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gauge/string duality
• exact mapping between theories

• easiest to exploit in large N, large λ limit

• has enabled much insight into strongly coupled theories

• E.g.: thermodynamics, η/s, higher order transport coefficients, 
quasinormal modes,  probe dynamics, chiral hydrodynamics, 
holographic models of superconductors, strange metals, 
topological insulators, ...

• mostly equilibrium and near-equilibrium properties

• what about far-from-equilibrium dynamics?
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“shut up and calculate”

• nontrivial QFT dynamics ⬌ non-trivial but classical 
gravitational dynamics in asymptotically anti-de Sitter 
spacetimes

• nontrivial QFT initial state ⬌ non-trivial gravitational 
initial data

• physically motivated initial data = “gedanken” experiments: 
scattering experiments or time dependent external fields

• E.g.: models of heavy ion collisions, quantum quenches

• requires numerical solution of gravitational initial value 
problem
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complexity timeline
• 2008: homogeneous isotropization

• 2009: boost-invariant expansion

• 2010: colliding planar shock waves

• 2013: 2D turbulence

• 2014: off-center, colliding localized shocks

• 2016?: unstable black holes with deformed S5
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5D GR → 1+1D PDEs

5D GR → 2+1D PDEs

5D GR = 4+1D PDEs

10D GR → 2+1D PDEs

5D GR → 1+1D PDEs
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a di⇤erent physical description. For large Nc SYM,
gauge/gravity duality provides an alternative picture in-
volving black hole formation in five dimensions. As we
discuss in Section II, the gravitational dual will involve
a 5d curved spacetime with a 4d boundary which has a
time dependent geometry. The boundary geometry cor-
responds to the spacetime geometry of the SYM field
theory. A time-dependent deformation in the 4d bound-
ary geometry will produce gravitational radiation which
propagates into the fifth dimension. This radiation will
necessarily produce a black hole [21]. It is natural that
the gravitational description of plasma formation and re-
laxation involves horizon formation, since at late times
the system will be in a near-equilibrium state with non-
zero entropy.

The presence of a black hole acts as an absorber of
gravitational radiation and therefore, after the produc-
tion of gravitational radiation on the boundary ceases,
the 5d geometry will relax onto a smooth and slowly
varying form. This relaxation is dual to the relaxation
of non-hydrodynamic degrees of freedom in the quantum
field theory [9]. Therefore, by studying the evolution of
the 5d black hole geometry, one can gain insight into the
creation and relaxation SYM plasma.

For simplicity, in this paper we limit attention to 4d ge-
ometries which have two dimensional spatial homogene-
ity and O(2) rotation invariance in the x⇥ ⌅ {x1, x2}
directions, and which are invariant under boosts in the
x⇤ ⌅ x3 direction. As we discuss in Section II, this
reduces the gravitational dynamics to a system of two-
dimensional PDEs, which we solve numerically. Besides
making the gravitational calculation simpler, these as-
sumptions serve an additional purpose. With these sym-
metries, the late time asymptotics of the 5d geometry
(and the corresponding asymptotics of the stress tensor)
are known analytically [24, 25, 26]. We will therefore be
able to compare directly our numerical results, valid at
all times, to the known late time asymptotics.

Boost invariance implies that the natural coordinates
to use are proper time ⇥ and rapidity y (with x0 ⌅
⇥ cosh y and x⇤ ⌅ ⇥ sinh y). In these coordinates, the
metric of 4d Minkowski space (in the interior of the ⇥ = 0
cone) is ds2 = �d⇥2+dx2

⇥+⇥2 dy2. A deformation of the
geometry, respecting the above symmetry constraints, in-
duced by a time-dependent shear may be written in the
form

ds2 = �d⇥2 + e�(⇥) dx2
⇥ + ⇥2 e�2�(⇥) dy2 . (1)

The function �(⇥) characterizes the time-dependent
shear; neglecting 4d gravity, �(⇥) is a function one is
free to choose arbitrarily. For this study, we chose

�(⇥) = c⇥
�
1� (⇥�⇥0)2/�2

⇥ ⇤
1� (⇥�⇥0)2/�2

⌅6

⇥ e�1/[1�(⇥�⇥0)
2/�2], (2)

with ⇥ the unit step function. (Inclusion of the [1 �
(⇥�⇥0)2/�2]6 factor makes the first few derivatives of

�i

�f
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FIG. 1: A spacetime diagram depicting several stages of the
evolution of the field theory state in response to the changing
spatial geometry. At proper time � = �i, the 4d spacetime ge-
ometry starts to deform. The region of spacetime where the
geometry undergoes time-dependent deformation is shown as
the red region, labeled I. After proper time � = �f , the de-
formation in 4d spacetime geometry turns o� and the field
theory state is out of equilibrium. From proper time �f to
��, shown as the yellow region labeled II, the system is sig-
nificantly anisotropic and not yet close to local equilibrium.
After time ��, shown in green and labeled III, the system is
close to local equilibrium and the evolution of the stress tensor
is well-described by hydrodynamics.

