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Abstract

This thesis describes different ways to use robust optimization concepts and techniques
in problems that arise in geographic resource allocation. Many problems in geographic
resource allocation deal with uncertainty just like many other domains. Some of them,
like the k-centers problem, are naturally defined in a minimax fashion, and some others
can be treated under uncertainty where we seek robust solutions. Most geographic resource
allocation problems can be settled in one or more of the categories, such as location problems,
segmentation (partitioning) problems, assignment problems, routing problems, and backbone
network design problems. In all such problems there are parameters that can be unknown
in practice. It is sensible to define an uncertainty set for the unknown parameter based on
some crude knowledge about that unknown parameter and then to treat the uncertainty
like some deterministic variability of the values of the parameter, followed by ultimately
solving the problem as that parameter is another variable in a higher dimension.

For such problems in geographic resource allocation, we take a robust approach to tackle
the uncertainty. Depending on the problem and also geometry of the uncertainty set, the
robust optimization model can be tractable or difficult to solve. We deal with both cases in
this thesis where we combine elements from computational geometry, geometric probability
theory, vector space optimization, and topology, to either solve the problem to optimality or
develop fast algorithms to settle with an approximation solution. We also present a divide
and conquer type of approach using geometric partitioning to solve robust optimization
problems. In a generic robust optimization problem, if the uncertainty set is an infinite set
(which is the case in most practical situations), then we will have an infinite or semi-infinite
dimensional optimization problem since the model will have infinite number of constraints.
We describe the drawbacks of the current approaches to solving such problems and their
inability to obtain reasonable solutions for some special but common and practical cases,
like clustered data, and then we show that our approach makes these problems easy to solve.
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5.7 The lengths of the TSP tours of n points sampled in Los Angeles County,
where point-to-point distances are induced by a road network. In all three
diagrams, the upper plot corresponds to uniformly distributed points and
the lower plot corresponds to points that are sampled from the CrimeMap-
ping.com website [3]. For each value of n ∈ {1, . . . , 500} and for each of
the two sampling strategies (uniform or non-uniform), we perform 10 inde-
pendent experiments in which n points are sampled and their TSP tour is
calculated using Concorde [4]. Figure 5.7a shows the tour lengths (the thin
lines) together with the best fit of these tour lengths to a curve of the form
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Chapter 1

Introduction

Introduction
This dissertation is devoted to the study of geographic resource allocation (GRA) prob-

lems. In such a problem, our goal is to minimize or maximize an objective function that is
defined over a geographic region. The distinguishing attribute of such problems is that spa-
tial properties such as distance, shape, perimeter, area, diameter, connectedness, fatness,
convexity, or star-convexity will appear in these problems either in the objective function
or as a constraint. The concept of geography is a fundamental one in many domains such
as transportation, facility location, supply chain management, surveillance, reconnaissance,
and territory division, among many others; indeed, the fields of geometry and optimization
have enjoyed a long history of cross-pollination, from the statement of Dido’s isoperimetric
problem by the ancient Greeks [7], to Newton’s solution of the Brachistochrone problem
[8], to the (much more recent) use of convexity properties towards linear-time algorithms
for low-dimensional linear programs [9]. In order to solve such problems, it is necessary
to adopt an interdisciplinary approach that combines tools from optimization theory and
computational geometry, and sometimes even real and complex analysis and topology.

1.1 An Overview on Optimization in GRA Problems

Most geographic resource allocation problems can be said to fall in one (or more) of the
following categories:

1. Location Problems

2. Segmentation (Partitioning) Problems

3. Assignment Problems

1
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4. Routing Problems

5. Backbone Network Design Problems

In all these categories, the concepts and techniques of convex optimization and computa-
tional geometry are highly interconnected.

Location Problems In location problems we aim to find optimal locations for some
facilities in a region with respect to some constraints. In other words, we intend to find
the best locations for, say, k or p, facilities, in order to minimize (maximize) an objective
function. Some of the very well-studied problems in this category include:

• k-medians problems: Find k locations to place facilities so as to minimize the average
(sum of) distances between demand points and their nearest facility.

• k-means problems: Find k locations to place facilities so as to minimize the average
(sum of) squared distances between demand points and their nearest facility.

• k-centers problems: Find k locations to place facilities so as to minimize the maximum
distance between demand points and their nearest facility.

• p-dispersion problems: Find p locations to place facilities so as to maximize the min-
imum distance between any pair of facilities.

The k-medians problem has roots back into the classical Weber problem [10] and is proven
to be NP-hard [11]. Several approximation algorithms and PTASes have been developed
for this problem; see for example [12, 13, 14, 15, 16, 17].

The difference between k-means problems and k-medians problems is in the cost function
they use, i.e. the way each one measures point distances (sums of distances versus sums of
squared distances). The k-means problem, a.k.a. the k-means clustering problem, has been
studied in many fields including geometry and machine learning. In machine learning, k-
means clustering algorithms are powerful tools in clustering data [18]. The k-means problem
is NP-hard even when the point set lies in two dimensions [19, 20]. The venerated Lloyd’s
algorithm [21] is the most commonly used heuristic for solving this problem, although there
are also several approximation algorithms such as [22, 23] and PTASes as in [24, 25] for this
problem.

The k-centers problem, introduced by Hakimi [26] is known to be NP-hard [27, 28].
Furthermore it is shown that for the k-centers problem with a distance function satisfying a
triangle inequality, there does not exist an approximation algorithm with an approximation
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factor of 2−ε for any ε > 0, unless P = NP and also that one must assume triangle inequality
in order to be able to approximate the optimal solution unless P=NP [29]. A simple greedy
factor-2 approximation algorithm is presented in [30]. Another factor-2 approximation
algorithm for solving this problem is developed by Hochbaum and Shmoys [31] and is
summarized in Chapter 5 of [28]. In Chapter 3 of this dissertation, we duscuss more about
a particular version of the k-centers problem.

The p-dispersion problem has a duality relationship with the (p−1)-centers problem [32]
and has several variants [33, 34, 35]; the version stated above is the most common version
and conventionally represents the problem. This problem is also proven to be NP-hard
[36, 37]. There exist several approximation algorithms for different versions of p-dispersion
problem including [38, 39], for example.

Segmentation (Partitioning) Problems In segmentation problems we are given a ter-
ritory and we intend to partition that territory into some sub-regions in order to minimize
(maximize) a cost (utility) function. The input in this problem is a geographic region R

and possibly a distribution f . The distribution f can represent for example population
density, distribution of crimes or other incidents, distribution of a resource or a natural
phenomena, or distribution of locations of likely targets. There is also a set of given points
in R that may represent facilities, resources, distribution depots, or delivery centers, for
example. We want to partition R into n disjoint sub-regions R1, ..., Rn such that a certain
objective function composed by the distribution f and some other features like cost or util-
ity is optimized. We may also need to enforce some shape constraints, such as requiring
all sub-regions to be simply connected (not having holes), connected, fat, convex, or star-
convex, for example. Another important constraint here could be balancing the workload
(resources, population, or area, for example) among the sub-regions. If p denotes the given
set of points and x represents any point in R and we define a cost function c(x,p), then
a typical objective function can be the expected cost over the region R that can be shown
with

´
R f(x)c(x,p) dA. This problem is addressed in [40, 41, 42, 2, 43, 44, 45], among many

others.

Assignment Problems A problem that often accompanies the segmentation problem
is the assignment problem. In an assignment problem, we are given a set of clients and
a limited amount of one or multiple resources, and we want to allocate the resources to
clients so that a certain objective function is minimized, and at the same time, we make this
allocation as evenly as possible or as close as possible to a given quota. A natural strategy for
this problem would be using the methods of partitioning used in the segmentation problems
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to divide the total amount of resources into different pieces and give each client a piece.
This problem is in the company of [46, 47, 48, 49, 50], for example.

Routing Problems Many problems with an underlying geographic component can be
considered as a routing problem. The goal of a routing problem is to select a path, or
collection of paths, going through a set of points that could be demand points or clients or
facilities, etc, so as to minimize total cost or total traversed distance. Some of these problems
are computationally easy to solve like shortest path problem, Canadian traveller problem, or
the Chinese postman problem and some of them are considerably more difficult, such as the
traveling salesman problem (TSP) or vehicle routing problem (VRP) and its variants, and
the k-chinese postman problem. In some cases we are interested in solving these problems
for specific instances and in some cases we are interested in asymptotic analysis when the
problem dimensions become large. As an iconic example for this category of problems, in
TSP we are given a set of points and cost function defined on any pair of these points, which
is usually the distance between two points, and we are asked to find a tour that starting and
finishing at a specified point visits all other points exactly once so as to minimize the total
cost incurred by traversing this tour. There is a rich literature about routing problems;
some of the works closer to our interest include [51, 5, 52, 16, 53, 54].

Backbone Network Design Problems In some GRA problems we have a system which
is composed of a set of facilities, distribution centers, depots (possibly having multiple “tiers”
or levels), and we need to build a network among the components of the system. The role of
this network is to provide a support mechanism for the components of the system to ensure
they will keep working continuously in fulfilling their mission. Examples of this support
could be: providing a communication channel between components, transportation of goods
from one facility to another to satisfy excess of demand, delivering products to the franchises
of a company, transportation of materials and products in a supply chain, and etc. Such
networks are usually designed one layer above the clients or demand points and they have
a supportive role to make sure the products or services reach the customers without any
interruption, and for this reason by an analogy of human neural network they are called
backbone networks. Examples of such networks are spanning trees, Steiner trees, hub-and-
spoke networks, TSP tours (Hamiltonian cycles), star networks, and so on. An illustration
of these network structures is shown in Figure 1.1. Various types of such problems have
been considered in [55, 56, 44, 46, 57].
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(a) Steiner Tree (b) MST (c) TSP Tour (Hamiltonian Cycle)

(d) VRP Tours (e) Star Shape

(f) Complete Bipartite Graph (g) Complete Graph

Figure 1.1: Examples of different backbone networks for a given point set shown over the
induced Voronoi partition.
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1.2 Optimizing GRA Problems under Uncertainty

In many problems with a geometric or geographic nature, there is some uncertainty about
some of the parameters or characteristics of the problem. In such situations it is natural
to desire some sort of robustness against the uncertainty. There are several ways to handle
uncertainty within an optimization framework. One could simply ignore the uncertainty by
choosing a nominal value for those unknown parameters. This approach usually requires
some sensitivity analysis after solving the problem. Another drawback of this method is
that a nominal value is not a good representative for an unknown parameter in most cases
for the same reason that average is not an efficient representative of a the values of a random
variable, and can lead to a class of systematic errors which is called the flaw of averages by
noted consultant Sam L. Savage [58]. This is actually nothing but a century old Jensen’s
inequality. If our function is not linear and is actually strictly convex (concave) in the
unknown parameter, which happens in many situations, and we use the average of our best
guesses for the value of the parameter, then the evaluation of the function at the average
value is less (greater) than the average of evaluations of the function at each of the single
guesses. This shows by choosing nominal value for the unknown parameter we may incur
a possibly huge error with respect to the ground-truth value of the parameter and increase
the risk of our decision.

Another common way to handle uncertainty is to assume that the uncertainty has a
stochastic nature, and hence apply techniques of stochastic programming. This approach
relies on two major assumptions, namely the stochastic nature of the uncertainty and our
knowledge about the true distribution of the uncertain parameters, neither of which is
necessarily the case in reality.

In contrast to traditional methods, robust optimization is able to work with a vague
knowledge about the unknown parameter to handle uncertainty. Consider an optimization
problem with only one uncertain parameter. In a robust approach we only need to assume
that the unknown parameter belongs to a given uncertainty set. Then, we can represent
the uncertainty as deterministic variability in the value of the parameter itself and/or in
the solution(s) of the problem. For a detailed discussion on robust optimization see the
venerated paper of Ben-Tal and Nemirovsky [59].

We can already see, by definition, some essence of robustness in some of the problems
with geometric or geographic nature. For instance, the k-centers problem is a robust op-
timization of facility locations since it is a minimax problem with uncertainty over the
location of demand points.

Generally, in GRA problems, if we encounter uncertainty about some parameters, robust
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optimization can serve a useful purpose; see for example [60, 61, 62, 63, 64, 65, 66]. On the
other hand, if the problem is defined over a contiguous geographic region, it is highly possible
that the resulting problem may have an infinite or semi-infinite dimensional formulation.
Such problems are sometimes tractable using techniques of geometric partitioning, applied
in [2, 67], for example.

1.3 Contributions of this Dissertation

Two main contributions of our research is the use of partitioning techniques in robust
optimization and conversely to use robust optimization concepts and techniques in problems
that arise in geographic resource allocation.

In the following two sections, we present three new geometric problems and we show new
robust approaches to solve them. These two sections establish a basis for our discussions in
the next four chapters, which are assigned to our achieved results throughout this research.

1.3.1 Robust Network Design and Facility Location

It seems that the term robust network design first appeared in [68], although work in this
field remained without any connection to robust optimization and [69] appears to be the first
paper establishing that connection. There exists a large body of work on this subject such
as [70, 71, 72, 73, 74, 75] among others ranging from spanning tree networks and routing
networks to other hub-and-spoke networks and from virtual private networks (VPNs) to
telecommunication networks.

Backbone network design is an extremely broad field. Many real-world problems are
concerned with coordinating vehicles, agents, robots, UAVs, or drones via an underlying
backbone communications network. Examples of such applications are police surveillance
missions, military reconnaissance missions, military drones operations, retailer delivery sys-
tems, mobile wireless sensor networks, cooperative robotics, and modular robotics among
so many others.

In designing such networks, a desired property is to maintain “connectivity” of commu-
nication at any time. In other words, if we say two mobile objects can communicate with
each other if their distance is less than some radius r, we want to have all the mobile objects
connected to each other in a way that any two of them could communicate with each other
(possibly through other intermediate objects) at any time.

At the same time, a small communication radius r is beneficial since it helps the quality
of the communications and reduces the amount of noise. The optimization problem of



Chapter 1: Introduction 8

(a)

(b) (c)

Figure 1.2: Partitioning a region to maintain a robust communication network between ve-
hicles. An initial region (a rectangle) is given (1.2a) and we partition it into n sub-regions
(1.2b), and one vehicle will be assigned to each sub-region. This partition should be con-
structed in a way that, regardless of the positions of vehicles at any time, the communication
network between all the vehicles (obtained by connecting any two vehicles within a distance
r of each other) is connected as shown in (1.2c).

designing such network is indeed a robust optimization problem since the mobile objects
have to be connected regardless of their current or future position.

Suppose that this network with n mobile objects has to cover a convex region to do
one of the above operations. In order to ensure that the entire region is covered we deploy
a partitioning strategy in which we partition the region into n sub-regions and assign one
mobile object to each sub-region, so each object will be only responsible to cover its own
sub-region. An example of such connected network is shown in Figure 1.2. In Chapter 2 we
discuss the robust network design in details and we present three approximation algorithms
for different cases with different set of assumptions. These algorithms first appeared in our
article [76].

Based on the results and algorithms developed in Chapter 2, we develop a new approx-
imation algorithm for a restricted version of the continuous k-centers problem where the
underlying region is a convex polygon, which is presented in Chapter 3 and first appeared in
our article [76]. This problem is introduced by Suzuki and Drezner [77] and is equivalent to
covering the convex polygon with k identical circles with the smallest possible radius. The
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authors of [78, 79] considered a 2-centers problem over a convex polygon, and the paper [80]
presents a factor 1.89 approximation algorithm for an even more restricted problem where
the centers have to be on the boundary of a convex polygon. We conjecture that, with a
slight modification, we can use the same algorithm to solve the k-medians problem approx-
imately. Our k-centers algorithm might be also useful for solving continuous p-dispersion
problem because of its duality relationship with the (p− 1)-centers problem [32].

1.3.2 Geometric Partitioning and Distributionally Robust Optimization

A distributionally robust optimization problem is a problem in which one must make a
decision that is optimal when considered against a set of probability distributions. By way
of comparison, in stochastic optimization, one is concerned with problems of the form

minimize
x

F (x, µ)

where µ is a given probability measure and F (·, ·) is an objective function, which typically
might involve an expectation, quantile, or supremum, for example. A distributionally robust
optimization problem takes the form

minimize
x

max
µ∈D

F (x, µ)

where D is a set of probability distributions satisfying some criteria, such as a given sup-
port region or a given mean and covariance matrix. The inner problem for fixed values
of x, "maximizeµ∈D F (x, µ)", is often infinite-dimensional because we are searching over
a space of probability distributions on some (possibly infinite) domain; one typically con-
siders D to be a subset of the Banach space consisting of Borel measures on the support
region. The concept of geometry is an important one because of the different ways that
one can characterize the set of distributions D; for example, if F (x, µ) is linear in µ (such
as an expectation operator) and D consists of a finite set of linear constraints on µ, then
Carathéodory’s theorem [81] establishes that there exists an optimal measure µ∗ consisting
of a finite set of points.

An important application of distributionally robust optimization is in transportation
science, and more specifically in this dissertation, the Traveling Salesman Problem (TSP)
and the Vehicle Routing Problem (VRP). The length of the TSP tour for i.i.d. samples of a
distribution f(·) is of theoretical interest for asymptotic analysis [51, 82, 83, 5]. An example
of such large TSP tours is shown in Figure 1.3.

A commonly used way to define the set D is to impose some constraints on the moments
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Figure 1.3: An example of TSP tour of i.i.d. random points.

of the distribution like mean and covariance, see e.g. [84, 85, 86]. In the field of logistics
and transportation, the authors of [65] used a mean-and-covariance-based approach to find
the worst-case distribution for the length of TSP tour. We use a slightly different approach
to find the worst-case demand distribution for the length of VRP tour which has more
complications that a TSP tour. This is presented in Chapter 4 and first published in our
article [87].

Besides the fact that we normally do not have enough information about the mean
and covariance of an unknown distribution, a major drawback for this method is that it is
often not faithful to the original problem when the ground truth distribution is clustered
or multimodal. In section 5.3.1 we will show an example of such a situation that arises in
geography.

A natural but less studied way of defining the set D is to enforce the worst case distri-
bution to be “close enough” to an empirical distribution driven by drawing samples from
the ground truth distribution with regards to some metrics like the Wasserstein distance,
a.k.a. the earth mover’s distance introduced in [88] in Russian and later in [89]. Using this
method, we can find the worst case distribution in the asymptotic analysis of the length of
large TSP tours. An example of the worst case distributions that we find by this method is
presented in Figure 1.4. Using this method we can overcome clustered distributions and also
we usually obtain concise and continuous worst case distributions, which is not frequently
achieved using other approaches. This method is discussed in Chapter 5. To the best of our
knowledge, our use of the Wasserstein distance in such an application, that first appeared
in our article [90], is the first of its kind.
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Figure 1.4: An example of the worst case distribution for the length of TSP tour in a unit
box. The dots in (1.4a) show an empirical distribution driven by a sample of size 10. The
dashed lines show the optimal transport mapping between the ground truth distribution and
the empirical distribution. Figure (1.4b) shows a surface plot of the worst case distribution.



Chapter 2

Geometric Partitioning and
Robust Ad-hoc Network Design

Geometric Partitioning and Robust Ad-hoc Network Design
In this chapter we develop geometric algorithms to provide robust solutions for a back-

bone network design problem. The goal is to design a decentralized communication network
among a set of objects over a geographic convex region in order to minimize the maximum
connectivity radius that we need to cover the entire region and keep the objects connected
to each other. If the network has to be static, i.e. the shape of the network comprised
of the position of the objects located at the vertices and the distance between objects or
in fact the length of the edges are not allowed to change over time, then the problem be-
comes a location problem where we seek the best locations for the vertices of the network
to minimize the connectivity radius. Otherwise, if the network is dynamic, say the objects
move around, the problem becomes much harder since we encounter uncertainty about the
position of the objects at each time. In this chapter we consider designing such dynamic
networks in a robust way so as the communication connectivity is retained regardless of the
position of the objects and the connectivity radius is minimized.

2.1 Introduction

Our problem can be motivated in the context of multi-vehicle coordination. Suppose that
there are n vehicles that must provide service or surveillance to a convex region C. Further
suppose that any two vehicles can communicate with each other if the distance between
them is less than some given threshold radius r. In order to ensure that all vehicles be able
to communicate with one another (possibly through intermediate vehicles), it is natural

12
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to desire that the vehicles be configured in such a way that the communication network
between them be connected. At the same time, in order to simplify operations and ensure
that the entire region is covered, a natural strategy is to divide the region C into n sub-
regions R1, . . . , Rn, such that each of the n vehicles is assigned to one of the n sub-regions.

Before stating our problem formally, we find it useful to introduce some notational
conventions. Given a set of points x = {x1, . . . , xn} ⊂ C and a threshold radius r, we let
Gr(x) denote the graph whose nodes {1, . . . , n} correspond to the points x1, . . . , xn, and
whose edges (i, j) correspond to those pairs of points (i, j) such that ‖xi − xj‖ ≤ r, where
‖ · ‖ denotes the Euclidean norm. Given a partition R1, . . . , Rn of C (that is, a set of sub-
regions Ri such that ⋃ni=1Ri = C and Ri ∩Rj = ∅ for all i 6= j), we let ∏n

i=1Ri denote the
Cartesian product of those sub-regions, so that x = (x1, . . . , xn) ∈ ∏n

i=1Ri if and only if
xi ∈ Ri for each i ∈ {1, . . . , n}.

We now state our problem formally: given a convex planar region C with area A and an
integer n, we are interested in partitioning C into sub-regions R1, ..., Rn in such a fashion
that for any x = (x1, . . . , xn) ∈ ∏n

i=1Ri the graph Gr(x) is connected for some radius r. We
would like to minimize r among all such partitions. We can write our optimization problem
as

minimize
R1,...,Rn,r

r s.t. (∗)

Gr(x) is connected ∀x ∈
n∏
i=1

Ri ,

n⋃
i=1

Ri = C ,

Ri ∩Rj = ∅ .

For a given partition, the minimum radius r that guarantees connectivity of all tuples
x ∈

∏n
i=1Ri is called the connectivity radius associated with that partition. Inputs and

outputs to problem (∗) are shown in Figure 2.1. This formulation does not impose any
additional constraints on the shapes or sizes of the sub-regions Ri; it is of course sensible
(from a practical standpoint) to add additional such requirements, such as convexity of the
Ri’s.
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(a) (b)

r

(c)

Figure 2.1: Input and output to problem (∗). We are given a convex region C and an
integer n (which is equal to 19 in this case), and our objective is to partition C into n sub-
regions R1, . . . , Rn; we desire a partition whose connectivity radius is as small as possible.
For the partition shown in 2.1b, the connectivity radius r is indicated in 2.1c; for any tuple
x ∈

∏n
i=1Ri, the graph Gr(x) is connected.

2.1.1 Related work

This work combines two related issues that commonly arise in multi-vehicle coordina-
tion, namely geometric partitioning and ad-hoc network design, and as such there exist
two distinct bodies of work from which it stems. Geometric partitioning has emerged
as a useful tool for allocating vehicles in a territory efficiently: for example, the papers
[50, 91, 43, 53, 54, 46, 44] all describe various ways to balance the workloads of a fleet of
vehicles (or facilities) by dividing the service region into sub-regions and localizing vehicles
(or facilities) to those sub-regions. The paper [40] gives an algorithm for dividing a convex
region into “fat” sub-regions of equal area, and in fact, Section 2.2 of this chapter employs
essentially the same algorithm for our problem. As we will later make clear, the constraint
that all sub-regions have equal area can lead to situations in which the connectivity radius is
quite high due to a “bottleneck” region at the periphery of the service region; this motivates
our new algorithms in Sections 2.3 and 2.4. In addition, as a side consequence, our algo-
rithm introduced in Section 2.3 can also be used to describe an approximation algorithm
for the classical k-centers problem in a convex polygon with approximation factor 1.99; this
is notable because it is known that there does not exist any approximation algorithm for
the k-centers problem in a general metric space with a constant less than 2 unless P=NP;
see for example [29].

The model for connectivity in this chapter (namely, that two vehicles can communicate
with each other if the distance between them is below the threshold r) is a common one and
there exists a large body of work dealing with various problems under such an assumption
[92, 93, 94, 95, 96]. Generally speaking, the problems of interest often involve decentral-
ized approaches to solving combinatorial problems along such a network, such as finding
a connected dominating set, a minimal covering of the service region, or the shortest path
between a pair of points.
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(a) (b) (c)

(d) (e)

Figure 2.2: Input and output to Algorithm 1 for the case where we desire n = 19 sub-regions
of equal area. In 2.2b, we use a vertical line to divide the region into two pieces whose areas
are 9/19 and 10/19 of the original area. In 2.2c, we use vertical lines to further subdivide
these two pieces into four pieces whose areas are 4/19, 5/19, 5/19, and 5/19 of the original
area (from left to right). In 2.2d, we use vertical and horizontal lines to divide these pieces
into even more pieces whose areas are all either 2/19 or 3/19 of the original area. Figure
2.2e shows the output of Algorithm 1, which consists of n = 19 sub-regions of equal area.

2.1.2 Notational Conventions

Throughout this chapter we use the following notational conventions: Area(D) denotes the
area of a region D. The width and height of a region are defined as the width and height of
the minimum-area axis-aligned bounding rectangle of D and are denoted by width(D) and
height(D). The aspect ratio of a rectangle R is the ratio of the length of the longer side of
R to the the length of the shorter side of R and is written as AR(R). The approximation
ratio of each algorithm, i.e. the ratio of the upper bound to lower bound on the connectivity
radius r, will be denoted Rat.

2.2 Imposing equal area and convexity

We begin by considering problem (∗) where we impose an additional constraint that all
sub-regions Ri have equal area and be convex. The algorithm we use is due to [40] (which
considers the closely related problem of partitioning C into “fat” sub-regions). This algo-
rithm is quite simple: we rotate C so that its diameter is horizontal, and we then recursively
divide C with either a horizontal line or a vertical line, depending on which of the two direc-
tions results in a “fatter” shape. This is described formally in Algorithm 1 and illustrated in
Figure 2.2; we make a minor modification to the algorithm in order to improve our bound
by applying a new Lemma 4. We find it helpful to introduce two lower bounds to our
problem stated below:
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Input: A convex polygon C and an integer n.
Output: A partition of C into n convex sub-regions, each having area Area (C) /n.
Note: In the very first call of this algorithm – i.e. not the recursive calls – the input region C should
be oriented so that its diameter is horizontal.

if n = 1 then
return C;

else
Set n1 = bn/2c and n2 = dn/2e;
Let w denote the width of C and h the height;
if w ≥ h then

With a vertical line, divide C into two pieces R
′
1 and R

′
2 with area n1

n
·Area (C) on the right

and n2
n
·Area (C) on the left. Let w

′
= max{width(R

′
1),width(R

′
2)};

With a vertical line, divide C into two pieces R
′′
1 and R

′′
2 with area n1

n
·Area (C) on the left

and n2
n
·Area (C) on the right. Let w

′′
= max{width(R

′′
1 ),width(R

′′
2 )};

if w
′
≤ w

′′
then

Set R1 = R
′
1 and R2 = R

′
2;

else
Set R1 = R

′′
1 and R2 = R

′′
2 ;

end
else

With a horizontal line, divide R into two pieces R
′
1 and R

′
2 with area n1

n
·Area (C) on the

top and n2
n
·Area (C) on the bottom. Let h

′
= max{height(R

′
1), height(R

′
2)};

With a horizontal line, divide R into two pieces R
′′
1 and R

′′
2 with area n1

n
·Area (C) on the

bottom and n2
n
·Area (C) on the top. Let h

′′
= max{height(R

′′
1 ),height(R

′′
2 )};

if h
′
≤ h

′′
then

Set R1 = R
′
1 and R2 = R

′
2;

else
Set R1 = R

′′
1 and R2 = R

′′
2 ;

end
end
return EqualAreaPartition(R1, n1) ∪ EqualAreaPartition(R2, n2);

end

Algorithm 1: Algorithm EqualAreaPartition(C, n) is due to [40]; it takes as input a
convex polygon C and a positive integer n. We have made a minor modification to
that of [40] in that we select a partition by comparing w′ and w′′ (or h′ and h′′).
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Theorem 1. Let C be an input to problem (∗) with an additional constraint that all sub-
regions be convex and have equal area. Then r∗ ≥

√
2A/πn.

Proof. Suppose that R1, . . . , Rn is a partition of C into convex pieces of equal area and
that r is sufficiently large that the graph Gr(x) is connected for all x ∈

∏n
i=1Ri. For any

sub-region Ri and any point xi ∈ Ri, it must be the case that there exists some other sub-
region Rj such that Rj is entirely contained within a ball Bi of radius r centered at xi (if
this were not the case, then Gr(x) would not be connected because we could isolate point
xi from the rest of the nodes). However, by the convexity assumption, Ri and Rj must be
linearly separable, say by line `. We therefore find that Rj must lie on one side of ` (say
in half-plane H`), with xi lying on the other side, and therefore Rj must be contained in
Bi ∩H`. Since Area(Bi ∩H`) ≤ πr2/2 and Area(Rj) = A/n by the equal-area assumption,
we have

πr2

2 ≥ Area(Bi ∩H`) ≥ Area(Rj) = A/n

=⇒ r ≥

√
2A
πn

as desired.

Theorem 2. Let C be an input to problem (∗) with an additional constraint that all sub-
regions be convex and have equal area and assume that C is oriented so that its diameter is
horizontal. Let H1 denote a vertically oriented half-space that cuts off exactly Area(C)/n
of C on the left and let H2 denote a vertically oriented half-space that cuts off exactly
Area(C)/n of C on the right. Let w1 and w2 denote the widths of C ∩ H1 and C ∩ H2

respectively. Then r∗ ≥ max{w1, w2}.

Proof. Assume without loss of generality that w1 ≥ w2. Consider a convex equal-area
partition R1, . . . , Rn and assume without loss of generality that the leftmost point of C,
which we will call x1, is contained in R1. Since R1 is convex, it is easy to see that Area(R1∩
H1) > 0. We now claim that for any other region Ri, it must be possible to select a point
xi ∈ Ri such that ‖x1 − xi‖ ≥ w1, which will complete the proof. This is straightforward:
if there existed a region Ri such that this claim did not hold, then Ri would have to lie
entirely to the left of H1 (i.e. Ri = Ri ∩H1). This is impossible because then

Area(C ∩H1) ≥ Area(R1 ∩H1) + Area(Ri ∩H1) = Area(R1 ∩H1) + Area(Ri) > Area(C)/n

which contradicts our construction of H1.
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Figure 2.3: In 2.3a, we see that the area of the right triangle defined by points (1/4, 0),
(1, 0), and (1/4, h) is 3h/8 and the area of the trapezoid defined by points (0, 0), (1/4, 0),
(1/4, h), and (0, h′) is 7h/24. In 2.3b, the area of the trapezoid defined by points (0, 0),
(1/4, 0), (1/4, h1), and (0, h′) is (5h1 − h2)/16, the area of the trapezoid defined by points
(1/4, 0), (3/4, 0), (3/4, h2), and (1/4, h1) is (h1+h2)/4, and the area of the trapezoid defined
by points (3/4, 0), (1, 0), (1, h′′), and (3/4, h2) is (5h2 − h1)/16.

2.2.1 Analysis of Algorithm 1

We will now show that Algorithm 1 solves (∗) (subject to equal-area and convexity con-
straints) within a factor of 7.31. We shall make use of several pre-existing results from [40],
which will be cited when appropriate.

