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Abstract. We present a study on the control theory and the dynamics of quantum walks on graphs. A
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1

Summary of Results and Their Significance

In recent years, quantum walks have become objects of
increasing interest as protocols for quantum algorithms
[3], [9] and as models for natural phenomena [11]. A control theory for these models refers to the study of their
dynamics and how it can be influenced using external
variables. Central to this theory is the study of the controllability of these systems, that is, the description of the
states the system can achieve. Also central is the design
of control algorithms, that is, methods to steer the state
between two values. In a quantum information context, a
quantum algorithm is a way to perform an operation on
the quantum state and therefore can be seen as a method
of control.
We will consider general discrete time quantum walks
on regular graphs, with the model explicitly including a
coin degree of freedom giving the direction for a walker
to move between the vertices of the graph. More specifically, the quantum system evolves on a Hilbert space
C ⊗ W where the space C, of dimension d, is the Hilbert
space for a d-dimensional system called the coin and W of
dimension N is the Hilbert space for a system called the
walker. The associated graph has N vertices (each corresponding to a vector in a basis for W) and has degree d,
where elements in a basis of C indicate the direction for
a walker from each vertex. The dynamics of the walk is
given, at every step, by the sequence of two operations, C
and S: an operation C on the coin space C referred to as
coin tossing and an operation S on the walker space W,
which changes the state of the walker system according
to the state of the coin system and is therefore referred
to as a conditional shift. In our model, the coin tossing
operation C is allowed to change at every step influencing the dynamics of the system and S is constant and is
specified by d permutations, P1 ,...,Pd , one for each coin
result. There are various versions and extensions of this
model. Most of the results presented in the paper will

concern the case where C is allowed to change with the
walker state but many methods and ideas are valid in
general.
The first result discussed (Theorem 1) concerns the
controllability of the model and, in particular, it describes the set of possible evolutions. It is shown that this
set is a Lie group G whose Lie algebra L can be characterized exactly. In particular, a set of skew-Hermitian matrices is given which generates L. Given an initial state
|ψ0 i ∈ C ⊗ W, the set of states that can be reached from
|ψ0 i is then {X|ψ0 i | X ∈ G}. The description of the
reachable states is important for several reasons. Quantum algorithms correspond to transferring the state of
a quantum system between two values. For example,
in the application to randomized algorithms, we would
like to drive the state of the walk to a value where the
probability of finding the walker in a certain position is
the desired one. In an application to search algorithms,
the desired final state is such that there is certainty (or
probability greater than a certain threshold) of finding
the walker in the sought for position. The controllability analysis reveals whether or not these state transfers
are possible. The knowledge of the Lie algebra L is also
important because L contains all Hamiltonians on the
full space C ⊗ W whose corresponding evolutions can be
simulated with the discrete time quantum walk. The
dynamics of the quantum walk consists of local (neighbor to neighbor) steps and the knowledge of L describes
the global dynamics which can be obtained by combining
these local steps.
Theorem 1, as described above, is a fundamental result but it presents some drawbacks. In particular, the
calculation of the Lie algebra L from a generating set of
matrices, although in principle always possible (see, e.g.,
[6]), it may be impractical as it may involve commutators
with very large matrices. In fact, we are often interested
in studying classes of quantum walks on graphs (e.g., on
lattices) with the dimension as a parameter. To solve
this problem Theorem 3 gives a combinatorial test to

describe the Lie algebra L. The test is as follows: Consider an auxiliary graph with the same vertices as the
graph of the walk. Consider the permutations associated
with the conditional shift of the walk, P1 ,. . . ,Pd , and,
−k
for every pair l < m, the permutations Plk Pm
written
k −k
in the cycle notation Pl Pm = (· · · )(· · · ) · · · (· · · ), which
are in finite number since the permutations Pj have finite
order. Connect, in the auxiliary graph, all the vertices
that are next to each other in the same cycle in, at least,
one instance. The resulting graph will have a certain
number s of connected components of cardinality n1 , n2 ,
. . . , ns , with n1 + n2 + · · · + ns = N . The Lie algebra
L is the direct sum of s Lie algebras, each isomorphic
to su(dnj ) where d is the dimension of the coin space C
plus multiples of the dN × dN identity matrix. In the
special case where the auxiliary graph is connected, i.e.,
s = 1, L = u(dN ) and G = U (dN ) which means that
every unitary evolution on the full space C ⊗W can be obtained by combining steps of the quantum walk. In this
case, the system is called completely controllable. There
are several important consequences of Theorem 3 and its
proof. Among these is the fact that if the degree of the
graph d is greater than N2 , then complete controllability
is always verified. This is in particular always true for
complete graphs (with N > 2).
In the next part of the paper we will discuss a graph
theoretic and constructive approach to determine the
controllability of a quantum walk. Considering the graph
associated with the walk, we define N k (j) as the set of
vertices that can be reached from the vertex j in exactly
k steps. A theorem (Theorem 4) will be stated giving one more characterization of complete controllability
based on the sets N k (j). In particular, Theorem 4 says
that the quantum walk is completely controllable if and
only if, given a vertex j, there is a k, with N k (j) equal to
the full set of vertices of the graph. It is easily seen that
if this property holds for one j then it holds for every j.
An immediate consequence of Theorem 4 is that complete
controllability is a property of the graph only and it does
not depend on the permutations P1 ,. . . ,Pd defining the
walk. In this respect, it is interesting to notice that one
could investigate graph theoretic properties using controllability tests and viceversa. In particular, given a
graph, one might ask whether there exists a k such that
N k (j) contains all vertices for some (and therefore all)
j. There are several graph theoretic properties that are
equivalent to this one including the fact that the graph
is not bipartite. An alternative approach to test these
graph theoretic properties is to construct a (arbitrary)
quantum walk on the graph, and apply the tests of Theorem 3 on the connectedness of an auxiliary graph. In
synthesis, these results link the fact that a graph is not
bipartite with the fact that an auxiliary graph is connected. Under the conditions of Theorem 4, we also give
an explicit control algorithm to drive the state of the discrete time quantum walk between two arbitrary values in
C ⊗ W, that is, a sequence of coin tossing operations and
conditional shifts accomplishing this task. As a byproduct, we obtain an upper bound on the number of steps

