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Abstract

Image registration is used widely in applications for mapping one image to another.

It is a fundamental task in many imaging applications. Existing image registration

methods are either feature-based or intensity-based. Feature-based methods first ex-

tract relevant image features, and then find a geometrical transformation that best

matches the two corresponding sets of features extracted from the two images. The

geometrical transformation is estimated directly from the observed image intensities

of the two images by an intensity-based image registration method. Most existing

methods of both types assume that the mapping transformation has a parametric

form or satisfies certain regularity conditions (e.g., it is a smooth function with con-

tinuous first or higher order derivatives). They often estimate the mapping transfor-

mation globally by solving a global minimization/maximization problem. Such global

smoothing methods usually cannot uncover the ill-posed nature of the image regis-

tration problem, namely, the mapping transformation is not well defined at certain

places, including places where the true image intensity surface is straight.

In this thesis, we suggest solving the image registration problem locally, by first

studying the local properties of a mapping transformation. Some concepts for de-

scribing such local properties are suggested, and an intensity-based local smoothing

method for estimating the geometrical transformation is proposed. We also develop

a feature-based method based on those concepts. Both theoretical and numerical

studies show that our methods are effective in various applications.
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Chapter 1

Introduction

1.1 The Image Registration Problem

Image registration (IR) aims to geometrically match up two or more images of the

same scene, taken at different times, from different viewpoints, or by different sensors,

for structure/target localization, difference detection, and many other purposes [58].

It is widely used in medical imaging [21], remote sensing [23], finger print or face

recognition [24], image compression [10], video enhancement [19], and so forth. In

medical imaging, for instance, a common application of this technique is to integrate

useful information from different sources (e.g., CT, PET, SPECT, X-ray, ultrasound,

and MRI images [27], [30]), or to register images obtained at different times [44].

It has become an important tool for improving the quality of certain image-based

technologies [28].

As a demonstration, Figure 1 presents two images to register. The image in plot

(b) is obtained from the one in plot (a), after certain image objects (e.g., the two

circular objects in the middle) are moved in their locations. In the literature, the

image in plot (a) is often called a reference image, and the one in plot (b) is called a

moved image. The image intensity surface of the reference image is shown in plot (c),

and the true geometrical transformation, denoted as T, that describes the geometrical

1
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(a) (b)

(c) (d)

Figure 1.1: (a) A reference image. (b) A moved image. (c) Image intensity surface of
the reference image shown in plot (a). (d) The true geometrical transformation T.

movement from the reference image to the moved image is shown in plot (d). One

major goal of IR is to estimate the geometrical transformation that describes the

geometrical movement from the reference image to the moved image, and then match

up the two images well.

Mathematically, the image registration problem can be described as follows. Let

ZR(x, y) and ZM(x, y) be a reference image and a moved image, respectively. Then,

the major goal of image registration is to find a geometrical transformation T(x, y) =
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(T1(x, y), T2(x, y)) such that ZM(T(x, y)) is as close to ZR(x, y) as possible. Thus, the

image registration problem can be formulated as the following maximization problem:

Topt = argmax
T∈T

S(ZR, ZM(T)),

where Topt denotes the optimal transformation for matching ZR(x, y) and ZM(x, y)

among all possible transformations in a specific transformation space T , and S is a

selected metric for measuring similarity between the two images. If a dissimilarity

metric is used in place of the similarity metric S, then the maximization problem

becomes a minimization problem. See [39] for a discussion about image registration in

MRI applications, and for a description about various existing similarity/dissimilarity

metrics.

1.2 Literature Review

IR has been discussed extensively in the computer science and medical imaging lit-

eratures. One group of existing methods first select two sets of features in the two

images under consideration, and then find a geometrical transformation T to best

match the two sets of features [1] [7]. They are often called feature-based image

registration methods in the literature. Commonly used features include landmarks

or control points that can be selected manually or automatically by a computer [56],

edge lines or curves that are often detected by gradient-based methods [18], and re-

gions, centroids or templates that are usually determined by ways of thresholding

and segmentation [48]. Because feature extraction is often a time-consuming and

challenging task with much arbitrariness involved, recent IR research focuses more

on the search of the transformation T based directly on the observed image intensi-

ties of the two images, instead of their features. Such methods are often referred to
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as the intensity-based image registration (IBIR) methods in the literature [4]. IBIR

methods typically search for a transformation T in a certain transformation family,

such that the similarity (or dissimilarity) of the transformed image to another image

is maximized (or minimized). In the literature, both parametric and nonparametric

transformation families have been considered. Commonly used parametric transfor-

mation families, such as the rigid-body and affine motion models, assume that the

difference between the two images involves a global motion that can be modeled para-

metrically [8]. For instance, the rigid-body model assumes that the distance between

any two points in an image is unchanged after the geometrical transformation, and

the transformation T in 2-D cases can be modeled parametrically with two transla-

tion parameters and one rotation parameter. In practice, however, the geometrical

movement from the reference image to the moved image is often too complicated to

be described properly by a parametric transformation family. In some MRI brain

image, for instance, besides the relative movement between the head and the image

device, many organs and tissues (e.g., brain, blood flow in the blood vessels) inside

the head would move or pulse over time. This type of movement is often local and dif-

ficult to describe by a parametric model. To handle such IR problems, nonparametric

transformation families have been considered in the literature, which do not assume

any specific parametric forms. Instead, it is often assumed that T is a continuous

function satisfying various regularity conditions. For instance, the free-form deforma-

tion (DDF) technique considers transformation families consisting of B-splines with

knots properly chosen beforehand [51][52]. Other IBIR methods using nonparamet-

ric transformation families include the diffeomorphic image registration method [2],

image registration using Fourier transformations [31], information-theoretical image

registration [31], image registration based on physical models [55], among some oth-

ers. Klein et al. [21] made a comprehensive evaluation of 14 IBIR algorithms using

various test images. In the literature, there are also some related research areas.
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As an example, optical flow techniques are for processing image sequences [17], [3].

Some ideas there might be helpful for image registration, although the two research

problems have some substantial differences.

1.3 Major Contribution and Organization of the

Thesis

Most existing IR methods mentioned above estimate the geometrical transforma-

tion T using different global smoothing methods, although some smoothing methods

(e.g., the B-spline methods) allow more general T than the others (e.g., the para-

metric transformation methods). Global smoothing methods are often convenient

to implement, and they are efficient as well in cases when the assumed parametric

models or other global regularity conditions are satisfied. However, validity of such

model assumptions should be justified properly in practice, which is challenging and

currently lacking.

In this thesis, we handle the IR problem by a different viewpoint. We first study

the major properties of the geometrical transformation T and estimate it by nonpara-

metric local smoothing. Namely, estimation of T at a given pixel depends only on

nearby image intensities of the two images, instead of on all image intensities of the

two images. Under this local smoothing framework, we find that the IR problem is

ill-posed in the sense that the transformation T cannot be properly defined at certain

places [40][57]. However, the ill-posed nature of the IR problem is difficult to discover

by a global smoothing method, because the related global maximization (or mini-

mization) algorithm can always find a solution even when T is actually undefined at

certain places. This explains the reason why the ill-posed nature of the IR problem is

not adequately discussed in the literature yet. In addition, by investigating the local

properties of T and its ill-posed nature systematically, we provide formal definitions
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of the places where T is well defined and the places where T is partially defined, and

suggest how to detect these places in a statistically consistent way [42]. These special

places are named non-degenerate pixels in this thesis. Based on these concepts,

a local smoothing approach is proposed to detect non-degenerate pixels, which are

incorporated into both intensity-based [57] [42] and feature-based methods [41] for

solving the IR problem. The local smoothing nature of the proposed methods make it

possible not to impose restrictive assumptions on T. As a matter of fact, our methods

do not require any parametric form or other global regularization conditions on T.

Both theoretical and numerical studies show that our methods are effective in various

applications. Furthermore, we also study the statistical properties of the estimated

T in the context of IBIR [42].

The rest of the thesis is organized as follows. In Chapter 2, our proposed IBIR

procedure by detecting non-degenerate pixels is described in detail. Various numeri-

cal experiments and comparisons with some existing methods are also presented. In

Chapter 3, the IBIR procedure discussed in Chapter 2 is further generalized and some

new concepts and methods are proposed. Some statistical properties of the registra-

tion results are also studied in this chapter. Next, the feature-based image registration

method by using non-degenerate pixels is described in Chapter 4, togerther with some

numerical examples. Finally, some discussions and future research topics are given

in Chapter 5. In addition, some technical details about proofs of two theorems in

Chapter 3 are presented in the appendices.



Chapter 2

Intensity-Based Image Registration
by Detecting Non-degenerate
Pixels

2.1 Degenerate and Non-degenerate Pixels

A statistical description of the IR problem is as follows. Let R and M be two images

to register. Their true image intensity functions are denoted as R(x, y) and M(x, y).

It is assumed that they have the following relationship:

M(T1(x, y), T2(x, y)) = R(x, y), for (x, y) ∈ ΩR, (2.1)

where ΩR is the design space of the image R, and T(x, y) = (T1(x, y), T2(x, y)) is an

unknown geometrical transformation to estimate. IR methods try to estimate T(x, y)

from observed image intensities of the two images defined below.

ZM(xi, yj) = M(xi, yj) + εM(xi, yj),

ZR(xi, yj) = R(xi, yj) + εR(xi, yj),

for i, j = 1, 2, . . . , n, (2.2)

7
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where {(xi, yj)} are pixel locations, and {εM(xi, yj)} and {εR(xi, yj)} are i.i.d. random
errors in the two images with mean 0 and unknown variances σ2

M and σ2
R, respectively.

Intensity-based image registration (IBIR) tries to estimate T(x, y) from the observed

image intensities, without imposing any parametric form on T(x, y). In (2.2), we

assume that the two observed images contain pointwise noise only, for simplicity. In

practice, they may also contain spatial blur and other degradations [36]. A numerical

example in Section 2.3 of this Chapter shows that our proposed method also works

well when spatial blur is present. At a given point (x, y) ∈ Ω, we can write

 T1(x, y)

T2(x, y)


 =


 x

y


+


 b(x, y)

c(x, y)


 ,

where b(x, y) = T1(x, y)−x and c(x, y) = T2(x, y)−y. Therefore, estimation ofT(x, y)

is equivalent to estimation of (b(x, y), c(x, y)). After the estimators of (b(x, y), c(x, y)),

denoted as (̂b(x, y), ĉ(x, y)), are obtained, the estimator of T(x, y) can be written as

T̂(x, y) = (x, y) + (̂b(x, y), ĉ(x, y)). (2.3)

Ideally, if both b(x, y) and c(x, y) are small and M has the first-order partial

derivatives at (x, y), then by the Taylor’s expansion, we have

M(T1(x, y), T2(x, y)) =M(x, y) +M ′
x(x, y)b(x, y) +

M ′
y(x, y)c(x, y) + o (‖T(x, y)− (x, y)‖) , (2.4)

where ‖ · ‖ is the Euclidean norm. By (2.1) and (2.4), R(x, y) =M(T1(x, y), T2(x, y))

can be well approximated byM(x, y)+M ′
x(x, y)b(x, y) +M

′
y(x, y)c(x, y) in such cases.

Therefore, (b(x, y), c(x, y)) can be chosen such that the approximation error

R(x, y)−
[
M(x, y) +M ′

x(x, y)b(x, y) +M ′
y(x, y)c(x, y)

]
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is as small as possible. In reality, however, R(x, y), M(x, y), M ′
x(x, y), and M

′
y(x, y)

are all unobservable. What observed are image intensities {ZM(xi, yj)} and {ZR(xi, yj)}
defined in (2.2), which contain random noise. To smooth out noise while estimate

(b(x, y), c(x, y)), we adopt the idea of local linear kernel (LLK) estimation in statis-

tical nonparametric regression [11] as follows. For the time being, let us assume that

M ′
x(x, y) and M ′

y(x, y) have been estimated by M̂ ′
x(x, y), and M̂ ′

y(x, y) beforehand.

Consider a circular neighborhood of (x, y) with radius hn, denoted as O(x, y; hn).

Then, b(x, y) and c(x, y) can be estimated by the solution of the following minimiza-

tion problem:

min
b(x,y),c(x,y)

n∑

i,j=1

[ZM(xi, yj)− ZR(xi, yj)+

M̂ ′
x(xi, yj)b(x, y) + M̂ ′

y(xi, yj)c(x, y)
]2
Khn

, (2.5)

where Khn
= K(xi−x

hn
,
yj−y

hn
), and K is a bivariate density kernel function with unit

circular support. The minimization problem (2.5) searches for estimators of b(x, y)

and c(x, y) such that the weighted sum of squares of the approximation error reaches

the minimum, and the weights are determined by the kernel function K. Usually,

K(u, v) is chosen to be a decreasing function of
√
u2 + v2. Therefore, if a pixel

(xi, yj) ∈ O(x, y; hn) is farther away from the given pixel (x, y), then the correspond-

ing approximation error at (xi, yj) would receive a less weight, which is intuitively

reasonable, because the observed image intensity at (xi, yj) generally provides less

information about (b(x, y), c(x, y)), compared to observed image intensities at pixels

closer to (x, y). In the statistical literature (cf., Section 2.3 in [35]), there exists much

discussion about selection of the kernel function K. Commonly used kernel functions

include the Epanechnikov kernel function and the truncated Gaussian kernel function

that is used in Section 2.3. It is not difficult to check that problem (2.5) has the
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following solution


 b̂(x, y)

ĉ(x, y)


 =


 K22, −K12

−K12, K11




 K∗

1

K∗
2




K11K22 −K2
12

, (2.6)

where

K11 =

n∑

i,j=1

[
M̂ ′

x(xi, yj)
]2
Khn

,

K22 =
n∑

i,j=1

[
M̂ ′

y(xi, yj)
]2
Khn

,

K12 =

n∑

i,j=1

M̂ ′
x(xi, yj)M̂

′
y(xi, yj)Khn

,

K∗
1 =

n∑

i,j=1

[ZR(xi, yj)− ZM(xi, yj)] M̂
′
x(xi, yj)Khn

,

K∗
2 =

n∑

i,j=1

[ZR(xi, yj)− ZM(xi, yj)] M̂
′
y(xi, yj)Khn

.

In practice, we still need to define the estimators M̂ ′
x(x, y) and M̂

′
y(x, y). To this end,

we suggest using the conventional LLK estimators of M ′
x(x, y) and M

′
y(x, y), defined

by

M̂ ′
x(x, y) =

∑n
i,j=1(xi − x)ZM(xi, yj)Khn∑n

i,j=1(xi − x)2Khn

,

M̂ ′
y(x, y) =

∑n
i,j=1(yj − y)ZM(xi, yj)Khn∑n

i,j=1(yj − y)2Khn

.

From the above description, we know that formula (2.6) is obtained in the ideal

situation when

(i) ‖T(x, y)− (x, y)‖ is small such that the first-order approximation to
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M(T1(x, y), T2(x, y)) by (2.4) is valid,

(ii) M has the first-order partial derivatives at (x, y), and

(iii) the denominator on the right-hand-side of (2.6) is not zero.

The above conditions (i) and (ii) imply that the estimator defined by (2.3) and (2.6)

may not estimate T(x, y) well at places where the transformation is relatively large

or where M is not smooth (e.g., edge locations of M). Condition (iii) implies that

the estimator is not well defined at places where the following equation holds:

K11K22 −K2
12 = 0. (2.7)

Mathematically, it can be proved that: (i) M̂ ′
x(x, y) and M̂

′
y(x, y) would converge to

M ′
x(x, y) and M ′

y(x, y), respectively, in regions where M has continuous first-order

derivatives, when n gets larger and larger, and (ii) if M̂ ′
x(x, y) and M̂ ′

y(x, y) are

replaced by M ′
x(x, y) and M ′

y(x, y) in (2.7), then M satisfies equation (2.7) in the

neighborhood O(x, y; hn) if there is a continuously differentiable univariate function

ψ and a constant ρ such that

M(x′, y′) = ψ(ρx′ + y′), for any (x′, y′) ∈ O(x, y; hn). (2.8)

Intuitively, if M satisfies (2.8) in O(x, y; hn), then its intensity levels are the same

on the line segment ρx′ + y′ = ρ0 in O(x, y; hn), for any appropriate constant ρ0 such

that the line segment is contained in O(x, y; hn). In such cases, the bivariate function

M is degenerate locally in O(x, y; hn), and it is impossible to uniquely determine

T(x, y) because any small move along the line direction would not change the value

of M(x′, y′) for any (x′, y′) ∈ O(x, y; hn). In this thesis, a pixel (x, y) ∈ ΩM is

called a degenerate pixel of M if M has partial derivatives at (x, y) and there exists

a neighborhood O(x, y; hn) such that equation (2.8) holds. Other pixels at which
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M has partial derivatives are called non-degenerate pixels. Similarly, we can define

degenerate pixels and non-degenerate pixels for the reference image R. Therefore,

around degenerate pixels, the image registration problem is actually not well defined in

the sense that the geometrical transformationT(x, y) can not be uniquely determined.

2.2 Intensity-based Image Registration by Detect-

ing Non-degenerate Pixels with Nonparamet-

ric Local Smoothing

From the description in Section 2.1, it can be seen that the geometrical transformation

T(x, y) can be properly estimated only around non-degenerate pixels or places where

the image intensity function of the reference image R is not smooth. Based on that

result, we propose an IBIR procedure consisting of four major steps, as described

below.

Step 1 Detect edge pixels for the observed reference image ZR using an edge

detector. see Chapter 6 in [35] for a discussion about existing edge detectors.

Step 2 At a given pixel (x, y) in R, consider its circular neighborhood with radius

r1, denoted as O(x, y; r1). If the number of detected edge pixels in O(x, y; r1) is

smaller than [nr1], where [s] denotes the integer part of s, then (x, y) is regarded as

a continuity pixel of R. In such a case, if the denominator on the right-hand-side of

equation (2.6) (after M is replaced by R) is larger than or equal to a pre-specified

threshold value un, then (x, y) is regarded as a non-degenerate pixel of R; otherwise,

it is regarded as a degenerate pixel.

Step 3 Let D be the set of all local non-degenerate pixels of R or pixels whose

circular neighborhoods with radius r1 contain at least [nr1] detected edge pixels.

