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Azimuthal Elastic Inversion for Fracture Characterization∗

Salam AlNabulsi†, Ehsan Kamalinejad‡, Justin Meskas§,
Jing (Catherine) Wang¶, Ke Yin‖, Mentor: Jon Downton∗∗

Abstract

In this paper, we investigated azimuthal elastic inversion problem using Monte
Carlo type methods: Simulated Annealing (SA) and Markov Chain Monte Carlo
(MCMC). It is demonstrated in numerical simulation that these two approaches
are capable of resolving 5 and even 6 parameters in the forward model, which is
considered complicated for its non-linearity ([2]).

1 Introduction

Azimuthal amplitude versus angle (AVAZ) has proved to be an important tool in
characterizing fracture distributions and direction for hydrocarbon reservoirs (e.g.
Al-Marzoug et al., 2004 [1]; Gray and Todorovic-Marinic, 2004 [6]). Rüger (2002 [9])
shows that the amplitude R versus azimuth φ for narrow angles of incidence θ for
an isotropic half-space over an HTI anisotropic half-space is

R(θ, φ) = A+ (Biso +Bani sin2(φ− φiso)) sin2 θ (1)

where A is P-wave impedance reflectivity, Biso the isotropic gradient, Bani the
anisotropic gradient and φsym = φiso + 90◦ is the symmetry axis of the HTI
anisotropic media. The anisotropic gradient is related to the crack density. Note
that equation (1) is nonlinear, thus complicating the inference of the desired pa-
rameters. Some linearization techniques have been proposed by Downton (2001 [3])
and Jenner (2002 [7]), and the uncertainty estimation has been studied by Downton
(2006 [2]). In this paper, we apply Monte Carlo type of methods like Simulated
Annealing (SA) and Markov Chain Monte Carlo (MCMC) to invert the nonlinear
forward model (1) with 4 parameters. A statistical analysis of the marginal distri-
butions and covariance of pairs of parameters is performed to show the resolvability
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of parameters. It is also demonstrated with simulated data that our approaches can
be applied to more complete models (see [4])

R(θ, φ) = A0 +B0 sin2 θ + C0 sin2 θ tan θ +B2 cos(2(φ− φiso)) sin2 θ (2)

+ C2 cos(2(φ− φiso)) sin2 θ tan2 θ + C4 cos(4(φ− φiso)) sin2 θ tan2 θ

where (A0, B0, C0, B2, C2, C4) = f(Rp, Rs, δ∆N , δ∆V , δ∆H), and f is a linear trans-
formation.

2 Metropolis Simulated Annealing

Simulated Annealing (See [5]) is required when a global extremum of an objective
function is sought after. It is an optimization technique to avoid local extrema and
focus on global extrema. We use Metropolis Simulated Annealing to find the global
minimum of error function |d−G(m)|2. The Metropolis algorithm is as follows:

• Pick an initial approximated model m0

• Recursively perturb mj , where j = 0,1,2...N, with a random normal perturba-
tion to get mj+1

• Compare the L2 norms of the error between the recorded seismic data and the
data produced by the current and perturbed model.

• Calculate Ej = |d−G(mj)|2 and Ej+1 = |d−G(mj+1)|2

• If Ej+1 < Ej , accept the new model.

• If Ej+1 > Ej , only accept the new model with an acceptance ratio of P =
exp((Ej − Ej+1)/T ), where T is the temperature.

• Perturb mj+1 and continue the recursion process until either a tolerance is
obtained or enough iterations have be achieved

This method leaves ambiguity for the size of the perturbation and for what
temperature function to use. Both of these must be tweaked by the user to each
specific problem. The Fast Metropolis algorithm is a altered version which uses
Cauchy distributions to perturb the model, and this is implemented in Section 2.2.
The user can choose the temperature profile, and Figure 1 shows some common
choices for the temperature function. The higher the temperature the more likely
a model mj+1 is accepted even if the error is larger. This creates volatility in the
updating process which allows the model to escape from the local extremum and
perhaps move towards the global extremum. In Section 2.1 the 1

x temperature
function is used, while in Section 2.2 the 1

log(x) temperature function is chosen. The

implications of these choices are discussed further in the respective sections. One
thing to note is that as the number of iterations of Metropolis Simulated Annealing
goes up, with the choice of the 1

log(x) temperature function, the probability that the

global extrema is reached approached 1.
Figure 2 shows a fictitious 2D objective function. It has a local minimum and

a global minimum. The lowest point at the global minimum is sought after. To
give an example of the implimentation of Metropolis Simulated Annealing we could
pick a point for mj , say the top left cross marked in the plots of Figure 2. If the
perturbation mj+1 is in the direction of either minima the model will automatically
update to this new point. If the point that is randomly selected is up the slope
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Figure 1: Three common temperature functions used in Metropolis Simulated Annealing

