner branch cut) on opposite sheets,
where a solid (dashed) line is on the first (second) sheet. Right: The manifold of genus 1 can
be seen as a torus. The green trajectory is the classical cycle around the inner branch cut.
Combining γ1 + γ̄1 = Γ gives a closed instanton trajectory.

Besides the branch points there are more special points on the Riemann surface, the

singularities in σ. The measure dq
1+q2

diverges at q = ±i, p(q) diverges at q± = ±i√
1−λ .

The residues of σ at these points are easily calculated, but the values differ on the two

sheets. Without loss of generality the first sheet is identified so that at q = 0 + iδ the

positive sign in (4.7) is assumed and the square root is evaluated with positive real part,

everywhere else the definition follows from analytic continuation. Under this definition

the residues of σ are

Res
(2)
i (σ) = 1, Res

(1)
−i (σ) = −1, Res(1)

q+ (σ) =
h√

1− λ
, Res(2)

q− (σ) =
−h√
1− λ

. (4.8)

Here the superscript denotes the sheet on which the poles are on. On the respective

other sheet the residues are zero, i.e. these are removable singularities. Therefore there
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is a total of four poles on the Riemann surface, not four poles per sheet. These are

marked in figure 4.2 in black.

4.3 Evaluating Action Integrals

There are two classically degenerate energy minima of the Hamiltonian (4.1) which are

mapped onto the same value q = 0, but they are on opposite sheets of the Riemann

surface. For non-zero energy spin precession around a classical minimum appears as

oscillation around the origin, the inner branch points are the turning points. The

classical trajectory goes along the inner branch cut. An instanton trajectory needs

to connect two classical turning points on different sheets, i.e. it has to cross the

outer branch cut. The two possibilities are γ1, γ̄1 in figure 4.2. Every other trajectory

is equivalent to one of these upon continuous deformation which leavevs the integral

unchanged by Stokes’ theorem (see section 2.2).

4.3.1 Energy Levels

The classical action Scl(ε) =
∫
γcl
σ is analytic in ε, thus it can be expanded in a Taylor

series:

Scl(ε) = Scl(0) + S′cl(0)ε+O(ε2) = ε

∮
γcl

∂εσ|ε=0 +O(ε2). (4.9)

and γcl is a cycle around the inner branch cut. In the limit ε → 0 both branch points

coincide at q = 0 and σ is regular in the vicinity. Thus Scl(0) = 0 and all derivatives of

Scl(ε) only depend on residue values at q = 0. For the first derivative

∂εσ|ε=0 =
−i
√
λdq

2q
√

1− h2 + (1− h2 − λ)q2
, (4.10)

and calculating the residue gives

Scl(ε) =
πε
√
λ√

1− h2
. (4.11)
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The quantization condition Scl = 2πn
J for spin Hamiltonians in SU(2) [61] determines

the energy levels as

εn =
2n
√

1− h2

J
√
λ

. (4.12)

Higher corrections can be easily calculated by evaluating residues of higher ε derivatives

of σ at ε = 0. Thus energy states can be evaluated by the use of a simple residue

calculation.

4.3.2 Oscillation Period

Two degenerate levels are split by tunneling which goes as

∆ ∝ e−JS1 + e−JS̄1 = e−JReS1 cos(ImS1), (4.13)

where S1, S̄1 are the actions of the two instantons γ1, γ̄1 in figure 4.2 which are complex

conjugated. The imaginary part of S1 yields an oscillatory term, the real part an

overall magnitude. For ε = 0 the only contribution to the imaginary part comes from

the singularities on the Riemann surface. This can be seen when deforming γ1 in figure

4.2 to go from the origin along the imaginary axis. It passes two first-order poles at

q = i and q = q+, which enter as half-residues when passing in one direction. Contour

γ1 passes them in counter-clockwise direction on their respective sheet, thus

iImS1 = πi
(

Res
(2)
i + Res(1)

q+

)
= πi

(
1 +

h√
1− λ

)
. (4.14)

From equation (4.13) it follows that instantons interfere destructively for JImS1 =
π
2 ,

3π
2 , ..., i.e. the condition for the tunneling splitting to be absent (so called ”quench-

ing”, see Fig. 4.1) is

h =
√

1− λ
J −m− 1

2

J
, (4.15)

for an integer m. This is in perfect agreement with numerical simulations (see figure

4.4) and the behavior for integer J cited in literature [59]. Here we can derive this result

only out of geometric reasoning, without solving the equations of motion.

For excited levels ε 6= 0 there is an additional contribution to the imaginary part

from integration along the real axis between the two turning points. The contribution to
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both γ1 and γ̄1 is half the classical cycle γcl. Applying the quantization condition for the

classical action shows that the additional contribution is ImS1 = πn
J for the nth level,

and the same for S̄1. This causes a phase shift of nπ in the oscillatory part and leaves

the level splitting (4.13) unchanged. The quenching condition (4.15) thus also holds

for higher levels. Furthermore every trajectory with the same boundary conditions

yields the same imaginary part, and has a complex conjugated partner. Therefore

condition (4.15) holds to all orders in the semiclassical expansion and is the full quantum

mechanical quenching condition. Numerically this holds up to 10−15.

4.3.3 Amplitude of the Oscillations

To obtain the real part of S1 we combine γ1 + γ̄1 in figure 4.2 into a closed cycle Γ

with action Sin = 2ReS1. Then the splitting (4.13) becomes ∆ ∝ e−JSin/2 cos(ImS1).

Straightforward integration along Γ is rather tedious but in complex space an integral

is uniquely defined by special points. On the Riemann surface F(p, q) in (4.6) two

branch points collide to make F degenerate if for a point (p, q) the two derivatives

vanish ∂pF = 0, ∂qF = 0. This happens if the moduli of the Riemann surface F = 0,

i.e. parameters (λ, h, ε), are

a) ε = 0, b) λ = 0, c) (h± 1)2 = ελ, or d) 1− λ− h2 = ε(1− λ). (4.16)

At these values the action Sin has non-trivial monodromy, for all other values it is

analytic in the moduli. Note that condition d) is the case for two branch points colliding

at q = ∞. The physically relevant range is 0 < λ < 1, small energy ε > 0 and fields h

below a critical value given by (4.16d). Case (4.16c) is beyond that value and therefore

not relevant. First we study the effects of those monodromies on the cycles.

• ε = 0: Performing the monodromy around ε = 0 exchanges the classical turning

points and rotates the inner branch cut. The effect on Γ is similar as discussed

in section 2.3 (cf. figure 2.5), it picks up two cycles around the inner branch cut,

one clockwise on the first sheet and one counter-clockwise on the second sheet.

Together this gives

Γ→ Γ− 2γcl. (4.17)
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Figure 4.3: Schematics of a monodromy transformation where the branch cut (blue) entangles
singularities (black). Left: original branch cut structure, where full (empty) circle is a
singularity on first (second) sheet. Middle: The branch cut moved around the singularities
clounter-clockwise. Right: The branch cut is brought to its original position. During this
process both singularities cross the branch cut to the respective other sheet. To restore the
initial singularities the notion of first and second sheet is inverted.

• λ = 0: The monodromy λ→ λe2πi rotates the inner branch cut in the same way as

for ε = 0, but additionally the outer branch points move around the neighboring

pair of singularities in counter-clockwise direction. The cycle Γ is not affected by

this, however the outer branch cut winds around the singularities as schematically

shown in figure 4.3. To restore the initial structure one has to unwind the branch

cut but in the process the singularities move to the opposite sheet. Thus one needs

to invert the notion of first and second sheet to restore the initial singularities.