needed for an arbitrary state transfer.
The last topic considered in the talk is the simulation
of Hamiltonian evolutions on the full space C ⊗ W by
a discrete time quantum walk. This means to find evolutions of the discrete-time quantum walk that coincide
with a prescribed evolution eiHt on the whole C ⊗ W
Hilbert space. As mentioned above, the set of Hamiltonians for which this is possible is the Lie algebra L
described in Theorem 1, and we shall give a general,
constructive way to achieve this simulation. This constructive algorithm also offers an alternative method of
control. The problem of simulation of Hamiltonian evolutions includes as a special case the problem of obtaining
the dynamics of the continuous time quantum walk from
that of a discrete time one on the same graph. A continuous time quantum walk on a graph G is a system which
evolves on the walker space W according to an Hamiltonian H̃ which ‘respects’ the topology of the graph, i.e.,
the j, k-th entry of H̃ is different from zero if and only
if there is an edge in the graph G between the vertices j
and k. If, with a sequence of operations S and C, we are
able to obtain an evolution on C ⊗ W of the form eiHt
with H := 1 ⊗ H̃, where 1 is the d × d identity, then we
would have obtained the evolution in parallel of d continuous time quantum walks on the same graph. We note
that this is always possible if the discrete time quantum
walk is fully controllable in which case the set of admissible Hamiltonians iH is the full Lie algebra u(dN ) of
dN × dN skew-Hermitian matrices. The problem of connecting the continuous and discrete time quantum walks
has been open for some time and recent progress has been
made in [4], [5], [15]. The results presented here provide
a link between the two models in that a general method
will be described in Theorem 6 to obtain any evolution
eiHt on C ⊗ W with a sequence of steps of the discrete
quantum walk. A count of the worst case number of steps
of the discrete walk to obtain a general evolution will be
given in that theorem. There is no claim of optimality in
this count of steps and we will indicate ways to improve
it in various situations. These include in particular specific types of Hamiltonians and specific quantum walks
such as walks on lattices and other regular structures.
In summary, this paper will consist of five parts. In the
first part, we describe the models to be studied, what a
control theory for these models concerns and how this is
relevant for quantum information. The remaining four
parts of the talk are each centered about one theorem,
Theorems 1,3,4 and 6. Theorems 1 and 3 describe the
controllability of these systems, in Lie algebraic and combinatorial terms, respectively. Theorem 4 describes the
controllability in terms of properties of the graphs underlying discrete time quantum walks and gives control
algorithms to drive the state of these systems. Finally
Theorem 6 gives a general method to simulate a continuous time evolution with a series of steps of the discrete
time quantum walk and an estimate on the number of
steps needed.

2

Theorems and Proofs

We provide here technical details for the results above
described and include most of the proofs. Additional details and proofs can be found in the forthcoming paper
[2]. We emphasize here the part which is not included in
that paper, in particular a different treatment of Theorem 3 and the part concerning Theorem 6.
2.1

The Model

Let G := {V, E} be a graph, where V denotes the set
of vertices of cardinality N and E the set of edges. We
assume that G is a regular graph and we denote by d its
degree and assume G connected and without self-loops.
We consider two quantum systems: a walker system
whose state varies in an N -dimensional space W (the
walker space) and a coin system whose state varies in a d
dimensional space C (the coin space). {|0i, . . . , |N − 1i},
denotes an orthonormal basis of the walker space W and
by {|1i, . . . , |di} an orthonormal basis of the coin space
C. The meaning of the state |ji in the walker space is
that, if we measure the position of the walker, we find
the position j with certainty. Analogously, the meaning
of the state |li for the coin is that the (d-dimensional)
coin is giving the result l which indicates a direction of
motion, between neighboring vertices on the graph. With
this notation, we define a coin tossing operation on C ⊗W
as an operation of the type
C :=

N
−1
X

Qj ⊗ |jihj|,

Ceij = (Qj |ii) ⊗ |ji,
Seij = |ii ⊗ (Pi |ji).
The state of the quantum walk is described by a vector
|ψi in C ⊗ W, i.e.,

(1)
|ψi :=

j=0

where Qj ∈ U (d), that is, it is an element of the Lie group
of d × d unitary matrices U (d). The operation (1) applies
to the coin state a unitary evolution Qj which is allowed
to depend on the current walker state j. This may be
referred to as a ‘decentralized’ model as opposed to the
‘centralized’ case where the coin evolution Qj does not
depend on j, i.e., it is the same for every walker state. In
that case
C = Q ⊗ 1N ,
(2)
for some unitary operation Q and 1N is the identity on
the walker space W. In between the fully centralized and
decentralized cases, one may consider intermediate cases
where the coin transformation is allowed to change only
for some states. We also define a conditional shift as an
operator
d
X
S :=
|kihk| ⊗ Pk ,
(3)
k=1

which applies to a state in W a permutation Pk depending on the current state of the coin system. In the basis
|ki ⊗ |ji := ekj , k = 1, . . . , d, j = 0, . . . , N − 1, of C ⊗ W
S has the matrix representation


P1 0 · · · 0
 0 P2 · · · 0 



0 ··· 0 
S= 0
(4)
.
 ..
..
..
.. 
 .

.
.
.
0

The conditional shift S has to be compatible with the
graph underlying the walk. This means that for every
permutation Pa , a = 1, . . . , d, Pa |ji = |li implies that
there exists an edge in the graph G connecting the vertices j and l. Moreover we will also have that for all |ji,
a 6= k implies Pa |ji =
6 Pk |ji, which means that different coin results have to induce different transitions on
the graph. This requirement also implies that, if there
is an edge in G connecting j and l there must be a permutation Pa such that Pa |ji = |li and that the sum of
the matrix representations of the permutations Pa is the
adjacency matrix of the graph. More general versions of
the conditional shift S may be considered as, in principle,
the only requirement is that for every k = 1, . . . , d, Pk
is unitary1 and Pk |ji is in the subspace spanned by the
states {|li| l is adjacent to j in G}. We shall continue
to consider the case where S is made up of permutations
but the issues and results described could be considered
for the more general case as well.
Summarizing, the actions of the coin tossing operation
and conditional shift on the vector space C ⊗W are given,
in the basis eij = |i > ⊗|j > i = 1, . . . , d, and j =
0, . . . , N − 1, by

0

···

Pd

d N
−1
X
X

αkj |ki ⊗ |ji.

