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Abstract

In this dissertation we consider resource management issues in multiuser communi-

cation systems. We study MIMO interference channel whereby each transmitter and

receiver are equipped with multiple antennas. The recent work [1] suggests that opti-

mal beamformers should maximize the total degrees of freedom and achieve interference

alignment in high SNR. Hence, we analyze the complexity of interference alignment in

spatial domain and prove that the problem of maximizing the total degrees of free-

dom is NP-hard. Furthermore we propose an efficient algorithm to design the linear

beamforming vectors for all the users in the system. The simulation results show that

this algorithm outperforms the existing interference alignment algorithms in terms of

system throughput. In a more practical scenario, we consider a MIMO heterogeneous

network with multiple transmitters (including macro, pico and femto base stations) and

many receivers (mobile users). The users are to be assigned to the base stations which

then optimize their linear transmit beamformers accordingly. In this dissertation, we

consider the problem of joint base station assignment and linear beamformer design to

maximize a system wide utility. We first establish the NP-hardness of the resulting op-

timization problem for a large family of α-fairness utility functions. Then, we propose

an efficient algorithm to approximately solve this problem for the special case of sum

rate maximization. The simulation results show that the algorithm improves the sum

rate.
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Chapter 1

Introduction

1.1 Multi-cell Interference Management

Consider an interference-limited multiuser communication system in which a number

of users must share common resources such as frequency, time, or space. Practical

examples of such systems include the Digital Subscriber Lines (DSL) [3] networks, Cog-

nitive Radio (CR) systems [4], and ad-hoc as well as cellular wireless networks [5, 6].

Mathematically, we can model these systems as an interference channel in which multi-

ple transmitters simultaneously send messages to their intended receivers while causing

interference to each other.

Multiuser interference is a major impediment of high system throughput in a com-

munication system. In practice, there are several commonly used methods for dealing

with interference.

1. we can treat the interference as noise and just focus on extracting the desired

signals (see [16], [22]). This approach is widely used in practice because of its

simplicity and ease of implementation, but is known to be non-capacity achieving

even for the simple case of broadcast channel (see [7]).

2. Another interference management technique is to decode and remove interference.

Specifically, when interference is strong relative to desired signals, a user can

decode the interference first, then subtract it from the received signal, and finally

decode its own message (see [9] and [12]). This method is less common in practice

1
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due to its complexity and security issues.

3. An alternative technique is channel orthogonalization whereby transmitted sig-

nals are chosen to be non-overlapping either in time, frequency or space, leading

to Time Division Multiple Access, Frequency Division Multiple Access or Space

Division Multiple Access respectively. While channel orthogonalization effectively

eliminates multiuser interference, it can lead to inefficient use of communication

resources and is also generally non-capacity achieving.

In a cellular system, multi-cell interference management is a major challenge. So far

various base station cooperation techniques have been proposed to mitigate inter-cell

interference, including coordinated multi-point transmission, or network MIMO trans-

mission [33–35]. Most of these techniques require each base station to have full/partial

channel state information (CSI) as well as knowledge of data streams to all remote

terminals. With the complete sharing of data streams and CSI, the multi-cell scenario

is effectively reduced to a single cell interference management problem with either to-

tal [36] or per-group-of-antennas power constraints [37,38]. While these techniques can

offer significant improvement on data throughput, they also have several drawbacks

including stringent requirements on base station coordination, large demand on the

communication bandwidth of backhaul links, and heavy computational load associated

with the increasing number of cells [39, 40].

1.1.1 Interference Alignment and Degrees of Freedom

What is the optimal interference management strategy that can maximize system through-

put? The answer is related to the characterization of the capacity region of an interfer-

ence channel, i.e., determining the set of rate tuples that can be achieved by the users

simultaneously. For the noiseless case, the capacity region and the optimal precoding

strategy of the two user interference channel is discussed in [9] and [8]. In spite of inten-

sive research on this subject over the past three decades ( [8] - [21]), the capacity region

of the interference channel is still unknown for the general case (even for a small number

of users). The lack of progress in characterizing the capacity region for a MIMO interfer-

ence channel has motivated researchers to derive various approximations of the capacity

region. For example, the total degrees of freedom (DoF) corresponds to the first order
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approximation of maximum sum-rate capacity of an interference channel at high SNR.

Achieving this approximation is done through interference alignment method [1]. For

frequency selective channels, interference alignment corresponds to correlated signaling

across different frequency tones. This linear transceiver scheme for interference align-

ment is a generalization of the standard OFDMA scheme whereby each data stream is

transmitted on a single subcarrier, which corresponds to using the standard unit basis

vectors {ei} (the i-th standard unit vector) for transmit beamforming. In other words,

in the standard OFDMA scheme the covariance matrix of the transmitted signal is diag-

onal. The linear transceiver structure for interference alignment is more general since it

does not require diagonal structure nor mutual orthogonality (two transmit covariance

matrices X, Y are said to be orthogonal if Tr(XY ) = 0, where Tr(·) indicates the trace

operator of a matrix).

If we remove the mutual orthogonality condition and impose a diagonal structure

on the transmit covariance matrices, then the interference management problem is re-

duced to the dynamic spectrum management problem [29] where the goal is to find the

optimal power allocation (i.e., optimal diagonal transmit covariance matrices) which

can maximize system throughput. This problem has recently been a topic of intensive

research in the signal processing and communications communities. For the diagonal

matrix channel case (e.g. frequency extended, frequency selective scenario), the problem

of maximizing sum-rate has been shown to be NP-hard [29]. Several algorithms have

been proposed which provide varied performance in different channel conditions. These

include: Iterative Waterfilling Algorithm IWFA [23], Successive Convex Approximation

Low complExity (SCALE) algorithm [28], Autonomous Spectrum Balancing (ASB) [27],

Optimal Spectrum Balancing (OSB) [25]. Furthermore, different algorithms are pro-

posed for the case when the channel matrices are non-diagonal. Authors in [24,26] pro-

posed IWFA based algorithms for power allocation. However, these selfish approaches

work well only in low SNR cases or when the interference is low.

Compared to the networked MIMO approach, interference alignment requires less

information exchange among transmitters, and is therefore simpler to implement in

practice. Recently two iterative algorithms have been proposed for interference align-

ment [2,30]. 1 These algorithms require system users to first specify the desired DoFs

1 Even though the two algorithms were motivated from different perspectives, they are in fact
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for all receivers and then attempt to achieve them by iteratively aligning the interfer-

ences. However, these algorithms can not check if a given tuple of DoF is achievable,

nor is there any guarantee for reaching interference alignment even when the given tuple

of DoF is achievable. Moreover, by focusing only on the high SNR regime and interfer-

ence alignment, these algorithms do not attempt any power allocations across different

data streams. This can result in linear transceivers with suboptimal performance at

low to intermediate SNRs. The proposed scheme in [31] and the Max-SINR algorithm

in [2] consider the low-moderate SNR regime, but the algorithm still needs a priori

specification of the DoF tuple and the convergence is not guaranteed.

In Chapter 2, we consider the problem of maximizing the sum of the achieved DoFs

and the problem of checking if a given set of DoFs is achievable with linear transceivers.

We study the complexity status of both of these problems over the spatial domain

and establish their NP-hardness. These results suggest that the two existing algorithms

for interference alignment [2, 30] cannot converge to an aligned solution in polynomial

time for all possible channel instances. We also propose a computationally distributed

algorithm to design linear transceivers for interference channels. The proposed algorithm

is semi-distributed in terms of communication and it needs some knowledge exchange

among the nodes. Our approach is based on using MMSE receivers while optimizing

transmit covariance matrices for all transmitters. We maximize the weighted sum of a

utility of SINR (Signal to Interference plus Noise Ratio) values for each data stream

and use iterative convex optimization/relaxation to compute a (local) optimal solution.

The utility function is SINR/(1 + SINR) which converges to 1 when SINR → ∞, and

is proportional to SINR when the SINR value is small. In this way, maximizing the

sum of utilities for all data streams corresponds to maximizing the total achieved DoF

when the noise vanishes. Simulations show that our algorithm performs well in all SNR

regions and can deliver far superior sum-rate performance than the existing interference

alignment algorithms of [2, 30]. Compared to the networked MIMO approach which

requires sharing of data streams, our linear transceiver design algorithm requires less

information exchange: at each iteration, only small covariance matrices are exchanged,

the size of which is proportional to the antenna numbers at each transmitter or receiver.

algorithmically identical.
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1.2 Homogeneous Networks: Beyond Interference Chan-

nel

The insatiable demand for high speed mobile communication has put the existing wire-

less cellular infrastructure under severe stress. One effective means to cope with the

explosive data growth is to increase the existing spectral efficiency by reducing the cell

size, adding more base stations and increasing frequency reuse. These techniques have

led to the deployment of pico base stations (pico BS) or relays within a large macro-

cell, and have resulted in the use of femto BS (also known as home BS) which are

low power, short range transmitters used to enhance the signal quality in residential

houses or crowded business areas. The coordination of various base stations and the

possibility of load sharing with Wi-Fi/DSL networks [55] make the management of such

heterogeneous networks [50] a challenging task.

With the increase in the number of base stations simultaneously operating within

the same frequency band, interference has become a major performance limiting fac-

tor for heterogeneous networks. As a consequence, there has been an intensive recent

research on physical-layer algorithms [32, 52, 54] for interference mitigation. However,

most of these algorithms consider the classical model of an interference channel or an

interfering broadcast channel where the transmitter-receiver associations are fixed (pre-

assigned), and the design scope is restricted to choosing linear transceivers to improve

system throughput and user fairness.

In a heterogeneous network consisting of many overlapping cells and base stations,

a user can be assigned to any one of the nearby cells. Traditionally, base station as-

signment is made on the basis of signal strength (or the distances to base stations).

However, if a base station in a heterogeneous network is congested, it may be more ben-

eficial to assign users to a different cell even though they may be closest to the congested

base station. This problem has been considered in the literature in the uplink direction

(see [59, 60, 62]). The same problem has been also studied in downlink direction by

Farokhi [63]. An alternative approach is to consider the problem of maximizing a sys-

tem wide utility by simultaneously optimizing both the assignment of users (receivers)

to BSs (transmitters) and the design of their linear beamformers. This approach is
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a well-known approach in spectrum management (see [29]). This approach has been

previously studied by different authors in the case of uplink direction. Due to the rising

interest in study of heterogeneous networks, this problem has been recently studied in

parallel by different authors both in the uplink and downlink directions [56–58,61].

Choosing a utility based approach requires that we choose utility functions that fit

the needs of today wireless communication networks. As there is high demand for rate

among the users of the all the communication networks, the rate of each user can be a

good indicator of the satisfaction of that user. In other words, the higher the rate is,

the more satisfied the user will be. But a network manager is not just interested in the

utilities of each user. For a network manager the indicator of quality of service in the

network is a combination of the utilities of all the users in the network. There has been

extensive research on the choice of system wide utility functions to gain high perfor-

mance as well as fairness in the system. One of the most famous families of system wide

utilities is called α-fairness. As we will see in Chapter 3, this family of utility functions

includes all the famous utility functions used in network management.

After defining the problem of system wide utility maximization, it is legitimate to

ask if there exists an algorithm that can efficiently solve such a problem. In Section

3.2 we first prove that for sum rate utility, the joint BS assignment and transceiver

design problem is NP-hard. Furthermore, we prove that if each node is equipped with

at least three antennas, then for any utility function belonging to the α-fairness family,

the problem is NP-hard. This result could be viewed as a generalization of the result

presented in [29], although the construction used for the proof is totally different.

As the problem is proved to be NP-hard, it is important to find computationally

efficient algorithms that can solve such a problem and approach near optimal solutions.

