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I. I ntroductl on 

The primary purpose of this Investigation was to study a 

varle~y of artificial data samples to get a rough idea of the kind 

of real dichotomous latent taxonomies for which the maximum co

variance method (Meehl, 1965; Meehl, 1968), when used with In

dicators such as three MMPI keys, Is capable of adequate detec

tion and those for which' It Is not. The term "adequate detection" 

Is used to mean that the most Important parameters of a dichoto

mous latent situation such as base-rate, valid-positive and valid

negative rates, Indicator means and standard deviations are esti

mated accurately enouoh. Although the required degree of accuracy 

will vary from one substantive study to the next and even from one 

Investigator to the next, there can be general agreement as to 

when estimates are totally off the mark and when estimate accuracy 

Is high enough not to be of any real concern In any actual sub

stantive application In personality measurement. Results that 

lie In the middle ground are renarded as suggesting further em

pirical and ~onte Carlo study of the method. 

There are two main reasons why a method gives Incorrect 

resu Its: 

(1) the sample size Is Inadequate and/or 

(2) the assumptions of the method are not adequate 

approximations to the real situation. 

An Important consideration is that some assuMptions are more robust 

than others. That Is, the robust assumption Is one that does not 

perpetrate substantial error in estimates of the Important oarameters 
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even though It appears to be an Inadequate approximation of the 

actual situation. It wl I I be shown, for example, that the model's 

most worrisome assumption of intra-taxon Independence appears ~ 

to be a real matter of concern when the two Intra-taxon covarl-

ances are approximately eoual although greatly different from 

zero. On the other hand, substantially uneoual Intra-taxon co-

variances will be seen to be a matter of genuine concern. 

11. The Consistency Test 

A second purpose of the study was to aet a rough Idea of how 

a few consistency tests (see PR-65-2, especially pp. 24-34) might 

be usep to determine whether the results of the method (the esti-

mates of the latent parameters) are to be taken seriously or in-

stead regarded as probably totally erroneous, so best to be totally 

Ignored and thrown away. Again, the middle ground results indl-

cate further detal led study. In short, a osychometrlc method Is 

Itself a mathematical model and, therefore, really another theory 

(see Brodbeck, 1963) for the equivalence of the terms "model" and 

"theory") and it Is the purpose of the consistency test to test 

the appropriateness of the psychometric theory in terms of various 

relationships observed in the real data which Is purportedly of 

substantive Interest. In any psychometric theory it would be 

possible to derive (from the given assumptions) a number of rela-

tlonshlps Involving the latent and observed parameters. Those 

relationships not used for estimation of the latent parameters 

could be used as consistency tests. The de~ree of consistency of 

the psychometric theory with the substantive data is Increased 

\ 
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roughly by (1) lncreaslng the number of consistency tests, 

(2) uslng minimally dependent tests in the sense that they are 

derlvable from different major assumptions Cor different sub

sets of the same), (3) using the consistency tests of maximal 

power --especially for the assumptions which are known to be 

of questionable robustness Cor worse, known to have very mea

ger robustness) and, of course, (4) increasing the degree to 

which the consistency test formulae are satisfied. Ideally, 

the discrepancies in (4) would be smaller than, say, one probable 

(sampling) error although this requirement is undoubtedly far 

too tough; that is, too many good substantive theory-psychometric 

theory combinations would be refuted. This result would then 

be the exact opposite of the current preval ling situation where 

statistical hypothesis tests are largely relied upon with con

cern only for a-type errors and not ~-type errors (Morrison and 

Henke I, 1970). 

Ill. Generation of Multivariate Artificial Data 

The maximum covariance model requires at least three keys or 

scales of a quasi-continuous nature. By this is meant, for example, 

that a sixty item key is "more continuous" than a five item key. 

For a number of reasons, It appears that M~1PI keys should be over 

ten items long for the usual taxonomic sltuatlon and one unpub

lished study lndlcates that MMPI keys should not be longer than 

20-25 Items. In the present study, three simi lated twenty Item 

keys are used. 

It would be nice to use the most oeneral analytical multivari

ate dlstrlbutlons withln each taxon slnce multl-personallty-measure 
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distributions are of unknown complexity. What Is actually known 

about such distributions Is that It Is usually true (with clear 

excep~lons) that (1) the functional relationship between two mea-

sures Is usually adequately approximated by a linear one and 

(2) an lndlcator (marginal) dlstrlbutlon l~ of a shape that Is 

roughly normal wtthln a taxon. If one were only concerned with 

unlvarlate Clntra-taxa) distributions then he would be behooved 

to use the more general Pearson dlstrlbutlon (see Kendal I, 1943-46); 

however, the generallzatton of the univariate Pearson dlstrlbu-

tlon just to the bivariate case results In unwieldy complications. 

Such an attempt was essentially successful as a purely mathematical 

exercise by the mathematician Van Uven (1947), but a review of this 

work shows that It ls not of practical value due to the large num-

ber of special cases resulting from terrible analytical complex-

I ties. 

Although a few attempts at developing a rationale for gener-

atlng general multivariate artificial data distributions are 

promising at the theoretical level It was re9retful ly decided to 

put this difficult problem aside temporarl ly and use Intra-taxa 

multlvarlate normal distributions for this lntltial Investigation. 

Multivariate normal distributions probably come close to 

approximating most real distributions in personality Inventory key-

Indicator study In view of the plauslbl lity of bivariate linearity 

and marginal normality as mentioned above. 

The multivariate normal distributions were generated by use 

of a univariate normal generator In the following way. Let 

Z = Cz 1, z2 , ••• , zn) be ann-tuple random vector such that each 
nxl 
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z1 Is 8 standardized random variable (with zero mean and unit 

variance) and let the covariance between z
1 

and zJ be a
1
J for 

each IJ pair. If 

~ = nxn • 

0~1 
Is the given covariance matrix and the z

1 
are distributed 

multivariate normally and standardized then these conditions can 

be written as Z ~NCO,~). Let Y = <y 1, y2, ... , yn) be a 
nx1 nxn nx1 

set of such variates except where ~ = I the identitv matrix. 