Then, for any (x, y) ∈ D, T̂(x, y) is computed by the following algorithm. For any
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pixel (x′, y′) ∈ O(x, y; r1) of the moved image, consider its circular neighborhood

O(x′, y′; r2), where r2 is a radius that could be different from r1. Compute the mean

squared difference (MSD)

MSD((x′, y′); (x, y)) =
1

Ñ

∑

(x′+s,y′+t)∈O(x′,y′;r2)

[ZM(x′ + s, y′ + t)− ZR(x+ s, y + t)]
2
,

where Ñ is the number of pixels in O(x′, y′; r2). Then, T̂(x, y) is defined to be the

minimizer of

min
(x′,y′)∈O(x,y;r1)

MSD((x′, y′); (x, y)).

See Figure 2.1 for a demonstration.

Step 4 If (x, y) is a degenerate point of R, then T̂(x, y) is defined as follows.

First, find a pixel in D that is closest to (x, y), which is denoted as (x(1), y(1)). Then,

define

T̂1(x, y) = (x, y) + (̂b(x(1), y(1)), ĉ(x(1), y(1))).

Define T̂(x, y) = T̂1(x, y) if

MSD(T̂1(x, y); (x, y)) ≤MSD((x, y); (x, y));

otherwise, define T̂(x, y) = (x, y).

Note that the above IBIR procedure can only properly handle interior pixels in ΩR

whose Euclidean distances from the border of ΩR are at least r1+ r2. For a boundary

pixel of ΩR whose Euclidean distance from the border of ΩR is smaller than r1 + r2,

we define the geometrical transformation at that pixel to be the same as that at the

interior pixel who is closest to the boundary pixel. Please read next chapter for a

detailed discussion and treatment of a boundary pixel.
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[t!]
(a) (b)

Figure 2.1: A demonstration of Step 3 of the proposed image registration algorithm.

At the end of this section, we make several remarks about the above image reg-

istration procedure. First, at non-degenerate pixels of R, instead of using formulas

(2.3) and (2.6), we use the searching algorithm described in Step 3 for computing

T̂(x, y). That is because formula (2.6) is valid only when ‖T(x, y)− (x, y)‖ is small.

From our numerical studies, the estimator by the searching algorithm would perform

better than the one by (2.3) and (2.6) for most realistic T(x, y) functions. Second,

from the discussion previously, it seems that, to define T(x, y) properly, (x, y) should

be a non-degenerate pixel of M , instead of R. Again, this discussion is based on the

assumption that ‖T(x, y) − (x, y)‖ is small so that the Taylor’s expansion is valid.

In practice, it is more reasonable to require (x, y) to be a non-degenerate pixel of

R. Third, in step 3, MSD is used as the matching criterion. Actually, other criteria,

including the cross-correlation and entropy of image difference (cf., their definitions

in Section 2.3), can also be considered here. Fourth, computation involved in the

searching algorithm described in Step 3 is actually not very extensive because pixels

in D represent only about 10% of all pixels for a typical image.
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2.3 Numerical Results

We have performed numerical studies with more than 20 different pairs of test images

in this chapter. Here, four representative ones are presented to evaluate the numerical

performance of the proposed IBIR procedure. The evaluation is made in compari-

son with the following two state-of-the-art IBIR methods: the directly manipulated

free-form deformation (DMFFD) method [52] and the symmetric diffeomorphic image

normalization (SyN) method [2]. Results of both methods depend on the similarity

metric that they use. As suggested in the related papers, three similarity metrics,

including MSD, cross-correlation (CC), and mutual information (MI), are used respec-

tively in the DMFFD method, and two similarity metrics, including CC and the pure

cross correlation (PCC), are used respectively in the SyN method. Therefore, there

are total five existing procedures considered here, which are denoted as DMFFD-

MSD, DMFFD-CC, DMFFD-MI, SyN-CC, and SyN-PCC. These existing procedures

are implemented using the release 1.9 of the software package ANTS that is available

at http://www.picsl.upenn.edu/ANTS/. Our proposed nonparametric IBIR procedure

is denoted as NEW.

To evaluate the numerical performance of all six procedures, we use three popu-

lar measures, including the root residual mean squares (RRMS), the cross correlation

(CC), and the entropy of image difference (EID). RRMS is the conventional and most

widely used measure. When evaluating an estimator T̂ of the geometrical transfor-

mation T, it is defined to be

RRMS =

{
1

n2

n∑

i,j=1

[
ZR(xi, yj)− ZM(T̂(xi, yj))

]2
}1/2

.

Basically, RRMS is the Euclidean distance between {ZR(xi, yj)} and {ZM(T̂(xi, yj))}.
Therefore, if its value is smaller, then the registration is regarded better. The CC

measure is defined to be the Pearson’s sample correlation coefficient of the bivari-



2.3. Numerical Results 16

ate data {(ZR(xi, yj), ZM(T̂(xi, yj)))}. Intuitively, if the estimator T̂ is good, then

ZM(T̂(x, y)) would be close to ZR(x, y). Consequently, the CC measure would be

close to its maximum value 1. So, by this measure, the registration is better if the

CC value is larger, although this measure cannot reflect possible scale difference be-

tween ZR(x, y) and ZM(T̂(x, y)). The EID measure becomes popular recently [27],

[33], [12]. It is defined by

EID = −
∑

d∈D
p(d) log p(d),

where

D = {ZR(xi, yj)− ZM(T̂(xi, yj)), i, j = 1, 2, . . . , n}.

So, EID is basically the negative entropy of D. Intuitively, if T̂ is a good estimator

of T, then the randomness in the elements of D should be large. Consequently, EID

should be small because the entropy
∑

d∈D p(d) log p(d) is a good measure of the

randomness of D. Therefore, by this measure, the registration is better if the EID

value is smaller.

In procedure NEW, the kernel function K(u, v) is chosen to be the truncated

bivariate Gaussian density function with support {(u, v) : u2 + v2 ≤ 1}. For edge

detection, we use the directional derivative along the estimated gradient at a given

pixel as an edge detection criterion, and the given pixel is flagged as an edge pixel if

the absolute value of the directional derivative exceeds a threshold value. This edge

detector is similar to the ones in [38] and [43], and performs reasonably well. We also

tried several other edge detectors, including Sobel, LoG, and the recent one in [50],

and found that the registration results of the procedure NEW do not change much

with different edge detectors. For all six procedures considered, we try all possible

values of their procedure parameters and use the ones resulting in the smallest RRMS

values.
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Table 2.1: Performance measures of the six procedures in the railway-ball example.

NEW DMFFD-MSD DMFFD-CC DMFFD-MI SyN-CC SyN-PCC

RRMS 10.929 12.760 12.917 13.238 11.945 12.650

CC 0.745 0.641 0.629 0.605 0.699 0.660

EID 2.911 3.101 2.737 3.243 2.845 3.045

In the first example shown in Figure 2.2, the reference image in plot (a) contains

mainly a railway and a ball, and the upper half of the reference image is moved to

the right in the moved image shown in plot (b). To better demonstrate the move,

one specific spot at the railway that looks like a joint and another dark spot on

the ground that is below the railway have been highlighted. It can be seen that

both highlighted spots do not change in the two images. Therefore, in this example,

the true geometrical transformation T takes non-zero values in the upper half of the

reference image only, and it is thus a discontinuous transformation. The detected edge

points and non-degenerate points of the reference image, detected by our algorithm,

are presented in plot (c), which seems to capture the major image structure well.

The restored reference image of a given procedure is defined to be ZM(T̂(x, y)).

Figure 2.3(a)-(f) show the restored reference images of the six registration procedures,

respectively. From the plots, it can be seen that our proposed procedure NEW re-

stores the original position of the ball well. As a comparison, all the five competing

procedures seem to move the entire moved image, including the ball, the railway,

and the background, to the left, which is evidenced by the positions of the two spots

that are highlighted in Figure 2.2. Consequently, the original position of the ball is

restored properly by them. But, the bottom half of the image is improperly moved

as well. Our explanation of these results is that all five competing procedures cannot

handle cases when T(x, y) is discontinuous, while our proposed procedure has the

flexibility to allow T(x, y) to be discontinuous, due to the fact that it defines T̂(x, y)
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Figure 2.2: (a) A reference image containing a railway and a ball. (b) Acorresponding
moved image. The two specific spots highlighted in image (a) by the white boxes
correspond to those highlighted in image (b). (c) Detected edge pixels and local
non-degenerate pixels of the reference image in the railway-ball example.
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(a) (b) (c)

(d) (e) (f)

Figure 2.3: (a)-(f) Restored reference images by procedures NEW, DMFFD-MSD,
DMFFD-CC, DMFFD-MI, SyN-CC, and SyN-PCC, respectively, in the railway-ball
example.

locally. To further investigate this, the residual images of the six procedures are pre-

sented in Figure 2.4(a)-(f). For a given procedure, the residual image is defined to

be ZM(T̂(x, y)) − ZR(x, y). From the plots, it can be seen that the residual image

of the procedure NEW is almost empty, while the residual images of the other five

procedures all show part of the railway clearly, which is consistent with the images

shown in Figure 2.3. The performance measures of the six procedures are presented

in Table 2.1. From the table, it can be seen that procedure NEW is better than all

five competing procedures in terms of RRMS and CC. It is better than procedures

DMFFD-MSD, DMFFD-MI and SyN-PCC in terms of EID. When reading the table,

readers are reminded that the performance of a registration procedure is better if the

RRMS or EID value is smaller or the CC value is larger.

The second example involves a pair of test images shown in Figure 2.5. The

reference image shown in plot (a) contains a bird, and it is twisted in the middle by
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(a) (b) (c)

(d) (e) (f)

Figure 2.4: (a)-(f) Residual images of procedures NEW, DMFFD-MSD, DMFFD-CC,
DMFFD-MI, SyN-CC, and SyN-PCC, respectively, in the railway-ball example.

(a) (b)

Figure 2.5: (a) A reference image containing a bird. (b) A corresponding moved
image.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Figure 2.6: (a)-(f) Restored reference images by procedures NEW, DMFFD-MSD,
DMFFD-CC, DMFFD-MI, SyN-CC, and SyN-PCC, respectively, in the bird example.
(g)-(l) Corresponding residual images of the procedures.
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Table 2.2: Performance measures of the six procedures in the bird example.

NEW DMFFD-MSD DMFFD-CC DMFFD-MI SyN-CC SyN-PCC

RRMS 7.434 9.333 12.914 18.507 10.401 12.430

CC 0.987 0.980 0.960 0.920 0.975 0.963

EID 1.829 1.801 2.342 2.373 1.680 1.655

a continuous transformation resulting in the moved image shown in plot (b). So, in

this example, the geometrical transformation T is a continuous transformation that

takes non-zero values in the middle part of the moved image only.

Figure 2.6(a)-(f) show the restored images of the six procedures. The correspond-

ing residual images of the six procedures are presented in Figure 2.6(g)-(l), respec-

tively. From the plots, it seems that procedures NEW, DMFFD-MSD and SyN-CC

properly move the bird back to its original position in the reference image. The other

three procedures cannot restore part of the altered portion of the bird well (cf., plots

(i), (j) and (l)). If we check the plots carefully, then we will find that the five com-

peting procedures do not do well in certain border regions (cf., the left border of plot

(b)). The border regions of the reference image are actually unchanged by the true

transformation T in this example. But, some of them are moved by the five compet-

ing procedures. By comparing plots (a) and (b), we can also find that the boundary

curve of the bird (cf., the left part) is rougher in plot (a), compared to the curve in

plot (b). That is the side effect to use a local smoothing method, such as the proposed

procedure NEW. Generally speaking, a local smoothing method is more flexible than

a global smoothing method, in the sense that it can accommodate discontinuities

and other singularities in the transformation T(x, y), etc.; but, at the same time, the

boundary curves of image objects in its restored image would not be as smooth as

those in the restored image of the global smoothing method. The RRMS, CC, and

EID values of the six procedures are given in Table 2.2. From the table, we can see
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(a) (b)

Figure 2.7: (a) A reference satellite image taken in 1990 at the San Francisco bay
area. (b) A corresponding satellite image taken in 1999 in the same area. The two
dark boxes in each image highlight two specific regions that changed quite a lot during
the 9-year period.

that the RRMS value of the procedure NEW is smaller than the corresponding values

of the other five procedures in quite large margins in this example. Its CC value is

the largest among the CC values of the six procedures. Its EID values are smaller

than those of the procedures DMFFD-CC and DMFFD-MI, but larger than those of

the procedures DMFFD-MSD, SyN-CC and SyN-PCC.

The next example considers a pair of satellite sensor images taken at the San Fran-

cisco bay area. The first one was taken in 1990 and the second one was taken in 1999.

By comparing the two images, we can investigate the changes at the San Francisco bay

area during the 9-year period. The two images are shown in Figure 2.7(a)-(b), and

they can be downloaded from http://webmodis.iis.u-tokyo.ac.jp/Landsat/. To highlight

the difference between the two images, two boxes of different sizes are used in each

image to label two specific regions that changed quite a lot during the 9-year period.

For instance, in the region labeled by the larger box, there are many more dark pix-

els in the 1999-image, compared to the 1990-image, which may imply environmental

worsening in that region over the 9-year period.

Figure 2.8(a)-(f) show the restored images of the six registration procedures, and

Figure 2.8(g)-(l) show their residual images in the satellite image example. Perfor-
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Figure 2.8: (a)-(f) Restored reference images of procedures NEW, DMFFD-MSD,
DMFFD-CC, DMFFD-MI, SyN-CC, and SyN-PCC, respectively, in the satellite im-
age example. (g)-(l) Corresponding residual images of the same procedures.



2.3. Numerical Results 25

Table 2.3: Performance measures of the six procedures in the satellite image example.

NEW DMFFD-MSD DMFFD-CC DMFFD-MI SyN-CC SyN-PCC

RRMS 18.782 26.560 20.206 24.980 20.162 21.099

CC 0.951 0.896 0.941 0.908 0.942 0.937

EID 4.143 4.434 4.192 4.196 4.242 4.310

Table 2.4: Performance measures of the six procedures in the MRI example.

NEW DMFFD-MSD DMFFD-CC DMFFD-MI SyN-CC SyN-PCC

RRMS 2.976 9.585 9.459 9.367 4.059 8.838

CC 0.999 0.985 0.986 0.986 0.997 0.987

EID 0.120 0.773 0.484 0.785 0.652 0.460

mance measures of the related procedures are presented in Table 2.3. From both the

residual images and Table 2.3, it can be seen that our proposed procedure NEW is

compatible with its peers in this example. By comparing the residual images (e.g.,

comparing plot (g) with plot (k)), we can see that the five competing procedures do

not perform well at the upper boundary region, which might be one major reason

why their performance measures in Table 2.3 are worse than those of the procedure

NEW.

Next we consider a pair of MRI brain images shown in Figure 2.9(a)-(b). The

reference image is downloaded from http://overcode.yak.net/15/. The only difference

between the two images is that the dark region around the central part of the reference

image is moved upward and rotated in the moved image. Therefore, in this example,

the geometrical transformation T is discontinuous, it takes non-zero values in a small

portion of the reference image only.

The restored MRI images and the corresponding residual images of the six pro-

cedures are shown in Figure 2.10(a)-(f) and Figure 2.10(g)-(l), respectively. From

the presented images, we can see that only procedures NEW and SyN-CC register
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(a) (b)

Figure 2.9: (a) A reference MRI image. (b) A corresponding moved image. The only
difference between the two images is that the dark region around the central part of
the reference image is moved upward and rotated in the moved image.

the moved portions of the images well. The moved dark region can be clearly seen

in the residual images of procedures DMFFD-MSD, DMFFD-CC, DMFFD-MI, and

SyN-PCC, it can be vaguely seen in the residual image of the procedure SyN-CC,

and the residual image of the proposed procedure NEW contain the least information

about the brain. The RRMS, CC and EID values of the six procedures are presented

in Table 2.4. We can see that procedure NEW has significantly smaller RRMS and

EID values than the other five procedures, and its CC value is the largest among all

procedures. This table also shows that the RRMS and EID values of the procedures

SyN-CC and SyN-PCC are quite different, but their CC values are quite close. That

can be explained by the fact that CC (or PCC) is used in SyN-CC and SyN-PCC

as the similarity metric, causing their CC values close to each other. But, other

performance metrics could be different.

In practice, observed images are often blurred [15], [36]. To investigate the per-

formance of the related image registration procedures for matching blurred images,

next we consider the pair of blurred images shown in Figure 2.11(a)-(b), which are

blurred versions of the ones shown in Figure 2.9(a)-(b). In this example, the image

intensity functions would be smoother than the ones in the previous example. The re-
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Figure 2.10: (a)-(f) Restored reference images of procedures NEW, DMFFD-MSD,
DMFFD-CC, DMFFD-MI, SyN-CC, and SyN-PCC, respectively, in the MRI exam-
ple. (g)-(l) Corresponding residual images of the same procedures.
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(a) (b)

Figure 2.11: (a) A reference MRI image. (b) A corresponding moved image. They
are blurred versions of the ones shown in Figure 2.9.

Table 2.5: Performance measures of the six procedures in the blurred MRI example.

NEW DMFFD-MSD DMFFD-CC DMFFD-MI SyN-CC SyN-PCC

RRMS 1.814 8.789 2.953 8.015 2.021 7.976

CC 0.999 0.986 0.998 0.989 0.999 0.989

EID 0.164 0.629 0.599 0.429 0.357 0.468

stored images and the corresponding residual images of the six procedures are shown

in Figure 2.12, from which it can be seen that the performance of the five competing

procedures seems improved in this example, especially for procedures DMFFD-CC

and SyN-CC, compared to their performance in the previous example. The RRMS,

CC and EID values of the six procedures are presented in Table 2.5. From the table,

we can see that procedure NEW still performs the best in this example in terms of

all three measures.

In all the numerical examples considered above, except the railway-ball example,

each image has 128 × 128 pixels. The two images in the railway-ball example have

256 × 256 pixels each. It takes about 10 seconds for the proposed procedure NEW

to register two 128× 128 images on a PC of Intel(R) 2.40GHz Core(TM)2 Duo CPU

with 2982 MByte memory. Its computational complexity is O(n6r21r
2
2), where r1 and
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Figure 2.12: (a)-(f) Restored reference images of procedures NEW, DMFFD-MSD,
DMFFD-CC, DMFFD-MI, SyN-CC, and SyN-PCC, respectively, in the blurred MRI
example. (g)-(l) Corresponding residual images of the same procedures.
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r2 are two radii used (cf., Figure 2.1).

