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INTRODUCTION

The plastic theories of concrete are based on a phe-
nomenon which has been early recognized. In 1906, Arthur
Newell Talbotl stated:

'""'Various curves have been proposed torepresent the
stress-deformation relationfor concrete, but the parabo-
la is the most satisfactory general representation. Fre-
quently, the parabola expresses the relation almost ex-
actly and in nearly every case the parabolic relation will
fit the stress-deformation diagram very closely through
the part which is ordinarily developed in beams. . . .
Evenif the straightline relation be accepted as sufficient
for use withordinary working stresses, the parabolic or
other variable relation must be used in discussing ex-
perimental data when any considerable deformation is
developed in the concrete. "

Since this statement was made, more than 45 years
ago, many attempts have been made to write formulas for
reinforced concrete design based on a curved stress-defor-
mation diagram, but most of the progress has been made
during the past decade. The most notable contributionshave
been those of C. S. Whitney2 and V. P. Jensen, 3 which for
the sake of simplification substitute for the curved stress-
deformationdiagram a rectangle and trapezoid respectively.

In this bulletin are presented formulas for stresses
in reinforced concrete based on a parabolic stress-defor-
mation relationship. Additional assumptions made are those
of preservation of plane sections and disregard of any ten-
sile stresses which may exist in the concrete.

1University of Illinois, Engineering Experiment Station
Bulletin No. 4, April, 1906.

2Transactions A.S.C.E., Vol. 107, 1942, p. 251.

3University of Illinois, Engineering Experiment Station
Bulletin No. 345, June, 1943.



NOMENCLATURE

The following symbols are used:

A coefficient of stress-strain curve of concrete

Ag area of steel (tension, compression or total)

Ay area of additional steel in compression

B coefficient of stress-strain curve of concrete

b width of section

C total compression in concrete

D length of diagonal of square section

D!’ distance center to center of the two steel bars on ‘the

diagonal of square section

d distance from extreme fiber in compression to the

center of gravity of steel in tension

d’ distance from extreme fiber in tension or compres-
sion to the center of gravity of the steel intension or

compression respectively

$ deflection

81 lateral deflection of column shaft

6, lateral deflection of enlarged portion of test specimen

Eg modulus of elasticity of steel

e eccentricity

€ unit strain of fiber at a distance x from the neutral
axis

€s average unit strain of steel fiber in compression or
tension

feo intensity of fiber stress in concrete

L standard control cylinder strength of concrete

fg average intensity of fiber stress in steel in tension

or compression

fy average intensity of fiber stressin steelin compres-

sion or tension at the yield point of steel

j ratio of distance from the tension steel to the cen-

troid of the compression forces to the depth

k ratio of distance from extreme compression fiber to

neutral axis to depth
1 length of column
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1;
1o

length of center portion of test specimen

length of enlarged portion of test specimen

internal resisting moment

concentrated column load

ratio of cross-sectional area of steel to cross-sec-
tional area of section

critical steel ratio

total tension in steel

total depth of section

unit strain of fiber in compression at one unit dis-
tance from the neutral axis

distance from fiber to neutral axis

distance from neutral axis to centroid of compression
volume

distance from the center of the sectionto the centroid
of compression volume




BENDING OF REINFORCED CONCRETE

Conventional analysis of reinforced concrete assumes
a linear distribution of stress over sections subjectedto the
action of bending moments. This, it has long been recog-
nized, is not in accordance with test results and leads to un-
economical dimensions and amounts of reinforcements. A
parabolic stress distribution has been suggested by several
writers and will be discussed in the following.