As a consequence Γ is now on the other sheet, which introduces an overall minus

sign. Together with the additional contribution from winding around the inner

branch cut the net effect is

Γ→ −Γ− 2γcl. (4.18)

• 1−λ−h2 = ε(1−λ): This monodromy exchanges the outer branch points. The cy-

cle Γ winds around the inner branch cut and all singularities. Let γ+i, γ−i, γq+, γq−

be cycles around the four poles ±i, q± on the respective sheet. Then the net effect

is

Γ→ Γ + γ+i − γ−i − γq+ + γq− + 2γcl. (4.19)

In the following we want to show that these conditions are sufficient to uniquely

identify the instanton action Sin. To this end we first start with one modulus λ and

assume ε = 0+ and h = 0. Note that for h = 0 the singularities q± coincide with

the outer branch points and their residue goes to zero, for ε = 0 the classical cycle
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γclcollapses into a point at q = 0 and Scl(0) = 0 (cf. figure 4.2). The condition (4.18)

for monodromy around λ = 0 reduces to the condition

Sin → −Sin for λ→ λe2πi, (4.20)

i.e. Sin is an odd function of
√
λ. The condition (4.16d) reduces to λ = 1. In terms of

√
λ there are two possible monodromies, (1 ±

√
λ) → (1 ±

√
λ)e2πi. Of the additional

contributions to Γ in (4.19) only the singularities at ±i contribute with their residue

values (4.8) to yield

Sin → Sin + 2 · 2πi for (1−
√
λ)→ (1−

√
λ)e2πi,

Sin → Sin − 2 · 2πi for (1 +
√
λ)→ (1 +

√
λ)e2πi. (4.21)

Therefore Sin(
√
λ) needs to contain logarithmic terms as

Sin = Q+ + 2 ln(1−
√
λ),

Sin = Q− − 2 ln(1 +
√
λ), (4.22)

where Q+ (Q−) is analytic near
√
λ = 1 (

√
λ = −1).

From these conditions one can obtain Sin by identifying Q±. To this end define

g±(
√
λ) via

Q+(
√
λ) = −2 ln(1 +

√
λ) + g+(

√
λ),

Q−(
√
λ) = +2 ln(1−

√
λ) + g−(

√
λ). (4.23)

g± are entire functions in
√
λ. Equating the two expressions for Sin in (4.22) shows

g+(
√
λ) = g−(

√
λ) = g(

√
λ). Similarly equation (4.20) can be used to show g(

√
λ) =

−g(−
√
λ). Thus g(0) = 0 with a well-defined limit. Furthermore in equation (4.5) a

change of λ → 1/λ only is an exchange of coordinate axis x ↔ y. Therefore g(
√
λ)

is analytic and finite at ∞, i.e. g is entire and bounded everywhere so by Liouville’s
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theorem g(
√
λ) = const = g(0) = 0. This yields for the instanton action

Sin = 2 ln

(
1−
√
λ

1 +
√
λ

)
= 2ReS1. (4.24)

This gives the ground state splitting in the zero field limit [59].

Next we include the case with an applied magnetic field h 6= 0. This separates

the outer branch points from the singularities q± which obtain non-zero residue (4.8).

Changing the direction of the magnetic field is equivalent to interting the sign of h →
−h, however the symmetry in (4.1) requires that this leaves the physics unchanged.

Therefore

Sin(−h) = Sin(h). (4.25)

The effect of the monodromy at λ = 0 is the same as for h = 0, therefore equation

(4.20) still holds and Sin is an odd function in
√
λ. The condition (4.16d) becomes

1− λ− h2 = 0. There are two possibilities to perform this monodromy in
√
λ, namely

to rotate around ±
√

1− h2. For h 6= 0 all singularities obtain non-zero residues, and

similarly to equation (4.22) we can write for the action

Sin = Q+ + 2

(
1− h√

1− λ

)
ln(
√

1− h2 −
√
λ),

Sin = Q− − 2

(
1− h√

1− λ

)
ln(
√

1− h2 +
√
λ). (4.26)

Alternatively (4.16d) can be written as 1 − λ − h2 = (1 − h2)(1 − λ) − h2λ = 0, and

the monodromy is performed around
√

(1− h2)(1− λ) ± h
√
λ = 0. This yields as an

equivalent condition for the action

Sin = Q̃+ + 2

(
1− h√

1− λ

)
ln(
√

1− h2
√

1− λ− h
√
λ),

Sin = Q̃− − 2

(
1− h√

1− λ

)
ln(
√

1− h2
√

1− λ+ h
√
λ). (4.27)

Again Sin is identified by a similar procedure as in equations (4.23) and (4.24). It is

easy to see that the term with the constant residue 1 obeys the symmetry properties

(4.20) and (4.25) as written in (4.26), the term with residue h/
√

1− λ obeys these as
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written in equation (4.27). Putting these observations together one finds

Sin = 2 ln

(√
1− h2 −

√
λ√

1− h2 +
√
λ

)
− 2h√

1− λ
ln

(√
1− h2

√
1− λ− h

√
λ√

1− h2
√

1− λ+ h
√
λ

)
. (4.28)

In the limit h→ 0 (4.28) reduces to (4.24), as required, and the resulting level splitting

is in a perfect agreement with literature [59] and numerical results for the lowest level

in figure 4.4.

Figure 4.4: Analytic results (dashed, different colors) for the logarithm of the level splitting,
ln ∆, compared to numerical calculations (solid-black). The preexponential factor is
proportional to the classical frequency ω = 1− h2, which can be calculated from
second-order expansion of the energy (4.5). This was assumed to be the only h dependence
of the prefactor, and was adjusted to have perfect agreement at h = 0. The oscillation period
of the quenchings is equal for all levels and agrees perfectly with numerical results. The
amplitude agrees well, discrepancies mostly come from the approximated value for the
energy (the second-order expansion of Scl in ε was used), and the effect that for larger h the
effective barrier size decreases and semiclassical approximation becomes less accurate. Here
λ = 0.728 for the Fe8 molecule [56].
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With the same procedure Sin can be found for excited states ε 6= 0. The condition

(4.17) shows that Sin must contain a logarithmic term as

Sin = Qε −
ε
√
λ√

1− h2
ln ε, (4.29)

where Qε is an analytic function in ε near zero and the approximation (4.11) for the

classical action was used. For the monodromy around λ = 0 equation (4.18) shows that

Sin additionally obtains contributions from the classical action:

Sin → −Sin − 2Scl for λ→ λe2πi. (4.30)

Therefore

Sin = Qλ −
ε
√
λ√

1− h2
lnλ, (4.31)

and Qλ is antisymmetric in
√
λ. The last condition (4.16d) yields a monodromy of

√
λ

rotating around ±
√

1− h2 − ε+ ελ. The net change to equation (4.26) is the contribu-

tion from the classical cycle:

Sin = Q+ + 2

(
1− h√

1− λ
− ε

√
λ√

1− h2

)
ln(
√

1− h2 − ε+ ελ−
√
λ),

Sin = Q− − 2

(
1− h√

1− λ
− ε

√
λ√

1− h2

)
ln(
√

1− h2 − ε+ ελ+
√
λ). (4.32)