In this chapter, we propose an intensity-based image registration method which

allows the geometrical transformation T(x, y) = (T1(x, y), T2(x, y)) to be nonpara-

metric. From the numerical examples above, we can see that this method allows

T(x, y) to be discontinuous in the design space. We also define degenerate pixels,

around which T(x, y) cannot be properly defined, which is the ill-posed nature of the

IR problem. In the literature, most people do not discuss this ill-posed nature ex-

plicitly. Instead, the transformation T(x, y) is estimated globally in the entire design

space, after the ill-posed nature is overcome by imposing a parametric form or other

regularization conditions on T(x, y) [28]. Comparing our proposed local smoothing

method with those existing regularization-based global smoothing methods, numer-

ical results show that our method preserves certain local features of T(x, y) (e.g.,

discontinuities) better, while the image objects in the restored images of some global

smoothing methods might look smoother.

In our numerical study, the magnitude of T(x, y) is also an important factor that

affects the performance of all registration procedures considered above. Based on

our numerical experience, the proposed procedure NEW would perform well when

max(x,y)∈ΩR
‖T(x, y)− (x, y)‖ ≤ 0.25, if the design space of an entire image is consid-

ered to be [0, 1]× [0, 1]. See next chapter for a further discussion on this issue.



Chapter 3

A Generalized Intensity-Based
Image Registration Method

3.1 1-D and 2-D Degenerate and Partial Degener-

ate Pixels

It is our belief that, to handle the IR problem properly, we should first study the

major properties of the geometrical transformation T, including its ill-posed nature

discussed in Chapter 2. However, that chapter does not provide formal definitions of

the places where T is well defined and the places where T is partially defined. It does

not discuss how to detect these places in a statistically consistent way either. Further-

more, there is no related discussion in that chapter about the statistical properties

of the estimated T. The major goal of this chapter is to overcome these limitations

and provide a more detailed discussion about the properties of T. To this end, sev-

eral concepts, including the 2-D degenerate pixels, 2-D partial degenerate pixels, 1-D

degenerate pixels, and 1-D partial degenerate pixels, are proposed for describing the

local properties of T. The relationship among these concepts is also studied as in the

following.

Again, similar to Chapter 2, let R(x, y) andM(x, y) be two true images to register,

31
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then we have

M(T1(x, y), T2(x, y)) = R(x, y), for (x, y) ∈ ΩR, (3.1)

where ΩR is the design space of the image R. For simplicity, we assume that ΩR =

[0, 1] × [0, 1], and the design space of the image M is also assumed to be ΩM =

[0, 1]× [0, 1]. Similar to the previous chapter, the observed images are assumed to be

ZR(xi, yj) = R(xi, yj) + εR(xi, yj),

ZM(xi, yj) = M(xi, yj) + εM(xi, yj), for i, j = 1, 2, . . . , n, (3.2)

where {(xi, yj), i, j = 1, 2, . . . , n} are pixel locations (or design points in the statistical

literature), and {εR(xi, yj), i, j = 1, 2, . . . , n} and {εM(xi, yj), i, j = 1, 2, . . . , n} are

i.i.d. random errors in the two images with mean 0 and unknown variances σ2
R and

σ2
M , respectively. In model (3.2), the pixel locations are assumed to be {(xi, yj) =

(i/n, j/n), i.j = 1, 2, . . . , n}.
As described in Chapter 2, the IR problem in (3.1) and (3.2) has the following

boundary problem: when a given pixel (x, y) is close to the border of ΩR, it is possible

that T(x, y) is outside ΩM . In such cases, M(T(x, y)) is not defined. Therefore, the

transformation T(x, y) is well defined by (3.1) in ΩR,T only, where ΩR,T = {(x, y) :
(x, y) ∈ ΩR,T(x, y) ∈ ΩM}. To define T(x, y) in the whole ΩR, an appropriate

extension of the design spaces is necessary.

Intuitively, in cases when the image intensity function R(x, y) is a constant in the

whole design space ΩR, the transformation T(x, y) is not well defined, because the

moved image intensity function M(x, y) must be the same constant and T(x, y) can

be any function defined in ΩR,T . More generally, the transformation T(x, y) is not

well defined in cases when the 2-dimensional (2-D) function R(x, y) is degenerate, and
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it is actually a 1-dimensional (1-D) function. For instance, in cases when R(x, y) =

φ(1+2x), where φ is a 1-D function, the geometric move along the y direction cannot

be uniquely determined based on R(x, y) and M(x, y). Consequently, T(x, y) is not

uniquely defined. In practice, it might be rare that the image intensity function

R(x, y) is degenerate in the entire design space ΩR. However, it could be degenerate

in small regions of ΩR. To this end, we make the definitions described below.

Definition 1 A pixel (x, y) is called a 2-D degenerate pixel of an image I if

there is a neighborhood O(x, y) of (x, y) such that the image intensity function of I

is a constant in O(x, y).

Definition 2 A pixel (x, y) is called a 2-D partial degenerate pixel of an image

I if there is a neighborhood O(x, y) of (x, y) such that the image intensity function

of I is a constant in a connected proper subregion of O(x, y) whose closure contains

(x, y), but there is no neighborhood of (x, y) in which the image intensity function of

I is a constant.

Figure 3.1 demonstrates the concepts of 2-D degenerate pixels and 2-D partial

degenerate pixels. In plot (a), the image intensity function of I is a constant in the

entire neighborhood O(x, y) of (x, y). So, (x, y) is a 2-D degenerate pixel of I. In

plot (b), the image intensity function of I is a constant only in a proper subregion of

O(x, y). So, (x, y) is a 2-D partial degenerate pixel of I in this case.

Let D2,I be the set of all 2-D degenerate pixels of I, and PD2,I be the set of all

2-D partial degenerate pixels of I. A subregion of the design space ΩI of the image

I is called non-trivial if it has a positive Lebesgue area. Then, we have the following

results.

Theorem 1 Assume that there are only a countable number of disjoint, connected,

non-trivial subregions {D(j)
2,I , j = 1, 2, . . .} of ΩI , in each of which the image intensity

function of I is a constant. Then, (i) D2,I =
⋃∞

j=1

(
D

(j)
2,I\∂D

(j)
2,I

)
, and (ii) PD2,I =

⋃∞
j=1 ∂D

(j)
2,I , where ∂D

(j)
2,I denotes the boundary set of D

(j)
2,I for each j.
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(a)

(x,y)

(b)

(x,y)

Figure 3.1: (a) The pixel (x, y) is a 2-D degenerate pixel of the image. (b) The pixel
(x, y) is a 2-D partial degenerate pixel of the image.

The proof of Theorem 1 is quite straight forward, and can be briefly described

as follows. To prove (i), for a given pixel (x, y) ∈ D2,I , by Definition 1, we can

find a neighborhood O(x, y) such that the image intensity function of I is a constant

in O(x, y). Because O(x, y) has a positive Lebesgue area, (x, y) must be contained

in one of {D(j)
2,I , j = 1, 2, . . .} and it is obvious that (x, y) is an interior point of

that region. Therefore, D2,I ⊆
⋃∞

j=1

(
D

(j)
2,I\∂D

(j)
2,I

)
. On the other hand, for a pixel

(x, y) ∈ D
(j)
2,I\∂D

(j)
2,I with a given j, it must be a 2-D degenerate pixel because it is

an interior point of D
(j)
2,I and we can find a neighborhood within D

(j)
2,I such that the

image intensity function of I is a constant. Therefore, D2,I ⊇
⋃∞

j=1

(
D

(j)
2,I\∂D

(j)
2,I

)
.

To show the result (ii), let us consider any pixel (x, y) ∈ ∂D
(j)
2,I with a given j. In

such cases, obviously (x, y) is not a degenerate pixel. For an open circle C(x, y; r)

that is centered at (x, y) with radius r, let us consider C(x, y; r)
⋂
D

(j)
2,I . Obviously,

it is a connected proper subregion of D
(j)
2,I with its closure containing (x, y), and the

image intensity of I is a constant in its interior region. Therefore, (x, y) ∈ PD2,I . So,
⋃∞

j=1 ∂D
(j)
2,I ⊆ PD2,I . On the other hand, if (x, y) ∈ PD2,I , then by definition, there is

a neighborhood in which a connected subregion belongs to one of {D(j)
2,I , j = 1, 2, . . .},
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and (x, y) is contained by the closure of the subregion. Without loss of generality, let

us assume that the subregion belongs to D
(j)
2,I for a given j. Then, (x, y) is contained

in the closure of D
(j)
2,I . Because (x, y) is not a 2-D degenerate point of I, it is not an

interior point of D
(j)
2,I . Consequently, (x, y) ∈ ∂D

(j)
2,I . So, PD2,I ⊆

⋃∞
j=1 ∂D

(j)
2,I . Result

(ii) then follows.

In practice, image intensity functions of most images are piecewise continuous,

different continuity regions are separated by edge curves, and they are countable.

In each continuity region, it should be reasonable to assume that there are only a

countable number of disjoint, connected, non-trivial subregions in each of which the

intensity function is a constant. Therefore, results in Theorem 1 should describe D2,I

and PD2,I of a typical image well.

Intuitively, if (x, y) is a 2-D degenerate pixel of the reference image R, then the

image intensity function of R is a constant in a connected open set, denoted as

D∗(x, y), that contains (x, y). Then, the image intensity function of M should be the

same constant in T(D∗(x, y)). As long as T(D∗(x, y)) contains more than one point,

T(x, y) is not well defined, because any point in T(D∗(x, y)) could be a reasonable

value ofT(x, y). This intuition can be generalized in the following way. If a pixel (x, y)

satisfying the condition that there is a neighborhood O(x, y) and a line l containing

(x, y) such that the image intensity function of R is a constant along l in O(x, y),

then T(x, y) is not well defined either, as long as T(Ol(x, y)) contains at least two

points, where Ol(x, y) denotes the set of all points in O(x, y) on the line l. Based on

this observation, we have the following definitions.

Definition 3 A pixel (x, y) is called a 1-D degenerate pixel of an image I if it

is not a 2-D degenerate pixel of I, and there is a neighborhood O(x, y) of (x, y) and

a line l containing (x, y) such that the image intensity function of I is a constant on

l within O(x, y). The set of all 1-D degenerate pixels of I is denoted as D1,I .

Definition 4 A pixel (x, y) is called a 1-D partial degenerate pixel of an image
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I if it is not a 1-D or 2-D degenerate pixel of I, and there is a neighborhood O(x, y)

of (x, y) and a line l containing (x, y) such that the image intensity function of I is

a constant on one side of l in O(x, y) starting from (x, y). The set of all 1-D partial

degenerate pixels of I is denoted as PD1,I .

For a 1-D degenerate pixel (x, y) of the image I, by definition, there is a neigh-

borhood O(x, y) of (x, y) and a line l containing (x, y) such that the image intensity

function of I is a constant on l in O(x, y). Assume that l has a normal direction of a

and the intensity function of I is continuous in O(x, y). Then, the 2-D image intensity

function of I is asymptotically a 1-D function in O(x, y), and it has the expression

I(s) = ψ(a′s) + o(‖s− (x, y)‖), for s ∈ O(x, y),

where ψ is a non-degenerate univariate function, and ‖ · ‖ is the Euclidean norm. In

such cases, it is obvious that the geometrical transformation T(x, y) in the normal

direction a is possible to define, but it is not uniquely defined in the tangent direc-

tion of l as long as T(Ol(x, y)) contains at least two points. Similar to Theorem 1,

under some regularity conditions, we can establish the results that D1,I consists of

a countable number of disjoint, open, line segments, and the set of endpoints of the

line segments is just PD1,I .

3.2 Detection of Degenerate and Partial Degener-

ate Pixels

From the discussion in Section 3.1, the geometrical transformation T is not well

defined in D2,R, the set of all 2-D degenerate pixels of R. At a 1-D degenerate pixel

of R, it is only partially defined. In this section, we focus mainly on the detection of

all 2-D non-degenerate pixels of R, the set of which is denoted as D2,R.
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To detect 2-D non-degenerate pixels, there are different possible approaches. One

natural approach is to make a judgment based on the sample variance of the observed

image intensities in a neighborhood of a given pixel. If the sample variance is large,

then it is an indication that the given pixel might be a 2-D non-degenerate pixel.

Otherwise, it is unlikely a 2-D non-degenerate pixel. An alternative approach is to

investigate the change of the underlying image intensity surface along its gradient

direction at the given pixel. Because the image intensity surface increases the fastest

along the gradient direction, if its change along that direction is small, then it is

an indication that the given pixel might be a 2-D degenerate pixel. The latter ap-

proach focuses on the directional change which is about the variability of a univariate

directional function, while the former approach checks the variability of a bivariate

function. Since the two approaches use the same amount of data, the latter approach

would be statistically more efficient, compared to the former approach. Further, by

investigating the change of the image intensity surface along the direction orthogonal

to the gradient direction, which is called the normal direction hereafter, it is possible

to detect 1-D degenerate pixels. Because of these two benefits, we adopt the latter

approach in this paper, which is described below.

At a given pixel (x, y) ∈ ΩR, let us consider a circular neighborhood with radius

h∗n, denoted as O(x, y; h∗n). In O(x, y; h∗n), a local plane is fitted, using the local

linear kernel (LLK) smoothing procedure accomplished by the following minimization

problem:

min
a,b,c

n∑

i,j=1

{ZR(xi, yj)− [a + b(xi − x) + c(yj − y)]}2K∗
(
xi − x

h∗n
,
yj − y

h∗n

)
, (3.3)

where K∗(u, v) is a 2-D density kernel function with the support {(u, v) :
√
u2 + v2 ≤

1}. The solution of (3.3) is denoted as (â(x, y), b̂(x, y), ĉ(x, y)), and it is the LLK es-

timate of (R(x, y), R′
x(x, y), R

′
y(x, y)). Then, the gradient vector G(x, y) = (R′

x(x, y),
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(a)

(x,y)

G(x, y)

n(x, y)

(b)

(x,y)

NG
(1)(x, y)

NG
(2)(x, y)

Figure 3.2: (a) The estimated gradient vector Ĝ(x, y) and the estimated normal
vector n̂(x, y) are obtained by the local linear kernel smoothing procedure (3.3) in

the neighborhood O(x, y; h∗n). (b) The two one-sided narrow bands N
(1)

Ĝ
(x, y) and

N
(2)

Ĝ
(x, y) along the estimated gradient direction Ĝ(x, y) (the bands formed by solid

lines), and the two one-sided narrow bands along the estimated normal direction
n̂(x, y) (the bands formed by dashed lines).

R′
y(x, y))

′ of R at (x, y) can be estimated by Ĝ(x, y) = (̂b(x, y), ĉ(x, y))′, and the nor-

mal vector n(x, y) = (−R′
y(x, y), R

′
x(x, y))

′ can be estimated by n̂(x, y) = (−ĉ(x, y),
b̂(x, y)), as demonstrated in Figure 3.2(a).

To investigate the directional change of the underlying image intensity surface of

R along the estimated gradient direction Ĝ(x, y) at (x, y), we consider a narrow band

in O(x, y; h∗n) formed by two lines along the direction of Ĝ(x, y), as demonstrated in

Figure 3.2(b) by the two longer solid lines. The two lines are on two different sides of

(x, y), and the Euclidean distance from (x, y) to each line is ρnh
∗
n where ρn ∈ (0, 0.5]

is a positive number. Then, the narrow band is divided into two parts by a line

passing (x, y) in the normal direction (cf., the shorter solid line in Figure 3.2(b)).

The two one-sided parts are denoted as N
(1)

Ĝ
(x, y) and N

(2)

Ĝ
(x, y), respectively. Then,

we compute the local constant kernel estimator of R(x, y) from the observed image

intensities in each part (i.e., the solution to a of (3.3) when b and c are set to be 0 and
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when (xi, yj) are constrained to the region considered). The two one-sided estimators

are

a
(1)

Ĝ
(x, y) =

∑
(xi,yj)∈N(1)

Ĝ
(x,y)

ZR(xi, yj)K
∗
(

xi−x
h∗

n
,
yj−y

h∗

n

)

∑
(xi,yj)∈N(1)

Ĝ
(x,y)

K∗
(

xi−x
h∗

n
,
yj−y

h∗

n

)

a
(2)

Ĝ
(x, y) =

∑
(xi,yj)∈N(2)

Ĝ
(x,y)

ZR(xi, yj)K
∗
(

xi−x
h∗

n
,
yj−y

h∗

n

)

∑
(xi,yj)∈N(2)

Ĝ
(x,y)

K∗
(

xi−x
h∗

n
,
yj−y

h∗

n

) . (3.4)

Then, the difference between a
(1)

Ĝ
(x, y) and a

(2)

Ĝ
(x, y) can be used for measuring the

directional change of the image intensity surface of R along the estimated gradient

direction Ĝ(x, y). So, the pixel (x, y) is detected as a 2-D degenerate pixel of R if

Un(x, y) =
∣∣∣a(1)

Ĝ
(x, y)− a

(2)

Ĝ
(x, y)

∣∣∣ ≤ un, (3.5)

where un > 0 is a threshold value. Otherwise, it is detected as a 2-D non-degenerate

pixel of R. The set of all detected 2-D degenerate pixels of R are denoted as D̂2,R, and

the set of all detected 2-D non-degenerate pixels of R are denoted as D̂2,R. It should

be noted that the difference between two one-sided local constant kernel estimators

is used in (3.5), instead of the difference between two one-sided local linear kernel

estimators, because the latter could be small even when the image intensity surface

of R changes fast along the direction of Ĝ.

