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Abstract. We discuss the performance of three numerical methods for the fully
nonlinear Monge-Ampère equation. The first two are pseudo time continuation
methods while the third is a pure pseudo time marching algorithm. The pseudo
time continuation methods are shown to converge for smooth data on a uniformly
convex domain. We give numerical evidence that they perform well for the nondegenerate Monge-Ampère equation. The pseudo time marching method applies in
principle to any nonlinear equation. Numerical results with this approach for the
degenerate Monge-Ampère equation are given as well as for the Pucci and Gausscurvature equations.

1. Introduction
We are interested in numerical solutions of equations of type
(1.1)

F (x, u(x), Du(x), D2 u(x)) = 0,

on a bounded domain Ω of Rn with boundary ∂Ω and Dirichlet boundary conditions
u = g and F real valued. Here u is a real valued function and Du(x), D2 u(x) denote
its gradient vector and Hessian matrix respectively.
The fully nonlinear Monge-Ampère equation is given by
(1.2)

det D2 u = f in Ω,

u = g on ∂Ω,

where f, g are given functions with f > 0 in the non degenerate case, otherwise we
assume that f ≥ 0. We will also assume that f ∈ C(Ω) and g ∈ C(∂Ω).
For a symmetric matrix M with eigenvalues e1 , . . . , en , we recall the Pucci extremal
operators
X
X
X
X
M+ [M ] = Λ
ei + λ
ei , M− [M ] = λ
ei + Λ
ei .
ei >0

ei <0

ei >0

ei <0

One can then consider the Pucci equations
M+ [D2 u(x)] = f (x), M− [D2 u(x)] = f (x).
The Pucci equations appear in stochastic control where the control variable is the
diffusion coefficient. They also play an important role in the theory of fully nonlinear
equations. If u is a solution of F (x, D2 u(x)) = 0 with F uniformly elliptic [12], then
u is a subsolution and a supersolution of equations which do not depend on F but on
λ, Λ and f . Any result valid for these classes of equations is also valid for any fully
nonlinear uniformly elliptic equation, [12] p. 16. Let us consider the Pucci equation
M+ [D2 u(x)] = f (x),
1
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and put α = Λ/λ ≥ 1 and denote by λ+ (M ), λ− (M ) the maximum and minimum
eigenvalues of M respectively. As there will be no ambiguity, we will write λ+ , λ− for
λ+ (D2 u) and λ− (D2 u) respectively. In two dimensions, following [14, 13, 11, 22, 18],
we will consider the Pucci equation,
(1.3)

αλ+ + λ− = f (x), α ≥ 1.

We note that in principle the vanishing moment methodology [16] is applicable to
the Pucci equation. However, the operator F is not differentiable in this case as
opposed to the Monge-Ampère equation for example, hence Newton’s method cannot
be used. One can use that methodology following [14, 13, 11], where a Pucci equation
is written in terms of the Monge-Ampère operator.
Another equation of interest is the prescribed Gauss curvature equation,
(1.4)

det D2 u − K(x)(1 + |Du|2 )

n+2
2

= 0.

Given Ω, K and g, one seeks a convex function solution of the equation.
Starting with [9, 13], interest has grown for finite element methods which are able to
capture viscosity solutions of second order fully nonlinear equations. In the context
of non-smooth solutions, for proven convergence results, wide stencils finite difference
have been used for the Monge-Ampère and the Pucci equations [22] and a class of
Bellman-Isaacs equation [15]. This paper is the sequel to [5] where we did a comparative study of three methods suitable for finite element computations of solutions of
the Monge-Ampère equation. We refer to the above paper for recent references and
an introduction to the spline element method which is also used here to illustrate the
numerical results.
In this paper, we consider three numerical methods for the Monge-Ampère equation.
The first two are pseudo-time continuation methods. Given a fully nonlinear elliptic
equation, F (u) = 0 with F differentiable, we consider the sequence of problems
(νL + F 0 (uk ))(uk+1 − uk ) = −F (uk ),
where L is a linear operator which we take in this paper as the identity or the Laplace
operator. In the latter case, L may be viewed as a preconditioner and in this case, the
computations are speeded up compared to the case where L is the identity operator.
In the case of the Monge-Ampère equation, F (u) = det D2 u − f , and the solution of
the problem is reduced to solving a sequence of elliptic equations whose solutions are
sought here in the spline space of degree d and smoothness r ≥ 1, Section 2. Note
that for the Monge-Ampère equation
F 0 (uk )(uk+1 − uk ) = div (cof D2 uk )(Duk+1 − Duk ) = (cof D2 uk ) : (D2 uk+1 − D2 uk ).
Given an initial guess u0 , we are led to the sequence of approximate solutions
(1.5)