In Section 3.3 we propose an iterative algorithm for this joint design problem for the

special case of sum-rate maximization. The algorithm is based on the matrix weighted

sum mean square error (MSE) minimization (see [52]). Simulation results show that

this algorithm can achieve a higher system throughput at a moderate computational

cost.



Chapter 2

Linear Tranceiver Design for

Interference Alignment

2.1 System Model

Consider a K-user MIMO interference channel with K transmitter - receiver pairs.

Let Hkj be an Nk ×Mj matrix representing the channel gain from transmitter j to

receiver k, where Mj and Nk denote the number of antennas at transmitter j and

receiver k, respectively. The received signal at receiver k is given by

yk =

K∑
j=1

Hkjxj + nk,

where xj is an Mj × 1 random vector that represents the transmitted signal of user j

and nk ∼ N (0, σ2I) is a zero mean additive real white Gaussian noise.

For practical considerations, we focus on optimal linear transmit and receive strategies

that can maximize system throughput. In particular, suppose transmitter k uses a

beamforming matrix Vk to send the signal vector sk to its intended receiver k. At

the receiver side, receiver k estimates the transmitted data vector sk by using a linear

beamforming matrix Uk, i.e.,

xk = Vk sk, ŝk = UT
k yk,

7
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where the data vector sk ∈ Rdk×1 is normalized so that E[sks
T
k ] = I, and ŝk is the

estimate of sk at k-th receiver. Vk ∈ RMk×dk and Uk ∈ RNk×dk are the beamforming

matrices at the transmitter and the receiver of user k, respectively.

It is known that the problem of designing optimal beamformers to maximize sum-

rate of the system is NP-hard [29] even in the single transmit/receive antenna case.

Notice that recent works [1, 2] suggest that the optimal strategy should have interfer-

ence alignment structure in the high SNR regime. Therefore, we are led to find a linear

transmission-reception strategy that can maximize the total degrees of freedom. In the

next section, we provide the complexity analysis of this problem. Note that all the

results in this thesis, including the theoretical results and algorithms, can be easily ex-

tended to the complex channel case where the inputs to the channels are assumed to be

complex and circularly symmetric (circularly symmetric signaling).

2.2 NP-Hardness of Maximizing Achieved DoF through

Interference Alignment

In this section, we show that for a given channel, not only the problem of finding

the maximum total achievable DoF is NP-hard, but also the problem of checking the

achievability of a given tuple of DoF, (d1, ..., dK), is NP-hard when there are at least 3

antennas at each node.

Notice that the interference alignment conditions in the k-th receiver are

UT
kHkjVj = 0, ∀j 6= k, (2.1)

rank
(
UT
kHkkVk

)
= dk. (2.2)

The first equation guarantees that all the interference is in the subspace orthogonal to

Uk while the second one assures that the signal subspace HkkVk has dimension dk and

is linearly independent of the interference subspace.

In the sequel, we examine the solvability of the above interference alignment problem

(2.1) - (2.2) in two different cases.
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Theorem 1 For a K user MIMO interference channel, maximizing the total achieved

DoF, namely,

max
{Uk,Vk}Kk=1

K∑
k=1

dk

s.t. UT
kHkjVj = 0, k = 1, ..,K, j 6= k

rank
(
UT
kHkkVk

)
= dk, k = 1, ..,K

is NP-hard. Moreover, if each node is equipped with at least 3 antennas, then the problem

of checking the achievability of a given tuple of DoF, (d1, d2, . . . , dK), is also NP-hard.

Proof The proof of the first part is based on a polynomial time reduction from the

maximum independent set problem which is known to be NP-complete. For a given

arbitrary graph G = (V,E), where |V | = K, consider a K user interference channel that

each receiver and transmitter has a single antenna. Moreover, the channel coefficients

are given by:

hjk =

{
1, if j = k or (k, j) ∈ E,
0, otherwise.

It can be checked that the receiver nodes can only achieve a DoF of either 0 or 1, and

those receiver nodes achieving a DoF of 1 form an independent set in G. Thus, the

problem of maximizing the total achieved DoF for the above interference channel is

equivalent to the problem of finding the maximum independent set of vertices in the

graph G.

In order to prove the second part we use a polynomial reduction from the 3-

colorability problem. The latter problem is to determine whether the nodes of a graph

can be assigned one of the three possible colors so that no two adjacent nodes are col-

ored the same. The 3-colorability problem is known to be NP-Complete. There are two

main steps in the construction. In the first step, some dummy nodes are added to the

channel in order to force a discrete structure such that each non-dummy node may only

choose one of the three possible beamforming vectors. The second step is to define the

direct channels in order to make a polynomial reduction from the 3-colorability of an
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arbitrary graph to this problem. More details of the proof are relegated to Appendix

A.

Note that the NP-hardness result in this section does not contradict the recent results

of [46–48] which derived easily checkable necessary and sufficient conditions for the

generic feasibility of interference alignment in special MIMO systems (e.g., symmetric

systems with Nk = Mk = N for all k). In fact, the NP-hardness result implies that it is

impossible to propose an algorithm that converges to an aligned solution in polynomial

time for each system configuration and for any set of channel matrices (unless P=NP).

However, there might still exist a polynomial time algorithm that can solve the problem

for special system configurations (e.g., symmetric systems) and with high probability

(e.g., for almost all channel coefficients).

2.3 Strategies for Linear Transceiver Design

In this section, we propose several iterative linear transceiver design algorithms for

interference channels. Using linear transceivers introduced in Section 2.1, the estimated

data stream at receiver k is given by

ŝk = UT
k

K∑
j=1

HkjVjsj + UT
k nk

and the SINR value for the q-th data stream of user k, γqk, is given by

γqk =
|uqk

T
Hkkv

q
k|

2

σ2k‖u
q
k‖2 +

∑
(j,r) 6=(k,q) |u

q
k
T
Hkjv

r
j |2

where uqk and vqk denote the q-th column of Uk and Vk, respectively. Using a linear

MMSE receiver uqk, we have

γqk = vqk
T
HT
kk(σ

2I +
∑

(j,r)6=(k,q)

Hkjv
r
jv

r
j
THT

kj)
−1Hkkv

q
k.
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One possible choice of the utility function for the k-th user could be the sum of the

SINR values of its data streams, i.e.,

ξk =
∑
q

γqk

=
∑
q

vqk
T
HT
kk(σ

2I +
∑

(j,r)6=(k,q)

Hkjv
r
jv

r
j
THT

kj)
−1Hkkv

q
k.

However, maximizing ξk does not lead to the maximization of the total achieved DoF at

high SNR. Therefore, we need to introduce another utility function in order to achieve

more DoF for each user. First, we define U(γ) = γ
1+γ as the utility function of the q-th

data stream of user k and then, we consider Uk =
∑

q U(γqk) as the utility function of

user k. Thus, when SNR is low Uk approximately equals the sum of SINR values. On

the other hand, at high SNR, when alignment is possible and there is no interference

for the data stream, Uk approximately equals the achieved DoF at receiver k. A similar

utility function is proposed [43] for interference alignment in the one data stream per

user case. Using the rank one update of the matrix inverse term in SINR value, we can

rewrite Uk as

Uk =
∑
q

vqk
T
HT
kk(σ

2I +
∑
(j,r)

Hkjv
r
jv

r
j
THT

kj)
−1Hkkv

q
k.

The proposed utility function preserves fairness among different data streams of user k

and also closely approximates the sum of the achieved DoF at high SNR.

Directly optimizing linear transceivers Uk’s and Vk’s requires specification of DoFs

dk in advance, since the dimension of Uk and Vk depends on dk. To avoid this explicit

dependence on dk, we consider optimizing the transmit covariance matrix instead of

linear transceivers Uk and Vk. In particular, we write the utility function of user k as

Uk = Tr

[
HkkQkH

T
kk(σ

2I +
k∑
`=1

Hk`Q`H
T
k`)
−1

]
(2.3)

where Qk =
∑

q v
q
k(v

q
k)
T is the transmit covariance matrix of the k-th user. However,

this utility function is not directly related to the sum-rate yet. In the sequel, we propose

a weighting approach to relate the utility function in (2.3) to the rate of user k.
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Consider the well-known weighted sum-rate maximization problem

max
{Qk}Kk=1

K∑
k=1

αkRk (2.4)

s.t. Tr(Qk) ≤ pk, Qk < 0

where Rk , log det
(
I + HkkQkH

T
kk(σ

2I +
∑

`6=kHk`Q`H
T
k`)
−1
)

is the achievable rate

of user k and the coefficient αk denotes user k’s weight. Using linear algebra to sim-

plify the objective function, the above problem can be reformulated as the following

equivalent optimization problem:

min
{Qk}Kk=1

K∑
k=1

αk log det

I−HkkQkH
T
kk

(
σ2I +

K∑
`=1

Hk`Q`H
T
k`

)−1 (2.5)

s.t. Tr(Qk) ≤ pk, Qk < 0,

where the term inside the determinant is linearly related to the utility function in

(2.3). Similar to [41], we reformulate the problem (2.5) by further introducing new

optimization variables Wk ∈ RM×M , k = 1, 2, . . . ,K, to obtain the following equivalent

optimization problem

min
{Qk,Wk}Kk=1

K∑
k=1

αkTr(Wkgk(Q))−
K∑
k=1

αk log detWk (2.6)

s.t. Tr(Qk) ≤ pk Qk < 0,

where Q = (Q1,Q2, . . . ,QK) and

gk(Q) , I−HkkQkH
T
kk(σ

2I +
K∑
`=1

Hk`Q`H
T
k`)
−1.

The optimization problem (2.6) is convex in {Wk}Kk=1. The first order optimality con-

dition of (2.6) with respect to {Wk}Kk=1 can be written as

αkgk(Q)− αkW−1
k = 0, ∀k = 1, 2, . . . ,K.
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Thus, the optimal Wk is given by

Wopt
k = g−1k (Q) = I + HkkQkH

T
kk(σ

2I +
∑
` 6=k

Hk`Q`H
T
k`)
−1, ∀ k = 1, 2, . . . ,K. (2.7)

By plugging back the optimal Wopt
k in (2.6), we immediately see the equivalence of (2.6)

and (2.5). Furthermore, in order to have a distributed approach, we let users update

their transmit covariance matrix independently. Therefore, for fixed {Wk}Kk=1, user k

can solve the following optimization problem to update its transmit covariance matrix:

max
Qk

αkTr

[
WkHkkQkH

T
kk(σ

2I +
K∑
l=1

Hk`Q`H
T
k`)
−1

]

+
∑
j 6=k

αjTr

[
WjHjjQjH

T
jj(σ

2I +

K∑
l=1

Hj`Q`H
T
j`)
−1

]
(2.8)

s.t. Tr(Qk) ≤ pk Qk < 0.

Unfortunately, this objective function is not concave. To facilitate optimization, we

use an iterative convex approximation approach. More specifically, in each iteration

we optimize an approximation of the original objective function. This approximation

is based on locally linearizing the (non-concave) second term in the objective function,

while keeping the first term unchanged, i.e.,

∑
j 6=k

αj Tr
[
WjHjjQjH

T
jj(Cjk + HjkQkH

T
jk)
−1]

≈
∑
j 6=k

αjTr
{
WjHjjQjH

T
jj

[
(Cjk + HjkQ̃kH

T
jk)
−1

−(Cjk + HjkQ̃kH
T
jk)
−1HjkQkH

T
jk(Cjk + HjkQ̃kH

T
jk)
−1

+ (Cjk + HjkQ̃kH
T
jk)
−1HjkQ̃kH

T
jk(Cjk + HjkQ̃kH

T
jk)
−1
]}

,

where Q̃k is the local value of transmit covariance matrix at the previous iteration and

Cjk is the received signal covariance matrix at receiver j excluding the k-th user’s signal,
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i.e.,

Cjk , σ2I +
∑
`6=k

Hj`Q`H
T
j`. (2.9)

By substituting the above approximation in (2.8) and simplifying the resulting opti-

mization problem, we get

max
Qk

αkTr

[
WkHkkQkH

T
kk(σ

2I +

K∑
l=1

Hk`Q`H
T
k`)
−1

]
− Tr [BkQk]

s.t. Tr(Qk) ≤ pk Qk < 0

(2.10)

where

Bk ,
∑
j 6=k

HT
jk(Cjk + HjkQ̃kH

T
jk)
−1αjWjHjjQjH

T
jj(Cjk + HjkQ̃kH

T
jk)
−1Hjk. (2.11)

The objective function in (2.10) considers the effect of transmit covariance matrix of

user k on not only its own rate, but also those of others in the interference channel.