Among all detected 2-D non-degenerate pixels of R, we can further detect 1-

D degenerate pixels of R as follows. Let Vn(x, y) be defined in the same way as

Un(x, y), except that N
(1)

Ĝ
(x, y) and N

(2)

Ĝ
(x, y) in (3.4) are replaced by N

(1)
n̂

(x, y)

and N
(2)
n̂

(x, y), respectively, where N
(1)
n̂

(x, y) and N
(2)
n̂

(x, y) are two one-sided narrow

bands in O(x, y; h∗n) along the normal direction n(x, y) (cf., the two one-sided bands

shown in Figure 3.2(b) by the dashed lines). Then, for a given pixel (x, y) ∈ D̂2,R, it
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is detected as a 1-D degenerate pixel of R if

Vn(x, y) ≤ vn, (3.6)

where vn > 0 is a threshold value. Otherwise, it is detected as a 1-D non-degenerate

pixel of R. The set of all detected 1-D degenerate pixels of R are denoted as D̂1,R, and

the set of all detected 1-D non-degenerate pixels of R are denoted as D̂1,R. Obviously,

D̂1,R

⋃
D̂1,R = D̂2,R.

The procedures (3.5) and (3.6) for detecting 1-D and 2-D degenerate pixels are

based on certain ideas used in the research area of jump regression analysis (JRA)

(cf., [35]). For some recent developments in JRA, see [20], [29], [37], [50], and the

references cited therein.

3.3 Image Registration

As mentioned in the previous chapter, the IR problem has a boundary problem.

Although the boundary problem here is different from the boundary problem that is

common to most local smoothing procedures (cf., [35], Section 2.3), some methods

proposed in the local smoothing literature to extend the design space, including the

periodic extension, symmetric extension, and so forth, can also be considered here.

In all numerical examples in Section 3.5, we adopt the symmetric extension approach

as follows. Suppose that we want to extend the design space of the image R from

ΩR = [0, 1] × [0, 1] to ΩR,ǫ = [−ǫ, 1 + ǫ] × [−ǫ, 1 + ǫ], with ǫ > 0. Then, by the

symmetric extension, we define R(x, y) = R(−x, y) when x ∈ [−ǫ, 0) and y ∈ [0, 1].

In other boundary regions, the extension is defined similarly.

As discussed in Section 3.1, the geometrical mapping transformation T is not well

defined at a 2-D degenerate pixel of R. So, we first define T at the detected 2-D
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non-degenerate pixels of R. Let D̂2,M be the set of all detected 2-D non-degenerate

pixels ofM . Then, for a given detected 2-D non-degenerate pixel (x, y) ∈ D̂2,R, define

T̂(x, y) = arg min
(xi,yj)∈O(x,y;rn)

⋂
D̂2,M

WMSD ((x, y), (xi, yj); hn) , (3.7)

where

WMSD ((x, y), (xi, yj); hn)

=

∑√
s2+t2≤hn

[ZR(x+ s, y + t)− ZM(xi + s, yj + t)]2K
(

s
hn
, t
hn

)

∑√
s2+t2≤hn

K
(

s
hn
, t
hn

) (3.8)

is the weighted mean squared difference (WMSD) between the observed intensities of

the reference image R in the neighborhood O(x, y; hn) and the observed intensities of

the moved image M in the neighborhood O(xi, yj; hn). In (3.7) and (3.8), rn and hn

are two positive radiuses, K is a 2-D density kernel function, and the two summations

on the right-hand-side of (3.8) are constrained to discrete pixel locations, although it

is not explicit in notation. Namely, the summations are over all (s, t) satisfying the

conditions that
√
s2 + t2 ≤ hn and {(x+ s, y+ t)} (or equivalently, {(xi + s, yj + t)})

are pixel locations.

In (3.7) and (3.8), for a given detected 2-D non-degenerate pixel (x, y) of R,

we search all the detected 2-D non-degenerate pixels (xi, yj) of M in the circular

neighborhood O(x, y; rn), such that the WMSD value defined in two corresponding

neighborhoods O(x, y; hn) and O(xi, yj; hn) of the two images reaches the minimum.

Therefore, by this procedure, our major goal is to best match the two images around

the two sets of detected 2-D non-degenerate pixels using the local smoothing pro-

cedure (3.8), which is consistent with the ultimate goal of most IR applications to

best match the two images in question. Because of the local smoothing nature of
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our procedure, a term regularizing the smoothness of T, which is commonly seen in

global smoothing procedures (e.g., the smoothing spline procedure), is not included

explicitly in (3.7). As a matter of fact, the procedure (3.7)–(3.8) implicitly assumes

that T can be approximated by a constant transformation in the local neighborhood

O(x, y; hn). There are several benefits to use a local smoothing procedure here. One

major benefit is that it does not require global smoothing assumptions on T; thus,

it is quite flexible and can handle certain cases when T is not uniformly smooth in

the entire design space. Another major benefit is that its computation is relatively

simple. See Chapter 2 of [35] for an introduction about local smoothing and global

smoothing procedures and their major properties.

Although the transformation T is not well defined at a 2-D degenerate pixel of R,

for the convenience of comparing R with M , in practice it is helpful to define T in

the entire design space ΩR. To this end, let (x̃, ỹ) be the pixel in D̂2,R that is closest

to a given pixel (x, y) ∈ D̂2,R, q = T̂(x̃, ỹ) − (x̃, ỹ), and T̃(x, y) = (x, y) + q. Then,

we define

T̂(x, y) =





T̃(x, y), if WMSD((x, y), T̃(x, y); h̃n) ≤WMSD((x, y), (x, y); h̃n)

(x, y), otherwise,

(3.9)

where h̃n ≥ 0 is a bandwidth that could be different from hn. In (3.9), T̃(x, y) is

determined by the estimated transformation at (x̃, ỹ). So, by (3.9), the estimator

T̂(x, y) at a 2-D degenerate pixel (x, y) of R is defined to be the identity transfor-

mation (i.e., T̂(x, y) = (x, y)) or the estimated transformation T̃(x, y) defined at the

nearest 2-D non-degenerate pixel (x̃, ỹ), whichever gives the smaller WMSD value.

In our proposed IBIR procedure, there are some procedure parameters. Proper

selection of these parameters is important because they could affect the performance
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of the proposed procedure in a substantial way. For the IR problem, procedure pa-

rameters can always be chosen such that a registration performance measure (e.g., the

RRMS measure defined in Section 3.5 below) is minimized. However, an exhaustive

search could take much computing time. For one set of parameter values, it takes

about 10 seconds for the proposed procedure to register two 256 × 256 images on a

PC of Intel(R) 2.40GHz Core(TM)2 Duo CPU with 2982 MByte memory. We have

tried many different images of the resolutions 128 × 128, 256 × 256, and 512 × 512.

Next, we provide some empirical guidelines for choosing the parameters, based on our

numerical experience. When reading these guidelines, readers are reminded that ΩR

is assumed to be [0, 1]× [0, 1]. Also, selection of procedure parameters always depends

the specific images under study. So, in practice, when choosing the parameters, we

can try the recommended values first, and then make some adjustments around the

recommended values when necessary. In that way, much computation could be saved

in many cases.

Selection of h∗n and ρn: In detection of 2-D and 1-D degenerate pixels, there are

two parameters h∗n and ρn involved (cf., (3.3)–(3.5)). h∗n is a bandwidth of the local

smoothing procedure (3.3). If it is chosen too small, then the procedure (3.3)–(3.5)

would be sensitive to noise. On the other hand, if h∗n is chosen too large, then some

local image structures would be smoothed out by (3.3), and the procedure (3.3)–(3.5)

would be insensitive to these local structures. We recommend choosing h∗n from the

values {0.015, 0.02, 0.025}. The parameter ρn controls the widths of the one-sided

narrow bands shown in Figure 3.2(b). The IBIR results would be reasonably good if

we choose ρn to be one of the two values {0.2, 0.5}.
Selection of un: The threshold value un used in (3.5) controls the amount of

detected 2-D non-degenerate pixels. If it is chosen larger, then there are fewer detected

2-D non-degenerate pixels. Our numerical experience shows that this parameter can

be chosen such that |D̂2,R|/|ΩR| ∈ [0.1, 0.15], where |D̂2,R| denotes the number of
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detected 2-D non-degenerate pixels and |ΩR| denotes the total number of pixels in

ΩR.

Selection of rn, hn and h̃n: The size of rn is related to the expected magnitude

of the geometrical transformation (i.e., dE(T(x, y), (x, y))). In most IR problems, we

find that it is good enough to choose rn ∈ [0.05, 0.25]. If the expected magnitude of

the geometrical transformation is larger than 0.25, then we can consider to combine

the proposed IBIR procedure with a global smoothing method. For hn, we can choose

it to be min{rn, sn}, where sn is a number between 0.01 and 0.1. The parameter h̃n

should be chosen small. Usually, it is good enough to choose h̃n such that O(x, y; h̃n)

only contains tn pixels with tn ∈ {1, 5, 9}. That is, the pixel itself (1), or that pixel

and those directly adjacent (5), or the pixel and those directly or diagonally adjacent

(9).

3.4 Theoretical Results

In this section, we discuss some theoretical results of the proposed IBIR procedure.

Theorem 2 below establishes the almost sure consistency of the detected 2-D and 1-D

degenerate pixels, while Theorem 3 builds the pointwise consistency of the estimated

geometrical transformation T̂ at 2-D non-degenerate pixels of R. The detailed math-

ematical proofs can be found in Appendix A. First, we discuss the properties of the

detected 2-D degenerate pixels and the detected 1-D degenerate pixels of the refer-

ence image R. To this end, we introduce the following notations where all pointsets

are actually subsets of the grid {(xi, yj), i, j = 1, 2, . . . , n}, although it is not made

explicit in notation:

• For a connected 2-D point set A ⊆ ΩR, we use A(h∗n) to denote the set of its

interior points {(x, y) : (x, y) ∈ A, dE((x, y), ∂A) ≤ h∗n} that are within h∗n of

its boundary ∂A, and Ah∗

n
to denote the set of its boundary points {(x, y) :
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(x, y) ∈ ΩR, dE((x, y), A) ≤ h∗n} that are within h∗n of A, where dE denotes the

Euclidean distance.

• G2,ǫn = {(x, y) : (x, y) ∈ D2,R, |R′
G
(x, y)| < ǫn, where R

′
G
(x, y) is the directional

derivative of R at (x, y) in the gradient directionG(x, y), and ǫn > 0 is a number

that converges to 0 as n→ ∞.

• n1,ǫn = {(x, y) : (x, y) ∈ D2,R\D1,R, |R′
n
(x, y)| < τn}, where R′

n
(x, y) is the

directional derivative of R at (x, y) in the normal direction n(x, y), and τn > 0

is a number that converges to 0 as n→ ∞.

• J denotes the set of step edge curves of R (i.e., the image intensity function of

R has jumps at points in J), and J1 denotes the set of roof edge curves of R

(i.e., the first-order derivatives of R have jumps at points in J1).

• Ω2(R, T, n) = ΩR,T

∖(
G2,ǫn

⋃
Jh∗

n

⋃
J1h∗

n

)
,

• Ω1(R, T, n) = D2,R

∖(
n1,ǫn

⋃
Jh∗

n

⋃
J1h∗

n

)
,

• Jn = {(x, y) : (x, y) ∈ J , (x, y) is not a crossing point of several step edge

curves, the edge curve containing (x, y) has a tangent line at (x, y), and the

jump size of R at (x, y) is at least ǫnh
∗
n}

• J1n = {(x, y) : (x, y) ∈ J1, (x, y) is not a crossing point of several roof edge

curves, the roof edge curve containing (x, y) has a tangent line at (x, y), and

the jump size in the slope of R at (x, y) is at least ǫn}.

• The Hausdorff distance between two point sets A and B are defined to be

dH(A,B) = max
{
sup(x,y)∈A inf(x′,y′)∈B dE((x, y), (x

′, y′)), sup(x,y)∈B inf(x′,y′)∈A

dE((x, y), (x
′, y′))}.
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Theorem 2 Assume that there are only a countable number of disjoint, connected,

non-trivial subregions {D(j)
2,R, j = 1, 2, . . .} of ΩR, in each of which the image intensity

function of R is a constant. The image intensity function R has continuous second

order derivatives in Ω\(J
⋃
J1). The noise satisfies the condition E|εR(x1, y1)|3 <∞.

The kernel function K∗ is Lipschitz-1 continuous in its support. The bandwidth h∗n,

the quantities ρn and ǫn, and the threshold value un satisfy the conditions that (i)

h∗n = o(1), (ii) ρn = o(1), (iii) 1/(nh∗n
√
ρn) = o(1), (iv) log2 n/(nh∗3n ρ

3/2
n ) = O(1), (v)

un/(ǫnh
∗
n) = o(1), (vi) h∗2n /un = o(1), and (vii) ǫn = o(1). Then, we have

dH

(
D̂2,R

⋂
Ω2(R, T, n), D2,R

⋂
Ω2(R, T, n)

)
= o(1), a.s., (3.10)

and when n is large enough,

(
Jn
⋃

J1n

)
⊆ D̂2,R, a.s. (3.11)

If we further assume that vn = o(1), vn/(τnh
∗
n) = o(1), and h∗2n /vn = o(1), then

dH

(
D̂1,R

⋂
Ω1(R, T, n), D1,R

⋂
Ω1(R, T, n)

)
= o(1), a.s. (3.12)

Intuitively, when n gets larger, the point set Ω2(R, T, n) converges to the point

set ΩR,T \(P
⋃
J
⋃
J1), where P denotes the point set of all isolated points in ΩR at

which the first order derivatives of R are 0. Note that the 2-D Lebesgue measure

of P
⋃
J
⋃
J1 is 0. Therefore, the equation (3.10) says that D̂2,R converges to D2,R

almost surely in Hausdorff distance, after a point set with Lebesgue measure 0 is

excluded. Expression (3.11) says that most points in J and J1 are actually detected

as 2-D non-degenerate pixels. Equation (3.12) builds the almost sure consistency of

the detected 1-D degenerate pixels in Hausdorff distance.
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For the estimated geometrical transformation T̂(x, y), because of the ill-posed

nature of the IR problem, we only discuss the properties of T̂(x, y) when (x, y) ∈
ΩR,T

⋂
D2,R. Namely, we confine ourselves in cases when (x, y) is a 2-D non-degenerate

pixel and when it is not in the boundary region of the design space of R.

Theorem 3 Besides the conditions in Theorem 2, assume that (x, y) is a given

pixel in (ΩR,T

⋂
D2,R)\(D1,R

⋃
P
⋃
J
⋃
J1), rn > dE((x, y),T(x, y)), hn = o(1),

1/(nhn) = o(1), the kernel function K is a Lipschitz-1 continuous and circularly sym-

metric function in its unit circular support, E|εR(x1, y1)|6 <∞, E|εM(x1, y1)|6 <∞,

the two components of T have continuous first order derivatives in O(x, y, hn), for any

point (x′, y′) ∈ (O(x, y, rn)\O(T(x, y), hn)) the image intensity function ofM satisfies

the condition that there is a subregion of area qn > 0 in O(T(x, y), hn) such that the

absolute differences between the values of M in that subregion of O(T(x, y), hn) and

the values of M in the corresponding subregion of O(x′, y′, hn) are at least τn, qn and

τn satisfy the conditions that h4n/(qnτ
2
n) = o(1) and hn log(n)/(nqnτ

2
n) = o(1), then we

have

dE(T̂(x, y),T(x, y)) = O(hn), a.s. (3.13)

By (3.13) in Theorem 3, if (x, y) is a 2-D non-degenerate pixel and it is a 1-D

non-degenerate pixel as well, then T̂(x, y) is an almost surely consistent estimator

of T(x, y) when rn is chosen large enough so that O(x, y, rn) contains T(x, y) in the

image of M , in cases when there is no pixel in O(x, y, rn)\O(T(x, y), hn) such that

M is almost identical in O(T(x, y), hn) and in the corresponding neighborhood of

that pixel (i.e., T(x, y) is not identifiable in O(x, y, rn)) and when other regularity

conditions hold. In our proposed IBIR procedure, rn should be chosen beforehand.

By Theorem 3, in order to estimate T properly in the entire design space, rn should
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be chosen large. However, if rn is chosen too large, there will be more pixels in

the design space that are not identifiable. So, there is a trade-off between the two

considerations. In practice, for a given IR problem, if we believe that the geometrical

transformation T is large at certain places in the design space, then we can first apply

a global smoothing approach to account for part of T with large magnitude and then

our proposed IBIR procedure is used afterwards to make local adjustments.

3.5 Numerical Results

In this section, we present some numerical results concerning the performance of the

proposed IBIR procedure, in comparison with several existing IBIR procedures sim-

ilar in Section 2.3. The existing procedures considered are the directly manipulated

free-form deformation (DMFFD) method [52] and the symmetric diffeomorphic image

normalization (SyN) method [2]. As stated in Chapter 2, both methods are based on

global smoothing; they provide estimators of the geometrical transformation T in the

entire design space ΩR, even when T is degenerate in certain regions of ΩR. Besides

certain global smoothness conditions on T, they do not require T to follow a paramet-

ric model, such as the rigid body and affine motion models. Results of both methods

depend on the similarity metric that they use. As suggested in the previous chapter,

three similarity metrics, including mean squared difference (MSD), cross-correlation

(CC), and mutual information (MI), are used respectively in the DMFFD method,

and two similarity metrics, including CC and the pure cross correlation (PCC), are

used respectively in the SyN method. Therefore, a total of five existing procedures

are considered here, which are denoted as DMFFD-MSD, DMFFD-CC, DMFFD-MI,

SyN-CC, and SyN-PCC. These existing procedures are implemented using the release

1.9 of the software package ANTS, available at http://www.picsl.upenn.edu/ANTS/

as described in Section 2.3. Our proposed nonparametric IBIR procedure is de-
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noted NEW. In all numerical examples presented in this section, no global smoothing

methods based on parametric transformation families (e.g., the rigid-body and affine

motion transformation families) are used before executing NEW, because the mag-

nitude of T is quite small in these examples and the global smoothing methods are

unnecessary. To evaluate the performance of all six procedures, we use two popular

measures in the IR literature, including the root residual mean squares (RRMS) and

the cross correlation (CC). Those two measures are introduced in detail in Section 2.3.

In procedure NEW, the kernel functions K∗(u, v) and K(u, v) are both chosen to be

the truncated bivariate Gaussian density function with support {(u, v) : u2+v2 ≤ 1}.
The design spaces of the two images to register are extended as described at the

beginning of Section 3.3 with ǫ = 0.3. Its other procedure parameters are chosen as

suggested in Section 3.3 for the smallest RRMS values. For all five competitors, we

try all possible values of their procedure parameters and use the ones resulting in the

smallest RRMS values.