�(⇥) better behaved as ⇥�⇥0 ⌃ ±�.) The function �(⇥)
has compact support and is infinitely di⇤erentiable; �(⇥)
and all its derivatives vanish at the endpoints of the inter-
val (⇥i, ⇥f ), with ⇥i ⌅ ⇥0�� and ⇥f ⌅ ⇥0 +�. We choose
⇥0 ⌅ 5

4� so the geometry is flat at ⇥ = 0.1 We choose to
measure all dimensionful quantities in units where � = 1
(so ⇥i = 1/4 and ⇥f = 9/4).

Fig. 1 shows a spacetime diagram schematically de-
picting several stages in the evolution of the SYM state.
Hyperbola inside the forward lightcone are constant ⇥
surfaces. Prior to ⇥ = ⇥i, the system is in the ground
state. The region of spacetime where the geometry is
deformed from flat space is shown as the red region la-
beled I in Fig. 1. At coordinate time t = ⇥i the geometry
of spacetime begins to deform in the vicinity of x⇤ = 0.
As time progresses, the deformation splits into two local-
ized regions centered about x⇤ ⇧ ±t, which subsequently
separate and move in the ±x⇤ directions at the speeds
asymptotically approaching the speed of light. After the
“pulse” of spacetime deformation passes, the system will
be left in an excited, anisotropic, non-equilibrium state.
That is, the deformation in the geometry will have done
work on the field theory state. This region, labeled II,

1 Choosing �0 � � is convenient for numerics as our coordinate
system becomes singular on the � = 0 lightcone. The particular
choice �0 = 5

4� was made so that our numerical results (which
begin at � = 0) contain a small interval of unmodified geometry
before the deformation turns on. For an interesting discussion of
non-equilibrium boost invariant states near � = 0 see Ref. [27].
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computational lessons (1)
• characteristic formulation works for many problems

• coordinates tied to congruence of infalling null geodesics

• regular across future horizons

• coupled non-linear PDEs → nested linear radial ODEs

• but ... rarely used in asymptotically flat GR due to caustics

5

caustics (outside horizon) 
= coordinate singularities
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computational lessons (1)

6

• asymptotically AdS GR easier than asymptotically flat

• black brane ➡ dissipative physics

• infall time = dissipative timescale

• horizon hides caustics provided dissipative is shortest relevant length

hTµ⌫i

} tinfall

boundary

black brane
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computational lessons (2)

• spectral methods vastly outperform traditional 
discretization methods

• (pseudo)spectral approximation = real space implementation 
of truncated Fourier or Chebyshev basis set expansion

• exponential convergence

• can handle boundary conditions at regular singular points

• all work to date: only desktop computational resources

7
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selected results (& puzzles)

• homogeneous isotropization: chemical potential and 
magnetic field sensitivity

• planar shock collisions: universal rapidity dependence

• colliding “nuclei”: early flow, extreme hydrodynamics

• confinement/deconfinement dynamics: small BHs in 
global AdS
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homogeneous isotropization
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• heavy ion collisions: µ/Τ = O(0.2)

• sensitivity to plasma constituents?

• equilibrium state ⬌ Reissner-Nordstrom black brane

• maximal charge density ⬌ extremal brane

• O(10%) change in quasi-normal mode frequencies

10

homogeneous isotropization:
non-zero flavor charge density

imperceptible
sensitivity!

t

pave
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• heavy ion collisions: much concern about E&M effects

• sensitivity to magnetic field?

• externally imposed anisotropy

• trace anomaly ➡ broken scale invariance

•  

11

homogeneous isotropization:
non-zero magnetic field

Explicitly,

keh(4)
↵�

k = 1

2

B2 diag(+1, +1, +1, �1) , (2.11) {eq:h4tilde}
which is just the classical stress-energy tensor of a magnetic field pointing in the x3 direction.4

The coe�cient c
0

in relation (2.9a) is arbitrary, and reflects scheme dependence in the defini-

tion of the stress-energy tensor in the presence of a non-dynamical background magnetic field.