Or alternatively

Sin = Q̃+ + 2

(
1− h√

1− λ
− ε

√
λ√

1− h2

)
ln(
√

1− h2 − ε
√

1− λ− h
√
λ),

Sin = Q̃− − 2

(
1− h√

1− λ
− ε

√
λ√

1− h2

)
ln(
√

1− h2 − ε
√

1− λ+ h
√
λ). (4.33)
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Now we use the same arguments as below Eq. (4.27) to identify the instanton action of

the nth level as

Sin = − εn
√
λ√

1− h2
ln
(
εnλ(1− h2 − εn + εnλ− λ)

)
+ 2 ln

(√
1− h2 − εn + εnλ−

√
λ

√
1− h2 − εn + εnλ+

√
λ

)

− 2h√
1− λ

ln

(√
1− h2 − εn

√
1− λ− h

√
λ

√
1− h2 − εn

√
1− λ+ h

√
λ

)
. (4.34)

Here εn is the energy of the nth level, cf. equation (4.12). This is the full result for the

instanton action of excited levels, which agrees with the previous result (4.28) for the

ground state ε0 = 0. Figure 4.4 compares the result for the splitting of the first three

excited levels to numerical results. For each curve the preexponential factor in (4.13)

was chosen constant such that for h = 0 the analytic and numerical results agree. The

analytic result follows the simulated values well. The prefactor of the first logarithm

comes from first-order approximation to Scl in equation (4.11). Using the quantization

condition in SU(2) one may replace it with εn
√
λ√

1−h2 = 2n
J , which is the result without

approximation of the classical action.

In this chapter we went one step beyond the methods applied in chapter 3. We

were able to derive sufficient constraints to uniquely identify the instanton action from

monodromy properties. As a consequence we did not need to solve the Picard-Fuchs

differential equation. This is a different way of using the concepts outlined in chapter

2, and shows that there is a variety of possible variations and applications. Here we ob-

tained the precise quench condition for tunnel splitting in a single-molecule magnet and

a semiclassical approximation for the amplitude of the splitting which closely matches

numerical results. With that we extend previous results for the ground state splitting

to splitting of excited states.



Chapter 5

Periodic Potentials and

Higher-Order WKB Method

In chapters 3 and 4 we discussed how to use methods from algebraic topology for stan-

dard semiclassical calculations, that means first-order WKB approximation. In both

cases energy conservation which defines the manifold was given by algebraic equations,

(3.14) and (4.6). In this chapter we show the application to a periodic potential which

can’t be easily transformed into algebraic form, followed by a demonstration how to

obtain higher-order corrections in the WKB approximation [62]. Using the same math-

ematical framework this can be done with small computational effort.

Periodic potentials are an essential part of condensed matter physics because they

reflect translational symmetry of the lattice. In chapters 2 and 3 we considered the cosine

potential and periodic PT -symmetric generalizations. In those cases it was possible to

rewrite the potential in algebraic form by replacing z = eiθ. Here we discuss the Lamé

potential which received much attention in the theory of quasi-exactly solvable models

[63, 64] mostly due to a particular energy reflection symmetry [65, 66]. It is defined as the

square of the Jacobi elliptic function sn(x, ν)2. In contrast to the previous chapters there

are infinitely many Fourier components, thus a simple change of coordinate does not

yield an algebraic expression. Therefore the defining equation for the manifold contains

a doubly-periodic function. In that case the manifold is not constructed from the entire

complex plane but from the fundamental parallelogram only. This introduces additional

56
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cycles in the homology group. In the following we demonstrate that nevertheless the

same methods to obtain and solve the Picard-Fuchs equation can be applied.

We start this chapter with a review of the general all-order Wentzel-Kramers-

Brillouin (WKB) method in section 5.1, the usual Bohr-Sommerfeld formula in semi-

classical calculations is derived from the first-order approximation [62]. Higher-order

corrections and the exact WKB method is widely studied in the field of resurgence

theory [67, 68, 69, 70]. If the Planck action ~ is small compared to other scales of the

problem, one can formally expand the quantum action in powers of ~. The first-order

term in this series yields the well-known Bohr-Sommerfeld formula. In section 5.2 we

demonstrate how to obtain first-order semiclassical results for the periodic Lamé poten-

tial. Then we turn our attention to the second-order term and show that the quantum

corrections to the action can be written purely in terms of the classical action and its

first few derivatives. This property holds for all orders in the quantum corrections.

We conclude with a simple derivation of the energy reflection symmetry from algebraic

topology in section 5.3.

5.1 Derivation of the Exact WKB Method

The WKB method to all orders is an infinite series in powers of ~, which for small ~
may eventually be terminated. But keeping more terms in the series allows to obtain

higher-order quantum corrections. The starting point is the usual Schrödinger equation:

Hψ(x) =

(
− ~2

2m

d2

dx2
+ V (x)

)
ψ(x) = Eψ(x). (5.1)

The substitution ψ(x) = exp (iσ(x,E)/~) transforms this into the Ricatti equation

(σ′(x,E))2 +
~
i
σ′′(x,E) = 2m(E − V (x)). (5.2)

In the limit ~ → 0 this reduces to (σ′)2 = 2m(E − V ), i.e. σ′ becomes the classical

momentum p. Therefore it is customary to introduce the quantum momentum ρ(x,E) =

σ′(x,E), which brings the Ricatti equation to the form

(ρ(x,E))2 +
~
i
ρ′(x,E) = 2m(E − V (x)). (5.3)
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At this point there are two ways to obtain the correct quantization condition for the

n-th energy level. The first is based on the requirement that the function ψ(x) must

be single-valued [62]. The second uses the fact that at the n-th energy level the wave

function has n nodes with ψ(x) = 0 within the classically allowed region [71]. From

the definition of the quantum momentum we can write ρ = (~/i)ψ′/ψ. Each node of

ψ yields a first-order pole with residue −i~. Thus when integrating along a contour γc

enclosing the classically allowed region we obtain the quantum action as

B(E) =

∮
γc

ρ(x,E)dx = 2πn~. (5.4)

Equation (5.4) is commonly referred to as the generalized Bohr-Sommerfeld condition.

Following the classic idea by Wentzel, Kramers and Brillouin we expand the quantum

momentum in powers of ~:1

ρ(x) =
∞∑
k=0

(
~
i

)k
ρk(x). (5.5)

This expansion has a clear physical meaning, the first two terms give the usual Bohr-

Sommerfeld quantization condition where the other terms give higher-order quantum

corrections. To see this, one applies the Ricatti equation (5.3) to the expansion (5.5) to

obtain a recursive expression for all higher-order terms:

ρk(x) =
−1

2ρ0(x)

(
ρ′k−1(x) +

k−1∑
l=1

ρl(x)ρk−l(x)

)
, (5.6)

where the zeroth order ρ0(x) = p(x) is the classical momentum. From this we can

see that all orders of the quantum momentum can be constructed from the classical

momentum and its derivatives, an observation which will be important in section 5.2.2.

