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Abstract

In this work we present a technique to numerically solve partial differential equations

(PDE’s) defined in general domains Ω. It basically consists in approximating the domain

Ω by polyhedral subdomains Dh and suitably defining extensions of the solution from

Dh to Ω. More precisely, we solve the PDE in Dh by using a numerical method for

polyhedral domains. In order to do that, the boundary condition is transferred from

Γ := ∂Ω to Γh, the boundary of Dh, by integrating the gradient of the scalar variable

along a path. That is why, in principle, any numerical method that provides an accurate

approximation of the gradient can be used. In this work we consider a hybridizable

discontinuous Galerkin (HDG) method.

This technique has two main advantages over other methods in the literature. First

of all, it only requires the distance between Γ and Γh to be of the order of the mesh-

size. This allows us to easily mesh the computational domain. Moreover, high degree

polynomial approximations can be used and still obtain optimal orders of convergence

even though Γh is “far” from Γ.

We numerically explore this approach by considering three types of steady-state

equations. As starting point, we deal with Dirichlet boundary problems for second

order elliptic equations. For this problem we fully explain how to properly transfer the

boundary condition and how to define the paths, as well. We then apply this technique

to exterior diffusion problems. Herein, the HDG method is used for solving the so-called

interior problem on a bounded region whereas a boundary element method (BEM) is

used for solving the problem exterior to that region. Both methods are coupled at

the smooth interface that divides the two regions. Finally, we consider convection-

diffusion problems where we explore how the magnitude of the convective field affects

the performance of our method.

iii



Contents

Acknowledgements i

Dedication ii

Abstract iii

List of Tables vi

List of Figures vii

1 Introduction 1

2 The HDG method for elliptic problems 7

2.1 Mesh construction and notation . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 The formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2.1 A new approximate pressure . . . . . . . . . . . . . . . . . . . . 9

2.3 The family of paths . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.3.1 Paths from the vertices . . . . . . . . . . . . . . . . . . . . . . . 9

2.3.2 Paths from the edges . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.3.3 The extension and lifting operators . . . . . . . . . . . . . . . . . 12

2.4 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.4.1 Polygonal domains . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.4.2 Circular domains . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.4.3 Nonconvex domains . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.4.4 An airfoil . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

iv



2.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3 HDG and BEM methods for exterior diffusion problems1 29

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.2 The HDG method for the interior problem . . . . . . . . . . . . . . . . . 33

3.3 The spectral BEM on the artificial interface . . . . . . . . . . . . . . . . 35

3.4 The discrete version of the coupling condition . . . . . . . . . . . . . . . 36

3.5 The special case of a circular interface . . . . . . . . . . . . . . . . . . . 37

3.6 An iterative method for solving the problem . . . . . . . . . . . . . . . . 38

3.7 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.8 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4 The HDG method for convection-diffusion problems 53

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.2 Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.2.1 Postprocessing of the scalar variable . . . . . . . . . . . . . . . . 55

4.3 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.3.1 Example 1: Square domain. . . . . . . . . . . . . . . . . . . . . . 56

4.3.2 Example 2: Flow around a cylinder. . . . . . . . . . . . . . . . . 57

4.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

5 Conclusion and Discussion 70

References 72

v



List of Tables

2.1 History of convergence for the square Ω = (0, 1)2 and Dh = Ω. . . . . . . 15

2.2 Hist. of conv. for Ω = (0, 1)2 , Dh ⊂ Ω. Dist. of Γh to Γ of order h . . . 16

2.3 Hist. of conv. Problem in a disc. Dist. of Γh to Γ of order h2. . . . . . 21

2.4 Hist. of conv. Problem in a disc. Distance of Γh to Γ of order h. . . . . 21

2.5 Hist. of conv. Potential flow around a disc . . . . . . . . . . . . . . . . 27

2.6 Hist. of conv. Problem on an airfoil . . . . . . . . . . . . . . . . . . . . 27

3.1 Hist. of conv. Potential flow around a disc. K = I . . . . . . . . . . . . 46

3.2 Hist. of conv. Potential flow around a disc. Γ = Γ1. K(x) = ξ(x)I . . . 50

3.3 Hist. of conv. Potential flow around a disc. K(x) = ξ(x)I. R̃ = 0.8 . . . 51

3.4 Hist. of conv. Potential flow around a disc. K(x) = ξ(x)I. α = 0.1 . . . 51

4.1 Example 1: Hist. of conv. h = 0.25 and Pe = 0.1. Dh = Ω. . . . . . . . 59

4.2 Example 1: Hist. of conv. h = 0.25 and Pe = 1.0. Dh = Ω. . . . . . . . 59

4.3 Example 1: Hist. of conv. h = 0.25 and Pe = 10. Dh = Ω. . . . . . . . . 60

4.4 Example 1: Hist. of conv. h = 0.25 and Pe = 25. Dh = Ω. . . . . . . . . 60

4.5 Example 1: Hist. of conv. h = 0.25 and Pe = 0.1. . . . . . . . . . . . . 61

4.6 Example 1: Hist. of conv. h = 0.25 and Pe = 1.0. . . . . . . . . . . . . 62

4.7 Example 1: Hist. of conv. h = 0.25 and Pe = 10. . . . . . . . . . . . . . 63

4.8 Example 1: Hist. of conv. h = 0.25 and Pe = 25. . . . . . . . . . . . . . 64

4.9 Example 2: Hist. of conv. h = 0.125. Pe = 0.1 . . . . . . . . . . . . . . 68

4.10 Example 2: Hist. of conv. h = 0.125. Pe = 1.0 . . . . . . . . . . . . . . 68

4.11 Example 2: Hist. of conv. h = 0.125. Pe = 10 . . . . . . . . . . . . . . . 69

vi



List of Figures

1.1 Example of a domain Ω and polygonal subdomain Dh . . . . . . . . . . 2

1.2 Transferring the Dirichlet boundary data . . . . . . . . . . . . . . . . . 3

2.1 Paths from the vertices . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2 Examples of paths from the vertices . . . . . . . . . . . . . . . . . . . . 12

2.3 Extension operator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.4 Effect of the choice of subdomains on the error . . . . . . . . . . . . . . 17

2.5 Computational domain and approximate solution . . . . . . . . . . . . 18

2.6 Hist. of conv. of the p-version. Problem on a disc . . . . . . . . . . . . . 20

2.7 Computational meshes around a disc and an airfoil . . . . . . . . . . . . 22

2.8 Approximations of the velocity. Problem on a disc . . . . . . . . . . . . 23

2.9 Approximations of the velocity. Problem on an airfoil . . . . . . . . . . 24

2.10 Approximate and postprocessed pressure. Problem on an airfoil . . . . . 25

2.11 Abs. value of the errors in the velocity. Problem on an airfoil . . . . . . 26

3.1 Example of domain Ω (annulus of boundary Γ0 ∪ Γ). . . . . . . . . . . . 34

3.2 Log of the error eg versus n . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.3 Domain and approximate solution. . . . . . . . . . . . . . . . . . . . . . 43

3.4 Hist. of conv. p-version. Coupling BEM-HDG. . . . . . . . . . . . . . . 44

3.5 Approx. of the second component of qh. Coupling BEM-HDG. . . . . . 45

3.6 Approximations of uh,n
ext(x, 0.5). Coupling BEM-HDG. . . . . . . . . . . 47

3.7 Log of the relative error versus log of α. Coupling BEM-HDG . . . . . . 49

4.1 Example 1: Computational domains . . . . . . . . . . . . . . . . . . . . 57

4.2 Example 1. Approximations of the scalar variable. . . . . . . . . . . . . 58

4.3 Example 2: Approx. scalar variable. Pe = 0.1 and Pe = 10. . . . . . . . 66

4.4 Example 2: Approx. scalar variable increasing k. Pe = 0.1. . . . . . . . 67

vii



Chapter 1

Introduction

It is well known that numerical methods play an important role in solving partial differ-

ential equations that model concrete applications. For several years, a wide variety of

methods (finite element method, finite difference, finite volume, etc.) have been exten-

sively studied for different kind of problems. Those methods are based on a triangulation

of the domain of interest in order to discretize the PDE. That is why, depending on

the problem and the regularity of the solution, those methods performs extremely well

in polyhedral domains. In this work, we present an approach for dealing with general

geometries, which is based on the idea developed in [13] for the one dimensional case.

In order to explain our method we work with the model problem of Darcy’s flow in

a porous medium Ω ⊂ R
n with boundary Γ, which we assume to be curved:

−∇ · u = f in Ω, (1.1a)

u + K∇p = 0 in Ω, (1.1b)

p = g on Γ. (1.1c)

Here u is the velocity of the fluid, p is the pressure, g ∈ H1/2(Γ) is the given pressure

at the border, f ∈ L2(Ω) is a source term and K ∈ [L∞(Ω)]2×2 is a symmetric and

positive definite tensor representing the permeability of the porous media.

In addition, in Chapters 3 and 4, we extend this approach to convection-diffusion

and exterior diffusion problems, respectively.

Let us describe the technique. We begin by expressing the domain Ω as the union of

a polyhedral subdomain Dh and its complement in Ω, D
c
h := Ω\Dh. For instance, in the

1
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two dimensional case, a simple way of doing this is illustrated in Fig. 1.1. Therein, we

use what we call a background mesh obtained by subdividing the squares of a uniform

Cartesian grid into four congruent triangles. The background mesh does not need to be

of this form, but this is a very convenient choice from the implementation point of view.

We then consider subdomains that can be triangulated by triangles of the background

mesh and define Dh to be the biggest of them; see an illustration in Fig. 1.1. The same

idea can be implemented in three-space dimensions.

Figure 1.1: Example of a domain Ω, its boundary Γ (solid line), a background mesh Bh

and the polygonal subdomain Dh (gray).

Next, we formally rewrite the original problem as follows. If we set Γh := Dh ∩ D
c
h,

we have that

−∇ · u = f in Dh, (1.2a)

u + K∇p = 0 in Dh, (1.2b)

p = ϕ on Γh, (1.2c)
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−∇ · u = f in (Dc
h)◦, (1.3a)

u + K∇p = 0 in (Dc
h)◦, (1.3b)

p = g on Γ, (1.3c)

p = ϕ on Γh, (1.3d)

and

(u · νΓh
)|Dh

= (u · νΓh
)|Dc

h
on Γh, (1.4)

where νΓh
is the outward pointing unit normal on Γh.

If we knew the function ϕ, the problem (1.2) would become a simple Dirichlet

boundary-value problem. To find ϕ, we note that, if σ is any path starting at the point

x and ending at the point x̄ ∈ Γ, we have, thanks to (1.3b) and (1.3c), that

p(x) = g(x̄) +

∫

σ
C u · m ds, (1.5)

where C = K−1 and m denotes the unit vector tangent to σ. We then have that

ϕ = p|Γh
; see an illustration in Fig. 1.2. Note that the value of p(x), and hence that of

ϕ, is independent of the path σ because C u is a gradient, namely, −∇p.

Figure 1.2: The Dirichlet data g on Γ is transferred to ϕ on Γh by using a line integral
on the path σ.

This suggests the following approach to construct approximations to the exact so-

lution. First, we approximate u in (Dc
h)◦ by an extension of u from the subdomain
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Dh, Eh(u), which satisfies the transmission condition (1.4). Next, we define a family of

paths Σh := {σ} joining each point of Γh to a point in Γ. Then, we define our approx-

imation to p|(Dc
h)◦ by using the formula (1.5) for all paths σ ∈ Σh with u replaced by

Eh(u). Finally, solve the problem (1.2) with Dirichlet data given by

g(x̄) +

∫

σ
C Eh(u) · m ds; .

Our technique is a discrete version of this approximation procedure.

We can think of this technique as a device to transfer the Dirichlet data on Γ to

another Dirichlet data on Γh. Since the transfer takes place by using the line integrals

given by (1), the problem of dealing with curved boundaries is reduced to the evaluation

of simple line integrals. Clearly, our method depends on the family of paths Σh and on

the extension Eh. However, it is independent of the way in which the boundary Γ is

represented and on the space dimension. It is also independent of the method used to

compute the approximation in the polyhedral domain Dh.

Let us now briefly compare our results with similar ones for related methods. In

the literature, methods that deal with curved boundaries (or interfaces) are usually

classified in fitted and unfitted mesh methods. A fitted mesh method approximates the

domain in such a way that the mesh somehow fits the boundary (interface). This can

be done, for example, by using isoparametric elements near the boundary (interface).

Its main advantage is that the prescribed data at the boundary (interface) can be easily

imposed. However, from the computational point of view, that type of meshes are not

easy to construct, especially for complicated geometries. On the other hand, unfitted

mesh methods allow to not exactly approximate the boundary (interface). That is

why meshing is relatively easy and even Cartesian grids can be used. However, in this

case the data must be suitably imposed, since the mesh does not resolve the boundary

(interface).

In the setting of unfitted mesh methods, one of the first approaches, the so-called

“Immersed Boundary” (IB) Methods, was introduced in 1972 by [36] in the framework of

the simulation of the blood in the heart. Even though the IB methods were designed for

problems involving membranes “immersed” in a biological fluid, during the last decade

they have become popular not only in biological applications. In 1986 [4], based on

the idea proposed by [3], introduced a penalty function in order to weakly impose the
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boundary condition. Assuming the distance between Γ and Γh of order h2, the authors

showed optimal H1-convergence and optimal L2-convergence in any subdomain of Ω for

k = 1. In addition, in 1987, [5] applied this idea to interface problems and the resulting

method was analyzed for a piecewise linear approximation of the penalized formulation.

In 2002 [22], based on Nitsche’s approach, proposed a method that allows discontinu-

ities inside the elements cut by the interface. The authors proved optimal order of

convergence for linear elements. Recently, [33] developed a method that avoids the use

of a penalty function. Instead, the essential boundary condition is strongly imposed.

In order to retain optimal order of convergence, a discontinuous Galerkin discretization

near the boundary is used. Only piecewise linear elements were considered.

On the other hand, in the context of fitted mesh methods, [5] in 1987 proposed

to fit the interface by isoparametic elements of degree k − 1, with k ≥ 2. Optimal

convergence was obtained in the computational domains. In 1994, [7] considered a

nonhomogeneous Dirichlet boundary problem for second order elliptic equations; and

later, in 1996, [8] extended the idea to elliptic interface problems. In both cases, the

domain Ω is approximated by a polygonal domain where the distance between Γ and

Γh is of order h2, and the data is transferred in a natural way. The authors showed

optimal convergence of piecewise linear approximations. Moreover, they assumed the

boundary Γ to be C∞ and claimed the same idea can be extended to the case when Γ is

piecewise smooth. Under these assumptions we can see our method as a generalization

of this approach. Indeed, if we “fit” our mesh to the domain and construct Dh according

to [7], our family of paths coincides with the one defined by them. However, how we

transfer the boundary data is not quite the same. Indeed, we have an additional term

(integral term in equation (1.5)) that helps us to use high order approximations and

retain optimal convergence.

In 2010, [23] analyzed a method to solve H(div; Ω)-elliptic interface problems in

general three-dimensional Lipschitz domains with smooth interfaces. A lowest order

H(div; Ω)-conforming discrete space was presented and optimal H(div; Ω)-convergence

was proven. For high order approximations, we refer to [34]. The authors proved con-

vergence of order hmin{k,(m+1)/2} and hmin{k,m}+1 for the H1 and L2 norms, respectively.