k=1 j=0

The probability of finding the walker in position j, pj ,
is found P
by tracing out the coin degrees of freedom, that
d
is, pj = k=1 |αkj |2 .
The dynamics of the quantum walk is defined as follows. At every step |ψi evolves as |ψi → SC|ψi, i.e., a
coin tossing operation C is followed by a conditional shift
S. The coin tossing operation may change at any time
step preserving however the structure (1). This leads to
a point of view where the operations Qj in (1) are seen
as control variables in the evolution of the system.2
The study of controllability of a system and, in particular, a discrete time quantum walk (DTQW), refers
to a description of the set of states a system can be in.
The evolution of a closed quantum system is of the form
|ψi → X|ψi with X unitary. The system is called completely controllable if every unitary evolution X is possible. The system is called state controllable if for every
two states |ψ1 i and |ψ2 i there exists an admissible evolution X transferring |ψ1 i to |ψ2 i, that is, |ψ2 i = X|ψ1 i.
Complete controllability implies state controllability but
the converse is in general not true [1].
1 More general quantum operations could also be considered in
the context of open systems. See e.g., [10] for a review of quantum
walks in the context of open systems.
2 The possibility of changing the coin operation at every step is
motivated by current proposals for the implementation of quantum
walks (cf. [7]). In principle, one may also consider a model where
the conditional shift S is allowed to change at every time step.

2.2

Lie algebraic characterization of controllability: Theorem 1

The set of possible evolutions of the quantum walk on
C ⊗ W, which we denote by E, is the set of all the unitary transformations that can be obtained as sequences of
transformations of the form SC, where S is a conditional
shift (3) and C a coin tossing operation (1).
Theorem 1 below gives a Lie algebraic characterization
of the set E. We consider for simplicity of exposition the
fully decentralized model of (1) but only minor modifications are needed for the other cases.
Recall that S being a permutation matrix has a certain
order r, such that S r is the identity on C ⊗ W. Define
the set of matrices
F := {A, SAS r−1 , . . . , S r−1 AS},

(5)

PN −1
where A is the set of matrices of the form j=0 Aj ⊗
|jihj| with Aj ∈ u(d). Notice that A is a Lie algebra,
which is, in fact, the direct sum of N u(d)’s.3 Let L be
the Lie algebra generated by F defined as the smallest
Lie algebra containing F and let eL be the connected Lie
group associated with L, that is, the connected component containing the identity. Denote by G the Lie group
generated by eL and {S}. We have the following result.
Theorem 1 Let:
1. G be the Lie group generated by eL and {S}.
2. K be the set defined as:
K := eL ∪ eL S ∪ eL S 2 ∪ · · · ∪ eL S r−1

(6)

where eL S j is the set of all matrices XS j with X ∈
eL .4
3. If p is the smallest integer 1 ≤ p ≤ r such that
S p ∈ eL , let C be the set defined as the disjoint
union of eL , eL S, ..., eL S p−1 .5
Then G = K = C = E.
Proof. We first prove G = K = C. It follows from
the definitions that K ⊆ G, C ⊆ G and C ⊆ K. The
claim follows if we show thatQG ⊆ K and K ⊆ C. An
m
element in G is a product k=0 Yk , with Y0 equal to
L
the identity, where Yk ∈ e or Yk = S, for k ≥ 1. By
induction on m, if m = 0, this product is the identity which is in eL and therefore in K. If m > 0,
3 The direct sum of two or more Lie algebras is the sum in the
sense of vector spaces with the additional requirement that every
element in a Lie algebra commutes with any element in another Lie
algebra. We refer to any introductory book on Lie algebras and Lie
groups (see e.g., [8], [12], [14]) for basic notions of Lie theory. The
book [6] presents introductory notions with a view to applications
to quantum systems.
4 Notice that this set is the same as the set of all matrices S j Y
with Y ∈ eL . We can write XS j as S j S r−j XS j and S r−j XS j ∈
eL if X ∈ eL and the claim follows by defining Y := S r−j XS j .
5 To see that this is a disjoint union, notice that if there exists
two different indices 0 ≤ k < j ≤ p − 1 and two elements in eL ,
X and Y such that XS j = Y S k , we would have S j−k ∈ eL which
contradicts the minimality of p.

Qm
Qm−1
Qm−1
write k=0 Yk as Y k=0 Yk , with k=0 Yk ∈ K, i.e.,
Qm−1
j
L
k=0 Yk = XS for some 0 ≤ j ≤ r − 1 and X ∈ e .
L
j
L j
Now, if Y ∈ e , then Y XS ∈ e S ⊆ K. If Y = S
then SXS j = SXS r−1 S 1 S j and since X ∈ eL implies
Z := SXS r−1 ∈ eL , we have Y XS j = ZS j+1 ∈ K. To
see that K ⊆ C, we need to consider only XS k with
k > p − 1. Choose n so that 0 ≤ k − np mod r < p. We
have XS k = XS np S k−np := Y S j with Y = XS np ∈ eL
and j := k − np mod r and this is in C.
We now prove that G = E. E is the set of products
of transformations of the form SC with C a coin tossing
operation and S a conditional shift. Since C ∈ eL ⊆
G and S ∈ G then SC ∈ G and therefore E ⊆ G.
Viceversa, consider the characterization of G as K given
above and consider an element XS j ∈ K, for some 0 ≤
j ≤ r − 1. Since X ∈ eL , it can be written as the product
of matrices of P
the form S k eA S r−k with A a matrix of
N −1
the form A = l=0 Al ⊗ |lihl| and Al ∈ u(d). eA is a
coin operation C, and therefore, we can write S k eA S r−k
as S k CS r−k and we can obtain it by performing r − k
steps with coin operation equal to the identity, one step
with coin operation equal to C and k − 1 steps with coin
operation equal to the identity (in the case k=0, we can
use one step with coin operation equal to C followed by
r−1 operations with coin operation equal to the identity).
Therefore every matrix of the form S k eA S r−k can be
obtained as an evolution of the quantum walk. So can
every product of such matrices and therefore every X ∈
eL . To obtain XS j , just compose the sequence giving X
with j steps of the walk with coin operation equal to the
identity. This shows that G ⊆ E and concludes the proof
of the theorem.