The first order is ρ1(x) = − p′(x)
2p(x) = −1

2∂x log p(x). Using the quantum action (5.4) up

1This form implies neglecting all non-perturbative effects, i.e. tunneling. To take these effects into
account one needs to consider a trans-series in ~ which is a topic of resurgence theory, see e.g. [67].
Equation (5.4) is quantum mechanically exact and contains all information of the original Schrödinger
equation.
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to this order we derive for the classical action

S(E) =

∮
γc

p(x)dx = B(E)− ~
i

∮
γc

ρ1(x)dx = 2π~n− ~
i
2πi
−1

2
= 2π~

(
n+

1

2

)
, (5.7)

which is the well-known Bohr-Sommerfeld formula [1] that we applied in the preceding

chapters. The second-order quantum correction is given by(
~
i

)2 ∮
γc

ρ2(x)dx = −~2

∮
γc

3p′2(x)− 4p(x)p′′(x)

8p(x)3
dx =

5~2

48

∮
γc

∂2
x(p(x)2)

p(x)3
dx. (5.8)

n the last step we subtracted the exact form 7
24∂x(p′(x)/p(x)2)dx which integrates to

zero [62]. However before we turn to the second order quantum corrections (and out-

line how to obtain higher corrections2) we start with calculating the first-order WKB

approximation for the doubly-periodic Lamé potential.

5.2 First and Second Order WKB Approximation for the

Lamé Potential

The Lamé potential was widely studied as an example for quasi-exactly solvable models

[65, 66]. It drew a lot of attention when a special energy reflection symmetry was

observed. Here we foremost want to use it as demonstration for application of our

Riemann surface methods to a doubly-periodic potential, and to show how to use these

methods to calculate higher-order WKB terms. The definition of the Lamé potential is

Vν(x) = aνsn(x, ν)2 + b, (5.9)

where sn(x, ν) is the Jacobi elliptic function and ν the elliptic modulus3. The Jacobi

elliptic functions are a periodic generalization of the regular trigonometric functions:

2It was shown that only the higher corrections with even powers in ~ contribute, the terms with
odd powers integrate to zero [72]. This does not affect the present work, but is useful to notice for
higher-order calculations.

3Here we use the definition of the elliptic integral as u =
∫ φ
o

dt√
1−ν sin2(t)

. In another common

convention the elliptic modulus is replaced with ν = k2.
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sn(x, 0) = sin(x) and cn(x, 0) = cos(x). The corresponding Schrödinger equation is

(
p̂2 + Vν(x)

)
ψ(x) = Eψ(x), (5.10)

where we set m = 1
2 for convenience. We will first calculate the classical action to obtain

the energy states up to first order in WKB, according to equation (5.7), before including

the second order effects from equation (5.8) in section 5.2.2.

5.2.1 Classical Action and First Order WKB

To calculate the classical action we replace the momentum operator with the classical

momentum p,

p(x) =
√
E − b− aνsn(x, ν)2 =

√
aν
√
u+ cn(x, ν)2. (5.11)

Here we set u = E−b
aν − 1 and used the addition theorem for Jacobi elliptic functions,

sn(x, ν)2 + cn(x, ν)2 = 1. The energy variable is chosen so that bound states exist for

−1 < u < 0. The classical action is given by

Sc(u) =

∮
γc

p(x)dx =
√
aν

∮
γc

√
u+ cn(x, ν)2dx =

√
aν

∮
γc

λ(u). (5.12)

Hence we are looking for integrals on the manifold specified by

Eu : F(p, x) = p2 − aν
(
u+ cn(x, ν)2

)
= 0. (5.13)

In contrast to chapters 3 and 4 this surface is not given by an algebraic equation but

contains an elliptic function. Along the real axis in x the function cn(x, ν)2 is periodic

with periodicity 2K = 2K(ν), where K(ν) is the complete elliptic integral of the first

kind. In imaginary direction cn(x, ν)2 is periodic with periodicity 2iK ′ = 2iK(1 −
ν). The double-periodicity is the defining feature of elliptic functions. The values

everywhere are determined from the values inside a unit cell of size 2K × 2iK ′, which

is usually referred to as the fundamental parallelogram. Figure 5.1 shows the unit cell

which is repeated periodically in both real and imaginary direction. It contains a pole

at x = iK ′ and two branch points at the classical turning points where u = −cn(x, ν)2.
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Figure 5.1: The unit cell of size 2K × 2iK ′ for the Lamé potential which is periodically
repeated in both real and imaginary direction, for −1 < u < 0. There is one pole at iK ′ and
two turning points which are symmetric around the origin and are connected by a branch
cut (gray). We can draw 5 closed cycles: γ1 in real direction (blue), which is closed by
periodic repeat of the unit cell after traversing both sheets of the Riemann surface, the same
applies to γ2 in imaginary direction (green), γp encloses the pole (purple), γc is the classical
cycle around the branch cut (red) and γi the instanton cycle which connects the turning
points through the classically forbidden region (orange). Solid lines denote pieces on the first
sheet, dashed lines on the second sheet.

The function p(x) is double-valued, so there exist two sheets which form the Riemann

surface, cf. section 2.1. These two sheets are connected through the branch cut between

the two turning points. Furthermore, to preserve analyticity of p(x) in real direction

one must consider the side edges of the unit cell as a branch cut, i.e. the repeat of the

unit cell is the second sheet. This geometry allows to naturally draw 5 cycles which are

defined in figure 5.1. The cycle γ2 in imaginary direction is closed by the repeat of the

unit cell with periodicity 2iK ′. The cycle γ1 which goes in real direction is also closed by

the periodicity of the function. However the side edge of the unit cell connects between

the first and second sheet, therefore one has to traverse two unit cells (i.e. the first and

second sheet, marked with solid and dashed line in figure 5.1) to return to the same

point on the manifold. The cycle γp goes around the pole, the cycles γc,i enclose the

two turning points thus correspond to the classical and instanton actions respectively.

Directly applying the Picard-Fuchs equation would demand a fifth-order differential
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equation for the actions. However we can exploit the fact that p(x) is equal but opposite

in sign on the two sheets of the Riemann surface. The cycle γ1 consists of two equivalent

pieces on different sheets, therefore in an integral of λ(u) = p(x)dx these two pieces yield

cancelling contributions and the same applies for all derivatives. Therefore in the de

Rham basis in equation (2.20)4 the 1-form ω1 which is associated with γ1 is not part

of the subspace which is spanned by λ(u) and its derivatives. Furthermore we see that

the sum γ2 + γc + γp yields a cycle γ̃2 which is equivalent to γ2 but on the second sheet.

For λ(u) (and all of its derivatives) this implies∮
γ2

λ(u) +

∮
γc

λ(u) +

∮
γp

λ(u) =

∮
γ̃2

λ(u) = −
∮
γ2

λ(u). (5.14)

Decomposing λ(u) = a2ω2 +apωp+acωc+aiωi in the de Rham basis associated with the

cycles in figure 5.1 we obtain 2a2 +ap+ac = 0. Thus the set {ωc, ωp, ωi} spans the entire

subspace of λ(u) and its derivatives. This is a 3-dimensional subspace, therefore there

are only three linearly independent derivatives of λ(u) and the set {λ(n), n = 0, 1, 2, 3}
is linearly dependent. As a result the Picard-Fuchs equation is an ordinary differential

equation of degree three.