Claim 3. Let f(·) : [0, 1] → R+ be a concave function such that
´ 1

0 f(t) dt = 1. Then´ 1/4
0 f(t) dt < 1/2 and

´ 3/4
1/4 f(t) dt ≥ 1/2.

Proof. Let h = f(1/4). As evident by Figure 2.3a, we see that certainly
´ 1

1/4 f(x) dx ≥ 3h/8,
and therefore

´ 1/4
0 f(t) dt ≤ 1− 3h/8. It is also evident from Figure 2.3a that

´ 1/4
0 f(t) dt ≤

7h/24. Combining these two upper bounds we see that min{1−3h/8, 7h/24} ≤ 7/16 < 1/2
for all h > 0, which completes the proof of the first claim.

The second claim is similar; let h1 = f(1/4) and let h2 = f(3/4). Figure 2.3b shows
that

´ 1/4
0 f(t) dt +

´ 1
3/4 f(t) dt ≤ (h1 + h2)/4, and therefore

´ 3/4
1/4 f(t) dt ≥ 1 − (h1 + h2)/4.

It is also evident from Figure 2.3b that
´ 3/4

1/4 f(t) dt ≥ (h1 + h2)/4. Combining these upper
bounds we see that max{1 − (h1 + h2)/4, (h1 + h2)/4} ≥ 1/2 for all h1, h2 > 0, which
completes the proof of the second claim.

Lemma 4. Let C be a convex polygon of width w. Let ` denote a vertical line that cuts off
a fraction α of the area of C to the left and 1− α to the right, and let `′ denote a vertical
line that cuts off 1 − α to the left and α to the right. Let C1 and C2 denote the left and
right pieces induced by ` and let C ′1 and C ′2 denote the left and right pieces induced by `′.
Then if α ∈ [1/3, 2/3], it must be the case that either

width(C1),width(C2) ∈ [w/4, 3w/4]
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C

(a)

C

(b)

Figure 2.4: “Shifting” the polygon C onto the horizontal axis.

or
width(C ′1),width(C ′2) ∈ [w/4, 3w/4] .

Proof. Assume without loss of generality that w = 1 and that α ≤ 1/2. First, we “shift” C
onto the horizontal axis, so that C can equivalently be represented as a concave function
f : [0, 1]→ R+ as shown in Figure 2.4. We can also assume that

´ 1
0 f(t) dt = 1 since we can

scale f(·) arbitrarily in the vertical direction, i.e. replace f(·) by af(·) for some positive
scalar a. It will therefore suffice to show that, for any such concave function, if we have

ˆ c

0
f(t) dt = α and

ˆ 1

d
f(t) dt = α ,

then either c ∈ [1/4, 3/4] or d ∈ [1/4, 3/4]. This follows from Claim 3. In particular, we
merely have to rule out the two possibilities that c, d < 1/4 or that c < 1/4 and d > 3/4
(the case c, d > 3/4 is taken care of by symmetry).

1. Suppose for a contradiction that c, d < 1/4. Then by increasing α, we see that c must
move to the right and d must move to the left, and therefore when we set α = 1/2 we
find that c = d < 1/4. Thus we have

´ 1/4
0 f(x) dx > 1/2, a contradiction of the first

statement of Claim 3.

2. Suppose for a contradiction that c < 1/4 and d > 3/4. This implies that
´ 1/4

0 f(x) dx >
α and

´ 1
3/4 f(x) dx > α. This would then imply that

´ 3/4
1/4 f(x) dx < 1/3, a contradic-

tion of the second statement of Claim 3. This completes the proof.
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Lemma 5. For any sub-region Ri that is output by Algorithm 1, we have Area(Ri) ≥
width(Ri) · length(Ri)/2.

Proof. This is Corollary 4.2 of [40] (which actually proves a stronger result, namely that
the above also holds for any intermediate sub-region obtained throughout the execution of
Algorithm 1, not just the final output R1, . . . , Rn).

Lemma 6. Suppose that Ri is a sub-region output from Algorithm 1 such that AR(Ri) > 4.
Then all cuts leading to Ri were vertical.

Proof. This is essentially Corollary 4.6 of [40], which deals with the special case where
n = 2k so that Algorithm 1 always divides sub-regions in half. By applying Lemma 4,
we are able to generalize this result to arbitrary n (the paper [40] does indeed consider
partitioning for general n, and their results hold for the case where AR(Ri) > 6).

Lemma 7. Suppose that Ri is a sub-region output from Algorithm 1 such that AR(Ri) > 4.
Then there exists a unique leftmost sub-region or a unique rightmost sub-region Ri∗ such
that AR(Ri∗) ≥ AR(Rj) for all sub-regions Rj.

Proof. This follows from the same proof as Claim 4.8 of [40].

Combining the above lemmas, we can now determine the overall approximation guar-
antee of Algorithm 1:

Theorem 8. Algorithm 1 is a 7.31 approximation algorithm for problem (∗) subject to the
additional constraint that all sub-regions Ri be convex and have equal area. Its running time
is O((m+ n) logn), where m is the number of edges of the input region.

Proof. The running time of Algorithm 1 is given in Section 4.1 of [40]. The approximation
ratio depends on the maximum aspect ratio of any of the sub-regions, maxi AR(Ri):

• If maxi AR(Ri) > 4, then we apply Lemma 7 to consider the region Ri∗ whose aspect
ratio is as large as possible (which must be the leftmost or rightmost sub-region); let
z = AR(Ri∗). It is then easy to verify that diam(Ri) ≤

√
2A(z + 1/z)/n for all i

(this is just the diagonal length of a rectangle with aspect ratio z and area 2A; the
“2A” term arises apropos of Lemma 5). It also follows immediately that the radius of
connectivity for our problem is at most twice that, i.e. that for any tuple x ∈

∏n
i=1Ri,

the graph Gr(x) is connected, with r = 2
√

2A(z + 1/z)/n. Since z > 4 and Ri∗ is
either the leftmost or rightmost sub-region, we see that Theorem 2 gives us a lower
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Figure 2.5: When the input region C is a right triangle with area 1 whose leftmost angle
is θ = 10◦, the leftmost sub-region always acts as a bottleneck for the overall connectivity
radius.

bound that is simply the width of Ri∗ , which is at least
√
Az/n. We therefore find

that

Rat ≤ UB
LB = 2

√
2A(z + 1/z)/n√

Az/n
= 2

√
2(1 + 1/z2) <

√
17/2 ≈ 2.9155

since z > 4.

• If maxi AR(Ri) ≤ 4, then we must have diam(Ri) ≤
√

17A/2n (this is, again, the
diagonal length of a rectangle with aspect ratio 4 and area 2A; the “2A” term arises
apropos of Lemma 5). It follows immediately that the radius of connectivity for the
output of our algorithm is at most twice that, i.e. for any tuple x ∈

∏n
i=1Ri, the

graph Gr(x) is connected, with r =
√

34A/n. Applying the lower bound of Theorem
1, we find that

Rat ≤ UB
LB =

√
34A/n√
2A/πn

=
√

17π < 7.31 .

This completes the proof.

One of the practical drawbacks to Algorithm 1 is the interaction between the objective
of minimizing the connectivity radius (which is in a sense a maximum distance taken over
all sub-regions Ri) and the constraint that all sub-regions have equal area. Consider for
example Figure 2.5, in which the input region is a right triangle with area 1 whose leftmost
angle is θ = 10◦. We therefore find that, for sufficiently large n, it will always be the
case that r∗ ≥

√
2

θ·π rad
180◦ ·n

= 6/
√
πn, and one can plainly see that leftmost region acts as a

bottleneck for the problem because all other sub-regions are much closer to their neighbors.
Thus, it is natural to consider alternative problem formulations in which we relax the equal-
area constraint (or the convexity constraint). We will next consider the fully unconstrained
version of (∗), which naturally brings other issues of its own (and which we will subsequently
rectify).
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2.3 The unconstrained version of (∗)

We began the preceding section by introducing relevant lower bounds for (∗) when convexity
and equal area were imposed. We will do the same for this section, where we remove these
restrictions:

Theorem 9. The optimal solution r∗ to problem (∗) must satisfy

r∗ ≥
√

A

π + (n− 1)(π/3 +
√

3/2)
. (2.1)

In order to prove Theorem 9, we require two simple lemmas:

Lemma 10. For any partition R1, . . . , Rn of C, there exists an n-tuple of points x ∈
∏n
i=1Ri

and an index i∗ such that ‖xi∗ − xj‖ ≥
√
A/πn for all j 6= i∗.

Proof. Given any partition R1, . . . , Rn, select the n-tuple x arbitrarily and center an open
ball Bi of radius

√
A/πn at each element xi. If there exists an index ī such that Bī is disjoint

from all other balls, then clearly i∗ = ī and we are done. If no such element exists, then
Area(⋃iBi) <∑i Area(Bi) = A and therefore the balls Bi do not cover C. We can therefore
select a point x∗ ∈ C \ ⋃iBi, so that ‖x∗ − xi|| ≥

√
A/πn for all i. Since R1, . . . , Rn is a

partition of C we know that x∗ ∈ Ri∗ for some sub-region Ri∗ . Setting xi∗ = x∗ completes
the proof.

Proof of Theorem 9. Suppose that R1, . . . , Rn is a partition of C and that r is sufficiently
large such that the graph Gr(x) is connected for all x ∈

∏n
i=1Ri. Select any n-tuple

x ∈
∏n
i=1Ri arbitrarily and center a ball of radius r at each element xi. Following the

same reasoning as the proof of Lemma 10, we see that the balls Bi must cover the region
C. Furthermore, since Gr(x) is connected, we know that Gr(x) must have a spanning tree
T . For notational simplicity, suppose without loss of generality that 1, . . . , n is a pre-order
traversal [97] of T , so that for any index k, the subgraph of T associated with nodes 1, . . . , k
is also a tree (and therefore connected). For any k, we will let Tk denote this subtree (so
that T = Tn). Consider the leaf node n ∈ Gr(x) of T and the portion of C that is uniquely
associated with xn, i.e. (Bn\

⋃n−1
j=1 Bj)∩C. Since node n is within a distance r of at least one

other node j∗, we see that portion uniquely associated with xn is at most (π/3 +
√

3/2)r2

(due to a direct computation of the area between two disks, i.e. a circular lens), whence

Area

Bn \ n−1⋃
j=1

Bj

 ∩ C
 ≤ Area

Bn \ n−1⋃
j=1

Bj

 ≤ Area(Bn \Bj∗) ≤ (π/3 +
√

3/2)r2 .
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Deleting node n (i.e. point xn) and the region Bn \
⋃n−1
j=1 Bj , we now have a smaller region

C
′ containing points x1, . . . , xn−1 which are connected by the edges of Tn−1. It again must

follow that the portion of C ′ that is uniquely associated with leaf node n− 1 must satisfy

Area

Bn−1 \
n−2⋃
j=1

Bj

 ∩ C
 ≤ Area

Bn−1 \
n−2⋃
j=1

Bj

 ≤ (π/3 +
√

3/2)r2 .

We can apply this process iteratively to find that, for each of the nodes n, n− 1, . . . , 2, the
area uniquely associated with that node must be at most (π/3 +

√
3/2)r2. Our proof is

complete by observing that, after the n − 1 leaf deletions are completed, we have a single
remaining point x1, which must obviously satisfy Area(B1) ≤ πr2. Summing these together,
we see that

A = Area(C) =
n−2∑
i=0

Area

Bn−i \ n−i−1⋃
j=1

Bj

 ∩ C
+Area(B1∩C) ≤ πr2+(n−1)(π/3+

√
3/2)r2

from which (2.1) follows.

Note that Theorem 9 does not take the shape of C into account; it depends only on the
area A. We find it necessary to introduce a second lower bound that applies when C is long
and skinny:

Theorem 11. The optimal solution r∗ to problem (∗) must satisfy

r∗ ≥ d/n , (2.2)

where d is the diameter of C.

Proof. This is similar in spirit to the proof of Theorem 9, restricted to one dimension.
Again, suppose that R1, . . . , Rn is a partition of C and that r is sufficiently large such that
the graph Gr(x) is connected for all x ∈

∏n
i=1Ri. Select any n-tuple x ∈

∏n
i=1Ri arbitrarily

and center a ball of radius r at each element xi with . We again see that the balls Bi must
cover the region C, and in particular, the balls Bi must cover the longest line segment s in C
(whose length is by definition the diameter d of C). Project each point xi onto s, obtaining
a new n-tuple x′ = (x′1, x

′
2, . . . , x

′
n). Similarly, project each ball Bi onto s, obtaining line

segments s′1, . . . , s
′
n of length at most 2r. Since convex projection is a nonexpansive mapping

(see e.g. [98]), we know that the graph Gr(x
′) must also be connected.

Assume without loss of generality that s is aligned with the horizontal axis and that
the points (x′1, . . . , x

′
n) are sorted in order from left to right. Further assume that x′n is
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the rightmost endpoint of s (which we are free to do because the initial tuple x was chosen
arbitrarily anyway), which implies that length(s′n) ≤ r. As in the proof of Theorem 9,
consider the portion of s that is uniquely associated with s

′
1, i.e. s

′
1 \

⋃n
j=2 s

′
j . Since we

know that ‖x′1 − x
′
2‖ ≤ r by connectivity of Gr(x

′), we find that

length

s′1 \ n⋃
j=2

s
′
j

 ≤ r
and, deleting x′1 and s′1, we find that

length

s′2 \ n⋃
j=3

s
′
j

 ≤ r
and so on and so forth. We ultimately conclude that

d = length(s) =
n−1∑
i=1

length

s′i \ n⋃
j=i+1

s
′
j

+ length(s′n) ≤ nr

from which the desired result follows.

2.3.1 An approximation algorithm for problem (∗)

In this section we give a factor 2.77 approximation algorithm for problem (∗). As a side
consequence, it turns out that this algorithm can also be used to give a factor 1.99 approx-
imation algorithm for the continuous k-centers problem in a convex polygon, which we will
elaborate on in Section 3.1; this is notable because it is known that there does not exist any
approximation algorithm for the k-centers problem in a general metric space with a constant
less than 2 unless P=NP; see for example [29]. In a nutshell, our algorithm is extremely
simple: we first build a bounding box of C that is aligned with its diameter. Next, we
attempt to divide this bounding box, which we will call Q, into n− 1 rectangles that are as
“square” as possible (it will turn out that all of the sub-regions that our algorithm produces
will be single points, with the exception of the n-th sub-region, which is the remainder of
C). If w and h are the width and height of Q respectively, then a good starting point is
to set p0 = b

√
w(n− 1)/hc and q0 = b

√
h(n− 1)/wc, and then divide Q into a rectangular

p0× q0 grid. Because of the floor functions, it is likely that p0q0 < n− 1, which means that
we have some “leftover” grid cells at our disposal. We can insert these additional grid cells
by either adding them to the columns or the rows of the existing grid. After this step, we
let the centers of these n− 1 rectangles be the first n− 1 sub-regions of our partition of C,
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(a) “flag” = VERTICAL
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(b) “flag” = HORIZONTAL

Figure 2.6: The output of Algorithm 2 where (p1, q1, p2, q2) = (4, 3, 6, 5) and ` is as indicated.
We subdivide the rectangle into two grids, one of which has 4 × 3 rectangles and one of
which has 6× 5 rectangles; the width and height of these two grids is determined by `.

and we let Rn be the remaining area of R left over.
Formally, our algorithm is based on a simple scheme which we call subroutine Rectan-

glePartition, in which we subdivide an axis-aligned rectangle Q into k smaller rectangles by
juxtaposing a pair of rectangular grids. This is described in Algorithm 2 and sketched in
Figure 2.6. Another subroutine that builds off of this, which we call PointPlacement, applies
Algorithm 2 recursively and determines an “optimal” way to merge two grids together; this
is described in Algorithm 3. Finally, our 2.77 approximation algorithm for problem (∗) sim-
ply applies Algorithm 3 for select values of (p1, q1, p2, q2) and outputs a partition R1, . . . , Rn

in which the first n− 1 sub-regions Ri are each equal to a single point ci, and the final sub-
region Rn is the complement of this, Rn = C \ ({c1} ∪ · · · ∪ {cn−1}). This is described
formally in Algorithm 4 and sketched in Figure 2.7.

Input: An axis-aligned rectangle Q, having dimensions w × h, integers p1, q1, p2, q2, a positive
number `, and a “flag” equal to VERTICAL or HORIZONTAL.

Output: A partition of Q into p1q1 + p2q2 rectangles.
if “flag” is VERTICAL then

Let Q1 be the left half of Q, having dimensions (w − `)× h;
Let Q2 be the right half of Q, having dimensions `× h;
Break Q1 into a p1 × q1 rectangular grid, and call the rectangular cells �1, . . . ,�p1q1 ;
Break Q2 into a p2 × q2 rectangular grid, and call the rectangular cells �p1q1+1, . . . ,�p1q1+p2q2 ;

else
Let Q1 be the bottom half of Q, having dimensions w × (h− `);
Let Q2 be the top half of Q, having dimensions w × `;
Break Q1 into a p1 × q1 rectangular grid, and call the rectangular cells �1, . . . ,�p1q1 ;
Break Q2 into a p2 × q2 rectangular grid, and call the rectangular cells �p1q1+1, . . . ,�p1q1+p2q2 ;

end
return �1, . . . ,�p1q1+p2q2 ;

Algorithm 2: Algorithm RectanglePartition(Q, p1, q1, p2, q2, `, “flag”) decomposes
rectangle Q into a pair of rectangular grids.
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(a) (b)

(c) (d) (e) (f)

(g) (h)

Figure 2.7: An execution of Algorithm 4 with n = 26. We will eventually construct a
partition consisting of n sub-regions Ri, in which R1, . . . , Rn−1 are each a single point, and
Rn their complement. Thus, we will construct n− 1 rectangles and place a point in each of
their centers. In 2.7a, we orient the imput region C to have its diameter be horizontal. We
then compute the axis-aligned bounding box Q, as shown in 2.7b, which happens to have
w/h = 1.62, which tells us that p0 = b

√
w(n− 1)/hc = 6 and q0 = b

√
h(n− 1)/wc = 3.

Algorithm 4 then constructs various potential point arrangements by positioning two grids
alongside each other, four of which are shown in 2.7c through 2.7f; for example, in 2.7d, we
break Q into p = p0 + 1 = 7 columns and we have q = b(n − 1)/pc = 3; this gives s = 4,
so that we break Q into two grids, one of which consists of (p− s)× q′ = 3 × 3 rectangles
and the other consisting of s × (q + 1) = 4 × 4 rectangles, thus giving n − 1 rectangles in
total. Note that, in each of the four placements, there is always one rectangle �j whose
associated point c′j is off-center, as specified in Algorithm 3; this is done to ensure that the
connectivity radius of the points placed in Algorithm 4 is at most equal to the maximum of
the connectivity radii of each of the two halves (and is only added to make the upcoming
proof of the approximation ratio easier). It turns out that the arrangement shown in 2.7f
has the smallest connectivity radius of all the options of Algorithm 4. Thus, we project all
points from 2.7f onto the original polygon C in 2.7g, and 2.7h shows the final output of
our algorithm: the first n− 1 = 25 sub-regions are the points that are shown, and the n-th
sub-region is their complement.
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Input: An axis-aligned rectangle Q, having dimensions w × h, integers p1, q1, p2, q2, and a “flag”
equal to VERTICAL or HORIZONTAL.

Output: A collection of p1q1 + p2q2 points in Q.
Translate Q so that its bottom left corner is the origin;
if “flag” is VERTICAL then

Set L = {wp2/(p1 + p2) , hp2/q1};
Remove any elements ` ∈ L that are not between 0 and w;
/* The first value of L will give grids whose cells have the same (horizontal)

width; the second value will give grids in which the (vertical) height of one

set of cells is equal to the (horizontal) width of the other */

else
Set L = {hq2/(q1 + q2) , wq2/p1};
Remove any elements ` ∈ L that are not between 0 and h;
/* The first value of L will give grids whose cells have the same (vertical)

height; the second value will give grids in which the (vertical) height of one

set of cells is equal to the (horizontal) width of the other */

end
Set r =∞;
for ` ∈ L do

Let �
′
1, . . . ,�

′
p1q1+p2q2 = RectanglePartition(Q, p1, q1, p2, q2, `, “flag”);

Let c
′
1, . . . , c

′
p1q1+p2q2 be the centers of �

′
1, . . . ,�

′
p1q1+p2q2 ;

Let Q1 and Q2 be the two large rectangles that divided Q in the execution of RectanglePartition;
if “flag” is VERTICAL then

Let c
′
i be the center of the bottom right sub-rectangle �i of Q1;

Let c
′
j be the center of the bottom left sub-rectangle �j of Q2;

Move c
′
j to be vertically aligned with c

′
i;

else
Let c

′
i be the center of the top left sub-rectangle �i of Q1;

Let c
′
j be the center of the bottom left sub-rectangle �j of Q2;

Move c
′
j to be horizontally aligned with c

′
i;

end
Let r

′
be the connectivity radius of c

′
1, . . . , c

′
p1q1+p2q2 ;

if r
′
< r then
Set r = r

′
;

Set c1, . . . , cp1q1+p2q2 = c
′
1, . . . , c

′
p1q1+p2q2 ;

end
end
return c1, . . . , cp1q1+p2q2 ;

Algorithm 3: Algorithm PointPlacement(Q, p1, q1, p2, q2, “flag”) places p1q1 + p2q2

points inside rectangle Q at the centers of a collection of rectangles.
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Input: A convex polygon C and an integer n.
Output: A partition of C into n sub-regions that solves problem (∗) within a factor of 2.77.
Rotate C so that its diameter is aligned with the x-axis;
Let Q be the axis-aligned bounding box of C;
Set p0 = b

√
w(n− 1)/hc;

Set q0 = b
√
h(n− 1)/wc;

Set r =∞;
for p ∈ {p0 − 1, p0, p0 + 1} do

/* break Q into p columns, and then subdivide these columns as evenly as possible

*/

Set q = b(n− 1)/pc;
if p, q ≥ 1 then

Set s = (n− 1)− pq, so that n− 1 = pq + s = (p− s)q + s(q + 1);
Let (c

′
1, . . . , c

′
n−1) = PointPlacement(p− s, q, s, q + 1, VERTICAL);

Let r
′
be the connectivity radius of c

′
1, . . . , c

′
p1q1+p2q2 ;

if r
′
< r then
Set r = r

′
;

Set c1, . . . , cp1q1+p2q2 = c
′
1, . . . , c

′
p1q1+p2q2 ;

end
end

end
for q ∈ {q0 − 1, q0, q0 + 1} do

/* break Q into q rows, and then subdivide these rows as evenly as possible */

Set p = b(n− 1)/qc;
if p, q ≥ 1 then

Set s = (n− 1)− pq, so that n− 1 = pq + s = p(q − s) + (p+ 1)s;
Let (c1, . . . , cn−1) = PointPlacement(p, q − s, p+ 1, s, HORIZONTAL);
Let r

′
be the connectivity radius of c

′
1, . . . , c

′
p1q1+p2q2 ;

if r
′
< r then
Set r = r

′
;

Set c1, . . . , cp1q1+p2q2 = c
′
1, . . . , c

′
p1q1+p2q2 ;

end
end

end
Project each point ci onto the polygon C (if it is not already inside C);
Let Ri = {ci} for i ∈ {1, . . . , n− 1} and let Rn = C \ ({c1} ∪ · · · ∪ {cn−1});
return R1, . . . , Rn ;

Algorithm 4: Algorithm RegionPartition(C, n) partitions convex polygon C into n
sub-regions.
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2.3.2 Analysis of Algorithm 4

This section is devoted to a proof of the following theorem:

Theorem 12. Algorithm 4 solves problem (∗) within a factor of 2.77. Its running time is
O(m+ n logm), where m is the number of edges of the input region.

The running time is easy to verify: We require O(m) time to find the minimum bounding
box of C and we require O(n) time to run Algorithm 2. We can project the n − 1 points
inside C in O(n logm) time by using a point-in-polygon algorithm [99]. We will make some
simplifying observations: first, we can disregard the step in Algorithm 4 where the points
c
′
i are projected onto C because convex projection is always non-expansive [98]; in other
words, ‖c′i − c

′
j‖ ≥ ‖ci − cj‖ for all i, j. Secondly, we will assume for simplicity that C has

area 1; by construction, this means that the bounding box of Q must have an area between
1 and 2 (this is because the diameter of C is positioned horizontally, i.e. aligned with the
long side of box Q). We will assume without loss of generality that Q has area 2 (clearly,
larger boxes can only have larger point-to-point distances). Thus, we will say that Q has
width w and height h = 2/w, with w ≥ h, i.e. w ≥

√
2. Our approximation ratio will be

completely characterized by w and n. Finally, we note that our algorithm always produces
a union of two rectangular grids, with a single point that is offset from the others. It is
straightforward to verify that the connectivity radius of this union is always at most the
connectivity radii of the two halves. Thus, in certain situations below, we will occasionally
construct a single rectangular grid having the desired approximation ratio (possibly having
fewer points than we are permitted), which must therefore be no worse than the union of
rectangular grids that Algorithm 4 produces.

We next observe that our algorithm certainly attains the desired approximation ratio
whenever w ≥

√
n. This is because one of the configurations produced is to simply divide

Q into an (n− 1)× 1 grid of identical rectangles, each having width w/(n− 1) and height
h = 2/w. Each of the n − 1 points c′i is exactly w/(n − 1) away from its left and right
neighbors, and therefore the connectivity radius of R1, . . . , Rn−1 is at most w/(n − 1).
Furthermore, any point xn ∈ Rn must be within a distance of

1
2

√(
w

n− 1

)2
+
( 2
w

)2

to one of the points c′i (this is just half the diagonal of any of the n−1 rectangles). Therefore,
the approximation ratio is at most the maximum of these two distances, divided by the lower
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bound of w/n (from Theorem 11) :

Rat ≤
max

{
w
n−1 ,

1
2

√(
w
n−1

)2
+
(

2
w

)2
}

w/n
= max


n

n− 1 ,
1
2

√(
w
n−1

)2
+
(

2
w

)2

w/n


≤ max

2 ,
1
2

[(
w
n−1

)
+
(

2
w

)]
w/n


≤ max

2 ,
1
2

[(
w
n−1

)
+
(

2√
n

)]
w/n


≤ max

{
2 , n

2(n− 1) + 1
}
≤ 2 < 2.77 for all n ≥ 2

as desired. We are therefore permitted to assume that w <
√
n throughout.

We will next verify computationally that the approximation ratio of 2.77 holds for
n ≤ 20. Note that for any fixed n, we can consider only those values of w in the finite
interval [

√
2,
√
n). These ratios are shown in the plot in Figure 2.8. Since all values on that

plot are less than 2.77, we obtain the desired result, and we are therefore free to assume
that w <

√
n and that n ≥ 21. Note that we can now improve the result from the previous

paragraph to conclude that our approximation ratio holds whenever w ≥ 0.61
√
n. This is

because we can safely assume that n ≥ 21, and because the connectivity radius associated
with an (n− 1)× 1 grid of identical rectangles satisfies

Rat ≤
max

{
w
n−1 ,

1
2

√(
w
n−1

)2
+
(

2
w

)2
}

w/n
= max


n

n− 1 ,
1
2

√(
w
n−1

)2
+
(

2
w

)2

w/n


≤ max


21
20 ,

1
2

√(
21
20

)2 (
w
n

)2 +
(

2
w

)2

w/n


= max

{
21
20 ,
√

441w4 + 1600n2

40w2

}

≤ max
{

21
20 ,

√
441w4 + 1600(w/0.61)4

40w2

}
< 2.77

as desired. Thus, we will now assume that n ≥ 21 and w < 0.61
√
n.

The assumption that w < 0.61
√
n and that n ≥ 21 implies that the number of rows, q0,
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Figure 2.8: The approximation ratios realized by Algorithm 4, for n ∈ {2, . . . , 20} and
w ∈ [

√
2, 4

3
√
n). These are obtained by dividing the connectivity radius for the output

solution by the maximum of the two lower bounds (2.1) and (2.2). Note that it would
have sufficed to compute these ratios for the smaller interval w ∈ [

√
2,
√
n), by our previous

analysis; we merely compute the ratio for this slightly longer interval for purposes of clarity.

that are used in Algorithm 4 is

q0 =

√h(n− 1)
w

 =

√2(n− 1)
w2

 =
⌊√

2n
w2 ·

n− 1
n

⌋
≥
⌊√

2n
w2 ·

20
21

⌋
> b2.27c = 2 ;

We can divide Q into b(n− 1)/q0c × q0 sub-rectangles and place a point c′i in the center of
each of these. Note that by definition of the floor function, we always have

q0 ≤

√
h(n− 1)

w
=

√
2(n− 1)
w2 < q0 + 1 ,

or equivalently √
2(n− 1)
q0 + 1 < w ≤

√
2(n− 1)
q0

. (2.3)

The distance between any vertical neighbors is obviously h/q0 = 2/(q0w) and the distance
between any horizontal neighbors is at most

w

b(n− 1)/q0c
≤ w

(n− 1)/q0 − 1 = q0w

(n− 1)− q0

and therefore, applying lower bound (2.1), the approximation ratio is at most

Rat ≤
max

{
2
q0w

, q0w
(n−1)−q0

}
√

1
π+(n−1)(π/3+

√
3/2)

.

Assume that q0 ≥ 3; we address the case where q0 = 2 in Section A.1 of the appendices.
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The first term of the max{·, ·} expression is largest when w is as small as possible, which
occurs when w =

√
2(n− 1)/(q0 + 1); the above ratio is then equal to

2
q0w√

1
π+(n−1)(π/3+

√
3/2)

=
2

q0
√

2(n−1)/(q0+1)√
1

π+(n−1)(π/3+
√

3/2)

= q0 + 1
q0

·

√
(9
√

3 + 6π)(n− 1) + 18π
3
√
n− 1

≤ 4
3 ·

√
(9
√

3 + 6π)(n− 1) + 18π
3
√
n− 1

< 2.77 for n ≥ 21 .

The second term of the max{·, ·} expression is largest when w is as large as possible, which
occurs when w =

√
2(n− 1)/q0; the above ratio is then equal to

q0w
(n−1)−q0√

1
π+(n−1)(π/3+

√
3/2)

=

√
2(n−1)

(n−1)−q0√
1

π+(n−1)(π/3+
√

3/2)

≤

√
2(n−1)

(n−1)−
√
n−1√

1
π+(n−1)(π/3+

√
3/2)

=
√

3
3 ·

√
(3
√

3 + 2π)(n− 1) + 6π
√
n− 1− 1

< 2.77 for all n ≥ 21 ,

where we have used the fact that q0 ≤
√
n− 1, which holds because we have h ≤ w and

we define q0 = b
√
h(n− 1)/wc. This completes the proof for the case where q0 6= 2 and we

refer the reader to Section A.1 of the appendices for the remaining analysis.