It follows from Theorem 1 that the Lie algebra L generated by the set F in (5) is the main object of interest
when we want to describe the set of possible evolutions
for a DTQW. Following common terminology in quantum
control we shall refer to this Lie algebra as the dynamical
Lie algebra. Calculation of L starting from the generating set F is always possible [6] but becomes cumbersome
when dealing with high dimensional systems. This motivates the analysis in the following section.
2.3

Combinatorial characterization of controllability: Theorem 3

We study now more closely the matrices in F (5) (and
L) in the basis eij := |i > ⊗|j >, i = 1, . . . , d, and
j = 0, . . . , N − 1. With some abuse of notation, we shall
indicate with the same symbol a matrix and the operator
it represents in this basis. Given a matrix S k C̃S −k6 in
F, for fixed k, we calculate
!
d
X
k
−k
k
S C̃S =
|lihl| ⊗ Pl ×
(7)
l=1

P

6 C̃ represents a matrix in the Lie algebra A defined in (5) and
N −1
we use the notation C̃ :=
j=0 Q̃j ⊗ |jihj|, with Q̃j ∈ u(d),
j = 0, 1, . . . , N − 1.







Q̃j ⊗ |jihj|

N
−1
X

d
X

matrices F̃ which consists of arbitrary diagonal matrices
and arbitrary skew-Hermitian matrices which have zeros
everywhere except possibly in the (j, k)-th (and therefore
(k, j)−th) entries corresponding to the edges in the graph
G̃ connecting the vertices j and k. We have the following
lemma.

!
|mihm| ⊗

−k
Pm

=

m=1

j=0

X

−k
|lihl|Q̃j |mihm| ⊗ Plk |jihj|Pm
.

l, m = 1, . . . , d
j = 0, . . . , N − 1
After defining
xjlm := hl|Q̃j |mi,

(8)

we can write
S k C̃S −k =

X

−k
xjlm |lihm| ⊗ Plk |jihj|Pm
.

l, m = 1, . . . , d
j = 0, . . . , N − 1
(9)
This expression tells that, in the N × N block determined by l and m, (l, m ∈ {1, 2, . . . , d}), the only non
zero entries are the ones corresponding to walker indices
w and s such that there exists a j = 0, 1, . . . , N − 1 with
k
w = Plk j and s = Pm
j. This means that the elements
(w, s) which are possibly different from zero are such that
−k
s, or, equivalently, they correspond to the
w = Plk Pm
−k
. From
entries which are different from zero in Plk Pm
(8) these entries can be chosen by changing the skewHermitian matrices Q̃j and one has the requirement that
S k C̃S −k is skew-Hermitian. That is, xjlm is the (l, m)th entry of the skew-Hermitian matrix Q̃j and one has
x∗jlm = −xjml . Summarizing, the matrices S k C̃S r−k
in F are made up of d × d blocks each of dimension
N × N . The (l, m)-th block contains all zeros except
for the entries corresponding to the nonzero entries of
−k
. The (w, s) entry is equal to
the permutation Plk Pm
−k
s.
xjlm := hl|Q̃j |mi where j is given by j = Pl−k w = Pm
For fixed l, m xjlm is allowed to depend on j according
to the model we consider. They are all equal in the centralized case and they may be all different in the decentralized case and they are in general grouped in different
sets where they are supposed to be same. In the following we will exclusively consider the fully decentralized
case where the xjlm are arbitrary except for the requirement that the whole matrix is skew-Hermitian. However
extensions to other cases are possible.
Following Theorem 1, we now want to study the Lie
algebra L generated by the elements in F. If this Lie
algebra is the full u(dN ) then every unitary evolution
can be obtained from the evolution of the DTQW. In
this case the system is completely controllable. To carry
out this study, we first prove a general lemma below on
the Lie algebra generated by a certain set. Our treatment
here, leading to Theorem 3 below, differs from the one
in [2] where Theorem 3 was obtained using a result in
[16]. There are several advantages including a more selfcontained treatment and a constructive method to obtain
any unitary transformations on the full space C ⊗ W as
we shall explore further in section 2.5. We first digress
to study a general situation.
Consider an undirected graph G̃ with n vertices,
1, 2, . . . , n, and an associated set of skew-Hermitian n × n

Lemma 2 The Lie algebra L̃ generated by F̃ is the direct
sum7 su(n1 ) ⊕ su(n2 ) ⊕ · · · ⊕ su(ng ) ⊕ span{i1n }, where
g is the number of connected components of the graph G̃,
and nj is the number of vertices in the j-th component,
and n1 +n2 +· · ·+ng = n. In particular if G̃ is connected,
then L̃ = u(n).
The proof uses recursively the AIII Cartan decomposition (cf., e.g., [8]) of u(m) and the corresponding Lie
group U (m). Every m × m unitary matrix X ∈ U (m)
can be written as
X = KAK,
(10)
where K represents a general block diagonal matrix


K1,1
0
K :=
(11)
0
K2,2 ,
with K1,1 and K2,2 of dimensions p × p and q × q, p + q =
m and (without loss of generality) p ≥ q.8 A is the
exponential of a matrix Ã having the form


0p
D
Ã =
(12)
−DT 0q ,
where D is p × q and

0
· · ·

 0

 0

D := 
 0
· · ·

· · ·

· · ·
a1

it has the form
···
···
···
···
···
···
···
···
0

0
···
0
0
0
···
···
···
···

0
···
0
0
aq−1
···
···
···
0


0
···

0 

aq 

0 

···

···

···
0

(13)

with the aj ’s j = 1 . . . p real arbitrary.9 Moreover, let
us consider a matrix of the form Ã in (12), with D in
(13) with all the aj ’s equal to 0 except ak . Let us denote
a general matrix of this form by Ãk . One can obtain
from Ã1 , performing a similarity transformation Ã1 →
K Ã1 K † , with K in (11) any other matrix of the form
Ãk . Combining this with the fact that all matrices of
the form Ãk commute with each other, using (10), one
obtains that every matrix X ∈ U (m) can be written in
the form
X = KeÃ1 KeÃ1 K · · · KeÃ1 K,
(14)
7 su(n) is the Lie algebra of skew-Hermitian matrices with trace
equal to zero. The corresponding Lie group SU (n) is the special
unitary group of unitary matrices with determinant equal to 1.
8 This last requirement is just for notational convenience in what
follows.
9 Other forms can be considered for the matrices Ã whose exponential will work in (10). The only needed feature is that Ã
is a general linear combination of q mutually commuting, linearly
independent matrices with zero diagonal blocks.