The theoretical considerations will be based on the
assumptions that the plane sections before bending remain
plane after bending, and that any tension resisted by the
concrete can be disregarded. Instead of the conventional
"Hooke's law, " it will be assumedthat the stress, f;, varies
with the strain, €, according to a second degree parabola,
thus

f.= Ae—Be® (1)

Figure 1 shows the stress-strain diagram fora con-
crete cylinder which was tested together with four others
and to which reference will be made. Applying Equation (1)
to the test results gives

f.=544x10%—1359x10%2
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In order to apply Equation (1)to a concrete beam re-
inforced for tension, it is assumed in Figure 2 that X is the
strain at a unit distance from the neutral axis, then

. €=Xx - (2)
Equation (1) can be written

f.= AXx—BX%¢ (3)
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The total compression above the neutral axis will be

kd |
C=|f.bdx= kad[z %ﬂ] 4)

0

The position of this resultant force is found by taking
moments about the neutral axis, thus

kd
%= & [xfebdk = ka 2= 9B Xkd (5)
0

The elongation of the steel bars will be proportional
to their distance from the neutral axis, thus

€g= d(I—k)X (6)
and the total steel stress will equal

Adfs = Ed(I—K)XAg (7)

Equating Equations (4) and (7) and substituting p = Ag ¢+ bd
give

2( A BXkd\ - -
k(_a___.?.) PEg(I-K) (8)

If the steel stress has reached the yield point, fy, this e-
quation will change to

szd(—z‘-\---‘?—’-‘:il‘i) = pf, _ (8a)

The distance from the steel to the centroid of the compres-
sion forces will be
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id = df1— k. 2A—BXkd
Jd‘d(' kGA—4BXkd) (9)

. The resisting moment of the beam section can be found by
multiplication of Equations (4) and (9), thus

M=Cjd = bd’kzx[%(s—k)- %Xkd(4—k)] (10)

In order to find the quantity, X, which will give maxi-
mum bending moment, Equation (10) is differentiated with
respect to X and the derivative placed equal to zero and
solved for X, thus

M. y. A3-k)
ax =9+ %= Bkdig—ky ()

Substituting this value for X in Equation (10) gives

2 ,

B 12(4—K) (12)

If thebeam is under-reinforced, primaryfailure will
occur in the steel, and the location of the neutral axis can be
found by eliminating X between Equations (8a) and (11), thus

LatEt-gw 09

Since the value of k is always less unity, an examination of
the left side of Equation (13) shows that a very close ap-
proximation is 3/16k or
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k=2hp R (14)

For the over-reinforced beam the steel stress at
rupture will be less than the yield point. Elimination of X
between Equations (8) and (11) gives

K(6—k) _pE
6(4-K)(T-k) “A‘s (15)

In order to find the critical steel percentage (for
which yield point stress will bereached before crushing fail-
ure of concrete), it is noted that a consequence of the preser-
vation of plane sections is that the elongation Gy of the ten-
sile reinforcement will equal

¢, = d(1—k)X (16)

Substituting the value for X from Equation (11) and solving
for k give

] 4¢,+(A+B)
k=2- ¢, +(A+B) (I7)

If py is the critical steel percentage and Equations (14) and
(17) are made equal, it is seen that

p°=—§-——- 2_/4€y+(A—:‘B) (18)

A2
16 ny ey+(A-:-B)




AXJAL LOADP AND TRANSVERSE BENDING

Case I. Neutral Axis within Section

In a column section, as shown in Figure 3, the total

compression in the concrete can be expressed thus

- e| A __ BXk
C= bXit [2 —31]

In order to find the quantity, X, which will give maxi-
mum axial load, this equation is differentiated with respect
to X and the derivative placed equal to zero and solved for

X thus
Q—C-= . 8—-3A-
o%x -9 X* 2Bkt

Eliminating X between Equations (4) and (19)

2
_ 3 Akbt
C=76" 8B

Substituting Equation (19) in Equation (5) gives the distance
from the neutral axis to the centroid of the compression

volume

X, = I—E—kt

Projecting all forces in Figure 3 on a vertical line

gives
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2
p2Kbt i
P= % 5+ Adfe— Adf (22)