Similar balanced approaches have been considered in related works, see [32, 42, 44, 45].

By further simplifying the objective function, we have

min αkTr
[
WkCkk(Ckk + HkkQkH

T
kk)
−1]+ Tr[BkQk]

s.t. Tr(Qk) ≤ pk, Qk < 0, .

By introducing new optimization variable Y and using the Schur complement, the above

problem can be formulated as the following Semi-definite Programming (SDP) form:

min
Qk,Y

αkTr [Y] + Tr [BkQk] (2.12)

s.t. Tr(Qk) ≤ pk, Qk < 0,[
Ckk + HkkQkH

T
kk (WkCkk)

1/2

(WkCkk)
1/2 Y

]
< 0.

Note that the matrices Wk and Ckk are updated by (2.7) and (2.9) respectively. Thus

WkCkk is Hermitian positive semi-definite. Hence, for fixed matrices {Wk}Kk=1, user k

can update its transmit covariance matrix Qk by solving the above SDP problem. In
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1. initialize with Qk = pk
Mk

I and Wk = I, for all k = 1, 2, · · · ,K
2. repeat
3. for k = 1, 2, · · · ,K do
4. update Wk according to (2.7)
5. update Qk by solving (2.12)
6. update Wk according to (2.7)

7. until convergence, or ‖Q̃−Q‖ ≤ ε

order to implement the algorithm in a distributed manner, each user k needs to have

the knowledge of Hkk and Wk which are locally available. In addition, the value of Ckk

can be measured locally by subtracting its own signal from the total transmitted signal.

The only difficulty lies in obtaining the information about Bk. Note that each term in

the summation in (2.11) can be calculated in receiver j locally and receiver j can in turn

feedback that term to transmitter k. In this way, transmitter k can add up all these

terms and calculate Bk. Thus the communication overhead of the algorithm is similar

to the one in [2, 30].

Note that the second term in (2.8) is a convex function of Qk. Therefore, the local

linear approximation is a lower bound which is tight at the current point Q̃k. Hence,

by solving (2.12), we minimize a concave lower bound of the original utility function

(2.8). Since the previous iterate Q̃k is feasible for (2.8), it follows that the system utility

function (i.e., the objective function of (2.8)) is non-decreasing. Furthermore, (2.8) is

bounded from above and this implies the sequence of objective function values generated

by the proposed algorithm converges. The following theorem further establishes the

iterate convergence to a stationary point for the proposed algorithm. In order to prove

that each limit point of this algorithm is a stationary point of the original problem we

need the following two intermediate lemmas.

Lemma 1 If the direct channel matrices are full-rank and tall, the function:

f̄2k−1(Qk) , αkTr

[
WkHkkQkH

T
kk(σ

2I +

K∑
l=1

Hk`Q`H
T
k`)
−1

]
− Tr [BkQk] (2.13)

is strictly concave with respect to symmetric positive semidefinite matrix Qk. Moreover,
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the objective function of (2.6) is also strictly convex with respect to Wk.

Lemma 2 Let {(Q∗k,W∗
k)}Kk=1 be a stationary point of (2.6), then the point {Q∗k}Kk=1 is

a stationary point of (2.4). Conversely, if {Q∗k}Kk=1 is a stationary point of (2.4), then

{(Q∗k,W∗
k)}Kk=1 is a stationary point of (2.5), where W∗

k , gk(Q
∗)−1, k = 1, 2, . . . ,K.

The proofs of Lemma 1 and Lemma 2 are given in the Appendices B and C respec-

tively.

Theorem 2 Assuming that the direct channel matrices, Hkk, have full column rank,

then every limit point of the proposed algorithm is a stationary point of (2.4).

Proof According to Lemma 2, every stationary point of (2.6) is also a stationary point

of (2.4). Therefore, we only need to prove that every limit point of the proposed

algorithm is a stationary point of (2.6). To this end, let us define the auxiliary variable

Xi = {Xi
`}2K`=1, where Xi

2k−1 , Qi
k is the updated transmit covariance matrix of user k

at i-th iteration and Xi
2k , Wi

k is the updated weight matrix of user k at i-th iteration.

In particular, we define Qi
k to be the solution of the following problem

Xi
2k−1 = Qi

k , argmax
Qk

f̄2k−1(Qk;X
i
1,X

i
2, . . . ,X

i
2k−2,X

i−1
2k−1,X

i−1
2k , . . . ,X

i−1
2K )

s.t. Tr(Qk) ≤ pk, Qk < 0

where f̄2k−1(Qk;X
i
1,X

i
2, . . . ,X

i
2k−2,X

i−1
2k−1,X

i−1
2k , . . . ,X

i−1
2K ) is the objective function of

(2.10) which is the local concave lower bound approximation of the objective function

in (2.6) as discussed in Section 2.3. Similarly, we define Xi
2k = Wi

k to be the updated

weight matrix of user k at iteration i, i.e.,

Xi
2k = Wi

k , Argmax
Wk

f(Wk;X
i
1,X

i
2, . . . ,X

i
2k−1,X

i−1
2k+1,X

i−1
2k , . . . ,X

i−1
2K )

where f(·; ·) is the objective function in (2.6).

Let Xi , (Xi
1,X

i
2, . . . ,X

i
2K) be the tuple of transmit covariance–weight matrices

and X∗ be a limit point of the sequence {Xi}∞i=1. Therefore, there exists a subsequence
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of indices {i1, i2, ..., ij , ...} such that

lim
j→∞

Xij = X∗

First, we will prove that lim
j→∞

X
ij+1
1 − X

ij
1 = 0 by using contradiction. Suppose the

contrary. Hence, by further restricting to a subsequence if necessary, we have

∃γ∗ > 0 such that γij ≥ γ∗, ∀j,

where γij = ‖Xij+1
1 − X

ij
1 ‖. Let S

ij
1 , X

ij+1

1 −X
ij
1

γij
. Since ‖Sij1 ‖ = 1, according to

Bolzano-Weierstrass theorem, there exists a subset of indices, denoted by I, and a unit

length matrix S∗1 such that

lim
ij∈I, j→∞

S
ij
1 = S∗1.

Obviously, 0 ≤ εγ∗ ≤ γij for every ε, 0 ≤ ε ≤ 1. Moreover, since the feasible set is

convex, X
ij
1 + εγ∗S

ij
1 belongs to the feasible set. Therefore, according to the definition

of X
ij+1
1 and using the concavity of f̄1, we have

f̄1(X
ij+1
1 ;Xij ) ≥ f̄1(X

ij
1 + εγ∗S

ij
1 ;Xij ) ≥ f̄1(X

ij
1 ;Xij ). (2.14)

On the other hand, the value of the objective function in (2.6) is always increasing and

bounded from above. Moreover, the feasible set is closed and therefore X∗ is in the

feasible set. Hence, the value of objective function converges to f(X∗), i.e.,

lim
j→∞

f̄1(X
ij
1 ;Xij ) = lim

j→∞
f̄1(X

ij+1
1 ;Xij ) = f(X∗).

Therefore, letting j →∞ with ij ∈ I in (2.14) yields

f̄1(X
∗
1 + εγ∗S∗1;X

∗) = f(X∗), ∀ ε ∈ [0, 1],

which contradicts the strict concavity of f̄1(·) (c.f. Lemma 1). Therefore, lim
j→∞

X
ij+1
1 −
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X
ij
1 = 0, or equivalently, we have

lim
j→∞

X
ij+1
1 = lim

j→∞
X
ij
1 = X∗1. (2.15)

On the other hand, X
ij+1
1 is the local maximum of f̄1(·,Xij ). Hence,

Tr

[
∇X1 f̄1(X

ij+1
1 ;Xij )

T
(X1 −X

ij+1
1 )

]
≤ 0,

for any feasible point X1. Letting j →∞ and using (2.15), yield

Tr
[
∇X1 f̄1(X

∗
1;X

∗)
T

(X1 −X∗1)
]
≤ 0.

Since f(·) and f̄1(·,X∗) have the same gradient with respect to X∗1 at point X∗, it

follows that

Tr
[
∇X1f(X∗)T (X1 −X∗1)

]
≤ 0.

Repeating the same argument for all k = 1, 2, . . . , 2K, we get

Tr
[
∇Xk

f(X∗)T (Xk −X∗k)
]
≤ 0, ∀ k = 1, 2, . . . , 2K.

By summing up all the equations for all k’s we get,

Tr
[
∇Xf(X∗)T (X−X∗)

]
≤ 0

which implies the stationarity of X∗.

A couple of remarks are in order. First, in the proof of Theorem 2 we have only used

the strict concavity of function f̄(·). Consequently, the proof works for other objective

functions that have the same property and using similar methods, e.g. [32]. Second, after

solving (2.12) to get the solution Q∗k, we can update the transmit covariance matrix by

using relaxation parameter 0 < α ≤ 1, i.e., Qk ←− αQ∗k+(1−α)Q̃k. It can be shown that

the convergence result of Theorem 2 holds even by using a fixed relaxation parameter.

An alternative to solving (2.12) at each iteration is to update the transmit covariance
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matrix in a totally unselfish manner, i.e., solving the following problem

min
Qk

Tr [BkQk]

s.t. Tr(Qk) = pk, Qk < 0. (2.16)

The objective function in (2.16) is the same as the second term of the objective in (2.10).

It corresponds to the adverse effect of user k to the other users. Hence, each user only

cares about its effect to the other users by minimizing such an objective in each iteration

(unselfish approach). The above problem has a closed form solution Qk = pkqq
T , where

q is the eigenvector of Bk corresponding to its minimum eigenvalue. This unselfish

approach requires all the users to exhaust all their transmit power, potentially causing

unnecessary interference. Furthermore, it results in one achieved DoF for each user

because Qk is always rank one. In cases that the all-one DoF vector is not appropriate

either because it is not achievable or because it is too conservative, the above unselfish

strategy cannot lead to the maximization of the sum of the achieved DoFs.

In general, if we know the DoF of each user a priori and allocate equal power across

the data streams, we can update the transmit beamformer of user k by solving the

following optimization problem:

min
Vk

Tr
[
VT
kBkVk

]
(2.17)

s.t. VT
kVk =

pk
dk

I.

This approach lets each transmitter use maximum power and pick a transmit covariance

matrix Vk so as to minimize the total interference to other users. It has a closed form

solution Vk whose columns are proportional to the eigenvectors of Bk corresponding to

its dk smallest eigenvalues, scaled appropriately to satisfy the power budget constraint.

2.4 Simulation Results

In this section, we present some numerical results comparing the Decentralized Interfer-

ence Alignment (DIA) method [2] and the Max-SINR algorithm [2] with our proposed
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methods. All numerical results are averaged over 20 channel realizations. In each chan-

nel realization, the path loss of the channel coefficients are generated using the 3GPP

(TR 36.814) evaluation methodology [49]. We consider 19-hexagonal wrap-around cell

layout. We randomly choose K base stations, each serving a random relay in its own cell

at each time slot. Each base station serves different relays in its own cell orthogonally.