where eÃ1 is the exponential of a matrix of the form
Ã1 and the exponentials appear q times. The proof of
Lemma 2 uses this decomposition recursively for m = 2,
m = 3, etc. always with q = 1. We have discussed the
general case because it may be used in alternative and
more efficient constructions (cf. Remark 1 below). We
now give the proof of Lemma 2
Proof. (Proof of Lemma 2) Assume without loss of generality that the vertices of G̃ are ordered so that the first
n1 vertices belong to the first connected component of G̃,
the next n2 vertices to the second connected component
of G̃, and so on. In the corresponding basis, the matrices in F̃ have a block diagonal structure with g, nj × nj
blocks on the main diagonal. This structure is preserved
upon commutation and linear combination and therefore
L̃ ⊆ su(n1 )⊕su(n2 )⊕· · ·⊕su(ng )⊕span{i1n }. To prove
that equality holds we prove equivalently that the Lie
group corresponding to su(n1 ) ⊕ su(n2 ) ⊕ · · · ⊕ su(ng ) ⊕
span{i1n } is a subset of the Lie group corresponding to
L̃. In other terms, every element of the Lie group corresponding to su(n1 ) ⊕ su(n2 ) ⊕ · · · ⊕ su(ng ) ⊕ span{i1n }
can be obtained, by combining in products, exponentials
of matrices in F̃. The Lie group of su(n1 ) ⊕ su(n2 ) ⊕
· · · ⊕ su(ng ) ⊕ span{i1n } consists, in the given basis, of
block diagonal arbitrary unitary matrices with g blocks
of dimensions n1 × n1 , n2 × n2 etc. We can without loss
of generality assume g = 1 for notational convenience. In
the case g > 1, one just apply the procedure we are going
to describe g times, once for each block.
Consider again the graph G̃ which is now assumed to
be connected. Consider a path on G̃ which includes all
the nodes and assume, without loss of generality, that the
labels on the path are in the natural order. We use recursively the AIII Cartan decomposition above described to
obtain a general matrix in U (n). Consider the first two
nodes in the path. Applying the decomposition (10) with
p = q = 1 and m = 2 we obtain all n×n unitary matrices
which are the identity everywhere except for the upper
left corner which is an arbitrary 2 × 2, unitary matrix.
Every matrix in the factorization (10) can be obtained
as an exponential of elements in F̃, the K matrices because they are diagonal in this case (and every diagonal
skew-Hermitian matrix belongs to F̃) and the matrix A,
which is the exponential of a matrix having all zeros except in the position (1, 2). This type of matrices also
belong to F̃ because 1 and 2 are connected in the graph
G̃. Therefore every unitary matrix which is the identity
everywhere except in the upper left 2 × 2 corner belongs
to the Lie group corresponding to L̃. In the next step
of the procedure we apply Cartan AIII decomposition
again with p = 2, q = 1, and m = 3, to obtain arbitrary
3 × 3 unitary matrices in the upper left corner. In this
case, the matrices K in (10) can be obtained by multiplying a matrix obtained in the previous step with e matrix
which is the exponential of a matrix equal to all zeros
except in the (3, 3) entry, which also belongs to F̃. The
matrix A is the exponential of a matrix which contains
only zeros except in the position (2, 3) and these matrices
are in F̃ because 2 and 3 are connected in the graph G̃.

Applying this procedure n − 1 times we obtain that it is
possible to have an arbitrary full n × n unitary matrix
by taking products of matrices in F̃. This concludes the
proof of the Lemma.

Remark 1 Assume for simplicity that G̃ is connected
in the above lemma. The procedure described in the proof
gives a method to construct an arbitrary unitary matrix
using products of exponentials of the matrices in F̃. A
count of the worst case number of exponentials in the
final product gives that it is O(2n ). To see this, denote
by dj the number of exponentials needed at the j−th step.
Consider the first step when m = 2. This needs three
factors two diagonal ones (in the K matrices) and the
one used in the A matrix. So we set d1 = 3. At the
j-th step we need 2 times dj−1 factors along with two
diagonal matrices to construct the matrices K. However,
by an inductive argument the K matrix obtained in the
previous step has a diagonal as an ‘external’ factor so
the diagonal factors can be included in the diagonal used
in the previous steps. To this one has to add the factor
giving the A matrix. Therefore the number of factors
needed at the j−th step is dj = 2dj−1 + 1 which gives
that the number of factors is O(2n ). An alternative, more
efficient procedure, can be obtained by combining the steps
achieving the various blocks. Assume that n = 2f . At the
first step one can obtain 2f −1 blocks of 2 × 2 arbitrary
unitary matrix on the diagonal with 3 factors (like in
(10)). Set d1 = 3. In general at step j one obtains 2f −j ,
2j × 2j blocks. The number of factors used, dj , can be
obtained inductively. From formula (14), there are 2j−1
factors eÃ1 and 2j−1 + 1 factors K each requiring dj−1
elementary factors (i.e., exponentials of matrices in F̃).
Therefore
dj = (2j−1 + 1)dj−1 + 2j−1 .
(15)
Considering only the leading term we have that
df = O(2(f −1)+(f −2)+···+1 ) = O(2
log

√

f (f −1)
2

),

(16)

n

which in terms of n becomes O( n √n ). This growth is
sub-exponential
in n. In particular, it is easily seen that
√
n
nlog
√
grows slower than 2n .
n
We now combine the discussion on the form of the
matrices S k C̃S −k in F with the above general Lemma 2
to give the proof of the following Theorem 3.
Theorem 3 Consider a DTQW with a decentralized
model. Consider a graph Ga with N vertices, each corresponding to a vertex, of the graph G of the quan−k
tum walk. Write the permutations Plk Pm
, l < m,
−k
l, m = 1, . . . , d, k = 0, 1, 2, . . . in cycle notation Plk Pm
=
(· · · )(· · · ) · · · (· · · ), which are in finite number since the
permutations Pj have finite order. Connect two vertices
in the graph Ga if the corresponding vertices are adjacent
in one of the cycles corresponding to the above permutations. Let Ga have g̃ connected components each with a
number Nj of vertices, with N1 + N2 + · · · + Ng̃ = N .