Taking moments of all forces about the center line

_ 3 Akbt, t 6-=5k , [t _ o "
Pe = j2 S5 x 312 +(2 —d)(Asfs+Asfs) (23)
Eliminating P between Equations (22) and (23) gives
Er (- 528 Adsfe | . d
5\t 2, 52|t \t 2t
Af !
——Si(—$-+—é-—%)]=o (24)

If the steel areas in the two flanges are equal, this equation
becomes

2. 12(e 1\ ,32Bplefe_1  d
k-f—s(f 2)k+5%P[fs(—$— 2+f)

—fs(—$-+-£7——?'-)]=0 (25)

Examination of Figure 3 shows that

and




Case II. Neutral Axis Qutside Section

In the case of compression over the entire section,
it can be seen from Figure 4 that the total compression on
the concrete will be

kt
C =J(AXx - BX%®)bdx
kt-t

o bth[A(k—{?-)— BXf(kz—k+J3—)] (26)

Differentiating with respect to X and placing equal to zero
give

L
% .0, x- Ak-4)

= 27)
2Bf(k2— k+ —é-)
Substituting Equation (27) in Equation (26)
2 k(k—I)+-
c-fta——+1 (28)

In order to facilitate numerical computations, the variation
of the function

(k=) +4
Ck) = — :
4[k(k—l)+-é—]

(29)
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has been plotted in Figure 5. The distance from the neutral
axis to the centroid of the stress volume can be found by
taking static moments about the axis, thus

kt
f.xdA (Ae—Be?)xbdx
) . kt-t a
%= C bt A k(k-l)'*"l' (30)
4B (k=) ++

Substituting in this expression € = Xx completing the 1nte—
gration and substituting Equation (27) give

K~ 2K +%k2 2k+7;’2-1

X|" —
B Y - A
(c—£)(e-+4)

The distance from the center of the section to the centroid
of the stress volume is seen from Figure 4 to equal

(31

493, 19,27
Xi=[k Et;gz(-k_ﬁk;)ﬁ —k+L 2]t (32)

In order to facilitate the numerical computations, the function

7 .
Z(K) = ¢ (zkk 1{)%; k%i;'(i—k+'2— (33)

has also been plotted in Figure 5. Projecting all forces on
a vertical line gives
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2 ]
P= Clk15-bt + Ay + Ad (34)

Taking moments of all forces about the center line gives
Pe = C(k)-%?-bfzz(k) +4=2d) (Afi—af) (35
Eliminating P between Equations (34) and (35) gives
C(k)%zbt[e ~Z(t] + A (e - -%+d')
| +Asfs(e+%—-d') -0 (36)

If the steel areas in the two flanges are equal, this equation
becomes

2 t
c(k)%[%—zm] + %[fs'(%—_'z_+.gr)

+fs(-$-+7;_-4- dT)] -0 (37)

s* 2B~ (2 l) —Eg (38)

and

f, (39)




AXIAL LOAD AND DIAGONAL BENDING
OF SQUARE SECTIONS

Case I. Neutral Axis within Section

The theoretical development will be made for the case
0<k<1/> which can be shown to give an excellent approxima-
tion for 1fz<k<l. Examination of Figure 6 shows that the
total compression in the concrete can be expressed thus

kD
C = | (Axx— BX®®)(2kD— 2x) dx
R |

Integrating and substituting limits give
33 2,44 ‘
C= _A_Y%k_Q_ - EZS_GB_D_ (40)

Differentiating Equation (40) with respect to X and equating
to zero give

oc .o

. _A_
gc-0; x- (41)

BkD

Substituting Equation (41) in Equation (40)

; Azkz 2
c-fe5 - “2)

The distance from the neutral axis to the centroid of the
stress volume is found by taking static moments about the
axis thus



¢ 4 A
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F— 8« §-r0—
Strain
] x—] |—dx