2.4 Problem (∗) with a convexity constraint

Although Algorithm 4 does not have the same “bottleneck” problem as Algorithm 1 (as
described in the end of Section 2.2), it of course has deficiencies of its own: first of all, the
sub-regions R1, . . . , Rn have irregular shapes, and secondly, the areas of these sub-regions
are extremely unbalanced (all of the area is allocated to the single region Rn except for a
finite set of n − 1 points). Thus, we propose Algorithm 5, which remedies both of these
issues by producing sub-regions that are all convex and that all have areas that do not
exceed 22

9 A/n = 2.4̄A/n (recall that Algorithm 1 produced convex sub-regions whose areas
were equal to A/n). As in Section 2.3, Algorithm 5 is based on a sequence of calls to the
RectanglePartition subroutine, Algorithm 2, and is sketched in Figure 2.9. This section is



Chapter 2: Geometric Partitioning and Robust ... 33

(a)

(b) (c) (d) (e)

Figure 2.9: An execution of Algorithm 5 with n = 59. We start with a convex polygon,
which has been oriented in 2.9a to have its diameter be horizontal, embedded in bounding
box Q. Algorithm 5 then constructs various potential convex partitions consisting of either
a single grid or a pair of grids; three such partitions are shown in 2.9b through 2.9d. The
partition in 2.9b has the smallest connectivity radius, and thus the output partition is shown
in 2.9e. Note that there are 11 empty sub-regions, as indicated by the crossed-out boxes.
Thus, the final output partition consists of 48 sub-regions.

devoted to a proof of the following theorem:

Theorem 13. Algorithm 5 is a 5.94 approximation algorithm for problem (∗) with an
additional constraint that all sub-regions Ri be convex. In addition, all sub-regions output
by Algorithm 5 have area of at most 22

9 A/n = 2.4̄A/n. Its running time is O(m+ n logm),
where m is the number of edges of the input region.

The claimed running time is true for the same reasons as in the proof of Theorem 12.
This proof turns out to be much shorter than the preceding results. We will use the lower
bounds from Theorems 9 and 11. The following result bounds the output of Algorithm 5
from above:

Lemma 14. Let C be a convex polygon and let R1, . . . , Rn be the output of Algorithm 5.
If R1, . . . , Rn is obtained by intersecting a single p × q grid with C, then the connectivity
radius r satisfies

r ≤ max
{√

(2w/p)2 + (h/q)2 ,
√

(w/p)2 + (2h/q)2
}
,

and if R1, . . . , Rn is obtained by merging two grids together, with sub-rectangles having
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Input: A convex polygon C and an integer n.
Output: A partition of C into at most n convex sub-regions that solves problem (∗) within a factor of 5.94.
Rotate C so that its diameter is aligned with the x-axis;
Let Q be the axis-aligned bounding box of C;

Set p0 = b
√

wn/hc;

Set q0 = b
√

hn/wc;

Set r =∞;
for p ∈ {p0, p0 + 1} do

/* break Q into p columns, and then subdivide these columns as evenly as possible */
Set q = bn/pc;
if p, q ≥ 1 then

/* Try a simple subdivision into identical rectangles first */
Let �1, . . . ,�pq be a subdivision of Q into a p× q grid (with each cell having dimensions w/p× h/q);

Let r
′
be the connectivity radius of �1, . . . ,�pq ;

if r
′
< r then
Set r = r

′
;

Set Ri = �i ∩ C for each i ∈ {1, . . . , pq};
end
/* Try using the RectanglePartition subroutine */
Set s = n− pq, so that n = pq + s = (p− s)q + s(q + 1);

Set ` = ws(q+1)
pq+s

;

Let �1, . . . ,�n = RectanglePartition(Q, p− s, q, s, q + 1, `, VERTICAL);
/* By construction of `, all boxes �i have equal area */

Let r
′
be the connectivity radius of �1, . . . ,�n;

if r
′
< r then
Set r = r

′
;

Set Ri = �i ∩ C for each i ∈ {1, . . . , n};
end

end
end
for q ∈ {q0, q0 + 1} do

/* break Q into q rows, and then subdivide these rows as evenly as possible */
Set p = bn/qc;
if p, q ≥ 1 then

/* Try a simple subdivision into identical rectangles first */
Let �1, . . . ,�pq be a subdivision of Q into a p× q grid (with each cell having dimensions w/p× h/q);

Let r
′
be the connectivity radius of �1, . . . ,�pq ;

if r
′
< r then
Set r = r

′
;

Set Ri = �i ∩ C for each i ∈ {1, . . . , pq};
end
/* Try using the RectanglePartition subroutine */
Set s = n− pq, so that n = pq + s = p(q − s) + (p + 1)s;

Set ` = hs(p+1)
pq+s

;

Let �1, . . . ,�n = RectanglePartition(Q, p, q − s, p + 1, s, `, HORIZONTAL);

Let r
′
be the connectivity radius of �1, . . . ,�n;

if r
′
< r then
Set r = r

′
;

Set Ri = �i ∩ C for each i ∈ {1, . . . , n};
end

end
end
return R1, . . . , Rn ;

Algorithm 5: Algorithm ConvexPartition(C, n) partitions convex polygon C into at
most n convex sub-regions.
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Figure 2.10: The approximation ratios realized by Algorithm 5, for n ∈ {2, . . . , 32} and
w ∈ [

√
2, 3

5
√
n) and the maximum areas of the sub-regions that are output.

dimensions wi × hi for i ∈ {1, 2}, then r satisfies

r ≤ max
{√

(2wi)2 + h2
i ,
√
w2
i + (2hi)2 ,

√
(w1 + w2)2 + (h1 + h2)2

}
for i ∈ {1, 2}.

Proof. This follows from basic facts about convexity; the third term in the second inequality,√
(w1 + w2)2 + (h1 + h2)2, guarantees that the two grids are connected to each other.

Our proof of Theorem 13 now follows: as in all of the previous analyses, we assume
that C has area 1 and that Q has area 2. We first observe that our approximation ratio
certainly holds whenever w ≥ 3

5
√
n, because the connectivity radius of an n × 1 grid is at

most
√

(2w/n)2 + h2 and therefore the approximation ratio is

Rat ≤
√

(2w/n)2 + h2

w/n
=

√
(2w/n)2 + (2/w)2

w/n

= 2
√
w4 + n2

w2 ≤
2
√
w4 + 625

81 w
4

w2 < 5.94

as desired (and certainly, each sub-region Ri has area equal to 2/n < 22
9n). We will next

verify computationally that the approximation ratio of 5.94 holds and that all sub-regions
have area of at most 22

9n for n ≤ 32 (we choose a large threshold value of n solely to make
this proof as short as possible). Note that for any fixed n, we can consider only those values
of w in the finite interval [

√
2, 3

5
√
n). These ratios are shown in the plot in Figure 2.10.

Since all values on that plot are less than 5.94, we obtain the desired result, and we are
therefore free to assume that w < 3

5
√
n and that n ≥ 33.

We next consider the case where q0 = b
√
hn/wc ≥ 4, or equivalently, w ≤

√
2n/4.
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Suppose that we partition Q into a bn/q0c × q0 grid; the connectivity radius of such a grid
is certainly bounded above by that of a p0×q0 grid because p0 ≥ bn/q0c by construction. If
we use a p0×q0 grid, then we know that each of the (identical) grid cells has an aspect ratio
of at most 5/4 because p0, q0 ≥ 4. The union of any two adjacent rectangles therefore has
an aspect ratio of at most 5/2. Thus, the connectivity radius of such a configuration is at
most equal to the diagonal length of this union of rectangles, which by routine calculations
is at most

r ≤
√

290/5
√
p0q0

<
3.41
√
p0q0

.

By construction, we have n = p0q0 + s, with s ≤ p0 + q0. Thus, the approximation ratio is
at most

Rat ≤

√
290/5√
p0q0√

1
π+(n−1)(π/3+

√
3/2)

≤

√
290/5√
p0q0√

1
π+(p0q0+p0+q0−1)(π/3+

√
3/2)

=

√√√√(58π
15 + 29

√
3

5

)
(1 + 1/p0 + 1/q0) + 29(4π − 3

√
3)

15p0q0

≈
√

22.194 (1 + 1/p0 + 1/q0) + 14.249
p0q0

≤
√

22.194 (1 + 1/4 + 1/4) + 14.249
4 · 4 ≈ 5.85 < 5.94

as desired. If we partition Q into a bn/q0c×q0 grid (as originally postulated), then the area
of each rectangle is

2
bn/q0cq0

≤ 2
(n/q0 − 1)q0

= 2
n− q0

≤ 2
n−
√
n
<

22
9n

because we have q2
0 ≤ n and n ≥ 33.

Our proof is therefore complete if we consider the interval
√

2n/4 < w < 3
5
√
n and

assume that n ≥ 33. As we explain in Section A.3 of the appendices, we can achieve the
desired approximation ratio by using a grid of dimensions bn/3c × 3 when

√
2n/4 ≤ w <√

n/3, and a grid of dimensions n× 1 when
√
n/3 ≤ w < 3

5
√
n, which completes the proof.

2.5 Computational experiments

In order to compare our three algorithms, this section presents the results of a simple com-
putational experiment using randomly generated input regions C. The following procedure
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was performed 1000 times:

1. Let n, the desired number of sub-regions, be drawn uniformly between 2 and 60.

2. Let C be the convex hull of m points selected uniformly at random in the unit square,
with m also drawn uniformly between 3 and 10 inclusively.

3. Run Algorithm 1, Algorithm 4, and Algorithm 5 on C.

4. For each of the three algorithm outputs, perform the following steps 1000 times:

(a) Sample x1, . . . , xn uniformly at random from R1, . . . , Rn.

(b) Let r be the connectivity radius of x1, . . . , xn.

5. Let r1 be the largest connectivity radius that was ever obtained in the 1000 samples
associated with Algorithm 1.

6. Let r2 be the largest connectivity radius that was ever obtained in the 1000 samples
associated with Algorithm 4.

7. Let r3 be the largest connectivity radius that was ever obtained in the 1000 samples
associated with Algorithm 5.

At the end of this procedure, we have 1000 samples of the form (r1, r2, r3). Figures 2.11a
and 2.11b show the ratios r2/r1 and r3/r1 respectively, as a function of the aspect ratio of
C (to be precise, the aspect ratio of the bounding box of C). The results are not surprising:
first, we see that Algorithm 4 outperforms Algorithm 1 in nearly all cases (since nearly all
of the data points have r2/r1 < 1), with the exception of a small number of samples that
occur when the aspect ratio of C is nearly 1. Figure 2.11b shows that Algorithm 1 may
outperform Algorithm 5 somewhat when the aspect ratio of C is very close to 1, but there
is again an unmistakable trend in favor of Algorithm 5 as the aspect ratio increases. This
is unsurprising because it reflects precisely the phenomenon that motivated us to introduce
Algorithm 5 in the first place, namely the “bottleneck” phenomenon that occurs with input
shapes that are long and skinny, which is shown in Figure 2.5.
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Figure 2.11: The ratio of the connectivity radii of our three algorithms. Figure 2.11a shows
the ratio of the maximum radius produced by Algorithm 4 to the maximum radius produced
by Algorithm 1. Figure 2.11b shows the same ratios between Algorithms 5 and 1.



Chapter 3

Continuous k-Centers Problem in a
Convex Polygon

Continuous k-Centers Problem in a Convex Polygon
Finding the optimal locations of geographic assets plays a key role in the geographic

resource allocation problems. Besides the category of location problems, many problems in
other categories mentioned in section 1.1 are somehow integrated or inter-correlated with
location theory. In this chapter we consider the k-centers problem, which is one of the
classical problems in location theory. This problem is by definition a robust optimization
problem where the uncertainty set is defined over the location of demand points.

In the k-centers problem, we are given a domain D equipped with a distance function
δ(·, ·) and our objective is to place k points x1, . . . , xk in D to minimize the maximum
distance between any point x ∈ D and its nearest neighbor xi; that is, the problem is

minimize
{x1,...,xk}⊂D

max
x∈D

min
i
δ(x, xi) . (∗∗)

Although we can define other sorts of uncertainty for this problem by introducing new
parameters, e.g. the number of outlier centers, we stick with the basic definition of the
problem. In this chapter we will present a fast approximation algorithm for the special case
where the domain D is a convex polygon.

39
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3.1 An approximation algorithm for the continuous k-centers
problem in a convex polygon

In this section for the special case where D is a convex polygon C in the plane and δ(·, ·) is
the Euclidean norm, we show how the rectangular partitioning scheme of Algorithm 2 can
be applied to design an approximation algorithm with factor 1.99. This is notable because
it is known that for the problem (∗∗) in a general metric space, there does not exist any
approximation algorithm with a constant less than 2 unless P=NP and the assumption of
triangle inequality is necessary if the problem (∗∗) is to be approximated unless P=NP; see
for example [29]. We require two extremely simple lower bounds:

Lemma 15. The optimal objective value r∗ to problem (∗∗), where D is a convex polygon C
with area A and diameter d and the distance function δ(·, ·) is the Euclidean norm, satisfies

r∗ ≥ max


√
A

πk
,
d

2k

 .

Proof. This is straightforward: if x∗1, . . . , x∗k are an optimal solution, then if we center a ball
of radius r∗ at each x∗i , we must cover all of C, therefore A ≤ kπ(r∗)2. The second bound
arises from the observation that the longest line segment in C (whose length is d) must
be covered by the k points, and each point is capable of covering a length of at most 2r∗,
whence d ≤ 2kr∗.

The intuition behind the approximation factor of 1.99 is as follows: assume without loss
of generality that A = 1, and recall from before that we can enclose C in a box Q whose
area is at most 2. Suppose that we somehow divide Q into k rectangles, each having area
equal to 2/k, and suppose that the aspect ratios of these rectangles (i.e. the ratios of the
long side to the short side) do not exceed 2. If we place points x1, . . . , xk at the centers of
these rectangles, then the distance between any point x ∈ C ⊆ Q and its nearest center xi
is at most half of the diagonal of these rectangles, which (by our bounded aspect ratio) is
at most 1

2

√
(1/
√
k)2 + (2/

√
k)2 = 1

2
√

5/k. On the other hand, our first lower bound says
that r∗ ≥

√
1/(πk) and thus the approximation ratio is at most

Rat ≤
1
2
√

5/k√
1/(πk)

≈ 1.982 < 1.99 .

Our algorithm is described in Algorithm 6 and sketched in Figure 3.2.



Input: A convex polygon C and an integer k ≥ 6.
Output: The locations of k points inside C to solve the continuous k-centers problem in C within a factor of 1.99.
Rotate C so that its diameter is aligned with the x-axis;
Let Q be the axis-aligned bounding box of C;

Set p0 = b
√

wk/hc;

Set q0 = b
√

hk/wc;

Set r =∞;
for p ∈ {p0 − 1, p0, p0 + 1} do

/* break Q into p columns, and then subdivide these columns as evenly as possible */
Set q = bk/pc;
if p, q ≥ 1 then

Set s = k − pq, so that k = pq + s = (p− s)q + s(q + 1);

Let ` be the solution to
(

w−`
p−s

)2
+
(

h
q

)2
=
(

`
s

)2
+
(

h
q+1

)2
that satisfies 0 ≤ ` ≤ w; if no such ` exists, let ` = w;

Let �1, . . . ,�k = RectanglePartition(Q, p− s, q, s, q + 1, `, VERTICAL);
/* By construction of `, all boxes have the same diagonal length if ` < w */

Let (x
′
1, . . . , x

′
k

) be the centers of the boxes �i;

Let r
′

= maxx∈C mini ‖x− x
′
i‖;

if r
′
< r then
Set r = r

′
;

Set x1, . . . , xk = x
′
1, . . . , x

′
k
;

end
end

end
for q ∈ {q0 − 1, q0, q0 + 1} do

/* break Q into q rows, and then subdivide these rows as evenly as possible */
Set p = bk/qc;
if p, q ≥ 1 then

Set s = k − pq, so that k = pq + s = p(q − s) + (p + 1)s;

Let ` be the solution to
(

w
p

)2
+
(

h−`
q−s

)2
=
(

w
p+1

)2
+
(

`
s

)2
that satisfies 0 ≤ ` ≤ h; if no such ` exists, let ` = h;

Let �1, . . . ,�k = RectanglePartition(Q, p, q − s, p + 1, s, `, HORIZONTAL);
/* By construction of `, all boxes have the same diagonal length if ` < h */

Let (x
′
1, . . . , x

′
k

) be the centers of the boxes �i;

Let r
′

= maxx∈C mini ‖x− xi‖;

if r
′
< r then
Set r = r

′
;

Set x1, . . . , xk = x
′
1, . . . , x

′
k
;

end
end

end
if q0 = 1 and k is odd then

/* This is a very particular edge case that requires special attention */
Set ` = 11.08/

√
k − 6.10/w and divide Q into two rectangles Q1 and Q2 with dimensions `× h and (w − `)× h

respectively;

Place (x
′
1, . . . , x

′
k

) as follows: put 5 points in Q1 according to Figure 3.1 and place k− 5 points in a (k− 5)/2× 2 grid in
Q2;

Let r
′

= maxx∈C mini ‖x− xi‖;

if r
′
< r then
Set r = r

′
;

Set x1, . . . , xk = x
′
1, . . . , x

′
k
;

end
end
Project each point xi onto the polygon C (if it is not already inside C);
return x1, . . . , xk ;

Algorithm 6: Algorithm KCenters(C, k) places k points inside C.
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(a) (b) (c) (d)

Figure 3.1: The optimal solutions to the 5-center problem in a rectangle, which depend on
the dimensions of said rectangle as shown above; the configurations are described formally
in [1]. These are necessary for the “very particular edge case” described in the end of
Algorithm 6.

(a) (b) (c)

(d) (e) (f)

Figure 3.2: Two executions of Algorithm 6 with k = 31 and k = 15. We start with a convex
polygon with a horizontal diameter and a bounding box Q in 3.2a. We then apply the
rectangular partitioning Algorithm 2 for various input values, and the best set of inputs is
shown in 3.2b; the two arrows indicate that all rectangles have the same diagonal lengths.
Figure 3.2c then shows the final output. Figures 3.2d through 3.2f show the same thing
for a different polygon and k = 15, except that we also encounter the “very particular edge
case” described in the end of Algorithm 6 in which we place 5 points according to Figure
3.1.
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3.2 Analysis of Algorithm 6

This section is similar to Section 2.3.2 and is devoted to a proof of the following theorem:

Theorem 16. Algorithm 6 solves the continuous k-centers problem in a convex polygon C
within a factor of 1.99 for any k ≥ 6. Its running time is O(m+ n logm), where m is the
number of edges of the input region.

The claimed running time is true for the same reasons as in the proof of Theorem 12.
We make the same simplifying observations as in Section 2.3.2, namely that:

• We disregard the projection of the points x′i onto onto C.

• We assume that C has area 1.

• We assume that C is oriented so that its diameter is horizontal and that its bounding
box Q has area 2, and hence Q has width w and height h = 2/w, with w ≥ h, i.e.
w ≥

√
2.

We next observe that our algorithm certainly attains the desired approximation ratio when-
ever w ≥ 3

2
√
k. This is because one of the configurations produced is to simply divide Q

into a k × 1 grid of identical rectangles, each having width w/k and height h = 2/w, and
place each x′i in the middle of these. Any point x ∈ C ⊆ Q must be within a distance of

1
2

√(
w

k

)2
+
( 2
w

)2

to one of the points x′i and therefore (using the lower bound r∗ ≥ w/(2k)) the approximation
ratio is at most

Rat ≤
1
2

√(
w
k

)2 +
(

2
w

)2

w/(2k)

≤
1
2(w/k + 2/w)

w/(2k) = 1 + 2k/w2 < 1.99

as desired. By using the lower bound r∗ ≥ 1/
√
πk, our algorithm also attains the 1.99

approximation whenever
√
k ≤ w ≤ 2

√
k because the same k × 1 configuration has an
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Figure 3.3: The approximation ratios realized by Algorithm 6, for k ∈ {6, . . . , 30} and
w ∈ [

√
2,
√
k). These are obtained by dividing the objective value of the output solution

(i.e. half of the largest diagonal of all the rectangles) by the maximum of the two lower
bounds from Theorem 15.

approximation ratio of

Rat ≤
1
2

√(
w
k

)2 +
(

2
w

)2

1/
√
πk

=
√
π

2 ·
√
t2 + 4/t2 < 1.99

where we set t = w/
√
k. Thus, from now on, we will assume that w <

√
k.

We will next verify computationally that the approximation ratio of 1.99 holds for
k ≤ 30. Note that for any fixed k, we can consider only those values of w in the finite
interval [

√
2,
√
k). These ratios are shown in the plot in Figure 3.3. Since all values on that

plot are less than 1.99, we obtain the desired result, and we are therefore free to assume
that w <

√
k and that k ≥ 31.

The remainder of our analysis is a case-by-case study where we consider the different
values of q0 = b

√
hk/wc = b

√
2k/wc. Because w ≥ h, it is of course always true that

q0 ≤ p0. Suppose that q0 ≥ 8, whence p0 ≥ 8; we can partition Q into p0q0 rectangles,
and each of these rectangles has an aspect ratio of at most (q0 + 1)/q0 ≤ 9/8. Thus, each
rectangle has area 2/(p0q0) and aspect ratio at most 9/8, and therefore each rectangle’s
diagonal is at most 1

6

√
145
p0q0

. The distance from any point x ∈ C ⊆ Q to the center of the
rectangle containing it is at most half of this. By construction, we know that k = p0q0 + s,
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where s ≤ p0 + q0. Thus, our approximation ratio is at most

Rat ≤
1
12

√
145
p0q0

1/
√
πk

=
1
12

√
145
p0q0

1/
√
π(p0q0 + s)

≤
1
12

√
145
p0q0

1/
√
π(p0q0 + p0 + q0)

< 1.779
√

1 + 1
p0

+ 1
q0
< 1.99

since p0, q0 ≥ 8. Thus, we can assume from now on that q0 ∈ {0, . . . , 7}. In fact, since
we have already concluded that our ratio holds when w ≥

√
k, we see that the case where

q0 = 0 is already taken care of (this is because q0 = 0 ⇐⇒
√

2k/w < 1 ⇐⇒ w >
√

2k).
Therefore, we will now consider the case where q0 ∈ {1, . . . , 7} and n ≥ 31, which will
complete the proof. We will assume that q0 ≥ 2 and address the case where q0 = 1 in
Section A.2 of the appendices.

If q0 ≥ 2, we will show that the desired approximation ratio holds when we divide Q
into a grid consisting of bk/q0c× q0 rectangles or a grid of bk/(q0 + 1)c× (q0 + 1) rectangles.
If we use a bk/q0c × q0 grid, then each sub-rectangle has dimensions

w

bk/q0c
× h

q0
= w

bk/q0c
× 2
q0w

and half of the diagonal of each sub-rectangle (which, as we have already seen, is the largest
distance between a point x ∈ C ⊆ Q and its nearest neighbor xi) is

1
2

√(
w

bk/q0c

)2
+
( 2
q0w

)2
≤ 1

2

√(
w

k/q0 − 1

)2
+
( 2
q0w

)2

=
√

q2
0w

2

4(k − q0)2 + 1
q2

0w
2 =

√
t2

2kq2
0

+ kq2
0

2(k − q0)2t2
(3.1)

where we define t =
√

2k/w, which must satisfy q0 ≤ t < q0 + 1. We similarly find that the
bk/(q0 + 1)c × (q0 + 1) grid gives rectangles whose half-diagonals are at most

1
2

√(
w

bk/(q0 + 1)c

)2
+
[ 2

(q0 + 1)w

]2
≤
√

t2

2k(q0 + 1)2 + k(q0 + 1)2

2(k − q0 − 1)2t2
. (3.2)

We are therefore interested in showing that the minimum of (3.1) and (3.2) is bounded
above by 1.99/

√
πk for q0 ∈ {2, . . . , 7} and all k ≥ 31. Suppose that q0 and k are fixed, and

consider (3.1) and (3.2) as functions of t; since each of these is the square root of a convex
function in t, they are both maximized when t is as large or as small as possible, i.e. t = q0

or t = q0 + 1. The function of t defined by taking the minimum of (3.1) and (3.2) must
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Figure 3.4: The value of the left-hand side of (3.3), for q0 ∈ {2, . . . , 7} and k ≥ max{q2
0, 31}.

It is entirely straightforward (albeit tedious) to verify algebraically that the ratio is always
less than 1.99.

be maximized either at one of these values, or at a value of t such that (3.1) and (3.2) are
equal. Such values of t can be computed analytically because both terms are of the form√
αt2 + β/t2 for constant terms α, β. Thus, we can restrict ourselves to a finite set of values

t ∈ T , and our goal is to show that

min
{√

t2

2kq2
0

+ kq2
0

2(k−q0)2t2 ,

√
t2

2k(q0+1)2 + k(q0+1)2

2(k−q0−1)2t2

}
1/
√
πk

≤ 1.99

for all k ≥ 31, q0 ∈ {2, . . . , 7}, and all t ∈ [q0, q0 + 1). By the preceding argument, we can
remove the dependency on t, so that we must show that

max
t∈T

min
{√

t2

2kq2
0

+ kq2
0

2(k−q0)2t2 ,

√
t2

2k(q0+1)2 + k(q0+1)2

2(k−q0−1)2t2

}
1/
√
πk

≤ 1.99 (3.3)

which now depends only on q0 and k (since the finite set T is determined by q0 and k).
Since there are only 6 different values of q0 that are of interest, we therefore are left with
6 different univariate functions of k alone, and these are shown in Figure 3.4. It is entirely
straightforward (albeit tedious) to verify algebraically that the desired results hold, and we
omit this for brevity. This completes the proof for the case where q0 6= 1 and we refer the
reader to Section A.2 of the appendices for the remaining analysis.
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Worst-Case Demand Distributions
in VRP under Limited Information

Worst-Case Demand Distributions in VRP under Limited Information
In Chapter 3 we studied a classical location problem. In many cases a location problem

is followed by a routing problem like vehicle routing problem (VRP) or travelling salesman
problem (TSP), since the located facilities are supposed to provide services to some demand
points and that usually requires designing a service network that can have different config-
urations like a star shape, TSP tour, mTSP (multiple TSP) tour, VRP tour or a mixture
thereof. We study vehicle routing problem in this chapter and travelling salesman problem
in next chapter.

A recent focal point in research on the vehicle routing problem is the issue of robustness
in which customer demand is uncertain. In this chapter, we consider the case where our
knowledge about the demand distribution is limited to the information about the moments
of the distribution. We conduct a theoretical analysis of the demand distributions whose
induced workloads are as undesirable as possible. We study two common variations of VRP
in a continuous approximation setting: the first is the VRP with time windows, and the
second is the capacitated VRP, in which regular returns to the vehicle’s point of origin are
required.

4.1 Introduction

Since its original formulation in 1959, two of the primary features that have distinguished
the vehicle routing problem (VRP) from the travelling salesman problem (TSP) have been
the introduction of capacities on vehicles that originate from a central depot [100] and
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the imposition of time windows that constrain the times when customers can be visited
[101]. Not surprisingly, the imposition of such constraints presents a major obstacle in
obtaining solutions to a problem instance, both in terms of the added computational burden
of finding solutions and in the overall quality of the solution itself. As identified in [102],
one useful feature of the capacitated VRP is that one can actually describe the additional
cost somewhat concretely:

Any solution for the capacitated VRP has two cost components; the first
component is proportional to the total “radial” cost between the depot and the
customers. The second component is proportional to the “circular” cost; the
cost of traveling between customers. This cost is related to the cost of the
optimal traveling salesman tour. It is well known [51] that, for large N , the cost
of the optimal traveling salesman tour grows like

√
N , while the total radial cost

between the depot and the customers grows like N .... Therefore, it is intuitive
that when the number of customers is large enough the first cost component will
dominate the optimal solution value.

The additional cost due to time windows is more difficult to quantify, although insights can
be made under certain assumptions [103]:

Imagine an extreme case, where only a tiny fraction of the customers have
very stringent...time window constraints. Because, as we shall see, the distance
travelled increases with [the square root of the number of time windows], the
total system cost may be large because of the requirements of very few customers.

This chapter addresses VRP from the perspective of a continuous approximation model:
we assume that a fleet of vehicles must provide service to a contiguous planar geographic
region, and our goal is to quantify precisely the role that vehicle capacities and time win-
dows play in the worst-case workloads of the vehicles. We assume that customer demands
are independently sampled from a (possibly unknown) demand distribution, and study the
asymptotic behavior of the worst-case distributions as the number of customers becomes
large. In this sense, our work is philosophically similar to (for example) [104], which an-
alytically determines trade-offs between transportation and inventory costs, [105], which
shows how to route emergency relief vehicles to beneficiaries in a time-sensitive manner,
and [106], which describes a simple geometric model for determining the optimal mixture of
a fleet of vehicles that perform distribution. The basic premise of the continuous approxi-
mation paradigm is that one replaces combinatorial quantities that are difficult to compute
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with simpler mathematical formulas, which (under certain conditions) provide accurate es-
timations of the desired quantity[107, 108, 109, 110]. Such approximations exist for many
combinatorial problems, such as the travelling salesman problem [51, 111], facility location
[112, 27, 11], and any subadditive Euclidean functional such as a minimum spanning tree,
Steiner tree, or matching [113, 83, 82]. In our computational districting experiment, an
approximation of this kind is used as the first level of an optimization problem in which we
design service zones that are associated with different vehicles. for example. Our study of
the VRP with time windows adopts similar assumptions to those of [103, 114], namely, that
the service period is divided into a collection of pre-specified intervals of equal duration.
One might contrast this model with other approaches like [115], which assumes that time
windows are independently drawn from an arbitrary probability measure. Our study of the
capacitated VRP makes extensive use of upper and lower bounds derived in [116, 117, 118],
as well as seminal results on the TSP that can be found in [51, 113, 83].

A more recent focal point in research on VRP and its variants is the isssue of robustness
in which one seeks a policy that performs as well as possible against all possible realizations
of demand that are compatible with some set of observations or initial conditions. Robust
methodologies for the capacitated VRP were first introduced in the paper [63], which adapts
the methodology of [59] to solve problems in which customer demands and travel times are
uncertain; the goal is to find vehicle routes that meet all feasibility requirements in the
worst-case scenario, which occurs precisely when all customer demands and travel times
attain their worst-case realizations simultaneously. In most models of the robust VRP, one
has a pre-defined ambiguity region and seeks a set of routes that is as good as possible
with respect to all of the outcomes; this ambiguity region is usually described as a finite
collection of scenarios or a polyhedral set [119, 120, 121, 122, 123, 63], although the recent
paper [124] adopts a “robust mean-variance” approach that minimizes a weighted sum of
the average cost and the variance of a route when sampled over many scenarios. In our
problem, we are concerned with robustness in the distributional sense [125]: we seek the
distribution of demand for which the expected cost of a tour is as high as possible, while
remaining consistent with some observed data samples or some parameters derived thereof.
The most closely related result to our work is [65], which determines the worst-case spatial
demand distribution for the TSP when the first and second moments are fixed. Our work
can be seen as a generalization of these principles to the cases where vehicles have capacities
and time window constraints.