Suppose that Z = T · Y , where T Is an unknown transformation 
nx1 nxn nx1 

matrix. Thus, ~ 
nxn 

= E( Z • Z') = 
nx1 Txn 

E(T·Y) • (TY)' = ECTY • Y'T) 

= TE<YY')T'; since E(YY') =I, we have ~ = T • T' and it is 
nxn nxn nxn 

seen that T Is the matrix such that the oroduct of It and its 

transpose Is the given ~. Wet I known methods exist for 

solving the tatter equation forT. 

IV. The Maximum Covariance Method 

The method Is given in Section 1, pp. 2-7 of PR-68-4 as a 

revision of the original method given In Section 3, op. 10-12 of 

PR-65-2. An empirical trial of the method is reported In PR-73-2, 

where the method is developed from precisely stated assumptions. 

An outline of the method is given below In terms of assumptions 

which are slightly different from those of the tatter above 

report; a change is made because multivariate normal distributions 

partially satisfy the first assumption as formerly stated. 

\ 
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A. Let w, x, and y be three indicators such that w is the 

Input indicator and x and y are the output Indicators. The latent 

taxa distributions on the input indicator are estimated by use of 

manifest relationships between the two output variables. 

B. The covariance between x and y for any interval of w is 

given by 

covw(x,y) = p cov Cx,y) + q cov 1 Cx,y) + p q Ax Ay w rw w w w w w w 

where pw Is the proportion of Individuals in w interval that are 

members of the rightl taxon, 

qw Is the corresponding left taxon proportion Cp +a = 1), w w 

covrw(x,y) is the manifest conditional covariance between x 

and y for the right taxon members In Interval w, 

cov 1wcx,y) is the corresponding left taxon covariance, 

Axw Is the mean on x for the right taxon members In interval 

w less that for the left taxon, and 

Ayw ls the corresponding mean difference on y. 

C. Under the assumptions 

A1: varr = var 1 = var, where var Is the common within taxon 

variance on w, 

A2: cov Cx,y) = cov 1 Cx,y) = 0 for a II w, and rw w 

A3: covrCx,y) = cov I Cx, y) = covCx,y) (that is, the total 

within taxa covarlances are eaual), 

It follows that for multivariate normal distributions 

1The taxon with the hlqhest scores on each of the Input Indicators 
Con the right side of the histogram) wl I I be cal led the right taxon; 
the other taxon wl If be cal led the left taxon. 

\ 
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cov(x,y) - cov(x,y> 
+ XI) l>.x = (w w ) + X (w - w w var r r var I w 

cov(x,y> 
<wl 

- ) = w + X - X var r r I 

which Is constant for a II w and, I I kewlse, that 

l>.y = cov(x 2y) 
<wl -;) + y - yl w var r r w 

Is constant for a I I w. Since l>.xwl>.Yw = k (a constant) for alI 

It follows that max{cov (x,y)} occurs in the hitmax interval 
w 

w, 

(where pw = qw = t and the frequency distributions Intersect) and 

Is equal to the latent quantity !Ax t>.y = !k. w w 

D. Also, It follows that 

covw(x,y) 
Pw

2
- Pw + max{cov <x,y>}= O, 

w 

a quadratic with pw and qw as two roots. In other words, the latent 

frequency distributions on w for each taxon can now be estimated. 

From these, the latent taxa means, standard deviations, base-rates 

and any other marginal distribution parameters are estimated. 

E. With three Indicators the roles of Input and output can be 

lnterchanged to produce three different arran9ements as shown below. 

Input indicator 

key 

key 2 

key 3 

output indicator 

key 2, key 3 

key 1, key 3 

key 1, key 2 

F. Strengthenin~ the assumptions A2 and A3 even further to 

A4 : the Indicators are Independent In the strongest sense 

within taxa 

wll I allow for classification of individuals. That is, for any 

three intervals w, x, and y, on the three keys, the density (the 

\ 
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proportion of the Individuals In the taxon with the scores w, x, 

andy), +<w,x,y), Is equal to ~(w),(x),(y) where, for example, 

+Cw) Is the taxon density for score won key w. Then the probabl 11-

ty that an Individual Is a member of the right taxon given by a 

vector of key scores Cw,x,y) Is 

p' 
PrCrlght taxonlw,x,y) = r 

P'r + ~I 

where P Is the base-rate for the right taxon 

Q C=1-P) Is the base-rate for the left taxon 

+r = +Cx,y,z) for the right taxon 

+1 = +<x,y,z) for the left taxon, and 

+rx = the right taxon density function for Indicator x, for 

example. 

Then If the total mlsclasslflcatlon is to be minimized It can be 

shown that the required classification rule is: 

"Classify as 'right' If R-('rlght'lw,x,y) > .5, and classify 

as 1 left' otherwIse." 

The base-rate was estimated for each of the three keys giving 

close, but of course, somewhat different results. For use In the 

classification formula the simple arithmetic average of the three 

estimates was used. The estimated taxon density functions were 

determined directly from the corresponding estimated frequency 

functions. 

As mentioned above these assumptions are sufficient but not 

necessary conditions for the method. Weaker sufficient conditions 

than these exist but the stated assumptions are more easl ly ana-

lyzed In terms of multivariate normal distributions. 

\ 
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V. The Robustness and Power of the ~ethod 

Various sets of parameter values were chosen so the error 

of estimation of the parameters could be studied as a function of 

systematic variation of sample size CN = 1000, 800, 600 and 400) 

of base-rates (.5, .6, .7, .8, and .9), of separation between the 

two taxa means (2, 3/2, 1, 1/2 sigma units), of different taxa 

variance ratios (11/10, 4/3, 5/3, 3), of different within-taxon 

correlations (.1, .3, .5, and .8), and of different within-taxa 

correlation ratios (0,4). The variation In taxa variance ratios 

tested the robustness with respect to assumption A
1

; the var

Iation of the within-taxa covariance ratios tested the robustness 

with respect to A3 ; and the variation of the within-taxa cor

relations tested the classification method robustness with respect 

to A
4

• The following result Is used In reqard to analyzlnq ro

rustness with resrect to the zero within-Interval-within-taxon 

covariance assumption A2 : 

Theorem: When cov(x,y) = 0, covCx,w) = 0, and covCy,w) = 0 

for each taxon, then It follows that cov
1 

Cx,y) = cov Cx,y) = 0 w rw 

for alI w. 

