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Abstract

We present new analysis of the low-mass stellar initial mass function (∼ 0.4−0.8M�)

in the Local Group dwarf spheroidal galaxy, Draco. Using archival HST/ACS and WFC3

optical imaging, we construct deep color-magnitude (CMD) diagrams in 3 different felds

at 3 different galactocentric radii and measure the IMF by modeling the resolved lower

main sequence. We model the optical color-magnitude diagrams of each feld assuming

two different IMF models (power-law, log-normal), five different stellar evolution li-

braries (Padova, BaSTI, Dartmouth, Victoria, PARSEC), and a binary star model. For

a single-sloped power-law IMF model, we find that the IMF slope steepens by up to 0.7

dex for radii between 150 and 300pc, while the binary fraction remains approximately

constant. The absolute values of the IMF slopes at any radius depend strongly on the

adopted stellar models, suggesting that current knowledge of the lower-main sequence

stars is uncertain. In fact, utilizing different stellar models has resulted in up to 0.67

dex difference in the IMF slope. All fields show more consistent log-normal parameters,

which are also in reasonable agreement with values for a standard Chabrier IMF. How-

ever, there are large degeneracies between the characteristic mass and dispersion of the

log-normal, that can only be reduced with data that extends to lower stellar masses.
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Chapter 1

Introduction

The IMF is fundamental to most of the astrophysical calculations, studies of galaxies

and stellar populations and is originated from the star formation theory. So, having a

better understanding of the stellar IMF could provide us with deeper insights into the

star formation theory. It can also help us to understand how the distribution of stellar

masses is related to processes such as turbulence, gravitational fragmentation of clouds,

accretion in dense cores, and ejection of low-mass objects 1 .

1.1 Functional Forms

The IMF was first introduced by Salpeter [1955] and many other functional forms have

been proposed for it so far. In his 1955 paper, E. Salpeter introduced a power-law IMF

of the form,

Φ(logm) = dN/d logm ∝ m−Γ (1.1)

where m is the mass of a star and N is the number of stars in some logarithmic

mass range logm + dlogm. Salpeter’s studies revealed a Γ of 1.35 for stars down to

0.4M�. Most of the recent studies of the Galaxy suggest other forms for the IMF on

the low-mass end. As mentioned previously, various other functional forms for the IMF

1 For the introduction part of this thesis, we’re using the format of the introduction part of the
Bastian et al. [2010] review on IMF due to its exclusiveness and summarize some of the most important
and related topics of it.

1
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has been suggested. Kroupa et al. [1993] suggested a multi-segmented power-law IMF

with a shallower slope than the Salpeter’s original results at lower masses.

We can also define the IMF in the context of linear mass units

χ(m) = dN/dm ∝ m−α (1.2)

which enables us to estimate the number of stars within some mass range. Notice

that

χ(m) = 1/(m ln 10)Φ(logm) (1.3)

yielding the relation

α = Γ + 1 (1.4)

In this study, we’re adopting the logarithmic notation but the results can easily be

converted to the linear mass notation by using the relation between α and Γ provided

above. Having these two different notations has led to enormous confusion in the liter-

ature.

Another proposed form for the IMF is the log-normal form. Using the logarithmic

notation of the power-law IMF makes it easier to describe the IMF as a log-normal

distribution. Miller and Scalo [1979] first introduced the log-normal form of the IMF,

but a theoretical explanation was not offered till 1984. Zinnecker [1984] used the central

limit theorem to provide a theoretical explanation for the log-normal distribution of the

stellar masses. Based on the central limit theorem, any function resulting from the sum

of an infinite number of independent variables can be described by a normal or gaussian

distribution function (also see Larson [1973]). If we assume that the star formation

process is a complex transformation and that the stellar masses are the product of

several independent variable, then we can say that logm has a gaussian distribution

(Bastian et al. [2010]). The log-normal form of the IMF (see Adams and Fatuzzo

[1996]) has the form
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φ(m) ∼ e−
(logm−logmc)

2

2σ2 (1.5)

where mc is called the Characteristic Mass (the stellar mass with the highest fre-

quency) and σ is the dispersion of the log-normal distribution.

In 2005, de Marchi et al. [2005] introduced the “tapered power-law” IMF which has

the form

χ(m) =
dN

dm
∝ m−α[1− e(−m/mp)β ] (1.6)

Where mp, gives the peak mass, α is the index of the power-law in the upper end

of the mass function and β is the “tapering” exponent to describe the lower end of the

IMF.

1.2 Observational and Statistical Challenges

A robust empirical measurement of the IMF is a challenge with many uncertainties

associated with. In this part of the introduction, we briefly discuss some of the obser-

vational and statistical challenges that observational astronomers face when trying to

measure the IMF in a stellar population (see Scalo [1986] for an introduction to the

IMF construction methodology).

1.2.1 Observational Challenges

There are many difficulties in the observational constraining of the stellar IMF. Here,

we’ll discuss three of the most important issues which affect almost every IMF studies.

The first challenge is that we need to have stellar populations with enough numbers of

low-mass and high-mass stars so that we can effectively constrain our IMF parameters.