Then the dynamical Lie algebra L is the direct sum
su(dN1 ) ⊕ su(dN2 ) ⊕ · · · ⊕ su(dNg̃ ) ⊕ span{i1dN }. In
particular if the graph Ga is connected, i.e., g̃ = 1 the
quantum walk is completely controllable, i.e., L = u(dN )
and every unitary evolution on the space C ⊗ W can be
obtained as an evolution of the DTQW.
Proof. The dynamical Lie algebra L is generated by the
set of dN × dN matrices F. To apply Lemma 2 with
n = dN we denote the row and column indexes of these
matrices by pairs (l, a) where l = 1, 2, . . . , d denotes the
coin state and a = 0, 1, . . . , N − 1 denotes the walker
state. In the associated graph, G̃ as in Lemma 2 (l, a)
and (m, b) are connected if and only if there exists a k
−k
such that a = Plk Pm
b. In particular, (l, a) and (m, a)
are always connected for every l and m and for every
a (choose k = 0). Therefore the graph G̃ is made up
of N connected sets of vertices of cardinality d, Sa :=
{(l, a) | l = 1, 2, . . . , d} as a varies in {0, 1, . . . , N − 1}.
Moreover, a set Sa is connected to a set Sb if and only
if a and b are connected in the graph Ga . From this,
applying Lemma 2, the theorem follows.


graphs (with N > 2).
2.4

Graph theoretic and constructive characterization of controllability: Theorem 4

In the previous section, we partitioned V the set of vertices of the graph G into subsets and divided the dynamical Lie algebra L into a certain number of subalgebras
each one corresponding to one of these subsets. In particular, if there is only one set, the Lie algebra is the full
Lie algebra u(dN ) and the system is completely controllable. We now look more closely at the graph theoretic
meaning of the partition of V and also give a constructive
algorithm for control in Theorem 4 below.
We first notice that two vertices w and s are in the
same subset (i.e., in the same connected component of
the auxiliary graph Ga in Theorem 3) if and only if there
−k
exists a sequence of permutations of the form Plk Pm
,
with l, m ∈ {1, 2, . . . , d} and some k = 0, 1, 2, ... transferring w to s. This is equivalent to the fact that there exists
a sequence of permutations of even length transferring s
to w. To see this first assume that
Y k
−kj
Pljj Pm
s.
(17)
w=
j
j

As an example of application of Theorem 3 consider
a quantum walk on a cycle with vertices 0, 1, . . . , N − 1
and two permutations: P1 which moves the walk forward
mod N , i.e., in cycle notation, P1 = (012 · · · N − 1) and
P2 = P1−1 , which moves the walk backwards. If N is odd
we have P1 P2−1 = P12 = (0 2 4 · · · N − 1 1 3 · · · N − 2)
and therefore all vertices in the auxiliary graph Ga are
connected and the walk is completely controllable, i.e.,
L = u(2N ). If N is even, for every k, P1k P2−k = P12k
consists of two cycles, one containing only odd vertices
and one containing only even vertices. Therefore L =
su(2 N2 ) ⊗ su(2 N2 ) ⊕ span{i1N }.
Theorem 3 gives a test of controllability that can be
easily applied and does not require the calculation of
commutators of large matrices involved in the determination of a Lie algebra generated by a given set. Moreover, it can be used to study classes of quantum walks as
discussed in the previous example. There are also some
general interesting consequences of this theorem. For example, consider a DTQW with a graph G. If the degree
d of G is greater than N2 then the corresponding quantum walk is always controllable. To see this consider the
permutations P1 P2−1 , P1 P3−1 ,..., P1 Pd−1 , applied to 1. If
−1
l 6= m then P1 Pl−1 1 6= P1 Pm
1 because this would imply
that there exists a node w and two different permutations Pl and Pm such that Pl w = Pm w which we have
excluded in our model (different coin results induce different transitions). Therefore in the graph Ga considered
in Theorem 3 1 is connected to d − 1 different nodes. Repeating the same reasoning starting from the node 2 we
find that 2 is connected to d − 1 different vertices. The
connected component containing 1 and 2 must have an element in common since d > N2 . Continuing this way one
finds that all nodes must belong to the same connected
component of the graph Ga and therefore we have controllability. This result in particular concerns complete

−1
y are connected
For any y ∈ V and any Pm , y and Pm
in the graph G. This means that there exists a Pl such
−1
that Pm
y = Pl y. Therefore we can replace every permutation with a negative power with a (possibly different)
permutation with positive power in (17) and obtain our
claim. Viceversa if
Y
w=
Plt Pmt s,
(18)
t

we can replace all the permutations Pmj with negative
powers of permutations and obtain an expression of the
form (17). Notice that this also shows that we can restrict ourselves to considering kj = 1 in using (17) and
partitioning the set V . In view of these considerations
controllability is verified if and only for any two nodes
w and s there exists a sequence of permutations of even
length mapping s in w. Equivalently, since to every permutation there corresponds an edge, and viceversa, controllability is verified if and only if for every pair w and s
there exists a path of even length connecting w and s.10
Now assume that this is the case and fix a j ∈ V . Then
for any w ∈ V there exists a sequence of even length
mapping j to w. Let 2kw be this length depending on w
and let 2kmax the maximum length, maximized over the
w’s. We can go from j to any w ∈ V in exactly 2kmax
steps, we just follow the path with the given permutations for 2kw steps and then ‘oscillate’ back and forth
with any neighbor kmax − kw times. Therefore controllability implies that, given j, there exists a k = k(j) (even)
such that we can reach any vertex in V in exactly k(j)
steps on the graph (i.e., with a sequence of permutations
of length k(j)). Viceversa assume that, given j, there
10 The length of a path is the number of edges connecting the two
vertices. Edges can be crossed in both directions and are counted
as many time they are crossed.

exists a k(j) such that for any w there exists a sequence
of length k Pl1 · · · Plk mapping j to w. We have for w
and s, from w = Pl1 · · · Plk j, s = Pm1 · · · Pmk j
−1
−1
w = Pl1 · · · Plk Pm
· · · Pm
s.
1
k

(19)

Using the above argument to replace negative powers
with positive ones, we can map any s to any w with a
sequence of even length of permutations and the system
is controllable.
To formulate this new condition of controllability we
use the sets N k (j) defined as follows. Fix a node j ∈
{0, . . . , N −1}, let: N 0 (j) := {j}, N k+1 (j) := {Ps (l) | l ∈
N k (j), 1 ≤ s ≤ d}, that is, N k (j) is the set of nodes that
can be reached from j in k steps.
Theorem 4 Consider the fully decentralized model.
Consider a node j of the graph G associated with the
DTQW. The walk is controllable if and only if there exists a k := k(j) such that N k (j) = {0, 1, . . . , N − 1}.
Corollary 5 Controllability of a DTQW does not depend on the choice of the permutations defining the walk
but only on the underlying graph.
Remark 2 As discussed at the end of section 2.1 state
controllability [1] [13] refers to the possibility of transferring between two arbitrary states while complete controllability refers to the situation where one can achieve
any arbitrary unitary (or special unitary) evolution. The
two notions are in general not equivalent. Complete controllability implies state controllability but the converse
may not be true [1]. In our discussion above we have
dealt with complete controllability. However, one consequence of Theorem 4 is that complete controllability is
equivalent to state controllability for DTQW’s. In fact
assume that we have state controllability. Choose a node
j ∈ {0, . . . , N − 1} and consider a state |ψ0 i with probability 1 to find the walker in this position. Thus |ψ0 i is
of the form |ψ0 i = |ci ⊗ |ji, for some state |ci ∈ C. From
state controllability we have that there exists a sequence
of coin tossing operations and conditional shifts of length
k such that
SCk · · · SC1 |ψ0 i =

d
N
−1 X
X

αls |li ⊗ |si.