When we write down a generic linear combination of the 1-forms {λ(n), n = 0, 1, 2, 3}
it is easy to see this yields a polynomial in cn(x, ν) of order 6 with only even powers,

divided by (u+ cn(x, ν)2)5/2. We want to equate this to a generic exact form as

Lλ(u) =
d

dx

(
f(x)

2
√
aν
√
u+ cn(x, ν)23

)
dx, (5.15)

for a differential operator L. Setting f(x) = cn(x, ν)sn(x, ν)dn(x, ν), where cn(x, ν),

sn(x, ν) and dn(x, ν) are the three Jacobi elliptic functions, we can equate the two sides

and calculate the coefficients in the linear combination. This identifies the operator L
for which upon integration along a closed cycle

∮
γj
Lλ(u) = LSj(u) = 0. This leads to

the ordinary differential equation

(−1 + 2ν + 3uν)S′(u) + 4(−1− 2u+ ν + 4uν + 3u2ν)S′′(u)

+4(−u− u2 + uν + 2u2ν + u3ν)S(3)(u) = 0. (5.16)

4bases {γi}i=1,...,N of the homology and {ωj}j=1,...,N of the cohomology so that
∮
γi
ωj = δi,j
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for the action integrals Sj(u)5. This differential equation is solvable as a second-order

differential equation for the derivative S′(u). The two basis solutions are given in terms

of the Legendre functions of first and second kind, Pn(x) and Qn(x):

F1(u) =
P−1/2

(
(1+u)ν−1−2u

(1+u)ν−1

)
√

(1 + u)ν − 1
,

F2(u) =
Q−1/2

(
(1+u)ν−1−2u

(1+u)ν−1

)
√

(1 + u)ν − 1
. (5.17)

Our foremost interest is the classical action. From the solutions (5.17) we can write

Sc(u) = C1

∫ u

−1
F1(ũ)dũ+ C2

∫ u

−1
F2(ũ)dũ+ C3 (5.18)

for constants Cj , where the lower limit of integration was conveniently chosen at the

classical minimum in energy u = −1. From physical grounds we know that the classical

action

1. Sc(−1) = 0 at the classical minimum.

2. Sc(u) ∼ u and is analytic in the vicinity of u = −1.

The limit of integration in equation (5.18) is conveniently chosen so that the first con-

dition reduces to Sc(−1) = C3 = 0. To investigate analyticity we expand the two basis

functions near u ≈ −1 and see that F1(u) contains logarithmic terms, while F2(u) is

analytic. This yields C1 = 0, from the second constraint. To identify C2 we calculate

the derivative of the classical action at the minimum energy umin = −1 from both

equations (5.12) and (5.18):

S′c(−1) = ∂u
√
aν

∮
γc

λ(u)|u=−1 =
√
aν

∮
γc

dx

2
√
−1 + cn(x, ν)2

=

√
aν

2i
2πiResx=0

1

sn(x, ν)
= π
√
aν

S′c(−1) = C1F1(−1) + C2F2(−1) + C3 =
−iπ

2
C2 (5.19)

5The residue at the pole is independent of energy. Therefore the integral over γp is a constant, thus
the differential equation has to have a constant solution. From there it is clear that there shall be no
term S(u) without derivative.
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We obtain C2 = 2i
√
aν and write the final solution for the classical action (5.12) as

Sc(u) = 2i
√
aν

∫ u

−1

Q−1/2

(
(1+ũ)ν−1−2ũ

(1+ũ)ν−1

)
√

(1 + ũ)ν − 1
dũ = 2π~

(
n+

1

2

)
, (5.20)

where the last step is the Bohr-Sommerfeld condition (5.7). The resulting energy states

and a comparison to numerically solving the Schrödinger equation (5.10) are shown in

figure 5.2.

Figure 5.2: The five lowest energy states for the Lamé potential which we calculated from
first-order WKB approximation (blue) and second-order WKB (red), compared to numerical
solutions of the Schrödinger equation (green). Closer to the top of the potential u = 0 and at
larger values of ~ the corrections from the second term become more visible. Overall the
second-order result matches the numerical calculation more closely.

5.2.2 Second Order Quantum Corrections

To improve accuracy of the result in equation (5.20) one may consider corrections of

second or higher order in ~ according to equations (5.4)-(5.6). Our focus in this part is
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the second order correction from equation (5.8):

λ2(u) =
∂2
x(p(x)2)

p(x)3
dx =

2(1− ν + (4ν − 2)cn(x, ν)2 + 3νcn(x, ν)4

(u+ cn(x, ν)2)3/2
dx. (5.21)

The 1-form λ2(u) is defined on the same Riemann surface (5.11) as the original 1-form

λ(u). When we consider the set of 1-forms {λ(u), λ′(u), λ′′(u), λ2(u)} we have a set of

four 1-forms, but we know from discussing the classical action that there are at most

three linearly independent 1-forms in the span of λ(u) and its derivatives. Therefore

it is possible to express the second-order form λ2(u) in terms of λ(u) and its first two

derivatives6. Upon integration along the classical cycle this relates the second order

quantum corrections in equation (5.8) to the classical action (5.20) and its derivatives:∮
γc

λ2(u) = −6νSc(u)−8(1−2ν−3uν)S′c(u)−8(1+2u−ν−4uν−3u2ν)S′′c (u). (5.22)

The modified quantization condition (5.7) becomes

Sc(u) + ~2S2(u) = Sc(u) +
5~2

48

∮
γc

λ2(u) = 2π~
(
n+

1

2

)
. (5.23)

Figure 5.2 includes a comparison of the energy states to the result from first order WKB

approximation (5.20) and from numerically solving the Schrödinger equation (5.1). The

second-order result clearly improves the approximation of the energy states. It is note-

worthy that for small to intermediate values of ~ the second-order term overcorrects,

this is a sign that the fourth-order term shall give corrections in the opposite direction.

At this point we want to note that all higher corrections in equation (5.6) are obtained

through algebraic operations and differentiation. This does not change the Riemann

surface. Therefore all terms in the expansion of the quantum action (5.4) can be ex-

pressed through the classical action Sc(u) and its first two derivatives. This statement

also holds for other potentials, however the number of derivatives varies but is generally

equal to the degree of the Picard-Fuchs equation. Therefore we can show that in general

it is possible to obtain higher-order terms in the WKB series (5.5) from the classical

action and its derivatives, and provide a method to calculate these.

6In theory this equivalence is only up to an exact form, but in this case the exact form conveniently
turns out to be zero.
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5.3 Topological Derivation of Energy Reflection Symme-

try

In this section we derive the energy reflection symmetry which we mentioned in the

beginning of this chapter. The proof is based on topological properties of the cycles in

the homology group. From basic properties of the Jacobi elliptic functions it follows

that the potential in equation (5.9) has a dual partner in the sense that

Vν(ix+K + iK ′) + V1−ν(x) = a+ 2b. (5.24)

For the classical momentum p in (5.11) this implies

pν(ix+K + iK ′, 2b+ a− E) = ip1−ν(x,E). (5.25)

From the relation (5.14) for the cycles we obtain

− Sp(E, ν) = 2S2(E, ν) + Sc(E, ν) = 2S2(2b+ a− E, 1− ν) + Sc(E, ν), (5.26)

where in the last step we used the duality condition (5.25) for the classical momentum.

If energy is smaller than the potential maximum, E < aν+b, then the energy in the dual

momentum is larger than the maximum of the dual potential, 2b+a−E > a(1−ν) + b.

Motion in this dual potential is unbounded and there are no classical turning points

along the real axis. The change to an imaginary coordinate in equation (5.25) rotates the

unit cell in figure 5.1 by 90◦, so the cycle γ2 assumes the role of the classical trajectory for

this motion. The spectrum of unbounded motion in a periodic potential consists of wide

bands separated by narrow gaps whose location is determined by S2(2b+a−E) = π~n.