In order to choose samples like this, we’ll need to choose large stellar populations for

our studies which is not always possible. Most of the IMF studies are trying to detect

variations in the IMF. Measuring the IMF of the Milky Way disk which is a very complex

and multi-component stellar population provides a very useful case study. First step

seems trivial: counting the stars in our sample and measuring their masses. Trying
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to choose large samples in a system like this results in having stars from different

populations and star formation events. One should assume that the IMF is constant

over a large volume. The other issue that we’re dealing with in this case is that stars’

lifetimes are finite. There’s a high chance that a fraction of the high-mass stars in the

regions that we study are well evolved of the main sequence and are not present in

our sample anymore. So we can only measure the Present Day Mass Function of Stars

(PDMF) in our samples with some fractions of the high-mass stars missing. Every star

with M ≤ 0.8M� that was ever formed is still present in the Galactic disk, however, and

thus will be represented in the PDMF. Determining the IMF from the PDMF requires

the assumption that the IMF does not vary with time! Moreover, we’ll need a thorough

knowledge of the Star Formation History (SFH) of the Galaxy. Even if we have these

knowledge, there are still degeneracies involved in inferring the IMF from the PDMF

(Elmegreen and Scalo [2006]). Deviations from the Salpeter IMF are mainly seen on the

low-mass end of the IMF which is where corrections need to be made (around one solar

mass). The last observational issue that we will discuss here is the multiplicity of stellar

objects. Most of the stellar systems are found to have gravitationally bound companions

of lower masses at a variety of orbital configurations. It’s not always easy to detect these

companions and in most cases it actually is impossible to count for the companions

directly. These unresolved systems can result in a significance uncertainty in the IMF

constraints if we assume that most of the IMF studies use monochromatic luminosity

functions (Kroupa [2001]; Chabrier [2003]; Máız Apellániz [2008]). Correcting for this

issue is not a straightforward task as it both depends on the binary fraction and the

mass ratio of the stellar systems involved. Observational studies reveal that multiplicity

declines with primary mass (e.g. Lada [2006]): the initial binary frequency of O stars

may be as high as 100% (Mason et al. [2009]) dropping to ∼ 60% for solar-type stars

(Duquennoy and Mayor [1991]), ∼ 30% for early M stars (Fischer and Marcy [1992]),

and to 20% or less for very-low mass objects (M<0.1 M�; Bouy et al. [2003]). On the

other hand, the mass ratio is also mass dependent. with typical O star mass ratios

near unity (Zinnecker and Yorke [2007]), a flat distribution of (detectable) mass ratios

between 0.1 and 1.0 for solar type stars, and a preference towards equal mass systems

for the lowest mass binaries.
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1.2.2 Statistical Considerations

As we mentioned earlier, there are many different sources of uncertainties in the IMF

studies which could result in significant measurement errors. In most of the IMF stud-

ies, astronomers fit either power-law or log-normal IMF forms to their data and then

they compare their results to other IMF studies. Making such comparisons can get

very tricky because of the many sources of uncertainty and assumptions made in the

IMF studies. A disagreement between the derived parameters is typically interpreted

as indicative of astrophysically meaningful IMF variations (Bastian et al. [2010]). Also,

some studies do not provide uncertainties associated with their measurements which

makes these comparisons even more difficult to make. It’s obvious that using more

complicated functional forms for the IMF (with more free parameters) would result in

better fits but one should make sure that differences between two IMF fitting results

is statistically significant. Otherwise, we’re tracking down variations which are not

statistically significant. Statistical tests such as the F-test can help with choosing an

appropriate functional form for the IMF in different studies. Another important point

that one should be aware of is that the IMF analyses are highly mass-range dependent.

Two different IMF analyses can indicate different constraints on the parameters or even

different analytic forms if they are done for different mass ranges (even if from the same

parent population). How the data were binned can also be a source of difference be-

tween different studies. Statistical tests such as the Kolmogorov-Smirnov (KS) test can

help us to compare different studies regardless of how the binning were done but we

shouldn’t forget that the results of these tests are sensitive to systematic differences.

Studies of the local field, local young clusters and old globular clusters suggest that

most of them were drawn from a universal IMF: a power-law of Salpeter index (Γ =

1.35) above a few solar masses, and a log-normal or shallower power-law (Γ ∼ 0 - 0.25)

between a few tenths and a few solar masses. Chabrier (2003, 2005) parameterized the

IMF below 1 M� as a log-normal distribution with a characteristic mass mc ∼ 0.22M�

for the system mass function and mc ∼ 0.08M� for the single objects mass function.

Most of the uncertainty lies in the regime of solar-subsolar regime, and the question

of universality or locality of IMF is still under investigation (for instance, see Geha
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et al. [2013] and Kalirai et al. [2013]). Some astronomers believe that the low-mass IMF

should depend on the physical properties of the star formation event such as the gas

density, metallicity, or turbulent velocity (e.g.,Larson [2005]; Bate [2009]; Myers et al.

[2011]), however, IMF measurements are largely invariant within the Milky Way (Covey

et al. [2008]). Recent indirect studies suggest that the low-mass IMF slope does vary

outside the Milky Way (Treu et al. 2010; van Dokkum & Conroy 2011; Cappellari et

al. 2012a; Dutton et al. 2012; Conroy & van Dokkum 2012).