s=0 l=1

for arbitrary αls and in particular for αls 6= 0 for every
s for at least some l. Since all s’s in the above expression must be in N k (j) we must have that N k (j) = V :=
{0, 1, . . . , N − 1} and therefore we have complete controllability.
Remark 3 The above analysis leading to Theorem 4 also
gives more information on the structure of the dynamical
Lie algebra L. We have in Theorem 3 that the graph Ga
has at most 2 connected components, that is g̃ is either 1
(controllable case) or 2 (not controllable case). In order
to see this define an equivalence relation ∼ on the set of
vertices V saying that a ∼ b if there exists a path of even
length connecting a and b. The partition of the set V considered in Theorem 3 and 4 corresponds to a partition in

equivalence classes with respect to this equivalence relation. Now, fix a j ∈ V and consider a set Vo (j) as the set
of vertices that can be reached by j in an odd number of
steps and a set Ve (j) of vertices that can be
S reached in an
even number of steps. Clearly V = Vo (j) Ve (j). Moreover if a and b are in Vo (j) (or Ve (j)), a ∼ b. Therefore
either V = Vo (j) = Ve (j) or Vo (j) and Ve (j) are disjoint
and they give two connected components of the graph Ga .
The case where Vo (j) and Ve (j) are disjoint corresponds
to the situation where the original graph G is bipartite.11
In particular there is no edge in G connecting elements
of Vo (j) (or Ve (j)). If there was then one could go from
j to an element of Vo (j) (Ve (j)) in both an even and
odd number of steps. Viceversa, if the graph G is bipartite and one fixes j, it is easily seen that the component
of the graph containing j is Ve (j) while the other component is Vo (j) and they are disjoint. This discussion
shows that the example of the cycle with an even or odd
number of nodes discussed after Theorem 3 is somehow
prototypical. It also shows that another equivalent condition of controllability is that the graph G is not a bipartite
graph.
The above theorem, corollary and remarks link the
property of controllability to graph theoretic properties
of the underlying graph G (bipartite-ness) and the latter to graph theoretic properties of the auxiliary graph
Ga (connected-ness). In principle, one could study graph
theoretic properties of G by constructing a quantum walk
on it and checking connectedness of the auxiliary graph
Ga . Given a regular graph G of degree d to construct a
DTQW on G, one has to choose d permutations P1 ,...,Pd
which satisfy the constraints discussed in subsection 2.1.
In the rest of this subsection we assume controllability and discuss how to transfer between two arbitrary
states, i.e., how to find a sequence of coin tossing transformations and conditional shifts to transfer between two
arbitrary states. We give the general idea, discuss an example and refer to [2] for a formal treatment.
Assume controllability, then a node j exists and a k,
k = k(j), such that N k (j) = V . In fact this is true for
every j. There are three steps in the procedure. First one
shows how to go from a state |ci⊗|ji to a state of the form
PN −1
h=0 αh |ch i⊗|hi in k steps, for some appropriate states
|ch i in C. Then one shows how, in at most r steps, one
PN −1
can transform a state h=0 αh |ch i ⊗ |hi into a general
PN −1 Pd
state h=0
l=1 αhl |li ⊗ |hi and finally one shows how
to go from this general state back to a state of the form
|ci ⊗ |ji in k(j) steps. Therefore the general procedure
to transfer between two general states is to transfer first
to a state |ci ⊗ |ji in k(j) steps and then to the desired
general state in k(j)+r steps. This accounts for a number
of steps 2k(j) + r. As we can minimize over j, we obtain
the bound 2k + r, where k := minj k(j). We include
hereafter an example to illustrate the main ideas in the
first step above. Ideas in the other steps are similar.
Example 1 Consider the quantum walk whose graph is
11 The authors are grateful to Dr. Ryan Martin for helpful discussions on this point.
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and 5 in N 2 (0) and we have 4 = P− (5) and 5 = Pc (1).
This suggests that if we have a state
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|ψ1 i := √ |d5 i ⊗ |5i + √ |d1 i ⊗ |1i,
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we could transfer to a state of the form (22) by applying a
coin transformation depending on the walker which maps
|d5 i to |+i and |d1 i to |ci followed by a conditional shift.
Finally, examining 5 and 1 which are in N 1 (0), we have
that 5 = P− (0) and 1 = P+ (0). Starting from a state ψ0
in (20) and applying a coin transformation mapping |+i
to √12 |−i + √12 |+i followed by a conditional shift S, we
obtain the state in (24). The procedure to go from |ψ0 i
to |ψf i applies the above procedure in reverse.

−

+
c
+

3

−

Figure 1: Graph with N = 6 and d = 3

given in Figure 1. The graph has 6 nodes and degree
d = 3, thus any associate quantum walk has state space
of dimension 18 = 6 · 3.
For this graph, it is easy to see that we have:
N 1 (0) = {1, 3, 5},
N 2 (0) = {0, 1, 2, 4, 5},
N 3 (0) = {0, 1, 2, 3, 4, 5}.
This fact implies that any quantum walk on this graph will
be completely controllable. Let us consider the problem to
steer the initial state
|ψ0 i = |+i ⊗ |0i,

(20)

i.e., a state where the probability is concentrated in the 0
node, to a final state |ψf i with the probability uniformly
distributed among all the nodes, i.e., |ψf i of the form
5