Here, the interface Γ is interpolated by a spline of degree m. Optimal H1 and L2 con-

vergence is achieved for isoparametric elements with m = k = 1. For k ≥ 2, only L2
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optimal convergence is obtained with isoparametric elements. However, optimal H1

convergence is also achieved if superparametric elements with m ≥ 2k − 1 are used.

Moreover, for isoparametric elements, the authors showed optimal H1 in a domain that

excludes a thin tubular region around the interface. Another method that “fits” the

boundary is the so-called Isogeometric Analysis [24]. In this case, there is an exact

representation of geometry. The basis functions of the approximation space are the

same ones that describe the geometry. Those basis are NURBS (Non-Uniform Rational

B-Splines) and are given by CAD (Computer Aided Design).

In most of the results described above only piecewise linear approximations were

considered and hence low order accuracy is obtained. For high order approximations,

the mesh somehow must fit the boundary in order to get high order accuracy, which is

impractical and computational expensive. The method here proposed allows high order

approximations even though the mesh does not fit the domain and the computational

boundary Γh is “far” from Γ.



Chapter 2

The HDG method for elliptic

problems

2.1 Mesh construction and notation

We begin by picking a background domain B ⊃ Ω which is “easy” to mesh. Then,

given a mesh Th of B, we determine which elements are inside of Ω in order to set our

computational domain Dh; see the gray elements in Fig. 1.1. We do that by using the

level set function φ. Here φ : B → R is a continuous function such that φ < 0 in Ω,

φ = 0 on Γ and φ > 0 in B \ Ω̄. Then, Dh = {K ∈ Th : φ(x) ≤ 0 ∀x ∈ K}. Note that,

if the domain is convex, the set Dh is easy to construct because any convex polyhedral

element K is completely inside of Ω if and only if φ(v) ≤ 0 for each of its vertices v. If

the domain is not convex, additional computations are required to make sure that its

boundary ∂K does not intersect the boundary Γ.

Let us introduce the notation associated with the above sets. We denote by hK the

diameter of the element K ∈ Dh and by νK its and outward unit normal. Let E0
h be

the set of interior edges of Dh and E∂
h the edges at the boundary. We say that an edge

e ∈ E0
h if there are two elements K+ and K− in Dh such that e = ∂K+ ∩ ∂K−. Also,

we say that e ∈ E∂
h if there is an element K ∈ Dh such that e = ∂K ∩ Γh. We set

Eh = E0
h ∪ E∂

h.

For each element K in the triangulation Dh, we denote by Pk(K) the space of

polynomials of degree at most k defined on the element K. For each edge e in Eh, Pk(e) is

7
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the space of polynomials of degree at most k defined on the edge e. Given an element K,

(·, ·)K and 〈·, ·〉∂K denote the L2(K) = {v :
∫
K v2 < ∞} and L2(∂K) = {ξ :

∫
∂K ξ2 < ∞}

products, respectively. Thus, for each ξ and ψ we define

(ξ, ψ)Dh
=

∑

K∈Dh

(ξ, ψ)K and 〈ξ, ψ〉∂Dh
=

∑

K∈Dh

〈ξ, ψ〉∂K .

2.2 The formulation

The method seeks an approximation (uh, ph, p̂h) of the exact solution (u, p, p|Eh
) in the

space V h × Wh × Mh given by

V h = {v ∈ [L2(Dh)]2 : v|K ∈ [Pk(K)]2 ∀K ∈ Dh}, (2.1a)

Wh = {w ∈ L2(Dh) : w|K ∈ P
k(K) ∀K ∈ Dh}, (2.1b)

Mh = {µ ∈ L2(Eh) : µ|e ∈ P
k(e) ∀e ∈ Eh}. (2.1c)

It is defined by requiring that it satisfies the equations

− (uh,∇w)Dh
+ 〈ûh · νK , w〉∂Dh

= (f, w)Dh
(2.2a)

(Cuh, v)Dh
− (ph,∇ · v)Dh

+ 〈p̂h, v · νK〉∂Dh
= 0, (2.2b)

〈µ, ûh · νK〉∂Dh\Γh
= 0, (2.2c)

〈µ, p̂h〉Γh
= 〈µ, ϕh〉Γh

, (2.2d)

for all (v, w, µ) ∈ V h × Wh × Mh. To complete the definition of the HDG method we

must specify the definition of numerical trace ûh on ∂Dh, namely,

ûh = uh + τ(ph − p̂h)νk. (2.2e)

In the case in which Dh = Ω, it is enough to take the stabilization function τ strictly

positive to ensure that the method is well defined. In fact, optimal convergence results

are obtained when τ is taken to be of order one; see the error analysis carried out in

[14, 9, 12]. The approximate solution seems to be sensitive to the values of τ only when

it is either very large or very small. However, how to chose the optimal function τ still

remains an open problem.
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2.2.1 A new approximate pressure

Let us describe an element-by-element postprocessing of the approximate solution, p∗h,

which provides a better approximation for the pressure when k ≥ 1; see [14, 12]. The

function p∗h is defined as follows. On each element K ⊂ Dh, p∗h = p̄h + p̃h is the only

function in Pk+1(K) such that

p̄h =





1
n

∑
e∈∂K p̂h|e if k = 0,

1
|K|

∫
K phdx if k > 0,

and p̃h is the polynomial in P
k+1
0 (K) (set of functions in Pk+1(K) with mean zero)

satisfying

(K∇p̃h,∇w)K = (f, w)K − 〈w, ûh · νK〉∂K w ∈ P
k+1(K).

Next, we define the family of paths σh, Σh, the extension operator Eh and the lifting

Lh.

2.3 The family of paths

The family of paths Σh can be constructed in several ways. From now on, we restrict

ourselves to the two-dimensional case and propose a simple way to do that. However,

the ideas that we will present can be extended to the three-dimensional case. First,

we define the paths associated to the vertices lying in Γh by using a constrained, local

minimization of their distance to Γ. This is done in such a way that the resulting paths

do not intersect before reaching Γ. Then the path of any point of Γh to Γ is defined by

a simple interpolation of the paths associated with the vertices of the edge the point is

lying on.

2.3.1 Paths from the vertices

Let x be a vertex of Γh. We define its path σ(x) as the segment joining x and the

point x̄ := a(x) on Γ defined as follows. First, we find the set of edges {ei}I
i=1 of the

background mesh that have x as a vertex and that intersect the boundary Γ; see an
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illustration in Fig. 2.1 (top, left), where we have I = 3. We then construct the cone

C(x) as the smallest cone of vertex x containing each of the edges in {ei}I
i=1 and such

that C(x) ∩ Ω ⊂ Dc
h; see Fig. 2.1 (top, right).

Next, we consider the set of edges in Γh having x as a vertex, {Fj}2
j=1. To each

edge Fj , we associate the half-space Hj(x) determined by the tangent to Fj and by the

condition Hj(x)∩Kj = Fj , where Kj is the element of Dh having the face Fj . We then

set H(x) := H1(x) ∩ H2(x); see an illustration in Fig. 2.1 (middle, left). Finally, we

define R(x) := C(x) ∩ H(x) ∩ Ω̄; see Fig. 2.1 (middle, right).

We now divide the angle that the region R(x) makes at x into N − 1 equal angles

by using the rays {~ri}N
i=1 starting at x. Then, for each ray ~ri, we compute the point yi

in ~ri ∩ Γ that minimizes the distance to x; see Fig. 2.1 (bottom, left). Next, from the

set {yi}N
i=1, we extract the set of points {zj}J

j=1 that minimize the distance to x and

set z̄ :=
∑J

j=1 zj/J . Finally, we define a(x) as the point where the ray
−→
xz̄ intersects Γ;

see Fig. 2.1 (bottom, left). In Fig. 2.2 we show some of the paths from the vertices of

Γh to Γ by using the above procedure.

In order to find the intersection between a segment and the curve Γ we use a

bisection-type method. Basically, we compute the midpoint of the segment and de-

termine if it belongs to Ω or Ωc by using the level set function φ. This process is done

iteratively until we find a point w of the segment where |φ(w)| is less than a tolerance.

Note that the paths issuing from any two vertices x1 and x2 lying in Γh do not

intersect before terminating at Γ because the interior of the sets C(x1)∩Ω and C(x2)∩Ω

do not intersect, by construction.

2.3.2 Paths from the edges

Next, we define a(x), where x is an arbitrary point of the edge e of the boundary Γh.

We proceed as follows. Let v1 and v2 be the vertices of e. Then, for any point x ∈ e,

we can write x = v1 + (1 − θ)(v2 − v1) for some θ ∈ [0, 1]. Now, let t1 and t2 be the

unit tangent vectors of the paths σ(v1) and σ(v1), respectively, and let L be the line

passing trough x whose tangent vector is t := t1 +(1− θ)(t2 − t1). We then define a(x)

as the point that minimizes the distance to x on L ∩ Γ. Note that when a(vj) = vj ,

we take tj to be the outward pointing normal of the element of Dh where e belongs.
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Figure 2.1: Steps of the computation of the path joining the vertex x of Γh to the point
a(x) in Γ. The dark gray region marks the region Dh.
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Figure 2.2: Examples of paths (dark line) associated to the vertices of Γh for the airfoil-
shaped boundary Γ.

2.3.3 The extension and lifting operators

The extension Eh(uh) of uh from the subdomain Dh to its complement in Ω is defined

as follows. Let K be an element in Dh with a edge e lying on Γh and let v1 and v2 be

its vertices. Now, let Ke
ext be the region determined by the segments joining v1 and v2,

v1 and a(v1), v2 and a(v2), and by the curve lying on Γ joining a(v1) and a(v2); see

Fig. 2.3. We define uh as the extension of uh|K ∈ [Pk(K)]2 to Ke
ext, that is, for any

y ∈ Ke
ext, we set

Eh(uh)(y) := uh|K(y). (2.3)

Finally, we define the lifting of g on D
c
h. If the point y ∈ Ke

ext lies in the path σ ∈ Σh

joining the point x ∈ Γh to the point a(x) ∈ Γ, we denote by σ(y, a(x)) the straight

path joining the point y to the point a(x) ∈ Γ, and set

Lh(g)(y) = g(a(x)) +

∫

σ(y,a(x))
CEh(uh) · m. (2.4)

Note that the Dirichlet data ϕh we take in equation (2.2d) is nothing but the restriction

of the above lifting to Γh. Note also that, in general, there could be points y ∈ Ke
ext

which do not lie in any of the paths in σ ∈ Σh. For the sake of simplicity, we do assume

that the background mesh is fine enough so that this situation never presents itself.

This is actually the case of all our numerical experiments. Thus, the above lifting Lh(g)

defines the approximate pressure in the whole D
c
h.
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Figure 2.3: Extension E(uh) of uh from K to Ke
ext.

2.4 Numerical results

In this section, we carry out several numerical experiments to explore the convergence

properties of our method. For simplicity, we take K to be the identity matrix and set

the stabilization function τ equal to 1.

In each of the experiments, we monitor the behavior of the errors ep = p − ph and

eu = u − uh in the computational subdomain Dh as well as in its complement with

respect to Ω, D
c
h. We also monitor the error and ebp = p̂− p̂h on Eh. To do that, we use

the following norms:

‖ep‖int : =
‖ep‖L2(Dh)

|Dh|1/2
, ‖eu‖int :=

‖eu‖[L2(Dh)]2

|Dh|1/2
,

‖ep‖ext : =
‖ep‖L2(Dc

h)

|Dc
h|1/2

, ‖eu‖ext :=
‖eu‖[L2(Dc

h)]2

|Dc
h|1/2

,

‖ebp‖Eh
: =

(∑
K∈Dh

hK‖P∂p − p̂h‖2
L2(∂K)∑

K∈Dh
hk|∂K|

)1/2

.

Here P∂ is an L2−projection defined as follows. Given any function ζ ∈ L2(Eh) and an

arbitrary edge e ∈ Eh, the restriction of P∂ to e is defined as an element of Pk(e) that

satisfies

〈P∂ζ − ζ, w〉e = 0 ∀w ∈ P
k(e).

In most of our experiments, the background mesh is obtained by subdividing the

squares of a uniform Cartesian grid into four congruent triangles; the origin is always
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a vertex of one of the squares. We denote by h the side of such squares. Note that, as

h decreases, the area of the subdomain Dh increases and that of D
c
h decreases. This is

the motivation of the definition of the above norms. To compute the errors in D
c
h, we

triangulate that region with triangles of diameter 1/32 times the size of the mesh. Also,

we take N = 10 in all the examples; see the algorithm to find the paths issuing from

the vertices of Γh in Subsection 2.3.1.

2.4.1 Polygonal domains

In our first experiment, we test the performance of the method when Ω is a polygonal

domain. In this way, the effect of the curvature of the border of Ω would be completely

factored out. We would then only see the effect of using strict subdomains Dh of Ω.

When the domain Ω is a polygon and Ω = Dh, it was shown [14, 9, 12] that the HDG

method works in optimal fashion. Indeed, in this case, the orders of convergence are

k + 1 for the pressure and the velocity for k ≥ 0. Moreover, the approximation of the

pressure on Eh, p̂h superconverges to P∂p with order k+2 for k ≥ 1, and an element-by-

element postprocessing of the pressure, p∗h, converges with order k + 2 for k ≥ 1. This

behavior is confirmed in the results displayed in Table 2.1 for the problem in which Ω

is the square (0, 1)2 and f and g are chosen in such a way that p(x, y) = sin(x) sin(y) is

the exact solution of (1.1a)-(1.1c).

Now, we explore how using strict subdomains Dh of Ω affects the performance of the

method. We do use the same exact solution as in the previous case but now we consider

Dh strictly contained in the domain Ω where the distance of Γh to Γ is of order h. (Let

us recall that, to compute the family of paths Σh, we use the algorithm proposed in

Subsection 2.3). In Table 2.2, we see that the orders of convergence are the same as

in the previous example. Moreover, in D
c
h we get the order k + 1 for the velocity and

k + 2 for the pressure, for k ≥ 0. This superconvergence of the pressure in D
c
h was

proven for the one-dimensional case in [13] and is reasonable to expect because of the

very definition of ph in D
c
h, (1.5). Note that we only need to postprocess ph in the

subdomain Dh, since ph already converges with order k+2 in D
c
h for k ≥ 1. In addition,

in Fig. 2.4, we show the plot of the errors of the (second component of the) velocity and

pressure (middle and right columns, respectively) when Ω = Dh (first row) and Ω ⊃ Dh

(second row). Taking into account that the errors for the case in which Ω = Dh are the
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‖ep‖int ‖eu‖int ‖ebp‖Eh
‖ep∗‖int

k mesh error order error order error order error order

h 1.32E-02 - 6.25E-02 - 7.75E-03 - 1.37E-02 -

0 h/2 6.66E-03 0.99 3.14E-02 0.99 2.45E-03 1.66 6.75E-03 1.02

h/4 3.34E-03 0.99 1.57E-02 1.00 9.82E-04 1.32 3.36E-03 1.01

h/8 1.67E-03 1.00 7.87E-03 1.00 4.59E-04 1.10 1.68E-03 1.00

h 5.84E-04 - 1.26E-03 - 1.24E-04 - 4.46E-05 -

1 h/2 1.44E-04 2.02 3.19E-04 1.98 1.57E-05 2.99 5.66E-06 2.98

h/4 3.59E-05 2.01 8.02E-05 1.99 1.97E-06 3.00 7.14E-07 2.99

h/8 8.97E-06 2.00 2.01E-05 2.00 2.46E-07 3.00 8.96E-08 2.99

h 1.64E-05 - 3.07E-05 - 2.00E-06 - 5.91E-07 -

2 h/2 2.03E-06 3.02 3.84E-06 3.00 1.26E-07 3.99 3.71E-06 3.99

h/4 2.53E-07 3.01 4.81E-07 3.00 7.87E-09 4.00 2.33E-09 3.99

h/8 3.15E-08 3.00 6.01E-08 3.00 4.93E-10 4.00 1.57E-10 3.89

3 h 3.22E-07 - 4.62E-07 - 2.47E-08 - 5.63E-09 -

h/2 1.99E-08 4.01 2.92E-08 3.98 7.83E-10 4.98 2.63E-10 4.42

h/4 1.24E-09 4.01 1.83E-09 3.99 2.46E-11 4.99 9.45E-11 1.47

h/8 7.71E-11 4.00 1.15E-10 4.00 7.80E-13 4.98 4.70E-11 1.00

Table 2.1: History of convergence for the square Ω = (0, 1)2 and Dh = Ω.

smallest, we see that, as expected, the errors are bigger (especially for the velocity) on

the set D
c
h (marked in gray).