Dwarf galaxies have very low metallicities (∼ −2.0) and have relaxation times longer

than a Hubble time. Therefore, there’s no need to make dynamical evolution corrections

for them. Dwarf galaxies in which the low mass IMF has been directly measured are the

Ursa Minor ( [Fe/H] = -2.0), Draco ([Fe/H] = -2.0), and the Small Magellanic Cloud

(SMC; [Fe/H] = -1.2). Wyse et al. (2002) found that the Ursa Minor IMF is consistent

with a power-law slope Γ = 0.8 over the mass range 0.4 - 0.7 M�. Grillmair et al.

(1998) constrained a power-law slope for the Draco dwarf galaxy between 1.1 < Γ < 1.3

for an assumed age of 12 Gyr, based on HST/WFPC2 imaging extending to 0.6 M�.

Kalirai et al. (2013) used HST/ACS data to conclude that the IMF of the SMC has a

power-law slope of Γ = 0.90+0.10
−0.15 over the mass range 0.37 - 0.93 M�. Moreover, Geha

et al. (2013) studied two ultra-faint dwarf (UFD) galaxies: Hercules and Leo IV. For

Hercules, they constrained a power-law IMF with a slope of Γ = 0.2+0.4
−0.5 over a mass

range of 0.52 - 0.76 M�. For Leo IV, they found a single-sloped power-law IMF slope of

Γ = 0.3± 0.8 over a mass range of 0.54 - 0.77M�. While, for a log-normal IMF with a

fixed dispersion of 0.69, they found a characteristic mass of 0.4+0.9
−0.3M� for Hercules and

a characteristic mass of 0.4+2.1
−0.3M� over the same mass ranges as for their power-law

analyses.

The Draco dwarf spheroidal (dSph) galaxy is among the faintest and lowest surface

brightness known members of the Local Group of galaxies [Mateo, 1998]. It appears

to be dominated by very old (age greater than 8 - 10 Gyr) and metal deficient stellar

populations Aparicio et al. [2001]. Moreover, it is reported to have the highest M/L

ratio (e.g. up to M/L = 300 - 1000: see Kleyna et al. [2001]) (see Table 2.1). All these

exceptional properties make the Draco a unique study case. The thesis is organized in

the following way: in §2, we talk about the observations and data sampling. In §3, we
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talk about the IMF analyses and results, while in §4 we summarize the main points.



Chapter 2

Observations and data analysis

In this study, we have used archival data from Hubble Space Telescope (HST) Advanced

Camera for Surveys (ACS) and Wide Field Camera 3 (WFC3) under program number

GO-12966 which was initially proposed to address the core-cusp problem (Figure 2.1).

Observations include 3 fields in the Draco dwarf Spheroidal (dSph) at 3 different radii

to the center of the galaxy. Field number one is at a distance of approximately 255pc

from the center while fields number two and three are ∼315 and ∼145pc away from the

center, respectively. We performed Point-Spread Function (PSF) photometry using the

DOLPHOT photometry package Dolphin [2000] and ran ∼100k artificial star tests per

field to quantify the completeness and photometric uncertainties.

2.1 Data Sampling For The Power-Law IMF

After doing the photometry and in order to choose an appropriate sample for analysis,

magnitude limits for different fields with a 50% completeness on the faint ends are set

as the following. For field number 1, bright limits are 23.3 and 22.9 and faint limits

are 27.1 and 26.0 for UVIS606W and UVIS814W filters, respectively. For field number

2, bright limits are 23.3 and 22.9 and faint limits are 27.1 and 26.0 in WFC606W and

WFC814W filters, respectively. For field number 3, bright limits are 23.5 and 23.0,

while faint limits are 27.3 and 25.9 in WFC555W and WFC814W filters, respectively.

These regions are identified as green regions on the CMDs in Figure 2.2. These limits

8
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Table 2.1 Draco dSph Galaxy Properties

Quantity Units Value

α(J2000) h : m : s 17 : 20 : 12
δ(J2000) ◦ : ′ : ′′ +57 : 54 : 55
l ◦ 86.4
b ◦ 34.7
(m−M)V

a mag 19.54
Distanceb kpc 82± 6
E(B − V )a mag 0.07
log(M?/M�)c 5.43± 0.10
log(LV /L�)c 5.51± 0.10
MV

f mag −9.0± 0.3
Mtotal

d M� 3.90× 108

〈[Fe/H]〉c dex −1.98± 0.01
Vlos

e km/s 291.0± 0.1
rhalf

b pc 196± 12
a Distance modulus and extinction from Weisz et al. [2014].
b Distance and projected half-light radius as listed by Nayak-
shin and Wilkinson [2013].
c Stellar mass, observed V-band luminosity and metallicity as
listed by Kirby et al. [2013] and references therein.
d Total mass from Sohn et al. [2013].
e Line of sight velocity from Pawlowski and Kroupa [2013].
f V-band absolute magnitude from Bellazzini et al. [2002].

sample a mass range of 0.5 - 0.8M�.

2.2 Data Sampling For The Log-Normal IMF

Like the power-law data sampling, in order to choose an appropriate sample for analysis,

magnitude limits for different fields are set as the following. First of all, for all of the

fields we choose a 50% completeness on the faint end. For field number 1, bright limits

are 23.3 and 22.9 and faint limits are 28.3 and 26.5 for UVIS606W and UVIS814W

filters, respectively. For field number 2, bright limits are 23.3 and 22.9 and faint limits

are 28.1 and 26 in WFC606W and WFC814W filters, respectively. For field number

3, bright limits are 23.5 and 23.0, while faint limits are 27.3 and 25.9 in WFC555W

and WFC814W filters, respectively. Green regions on the CMDs in Figure 2.3 are the
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Figure 2.1 Position of observed fields in the Draco galaxy on the sky. Observations for
field number 1 is done by WFC3/UVIS while data for fields number 2 and 3 are taken
by ACS/WFC. Angular scale shown on the image corresponds to a physical distance
of ∼0.24 kpc. The red diamond symbol shows approximately the center of the Draco
galaxy.

corresponding populations. These limits correspond to a mass range of 0.5 − 0.8M�.