If a = N+1/2 for an integer N this duality has some tangible consequences. The action

for the cycle around the pole calculates to

Sp(E, ν) = 2πiRes(p(x)dx) = −2π

(
N +

1

2

)
. (5.27)
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Whenever En is a bound energy level, i.e. the classical action meets the Bohr-Sommerfeld

condition Sc(En, ν) = 2π(n+ 1/2), we obtain

S2(2b+ a− En, 1− ν) =
−1

2
(Sp(En, ν) + Sc(En, ν)) = π(N − n). (5.28)

Thus for every narrow band at En below the maximum of Vν(x) there exists a narrow gap

at 2b+a−En above the maximum of V1−ν(x), and vice versa.7 This property is referred

to as duality between the two potentials [65, 66]. This can be generalized for higher

corrections in the WKB series, for λ2 in equation (5.21) and all higher corrections the

residue at the pole vanishes. Therefore equation (5.26) shows that the higher corrections

cancel and leave equation (5.28) unchanged. Previously this result has been obtained

through matrix calculations and perturbative methods, here we show an easy proof

based on properties of the cycles of integration.

7Note that this is the semiclassical approximation for the duality. The precise result for the quantum
levels requires a =

√
N(N + 1).



Chapter 6

Summary

In this thesis we develop a novel framework for semiclassical calculations which extends

conventional semiclassical theories to non-Hermitian quantum problems. A major ob-

stacle for semiclassical calculations in non-Hermitian space is the necessity of solving

the equations of motion in complex phase space which is rather non-trivial. We avoid

this problem by mapping the action to integrals on a complex 1-dimensional manifold.

Powerful theorems from algebraic topology relate the action integrala to the solutions

of an ordinary differential equation, the Picard-Fuchs equation. This framework makes

calculation of the action independent of the solution of the equation of motion. Fur-

thermore we can avoid straightforward integration altogether. The last point may be a

significant advantage in the case of Hermitian quantum mechanics, too. In many cases

straightforward integration is not possible, but the Picard-Fuchs equation is solvable.

We present the scope of this framework with a variety of examples. The first example

in chapter 3 deals with a family of non-Hermitian Hamiltonians which were derived

through a standard mapping from statistical mechanics of Coulomb gases. By solving

the Picard-Fuchs equation we obtain pressure and transport coefficients of ion channels,

which match well with numerical simulations for a wide range of parameters. In chapter

4 we discuss single-molecule magnets and the characteristic quenching of tunnel splitting

in an applied field. The spin is in the compact group SU(2) which yields a non-trivial

measure of integration. Here we show that the action is fully determined from non-

analytic behavior near singular points in the space of the moduli. With that we go

one step beyond the previous example, we avoid solving the differential equation by

68
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employing monodromies to quantify these non-analyticities. From these actions we

obtain the tunnel splitting and the quench points with great accuracy. In chapter 5

we return to the Picard-Fuchs approach for a Hermitian Hamiltonian. We demonstrate

that even though straightforward integration fails, the Picard-Fuchs approach allows to

evaluate the action and from there the energy states. Furthermore we use this example

to show the application of our methods to a periodic potential, where the periodicity

introduces additional structure on the manifold. Lastly we outline how to use these

methods to calculate higher-order corrections in the WKB approximation and calculate

the second-order term, which yields a clear improvement to the approximation of the

true energy states.

Overall we show that this framework for semiclassical calculations can be applied to a

large variety of systems, and may provide new results in many cases where conventional

methods with straightforward integration fail. We showed calculations for systems which

are seemingly entirely unrelated, which makes us believe that our methods may find

many more applications, in non-Hermitian theories as well as in systems where the

straightforward integrals are not solvable.
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Appendix A

Appendices

A.1 Multivalent Coulomb gases with Riemann surfaces of

genus 2

In this section we show the details of the calculations for Coulomb gases with Riemann

surfaces of genus g = 2. The mapping of section 3.3, where we explain how to construct

the required Riemann surface for a Coulomb gas with charges (n1, n2) = (2, 1), can

be applied for all integer combinations of charges (n1, n2). However the structure of

the resulting Riemann surface may be different, especially the genus depends on the

valencies of the charges. The number of independent 1-forms equals 2g, which means the

Picard-Fuchs equation is an ordinary differential equation of order 2g. In the following

we will discuss the cases for (n1, n2) = (3, 1), (4, 1), (3, 2), which are all cases that yield

a Riemann surface of genus g = 2 and a Picard-Fuchs equation of order 4.

A.1.1 Trivalent (3,1) gas

In the trivalent case (n1, n2) = (3, 1) with the normalized energy u = 3ε/4α the Hamil-

tonian (3.8) takes the form
4

3
u = p2 −

(
z3

3
+

1

z

)
. (A.1)

The family of algebraic curves,

Eu : F(p, z) = 3p2z − (z4 + 4uz + 3) = 0 (A.2)
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over complex (p, z) describes a Riemann surface of genus 2. Eu are nonsingular if u4 6= 1,

and so F(p, z) implicitly defines a locally holomorphic map p = p(z) almost everywhere

on (p, z). In this case there are six square-root branching points, at z = 0,∞ and the

four roots of p2(z) = 0. Hence, while Eu is a doubly-branched cover of the Riemann

sphere, three cuts are required per branch. After opening up cuts and identifying edges

under analytic continuation, this leads to a double torus, i.e. a surface of genus g = 2.

The actions can be understood as integrals Sj(u) =
∮
γj
λ(u) of the holomorphic action

1-form λ(u) = p(z)(dz/iz). Owing to the four turning points, there are four basic cycles

γj with j = 0, 1, 2, 3. They are shown for u = 0 in Fig. A.1a.

The Riemann-Roch theorem states that there are 2g = 4 independent closed cycles.

Figure A.1: For (n1, n2) = (3, 1) the Riemann surface is doubly branched with a total of three
cuts, shown in gray. The four cycles γj with j = 0, 1, 2, 3, along with the instanton cycle Γ
(defined for later reference) are displayed for u = 0. The solid (dashed) lines denote parts of
the cycles going over the first (second) branch.

De Rham’s theorem tells that this equals the number of independent 1-forms, i.e. one

needs to take λ(u) and its first four derivatives to obtain a linearly dependent set. A

certain linear combination of these produces an exact form, which we identify by finding

coefficients in a polynomial (of degree 12) over z entering the exact form, as discussed

in Sec. 3.3.1. Upon integration along a closed cycle we obtain the following fourth-order

Picard-Fuchs equation for the action integrals S(u) =
∮
γ λ(u):

(u4 − 1)S(4) + 8u3S(3) +
217

18
u2S′′ + uS′ +

65

144
S = 0. (A.3)
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By changing variable to u4, one can cast the Picard-Fuchs equation as a generalized

hypergeometric equation. In the cut domain | arg(1 − u4)| < π it has four linearly

independent solutions of the form ukFk(u
4), k = 0, 1, 2, 3, where

F0(u4) = 4F3

(
−1

8
,−1

8
,

5

24
,
13

24
;

1

4
,
1

2
,
3

4
; u4

)
, (A.4)

F1(u4) = 4F3

(
+

1

8
,+

1

8
,
11

24
,
19

24
;

1

2
,
3

4
,
5

4
; u4

)
, (A.5)

F2(u4) = 4F3

(
+

3

8
,+

3

8
,
17

24
,
25

24
;

3

4
,
5

4
,
3

2
; u4

)
, (A.6)

F3(u4) = 4F3

(
+

5

8
,+

5

8
,
23

24
,
31

24
;