N7

Cross - Section
Figure 6
Axial Load and Diogonal Bending, Casel-
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kD
J}cx dA J\(Ae— B&)(D—2x)xdx
_ (0]
= C } 220 . (43)

68

Substituting in this expression € = Xx, completing the inte-
gration, and substituting Equation (41) give

x= %KD (44)

Projecting all forces in Figure 6 on a vertical line gives
LR f‘_s.(Ié'__ '__fg.)
P: ¥k + 3363 (45)

Taking moments of all forces in Figure 6 about the center
line gives

Pe-—'—A kD(

s 3kD> ':(f;'+fs)g‘- (46)

2 5 2

Eliminating P between Equations (45) and (46)

EEA et £ [ 8) <o)

+—£§—(L+i)] =0 47)

£ %[11— (- %—)] E, (48)
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' 1—2k '
v (Zi—-l-t—)g-'—) “ %(_zlr I)Es “9)
D
~and .
(PD'—+|—-2k)
f = fg (50)



Case II. Neutral Axis outside Section

In the case of compression over the entire section,
it can be seen from Figure 7 that the total compression on
the concrete will be

ko—g-
C=2|(AXx — szxz)[x - D(k-—l)]dx
kD-D
kD
+2|(AXx—BX3E)(kD—x)dx
kD-2
2

Integrating and substituting limits give

c- Xgi[A(k——é-) - an(kz—k+§§)1 (5)

Differentiating with respect to X and placing equal to zero

give
A(-4)

2BD(k2—k+ {;r) o8

ac 4. _
ax - O; X =

_ Substituting Equation (52) in Equation (51)

2 2 klk=I)+ 4
c-D A
8 B k(k—l)+-2%- (53)
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In order to facilitate numerical computation, the variation
of the function

'k(k—|)+'—‘|‘— 54
e[k(k—|)+2—}] ,

has been plotted in Figure 8. The distance from the neutral
axis to the centroid of the stress volume is found by taking
statical moments about the axis, thus

kD
jfcdi J(Ae— Be?)yxdx
- kD - D

X =~ = i - (55)

¢(k) =

Substituting in this expression € = Xx, completing the inte-
gration, and substituting Equation (52) give

—oi3 37,2 13
. 2k +24k -
T - S A

‘ The distance from the center of section to the centroid of
‘ stress volume can be seen from Figure 7 to equal

]

no

N
x
+

3

o234 3042 13,

24 24" 144 —k+-LlD (57)

R N e 2 ?

Again to facilitate numerical computation, the vari-
ation of the function

Rt

2
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has been plotted in Figure 8.

Projecting all forces in Figure 7 on a vertical line
gives

(L &5
P B0 +A(F+F+3 (59)
Taking moments of all forces about the center line gives
2
- A Ag o D '
Pe = 5-D"0(K) (k) + -Z&(fs—fs)(—z——-d) (60)

Eliminating P between Equations (59) and (60)
2
%“”‘k)[%“"(k)] + [fzs (20 D) fs(D)

—3(25 %)]=o (8l

f:: 2B (kz_k+§%) s (62)
oL
£ (k_(% f)%)fs" (63)
and
k=L .0
f, - E;~—z-+2%g g 64)



APPROXIMATE COLUMN DEFLECTION

The structural arrangement for transmission of the
eccentric load to the columns was such that considerable ro-
tations occurred at the ends. These, in turn, caused large
horizontal deflections which influenced the final stresses in
the specimens. A method of evaluating these deflections is
given below.

Figure 9 shows the column, hinged at both ends and
eccentrically loaded with an ultimate load of P, which pro-
duces a deflection, 8, at mid-height. This horizontal de-
flection consists of two parts as shown.