Our present work uses the notion of robustness to study the negative consequences of
fluctuation in demand for delivery services, in either a spatial or temporal sense. Demand
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fluctuation is of particular concern for emerging delivery services such as Good Eggs, Do-
orDash, BiteSquad, and Caviar [126, 127, 128, 129], which face extremely high volatility
in demand due to seasonality and the time-sensitive nature of the requests they satisfy
[130, 131]:

Our business is highly dependent on diner behavior patterns that we have
observed over time. In our metropolitan markets, we generally experience a
relative increase in diner activity from September to April and a relative decrease
in diner activity from May to August. In addition, we benefit from increased
order volume in our campus markets when school is in session and experience a
decrease in order volume when school is not in session, during summer breaks
and other vacation periods. Diner activity can also be impacted by colder or
more inclement weather, which typically increases order volume, and warmer or
sunny weather, which typically decreases order volume. Seasonality will likely
cause fluctuations in our financial results on a quarterly basis. In addition, other
seasonality trends may develop and the existing seasonality and diner behavior
that we experience may change or become more extreme.

In total, this chapter makes the following contributions: Section 4.3 analyzes the vehicle
routing problem with time windows, characterizing the worst-case distributions that can
arise when demand varies over a specified time horizon. Section 4.4 deals with the capaci-
tated VRP, and Section 4.5 extends this analysis to more sophisticated models in which we
have information about the mean or covariance of the demand distribution and describes
some computational experiments.

4.2 Preliminaries

We make the following notational conventions in this chapter: given a point set X, the star
network of X is written SN(X) and consists of the network in which each point in X is
connected to some central “depot” point (the location of this central point will be made
clear from context). Vehicle capacities are either denoted by the letter c, indicating that a
vehicle can visit c destinations before returning to its depot, or by the capacity coefficient
t, which satisfies the relationship c = t

√
|X|; this is a standard and useful representation,

as can be seen in Section 4.2 of [132] or the paper [117]. A TSP tour of a set of points
will be denoted by TSP(X). A capacitated VRP tour of a set of points is written VRP(X),
where we suppress the capacity in the interest of notational brevity. Finally, we say that
f(x) ∈ o(g(x)) if limx→∞ f(x)/g(x) = 0, we say that f(x) ∼ g(x) if limx→∞ f(x)/g(x) = 1,
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we say that f(x) ∈ O(g(x)) if f(x) ≤ γg(x) for some γ > 0 and all x exceeding some
threshold x0, and we say that f(x) ∈ Ω(g(x)) if f(x) ≥ γg(x) for some γ > 0 and all x
exceeding some threshold x0.

To approximate the length of a TSP tour of a collection of points, we will use the well-
known BHH Theorem [51], which says that the length of an optimal TSP tour of a set of
points follows a law of large numbers:

Theorem 17. Suppose that X = {X1, X2, . . . } is a sequence of random points i.i.d. ac-
cording to a probability density function f(·) defined on a compact planar region R. Then
with probability one, the length of TSP(X) satisfies

lim
N→∞

length(TSP(X))√
N

= β

¨
R

√
f̄(x) dA

where β is a constant and f̄(·) represents the absolutely continuous part of f(·).

It is additionally known that 0.6250 ≤ β ≤ 0.9204 and estimated that β ≈ 0.7124; see
[133, 51]. Theorem 31 can also be expressed deterministically, removing any assumptions
about the distribution of the points Xi; see for example [134, 135]:

Theorem 18. There exists a constant α satisfying the following: if X = {X1, X2, . . . } is
any sequence of points contained in a compact planar region R with area 1, then

lim sup
N→∞

TSP(X1, . . . , XN )√
N

≤ α .

Furthermore, it is also true that (4/3)1/4 ≤ α < 1.392.

The paper [136] actually proves a stronger result that these worst-case point sets must
be uniformly distributed in an asymptotic sense.

The following result from [118] gives upper and lower bounds for a capacitated VRP
tour:

Theorem 19. For any set X of demand points serviced by a fleet of vehicles with capacity
c that originate from a single depot, we have

max
{2
c

length(SN(X)), length(TSP(X))
}
≤ length(VRP(X)) ≤ 2

⌈ |X|
c

⌉
· length(SN(X))

|X|
+ (1− 1/c) length(TSP(X)) .

(4.1)
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4.3 Worst-case temporal demand distributions

In this section, we will study the worst-case temporal distributions for a particular version
of the vehicle routing problem with time windows. In order to make this problem tractable,
we assume as in [103] that the service period is divided into m ≥ 2 equally long time periods
and that each customer is placed into one of these time periods, so that each period i has
ni customers. In order to isolate the temporal aspects of our problem, we will assume that
all demand is uniformly distributed throughout the service region, which has area 1.

Since each period has a finite length, there is a maximum distance ` that each vehicle
can travel within each time window (equal to the speed of the vehicle multiplied by the
duration of the time window), which thereby induces a limit on the number of customers
that can be visited in that time period. Typically, delivery services charge a flat fee for
each delivery [126, 127], and thus the revenue from providing service to customers is simply
linearly proportional to the number of customers. In order to simplify our analysis, we will
assume that one vehicle, capable of traversing a distance ` in each time period, provides
service to the ni customers (or as many of the ni customers as possible) in each time period
i. We assume that there is a fixed price p that the company charges for each order and that
there is a price q that the company incurs per unit distance of travel. Thus, if the length
of the TSP tour of these points X1, . . . , Xni is less than `, then the company receives a net
profit of

pni − q length(TSP(X1, . . . , Xni))

in that time period. By applying Theorem 31, we can approximate length(TSP(X1, . . . , Xni)) ≈
β
√
ni. If the length of the TSP tour exceeds ` – or equivalently, if β√ni > ` – then the

company’s goal is to make as much money as possible (i.e. visit as many customers as
possible), without violating this distance constraint. In order to study this scenario, the
following theorem is useful:

Theorem 20. Suppose that {X1, . . . , Xn} are uniformly distributed in the unit square and
let ` > 0. Let N` denote the maximum number of points Xi that can be visited with a path
of length `. Then E(N`) ∈ Ω(`

√
n) and E(N`) ∈ O(`

√
n) as n→∞. In particular, we have

E(N`) ≥ α−1`
√
n and E(N`) ≤ 3.41`

√
n for sufficiently large n, where α is the constant

from Theorem 18.

Before proving this result, the following lemma is helpful:

Lemma 21. Suppose that {X1, . . . , Xn} are uniformly distributed in the unit square and
let ` > 0. Then
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Pr(length(TSP(X1, . . . , Xn)) ≤ `) ≤ n!
(2n− 2)!(2π`

2)n−1

as n→∞.

Proof. See Section A.4 of the online supplement.

The proof of Theorem 20 follows:

Proof of Theorem 20. The fact that E(N`) ∈ Ω(`
√
n) is straightforward: simply take a TSP

tour of all n points, whose length L satisfies L ≤ α
√
n as in Theorem 18. If we divide this

tour into segments of length `, we are then left with at most dα
√
n/`e segments which

cumulatively touch all n points. If we select one of these segments uniformly at random,
the expected number of points in the segment is at least n/dα

√
n/`e ∼ α−1`

√
n, as desired.

The proof that E(N`) ∈ O(`
√
n) is trickier: using Lemma 21, and letting c = 3.41 >

e
√
π/2, we can write

E(N`) ≤ c`
√
n+ nPr(N` ≥ c`

√
n)

= c`
√
n+ nPr(there exists a path through dc`

√
ne of the n points with length ≤ `)

≤ c`
√
n+ np`

(
n

dc`
√
ne

)

by the union bound, where p` is the probability that a uniformly distributed set of dc`
√
ne

points {X1, . . . , Xdc`
√
ne} has a TSP tour whose length does not exceed `. It will suffice to

confirm that np`
( n
dc`
√
ne
)
→ 0 as n→∞. By Lemma 21, we can substitute for p`, giving

np`

(
n

dc`
√
ne

)
≤ dc`

√
ne!

(2dc`
√
ne − 2)!(2π`

2)dc`
√
ne−1 · n ·

(
n

dc`
√
ne

)

≤ dc`
√
ne!

(2dc`
√
ne − 2)!(2π`

2)dc`
√
ne−1 · n

dc`
√
ne+1

dc`
√
ne!

= ndc`
√
ne+1

(2dc`
√
ne − 2)!(2π`

2)dc`
√
ne−1

≤ n(2c`
√
n− 2)3/2

2π
√

2π`2e2 ·
[

2π`2e2n

(2c`
√
n− 2)2

]c`√n
,

where we have used Stirling’s approximation [137, 138] in the last inequality. Note that
the Stirling’s inequality also dominates the approximation of the ceiling function. Since
c > e

√
π/2, the bracketed quantity is eventually less than 1 for sufficiently large n, at which

point the above quantity approaches 0 since the left term is polynomially increasing but
the right term is super-polynomially decreasing. Thus, we conclude that E(N`) ∈ O(`

√
n)

as desired, which completes the proof.
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n

f
(n

)

-2q2=4p2

!-2q2=4p

0

p`2=- ! q`

`2=-2-2q2=p2

Figure 4.1: The profit function f(n) as defined in (4.2).

The preceding theorem establishes that, if n points are sampled in a region with area
1 and ` < β

√
n, then the maximum number of points that can be visited using a path

of length ` is proportional to `
√
n. In order to impose continuity between the domains

` < β
√
n and ` ≥ β

√
n, we approximate this maximum number of points as `

√
n/β. Thus,

we propose the following profit function when n points are sampled in a region with area 1
with p and q:

f(n) :=

pn− qβ
√
n if β

√
n ≤ `

p`
√
n/β − q` otherwise .

(4.2)

The profit function f(n) with the selection of ` = 3.5, p = 1, q = 4 is shown in Figure
4.1, and is convex until n = (`/β)2 (and concave thereafter), with a minimizer at n = q2β2

4p2 .
We will assume that `p

β2q ≥ 1, which implies that f(n) ≥ 0 when β
√
n = ` (in other

words, the company is profitable when the TSP length of demand points matches the limit
` exactly). If we assume that the aggregate demand over m time periods is a constant N ,
then the worst-case demand distribution over m time periods is then obtained by solving
the optimization problem

minimize
n1,...,nm

m∑
i=1

f(ni) s.t. (4.3)

m∑
i=1

ni = N
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for all ni ≥ 0. The following theorem characterizes these worst-case distributions; we either
have a large amount of demand concentrated in a single time period, or uniform demand
throughout all time periods:

Theorem 22. The optimal solution n∗1, . . . , n∗m to problem (4.3) takes one of two forms:

1. Either n∗i = N/m for all n∗i , or

2. A single largest entry (say n∗1) satisfies

n∗1 = (z∗)2 > `2/β2 ,

where z∗ is a solution to the quartic equation

4β2p2z4 − 4β`p2z3 + (`2p2 + β4mq2 − β4q2 − 4Nβ2p2)z2 + 4Nβ`p2z −N`2p2 = 0 ,

and all other entries n∗i satisfy

β2q2

4p2 < n∗i = N − n∗1
m− 1 <

β2q2

p2 .

Furthermore, if

N ≤ 1
4

(
`

β
+ qβ

√
m

p

)2

,

then the optimal solution takes the first form, and if

N ≥
(
`

β
+ qβ

√
m

p

)2

,

the optimal solution takes the second form.

Proof. It will suffice to consider the equivalent problem

minimize
x1,...,xm

m∑
i=1

g(xi) s.t.

m∑
i=1

xi = c

for all xi ≥ 0, where we define

g(x) := a ·


1
b (x−

√
x) if x ≤ b2

√
x− 1 otherwise ;
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this is evident by applying the transformation a 7→ q`, b 7→ p`
qβ2 , c 7→ p2N

q2β2 and xi 7→ p2ni
q2β2 .

The two cases described above are equivalent to

1a. Either x∗i = c/m for all x∗i , or

2a. A single largest entry (say x∗1) satisfies

x∗1 = (z∗)2 > b2 ,

where z∗ is a solution to the quartic equation

4z4 − 4bz3 + (b2 +m− 4c− 1)z2 + 4bcz − b2c = 0 ,

and all other entries x∗i satisfy

1/4 < x∗i = (c− x∗1)/(m− 1) < 1.

Our assumption that `p
β2q ≥ 1 is equivalent to an assumption that b ≥ 1. First of all, it

is obvious that there are no minimizers other than cases 1a and 2a; this is an immediate
consequence of the fact that the function g(·) is convex on its first component and concave
on its second. The quartic function in case 2a simply arises from equating derivatives in
the first and second components, and the fact that 1/4 < x∗i < 1 (also in case 2a) is
also implied by this (the derivative of the second component can only take values between
0 and a/2b). Our proof will be complete if we can show that case 1a is optimal when
c ≤ 1

4(b+
√
m)2 and that case 2a is optimal when c ≥ (b+

√
m)2. First, note that we have

1/4 < (c− x∗1)/(m− 1) < (c− b2)/(m− 1), which we can rearrange for c to obtain

b2 +m/4− 1/4 < c ≤ 1
4(b+

√
m)2 .

We will also assume without loss of generality that a = 1.
If c ≤ 1

4(b+
√
m)2, then we will verify that case 1a is optimal by taking a lower bound

of case 2a. Since case 2a must have g(x∗1) > b− 1 and g(x∗i ) > −1/4b for all other i, a valid
lower bound is simply b− 1− m−1

4b . We now want to show that case 1a is optimal, i.e. that

[
b− 1− (m− 1)

4b

]
− 1
b

(
c−
√
cm
)
≥ 0 .

The left-hand side of the above is concave in c and is therefore minimized at the endpoints
c = b2 +m/4− 1/4 and c = 1/4(b+

√
m)2; it is routine to verify that the desired inequality
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holds by using the fact that b ≥ 1 and m ≥ 2.
If c ≥ (b+

√
m)2, it will suffice to verify that case 1a is sub-optimal; this is immediate

because we can simply set x1 = c and xi = 0 otherwise, which would incur a cost of
√
c− 1,

as opposed to a cost of (c−
√
cm)/b. We then want to show that

1
b

(c−
√
cm)− (

√
c− 1) = 1− (1 +

√
m/b)

√
c+ c/b ≥ 0 ;

the left-hand side of the above is decreasing in m and is therefore minimized when m is
as large as possible, namely when c = (b +

√
m)2, in which case the above expression is

precisely equal to 1, which completes the proof.

Theorem 22 distinguishes between two worst-case demand distributions: either the work-
loads are uniform across time windows, or there is one time window that contains the vast
majority of the work, with all other time windows being non-profitable. One can determine
which of these distributions is worst via the quantity N(`/β + qβ

√
m/p)−2.

4.4 Worst-case scenarios for the capacitated VRP

In this section, we assume that a fleet of vehicles must originate from a single depot in a
service region and visit a set of demand points X. These vehicles are capacitated, in the
sense that they must return to the depot after visiting a specified number of destinations c
(in other words, we assume that the “loads”, so to speak, at each of the points xi ∈ X are
the same). Our goal is to describe the spatial distributions of demand that maximize the
workloads of the vehicles that provide service.

To begin this section, we re-phrase Theorem 38 in a probabilistic sense as follows: sup-
pose that demand points {X1, . . . , XN} are independent samples from a probability distri-
bution f(·) defined on a compact subset R of the plane. Assume without loss of generality
that the single depot point is the origin (0, 0) ∈ R2. It is then immediately clear that the
average length of the star network SN(X) is simply E length(SN(X)) = N

˜
R ‖x‖f(x) dA.

We assume, as explained in the introduction, that our capacity constraints take the form
c = t

√
N . We will consider the expected length of the VRP tour of points that are sam-

pled from f(·). By exchanging the expectation and max{·, ·} operators, we can express the
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bound (5.12) as

max
{

2
√
N

t

¨
R
‖x‖f(x) dA, β

√
N

¨
R

√
f̄(x) dA+ o(

√
N)
}

≤ E length(VRP(X))

≤ 2
⌈√

N

t

⌉¨
R
‖x‖f(x) dA+

(
1− 1√

N · t

)
β
√
N

¨
R

√
f̄(x) dA+ o(

√
N) .

Note that
⌈√

N/t
⌉
is simply the number of trips needed to provide service. Since we are

interested in the limiting behavior as N →∞, we can therefore write

√
N ·max

{2
t

¨
R
‖x‖f(x) dA, β

¨
R

√
f̄(x) dA

}
. E length(VRP(X)) .

√
N ·

(2
t

¨
R
‖x‖f(x) dA+ β

¨
R

√
f̄(x) dA

)
(4.4)

where we have adopted the notation “.” to denote the “approximate” inequality, neglecting
the lower-order terms (large values of N imply that

⌈√
N/t

⌉
≈
√
N/t and that 1/(

√
N ·t) ≈

0). We are free to neglect the o(
√
N) terms since we are concerned with the worst-case

demand distribution f∗(·) and we are simply assuming that N is large. Note that the
two terms in the max{·} operator on the left-hand side of the above represent the two
sources of cost as identified in the introduction. If we search for distributions that maximize
either of these expressions in isolation, the trade-off between these costs becomes clear: if
we consider only the worst-case “radial” cost by maximizing 2/t

˜
R ‖x‖f(x) dA, then the

resulting distribution will simply be an atomic mass located at the farthest point from the
depot, arg maxx∈R ‖x‖. Of course, since such a distribution has no continuous component
whatsoever, the corresponding “circular” cost is zero. Similarly, if we consider only the
worst-case “circular” cost by maximizing β

˜
R

√
f̄(x) dA, it is not hard to verify (by a

simple application of Jensen’s inequality) that the resulting distribution is uniform on R.
The corresponding “radial” cost, while not equal to zero, is then 2/t

˜
R ‖x‖ dA, substantially

less than that obtained from the atomic distribution.
We are now interested in determining the distribution f∗(·) that maximizes E length(VRP(X)),

which we will bound from above by maximizing the right-hand side of (4.4). The concave
maximization problem given by

maximize
f(·)

¨
R

2
t
‖x‖f(x) + β

√
f(x) dA s.t. (4.5)

¨
R
f(x) dA = 1

f(x) ≥ 0 ∀x ∈ R ,
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with f(·) belonging to (for example) the Banach space L2 over R, can readily be approached
using standard techniques of vector space optimization [139], and admits a Lagrangian dual
problem in a single variable given by

minimize
ν

¨
R

1
4 ·

β2

ν − 2
t ‖x‖

dA+ ν s.t. (4.6)

ν ≥ 2
t
‖x‖ ∀x ∈ R .

The optimality conditions for the dual problem, which say that
¨
R

β2

4(ν − 2
t ‖x‖)2 dA = 1 ,

immediately imply the appropriate distributional form for f∗(·):

Theorem 23. The optimal solution f∗(·) that solves (4.5) is of the form

f∗(x) = β2

4(ν∗ − 2
t ‖x‖)2 ,

where ν∗ ≥ 2
t maxx∈R ‖x‖ is the unique scalar such that f∗(·) integrates to one over the

region.

Proof. Thanks to weak duality (which says that any feasible solution to (4.5) has an objec-
tive value that is at most equal to that of a feasible solution to (4.6)), it will suffice to verify
that the primal and dual objective values are the same when f∗(·) and ν∗ are as defined
above:
¨
R

2
t
‖x‖f∗(x) + β

√
f∗(x) dA =

¨
R

(
2
t
‖x‖

[
β2

4(ν∗ − 2
t ‖x‖)2

]
+ β

√
β2

4(ν∗ − 2
t ‖x‖)2

)
dA

=
¨
R

(
1
4 ·

β2(
ν∗ − 2

t ‖x‖
)2 (ν∗ − 2

t
‖x‖
)

+ ν∗β2

4(ν∗ − 2
t ‖x‖)2

)
dA

=
¨
R

1
4 ·

β2(
ν∗ − 2

t ‖x‖
)2 (ν∗ − 2

t
‖x‖
)
dA+ ν∗

¨
R

β2

4(ν∗ − 2
t ‖x‖)2 dA︸ ︷︷ ︸

=1

=
¨
R

1
4 ·

β2

ν∗ − 2
t ‖x‖

dA+ ν∗

as desired. Figure 4.2 shows a collection of surface plots of the worst-case distribution f∗(·)
on the unit square for varying values of t.

One of the salient attributes of the worst-case distribution f∗(·) as written above is that
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(a) t = 0.9; ν∗ = 2.5 (b) t = 0.5; ν∗ = 4.5 (c) t = 0.3; ν∗ = 7.5 (d) t = 0.1; ν∗ = 22.5

Figure 4.2: Surface plots of f∗(·) with decreasing values of t from left to right. The depot
is indicated by the black square and darker color values correspond to higher densities.

the presence of the square root in the objective of (4.5) establishes an inverse proportionality
between the optimal solution f∗(·) and the square of the distance to the depot (with some
additional additive and multiplicative weights from the dual variable ν∗ and the parameter
t). This same inverse proportionality is shared by the classical geographic gravity model
[140, 141, 142], which is “the most common formulation of the spatial interaction method”
[141] and has historically been used to model a wide variety of demographic phenomena such
as population migration [143], spatial utility for retail stores [144], and trip distributions
between cities [145]. This would appear to lend credibility to our expression f∗(·), inasmuch
as it takes a form that closely matches that of distributions for related problems.

Note that in proving Theorem 23, we maximized the right-hand side of (4.4), which
is an upper bound of E length(VRP(X)). It is natural to wonder how much error we are
incurring by maximizing something that is itself already an upper bound of the quantity of
interest. To this end we offer the following:

Theorem 24. For any convex planar region R that contains the origin and any scalar t,
we have

maxf(·)
2
t

˜
R ‖x‖f(x) dA+ β

˜
R

√
f̄(x) dA

maxf(·) max
{

2
t

˜
R ‖x‖f(x) dA, β

˜
R

√
f̄(x) dA

} ≤ 3/2 , (4.7)

where the maximization “maxf(·)” is taken over all probability distributions f(·) defined on
R.

Proof. See Section A.5 of the Online Supplement. Note that it is obvious that the above
ratio is bounded above by 2 because the numerator is the sum of the two terms in the
max{·, ·} expression in the denominator.



Chapter 4: Worst-Case Demand Distributions in VRP ... 61

4.5 Worst-case distributions with moment information

Our recent article [65] studies the uncapacitated version of (4.5) (that is, the TSP), where we
are presented with additional constraints on the first and second moments of the distribution
f(·); we require that

˜
R xf(x) dA = µ for some given µ ∈ R and that

˜
R xx

T f(x) dA �
Σ + µµT where Σ � 0 is a given covariance matrix. In practice, these values of µ and
Σ would be obtained by observing historical data. In this section, we study the problem
(4.5) in which these moment constraints are present, so that the new problem of interest is
written as

maximize
f(·)

¨
R

2
t
‖x‖f(x) + β

√
f(x) dA s.t. (4.8)

¨
R
xf(x) dA = µ

¨
R
xxT f(x) dA � Σ + µµT

¨
R
f(x) dA = 1

f(x) ≥ 0 ∀x ∈ R ,

with f(·) belonging to (for example) the Banach space L2 over R, whose dual is

minimize
ν∈R,λ∈R2,Q∈R2×2

¨
R

1
4 ·

β2

ν + λTx+ xTQx− 2
t ‖x‖

dA+ ν + λTµ+ (Σ + µµT ) •Q s.t. (4.9)

ν + λTx+ xTQx ≥ 2
t
‖x‖ ∀x ∈ R

Q � 0 ,

where A •B is the inner product of matrices A and B.
We again find that the optimality conditions for (4.9), which say that

¨
R

1
4 ·

β2

(ν + λTx+ xTQx− 2
t ‖x‖)2 dA = 1

¨
R

1
4 ·

β2x

(ν + λTx+ xTQx− 2
t ‖x‖)2 dA = µ

¨
R

1
4 ·

β2xxT

(ν + λTx+ xTQx− 2
t ‖x‖)2 dA � Σ + µµT ,

describe the optimal form of f∗(·):
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Proposition 25. The optimal solution f∗(·) that solves (4.8) is of the form

f∗(x) = 1
4 ·

β2[
ν∗ + (λ∗)Tx+ xTQ∗x− 2

t ‖x‖
]2 , (4.10)

where ν∗ ∈ R, λ∗ ∈ R2, and Q∗ � 0 satisfy

ν∗ + (λ∗)Tx+ xTQ∗x− 2
t
‖x‖ ≥ 0

everywhere on R, and
¨
R

1
4 ·

β2

(ν∗ + (λ∗)Tx+ xTQ∗x− 2
t ‖x‖)2 dA = 1

¨
R

1
4 ·

β2x

(ν∗ + (λ∗)Tx+ xTQ∗x− 2
t ‖x‖)2 dA = µ

¨
R

1
4 ·

β2xxT

(ν∗ + (λ∗)Tx+ xTQ∗x− 2
t ‖x‖)2 dA � Σ + µµT .

Proof. See Section A.6 of the online supplement for a rigorous proof (this is almost the
same as in the paper [65]). Figure 4.3 shows a few plots of f∗(·) for varying values of µ, Σ,
and t.

One of the salient attributes of the worst-case distribution f∗(·), as can readily be
observed in Figure 4.3, is that small values of t (as in 4.3a) result in worst-case distributions
that are tightly clustered around the centroid. In addition, as we vary the covariance matrix
in 4.3e-4.3h, the worst-case distribution also becomes more spread out.

4.5.1 The impact of second-moment information

In this section we describe some results that shed some light on the usefulness of second-
moment information: it is clear that distributions with high VRP costs are those that are as
“spread out” as possible, either in the sense of having large amounts of demand located away
from the depot (when capacities are low and thus the “radial cost” is dominant) or in the
sense of being distributed as uniformly as possible (when capacities are high and thus the
“circular cost” is dominant). One would therefore expect that, in determining the worst-
case cost of an unknown distribution, the covariance bound

˜
R xx

T f(x) dA � Σ + µµT

should be particularly relevant.
In order to derive a rough understanding of the effect of this covariance bound, we

consider a simple model in which R is a disk D with area A, Σ is a diagonal matrix whose
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(a) (b) (c) (d)

(e) Σ = 0.3 · Σ0 (f) Σ = 0.6 · Σ0 (g) Σ = 0.8 · Σ0 (h) Σ = Σ0

Figure 4.3: Surface plots of f∗(·) for µ = (0.75, 25), a depot located at (0.33, 0.66),
and varying values of Σ and t. In 4.3a-4.3d, we fix Σ =

(
0.075 −0.02
−0.02 0.075

)
and we have

t ∈ {0.01, 0.1, 1, 10}; in 4.3e-4.3h, we fix t = 1 and let Σ be a scalar multiple of
Σ0 = ( 0.06 0

0 0.095 ).

entries are both a scalar s, and both the depot and the mean of the distribution µ are
located at the origin. Purely for the ease of exposition, we find it easier to consider the
radial cost and the circular cost independently of one another. The problem of maximizing
the radial cost is given by

maximize
f(·)

¨
D

2
t
‖x‖f(x) dA s.t. (4.11)
¨
D
xf(x) dA = (0, 0)T

¨
D
xxT f(x) dA �

(
s 0
0 s

)
¨
D
f(x) dA = 1

f(x) ≥ 0 ∀x ∈ D ,

and the following result is entirely unsurprising:

Proposition 26. An optimal solution to problem (4.11) occurs when f(·) is a uniform
mixture of two atomic masses at the points (±r, 0)T , where r = min{

√
s,
√
A/π}.



Chapter 4: Worst-Case Demand Distributions in VRP ... 64

Proof. See Section A.7 of the online supplement. Note that the size of the service region D
has no effect on the solution to (4.11) provided that s ≤ A/π.

A more interesting problem is that of maximizing the circular cost, which is instead
given by

maximize
f(·)

¨
R
β
√
f(x) dA s.t. (4.12)

¨
D
xf(x) dA = (0, 0)T

¨
D
xxT f(x) dA �

(
s 0
0 s

)
¨
D
f(x) dA = 1

f(x) ≥ 0 ∀x ∈ D

whose dual problem is

minimize
ν∈R,λ∈R2,Q∈R2×2

¨
D

1
4 ·

β2

ν + λTx+ xTQx
dA+ ν + s(q11 + q22) s.t. (4.13)

ν + λTx+ xTQx ≥ 0 ∀x ∈ D

Q � 0 .

By exploiting the symmetry of D and using concavity of the objective function and convexity
of the feasible region in (4.12), it is not hard to show that the first-moment constraint˜
R xf(x) dA = (0, 0)T in (4.12) is redundant, and thus we can remove the variable λ from

(4.13). It follows similarly that the optimal matrix Q must also be a diagonal matrix whose
entries are both a scalar q, and we are therefore free to consider the simpler dual problem

minimize
ν,q∈R

¨
D

1
4 ·

β2

ν + q‖x‖2
dA+ ν + 2sq s.t. (4.14)

ν, q ≥ 0 .

The optimal solution to (4.12) can be described by way of (4.14) as follows:

Theorem 27. For fixed values of s, the cost OBJ of (4.12) satisfies

OBJ ∼ β
√

2πs logA

as A→∞.
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Figure 4.4: The worst-case cost OBJ to problem (4.12) for s ∈ (0,A/4π] and A = 1. The
curve above shows the relationship between the spatial covariance of demand (measured
through the single diagonal element s) and the worst-case cost of problem (4.12).

Proof. See Section A.8 of the online supplement; the key idea is to set

q = β

4 ·
√

2π logA
s

ν = β2

4 ·
√

2πs
logA

and look at the resulting asymptotic series in A.

Figure 4.4 shows a plot of the cost OBJ as a function of the variance term s for A = 1.
Notice that, when s is very small, the worst-case workload is close to 0 because all demand
must then be tightly clustered around the depot. Moreover, for s > A/4π, the covariance
constraint is not binding because the uniform distribution on the region D is already feasible
for (4.12), and therefore OBJ is constant thereafter. The key insight that Theorem 27 offers
us is a concise expression that relates the covariance of the demand distribution and the
workload that vehicles incur. Applying Theorem 27, we can therefore conclude that a valid
asymptotic bound for the worst-case VRP workload is therefore

E length(VRP(X)) .
√
N ·

(2
t

min{
√
s,
√
A/π}+ β

√
2πs logA

)
.

Remark. If we want to consider arbitrary covariance matrices Σ, one approach is to use an
alternate support region for which the integral in the objective function is easier to calculate.
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In particular, one might consider the problem

maximize
f(·)

¨
E
β
√
f(x) dA s.t.

¨
E
xf(x) dA = (0, 0)T

¨
E
xxT f(x) dA �

(
s1 0
0 s2

)
¨
E
f(x) dA = 1

f(x) ≥ 0 ∀x ∈ E

where E is the ellipse that satisfies

E :=
{

(x1, x2) ∈ R2 :
(
x1
s1

)2
+
(
x2
s2

)2
≤ A

πs1s2

}
,

which clearly has area A. The objective function of the above problem can obviously
be converted to an integral over a disk with area A by applying the change of variables
x1 7→ u1

√
s1/s2 and x2 7→ u2

√
s2/s1, so that the resulting integral is taken over a disk of

area A in the (u1, u2) plane. The cost OBJ of the optimal solution (4.12) then satisfies

OBJ ∼
√

2πβ(s1s2)1/4√logA .

4.5.2 A computational experiment

In this section we describe the results of a computational experiment applied to a data set
obtained from the United States Census [146]. The region R is given by the convex hull of
Ramsey County, Minnesota, and the mean µ and covariance matrix Σ are obtained from
the population density thereof. In addition, we suppose that there are four vehicle depots,
which are taken as the locations of four post offices; the complete setup of our experiment
is shown in Figure 4.5, and was used previously to study the uncapacitated VRP in the
paper [65]. Note that Figure (4.5b) shows the true input to our problem (i.e. the population
density is not assumed to be known and we have only first and second moment information).