νLθk + (cof D2 uk ) : D2 θk = (f − fk ),

fk = det D2 uk ,

θk = uk+1 − uk .

√
As initial guess one may take the solution of the Poisson equation ∆u = 2 f in
Ω, u = g on ∂Ω.

3

Method 1 corresponds to the case where L is the identity operator and Method 2
to the case where L is the Laplace operator. The third method is a pseudo time
marching method. Given ν > 0, we consider the sequence of iterates
(1.6)

−ν∆uk+1 = −ν∆uk + F (x, uk (x), Duk (x), D2 uk ), uk+1 = g on ∂Ω.

It can be interpreted as an Euler discretization of the pseudo-time dependent equation
∂∆u
+F (x, u(x), Du(x), D2 u) = 0, or as a Laplacian preconditioner of a simple pseudo
∂t
time marching algorithm, [18] uk+1 = uk + ∆−1 (F (x, uk (x), Duk (x), D2 uk (x))). See
also a remark in [21]. The simple pseudo-time marching algorithm also performs well
for numerical solutions in some cases for ν sufficiently large. However the use of the
Laplacian preconditioner besides the speed of computation, also helps select a convex
solution for the two dimensional Monge-Ampère equation. Indeed, we will see that
Method 3 and to some extent Method 2 enforces ∆u > 0, which when combined with
det D2 u = f ≥ 0 and C 1 continuity implies numerical convexity [20], Lemma 1. The
use of the spline element method is also motivated by its higher order of accuracy
and its robustness in some limiting situations [4, 5].
It is believed that some methods are able to capture the viscosity solutions and other
can’t. This paper gives evidence that at least in two dimensions, by relaxation, a
method which works only for solutions in H 2 (Ω) can be expected to perform in the
non smooth case for a class of problems which include the Monge-Ampère, Pucci,
Gauss curvature and a class of Isaacs-Bellman equation.
The paper is organized as follows: we first give a brief description of the spline element
method, then we give the convergence results for the iterative methods. Next, we give
numerical results for the Monge-Ampère, Pucci and Gauss curvature equation and
conclude with some remarks.
2. Spline element discretization
We refer to [2, 6, 7, 8, 19, 4] for a description of the spline element method. In the
simplest case, it can be described as follows. Let u ∈ V = H0m (Ω), m ≥ 1 solve a
variational problem a(u, v) = f (v) with the conditions of the Lax-Milgram lemma
satisfied. Take
Vh := Sdr (T ) = {s ∈ C r (Ω), s|t ∈ Pd , ∀t ∈ T },
for a triangulation T of the domain and Pd the space of polynomials of degree less
than or equal to d. The space Sdr (T ) is the spline space of smoothness r and degree d.
For r = 0 and d = 1 we have the space of piecewise linear continuous functions. Next
choose a representation of polynomials such that Vh = {c ∈ RN , Rc = G} for some
integer N , matrix R and vector G. The discrete problem is find c ∈ Vh , cT Kd = F T d
for all d ∈ Vh for a suitable stiffness matrix K and a load vector F . Introducing a
Lagrange multiplier, we are lead to saddle point problems