If a circular arc is substituted for EG, it is seen
that

+ ok ¢

where p is the radius of curvature, €, the unit strain at the
extreme fibers and kt is the distance to the neutral axis.
From the right triangle OEF it is seen that

86,

L.
P P+alff (6€)

Since the second term of the denominator is extremely small
compared to the first term, it follows that

%:%ﬂ (67)
|

Eliminating the radius of curvature between Equations (65)
and (67) gives



A
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l

Figure 9

Evaluation of Deflection



APPROXIMATE COLUMN DEFLECTION 29

2 ,
e
5|= 8kt (68)

The enlarged ends and steel brackets have consider-
able rigidity compared to the central portion. The ends may
therefore be assumed to be tangents to the circular arc of
the central portion. From Figure 9 it is seen that

b= hy 8- (69)
and
6= -%'—- (70)
Substituting Equation (67) in Equation (70)
= %lé' (71)

The total deflection will equal

d=4+4, = 5‘.,_1%42 = &(|+4-%> (72)

Substituting Equation (68)

§- P|£P|+4pg) € (73)

8kt
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) For the-square section subjected to combined axial
load and transverse bending, the extreme fiber unit strain
is equal to 3A ¢ 4B (see Equation 19), while for combined
axial load and diagonal bending this quantity equals A + B
(see Equation 41). The deflections can therefore be written

5= M.EA (74)

8kt 48

for the square section subjected to axialload and transverse

bending and
§ = 1(§+4)) o (75)

8D B

for the square section subjected to axial load and diagonal
bending.




TEST SPECIMENS

The tests were made with ten specimens of dimensions
shown inFigure 10 and reinforced with four round steel bars
of different sizes as indicated in Table I. In addition to the
longitudinal reinforcement, there were in each specimen
eight lateral ties of 1/8 inch diameter.

The Portland cement used in manufacturing the con-
crete passed the standard specifications of the American
Society for Testing Materials. Owing to the small clearance
between reinforcement and forms, pea gravel, passing a
3/8 inch sieve and retained by a No. 4 sieve, was used for
coarse aggregate. The fine aggregate was sand with a fine-
ness modulus of 2. 96 and a surface modulus of 16.96. The
water-cement ratio of the concrete was 5.65 gallons per
sack, and the average slump was 2. 3 inches.

A total of ten 6-inch by 12-inch standard control
cylinders was tested. The cylinder strength, fi, varied
from 4740 pounds per square inch to 5950 pounds per square
inch with an average value of 5435 pounds per square inch.
The stress-strain curves were obtained by placing a concrete
inside, but not in contact with, a concentrical steel cylinder
of slightly greater diameter. The concrete and steel cylin-
ders were of the same height, and both were equipped with
electrical strain gages for measuring their deformations in
the axial direction. The steel cylinder was first calibrated
so that the amount of load it was carrying could be deter-
mined from the deformation measurements. The total load
and the load carried by the steel were recorded, and the load
on the concrete cylinder equated to the difference. From
these observations, the stress-strain curves for the con-
crete were drawn. . Figure 11 shows the arrangement of
testing and Figure 12 the appearance of two typical cylinders
after compression tests tofailure. The average stress-strain
curve in Figure 1 gave values of Coefficients A = 5435 x 103
and B = 1359 x 106.
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Figure 11. Arrangement of Special Cylinder Test

Figure 12. Typical Cylinder Failures
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The steel reinforcing bars were subjected to the
usual standard tensile tests in duplicate. The average values
of the yield point and modulus of elasticity for each type of
bar are listed in Table I.

The ten column specimens were tested in duplicate
with a constant 4-inch eccentricity on the line of a diagonal.
Structural steel brackets (see Figure 10) were used for ap-
plication of the eccentric load to the specimen. The longi-
tudinal reinforcing bars in the compression portion of the
section were milled to the exact lengths to insure direct
bearing against the steel brackets, while the tension bars
were projected through the steel brackets.