5

4
,
3

2
,
7

4
; u4

)
, (A.7)

are generalized hypergeometric series [49]. Writing the actions in this basis as

Sj(u) =

3∑
k=0

Cjku
kFk(u

4), (A.8)

we note that Sj(u) =
∑3

k=0Cjku
k + O(u4) (generalized hypergeometric functions are

unity at zero and analytic nearby). Expanding each Sj(u) up to O(u3) around u = 0

and evaluating the resulting integrals, Fig. A.1a, one obtains the {Cjk} 1. For S0 this

gives

C00 = +32 · 3−9/8π3/2
(

Γ(1/8)Γ(3/8)
)−1

(A.9)

C01 = +2−1/2 · 3−7/8π−1/2Γ(1/8)Γ(3/8) (A.10)

C02 = −2−5/2 · 3−13/8π−1/2Γ(1/8)Γ(3/8) (A.11)

C03 = −14 · 3−27/8π3/2
(

Γ(1/8)Γ(3/8)
)−1

. (A.12)

When u = 0 the turning points satisfy z4 + 3 = 0 and so they lie on a circle in the

complex plane around zero. Hence γj and γj+1 are only different by π/2 rotation,

1The 1-forms that arise at u2-order and higher are singular near the turning points; however, they
are regular near 0 and ∞ and thus the integrals can be calculated by deforming the contours to run
between these points.
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Fig. A.1a. As a result, we find the four-fold symmetry relation

S0(u) = eπi/4S1(e−πi/2u) = eπi/2S2(e−πiu) = e−πi/4S3(eπi/2u). (A.13)

We now consider the periods in the neighborhood of u = −1. The cycle γ0 becomes

contractible to a point as u → −1 and therefore S0(−1) = 0 by Cauchy’s theorem.

The other three actions remain finite, but S1 and S3 are non-analytic. Performing a

monodromy transformation as in Sec. 3.3, one finds S1,3(u) = Q1,3(u)∓ i
2π S0(u) ln(1+u),

where Q1,3(u) as well as S0(u) and S2(u) are analytic near u = −1.

Analyzing the spectrum of the Hamiltonian (A.1) at large α we find three spectral

branches terminating at the singular points u = −1,±i, Fig. 3.3b (notice that the

fourth singular point u = 1 lies in the middle of the spectrum and does not have an

obvious semiclassical interpretation). To determine positions of the bands we quantize

the corresponding actions j = 0, 1, 3 (but not j = 2, the latter is responsible for the

period vanishing at u = 1) according to the Bohr-Sommerfeld rule (3.28). Figure 3.5b

in Sec. 3.3 shows semiclassical energies u
(j)
m along with numerically found energy bands.

The instanton cycle is found as Γ = −γ1 − γ2 + γ3, i.e.

Sinst(u) = −S1(u)− S2(u) + S3(u) . (A.14)

This cycle connects the two colliding turning points and does not contain γ0 (cf. Fig. A.1).

The bandwidth in Gamow’s formula (3.29) is invariant under monodromy transforma-

tion and for real values of u the instanton action is purely imaginary. The result for

the bandwidth of u
(0)
m along the real axis is given in equation (3.30) and compared with

numerical results for the lowest band in Fig. 3.6.

A.1.2 Tetravalent (4,1) gas

Setting (n1, n2) = (4, 1) in the Hamiltonian (3.8) and normalizing the energy as u =

4ε/5α yields
5

4
u = p2 −

(
z4

4
+

1

z

)
, (A.15)
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It gives a family of algebraic curves over complex (p, z),

Eu : F(p, z) = 4p2z − (z5 + 5uz + 4) = 0. (A.16)

For non-singular Eu (u5 6= −1) there are six square-root branching points, the five roots

of p2(z) = 0 and at z = 0. Note that z = ∞ is a regular point. Six branching points

yield three branch cuts, thus the underlying Riemann surface is of genus 2. We define

five closed cycles γj , j = 0, 1, 2, 3, 4, each encircling a pair of turning points. Figure A.2

shows these for u = 0. On a Riemann surface of genus 2 there are exactly 4 independent

Figure A.2: For (n1, n2) = (4, 1) the Riemann surface is doubly branched with a total of three
cuts, shown in gray. The five cycles γj with j = 0, 1, 2, 3, 4, along with the instanton cycle Γ
(defined for later reference) are displayed for u = 0. The solid (dashed) lines denote parts of
the cycles going over the first (second) branch.

closed cycles and 4 independent 1-forms, cf. appendix A.1.1, implying one linear relation

γ0− γ1 + γ2 + γ3− γ4 = 0 between the five cycles. Applying the same method to obtain

the Picard-Fuchs equation as in Sec. 3.3 and Appendix A.1.1 yields

(u5 + 1)S(4)(u) +
9u5 − 1

u
S(3)(u) +

235

16
u3S′′(u) +

5

4
u2S′(u) +

39

64
uS(u) = 0. (A.17)

The singular points of this equation lie at u ∈ {exp(±πi/5), exp(±3πi/5),−1}, i.e. the

fifth roots of −1, and at u = ∞. The four independent solutions can be found as

ukFk(u
5), k = 0, 1, 2, 4 (no u3-term), where Fk(u

5) are the generalized hypergeometric
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functions [49]

F0(u5) = 4F3

(
− 1

10
,− 1

10
,

3

20
,
13

20
;

1

5
,
3

5
,
4

5
; −u5

)
, (A.18)

F1(u5) = 4F3

(
+

1

10
,+

1

10
,

7

20
,
17

20
;

2

5
,
4

5
,
6

5
; −u5

)
, (A.19)

F2(u5) = 4F3

(
+

3

10
,+

3

10
,
11

20
,
21

20
;

3

5
,
6

5
,
7

5
; −u5

)
, (A.20)

F4(u5) = 4F3

(
+

7

10
,+

7

10
,
19

20
,
29

20
;

7

5
,
8

5
,
9

5
; −u5

)
. (A.21)

Defining the actions in this basis as

Sj(u) =
∑

k=0,1,2,4

Cj,ku
kFk(u

5) (A.22)

we see that Sj(u) =
∑

k=0,1,2,4Cjku
k +O(u5). Thus we can expand Sj(u) around u = 0

up to order O(u4) and straightforwardly calculate the integrals. Calculation of the

{C0,k} gives

C00 = +5 · 24/5π3/2
(

Γ(2/5)Γ(1/10)
)−1

(A.23)

C01 = +

√
5−
√

5 · 2−33/10π−1/2Γ(2/5)Γ(1/10) (A.24)

C02 = −
√

5 +
√

5 · 2−59/10π−1/2Γ(1/5)Γ(3/10) (A.25)

C04 = +15 · 2−33/5π3/2
(

Γ(1/5)Γ(3/10)
)−1

. (A.26)

Figure A.2a shows that a rotation by 2π/5 transforms the cycles as γj → γj+1. Thus

we deduce the five-fold symmetry relation

S0(u) = eπi/5S1(e−2πi/5u) = e2πi/5S2(e−4πi/5u)

= e−2πi/5S3(e4πi/5u) = e−πi/5S4(e2πi/5u), (A.27)

which fully determines the other actions S1,2,3,4.

Near u = −1, S0 is the classical action, S2 and S3 are finite and analytic, but S1 and

S4 behave under monodromy as S1,4(u) = Q1,4(u) ± i
2π S0(u) ln(1 + u), where Q1,4(u)
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are analytic. Quantization (3.28) of the five actions Sj and the combination S1 + S2

(S3+S4) is in good agreement with the five spectral branches terminating at the singular

points u = −1, exp(±3πi/5), exp(±πi/5), cf. Fig. 3.5c in section 3.3.