Proof: This result follows under the conditions (a) con-

stant x and/or y (and constant x
1 

and/or v
1 

) for alI w and 
N N W W 

(b) covrw(x,y) ~ 0, cov
1
w ~ 0 for alI w. It would appear that 

these conditions would generally be met If covr(x,y) = cov
1
Cx,y) = 0. 

If the distribution Is assumed to be trivarlate normal, then 

the variances and covariances of the conditional distributions are 

not a function of the value of the fixed variable. From results 

\ 
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by Anderson (1958, p. 28) It can be shown that 

covCx,y!w> = ( ) covCx,w) cov(y,w) cov x,y - var(w) 

which Is zero when the three covarlances on the rl~ht side are 

zero. When these three covarlances are not zero, the formula 

allows for the calculation of the amount of departure from the 

condition of assumption A2. In the case where covCx,y) = 

cov(x,w) = covCy,w) = rs where r and s are the common between 

Intra-taxon correlation and the common Intra-taxon standard 

deviation, respectively, then 
rsrs 

cov C x, y I w) = rs - --:r- = rC s - r > s 

for a II w. 

Thus we see that only when the intra-taxon correlations are 

systematically varied from zero, the robustness with respect to 

assumption A2 Is examined. 

For all of the parameter set values certain things were kept 

constant for this study. Three Indicators, lntegerlzed to a 

ran~e of 0 to 20 such as those of personality keys, were always 

used In the three role combinations olven above and the para-

meters were ~lven the same values for each indicator. For each 

set of parameter values, each of twenty-five different Independent 

random samples were generated and each used as data for the cal-

culatlons of the method. 

It should be noted that the manifest mfxed group covariance 

curve was always smoothed around the maximum by the use of a 

least-souares fitting parabola, althouqh experimentation has 

since shown the procedure coutd have been deleted without 

\ 
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markedly affecting the method's general level of estimation 

accuracy and taxonomic detection power. 

The various sets of parameter values are described In Table 

1, and the summary of the parameter estimates Is qlven In Table 

2. The parameter estimates for a sample were regarded as 

accurate enough If the base-rates and hit-rate estimates were 

within .10 of the true values, and the means and standard 

deviation estimates were within one Interval of the true values. 

First, different total sample sizes of 1000, 800, 600 and 400, 

for var 1 = varr =a, a difference between the taxa means of 2a, 

P = .5, and zero intra-taxon correlations, each qave average 

errors of .01 (2~) In the estimation of P, less than !a (this 

Is t of an Indicator interval) In the estimation of the taxa 

means and standard deviations. Second, different base-rates 

of .6, .7, .8 and .9 for N (total sample size) = 1000, a = r 

a 1 =a, ~r- ~, = 2a, and zero Intra-taxon correlations, gave 

corresponding avera9e errors of .03, .04, .02 and .60 In the 

estimation of the base-rate and average errors of less than 

3/8a, 1/2o, 1/2o, 3/2a in the estimation of the means and 

standard deviations. Third, different ~r - ~, separations of 

3/2a, 1o, and 1/2o, for N = 1000, or= a 1 = a, P = .5 and zero 

lntro-taxon correlations, gave average errors of .01 In the 

estimation of P and less than ka in the estimation of the means 

and standard deviations. Fourth, different standard deviation 

ratios (or/a 1> of 11/10, 4/3, 5/3 and 3 for N = 1000, ~r- ~, = 

!<or+ a
1

>, P = .5 and zero Intra-taxon correlations, gave 

average errors of .02, .03, .08 and .14 In the estimation of P 

\ 



TABLE 1 

Descrfptfon of Sample Sets 

set varf ab I e N p XI X sl C) d S/S 1 r r r 

1.1 N 1000 .5 8 12 2 2 2 1 0 * ,. 1.2 800 .5 8 12 2 2 2 1 0 * 
1.3 600 .5 8 12 2 2 2 1 0 * 
1.4 400 .5 8 12 2 2 2 1 0 * 

' 2. 1 p 1000 .6 8 12 2 2 2 0 * 
2.2 1000 .7 8 12 2 2 2 0 * 
2.3 1000 .8 8 12 2 2 2 0 * 
2.4 1000 .9 8 12 2 2 2 0 

3. 1 1000 .5 9 '12 2 2 1.5 0 * 
3.2 1000 .5 10 12 2 2 1 0 * 
3.3 1000 .5 11 12 2 2 .5 0 
3.4 1000 .5 12 12 2 2 0 0 

4. 1 S /S 1000 .5 8 12 1.9 2. 1 2 1.1 0 * 
4.2 r I 1000 .5 8 12 1.7 2.3 2 1.3 0 * 
4.3 1000 .5 8 12 1.5 2.5 2 1.7 0 * 
4.4 1000 .5 8 12 1 3 2 3 0 

5. 1 1000 .5 8 12 2 2 2 • 1 * 
5.2 1000 .5 8 12 2 2 2 .3 * 
5.3 1000 .5 8 12 2 2 2 .5 * 
5.4 1000 .5 8 12 2 2 2 .8 

r 1/rr 

6. 1 N 1000 .8 8 12 2 2 2 .5/. 125 
6.2 r 1/rr=4 800 .8 8 12 2 2 2 .5/. 125 
6.3 600 .8 8 12 2 2 2 .5/.125 
6.4 400 .8 8 12 2 2 2 .5/. 125 

N: sample size 
P: base-rate of the riqht taxon 
XI: mean of the left taxon on each indicator 

X : mean of the right taxon on each i nd i cater r 
S I : standard deviation of the left taxon on each fnd lcator 

s : standard deviation of· the right taxon on each indicator r • !::.: (Xr-x1>/S where S = cs 1 + s )/2 
r 

r: Intra-taxon correlation between indicator oai rs 
*. parameter estimates jud9ed as accurate 