Nine electrical strain gages (gage factor 2.04 + 1
per cent, resistance 120.0 + 0.2 ohms) were attached to
each specimen. Six of these were on the surface of the com-
pression side of the concrete and three were on the surface
of the tensile steel in small slots as shown in Figure 10. In
order to prevent weakening of the column by reduction of
section, the small slots for the steel gages were placed at
three different levels.

The tests were carried out by applying the load through
the ball bearings at both the top and the bottom of the speci-
men as shown in Figure 13. The arrangement of equipment
is shown in Figure 14.



Figure 13. Arrangement of Figure 14. Arrangement of Equipment

Eccentrically Loaded Column Test




TABLE 1

Test Results

Actual § k Com-

E ¢ Ultimate Ave. From From puted
Speci- S y P Actual Equation &% ) Equation P
men Steel  106psi ksi p # Ave. k 75 D 47 #
sC1 . 5270
SC6 4-1/4"¢ 30 35.8 .0123 4675 4972 281 .435 . 7840 . 273 5102
SC2 " 7440 ’ .
sSC7 4-5/16"¢ 30 39.2 .0192 7250 7345 . 366 .334 .7661 . 345 7768
SC3 " 9500 :
SC8 4-3/8"¢ 30 40.2 .0276 9810 9655 .398 . 308 .7615 . 388 9774
SC4 | i 13500 |
sco  4-1/2"¢ 29 45.6 10491 14300 13900 .441  .278  .7562 .431 14209
SC5 . ~ 16475
SC10 4-5/8"¢ 29 40.7 .0766 16500 16488 .454 - 270 . 7548 . 457 17483

Note: Average f{ = 5435; Averége € = .002; e = 4 inches;
D'+ D= .625; A% + B=2.17x 104, A+ B = 4 x 1073,




TEST RESULTS

The specimens were tested to destruction by increas-
ing the load by increments of 500 pounds. Strain gage read-
ings were recorded for each increment. Plots of these
strains confirmed the assumption of the preservation of
plane sections and established for each loading the position
of the neutral axis. The ultimate positions of this lineare
listed in Table I. The table also lists ultimate loads actual-
ly recorded and corresponding values computed by the formu-
las derived in this bulletin. The steps in computation of the
values in Table I for the specimens SC2 and SC7 are presen-
ted to outline the procedure. Preliminary tests showed that
A2 + B =217 x 104 A+ B=4x1073, fy = 39200 pounds
per square inch, and Eg = 30 x 106 pounds per square inch.
The ultimate position of the neutral axis during the test as
indicated by strain gages was k = .366. Substituting these
values and the dimensions-of the test specimen (Figure 10)
in Equation (75) gives :

§- Jﬁ—ﬁ—ﬂiﬂ"gi 3-'6;6;:5 L2 x4x10°3 = 334

then

e+ _ 4+.334 _
D -~ 566 - 06

The yield point of the reinforcing steel is f, = 39200 pounds
per square inch. It can be shown by Equations (48), (49), and
(50) for .281< k=.375 that

f = f,= = 39200ps.i.
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Equation (47) then becomes

(2661 + .6k) = .056114

Solution by trial gives k = .345. When all the reinforcing
steel is stressed to the yield point, Equation (45) reduces to

2 00 2
P= 45 K0°— Lot

Substituting all the known values in this equation gives

P=13789-602| = 7768%



Figure 15. Appearances of Column Failures




CONCLUSIONS

Appearances of column failures are shown in Figure
15. Crushing of the concrete (usually near the center por-
tion) due to excessive compression was accompanied by op-
posite tension cracks caused by yield point stresses in the
reinforcement.

From the data presented in Table I, it is believed
that the following conclusions can be drawn:

1. The modified plastic theory gives results, for posi-
tion of neutral axis and ultimate load, which are in
accordance with actual test results.

2. The ultimate supporting capacity of eccentrically
loaded sections increases with the steel percentage.

3. The ultimate supporting capacity of acolumn subject-
ed to an eccentric load will be influenced by the hori-
zontal deflection of the column.
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