Theoretical preliminaries

In the following simulation, we will consider the problem of designing service districts for
each of the four vehicle depots. This requires a minor generalization of Proposition 25
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Figure 4.5: Figure (4.5a) shows the population density of Ramsey County, Minnesota, the
mean and covariance matrices of the population density, and four post offices. In practice,
of course, we do not know the true demand density, and thus (4.5b) shows the input to our
various optimization procedures.

for the case where we are interested in the distribution whose workload on a particular
sub-region Ri is as large as possible; this problem is written as

maximize
f(·)

¨
Ri

2
t
‖x− pi‖f(x) + β

√
f(x) dA s.t. (4.15)
¨
R
xf(x) = µ

¨
R
xxT f(x) dA � Σ + µµT

¨
R
f(x) dA = 1

f(x) ≥ 0 ∀x ∈ R ,

which differs from problem (4.8) only in that we have a different domain of integration in
the objective function.

Proposition 28. The optimal solution f∗(·) that solves (4.15) is of the form

f∗(x) = 1
4 ·

β2[
ν∗ + (λ∗)Tx+ xTQ∗x− 2

t ‖x− pi‖
]2I(x ∈ Ri) + s∗δ(x− x̄) ,

where ν∗ ∈ R, λ∗ ∈ R2, δ(·) is the Dirac delta function, and Q∗ � 0 satisfy

ν∗ + (λ∗)Tx+ xTQ∗x− 2
t
‖x− pi‖ ≥ 0
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everywhere on R, I(·) denotes an indicator function, x̄ is a point in R, and s∗ is a scalar.

Proof. This is almost identical to Proposition 25, which is proven in Section A.6 of the online
supplement; the only difference is the domain of integration in the objective function.

Recall also that problems (4.5), (4.8), and (4.15) are all designed to maximize the upper
bound (i.e. the right-hand side) of the original expression (4.4). If we want any information
about the solution quality of our approach, it is necessary that we also examine the lower
bound thereof; this problem is given by

maximize
f(·)

max
{¨

Ri

2
t
‖x− pi‖f(x),

¨
Ri

β
√
f(x) dA

}
s.t. (4.16)

¨
R
xf(x) = µ

¨
R
xxT f(x) dA � Σ + µµT

¨
R
f(x) dA = 1

f(x) ≥ 0 ∀x ∈ R ,

whose optimal solution is characterized as follows:

Proposition 29. The optimal solution f∗(·) that solves (4.16) takes either the form

f∗1 (x) := 1
4 ·

β2

[ν∗ + (λ∗)Tx+ xTQ∗x]2
I(x ∈ Ri) + s∗δ(x− x̄)

where ν∗ ∈ R, λ∗ ∈ R2, and Q∗ � 0, or the form

f∗2 (x) :=
7∑
i=1

s∗i δ(x− x̄i) ,

i.e. a mixture of at most seven atomic distributions.

Proof. Obviously, we simply analyze problem (4.16) by isolating the two components of the
objective function. The proof that the worst-case distribution takes the form of f∗1 (·) when
we seek to maximize

˜
Ri
β
√
f(x) dA was already derived in [65] and the proof that the

worst-case distribution takes the form f∗2 (·) when we seek to maximize
˜
Ri

2
t ‖x − pi‖f(x)

is in Section A.9 of the online supplement.

For the sake of notational compactness, from now on, we will let Ψ̄(µ,Σ, t, pi, Ri,R) and

¯
Ψ(µ,Σ, t, pi, Ri,R) denote the objective values of problems (4.15) and (4.16) respectively.
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Figure 4.6: Two power diagram partitions of the service region R. The weight associated
with the bottom right sub-region is larger in (4.6a) than in (4.6b).

Computational results

Our objective here is to design service districts for each of the four vehicle depots whose
worst-case workloads are as small as possible. In particular, we will focus on the problem of
designing sub-regions Ri such that the upper bound of the maximum workload of all n = 4
sub-regions, i.e. maxi Ψ̄(µ,Σ, t, pi, Ri,R), is minimized. Our problem can be written as

minimize
R1,...,Rn

max
i

Ψ̄(µ,Σ, t, pi, Ri,R) s.t.

n⋃
i=1

Ri = R

Ri ∩Rj = ∅ ∀i 6= j .

In order to accomplish this we decide to restrict the set of sub-regions Ri (which is, of
course, an infinite-dimensional family) to the set of power diagrams associated with the
depots [147]: given a vector of weights (w1, w2, w3, w4), we assign depot i (located at point
pi) to the sub-region Ri, defined as

Ri =
{
x ∈ R : ‖x− pi‖2 − wi ≤ ‖x− pj‖2 − wj ∀j

}
. (4.17)

A power diagram is simply a Voronoi diagram in which one also has weights associated
with the depots; it has the useful property that all of the regions Ri are polygonal and
convex. Of course, when all weights are equal, the power diagram simply reduces to the
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standard Voronoi diagram, and if we increase the weight associated with one of the de-
pots pi, the size of sub-region Ri will increase. Figure 4.6 shows two examples of power
diagram partitions. In Section B.2 of the online supplement, Algorithm 8 describes a stan-
dard branch-and-bound procedure for determining weights w∗i that approximately minimize
maxi Ψ̄(µ,Σ, t, pi, Ri,R). We refer the reader to Figure 4.7, which shows the worst-case
workloads associated with the sub-regions Ri together with the actual workloads, as in-
duced by the true population density. The three bands shown there are interpreted as
follows: the lightest shaded band corresponds to the worst-case cost and indicates the up-
per and lower bounds that are obtained from the optimal objective function cost to (4.15),
which is an upper bound of the worst possible VRP cost, and the optimal objective function
cost to (4.16), which is a lower bound of the worst possible VRP cost. In other words, the
lightest shaded band shows maxi Ψ̄(µ,Σ, t, pi, Ri,R) and maxi (µ,Σ, t, pi, Ri,R), when the
sub-regions Ri are power diagrams that are obtained by Algorithm 8 in the online supple-
ment. Similarly, the second shaded band corresponds to the actual cost associated with
the partition obtained by Algorithm 8 and indicates the upper and lower bounds of the
VRP cost of our algorithm, i.e. maxi

˜
Ri

2
t ‖x‖f(x) + β

√
f̄(x) dA for the upper bound and

maxi max
{˜

Ri
2
t ‖x‖f(x),

˜
Ri
β
√
f̄(x) dA

}
for the lower bound, where f(·) represents the

true population density as shown in Figure 4.5a. Finally, the darkest shaded band corre-
sponds to the best possible actual costs (in terms of upper and lower bounds) that could
be realized by partitioning the region optimally, which we obtained by using the algorithm
in [2].
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Figure 4.7: The plot above shows the workloads that are induced by Algorithm 8 for
t ∈ (0, 20], measured as the maximum workload of the four sub-regions Ri (rather than,
say, the sum of the workloads in the four sub-regions Ri). For each value of t, we naturally
require a separate run of the algorithm (we performed 100 runs overall). To the right of the
dashed line (i.e. for t ≥ 1), we plot the various upper and lower bounds to our problem,
and to the left of the dashed line (i.e. for t < 1), we plot essentially the same quantities,
but multiplied through by t in all cases. This is because all costs (the worst-case cost, the
actual cost, and the best possible cost) explode towards infinity as t→ 0 and thus we find
this to be a more useful measure of the relative costs.



Chapter 5

The Distributionally Robust TSP:
A Data-Driven Model

The Distributionally Robust TSP: A Data-Driven Model The travelling salesman problem
(TSP) is one of the most heavily studied optimization problems that has played a major
role in theoretical fields like combinatorial optimization, and in practical fields like trans-
portation. It is also one of the domains in which optimization and geometry have crossed
paths.

One of the theoretically interesting aspects of TSP is the asymptotic analysis of the
length of the TSP tour as the number of demand points becomes large. The problem in
this chapter concerns a robust TSP for large number of i.i.d. random points where the
ambiguity is about the distribution of these points.

The region of ambiguity, in recent research on the robust and stochastic travelling sales-
man problem and the vehicle routing problem, has been described in many different ways
such as taking convex combinations of observed demand vectors or imposing constraints
on the moments of the spatial demand distribution, out of which we studied the latter in
Chapter 4. The reader is also encouraged to see [65] for additional insights on defining the
ambiguity set based on fixed-mean and bounded covariance matrix.

A data-driven approach that has been used outside the transportation sector is the use
of statistical metrics that describe a distance function between two probability distribu-
tions. In this chapter, we consider a distributionally robust version of the Euclidean travel-
ling salesman problem in which we compute the worst-case spatial distribution of demand
against all distributions whose Wasserstein distance to an observed demand distribution is
bounded from above. This constraint allows us to circumvent common overestimation that

72
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arises when other procedures are used, such as fixing the center of mass and the covari-
ance matrix of the distribution. Numerical experiments confirm that our new approach is
useful as a decision support tool for dividing a territory into service districts for a fleet of
vehicle when information about the demand distribution is limited. Moreover, it provides
a data-driven model which can take better advantage of data when it is more available.

5.1 Introduction

One of the most complex factors that arises in formulating and solving robust travelling
salesman problems (TSP) and vehicle routing problems (VRP) is the difficulty of describ-
ing one’s ambiguity set in a way that is both useful and mathematically tractable. Recent
works have seen many different approaches for describing these sets, such as taking convex
combinations of observed demand vectors [63], general polyhedral constructions [121], and
using mean and covariance information about the spatial distribution of destination points
[65]. The choice of one’s ambiguity set often yields qualitative insights into what demand
patterns affect the outcome most significantly; for example, the worst-case spatial distribu-
tion for the Euclidean TSP is that which is as equitably distributed (uniform) as possible
[136].

In this chapter, we consider a distributionally robust version of the Euclidean TSP: as
input, we are given a compact, contiguous planar region R and a realization of sampled
demand points in that region, and our objective is to construct a probability distribution
on R that is sufficiently “close” to the empirical distribution consisting of the sampled
points and is as “spread out” as possible, in the sense that the asymptotic length of a
TSP tour of points drawn from that distribution should be as large as possible. In order
to characterize our ambiguity set of distributions, we use a statistical metric called the
Wasserstein distance, which is also known as the earth mover’s or Kantorovich metric.
Conceptually speaking, the Wasserstein distance is very simple and intuitive: if we visualize
two probability distributions µ1 and µ2 as being two piles of equal amounts of sand, then the
Wasserstein distance between them is simply the minimum amount of work needed to move
one pile to take the shape of the other, as suggested in Figure 5.1a. A particularly attractive
feature of the Wasserstein distance that is not present in many other statistical metrics is
the ability to directly compare a discrete distribution and a continuous distribution, as
illustrated in Figures 5.1e-5.1g. In addition, because the Wasserstein distance is a true
metric, the set of all distributions within a certain distance of a reference distribution is a
convex set that turns out to admit a simple representation.
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(a)

(b) (c) (d)

(e) (f) (g)

Figure 5.1: Figure 5.1a shows a Wasserstein distance problem between two univariate dis-
tributions µ1 and µ2. Figures 5.1b-5.1d show that a Wasserstein mapping can be thought of
as an infinite-dimensional generalization of a bipartite matching; here µ1 and µ2 are shown
in 5.1b and 5.1c, and 5.1d shows a bipartite matching between a large number of samples
collected from µ1 and µ2. Figures 5.1e-5.1g show an interpretation of a Wasserstein distance
problem when µ1 is a smooth density and µ2 is atomic. The two distributions are shown
in 5.1e, and 5.1f shows the solution to an assignment problem between a large number of
samples from µ1 and the atomic distribution µ2; a side consequence is that the Lagrange
multipliers of this assignment induce a partition of the region R, each of whose cells are
associated with one of the elements of µ2. Figure 5.1g shows this partition together with
the atomic distribution µ2; each cell contains 1/n of the mass of the density, which is to
be transported to the point contained within it. By using previous results [2], these dashed
curves are computationally easy to compute. If we let Ri denote the cell associated with
each point xi in the atomic distribution and f denote the density, then the Wasserstein
distance is ∑i

˜
Ri
f(x)‖x− xi‖ dA.
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This chapter is structured as follows: Section 5.2 describes the basic theoretical prelim-
inaries that are needed for the analysis that we perform in Section 5.3, which describes the
structure of the worst-case spatial distribution for the TSP under a Wasserstein distance
constraint. Next, Section 5.4 describes a primal-dual algorithm that finds this worst-case
distribution efficiently, and this algorithm is then implemented in two computational ex-
periments involving both the single-vehicle and multi-vehicle TSP in Section 5.5.

5.1.1 Related work

This chapter describes a continuous approximation model that uses robust optimization to
describe the worst-case demand distribution for the travelling salesman problem; this model
is then applied to solve a districting problem that assigns vehicles to pre-specified zones in
a region. As such, there are essentially three bodies of literature from which it stems.

Continuous approximation models

This chapter is concerned with a continuous approximation model for a transportation
problem, and is therefore philosophically similar to (for example) [104], which analytically
determines trade-offs between transportation and inventory costs, [105], which shows how to
route emergency relief vehicles to beneficiaries in a time-sensitive manner, and [106], which
describes a simple geometric model for determining the optimal mixture of a fleet of vehicles
that perform distribution. The basic premise of the continuous approximation paradigm
is that one replaces combinatorial quantities that are difficult to compute with simpler
mathematical formulas, which (under certain conditions) provide accurate estimations of
the desired quantity [107, 108]. Such approximations exist for many combinatorial problems,
such as the travelling salesman problem [51, 111], facility location [112, 27, 11], and any
subadditive Euclidean functional such as a minimum spanning tree, Steiner tree, or matching
[113, 83, 82]. In our computational districting experiment, an approximation of this kind is
used as the first level of an optimization problem in which we design service zones that are
associated with different vehicles.

Districting problems in vehicle routing

The primary application of the theory derived in this chapter is in the design of districts for
allocating a fleet of vehicles to visit a collection of customers when demand is uncertain. The
problem of designing such districts is a foundational one in the continuous approximation
literature, as can be seen in [148] or Chapter 4 of the seminal book [132], for example. The
most common way that uncertainty is represented is by assuming that demand follows a
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known probability density function (which is often further assumed to be uniform); this
density then informs the districting decision in some way. To give a few examples, [149]
uses a multiplicatively-weighted Voronoi partitioning scheme in which district sizes are
determined by a set of scalar weights associated with the vehicles, [43] uses so-called “ham
sandwich cuts” to recursively partition the region, and [110] uses a “disk model” that
allows for explicit control of district sizes and implicit control of district shapes. Further
additional examples from the robotics community include [150, 151, 152, 57], which all
use various forms of the Voronoi paradigm (such as additive, quadratic, or logarithmic
weighting schemes) to partition a geographic region, and place a particular emphasis on
“decentralizing” the means by which partitions are constructed.

An alternative method to the preceding continuous models is to instead assume that
demand is present on a known graph, and that vertices on the graph have probability
weights. This is the approach taken by [54], which models the districting problem as a two-
stage stochastic optimization program with recourse, by [153], which uses a three-phase
procedure that aggregates data points into compact districts using a mixed-integer goal
program, and by [154], which uses a steady-state spatial queueing model to simultaneously
reason about the optimal locations of emergency response stations and the territories they
serve. It is also possible to apply principles from continuous approximation theory to design
districts in graph-based models, provided some basic geometric information is available; this
is the case in [155, 156], which use the square-root approximation of [51] in conjunction with
a graph-based model, and which show good performance when the inputs are known to be
uniformly distributed over a geometric domain. Section 5.5.2 of this chapter also shows how
to apply a continuous approximation scheme to a heterogeneous road network, namely, a
map of Los Angeles County, to a set of inputs that are non-uniformly distributed.

In practice, one often does not have sufficient information (namely, a probability dis-
tribution defined on an entire geographic region) to apply the preceding models. For ex-
ample, in recent years, numerous start-up companies have emerged that provide “last-
minute” delivery of food and groceries such as Good Eggs, DoorDash, BiteSquad, and
Caviar [126, 127, 128, 129], and such companies must make high-level strategic allocation
decisions without an extensive set of historical data. Another example arises in threat detec-
tion and surveillance, in which case a set of vehicles begins with some a priori information
about the distribution of targets and one seeks a policy for routing these vehicles that takes
new information into account as it becomes available [157]. The problem of designing dis-
tricts in such a data-driven fashion (i.e. when one has an ambiguous distribution setting) is
considerably less understood, although the paper [65] describes one approach for doing so
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Figure 5.2: The above point sets in the unit square are extremely clustered and one would
expect that their TSP tour should be short. However, because their sample mean and
covariance matrix are the same as that of the uniform distribution, any robust methodology
that uses only mean and covariance information will fail to recognize the clustering, thereby
incurring significant overestimation.

when one knows the mean and covariance of the demand distribution. A major deficiency
of this approach, which motivates our present work, is its inability to respond to clustering
or even mere multi-modality in data points. For example, Figure 5.2 shows a data set that
is very clustered, and whose TSP tour should therefore be short relative to (for example) a
uniform distribution. However, this clustered data set actually has precisely the same mean
and covariance matrix as the uniform distribution; such an approach therefore frequently
leads to an over-conservative solution (or more generally, a solution that is not faithful to
the true unknown demand distribution), even when a large number of samples is available.
This over-conservatism is actually noted in Figure 10 of [65].

Robust optimization and vehicle routing

In most models of the robust VRP, one has a pre-defined ambiguity region and seeks a
set of routes that is as good as possible with respect to all of the outcomes; this ambiguity
region is usually described as a polyhedral set [119, 121, 63], although the recent paper [124]
adopts a “robust mean-variance” approach that minimizes a weighted sum of the average
cost and the variance of a route when sampled over many scenarios. In our problem, we are
concerned with robustness in the distributional sense [125]: we seek the spatial distribution
of demand for which the expected cost of a tour is as high as possible, while remaining
consistent with some observed data samples or some parameters derived thereof.
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By far, the most common parameters used in distributionally robust problems (in gen-
eral domains, not just those arising in transportation) are the support and the first and
second moments of the sample distribution [84, 158, 159], and the papers [160, 161] addi-
tionally make use of bounds on “directional deviation measures” that isolate stochastically
independent components. We have previously seen the use of first and second moment infor-
mation for the distributionally robust VRP in Chapter 4 and also the paper [65]; one major
drawback of this method is an inability to detect clustering, as we have already noted in the
preceding section. In order to remedy this, we propose the use of the Wasserstein distance
as a means of defining the uncertainty region of demand distributions. The Wasserstein
distance is very commonly used in machine learning and statistics [162, 163, 164, 165], and
is also mentioned in the context of robust optimization in [166] for its relationship with
the Prokhorov metric. To our knowledge, the first direct applications of the Wasserstein
distance to optimization problems have occurred very recently in [167, 168]; the former uses
Carathéodory-type results to reduce the support set of an infinite-dimensional optimiza-
tion problem to a finite set and the latter uses the Wasserstein distance as one of several
statistical metrics to define risk measures for portfolios. Even more recently, the paper
[169] shows how to apply complementary slackness principles to solve a very large family of
distributionally robust optimization problems subject to Wasserstein distance constraints;
their use of convex duality theory is closely related to our own derivation in Section 5.3.

For general problems (i.e. not those related specifically to vehicle routing), a variety of
other statistical metrics (or pseudo-metrics) have been used previously for solving distribu-
tionally robust optimization problems; such metrics include the Kullback-Leibler divergence,
Hellinger distance, χ2-distance, total variation distance, or Kolmogorov-Smirnov statistic.
A few examples follow:

• The paper [170] solves a variety of robust linear programs using φ-divergences, a wide
class of pseudo-metrics to which several of the aforementioned quantities belong.

• The paper [171] gives a highly flexible framework that builds ambiguity sets using clas-
sical statistical hypothesis tests, including the χ2 test and the Kolmogorov-Smirnov
test,

• The paper [172] computes robust financial portfolios using the Kullback-Leibler di-
vergence.

• The paper [173] shows how to solve robust dynamic programs whose distributional
ambiguity sets are defined using the Kullback-Leibler divergence.
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• The paper [174] proposes a robust lot-sizing model whose distributional ambiguity set
is defined via the χ2 goodness-of-fit test.

There are three reasons why the Wasserstein distance is a particularly appropriate choice
for our problem of interest: first, the Wasserstein distance allows one to directly make
comparisons between a discrete distribution (such as the empirical distribution consisting
of a collection of data points) and a continuous distribution, as we have previously noted
in Figure 5.1; this it not possible in (for example) the Kullback-Leibler divergence, the
Hellinger distance, or the total variation distance. Secondly, the Wasserstein distance is
in a sense “inherited” from the Euclidean distance, inasmuch as the distance between two
distributions is defined as an integral of Euclidean distances. Since we are concerned with
obtaining a probability distribution whose induced TSP tour is as long as possible (in an
asymptotic limit as many samples are taken), and a TSP tour is also measured using Eu-
clidean distances, the Wasserstein distance is a particularly appropriate choice. The third
reason is purely practical: it turns out that the ambiguity set of distributions characterized
by a Wasserstein distance threshold gives a very concise, closed-form expression for the
worst-case distribution for our problem. As we will later show in Section 5.3.3, a fourth a
posteriori justification for the use of the Wasserstein metric is that the worst-case distribu-
tion that one obtains for this problem is closely related to that of the classical geographical
gravity model, which arises in many models of spatial interaction.

5.1.2 Notational conventions

Our notational conventions throughout this chapter are as follows: integrals over regions in
R2 are denoted with the double integral sign

˜
dA. The diameter of a region R, denoted

diam(R), is the largest possible distance between two points in R, supx,y∈R ‖x − y‖. The
vector consisting of all 1’s is written e, whose dimension will always be clear from context,
and the indicator function of a particular condition and the Dirac delta function are written
as 1(·) and δ(·) respectively. The Wasserstein distance between two distributions is written
D(·, ·) and is defined in the next section. We will commit a slight abuse of notation and
use the expression TSP(x1, . . . , xn) to represent both the shortest tour that goes through a
set of points as well as the length of that shortest tour. Finally, for any univariate function
f(x), we say that f(x) ∈ o(g(x)) as x→∞ if limx→∞ f(x)/g(x) = 0.
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5.2 Preliminaries

In order to retain mathematical rigor, we find the following results useful; the first two
items are simplified from [175]:

Definition 30 (Wasserstein distance). Let µ1 and µ2 denote two probability measures
defined on a compact planar region R. The Wasserstein distance between µ1 and µ2,
written D(µ1, µ2), is defined as

D(µ1, µ2) := inf
π∈Π(µ1,µ2)

˘
R×R

‖x− y‖ dπ(x, y) , (5.1)

where Π(µ1, µ2) is defined as the set of all probability measures on R×R whose marginals
are µ1 and µ2, that is, the set of all probability measures that satisfy π(A × R) = µ1(A)
and π(R×B) = µ2(B) for all measurable subsets A,B ⊂ R.

The Wasserstein distance can be thought of as a generalization of an assignment problem:
for example, when µ1 and µ2 are discrete distributions consisting of n points each with equal
mass, the Wasserstein distance between the two is simply computed as the cost of a bipartite
matching (multiplied by a normalization term of 1/n). This interpretation is suggested in
Figure 5.1.

Our notion of distributional robustness relies on the following famous theorem, originally
stated in [51] and further developed in [83, 82], which relates the length of a TSP tour of
some points with the distribution from which they were sampled:

Theorem 31 (BHH Theorem). Suppose that X = {X1, X2, . . . } is a sequence of random
points i.i.d. according to a probability density function f(·) defined on a compact planar
region R. Then with probability one, the length TSP(X) of the optimal travelling salesman
tour through X satisfies

lim
N→∞

TSP(X)√
N

= β

¨
R

√
fc(x) dA

where β is a constant and fc(·) represents the absolutely continuous part of f(·).

It is additionally known that 0.6250 ≤ β ≤ 0.9204 and estimated that β ≈ 0.7124; see
[5, 51].

The following classical result from [139] will be useful in confirming the existence of an
optimal solution of the problem that we will construct:

Theorem 32 (Lagrange Duality). Let φ be a real-valued convex functional defined on a
convex subset Ω of a vector space X , and let G be a convex mapping of X into a normed



Chapter 5: The Distributionally Robust TSP ... 81

space Z. Suppose there exists an x1 such that G(x1) < θ, where θ is the zero element, and
that inf{φ(x ) : x ∈ Ω, G(x ) ≤ θ} is finite. Then

inf
x∈Ω,G(x )≤θ

φ(x ) = max
z∗≥θ

inf
x∈Ω

φ(x ) + 〈G(x ), z∗〉

and the maximum on the right is achieved by some z∗0 ∈ Z∗ such that z∗0 ≥ θ, where Z∗

denotes the dual space of Z and 〈·, ·〉 denotes the evaluation of a linear functional, i.e.
z∗(G(x )). If the infimum on the left is achieved by some x0 ∈ Ω, then 〈G(x0), z∗0〉 = 0, and
x0 minimizes φ(x ) + 〈G(x ), z∗0〉 over all x ∈ Ω.

Finally, the Wasserstein distance between a discrete distribution consisting of points
{x1, . . . , xn} with uniform probabilities 1/n and a continuous probability density function
f defined on a compact planar region R can be obtained by solving the following infinite-
dimensional optimization problem:

minimize
I1(·),...,In(·)

n∑
i=1

¨
R
‖x− xi‖f(x)Ii(x) dA s.t.

¨
R
f(x)Ii(x) dA = 1/n ∀i

n∑
i=1

Ii(x) = 1 ∀x ∈ R

Ii(x) ≥ 0 ∀i, ∀x ∈ R ;

here the value Ii(x) simply describes the amount of the distribution at point x ∈ S that
should be moved to point xi. The lemma below summarizes some basic results on the
Wasserstein distance between a probability density and an empirical distribution:

Lemma 33. Let f denote a probability density function on a compact planar region R and
let f̂ denote an atomic distribution consisting of distinct points x1, . . . , xn ∈ R each having
probability mass 1/n. Then the following statements are true:

1. The Wasserstein distance D(f, f̂) is the optimal objective value to the concave maxi-
mization problem

maximize
λ∈Rn

¨
R
f(x) min

i
{‖x− xi‖ − λi} dA s.t. (5.2)

eTλ = 0 ,

where e ∈ Rn denotes a vector whose entries are all 1’s.
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2. For any λ, a valid supergradient [176] for the objective function of (5.2) is the vector
g ∈ Rn defined by setting

gi = −
¨
Ri

f(x) dA ,

where each Ri is a connected piecewise hyperbolic region characterized by

Ri = {x ∈ R : ‖x− xi‖ − λi ≤ ‖x− xj‖ − λj ∀j 6= i} ;

that is, for any other λ′, we have
¨
R
f(x) min

i
{‖x− xi‖ − λ

′
i} dA ≤

¨
R
f(x) min

i
{‖x− xi‖ − λi} dA+ gT (λ′ − λ) .

3. If λ∗ is a maximizer of (5.2), then an optimal Wasserstein mapping between f and f̂
is obtained by defining

R∗i =
{
x ∈ R : ‖x− xi‖ − λ∗i ≤ ‖x− xj‖ − λ∗j ∀j 6= i

}
for each i and transporting all of the mass of each R∗i to its associated point xi.

4. If f(x) > 0 for all x ∈ R, then there exists a unique maximizer λ∗.

Proof. Statement 1 is a well-known special case of the Kantorovich duality theorem; see for
example Theorem 1.3 of [175] or [45, 2, 177] for specific details. In addition, the economic
interpretation of the regions R∗i relative to the dual variables λ∗i can be found in [67]; in a
nutshell, the sub-regions R∗i that characterize the mapping are equivalent to market regions
induced by a mill pricing scheme at each of the points xi. Proofs of statements 2-4 are
routine and can be found in Section A.10 of the Online Supplement.

5.3 Worst-case distributions with Wasserstein distance con-
straints

The input to our problem is a set of distinct demand points x1, . . . , xn in a compact planar
region R, which we assume are sampled from some (unknown) distribution function f . By
rearranging the terms of Theorem 31, we can write

TSP(x1, . . . , xn) = β
√
n

¨
R

√
f(x) dA+ o(

√
n)
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with probability one as n→∞. Since β is a constant and
√
n is (presumably) not related to

the distribution f , we therefore conclude that the “worst” distribution whose induced TSP
workload is as large as possible (subject to whatever other constraints might be present) is
precisely that distribution that maximizes

˜
R
√
f(x) dA.

We now let f̂ denote the empirical distribution on these n points xi. We will search
through all distributions f whose Wasserstein distance to f̂ is sufficiently small, i.e. where
D(f, f̂) ≤ t; here D(·, ·) is the Wasserstein distance from Definition 30 and t is a param-
eter that will be discussed in Section 5.4.2. The problem of finding the worst-case TSP
distribution, subject to the Wasserstein distance constraint, is then written as the infinite-
dimensional convex optimization problem

maximize
f

¨
R

√
f(x) dA s.t. (5.3)

D(f, f̂) ≤ t¨
R
f(x) dA = 1

f(x) ≥ 0 ∀x ∈ R .

This is our problem of interest throughout this chapter. We will embed f in the Banach
space L1(R), hereafter abbreviated simply to L1, which consists of all functions that are
absolutely Lebesgue integrable on R.

5.3.1 Comparison with other approaches

The earlier paper [65] considers a problem closely related to (5.3) in which one has con-
straints on the mean and covariance of f instead of the constraint on D(f, f̂); that problem
is written as

maximize
f

¨
R

√
f(x) dA s.t. (5.4)

¨
R
xf(x) dA = µ

¨
R
xxT f(x) dA � Σ + µµT

¨
R
f(x) dA = 1

f(x) ≥ 0 ∀x ∈ R .

Since it is well-known (e.g. Section 2 of [178]) that the Wasserstein distance between the
empirical distribution f̂ and the true distribution f converges to zero with probability one
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as n → ∞, it is not surprising that our proposed formulation (5.3) is guaranteed to make
better use of sample points as they become available, unlike the problem (5.4) written above:

Theorem 34. Let X = {X1, X2, . . . } be a sequence of random points i.i.d. according to an
absolutely continuous probability density function f̄(·) defined on a compact planar region R.
For any positive integer n, let f̂n denote the empirical distribution on points {X1, . . . , Xn}.
Then with probability one there exists a sequence {t1, t2, . . . }, converging to 0, such that the
optimal objective value of the problem

maximize
f

¨
R

√
f(x) dA s.t. (5.5)

D(f, f̂n) ≤ tn¨
R
f(x) dA = 1

f(x) ≥ 0 ∀x ∈ R

approaches the ground truth (i.e.
˜
R

√
f̄(x) dA) as n→∞.

Proof. See Section A.11 of the Online Supplement.

5.3.2 Structure of the solution to (5.3)

To begin, we apply Lemma 33 to express the distance constraint D(f, f̂) ≤ t in (5.3)
differently, obtaining the equivalent formulation

maximize
f∈L1

¨
R

√
f(x) dA s.t. (5.6)

¨
R
f(x) min

i
{‖x− xi‖ − λi} dA ≤ t ∀λ : eTλ = 0

¨
R
f(x) dA = 1

f(x) ≥ 0 ∀x ∈ R .

This is an infinite-dimensional problem with an infinite-dimensional constraint space and
is therefore best addressed using Theorem 32; before doing so, we find the following result
useful:

Lemma 35. There exists a unique optimal solution f∗ to problem (5.6), and f∗(x) > 0 for
all x ∈ R.