We have pushed our faint end limits to higher magnitudes in order to include more stars

in our CMDs. This is crucial for log-normal IMF analysis as we need to have more data

to constrain a more complicated functional form in this case. Moreover, by pushing the

faint limits to higher magnitudes, we cover a slightly larger mass range which in turn

results in better constraints on our log-normal IMF parameters. We note that these

deeper CMDs cover a mass range slightly larger than our power-law samples. These

differences are smaller than our analysis accuracy levels. So we report the results for

the log-normal IMF for the same mass range as of the power-law IMF.
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Figure 2.2 The HST /ACS and WFC3 CMDs for the three fields in Draco galaxy studied.
Green regions are corresponding to a mass range of 0.5-0.8 M� and have been chosen
for our power-law IMF analysis. The total number of stars and the number of stars in
each sampled CMD is denoted on the CMDs with black and green colors respectively.
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Figure 2.3 The HST /ACS and WFC3 CMDs for the three fields in Draco galaxy studied.
Green regions are corresponding to a mass range of ∼0.5-0.8 M� and have been chosen
for our log-normal IMF analysis. The total number of stars and the number of stars in
each sampled CMD is denoted on the CMDs with black and green colors respectively.



Chapter 3

IMF Analysis And Results

We fit two different IMF models (power-law and log-normal) to our data using the CMD

fitting program MATCH Dolphin [2002]. MATCH constructs synthetic CMDs of stellar

populations from user-defined parameters including a stellar IMF, binary fraction, a

searchable range of distance and extinction values, fixed values of age, metallicity and

bins in color and magnitude. It then convolves the model CMD with observational biases

as measured from the artificial star tests. MATCH computes the likelihood of the data

given the model CMD using a Poisson likelihood statistic, enabling the characterization

of the physical properties of a resolved stellar population.We have utilized Dartmouth,

BaSTI, Padova, Victoria and PARSEC stellar evolutionary tracks and models (Dot-

ter et al. [2008]; Marigo et al. [2008]; Girardi et al. [2010]; Pietrinferni et al. [2004];

VandenBerg et al. [2006]; Bressan et al. [2012]) in our studies. The use of multiple

stellar models is particularly important for CMD analysis, as the systematic differences

between stellar evolution libraries are frequently the dominant source of uncertainty in

stellar population analysis. In §3.1 we will talk about the Power-law IMF analysis and

in §3.2 we are presenting the Log-normal IMF fitting procedure and results.

3.1 Power-Law IMF Analysis

We analyzed the regions as follows. We first adopt a distance modulus (m−M)V = 19.50

and extinction AV = 0.07 Weisz et al. [2014]. Then, we run MATCH for different

combinations of IMF slope (Γ) and Binary Fraction. As mentioned before, MATCH

13
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then uses a Poisson likelihood statistics to return a value indicating the goodness of the

fits. For the IMF fits, we set up a grid with resolution of 0.1 in Binary Fraction (BF)

and 0.2 in IMF slope (Γ). Our complete set of fits surveys the full space in BF (0 to 1)

and a range of IMF slopes between 0.35 and 2.35 in order to investigate both shallower

and steeper IMFs compared to Salpeter’s IMF (Γ = 1.35). Having goodness measures

of the fits in hand, we have constructed confidence contours and plotted them up to

3σ error levels. Moreover, a cubic spline interpolation routine has been implemented

to get smoother contours(Figure 3.1). Our analysis reveals that using different stellar

models can result in drastic changes in both IMF slope (Γ) and Binary Fraction values

(Table 3.1 and Figure 3.1). Moreover, analysis results indicate inconsistencies between

IMF slope and Binary Fraction for different fields, at least, at the 1σ significance as

can be seen from the confidence contours (Figure 3.1). For the BaSTI stellar model, we

can see that there is a significant difference in IMF slope and Binary Fraction values

between field number 3 and the other two fields while the two other fields agree on the

same IMF slope and BF at a 1σ significance level. For the Dartmouth model, we can

see that BF values are somewhat consistent for all the fields while the IMF slopes are

different up to a 2σ confidence level for different fields. For the Padova model, we can

see that Binary Fraction is again consistent for all of the fields to a good extent while

the IMF slopes are varying from field to field. In the next step and in order to check

the goodness of our fits, simulated Luminosity Functions (LFs) have been constructed

using the FAKE module in MATCH for the best fit values, +1σ fit values and -1σ fit

values of our constrained IMF parameters. Results can be seen in figures 3.1.