\ 
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TA£3LE 2 

Average True and Estimated Parameter Values 

"' ... "' "' ... "' Set Var 1able H H PI PI hi hi 01 nl XI XI sl sl -N-
*1.1 1000 .95±.01 .89±.01 .50 .49±.02 .Q6±.01 .89±.01 .94±.02 .89±.01 8.00 8.49±.12 2.00 2.44±.07 

" *1.2 800 .95±.01 .89±.01 .50 .4Q±.02 .9n±.01 .90±.01 .Q4±.02 .89±.01 8.oo 8.47±.13 2.00 2.45±.09 
*1.3 600 .95±.01 .90±.01 .50 .49±.02 .96±.01 .90±.01 .94±.02 .8Q±.01 8.00 8. 46±. 14 2.00 2.46±.09 
*1.4 400 .95±·.01 .90±.01 .50 .50±.02 .96±.02 .90±.02 .94±.02 .89±.02 8.00 8.51±.23 2.00 2.48±.13 

p 
*2. 1 .6 .95±.01 .89±.01 .60 .57±.02 .96±.01 .87±.01 .91±.02 .88±.01 8.00 8. 32±. 11 2.00 2.41±.10 
*2.2 .7 .95±.01 .89±.01 .70 .66±.03 .Q5±.02 .82±.03 .88± .03 .86±.01 8.00 8.25±.14 2.00 2.40±.07 
*2.3 .8 .95±.01 .89±.01 .80 .7Q±.02 .89±.06 .71±.04 .88±.06 .79±.04 8.00 8.26±. 18 2.00 2.40±.09. 

2.4 .9 .27±.24 .86±.21 .90 .30±.29 • Q~±. 17 .81±.26 • 16±. 16 .93±.21 8.00 5.0n±2.1 2.00 1.39±.63 
1!. I' 

*3. 1 1.5 .89±.01 .84±.01 .50 .4Q± .03 .91±.02 .85±.02 .88±.02 .84±.02 9.00 9. 33±. 16 2.00 2.28±.08 
*3.2 1.0 .78±.02 .77±.03 .50 .50±.09 • 79±. 1 f) .78±.07 .78±.06 .76±.05 10.00 10.20±.32 2.00 2. ~ 4±. 11 
3.3 0.5 .60±.03 .79±.09 .50 • 50±. 15 .64±.20 • 78±. 15 .62±.06 .78±.12 11.00 10.80±.66 2.00 1.97±.22 
3.4 o.o .50±.02 • 78±. 18 .50 .47±. 16 .52±.24 .74±.23 .50±.02 .82±. 19 12.00 10.97±.83 2.00 1.77±.23 

sr/s1 
*4. 1 1.1 .95±.01 .89±.01 .50 .48±.02 .95±.01 .89±.01 .94±,02 .89±.01 8.00 8. 48±. 10 1.90 2.38±.08 
*4.2 1.3 .95±.01 .88±.01 .50 .47± .02 .95±.02 .87±.01 .95±.02 .89±.01 8.00 8 .49±. 10 1. 70 2.23±.08 
*4.3 1.7 .94±.02 .85±.02 .50 .42± .02 .95± .02 .83± .02 .94±.03 .89±.02 8.00 8.52±.19 1.50 2. 13±. 15 

4.4 3.0 .65±.17 .69±.27 .50 • 36±. 19 .83±.30 .69±.30 .69±.20 .73±.29 8.00 8.91±.69 1.00 2.32±.59 
r 

*5. 1 • 1 .93±.01 .87±.01 .so .49±.02 .94±.02 .80±.02 • 93± .02 .80±.02 8.00 8. 56±. 10 2.00 2.51±.06 
v5.2 .3 .90±.01 .84±.01 .50 .4 ±.02 .90±.04 .74±.03 .89±.0d .74±.02 8.00 8. 75±. 17 2.00 2 .60±. 10 

*5.3 .5 .88±.01 .80±.02 .50 .50±.03 .90±.03 .81±.02 .87±.02 • 79± .03 8.00 8.99±.25 2.00 2 .69±. 12 

5.4 .8 .84±.01 .72±.04 .50 .50± .03 .88±.04 .76±.04 .82±.05 .71±.05 8.00 9.37±.37 2.00 2.81±.10. 
NCr /r •4) 

6.1 1000 1 r .52±.30 .69±.36 .eo .66±.22 .80±.27 .52±.35 .49±. 36 .66±.38 8.00 9.28±2.4 2.00 2.22±.58 
6.2 800 .55±.24 .• 76±.24 .eo .67±. 15 .81±.28 .62±.28 .43± .29 .81±.30 8.00 9.30±3.0 2.00 2.27±.63 
6.3 600 .59±.28 .73±.28 .eo .64±.22 .81±.26 .55±.30 .52±.34 .74±.33 8.00 9.65±2.2 2.00 2.21±.74 
6.4 400 .56±. 32 • 73± .33 .80 .64±.22 .83±. 19 .58±.32 .50±. 35 .70±.36 8.00 9.50±3.2 2.00 2.29±.91 

H: Observed mean overall hlt-l""atP PI: Actual base~rate of left taxon hI: Actual prooortlon of left 
taxon correctly Identified 

pI: Actual proportion of left taxon XI: Actual mean of left taxon S I: Actual standard deviation of 
predictions which ere correct left taxon ... Denotes estimate ±: Number after ± Is st~ndard devta- *: parameter estimates are Judged . 

tlon of estimates to be accurate 
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and average errors less than 1/4a, 1/4a, 1/4a, 1/2a In the estima

tion of the means and standard deviations. Fifth, different 

intra-taxon correlations of .1, .3, .5 and .8 for N = 1000, ~r- ~I = 

2a, ar = a 1 =a, and P = .5 gave average errors of .01 in the 

estimation of P and 1/4a, 1/4a, 1/2a, and la in the estimation of 

the means and standard deviations. 