This scheme dependence arises from the freedom to add to the action of the dual 4D quantum

field theory a classical term, �1

4

e�2(F ext

µ⌫

)2, only involving the non-dynamical external field,

with an arbitrary coe�cient (or inverse “charge”) e�2. This induces contributions to hT
µ⌫

i
which are proportional to the stress-energy of the classical background electromagnetic field —

which, for our solutions, is just that of a constant magnetic field (2.11). Equivalently, from a

gravitational perspective (as explained in [[Skenderis]]), to perform the required holographic

renormalization one must add a logarithmic counterterm, which comes with an inevitable

finite ambiguity. We adopt a specific value,

c
0

⌘ �1

4

, (2.12) {eq:c0}

which makes the subsequent explicit expression (2.23a) for energy density as simple as possi-

ble.

2.2 Symmetry specialization

As noted earlier, we are interesting in studying solutions of Einstein-Maxwell theory which are

spatially homogeneous. This implies that all metric functions depend only on x0 and r. The

arbitrary function � in the residual radial shift di↵eomorphism (2.6) will depend only on x0.

Henceforth, for convenience, we will use v as a synonym for x0; v is a null time coordinate.

(In other words, v = const. surfaces are null slices of the geometry.) At the boundary, v

coincides with the time t of the dual field theory.

We also impose invariance under O(2) rotations in the x1-x2 plane. This implies that only

the g
00

, g
03

, g
33

, and g
11

= g
22

components of g
↵�

are non-zero. Our Einstein-Maxwell theory

(without a Chern-Simons term) is also invariant under spatial parity, or x3 ! �x3 reflections,

and for simplicity we will also impose parity invariance. This requires the vanishing of g
03

.

For the bulk gauge field, the choice of radial gauge, A
r

= 0, plus our imposed symmetries

imply that

A
↵

(x, r) = Aext

↵

(x)� �(v, r) �0
↵

. (2.13) {eq:bulk A}
The corresponding bulk field strength, which is what appears in the field equations, can

have a constant (x and r independent) magnetic field plus a radial electric field,

F
12

(x, r) = B , F
0r

(x, r) = @
r

�(v, r) ⌘ �E(v, r) , (2.14) {eq:field strength}
4In Fe↵erman-Graham (FG) coordinates, for which ds2 ⌘ (L2/⇢2)

⇥
eg↵�(x̃, ⇢) dx̃

↵ dx̃� + d⇢2
⇤
, one has

eg↵�(x̃, ⇢) ⇠ ⌘↵� +
⇥
eg(4)↵� (x̃) +

eh(4)
↵� ln L

⇢

⇤
⇢4 + O(⇢6 ln ⇢) as ⇢ ! 0. Eq. (2.10) relates the subleading asymp-

totic metric coe�cients in FG and our infalling EF coordinates.

– 6 –

where r is the bulk radial coordinate and x ⌘ {x↵,↵ = 0, · · ·, 3} denotes the four remaining

spacetime coordinates. The spacetime boundary lies at r = 1; the {x↵} may be regarded as

coordinates on the spacetime boundary where the dual field theory “lives”. Curves of varying

r, with x held fixed, are radially infalling null geodesics, a�nely parametrized by r. The

one-form ew ⌘ w
↵

dx↵ (which is assumed to be timelike) depends only on x, not on r. These

infalling coordinates remain regular across future null horizons.

The form of the ansatz (2.4) remains invariant under r-independent di↵eomorphisms,

x↵ ! x̄↵ ⌘ f↵(x) , (2.5) {xdiffeo}

as well as radial shifts (with arbitrary x dependence),

r ! r̄ ⌘ r + �(x) . (2.6) {rdiffeo}

We use the di↵eomorphism freedom (2.5) to transform the timelike one-form ew to the standard

form �dx0 (or w
↵

= ��0
↵

). Our procedure for dealing with the radial shift invariance (2.6)

will be discussed below.