Therefore, at each time slot, the base station-relays form an interference channel. The

relays have fixed locations so the the system has enough time to learn the channels.

The MIMO channel coefficients are modeled by the standard single tap Rayleigh fading

model. We consider linear MMSE receivers and equal power budget as well as equal

weight for all users and for all methods. To implement DIA, we need to predetermine

DoF for all users. In all the simulations DoFs are set to be equal for all users.

In the first numerical experiment, we consider K = 4 base station-relay pairs, each

equipped with M = 2 antennas. The predetermined degrees of freedom used in the DIA

method are d1 = d2 = . . . = dK = d = 2. Figure 2.1 represents the sum-rate comparison

between the proposed methods and DIA. As Figure 2.1 shows, the proposed methods

yield substantially higher sum-rates in this case.

Figure 2.1: Sum-rate vs. SNR: K = 4,M = 2, d = 2

It is known that the DIA method works well for the K = 3,M = 2, d = 1 case [2]. We

consider the case of K = 4 transceiver pairs each equipped with M = 3 antennas and one

DoF is considered for each transmitter. As can be seen in Fig. 2.2, the selfish and the
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Figure 2.2: Sum-rate vs. SNR: K = 4,M = 3, d = 1

SDP approach work well in low SNR, but is outperformed by the DIA approach in the

high SNR region where the interference alignment effect begins to kick in. Interestingly,

our Unselfish approach for interference alignment outperforms the DIA algorithm in

the entire practical SNR range. Although the DIA method and the Unselfish approach

both achieve a sum-rate that increases linearly with SNR, the Unselfish approach has a

better offset compared to the DIA method.



Chapter 3

Optimal Joint Base Station

Assignment and Downlink

Beamforming for Heterogeneous

Networks

3.1 System Model and Problem Formulation

Consider a wireless network in downlink direction with K transmitters and N receivers,

each of them are equipped with multiple antennas. The transmitters can be macro,

pico or femto BSs, and the receivers can be mobile users. We assume that all the

transmitters use the same bandwidth for communication. For the sake of simplicity, we

assume that there are M antennas at each transmitter and L antennas at each receiver.

We denote the transmitter k by Bk and the user n by Un. The channel between Bk
and Un is denoted by Hnk ∈ CL×M . The users need to be assigned to the transmitters.

By assignment of user Un to transmitter Bk, we mean that Un is served by Bk. Let us

define binary variables ank ∈ {0, 1} for all n = 1, · · · , N , and k = 1, · · · ,K, to represent

the assignments. The binary variable ank = 1 if and only if Un is served by Bk. Due to

the practical limitations, each user can be served by only one transmitter. Hence, we

22
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should have

K∑
k=1

ank ≤ 1. (3.1)

The transmitter Bk transmits the signal xk ∈ CM which is a linear combination of the

data streams intended for its assigned user.

xk =

N∑
n

ankVnksn, (3.2)

where the vector sn ∈ Cdn consists of dn data streams of independent Gaussian random

variables with covariance matrix Idn×dn . These data streams are intended for user Un.

The matrix Vnk ∈ CM×dn is the linear beamformer applied to the data streams of

user Un by transmitter Bk. The expected power of signal xk, should be less than the

power budget at Bk denoted by Pk. Assuming independence between the data streams

of different users, we have

E(xHk xk) =
N∑
n=1

ankTr(VH
nkVnk) ≤ Pk (3.3)

The received signal at user Un is

yn =
K∑
k=1

Hnkxk + zn, (3.4)

where zn is white Gaussian noise with covariance matrix σ2nIL×L and Hkn ∈ CL×M

is the channel between Bk and Un. We assume that each receiver treats all the signals

intended for the other users as noise (which is reasonable assumption in practice). Then,

the achievable rate of Un is

Rn =

K∑
k=1

ank log det

(
I +

(
σ2
nI +

K∑
k=1

∑
m 6=n

HnkVmkV
H
mkH

H
nk

)−1

HnkVnkV
H
nkH

H
nk

)
.

The objective is to maximize a system wide utility function U(R1, · · · , RN ) by choos-

ing the assignment variables ank and the beamformers Vnk. Therefore, the problem of
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joint BS assignment and beamforming can be formulated as follows:

max
{ank,Vnk}

U(R1, · · · , RN ) (P )

s.t. ank ∈ {0, 1} ∀ n, k and
∑
k

ank ≤ 1, ∀ n (C1)

∑
n

ankTr(VnkV
H
nk) ≤ Pk, ∀k (C2)

Rn =
K∑
k=1

ank log det

(
I +

(
σ2nI +

K∑
k=1

∑
m 6=n

HnkVmkV
H
mkH

H
nk

)−1
HnkVnkV

H
nkH

H
nk

)
.

(C3)

3.2 Complexity Analysis

In this section we consider the problem (P ) and analyze the complexity of solving this

problem globally under different utility functions.

One important family of system wide utility functions that has been extensively studied

in literature is α-fairness utility function [51]. For any constant α ≥ 0, it is defined as

follows

Uα(R1, · · · , RN ) =

{ ∑N
n=1

R1−α
n
1−α if α 6= 1;∑N

n=1 log(Rn) if α = 1.
(3.5)

We denote this family of utility functions with F . Most of the well known utility func-

tions belong to F [29,51]. Four of those utility functions are listed in the following table.

α Utility Expression

0 Sum-Rate
∑N

n=1Rn

1 Proportional Fairness
∑N

n=1 log(Rn)

2 Harmonic-Rate (
∑N

n=1R
−1
n )−1

∞ Max-Min min1≤n≤N Rn

We have the following result, regarding the complexity status of problem (P ).
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Theorem 3 The problem (P ) is NP-hard when the utility function U(·) is the Sum-Rate

utility function. Furthermore, for any other utility function U(·) in F , it is NP-hard if

min(L,M) ≥ 3.

Proof Proof of the NP-hardness for the Sum-Rate utility is based on a polynomial time

reduction from the MAX 2-SAT problem. MAX 2-SAT is the problem of determining

the maximum number of clauses among a set of 2-SAT Boolean clauses that can be

satisfied simultaneously using Boolean variable assignments. Since the MAX 2-SAT

problem is NP-hard, the problem of optimal base station assignment and beamformer

design is NP-hard as well. The details of the proof are available in Appendix D.

To prove the NP-hardness of maximizing any utility function U(·) ∈ F for the case where

min(L,M) ≥ 3, we use a polynomial time reduction from the Graph 3-Colorability

problem. Graph 3-Colorability problem is the problem of determining if the vertices of

a graph G can be colored with 3 colors such that none of the adjacent nodes are colored

the same. It is well known that the Graph 3-Colorability problem is NP-complete.

Therefore, the problem of joint optimal assignment and beamformer design is NP-hard.

To construct the polynomial time reduction, consider a graph G = (V,E), where |V | =
N . Furthermore, consider N mobile users in the system, each corresponding to a node

in graph G. Assume there are 3N BSs, each with a power budget of P = 1. Let us

also assume that the noise power at any user is σ2 = 1. For any user Ui, there are 3

corresponding BSs. We denote them by Bi1 , Bi3 , and Bi3 . The channels are constructed

as follows:

1. The channel between Bi` and Ui is e`e
H
` , for all i = 1, · · · , N , and all ` = 1, 2, 3.

2. If {i, j} ∈ E, the channel between Bi` and Uj is 1
2e`e

H
` , for all ` = 1, 2, 3, and

otherwise it is zero.

Then, in order to show the NP-hardness of (P ), it suffices to prove the following claim.

Claim 1 In the above constructed network, the optimization problem (P ) has optimal

value greater than or equal to U(log(2), · · · , log(2)) if and only if the graph G is 3-

colorable.



26

The proof of Claim 1 is available in E.

Remark 1 Although the scenario considered here is MIMO, the proofs can be general-

ized to the OFDM setup. In the OFDM scenario, the multiple dimensions of the input

and output correspond to the orthogonal channels. Hence, the channels are diagonal in

OFDM. In addition, in OFDM setup the beamformers are also restricted to be diagonal

(see [29]).

Remark 2 It should be noted that the results here are not direct consequences of the

results in [29]. The proofs in [29] are mainly based on the scenarios with strong cross

links and weak direct links (high interference). But in our case there are no preassigned

direct links.

3.3 Sum-Rate Maximization Using Matrix-Weighted-Sum-

MSE Minimization

In this section, we develop an algorithm to approximately solve the problem (P ) with

sum rate utility as its objective. Our goal is to devise a transceiver design scheme based

on the optimization problem (P ). Using the technique in [54], problem (P ) can be

equivalently written as:

min
{a,V,U,W}

K∑
k=1

N∑
n=1

ank (Tr(WnkEnk)− log det(Wnk))

s.t. (C1), (C2) and (C3),

Wnk � 0, ∀ n, k,

(3.6)

where,

Enk , (I−UH
nkHnkVnk)(I−UH

nkHnkVnk)
H

+

K∑
`=1

∑
m 6=n

UH
nkHn`Vm`V

H
m`H

H
n`Unk + σ2nU

H
nkUnk,

is the MSE value of user n when it is served by Bk (see [54]) and Unk is the receive

beamformer of user n for decoding the signals from transmitter k.
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Our approach is to apply coordinate descent method to problem (3.6). However, the

major difficulty lies in dealing with the discrete variables {ank}n,k. Next, we will refor-

mulate problem (3.6) in an equivalent form with no discrete variables.

For any constant c ≥ 0, let us add an auxiliary term to the MSE value and define

Enk(c) , Enk + c
∑

` 6=k ‖Vn`‖2UH
nkUnk. Notice that if user n is served by only one base

station, we have ‖Vn`‖2 · ‖Unk‖2 = 0, ∀k, `, k 6= `. Therefore, Enk(c) = Enk, ∀c. On

the other hand, if ‖Vn`‖2 · ‖Unk‖2 > 0, for some `, k, ` 6= k, then Tr(WnkEnk(c)) is an

increasing function of c for every positive definite matrix Wnk. Using this observation,

we can prove the following claim:

Claim 2 Assume the channel matrices are full column rank and σ2n > 0,∀n. Then,

problem (3.6) is equivalent to the following optimization problem

min
{Vnk,Unk,Wnk}

K∑
k=1

N∑
n=1

fnk

s.t.
N∑
n=1

Tr(VnkV
H
nk) ≤ Pk, ∀k

(3.7)

where fnk is extended real valued function defined by

fnk , lim
c→+∞

Tr(WnkEnk(c))− log det(Wnk).

The equivalence is in the sense that if {U∗nk,V∗nk,W∗
nk}n,k is the optimal solution

of (3.7), then there exists {a∗nk}n,k so that {a∗nk,U∗nk,V∗nk,W∗
nk}n,k is the optimal so-

lution of (3.6).

Now we use Claim 2 to propose a heuristic algorithm for joint BS assignment and

beamformer design problem. In the optimization problem (3.7), we need to minimize the

utility function of (3.7) which is the limit of the function f c ,
∑N

n=1

∑K
k=1 Tr(WnkEnk(c))−

log det(Wnk) when c → ∞. In our approach, we consider an iterative approach where

at each iteration we try to minimize f c for a fixed value of c and then we increase the

value of c iteratively. More specifically, we consider the following optimization problem

at each iteration.
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min
{Vnk,Unk,Wnk}

K∑
k=1

N∑
n=1

Tr(WnkEnk(c))− log det(Wnk)

s.t.

N∑
n=1

Tr(VnkV
H
nk) ≤ Pk, ∀k

Wnk � 0, ∀n, ∀k.