1 X
|cj i ⊗ |ji
|ψf i = √
6 j=0

(21)

where |cj i are general (not necessarily basis) states in C.
We assume, as described in the picture, that the two
coin values |+i and |−i correspond to permutations P+ =
(012345) and P− = (054321) while with the third coin
value, which will be denoted by |ci, we associate the permutation Pc = (03)(15)(24). First consider N 3 (0).
N 3 (0) = {0, 1, 4, 2, 3, 5} =
= {P+ (5), Pc (5), P− (5), Pc (4), P− (4), P+ (4)}.
The expression suggests that if we were in a state
1
1
|ψ2 i = √ |c4 i ⊗ |4i + √ |c5 i ⊗ |5i,
2
2

(24)

(22)

and applied a coin operation
Q5 ⊗ |5ih5| + Q4 ⊗ |4ih4| + 13 ⊗ (16 − |5ih5| − |4ih4|), (23)
with Q5 (Q4 ) a unitary transformation mapping (c5 i
(|c4 i) to √13 (|+i + |−i + |ci) we would obtain state of the
form (21). Therefore the problem is reduced to obtain a
state of the form |ψ2 i in (22). To do that we examine 4

2.5

Simulation of continuous time dynamics by
discrete time quantum walks

The last result of this paper, Theorem 6 below, and
its improvements discussed thereafter, deal with simulating continuous time dynamics on C ⊗ W using the
DTQW. Given a Hamiltonian H on C ⊗ W we want to
find
of steps of the DTQW {SCk } such that
Q a sequence
iHt
SC
=
e
,
for some t. We consider the problem
k
k
of exact simulation although one may consider the problem of approximate simulation as well, where the equality holds up to a certain tolerance. It is clear that this
problem is strongly related to the controllability analysis
above described in that one can find a sequence of steps
{SCk } if and only if iH ∈ L.12 A special case of this
problem is that of simulation of the dynamics of a continuous quantum walk on the same graph. Assume that H̃ is
a Hamiltonian on W corresponding to a continuous time
quantum walk, which means that H̃jk 6= 0 if and only if
there exists an edge connecting the vertices j and k in the
graph. Then, if i1d ⊗ H̃ ∈ L we can obtain the dynamics
ei1d ⊗H̃t = 1d ⊗ eiH̃t on C ⊗ W from which we can obtain
the dynamics eiH̃t on W. For a general iH ∈ L, the questions to be addressed are: how to do this constructively
in practice and how many steps of the DTQW are needed
to simulate a given Hamiltonian. Lemma 2 in the special
case of quantum walks already gives a method to construct this simulating sequence and therefore to obtain
an estimate on the number of steps needed in general.
We always assume that we have a decentralized model so
that we can change the coin operation not only with time
but also depending on the walker position. Let us assume
for simplicity that we are in the controllable case so that
L = u(dN ) and therefore every unitary evolution can
be obtained as an evolution of the DTQW. An auxiliary
graph G̃ can be associated with the system. The vertices
in G̃ are given by pairs (l, j) with l = 1, 2, . . . , d denoting
a coin result and j = 0, 1, . . . , N − 1 denoting a walker
position. Because of the controllability assumption G̃ is
connected. Following Lemma 2, we choose a path on G̃
12 This assertion needs some some more technical explanations.
In the general case, the Lie algebra L is always the direct sum of an
Abelian subalgebra and a semisimple one in the Lie algebra u(n).
This implies that for the corresponding Lie group, the exponential
map is always surjective. In other terms for every element X of the
Lie group there exists an iH ∈ L such that eiH = X.

which includes all the dN vertices. If (l, a) and (m, b) are
connected, then there exists a matrix F ∈ F in (5) which
is all zeros except in the (l, a) − (m, b) position which can
be arbitrarily chosen. It also exists an arbitrary diagonal
matrix in F.13 . The number of steps needed to implement the exponential of every matrix in F can be easily
shown to be bounded by r where r is the order of the matrix S as a permutation matrix. Following the procedure
of Lemma 2 (cf. Remark 1) one obtains a first rough but
general estimate on the number of steps needed to simulate an arbitrary Hamiltonian evolution on C ⊗ W and in
particular an evolution corresponding to the continuous
time quantum walk.
Theorem 6 Assume a decentralized model and assume
controllability. Any unitary evolution on C ⊗ W, eiHt ,
for a Hamiltonian H can be obtained with a number of
steps O(2dN r), where d is the degree of the graph, N
is the number of vertices and r is the degree of S as a
permutation matrix.
iHt

The procedure to obtain e
can be described more
in detail as follows (cf. Lemma 2). Given a path on the
graph G̃, one first performs a permutation P on the rows
and columns of eiHt so as the first column and row correspond to the first vertex in the path in G̃, the second
column and row correspond to the second vertex in the
path in G̃ and so on. Then the next step is to decompose X = P eiHt P T recursively using the AIII Cartan
decompositions as described before Lemma 2. Starting
with X, the procedure to factorize it goes in reverse with
respect to what is discussed in the lemma. One first
applies the Cartan decomposition (10) with q = 1 and
p = dN − 1. There are standard simple computational
techniques to find the factors KAK in (10) starting from
the matrix X (cf., e.g., [6] Section 5.2). Then one factorizes each of the left upper corner of the K factors by
applying again the AIII Cartan decomposition (10), this
time with p = dN − 2 and q = 1 and so on. At the end
of the procedure one obtains a factorization of X in elements that are either diagonal or are exponentials of
matrices of the form Ã in (12) coupling nearby vertices
in the chosen path. Both diagonal matrices and coupling
matrices Ã belong to F and therefore their exponentials
can be obtained with at most r steps of the DTQW.
The above procedure and the estimate on the number
of steps of the DTQW to simulate a continuous dynamics
will be sharpened in future research. Different ways of recursively applying the AIII Cartan decomposition, such
as the one described in Remark 1, reduce the number
of steps to sub-exponential in dN . Moreover the procedure above described does not take into account the
fact that, in the graph G̃, nodes of the form (l, a), for
fixed a ∈ {0, 1, . . . , N − 1} and varying l ∈ {1, 2, . . . , d},
are always connected. More structure to be used in the
problem might come from the particular quantum walk
at hand or from the particular Hamiltonian to be simulated. This is the case for example, if the Hamiltonian is
of the form 1d ⊗ H̃ corresponding to a continuous time
13 It

is of the form

P

N −1
j=0

Qj ⊗ |jihj|, with the Qj ’s ∈ u(d).

quantum walk on the same graph. Several results can be
obtained by applying the ideas described here on a case
by case basis. Overall the methods described here provide tools to link, in a quantitative fashion, the dynamics
of continuous and discrete time quantum walks.
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