2.4.2 Circular domains

In our second experiment, we test the effect of curved boundaries in the simple case

of circular domains. We begin by using subdomains Dh whose boundary Γh is at a

distance of order h2 of Γ and then we proceed to explore the more demanding case

in which the distance is of order h. For both experiments, we take Ω to the circle of

radius 0.5 centered at (0.5, 0.5) and set f and g in such a way that the exact solution is

p(x, y) = sin(x) sin(y).

To begin, we consider a polygonal subdomain Dh for which Γh is at a distance of

order h2 of Γ. This is the only experiment in which we do not use the background

triangulation. Since the triangulation is not uniform, in order to compute the orders of

convergence, we do not use the meshsize. Instead, use the inverse of the square root of

the total number of degrees of freedom dof , for the unknown p̂h; see Table 2.3. Therein,



16

‖ep‖int ‖ep‖ext ‖eu‖int ‖eu‖ext ‖ebp‖Eh
‖ep∗‖int

k mesh error order error order error order error order error order error order

h 6.08E-03 - 1.16E-02 - 1.02E-01 - 1.40E-01 - 7.70E-03 - 7.69E-03 -

h/2 4.82E-03 0.33 2.52E-03 2.20 4.07E-02 1.32 6.10E-02 1.20 2.03E-03 1.92 4.95E-03 0.63

0 h/4 2.86E-03 0.75 5.93E-04 2.08 1.80E-02 1.18 2.86E-02 1.09 6.27E-04 1.69 2.88E-03 0.78

h/8 1.55E-03 0.89 1.45E-04 2.03 8.44E-03 1.09 1.39E-02 1.04 2.23E-04 1.49 1.55E-03 0.89

h/16 8.06E-04 0.94 3.58E-05 2.01 4.08E-03 1.05 6.90E-03 1.02 9.10E-05 1.30 8.07E-04 0.95

h 1.84E-03 - 2.54E-03 - 1.16E-02 - 2.48E-02 - 1.93E-03 - 1.81E-03 -

h/2 3.02E-04 2.61 3.13E-04 3.02 1.57E-03 2.88 5.69E-03 2.12 2.61E-04 2.88 2.57E-04 2.81

1 h/4 5.19E-05 2.54 3.82E-05 3.03 2.42E-04 2.70 1.33E-03 2.10 3.37E-05 2.95 3.36E-05 2.93

h/8 1.05E-05 2.31 4.75E-06 3.01 4.07E-05 2.57 3.21E-04 2.05 4.35E-06 2.96 4.35E-06 2.95

h/16 2.39E-06 2.14 5.96E-07 2.99 7.58E-06 2.42 7.93E-04 2.02 5.54E-07 2.97 5.56E-07 2.97

h 1.54E-04 - 4.19E-04 - 1.73E-03 - 6.02E-03 - 1.82E-04 - 1.54E-04 -

h/2 8.21E-06 4.23 1.91E-05 4.46 1.10E-04 3.98 5.42E-04 3.47 8.24E-06 4.46 7.77E-06 4.31

2 h/4 5.30E-07 3.96 9.25E-06 4.37 8.42E-06 3.71 5.29E-05 3.36 4.46E-07 4.21 4.36E-07 4.16

h/8 4.40E-08 3.60 4.90E-08 4.24 7.00E-07 3.60 5.64E-06 3.23 2.71E-08 4.04 2.68E-08 4.02

h/16 4.48E-09 3.29 2.79E-09 4.14 6.03E-08 3.53 6.42E-06 3.13 1.69E-09 4.00 1.68E-09 3.99

h 2.37E-05 - 4.38E-05 - 1.44E-04 - 6.09E-04 - 2.53E-05 - 2.38E-05 -

3 h/2 8.25E-07 4.85 1.21E-05 5.18 4.51E-06 5.00 2.98E-05 4.35 8.39E-07 4.91 8.24E-07 4.85

h/4 2.66E-08 4.95 3.41E-08 5.14 1.60E-07 4.81 1.52E-06 4.29 2.67E-08 4.97 2.65E-08 4.96

h/8 8.58E-10 4.95 1.01E-09 5.08 5.98E-09 4.74 8.15E-08 4.22 8.52E-10 4.97 8.49E-10 4.96

Table 2.2: History of convergence for the square Ω = (0, 1)2 , Dh ⊂ Ω and for a distance
of Γh to Γ of order h
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Figure 2.4: Effect of the choice of subdomains on the error of the second component of
the velocity (middle row) and on the pressure (bottom row). In the first row, Dh = Ω.
In the second one, Dc

h appears in gray and the paths issuing from the vertices of Γh in
dark, solid lines.
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we observe that the order of convergence are k + 1 for the pressure and velocity in the

subdomain Dh for k ≥ 0, and k + 2 for the postprocessed pressure p∗h in Dh and k + 2

for the numerical traces for k ≥ 1. Moreover we see that, in D
c
h we have the order k + 1

for the velocity and (at least) k + 2 for the pressure, as expected.

Figure 2.5: Domain and mesh (top, left) with the corresponding approximate solution
(right column). Note that there is an annular subdomain of the exact domain which
has not been meshed. The approximate solution therein is computed as an extension of
the approximation in the meshed subdomain (bottom, left).

Next, we consider the more difficult case in which Γh is a at a distance of order h

from Γ. In Fig. 2.5, we show the computational domain Dh (top, left), the approximate

solution ph inside the computational domain (top, right), the extended solution ph on

D
c
h (bottom, left) and, finally, the approximate solution in the entire domain Ω (bottom,

right). We can see that the approximation is very good. In fact, in Table 2.4, we see

that the orders of convergence are the same as in the previous case for the velocity and
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pressure in Dh and velocity in D
c
h. Moreover, we get the order k + 1 for the pressure in

D
c
h. (The orders of convergence were not computed by using the degrees of freedom dof ,

but we display them in Table 2.4 to facilitate a comparison with the results displayed

in Table 2.3.) Finally, in Figs. 2.6, we see that the method converges exponentially in

all the variables.

2.4.3 Nonconvex domains

In our third experiment, we test the ability of the method to deal with nonconvex

domains. We thus consider an example of a potential flow around the disc C centered

at (0.5, 0.5) and radius R = 0.125. Here we take Ω := (0, 1) × (0, 1) \ C and set f and

g such that p(x, y) = −(x− 0.5)(1 + R2/((x− 0.5)2) + (y − 0.5)2) is the exact solution.

In Fig. 2.7 (top row), we give examples of triangulations of our computational domain

Dh, and in Fig. 2.8, we display the approximations of the second component of the

velocity to show how the quality of the approximation improves as h diminishes and as

the polynomial degree k increases from 1 to 3. In Table 2.5, we see that we do get the

same orders of convergence ph, uh and p̂h than in the case in which Ω = Dh and Ω is a

polygon.

2.4.4 An airfoil

In our last experiment, we test the performance of the method when the domain has

a boundary with a curved, re-entrant corner. This most difficult case is obtained as

follows. Thus we consider a domain Ω similar to the one used in the previous example

which has an airfoil replacing the disc. The airfoil is obtained by using the Joukowsky

transformation:

J(z) = z +
λ2

z
,

where z ∈ C and λ ∈ R. It is well known that this transformation maps the disc

centered at (s1, s2) of radius R to an airfoil when we set λ = R −
√

s2
1 + s2

2. Here, we

take R = 0.107 and s1 = s2 = 0.01, and set f and g such that p(x, y) = sin(3πx) sin(3πy)

is the exact solution. In Fig. 2.7 (bottom row), we can see the resulting airfoil as well

as examples of triangulations of computational domains Dh.
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Figure 2.6: History of convergence of the p-version for the problem in a disc: Dist. of
Γh to Γ of order h. Log of the error versus polynomial degree.
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‖ep‖int ‖ep‖ext ‖eu‖int ‖eu‖ext ‖ebp‖Eh
‖ep∗‖int

k dof error order error order error order error order error order error order

137 1.02E-02 - 4.73E-05 - 3.45E-02 - 5.58E-02 - 1.27E-03 - 1.04E-02 -

0 553 4.97E-03 1.03 5.76E-06 3.24 1.76E-02 0.96 2.52E-02 1.22 4.48E-04 1.60 5.01E-03 1.04

1973 2.70E-03 0.96 7.84E-07 2.35 9.25E-03 1.01 1.37E-02 0.72 1.90E-04 1.01 2.71E-03 0.97

9379 1.24E-03 1.00 7.47E-08 3.27 4.19E-03 1.01 5.92E-03 1.17 9.00E-05 1.04 1.24E-03 1.00

274 3.67E-04 - 1.70E-06 - 7.16E-04 - 1.35E-03 - 1.93E-05 - 2.53E-05 -

1 1106 8.81E-05 2.05 8.84E-08 4.24 1.86E-04 1.93 2.50E-04 2.42 2.46E-06 2.95 3.40E-06 2.88

3946 2.52E-05 1.97 8.79E-09 3.63 5.21E-05 2.00 8.83E-05 1.63 3.63E-07 3.01 4.98E-07 3.02

18758 5.13E-06 2.04 3.84E-10 4.02 1.04E-05 2.06 1.56E-05 2.23 3.25E-08 3.10 4.40E-08 3.11

411 8.40E-06 - 4.46E-08 - 1.52E-05 - 3.01E-05 - 1.74E-07 - 2.83E-07 -

2 1659 1.09E-06 2.93 1.34E-09 5.03 1.96E-06 2.93 3.09E-06 3.26 1.28E-08 3.73 1.90E-08 3.87

5919 1.58E-07 3.03 7.36E-11 4.56 2.83E-07 3.04 5.88E-07 2.61 9.42E-10 4.10 1.45E-09 4.05

28137 1.41E-08 3.10 1.48E-12 5.01 2.56E-08 3.08 4.66E-08 3.25 3.62E-11 4.18 5.81E-11 4.12

548 1.56E-07 - 6.59E-10 - 2.11E-07 - 4.52E-07 - 2.19E-09 - 2.54E-09 -

3 2212 1.04E-08 3.88 8.26E-12 6.23 1.50E-08 3.79 1.89E-08 4.55 7.77E-11 4.78 9.68E-11 4.69

7892 8.00E-10 4.04 2.53E-13 5.48 1.14E-09 4.04 2.20E-09 3.38 3.05E-12 5.09 3.83E-12 5.08

Table 2.3: History of convergence for the problem in a disc: Distance of Γh to Γ of order
h2.

‖ep‖int ‖ep‖ext ‖eu‖int ‖eu‖ext ‖ebp‖Eh
‖ep∗‖int

k dof mesh error order error order error order error order error order error order

56 h 9.75E-03 - 5.28E-03 - 6.21E-02 - 9.12E-02 - 3.88E-03 - 1.04E-02 -

0 260 h/2 5.43E-03 0.84 1.45E-03 1.86 3.28E-02 0.92 4.20E-02 1.12 1.33E-03 1.54 5.54E-03 0.91

1124 h/4 2.96E-03 0.88 4.08E-04 1.83 1.63E-02 1.01 2.12E-02 0.98 4.55E-04 1.55 2.97E-03 0.90

4656 h/8 1.55E-03 0.93 9.19E-05 2.15 8.06E-03 1.02 1.14E-02 0.89 1.70E-04 1.42 1.55E-03 0.94

112 h 6.11E-04 - 3.12E-04 - 2.37E-03 - 6.30E-03 - 2.55E-04 - 2.53E-04 -

1 520 h/2 1.53E-04 2.00 6.33E-05 2.30 6.05E-04 1.97 1.68E-03 1.91 4.98E-05 2.36 4.96E-05 2.35

2248 h/4 3.74E-05 2.03 1.21E-05 2.39 1.36E-04 2.16 5.30E-04 1.67 9.10E-06 2.45 9.11E-06 2.44

9312 h/8 9.03E-06 2.05 1.53E-06 2.99 2.62E-05 2.37 1.35E-04 1.98 1.14E-06 2.99 1.15E-06 2.98

168 h 2.64E-05 - 2.85E-05 - 1.64E-04 - 6.21E-04 - 2.03E-05 - 1.91E-05 -

2 780 h/2 2.96E-06 3.16 3.13E-06 3.19 2.53E-05 2.70 9.31E-05 2.74 2.03E-06 3.32 1.96E-06 3.28

3372 h/4 3.19E-07 3.22 3.16E-07 3.31 3,43E-06 2.88 1.85E-05 2.33 1.74E-07 3.54 1.70E-07 3.53

13968 h/8 3.33E-08 3.26 1.76E-08 4.16 2.74E-07 3.64 2.15E-06 3.10 8.44E-09 4.36 8.32E-09 4.35

224 h 1.01E-06 - 1.40E-06 - 6.70E-06 - 3.50E-05 - 9.70E-07 - 9.19E-07 -

3 1040 h/2 8.90E-08 3.50 1.33E-07 3.40 9.24E-07 2.86 3.81E-06 3.20 8.87E-08 3.45 8.52E-08 4.43

4496 h/4 5.42E-09 4.03 8.42E-09 3.98 6.98E-08 3.73 4.51E-07 3.08 5.31E-09 4.06 5.22E-09 4.03

18624 h/8 1.79E-10 4.93 2.43E-10 5.11 2.37E-09 4.88 2.34E-08 4.27 1.58E-10 5.07 1.63E-10 5.00

Table 2.4: History of convergence for the problem in a disc: Distance of Γh to Γ of order
h.
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Figure 2.7: Computational meshes around a disc (top: left h = 1/8, right h = 1/32)
and around an airfoil (bottom: left h = 1/16, right h = 1/64).
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Figure 2.8: Approximations of the second component of the velocity: k = 1 (top),
k = 2 (middle) and k = 3 (bottom). Background mesh of meshsize h = 1/8 (left) and
h = 1/32 (right).
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Figure 2.9: Approximations of the first component of the velocity: k = 1 (top), k = 2
(middle) and k = 3 (bottom). Background mesh of meshsize h = 1/16 (left) and
h = 1/64 (right).
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Figure 2.10: Approximate pressure (left) and postprocessed pressure (right) for the
background mesh of meshsize h = 1/32: k = 1 (top), k = 2 (middle) and k = 3
(bottom).
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In Fig. 2.9, we display the first component of the velocity to show how the quality

of the approximation varies as h diminishes and as the polynomial degree k increases

from 1 to 3. The approximation seems to improve when h decreases and k increases.