Regardless of the stellar model chosen, we have detected a radial dependence of

the power-law IMF’s slope (Γ). Depending on the stellar model choice, up to ∼0.7 dex

increase in Γ can be seen when galactocentric distance is increasing from 145pc to 315pc

(see Fig. 3.3). We rule out the mass segregation scenario for this observation because

of the very small size of the galaxy compared to its huge dark matter halo. Also, as

mentioned earlier, dwarf galaxies have extremely long relaxation times so there’s no

need to correct for dynamical evolution. It can also be seen that the value of the Binary

Fraction (BF) is tightly tied to the stellar model utilized. BaSTI models always predict

the largest binary fraction and Dartmouth models always detect the smallest binary

fraction (see Fig. 3.3). We don’t see any radial dependencies in the binary fraction
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Table 3.1 Draco dSph Galaxy Power-Law IMF Results

Field Stellar Modela Γ Binary Fraction

BaSTI 1.29± 0.16 0.76± 0.05
Dartmouth 1.56± 0.15 0.27± 0.03

Field 1 Padova 0.89± 0.15 0.48± 0.04
Victoria 1.38± 0.17 0.58± 0.04
PARSEC 1.16± 0.15 0.45± 0.04

BaSTI 1.79± 0.24 > 0.86± 0.12
Dartmouth 1.83± 0.22 0.38± 0.07

Field 2 Padova 1.16± 0.22 0.49± 0.08
Victoria 1.68± 0.28 0.71± 0.08
PARSEC 1.38± 0.27 0.63± 0.11

BaSTI 1.27± 0.18 0.82± 0.11
Dartmouth 1.16± 0.17 0.37± 0.05

Field 3 Padova 0.65± 0.16 0.47± 0.07
Victoria 1.06± 0.19 0.66± 0.06
PARSEC 0.83± 0.17 0.59± 0.05

a References for stellar evolutionary models and isochrones are Dotter et al.
[2008]; Marigo et al. [2008]; Girardi et al. [2010]; Pietrinferni et al. [2004];
VandenBerg et al. [2006]; Bressan et al. [2012].

values. We believe that the tight dependency of the BF on the stellar model is because

of the slight slope difference of the main sequence of different stellar libraries.

Dartmouth stellar evolutionary tracks are made for 4 different values of Alpha ele-

ment enhancement (α): -0.2, 0.0 (solar), 0.2, 0.4. We have fitted power-law IMFs to our

data using all of these different possibilities. As it can be seen in Fig 3.4, using models

with different values of α, does not change the slope of the IMF or the fitted BF value

significantly. This can either be because of the fact that we have broadband images or

that there’s no α dependence in the IMF slope and BF characteristics.

3.2 Log-Normal IMF Analysis

Similar to the power-law IMF analysis, we first adopt a distance modulus (m−M)V =

19.50 and extinction AV = 0.07 Weisz et al. [2014]. Then, we run MATCH with a log-

normal IMF over our data in order to constrain the Binary Fraction and Characteristic

values of a log-normal IMF: Characteristic Mass (mc) and Dispersion (σ). Here, as



16

mentioned earlier, we fit for CMD regions which go slightly deeper than the regions

used in the power-law analysis (see fig. 2.3). Running MATCH with these three free

parameters shows a significant degeneracy in the σ −mc plane which can indicate that

our data is not deep enough to need a log-normal IMF to describe it. Hence, we conclude

that a power-law IMF describes the data that we have in hand pretty well and there’s

no need to introduce a log normal IMF in this region of the CMDs. In the next section

of the paper, we’ll do some simulation studies to show how the deepness of the data

can affect the degeneracy in the σ −mc plane. In this section of the paper, we adopt

two different fixed values for σ and try to constrain the Characteristic Mass (mc) and

the Binary Fraction. Chabrier [2003] reports two different values for σ of the Galactic

mass function (MF) below 1M� : σ = 0.69 for single objects and σ = 0.57 for the

system MF. We’ve fitted log-normal IMFs with fixed values of σ to these two values and

have presented the confidence contours for the mc − BF plane (Figures 3.6 and 3.7).

Moreover, quantitative results can be found in tables 3.2 and 3.3.

Table 3.2 Draco dSph Galaxy Log-Normal IMF Results (σ = 0.57)

Field Stellar Modela mc Binary Fraction

BaSTI 0.02± 0.01 0.28± 0.04
Dartmouth 0.06± 0.01 0.26± 0.02

Field 1 Padova 0.28± 0.05 0.50± 0.04
Victoria 0.10± 0.02 0.63± 0.05
PARSEC 0.11± 0.02 0.44± 0.03

BaSTI 0.03± 0.01 0.82± 0.12
Dartmouth 0.03± 0.01 0.38± 0.08

Field 2 Padova 0.08± 0.02 0.51± 0.08
Victoria 0.03± 0.02 0.74± 0.07
PARSEC 0.06± 0.03 0.71± 0.08

BaSTI 0.08± 0.02 0.86± 0.09
Dartmouth 0.09± 0.03 0.38± 0.04

Field 3 Padova 0.22± 0.06 0.53± 0.04
Victoria 0.10± 0.03 0.70± 0.04
PARSEC 0.15± 0.05 0.58± 0.03

a References for stellar evolutionary models and isochrones are Dotter et al.
[2008]; Marigo et al. [2008]; Girardi et al. [2010]; Pietrinferni et al. [2004];
VandenBerg et al. [2006]; Bressan et al. [2012].



17

By comparing the constrained Binary Fraction values for these two log-normal IMFs

to those of the power-law form, we can see that the BF values agree to a good extent.