Proof. The fact that the optimal solution is unique (provided one exists) is an immediate
consequence of the fact that the square root function in the integrand of (5.6) is strictly
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concave. To prove existence, let {f j} denote a sequence of feasible inputs to (5.6) whose
objective values converge to a supremum. For each f j , let λj denote a value of λ that
induces the optimal Wasserstein mapping between f j and f̂ as described in Lemma 33, i.e.
that solves problem (5.2). It is easy to verify that the iterates λj lie in the compact set Λ,
defined by

Λ :=
{
λ ∈ Rn : eTλ = 0, λi ≤ diam(R) ∀i

}
,

because any λ lying outside Λ would force some sub-regions to be empty. Therefore, the
sequence {λj} must have a convergent subsequence with a limit λ∗, inducing a partition
R∗1, . . . , R

∗
n as in statement 2 of Lemma 33 that satisfies

˜
R∗i
f(x) dA = 1/n for all i.

Standard arguments then show that the true worst-case distribution f∗ is precisely the
solution to the problem

maximize
f∈L1

¨
R

√
f(x) dA s.t. (5.7)

n∑
i=1

¨
R∗i

‖x− xi‖f(x) dA ≤ t

¨
R∗i

f(x) dA = 1
n
∀i

f(x) ≥ 0 ∀x ∈ R

(this is an immediate consequence of the fact that the optimal objective cost to (5.7) varies
continuously as the vector λ∗, which defines the partition R∗1, . . . , R∗n, is perturbed). This
problem has a finite-dimensional constraint space, and it is routine to apply Theorem 32 to
(5.7) to derive the dual problem

minimize
ν≥0

1
4

n∑
i=1

¨
R∗i

1
ν0‖x− xi‖+ νi

dA+ ν0t+ 1
n

(ν1 + · · ·+ νn) s.t. (5.8)

ν0‖x− xi‖+ νi ≥ 0 ∀x ∈ R∗i ∀i

whereby we conclude that the optimal solution f∗ to (5.7) must take the form

f∗(x) = 1
4(ν∗0‖x− xi‖+ ν∗i )2 (5.9)

on each sub-region R∗i . This satisfies f(x) > 0 for all x ∈ R and completes the proof.

The functional form for the optimal f∗ can in fact be simplified further:
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Theorem 36. The worst-case distribution that solves problem (5.6), and therefore (5.3),
takes the form

f∗(x) = 1
4(ν∗0 mini{‖x− xi‖ − λ∗i }+ ν∗1)2 (5.10)

with ν∗0 , ν∗1 ≥ 0 and eTλ∗ = 0.

Proof. The major difference between the form of f∗ as written above and the form described
in (5.9) is the fact that the expression in (5.9) is not guaranteed to vary continuously as we
move from one region R∗i to another; the expression (5.10) is continuous by inspection. We
first note that the constraint

¨
R
f(x) min

i
{‖x− xi‖ − λi} dA ≤ t ∀λ : eTλ = 0

can be restricted to merely the compact set

Λ :=
{
λ ∈ Rn : eTλ = 0, λi ≤ diam(R) ∀i

}
because, if λi > diam(R) for some i, then ‖x− xi‖ − λi < 0 for all x and the constraint is
obviously satisfied. We will apply Theorem 32 where X = L1, Ω is the subset of the non-
negative orthant in L1 that integrates to 1, and Z consists of all continuous functions on Λ,
i.e. Z = C (Λ) (note that Z satisfies the interior point requirement of Theorem 32 because
inequalities are simply taken elementwise in Λ). We define φ(x ) : X → R and G(x ) : X → Z

as the maps sending
f 7→

¨
R

√
f(x) dA

and
f 7→

¨
R
f(x) min

i
{‖x− xi‖ − λi} dA− t

respectively, where the right-hand side of the second expression is regarded as a continuous
function of λ. The dual space Z∗ consists of all regular signed Borel measures on Λ (this is
the Riesz representation theorem; see e.g. [179]). However, Lemma 35 shows that f∗(x) > 0
on R, and therefore the optimal λ∗ that solves problem (5.2) is unique by statement 4 of
Lemma 33. This implies that G(x ) =

˜
R f(x) mini{‖x − xi‖ − λi} dA − t < 0 whenever

λ 6= λ∗, and therefore, since 〈G(x ), z∗〉 = 0 at optimality, it must be the case that z∗ is
zero everywhere except for (possibly at) λ∗. Thus, we conclude that z∗ is an evaluation
functional at λ∗ (multiplied by a scalar), so that

〈G(x ), z∗〉 = q∗
(¨

R
f(x) min

i
{‖x− xi‖ − λ∗i } dA− t

)
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for all feasible f , where q∗ ≥ 0 is some scalar. Theorem 32 then says that f∗ must also be
the solution to the problem

maximize
f∈L1

¨
R

√
f(x) dA+ q∗

(¨
R
f(x) min

i
{‖x− xi‖ − λ∗i } dA− t

)
s.t.

¨
R
f(x) dA = 1

f(x) ≥ 0 ∀x ∈ R

or equivalently, the problem

maximize
f∈L1

¨
R

√
f(x) dA s.t.

¨
R
f(x) min

i
{‖x− xi‖ − λ∗i } dA ≤ t

¨
R
f(x) dA = 1

f(x) ≥ 0 ∀x ∈ R .

It is routine to verify that the constraint
˜
R f(x) dA = 1 can be replaced with an inequality

(in a nutshell, this is because we are allowed to make f(x) as large as we like when ‖x −
xi‖ − λ∗i ≤ 0 for some index i). Thus, we can apply Theorem 32 again to the problem

maximize
f∈L1

¨
R

√
f(x) dA s.t.

¨
R
f(x) min

i
{‖x− xi‖ − λ∗i } dA ≤ t

¨
R
f(x) dA ≤ 1

f(x) ≥ 0 ∀x ∈ R

to derive the 2-dimensional dual problem

minimize
ν0,ν1

¨
R

1
4(ν0 mini{‖x− xi‖ − λ∗i }+ ν1) dA+ ν0t+ ν1 s.t. (5.11)

ν0 min
i
{‖x− xi‖ − λ∗i }+ ν1 ≥ 0 ∀x ∈ R

ν0, ν1 ≥ 0 ;

the optimality conditions of (5.11) describe precisely the desired form of f∗, which completes
the proof.
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Remark 37. Many problems in distributionally robust optimization have objective func-
tions and constraints that are linear in terms of the unknown distribution f (for example,
the expectation operator). For such problems, Carathéodory-type theorems imply that the
worst-case distribution will consist of a finite number of points, even when one uses ambigu-
ity sets defined by the Wasserstein distance; see for example [167]. As a consequence of this
fact, it is sometimes the case that one can determine the worst-case distribution using only
one iteration of a finite-dimensional optimization problem; this turns out to hold (for the
Wasserstein metric) in [169, 168], for example. Because of the non-linearity in the objective,
our worst-case distribution f∗ is smooth and requires an iterative method to solve, which
we will describe in Section 5.4.

5.3.3 Variations and extensions

Uneven data weights: By definition, the empirical distribution f̂ of the points x1, . . . , xn

consists of a collection of n atomic masses at each point, each having mass of 1/n. It
is easy to envision scenarios in which one desires uneven weights: for example, one
might use an exponential weighting scheme to emphasize more recent measurements,
or one might use different weights to distinguish between activity on weekends versus
weekdays (or other seasonal effects). If we require that point xi have a mass qi associ-
ated with it, then we can find the worst-case distribution f∗ by solving problem (5.6),
with the one change that we replace the restriction that eTλ = 0 with a restriction
that qTλ = 0 instead; the form of f∗ is otherwise unchanged.

Capacitated vehicles: Our approach can also be adapted to solve problems when vehicles
have capacities and originate from a central depot located at the origin. To do so,
suppose that each vehicle can visit c destinations before returning to the depot. The
following theorem from [118] provides useful upper and lower bounds for the cost of
a capacitated vehicle routing tour:

Theorem 38. Let X = {x1, . . . , xn} be a set of demand points in the plane serviced
by a fleet of vehicles with capacity c that originate from a single depot located at the
origin. The length of the optimal set of capacitated VRP tours of X, written VRP(X),
satisfies

max
{

2
c

n∑
i=1
‖xi‖,TSP(X)

}
≤ VRP(X) ≤ 2

⌈ |X|
c

⌉
·
∑n
i=1 ‖xi‖
|X|

+ (1− 1/c) TSP(X) .

(5.12)

The probabilistic version of this, as derived in Section B.1 of the online supplement,
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uses the BHH Theorem (Theorem 31 of this chapter) to characterize the length of the
TSP term:

√
n ·max

{2
s

¨
R
‖x‖f(x) dA, β

¨
R

√
fc(x) dA

}
> VRP(X) >

√
n ·
(2
s

¨
R
‖x‖f(x) dA+ β

¨
R

√
fc(x) dA

)
,

(5.13)
where we set s = c/

√
n and we have adopted the notation “>” to denote an “approx-

imate” inequality, both of which are also explained in Section B.1. It is immediately
obvious that the upper and lower bounds are within a factor of 2 of one another. Ap-
plying the same analysis as in Section 5.3, the worst-case distribution that maximizes
the right-hand side of (5.13) subject to a Wasserstein distance constraint takes the
form

f∗(x) = 1
4(ν∗0 mini{‖x− xi‖ − λ∗i }+ ν∗1 − 2

s‖x‖)2 ;

its level sets, i.e. those curves for which ν∗0(‖x − xi‖ − λ∗i ) + ν∗1 − 2
s‖x‖ is constant,

consist of piecewise components of so-called Cartesian ovals [180].

Higher dimensions: The BHH Theorem (Theorem 31) is also applicable in higher di-
mensions; the general form says that, when the service region R belongs to Rd, we
have

lim
N→∞

TSP(X)
N (d−1)/d = βd

˚
R
fc(x)(d−1)/d dV ,

for dimension-dependent constants βd. Applying the same analysis as in Section 5.3,
the worst-case distribution that maximizes the right-hand side of the above, subject
to a Wasserstein distance constraint, takes the form

f∗(x) = (d− 1)d−1

dd
· 1

(ν∗0 mini{‖x− xi‖ − λ∗i }+ ν∗1)d .

The gravity model One of the salient attributes of the worst-case distribution f∗ as
established in Theorem 36 is that the presence of the square root in the objective of
(5.3) establishes an inverse proportionality between the optimal solution f∗(x) and
the square of the distance to one of the data points xi (with some additional additive
and multiplicative weights from the dual variables ν∗ and λ∗). This same inverse
proportionality is shared by the classical geographic gravity model [140, 141, 142],
which is “the most common formulation of the spatial interaction method” [141] and
has historically been used to model a wide variety of demographic phenomena such as
population migration [143], spatial utility for retail stores [144], and trip distributions
between cities [145]. This would appear to lend credibility to our solution f∗, inasmuch
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as it takes a form that closely matches that of distributions for related problems.

5.4 Solving (5.3) efficiently

The preceding section established that the worst-case distribution that solves (5.3) can be
expressed in terms of optimal vectors λ∗ ∈ Rn and ν∗ ∈ R2. This section describes a simple
method for calculating λ∗ and ν∗ efficiently by way of an analytic center cutting plane
method [181]. Recall that our problem of interest, as written in (5.6), is

maximize
f∈L1

¨
R

√
f(x) dA s.t.

¨
R
f(x) min

i
{‖x− xi‖ − λi} dA ≤ t ∀λ : eTλ = 0

¨
R
f(x) dA = 1

f(x) ≥ 0 ∀x ∈ R ;

thus, it is certainly true that if we fix any specific value λ̄ such that eT λ̄ = 0, then the
following problem is a relaxation of (5.6) and hence has an objective value that is at least
as large as that of (5.6):

maximize
f∈L1

¨
R

√
f(x) dA s.t.

¨
R
f(x) min

i
{‖x− xi‖ − λ̄i} dA ≤ t

¨
R
f(x) dA = 1

f(x) ≥ 0 ∀x ∈ R .

It is natural to consider the problem of selecting the particular value of λ̄ that makes the
above relaxation as tight as possible. In fact, our proof of Theorem 36 says that there exists
a particular value of λ̄, namely λ∗, such that the above relaxation is actually tight; in other
words, the optimal distribution f∗ is the solution to the problem

maximize
f∈L1

¨
R

√
f(x) dA s.t.

¨
R
f(x) min

i
{‖x− xi‖ − λ∗i } dA ≤ t

¨
R
f(x) dA = 1

f(x) ≥ 0 ∀x ∈ R
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for an appropriately chosen vector λ∗. Thus, the problem of finding λ∗ actually reduces to
the optimization problem

minimize
λ∈Rn

max
f∈Ω(λ)

¨
R

√
f(x) dA s.t. (5.14)

eTλ = 0

λi ≤ diam(R) ∀i

where Ω(λ) is the subset of L1 consisting of all functions f such that
¨
R
f(x) min

i
{‖x− xi‖ − λi} dA ≤ t

¨
R
f(x) dA = 1

f(x) ≥ 0 ∀x ∈ R .

Of course, the inner problem of maximizing f given λ is easily solved because the gradient
vector for the dual problem

minimize
ν0,ν1

¨
R

1
4(ν0 mini{‖x− xi‖ − λi}+ ν1) dA+ ν0t+ ν1 s.t. (5.15)

ν0 min
i
{‖x− xi‖ − λi}+ ν1 ≥ 0 ∀x ∈ R

ν0, ν1 ≥ 0 ,

as derived in the proof of Theorem 36, can be computed explicitly. Thus, we simply require
a better understanding of problem (5.14):

Lemma 39. The (outer) objective function of problem (5.14) is quasiconvex, i.e. its sub-
level sets are convex.

Proof. For notational compactness, let G(λ) denote the objective function of (5.14). Recall
[182] that G(λ) is quasiconvex if and only if, for any λ1,λ2 and any θ ∈ [0, 1], we have

G(θλ1 + (1− θ)λ2) ≤ max{G(λ1), G(λ2)} .

Let λ̄ = θλ1 + (1 − θ)λ2 and let f̄ denote the distribution that maximizes
˜
R
√
f(x) dA

over all f ∈ Ω(λ̄); it will suffice to prove that either f̄ ∈ Ω(λ1) or f̄ ∈ Ω(λ2). By definition,
we have ¨

R
f̄(x) min

i
{‖x− xi‖ − λ̄i} dA ≤ t ,

and the left-hand side of the above inequality is a concave function in λ̄ (if we fix the
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function f̄). Thus, if we let S denote the line segment joining λ1 and λ2 (which, of course,
contains λ̄), we see that the problem

minimize
λ∈S

¨
R
f̄(x) min

i
{‖x− xi‖ − λi} dA

must realize its minimizer on the boundary of S (since we are minimizing a concave func-
tion), i.e. the point λ1 or λ2. Therefore, it must be the case that

˜
R f̄(x) mini{‖x− xi‖ −

λ1
i } dA ≤ t or

˜
R f̄(x) mini{‖x− xi‖ − λ2

i } dA ≤ t, which completes the proof.

The following theorem describes a cutting plane oracle for the outer problem (5.14):

Theorem 40. Let λ̄ satisfy eT λ̄ = 0 and let f̄ be the solution to the inner problem of
(5.14) (i.e. f̄ maximizes

˜
R
√
f(x) dA over all f ∈ Ω(λ̄)). Then the vector ḡ ∈ Rn defined

by setting
ḡi = −

¨
R̄i

f̄(x) dA

for all i, where R̄i is defined as

R̄i =
{
x ∈ R : ‖x− xi‖ − λ̄i ≤ ‖x− xj‖ − λ̄j ∀j 6= i

}
,

defines a valid cutting plane for problem (5.14); that is, if ḡT (λ′ − λ̄) ≤ 0 for some λ′

satisfying eTλ′ = 0, and f ′ is the solution to the inner problem of (5.14) associated with
λ
′, then max

f∈Ω(λ′ )
˜
R
√
f(x) dA ≥ maxf∈Ω(λ̄)

˜
R
√
f(x) dA.

Proof. Statement 2 of Lemma 33 says that, for any other λ′ , the assumption that ḡT (λ′ −
λ̄) ≤ 0 yields

¨
R
f̄(x) min

i
{‖x− xi‖ − λ

′
i} dA ≤

¨
R
f̄(x) min

i
{‖x− xi‖ − λ̄i} dA+ ḡT (λ′ − λ̄) ≤

¨
R
f̄(x) min

i
{‖x− xi‖ − λ̄i} dA ≤ t

which implies that f̄ ∈ Ω(λ′) and therefore that

max
f∈Ω(λ′ )

¨
R

√
f(x) dA ≥ max

f∈Ω(λ̄)

¨
R

√
f(x) dA

as desired.

We now have a fast method for generating cutting planes associated with problem (5.14)
and thereby recovering the distribution f∗ that solves problem (5.3); see Algorithm 7 for a
formal description.
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Input: A compact, planar region R containing a set of distinct points x1, . . . , xn which are
interpreted as an empirical distribution f̂ , a distance parameter t, and a tolerance ε.

Output: An ε-approximation of the distribution f∗ that maximizes
˜
R

√
f(x) dA subject to the

constraint that D(f, f̂) ≤ t.
/* This is a standard analytic center cutting plane method applied to problem (5.14),

which has an n-dimensional variable space. */

Set UB =∞ and LB = −∞;
Set Λ = {λ ∈ Rn : eTλ = 0, λi ≤ diam(R) ∀i};
while UB− LB > ε do

Let λ̄ be the analytic center of Λ;
/* Build an upper bounding f̄ for the original problem (5.3). */

Let ν̄0, ν̄1 be the solution to problem (5.15) with λ̄ as an input;
Let f̄(x) = 1

4 (ν̄0 mini{‖x− xi‖ − λ̄i}+ ν̄1)−2;
Let UB =

˜
R

√
f̄(x) dA;

/* Build a lower bounding f̃ that is feasible for (5.3) by construction. */

Let R̄i = {x ∈ R : ‖x− xi‖ − λ̄i ≤ ‖x− xj‖ − λ̄j ∀j 6= i} for i = {1, . . . , n};
Let ν̃ ∈ Rn+1 be the solution to problem (5.8) with inputs R̄1, . . . , R̄n;
Let f̃ be defined by setting f̃(x) = 1

4 (ν̃0‖x− xi‖+ ν̃i)−2 on each R̄i;
Let LB =

˜
R

√
f̃(x) dA;

Let gi = −
˜
R̄i
f̄(x) dA for i = {1, . . . , n};

Let H = {λ ∈ Rn : gTλ ≥ gT λ̄} and set Λ = Λ ∩H;
end
return f̃ ;

Algorithm 7: Algorithm WorstTSPDensity takes as input a compact planar region
containing a set of n distinct points, a distance threshold t, and a tolerance ε.
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5.4.1 Districting Service Region

When one has multiple vehicles available to perform service, a natural strategy for allocating
them – especially in the presence of uncertainty – is to use a districting strategy in which
we divide the region R into sub-regions, then associate each vehicle with one of these
sub-regions [43, 154, 54, 152]. In the context of this chapter, the most natural procedure
would be to partition R into districts D1, . . . , Dm and calculate the worst-case workloads
associated with each district Dj by solving the problem

maximize
f∈L1

¨
Dj

√
f(x) dA s.t. (5.16)

¨
R
f(x) min

i
{‖x− xi‖ − λi} dA ≤ t ∀λ : eTλ = 0

¨
R
f(x) dA = 1

f(x) ≥ 0 ∀x ∈ R .

for each sub-region Dj (this is identical to (5.6) except for the domain of integration in the
objective). The worst-case distribution associated with each district Dj is characterized as
follows:

Theorem 41. The worst-case distribution that solves problem (5.16) takes the form

f∗(x) =
[

1
4(ν∗0 mini{‖x− xi‖ − λ∗i }+ ν∗1)2

]
1(x ∈ Dj) +

n∑
i=1

p∗i δ(x− xi)

with ν∗0 , ν∗1 ≥ 0, eTλ∗ = 0, and 0 ≤ p∗i ≤ 1. Moreover, we have p∗i = 0 whenever xi ∈ Dj.

Proof. This is almost identical to the proof of Theorem 36 and we omit it here for brevity.
The intuition behind the Dirac delta components is not difficult: if any mass of f∗ is
located outside district Dj , then it does not contribute to the objective and therefore should
contribute as little as possible towards the Wasserstein distance constraint. See Figure 5.3
for an example of such a distribution.

In Section 5.5.2, we will apply the preceding result to a computational experiment in
which we seek to divide a service region into districts in such a way as to minimize the
maximum workload over any district.
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(a) (b)

Figure 5.3: Two views of an example of f∗(x) as described in Theorem 41, where there are
n = 10 points and the sub-region Dj is the lower quarter of the unit square. At left, the
shading represents f∗ and the dashed lines indicate the optimal Wasserstein map between
f∗ and f̂ ; the Dirac delta functions are indicated by the thick black circles in both images.

5.4.2 Selecting the distance parameter t

From the preceding discussion, it is clear that the parameter t in the Wasserstein distance
constraint D(f, f̂) ≤ t from our original problem (5.3) has a significant impact on the
problem solution. Of course, in practice, we do not have any way of a priori calculating
an exact value of t. However, in order to estimate t in a data-driven fashion, the following
result is helpful:

Theorem 42. Let f̂1 and f̂2 denote empirical distributions associated with two sets of
samples of n points from a distribution f . Then

1
2ED(f̂1, f̂2) ≤ ED(f, f̂1) ≤ ED(f̂1, f̂2) .

Proof. This is due to [178], and follows from Jensen’s inequality and the triangle inequality.

The above result is useful because the distance between the two empirical distributions
D(f̂1, f̂2) is simply the cost of a minimum-weight bipartite matching between the elements of
f̂1 and f̂2, multiplied by a factor of 1/n. Thus, one simple, “back-of-the-envelope” procedure
to select the distance parameter t would be to sample two sets of n points each, let c be
equal to the cost of the minimum-weight bipartite matching between them, and set t = αc

with α ∈ [1/2, 1].
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If we desire rigorous probabilistic bounds on t, more sophisticated machinery is re-
quired. Theorem 6.15 of [183] gives a useful bound on the Wasserstein distance between
two probability density functions f1 and f2 by

D(f1, f2) ≤
¨
R
‖x0 − x‖ · |f1(x)− f2(x)| dA

for any x0 ∈ R. Theorem 1(i) of [184] relates the right-hand side of the above to the relative
entropy H(f1|f2) between f1 and f2 by the expression
¨
R
‖x0−x‖·|f1(x)−f2(x)| dA ≤

(3
2 + log

¨
R
e2‖x−x0‖f2(x) dA

)(√
H(f1|f2) + 1

2H(f1|f2)
)
,

where we define
H(f1|f2) =

¨
R
f1(x) log f1(x)

f2(x) dA .

Let r = minx0∈Rmaxx∈R ‖x−x0‖ denote the “radius” ofR, whence log
˜
R e

2‖x−x0‖f2(x) dA ≤
log e2r = 2r. Thus, if D(f1, f2) ≥ t, we have

t ≤ D(f1, f2) ≤
¨
R
‖x0 − x‖ · |f1(x)− f2(x)| dA

≤
(3

2 + 2r
)(√

H(f1|f2) + 1
2H(f1|f2)

)
=⇒ H(f1|f2) ≥ 8r − 2

√
16r2 + 16rt+ 24r + 12t+ 9 + 4t+ 6

3 + 4r . (5.17)

Next, the paper [185] shows that, for any distribution f with empirical distribution f̂ , we
have

lim sup
n→∞

1
n

log Pr(D(f, f̂) ≥ t) ≤ −α(t) ,

where the function α(t) is defined as

α(t) = inf
g:D(f,g)≥t

H(f |g) .

the result (5.17) establishes that α(t) ≥ (8r− 2
√

16r2 + 16rt+ 24r + 12t+ 9 + 4t+ 6)/(3 +
4r), and therefore we find that

lim sup
n→∞

1
n

log Pr(D(f, f̂) ≥ t) ≤ −8r − 2
√

16r2 + 16rt+ 24r + 12t+ 9 + 4t+ 6
3 + 4r

=⇒ Pr(D(f, f̂) ≥ t) > exp
(
−n8r − 2

√
16r2 + 16rt+ 24r + 12t+ 9 + 4t+ 6

3 + 4r

)
,

(5.18)
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Figure 5.4: Threshold values of t for significance levels between 0 and 1, where n = 100
points are sampled in the unit square. For example, at 1− β = 0.9, we have t = 0.102; this
means that, if 100 samples are drawn from any distribution f in the unit square, then there
is at least a 90% probability that D(f, f̂) ≤ 0.102.

where the notation “>” reflects the approximate inequality that results from dropping the
“lim sup” term. Thus, given a desired significance level 1− β, we can construct a threshold
distance t by equating the right-hand side of (5.18) to 1 − β and solving for t. Figure 5.4
shows a plot of these threshold values of t as a function of β, for n = 100 samples in the
unit square.

5.5 Computational experiments

In this section, we apply our theoretical results to two computational experiments: the first
experiment shows the impact of increasing the number of samples n, and the second is a
districting strategy in which we divide a map of Los Angeles County into pieces so as to to
minimize the worst-case workload of any vehicle.

5.5.1 Varying values of n

In our first experiment, we let R be the unit square, and as a ground truth distribution
f̄ we use an even mixture of two truncated Gaussian distributions with means µ1, µ2 =
(0.400, 0.187), (0.795, 0.490) and covariance matrices Σ1 = Σ2 = ( 0.070 0

0 0.070 ). This mixture
was chosen because it satisfies

˜
R

√
f̄(x) dA = 0.55 and therefore represents a compromise

between extreme clustering (which would have
˜
R

√
f̄(x) dA close to zero) and a perfect

uniform distribution (which would have
˜
R

√
f̄(x) dA equal to one). For n ∈ {2, . . . , 100},
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Figure 5.5: Figure 5.5a shows the worst-case costs that are computed during the 99 × 10
executions of our algorithm; the gray plots indicate the results obtained from individual
samples and the thick line indicates the sample averages of the 10 trials for fixed n. Figure
5.5b shows the same data set, only we plot the worst-case costs as a function of the Wasser-
stein distance threshold t rather than a function of n; the gray points indicate individual
experiments and the dark points again indicate the sample averages of the 10 trials for fixed
n. For purposes of comparison, Figure 5.5c shows the estimates of

˜
R

√
f̄(x) dA obtained

when one uses a uniform kernel density estimator; that is, if we draw n samples x1, . . . , xn
from f̄ , then we define an estimator f̃ by setting f̃(x) = 1

C

∑
i 1(‖x − xi‖ ≤ r), where r

is a “bandwidth” parameter and C is a normalization constant. As in the preceding two
figures, the gray plots indicate the results from individual samples, the thick lines indicate
sample averages of 10 trials for fixed n, and the dashed line indicates the true value of˜
R

√
f̄(x) dA; furthermore, as indicated, we used 5 different values of r between 0.03 and

0.3; note that the estimate
˜
R

√
f̃(x) dA is highly sensitive to the choice of r.

we performed 10 independent experiments where we drew n samples from f̄ and then ob-
tained the worst-case TSP distribution f∗ by solving problem (5.3) via Algorithm 7 (hence,
99×10 experiments in total). For each experiment, we defined our distance constraint using
Theorem 42 by setting t to be the cost of a minimum-weight bipartite matching between two
independent collections of samples of size n from f̄ (multiplied by a factor of 1/n). Figure
5.5a shows a plot of the worst-case TSP costs

˜
R
√
f∗(x) dA as n varies, and Figure 5.5b

shows the same data, only using the Wasserstein distance threshold t as the independent
variable. Not surprisingly, it is clear that the worst-case cost decreases as n increases and
as t decreases. Figure 5.5b suggests that the worst-case cost, measured as a function of t,
decreases in a concave fashion as t→ 0. For purposes of comparison, Figure 5.5c shows the
estimates of

˜
R

√
f̄(x) dA obtained when one uses a uniform kernel density estimator.
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Figure 5.6: Locations of 1704 crime reports filed in Los Angeles County during the first
week of July, obtained from the website [3].

5.5.2 A districting experiment with road network data

In this section, we describe an experiment in which we divide a service region R into 4
pieces so as to allocate the workloads of a fleet of vehicles. This experiment is much more
elaborate than that of the preceding section because we compute our TSP tours using data
from an actual road network, rather than simply make an assumption that distances are
Euclidean. Specifically, our service region R is a map of Los Angeles County, and distances
between points are measured according to the driving distance, as obtained via the Google
Distance Matrix API [6]. Our sampled points x1, . . . , xn are the locations of crime reports
filed in the first week of July, which were extracted from the “Detailed Report” tool at the
CrimeMapping.com website developed by the Omega Group [3], and are shown in Figure 5.6.
The purpose of this experiment is two-fold: first, we must demonstrate that the proposed
continuous approximation techniques are actually useful for solving practical problems, and
second, we must then show that our proposed methodology is superior to that of existing
approaches.

Validation of continuous approximation methods

In order to apply our results to solve a practical problem, it is necessary to first confirm that
the continuous approximation method remains valid and useful even when point-to-point
distances are not Euclidean. As an initial sanity check, we first sample between n = 2 and
n = 500 points uniformly at random within the map R of Los Angeles County, and solve the
TSP for these points where distances are given by the driving distance as obtained from the
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Figure 5.7: The lengths of the TSP tours of n points sampled in Los Angeles County,
where point-to-point distances are induced by a road network. In all three diagrams, the
upper plot corresponds to uniformly distributed points and the lower plot corresponds
to points that are sampled from the CrimeMapping.com website [3]. For each value of
n ∈ {1, . . . , 500} and for each of the two sampling strategies (uniform or non-uniform), we
perform 10 independent experiments in which n points are sampled and their TSP tour is
calculated using Concorde [4]. Figure 5.7a shows the tour lengths (the thin lines) together
with the best fit of these tour lengths to a curve of the form C

√
n, where we have C ≈ 159

for uniformly sampled points and C ≈ 64 for non-uniformly distributed points. Figure 5.7b
shows a close-up of this plot for n ∈ {1, . . . , 21}, where we can see that the fitted curve
underestimates the true tour lengths when n is small. A better fit for these small values of
n, as shown in Figure 5.7c, is to set C ≈ 185 for uniformly sampled points and C ≈ 77 for
non-uniformly distributed points (as an aside, for small values of n, it is clearly common
sense to fit a curve of the form C

√
n− 1, since the TSP tour of a single point has length 0).

This establishes that, provided one has an approximate estimate of the number of points
n, the square root approximation is indeed a reasonable one.

Google Distance Matrix API [6]. We also sample between n = 2 and n = 500 points from
the non-uniform distribution consisting of the locations of crime reports obtained from [3],
as shown in Figure 5.6. The lengths of these tours, computed via the Concorde TSP solver
[4], are shown in Figure 5.7, and are consistent with the findings of Table 16.7 of [133] for the
Euclidean TSP in the unit square: specifically, we see that the square-root approximation
tends to slightly underestimate the tour length for small values of n. For example, [133]
says that a TSP tour of n ≈ 100 points in the unit square (with Euclidean distances) is
approximately 0.78

√
n, whereas a TSP tour of n ≈ 1000 points is approximately 0.73

√
n.

Figure 5.7 suggests that, provided one has some vague estimate of the number of destination
points n, the square root approximation is indeed a valid one, even when distances are not
Euclidean and the spatial distribution is not uniform.