(3.8)

Although this optimization is non convex, it can be solved to a KKT point using coor-

dinate descent approach [54]. If we fix all the variables W,V,U except only one set of

variables, there is a closed form solution for the non-fixed variable. Using this observa-

tion, we can devise a coordinate descent based approach for solving problem (3.8) to a

KKT point [54]. The overall proposed algorithm is summarized in Figure 3.1.

1 Set c = c0, initialize Vnk’s randomly

2 repeat

3 Wnk ← E−1
nk (c), ∀n, ∀k

4 Unk ←
(∑

`,mHn`Vm`V
H
m`H

H
n` + σ2

nI
)−1

HnkVnk,

∀n, k

5 Vnk ←
(∑

`,mH
H
mkUm`Wm`U

H
m`Hmk

+µ∗
nkI)

−1HH
nkUnkWnk, ∀ n, ∀ k

6 c← 2c

7 until (C1) is satisfied and the iterations converges

Figure 3.1: Pseudo code of the proposed algorithm

3.4 Simulation Results

In this section we present simulation results to evaluate the performance of the proposed

algorithm. The simulation setup is as follows. We consider a macro-cell as a circle with

radius equal to 1 kilometer. The macro BS is assumed to be in the center of the macro

cell. N = 30 users are placed with uniform distribution within the cell. There are 4

pico BSs which are located at fixed points inside the cell. There are also 5 femto BSs

randomly located within the cell. Hence, in total there are K = 10 BSs (transmitters)
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inside the cell. The power of the noise is assumed to be σ2 = 10−12. All the transmit-

ters have M = 4 antennas, and the receivers are equipped with L = 2 antennas. The

number of data streams intended for each user is 1 (dn = 1, ∀n). The power budget of

the macro, pico and femto BSs are assumed to be P , 0.1P and 0.001P , respectively.

The channels are generated with respect to distances and with path loss exponent 2,
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Figure 3.2: Relative positions of the transmitters and receivers.

plus a random independent Rayleigh fading over all the channel entries. As the results

are dependent on the relative positions of the nodes in the network, we first generate

the topology of network randomly and fix it through the simulations. The topology of

the network is depicted in Figure 3.2. Then in Figure 3.3, the achievable sum rate is

plotted versus the power. The results are averaged over 10 different random Rayleigh

fading realizations. We have compared the proposed algorithm with the WMMSE algo-

rithm [54] with users pre-assigned to the BS on the basis of the strongest direct channel.

The preliminary results show an 5-10% improvement in the system throughput. Further

evaluation of the algorithm for the congested cases is on-going. There are still many

open questions in terms of algorithms that need to be addressed.
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Chapter 4

Conclusion

This study was focused on problem of resource management in multi-user communi-

cation systems. First we considered classical MIMO interference channel. For this

network, we analyzed the complexity of interference alignment approach. We proved

that maximizing the degrees of freedom in such a network is NP-hard. Furthermore, we

proved that if all the nodes are equipped with at least three antennas, then checking the

feasibility of a tuple of DoF is Np-hard. As a result, although interference alignment

seems to be a promising strategy in dealing with interference, it is computationally dif-

ficult to achieve in practice. Hence, we provided computationally efficient algorithms

that could achieve good results in comparison with other algorithms.

In addition to classical interference channel we considered a more practical multiuser

communication system called heterogeneous network. In heterogeneous network the

users (receivers) are not pre-assigned to any of the transmitters. Hence, the problem

of resource management could be translated to into maximizing a system wide utility

by assigning the users to base stations as well as optimizing the beamformers. The

complexity analysis for the problem of maximizing a system wide utility function in

classical interference channel has been studied by Luo and Zhang [29]. Their analysis

based on strong interfering and weak direct channels construction. But in our case,

there are nor preassigned direct links. Hence, such a construction applicable. Using

a more complicated construction, we proved that the NP-hardness of maximizing the

sum rate utility function in a heterogeneous network. Furthermore, we proved that for

an important family of utility functions, called α-fairness utility functions, the problem
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of maximizing the system wide utility function is NP-hard when each node is equipped

with at least three antennas. In our constructions we only used diagonal channels.

Therefore, all the results could be easily extended to OFDM scenario (instead of MIMO

scenario) by viewing the orthogonal frequency tones as antennas.

Due to the NP-hardness of the problem, finding a computationally efficient algo-

rithm, that can achieve near optimal solution, is valuable. We proposed an algorithm

that can do assignment and beamforming at the same time. The results show that the

algorithm gives better results in comparison with WMMSE (with users pre-assigned to

the base station with strongest channel). Unfortunately the result that our algorithm

generates is dependent on the order of update. Therefore, as future work, it is interest-

ing to find an algorithm that can fully exploit the potential benefit in smartly assigning

users to base station in heterogeneous network.



References

[1] V. Cadambe and S. A. Jafar, “Interference Alignment and the Degrees of Freedom of

the K User Interference Channel,” IEEE Trans. on Inf. Theory, vol. 54, no. 8, Aug.

2008.

[2] K. Gomadam, V. R. Cadambe, and S. A. Jafar, “Approaching the Capacity of Wireless

Networks through Distributed Interference Alignment,” IEEE GLOBECOM, 2008.

[3] T. Starr, J. M. Cioffi, and P. J. Silverman “Understanding Digital Subscriber Line

Technology,” Prentice Hall, NJ, 1999.

[4] S. Haykin, “Cognitive Radio: Brain-Empowered Wireless Communications,” IEEE J.

Select. Areas Commun., vol. 23, no. 2, pp. 201-220, Feb. 2005.

[5] A. J. Goldsmith and S. B. Wicker, “Design Challenges for Energy- Constrained Ad Hoc

Wireless Networks,” IEEE Wireless Commun. Mag., vol. 9, no. 4, pp. 8-27, Aug. 2002.

[6] I. F. Akyildiz and X. Wang, “A Survey on Wireless Mesh Networks,” IEEE Commun.

Mag., vol. 43, no. 9, pp. 23-30, Sep. 2005.

[7] H. Weingarten, Y. Steinberg and S. Shamai, “The Capacity Region of the Gaussian

MIMO Broadcast Channel,” Proc. Intl. Symp. Inf. Theory, pp. 174, June 2004.

[8] A. E. Gamal and M. H. Costa, “The Capacity Region of a Class of Deterministic In-

terference Channels,” IEEE Trans. on Inf. Theory, vol. 33, no. 5, pp. 710-711, Sep.

1987.

[9] T. Han and K. Kobayashi, “A New Achievable Rate Region for the Interference Chan-

nel,” IEEE Trans. Inf. Theory, vol. 27, pp. 49-60, Jan. 1981.

[10] A. B. Carleial, “A Case Where Interference Does Not Reduce Capacity,” IEEE Trans.

Inf. Theory, vol. 21, pp. 569-570, 1975.

[11] A. B. Carleial, “Interference Channels,” IEEE Trans. Inf. Theory, vol. 24, no. 1, pp.

60-70, 1978.

33



34

[12] H. Sato, “The Capacity of the Gaussian Interference Channel Under Strong Interfer-

ence,” IEEE Trans. Inf. Theory, vol. 27, pp. 786-788, Nov. 1981.

[13] M. Costa, “On the Gaussian Interference Channel,” IEEE Trans. on Inf. Theory, vol.

31, pp. 607-615, Sep. 1985.

[14] G. Kramer, “Feedback Strategies for White Gaussian Interference Networks,” IEEE

Trans. on Inf. Theory, vol. 48, pp. 1423-1438, June 2002.

[15] I. Sason, “On the Achievable Rate Regions for the Gaussian Interference Channel,”

IEEE Trans. Inf. Theory, vol. 50, pp. 1345-1356, June 2004.

[16] R. Etkin, D. Tse, and H. Wang, “Gaussian Interference Channel Capacity to within One

Bit,” IEEE Trans. Inf. Theory, Dec. 2008

[17] M. Charafeddine, A. Sezgin, and A. Paulraj, “Rate Region Frontiers for n User Interfer-

ence Channel with Interference as Noise,” in Proc. 45th Annu. Allerton Conf. Commun.,

Contr. Comput., Oct. 2007.

[18] C. Rao and B. Hassibi, “Gaussian Interference Channel at Low SNR,” in Proc. IEEE

Int. Symp. Inf. Theory (ISIT), July 2004.

[19] A. Motahari and A. Khandani, “Capacity Bounds for the Gaussian Interference Chan-

nel,” IEEE Trans. Inf. Theory, Feb. 2009

[20] D. Tuninetti, “Progresses on Gaussian Interference Channels with and without Gener-

alized Feedback,” in Proc. 2008 Inf. Theory Appl. Workshop, Univ. of California , San

Diego, CA, Jan. 2008.

[21] S. Yang and D. Tuninetti, “A New Achievable Region for Interference Channel with

Generalized Feedback,” in Proc. 42nd Annu. Conf. Inf. Sci. Syst. (CISS), Mar. 2008.

[22] V. Annapureddy and V. Veeravalli, “Gaussian Interference Networks: Sum Capacity in

the Low Interference Regime and New Outer Bounds on the Capacity Region,” IEEE

International Symposium on Information Theory, ISIT, 2008.

[23] W. Yu, G. Ginis, and J. M. Cioffi, “Distributed Multiuser Power Control for Digital

Subscriber Lines,” IEEE J. Select. Areas Commun., vol. 20, pp. 1105-115, June 2002.

[24] S. T. Chung, S. J. Kim, J. Lee, and J. M. Cioffi, “A Game-Theoretic Approach to Power

Allocation in Frequency-Selective Gaussian Interference Channels,” in Proc. of the 2003

IEEE Int. Symp. Inf. Theory (ISIT), p. 316, June 2003.



35

[25] R. Cendrillon, W. Yu, M. Moonen, J. Verlinden, and T. Bostoen, “Optimal Multiuser

Spectrum Balancing for Digital Subscriber Lines,” IEEE Trans. Signal Processing, vol.

54, pp. 922-933, May 2006.

[26] Z.-Q. Luo and J.-S. Pang, “Analysis of Iterative Waterfilling Algorithm for Multiuser

Power Control in Digital Subscriber Lines,” EURASIP J. on Applied Signal Processing,

May 2006.

[27] R. Cendrillon, J. Huang, M. Chiang, and M. Moonen, “Autonomous Spectrum Balancing

for Digital Subscriber Lines,” IEEE Trans. on Signal Processing, vol. 55, no. 8, pp. 4241-

4257, Aug. 2007.

[28] L. Venturino, N. Prasad, and X. Wang, “A Successive Approximation Algorithm for

Weighted Sum Rate Maximization in Downlink OFDMA Networks,” Information Sci-

ence and Systems, 2008, CISS 2008, 42nd Annual Conference.

[29] Z.-Q. Luo and S. Zhang, “Dynamic Spectrum Management: Complexity and Duality,”

IEEE Journal of Selected Topics in Signal Processing, Special Issue on Signal Processing

and Networking for Dynamic Spectrum Access, vol. 2, pp. 57-73, 2008.

[30] R. W. Heath and S. W. Peters, “Interference Alignment via Alternating Minimization,”

Proceedings of 2009 IEEE International Conference on Acoustics, Speech and Signal

Processing, pp. 2445-2448, Apr. 2009.

[31] I. Santamaria, O. Gonzalez, R. W. Heath, and S. W. Peters “Maximum Sum-Rate Inter-

ference Alignment Algorithms for MIMO Channels,” IEEE Global Telecommunications

Conference, Dec. 2010.

[32] S. J. Kim and G. B. Giannakis, “Optimal Resource Allocation for MIMO Ad-hoc Cogni-

tive Radio Networks,” in Proc. Annual Allerton Conf. Commun. Control Comput., pp.

39-45, Sep. 2008.