However, it is interesting to note that for k = 2 and the background mesh of meshsize

h = 1/16, the quality of the approximation around the leftmost part of the airfoil seems

to actually deteriorate. This unpleasant, and so far unexplained, feature disappears

when we use the background mesh of meshsize h = 1/64. This phenomenon indicates

that we must refine the mesh if we want to increase the polynomial degree in order to

obtain an accurate approximation.

In Fig. 2.10, we display the approximate pressure and the postprocessed pressure on

a fixed mesh for the polynomial degrees k of 1, 2 and 3. We see that the quality of the

postprocessed velocity is superior to that of the corresponding approximate pressure,

and that the quality of the approximation increases with the polynomial degree k, as

one would expect.

In Table 2.6, we see that the method performs as in the “ideal” case Ω = Dh.

However, it is interesting to see that the errors do not necessarily decrease when the

polynomial degree k increases, as we pointed out when discussing the results in Fig. 2.9.

In the first column of Table 2.6, we see that the error in the pressure in the interior of

the computational domain Dh actually increases when we go from k = 2 to k = 3 when

we use the background mesh of meshsize labeled h/2 therein. On the other hand, this

phenomenon disappears for finer meshes.

Figure 2.11: Absolute value of the errors in the velocity: First (left) and second (right)
components. Background mesh of meshsize h = 1/32.
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‖ep‖int ‖ep‖ext ‖eu‖int ‖eu‖ext ‖ebp‖Eh
‖ep∗‖int

k mesh error order error order error order error order error order error order

h/2 2.11E-03 - 6.36E-03 - 2.63E-02 - 1.87E-01 - 2.23E-03 - 2.12E-03 -

h/4 3.51E-04 2.58 1.68E-03 1.92 7.64E-03 1.78 1.12E-01 0.74 3.62E-04 2.62 3.51E-04 2.60

1 h/8 4.62E-05 2.93 2.56E-04 2.71 1.77E-03 2.11 4.14E-02 1.43 4.53E-05 3.00 4.43E-05 2.97

h/16 7.40E-06 2.64 3.54E-05 2.88 3.81E-04 2.21 1.33E-02 1.64 6.42E-06 2.82 6.35E-06 2.80

h/32 1.12E-06 2.72 4.54E-06 2.96 8.72E-05 2.13 3.51E-03 1.91 5.29E-07 3.60 5.23E-07 3.61

h/2 8.04E-04 - 3.31E-03 - 1.26E-02 - 1.08E-01 - 8.34E-04 - 8.04E-04 -

h/4 6.93E-05 3.53 6.03E-04 2.46 2.29E-03 2.46 4.15E-02 1.38 6.96E-05 3.58 6.85E-05 3.55

2 h/8 1.12E-05 2.63 6.87E-05 3.13 3.73E-04 2.62 9.07E-03 2.19 1.13E-05 2.62 1.11E-05 2.62

h/16 9.32E-06 3.59 5.66E-06 3.60 4.44E-05 3.07 1.55E-03 2.54 9.28E-06 3.60 9.18E-06 3.60

h/32 5.77E-08 4.01 4.46E-07 3.67 5.44E-06 3.03 2.41E-04 2.69 5.48E-08 4.08 5.40E-08 4.09

h/2 3.57E-04 - 1.84E-03 - 5.93E-03 - 6.23E-02 - 3.58E-04 - 3.57E-04 -

3 h/4 9.87E-05 1.85 3.98E-04 2.21 1.46E-03 2.02 2.12E-02 1.55 1.00E-04 1.84 9.88E-05 1.85

h/8 7.44E-06 3.73 3.23E-05 3.62 1.62E-04 3.18 3.29E-03 2.69 7.51E-06 3.74 7.44E-06 3.73

h/16 2.61E-07 4.83 1.32E-06 4.62 9.35E-06 4.11 2.84E-04 3.53 2.63E-07 4.84 2.61E-07 4.83

Table 2.5: History of convergence for the potential flow around a disc (h = 0.25)

‖ep‖int ‖ep‖ext ‖eu‖int ‖eu‖ext ‖ebp‖Eh
‖ep∗‖int

k mesh error order error order error order error order error order error order

h/2 1.12E+00 - 1.08E-01 - 1.95E+00 - 2.99E+00 - 4.19E-02 - 1.13E+00 -

h/4 5.57E-01 1.01 3.18E-02 1.76 9.61E-01 1.02 1.54E+00 0.95 1.32E-02 1.66 5.60E-01 1.01

0 h/8 2.80E-01 0.99 6.71E-03 2.24 4.74E-01 1.02 7.94E-01 0.96 3.88E-03 1.77 2.81E-01 1.00

h/16 1.41E-01 1.00 1.57E-03 2.09 2.36E-01 1.00 3.88E-01 1.03 1.76E-03 1.14 1.41E-01 1.00

h/2 1.16E-01 - 1.09E-01 - 4.03E-01 - 2.11E+00 - 4.84E-02 - 4.74E-02 -

h/4 2.74E-02 2.08 1.02E-02 3.42 7.10E-02 2.50 3.73E-01 2.50 3.68E-03 3.72 3.65E-03 3.70

1 h/8 6.86E-03 2.00 1.20E-03 3.09 1.54E-02 2.21 9.51E-02 1.97 4.62E-04 2.99 4.62E-04 2.98

h/16 1.72E-03 2.00 1.31E-04 - 3.59E-03 2.10 2.18E-02 - 4.18E-05 3.47 4.19E-05 3.46

h/32 4.30E-04 2.00 1.46E-05 3.16 8.82E-04 2.03 5.21E-03 2.06 4.22E-06 3.31 4.26E-06 3.30

h/2 1.06E-02 - 3.34E-02 - 1.34E-01 - 0.92E-01 - 6.13E-03 - 5.58E-03 -

h/4 1.81E-03 2.45 9.02E-03 1.89 6.61E-02 1.02 6.29E-01 0.54 1.69E-03 1.86 1.44E-03 1.95

2 h/8 1.15E-03 0.65 5.96E-03 0.69 5.39E-02 0.29 8.10E-01 -0.36 1.21E-03 0.48 1.14E-03 0.33

h/16 1.76E-05 6.03 8.71E-06 9.42 6.82E-05 9.62 1.48E-03 9.09 2.13E-06 9.15 2.12E-06 9.07

h/2 1.24E-02 - 3.00E-02 - 8.94E-02 - 6.83E-01 - 1.27E-02 - 1.24E-02 -

3 h/4 5.25E-04 4.56 1.72E-03 4.12 7.75E-03 3.53 9.11E-02 2.90 5.36E-04 4.57 5.23E-04 4.56

h/8 5.92E-06 6.47 2.37E-04 6.18 1.37E-04 5.82 2.57E-03 5.15 5.18E-06 6.69 5.09E-06 6.68

h/16 2.34E-07 4.66 7.30E-07 5.02 5.34E-06 4.68 1.59E-04 4.02 1.41E-07 5.20 1.40E-07 5.19

Table 2.6: History of convergence for the airfoil problem (h = 0.25).
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Finally, we want to explore the behavior of the errors of the extension of the ve-

locity in regions where Γ has high curvature. We have already seen on the history-of-

convergence tables that the orders of convergence are optimal even if the boundary is

not smooth. This indicates that the orders depend on the regularity of the solution and

not on the curvature of Γ. To explore if the magnitude of the errors is affected by the

curvature, we display the error in the velocity in Fig. 2.11. For the first component

(left picture), the errors are bigger on the tail of the airfoil, that is, where the curva-

ture is higher. But this could also be explained by the fact that the exact solution has

high gradients there, see Fig. 2.9, and by the fact that the distance to Γh is greater.

The errors in the second component (right picture), seem to be quite different: Their

magnitude seems to be roughly the same all around the upper part of the airfoil. These

results do not allow us to ascertain what is the precise influence of the curvature of Γ in

the magnitude of the errors. A rigorous theoretical study, to be undertaken elsewhere,

might shed light into this issue.

2.5 Conclusions

In this Chapter, we have experimentally explored the convergence properties of a novel

technique to handle curved domains in the framework of Dirichlet boundary-value prob-

lems for second-order elliptic problems. Its main feature is that it reduces the problem

of handling curved boundaries to the problem of evaluating line integrals; it is thus very

easy to implement. The technique is independent of the representation of the boundary,

the dimension of the space, and even from the numerical method used to solve the prob-

lem in the polyhedral subdomain Dh. Indeed, although the technique was applied to

the HDG method, it could have been easily applied to any other finite element method

like the classical continuous Galerkin method or a mixed method.



Chapter 3

HDG and BEM methods for

exterior diffusion problems1

3.1 Introduction

In this chapter we use the technique described in Chapter 2 for numerically solving

exterior boundary value problems for second-order elliptic equations. It consists in

coupling the HDG method, used for solving the so-called interior problem on a bounded

region containing the support of the source term, with the well known boundary element

method (BEM), used for solving the problem exterior to that region. The novelty lies

in the way these two methods are coupled.

To better describe it, let us give a brief overview of the work done on this issue. The

coupling of finite element and BEM can be traced to the late seventies and is usually

divided in two categories: the simpler non–symmetric couplings (whose first analysis

appears in [25]) and the more complicated symmetric couplings (introduced in [16])

that uses two integral identities instead of only one. In many practical applications,

the coupling boundary Γ (also called interface) is introduced artificially to render the

computational domain bounded. For most numerical PDE solvers based on the idea

of triangulating the domain, the ideal situation is when this interface is chosen to be

1 Joint work with Prof. F-J Sayas, Department of Mathematical Sciences, University

of Delaware, who contributed with the boundary element method of sections 3.3, 3.4 and

3.5

29
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polygonal. This, however, requires, even from simple exterior equations, numerical

approximations of weakly singular integrals.

The second option would be the introduction of a smooth parametrizable interface

Γ. In the two dimensional case this has several advantages. On the one hand, we

can rewrite all integral operators in the parametric variable and move to the simple

and elegant frame of periodic Sobolev spaces and pseudodifferential operators. On the

other hand, it is possible to devise simple quadratures for the related integral operators

because their principal parts (the ones where the weak singularities appear) can be

studied separately. In particular, when trigonometric polynomials are used for the

approximation of the boundary integral equation, the singular part of the operator can

be computed exactly and we can efficiently approximate the resulting integral operators.

The simplest case is the use of a circular interface, since the spectral approximation of

the exterior Dirichlet–to–Neumann operator can be computed explicitly. This particular

case has been called uncoupling in [18] and its only possible disadvantage, from the point

of view of coupling, is the fact that the introduction of a circular interface may require

a large computational domain in situations where the support of source terms and non–

homogeneities is very elongated.

However, the main disadvantage of using a smooth boundary stems from the fact

that finite elements or discontinuous Galerkin methods work better on polygonal regions.

There are several options to deal with this problem. The original work of Johnson

and Nédélec [25] proposed working with isoparametric finite elements and studied the

corresponding consistency error. Because of a technical difficulty, which has only been

understood thirty years later [39], the paper [25] dealt only with smooth boundaries.

In a series of papers, Meddahi and collaborators [29, 30, 31, 32] proposed working with

curved triangles, using the Zlámál parametrized (ideal) triangles. In particular, the

combined use of curved finite elements and spectral boundary elements is studied in

[31].

We propose an alternative coupling. We stay in the realm of non–symmetric coupling

procedures, with only one integral equation, and we follow [31] in the use of spectral

elements (trigonometric polynomials). For the interior solver we use an HDG method.

The coupling will be carried out by using an idea presented in Chapter 2. The idea is to

couple the HDG at a distance with the BEM by using simple lifting operators defined
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in the unmeshed region between the artificial boundary and the polyhedral subdomain.

To present our ideas, we consider as a model problem, an exterior diffusion problem:

−∇ · q = f in Ωc
0 := R

2 \ Ω0, (3.1a)

q + K∇u = 0 in Ωc
0, (3.1b)

u = u0 on Γ0 := ∂Ω0, (3.1c)

u = O(1) at infinity. (3.1d)

Here Ω0 is a bounded domain with Lipschitz boundary, f is a given function with

bounded support and K ∈ [L∞(Ω)]2×2 is a matrix-valued function such that K is

symmetric and positive definite at almost every point and such that the support of

K − I is compact (I is the 2 × 2 identity matrix).

Note that the radiation condition at infinity (3.1d) has to be understood in principle

as a boundedness condition at infinity for the unknown u. However, as it is well–known

from the theory of exterior problems [28], it is possible to prove that there exists a

constant u∞ such that u = u∞ + O(|x|−1).

Next, we rewrite the above problem as an interior and an exterior problems coupled

at an artificial boundary. To do this, we introduce an artificial, parametrizable C∞

interface Γ. The region interior to Γ and exterior to Γ0 is denoted by Ω; we denote by

Ωext the unbounded connected region that is exterior to Γ, that is, Ωext := R
2 \(Ω∪Ω0).

We assume that the supports of f and K − I are contained in Ω and do not intersect

Γ. Instead of working with a directly coupled formulation as in [25], we present the

method in the spirit of [15], by means of a coupling variable g, which is nothing but the

trace of u on Γ. The interior problem is then:

−∇ · q = f in Ω, (3.2a)

q + K∇u = 0 in Ω, (3.2b)

u = g on Γ, (3.2c)

u = u0 on Γ0. (3.2d)
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In the exterior domain, we also consider a Dirichlet boundary value problem:

∆uext = 0 in Ωext,

uext = g on Γ,

uext = O(1) at infinity.

The systems are coupled by suitably relating their Dirichlet–to–Neumann operators on

the interface Γ, namely, by requiring the continuity of the normal flux:

λ + q · ν = 0 on Γ, (3.3)

where λ := ∂νuext and ν is the unit normal vector field on Γ oriented from Ω to Ωext.

Next, we rewrite the exterior problem in terms of λ. Using Green’s Representation

Theorem, we can write that

uext(x) = Dg(x) − Sλ(x) + u∞ ∀x ∈ Ωext, (3.4)

where

Dψ(x) : = − 1

2π

∫

Γ
∂ν(y) log |y − x|ψ(y)dΓ(y),

Sλ(x) : = − 1

2π

∫

Γ
log |y − x|λ(y)dΓ(y),

are the double and single layer potentials, u∞ is a constant that will have to be deter-

mined. At the boundary, we have the integral identity:

1

2
g(x) = Kg(x) − Vλ(x) + u∞ ∀x ∈ Γ, (3.5)

which uses the integral operators

Kψ : = − 1

2π

∫

Γ
∂ν(y) log | · −y|ψ(y)dΓ(y),

Vλ : = − 1

2π

∫

Γ
log | · −y|λ(y)dΓ(y).

Finally, since λ is treated as an unknown, to obtain the correct bounded behavior

at infinity, that is, to ensure that uext = u∞ at infinity, we have to impose that
∫

Γ
λ = 0. (3.6)
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To see that this is a necessary condition, we only need to go back to the integral

representation (3.4) and notice how the integral kernel of the double layer potential

D decays at infinity, whereas the one for the single layer operator S behaves like

(2π)−1 log |x| + O(|x|−1).