Figure 2: Surface and contour plots of a 2D objective function
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in the red region, the model will update with an acceptance ratio that is large for
large temperature. A good temperature function must be chosen to allow for the
perturbations to take the model out of a local minimum and have a chance to go
into the global minimum.

2.1 Four Parameter Study

As discussed previously in introduction, the geophysical problem gets reduced down
to solving the inverse problem by solving for the model mj = [A,Biso, Bani, φiso]
from the seismic data, d. This is obtained by implementing Metropolis Simulating
Annealing from Section 2. The temperature function chosen for this problem is
1
x . This was optimal for this problem because the cooling rate is fast and a global
minimum is obtained quickly and accurately. Luckily this problem does not appear
to have any significant local minima. On the other hand, the problem has an un-
fortunate side effect of having two global minima. Therefore the simulations would
converge on two different equally valid models. Both models are accepted because
of a geophysical reason which has the orientation of the fracture, φiso, off by 90◦.

Each point in the scatter plots of Figure 3 depicts the point that had the lowest
error during a simulation. This is repeated many times to give distributions of
the parameter values for the model. Figure 3 shows the scatter plots of every
combination of two parameters for both solutions. We can use this to show the
correlation between parameters which can give insight into the geophysical problem.
Another statistical technique is to look at the histograms of each parameter as seen
in Figure 4. We can see from the figure that the parameters Biso and Bani have
a normal distribution which validates the reliability of the model. The A and φiso
parameters show a skewed distribution which shows unreliability of the model. This
skewedness could of been caused by the sample size being too small among other
possibly reasons.

The seismic data, d, must be created artificially. This is done by fixing the four
parameters and creating the seismic data from Equation (1). Some noise is added to
this data that accounts for the noise that is accompanied by real data acquisition.
These four fixed parameters double as an answer to compare the model we obtain
by Metropolis Simulated Annealing. These four parameters are set to be: A = 0.1,
Biso = −0.1, Bani = −0.2, and φiso = 25◦. As seen by the axes in Figures 3 and
4, we have parameters that are centred on slightly different values than the true
answers. These deviations are caused by the noise added to the system. Solution 2
has φiso with a 90◦ rotation which causes Bani to be negative of the true value.

2.2 Six Parameter Study

The implementation of simulated annealing for the four parameter model can be
generalized to any number of parameters. This particular section discusses a six
parameter model. The six parameters we search for in the inverse problem are
mj = [Rp, Rs,∆δN ,∆δV ,∆δH , φiso]. Looking at equation (2) we must find the
parameters A0, B0, C0, B2, C2, C4. In the following study we only look at the geo-
physical parameters for mj and a direct calculation can convert one set of parameters
to the other.

In Figure 5 we can see how these parameters relate to one another. Similarly to
the four parameter study we are interested in the correlation among parameters. One
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Figure 3: Scatter plots of the two solutions for the 4 parameter problem. Each particular
scatter plot involves the parameters that are in the same column and row. For example
the bottom left is the A vs. φiso scatter plot.

Figure 4: Histograms of each parameter for both solutions.
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negative about this problem is the variability of the Rs, Rp, ∆δN ,∆δV and ∆δH .
The simulation which produced this variability had noise added to the simulated
data which was a factor of 1

8 the magnitude of the data. This shows that either the
Metropolis Algorithm has complications that went unaware to the authors, or that
the problem is ill-posed when it gets extended to 6 parameters. Since seismic data
that is collected in practice could have noise up to 1

2 the magnitude of the seismic
data, a model that can resolve this is wanted. The current geophysical readings
using seismic may be under resolved and more data may need to be collected to
resolve additional parameters. When the noise is too large, the local and global
minimum can become indistinguishable. For the simulation shown in Figures 5 and
6 are only half of the models discovered because the local minimum was captured
as many times as the global minimum. This could be a large problem when trying
to resolve the parameters.

