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Abstract

  A 2D Example with Radial Symmetry  
              of Petviashvilli Method

In previous UROP project of Soumitra Shukla, it was shown that 
when V(x) is 1, a positive constant,  the iterative scheme 
generically converges to solutions of the proposed equation, 
regardless of whether the initial data is close to a solution. 
Furthermore, their analysis shows that the solution tends to the 
lowest energy ground state.

When implementing the algorithm, we discretize the function 
with Finite Element Method and update each iterations until 
converge. 

The main goal of this project is to develop new iterative 
numerical methods to generate solutions to the nonlinear 
elliptic partial differential equation of the following form:  

Petviashvilli 
Method

To generate solutions to                                 , I first use a 
particularly stable iteration methods called Petviashvilli 
Method. It was originally developed to obtain soliton solutions 
of a Kadomtsev-Petvisashvilli equation. This method is very 
robust and converge very quickly, even when the initial data is 
very far from the ground state. 

For the equation we define the iteration scheme: 

where the stabilizing factor is 
 
                                               and
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                                          , where  

V(x) is a nontrivial potential. The partial differential equation I 
studied in this project is arose from problems in computational 
chemistry and Density Functional Theory. Computation of 
solutions to the associated nonlinear elliptic PDE's can be very 
slow and sensitive to the computational methods. In particular 
the numerical method may blow up or produce only local 
minimizers (versus desired global minimizers). In this project, 
two new iterative numerical schemes are developed using 
Petviashvilli Method and Spectral Renormalization Method 
respectively. The two developed schemes converge quickly to 
the lowest energy “ground sate”, which is a nontrivial global 
minimizer of the energy functional

and the new approaches to producing solutions to DFT 
problems are also stable to perturbations. We hope from 
experimental results of the developed new iterative schemes 
we can gain perspectives into rigorous proofs of the new 
algorithms. 

We consider solving the problem in 2D under radial symmetry 
condition. On domain (0, Rmax) the function satisfies Neumann 
boundary condition at the origin:

Starting from initial guess fitted by a random polynomial in the 
following form,

where p is a random positive 
number, we compute the 
Ground state by using 
piecewise linear finite 
elements on (0, 5).

Ground state solution with 
potential V(r) = r(1-r)(2-r) 
on domain (0, 5)  is as  the 
right plot. 

Spectral Renormalization 
Method

Another reliable method we can apply on the nonlinear 
equation is the Spectral Renormalization Method. The key idea 
of this method is to introduce λ to rescale the function u at 
each iteration.

In the spirit of spectral renormalization, we have the following

Iteration schemes:

where                  and

 An Example with Spectral  
  Renormalization Method

We consider solving the
same problem using 
Spectral Renormalization 
Method as the example of 
Petviashvilli Method.

Starting with the same initial 
guess, SR method converges 
very quickly to ground state 
after less than 10 iterations. 
A plot of ground state solution 
and V(x) is as follows. 

 
 Conclusion

For the partial differential equation with nontrivial potential 
function, Petviashvilli Method and Spectral Renormalization 
Method converge quickly to ground state when the potential 
function is well formed, such as polynomials and constant. 
However, if the potential function is negative or perturbs 
drastically on its domain, both methods cannot converge to 
ground state or produce self-evident wrong solutions.

Further theoretical and experimental works may needed to 
prove the correctness of Petviashvilli and Spectral 
Renormalization Methods on nontrivial potential PDE. 
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