We first consider an artificial reference image shown in Figure 1.1(c) as a 3-D

surface, and in Figure 1.1(a) as an image. We can see that it has several step edge

curves at three corners and two circular roof edge curves in the middle. The two

circular regions in the middle constitute the set of the true 2-D non-degenerate pixels,

the several step and roof edge curves constitute the set of the true 1-D non-degenerate

pixels, and the flat region is the set of the true 2-D degenerate pixels. Figure 1.1(b)

presents the moved image in which the white circular region in the middle has moved

downwards by 0.06, the dark circular region has moved upwards by 0.06, the white

triangular region at the upper-left corner has moved upwards by 0.04 and to the

left by 0.04 as well, and the remaining parts are unchanged. The true geometrical

transformation T is shown in Figure 1.1(d).

In this example, we consider two image resolutions n = 128 and 256, and four noise

levels σR = σM =0, 1, 5, and 10. For each combination of n and σR, we compute the
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Table 3.1: Performance measures RRMS (first line) and CC (second line) of the six
IBIR methods along with their standard errors (in parentheses) in the IR problem
shown in Figures 1.1 when the pointwise noise at different pixels is independent.

n σR NEW DMFFD-MSD DMFFD-CC DMFFD-MI SyN-CC SyN-PCC

128 0 1.284 (0) 8.136 (0) 9.631 (0) 9.582 (0) 9.105 (0) 9.100 (0)

0.994 (0) 0.830 (0) 0.767 (0) 0.784 (0) 0.796 (0) 0.824 (0)

1 1.565 (0.024) 8.039 (0.604) 8.528 (0.566) 9.780 (1.641) 8.759 (0.401) 9.157 (0.399)

0.992 (0) 0.826 (0.022) 0.814 (0.016) 0.768 (0.060) 0.806 (0.010) 0.807 (0.011)

5 4.767 (0.051) 9.836 (1.454) 10.256 (1.282) 10.638 (1.278) 9.940 (1.181) 10.426 (1.270)

0.935 (0.001) 0.741 (0.045) 0.723 (0.035) 0.693 (0.045) 0.748 (0.031) 0.729 (0.033)

10 8.333 (0.053) 14.038 (1.164) 14.294 (1.579) 14.322 (1.211) 13.485 (1.558) 14.650 (1.481)

0.857 (0.002) 0.585 (0.025) 0.576 (0.031) 0.552 (0.027) 0.631 (0.038) 0.563 (0.029)

256 0 0.916 (0) 7.264 (0) 5.840 (0) 5.091 (0) 8.817 (0) 9.927 (0)

0.997 (0) 0.859 (0) 0.907 (0) 0.923 (0) 0.811 (0) 0.784 (0)

1 1.399 (0.020) 7.499 (0.659) 7.599 (0.383) 8.723 (1.569) 8.669 (0.241) 9.442 (0.370)

0.993 (0) 0.846 (0.021) 0.843 (0.012) 0.808 (0.052) 0.810 (0.006) 0.785 (0.017)

5 4.466 (0.017) 9.522 (0.837) 9.257 (0.781) 9.110 (1.512) 10.023 (0.943) 11.273 (0.936)

0.942 (0) 0.756 (0.026) 0.768 (0.023) 0.776 (0.052) 0.746 (0.025) 0.675 (0.027)

10 8.071 (0.040) 13.858 (0.779) 13.785 (0.872) 12.857 (0.219) 13.669 (1.188) 15.114 (1.120)

0.865 (0) 0.596 (0.015) 0.603 (0.014) 0.621 (0.021) 0.623 (0.026) 0.532 (0.022)
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RRMS and the corresponding CC values of all six procedures, based on 10 replications.

These values are shown in Table 3.1. From the table, it can be seen that our proposed

procedure NEW outperforms the five competitors in terms of both RRMS and CC,

and the outperformance is in a quite large margin in all cases. In the case when

n = 256 and σR = 5, one set of restored reference images, defined to be ZM(T̂(x, y)),

and the corresponding difference images, defined to be ZR(x, y)−ZM(T̂(x, y)), of the

six procedures are shown in Figure 3.3. From the images in this figure, it can be seen

that (i) procedure NEW restores the reference image well, (ii) procedures DMFFD-

MSD, DMFFD-CC, and SyN-CC can restore the two circular regions in the middle

to their original positions well, while procedures DMFFD-MI and SyN-PCC cannot

satisfactorily restore their original positions, and (iii) all five competing procedures

have difficulty to handle boundary regions. (The same problem can be noticed in

Section 2.3.) The detected 2-D non-degenerate pixels of the reference and moved

images from one simulation run in cases when σR = σM =0 and 5 are shown in

Figure 3.4, from which it can be seen that the true 2-D non-degenerate pixels are

almost perfectly detected when σR = σM =0, and there are some false detected 2-D

non-degenerate pixels when σR = σM =5. The estimated geometrical transformation

T is shown in the two plots of Figure 3.5 in cases when σR = σM = 0 and 5. It can

be seen that it is quite close to the true T (cf., Figure 1.1(d)), especially in the case

when σR = σM = 0. Note that certain pixels around the centers of the two central

circular regions are not detected as 2-D non-degenerate pixels because the true image

intensity surfaces there are quite flat.

In the above example, the pointwise noise is assumed independent at different

pixels. In practice, the noise could be spatially correlated. Thus, another example is

considered, in which spatially correlated noise is added to the two images shown in

Figure 1.1(a)-(b) and all other aspects of the experiment are the same as those in the

above example. The computed RRMS and CC values of all six procedures are show
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Figure 3.3: Restored reference images (plots (a)–(f)), defined to be ZM(T̂(x, y)),
and the corresponding difference images (plots (g)–(l)), defined to be ZR(x, y) −
ZM(T̂(x, y)), of the procedures NEW, DMFFD-MSD, DMFFD-CC, DMFFD-MI,
SyN-CC, and SyN-PCC, respectively, in the case when n = 256, σR = 5, and the
original reference and moved images are shown in Figure 1.1(a)-(b). The gray scale
of all images in this figure is kept the same.
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(a) (b)

(c) (d)

Figure 3.4: Detected 2-D non-degenerate pixels of the proposed method NEW in the
example of Figure 1.1. (a) Reference image when σR = 0, (b) moved image when
σM = 0, (c) reference image when σR = 5, (d) moved image when σM = 5.

(a) (b)

Figure 3.5: The estimated T of the proposed method NEW in the example of Figure
1.1 in cases when (a) σR = σM = 0, and (b) σR = σM = 5.
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Table 3.2: Performance measures RRMS (first line) and CC (second line) of the six
IBIR methods along with their standard errors (in parentheses) in the IR problem
shown in Figures 1.1 when the pointwise noise at different pixels is spatially correlated.

n σR NEW DMFFD-MSD DMFFD-CC DMFFD-MI SyN-CC SyN-PCC

128 1 1.554 (0.035) 8.300 (0.486) 8.973 (0.908) 9.523 (2.015) 9.251 (0.296) 9.379 (0.255)

0.992 (0) 0.818 (0.021) 0.801 (0.029) 0.780 (0.069) 0.789 (0.009) 0.799 (0.008)

5 4.177 (0.034) 10.654 (0.910) 11.640 (1.535) 11.306 (2.446) 10.968 (1.254) 11.535 (1.207)

0.950 (0.002) 0.719 (0.028) 0.682 (0.042) 0.695 (0.075) 0.721 (0.031) 0.691 (0.033)

10 7.822 (0.089) 14.156 (1.692) 15.525 (1.925) 14.867 (1.982) 13.879 (2.519) 16.122 (1.909)

0.874 (0.005) 0.622 (0.043) 0.570 (0.046) 0.559 (0.047) 0.667 (0.057) 0.545 (0.037)

256 1 1.393 (0.023) 7.784 (0.781) 7.966 (0.704) 7.945 (2.638) 8.907 (0.357) 9.674 (0.388)

0.994 (0) 0.837 (0.029) 0.832 (0.023) 0.833 (0.083) 0.805 (0.010) 0.769 (0.018)

5 4.112 (0.045) 10.122 (0.874) 10.339 (0.956) 10.340 (2.157) 10.255 (1.215) 11.951 (1.057)

0.952 (0.001) 0.739 (0.021) 0.733 (0.031) 0.735 (0.070) 0.752 (0.033) 0.655 (0.023)

10 7.202 (0.052) 14.930 (2.543) 16.406 (2.706) 14.562 (1.651) 14.213 (3.195) 16.891 (2.461)

0.896 (0.003) 0.602 (0.047) 0.547 (0.051) 0.567 (0.046) 0.666 (0.062) 0.513 (0.039)

in Table 3.2. Clearly, NEW outperforms all other five procedures in a quite large

margin in this spatially correlated noise example as well in terms of both RRMS and

CC.

Next, we consider two real IR problems. The reference and moved images of the

first problem are shown in Figure 3.6, which are the satellite images taken in 1990

and 1999, respectively, in the Chicago area. From the figure, it can be seen that

the two images have many geometrical differences. For instance, it seems that the

left-side border of the reference image has moved to the right in the moved image

(cf., the dark spots in the middle and lower parts around the left-side border). The

left-side edge of the Lake Michigan seems smoother in the moved image, compared

to left-side edge of the lake in the reference image. Also, after a 9-year period, there

seems to be more dark spots in the moved image, which may reflect environmental

worsening or changes of buildings and other constructions. Some dark spots in the

reference image remain in the moved image; but, their sizes have changed (cf., some
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(a) (b)

Figure 3.6: (a) A reference satellite image taken in 1990 in the Chicago area. (b) A
corresponding satellite image taken in 1999 in the same area.

dark spots in the lower parts of the two images). These geometrical differences are

difficult to describe by a parametric model, and some differences are local in the

sense that they only affect small portions of the two images. Furthermore, all the

geometrical differences described above are small in magnitude. Therefore, procedure

NEW should be appropriate to use in this example. After applying the six IBIR

procedures, their restored reference images and the corresponding difference images

are shown in Figure 3.7. It can be seen that (i) procedure NEW restores the reference

image well, (ii) the five competing procedures have difficulty to restore the reference

image at certain boundary regions again, and (iii) some of them cannot restore the

boundary of the Lake Michigan well (e.g., the bottom part of the Lake Michigan

boundary is rough in plot (d)). The RRMS and CC measures of the six procedures

are presented in the upper part of Table 3.3. We can see that procedure NEW is

indeed better in terms of both RRMS and CC in this example.

The second real IR problem concerns the two teddy bear images shown in Figure

3.8. It can be seen from the two images that the position of the teddy bear has been

changed in the moved image. If we check the two images carefully, then it can be

noticed that the background has moved as well and the two movements are not in the

same direction or in the same magnitude, making the overall geometrical movement
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Figure 3.7: Restored reference images (plots (a)–(f)) and the corresponding difference
images (plots (g)–(l)) of the procedures NEW, DMFFD-MSD, DMFFD-CC, DMFFD-
MI, SyN-CC, and SyN-PCC in the Chicago example. The gray scale of all images in
this figure is kept the same.
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Table 3.3: Performance measures RRMS (first line) and CC (second line) of the six
IBIR methods in the Chicago and Teddy Bear examples.

NEW DMFFD-MSD DMFFD-CC DMFFD-MI SyN-CC SyN-PCC

Chicago 17.522 28.294 20.923 23.759 21.566 21.580

0.953 0.894 0.937 0.917 0.935 0.933

Teddy Bear 5.473 9.689 9.443 7.260 7.540 8.587

0.987 0.960 0.963 0.978 0.977 0.969

(a) (b)

Figure 3.8: (a) A reference teddy bear image. (b) A moved teddy bear image.

from the reference image to the moved image challenging to handle. The restored

reference images and the corresponding difference images of the six IBIR procedures

are shown in Figure 3.9. From the images in this figure, it seems that all six methods

move the teddy bear to its original position reasonably well. But, the five competing

methods alter the background texture to different degrees (e.g., in plot (b)), which

explains why the background texture is partially visible in their difference images.

These five methods cannot handle the right boundary area well either. (We have seen

this boundary problem again and again in those competing methods.) The RRMS

and CC measures of the six procedures are presented in the lower part of Table 3.3.

We can see that procedure NEW performs better in terms of both RRMS and CC in

this example, too.

As a brief summary, a major feature of our proposed methods described in this
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Figure 3.9: Restored reference images (plots (a)–(f)) and the corresponding difference
images (plots (g)–(l)) of the procedures NEW, DMFFD-MSD, DMFFD-CC, DMFFD-
MI, SyN-CC, and SyN-PCC in the teddy bear example. The gray scale of all images
in this figure is kept the same.
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chapter is that they adopt the local smoothing approach, instead of the conventional

regularization-based global smoothing approach, so that the ill-posed nature of the

IR problem can be properly accommodated in our methods. The numerical studies

presented above show that our proposed methods work well in various cases.



Chapter 4

Feature-Based Image Registration
Using Non-degenerate Pixels

4.1 Description of Feature-Based Image Registra-

tion

To find the geometric transformation T, many existing methods focus on matching

up some major features in the two images, instead of the two entire images. These

methods are called feature based methods. By a feature based method, a number

of relevant image features are first extracted from the two images, respectively, and

then the geometric transformation T is found to best match the two sets of features

[53], [58]. More specifically, a feature based method usually consists of the following

three steps:

Step 1 (Feature Extraction) Different features are identified and extracted manually

or automatically by a computer algorithm from the two images, respectively.

The extracted features can be represented by some descriptor vectors, consisting

of coordinates, intensities, gradients, and so forth.

Step 2 (Feature Matching) The two sets of extracted features are matched up by a

matching algorithm based on a similarity measure.

60
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Step 3 (Transformation Estimation) Based on the matching results obtained in Step

2, an estimator of T(x, y), denoted as T̂(x, y), is obtained by a function esti-

mation/interpolation procedure, such as the thin plate spline (TPS) function

interpolation procedure.

While all the above three steps are important and challenging, the first step (i.e.,

feature identification and extraction) is a critical one, because the final registration

results depend directly on what features being extracted and how the features being

extracted. In the literature, there are two types of features as discussed in Chapter 1:

non-point features and point features. Non-point features include curves, edges, line

segments, and regions, which are usually determined by thresholding and segmenta-

tion [48],[32], whereas point features are just sets of individual points. Examples of

point features include landmark points, control points, centroid points, corner points,

and so forth. Note that most features described above are not specifically defined for

image registration. For instance, most edge features are defined for edge detection,

image segmentation, and some other image processing purposes. For this reason, they

may not be appropriate for image registration.

From previous chapters, we have found that the image registration problem is

ill-posed in the sense that the transformation T cannot be properly defined in certain

regions, including the regions where the image intensity function is straight or where

the image intensity function has a step edge but it is flat on both sides of the edge

curve. Such pixels are called degenerate pixels in previous chapters. Based on that

concept, we have proposed an intensity-based IR method in Chapter 2 and generalized

that in Chapter 3. It seems that when we try to handle the image registration problem,

we should focus on all non-degenerate pixels where T is well defined. Because such

non-degenerate pixels contain all useful information about the transformation T, they

are ideal feature points for image registration. In this chapter, we try to further study

the properties of the non-degenerate pixels as feature points for image registration.
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To this end, we consider different feature-based image registration procedures, using

the non-degenerate pixels and some other feature points proposed in the literature as

their feature points, respectively. To make the comparison of their performance as

fair as possible, in all these procedures except the one mentioned below, the feature

matching (i.e., Step 2 of a feature-based method described above) is accomplished by

searching all the detected feature points in the two images, using the mean squared

difference (MSD) dissimilarity metric. For estimation of the transformation T (i.e.,

Step 3 of a feature-based method), we use the popular thin plate spline (TPS) model,

which was first introduced by Duchon [9] for function estimation and was applied to

medical image processing by many authors, including Bookstein [5]. The TPS model

is commonly used in function interpolation [54], and it can be used for describing

various elastic deformations well.

4.2 The Proposed Feature-Based Image Registra-

tion Method

In this section, our proposed feature based IR method is described in three parts.

Non-degenerate pixels discussed in detail in Chapter 2 and 3 are introduced briefly in

Subsection 4.2.1 to make the related notation consistent with the rest of this chapter.

The TPS model for estimating the transformation T is discussed in Subsection 4.2.2.

The whole IR procedure is described in Subsection 4.2.3.

4.2.1 Non-Degenerate Pixels

Let R(x, y) and M(x, y) be the true image intensity functions of the reference and

moved images, respectively. They are assumed to be connected by a geometric trans-

formation T(x, y) = (T1(x, y), T2(x, y)) as in (3.1). Their observed images are de-
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scribed by (3.2).

In Chapter 2, a pixel (x, y) is defined to be a non-degenerate pixel if

K11(x, y)K22(x, y)−K2
12(x, y) ≥ un,

where un > 0 is a threshold value, and

K11 =

n∑

i,j=1

[
M̂ ′

x(xi, yj)
]2
Khn

,

K22 =
n∑

i,j=1

[
M̂ ′

y(xi, yj)
]2
Khn

,

K12 =

n∑

i,j=1

M̂ ′
x(xi, yj)M̂

′
y(xi, yj)Khn

.

4.2.2 The Thin Plate Spline Model

The thin plate spline (TPS) model is a basic function interpolation approach that has

been studied extensively in the numerical mathematics literature [9], [5]. It has been

applied to the area of curve matching and transformation [34]. For image registration,

assume that we have successfully matched two sets of feature points in the two images

R(x, y) and M(x, y). More specifically, assume that we have m feature points in the

reference image M(x, y), denoted as (u1, v1), (u2, v2), . . . , (um, vm). For each feature

point (uj, vj) in M(x, y), it is matched to the feature point T̂(uj, vj) in R(x, y), for

j = 1, 2, . . . , m. Namely, for j = 1, 2, . . . , m, we have

T̂(uj, vj) = (uj, vj) + (̂b(uj, vj), ĉ(uj, vj)). (4.1)

The above expression defines T̂(x, y), or equivalently (̂b(x, y), ĉ(x, y)), at them feature

points only. The major purpose of the TPS modeling is to do function interpolation,

so that (̂b(x, y), ĉ(x, y)) is defined in the entire design space ΩM after function in-
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terpolation. By this approach, we assume that (̂b(x, y), ĉ(x, y)) go through the two

sets of feature points in the two images (i.e., the expression (4.1) holds), and both

b̂(x, y) and ĉ(x, y) are smooth. The smoothness of b̂(x, y) is measured by the so-called

bending energy, defined by

Ib̂ =

∫ ∫

ΩR



(
∂2b̂

∂x2

)2

+ 2

(
∂2b̂

∂x∂y

)2

+

(
∂2b̂

∂y2

)2

 dxdy.