During this study, the Metropolis algorithm was upgraded to contain two im-
provements. The first modification, from an idea from [10], changes the normal
distribution of the perturbation of the model to a Cauchy distribution. The second
modification was to use the temperature function of 1

log(x) , which is a common tem-

perature function choice. The Cauchy distribution has a significant increase in size
of its tails compared to the normal distribution which allows for large movements in
the parameter space. This gives a higher probability to escape the local minimum
and end up in the global minimum. The choice of the temperature function being

1
log(x) allows for more volatility with the model perturbations since the temperature

takes a long time to decrease. The combination of these two allows the model per-
turbations to move freely in and out of both the local and global minimum. During
one simulation a global minimum can be captured many times. The down side to
these modifications is once it is in the global minimum it does not stay there for long
and potentially does not get a good approximation to the exact global minimum.
One option is to take the best model after using Metropolis algorithm and to quickly
converge it to the global minimum with something like conjugate gradient, this was
not done. This may give a better approximation to the ∆δ parameters as discussed
above.

3 Markov Chain Monte Carlo

3.1 Description of the algorithm and its application

Given the forward model
d = G(m) + ξ

where
m = (m1, . . . ,mn)

are the set of unknown parameters that we want to estimate form the seismic data
d, and ξ is the noise.

In the previous section we try to find parameter m that minimize the misfit

e(m) = |d−G(m)|2 (3)

using Simulated Annealing (SA). In existence of noise, d is a random variable, and
from statistical point of view, we may consider parameters as random variables as
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Figure 5: Scatter plots of 6 parameter study. Each particular scatter plot invloves the
parameters that are in the same column and row. For example the bottom left is the
Rp vs. φiso scatter plot.

Figure 6: Histograms of each parameter for the six parameter study. 95% confidence
intervals are marked between two blue lines.
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well. The distribution of the parameters given an observation of d is actually the
posterior probability distribution in Bayesian statistics, which is proportional to the
product of likelihood function and the prior, i.e.,

p(m|d) ∝ p(d|m)p(m) (4)

where the likelihood is determined by the distribution of noise(see [10] and reference
therein). Here we assume that the noise ξ follows normal distribution N (0, σ2I),
then

p(d|m) ∝ exp{−e(m)

2σ2
} (5)

Due to the prior p(m), the posterior pdf p(m|d) is generally non-Gaussian. However,
by Markov Chain Monte Carlo (MCMC) method(see [8]), we can construct a Markov
chain {m(k)}∞k=1 that has the distribution p(m|d) as its equilibrium distribution,
bypassing the difficulty of knowing exactly what the distribution is. From these
samples we can analyze the posterior distribution by statistical methods.

In general, the MCMC algorithm for this model is as follows:

1. Initialize samples m(0) = (m
(0)
1 , . . . ,m

(0)
n ) and σ(0).

2. In each iteration k, a sample of m(k), namely m
(k)
i is generated based on

m
(k)
1 , . . . ,m

(k)
i−1,m

(k−1)
i+1 , . . . ,m(k−1)

n

and the nuisance parameter σ(k) is sampled based on m
(k)
1 , . . . ,m

(k)
n .

3. Samples from the beginning of the chain (the burn-in period) are thrown away.
In practice, the first few hundreds or thousands samples are considered burn-in.
The remaining samples {m(k0),m(k0+1) . . . , } are used to study the probability
distribution of m.

There are two implementations of step 2 that are used here. One of them is
the Gibbs sampling, if the conditional distribution of the parameter we update is
known; otherwise the Metropolis-Hastings method is applied.

G(m) is nonlinear in general, but it may be linear with respect to a subset of
parameters, which is denoted by ml, and m is decomposed as

m = ml

⋃
mo

Assuming non-informative prior p(ml), it can be shown that

p(ml|mo, σ
2) ∝ exp{−e(m)

2σ2
}

which is a multivariate normal distribution N (µ,Σ) where

µ = (CtC)−1Ctd

and
Σ = σ2(CtC)−1

here C is the Jacobian matrix of G(ml,mo) with respect to ml.
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Then with non-informative prior p(σ), P (σ2|m) is the inverse-gamma distribu-
tion with shape parameter

α =
N − 1

2

and scale parameter

β =
2

e(m)

Therefore, ml and σ2 can be sampled from their respective conditional distribu-
tion, which is exactly Gibbs sampling.