We have thus far established that the length of a TSP tour of n points in R scales
proportionally to

√
n. However, it is necessary to take into account the heterogeneity of
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the road network as well: for example, point-to-point distances in the middle of downtown
Los Angeles are likely to be close to the `1 metric because the streets form a regular grid,
whereas point-to-point distances elsewhere will likely be longer due to sparser road coverage.
In order to take this factor into account, we should first note that Theorem 31 actually holds
under much more general conditions than the Euclidean TSP, and remains valid when one
considers the TSP under many “natural” norms or even other combinatorial structures such
as the minimum spanning tree or Steiner tree (more precisely, Theorem 31 holds whenever
the underlying structure is a subadditive Euclidean functional; see [83, 82] for an extensive
study thereof). Obviously, the coefficient β depends on the choice of structure. The following
example is useful in designing an appropriate framework to handle this disparateness:

Example 43 (Varying metrics in a region). Consider a set of n points sampled according
to a distribution f in the unit square, with distances d(x1, x2) between pairs of points
x1 = (x1

1, x
2
1) and x2 = (x1

2, x
2
2) defined as follows:

• If x1 and x2 are in the lower left quadrant, then d(x1, x2) is the Euclidean distance
between x1 and x2.

• If x1 and x2 are in the lower right quadrant, then d(x1, x2) is the `1 distance between
x1 and x2.

• If x1 and x2 are in the upper left quadrant, then d(x1, x2) is the `∞ distance between
x1 and x2.

• If x1 and x2 are in the upper right quadrant, then d(x1, x2) =
√

(x1 − x2)TA(x1 − x2),
where A is a symmetric positive definite matrix.

• If x1 and x2 are in different quadrants, then d(x1, x2) is determined by a tie-breaking
rule of some sort (the details of which are not relevant).

The TSP tour of a set of points under these assumptions is shown in Figure 5.8. If we let
Q1, . . . , Q4 denote the four quadrants of the square, then it is routine to verify that we in
fact have

lim
N→∞

TSP(X1, . . . , XN )√
N

=
4∑
i=1

βi

¨
Qi

√
fc(x) dA

where each βi is associated with the metric on quadrant Qi (e.g. β1 is the Euclidean TSP
coefficient); one can verify this by proceeding through the proof of the BHH theorem in (for
example) Chapter 2.4 of [82].
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Figure 5.8: The TSP tour of a collection of points uniformly sampled in the unit square,
with varying metrics depending on quadrants. The dashed lines in the paths in the upper
left quadrant correspond to the smaller of the two directions (horizontal or vertical) between
points, which is relevant because the `∞ distance is used.

Example 43 suggests a general approach that is useful when the service region R has a
heterogeneous road network: if we decompose R into a collection of “patches” Q1, . . . , QK ,
then we adopt the approximation

TSP(X1, . . . , Xn) ≈
√
n ·

K∑
i=1

βi

¨
Qi

√
fc(x) dA .

One can estimate the values βi as follows: if we sample a set of k points uniformly in Qi and
compute the length of their TSP tour `i (using road network distances), we would expect
to see that `i ≈ βi

√
Area(Qi) · k; this is simply the uniform case of the BHH theorem

applied to points constrained to lie in Qi. Thus, a sensible estimate of βi is given by
setting βi = `i/

√
Area(Qi) · k. We discretized the region R into a collection of patches

Qi of size 2 km × 2 km, and estimated each coefficient βi using k = 10 samples (a larger
number would be preferable, but the Google Maps API [6] imposes a limit of at most
100, 000 queries per day); Figure 5.9 shows the resulting values. We found a total of
K = 2564 patches in which road coverage was adequate for distances to be estimated,
whence Area(R) = (2 km× 2 km) ·K = 10256 km2.

In order to validate these estimates βi, we revisit the earlier experiment in which we
sampled up to 500 points in R, where we found (as suggested in Figure 5.7a) that the length
of the TSP tour of n points sampled uniformly in R is approximately 159

√
n kilometers.

It follows that, for uniformly distributed points Xi in R, the fact that f(x) = 1/Area(R)
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Figure 5.9: The shading in Figure 5.9a indicates the values of βi associated with each of
the square patches (lighter patches correspond to higher values of βi). Figure 5.9b is a
histogram of these same values; note that a handful of these values are actually lower than
the current estimate [5] of the Euclidean TSP coefficient β ≈ 0.7124; this appears to be a
combination of statistical noise and an artifact of the Google Maps API [6] that was used
to compute driving distances; for example, two locations belonging to the same venue (e.g.,
two stores on opposite ends of a large shopping mall) report a driving distance of 0.

implies that

159
√
n ≈ TSP(X1, . . . , Xn) ≈

√
n ·

K∑
i=1

βi

¨
Qi

√
fc(x) dA

=
√
n ·

K∑
i=1

βi · (4 km2) ·
√

1/Area(R) dA

=
√
n · 0.0395

K∑
i=1

βi ,

and so we expect to find that 0.0395∑K
i=1 βi should sum to approximately 159. Indeed, we

find that 0.0395∑K
i=1 βi ≈ 142, so that we introduce a relative error of approximately 10%.

In order to compensate for this error, we re-scale all terms βi 7→ 159
142βi for all i.

Districting criteria

In this section, we apply the theory developed in this chapter to solve a problem in which
we seek to partition R (a map of Los Angeles County) into service districts so as to divide
the workloads of a fleet of vehicles in a balanced way. In order to divide R into districts, we
use a computational geometric structure called a power diagram [147], which has frequently
been applied to districting problems in existing literature on vehicle routing [186, 65, 150,
187, 152]. Given a set of “depot points” p1, . . . , pm in R and any vector w ∈ Rm, the power
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(a) (b) (c)

Figure 5.10: Figure 5.10a is a Voronoi partition, that is, a power diagram with all weights
wi equal (each district consists of those points that are closer to their associated landmark
point than the others). Figures 5.10b and 5.10c present the two power diagrams obtained
by increasing and decreasing the weight associated with the shaded cell.

diagram of R with respect to p1, . . . , pm and w is a partition of R into districts D1, . . . , Dm

defined by
Di =

{
x ∈ R : ‖x− pi‖2 − wi ≤ ‖x− pj‖2 − wj ∀j 6= i

}
. (5.19)

An example of a power diagram is shown in Figure 5.10. It is straightforward to verify that
the pieces Di are always convex. In our experiment, we let p1, . . . , pm=4 be the locations
of the 4 major police stations associated with the 4 largest cities in Los Angeles County,
namely Los Angeles, Long Beach, Glendale, and Santa Clarita, which are shown in Figure
5.11. Given these locations pi, our goal is to select a weight vector w that determines an
“optimal” partition D1, . . . , D4 with respect to some cost function that approximates the
workloads in these regions; selected cost functions will be described later in this section.

It would of course be desirable to replace the Euclidean distance terms in (5.19) with
the driving distance (which would result in boundaries between sub-regions that are char-
acterized, in some sense, by the underlying road network). Unfortunately, for practical
reasons, we are prevented from doing this because of the limit of 100, 000 queries per day
of the Google Maps API, which we used to calculate driving distances. When one does not
have such a limit (e.g. when driving distances are computed “in-house”), then obviously,
such a method is indeed feasible. We next describe three objective functions or attributes
associated with the districts Di that we seek to optimize by selecting the weight vector w.

Equal ni: A common-sense criterion in designing districts would be to require that the
number of customers in each district Di, which we denote as ni, be the same. This is
eminently sensible when the spatial distribution of customers is uniform, and has been
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Figure 5.11: Locations of 4 police stations associated with the 4 largest cities in Los Angeles
County.

applied previously to large-scale routing problems in [188, 189], for example. Given a
collection of points x1, . . . , xn in R, it turns out that it is computationally extremely
simple to compute a weight vector w∗ such that each district Di contains the same
number n/m of customers (with the possibility of being off by one if m does not divide
n evenly): the desired weight vector is the Lagrange multiplier vector associated with
the first set of constraints in the assignment problem

minimize
zij

n∑
i=1

m∑
j=1

cijzij s.t.

n∑
i=1

zij = n

m
∀j

m∑
j=1

zij = 1 ∀i

zij ≥ 0 ∀i, j ,

where we set cij = ‖xi − pj‖2. This is solvable as a linear program.

Equal
√
Aini: By far the most popular approximation in designing districts for vehicle

routing problems is the estimation

TSP(Di) ≈ β
√
Aini ,

where Ai = Area(Di), ni is the number of customers in Di as before, and the notation
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TSP(Di) denotes the length of the TSP tour through the ni points in Di. This has
been used previously in [104, 149, 155, 156, 190], for example, and is predicated on
the assumption that the points are uniformly distributed within each district Di (in
other words, the distribution may vary over R, but the distribution is assumed to be
more or less uniform within each of the districts). This is nothing more than the BHH
theorem, applied to a set of points that are uniformly distributed within each district
Di. It is possible to compute a weight vector w∗ such that

√
Aini is equal for all

districts Di using a simple gradient descent scheme similar to that used in [152] (with
the same caveat that an “off by one” error may exist as in the previous example).

Mean-covariance robust partitioning: Section 5 of the paper [65] describes a branch-
and-bound method for partitioning a region R into a power diagram partition in
which the worst-case workloads for all districts Di are equal. Here, the “worst-case
workloads” are defined via robust optimization, specifically the solution to (5.4). In
other words, we construct a power diagram partition against all distributions whose
mean and covariance matrix are equal to the fixed values obtained from the sampled
points x1, . . . , xn.

Wasserstein robust partitioning Problem (5.16) in Section 5.4.1 of this chapter de-
scribes the structure of the worst-case distribution that maximizes the asymptotic
workload in a particular district Di, subject to a Wasserstein distance constraint.
Thus, it is sensible to seek a weight vector w∗ that results in districts D1, . . . , Dm

such that the solution to (5.16) is equal for each district (in other words, the worst-
case workloads are the same for all districts). The branch-and-bound scheme from
Section 5 of [65] is based on a simple set of monotonicity properties and can be applied
to find these districts as well.

Results

In order to demonstrate the practicality of our proposed approach, we compare the dis-
tricts that result from enforcing the four criteria from the preceding section, where the data
points are the locations of crime reports filed in the first week of July as previously shown
in Figure 5.6. We give the first three partitioning criteria (i.e. the non-Wasserstein criteria)
an advantage by building their districts using knowledge of all 1704 sample points (the
mean-covariance partitioning scheme uses exact knowledge of the mean and covariance of
the data points). By comparison, the Wasserstein partitions are computed using a sample
of only 50 points drawn from the full dataset, and with a threshold distance t calculated
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(a) Equal ni (b) Equal
√
Aini

(c) Robust mean-covariance (d) Wasserstein

Figure 5.12: The power diagram districts obtained according to the four partitioning crite-
ria.

according to equation (5.18) with a 90% confidence level. The four sets of districts, together
with the resulting workloads, are shown in Figures 5.12 and 5.13. Not surprisingly, we see
that the non-uniformity of the samples leads to districts whose workloads are substantially
unbalanced. Even more surprising is the fact that the mean-covariance robust partitioning
method is by far the worst of the three; we attribute this to the fact that the crime loca-
tions are distributed in a highly multi-modal, non-uniform fashion, and that the worst-case
distribution with given first and second moments as derived in [65] always has a unimodal
shape (together with a mixture of Dirac delta components).

This experiment establishes that our approach is useful for balancing workloads of ve-
hicles when one has limited sample information and when the underlying distribution is
highly non-uniform. We also conducted another set of experiments in which we sampled
1000 points uniformly in R, as shown in Figure 5.14, and applied the four districting cri-
teria. As Figure 5.15 shows, the four criteria are roughly indistinguishable in this case.
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Figure 5.13: The workloads associated with the four districts and the four partitioning criteria
from Figure 5.12, interpreted as follows: the colors of the various plots correspond to the workloads
in the district of the same color (e.g. the magenta plots correspond to the magenta district, which
belongs to Santa Clarita). The left set of plots corresponds to the workloads that result when we
design districts according to the Wasserstein partitioning criterion: more precisely, for each value of
t in the range shown, we construct a weight vector w∗ such that the worst-case workloads in problem
(5.16) are all equal. Thus, different values of t correspond to different values of w∗, and thereby
different partitions. The left-hand plot shows the true workloads for each of the districts as t varies;
the maximum value of t of 18.3 km is calculated according to equation (5.18) with a 90% confidence
level with n = 50 samples. The three sets of stem plots on the right show the workloads in each
of the four districts that are obtained when one partitions according to the first three criteria of
Section 5.5.2. The Wasserstein partitioning criterion consistently produces districts whose workloads
are more balanced than those of the other three criteria, even though the Wasserstein partitions are
constructed using a small number of samples, whereas the other three methods are actually permitted
to make complete use of all 1704 sample points (the mean-covariance partitioning scheme uses exact
knowledge of the mean and covariance of the data points). Surprisingly, we found that the the
mean-covariance robust partitioning method is by far the worst of the three.

Figure 5.14: 1000 uniformly sampled points in Los Angeles County.
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Figure 5.15: The power diagram districts obtained according to the four partitioning cri-
teria, and the workloads that result therein, for the case where all samples are uniformly
distributed. In this case, all four partitioning criteria perform more or less the same.
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Conclusion

In this research we provided robust solutions for some of the geographic resource allocation
problems and conversely provide new tools for robust optimization using the techniques
of geometric partitioning. We have accomplished to finish four research problems, namely
designing robust networks, approximation algorithms for k-centers problem, finding worst-
case demand distribution in vehicle routing, and developing a data-driven model for the
distributionally robust travelling salesman problem.

In the robust network design problem, presented in Chapter 2, we have presented three
approximation algorithms for partitioning a convex region C into sub-regions so as to min-
imize the connectivity radius of any set of points inside those sub-regions. Our analysis
further led us to a fourth algorithm, based on similar principles, that solves the continuous
k-centers problem in a convex polygon with approximation factor 1.99, presented in Chapter
3. To the best of our knowledge there is no other approximation algorithm for this problem
with approximation factor less than 2.

In Chapter 4, we have considered the asymptotic behavior of the vehicle routing problem
with time windows and the capacitated vehicle routing problem in the Euclidean plane
under limited information about the demand distribution. In studying the VRP with time
windows, we find that the worst possible temporal distribution of demand is either to have a
large amount of demand concentrated in a single time period (when total demand is small),
or uniform demand throughout all time periods (when total demand is large). Thus, for
upstart businesses with a small customer base, the worst possible outcome is to have a
single period of concentrated activity, and for established business with a large customer
base, the worst possible outcome is to have all demand spread uniformly throughout the
service period.

For the capacitated VRP, we initially found that the worst-case distribution follows an

110
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“inverse square” law that closely resembles the classical gravity model of spatial interaction.
In order to extend this result to a decision support system, we next computed a closed-form
expression for the worst-case demand distribution when one knows the first and second
moments and as well as the support of the distribution, which we used in a computational
districting experiment. Such districting strategies are useful when one has limited infor-
mation about the locations of demand points and seeks an assignment scheme that can be
performed without full knowledge of the demand distribution.

In order to overcome the intrinsic issues accompanied with methods that merely rely on
the information about the moments of demand distribution, we proposed a new model in
Chapter 5. By using the Wasserstein distance to define our region of ambiguity, we have
developed a new data-driven tool for estimating the worst-case workload that one might
face in visiting a sequence of points that is not affected by problems that would arise if
we used only mean and covariance information as has been previously attempted. To the
best of our knowledge, our use of the Wasserstein distance in such an application, that first
appeared in our article [90], is the first of its kind.

6.1 Future Work

There are so many possible extensions to the above works and it is hard to enlist all of
them, but here are a few that are more interesting.

6.1.1 Extensions for Robust Network Design

Imposing Different Shape Constraints One potential direction for future research
regarding the design of robust networks would be the imposition of other (weaker) shape
constraints on the sub-regions (as opposed to equal area or convexity), such as requiring star
convexity or simple connectivity (i.e. no “holes”); structures of such shapes are prevalent
in the computational geometry literature, see e.g. [191, 192], and we suspect that efficient
approximation algorithms exist for such scenarios as well.

k-Medians Problem We can also use the algorithm used for k-centers problem to solve
k-medians problem and our conjecture is that it improves the existing results including
[13, 14].
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6.1.2 Extensions for Distributionally Robust VRP

One might seek to understand the impact of first moment information in a back-of-the-
envelope analysis similar to that in Section 4.5.1; we expect that the location of the center
of mass of a distribution should impact the worst-case workloads in a distinctly different
manner from that of the covariance matrix and we intend to study it in the near future. An-
other natural direction for further research would be to tighten the initial bounds in (5.13).
This appears tractable because they are based on the earlier bounds in (5.12). Since (5.12)
holds for any Euclidean point set, it is stronger than an asymptotic result, and it would
appear that this property may be exploitable in improving (5.13). Moreover, it is worth to
investigate applying alternate distributional ambiguity sets (as opposed to support and first
and second moment information) which could be useful for the distributionally robust VRP;
in Chapter 5, we have presented one possibility which is the use of Wasserstein distance.
Other possibilities would be the use of other statistical metrics such as the Kullback-Leibler
divergence or Kolmogorov-Smirnov statistic, which have recently been applied to distribu-
tionally robust optimization problems in [170, 171] and will likely yield additional insights
into the costs of providing service in VRP.

6.1.3 Extensions for Distributionally Robust Optimization

Our use of the square root functional
˜
R
√
f(x) dA to approximate lengths of TSP tours

is just one possibility; we can extend this analysis to handle more sophisticated objective
functionals in the field of transportation and network optimization. This may also have
further applications outside the transportation domain, e.g. in information theory, threat
detection, and finance, where we will have different objectives such as entropy maximiza-
tion, highest posterior density (HPD) minimization, and conditional value at risk (CVaR)
minimization. Moreover, we can develop a general framework for distributionally robust
optimization with uncertainty set being defined by Wasserstein distance.

6.1.4 Robust Optimization for Other Transportation Network Models

Almost all the network structures presented in Figure 1.1 have enormous applications in
facility location and transportation models. In this dissertation, we have presented robust
solutions for two most common structures, namely TSP tours and VRP tours, but it is worth
to further investigate similar approaches for other structures such as minimum spanning tree
(MST) or Steiner tree.

One might also want to apply the methods of this research for the generalized version
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of these networks. For example in our article [193], we have investigated the asymptotic
analysis of the behavior of a generalized travelling salesman problem (GTSP) under the as-
sumption that all relevant locations are independently and identically distributed uniformly
in a region. Finding the worst-case distribution for the location of destination points in
GTSP is an interesting topic for further studies.
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Appendix A

Additional Proofs

A.1 Proof of Theorem 12

It remains to consider the special case where q0 = 2; we will decompose this into two
further sub-cases in which we will either divide Q into b(n − 1)/2c × 2 sub-rectangles or
b(n− 1)/3c × 3 sub-rectangles. Recall from (2.3) that we must have

√
2(n− 1)

3 < w ≤
√

2(n− 1)
2 ,

so that we must have either
√

2(n− 1)/3 < w ≤
√

2(n− 1)/2.6 or
√

2(n− 1)/2.6 < w ≤√
2(n− 1)/3:

• If
√

2(n− 1)/3 < w ≤
√

2(n− 1)/2.6, then we will decompose Q into b(n− 1)/3c × 3
sub-rectangles. By computing vertical and horizontal differences between rectangle
centers as before, the approximation ratio is at most

max
{

2
3w ,

3w
(n−1)−3

}
√

1
π+(n−1)(π/3+

√
3/2)

.

The first term of the max{·, ·} expression is largest when w is as small as possible,
which occurs when w =

√
2(n− 1)/3; the above ratio is then equal to

2
3w√

1
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√
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=
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3/2)

=

√
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√
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< 2.77 for all n ≥ 21
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and the second term of the max{·, ·} expression is largest when w is as large as possible,
which occurs when w =

√
2(n− 1)/2.6; the above ratio is then equal to

3w
(n−1)−3√

1
π+(n−1)(π/3+

√
3/2)

=
3(
√

2(n−1)/2.6)
(n−1)−3√

1
π+(n−1)(π/3+

√
3/2)

<

√
5.10(n− 1)2 + 8.37(n− 1)

n− 4 < 2.77 for all n ≥ 21

as desired.

• If
√

2(n− 1)/2.6 < w ≤
√

2(n− 1)/2, then we will decompose Q into b(n− 1)/2c × 2
sub-rectangles. By computing vertical and horizontal differences between rectangle
centers as before, the approximation ratio is at most

max
{

1
w ,

2w
(n−1)−2

}
√
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π+(n−1)(π/3+

√
3/2)

.

The first term of the max{·, ·} expression is largest when w is as small as possible,
which occurs when w =

√
2(n− 1)/2.6; the above ratio is then equal to
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π+(n−1)(π/3+
√

3/2)

<

√
6.47(n− 1) + 10.62√

n− 1
< 2.77 for all n ≥ 21

and the second term of the max{·, ·} expression is largest when w is as large as possible,
which occurs when w =

√
2(n− 1)/2; the above ratio is then equal to

2w
(n−1)−2√

1
π+(n−1)(π/3+

√
3/2)

=

√
2(n−1)

(n−1)−2√
1

π+(n−1)(π/3+
√

3/2)

=

√
(9
√

3 + 6π)(n− 1)2 + 18π(n− 1)
3(n− 3) < 2.77 for all n ≥ 21 ,

which completes the proof.
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A.2 Proof of Theorem 16

If q0 = 1, then we have 1 ≤
√

2k/w < 2. We have already seen that our ratio of 1.99 is valid
whenever w ≥

√
k, and thus we may restrict ourselves to the domain

√
2 <
√

2k/w < 2, or
equivalently

√
2 < t < 2 with t =

√
2k/w as before. The parity of k is now relevant; if k is

even, then we can divide Q into a k/2× 2 grid, wherein each sub-rectangle has dimensions
w
k/2 × h/2. The distance from any point x ∈ C ⊆ Q is at most half of the diagonal of such
a rectangle, which is

1
2

√(
w

k/2

)2
+
(
h

2

)2
=
√

1
k
·

√(
w2

k
+ k

4w2

)
=
√

1
k
·
√
t2/8 + 2/t2 < 1

2

√
5
k

since
√

2 < t < 2. Our approximation ratio is met because

Rat ≤
1
2
√

5/k
1/
√
πk

< 1.99 .

It remains to consider the case where k is odd, which will complete the proof.

Lemma 44. Let R be a rectangle with dimensions a× b, where a ≥ b. If 5 points x1, . . . , x5

are placed inside R according to Figure 3.1, then the distance between any point x ∈ R and
its nearest neighbor xi is at most

min
i
‖x− xi‖ ≤

a

π2 + b

2ϕ ,

where ϕ = (1 +
√

5)/2 is the golden ratio.

Proof. The configurations in Figure 3.1 are due to [1], which also gives a precise closed
form expression for the maximum possible nearest-neighbor distance over all x ∈ R, i.e.
maxx∈R mini ‖x− xi‖. The above inequality is merely a crude upper bound thereof.

We will next divide our rectangle Q with a vertical line into two rectangles Q1 and Q2

that have dimensions `×h and (w−`)×h respectively, where we let ` = 11.08/
√
k−6.10/w,

and we will place 5 points in Q1 and k − 5 points in Q2. By Lemma 44, the maximum
distance between a point x ∈ Q1 and its nearest neighbor xi ∈ Q1 (which is placed according
to Figure 3.1) is

`

π2 + h

2ϕ ≈
1.122638714√

k
− 0.00003

w
< 1.1227/

√
k
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and thus our desired approximation ratio is met because

1.1227/
√
k

1/
√
πk

< 1.99 .

We can verify that the approximation ratio is met for Q2 as well, which will complete our
entire proof. If we divide Q2 into a (k − 5)/2 × 2 grid, then each sub-rectangle will have
dimensions w−`

(k−5)/2 ×
h
2 , and thus using half of the diagonal of such a rectangle is

1
2

√[
w − `

(k − 5)/2

]2
+
(
h

2

)2
=

√
`2 − 2w`+ w2 + 1

w2 (k2/4− 5k/2 + 25/4)
k − 5

=

√
122.7664

k − 135.176
w
√
k
− 22.16w√

k
+ w2 + 1

w2 (k2/4− 5k/2 + 43.46) + 12.2
k − 5

=

√
122.7664

k − 67.588
√

2t
k − 22.16

√
2

t + 2k
t2 + kt2

8 −
5t2
4 + 21.73t2

k + 12.2
k − 5

where we have again substituted t =
√

2kw. The inner term of the square root is convex in
t for k ≥ 31 (by routine algebra) and thus, for fixed k, the above quantity is maximized at
t =
√

2 or t = 2, and the above expression simply reduces to

1
k − 5 max


√

3.10504
k

+ 1.25k − 12.46 ,

√
209.6864− 135.176

√
2

k
+ k − 11.08

√
2 + 7.2

 .

We therefore merely need to prove that the approximation ratio holds for all k ≥ 31, i.e.
that the ratio of the above expression to the lower bound 1/

√
πk, which is

1
k−5 max

{√
3.10504

k + 1.25k − 12.46 ,
√

209.6864−135.176
√

2
k + k − 11.08

√
2 + 7.2

}
1/
√
πk

= 1
k − 5 max

{√
π(3.10504 + 1.25k2 − 12.46k) ,

√
π(209.6864− 135.176

√
2 + k2 − (11.08

√
2− 7.2)k

}
<

1
k − 5 max

{√
3.93k2 − 39.14k + 9.76 ,

√
3.15k2 − 26.60k + 58.19

}
is bounded above by 1.99 for all k ≥ 31. This is a simple univariate function in k and it is
routine to verify that the desired result holds, which completes the proof.
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A.3 Proof of Theorem 13

Suppose that
√

2n/4 ≤ w <
√
n/3 and we divide Q into a grid of dimensions p × q =

bn/3c × 3. Each grid cell has dimensions w/p × h/q = w
bn/3c ×

h
3 and by Lemma 14 the

connectivity radius r is at most

r ≤ max


√( 2w
bn/3c

)2
+
(
h

3

)2
,

√(
w

bn/3c

)2
+
(2h

3

)2


≤ max


√[ 2w

(n− 2)/3

]2
+
(
h

3

)2
,

√[
w

(n− 2)/3

]2
+
(2h

3

)2


=

√√√√max
{( 6w

n− 2

)2
+
( 2

3w

)2
,

( 3w
n− 2

)2
+
( 4

3w

)2
}

For fixed values of n, the inner term of the square root is the maximum of two convex
functions in w and is therefore convex in w, and is therefore maximized at when w is as
large or as small as possible, i.e. at w =

√
2n/4 or at w =

√
n/3. At w =

√
2n/4 we have

√√√√max
{( 6w

n− 2

)2
+
( 2

3w

)2
,

( 3w
n− 2

)2
+
( 4

3w

)2
}∣∣∣∣∣∣

w=
√

2n/4

=
√

9n
8(n− 2)2 + 128

9n

which gives an approximation ratio bounded by the univariate function

Rat ≤

√
9n

8(n−2)2 + 128
9n√

1
π+(n−1)(π/3+

√
3/2)

< 5.94 for all n ≥ 33

and at w =
√
n/3 we have

√√√√max
{( 6w

n− 2

)2
+
( 2

3w

)2
,

( 3w
n− 2

)2
+
( 4

3w

)2
}∣∣∣∣∣∣

w=
√
n/3

=
√

12n
(n− 2)2 + 4

3n

whence

Rat ≤

√
12n

(n−2)2 + 4
3n√

1
π+(n−1)(π/3+

√
3/2)

< 5.94 for all n ≥ 33 .

The area of each sub-region is

2
3bn/3c ≤

2
3(n/3− 2) = 2

n− 6 ≤
22
9n
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since n ≥ 33. Finally, if
√
n/3 ≤ w < 3

5
√
n, then (as we have already seen in the very

beginning of this proof) the connectivity radius of a grid of dimensions n × 1 is at most√
(2w/n)2 + h2 =

√
(2w/n)2 + (2/w)2. For fixed n, this is once again maximized for ex-

treme values of w. At w =
√
n/3 we have

Rat ≤

√
(2w/n)2 + (2/w)2

∣∣∣
w=
√
n/3√

1
π+(n−1)(π/3+

√
3/2)

=

√
40
3n√
1

π+(n−1)(π/3+
√

3/2)

< 5.94 for all n ≥ 33

and at w = 3
5
√
n we have

Rat ≤

√
(2w/n)2 + (2/w)2

∣∣∣
w= 3

5
√
n√

1
π+(n−1)(π/3+

√
3/2)

=

√
2824
225n√

1
π+(n−1)(π/3+

√
3/2)

< 5.94 for all n ≥ 33

as desired, which completes the proof (clearly, each sub-region has area equal to 2/n).

A.4 Proof of Lemma 21

By the union bound, we see that

Pr(length(TSP(X1, . . . , Xn)) ≤ `) ≤ n! Pr(‖X1 −X2‖+ · · ·+ ‖Xn−1 −Xn‖ ≤ `)︸ ︷︷ ︸
=:p

since there are n! permutations of the point set. We can think of the n-tuple (X1, . . . , Xn)
as a vector belonging to [0, 1]2n, in which case p is simply equal to the volume of the domain
[0, 1]2n ∩ V, where V is defined by

V =
{

(x1, . . . , xn) ∈ R2n : x1 ∈ [0, 1]2 and
n∑
i=2
‖xi − xi−1‖ ≤ `

}
.

Consider the mapping Φ : R2n → R2n defined by

Φ(x1, . . . , xn) =


x1

x2 − x1
...

xn − xn−1


for which the image of V is

Φ(V) =
{

(u1, . . . , un) ∈ R2n : u1 ∈ [0, 1]2 and
n∑
i=2
‖ui‖ ≤ `

}
.



Appendix A: Additional Proofs 136

By building its Jacobian matrix, it is straightforward to verify that Φ(·) is volume-preserving,
whence

p = vol([0, 1]2n ∩ V) ≤ vol(V)

= vol(Φ(V)) .

By the coarea formula [194], using the map ξi 7→ ‖ui‖, we see that

vol(Φ(V)) = (2π)n−1
˚

∆
ξ2ξ3 · · · ξn dξ = (2π)n−1`2(n−1)

(2n− 2)! ,

where ∆ ⊂ Rn−1 denotes the simplex where ξi ≥ 0 for all i and ∑n−1
i=2 ξi ≤ `. As n → ∞,

we have

Pr(length(TSP(X1, . . . , Xn)) ≤ `) ≤ n! Pr(‖X1 −X2‖+ · · ·+ ‖Xn−1 −Xn‖ ≤ `)

≤ n! vol(Φ(V)) = n!
(2n− 2)! · (2π`

2)n−1

as desired.

A.5 Proof of Theorem 24

Assume that R is polygonal1 with unit area and let r0 = maxx∈R ||x|| denote the longest
possible distance from the depot at the origin to a point in R. It is then clear that the
denominator of the left-hand side of (4.7) is simply max{2r0/t, β} (which we could obtain
by letting f(·) be equal either to an atomic distribution located a distance r0 away from the
origin or a uniform distribution on R). We will first prove that the “worst” possible shape
that R could take is a circular sector having radius r0 centered at the origin:

Lemma 45. Let r0 > 0 be a fixed radius. Among all convex planar shapes R of unit area
that contain the origin and have maxx∈R ||x|| = r0, the ratio in (4.7) is maximized when R
is a circular sector of radius r0 centered at the origin that subtends an angle of θ = 2/r2

0.