More briefly, then, the method reouires the following parameter 

boundaries In order to work wei I enouoh for most personality 

measurement work; I .e. base-rates accurate to within .10 and 

Indicator means and standard deviations accurate to within ta 

(an Interval width): 

a) sample size ~ 400, 

b) base-rates not disproportionate more than (.2, .8), 

c) separation of means~ 1.0a, 

d) standard deviation ratio< 1.7, 

e) Intra-taxon correlations s .5, and 

f) the difference between the two corresponding intra

taxon correlations < .4. 

The above conditions are, of course, necessary but not suffi

cient conditions for the method to work wei I. The only stringent 

condition of these would appear to be (f). Further study of this 

condition will be olven In a forthcoming reoort on an iterative 

modified version of the maximum covariance method, where th~ 

within taxa covariance assumptions are relaxed. 

VI. Parameter Estimation Bias 

The results show that the means tend to be estimated as too 

\ 
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close together. Also, the variances are nearly always too large. 

Both these results can be explained as follows. When the within-

taxon between Indicator covarlances are zero it Is true that 

cov Cx,y) = p q k, for at I w, where k is estimated by max{cov Cx,y)}, w w w w 

and pw = 
'± /1 - C4cov Cx,y)/k) 

w 
2 where the minus sign Is used for 

w less than the hltmax cut (where covw(x,y) Is a maximum) and 

the plus sign for w greater than the hltmax cut. Whl le the sam-

pte estimate of cov (x,y) Is unbiased, it Is clear that k wl II 
w 

tend to be overestimated since it is a sample maximum. The error 

in pw, Apw, caused by the error in k, Ak, can be estimated by 

±ap ao cov(x 2y) 
Ap = w where w 

ak --= 
w ak k/1 4cov(x 2 y) -

k 
Monte Carlo study of the magnitude of Ak wou I d a I I ow one to cor-

rect the estimates of p so as to be more nearly unbiased. Pres
w 

ently, pw is biased to be large for values to the riqht of hit

max or for most of those values of p which are substantially w 

greater than zero. Since 

a2p 
1 cov(x 2y) w + acov<x,y>ak = 4co~(x 2 y)J lt2 _ 4co~(x 2 y)] 3/2 k2 r 1 - [t 
ap 

Is positive, see that w moncton I ca I I y increasing function we ak Is a 
ap 

of covCx,y), and since p is directly proportional to akw it is w 

clear that AD wi I I be a monotonically decreasing function of w 
w 

(for w greater than hitmax). This wi II tend to cause the right 

taxon distribution to be biased toward the left and similarly 

the left one to the right. Thus, the means are each biased toward 

the middle and the variances biased to be too larqe. Also, the 

base-rate for the right taxon wil I be biased too large since the 

\ 



• l 

-14-

Apw are positive and the base-rate for the left wil I be too 

small since the a 's were calculated from q = (1 - p ); this Is w w w 

observed to generally be the case. 

VII • The "Tota I Covarl ance" Consistency Test 

The covariance mixture eauatlon can be written for the 

total mixed group as 

covm(x,y) = P covr(x,y) = 0 cov 1Cx,y) + POK 

where P Is the base-rate of the right taxon 

Q Is the base-rate of the left taxon, and 

K Is the product of the differences in taxa means on x and y. 

It follows that If covr(x,y) = cov 1Cx,y) = 0 as A3 requires, then 

the quantity 

T1 = covm - POK 

where the carat denotes parameter estimates, can be expected to be 

close to zero If the parameter estiMates are accurate. By con-

siderlng the differential of T1 we have 

ar
1 

ar1 ar1 
dT 1 = acov <x,y~covmCx,y) + aP dP + ~dK 

m 

and It Is shown that 

If parameters are estimated accurately enou~h for practical work then 

ACAy) < 1/2 and A(Ax) < 1/2 
Sf - Sx - , 

when s and s are the within taxa standard deviations and AP < .1. 
X y 

It can tentatively be assumed that 

\ 

[3] 

[4] 

[5] 
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If that Is what the parameter estimates indicate and since larger 

mean separations should allow for rather simple taxonomic parameter 

estimation. For the method to work wei I enough we have shown that 

P > .2 or (1 - 2P) < .6. By use of Fisher's z-transformation, it 

can be shown that covm(x,y) < .64 with a probabi llty of more than 

.95. Hence, we can conclude from [5] that 

s s s s 
AT 1 < .64 + 1/4 · 2 · ~+ 1/4 • 2 • 2 • ~ 2 2 

or, If s 
X 

+ .6 • 2 • s • 2 • s • . 1 
X '/ 

AT 1 < .64 + .74s2 • 
~ A 

As was shown above s > s, so T1 < .64 + .74s2 • for the present 

trfvarlate arrangement the test can be applied three times for 

each sample. For the consistency test to be oassed it wl I I be 

required that alI three values of T1 be less than the above limit. 

The results of the test are qiven in Table 3. The test is ap-

parently a sensitive detector of within-taxa correlations of .5 

or above; this result is certainly reasonable since the test 

rests squarely on the assumption that these correlations are zero. 

Various sets of twenty-five samples each were qenerated from 

three and four taxa with smal I mean separations and equal base-rates. 

Each of these samples fa! led this consistency test. 

V Ill • The "~-1ax I mum Mean 0 i ffe renee'' Consistency Test 

tf we consider a cut score on the input variable, then the 

mean of the individuals with scores above the cut can be calculated, 

cal I it xaw; similarly for the mean below, cal I it xbw' Then these 

\ 
\ 
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quantities can be calculated for alI values of w and the maximum 

of the difference, max{x - xb }, determined. It was argued in aw w 

PR-68-4 that the maximum should occur near the hitmax cut. It 

can be shown that If xfw and ~rw are each constant for alI w then 

the function xaw - xbw Is concave downward with minima at the 

endpoints of the scale. It is easily seen that 

and 

lim ex x > - x aw - bw - r 
w+w-

max 

1 lm Cx xbw> = Pxr + Ox1 w+wmlnaw 

If T2 = max(xaw - xbw) Is larger than either of these minimum extrema 

then It must be true that 

T2 = maxCx - x > > 1/2Cxr- x 1>. aw bw 

If the means are far enough apart so that the method provides 

accurate parameter estimates, then xr - x1 > s, where s Is the 

common standard deviation; thus T2 > s/2. As would be hoped, 

this test correctly Identified alI samples of the two parameter 

sets where the separation In the means was !s and zero. It also 

Incorrectly rejected 2 of the 25 samples when the separation was 

ls and the parameters were accurately estimated. 