We are interested in geometries which, at large r, asymptotically approach (the Poincaré

patch of) AdS
5

. This will be the case if lim
r!1 g

↵�

(x, r) = ⌘
↵�

with ⌘
↵�

⌘ diag(�1, 1, 1, 1)

the usual Minkowski metric tensor. Demanding that the metric and bulk gauge field satisfy

the Einstein-Maxwell equations, one may derive the near-boundary asymptotic expansion of

the fields. Using radial gauge, A
r

= 0, for the bulk gauge field, and a suitable choice of

the radial shift (2.6) (which eliminates O(1/r) terms in g
↵�

), one finds that for solutions of

interest, the metric and bulk gauge field have asymptotic expansions of the form {eq:gAasymp}
g
↵�

(x, r) ⇠ ⌘
↵�

+
h
g
(4)

↵�

(x) + h
(4)

↵�

(x) ln r

L

i
(L2/r)4 +O

⇥
(L2/r)5

⇤
, (2.7a)

A
↵

(x, r) ⇠ Aext

↵

(x) +A(2)

↵

(x) (L2/r)2 +O
⇥
(L2/r)3

⇤
. (2.7b)

The logarithmic term in the metric is only present when the external magnetic field is

non-zero (as this induces a scale anomaly). For our constant magnetic field in the x3 direction

kh(4)
↵�

k = 1

3

B2 diag(+2, +1, +1, �2) . (2.8) {eq:h_ab}

The sub-leading asymptotic coe�cients g
(4)

↵�

(x) and A
(2)

↵

cannot be determined from a near-

boundary analysis of the field equations. These coe�cients depend on the form of the solution

throughout the bulk, and they encode the expectation values of the stress-energy tensor and

U(1) current density [3, 4]. The resulting holographic relations are

hT
µ⌫

i = 
h
eg(4)
µ⌫

� ⌘
µ⌫

tr (eg(4)) + c
0

eh(4)
µ⌫

i
, (2.9a) {eq:<T>}

hj
⌫

i = 2A(2)

⌫

, (2.9b) {eq:<j>}

where  ⌘ L3/(4⇡G
N

) = N2

c

/(2⇡2) and {eq:<Tj>}

eg(4)
µ⌫

⌘ g(4)
µ⌫

+ 1

4

⌘
µ⌫

⇣
g
(4)

00

+ 1

4

h
(4)

00

⌘
, eh(4)

µ⌫

⌘ h(4)
µ⌫

+ 1

4

⌘
µ⌫

h
(4)

00

. (2.10) {eq:EFtoFG}

– 5 –

classical E&M 
stress-energy

t

(static contribution omitted)

remarkably little
sensitivity!
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homogeneous isotropization: 
lessons

• relaxation time scale = gravitational infall time

• remarkably little sensitivity to plasma constituents

• remarkably little sensitivity to added magnetic field

• dynamics, as probed by boundary observables, is 
close to linear even far from equilibrium!
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colliding planar shocks
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colliding planar shocks

14

bT 00

µ4
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Figure 2. Rescaled energy density bT 00 as a function of time t and longitudinal position z for Gaussian
shock profiles. Top figure: wide shocks with width w = 5w

o

. Bottom figure: narrow shocks with width
w = w

o

. In both plots, the shocks approach each other along the z axis and collide at z = 0 at time
t = 0. The collisions produce debris that fills the forward light cone. Nevertheless, there are clear
qualitative di↵erences in the energy density near the forward light cone. For w = w

o

there are clear
post-collision remnants of the initial shocks propagating on the light cone. These remnants decay with
time like t�p with p ⇡ 0.9.

3 Results for planar shocks

3.1 Early time dynamics and non-universal transient e↵ects

Let us begin by focusing on the energy density produced by Gaussian shock collisions. In

Fig. 2 we plot the rescaled energy density bT 00, for Gaussian shock profiles with widths w = 5w
o

(top) and w = w
o

(bottom). The shocks approach each other at the speed of light in the

1
For comparison, Ref [15] used w = 10w

o

and Ref [1] used w in the range 0.66w
o

till 25w
o

.

– 6 –

wide shocks

P. Chesler, N. Kilbertus, W. van der Schee, 1507.02548
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colliding planar shocks

bT 00

µ4

bT 00

µ4

Figure 2. Rescaled energy density bT 00 as a function of time t and longitudinal position z for Gaussian
shock profiles. Top figure: wide shocks with width w = 5w

o

. Bottom figure: narrow shocks with width
w = w

o

. In both plots, the shocks approach each other along the z axis and collide at z = 0 at time
t = 0. The collisions produce debris that fills the forward light cone. Nevertheless, there are clear
qualitative di↵erences in the energy density near the forward light cone. For w = w

o

there are clear
post-collision remnants of the initial shocks propagating on the light cone. These remnants decay with
time like t�p with p ⇡ 0.9.