  

c
F
K RT
=
,
λ
G
R 0
which are solved by a version of the augmented Lagrangian algorithm
1
1
(2.1)
(K + RT R)c(l+1) = K T c(l) + RT G, l = 1, 2, . . .
µ
µ
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The convergence properties of the iterative method were given in [3].
3. Convergence of the iterative methods
We first describe the convergence properties of the pseudo-time continuation methods.
We consider a damped version of (1.5), namely
1
(νL + F 0 (uk ))(uk+1 − uk ) = − F (uk ),
τ
(3.1)
1
νLθk + (cof D2 uk ) : D2 θk = (f − fk ), fk = det D2 uk , θk = uk+1 − uk ,
τ
where τ > 0 is a damping parameter. In the numerical experiments, we used τ = 1.
We will need the following global regularity result, [23].
Theorem 3.1. Let Ω be a uniformly convex domain in Rn , with boundary in C 3 .
Suppose g ∈ C 3 (Ω), inf f > 0, and f ∈ C α for some α ∈ (0, 1). Then (1.2) has a
convex solution u which satisfies the a priori estimate
||u||C 2,α (Ω) ≤ C,
where C depends only on n, α, inf f, Ω, ||f ||C α (Ω) and ||g||C 3 .
According to [23], all assumptions in the above theorem are sharp. We have the
following analogue of Theorem 2.1 in [21].
Theorem 3.2. Let Ω be a uniformly convex domain in Rn , with boundary in C 3 .
Let 0 < m ≤ f ≤ M, f ∈ C α for some m, M > 0 and α ∈ (0, 1). Assume also that
g ∈ C 3 (Ω). Then, there exists τ ≥ 1 depending on m, f , such that if uk is the sequence
defined by (1.5), it converges in C 2,β to a solution u of (1.2) for u0 sufficiently close
to u and for every β < α.
Proof. We outlined the proof in [5]. See also [21, 17]. One shows by induction that
there are constants C1 , C2 > 0 such that
1
det D2 u ≤ det D2 un ≤ C1 det D2 u and || det D2 u − det D2 un ||C α ≤ C2 .
C1
Then using Schauder theory, one obtains bounds on the solution of (1.5). ArzelaAscoli’s theorem is then used to prove that the sequence is precompact in C 2,β , β < α.
Since (1.2) has at most two solutions, by requiring u0 sufficiently close to u, we assure
that the solution is locally unique.

We also gave an error estimate in [5] for conforming approximations. Recall that

1
1
(3.2)
det D2 u = (cof D2 u) : D2 u = div (cof D2 u)Du ,
n
n
where cof A is the matrix of cofactors of the matrix A. This gives the following
weak formulation, [5], of the Dirichlet problem for the Monge-Ampère equation: find
u ∈ H n (Ω), u = g on ∂Ω such that
Z
Z
2
(3.3)
(cof D u)Du · Dw dx = −n f w dx, ∀w ∈ H n (Ω) ∩ H01 (Ω).
Ω

Ω
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For V h a conforming finite element subspace of H 2 (Ω), V0h be a conforming finite
element subspace of H 2 (Ω) ∩ H01 (Ω) with approximation properties
(3.4)