The parameter T2 also has an upoer limit. Since the largest 

value of max{x - xb } Is obtained when the taxa are totally aw w 
separated, this value is clearly xr- x 1• Thus T2 < xr- x 1 

A A 

or T2 < xr- x1• This test turned out to be very sensitive In the 

detection of more than two taxa (as did the first consistency test). 

When the taxon correlations were .8 the parameter estimates were 

quite Inaccurate. This test detected each of these samoles; also 7 

of the samples where the correlation was .5 were Incorrectly rejected. 

\ 
\ 
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I X. The ''HIt-Rate Proportion" Consistency Test 

If we consider a cut on the Input variable and the resultln~ 

proportion of the Individuals above the cut that are correctly 

Identified, haw' and the corresponding proportion below, hbw' and 

let the proportion of the total number of individuals above the 
p u 

. aw aw cut be Paw and that below be Pbw' then the ouant1ty ---- ---, 
pbw ubw 

where uaw = haw - 1/2 and ubw = hbw - 1/2, Is argued to have a 

minimum value near the hitmax cut In PR-68-4. It appears that 

for parameter estimates to he accurate It Is neccessary that 

T
3 

= mlnJ:aw- ~aw) < 2. This test correctly Identified those 
~ bw bwJ 

samples where the taxa variance ratios were 3 and oave Incorrect 

parameter estimates. A smal I rercentage of other parameter 

sets producing incorrect estimates were also correctly identified. 

The test Incorrectly Identified 10 of the 23 samrles where the 

separation In the means was lo and accurate estimates oroduced. 

X. The "Sum of the Hit-Pates" Consistencv Test 

In PR-68-4 it Is argued that T4 = max{h + hb } occurs near - aw w 

the hitmax cut. For the present purposes it is clear that for a 

cut near hitmax for any distribution with base-rates not more 

disproportionate than (.2, .8) haw> 1/2 and hbw > 1/2 or T4 > 1. 

If the separation between the means is only la it can be shown 

that for normal distributions with base-rates not more dispropor-

tlonate than (.2, .8) that T4 > 1.3. 

This test proved sensitive in the detection of base-rates 

more disproportionate than (.2, .8), variance ratios of 3 and 

correlation ratios of 4, all of which produced Inaccurate 

\ 



TABLE 3 

Joint frequency distribution of accurate-not accurate parameter estimates 
and pass-fa II of each consistency test 

consistency test 
,• test 1 test 2 test 3 test 4 

set I samples pass fa II pass fai I pass fai I pass fall 
1.1 accurate 25 25 0 25 0 25 0 25 0 

not accurate 0 0 0 0 0 0 0 0 0 

1.2 accurate 25 25 0 25 0 25 0 25 0 
not accurate 0 0 0 0 0 0 0 0 0 

1.3 accurate 25 25 0 25 0 25 0 25 0 
not accurate 0 0 0 0 0 0 0 0 0 

1.4 accurate 24 24 0 24 0 25 0 24 0 
not accurate 1 1 0 0 1 0 0 0 1 

2. 1 accurate 22 22 0 22 0 25 0 23 0 
not accurate 3 3 0 3 0 0 0 3 0 

2.2 accurate 23 23 0 23 0 25 0 23 0 
not accurate 2 2 0 2 0 0 0 2 0 

2.3 accurate 25 25 0 25 0 25 0 17 8 
not accurate 0 0 0 0 0 0 0 0 0 

2.4 accurate 0 0 0 0 0 0 0 0 0 
not accurate 25 25 0 25 0 25 0 0 25 

3. 1 accurate 25 25 0 25 0 25 0 25 0 
not accurate 0 0 0 0 0 0 0 0 0 

3.2 accurate 23 23 0 23 0 13 to 15 8 
not accurate 2 2 0 2 0 0 2 1 1 

3.3 accurate 0 0 0 0 0 0 0 0 0 
not accurate 25 25 0 0 25 17 8 10 15 

3.4 accurate 0 0 0 0 0 0 0 0 0 
not accurate 25 25 0 0 25 18 7 5 20 

4. 1 accurate 25 25 0 25 0 25 0 25 0 
not accurate 0 0 0 0 0 0 0 0 0 

4.2 accurate 25 25 0 25 0 25 0 25 0 
not accurate 0 0 0 0 0 0 0 0 0 

4.3 accurate 25 25 0 25 0 25 0 25 0 
not accurate 0 0 0 0 0 0 0 0 0 

4.4 accurate 0 0 0 0 0 0 0 0 0 
not accurate 25 25 0 25 0 25 0 .0 25 

\ 



TABLE 3 (continued) 

consistency test 
test 1 test 2 test 3 test 4 

set # samples pass fa! I pass fai I pass fa I I pass fall 
5. 1 accurate 25 25 0 25 0 25 0 25 0 

not accurate 0 0 0 0 0 0 0 0 0 

5.2 accurate 25 25 0 25 0 25 0 25 0 
not accurate 0 0 0 0 0 0 0 0 0. 

5.3 accurate 25 18 7 25 0 25 0 17 8 
not accurate 0 0 0 0 0 0 0 0 0 

5.4 accurate 0 0 0 25 0 25 0 0 0 
not accurate 25 0 25 0 0 0 0 0 25 

6.1 accurate 0 0 0 0 0 0 0 0 0 
not accurate 25 25 0 25 0 25 0 0 25 

6.2 accurate 0 0 0 0 0 0 0 0 0 
not accurate 25 25 0 25 0 17 8 0 25 

6.3 accurate 0 0 0 0 0 0 0 0 0 
not accurate 25 25 0 25 0 17 8 0 25 

,,. 