The interpolated function b̂(x, y) defined in the entire design space ΩM is then ob-

tained by minimizing the above bending energy under the constraint of (4.1). Simi-

larly, we can obtain the interpolated function ĉ(x, y) defined in the whole space ΩM

by minimizing its bending energy Iĉ. This process to obtain the TPS model explains

the reason why it has its current name. Namely, the surface in the TPS model acts

like a thin metal plate compressed by the bending energy to go through the m given

points.

By some algebraic manipulations, the interpolated geometric transformation

(̂b(x, y), ĉ(x, y)) by the TPS approach has the following expression:

b̂(x, y) = a11 + a12x+ a13y +
m∑

j=1

ω1jU (‖(uj, vj)− (x, y)‖) ,

ĉ(x, y) = a21 + a22x+ a23y +
m∑

j=1

ω2jU (‖(uj, vj)− (x, y)‖) , (4.2)

where U(x) = x2 log x, for x 6= 0, and U(0) = 0 is a basis function, ‖·‖ is the Euclidean
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norm, and a11, a12, a13, ω1j, a21, a22, a23, ω2j, for j = 1, 2, . . . , m, are coefficients. Let

K =




U11 U12 · · · U1m

...
...

. . .
...

Um1 Um2 · · · Umm


 , w =




ω11 ω21

...
...

ω1m ω2m




P =




1 u1 v1
...

...
...

1 um vm


 , a =




a11 a21

a12 a22

a13 a23


 ,

v =




b̂(u1, v1) ĉ(u1, v1)
...

...

b̂(um, vm) ĉ(um, vm)


 ,

where Uj1j2 = U (‖(uj1, vj1)− (uj2, vj2)‖), for j1, j2 = 1, 2, . . . , m. Then, from (4.1)

and (4.2), we have the following equation for the coefficient matrices w and a:

Kw +Pa = v.

To make sure that both Ib̂ and Iĉ are finite, w should also satisfy the condition

PTw = 0

Therefore, w and a can be determined from the equation system


 K P

PT 0




 w

a


 =


 v

0


 . (4.3)

In the literature, there is also some research which uses a regularization parameter
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to control the smoothness of the estimated functions (̂b(x, y), ĉ(x, y)) [45]. This can

be achieved by considering the following minimization problems:

min
b(x,y)

m∑

j=1

{
T̂1(uj, vj)− [uj + b(uj , vj)]

}2

+ λIb,

min
c(x,y)

m∑

j=1

{
T̂2(uj, vj)− [vj + c(uj, vj)]

}2

+ λIc,

where T̂(uj, vj) = (T̂1(uj, vj), T̂2(uj, vj)), and λ > 0 is a regularization parameter that

controls the trade-off between the interpolation condition and the smoothness. When

λ is 0, the above problem becomes the one with exact interpolation, whereas when

λ approaches ∞, it reduces to a least square model for fitting straight planes. To

accomplish the above regularized TPS, we can simply replace K by K+ λI in (4.3),

where I is an identity matrix [54], [13].

4.2.3 Proposed Feature Based Image Registration Procedure

Our proposed feature-based IR procedure consists of three steps, described in detail

below.

Step 1 (Non-Degenerate Feature Points Extraction) The non-degenerate

feature points in the images R(x, y) and M(x, y) are extracted using the expression

(2.7) as follows. Let un > 0 be a threshold value. Then, the point set

DR = {(x, y) : (x, y) ∈ ΩR,

K11(x, y)K22(x, y)−K2
12(x, y) ≥ un}
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denotes all extracted non-degenerate feature points in the image R(x, y). Similarly,

the point set

DM = {(x, y) : (x, y) ∈ ΩM ,

K11(x, y)K22(x, y)−K2
12(x, y) ≥ un}

denotes all extracted non-degenerate feature points in the image M(x, y). Note that,

in the above expressions, K11(x, y), K22(x, y), and K12(x, y) are computed from the

observed image intensities of the two images, respectively, in the two different cases.

Step 2 (Feature Points Matching) In this paper, we match the feature points

using the mean squared difference (MSD) metric that is commonly used in the IR

literature. Let |DR| denote the number of detected feature points in R, and |DM |
denote the number of detected feature points in M. The following discussion is under

the condition that |DR| ≥ |DM |. In cases when |DR| < |DM |, the roles of R(x, y)

and M(x, y) should be switched. For any extracted feature point (x, y) ∈ DM , its

matched feature point in DR, denoted as T̂(x, y), is defined by the minimizer of

min
(x′,y′)∈DR,‖(x′,y′)−(x,y)‖≤r0

MSD ((x, y); (x′, y′); dn) , (4.4)

where

MSD ((x, y), (x′, y′); dn) =

1

Ñ

∑
√
s2+t2≤dn

[ZM(x+ s, y + t)− ZR(x
′ + s, y′ + t)]

2
,

dn > 0 and r0 > 0 are two radius parameters, and Ñ is the total number of pixels in the

circular neighborhoodO(x, y; dn). From the above expression,MSD((x, y); (x′, y′); dn)

is just the MSD measure of the observed image intensities of the two images in the



4.3. Numerical Results 68

neighborhoods O(x, y; dn) and O(x′, y′; dn), respectively. In (4.4), for the given fea-

ture point (x, y) in DM , we search all the feature points in DR whose Euclidean

distances from (x, y) are smaller than or equal to r0 such that the MSD measure is

minimized. Statistically, the probability for (4.4) to have more than one minimizer is

0 under some regularity conditions (e.g., the noise involved in the related images has

a continuous distribution such as the normal distribution). But, for completeness of

our algorithm, in cases when there are several minimizers in (4.4), we choose the one

closest to (x, y) as its final matched feature point in DR. Careful selection of the final

matched feature point, however, is unimportant in such cases because the event for

(4.4) to have multiple minimizers is rare and this issue would hardly affect the overall

performance of the proposed procedure. If there are no points in DR that are within

r0 from (x, y), then (4.4) has no solution. In such cases, remove (x, y) from DM . After

T̂(x, y) is defined, we further define b̂(x, y) = T̂1(x, y)− x and ĉ(x, y) = T̂2(x, y)− y.

Step 3 (Interpolation by the TPS Model) From step 2, we obtain a sequence

of matched feature points {(uj, vj), j = 1, 2, . . . , m} in image M and {T̂(uj, vj), j =

1, 2, . . . , m} in image R. Then, by the TPS interpolation procedure (4.2) and (4.3),

we can obtain the geometric transformation T̂(x, y) defined in the entire design space

ΩM .

4.3 Numerical Results

We have tried many different numerical examples to evaluate the performance of our

proposed feature-based image registration procedure, denoted as NEW hereafter. In

this section, we present three of them. The results from other examples are similar to

those of the examples presented here. In all the examples, for comparison purposes,

besides the feature points described in Subsection 4.2.1, we also consider four other

types of features that are commonly used in various applications. The first is the
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edge pixels detected by the Canny’s edge detector [6], the second is the corner points

detected by the FAST (Features from Accelerated Segment Test) algorithm [46], [47],

the third type of feature points is those identified by the Harris’ corner detector

[16], [49], and the last type is those extracted by the SIFT (Scale-Invariant Feature

Transform) algorithm [25], [26]. The Canny’s edge detector has been commonly used

in various imaging applications since 1986. The FAST algorithm is a corner detector

that examines the so-called Bresenham circle of a given radius around a candidate

pixel. If at least k contiguous pixels have their intensities all above or below the

intensity at the candidate pixel by a given amount specified by a threshold value, then

the candidate pixel is classified as a corner pixel. Various numerical experiments show

that a reasonable choice of k is 9 [47]. The software package of the FAST algorithm

can be downloaded from http://svr-www.eng.cam.ac.uk/ er258/work/fast.html. The

Harris’ corner detector is another popular algorithm for identifying corners, which

uses eigenvalues of the structure tensor matrix for determining the candidate corner

pixels, described briefly below. Let (xi, yj) be a given pixel on an image I, andWij be

a window of (xi, yj). Then, the “auto-correlation function” of the image I at (xi, yj)

is defined by

AC(xi, yj) =
∑

(xi,yj)∈Wij

[I(xi, yj)− I(xi +∆x, yj +∆y)]

≈
∑

(xi,yj)∈Wij

{
I(xi, yj)−

[
I(xi, yj) + I ′x(xi, yj)∆x+ I ′y(xi, yj)∆y

]}

= (∆x,∆y)H(xi, yj)(∆x,∆y)
′

where (∆x,∆y) is a shift, the image I is often filtered by a Gaussian filter beforehand,

and

H(xi, yj) =



∑

(xi,yj)∈Wij
(I ′x(xi, yj))

2 ∑
(xi,yj)∈Wij

I ′x(xi, yj)I
′
y(xi, yj)

∑
(xi,yj)∈Wij

I ′x(xi, yj)I
′
y(xi, yj)

∑
(xi,yj)∈Wij

(
I ′y(xi, yj)

)2
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is a 2 × 2 matrix describing the local structure of I around the pixel (xi, yj). The

pixel (xi, yj) is identified as a corner if both eigenvalues of H(xi, yj) are large. From

this brief description, it can be seen that the “auto-correlation function” defined

above and the weighted least square problem (2.5) in Section 2.1 are completely

different, although both of them have the Taylor’s expansion involved. The former

is for measuring the local structure of a single image around a given pixel while the

latter is for measuring the difference between two images around a given pixel after

one image is geometrically adjusted. A matlab code of the Harris’ corner detector

can be downloaded from http://www.csse.uwa.edu.au/ pk/research/matlabfns/. The

feature points extracted by the SIFT algorithm have become popular in recent years

for various purposes, including object recognition. They have a nice property that

they are invariant to scale and affine transformations. The software of the SIFT

algorithm can be downloaded from http://www.cs.ubc.ca/ lowe/keypoints/.

With different types of feature points, the feature based image registration is pro-

ceeded as described in Subsection 4.2.3, except that, for the extracted SIFT features,

because each of them has a set of descriptors associated, the Euclidean distance (in-

stead of the MSD) of the associated descriptors is used in Step 2 of the registration

procedure for feature points matching. The image registration procedure with the five

different types of features is labeled as NEW, Canny, FAST, Harris, and SIFT, re-

spectively. To numerically evaluate a given set of image registration results, we again

use the root residual mean square (RRMS) and the cross correlation (CC) measures

defined in previous chapters.

In all the examples described below, each image has 128×128 pixels with the image

intensities in the range [0, 255]. In the proposed procedure NEW, a 2-D density kernel

function K is used in (2.7). In all examples, K is chosen to be the truncated bivariate

Gaussian density function with support {(u, v) : u2 + v2 ≤ 1}. This kernel function

is commonly used in the computer science literature. In the statistical literature,
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(a) (b)

Figure 4.1: Reference image (plot (a)) and moved image (plot (b)) in the texture
image example.

people traditionally use the Epanecknikov kernel function. Our experience is that our

proposed procedure NEW performs similarly using either of them. In Step 2 of the

image registration procedure described in Subsection 4.2.3, there are two parameters

dn and r0 (cf., expression (4.4)). They are chosen to be 0.05 and 0.15, respectively, in

all examples for the four methods NEW, Canny, FAST, and Harris, because they give

reasonably good results in all cases considered. In the TPS interpolation procedure

used in Step 3 of the image registration procedure described in Subsection 4.2.3, there

is a smoothing parameter λ > 0 involved. We have tried many different values of λ

in our numerical study, and find that λ = 8.0 would give reasonably good results in

all cases considered. So, this value is used in all examples for all five methods.

In the first example, the reference image is a texture image that is downloaded

from http://www.freeseamlesstextures.com/texture gallery/index.htm and shown in

Fig 4.1(a). This image is then moved to the right by 0.05 and moved upward by 0.06,

where its design space is normalized to be ΩR = [0, 1] × [0, 1]. The resulting moved

image is shown in Fig 4.1(b).

Then, we apply the five methods NEW, Canny, FAST, Harris, and SIFT to the

observed images. Each method has a number of parameters involved. More specif-

ically, the method NEW has two parameters hn and un used in detecting feature
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points. The method Canny has three parameters involved: a scale parameter used

in the Gaussian density function for image preprocessing and two threshold values.

The method FAST has two parameters: a threshold value and a boolean parameter to

control the implementation of a nonmaximal suppression. The Harris’ corner detector

has three parameters: a scale parameter in the Gaussian filter, a radius parameter in

the non-maximal suppression algorithm, and a threshold value for determining the

corner candidates. The SIFT algorithm is accomplished by a binary exectuable file

provided by its author, with no parameters to adjust. In order to make the com-

parison of the five types of features meaningful, we try to choose the parameters of

different registration methods properly such that the numbers of matched pairs of

the detected feature points in the two images are about the same among the five

methods. In our numerical study, we try to set the number of matched pairs of the

detected feature points at a low, a medium, and a high level. However, the method

SIFT can only give a single number of matched pairs of the detected feature points

in each example because it has no parameters to adjust, and that number is usually

small. Among the remaining four methods, the method FAST has the least flexibility

in generating different numbers of matched pairs of the detected feature points. So,

we set the specific number of matched pairs determined by SIFT as the first level,

and determine the other two levels by FAST. Then, the numbers of matched pairs of

the other three methods are adjusted to be as close to these three levels as possible.

In the texture image example, the three levels of the number of matched pairs of the

detected feature points are determined by SIFT to be 106, and by FAST to be 38

and 295. The closest numbers of the matched pairs by NEW are 38, 106, and 296,

those by Canny are 38, 106, and 296, those by Harris are 38, 106, and 296, and those

by FAST are 38, 107, and 295.

The extracted feature points by the five methods are shown in the five rows of Fig

4.2, respectively. In each of the first four rows, the extracted feature points in the
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reference and moved images are shown in three pairs, with the numbers of matched

pairs of the detected feature points increase from the left to the right. For instance,

in the first row, plots (a) and (b) show the 38 matched pairs of the detected feature

points in the reference and moved images, respectively, obtained by the method New,

plots (c) and (d) show the 106 matched pairs of the detected feature points by the

same method, and plots (e) and (f) show the 296 matched pairs of the detected

feature points by this method. Because the texture reference image does not contain

any objects with clear outlines, the detected feature points by all five methods do not

display clear patterns either. However, if we look at the plots in this figure carefully,

we would find that the detected feature points by the methods NEW and Canny can

still reveal certain structures of the reference and moved images, while the detected

feature points by the other three methods are mostly random.

The restored moved images ZR(T̂(x, y)), obtained after applying the estimated

transformation T̂(x, y) onto the reference image ZR, are presented in Fig 4.3, along

with the residual images defined as ZR(T̂(x, y))− ZM(x, y). From the images shown

in this figure, it can be seen that the method NEW indeed performs better than the

other four methods at all three levels of the number of matched pairs of detected fea-

ture points, because it has less non-zero residuals. Numerical performance measures

RRMS and CC of the five methods are presented in Table 4.1, along with a summary

of their detected feature points in the reference and moved images. From the table,

it can be seen that the proposed method NEW has the smallest RRMS values and

the largest CC values in all cases, consistent with the residual images in Fig 4.3.

In the second example, the reference image is a real fingerprint image that is

downloaded from http://www.foxnews.com/story/0,2933,290215,00.html and shown

in Fig 4.4 (a). This image is then twisted arbitrarily using the photoshop software

package, and the resulting moved image is shown in Fig 4.4 (b). This example tries to

simulate a real application in which a fingerprint image is altered by a nonparametric
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(a) (b) (c) (d) (e) (f)

(g) (h) (i) (j) (k) (l)

(m) (n) (o) (p) (q) (r)

(s) (t) (u) (v) (w) (x)

(y) (z)

Figure 4.2: Detected feature points in the reference image (1st, 3rd, and 5th columns)
and the moved image (2nd, 4th, and 6th columns) by the five methods NEW (1st
row), Canny (2nd row), FAST (3rd row), Harris (4th row), and SIFT (5th row) in
the texture image example. In each of the first four rows, results are presented in
three pairs of plots, in which the numbers of matched pairs of detected feature points
increase from the left to the right.



4.3. Numerical Results 75

(a) (b) (c) (d) (e) (f)

(g) (h) (i) (j) (k) (l)

(m) (n) (o) (p) (q) (r)

(s) (t) (u) (v) (w) (x)

(y) (z)

Figure 4.3: Restored moved images ZR(T̂(x, y)) and the corresponding residual im-

ages ZR(T̂(x, y))− ZM(x, y) in the texture image example. The five rows are for the
methods NEW, Canny, FAST, Harris, and SIFT, respectively. The pair of plots (a)
and (b) corresponds to the pair of Fig 4.2(a)-(b), and the other pairs correspond to
the other plots in Fig 4.2 in a similar way.
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Table 4.1: Numerical performance measures RRMS and CC of the five methods
NEW, Canny, FAST, Harris, and SIFT, along with a summary of their detected
feature points, in the texture image example.

Method # of Feature # of Feature # of Matched RRMS CC

Points in ZR Points in ZM Feature Points Value Value

New 45 45 38 17.436060 0.921180

128 127 106 26.966148 0.811951

347 360 296 32.472932 0.727368

Canny 54 51 38 25.077406 0.836841

144 140 106 34.823847 0.684244

383 383 296 33.553160 0.709173

FAST 50 49 38 23.621764 0.855085

132 129 107 27.044096 0.810149

362 365 295 34.758800 0.685656

Harris 59 57 38 23.281763 0.859266

150 155 106 28.940011 0.782706

412 429 296 34.179141 0.696844

SIFT 133 141 106 48.563976 0.386922
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(a) (b)

Figure 4.4: (a) A reference fingerprint image. (b) A moved image.

geometrical transformation arbitrarily.