Note that, since we placed the smooth interface Γ outside the support of the source

terms and non–homogeneities of coefficients, by classical results of potential theory, we

know that g, λ ∈ C∞(Γ). Moreover, if Γ is analytic, so will be g and λ. This regularity

result suggests the use of a spectrally convergent numerical method to solve the exterior

problem and allows us to understand the boundary integral identity (3.5) in strong

integral form; as a consequence, there is no need to resort to weak forms.

These potential advantages were not able to be fully exploited because it was believed

that the mesh for the interior problem had to fit the curved interface Γ as accurately as

possible. The technique we propose allows us to dispense with this widespread belief. It

consists in approximating the domain Ω by polygonal subdomains Dh and constructing

suitable extensions from Dh to Ω in order to transfer the Dirichlet boundary condition

in ∂Ω into a Dirichlet boundary condition on the boundary of Dh.

3.2 The HDG method for the interior problem

In this section, we describe the HDG method for the interior problem (3.2). We follow

the same formulation given in Chapter 2. The only diferece is that now the boundary of

the interior problem is Γ∪Γ0, as we can see in Figure 3.1. The subdomain Dh (gray region

in Figure 3.1) is constructed in the same way as before, and we set Γh∪Γh,0 := Dh∩D
c
h.

Given the Dirichlet data ϕ ∈ L2(Γh) and ϕ0 ∈ L2(Γh,0), the HDG method seeks

an approximation (qh, uh, ûh) of the exact solution (q|Dh
, u|Dh

, u|Eh
) in the space V h ×

Wh × Mh given by (2.1); and it is defined by requiring that it satisfies the equations

(∇ · uh, w)Dh
+ 〈τuh, w〉∂Dh

− 〈τ ûh, w〉∂Dh
= (f, w)Dh

, (3.7a)

(K−1uh, v)Dh
− (uh,∇ · v)Dh

+ 〈ûh, v · νK〉∂Dh
= 0, (3.7b)

〈µ, ûh · νK〉∂Dh\(Γh∪Γh,0) = 0, (3.7c)

〈ûh, µ〉Γh,0
= 〈ϕ0, µ〉Γh,0

, (3.7d)

〈ûh, µ〉Γh
= 〈ϕ, µ〉Γh

, (3.7e)
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Figure 3.1: Example of domain Ω (annulus of boundary Γ0 ∪ Γ), a corresponding back-
ground domain B, the artificial interface Γ (solid line), and the polygonal subdomain
Dh (gray).

for all (v, w, µ) ∈ V h × Wh × Mh. For each K ∈ Dh the numerical trace ûh on ∂K is

given by

ûh = uh + τ(uh − ûh)νK . (3.7f)

It remains to establish the link between the Dirichlet data u0 at Γ0 and the Dirichlet

data ϕ0 at Γh,0, and between the Dirichlet data g at the interface Γ and the Dirichlet

data ϕ at Γh. We are going to do this by using the same approach described in Chapter

2. That is, we first introduce a family of paths Σh in D
c
h (see Sections 2.3.1 and 2.3.2).

Then, following the idea presented in Section 2.3.3, we define Eh(qh), an extension of

qh from Dh into D
c
h. We thus define the lifting Lh(g) of g into D

c
h and the lifting Lh(u0)

of u0 into D
c
h by

Lh(g)|Kext
(x) = g(x̄) +

∫

σ
K−1Eh(qh)|Kext

· m, if x̄ ∈ Γ, (3.8a)

Lh(u0)|Kext
(x) = u0(x̄) +

∫

σ
K−1Eh(qh)|Kext

· m, if x̄ ∈ Γ0, (3.8b)

The relation between the Dirichlet data u0 at Γ0 and the Dirichlet data ϕ0 at Γh,0,

and between the Dirichlet data g at the interface Γ and the Dirichlet data ϕ at Γh is
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given by

ϕ := Lh(g)|Γh
, (3.9a)

ϕ0 := Lh(u0)|Γh,0
. (3.9b)

The approximations qh and uh on the unmeshed region D
c
h are defined to be the

extension Eh(qh) and the above defined lifting, respectively.

This completes the definition of the HDG method for the interior domain.

3.3 The spectral BEM on the artificial interface

Let us now develop the spectral BEM on the interface Γ. The integral identity (3.5)

will be treated as an integral equation with λ as unknown and approximated by using

a spectral method. To do this, we first translate boundary integrals and functions to

a fixed interval through a parametric representation of Γ. Let x : R → Γ be a smooth

regular 2π-periodic parametrization of Γ:

|x′(s)| > 0, ∀s ∈ R and x(t) 6= x(s), 0 < |t − s| < 2π.

We can then write

(Vλ)(x(s)) =

∫ 2π

0
V (s, t)(λ ◦ x)(t)|x′(t)|dt, (Kψ)(x(s)) =

∫ 2π

0
K(s, t)(ψ ◦ x)(t)dt,

where

V (s, t) := − 1

2π
log |x(s) − x(t)| and K(s, t) :=

1

2π

(x(s) − x(t)) · ν(x(t))

|x(s) − x(t)|2 |x′(t)|.

For discretization, we use the space of trigonometric polynomials

Tn :=

{
n∑

j=0

aj cos(jt) +
n−1∑

j=1

bj sin(jt) : aj , bj ∈ R

}

and T
◦
n := {λn ∈ Tn :

∫ 2π
0 λn(s)ds = 0}. The functions

Lj(t) :=
1

2n

(
1 + 2

n−1∑

k=1

cos
(
k(t − tj)

)
+ cos

(
n(t − tn)

)
)

, j = 0, . . . , 2n − 1,
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constitute the Lagrange basis for the problem of interpolating at the points {ti := iπ/n :

i = 0, ..., 2n − 1}. It is easy to prove that {Lj − L0 : j = 1, ..., 2n − 1} is a basis of T
◦
n

and then we can write

ψ =
2n−1∑

j=1

ψ(tj)(Lj − L0) ∀ψ ∈ T
◦
n.

Assume now that g : Γ → R is given. We can use the parametric representation of the

integral operators in (3.5) in order to look for λn : Γ → R such that

λn ◦ x |x′( · )| ∈ T
◦
n

and
∫ 2π

0
(Vλn)(x(s))ψ(s)ds = −

∫ 2π

0
(1
2g − Kg)(x(s))ψ(s)ds ∀ψ ∈ T

◦
n. (3.10)

Because the periodic integral operator with kernel V (s, t) is elliptic in the periodic

Sobolev space H
−1/2
0 (0, 2π) (see [38]), the system (3.10) is uniquely solvable. Note that,

as constructed, we must have that

∫

Γ
λn(y)dΓ(y) =

∫ 2π

0
λn(x(s))|x′(s)|ds = 0. (3.11)

The exterior solution uext is then approximated by

uh,n
ext := Dg − Sλn + un

∞, (3.12a)

where un
∞ is an approximation to the constant u∞ that gives the asymptotic behavior

of the solution at infinity. It can be found by testing the integral identity (3.5) with any

function on Γ that has non–vanishing integral. Thus, we take

un
∞ :=

1

2π

∫ 2π

0

(
(1
2g − Kg)(x(s)) + (Vλn)(x(s))

)
ds. (3.12b)

3.4 The discrete version of the coupling condition

As coupling unknown we will take gn : Γ → R such that gn ◦ x ∈ Tn. We couple the

described HDG method and the spectral BEM by requiring that

Eh(qh)(xj) · ν(xj) + λn(xj) = 0 j = 0, . . . , 2n − 1. (3.13)
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This is a discrete version of the transmission condition (3.3). Here Eh(qh) is obtained

by solving the interior problem by the HDG method with g replaced by gn, and that

λn is the solution given by the BEM also with g replaced by gn. The entire process can

thus be understood as a linear system of 2n equations with 2n unknowns, namely, the

values gn(xj), j = 0, . . . , 2n − 1.

Note that if we write gn ◦ x =
∑2n−1

j=0 gn(xj)Lj , we can set up the linear system

(3.10) as soon as we compute (approximately) the integrals
∫ 2π

0

∫ 2π

0
V (s, t)Li(t)Lj(s)dsdt and

∫ 2π

0

∫ 2π

0
K(s, t)Li(t)Lj(t)dsdt,

for every i, j ∈ {0, . . . , 2n − 1}. This can be done to very high precision by using a

singularity extraction technique complemented with simple trapezoidal quadrature as

explained in [31].

Since K1 ≡ −1/2 (see [28]), then (3.10) with g := gn, can be written as
∫ 2π

0
(Vλn)(x(s))ψ(s)ds = −

∫ 2π

0
(1
2g◦n − Kg◦n)(x(s))ψ(s)ds ∀ψ ∈ T

◦
n, (3.14)

where g◦n ∈ T
◦
n and gn = g◦n+cn, cn being a constant. Note that (3.14) can be understood

as a system where g◦n is the unknown. Because K is compact, this system will be

invertible for n large enough and in that case it will be well conditioned (see [26]). The

fact that knowledge of λn gives the possibility of computing g◦n (that is, gn up to a

constant) reflects the fact that the exterior Neumann problem fails to have a unique

solution.

3.5 The special case of a circular interface

A particular case where all boundary integrals needed in (3.10) (as well as in the equation

(3.12b)) can be computed explicitly is the choice of a circular coupling boundary (see

Chapter 2 in [2], for instance). If Γ is a circle of radius R, then

Kϕ = − 1

4πR

∫

Γ
ϕ(y)dΓ(y),

so the right hand side of (3.10) (or equivalently (3.14)) is straightforward to compute.

Also if we parametrize x(t) = R (cos t, sin t), then

V (s, t) = − 1

4π
log

(
4R sin2 s − t

2

)
.
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By well–known results on Fourier series, it is possible to obtain

∫ 2π

0
V (s, t)dt = −1

2
log R

∫ 2π

0
V (s, t) cos(m(t − tj))dt =

1

2m
cos(m(s − tj)) ∀m ≥ 0.

This allows us to set up exactly the matrix associated to the linear system (3.10). Full

details are given in [31]. Moreover, if we think of solving (3.14) looking for g◦n, then the

corresponding matrix is symmetric positive definite (for any value of n, i.e., there is no

need to assume that n is large enough) and well conditioned, so solving this system is

inexpensive.

3.6 An iterative method for solving the problem

To solve these equations for gn, we use an iterative process based on solving interior

Dirichlet boundary-value problems and exterior Neumann boundary-value problems.

Thus, given an initial guess for gn, we obtain Eh(qh) by solving the interior problem

by the HDG method. Then, we find λn by using the coupling equations (3.13). Finally,

we obtain gn by solving the exterior problem by the BEM method given by (3.10).

Note, however, that there are two main difficulties with this approach. The first is

that we must make sure that the zero-integral condition (3.11) is satisfied, that is, that

the same condition holds for Eh(qh) · ν. The second is that the solution of the exterior

Neumann boundary-value problem is defined up to a constant.

In order to give a simple description of the algorithm, we introduce the operator Qn

that associates to ψ : Γ → R the function Qnψ : Γ → R given by the conditions

(Qnψ) ◦ x |x′( · )| ∈ Tn (Qnψ)(xj) = ψ(xj) j = 0, . . . , 2n − 1.

Note that ∫

Γ
Qnψ =

π

n

2n−1∑

j=0

ψ(xj)|x′(tj)|,

so integration after this interpolation process is equivalent to applying the trapezoidal

rule to ψ. Therefore, if ψ ∈ C∞(Γ),
∫
Γ Qnψ converges super-algebraically fast to

∫
Γ ψ.

At the algorithmic level, application of the operator Qn is just making a copy of the
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nodal values of ψ to a trigonometric polynomial that is being controlled by its nodal

values (instead of by its Fourier coefficients).

The following procedure deals properly with the above-mentioned difficulties. Given

a tolerance tol > 0, do the following:

1: For g := 1, obtain Eh(q̃h) by using the HDG method to solve the interior problem

with f := 0 and u0 := 0.

2: λ̃ ← −Qn(Eh(q̃h) · ν)

3: α ←
∫

Γ
λ̃

4: For an initial guess g(0): g(1) ← g(0).

5: i ← 0

6: while i = 0 or ‖g(i+1) − g(i)‖ > tol do

7: i ← i + 1

8: For g := g(i), obtain Eh(q
(i)
h ) by using the HDG method to solve the interior

problem.

9: Ξ(i) ← 1

α

∫

Γ
Qn(Eh(q

(i)
h ) · ν)

10: λ(i) ← −Qn(Eh(q
(i)
h ) · ν) + Ξ(i) λ̃

11: For λn := λ(i), obtain g(i+1) such that 1
|Γ|

∫
Γ g(i+1) = 1

|Γ|

∫
Γ g(i) + Ξ(i) by using the

BEM to solve the exterior problem.

12: end while

A few remarks on this algorithm are in order. First, note that it relies on the fact

that α 6= 0. We can easily see that this holds in the continuous case. Take the solution

of the interior problem with g := 1, f := 0 and u0 := 0:

−∇ · q̃ = 0 in Ω,

q̃ + K∇ũ = 0 in Ω,

ũ = 1 on Γ,

ũ = 0 on Γ0,

Thus, we have that ∫

Ω
K−1q̃ · q̃ +

∫

∂Ω
ũ (q̃ · ν) = 0
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and since α = −
∫
Γ q̃ · ν = −

∫
∂Ω ũ (q̃ · ν), we see that, if α = 0 then q̃ = 0, and ũ is a

constant. Since this contradicts the boundary conditions, we see that α cannot be equal

to zero. A similar (but certainly more involved) argument should hold for the HDG

method. Therefore we can be sure that the computed quantity (which is a trapezoidal

approximation to the integral of q̃ · ν ∈ C∞(Γ)) will be non–zero for moderately high

values of n.

The need for the introduction of the constant Ξ(i) is the fact that we need to correct

the fact that we do not necessarily have that
∫
Γ Eh(q

(i)
h ) · ν = 0. Indeed, we do have

that∫

Γ
λ(i) = −

∫

Γ
Qn(Eh(q

(i)
h ) · ν) + Ξ(i)

∫

Γ
λ̃ = −

∫

Γ
Qn(Eh(q

(i)
h ) · ν) + Ξ(i) α = 0,

by the definitions of α and Ξ(i). We thus see that the introduction of Ξ(i) allows the

iterate λ(i) to satisfy the zero-integral condition (3.11).

Note also that the coupling condition (3.13) is enforced by steps 9 and 10.

Finally, let us justify the choice of the average of g(i+1) given by step 11. Since the

BEM method for the exterior problem (3.10) provides an approximation g(i+1) defined

up to a constant, we have to set such a number. The above choice is based on the fact

that step 10 can be rewritten as follows:

λ(i) ← −Qn(Eh(q
(i)
h ) · ν) + Ξ(i) λ̃ = −Qn

(
Eh(q

(i)
h + Ξ(i) q̃h) · ν

)
,

by definition of λ̃. We thus see that q
(i)
h + Ξ(i) q̃h is the approximate flux provided by

the HDG method for g := g(i) + Ξ(i). It is thus reasonable that g(i+1) have the same

average than that of g(i) + Ξ(i).

Each iteration of the previous algorithm can be understood as a discrete version of

the following interior–exterior iterative process. Given g : Γ → R, solve (3.2) and define

λ := −q · ν + Ξ λ̃, where Ξ :=
1

α

∫

Γ
q · ν.

Now, find the unique solution to

∆u = 0 in Ωext,

∂νu = λ on Γ,

u = O(1) at infinity,
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such that
1

|Γ|

∫

Γ
u =

1

|Γ|

∫

Γ
g + Ξ.