3 Results for planar shocks

3.1 Early time dynamics and non-universal transient e↵ects

Let us begin by focusing on the energy density produced by Gaussian shock collisions. In

Fig. 2 we plot the rescaled energy density bT 00, for Gaussian shock profiles with widths w = 5w
o

(top) and w = w
o

(bottom). The shocks approach each other at the speed of light in the

1
For comparison, Ref [15] used w = 10w

o

and Ref [1] used w in the range 0.66w
o

till 25w
o

.

– 6 –

narrow shocks

P. Chesler, N. Kilbertus, W. van der Schee, 1507.02548
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planar shocks: lessons

• no surviving remnants on lightcone

• no significant difference between wide & narrow shocks

• universal rapidity dependence

16

profiles was studied, it was found that some qualitative features of the debris produced by

the collision are sensitive to the thickness of the shocks. For suitably thin shocks remnants of

the initial shocks can survive the collision event and propagate on the forward light cone and

regions of negative energy density appear near the light cone. In contrast, when the shock

thickness is suitably large no obvious remnants of the initial shocks survive the collision event

and the energy density is everywhere smooth and positive in the forward light cone [1, 15].

To begin to address the above questions we focus on the simple case of planar shock

collisions in AdS5, where the shocks have no dependence on the coordinates transverse to the

collision axis. The shocks move in the ±z direction at the speed of light and have energy

density

T 00 =
N2

c

2⇡2
µ3�

w

(z ± t), (1.1)

with t time, Nc the number of colors, and µ an energy scale. We consider �
w

(x) which are

ostensibly smeared �-functions localized about x = 0 with normalization and variance
Z

dx �
w

(x) = 1,

Z
dx x2�

w

(x) = w2. (1.2)

Hence, the energy per unit transverse area of the shocks is N

2
c

2⇡2 µ3. We investigate the collision

dynamics as a function of the shock width and the functional form of �
w

. For simplicity we

consider profiles �
w

in which w is the only scale. The dimensionless measure of the shock width

is µw for which we consider µw . 1
2 . In contrast to the collisions studied in [1, 15], which

were in the background of a low temperature plasma, we study collisions at zero background

temperature. This allows us to study long time evolution without pollution due to thermal

regulators.

We find that the post-collision stress tensor near the light cone is non-universal and

depends on both the shock width w and the precise functional form of the shock profile �
w

.

However, we observe that the non-universal behavior is transient: irrespective of w or �
w

, long

after the collision event, nearly all the energy lies inside the future light cone and the evolution

of the stress tensor is governed by hydrodynamics. Over a large range of shock widths,

including those which yield qualitative di↵erent behavior near the future light cone, and for

di↵erent shock profiles �
w

, we find universal behavior in the initial hydrodynamic data. On a

surface of constant proper time ⌧ = ⌧init & thydro, with thydro ⇡ 2/µ the hydrodynamization

time, we find that the fluid velocity is well described by boost invariant flow and that the

proper energy density ✏ is well described by

✏(⇠, w)|
⌧=⌧init = µ4A(µw)f

⇣
⇠

⇠FWHM(µw)

⌘
, (1.3)

where ⇠ is spacetime rapidity and f is a w-independent function with ⇠FWHM its full width at

half maximum. Therefore, the only w dependence in the hydrodynamic flow is in the proper

energy’s normalization and rapidity width. Aside from this w dependence, we observe that

the hydrodynamic flow is otherwise insensitive to the precise functional form of �
w

.

– 2 –

hydrodynamic proper energy has the form of Eq. (1.3), with all w dependence solely in the

normalization and rapidity width of the proper energy.

Is the hydrodynamic evolution sensitive to perturbations in the shock profile? To answer

this question, in Fig. 10 we plot ✏̂ and u⌧ again at ⌧ = ⌧init with widths w = 5w
o

(top) and

w = w
o

(bottom) for both Gaussian and non-Gaussian shock profiles. As is evident from the

figure, both ✏ and u⌧ are nearly identical for both shock profiles. This should be contrasted

with Fig. 5, where the energy density near the light cone was seen to be sensitive to the shock

profile. Evidently, the initial hydrodynamic data is insensitive to the precise functional form

of the shock profile �
w

.
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Figure 9. The rescaled proper energy density ✏/✏(⇠ = 0) for Gaussian shock profiles at fixed ⌧ = ⌧init

as a function of the rescaled rapidity ⇠/⇠FWHM. Note that in units of µ the range of w shown is µ is
µw = 0.075 to µw = 0.525. When rescaled, all proper energy curves seen in Fig. 7 collapse onto each
other.