[33] O. Somekh, O. Simeone, Y. Bar-Ness, and A. Haimovich, “Distributed Multi-cell Zero-

forcing Beamforming in Cellular Downlink Channels,” Proc. IEEE Global Telecommun.

Conf. (Globecom), pp. 1-6, 2006.

[34] M. Karakayali, G. Foschini, and R. Valenzuela, “Network Coordination for Spectrally

Efficient Communications in Cellular Systems,” IEEE Wireless Commun., vol. 13, no.

4, pp. 56-61, Aug. 2006.

[35] G. Foschini, M. Karakayali, and R. Valenzuela, “Coordinating Multiple Antenna Cellular

Networks to Achieve Enormous Spectral Efficiency,” IEEE Proc. Cummun., vol. 153, no.

4, pp. 548-555, Aug. 2006.



36

[36] P. Viswanath and D. Tse, “Sum Capacity of the Vector Gaussian Broadcast Channel

and Uplink-Downlink Duality,” IEEE Trans. Inf. Theory, vol. 49, pp. 1912-1921, 2003.

[37] W. Yu, “Uplink-Downlink Duality via Minimax Duality,” IEEE Trans. Inf. Theory, vol.

52, no. 2, pp. 361-374, 2006.

[38] W. Yu and T. Lan, “Transmitter Optimization for the Multi-Antenna Downlink with

Per-Antenna Power Constraints,” IEEE Trans. on Signal Processing, vol. 55, no. 6, pp.

2646-2660, 2007.

[39] P. Marsch and G. Fettweis, “On Multicell Cooperative Transmission in Backhaul-

Constrained Cellular Systems,” Ann. Telecommun., vol. 63, pp. 253-269, 2008.

[40] S. Jing, D. Tse, J. Soriaga, J. Hou, J. Smee, and R. Padovani, “Multicell Downlink

Capacity with Coordinated Processing,” EURASIP J. Wirel. Commun. Netw., 2008.

[41] S. S. Christensen, R. Agarwal, E. D. Carvalho, and J. M. Cioffi, “Weighted Sum-

Rate Maximization Using Weighted MMSE for MIMO-BC Beamforming Design,” IEEE

Trans. Wireless Commun., vol. 7, no. 12, pp. 1-7, Dec. 2008.

[42] D. Gesbert, S. Hanly, H. Huang, S. Shamai, O. Simeone, and W. Yu, “Multi-Cell MIMO

Cooperative Networks: A New Look at Interference,” IEEE J. Select. Areas Commun.

, vol. 28, no. 9, pp. 1380-1408, 2010.

[43] D. Schmidt, S. Changxin, R. A. Berry, M. L. Honig, W. Utschick “Minimum Mean

Squared Error Interference Alignment,” Asilomar Conference, 2009.

[44] Z. K. M. Ho and D. Gesbert, “Balancing Egoism and Altruism on MIMO Interference

Channel,” submitted to IEEE Journal on Selected Areas in Communications, Available

http://arxiv.org/PS cache/arxiv/pdf/0910/0910.1688v3.pdf.

[45] R. Zakhour and D. Gesbert, “Coordination on the MISO Interference Channel Using

the Virtual SINR Framework,” Proceedings of WSA 2009, International ITG Workshop

on Smart Antennas, Feb. 2009.

[46] C. M. Yetis, T. Gou, S. A. Jafar, and A. H. Kayran “On Feasibility of Interference

Alignment in MIMO Interference Networks”, IEEE Trans. on Signal Processing, vol.

58, pp. 4771-4782, 2010.

[47] G. Bresler, D. Cartwright, and D. Tse, “Settling the Feasibility of Interference Alignment

for the MIMO Interference Channel: the Symmetric Case,” Arxiv:1104.0888v1.

[48] M. Razaviyayn, L. Gennady, and Z.-Q. Luo, “On the Degrees of Freedom Achievable

Through Interference Alignment in a MIMO Interference Channel,” IEEE Transaction

on Signal Processing, vol. 60, pp. 812-821, Feb. 2012.



37

[49] “3GPP TR 36.814”, http://www.3gpp.org/ftp/specs/archive/36 series/36.814/.

[50] R. Madan, J. Borran, A. Sampath, N. Bhushan, A. Khandekar and J. Tingfang, “Cell

Association and Interference Coordination in Heterogeneous LTE-A Cellular Networks,”

IEEE Journal on Selected Areas in Communications, vol. 28, no. 9, Dec. 2010.

[51] J. Mo and J. Walrand, “Fair End-to-End Window-Based Congestion Control”

IEEE/ACM Transaction on Networking, vol. 8, no. 5, Oct. 2000.

[52] M. Razaviyayn, M. Sanjabi and Z.-Q. Luo, “Linear Transceiver Design for Interference

Alignment: Complexity and Computation,” IEEE Transaction on Information Theory,

vol. 58, pp. 2896 - 2910, May 2012.

[53] M. Sanjabi, M. Razaviyayn and Z.-Q. Luo,“Joint Base Station Assignment and Downlink

Beamforming for Heterogeneous Networks,” The Proceeding of IEEE ICASSP, 2012.

[54] Q. Shi, M. Razaviyayn, Z.-Q. Luo, C. He, “An Iteratively Weighted MMSE Approach

to Distributed Sum-Utility Maximization for a MIMO Interfering Broadcast Channel,”

IEEE Transactions on Signal Processing , vol. 59, no. 9, pp. 4331-4340 , 2011.

[55] Cavalcanti, D. and Agrawal, D. and Cordeiro, C. and Xie, B. and Kumar, A., “Issues

in integrating cellular networks WLANs, AND MANETs: a futuristic heterogeneous

wireless network,” Wireless Communications, IEEE, vol. 12, no. 3, pp. 30-41, 2005

[56] Fallgren, M. and Fodor, G. and Forsgren, A., “An Optimization Approach to Joint Cell,

Channel and Power Allocation in Multicell Networks,” 2011.

[57] Fallgren, M. and Oddsdottir, H. and Fodor, G.,“An Optimization Approach to Joint

Cell and Power Allocation in Multicell Networks,” Communications Workshops (ICC),

2011 IEEE International Conference on, pp. 1-6, 2011.

[58] Fallgren, M., “On the complexity of maximizing the minimum Shannon capacity in

wireless networks by joint channel assignment and power allocation,” Quality of Service

(IWQoS), 2010 18th International Workshop on, pp. 1-7, 2010.

[59] S. V. Hanly, “An algorithm for combined cell-site selection and power control to max-

imize cellular spread spectrum capacity,” IEEE Journal on selected areas in communi-

cations, vol. 13, no. 7, pp. 1332-1340, 1995.

[60] R. D. Yates and C. Y. Huang, “Integrated power control and base station assignment,”

”IEEE Transactions on Vehicular Technology, vol. 44, pp. 1427-1432, 1995.

[61] M. Hong and Z.-Q. Luo, “Joint Linear Precoder Optimization and Base Station Selection

for an Uplink MIMO Network: A Game Theoretic Approach,” Proceedings of the IEEE

ICASSP, 2012.



38

[62] S. Papavassiliou, L. Tassiulas, “Joint optimal channel base station and power assignment

for wireless access,” IEEE/ACM Transactions on Networking, vol. 4, no. 6, pp. 857-872,

Dec. 1996.

[63] F. Farrokhi, K. J. R. Liu, L. Tassiulas, “Downlink power control and base station as-

signment,” IEEE Communications Letters, pp. 102-104, July 1997.



Appendix A

Proof of Theorem 1

For an arbitrary graph G with N nodes, we will construct a special MIMO interference channel

for which the achievability of one degree of freedom at each user is equivalent to the 3-colorability

of G. In our construction, the MIMO interference channel will have two types of users: N main

users, each equipped with 3 antennas at their transmitters and receivers and 11N dummy users

which will be defined later. Hence the total number of users is 12N . In the rest of the proof

we suppose that each user (either the dummy user or the main user) wants to send one data

stream. In other words we want to check if the tuple of all ones is achievable by the constructed

interference channel or not.

We divide the dummy users into two groups. The number of dummy users in the first group

is 2N and the number of dummy users in the second one is 9N . Each dummy user in the first

group has 3 antennas at its receiver and transmitter, while each dummy user in the second

group has two antennas at its transmitter and receiver. Let us further arrange the 2N dummy

users in the first group into N partitions each containing two users. We denote these subsets as

Ai, i = 1, ..., N, |Ai| = 2. We also denote the users in the set Ai as ai,1 and ai,2, and associate

them to the i-th main user. For notational consistency, we denote main user i as ai,0. We will

also use ai,k,j to denote the j-th transmit antenna of user ai,k, where 1 ≤ i ≤ N , k = 0, 1, 2

and j = 1, 2, 3. Similarly, we partition the set of 9N dummy users in the second group into N

subsets Bi, i = 1, ..., N , each containing exactly 9 dummy users denoted by bi,`, with ` = 1, .., 9.

Each of these 9 dummy users will have two receiving antennas which we denote as bi,`,m, with

m = 1, 2.

Now for any fixed i and j, we consider any size-2 subset of {ai,k,j : k = 0, 1, 2}, e.g.,

{ai,0,j , ai,1,j}. For each fixed i and j, there are exactly 3 of these cardinality-2 subsets. Since

there are 3 different choices of j, we have a total of 9 subsets of this kind for any fixed i. Let

us index these 9 subsets by `, ` = 1, .., 9, and assign the `-th subset to user bi,` in Bi. Now
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we define the links in the channel for the users in Ai and Bi. First, the channel matrices of

all the direct links for any of the dummy users are I (where I is the identity matrix of the

appropriate size). In addition, none of the dummy users in Bi (i = 1, 2, ..., N) cause interference

to the other users (which means that the channel gains between their transmit antennas and

the other users’ receive antennas are all zero). Now for the aforementioned `-th subset which

we denote as Si,` = {a
i,k

(1)
` ,j`

, a
i,k

(2)
` ,j`
}, we connect a

i,k
(1)
` ,j`

and a
i,k

(2)
` ,j`

to bi,`,1 and to bi,`,2,

respectively. Here by connecting a transmit antenna to a receive antenna we mean that the

channel coefficient between these two antennas is 1. This situation is shown in the figure A.1

for the case Si,1 = {ai,0,1, ai,1,1}. Furthermore, we assume that dummy users ai,k, k = 1, 2 do

not suffer from any interference.

Figure A.1: Channels to the dummy receiver bi,`

Suppose that user ai,k (k = 0, 1, 2) uses the transmit beamforming vector (vi,k,1, vi,k,2, vi,k,3).

As it is depicted in figure A.2, the interference received at the dummy receiver of bi,` will be:

Ibi,` = (v
i,k

(1)
` ,j`

s
i,k

(1)
`

, v
i,k

(2)
` ,j`

s
i,k

(2)
`

) (A.1)

where si,k is the signal user ai,k intends to send. Notice that the signals which two different

users want to transmit are statistically independent. As a consequence, if we want to have

interference alignment at the receiver of bi,`, so that this user can send its own data stream, it

is necessary and sufficient to have v
i,k

(1)
` ,j`

v
i,k

(2)
` ,j`

= 0. Hence, having interference alignment

at bi,` for all ` = 1, .., 9 is equivalent to the fact that users ai,k, k = 0, 1, 2 cannot send their

messages through the antennas with the same index, simultaneously. For example, if vi,0,1 6= 0

then vi,1,1 and vi,2,1 have to be zero. On the other hand, considering the fact that each user

needs to send one data stream, it follows that none of the users ai,k, k = 0, 1, 2, can send their

message on two of their antennas simultaneously, because otherwise if for example ai,0 sends its
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Figure A.2: If the dummy user bi,1 is supposed to achieve 1 degree of freedom, then
vi,0,1vi,1,1 = 0

message on two antennas, then it would result in insufficient spatial dimension for either ai,1 or

ai,2.