The observation d is nonlinear with respect to mo, hence the conditional prob-
ability of mo is difficult to obtain. However, the ratio of conditional probabilities of
two samples of mo has exact formula

γ =
P (mo

′|(ml, σ
2))

P (mo|(ml, σ2))
(6)

= exp{−e(ml,mo
′)− e(ml,mo)

2σ2
} (7)

Hence, mo can be sampled by Metropolis-Hastings method in this way:

1. Generate a new sample mo
′ = mo + stepsize · randn where randn ∼ N (0, I);

2. Use γ in (6) as the acceptance ratio to accept mo
′ or reject it. When the

new sample is rejected, the previous sample is kept as the current state in the
Markov chain.

3.2 Numerical examples of MCMC

Here we apply the MCMC method to the five-parameter model (2), where the un-
known parameter set is m = (δ∆T , δ∆N , Rp, Rs, φiso) and

ml = (δ∆T , δ∆N , Rp, Rs), m0 = φiso

The model parameters are g = 0.25, χ = 1 − 2g, e0 = 0.25, Rd = e0/(1 +
e0)Rpδ∆V = δ∆H = δ∆T , and the ground truth of unknown parameters are
δ∆T = 0.2, δ∆N = 0.1, Rp = 0.10, Rs = 0.20, φiso = 27◦. The seismic data are
simulated with 8326 input values of (θ, φ) with noise level SNR = 50.

Initially, δ∆T , δ∆N , Rp, Rs are generated from U(0, 1), and φiso is drawn from
U(0, π). Then a Markov Chain with totally 100,000 states is generated, with first
1000 the burn-in period. The remaining 99,000 states are considered as samples
from posterior probability distribution P (m|d). The histogram of each unknown
parameter and scatter plot of each pair of these parameters are shown in Figure 7
and Figure 8 respectively.

4 Conclusion

In geophysics there is a need to uncover knowledge of the material below the Earth’s
surface. Seismic data can be used mathematically to discover these properties. We
implemented two well-known mathematical optimization algorithms to solve a prob-
lem in geophysics. Both Metropolis Simulated Annealing and Markov Chain Monte

9



Figure 7: The histogram of unknown parameters δ∆T , δ∆N , Rp, Rs, φiso. They are
asymptotically normal distributed, and the 95% confidence interval is marked between
two blue lines. You can see that the estimated mean value for each parameter deviates
the ground truth by an amount of 2%.

Carlo proved adequate in solving for parameters given seismic data. Both are eas-
ily parallelizable and can be very efficient computationally given enough cpu cores.
Markov Chain Monte Carlo does have an upper hand over Metropolis Simulated
Annealing when many more parameters are introduced into the model because
Metropolis Simulated Annealing will reject more perturbations when the dimen-
sions increase. There are many mathematical techniques that are and still need to
be implemented on geophysical problems.
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Figure 8: The scatter plot of pairs of parameters in {δ∆T , δ∆N , Rp, Rs, φiso}. From this
plot you can see that Rp and δ∆N , Rp and δ∆T , δ∆T and δ∆N are strongly positively
correlated, but φiso is not correlated with any other parameters.

References

[1] A.M. Al-Marzoug, F.A. Neves, J.J. Kim, and E.L. Nebrija. P-wave anisotropy
from azimuthal velocity and avo using wide-azimuth 3d seismic data. In 2004
SEG Annual Meeting, 2004.

[2] J. Downton and D. Gray. Avaz parameter uncertainty estimation. In 2006 SEG
Annual Meeting, 2006.

[3] J. Downton and L. Lines. Avo feasibility and reliability analysis in the presence
of random noise. 2001.

[4] J. Downton, B. Roure, L. Hunt, S. Reynolds, and S. Hadley. Predicting nat-
ural fractures in the tight nordegg gas sandstone of west central alberta using
azimuthal fourier coefficients. 2011.
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