What is the function f in Eq. (1.3)? In Fig. 11 we plot ✏ as a function of ⇠/⇠FWHM

for w = 5w
o

together with the Gaussian (1.5), which has unit full width at half maximum.

Evidently, the initial hydrodynamic data is well described by a boost invariant fluid velocity

and a Gaussian proper energy rapidity profile.

4 Including transverse dynamics during hydrodynamic evolution

Heavy ion collisions are of course not translationally invariant as our planar shock collisions

are. Let us for simplicity focus on head-on collisions with zero impact parameter. A gravita-

tional model of a heavy ion with non-trivial transverse profile is the shock metric (2.1) with

– 13 –
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Figure 11. The rescaled proper energy at ⌧ = ⌧init as a function of the rescaled rapidity ⇠/⇠FWHM.
Also included is the Gaussian (1.5), which has unit full width at half maximum.

hydrodynamic data at some early time merely using planar shock collisions. The future

evolution — including transverse dynamics — can then be studied using hydrodynamics. To

this end we define the x?-dependent energy scale µ(x?) and longitudinal width w(x?) via

µ(x?)3 ⌘
Z

dz H±(x?, z⌥), w(x?)2 ⌘
R

dz z2H±(x?, z⌥)R
dz H±(x?, z⌥)

. (4.2)

As we shall see below, for energies at RHIC and the LHC the local width µ(x?)w(x?) . 1/2

and the initial hydrodynamic data falls within the domain of universality seen above in Figs. 7

and 9. In other words, the initial hydrodynamic data at some x? only depends on the local

energy scale µ(x?) and the local width w(x?) and not on the precise longitudinal structure

of the shock profile (4.1).

Let us henceforth denote the post-collision stress tensor for planar collisions by Tµ⌫

planar.

Tµ⌫

planar can be written

Tµ⌫

planar(⌧, ⇠, w) = µ4T µ⌫

planar(µ⌧, ⇠, µw), (4.3)

where T µ⌫

planar(·, ·, ·) is a dimensionless function of three dimensionless arguments and is in-

dependent of the structure of the colliding shocks. Therefore, in the limit where transverse

gradients are small we can write the stress tensor as

Tµ⌫(⌧,x?, ⇠) = µ(x?)4T µ⌫

planar(µ(x?)⌧, ⇠, µ(x?)w(x?)). (4.4)

Eq. (4.4) is valid for times ⌧ ⌧ ` with ` the typical length scale over which µ(x?) varies.

Since the local hydrodynamization time is of order 1/µ, we may use (4.4) to construct initial

data for hydrodynamics when

`µ � 1. (4.5)

We choose nuclear radius R = 6.5 fm and surface thickness a = 0.66 fm. We employ two

di↵erent energies: E = ERHIC = 200GeV ⇥ NAu
2 and E = ELHC = 2.76 TeV ⇥ NPb

2 where

– 15 –
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off-center collisions
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off-center collisions
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Figure 1. The energy density T

00 (top) and energy flux |T 0i| (bottom), at four di↵erent
times, in the plane y = 0. Streamlines in the lower plots denote the direction of energy flux.
Note that the color scaling varies from plot to plot. At the initial time t = �2 the shocks
are at z = ±2. The non-zero impact parameter in the x-direction is apparent. The shocks
move in the ±z direction at the speed of light and collide at t = z = 0. After the collision the
remnants of the initial shocks, which remain close to the lightcone, z = ±t, are significantly
attenuated in amplitude with the extracted energy deposited in the interior region. The
development of transverse flow is apparent at positive times.

fig:snapshots

T xx is nearly ten times larger than T zz. (This latter phenomena has also been seen in
1 + 1 dimensional flow [2–4].)