infvh ∈V h ||v − vh ||j ≤ C1 hp−j ||v||4 , j = 0, 1, 2

for all v ∈ H 4 (Ω) for some p ≥ 4, we have
Theorem 3.3. [5] Assume that problem (1.2) has a solution u ∈ H 4 (Ω) hence in
C 2 (Ω) by Sobolev embedding, then the discrete problem, find uh ∈ Vh , uh = g on ∂Ω
such that
Z
Z
1
2
(3.5)
−
(cof D uh )Duh · Dwh dx =
f wh dx, ∀wh ∈ V0h ,
2 Ω
Ω
has a unique solution in a neighborhood of Ih u where Ih is an interpolation operator
associated with Vh . Moreover ||uh − Ih (u)||2 is at least O(h).
Next, we give a convergence result for Method 3.
Theorem 3.4. Let u0 ∈ C 2,α (Ω) such that ∆u0 > 0 and assume that
F (x, u(x), Du(x), D2 u(x)) − f (x) ∈ C α , for u ∈ C 2,α .
Assume moreover that F (x, u0 (x), Du0 (x), D2 u0 (x)) ≤ f (x). Then, there is an increasing sequence νk+1 such that the sequence defined by
(3.6) −νk+1 ∆uk+1 = −νk+1 ∆uk +F (x, uk (x), Duk (x), D2 uk )−f (x), uk+1 = g on ∂Ω.
is monotonically decreasing.
Proof. We have −ν1 ∆u1 = −ν1 ∆u0 +F (x, u0 (x), Du0 (x), D2 u0 (x))−f , so −ν1 ∆(u1 −
u0 ) ≤ 0. By the maximum principle, since u1 − u0 ∈ C 0 (Ω) ∩ C 2,α (Ω),
u1 ≤ u0 .
We next show that for sufficiently large νk+1 , uk+1 ≤ uk . As ∆u0 > 0 and −ν1 (∆u1 −
∆u0 ) ≤ 0, we have ∆u1 ≥ ∆u0 > 0. Assume by induction that νk has been chosen
such that ∆uk > 0. Note that (3.6) can be written

1
∆uk+1 = ∆uk −
F (x, uk (x), Duk (x), D2 uk ) − f (x) , in Ω,
νk+1
(3.7)
uk+1 = g on ∂Ω.
If F (x, uk (x), Duk (x), D2 uk ) − f (x) ≤ 0 for all x ∈ Ω, then ∆uk+1 ≥ ∆uk and
uk+1 ≤ uk . In general, let Γ = {x ∈ Ω, F (x, uk (x), Duk (x), D2 uk ) − f (x) > 0}. Note
that the right hand side of the first equation in (3.7) is of the type A − 1/νB where A
and B are both positive continuous functions hence bounded on Γ, that is there are
numbers mA , MA , mB and MB such that mA ≤ A(x) ≤ MA and mB ≤ B(x) ≤ MB
for all x in Ω. Since ∆uk ≥ ∆uk−1 ≥ . . . ≥ ∆u0 > f , we have mA > 0.
Now, for ν ≥ ν k+1 = MB /mA , A−1/νB ≥ 0 and we conclude that for νk+1 =max(νk , ν k+1 ),
∆uk+1 ≥ ∆uk . This concludes the proof.

It is not clear whether the sequences νk and uk are bounded from above and below
respectively. The assumption F (x, u0 (x), Du0 (x), D2 u0 (x)) ≤ f (x) can be relaxed by
choosing ν sufficiently large so that ∆u1 ≥ ∆u0 .
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d
nit
L2 norm
d = 3 8 1.0610 10−3
d = 4 10 3.5127 10−5
d = 5 13 4.1572 10−6
d = 6 25 1.9684 10−7
d = 7 40 2.2712 10−8
d = 8 157 1.3867 10−9
d = 9 303 3.7149 10−9

H 1 norm
1.1101 10−2
4.8553 10−4
6.5142 10−5
3.6401 10−6
4.1495 10−7
3.1763 10−8
1.5998 10−7

H 2 norm
1.6383 10−1
9.0596 10−3
1.9364 10−3
1.4774 10−4
2.2424 10−5
2.2274 10−6
1.1272 10−5

Table 1. Test 1, Method 1, h = 1/2, ν = 0.015
4. Numerical results
Unless otherwise indicated, all numerical simulations below are for r = 1 and the domain is [0, 1]n , n = 2, 3. For n = 2, the computational domain is the unit square [0, 1]2
which is first divided into squares of side length h. Then each square is divided into
two triangles by the diagonal with negative slope. For n = 3, the initial tetrahedral
partition T1 consists in six tetrahedra. Each tetrahedron is then uniformly refined
into 8 subtetrahedra forming Tk , k = 2, 3. In the tables, nint denote the number of
iterations.
4.1. Monge-Ampère. We used the following test functions suggested in [13, 10, 16].
2