In this example, all procedure parameters are chosen in the same way as that in

the previous example. The three levels of the number of matched pairs of detected

feature points is determined first by the SIFT method to be 41, and then by the FAST

method to be 185 and 394. The closest numbers of the matched pairs by the method

NEW are 41, 185, and 395, the closest numbers of the matched pairs by the method

Canny are 41, 187, and 396, the closest numbers by the method Harris are 41, 186,

and 395, and the closest numbers by the method FAST are 42, 185, and 394. The

detected feature points by the five methods are shown in Fig 4.5, and the individual

images in the figure are organized in the same way as those in Fig 4.2. In this example,

the main structure of the fingerprint cannot be described well by step edges; thus,

feature points extracted by the method Canny (cf., the images in the 2nd row of Fig

4.5) cannot provide much useful information for image registration either. From the

images, it seems that the detected features by the methods FAST, Harris, and SIFT

are mostly random and do not provide much useful information for image registration.

These results are consistent with the results of the numerical measures RRMS and CC

that are presented in Table 4.2. From the table, it can be seen that the method NEW

performs uniformly better than its peers in all cases considered. The matched feature

points are presented in Fig 4.6, where the feature points in the reference image are
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(a) (b) (c) (d) (e) (f)

(g) (h) (i) (j) (k) (l)

(m) (n) (o) (p) (q) (r)

(s) (t) (u) (v) (w) (x)

(y) (z)

Figure 4.5: Detected feature points in the reference image (1st, 3rd, and 5th columns)
and the moved image (2nd, 4th, and 6th columns) by the five methods NEW (1st
row), Canny (2nd row), FAST (3rd row), Harris (4th row), and SIFT (5th row) in the
fingerprint example. In each of the first four rows, results are presented in three pairs
of plots, in which the numbers of matched pairs of detected feature points increase
from the left to the right.
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Table 4.2: Numerical performance measures RRMS and CC of the five methods
NEW, Canny, FAST, Harris, and SIFT, along with a summary of their detected
feature points, in the fingerprint example.

Method # of Feature # of Feature # of Matched RRMS CC

Points in ZR Points in ZM Feature Points Value Value

New 224 41 41 50.981442 0.709939

664 185 185 43.128353 0.793319

1168 397 395 42.554701 0.798680

Canny 48 50 41 61.978028 0.572733

227 234 187 53.123332 0.685827

490 482 396 55.892717 0.653374

FAST 90 44 42 61.337823 0.577478

299 211 185 63.961907 0.542112

576 517 394 65.375967 0.521666

Harris 60 44 41 68.415590 0.475635

243 243 186 60.888339 0.583962

498 502 395 61.957272 0.576090

SIFT 59 61 41 59.477569 0.601160

indicated by the red color and those in the moved image are indicated by the green

color. The restored moved images and the corresponding residual images are shown

in Fig 4.7, from which it can be seen that the residual images of the proposed method

NEW contain the least pixels with non-zero intensities in all cases considered.

In the last example, both the reference and moved images are real rock images

obtained from a series of motion pictures that can be downloaded from

http://vasc.ri.cmu.edu//idb/html/motion/marked rocks/index.html. The two im-

ages are shown in Fig 4.8. If we observe the two images carefully, then we can

notice that the moved image is taken after the camera is moved to the the right a

little bit.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

(m)

Figure 4.6: Matched feature points in the fingerprint example obtained from the
results shown in Fig 4.5. Results in the five rows are for methods NEW, Canny,
FAST, Harris and SIFT, respectively. Results in plot (a) are from the feature points
shown in Fig 4.5(a)-(b), in which red points denote the feature points in the reference
image and green points denote their matched feature points in the moved image.
Results in other plots are organized in the same way.
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(g) (h) (i) (j) (k) (l)
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(s) (t) (u) (v) (w) (x)

(y) (z)

Figure 4.7: Restored moved images ZR(T̂(x, y)) and the corresponding residual im-

ages ZR(T̂(x, y)) − ZM(x, y) in the fingerprint example. The five rows are for the
methods NEW, Canny, FAST, Harris, and SIFT, respectively. The pair of plots (a)
and (b) corresponds to the case of Fig 4.5(a)-(b), and the other pairs correspond to
the related results in Fig 4.5 similarly.
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(a) (b)

Figure 4.8: (a) A reference rock image. (b) A moved image.

As in the previous two examples, the three levels of the number of matched pair

of detected feature points are first determined by the method SIFT to be 43, and

then by the method FAST to be 107 and 229. The closest numbers of the matched

pairs by the method NEW are 43, 106, and 221, the closest numbers of the matched

pairs by the method Canny are 43, 106, and 221, the closest numbers by the method

Harris are 43, 106, and 221, and the cloest numbers by the method FAST are 42,

107, and 229. The detected feature points by the five methods are shown in Fig

4.9, which is organized in the same way as that in Fig 4.2. From the images in the

figure, it can be seen that, when the number of matched pairs increases, the detected

feature points by the methods New, Canny, and FAST concentrate at some specific

positions in the two images, while the detected feature points by the method Harris

are scattered in the entire images. The matched feature points are presented in Fig

4.10, organized in the same way as that of Fig 4.6. The restored moved images and

the corresponding residual images are shown in Fig 4.11, from which it can be seen

that our method NEW performs the best in all cases considered. The results of the

numerical measures RRMS and CC are presented in Table 4.3 which confirms that

the method New indeed performs the best in this example.

In this chapter, we have proposed an image registration procedure based on the

detected non-degenerate feature points. From their definition, the non-degenerate
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(a) (b) (c) (d) (e) (f)

(g) (h) (i) (j) (k) (l)
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(y) (z)

Figure 4.9: Detected feature points in reference image (1st, 3rd, and 5th columns)
and the moved image (2nd, 4th, and 6th columns) by the five methods NEW (1st
row), Canny (2nd row), FAST (3rd row), Harris (4th row), and SIFT (5th row) in the
rock image example. In each of the first four rows, results are presented in three pairs
of plots, in which the numbers of matched pairs of detected feature points increase
from the left to the right.
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Figure 4.10: Matched feature points in the rock image example obtained from the
results shown in Fig 4.9. Results in the five rows are for methods NEW, Canny, FAST,
Harris and SIFT, respectively. Results in plot (a) are from the feature points shown
in Fig 4.9(a)-(b), in which red points denote the feature points in the reference image
and green points denote their matched feature points in the moved image. Results in
other plots are organized in the same way.



4.3. Numerical Results 85

(a) (b) (c) (d) (e) (f)

(g) (h) (i) (j) (k) (l)

(m) (n) (o) (p) (q) (r)

(s) (t) (u) (v) (w) (x)
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Figure 4.11: Restored moved images ZR(T̂(x, y)) and the corresponding residual

images ZR(T̂(x, y))− ZM(x, y) in the rock image example. The five rows are for the
methods NEW, Canny, FAST, Harris, and SIFT, respectively. The pair of plots (a)
and (b) corresponds to the case of Fig 4.9(a)-(b), and the other pairs correspond to
the related results in Fig 4.9 similarly.
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Table 4.3: Numerical performance measures RRMS and CC of the five methods
NEW, Canny, FAST, Harris, and SIFT, along with a summary of their detected
feature points, in the rock image example.

Method # of Feature # of Feature # of Matched RRMS CC

Points in ZR Points in ZM Feature Points Value Value

New 59 56 43 14.429331 0.957693

158 132 106 12.795238 0.966670

409 314 221 12.788663 0.967155

Canny 140 144 43 27.821090 0.838532

238 249 106 28.215268 0.837185

427 435 221 17.845393 0.933753

FAST 98 72 42 18.594821 0.928695

206 152 107 17.186702 0.939592

419 334 229 17.178284 0.939301

Harris 89 72 43 17.097757 0.940096

229 199 106 16.443445 0.944312

478 447 221 16.089799 0.946788

SIFT 110 103 43 17.144078 0.939319
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feature points are relevant for characterizing the geometrical transformation T(x, y)

that is involved in the image registration problem. Therefore, they should be good

feature points for image registration. Our numerical examples presented in this sec-

tion have confirmed this intuition.



Chapter 5

Discussions and Future Research

5.1 Difference Testing and Detection

In Chapters 1–4, we have discussed how to register the moved image with the reference

image after accounting for a geometric transformation. The next task following image

registration is to determine whether there is any difference between the two registered

images. In reality, we often want to find out any real structural difference, instead of

the geometric difference, between two images. Image registration is a necessary step

for this purpose to eliminate any geometric difference. In this section, we propose a

statistical testing procedure for detecting the structural difference.

Recall that it is assumed to have a geometric transformation T(x, y) = (T1(x, y),

T2(x, y)) such that

R(T1(x, y), T2(x, y)) =M(x, y), for (x, y) ∈ ΩM ,

where R(x, y) and M(x, y) are the true image intensity functions, and ΩM is the

design space of the moved image. Image registration tries to estimate T(x, y) from

the observed image intensities {ZM(xi, yj)} and {ZR(xi, yj)} of the two images, as

defined in (3.2). Besides the conventionals assumptions made in (3.2) on the error

terms {εM(xi, yj)} and {εR(xi, yj)}, we further assume that both {εM(xi, yj)} and

{εR(xi, yj)} are normally distributed. After image registration, an estimation of

88
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T(x, y) is obtained, denoted as T̂(x, y), and the moved image can be restored by

ZR(T̂(x, y)). To check whether there are significant differences between the reference

image and the restored moved image after image registration, we perform statistical

hypothesis testing using the residual image ZR(T̂(x, y))− ZM(x, y).

To this end, the related hypotheses are

NH: R(T1(x, y), T2(x, y)) = M(x, y), ∀(x, y) ∈ ΩM (5.1)

AH: R(T1(x, y), T2(x, y)) 6= M(x, y), ∃(x, y) ∈ ΩM (5.2)

If the Null Hypothesis (5.1) is true, then

[ZR(T(x, y))− ZM(x, y)]2

= [R(T(x, y)) + εR(T(x, y))−M(x, y)− εM(x, y)]2

= [εR(T(x, y))− εM(x, y)]2 .

By the assumption that all the error terms are i.i.d. normally distributed, the quantity

[εR(T(x,y))−εM (x,y)]√
σ2
M

+σ2
R

follows a standard normal distribution. Thus, [εR(T(x,y))−εM (x,y)]2

σ2
M

+σ2
R

follows χ2 (1) distribution. Therefor, a reasonable testing statistic is

1

σ2
M + σ2

R

n∑

i,j=1

[ZR(xi, yj)− ZM(xi, yj)]
2 (5.3)

=
1

σ2
M + σ2

R

n∑

i,j=1

[εR(T(xi, yj))− εM(xi, yj)]
2

∼ χ2
(
n2
)
.

It is obvious that, when n is large, the χ2 (n2) distribution is close to the distribution

N(n2, 2n2). So, a reasonable critical value is c =
√
2n2zα+n

2, where zα represents the

upper α% quantile of the standard normal distribution and 1−α is a given significance
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level. We reject the Null Hypothesis if 1
σ2
M

+σ2
R

∑n
i,j=1 [ZR(xi, yj)− ZM(xi, yj)]

2 > c, or
∑n

i,j=1 [ZR(xi, yj)− ZM(xi, yj)]
2 > c (σ2

M + σ2
R), and fail to reject the Null Hypothesis

otherwise.

Some numerical examples are studied about the above hypothesis testing problem.

In these examples, three image registration methods are used before the hypothesis

test: Our registration method based on non-degenerate pixels described in Chapter 3,

denoted as New; the Affine registration method, denoted as Aff; and the Symetrical

normalization registration method, denoted as Syn. The latter two methods are

available in the open source software package ANTS, which has the web address

of http://www.picsl.upenn.edu/ANTS/. In each example, two jobs are performed.

In the first job, a moved image satisfying the Null Hypothesis is created from the

reference image, called the typeI-moved image. Then, the three registration methods

are applied to this pair to get the difference image ZR(T̂(x, y))−ZM(x, y). Finally, the

hypothesis testing is performed and the type I error probability is calculated based on

100 replicated simulations in which α is chosen to be 0.05. In the second job, a moved

image violating the Null Hypothesis is created from the same reference image used

in the first job, called the typeII-moved image. Then, the three registration methods

are applied, hypothesis testing is performed, and the type II error probability is

calculated. When calculating the type II error probability, α is also set at 0.05. Two

noise levels have been considered in each example. They are εM(x, y) = εR(x, y) = 5

and εM(x, y) = εR(x, y) = 10. The two jobs described above are run for each level.

In all cases considered, the procedure parameters except the critical value are chosen

the same.

All the numerical results presented below are based on the artificial image struc-

ture shown in Figure 5.1 as a surface. Basically, this reference image has cone-like

structures. A smaller one in the upper-left corner and a bigger one in the center.

The first example is shown in Figure 5.2, involving an affine transformation only.
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Figure 5.1: 3-D structure of all reference images in the numerical examples.

The reference image is shown in Figure 5.2(a). TypeI-moved image is shown in Figure

5.2(b), created by shifting the entire image downward by 0.08 and then rightward by

0.1. Recall that the design space of an entire image is assumed to be [0, 1] × [0, 1].

TypeII-moved image is shown in Figure 5.2(c), where the same transformation as

that used in Figure 5.2(b) is applied first. Then, the smaller corn-like structure at the

upper-left corner is removed, resulting in an image that violates the Null Hypothesis.

The type I and type II error probabilities computed from the simulation described

above after image registration are presented in Table 5.1.

The second example is shown in Figure 5.3, involving a continuous transformation.

Specifically, the entire image moves down by 0.08, then moves to the right by 0.1.

In addition, the large cone-like structure in the center is stretched in the vertical

direction. This gives the typeI-moved image shown in Figure 5.3(b). To create the

typeII-moved image shown in Figure 5.3(c), the same geometrical transformation
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(a) (b) (c)

Figure 5.2: (a) Reference image of the first example involving an affine transformation
only. (b) Corresponding typeI-moved image. (c) Corresponding typeII-moved image.

Table 5.1: Estimated type I and type II error probabilities in the three numerical
examples. New denotes our method, Aff denotes the Affine registration method, and
Syn denotes the Symmetrical registration method.

Example std of noise Error Type New Aff Syn

The first example involving σR = σM = 5 Type I 0.06 0.11 0.06

an affine transformation Type II 0.39 0.15 0.47

σR = σM = 10 Type I 0.04 0.06 0.03

Type II 0.93 0.83 0.94

The second example involving σR = σM = 5 Type I 0.08 1.0 0.08

a continuous transformation Type II 0.08 1.0 0.88

σR = σM = 10 Type I 0.05 0.44 0.04

Type II 0.82 1.0 0.89

The third example involving σR = σM = 5 Type I 0.08 1.0 1.0

a discontinuous transformation Type II 0.08 1.0 0.95

σR = σM = 10 Type I 0.06 1.0 0.06

Type II 0.91 1.0 1.0
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(a) (b) (c)

Figure 5.3: (a) Reference image of the second example involving a continuous trans-
formation. (b) Corresponding typeI-moved image. (c) Corresponding typeII-moved
image.

as that used in Figure 5.3(b) is applied first. Then, the small corn-like structure

diminishes both in size and in intensity to violate the Null Hypothesis. Calculated

type I and type II error probabilities are also presented in Table 5.1.

The third example is shown in Figure 5.4, involing a discontinuous transformation

described below. The large cone-like structure moves downward by 0.08 and rightward

by 0.1, while the small structure moves to the left by 0.03. Furthermore, the large

structure is stretched in the vertical direction, resulting in the typeI-moved image

shown in Figure 5.4(b). Then, the small structure diminishes both in size and in

intensity, giving the typeII-moved image shown in Figure 5.4(c). The numerical

results of type I and type II error probabilities are in the last row of Table 5.1.

From Table 5.1, we first notice that the type II error probabilities under large

noise standard deviation are generally larger. This is because that the true structural

difference between the reference image and the typeII-moved image after registration

is due to the decrease of the small cone-like structure in both its size and intensity.

When the noise level is high, this structure can be covered, causing large type II

error probabilities. In all cases with low noise level, results after registration by

our proposed method show reasonably small error probabilities except in the affine
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(a) (b) (c)

Figure 5.4: (a) Reference image of the third example involving a discontinuous trans-
formation. (b) Corresponding typeI-moved image. (c) Corresponding typeII-moved
image.

transformation case where the method Aff after an affine registration gives a lower

type II error probability due to its special design for affine movements.

5.2 Other Future Research Topics

In the proposed methods described in Chapter 2–4, there are still some issues that

need to be addressed in our future research.

Within the intensity-based methods, in the proposed procedure for detecting 2-D

degenerate pixels in Section 3.2, our detection criterion focuses solely on the variation

of the underlying image intensity function in the gradient direction (cf., Figure 3.2(b)

and expressions (3.4) and (3.5)). It is unknown to us yet whether the detection can be

improved if the variation of the image intensity function in the entire neighborhood

O(x, y; h∗n) is taken into account. When estimating T, in the proposed procedure

(3.7)–(3.9), the related bandwidths rn, hn and h̃n are chosen to be the same in the

entire design space. If variable bandwidths are used, intuitively, estimation of T

could be improved, which needs to be confirmed in the future research. Furthermore,

in our numerical studies in section 2.3 and 3.5, we have used the 2-D truncated
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Gaussian density function as the kernel in the local smoothing procedure. It requires

much future research to study whether other kernel functions would generate a better

image registration.

In the feature-based IR methods described in Chapter 4, we set three levels for the

number of matched pairs of the extracted feature points in each numerical example.