This shows that the BF can be constrained pretty well regardless of the IMF character-

istics. Based on this conclusion, one can try to fit log-normal IMFs with fixed values of

BF to the existing data, but the degeneracy in the σ −mc plane won’t still go away.

Table 3.3 Draco dSph Galaxy Log-Normal IMF Results (σ = 0.69)

Field Stellar Modela mc Binary Fraction

BaSTI 0.02± 0.01 0.21± 0.03
Dartmouth 0.02± 0.01 0.26± 0.02

Field 1 Padova 0.20± 0.05 0.50± 0.04
Victoria 0.05± 0.01 0.62± 0.05
PARSEC 0.06± 0.02 0.44± 0.03

BaSTI 0.02± 0.01 0.80± 0.13
Dartmouth 0.02± 0.01 0.42± 0.07

Field 2 Padova 0.04± 0.02 0.52± 0.08
Victoria 0.03± 0.01 0.77± 0.07
PARSEC 0.03± 0.02 0.72± 0.07

BaSTI 0.03± 0.02 0.87± 0.09
Dartmouth 0.03± 0.02 0.38± 0.05

Field 3 Padova 0.13± 0.06 0.53± 0.04
Victoria 0.05± 0.02 0.70± 0.03
PARSEC 0.02± 0.01 0.74± 0.06

a References for stellar evolutionary models and isochrones are Dotter et al.
[2008]; Marigo et al. [2008]; Girardi et al. [2010]; Pietrinferni et al. [2004];
VandenBerg et al. [2006]; Bressan et al. [2012].

Our results for a fixed-dispersion log-normal IMF shows that, for the BaSTI, Dart-

mouth and Victoria models, characteristic masses for our three fields are in good agree-

ment while for the Padova model we can see some variations in the characteristic mass.

On the other hand, for the Dartmouth, Padova and Victoria models, we can see a good

agreement between the constrained BF values while for the BaSTI model, the BF for

field number 1 is constrained to a much lower value compared to the other two fields.

Moreover, we can see that for almost all of the models and fields we get a larger value

for the characteristic mass when we have a smaller values for the dispersion. We would

like to point out that the shift in characteristic mass seen in our results is much smaller
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than the shift seen for the Galactic MF Chabrier [2003]. The later result shouldn’t be

surprising as it follows from the behavior of a log-normal distribution.

3.3 Simulation Studies of The IMF

Simulation studies have been used previously to demonstrate the strength of MATCH

in simulating CMDs and recovering input parameters. For instance, in Dolphin [2002]

a few different synthetic CMDs with different Star Formation Histories (SFHs) have

been generated using the FAKE module in MATCH. This module creates synthetic

CMDs given a predefined set of parameters such as a stellar library, IMF, SFR and

metallicities at different age bins. In Dolphin [2002], synthetic single and composite

stellar populations have been generated and then MATCH is run over them to see

how the FAKE input parameters can be recovered from simulations. Simulation results

indicate that the recovered parameters are in great agreement with the FAKE input

parameters (SFR and Z in this case). In this thesis, we try to do some simulation

studies to show how powerful and reliable MATCH is in recovering IMF parameters.

We have created synthetic CMDs with different IMF characteristics, different number of

stars and different theoretical stellar evolutionary tracks and isochrones and then have

tried to recover those characteristics using MATCH. All of our synthetic CMDs have a

single stellar population (SSP) with an age of ∼ 10 Gyr. Moreover, a metallicity [Fe/H]

of -1.5 has been adopted in all of our synthetic CMD generations. Furthermore, we’re

generating fake stars for our models in WFC606W and WFC814W filters. We populate

our sythetic CMDs with stars with magnitudes between -5 and 20 for the WFC606W

and between -4 and 20 for the WFC814W. Different stellar models cover different stellar

mass ranges, so not all of the CMDs have the whole magnitude ranges populated. By

setting those limits, we make sure that FAKE covers the whole mass range that the

stellar model can generate. In the first set of the simulations we’re using a SFR of

10−1M�/year for the BaSTI library while we set a SFR of 10−2M�/year for all of the

other libraries. Our analyses show that the BaSTI stellar model is the most sensitive

model among those we used to the number of stars on the CMD (or equally the whole

stellar mass of the cluster). This is why we are using an order of magnitude higher SFR

for the BaSTI model analyses. We’ll provide more details on the dependencies of the
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BaSTI library on the CMD’s number of stars in the last part of the simulations. The

following scenarios have been studied in our simulations:

(i) Matching IMF Types

(a) For every stellar library, a very deep synthetic CMD has been populated using

the aforementioned parameters, a power-law IMF with Γ = 1.35 and a binary

fraction of 35%. Then, MATCH was run over the whole synthetic CMD

with Γ (assuming a power-law IMF), BF, SFR and Z as free parameters.

Confidence intervals for fitted Γ and BF are illustrated in figure 3.8 up to 3σ

level. Simulation results show that input parameters have been recovered in

a very good way for almost all of the stellar models.

(b) In this part, a deep artificial CMD has been generated using a log-normal

IMF with a dispersion of σ = 0.30 and a characteristic mass of mc =

0.45M�.The binary fraction is again set to be 35%. This time, MATCH

is run over the data assuming a log-normal IMF and the resulting confidence

intervals are presented in figure 3.8.

By looking at the confidence contours in figure 3.8, we can obviously see that

if the underlying IMF (the IMF which generates the CMD) type is the same

as the IMF type that we use for fitting our data, then MATCH can recover

the IMF input parameters perfectly.