2

2

2

Test 1: u(x, y) = e(x +y )/2 so that f (x, y) = (1 + x2 + y 2 )e(x +y ) and g(x, y) =
2
2
e(x +y )/2 on ∂Ω.
p
Test
2:
u(x,
y)
=
−
2 − x2 − y 2 so that f (x, y) = 2/(2 − x2 − y 2 )2 and g(x, y) =
p
− 2 − x2 − y 2 on ∂Ω.
Test 3: f (x, y) = 1 and g(x, y) = 0. No exact solution is known.
2

2

2

2

2

2

Test 4: u(x, y, z) = e(x +y +z )/3 so that f (x, y, z) = 8/81(3 + 2(x2 + y 2 + z 2 )e(x +y +z )
2
2
2
and g(x, y, z) = e(x +y +z )/3 on ∂Ω.
p
Test 5: u(x, y, z) =p− 3 − x2 − y 2 − z 2 so that f (x, y, z) = 3(3−x2 −y 2 −z 2 )( −5/2)
and g(x, y, z) = − 3 − x2 − y 2 − z 2 on ∂Ω.
Test 6: f (x, y, z) = 1 and g(x, y, z) = 0. No exact solution is known.
Test 7: u(x, y) = |x − 1/2| with g(x, y) = |x − 1/2| and f (x, y) = 0.
For non-smooth solutions, better results are obtained with L as the Laplace operator,
Method 2. Even for smooth solutions, the computations are much faster. For example,
for Test 6, one observes a negative curvature of the numerical solution near the
corners. This a problem with many numerical simulations of the Monge-Ampère
equation, [13, 10, 16]. It is evidenced only when one plots the graph of the solution
along the line y = x in R2 . This problem disappears when we use L = ∆ in two
dimensions. This can be explained as follows: for plane problems, the scheme enforces
element by element ∆u > 0 and for a non degenerate problem det D2 u = f > 0. This
implies that the numerical solution has Hessian positive definite element by element,
which when combined with C 1 continuity gives numerical convexity [20], Lemma 1.
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d
nit
L2 norm
d = 3 10 1.2809 10−4
d = 4 12 1.6278 10−6
d = 5 16 1.1531 10−7
d = 6 24 1.7609 10−9
d = 7 39 1.7113 10−10
d = 8 111 3.9851 10−10

H 1 norm
2.6554 10−3
4.5619 10−5
2.3916 10−6
6.8523 10−8
4.9437 10−9
3.1860 10−8

H 2 norm
8.9587 10−2
1.7395 10−3
1.3444 10−4
5.5427 10−6
5.3920 10−7
4.6123 10−6

Table 2. Test 1, Method 1, h = 1/4, ν = 0.015
H 1 norm
1.640910−1
6.140510−2
4.097810−2
2.947810−2
p
Table 3. Test 2: Method 1, d = 3, ν = 15, u(x, y) = − 2 − x2 − y 2 ∈
/ H 2 (Ω)
h
1/20
1/21
1/22
1/23