Take then the value of u on Γ as a new approximation of g, say Tg. Note that T is a

linear operator of the triple (g, f, u0) and therefore an affine function of g. The previous

iteration is a simple Richardson iteration (after discretization) of the equation g = Tg.

Instead of using this simple iteration, it is also possible to use more complicated iterative

methods, like GMRES applied to the equation g − Tg = 0.

3.7 Numerical Results

In this section, we present three sets of numerical experiments. One is devised to explore

the orders of convergence of the method, the second to ascertain the effect of the size

of the artificial interface in the accuracy of the approximation, and the third to explore

the effect of variations of the function K.

In all our experiments, we take the domain Ω0 as the circle of radius 0.25 centered

at (0.5, 0.5). We also set the stabilization function τ of the HDG method equal to 1.

The background mesh is obtained by subdividing the squares of a uniform Cartesian

grid into four congruent triangles; the origin is always a vertex of one of the squares.

We denote by h the length of the side of such squares.

We monitor the behavior of the errors eu = u − uh and eq = q − qh in the com-

putational subdomain Dh as well as in its complement with respect to Ω, D
c
h. We also

monitor the error and ebu = û−ûh on Eh. To do that, we use the norms defined in Section

2.4. At the artificial interface Γ, we define the error in g as ‖eg‖L2(Γ) := ‖g − gn‖L2(Γ).

The effect of n and k. In our first example, we consider the solution

u(x, y) = − (x − 0.5)0.252

(x − 0.5)2 + (y − 0.5)2
,

of our exterior problem with K ≡ I and f ≡ 0. We take Γ as the circle of radius 1 and

center (0.5, 0.5).

First of all, in Fig. 3.2 we show how en
p behaves in terms of the number of degrees

of freedom of the spectral BEM, n. We see that the error seems to be dominated by the
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error in the HDG method. This is a reflection of the tremendously fast convergence of

the BEM spectral method.

Figure 3.2: Log of the error eg versus n. h = 1/4 (left), h = 1/8 (right).

In Fig. 3.3, the approximation of u in Ω is shown to illustrate all the components

of the coupling. In Table 3.1, we display the history of convergence of our method for

different polynomial degrees k. For the errors eu and eq in the subdomain Dh, and

the error eq in D
c
h, we obtain the optimal order of convergence of k + 1. Moreover,

for the errors ebu in Eh, eu in D
c
h and eg, we get the order k + 2. The convergence is

exponential in k, as we can see in Fig. 3.4. An illustration is provided in Fig. 3.5, where

we display the second component of the approximation qh to show how the quality of

the approximation varies as h diminishes and as the polynomial degree k increases from

1 to 3.

The effect of the size of the artificial interface. In our second example, we

consider the same u as before, but now we take K(x) = ξ(x)I, where

ξ(x) =





10e
1

|x−(0.5,0.5)|2−0.82 + 1 if |x − (0.5, 0.5)| ≤ 0.8

1 if |x − (0.5, 0.5)| > 0.8.

In this case the support of f is the circle of radius 0.8 centered at (0.5, 0.5). We want
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Figure 3.3: Domain and mesh (top, left) with the corresponding approximate solution
in Ω (top, right). Note that there is an annular subdomain of the exact domain which
has not been meshed. Also we display the approximate solution uh in Dh (bottom, left)
and in Dc

h (bottom, right).
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Figure 3.4: History of convergence of the p-version for h = 0.25, n = 10.
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Figure 3.5: Approximations of the second component of qh: k = 1 (top), k = 2 (middle)
and k = 3 (bottom). Background mesh of meshsize h = 1/8 (left) and h = 1/32 (right).
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‖eu‖int ‖eu‖ext ‖eq‖int ‖eq‖ext ‖ebu‖Eh
‖eg‖L2(Γ)

k mesh error order error order error order error order error order error order

h/2 4.85E-03 - 6.15E-03 - 5.13E-02 - 1.05E-01 - 5.14E-03 - 8.88E-03 -

h/4 6.38E-04 2.93 8.02E-04 2.94 6.13E-03 3.07 2.38E-02 2.14 6.39E-04 3.00 1.38E-03 2.69

1 h/8 5.47E-05 3.54 7.39E-05 3.44 1.11E-03 2.47 7.50E-03 1.66 5.15E-05 3.63 1.04E-04 3.73

h/16 1.56E-05 1.81 2.16E-05 1.77 2.57E-04 2.11 2.01E-03 1.90 1.48E-05 1.80 3.97E-05 1.39

h/32 1.89E-06 3.04 2.48E-06 3.12 5.73E-05 2.16 5.89E-04 1.77 1.42E-06 3.39 4.68E-06 3.08

h/2 6.69E-03 - 8.35E-03 - 4.98E-02 - 8.97E-02 - 6.92E-03 - 1.31E-02 -

h/4 1.29E-04 5.70 1.59E-04 5.71 1.44E-03 5.11 5.43E-03 4.05 1.30E-04 5.73 2.40E-04 5.76

2 h/8 7.89E-06 4.03 1.04E-05 3.94 1.40E-04 3.36 9.08E-04 2.58 7.90E-06 4.04 1.40E-05 4.11

h/16 6.11E-07 3.69 1.03E-06 3.34 1.47E-05 3.25 1.37E-04 2.73 6.04E-07 3.71 1.68E-06 3.05

h/32 2.27E-08 4.75 5.58E-08 4.20 1.60E-06 3.20 2.26E-05 2.60 1.87E-08 5.01 6.17E-08 4.77

h/2 1.13E-02 - 1.51E-02 - 1.08E-01 - 1.79E-01 - 1.18E-02 - 2.13E-02 -

3 h/4 5.27E-05 7.75 6.22E-05 7.92 4.32E-04 7.96 1.65E-03 6.76 5.30E-05 7.80 1.02E-04 7.71

h/8 1.39E-06 5.25 1.78E-06 5.13 1.78E-05 4.60 1.26E-04 3.72 1.39E-06 5.25 2.76E-06 5.21

h/16 1.11E-08 6.96 6.03E-08 4.88 8.39E-07 4.41 9.42E-06 3.74 1.13E-08 6.94 9.53E-08 4.85

Table 3.1: History of convergence for the potential flow around a disc with K = I

(h = 0.25, n = 10)

to explore what is the effect on the accuracy of the approximation of the size of the

artificial interface.

To do this, we consider four different artificial interfaces Γi, i = 1, 2, 3, 4. Each Γi is

a circle with center (0.5, 0.5) and radius Ri. We choose, R1 = 1, R2 = 1.5, R3 = 2 and

R4 = 2.5 so that the support of f is completely contained in the corresponding domains

Ωi. In Fig. 3.6 we display the approximation uh,n
ext to uext given by (3.12a) for each

Γi artificial interface. We observe that, no matter how small is Ri, the quality of the

approximate solution uh,n
ext does not seem to degrade. This means that we can choose

the circle with the smallest radius, as long it contains the support of f , and still have

a good approximation for uext. Of course, less computations are needed for the HDG

method when the radius is smaller.

The effect of the diffusion parameters. The relative size of the diffusion matrix

K with respect to the exterior diffusion parameter (set here equal to one) is relevant for

non-symmetric coupling formulations. In particular, it has been shown in [20] (for the

linear elasticity system) that the formulation is coercive if some kind of energy inequality

holds true: in particular, the size of K cannot be too small. If this condition is not
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Figure 3.6: Approximations of uh,n
ext(x, 0.5), x ∈ [3.5, 4]: k = 1 (top) and k = 2 (bottom).

Background mesh of meshsize h = 0.156250 (left) and h = 0.078125 (right).
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satisfied, the coupled formulation fails to be coercive; Galerkin stability is restored only

for sufficiently small values of the discretization parameters as long as the computational

interface is not placed directly on a zone where material transition (to a very small

diffusivity region) occurs. In the following examples we explore if this effect is perceived

in the HDG-BEM formulation.

Let us consider the same u as before, but now we take

ξ(x) =





(α − 1)e
0.01
R̃2 e

0.01
|x−(0.5,0.5)|2−R̃2 + 1 if |x − (0.5, 0.5)| ≤ R̃

1 if |x − (0.5, 0.5)| > R̃.

where α is a given parameter and the support of I − K is contained on the circle of

radius R̃. The coupling boundary is fixed at the unit circle centered at (0.5, 0.5). We

notice that ξ is a C∞ function and it drastically changes at the points x close to the

circle of radius R̃.

In this first example, we want to explore how sensitive is our method to abrupt

changes of the interior diffusion tensor away from the coupling interface. That is why

we fix R̃ = 0.8 and vary the parameter α ∈ {10−5, 10−2, 1, 102, 105}. In Fig. 3.7 we

display the logarithm of the relative errors with respect to the L2−norm of the exact

solution versus the logarithm of the parameter α. In this simulation we use polynomials

of degree k = 1.

First of all, we observe that the relative errors in both variables in D
c
h and the error

in scalar variable in Dh are smaller in the middle (α = 1). In this case the interior and

exterior diffusion parameters are both equal to one; and hence the support of I − K is

empty. The history of convergence for this situation can be seen in Table 3.3 (middle

row). Here, the order of convergence of the errors are at least k + 1 for the vector and

scalar variables; and k + 2 for the numerical trace of u. Now, if α is very small or very

big, our method still converges although the orders are not as good as in the previous

situation (see in Table 3.3). However, we would expect the order of convergence to

be restored for h small enough. Indeed, even though the function ξ is C∞, it has a

numerical discontinuity across R̃; hence, h small enough is needed in order to resolve

this discontinuity.

In our last example, we would like to see how the performance of the method is

affected by placing the coupling interface Γ close to the zone where material transition
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Figure 3.7: Log of the relative error versus log of α: p in Dh (top, left), p in Dc
h (top,

right), q in Dh (bottom, left), q in Dc
h (bottom, right)
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occurs. We fix α = 0.1 and we find the HDG approximation by using polynomials of

degree k = 1. In Table 3.4 we display the results obtained for R̃ ∈ {0.95, 0.99.1.00}. We

point out that the interface Γ is the circle centered at the point (0.5, 0.5) and radius

1.0. We observe that the errors of convergence are getting worse as R̃ approaches the

coupling interface. Indeed, for R̃ = 0.99 and R̃ = 1.0 there is a significant degradation

of the method’s convergence properties.

‖eu‖int ‖eu‖ext ‖eq‖int ‖eq‖ext ‖ebu‖Eh
‖eg‖L2(Γ)

k mesh error order error order error order error order error order error order

h 9.37E-03 - 1.01E-02 - 8.03E-02 - 4.02E-01 - 9.92E-03 - 1.37E-02 -

h/2 3.23E-03 1.53 2.93E-03 1.79 2.47E-02 1.70 2.06E-01 0.97 3.26E-03 1.60 3.96E-03 1.79

1 h/4 8.17E-04 1.98 1.11E-03 1.39 1.77E-02 0.48 1.13E-01 0.86 8.19E-04 1.99 1.10E-03 1.84

h/8 7.92E-05 3.37 1.15E-04 3.28 2.94E-03 2.59 2.87E-02 1.98 7.58E-05 3.43 1.21E-04 3.19

h/16 6.66E-06 3.57 9.21E-06 3.64 4.82E-04 2.61 7.47E-03 1.94 3.08E-06 4.62 2.52E-06 5.59

h 1.53E-03 - 4.09E-03 - 4.06E-02 - 2.11E-01 - 1.80E-03 - 7.92E-04 -

h/2 6.84E-04 1.16 7.90E-04 2.37 7.14E-03 2.51 7.53E-02 1.49 6.79E-04 1.40 1.16E-03 -0.55

2 h/4 2.89E-04 1.24 4.78E-04 0.72 9.53E-03 -0.42 5.29E-02 0.51 2.97E-04 1.19 4.03E-04 1.53

h/8 1.70E-05 4.09 2.72E-05 4.14 6.64E-04 3.84 6.20E-03 3.09 1.71E-05 4.11 2.38E-05 4.09

h/16 2.94E-07 5.85 9.24E-07 4.88 3.51E-05 4.24 5.96E-04 3.38 2.81E-07 5.93 2.57E-07 6.52

h 3.78E-03 - 4.07E-03 - 2.95E-02 - 1.40E-01 - 3.96E-03 - 6.17E-02 -

3 h/2 1.01E-04 5.23 2.11E-04 4.27 2.28E-03 3.70 2.82E-02 2.31 1.05E-04 5.23 1.57E-03 5.29

h/4 5.17E-04 -2.36 5.36E-04 -1.35 5.56E-03 -1.29 4.28E-02 -0.60 5.21E-04 -2.30 7.58E-03 -2.27

h/8 5.01E-06 6.69 6.43E-06 6.38 1.14E-04 5.61 1.37E-03 4.10 5.03E-06 6.69 6.99E-05 6.76

h/16 2.21E-08 7.83 8.92E-08 6.17 2.66E-06 5.42 5.27E-05 4.69 2.23E-08 7.82 8.42E-07 6.38

Table 3.2: History of convergence for the potential flow around a disc with K(x) = ξ(x)I
and artificial boundary Γ1 (h = 0.3125, n = 10)

3.8 Conclusions

We have shown how to couple at a distance HDG and BEM for solving exterior Dirichlet

boundary-value problems for second-order elliptic equations by using the technique for

dealing with curved boundary domains proposed in Chapter 2. We have shown that the

method performs extremely well in a two-dimensional setting. However, the same ideas

can be easily extended to three-dimensional problems. Indeed, the family of paths and

the extensions can be defined in the same way in three dimensions. Moreover, for the
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‖eu‖int ‖eu‖ext ‖eq‖int ‖eq‖ext ‖ebu‖Eh
‖eg‖L2(Γ)

α mesh error order error order error order error order error order error order

h 2.33E+00 - 3.37E+00 - 2.13E+00 - 1.20E+01 - 2.58E-01 - 6.03E-01 -

h/2 2.84E-01 3.04 4.42E-01 2.93 4.33E-01 2.30 1.27E+00 3.24 3.18E-02 3.02 6.86E-02 3.13

10−3 h/4 3.97E-02 2.84 8.97E-02 2.30 1.20E-01 1.85 2.24E-01 2.50 4.55E-03 2.81 9.30E-03 2.88

h/8 3.86E-02 0.04 1.40E-01 -0.64 6.23E-02 0.95 3.05E-01 -0.45 4.86E-03 -0.97 1.06E-02 -0.19

h/16 9.94E-03 1.96 5.13E-02 1.45 1.93E-02 1.69 1.13E-01 1.43 1.26E-03 1.95 2.77E-03 1.93

h 5.76E-02 - 1.13E-01 - 1.08E-01 - 4.54E-01 - 6.81E-03 - 8.48E-03 -

h/2 1.89E-02 1.61 3.51E-02 1.69 3.11E-03 1.79 2.38E-01 0.93 2.17E-03 1.65 2.04E-03 2.05

1 h/4 5.26E-03 1.85 2.09E-02 0.76 1.76E-03 0.82 1.70E-01 0.49 6.42E-04 1.75 7.97E-04 1.36

h/8 5.03E-04 3.38 3.65E-03 2.52 2.52E-03 2.80 6.94E-02 1.29 6.26E-05 3.36 9.71E-05 3.04

h/16 3.23E-05 3.97 4.26E-04 3.10 3.94E-04 2.67 2.47E-02 1.49 2.21E-06 1.65 4.39E-06 4.47

h 1.63E+02 - 1.07E+02 - 1.84E+00 - 1.71E+00 - 5.23E+00 - 1.76E+01 -

h/2 3.48E+01 2.22 3.12E+01 1.80 2.33E-01 2.98 2.43E-01 2.82 7.34E-01 2.80 4.47E+00 1.08

103 h/4 1.32E+01 1.39 7.20E+00 2.11 7.93E-02 1.55 1.66E-01 0.57 2.70E-01 1.44 9.38E-01 2.25

h/8 4.80E+00 1.46 1.84E+00 1.97 2.85E-02 1.48 9.23E-02 0.83 4.42E-02 2.61 1.35E-01 2.80

h/16 1.90E+00 1.33 5.07E-01 1.86 1.23E-02 1.21 3.05E-02 0.16 8.54E-03 2.37 2.68E-02 2.33

Table 3.3: History of convergence for the potential flow around a disc with K(x) = ξ(x)I
(h = 0.3125, k = 1, n = 10, R̃ = 0.8)