(ii) Non-Matching IMF Types

(a) In this study, we’ve created an artificial CMD based on a log-normal IMF

with a σ of 0.69 and a mc of 0.08M�. Then have fitted the whole stellar

mass range with a power-law IMF. Again IMF slope (Γ), BF, SFR and Z are

our free parameters. Resulting confidence intervals are presented in figure

3.9.

(b) A very similar approach as the previous set of simulations. The only differ-

ence is that here, we’re using different values for the log-normal IMF than

the previous study. Here, dispersion of the distribution is 0.57 and the char-

acteristic mass is 0.22M�. Confidence contours for this study are presented
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in the lower half of figure 3.9.

By comparing the contours in figure 3.9, we find out that different stellar

models predict the same values for Γ and BF at least at the 2-σ level. Al-

though the recovered BF is slightly different than the input BF (0.35), all the

stellar models predict a similar value for BF. Moreover, by comparing the

results for the two different scenarios in this case, we realize that MATCH

has reported a shallower power-law IMF when the Characteristic mass is

higher (or when the dispersion is smaller).

(c) In the next study, we’re creating a fake CMD based on a power-law IMF

with a slope of Γ = 1.35 and a BF of 0.35. Then, we use MATCH to fit a

log-normal to our CMD. We’re solving only for mc and σ in this case and

fix the BF to 0.35. Results of this study can be found in figure 3.10. As

we can see, fitting a log-normal model to a power-law distribution results in

getting a Characteristic mass of ∼0. This shouldn’t be surprising having the

definition of mc in mind. Also, all the stellar models tend to report a very

similar Dispersion (σ) of around 0.50.

(iii) Draco-like Simulations

In the next step of our simulation studies, we use the FAKE module in MATCH

again to create artificial CMDs more similar to our Draco’s observational data.

Our fake CMD generation parameters for the previous runs are very similar to

the physical properties of Draco. The only change that we need to make is to

change the value of SFR to get similar number of stars on the fake CMDs as the

observational CMDs. In order to do so, we adopt a SFR of 1.6 × 10−5 for the

BaSTI model and a SFR of 1.5× 10−5 for all of the other models. Another point

that we should have in mind is that now we’re fitting for a mass range of 0.50M�

to 0.80M�. So we should use magnitude limits corresponding to that range and

not to fit the whole CMD.

(a) First of all, we make an artificial Draco-like CMD based on a power-law IMF

(with Γ = 1.35) and a BF of 0.35. Then we run MATCH over our CMD
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using a power-law IMF in the stellar mass range of 0.50 to 0.80 solar masses.

Resulting confidence contours are presented in figure 3.11. We can see that

almost all of the stellar models were able to recover the input parameters (Γ

and BF) very well. BaSTI tracks predict a slightly higher BF than the input

value (0.35). As we mentioned earlier, BaSTI models were always returning

the highest BFs in the case of the real data too.

(b) In the next step, we generate artificial CMDs with a log-normal IMF (σ =

0.30 and mc = 0.45M�) and then we try to fit a log-normal IMF model to

them (see Fig. 3.11). We use an input BF of 0.35 and assume it as known in

the runs. So we are just fitting for σ and mc. As the bottom panel of figure

3.11 shows, our results in the plane of σ-mc is highly degenerate. We believe

that this degeneracy comes only from the low number of the stars and that

we’re fitting for a mass range which excludes the Characteristic mass value

used in generating the fake CMDs.

(c) In the last set of Draco-like simulations, we fit for non-matching underlying

IMFs and model IMFs. Confidence contours are present in figure 3.12. In

the case of fitting a power-law model to a log-normal underlying distribution,

Different stellar model results agree pretty well (at least at a 2σ significance

level). While in the case of fitting a log-normal IMF to a power-law distri-

bution, we again struggle with degenerate solutions. The same explanations

as the previous step can hold for these solutions too.

(iv) BaSTI Model’s Sensitivity to Number of Stars

As we pointed out earlier, BaSTI evolutionary tracks’ solutions seem to be the

most sensitive ones to the size of the data that we have (or the SFR value).

So, in the final set of our simulation studies, we’re creating fake CMDs with the

BaSTI models and different SFR values. We generate all of the CMDs based on

a Salpeter IMF (a power-law with Γ = 1.35 and BF = 0.35) and use MATCH

to fit power-law IMFs to them. We’re using SFRs of 10−5, 10−4, 10−3, 10−2 and

10−1 solar mass/year and fitting results for these different CMDs can be seen in

figure 3.13. We’re using different units on our axes in figure 3.13 than the previous
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figures. Otherwise, the contours are not much larger than the previous solutions.

We can see that for almost all of our solutions, confidence contours include the

input parameters.
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Figure 3.1 Power-law IMF analysis results. Each panel corresponds to one of the stellar
models that we have used. In each panel, 3 sets of confidence contours represent the
analysis results for different fields studied. Confidence contours are plotted for 1, 2 and
3σ significance levels. Moreover, Salpeter IMF with Γ = 1.35 is shown for reference.