d
nit
d=3 1
d=4 7
d = 5 10
d = 6 18

nit
435
352
345
319

L2 norm
2.195410−2
3.609710−3
1.068510−3
3.766610−4

L2 norm
1.2338 10−2
1.6289 10−3
1.5333 10−3
1.2324 10−4

H 1 norm
7.6984 10−2
1.4719 10−2
8.7312 10−3
9.7171 10−4

H 2 norm
4.4411 10−1
1.3983 10−1
6.0412 10−2
1.0584 10−2

Table 4. Test 4, Method 1, I1 , ν = 0.015
d
nit
L2 norm
H 1 norm
H 2 norm
−3
−2
d = 3 1 3.1739 10
2.3005 10
2.4496 10−1
d = 4 14 3.2786 10−4 3.5626 10−3 5.2079 10−2
d = 5 39 2.4027 10−5 3.9210 10−4 8.8868 10−3
Table 5. Test 4, Method 1, I2 , ν = 0.015
There are three instances where Method 3 outperforms the pseudo-time continuation methods. The concavity property of the concave solution in the case f (x, y) =
1, g(x, y) = 0 are better than the one obtained by the vanishing moment methodology,
[5, 16]. The second example is its performance for Test 2. And finally, we give results
for Test 7, a degenerate Monge-Ampère equation. We obtained similar results for the
three dimensional analogue of Test 7.
We note that for smooth solutions, if ν is not high enough, numerical results with
Method 3 may be inaccurate. This explains the loss of accuracy for h = 1/26 . However, this is best evidenced by the performance of the method on a smooth solution,
Tables 7, 8 and 9. As the number of degrees of freedom increases, it becomes expensive
to increase the value of ν.
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Figure 1. Test 6, Method 1, on I3 , d = 5, ν = 15 graph x = 1/2,
slices x-direction

Figure 2. Test 3, L = ∆, h = 1/24 , d = 5, ν = 15.

Figure 3. Test 3, Method 3, h = 1/24 , d = 5, ν = 50.

9

h
1/21
1/22
1/23
1/24
1/25
1/26
1/27

nit
826
652
644
588
547
2
1

L2 norm
2.0721 10−2
1.8579 10−3
5.0438 10−4
2.1132 10−4
8.4871 10−5
4.4597 10−3
NaN

H 1 norm
1.5963 10−1
5.4300 10−2
3.7948 10−2
2.8015 10−2
2.0803 10−2
9.9622 10−2
NaN