‖eu‖int ‖eu‖ext ‖eq‖int ‖eq‖ext ‖ebu‖Eh
‖eg‖L2(Γ)

R̃ mesh error order error order error order error order error order error order

h 1.10E-01 - 2.50E-01 - 2.26E-01 - 7.56E-01 - 1.26E-02 - 4.36E-02 -

h/2 6.99E-02 0.65 1.71E-01 0.55 1.34E-01 0.75 6.66E-01 0.18 7.82E-03 0.69 2.52E-02 0.79

0.95 h/4 1.56E-01 -1.16 4.66E-01 -1.45 2.56E-01 -0.93 1.55E+00 -1.22 1.89E-02 -1.27 5.83E-02 -1.21

h/8 2.37E-02 2.72 1.20E-01 1.96 6.87E-02 1.89 3.53E-01 2.13 2.98E-03 2.67 8.75E-03 2.74

h/16 1.60E-03 3.89 3.93E-03 4.93 1.60E-03 3.89 2.08E-02 1.72 5.78E-05 5.69 2.20E-04 5.31

h 1.72E-01 - 3.62E-01 - 2.46E-01 - 6.74E-01 - 1.93E-02 - 7.03E-02 -

h/2 1.77E-01 -0.04 3.94E-01 -0.12 1.85E-01 0.42 6.29E-01 0.10 2.01E-02 -0.06 6.94E-02 0.02

0.99 h/4 1.95E-02 3.18 1.37E-01 1.52 3.75E-01 -1.02 3.01E+00 -2.25 2.61E-03 2.94 7.05E-03 3.30

h/8 9.55E-03 1.03 5.67E-02 1.28 4.86E-02 2.95 1.00E+00 1.58 1.18E-03 1.14 4.30E-03 0.72

h/16 5.18E-02 -2.44 4.06E-01 -2.84 5.44E-02 -0.16 1.35E+00 -0.43 6.67E-03 -2.50 2.21E-02 -2.36

h 1.73E-01 - 3.66E-01 - 2.46E-01 - 5.45E-01 - 1.94E-02 - 7.22E-02 -

h/2 1.82E-01 -0.07 4.06E-01 -0.15 1.88E-01 0.39 4.44E-01 0.3 2.06E-02 -0.08 7.25E-02 -0.01

1.00 h/4 1.29E-01 0.05 3.89E-01 0.06 1.16E-01 0.70 6.65E-01 -0.58 1.56E-02 0.4 5.18E-02 0.49

h/8 1.02E-01 0.34 5.52E-01 -0.5 8.37E-02 0.47 9.92E-01 -0.58 1.29E-02 0.27 4.26E-02 0.28

h/16 4.39E-02 1.21 3.46E-01 0.67 3.71E-02 1.17 9.38E-01 0.08 5.65E-03 1.19 1.86E-02 1.19

Table 3.4: History of convergence for the potential flow around a disc with K(x) = ξ(x)I
(h = 0.3125, k = 1, n = 10, α = 0.1)
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three-dimensional exterior problem we still have integral representations of the solution

and spherical harmonics can be used to approximate the unknowns at the boundary Γ.

Also, the method can be applied to other exterior problems.



Chapter 4

The HDG method for

convection-diffusion problems

4.1 Introduction

In this chapter, we extend the technique showed in Chapter 2 to steady-state convection-

diffusion problems. Our objective is to assess the effect of the convection on the accuracy

and performance of the method, especially for large values of the magnitude of the

convective field.

We consider with the following convection-diffusion model problem defined in a

general domain Ω ⊂ R
n with boundary Γ:

−∇ · (cu + q) = f in Ω, (4.1a)

q + K∇u = 0 in Ω, (4.1b)

u = g on Γ. (4.1c)

Here g ∈ H1/2(Γ) is the given data at the border, f ∈ L2(Ω) is a source term, K ∈
[L∞(Ω)]2×2 is a symmetric and positive definite tensor; and c ∈ [L∞(Ω)]2 is a given

convective field. As we mentioned before, Γ is not necessarily piecewise flat.

The main idea, as we explained in Chapter 2, is to solve (4.1a)-(4.1b) in a polyhedral

subdomain Dh ⊂ Ω with the following boundary condition:

ϕ(x) := g(x̄) +

∫

σ(x)
K−1 q · m ds, (4.2)

53
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where σ(x), is a path starting at x ∈ Γh (the computational boundary) and ending

at x̄ ∈ Γ, the boundary of Ω; and m is the tangent vector to σ(x). This expression

comes from integrating (4.1b) along the path σ(x). The approximation is then suitably

extended from Dh to the non-meshed region D
c
h by using the extension and lifting

operators defined in Section 2.3.3.

4.2 Formulation

We consider the high-order hybridizable discontinuous Galerkin (HDG) method pro-

posed by [35]; see also [10].

The method seeks an approximation (qh, uh, ûh) of the exact solution (q, u, u|Eh
) in

the space V h × Wh × Mh

− (cuh + qh,∇w)Dh
+ 〈(ĉuh + q̂h) · νK , w〉∂Dh

= (f, w)Dh
(4.3a)

(K−1qh, v)Dh
− (uh,∇ · v)Dh

+ 〈ûh, v · νK〉∂Dh
= 0, (4.3b)

〈µ, (ĉuh + q̂h) · νK〉∂Dh\Γh
= 0, (4.3c)

〈µ, ûh〉Γh
= 〈µ, ϕ〉Γh

, (4.3d)

for all (v, w, µ) ∈ V h ×Wh ×Mh. Let us recall that ϕh is the approximation of ϕ given

by

ϕh(x) = g(x̄) +

∫

σ
C Eh(qh) · m ds; .

Finally, to complete the definition of the HDG method we must specify the definition

of numerical traces q̂h and ĉuh on ∂Dh, which we take of the form

ĉuh + q̂h = cûhqh + τ(uh − ûh)ν. (4.3e)

It was shown in [35] that if ∇ · c ≥ 0, then the system of equations (4.3) has a unique

solution if the stabilization parameter τ satisfies τ > 1/2 c · n on ∂Dh. Moreover, the

authors presented two practical choices of this parameter. Indeed, let τ = τd +τc, where

τd and τc are the stabilization parameters associated with the diffusion and convection,

respectively. If τ+
c = τ−

c = ηc and τ+
d = τ−

d = ηd, with ηc = |c · n| and ηd = ‖K‖L∞(Ω),

then the scheme is called centered. On the other hand, if

(τ±
c , τ±

d ) = (ηc, ηd)
|c · n+| ± c · n+

2|c · n+| ,
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the scheme is called upwinded. Those choices of the stabilization parameter are inspired

by the convective and diffusive limiting cases (see [35] for details).

4.2.1 Postprocessing of the scalar variable

In Section 2.2.1 of Chapter 2, we presented an element-by-element postprocessing of the

scalar variable uh. Now, we apply the same idea and define the function u∗
h as follows.

On each element K ⊂ Dh, u∗
h = ūh + ũh is the only function in Pk+1(K) such that

ūh =





1
n

∑
e∈∂K ûh|e if k = 0,

1
|K|

∫
K uhdx if k > 0,

and ũh is the polynomial in P
k+1
0 (K) (set of functions in Pk+1(K) with mean zero)

satisfying

(K∇ũh,∇w)K = −(qh,∇w)K ∀w ∈ P
k+1(K).

This new approximation of u converges with order k + 2 for k ≥ 1 when the domain

is polyhedral (see [14, 12] for details). That is why we would expect to have similar

behavior in Dh.

4.3 Numerical results

In this section we present numerical experiments showing the performance the method.

In the simulations display below, we only consider the centered scheme, since no sig-

nificant differences were observed in the results between the centered and upwinded

schemes. This behavior can be seen in [35] as well. The background mesh is obtained

by subdividing the squares of a uniform Cartesian grid into four congruent triangles;

the origin is always a vertex of one of the squares. We denote by h the length of the

side of such squares.

We monitor the behavior of the errors eu = u − uh and eq = q − qh in the com-

putational subdomain Dh as well as in its complement with respect to Ω, D
c
h. We also

monitor the error and ebu = û − ûh on Eh. We use the norms defined in Section 2.4.
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4.3.1 Example 1: Square domain.

In our first example, we consider the square domain Ω := [0, 1]. We take c = U(1, 1)

and K = DI, with D and U real numbers; and f and g are such that

u(x, y) = xy

(
1 − eU(x−1)

)(
1 − eU(y−1)

)
(
1 − e−U

)(
1 − e−U

) (4.4)

is solution of the problem (4.1). We define the Péclet number as Pe := UL/D, where

L is the length of the size of the square. For large values of Pe, u has a boundary layer

along the boundaries x = 1 and y = 1.

We consider first the case when the computational domain fits exactly the actual

domain Ω. For this case, it was shown in [35] that the HDG method converges optimally

if the penalization parameter is chosen properly as we mentioned in Section 4.2. More

precisely, the order of convergence are k + 1 for both scalar variable u and the flux q.

Moreover, the numerical trace converges to P∂u with order k +2 and u∗
h superconverges

with order k+2 as well. Indeed, Tables 4.1 to 4.4 show this behavior for different values

of Pe. If Pe is large, finer meshes are needed in order to resolve the boundary layer

(see Table 4.4). We observe that the errors in Table 4.4 are bigger compared with the

ones obtained by [35]. However we compute them in the entire domain Ω and not in a

subdomain where the boundary layer is excluded.

We explore now how the approximation of Ω by a polygonal subdomains Dh affects

the magnitude and behavior of the errors. First of all, we set a point of comparison

between this example and the case when the computational domain fits Ω. In order

to do that, for the previous example we compute the errors in the ‖ · ‖Dh
and ‖ · ‖D

c
h

norms (see in Tables 4.5 to 4.8, top), as well. Moreover, in Tables 4.5 to 4.8 (bottom)

we display the errors obtained when the computational domain does not fit Ω.

We observe that the errors are bigger if the computational domain does not fit Ω,

which is expected. However, for low Péclet number (Pe = 0.1 or Pe = 1.0, for instance)

the orders of convergence for every variable are optimal in both cases. If Pe = 10,

the results suggest that order of convergence are still optimal for qh and uh, but no

superconvergence of ûh (and hence u∗
h) is observed for the case when Ω is not fitted.

Also, for Pe = 25, the orders seem to deteriorate, which might indicate we need h small

enough in order to resolve the boundary layer.
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Figure 4.1: Computational domain Dh associated with h = 1/8 (left) and h = 1/16
(right)

In Figure 4.1 the computational domain and, in Figure 4.2, we illustrate the respec-

tive approximation of the scalar variable. The approximation seems to improve when h

decreases and k increases from 1 to 2. We observe that, for h = 1/8, the approximation

deteriorates when k = 3. However, this feature disappears when h = 1/64. This type

of phenomenon was also observed for the pure diffusion case (see examples in Section

2.4) and it might indicate that the mesh needs to be refined if we want to increase the

polynomial degree.

4.3.2 Example 2: Flow around a cylinder.

We consider now a convection-diffusion problem around a cylinder of radius r0 = 0.125

centered at the point (x0, y0) = (0.5, 0.5), and the following divergence-free convective

field:

c = UL

[
1

r2
0

+
1

r(x, y)2

(
1 − 2

(x − x0)
2

r(x, y)2

)
,−2

(x − x0)(y − y0)

r4

]

where r(x, y) :=
√

(x − x0)2 + (y − y0)2, L is the characteristic length; and we define

the Péclet number as Pe := UL/D. For f = 0, the exact solution of (4.1) is the following
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Figure 4.2: Approximations of the scalar variable: k = 1 (top), k = 2 (middle) and
k = 3 (bottom). Background mesh of meshsize h = 1/8 (left) and h = 1/16 (right).
Pe = 25.
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‖eu‖Ω ‖eq‖Ω ‖ebu‖Γ ‖eu∗‖Ω

k mesh error order error order error order error order

h 1.56E-02 - 2.86E-02 - 5.40E-03 - 1.60E-02 -

1
h/2 7.75E-03 1.01 1.52E-02 0.91 3.02E-03 0.84 7.84E-03 1.03

h/4 3.86E-03 1.01 7.80E-03 0.96 1.65E-03 0.87 3.88E-03 1.01

h/8 1.92E-03 1.00 3.95E-03 0.98 8.67E-04 0.93 1.93E-03 1.01

h 7.05E-04 - 2.36E-03 - 2.33E-04 - 9.52E-05 -

1
h/2 1.77E-04 1.99 5.91E-04 1.99 3.01E-05 2.95 1.21E-05 2.98

h/4 4.44E-05 2.00 1.48E-04 2.00 3.82E-06 2.98 1.52E-06 2.99

h/8 1.11E-05 2.00 3.70E-05 1.99 4.81E-07 2.99 1.91E-07 2.99

h 3.40E-05 - 9.97E-05 - 8.62E-06 - 1.47E-06 -

2
h/2 4.43E-06 2.94 1.24E-05 3.00 5.25E-07 4.04 9.54E-08 3.94

h/4 5.65E-07 2.97 1.55E-06 3.00 3.24E-08 4.02 6.09E-09 3.97

h/8 7.14E-08 2.98 1.94E-07 3.00 2.01E-09 4.01 3.84E-10 3.98

h 9.59E-07 - 9.15E-07 - 8.57E-08 - 2.04E-08 -

3
h/2 5.99E-08 4.00 5.71E-08 4.00 2.70E-09 4.99 6.33E-10 5.01

h/4 3.74E-09 4.00 3.56E-09 4.00 8.49E-11 4.99 1.97E-11 5.00

h/8 2.34E-10 4.00 2.22E-10 4.00 2.66E-12 4.99 6.20E-13 4.99

Table 4.1: Example 1.History of convergence. h = 0.25. Pe = 0.1. Computational
domain: Dh = Ω.