As an immediate consequence of these two facts we have just mentioned, we can conclude

that the transmit beamforming vector at each user ai,k, k = 0, 1, 2, must be proportional to

one of the vectors [1, 0, 0]T , [0, 1, 0]T or [0, 0, 1]T . This is true specially for the main user i.

As we are not concerned about the constant factors, we have successfully imposed a discrete

structure on the problem solution so far. Notice that each dummy user bi,` has a total of 2

dimensions in its receiver. Since we have aligned the interference at each dummy user bi,`, these

users can communicate their data streams easily along the remaining dimension left for them in

their receivers and remove interference which lies in the other dimension. Moreover, since in our

construction the dummy users ai,k, k = 1, 2 do not experience any interference from other users

and their direct channel is I, so these users can easily achieve one degree of freedom. Thus, we

only need to take care of the main users.

For each of the N main users, we must pick one of the three transmit beamforming vectors

[1, 0, 0]T , [0, 1, 0]T or [0, 0, 1]T in order to achieve interference alignment at all the main receivers.

We suppose all the direct channels for the main users, Hii, are I. In order to construct the cross

channels, we use the structure of graph G = (V,E). For each edge (i, j) in G, we set Hij =

Hji = I. Otherwise we set Hij = Hji = 0 (zero matrix of appropriate size). Consequently,

the main users i and j interfere with each other if and only if they are connected to each other

in graph G. We claim that achieving interference alignment in the above MIMO interference

channel is equivalent to 3-colorability of graph G. This is because each user can choose 3 possible

beamforming vectors, each corresponding to a different color. If main user i chooses one of the
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three possible beamforming vectors (or one of the three colors), then this beamforming vector

cannot be chosen by any other main users adjacent to the main user i in the graph G, otherwise

the interference would appear in the desired signal space at the receiver of main user i. This

establishes the equivalence between the 3-colorability of G and the achievability of one degree

of freedom for each user in the constructed MIMO interference channel. Since 3-colorability

problem is NP-complete, it follows that the problem of checking the feasibility of interference

alignment is NP-hard.



Appendix B

Proof of Lemma 1

Using the notations we have defined so far, f̄2k−1(Qk) is given by

f̄2k−1(Qk) = αkTr(Wk)− αkTr
(
WkCkk(Ckk + HkkQkH

T
kk)−1

)
− Tr(BkQk).

The last term in f̄2k−1(Qk) is linear in Qk and does not change the strict concavity of the

function. Hence, it suffices to show the strict convexity of Tr
(
WkCkk(Ckk + HkkQkH

T
kk)−1

)
.

To do so, it is enough to prove that the function is strictly convex in any feasible direction.

We drop the index k for notational simplicity. Let us consider a feasible direction denoted by a

symmetric matrix D 6= 0 of appropriate size and a scalar t ≥ 0. We further define the notation

D
′

= HDHT and the function

h1(t) = Tr(WC(C + X + tD
′
))

where X = HQHT and C + X + tD
′

are positive definite matrices. Since the direct channel

matrix H has full column rank, it follows that D
′ 6= 0. Moreover, by the definitions of W and

C (2.7)-(2.9), we know the matrix WC is symmetric and positive definite. It suffices to show

the strict convexity of h1 with respect to t for each symmetric D.

To prove the strict convexity of h1, we will calculate the second order derivative of h1 with

respect to t and prove that it is positive. If we denote B = (C + X + tD
′
)−1, then the first

order derivative is given by

∂h1

∂t
=
∂Tr

(
WC(C + X + tD

′
)−1
)

∂t
= Tr

(
(∇BTr(WCB))

T ∂B

∂t

)
.
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In addition, we know that

∂B

∂t
= −BD

′
B,

∇BTr(WCB) = CTWT ,

which further implies

∂h1

∂t
= −Tr

(
WCBD

′
B
)
. (B.1)

In a similar way, we can calculate the second order derivative ∂2h1

∂t2

∂2h1

∂t2
= 2Tr

(
D
′
BWCBD

′
B
)

= 2Tr
(

(D
′
BD

′
)(BWCB)

)
. (B.2)

As C and B are positive definite we can conclude that BWCB is also positive definite and

D
′
BD

′
is symmetric positive semi-definite. Since D

′
BD

′ 6= 0, it must have at least one non-

zero eigenvalue λ > 0 with a corresponding eigenvector v. Then,

∂2h1

∂t2
= 2Tr

(
(D
′
BD

′
)(BWCB)

)
≥ 2λTr

(
vTv(BWCB)

)
= 2λTr

(
vT (BWCB)v

)
= 2λTr

(
vT (B(WC)

1
2 (WC)

1
2B)v

)
= 2λ‖(WC)

1
2Bv‖2 > 0.

Next we prove that the objective function in (2.6) is strictly convex in Wk. The first

summation in (2.6) is linear in Wk’s and does not change the strict convexity. Moreover, the

objective function in (2.6) is decomposable over Wk. Hence, to accomplish the proof of Lemma

1 we just need to prove the strict convexity of − log det(Wk) in Wk. For notational simplicity,

we drop the index k, and prove the strict convexity of − log det(W) along any feasible direction

within the set of positive-definite matrices. Let G be a feasible direction and t be a positive

scalar such that W+tG > 0. Then we define a one-dimensional parametrization of − log det(W)

along the direction G

h2(t) = − log det(W + tG).
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Using properties of the determinant function and the fact that W is positive-definite, we have

h2(t) = − log det(W1/2(I + tW−1/2GW−1/2)W1/2)

= − log det(W)− log det(I + tW−1/2GW−1/2)

= − log det(W)−
∑
i

log(1 + tλi),

where λi’s are the eigenvalues of W−1/2GW−1/2 and the last step of the above procedure is

due to the fact that eigenvalues of I + X are one plus the eigenvalues of X. Obviously for any

value of λi the function − log(1 + tλi) is convex with respect to t and for any non-zero λi is

strictly convex in t. Since G is non-zero and W is positive-definite, it follows that there exists

at least one non-zero λi which means that −
∑

i log(1 + tλi) is strictly convex. Thus, h2(t) is

strictly convex in t.



Appendix C

Proof of Lemma 2

Proof of Lemma 2

Let us use ψ1(Q,W) and ψ2(Q) to denote the objective functions of (2.6) and (2.5) respectively,

i.e.,

ψ1(Q,W) ,
K∑

k=1

αkTr (Wkgk(Q))−
K∑

k=1

αk log det(Wk),

ψ2(Q) ,
K∑

k=1

αk log det(gk(Q)).

Suppose {Q∗k,W∗
k}Kk=1 is a stationary point of (2.6). Since the constraints in (2.6) are separable

in the variables, we have

Tr
(
∇Qk

ψ1(Q∗,W∗)T (Qk −Q∗k)
)
≥ 0, k = 1, 2, . . . ,K, (C.1)

Tr
(
∇Wk

ψ1(Q∗,W∗)T (Wk −W∗
k)
)
≥ 0, k = 1, 2, . . . ,K, (C.2)

for any feasible point {Qk,Wk}Kk=1. By taking the gradient of ψ1(·, ·) with respect to Wk and

further simplifying (C.2), we get

Tr
[
(gk(Q∗)− (W∗

k)−1)(Wk −W∗
k)
]
≥ 0.

Since this inequality holds for any Wk, it follows that

W∗
k = gk(Q∗)−1, ∀ k = 1, 2, . . . ,K. (C.3)
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Fix any index ` and let us use qm,n to denote the (m,n)-th entry in Q`. Using the chain rule to

differentiate, we obtain

∂ψ1

∂qm,n
(Q∗,W∗)

=

K∑
k=1

αkTr

(
W∗

k

∂gk(Q)

∂qm,n

)
(Q∗,W∗)

=

K∑
k=1

αkTr

(
gk(Q∗)−1 ∂gk(Q)

∂qm,n

)
(Q∗,W∗)

=
∂ψ2

∂qm,n
Q∗
,

where the second equality follows from (C.3). This further implies that

Tr
(
∇Qk

ψ2(Q∗)T (Qk −Q∗k)
)

= Tr
(
∇Qk

ψ1(Q∗,W∗)T (Qk −Q∗k)
)
≥ 0 ∀ k = 1, 2, . . . ,K,

(C.4)

which guarantees the stationarity of the point {Q∗k}Kk=1 for (2.5). Furthermore, since the objec-

tive function in (2.5) and the objective function in (2.4) only differ in sign, the stationarity of

{Q∗k}Kk=1 in (2.5) is equivalent to the stationarity of {Q∗k}Kk=1 for (2.4). To prove the converse,

we can define W∗
k = gk(Q∗)−1, k = 1, 2, . . . ,K, and simply reverse the above argument to show

that (C.1) and (C.2) hold. This further implies the stationarity of the point {(Q∗k,W∗
k)}Kk=1 for

(2.6).



Appendix D

Proof of Part One of Theorem 3

Consider a MAX 2-SAT problem with V variables and C clauses. In order to make a link be-

tween the MAX 2-SAT problem (P ), we assume that there are N = 2V +C BSs. The set of BSs

is partitioned into two subsets. We denote the BSs in the first subset by variable BSs, because

each of them corresponds to a variable or its negation in the MAX 2-SAT problem. In other

words, for any variable x in the MAX 2-SAT problem, there are two variable base stations in

the first subset; one of them corresponds to x and the other one corresponds to x̄. We denote

the base stations corresponding to x and x̄ by Bx and Bx̄, respectively. We call the rest of the

BSs as clause base stations, because each of them correspond to a clause in the MAX 2-SAT

problem. For instance, for any clause c : x+y we denote its corresponding BS as Bc. We assume

all the base stations have equal power budget P , i.e., Pmax
n = P , ∀n.

On the other hand we consider K = V + 2C users; we denote the first V users as variable

users and the rest as clause users. Each variable user corresponds to a variable in the MAX

2-SAT problem. We denote the user, corresponding to variable x, by Ux. In addition, for any

clause c in the MAX 2-SAT problem, there are two corresponding users denoted by Uc1 and Uc2 .

We assume that the noise power for all the users is equal to σ, i.e., σk = σ, ∀k.

For any variable x, the variable BSs Bx and Bx̄ are the only BSs that are connected to Ux
with nonzero channel gain H. Furthermore, for any clause c, the channel gain between the BS

Bc and the users Uc1 and Uc2 is h > 0 and it is zero for all the other users.

Now Let us consider the sample clause c : x + y. As x is the first variable that appears in

the clause c , the BS Bx is connected to user Uc1 by the nonzero channel gain H ′. Similarly, the

channel gain between By and Uc2 is H ′. The channel demonstration is depicted in Fig. D.1.
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Our goal is to find values for P , H, H ′, h and σ such that the following Claim holds true:

Figure D.1: Channels corresponding to the clause c : x+ y

Claim 3 m clauses in MAX 2-SAT problem are satisfiable if and only if the BS assignment and

beamforming problem has an optimal solution greater than or equal to V log(1+HP )+m log(1+

hP ).

Clearly, Claim 3 completes the proof of the first part in Theorem 3. In order to prove claim 3,

we need the following lemma. The proof of this lemma is presented in D.0.1.

Lemma 3 Consider a two user broadcast channel in which the transmitter and receivers are all

equipped with one antenna. Furthermore, the receivers treat the interference as noise. Then the

optimal power allocation, that maximizes the sum rate, is transmitting all the power to the user

with the best channel condition.

Corollary 1 If there are more than two users, then the same result holds true.

We show that if P = 1, h = 1/C4, H = 3C4, H ′ = C2, and σ = 1 then Claim 3 holds true.