Table 6. Test 2, Method 3, d = 3, ν = 50
h
d=3
d=4
d=5
d=6
d=7
d=8

nit
24
24
40
2
2
2

L2 norm
1.061010−3
3.512710−5
4.157210−6
6.205810−4
6.340810−4
6.398810−4

H 1 norm
1.110110−2
4.855310−4
6.514210−5
7.523610−3
8.329910−3
8.763610−3

H 2 norm
1.638310−1
9.059610−3
1.936410−3
2.128110−1
2.669910−1
3.060410−1

Table 7. Test 1, Method 3, h = 1/2, ν = 5
h
d=3
d=4
d=5
d=6
d=7
d=8

nit
260
234
236
217
213
186

L2 norm
1.0610 10−3
3.5127 10−5
4.1569 10−6
1.9780 10−7
2.1441 10−8
1.0893 10−8

H 1 norm
1.1101 10−2
4.8553 10−4
6.5142 10−5
3.6411 10−6
4.1381 10−7
6.3270 10−8

H 2 norm
1.6383 10−1
9.0596 10−3
1.9364 10−3
1.4775 10−4
2.2415 10−5
1.6264 10−6

Table 8. Test 1, Method 3, h = 1/2, ν = 50
h
d=3
d=4
d=5
d=6
d=7
d=8

nit
239
233
233
230
205
179

L2 norm
1.2809 10−4
1.6279 10−6
1.1504 10−7
2.1643 10−9
2.9193 10−9
1.5311 10−8

H 1 norm
2.6554 10−3
4.5620 10−5
2.3915 10−6
6.8741 10−8
1.8321 10−8
8.4643 10−8

H 2 norm
8.9587 10−2
1.7395 10−3
1.3444 10−4
5.5412 10−6
4.1951 10−7
6.7135 10−7

Table 9. Test 1, Method 3, h = 1/4, ν = 50
Note carefully that the monotone scheme in [22] has a directional error when a fixed
stencil is used and has not been tested in the regime where the accuracy is of order
10−5 for the singular example of Test 2. Also, the condition number in (2.1) can be
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Figure 4. Test 7, Method 3, h = 1/24 , d = 5, ν = 50.
very large and we were not able to compute a numerical solution for h = 1/27 . A
factor to take into account is that f is singular and for polynomial interpolation of f ,
values of f near the singularity point (1, 1) have to be used which inevitably causes
overflow. We set f (1, 1) = 500 for this test.
For Test 7, the scheme is able again to capture the singularity.
Our schemes did not converge for Test 5. This can be explained as follows: in three
dimensions, for a matrix A, tr(A) ≥ 0 and det A ≥ 0 is not enough to characterize
a semi-positive definite Hessian. Using the vanishing moment methodology in the
framework of the spline element method, we also observe divergence for Test 5. The
paper [16] did not report on that case.
4.2. Pucci equation. We use Method 3. Since there is no convexity requirement we
could have simply used C 0 splines or Lagrange elements. The zero function was taken
as initial guess. Recall, (1.3) that α ≥ 1. We consider two types of test functions,
a smooth one and a problem for which no exact solution is known but cannot be in
H 2 (Ω).
Test 8: An exact radial solution, −((x + 1)2 + (y + 1)2 )1/2−α/2
Test 9: The solution is not in H 2 (Ω) and no exact formula is known. The function
g(x1 , x2 ) is 1 except on the set {(x1 , x2 ) ∈ [0, 1]2 , x1 = 0, 1, 1/4 < x2 < 3/4} ∪
{(x1 , x2 ) ∈ [0, 1]2 , x2 = 0, 1, 1/4 < x1 < 3/4} where it is 0.
The structure of Table 10 is similar to Table 4, p. 14 in [22]. The scheme used here
is more accurate by several order of magnitude and is conceptually simpler. There
does not seem to be a straightforward connection between the number of iterations
and the value of ν. For α = 2, h = 1/26 , the number of iterations needed to produce

11

α
2
2.5
3
3.5

1/24
1.8717 10−5
3.2042 10−5
4.7162 10−5
6.2880 10−5

1/25
4.6818 10−6
8.0433 10−6
1.1836 10−5
1.5700 10−5

h
1/26
1.1715 10−6
2.0108 10−6
2.9584 10−6
3.9248 10−6

1/27
2.9291 10−7
5.0288 10−7
7.3989 10−7
9.8150 10−7

1/28
7.3233 10−8
1.2572 10−7
1.8497 10−7
2.4537 10−7

Table 10. Test 8, d = 3, ν = 5

Figure 5. Test 9, d = 3, ν = 25 graph of the solution with α = 2.5
the same result were for ν = 1, 758, for ν = 5, 71 and for ν = 25, 367. The number
of iterations for ν = 5 are less than 80 for the results in Table 1, whereas for ν = 25,
some cases took as many as 380 iterations.
However with finite differences, the higher ν, the higher is the number of iterations.
Also, as noted in [11], the higher α, the more hyperbolic the problem becomes and
more difficult to solve with a Laplacian based solver.
In figure 4.2, we plot the section of the solution on the line x = 1/2 with increasing
values of α = 2, 2.5, 3, 3.5, verifying numerically the discrete comparison principle.
We also found that with random perturbation on the right hand side f , the scheme
still reproduces a smooth quadratic solution.
4.3. Gauss curvature equation. Following [16], we considered the Gauss curvature
equation (1.4) on the domain [−0.57, 0.57]2 with boundary conditions g(x, y) = x2 +
y 2 − 1 and ask what is the maximum value of K for which there exists a convex
solution. The vanishing moment method breaks down for K = 2.2. With Method 3,
we are able to capture a convex solution for K as large as 11.2. The initial guess was
taken as the solution of the Monge-Ampère equation det D2 u = K.
Remark 4.1. The iterations were stopped when the L∞ norm of the difference between two iterates is less than 10−10 or when that value is bigger than the previously
computed.
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Figure 6. Test 9, d = 3, ν = 25 sections of the solutions with increasing values of α = 2, 2.5, 3, 5