Proof. We will prove the above result by constructing a mapping from an arbitrary region
R that increases the numerator of (4.7) while holding the denominator constant. Let T =
{T1, . . . , Tm} be a triangulation of R based at the origin, as shown in Figure A.1a. In order
to show that a circular sector is the worst possible shape that R can take, it will suffice to

1This assumption is made without loss of generality since any convex region can be approximated to
arbitrary precision by a polygonal region.
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give a mapping from any of the triangles Ti to a circular sector Si of radius r0 with area
equal to that of Ti that increases the numerator of (4.7), since we could then piece all of
those sectors Si back together, as shown in Figure A.1b. In other words, we can assume
without loss of generality that R is itself a single triangle, one of whose vertices is the origin
(and whose longest side therefore has length equal to r0). We can also further assume that
R is isosceles because we can shear the point that is opposite its longest side until it is
also at a distance r0 from the origin, as shown in Figure A.1c; this transformation increases
‖x‖ for every x ∈ R and therefore increases the numerator of (4.7) without affecting the
denominator. Thus, we now assume that R is an isosceles triangle with unit area having
vertices (0, 0), (a, b), and (a,−b). Consider the mapping M(x1, x2) : R2 → R2 defined by

M(x1, x2) = x1

√
b2

a2 + 1
(

cos ax2
(a2b+b3)x1

sin ax2
(a2b+b3)x1

)
;

the image of R under M(·, ·) is precisely a circular sector of radius r0 =
√
a2 + b2 with unit

area; see Figure A.1d. It is easy to see that ‖M(x1, x2)‖ ≥ ‖(x1, x2)‖ for all (x1, x2) ∈ R
because we must have − b

ax1 ≤ x2 ≤ b
ax1, whence

‖(x1, x2)‖ =
√
x2

1 + x2
2 ≤

√
x2

1 + b2

a2x
2
1 = x1

√
1 + b2/a2 = ‖M(x1, x2)‖

which can be verified algebraically. To complete the proof of this lemma, we must show
that M(·, ·) is area-preserving, which we merely accomplish by verifying algebraically that
its Jacobian matrix has a determinant equal to 1.

Using Lemma 45 and the duality result of equation (4.6), we can then assume that R
is a circular sector and therefore evaluate the left-hand side of (4.7) in polar coordinates as

maxf(·)
2
t

˜
R ‖x‖f(x) dA+ β

˜
R

√
f̄(x) dA

maxf(·) max
{

2
t

˜
R ‖x‖f(x) dA, β

˜
R

√
f̄(x) dA

} =
minν≥2r0/t

˜
R

1
4 ·

β2

ν− 2
t
‖x‖ dA+ ν

max{2r0/t, β}

=
minν≥2r0/t

´ θ0
0
´ r0

0
1
4 ·

β2

ν− 2
t
r
r dr dθ + ν

max{2r0/t, β}

=
minν≥2r0/t

β2θ0
16

[
νt log

(
νt

νt−2r0

)
− 2tr0

]
+ ν

max{2r0/t, β}
,

where we set θ0 = 2/r2
0 to ensure that R has area 1. We can now assume that 2r0/t ≥ β,
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T1
T2

T3

T4

T5

T6

(a) (b)

r0

r0 r0

(c)

(d)

Figure A.1: Figure A.1a shows a triangulation of a convex polygon; the origin is common
to all triangles. Figure A.1b shows a collection of circular sectors, each having radius
r0 = maxx∈R ‖x‖ and area equal to the triangle that they intersect. Figure A.1c shows a
simple shearing operation that makes a triangle isosceles, and Figure A.1d shows the action
of the map M(·, ·).

i.e. that t ≤ 2r0/β, because otherwise the denominator is a constant and the numerator is
strictly decreasing in t by definition (since it represents the worst-case cost with capacity
t); thus, the maximum value of the above ratio must be attained for t ∈ (0, 2r0/β]. Under
this assumption, we then have

minν≥2r0/t
β2θ0
16

[
νt log

(
νt

νt−2r0

)
− 2tr0

]
+ ν

2r0/t
≥

β2θ0
16

[
νt log

(
νt

νt−2r0

)
− 2tr0

]
+ ν
∣∣∣
ν=2.4·r0/t

2r0/t

=
β2θ0t

16 (2.4 · log 3− 2) + 2.4
2 =: (1.2 · log 3− 1) z + 1.2

where we introduce z = β2t
8r2

0
which is between 0 and 1/2 by our earlier assumption. The

above function of z is clearly bounded above by 3/2 as desired, thus completing the proof
of Theorem 24.

A.6 Proof of Proposition 25

In order to prove Proposition 25, we find it convenient to begin with the problem (4.9) which
we will show has the original problem (4.8) as its Lagrangian dual. First, it is necessary to
verify that (4.9) can be restricted to a compact set, and therefore must attain its minimizer:
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Lemma 46. Problem (4.9) attains its minimizer for finite values ν∗, λ∗, and Q∗.

Proof. Assume without loss of generality thatR is oriented in such a way that Σ is diagonal,
and assume that µ is the origin and that the depot point is p0, giving the problem

minimize
ν∈R,λ∈R2,Q∈R2×2

¨
R

1
4 ·

β2

ν + λTx+ xTQx− 2
t ‖x− p0‖

dA+ ν + s11q11 + s22q22 s.t. (A.1)

ν + λTx+ xTQx ≥ 2
t
‖x‖ ∀x ∈ R

Q � 0 .

LetM denote the objective value of (A.1) when ν = 1+ 2
t maxx∈R ‖x−p0‖ and λ and Q are

both equal to the zero vector and matrix respectively. Since the origin (i.e. µ) is contained
in R, it is then immediately clear that we can impose the restriction that 0 ≤ ν ≤ M

without affecting the problem (since ν appears in the linear term of the objective function),
and furthermore, since we must have Σ •Q ≤ M with s11, s22 > 0, it is not hard to derive
the bound ‖Q‖1 ≤ 3M/min{s11, s22}. This merely leaves us with the task of bounding λ;
to do so, let B be a ball about the origin (i.e. µ) of radius ε that is contained in R. At the
point x = −ελ/‖λ‖ on the boundary of B we see that λTx = −ε‖λ‖. Thus, it must be true
that ν + λTx+ xTQx− 2

t ‖x− p0‖ ≥ 0, i.e.

ν︸︷︷︸
≤M

+ λTx︸︷︷︸
=−ε‖λ‖

+ xTQx︸ ︷︷ ︸
≤‖Q‖ε2

− 2
t
‖x− p0‖︸ ︷︷ ︸
≥0

≥ 0

M − ε‖λ‖+ ‖Q‖ε2︸ ︷︷ ︸
≤3ε2M/min{s11,s22}

≥ 0

‖λ‖ ≤ M

(1
ε

+ 3ε
min{s11, s22}

)
,

and thus we conclude that (4.9) can be restricted to a compact set and thus attains its
minimizer.

We next note that (4.9) can also be written as

minimize
ν∈R,λ∈R2,Q∈R2×2,σ(·)∈L2

¨
R

1
4 ·

β2

σ(x) dA+ ν + λTµ+ (Σ + µµT ) •Q s.t.

ν + λTx+ xTQx− 2
t
‖x‖ − σ(x) ≤ 0 ∀x ∈ R

2
t
‖x‖ − ν − λTx− xTQx ≤ 0 ∀x ∈ R

−Q � 0 ;
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note that a disadvantage of the above formulation is that its feasible region does not have
an interior point and thus we cannot directly apply standard results of strong duality. It is,
however, straightforward to verify that the dual of the above problem is precisely problem
(4.8):

Definition 47. (Lagrange Duality; see Section 8.6 of [139]) Let f be a real-valued convex
functional defined on a convex subset Ω of a vector space X, and let G be a convex mapping
of X into a normed space Z, where Z contains a zero element θ. The Lagrangian dual of the
optimization problem

minimize
x

f (x) s.t.

G(x) ≤ θ

x ∈ Ω

is defined by

maximize
z?

ϕ (z?) s.t.

z∗ ≥ θ

where
ϕ (z?) := inf

x∈Ω
f (x) + 〈G (x) , z?〉

and satisfies f (x) ≥ ϕ (z?) for all feasible pairs x and z?.

In order to apply this definition to our problem, we let X = R⊕R2⊕R2×2⊕L2 and let
Ω = R ⊕ R2 ⊕ S2 ⊕ L2, where S2 denotes the set of symmetric positive semidefinite 2 × 2
matrices. Let Z = L2⊕L2⊕

(
−S2) and let an element of Z? = L2⊕L2⊕

(
−S2) be denoted

by the triple (g(·), h(·), P ), with G(·) : X→ Z defined by

G(ν, λ,Q, σ(·)) =

 ν + λTx+ xTQx− 2
t ‖x‖ − σ(x)

2
t ‖x‖ − ν − λ

Tx− xTQx
−Q

 .
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We then find that

ϕ (z?) = inf
x∈Ω

f (x) + 〈G (x) , z?〉

= inf
(ν,λ,Q,σ(·))∈Ω

¨
R

1
4 ·

β2

σ(x) dA+ ν + λTµ+ (Σ + µµT ) •Q

+
¨
R
g(x)

(
ν + λTx+ xTQx− 2

t
‖x‖ − σ(x)

)
dA+

¨
R
h(x)

(2
t
‖x‖ − ν − λTx− xTQx

)
dA−Q • P

= inf
(ν,λ,Q,σ(·))∈Ω

¨
R

1
4 ·

β2

σ(x) − g(x)σ(x) dA+ ν

(
1 +
¨
R
g(x)− h(x) dA

)
+ λT

(
µ+
¨
R
x (g(x)− h(x)) dA

)
+Q •

(
Σ + µµT − P +

¨
R
xxT (g(x)− h(x)) dA

)
−
¨
R

2
t
‖x‖(g(x)− h(x)) dA .

In order for the above expression to be bounded, it must be the case that

1 +
¨
R
g(x)− h(x) dA = 0

µ+
¨
R
x (g(x)− h(x)) dA = 0

Σ + µµT − P +
¨
R
xxT (g(x)− h(x)) dA � 0 .

Furthermore, we can also assume that σ(x) = β

2
√
−g(x)

, and make the substitution g(·) 7→
−g(·), so that the problem of maximizing ϕ (z?) is equivalent to

maximize
g(·),h(·),P

β

¨
R

√
g(x) dA+ 2

t
‖x‖(g(x) + h(x)) dA s.t.

1−
¨
R
g(x) + h(x) dA = 0

µ−
¨
R
x (g(x) + h(x)) dA = 0

P +
¨
R
xxT (g(x) + h(x)) dA � Σ + µµT .

It is easy to verify that we can assume that h(x) = 0 for all x ∈ R and that P = 0, which
then verifies that (4.8) is indeed the dual problem of (4.9). In order to complete the proof
of Proposition 25, it will suffice to check that the primal and dual problems both have the
same objective value when f∗(·) is defined according to equation (4.10). Recall that at
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optimality for problem (4.8), we have

¨
R

1
4 ·

β2

(ν∗ + (λ∗)Tx+ xTQ∗x− 2
t ‖x‖)2 dA = 1

¨
R

1
4 ·

β2x

(ν∗ + (λ∗)Tx+ xTQ∗x− 2
t ‖x‖)2 dA = µ

¨
R

1
4 ·

β2xxT

(ν∗ + (λ∗)Tx+ xTQ∗x− 2
t ‖x‖)2 dA+ P ∗ = Σ + µµT

P ∗ •Q∗ = 0

P ∗, Q∗ � 0 ,

where we have included a Lagrange multiplier matrix P associated with the constraint that
Q � 0 (see Section 5.9 of [182]). Setting

f∗(x) = 1
4 ·

β2

(ν∗ + (λ∗)Tx+ xTQ∗x− 2
t ‖x‖)2 ,

we then see that indeed
¨
R

2
t
‖x‖f∗(x) + β

√
f∗(x) dA

=
¨
R

2
t
‖x‖

(
1
4 ·

β2[
ν∗ + (λ∗)Tx+ xTQ∗x− 2

t ‖x‖
]2
)

+ β

√
1
4 ·

β2[
ν∗ + (λ∗)Tx+ xTQ∗x− 2

t ‖x‖
]2 dA

=
¨
R

2
t
‖x‖

(
1
4 ·

β2[
ν∗ + (λ∗)Tx+ xTQ∗x− 2

t ‖x‖
]2
)

+ 1
2 ·

β2

ν∗ + (λ∗)Tx+ xTQ∗x− 2
t ‖x‖

dA

=
¨
R

1
4 ·

β2

ν∗ + (λ∗)Tx+ xTQ∗x− 2
t ‖x‖

dA

+
¨
R

2
t
‖x‖

(
1
4 ·

β2[
ν∗ + (λ∗)Tx+ xTQ∗x− 2

t ‖x‖
]2
)

+ 1
4 ·

β2

ν∗ + (λ∗)Tx+ xTQ∗x− 2
t ‖x‖

dA

=
¨
R

1
4 ·

β2

ν∗ + (λ∗)Tx+ xTQ∗x− 2
t ‖x‖

dA+ β2

4

¨
R

ν∗ + (λ∗)Tx+ xTQ∗x[
ν∗ + (λ∗)Tx+ xTQ∗x− 2

t ‖x‖
]2 dA

=
¨
R

1
4 ·

β2

ν∗ + (λ∗)Tx+ xTQ∗x− 2
t ‖x‖

dA+ ν∗
β2

4

¨
R

1[
ν∗ + (λ∗)Tx+ xTQ∗x− 2

t ‖x‖
]2 dA︸ ︷︷ ︸

=1

+ (λ∗)T β
2

4

¨
R

x[
ν∗ + (λ∗)Tx+ xTQ∗x− 2

t ‖x‖
]2 dA︸ ︷︷ ︸

=µ

+Q∗ •
(
β2

4

¨
R

xxT[
ν∗ + (λ∗)Tx+ xTQ∗x− 2

t ‖x‖
]2 dA

)
︸ ︷︷ ︸

=Σ+µµT−P∗

=
¨
R

1
4 ·

β2

ν∗ + (λ∗)Tx+ xTQ∗x− 2
t ‖x‖

dA+ ν∗ + (λ∗)Tµ+ (Σ + µµT ) •Q∗



Appendix A: Additional Proofs 143

as desired, which completes the proof.

A.7 Proof of Proposition 26

The dual problem of (4.11) is

minimize
ν∈R,λ∈R2,Q∈R2×2

ν + λTµ+ s(q11 + q22) s.t. (A.2)

ν + λTx+ xTQx ≥ 2
t
‖x‖ ∀x ∈ D

Q � 0 .

By symmetry of the region D and concavity of the objective function, we know that the
first-moment constraint

˜
R xf(x) dA = µ is redundant and we can therefore assume that

λ = 0 in the dual problem. By similar reasoning, we can also assume that Q is also a
diagonal matrix whose entries are both a scalar q. Thus, an equivalent form of (A.2) is

minimize
ν,q∈R

ν + 2sq s.t. (A.3)

ν + 2q‖x‖2 ≥ 2
t
‖x‖ ∀x ∈ D

q ≥ 0 .

The above problem can be solved explicitly: if s ≤ A/π, then the optimal solution has
q∗ = 1

2t
√
s
and ν∗ =

√
s/t and an objective function value of 2

√
s/t. If s > A/π, the optimal

solution has q∗ = 0 and ν∗ = 2
√
A/π/t and an objective function value of 2

√
A/π/t. This

implies that the optimal solution to the primal problem (4.11) is to let f(·) be a uniform
mixture of two atomic masses at the points (±r, 0)T , where r = min{

√
s, 2
√
A/π}, as

desired.

A.8 Proof of Theorem 27

The dual problem of interest is

minimize
ν,q∈R

¨
D

1
4 ·

β2

ν + q‖x‖2
dA+ ν + 2sq s.t. (A.4)

ν, q ≥ 0 ,
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which can be written explicitly as

minimize
ν,q∈R

β2π

4

( log(νπ + qA)− log ν − log π
q

)
+ ν + 2sq s.t.

ν, q ≥ 0 .

We can differentiate the above objective function to solve explicitly for ν, giving

ν =
√
q2A2 + π2β2A− qA

2π ,

which we then substitute into the following simpler lower bound of (A.4):

minimize
ν,q≥0

β2π

4

( logA+ log q − log v − log π
q

)
+ 2sq

≡ minimize
q≥0

β2π

4

 logA+ log q − log
(√

q2A2+π2β2A−qA
2π

)
− log π

q

+ 2sq

= minimize
q≥0

β2π

4

 logA+ log q − log
(√

q2A2 + π2β2A− qA
)

q

+ 2sq

≡ minimize
q≥0

β2π

4

 logA+ log
(

q√
q2A2+π2β2A−qA

)
q

+ 2sq

= minimize
q≥0

β2π

4

 logA+ log 2q2

πβ2

q

+ 2sq ≥ β2π logA
4q + 2sq ,

which has an optimal objective function value of β
√

2πs logA. In the above analysis, we
have assumed that q → ∞ as A → ∞, which justifies the assumption that log 2q2

πβ2 ≥ 0 in
the last line. This is must be the case because if we were to bound q from above as A→∞,
then the resulting objective value would be proportional to logA. In order to complete the
proof of Theorem 27, we must also show that there exists an upper bound of problem (A.4)
that approaches β

√
2πs logA as A→∞. Setting

q = β

4 ·
√

2π logA
s

ν = β2

4 ·
√

2πs
logA ,



Appendix A: Additional Proofs 145

we see that

β2π

4

( log(νπ + qA)− log ν − log π
q

)
+ ν + 2sq

= β
√

2πs
4 · 2 log(βπs+A logA) + β + 2 logA− 2 log β − 2 log π − 2 log s√

logA
∼ β

√
2πs logA

as A→∞, holding s constant. This completes the proof.

A.9 Proof of Theorem 29

Suppose that f(·) happens to be a finite mixture of atomic distributions, i.e. f(·) :=∑N
i=1 siδ(x − x̄i), with objective function value OBJ, mean µ, and covariance matrix Σ̄ �

Σ + µµT . Consider the polyhedron P defined by

P =
{

(s1, . . . , sN ) :
N∑
i=1

2
t
‖x̄i − pi‖si = OBJ,

N∑
i=1

x̄isi = µ,

N∑
i=1

x̄ix̄
T
i si = Σ̄,

N∑
i=1

si = 1, si ≥ 0 ∀i
}
.

Clearly, P can be represented in the form As = b with s ≥ 0, where A ∈ R7×N , s ∈ RN ,
and b ∈ R7, and therefore its corner points have at most 7 non-zero entries. Thus, there
exists an atomic distribution with at most 7 terms whose objective value is the same as
that of the original density f(·). If f(·) is not atomic, we can always construct a mixture of
atomic distributions f̂(·) := ∑N

i=1 siδ(x− x̄i) whose objective value is within ε of
˜
Ri

2
t ‖x−

pi‖f(x) dA, where f̂(·) has the same mean µ and covariance as f(·).

A.10 Proof of Lemma 33

Proofs of statements 2 through 4 follow below:

Proof of statement 2 We seek to show that
¨
R
f(x) min

i
{‖x− xi‖ − λ

′
i} dA ≤

¨
R
f(x) min

i
{‖x− xi‖ − λi} dA+ gT (λ′ − λ) ,

which is equivalent to showing that

¨
R
f(x) min

i
{‖x− xi‖ − λ

′
i} dA ≤

n∑
i=1

¨
Ri

f(x)(‖x− xi‖ − λi) dA+ gi(λ
′
i − λi) .
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Consider the right-hand side of the above; for each i, we have
¨
Ri

f(x)(‖x− xi‖ − λi) dA+ gi(λ
′

i − λi) =
¨
Ri

f(x)(‖x− xi‖ − λi) dA− (λ
′

i − λi)
¨
Ri

f(x) dA

=
¨
Ri

f(x)(‖x− xi‖ − λ
′

i) dA

and therefore, if we define regions R′1, . . . , R
′
n in the obvious way by

R
′
i =

{
x ∈ R : ‖x− xi‖ − λ

′
i ≤ ‖x− xj‖ − λ

′
j ∀j 6= i

}
,

we see that
¨
R
f(x) min

i
{‖x−xi‖−λ

′
i} dA =

n∑
i=1

¨
R
′
i

f(x)(‖x−xi‖−λ
′
i) dA ≤

n∑
i=1

¨
Ri

f(x)(‖x−xi‖−λ
′
i) dA

is obvious because the partition R
′
1, . . . , R

′
n is obtained by taking the minimal value of

‖x− xi‖ − λ
′
i, and is therefore minimal over all partitions of R. This completes the proof.

Proof of statement 3 We observe that the vector − 1
ne ∈ Rn must be a supergradient

at λ∗; this simply follows from the KKT conditions of (5.2), which is a finite-dimensional
problem. Therefore, it follows that

˜
R∗i
f(x) dA = 1/n for all i, and therefore the objective

value of problem (5.2) is

¨
R
f(x) min

i
{‖x− xi‖ − λ∗i } dA =

n∑
i=1

¨
R∗

i

f(x)(‖x− xi‖ − λ∗i ) dA

=
n∑
i=1

¨
R∗

i

f(x)‖x− xi‖ dA− λ∗i
¨
R∗

i

f(x) dA

=
n∑
i=1

¨
R∗

i

f(x)‖x− xi‖ dA−
1
n

eTλ∗︸ ︷︷ ︸
=0

=
n∑
i=1

¨
R∗

i

f(x)‖x− xi‖ dA

and therefore the Wasserstein distance between f and f̂ as induced by the partition
R∗1, . . . , R

∗
n is the same as that of the optimal objective value of (5.2), which completes

the proof.

Proof of statement 4 We simply note that if f(x) > 0 then the supergradient inequality
in the proof of statement 2 is actually strict:

n∑
i=1

¨
R
′
i

f(x)(‖x− xi‖ − λ
′
i) dA <

n∑
i=1

¨
Ri

f(x)(‖x− xi‖ − λ
′
i) dA .
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The objective function of problem (5.2) is therefore strictly concave, thus guaranteeing
uniqueness of λ∗. The fact that λ∗ exists follows from the boundedness of R, because if we
were ever to have λi−λj > diam(R), it would imply that ‖x− xi‖−λi < ‖x− xj‖−λj for
all x ∈ R, thus rendering Rj to be empty.

A.11 Proof of Theorem 34

Purely for ease of exposition, we assume that R is the unit square. Section 2.1 of [178] says
that D(f̂n, f̄) → 0 with probability one because the Wasserstein distance metrizes weak
convergence whenever R is compact. Thus, setting tn = D(f̂n, f̄) for all n ≥ 1 gives us a
sequence that converges to 0 with probability one, with the added feature that f̄ is feasible
for problem (5.5) by construction. Next, for each n, the triangle inequality says that the
set of distributions f on R such that D(f, f̄) ≤ 2tn must contain the set of distributions
where D(f, f̂n) ≤ tn. Thus, an upper bound for problem (5.5) – which is itself always an
upper bound for the ground truth cost

˜
R

√
f̄(x) dA by our construction of tn – is given

by the problem

maximize
f

¨
R

√
f(x) dA s.t. (A.5)

D(f, f̄) ≤ 2tn¨
R
f(x) dA = 1

f(x) ≥ 0 ∀x ∈ R ;

it will therefore suffice to verify that the optimal objective value to this problem approaches
the ground truth cost as tn → 0.

We will relax problem (A.5) one step further by using an alternate metric to the Wasser-
stein distance, namely the Prokhorov metric DP (·, ·), defined by

DP (µ1, µ2) = inf{ε > 0 : µ1(B) ≤ µ2(Bε) + ε for all Borel sets B on R}

where Bε = {x : infy∈B d(x, y) ≤ ε}. Theorem 2 of [195] says that for any two distributions
f and g on R, we have (DP (f, g))2 ≤ D(f, g), and therefore we can study the relaxation of
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Figure A.2: A division of the unit square R into N2 = 16 grid cells. The larger square S10
has side length 1/N + 2/N3and contains s10.

(A.5) given by

maximize
f

¨
R

√
f(x) dA s.t. (A.6)

DP (f, f̄) ≤
√

2tn¨
R
f(x) dA = 1

f(x) ≥ 0 ∀x ∈ R .

as n → ∞, whence tn → 0 with probability one. For ease of notation, we will define
ε =
√

2tn.
Let N be a positive integer and suppose that ε = 1/N3. We then divide R into N2

square grid cells si with side length 1/N . The distance constraint DP (f, f̄) ≤ ε implies
that for each B = si, we have

˜
si
f(x) dA ≤

˜
Si
f̄(x) dA+ ε, where Si is the square of side

length 1/N + 2/N3 that contains si (see Figure A.2). Define mi = N2˜
Si
f̄(x) dA for each

mi and consider the relaxation of (A.6) given by

maximize
f

¨
R

√
f(x) dA s.t. (A.7)

¨
si

f(x) dA ≤ mi

N2 + ε ∀i
¨
R
f(x) dA = 1

f(x) ≥ 0 ∀x ∈ R .

If we ignore the constraint that
˜
R f(x) dA = 1, then clearly, our optimal solution f∗ would

simply have
˜
si
f∗(x) dA = mi/N

2+ε for each i. This problem has a finite-dimensional con-
straint space and it is straightforward to see that its optimal solution f∗ must be piecewise
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constant on each piece si, so that f∗ = q∗i on each si, defined by

q∗i
N2 = mi

N2 + ε

or equivalently
q∗i = mi + 1/N .

Thus, the optimal objective value of (A.7) is at most

1
N2

N2∑
i=1

√
q∗i = 1

N2

N2∑
i=1

√
mi + 1/N ≤ 1

N2

N2∑
i=1

√
mi + 1

N2

N2∑
i=1

√
1/N = 1

N2

N2∑
i=1

√
mi +

√
1/N ;

it is routine to verify that 1
N2
∑N2
i=1
√
mi →

˜
R

√
f̄(x) dA (the only reason that this is not

simply the definition of an integral is because the squares Si that characterize the mi’s have
an area of (1/N + 2/N3)2 rather than 1/N2), which thereby completes the proof.
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Additional Analyses

B.1 Probabilistic analysis of the capacitated VRP

We first note that, if n samples are drawn from a distribution f , then E(∑n
i=1 ‖xi‖) =

n
˜
R ‖x‖f(x) dA. The representation of capacity constraints via the substitution c = s

√
n

is a standard and useful technique that can be seen in Section 4.2 of [132] or the paper
[117]. By exchanging the expectation and max{·, ·} operators, we can express the bound
(5.12) as

max
{

2
√
n

s

¨
R
‖x‖f(x) dA, β

√
n

¨
R

√
fc(x) dA

}
+ o(
√
n)

≤ E VRP(X)

≤ 2
⌈√

n

s

⌉¨
R
‖x‖f(x) dA+

(
1− 1

s
√
n

)
β
√
n

¨
R

√
fc(x) dA+ o(

√
n) .

Note that d
√
n/se is simply the number of vehicles needed to provide service. Since we are

interested in the limiting behavior as n→∞, we have d
√
n/se ∼

√
n/s and 1/(s

√
n)→ 0,

so that we can write

√
n·max

{
2
s

¨
R
‖x‖f(x) dA, β

¨
R

√
fc(x) dA

}
> VRP(X) >

√
n·
(

2
s

¨
R
‖x‖f(x) dA+ β

¨
R

√
fc(x) dA

)
as desired, where the approximate inequality implied by the “>” terms simply reflects the
fact that we have disregarded the o(

√
n) terms.

150
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B.2 Analysis of Algorithm 8

We find it convenient to emphasize the dependency of the sub-regions (i.e. the power
diagram cells) Ri on the weight vector w and we will therefore use the notation Ri(w)
when appropriate. Let d = maxi maxx∈R ‖x − pi‖. It is immediately clear that we can
restrict ourselves to vectors w ∈ Rn such that |wi − wj | ≤ d2 for all i and j because, if
wi−wj > d2, then Rj(w) = ∅. We further observe that the cells defined by a power diagram
are clearly invariant under addition by a constant and thereby restrict ourselves to vectors
w ∈ Rn such that ∑iwi = 0. Let W denote this feasible region for w, i.e.

W = {w ∈ Rn : |wi − wj | ≤ d2 ∀i, j and
∑
i

wi = 0} . (B.1)

We are interested in determining the weight vector w∗ such that

Φ(w) := max
i

Ψ̄(µ,Σ, t, pi, Ri(w),R) (B.2)

is minimal. For any sub-domain A ⊆ W, we can determine a lower bound of minw∈AΦ(w)
by setting

ΦLB(A) := max
i

Ψ̄(µ,Σ, t, pi, Ri(w(i)),R) , (B.3)

where w(i) is defined by

w
(i)
i = min

w∈A
wi

w
(i)
j = max

w∈A
wj ∀j 6= i .

As an upper bounding function we may use ΦUB(A) = Φ(w), where w is any point in A. It
is entirely straightforward to verify that ΦLB(·) and ΦUB(·) satisfy the usual conditions for
convergence of a branch-and-bound process and we will refrain from doing so here in the
interest of brevity. The full procedure is shown in Algorithm 8.
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Input: A convex region R, a point µ ∈ R, a covariance matrix Σ � 0, a capacity coefficient t, n
landmark points pi ∈ R, and a threshold ε.

Output: A partition of R into n power diagram cells Ri such that maxi Ψ̄(µ,Σ, t, pi, Ri,R) is
within ε of the minimum over all possible power diagram partitions.

Set w to be the analytic center of W as defined in (B.1);
Define Φ(·) and ΦLB(·) as in equations (B.2) and (B.3);
Set BB_nodes := {W};
Set Upper_bounds := {Φ(w)};
Set Lower_bounds := {ΦLB(W)};
Set best_obj := Φ(w);
Set lowest_LB := min {Lower_bounds};
while best_obj− lowest_LB ≥ ε do

Set node := BB_nodes[0];
Set BB_nodes := BB_nodes[1 : end];
Set Upper_bounds := Upper_bounds[1 : end];
Set Lower_bounds := Lower_bounds[1 : end];
Split node into two nodes, node_1 and node_2, along its longest dimension,
arg maxi{maxw∈node wi −minw∈node wi};
Let w

′
and w

′′
be the analytic centers of node_1 and node_2;

Set UB1 := Φ(w
′
) and UB2 := Φ(w

′′
);

Set LB1 := ΦLB(node_1) and LB2 := ΦLB(node_2);
Set best_obj := min{best_obj, UB1, UB2};
Set BB_nodes := BB_nodes ∪ node_1 ∪ node_2;
Set Upper_bounds := Upper_bounds ∪ UB1 ∪ UB2;
Set Lower_bounds := Lower_bounds ∪ LB1 ∪ LB2;
Set lowest_LB := min {Lower_bounds};
/* Pruning unnecessary nodes */

Let I be the indices i such that Lower_bounds[i] ≤ best_obj;
Set BB_nodes := BB_nodes[I];
Set Upper_bounds := Upper_bounds[I];
Set Lower_bounds := Lower_bounds[I];

end
Let i denote the index of Upper_bounds such that Upper_bounds[i] = best_obj, and let w∗ denote
the analytic center of BB_nodes[i];
Set {R1, . . . , Rn} to be the power diagram partition of R, as defined via (4.17);
return {R1, . . . , Rn};

Algorithm 8: Algorithm PowerDiagram gives a locally optimal solution to the robust
partitioning problem.
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