To quantify the domain in which hydrodynamics is applicable, we define a residual
measure

� ⌘ (1/p̄)
p

�T
µ⌫

�T µ⌫ , (3.2) {eq:deltadef}
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transverse & longitudinal pressure
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Figure 2. Stress tensor components T

xx and T

zz at the spatial origin, x = y = z = 0, as
a function of time. Dashed lines denote the viscous hydrodynamic approximation. Around
t = 0 the system is highly anisotropic and far from equilibrium. Nevertheless, at this point
in space, the system begins to evolve hydrodynamically at t ⇡ 1.25.

fig:pressures

with �T µ⌫ ⌘ T µ⌫ � T µ⌫

hydro

and p̄ ⌘ ✏/3 the average pressure in the local rest frame.
The quantity � is frame-independent but, when evaluated in the local fluid rest frame,
reduces to the relative di↵erence between the spatial stress in T µ⌫ and T µ⌫

hydro

. Regions
with �⌧ 1 are evolving hydrodynamically.

In Fig. 3 we plot � in the transverse plane at proper times ⌧ = 1, 1.25, and 2,
and rapidities ⇠ = 0 and 1. The color scaling is the same in all plots. Focusing first on
⇠ = 0 (top row), at ⌧ = 1 one sees that � & 0.5 in the central region (x, y ⇡ 0), and
hydrodynamics is not a good description. However, by ⌧ = 1.25 a fluid droplet with � .
0.15 and transverse radius x? ⌘ |x?| . 5.3 has formed, with subsequent evolution well
described by hydrodynamics. At ⌧ = 2 the transverse size of the droplet has increased
and � < 0.15 for x? . 8.6. Turning now to the behavior at rapidity ⇠ = 1 (bottom
row), one sees that for small x? the system is already evolving hydrodynamically at
⌧ = 1. Moreover, the onset of hydrodynamics occurs earlier for x < 0 than for x > 0.
This feature reflects the fact that the receding maxima remain far from equilibrium
and non-hydrodynamic, and (as seen in Fig. 1), the maxima with ⇠ > 0 lies at x > 0.

Interestingly, the inclusion of transverse dynamics seems to hasten the approach
to local equilibrium: the equilibration time t

hydro

⇠ 1.25 is about 30% smaller than
was the case in our previous studies [3, 11] of planar shock collisions. Recent work
[14, 15] has found that equilibration time scales of far-from-equilibrium states can
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hydrodynamic residual
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Figure 3. The residual � in the transverse plane, at several proper times ⌧ and two values of
rapidity ⇠. Regions with �⌧ 1 are evolving hydrodynamically. At ⇠ = 0 (top row) the central
region becomes hydrodynamic at ⌧ ⇡ 1.25, whereas at ⇠ = 1 (bottom row) hydrodynamic
behavior of the central region has already begun by ⌧ ⇡ 1. At ⇠ = 1, hydrodynamic behavior
first sets in at x < 0. This feature reflects the fact that the receding maxima remain far from
equilibrium and non-hydrodynamic, and the maxima with ⇠ > 0 lies at x > 0.

fig:therm

be understood, at least semi-quantitatively, in terms of the spectrum of quasinormal
modes. Post-collision, a distribution of quasinormal modes will be excited. The decay
of these modes controls the approach to equilibrium, with high (spatial) momentum
modes decaying faster than low momentum modes. With the inclusion of transverse
dynamics, the typical transverse wavevector will be non-zero, presumably leading to a
larger average momentum of excited modes than in planar collisions without transverse
dynamics. Hence, it is natural to expect the inclusion of transverse dynamics to decrease
the relaxation time, just as we observe.

A striking feature of the the post-collision evolution in Fig. 1 is the appearance of
flow in the transverse plane at early times. The early-time acceleration imparted on the
transverse flow can have a significant impact on the subsequent transverse expansion.
In Fig. 4 we plot the fluid 3-velocity v ⌘ u/u0 in the z�x, z�y, and x�y planes at time
t = 4. The color scaling, which indicates |v|, is the same in each plot. The flow lines
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Figure 1. The energy density T

00 (top) and energy flux |T 0i| (bottom), at four di↵erent
times, in the plane y = 0. Streamlines in the lower plots denote the direction of energy flux.
Note that the color scaling varies from plot to plot. At the initial time t = �2 the shocks
are at z = ±2. The non-zero impact parameter in the x-direction is apparent. The shocks
move in the ±z direction at the speed of light and collide at t = z = 0. After the collision the
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µ⌫
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Figure 4. The fluid 3-velocity |v| at time t = 4, in the z�x, z�y, and x�y planes. Stream-
lines denote the direction of v. Regions in which the residual �, defined in Eq. (3.2),
is greater than 0.15 have been excised; within these regions the system is behaving non-
hydrodynamically. The maximum of |v|, which occurs in the vicinity of the receding maxima,
is 0.64. In contrast, the maximum transverse velocity in the x�y plane is 0.3.

fig:velocities

show the direction of v. Regions in which � > 0.15, and the system is not behaving
hydrodynamically, have been excised. Already at time t = 4 and radius x? ⇡ 5 the
transverse fluid velocity in the x�y plane has magnitude 0.3. In contrast, the maximum
of the longitudinal velocity, which occurs in the neighborhood of the receding maxima,
is 0.64.