Figure 7. Gauss curvature equation by Method 3, ν = 50, h =
1/2, d = 3 and with K = 2.2 and K = 11.2 respectively
Remark 4.2. We could have performed the simulations with finite differences even
for the two dimensional Monge-Ampère equation due to a remarkable property of the
discrete Hessian, that is the symmetric matrix with entries Dk,l u, k, l = 1, . . . , 2, where
ui+1,j − 2uij + ui−1,j
,
h2
ui,j+1 − 2uij + ui,j−1
D2,2 uij =
and
h2
ui+1,j+1 + ui−1,j−1 − ui−1,j+1 − ui+1,j−1
D1,2 uij =
.
4h2
In [1], it is shown that the limit of a sequence of grid functions, with semi-positive
definite Hessian, which converges in a suitable norm is a convex function. The obvious
criticism of finite differences is the difficulty to deal with non rectangular domains.
However, for Test 8 with the Monge-Ampère equation, we obtained better results with
finite differences.
D1,1 uij =

13

Figure 8. By finite differences, Test 8 Monge-Ampère, Method 3,
h = 1/22 , ν = 5
Remark 4.3. We have also experimented numerically with Method 3 for the BellmanIsaacs equation using finite differences. The Bellman-Isaacs equations are given by
F (x, D2 u) :=supβ∈B infα∈A (Lα,β u(x)−fα,β (x)) = 0 for given sets A and B, given functions fα,β and Lα,β a family of second order operators. Take Lα,β u(x) = tr(σσ 0 D2 u(x))
and fα,β (x) chosen as Lα,β v(x), v(x) exact solution. The scheme performs well with
a smooth solution u1 (x, y) = sin(x) sin(y) even with the symmetric matrix σ given by
σ11 = x2 , σ12 = 12 xy, σ22 = y 2 , for which no fixed narrow stencil can work in general
[15]. However, with a non smooth solution such as u2 (x, y) = sin(y/2) sin(x/2) if
−π ≤ x < 0 and u2 (x, y) = sin(y/2) sin(x/4) if 0 ≤ x ≤ π and the matrix σ given by
σ11 = sin(x + y), σ12 = σ23 = β, σ13 = σ22 = 0, we could obtain convergent results by
choosing the domain as [−1/2m , 1/2m ] for fixed m and ν high. This suggests the need
for a domain decomposition approach.
Remark 4.4. The operator L in (1.5) may be taken as the biharmonic operator. In
which case, we add the boundary condition ∆uk+1 = 1/ν 2 . The resulting algorithm
may not be analyzed with the techniques discussed in this paper.
Remark 4.5. Have we approximated the viscosity solutions in the non-smooth case?
Method 3 approximates the solution of a fully nonlinear equation by C 2 functions.
This by itself defines a notion of weak solution. It would be interesting to find out if
the limit is always unique and the connections with other definitions of weak solutions.
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12. Luis A. Caffarelli and Xavier Cabré, Fully nonlinear elliptic equations, American Mathematical
Society Colloquium Publications, vol. 43, American Mathematical Society, Providence, RI, 1995.
13. E. J. Dean and R. Glowinski, Numerical methods for fully nonlinear elliptic equations of the
Monge-Ampère type, Comput. Methods Appl. Mech. Engrg. 195 (2006), no. 13-16, 1344–1386.
14. Edward J. Dean and Roland Glowinski, On the numerical solution of a two-dimensional Pucci’s
equation with Dirichlet boundary conditions: a least-squares approach, C. R. Math. Acad. Sci.
Paris 341 (2005), no. 6, 375–380.
15. K. Debradant and E.R. Jakobsen, Semi-lagrangian schemes for linear and fully nonlinear diffusion equations, Submitted, 2010.
16. X. Feng and M. Neilan, Vanishing moment method and moment solutions for second order fully
nonlinear partial differential equations, J. Sci. Comput. 38 (2009), no. 1, 74–98.
17. B.D. Froese and A.M. Oberman, Convergent finite difference solvers for viscosity solutions of
the elliptic Monge-Ampere equation in dimensions two and higher, Submitted, 2010.
18. Roland Glowinski, Numerical methods for fully nonlinear elliptic equations, ICIAM 07—6th
International Congress on Industrial and Applied Mathematics, Eur. Math. Soc., Zürich, 2009,
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