6.4 accurate 0 0 0 0 0 0 0 0 0 
not accurate 25 25 0 25 0 19 6 0 25 

\ 
\ 
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parameter estimates. A very small per cent of the samples where 

parameter estimates were accurate were Incorrectly rejected. 

XI. Conclusions 

As can be seen from Table 3, every sample that produced 

incorrect sample estimates failed at least one of the four consis

tency tests. Only In set 3.2 where the mean separation was lo 

were the results Incorrectly rejected; It should be noted that 

these samples produced only marginally accertable parameter es

timates. Thus, the consistency tests worked nearly perfectly 

for this study. Further, It is Important to discover that the 

single sample instance In which the consistency tests "failed" 

was one where good results were Incorrectly rejected, rather 

than one of accepting erroneous oarameter estimates. It appears 

so far that if the consistency tests say "okay", one can rely 

heavily on this clearance. 

In PR-68-4, several more consistency tests are suggested 

and should be tried; those chosen for this study are only the 

first steps. ~1ost likely, many better ones will be found. 

T~ls method and consistency tests should be studied with 

more general, or at least, different distrfbutlons than multi

variate normal ones. Most of the results obtained here can be 

confidently used In practice only when approximate multivariate 

normal tty Is obtained. 

The relation between size of the consistency test parameter 

and size of the parameter estimate error is clearly not a di

chotomous one as was used for summarizing the results in Table 3. 

Analytical or more detailed ~1onte Carlo Investigation of the 

\ 
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total relation would provide further inslpht via the consistency 

test parameters. 

There Is another consistency test of a different nature 

than those described. Suppose that a real data sample provided 

parameter estimates lndicatfnq that the within taxa distributions 

were approximately multivariate normal. This could be determined, 

for example, by use of goodness of fit x2 tests on the mixed mar-

glnal (Indicator) distribution and so forth. Usinp the produced 

parameter estimates, artificial data samoles of the same size 

could be penerated and analyzed by the method. The resulting 

parameter estimates should show (a) stahl I lty and (b) sufficient 

accuracy. If either of these conditions do not obtain then the 

rea I samp I e resu Its shou I d be rejected. If hoth condItIons do 

obtain but the artificial estimates differ substantially from 

the real ones, then the possibl I ity of non-multivariate normality 

must be considered. If this consistency test method were used 

with the present data, then alI parameter sets would be perfectly 

Identified. 

XII. Further Comments on the Consistencv Test 

The estimation procedures are comrlef"f1ented by "consistency 

tests" which describe "how wei I the model does fit" the data in 

a sense that is analooous to how the three validity keys are 

used with profile interpretation of the ~-~MPI. That is, some 

people mal Inger, randomly respond, are too defensive, lie and so 

on to such an extent that the ~.1t-1P I I tern responses do not serve 

as "indicators" of "the underlying latent phenomena'' or ''per-

son a II ty", if you w II f , In a manner that is consistent wIth the 

\ 
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nomothetic ~1MPI model of patholoqical personality phenomena. If 

consistency tests prove to be worthy of consideration In psycho-

metri~ model bui ldlng, then It Is Interesting to note that this 

simple Idea was used by cl lnlclans lonq before psychometricians. 

It would appear that consistency testing In uti lizatlon of a 

mathematical model Is just as obviously required and Is a matter 

of simple common sense, just as It was to builders of the ~~~PI. 

Anyone would know that some people wl II randomly respond and lie 

and so on when tak I n!l the ~1tv1P I . But It seems that few psycho I o-

gists act as If Nature could be more devious than matheMaticians 

require. 

fn general, any mathematical model can be thouoht of as a set 

of equations relating a set of latent narameters to a set of man-

!fest parameters. Some of these equations may involve only latent 

parameters and some Involve only manifest rarameters. r~ost of 

the equations which are of the most Immediate concern In the devel-

opment of a model Involve both kinds of narameters. 

There are two special types of equations: (1) the assumptions 

and (2) the derived equations which express the latent parameters 

as explicit functions of the manifest parameters. Traditionally, 

the psychometrician usually Is satisfied with just the development 

of (2) from (1), \~hlle such a feat may require a high deoree of 

mathematical competence and creativity and can be reqarded as the 

solutions of the most Immediate lmoortance, there reMains further 

mathematical derivation to prepare the model for application to 

substantive problems. Such derivation can be roughly described 

to be that of derivinq alI further relations between the 

\ 
\ 
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parameters that one Is able to. The resulting set of equations 

can be used for determinating how wei I the model fits the data of 

the real phenomena; hence can be cal led the (3) "consistency 

equations". If the assumptions (1) are roughly correct and the 

estimates of manifest parameters (obtained directly from the data, 

of course) and of the latent parameters (by the calculations 

given by (2)) are roughly correct, then substitution of the para-

meter estimates Into (3) wl I I show that they roughly satisfy each 

equation of (3). 

There are at least three sources of parameter estimation er-

ror. First, the assumptions (1) are always mathematical ideal!-

zations and never strictly true for real phenomena, and therefore 

it is clear that the estimates resultln9 from (2) wl I I contain 

some error and therefore substitution into (3) wl I I reveal that 

these estimates are not perfect solutions of (3). Second, the 

manifest parameters contain sampling error (between individuals> 

and measurement error (within Individuals); hence, the latent para-

meter estimates contain sampling and measurement error <since 

they are functions of the manifest parameters as given by (2). 

Third, It can be true that the calculation method used in (2) 

Is one that according to the underlying mathematical theory 

gives at best an approximate solution to the equations resulting 

from (1). Therefore, It is clear that at best we can only hope 

for approximate solutions of (3). 