One sees from Fig. 4 that the fluid velocity in the x�y plane is nearly radial:
we see no strong signatures of elliptic flow. This should not be too surprising as the
system has not been evolved through the entire hydrodynamic phase of the plasma.
Additionally, in the z�x plane the fluid flow is not symmetric about the z axis and the
longitudinal flow does not vanish at z = 0. The latter observation is a direct violation
of the simplified model of boost invariant flow, in which vz = z/t and vanishes at
z = 0. Nevertheless, at t = 4 and in the region of space where ✏ > 0.6 max(✏), the
longitudinal flow is roughly described by boost invariant flow at the 20% level or better,
with larger deviations appearing at larger rapidities.3 For planar shock collisions, the
deviation of the longitudinal fluid velocity from boost invariant flow decreases as the
shock thickness decreases [4, 11].4 It will be interesting to see if this also holds when
transverse dynamics is included.

We conclude by discussing the early-time transverse flow predicted in ref. [16].

3Specifically, in the region where ✏ > 0.6 max (✏), we find max |vz � z/t| < 0.20 max |vz|.
4However, even in the limit of thin planar shocks the proper energy density has strong rapidity

dependence [4, 11].
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colliding “nuclei”: lessons 

• “pre-hydro” development of transverse flow

• rapid equilibration, thydro Teff ≈ 0.3

• extreme hydrodynamics:

• huge anisotropy but well-behaved gradient expansion

• works down to R Teff ≈ 0.5-1

• compatible with interpretations of high multiplicity p-p 
collisions as producing deconfined quark-gluon plasma 
exhibiting collective flow

24
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small AdS black holes
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confinement dynamics

•N=4 SYM on S3 × R:

• T<Tc: confined phase, O(N0) free energy

• dual description = “thermal” AdS

• T>Tc: deconfined phase, O(N2) free energy

• dual description = global AdS black hole

• T=Tc: first order phase transition

26
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first order transitions
• T=Tc: phase coexistence, multiple equilibrium states

• latent heat:

• L = E+(Tc)-E-(Tc) > 0

• cooling dynamics:

• E, T, S all ↘

• T=Tc: enter metastable supercooled phase

• T=Ts: spinodal decomposition = limit of metastability

• re-equilibrates to mixed state at T=Tc if E+(Ts)> E-(Tc)

27
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global AdS black holes

• asymptotic geometry AdS5 × S5

• bulk geometry:

• free energy

• temperature

• “large” BH branch (ρh > 1): deconfined equilibrium states

• “small” BH branch (ρh < 1): thermodynamically unstable

• ρh < 0.44: dynamically unstable wrt. deformation of S5

28
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unstable small black holes

• 0.44 < ρh < 1: supercooled plasma, stable at N = ∞

• ρh = 0.44: spinodal decomposition threshold

• ρh < 0.44: dynamical instability leads to ???

• does system re-equilibrate to new stationary solution with 
broken SO(6)R symmetry?

• known “lumpy” S3×S5 BH solutions have lower entropy

• recent S8 BH solutions have higher entropy but T > Tc

29
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unstable small black holes
• microcanonical description must be consistent with 

canonical description in thermodynamic (Nc→∞) limit

• what is manifold of coexisting equilibrium states at Tc?

• extremal states = glueball gas & deconfined plasma

• are there mixed states when thermodynamic limit = large N limit?

• do supercooled states fail to re-equilibrate?

• in progress: find time dependent solutions numerically

• 10D GR + self dual 5-form, SO(4) × SO(5) invariant

• multiple towers of scalar condensates
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conclusions

• numerical holography does allow exploration of 
interesting far-from-equilibrium dynamics

• numerics “easier” than might have been expected

• AdS asymptotics & dissipative dynamics helps

• has already yielded phenomenologically relevant 
implications for heavy ion collisions, superfluids

• many open questions, even on basic thermodynamics!

31