In real applications, however, it is often a challenging task to determine how many

feature points to use. Intuitively, the more feature points extracted, the more infor-

mation for approximating the geometrical transformation T(x, y). Consequently, the

feature-based image registration can be better achieved, although more computation

is involved in such cases. However, our numerical examples demonstrate that large

numbers of extracted feature points cannot always guarantee a better image registra-

tion (cf., Tables 4.1–4.3). Based on our numerical experience, the best numbers of

extracted feature points in the reference and moved images depend on the complexity

of the transformation T(x, y) and on the image structure as well. If T(x, y) is simple

(e.g., a linear motion transformation), then a small number of extracted feature points

in each image might be good enough; but, that would not be sufficient if T(x, y) has

a more complex structure. Some existing research in the literature is dedicated to

selection of a subset of extracted feature points for image registration without sacri-

ficing the quality [14], [22]. In our opinion, proper determination of the numbers of

extracted feature points from the observed image intensities is still an open problem,

and requires much future research. In addition, in our proposed feature-based image

registration procedure, there are a number of parameters involved (e.g., dn and r0 in

(4.4)). Data-driven parameter selection is not discussed in this paper. It might be

possible to choose these parameters by using the cross-validation (CV), generalized

cross-validation (GCV), and other parameter selection procedures that are discussed

extensively in the statistical literature [35]. Adaptation of such parameter selection

procedures to the image registration problem requires much future research as well.
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In the theoretical front, consistency of the detected 2-D and 1-D degenerate pixels

is established after the point set Ω(R, T, n) is excluded (cf., (3.10) and (3.12) in

Theorem 2). Behaviors of the detected 2-D and 1-D degenerate pixels in Ω(R, T, n) is

unknown yet. Further, Theorem 3 establishes the consistency of T̂(x, y) under certain

conditions, and this consistency result is for individual 2-D non-degenerate pixels. It

is unknown to us at this moment whether the conditions can be further weakened

and whether the consistency result is true uniformly in certain subsets of the 2-D

non-degenerate pixels. All of those require us to do further and deeper studies in the

future.
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Appendix A

Mathematical Proofs of Theorems

A.1 Proof of Theorems 2 in Section 3.4

Lemma 1 Assume that h∗n = o(1), ρn = o(1), 1/(nh∗nρn) = o(1), and K∗ is a

Lipschitz-1 continuous density kernel function in a unit circle. Then, we have

∥∥∥∥∥∥∥
1

n2h∗2n ρn

∑

(xi,yj)∈N(1)

Ĝ
(x,y)

K∗
(
xi − x

h∗n
,
yj − y

h∗n

)
− Cn

∥∥∥∥∥∥∥
Ω(R,T,n)

= O

(
1

ρnnh∗n

)
, (A.1)

where Cn = 1
ρn

∫ ∫
Nρn

K∗ (u, v) dudv = O(1), Nρn = {(u, v) :
√
u2 + v2 ≤ 1, |u| ≤

ρn, v ≥ 0}, N (1)

Ĝ
(x, y) is defined in the paragraph immediately before (3.4) of the

paper.

Proof. For any (x, y) ∈ Ω(R, T, n), we have

∣∣∣∣∣∣∣
1

n2h∗2n ρn

∑

(xi,yj)∈N(1)

Ĝ
(x,y)

K∗
(
xi − x

h∗n
,
yj − y

h∗n

)
− Cn

∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣
1

n2h∗2n ρn

∑

(xi,yj)∈N(1)

Ĝ
(x,y)

K∗
(
xi − x
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,
yj − y

h∗n

)
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− 1

h∗2n ρn
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= O

(
1

nh∗nρn

)
,

where ∆ij = [xi−1, xi]× [yj−1, yj], for i, j = 1, 2, . . . , n, x0 = y0 = 0, and Ck > 0 is the

Lipschitz constant satisfying |K∗(x′, y′) − K∗(x′′, y′′)| ≤ Ck

√
(x′ − x′′)2 + (y′ − y′′)2

for any points (x′, y′) and (x′′, y′′) in the unit circle.

Lemma 2 Besides the conditions in Lemma 1, if we further assume that

E|εR(x1, y1)|3 <∞ and log2 n/(nh∗3n ρ
3/2
n ) = O(1), then we have

∥∥∥∥∥∥∥
1

n2h∗2n ρn

∑

(xi,yj)∈N(1)

Ĝ
(x,y)

εR(xi, yj)K
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x− xi
h∗n
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h∗n

)
∥∥∥∥∥∥∥
Ω(R,T,n)

= O

(
logn

nh∗n
√
ρn

)
, a.s. (A.2)

Proof. (A.2) is a direct conclusion of Proposition 2 in [37]. Its proof is therefore

skipped.

Proposition 1 Besides the conditions in Lemma 2, if we further assume that

E|εM(x1, y1)|3 <∞, then we have

∥∥∥∥∥∥∥
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∥∥∥∥∥∥∥

∑
(xi,yj)∈N(2)

Ĝ
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= O
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)
, a.s. (A.4)

Proof. (A.3) can be obtained after combining (A.1) and (A.2). (A.4) can be
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proved in the same way, except that {εR(xi, yj)} are replaced by {εM(xi, yj)}.

Proof of Theorem 2

First, for any (x, y) ∈ Ω2(R, T, n), we have

a
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Ĝ
(x,y)

K∗
(

xi−x
h∗

n
,
yj−y

h∗

n

)
∑

(xi,yj)∈N(1)

Ĝ
(x,y)

[R(x, y)+

R′
Ĝ
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, a.s. (A.5)

where R′
Ĝ
(x, y) and R′

G
(x, y) are the directional derivatives of R(x,y) along the es-

timated gradient direction Ĝ(x, y) and the gradient direction G(x, y), respectively,
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and

CK = 2

∫ 1

−1

∫ √
1−u2

0

√
u2 + v2K∗(u, v) dvdu.

In the second last equation of the above expression, we have used (A.3) and the fact

that

∑
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(
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In the last equation of (A.5), the conditions that log2 n/(nh∗3n ρ
3/2
n ) = O(1) and ρn =

o(1) have been used, so that O( logn√
ρnnh∗

n
) = o(h∗2n ). Also, we have used the fact that

R′
Ĝ
(x, y) = R′

G
(x, y) + o(1), which is a direct conclusion of the results (11) and (12)

in [37]. Similarly, we have
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∑
(xi,yj)∈N(2)

Ĝ
(x,y)

ZR(xi, yj)K
∗
(

x−xi

h∗

n
,
y−yj
h∗

n

)

∑
(xi,yj)∈N(2)

Ĝ
(x,y)

K∗
(

x−xi

h∗

n
,
y−yj
h∗

n

)

= R(x, y)−R′
G
(x, y)CKh

∗
n +O

(
h∗2n
)
, a.s. (A.6)

By (A.5) and (A.6), we have

Un(x, y) =
∣∣∣a(1)

Ĝ
(x, y)− a

(2)

Ĝ
(x, y)

∣∣∣

= 2CK |R′
G
(x, y)|h∗n +O

(
h∗2n
)
, a.s.

For any (x, y) ∈ D2,R

⋂
Ω2(R, T, n), R(x, y) is a constant in a neighborhood of

(x, y). Therefore, R′
G
(x, y) = 0. So,

sup
(x,y)∈D2,R

⋂
Ω(R,T,n)

Un(x, y) = O
(
h∗2n
)
, a.s.

By the condition that h∗2n /un = o(1), when n is large enough, we have

D2,R

⋂
Ω2(R, T, n) ⊆ D̂2,R

⋂
Ω2(R, T, n). (A.7)
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On the other hand, for any (x, y) ∈ ΩR\D2,R, if |R′
G
(x, y)| ≥ ǫn, then we have

Un(x, y) ≥ 2CKǫnh
∗
n +O

(
h∗2n
)
, a.s.

which is uniformly true for all such (x, y). Therefore, when n is large enough, un is

much smaller than Un(x, y). Consequently D̂2,R ⊆ D2,R

⋃
G2,ǫn. So, we have

D̂2,R

⋂
Ω2(R, T, n) ⊆ D2,R

⋂
Ω2(R, T, n). (A.8)

The result (3.10) in Theorem 2 is then obtained after combining (A.7) and (A.8).

To prove (3.11) in Theorem 2, by Theorem 1 in [37] and similar arguments to

those in (A.5), when (x, y) ∈ Jn, we have

a
(1)

Ĝ
(x, y) = R+(x, y) +O (h∗n) +O

(
log n√
ρnnh∗n

)
, a.s.

a
(2)

Ĝ
(x, y) = R−(x, y) +O (h∗n) +O

(
log n√
ρnnh∗n

)
, a.s.

where R+(x, y) and R−(x, y) are the one-sided limits of R at (x, y) from two different

sides of the edge curve containing (x, y). From the definition of Jn, the jump size of

R at (x, y) is at least ǫnh
∗
n. So, we have

inf
(x,y)∈Jn

Un(x, y) = inf
(x,y)∈Jn

∣∣∣a(1)
Ĝ
(x, y)− a

(2)

Ĝ
(x, y)

∣∣∣

≥ ǫnh
∗
n +O (h∗n) +O

(
log n√
ρnnh∗n

)
, a.s.

= ǫnh
∗
n +O (h∗n) .

In the above expression, we have used the result that O
(

logn√
ρnnh∗

n

)
= o (h∗2n ), as in

(A.5). By the condition that un/(ǫnh
∗
n) = o(1), when n is large enough, (x, y) ∈ D̂2,R,

which is uniformly true for (x, y) ∈ Jn. Therefore, Jn ⊆ D̂2,R.
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Similarly, for any (x, y) ∈ J1n, we have

a
(1)

Ĝ
(x, y) = R(x, y) +R′

+(x, y)C
′
Kh

∗
n +O

(
h∗2n
)
+O

(
logn√
ρnnh∗n

)
, a.s.

a
(2)

Ĝ
(x, y) = R(x, y) +R′

−(x, y)C
′
Kh

∗
n +O

(
h∗2n
)
+O

(
logn√
ρnnh∗n

)
, a.s.,

where C ′
K > 0 is a constant, R′

+(x, y) and R
′
−(x, y) are the one-sided limits of R′ at

(x, y) from two different sides of the roof edge curve containing (x, y). Again, from

the definition of J1n, the jump size of R′ at (x, y) is at least ǫn. So, we have

inf
(x,y)∈J1n

Un(x, y) = inf
(x,y)∈J1n

∣∣∣a(1)
Ĝ
(x, y)− a

(2)

Ĝ
(x, y)

∣∣∣

≥ C ′
Kǫnh

∗
n +O

(
h∗2n
)
, a.s.,

which is uniformly true for all (x, y) ∈ J1n. Again, we have used the result that

O
(

logn√
ρnnh∗

n

)
= o (h∗2n ). So, by the condition that un/(ǫnh

∗
n) = o(1), J1n ⊆ D̂2,R.

Result (3.11) in Theorem 2 follows after we combine this result and the result in the

previous paragraph.

Result (3.12) in Theorem 2 can be proved similarly to result (3.10), as follows.

For any (x, y) ∈ Ω1(R, T, n), we have

a
(2)
n̂
(x, y) =

∑
(xi,yj)∈N(1)

n̂
(x,y)

ZR(xi, yj)K
∗
(

x−xi

h∗

n
,
y−yj
h∗

n

)

∑
(xi,yj)∈N(1)

n̂
(x,y)

K∗
(

x−xi

h∗

n
,
y−yj
h∗

n

) .

= R(x, y) +R′
n
(x, y)C ′′

Kh
∗
n +O

(
h∗2n
)
+O

(
log n√
ρnnh∗n

)
, a.s.

a
(2)
n̂
(x, y) =

∑
(xi,yj)∈N(2)

n̂
(x,y)

ZR(xi, yj)K
∗
(

x−xi

h∗

n
,
y−yj
h∗

n

)

∑
(xi,yj)∈N(2)

n̂
(x,y)

K∗
(

x−xi

h∗

n
,
y−yj
h∗

n

) .

= R(x, y)− R′
n
(x, y)C ′′

Kh
∗
n +O

(
h∗2n
)
+O

(
logn√
ρnnh∗n

)
, a.s.,
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where R′
n
(x, y) is the directional derivative of R along the normal direction n(x, y)

at (x, y), and C ′′
K > 0 is a constant. So,

Vn(x, y) =
∣∣∣a(1)

n̂
(x, y)− a

(2)
n̂
(x, y)

∣∣∣

= 2C”K |R′
n
(x, y)|h∗n +O

(
h∗2n
)
+O

(
log n√
ρnnh∗n

)
, a.s. (A.9)

For any (x, y) ∈ D1,R

⋂
Ω1(R, T, n), it is obvious that R

′
n
(x, y) = 0. So,

sup
(x,y)∈D1,R

⋂
Ω1(R,T,n)

Vn(x, y) = O
(
h∗2n
)
, a.s.

Here, we have used the result that O
(

logn√
ρnnh∗

n

)
= o (h∗2n ). Therefore, when n is large

enough, by the condition that h∗2n /vn = o(1), we have

D1,R

⋂
Ω1(R, T, n) ⊆ D̂1,R

⋂
Ω1(R, T, n) (A.10)

On the other hand, for any (x, y) ∈ D2,R\D1,R, if |R′
n
(x, y)| ≥ τn, then from (A.9),

we have

Vn(x, y) ≥ 2C ′′
Kτnh

∗
n +O

(
h∗2n
)
, a.s.

and this is uniformly true for such (x, y). Therefore, when n is large enough, by the

condition that vn/(τnh
∗
n) = o(1),

D̂1,R

⋂
Ω1(R, T, n) ⊆ D1,R

⋂
Ω1(R, T, n). (A.11)

Result (3.12) follows after combining (A.10) and (A.11).
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A.2 Proof of Theorem 3 in Section 3.4

For any point (x, y) ∈ (ΩR,T

⋂
D2,R)\(D1,R

⋃
P
⋃
J
⋃
J1) and a point (x′, y′) ∈

O(x, y, hn), we have

WMSD ((x, y), (x′, y′); hn)

=

∑√
s2+t2≤hn

[ZR(x+ s, y + t)− ZM(x′ + s, y′ + t)]2K
(

s
hn
, t
hn

)

∑√
s2+t2≤hn

K
(

s
hn
, t
hn

)

=

∑√
s2+t2≤hn

η2RM(s, t)K
(

s
hn
, t
hn

)

∑√
s2+t2≤hn

K
(

s
hn
, t
hn

)

+

∑√
s2+t2≤hn

(εR(x+ s, y + t)− εM(x′ + s, y′ + t))2K
(

s
hn
, t
hn

)

∑√
s2+t2≤hn

K
(

s
hn
, t
hn

)

+
2
∑√

s2+t2≤hn
(εR(x+ s, y + t)− εM(x′ + s, y′ + t)) ηRM (s, t)K

(
s
hn
, t
hn

)

∑√
s2+t2≤hn

K
(

s
hn
, t
hn

)

=: A1 + A2 + A3, (A.12)

where ηRM(s, t) = R(x+ s, y + t)−M(x′ + s, y′ + t).

By Proposition 2 in [37], we have

A3 = O

(
logn

nhn

)
, a.s. (A.13)

For handling A2, define

ξs,t = (εR(x+ s, y + t)− εM(x′ + s, y′ + t))
2 −

(
σ2
R + σ2

M

)
.

Then, E(ξs,t) = 0 for any s and t. So, similar to (A.13), under the conditions that
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E(εR(x1, y1))
6 <∞, E(εM(x1, y1))

6 <∞, and K is Lipschitz-1 continuous, we have

A2 =

∑√
s2+t2≤hn

[ξs,t + (σ2
R + σ2

M )]K
(

s
hn
, t
hn

)

∑√
s2+t2≤hn

K
(

s
hn
, t
hn

)

= σ2
R + σ2

M +

∑√
s2+t2≤hn

ξs,tK
(

s
hn
, t
hn

)

∑√
s2+t2≤hn

K
(

s
hn
, t
hn

)

= σ2
R + σ2

M +O

(
logn

nhn

)
, a.s. (A.14)

When (x′, y′) = T(x, y), M(x′, y′) = R(x, y). By the Taylor’s expansions of

R(x+ s, y + t) at (x, y) and M(x′ + s, y′ + t) at (x′, y′), we have

A1 =

∑√
s2+t2≤hn

(R(x+ s, y + t)−M(x′ + s, y′ + t))2K
(

s
hn
, t
hn

)

∑√
s2+t2≤hn

K
(

s
hn
, t
hn

)

=
1

∑√
s2+t2≤hn

K
(

s
hn
, t
hn

)
∑

√
s2+t2≤hn

{[R′
x(x, y)−M ′

x(x
′, y′)] s

+
[
R′

y(x, y)−M ′
y(x

′, y′)
]
t
}2
K

(
s

hn
,
t

hn

)
+ o

(
h2n
)

= O
(
h2n
)
. (A.15)

By combining (A.12)–(A.15), we have

WMSD ((x, y),T(x, y); hn) = σ2
R + σ2

M +O
(
h2n
)
+O

(
log n

nhn

)
a.s., (A.16)

On the other hand, when (x′, y′) ∈ O(x, y, rn)\O(T(x, y), hn),

A1 =

∑√
s2+t2≤hn

(R(x+ s, y + t)−M(x′ + s, y′ + t))2K
(

s
hn
, t
hn

)

∑√
s2+t2≤hn

K
(

s
hn
, t
hn

)
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≥
∑

(s,t)∈Λn
(R(x+ s, y + t)−M(x′ + s, y′ + t))2K

(
s
hn
, t
hn

)

∑√
s2+t2≤hn

K
(

s
hn
, t
hn

)

≥ τ 2n

∑
(s,t)∈Λn

K
(

s
hn
, t
hn

)

∑√
s2+t2≤hn

K
(

s
hn
, t
hn

)

= O

(
qnτ

2
n

h2n

)
, (A.17)

where Λn is a subregion of {(s, t) :
√
s2 + t2 ≤ hn} in which |R(x+ s, y+ t)−M(x′ +

s, y′ + t)| is at least τn. So, by combining (A.12)-(A.14) and (A.17), we have

inf
(x′,y′)∈(O(x,y,rn)\O(T(x,y),hn))

|WMSD ((x, y), (x′, y′); hn)|

≥ σ2
R + σ2

M +O

(
qnτ

2
n

h2n

)
+O

(
logn

nhn

)
, a.s., (A.18)

Therefore, by (A.16) and (A.18), under the conditions that h4n/(qnτ
2
n) = o(1) and

hn logn/(nqnτ
2
n) = o(1), we have

inf
(x′,y′)∈(O(x,y,rn)\O(T(x,y),hn))

|WMSD ((x, y), (x′, y′); hn)|

> WMSD ((x, y),T(x, y); hn) , a.s.,

A direction conclusion of this result is that

dE(T̂(x, y),T(x, y)) = O(hn), a.s.

Result (3.13) in Theorem 3 is then proved.