Theoretically, sampling error, measurement error, and 

"solution" error can be assessed rather directly and can be reduced 

to nearly any arbitrarily small size. However, "assumption" error 

\ 
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does not seem to be of this same sort in that Its size cannot be 

directly assessed (since an "assumption" as opposed to a "hypoth

esis" Is by definition not directly testable) and is not reduc

Ible to nearly any arbltrarl ly smal I size by any systematic pro

cedure as would be used in reducing (a) sampl lng error (Increase 

the sample size), (b) measurement error (reliabi I tty theory, fac

tor analysts, and Item selection methods provide general guidance) 

or (c) solution error (for example, continue an Iterative calcu

lation procedure untt I convergence conditions are adequately 

satisfied}. The basic difference between assumption error and the 

others Is evidenced by the existence of a variety of theories to 

assess the latter while there is, of course, no corresponding 

theory of verisiml lttude to numerically assess assumption error. 

Suppose that only assumption error is a matter of concern; that 

Is, alI other sources of error have been eliminated. Presumably, 

continual revision of the model so that the parameter estimates 

of (2) become closer to perfect solutions of (3) would Increase 

the verisiml lltude of the model (assuming that the consistency 

equations are chosen correctly so as to provide sufficient testln9 

of the fit of the model to the data). The consistency testin9 

development might attempt to meet criteria such as the following: 

(a) there Is one for as many subsets of the assumptions as 

possible, 

(b) they are not redundant in that they are derivable from 

(2); even the addition of "weak" assumptions to (2) 

should not allow the derivabl I lty of (3), 

Cc) they follow as "directly" from (1) as does (2) and, In 

fact, might be oartial ly lnterchan9eable with (2), 
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(d) they are adequately sensitive to assumption errors 

that are most probc~le, 

(e) they are adequately sensitive to assumption errors that 

are most troublesome In that they cause Intolerable 

errors In (Important) oarameter estimates, 

(f) they provide clues as to how the model miqht be revised 

to obtain a better fIt (by pointing out the set of 

dlsparate assumptions with the aid of (a)), and 

(g) they lndlcate when the model Is totally off the mark 

and should not be used at alI. 

With the current state of the art of mathematical model bul lding 

ln the area of personality measurement it would be a major con-

tributlon to meet even the last of these criteria. 

In summary, the idea of consistency testing follow that of 

the physicists and other natural science mathematical model 

but lders. In any mathematical model fitting there are latent 

variables (not directly observable) cal I them x1, x2 , x3, • 

and manifest variables y1, y2, y3, .•. Accordin9 to soMe psy

cometrlc theory the x1 's and the yi 's are related by a set of 

equations f.C~ 1 , y.) = 0 which results from some set of assump-
J I 

tions A1, A2 , •. • , A • n let the set of eauatlons 

F ={f.(~!' y.) = 0} 
J I 

be such that the A. are Included as a subset of F. Then in alI 
I 

usual mathematical model developments some of those member equa-

tions of F are such that they Involve both the ~i and the 91 and 

are used such that each of the ~. are solved for In terms of the 
I 

91 which, of course, are estimated directly from the data. This 

\ 
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Is done by whatever mathematical means one can best come up 

with. Consideration Is usually qlven to the computational time 

(so as to decrease expense) and to the avoidance of excessive 

propagation of errors In the y1 to errors in the~,. 

With enough mathematical competency It is possible to de

rive many further members of F (possibly It could become of 

Infinite size). Each of these further member equations can each 

be checked to see if the already obtained approximations of the 

latent and manifest parameters when plugged In are approximately 

true. ThIs is the consIstency test. \'le do not know how "approx

Imately true" they must be so we must be guided by Intuition and 

experience and possibly the use of a hiaher level theory of 

error propagation. Psychometric theories (enuals ''methods'' eouals 

"models") hardly ever make any attem12t to do such internal check

~· An exception to some extent is the Lazarsfeld and Henry (1968) 

discussion of the goodness of fit tests of the latent class model 

where It Is suggested that the manifest joint compound proportions 

for the various hi~her order indicator patterns be checked against 

those predicted from the previously acquired estimates of the low

er order proportions. Typically, the investigator of a substan

tive problem has a real data matrix, applies the calculations 

and gets his answers, say, estimates of factor loading parameters. 

He looks at the relative sizes and patterns; it usually makes some 

sense and he qoes directly from there back to wtthln his own sub

stantive theory ballpark. But how much corrobative support has 

been found for the general appl !cation of the psychometric theory 

of factor analysis to the testlnq of substantive theories In a 

\ 
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wide variety of psychological phenomena? One might resort to the 

total payoff so far In factor analytic studies (indicated, say, 

by the popularity of the method) In an area, for example, such as 

personal lty measurement as evidence that somehow alI assumptions 

must be In pretty good agreement with the truth, generally. But 

Lykken (1971), for example, has taken nearly a diametrically 

opposite view of this particular "total payoff" so far In the 

personality measurement area. Factor analysis is a good example 

of how psychometric theory that is unsupported by develooment of 

consistency tests Is stl I I faithfully used to test substantive 

theories. Another qood example ~ioht be internal consistency 

rellabi I tty theory. It Is always simple to obtain an estimate 

of a parameter according to calculations of some method, but 

that doesn't mean the estimates are meaningful and accurate. 

Adequately developed consistency tests such as In the ex-

ample diagrammed below could help pinpoint assumptions that 

cannot be lived with. 

f "=o 4 

f =0 
5 I 

Since f 1 ~ 0 and f2 ~ 0 but f3 = f4 = f5 = 0 (In an approximate 

sense) t~en we know that A2 is I ikely to be wrong. Presumably, 

we would be able to alter this assumption and we would probably 

desire to "weaken" it. After this model alteration we could try 

again. In similar fashion, the data could be transformed and 

generally control led by whatever means possible so that It fits 

the models for which we are capable of hand I lng the mathematical 

\ 
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problems. The physicist does both; that Is, he continually 

alters his model to gradual Jy fit better, and he continually al

ters his data col Jection methods so the data are more easily 

fitted. Further, he does both simultaneously In an Integrated 

fashion. The measurement psychologist does neither "model boot

strapslng" nor "data bootstrapslng". An Integrated bootstrapsing 

fs blatantly Jacking since models are Invented by the methodolog

Ically Inclined while the data are collected by the substantive

ly Inclined, and neither type usually pays the necessary atten

tion to what the other Is really doing. 

\ 
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