The instanton cycle for the central (real) spectral branch is identified as Γ = −γ1 −
γ2 + γ3 + γ4, Fig. A.2b, i.e.

Sinst(u) = −S1(u)− S2(u) + S3(u) + S4(u) . (A.28)

This cycle connects the two turning points, colliding at the termination point of the

corresponding branch, and is independent of γ0 (cf. Fig. A.2). The resulting bandwidth

of u
(0)
m along the real axis is given in equation (3.30) and compared with numerical

results for the lowest band in Fig. 3.6.

A.1.3 Trivalent (3,2) gas

The third case belonging to genus-2 is that of the Hamiltonian (3.8) obtained by setting

(n1, n2) = (3, 2). The energy is normalized as u = 6ε/5α, thus

5

6
u = p2 −

(
z3

3
+

1

2z2

)
, (A.29)

which yields a family of algebraic curves

Eu : F(p, z) = 6p2z2 − (2z5 + 5uz2 + 3) = 0 (A.30)

over complex (p, z). These curves have six square-root branch points (if Eu is non-

singular, i.e. u5 6= −1), the five zeroes of p2(z) and a singularity at z =∞. Additionally

there is a pole of order 2 at z = 0 which doesn’t change the topology of the Riemann

surface. Therefore the Riemann surface is of genus 2. With five turning points being

present we can identify five closed cycles γj , j = 0, 1, 2, 3, 4, each encircling two neigh-

boring turning points. Figure A.3 shows these trajectories for u = 0.

As in Appendices A.1.1 and A.1.2 there are exactly four independent closed cy-

cles and four independent 1-forms. The five cycles γj are thus linearly related as

γ0 + γ1 − γ2 − γ3 + γ4 = 0. The Picard-Fuchs equation for the actions Sj(u) =
∫
γj
λ(u)
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Figure A.3: For (n1, n2) = (3, 2) the Riemann surface is doubly branched with a total of three
cuts, shown in gray. The five cycles γj with j = 0, 1, 2, 3, 4, along with the instanton cycle Γ
(defined for later reference) are displayed for u = 0. The solid (dashed) lines denote parts of
the cycles going over the first (second) branch.

is a fourth order ODE:

(u5 + 1)S(4)(u) +
9u5 − 1

u
S(3)(u) +

140

9
u3S′′(u) +

5

4
u2S′(u) +

119

144
uS(u) = 0. (A.31)

The singular points of this equation lie at u ∈ {exp(±πi/5), exp(±3πi/5),−1}, i.e. the

fifth roots of −1, and at u = ∞. The four independent solutions can be found as

ukFk(u
5), k = 0, 1, 2, 4, where Fk(u

5) are the generalized hypergeometric functions [49]

F0(u5) = 4F3

(
− 1

10
,− 1

10
,

7

30
,
17

30
;

1

5
,
3

5
,
4

5
; −u5

)
, (A.32)

F1(u5) = 4F3

(
+

1

10
,+

1

10
,
13

30
,
23

30
;

2

5
,
4

5
,
6

5
; −u5

)
, (A.33)

F2(u5) = 4F3

(
+

3

10
,+

3

10
,
19

30
,
29

30
;

3

5
,
6

5
,
7

5
; −u5

)
, (A.34)

F4(u5) = 4F3

(
+

7

10
,+

7

10
,
31

30
,
41

30
;

7

5
,
8

5
,
9

5
; −u5

)
. (A.35)

Note the absence of the u3 term. Defining the actions in this basis as

Sj(u) =
∑

k=0,1,2,4

Cj,ku
kFk(u

5) (A.36)
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we see that Sj(u) =
∑

k=0,1,2,4Cjku
k + O(u5). Thus we can expand the Sj(u) around

u = 0 up to O(u4) and find the {C0,k} as

C00 = +217/10 · 3−6/5 · 5π3/2
(

Γ(1/5)Γ(3/10)
)−1

(A.37)

C01 = +2−11/5 · 3−4/5π−1/2

√
5 +
√

5 · Γ(1/5)Γ(3/10) (A.38)

C02 = +2−11/10 · 3−7/5 · 5π3/2
(

Γ(2/5)Γ(1/10)
)−1

(A.39)

C04 = −2−37/5 · 3−18/5 · 11π−1/2

√
5−
√

5 · Γ(2/5)Γ(1/10). (A.40)

As a check for consistency, the integral at order u3 evaluates to zero, as expected for

the vanishing term. Furthermore we can see from Fig. A.3a that a rotation by 2π/5

transforms the cycles as γj → γj+1. From this we deduce the five-fold symmetry relation

S0(u) = e2πi/5S1(e−4πi/5u) = e−πi/5S2(e2πi/5u)

= eπi/5S3(e−2πi/5u) = e−2πi/5S4(e4πi/5u), (A.41)

which automatically determines the other actions S1,2,3,4
2.

Near u = −1, S0 is the classical action, S2 and S3 are finite and analytic, but S1

and S4 behave under monodromy as S1,4(u) = Q1,4(u) ± i
2π S0(u) ln(1 + u), where

Q1,4(u) are analytic. Bohr-Sommerfeld quantization (3.28) of the five actions Sj and

the combination S2+S3 is in good agreement with the five spectral branches terminating

at the singular points u = −1, exp(±3πi/5), exp(±πi/5), cf. Fig. 3.5d in Sec. 3.3.

The instanton cycle for the central branch, terminating at u = −1 is identified as

Γ = −γ1 + γ2 − γ3 + γ4, i.e.

Sinst(u) = −S1(u) + S2(u)− S3(u) + S4(u) . (A.42)

This cycle connects the two turning points, colliding at u = −1, and is independent of

γ0 (cf. Fig. A.3). The bandwidth of u
(0)
m along the real axis is given in equation (3.30)

and compared with numerical results for the lowest band in Fig. 3.6.

2Note the small but crucial differences with (A.27), as well as between Figs. A.2 and A.3.


	Acknowledgements
	Dedication
	Abstract
	List of Figures
	Introduction
	A Semiclassical Theory based on Algebraic Topology
	Physical Action as Integral on a Complex Manifold
	Homology, Cohomology and the Picard-Fuchs Equation
	Monodromy Group and Monodromy Matrices

	Multivalent Coulomb Gases
	Equivalence of Statistical Mechanics and a non-Hermitian Quantum Theory
	PT Symmetry
	Isospectrality

	Spectrum of a PT-symmetric Hamiltonian
	Semiclassical Theory for the Divalent (2,1) Gas
	Integration on the Torus and Picard-Fuchs Equation
	Semiclassical Results


	Single-Molecule Magnets
	Single Molecule Magnets and Spin-Coherent States
	Analysis of the Manifold
	Evaluating Action Integrals
	Energy Levels
	Oscillation Period
	Amplitude of the Oscillations


	Periodic Potentials and Higher-Order WKB Method
	Derivation of the Exact WKB Method
	First and Second Order WKB Approximation for the Lamé Potential
	Classical Action and First Order WKB
	Second Order Quantum Corrections

	Topological Derivation of Energy Reflection Symmetry

	Summary
	References
	 Appendix A.  Appendices
	Multivalent Coulomb gases with Riemann surfaces of genus 2
	Trivalent (3,1) gas
	Tetravalent (4,1) gas
	Trivalent (3,2) gas