Now we can start the proof of claim 3.

If there exists an assignment of binary variables such that m clauses are satisfied in the MAX 2-

SAT problem, then we can achieve the optimal value V log(1+HP )+m log(1+hP ) by choosing

the following solution:

1. For any variable x if x = 1, then Bx̄ serves Ux with power P and Bx does not serve any

user and transmits no power. Otherwise, Bx transmits with full power to user Ux and Bx̄
does not transmit any power.
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2. If a clause c is satisfied, then there exists at least one of its corresponding users, say Uc1 ,

which does not receive interference from variable BSs. Hence, the BS Bc transmits all its

power (P ) to serve that user. Otherwise, if the clause c is not satisfied, then Bc transmits

no power.

It is obvious that the above scheme will result in total sum rate of V log(1+HP )+m log(1+hP ).

Hence, the optimal value is greater than or equal to V log(1 +H) +m log(1 + h).

Now assume that there exists an optimal solution , which results in optimal value greater

than or equal to V log(1 +HP ) +m log(1 + hP ). Based on lemma 3 we can assume that at the

optimality each BS is serving only one user. This is because if we fix all the other BSs’ power

allocation, then this BS chooses its best user and only serves that user.

Lemma 4 At the optimal point, for any binary variable x, at least one of the BSs Bx or Bx̄
serves user Ux.

In order to prove this, we use a contradiction argument. Suppose that for a variable x, the

above statement is not true. It means that Bx and Bx̄ are both serving users other than Ux,

with powers p1 and p2 correspondingly. Without loss of generality let us assume that p1 ≥ p2

and p1 > 0. The situation is depicted in the Fig. D.2(a). Now consider another feasible solution

of problem P which differs with the optimal solution in assignment of the BS Bx and power

allocation of BS Bx̄. In the new solution the BS Bx transmits power p1 to user Ux and BS

Bx̄ transmits no power; the rest of the power allocations and BS assignments are the same.

We prove this solution results in a higher objective value than the optimal solution which is a

contradiction.

log(1 +Hp1)− log(1 +H ′p1)− log(1 +H ′p2) = log

(
1 +Hp1

(1 +H ′p1)(1 +H ′p2)

)
. (D.1)

We know that:

1 +Hp1 − (1 +H ′p1)(1 +H ′p2) ≥ 1 +Hp1 − (1 +H ′p1)2 (D.2)

= (H −H ′)p1 − (H ′)2p2
1, (D.3)

where 1 ≥ p1 > 0. But H − H ′ − (H ′)2 = 3C4 − C2 − C4 > 0, for sufficiently large C. In

other words (D.3) is always greater than zero for any value of p1 between zero and one. This

means that we could get a higher objective value using the new solution and this contradicts

the optimality of the previous solution.
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(a) (b)

(c) (d)

Figure D.2: The solid lines represent the direct links and the dashed lines represent the
interference links. The intended powers are specified for the direct links.

Lemma 5 At the optimality, for any binary variable x, the BS that supports Ux, which is either

Bx or Bx̄, transmits with full power.

As before assume an optimal solution. From the previous lemma we know that at least one

of the BSs Bx or Bx̄ is serving user Ux. Without loss of generality, let us assume that Bx is

serving Ux using power p1, and Bx̄ is serving another user with power p2 as it is depicted in Fig.

D.2(b). The rate that depends on p1 is as follows:

r(p1) = log(1 +
Hp1

1 +Hp2
) +

∑
i∈Sx

log(1 +
Xi

1 + Ii +H ′p1
), (D.4)

where the set Sx, is the set of clause users that are connected to Bx, Xi is the received power

of the message intended for user i ∈ Sx, and Ii is the interference caused by clause BSs to user

i ∈ Sx. It is obvious that 0 ≤ Xi ≤ h and Ii ≥ 0 for every i ∈ Sx .Now we take the partial
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derivative of r with respect to p1.

∂r

∂p1
=

H

1 +Hp2 +Hp1
+
∑
i∈Sx

−H ′Xi

(1 + Ii +H ′p1)(1 + Ii +Xi +H ′p1)
(D.5)

≥ H

1 + 2H
−
∑
i∈Sx

H ′h

(1 +H ′p1)(1 + h+H ′p1)
(D.6)

≥ H

1 + 2H
− CH ′h =

3C4

1 + 6C4
− 1

C
> 0, (for large enough C).

Hence, in order to maximize r, p1 should be equal to 1, and the lemma is proved.

Lemma 6 At the optimality for any binary variable x, among the two BSs Bx and Bx̄, the one

that does not support Ux transmits no signal.

We prove it by contradiction. Like the proof of previous lemmas, let us consider an optimal

solution. Without loss of generality, assume that Bx is serving Ux. From the previous lemma

we know that the power it transmits should be 1. In addition, let us assume that Bx̄ transmits

power p2 > 0 for some other user. this scenario is depicted in Fig. D.2(c). Then we prove if Bx̄
transmits no power, the objective value will increase.

log(1 +H)−
[
log(1 +

H

1 +Hp2
) + (log(1 +H ′p2))

]
(D.7)

= log

(
(1 +H)(1 +Hp2)

(1 +H +Hp2)(1 +H ′p2)

)
(D.8)

As we want to prove (D.8) is greater than zero , we just need to prove that (1 +H)(1 +Hp2) >

(1 +H +Hp2)(1 +H ′p2) for every value of 0 < p2 ≤ 1. In other words, we have to prove that

HH ′p2
2 + (H ′ +HH ′ −H2)p2 < 0, for 0 < p2 ≤ 1. (D.9)

But as the left hand side of (D.9) is a strictly convex function, we just need to check the extreme

points in order to make sure that the inequality holds true. At p2 = 0, the left hand side is zero,

and at p2 = 1, the left hand side is:

2HH ′ +H ′ −H2 = 6C6 + C2 − 9C8 < 0, for sufficiently large C. (D.10)

Hence, the inequality (D.9) holds true. This completes the proof of lemma 6. Hence, at the

optimality if a variable user is served, the diagram of the allocated power for that user will look

like the one depicted in Fig. D.2(d).
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Lemma 7 If the optimal value is greater than or equal to V log(1 + H), then all the variable

users are served at optimality.

Based on the lemmas 4-6, it is obvious that none of the clause users is served by a variable

BS, at the optimality. Hence, the best rate that the clause users can get is log(1+h). Therefore,

the highest achievable rate on all the clause users is C log(1 + h) = C log(1 + 1
C4 ) ≤ 1

C3 . On the

other hand we know that at the optimality when one variable user is served, then it is served with

full power. Hence, the rate it gets is log(1 +H) = log(1 + 3C4) ≥ 1 which is obviously greater

than 1
C3 . Consequently, in order to achieve V log(1+H), all the variable users have to be served.

Using the above lemmas, we can prove the Claim 3. Let us assume an optimal solution with

optimal value greater than or equal to V log(1 +H) +m log(1 + h). From the previous results,

we can easily see that the optimal solution has a discrete structure. Hence, we can construct a

binary variable assignment based on the optimal solution as follows:

• We set the variable x = 1, if Bx̄ is transmitting with non-zero power, and set x = 0 when Bx
is transmitting with non-zero power. As we proved, they do not transmit simultaneously.

On the other hand, we proved that at least one of them transmits at the optimality.

Hence, this variable assignment is well defined.

As we proved the variable BSs can only serve the variable users at optimality. Hence, the total

achievable rate on variable user will be V log(1 + H). Now we prove that in order to achieve

the extra term m log(1 + h), there should exists at least m clause users who do not receive

interference from the variable BSs.

As we proved in lemma 3, at the optimality the clause BSs only transmit power to one of their

users. Hence, if one of their users does not receive any interference, then they can easily transmit

to that user and achieve the rate log(1 + h), but if both of their users have interference, then

they can achieve log(1 + 1/C4

1+C2 ). So the achievable rate for all the clause BSs, whose both users

suffer from interference, is at most C log(1 + 1/C4

1+C2 ). But we can easily see that

C log(1 +
1/C4

1 + C2
) ≤ 1

C4 + C6
≤ 1

C4
− 1

C8
(for sufficiently large C) (D.11)

and

1

C4
− 1

C8
≤ log(1 +

1

C4
) = log(1 + h). (D.12)

Consequently, in order to get the extra term m log(1 + h) at the optimality, there should be at

least m clause BSs who have at least one user with no interference. This is exactly equivalent

to having at least m clauses satisfied by the binary assignment we constructed based on the
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optimal solution. This completes the proof of claim 3.

D.0.1 Proof of Lemma 3

Consider a broadcast channel with two users as depicted in Fig. D.3. Assume the total power

budget to be P . Then maximizing the sum rate is equivalent to maximizing the following rate

function:

Figure D.3: h1 and h2 represent the channel gains, and n1 and n2 represent the noise
level

max
0≤p≤P

log

(
1 +

h1p

n1 + h1(P − p)

)
+ log

(
1 +

h2(P − p)
n2 + h2p

)
(D.13)

The second derivative of the objective with respect to p is

h2
1

(n1 + h1(P − p))2
+

h2
2

(n2 + h2p)2
> 0. (D.14)

Hence, the objective function is strictly convex (if h1 > 0). Consequently the optimal solution

is either p = 0 or p = P .



Appendix E

Proof of Claim 1

Proof of Claim 1: First assume that graph G is 3-colorable. Then we should be able to find a

power allocation (beamforming) and BS assignment which can achieve objective value equal to

U(log(2), · · · , log(2)). In order to do that, we need to construct such a transmission strategy

based on the 3-coloring of the graph. We will pick the transmission strategy as follows:

• If node i in graph G is colored by color l, then Bil will transmit to user Ui on the l-th

antenna (tone) with full power P = 1.

As this coloring is a 3-coloring of the graph, there will be no interference at any of the re-

ceivers (users). Hence, each of them can obtain the rate log(2), and the system-wide utility

would be U(log(2), · · · , log(2)).

To prove the other direction, we assume that we can find a transmission strategy which results

in an objective function greater than or equal to U(log(2), · · · , log(2)). First of all, note that

the maximum rate that each user can get is log(2), because each user can only be supported

by one BS. On the other hand, as U(·) is a monotonically increasing function of its arguments,

so each user in such transmission strategy should achieve at least rate log(2). This means that

for each i, i = 1, · · · , N user Ui should be served by exactly one of the base stations B〉∞ , B〉∈
or B〉3 . In addition, it should not receive any interference from other users. Now consider the

following coloring of graph G.

• Node i in graph G is colored by color l if Ui is served by Bil .

It is obvious that this coloring is well defined because each user i is served by exactly one of

the base stations Bil , l = 1, 2, 3. In addition, it is a proper coloring, because there are no two

transmissions which cause interference to each other. This completes the proof of Claim 1.

55


	Acknowledgements
	Dedication
	Abstract
	List of Figures
	Introduction
	Multi-cell Interference Management
	Interference Alignment and Degrees of Freedom

	Homogeneous Networks: Beyond Interference Channel

	Linear Tranceiver Design for Interference Alignment
	System Model
	black NP-Hardness of Maximizing Achieved DoF through Interference Alignment
	Strategies for Linear Transceiver Design
	Simulation Results

	Optimal Joint Base Station Assignment and Downlink Beamforming for Heterogeneous Networks
	System Model and Problem Formulation
	Complexity Analysis
	Sum-Rate Maximization Using Matrix-Weighted-Sum-MSE Minimization
	Simulation Results

	Conclusion
	References
	 Appendix A.  Proof of Theorem 1
	 Appendix B.  Proof of Lemma 1
	 Appendix C.  Proof of Lemma 2
	 Appendix D.  Proof of Part One of Theorem 3
	Proof of Lemma 3

	 Appendix E.  Proof of Claim 1