24

Figure 3.2 Luminosity function comparison plots for field 1. Blue histograms show
the data while red histograms are results of CMD simulations with different models
using MATCH assuming a power-law IMF. Simulated LFs for other fields match the
observational LFs very similar to field 1. So we avoid presenting all the LF plots
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Figure 3.3 Spatial variations of the power-law IMF slope (left) and binary fraction
(right). d is the mean galactocentric distance in parsecs. Literature IMF slopes are
from Salpeter [1955], Kalirai et al. [2013] and Geha et al. [2013].
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Figure 3.4 Power-law IMF fitting results for the Dartmouth stellar library with different
values for Alpha element enhancement (α = −0.2, Solar, 0.2, 0.4). Recovered BF
and Γ seem to be insensitive to α. This can either be because of the fact that we
have broadband observations or that there’s no α dependence in the IMF and BF
characteristics.
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Figure 3.5 Stellar model dependence of the power-law IMF slope (left) and binary frac-
tion (right). d is the mean galactocentric distance in parsecs. The values of the IMF
slope and binary fraction in each field strongly depend on the utilized stellar library, sug-
gesting that current knowledge of the lower-main sequence stars is uncertain. Literature
IMF slopes are from Salpeter [1955], Kalirai et al. [2013] and Geha et al. [2013].
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Figure 3.6 Log-normal IMF analysis. We are constraining the Characteristic mass (mc)
and Binary Fraction for σ = 0.57.



29

Figure 3.7 Log-normal IMF analysis. We are constraining the Characteristic mass (mc)
and Binary Fraction for σ = 0.69.
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Figure 3.8 [top] Fitting a power-law IMF to a synthetic stellar population which is
generated assuming a power-law IMF (Γ = 1.35) and a binary fraction of 0.35. Contours
show up to a 3σ level. Very tight significance intervals show how reliable our analysis is.
[bottom] Confidence contours for fitting a log-normal IMF to an artificial CMD which
is generated based on a log-normal IMF (σ = 0.30 and mc = 0.45M�) and a binary
fraction of 0.35.
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Figure 3.9 [top] Confidence contours for fitting a power-law IMF to an artificial CMD
which is generated based on a log-normal IMF (σ = 0.69 and mc = 0.08M�) and a
binary fraction of 0.35. [bottom] Synthetic CMD has been created using a log-normal
IMF (σ = 0.57 and mc = 0.22M�) and a binary fraction of 0.35. Then, MATCH was
run to fit a power-law IMF to the stellar population. All the stellar models agree upon
a very similar Γ, at least at a 2σ confidence level. Dotted lines are showing the Salpeter
IMF for reference.
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Figure 3.10 Confidence contours for fitting a log-normal IMF to an artificial CMD which
is generated based on a power-law IMF (Γ = 1.35) and a binary fraction of 0.35.
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Figure 3.11 (Draco-like) [top] Confidence contours for fitting a power-law IMF to an
artificial CMD which is generated based on a power-law IMF (Γ = 1.35) and a binary
fraction of 0.35. [bottom] Confidence contours for fitting a log-normal IMF to an artifi-
cial CMD which is generated based on a log-normal IMF (σ = 0.30 and mc = 0.45m�)
and a binary fraction of 0.35.
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Figure 3.12 (Draco-like) [top] Confidence contours for fitting a power-law IMF to an
artificial CMD which is generated based on a log-normal IMF (σ = 0.30 and mc =
0.45m�) and a binary fraction of 0.35. [bottom] Confidence contours for fitting a log-
normal IMF to an artificial CMD which is generated based on a power-law IMF (Γ =
1.35) and a binary fraction of 0.35.
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Figure 3.13 Confidence contours for fitting a power-law IMF to an artificial CMD which
is generated based on a power-law IMF (Γ = 1.35) and a binary fraction of 0.35. Dif-
ferent panels correspond to different SFRs. Our SFR values are 10−5, 10−4, 10−3, 10−2

and 10−1 solar mass/year.



Chapter 4

Summary and Conclusions

We have presented new analysis of the low-mas stellar initial mass function (∼0.5-

0.8M�) in Local Group dwarf spheroidal galaxy Draco. Using archival HST/ACS and

WFC3 optical imaging, we construct deep color-magnitude diagrams (CMD) at 3 dif-

ferent galactocentric radii and measure the IMF by modeling the resolved lower main

sequence. We used five different stellar models (Padova, BaSTI, Dartmouth, Victoria

and PARSEC) in our studies to see how adopted models can affect our results. For a

single-sloped power-law IMF model, we find that the IMF slope steepens by up to ∼0.7

dex for radii between 150 and 300pc, while the binary fraction remains approximately

constant. The absolute values of the IMF slopes at any radius depend strongly on the

adopted stellar models, suggesting that current knowledge of the lower-main sequence

stars is uncertain. Based on our results adopting different models can result in up to

∼ 0.67 dex difference in the IMF slope. We emphasize the importance of including

variations in IMF slope measurements due to multiple stellar models as a means of esti-

mating systematic uncertainties. Later, we presented two log-normal IMF solutions for

our data by assuming two different values for the dispersion (σ). Because of our limited

mass range, log-normal solutions with 3 free parameters are highly degenerate. More-

over, we presented detailed simulation studies of low-mass stellar IMF using MATCH to

determine how reliable our studies of the IMF in Draco are. Based on our simulations,

we’re pretty confident that our IMF solutions are reliable and strongly rule out the need

for a log-normal IMF to describe the low mass IMF in our three fields in Draco in the

adopted mass range.
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