‖eu‖Ω ‖eq‖Ω ‖ebu‖ ‖eu∗‖Ω

k mesh error order error order error order error order

h 1.27E-02 - 4.78E-02 - 1.24E-02 - 1.33E-02 -

0
h/2 6.25E-03 1.02 2.60E-02 0.88 6.97E-03 0.83 6.39E-03 1.06

h/4 3.10E-03 1.01 1.35E-02 0.94 3.75E-03 0.89 3.13E-03 1.03

h/8 1.54E-03 1.00 6.89E-03 0.97 1.95E-03 0.94 1.55E-03 1.01

h 8.99E-04 - 4.14E-03 - 4.24E-04 - 1.80E-04 -

1
h/2 2.23E-04 2.01 1.05E-03 1.98 5.55E-05 2.93 2.32E-05 2.95

h/4 5.54E-05 2.01 2.64E-04 1.99 7.08E-06 2.97 2.94E-06 2.99

h/8 1.38E-05 2.00 6.62E-05 1.99 8.93E-07 2.99 3.70E-07 3.00

h 4.55E-05 - 2.04E-04 - 1.64E-05 - 4.13E-06 -

2
h/2 5.88E-06 2.95 2.54E-05 3.01 1.01E-06 4.03 2.62E-07 3.98

h/4 7.51E-07 2.97 3.17E-06 3.00 6.21E-08 4.01 1.66E-08 3.98

h/8 9.49E-08 2.98 3.96E-07 3.00 3.86E-09 4.01 1.04E-09 3.99

h 1.93E-06 - 6.05E-06 - 9.83E-09 - 9.69E-08 -

3
h/2 1.24E-07 3.95 3.75E-07 4.01 3.19E-07 5.02 2.97E-09 5.03

h/4 7.91E-09 3.97 2.34E-08 4.00 3.04E-10 5.01 9.22E-11 5.01

h/8 4.99E-10 3.98 1.46E-09 4.00 9.46E-12 5.01 2.87E-12 5.00

Table 4.2: Example 1: History of convergence. h = 0.25. Pe = 1.0. Computational
domain: Dh = Ω.
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‖eu‖Ω ‖eq‖Ω ‖ebu‖ ‖eu∗‖Ω

k mesh error order error order error order error order

h 2.26E-02 - 2.97E-01 - 1.03E-01 - 2.87E-02 -

0
h/2 1.51E-02 0.58 0.45E-01 0.60 5.28E-02 0.96 1.68E-02 0.77

h/4 9.08E-03 0.73 1.79E-01 0.73 2.70E-02 0.97 9.44E-03 0.83

h/8 5.00E-03 0.86 9.83E-02 0.86 1.37E-02 0.98 5.07E-03 0.90

h 9.05E-03 - 1.24E-01 - 1.41E-02 - 4.45E-03 -

1
h/2 3.01E-03 1.59 4.16E-02 1.57 2.34E-03 2.59 8.51E-03 2.39

h/4 8.25E-04 1.87 1.15E-02 1.85 3.20E-04 2.87 1.22E-04 2.88

h/8 2.13E-04 1.96 2.99E-03 1.95 4.14E-05 2.95 1.59E-05 2.96

h 1.98E-03 - 2.99E-02 - 1.63E-03 - 8.46E-04 -

2
h/2 3.34E-04 2.57 4.85E-03 2.62 1.31E-04 3.64 7.39E-05 3.52

h/4 4.51E-05 2.89 6.46E-04 2.91 8.87E-06 3.88 5.03E-06 3.87

h/8 5.76E-06 2.97 8.20E-05 2.98 5.73E-07 3.95 3.21E-07 3.97

h 3.56E-04 - 5.59E-03 - 1.72E-05 - 1.05E-04 -

3
h/2 3.00E-05 3.57 4.43E-04 3.66 6.93E-06 4.63 4.47E-06 4.56

h/4 2.04E-06 3.88 2.92E-05 3.92 2.34E-07 4.89 1.51E-07 4.89

h/8 1.31E-07 3.96 1.85E-06 3.98 7.57E-09 4.95 4.79E-09 4.97

Table 4.3: Example 1: History of convergence. h = 0.25. Pe = 10. Computational
domain: Dh = Ω.

‖eu‖Ω ‖eq‖Ω ‖ebu‖ ‖eu∗‖Ω

k mesh error order error order error order error order

h 2.07E-02 - 9.82E-01 - 2.02E-01 - 3.75E-02 -

0
h/2 1.97E-02 0.75 7.96E-01 0.30 9.83E-02 1.04 2.40E-02 0.64

h/4 1.36E-02 0.54 5.40E-01 0.56 4.85E-02 1.02 1.49E-02 0.69

h/8 8.38E-03 0.69 3.34E-01 0.69 2.40E-02 1.01 8.72E-03 0.77

h 1.77E-02 - 5.18E-01 - 5.88E-02 - 1.54E-02 -

1
h/2 8.39E-03 1.08 2.49E-01 1.05 1.38E-02 2.09 4.45E-03 1.79

h/4 2.98E-03 1.49 8.96E-02 1.48 2.44E-03 2.50 8.89E-04 2.32

h/8 8.47E-04 1.81 2.57E-02 1.80 3.46E-04 2.82 1.32E-04 2.76

h 7.39E-03 - 2.26E-01 - 1.43E-02 - 5.66E-03 -

2
h/2 2.14E-03 1.78 6.63E-02 1.77 1.89E-03 2.92 9.60E-04 2.56

h/4 3.91E-04 2.45 1.19E-02 2.48 1.64E-04 3.52 9.22E-05 3.38

h/8 5.50E-05 2.83 1.66E-03 2.84 1.16E-05 3.83 6.60E-06 3.80

h 2.55E-03 - 8.40E-02 - 3.17E-03 - 1.49E-03 -

3
h/2 4.37E-04 2.55 1.37E-02 2.61 2.38E-04 3.73 1.36E-04 3.46

h/4 4.10E-05 3.41 1.24E-03 3.47 1.04E-05 4.52 6.51E-06 4.38

h/8 2.91E-06 3.82 8.65E-05 3.84 3.59E-07 4.85 2.32E-07 4.81

Table 4.4: Example 1: History of convergence. h = 0.25. Pe = 25. Computational
domain: Dh = Ω.
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‖eu‖int ‖eu‖ext ‖eq‖int ‖eq‖ext ‖ebu‖Eh
‖eu∗‖int

k mesh error order error order error order error order error order error order

h 1.95E-02 - 1.28E-02 - 1.26E-02 - 3.48E-02 - 4.12E-03 - 1.70E-02 -

0
h/2 8.72E-03 1.16 5.44E-03 1.24 1.06E-02 0.24 2.14E-02 0.71 2.91E-03 0.50 3.99E-03 2.09

h/4 4.10E-03 1.09 2.47E-03 1.14 6.57E-03 0.70 1.19E-02 0.84 1.64E-03 0.82 1.16E-03 1.78

h/8 1.99E-03 1.05 1.17E-03 1.07 3.63E-03 0.86 6.30E-03 0.92 8.66E-04 0.92 3.74E-04 1.64

h 6.09E-04 - 7.56E-04 - 1.65E-03 - 2.69E-03 - 1.05E-04 - 1.26E-04 -

1
h/2 1.62E-04 1.91 2.04E-04 1.89 4.98E-04 1.72 7.36E-04 1.87 2.11E-05 2.32 9.26E-06 3.77

h/4 4.23E-05 1.94 5.31E-05 1.94 1.36E-04 1.87 1.93E-04 1.93 3.22E-06 2.71 7.68E-07 3.59

h/8 1.08E-05 1.96 1.35E-05 1.97 3.56E-05 1.94 4.93E-05 1.96 4.43E-07 2.86 6.61E-08 3.54

h 3.46E-05 - 3.37E-05 - 9.39E-05 - 1.03E-04 - 4.63E-06 - 1.91E-06 -

2
h/2 4.47E-06 2.95 4.36E-06 2.95 1.20E-05 2.96 1.31E-05 2.97 3.97E-07 3.54 7.03E-08 4.76

h/4 5.68E-07 2.98 5.53E-07 2.98 1.53E-06 2.98 1.65E-06 2.98 2.83E-08 3.81 2.92E-09 4.59

h/8 7.16E-08 2.99 6.97E-08 2.99 1.92E-07 2.99 2.08E-07 2.99 1.88E-09 3.91 1.25E-10 4.54

h 9.58E-07 - 9.59E-07 - 8.90E-07 - 9.26E-07 - 5.21E-08 - 2.68E-08 -

3
h/2 5.99E-08 4.00 5.99E-08 4.00 5.63E-08 3.98 5.85E-08 3.99 2.18E-09 4.58 4.74E-10 5.82

h/4 3.74E-09 4.00 3.74E-09 4.00 3.54E-09 3.99 3.67E-09 3.99 7.67E-11 4.83 9.62E-12 5.62

h/8 2.34E-10 4.00 2.34E-10 4.00 2.22E-10 4.00 2.30E-10 4.00 2.53E-12 4.92 2.05E-13 5.55

‖eu‖int ‖eu‖ext ‖eq‖int ‖eq‖ext ‖ebu‖Eh
‖eu∗‖int

k mesh error order error order error order error order error order error order

h 9.86E-03 - 6.22E-03 - 2.65E-02 - 7.05E-02 - 1.18E-02 - 1.03E-02 -

0
h/2 6.49E-03 0.60 2.09E-03 1.57 1.82E-02 0.55 4.74E-02 1.57 3.38E-03 1.80 6.58E-03 0.64

h/4 3.56E-03 0.87 5.85E-04 1.83 9.07E-03 1.00 2.59E-02 1.83 1.11E-03 1.61 3.58E-03 0.88

h/8 1.85E-03 0.94 1.51E-04 1.96 4.35E-03 1.06 1.32E-02 1.96 4.19E-04 1.41 1.86E-03 0.95

h 1.09E-02 - 8.30E-03 - 1.33E-02 - 8.77E-02 - 1.04E-02 - 1.03E-02 -

1
h/2 1.44E-03 2.81 1.12E-03 2.89 2.62E-03 2.35 2.18E-02 2.00 1.49E-03 2.81 1.48E-03 2.79

h/4 1.92E-04 2.91 1.42E-04 2.98 4.92E-04 2.41 5.18E-03 2.07 1.99E-04 2.91 1.98E-04 2.90

h/8 2.59E-05 2.89 1.77E-05 3.00 9.35E-05 2.39 1.24E-03 2.06 2.57E-05 2.95 2.56E-05 2.95

h 1.77E-03 - 1.48E-03 - 1.73E-03 - 1.60E-02 - 1.78E-03 - 1.76E-03 -

2
h/2 1.12E-04 3.98 8.67E-05 4.09 1.39E-04 3.63 1.69E-03 3.24 1.12E-04 3.99 1.11E-04 3.98

h/4 7.15E-06 3.97 5.24E-06 4.05 1.19E-05 3.55 1.90E-04 3.15 7.03E-06 3.99 7.02E-06 3.99

h/8 4.61E-07 3.95 3.22E-07 4.03 1.04E-06 3.51 2.23E-05 3.09 4.41E-07 4.00 4.41E-07 3.99

h 2.71E-05 - 3.07E-05 - 7.56E-05 - 3.98E-04 - 2.74E-05 - 2.69E-05 -

3
h/2 8.83E-07 4.94 8.68E-07 5.14 2.40E-06 4.97 1.99E-05 4.32 8.77E-07 4.96 8.72E-07 4.95

h/4 2.86E-08 4.95 2.55E-08 5.09 8.91E-08 4.76 1.06E-06 4.23 2.80E-08 4.97 2.79E-08 4.97

h/8 9.37E-10 4.93 7.75E-10 5.04 3.49E-09 4.67 5.94E-08 4.15 8.86E-10 4.98 8.85E-10 4.98

Table 4.5: Example 1: History of convergence for h = 0.25 and Pe = 0.1. Computa-
tional domain: Ω (top) and Dh (bottom).
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‖eu‖int ‖eu‖ext ‖eq‖int ‖eq‖ext ‖ebu‖Eh
‖eu∗‖int

k mesh error order error order error order error order error order error order

h 1.40E-02 - 1.18E-02 - 2.77E-02 - 5.65E-02 - 1.02E-02 - 1.61E-02 -

0
h/2 6.54E-03 1.10 5.65E-03 1.06 1.95E-02 0.51 3.53E-02 1.06 6.77E-03 0.60 4.19E-03 1.94

h/4 3.17E-03 1.05 2.78E-03 1.02 1.17E-02 0.74 1.99E-02 0.82 3.74E-03 0.86 1.32E-03 1.67

h/8 1.56E-03 1.02 1.39E-03 1.00 6.39E-03 0.87 1.06E-02 0.91 1.95E-03 0.94 4.43E-04 1.57

h 9.02E-04 - 8.97E-04 - 2.88E-03 - 4.73E-03 - 1.97E-04 - 2.40E-04 -

1
h/2 2.18E-04 2.05 2.32E-04 1.05 8.65E-04 1.73 1.33E-03 1.83 3.89E-05 2.34 1.80E-05 3.73

h/4 5.43E-05 2.00 5.99E-05 1.95 2.39E-04 1.85 3.56E-04 1.90 5.95E-06 2.71 1.52E-06 3.55

h/8 1.36E-05 1.99 1.53E-05 1.97 6.30E-05 1.92 9.23E-05 1.95 8.20E-07 2.86 1.32E-07 3.51

h 3.95E-05 - 4.87E-05 - 1.55E-04 - 3.10E-05 - 7.93E-06 - 5.83E-06 -

2
h/2 5.44E-06 2.86 6.65E-06 2.87 2.19E-05 2.82 2.29E-04 2.88 7.11E-07 3.48 2.25E-07 4.69

h/4 7.20E-07 2.92 8.76E-07 2.92 2.94E-06 2.90 4.06E-06 2.93 5.23E-08 3.76 9.64E-09 4.54

h/8 9.29E-08 2.95 1.13E-07 2.96 3.81E-07 2.95 5.21E-07 2.96 3.54E-09 3.88 4.22E-10 4.51

h 1.64E-06 - 2.08E-06 - 4.57E-06 - 6.78E-06 - 1.41E-07 - 1.43E-07 -

3
h/2 1.15E-07 3.84 1.41E-07 3.88 3.25E-07 3.81 4.56E-07 3.89 6.70E-09 4.40 2.72E-09 5.72

h/4 7.60E-09 3.91 9.22E-09 3.93 2.18E-08 3.90 2.97E-08 3.94 2.52E-10 4.73 5.76E-11 5.56

h/8 4.89E-10 3.96 5.90E-10 3.97 1.41E-09 3.95 1.90E-09 3.97 8.62E-12 4.87 1.25E-12 5.52

‖eu‖int ‖eu‖ext ‖eq‖int ‖eq‖ext ‖ebu‖Eh
‖eu∗‖int

k mesh error order error order error order error order error order error order

h 1.62E-03 - 1.05E-02 - 4.95E-02 - 1.13E+00 - 1.89E-02 - 2.58E-03 -

0
h/2 3.26E-03 -1.01 3.63E-03 1.53 3.02E-02 0.71 7.79E-01 0.54 6.03E-03 1.65 3.43E-03 -0.41

h/4 2.31E-03 0.50 1.06E-03 1.78 1.52E-02 0.99 4.41E-01 0.82 2.15E-03 1.49 2.35E-03 0.55

h/8 1.34E-03 0.79 2.81E-04 1.91 7.46E-03 1.04 2.30E-01 0.94 8.61E-04 1.32 1.35E-03 0.80

h 1.36E-02 - 1.16E-02 - 2.07E-02 - 1.27E-02 - 1.41E-02 - 1.39E-02 -

1
h/2 2.00E-03 2.76 1.72E-03 2.75 4.71E-03 2.13 3.51E-03 1.86 2.09E-03 2.76 2.06E-03 2.75

h/4 2.72E-04 2.88 2.30E-04 2.91 9.24E-04 2.35 8.77E-03 2.00 2.86E-04 2.87 2.84E-04 2.86

h/8 3.60E-05 2.92 2.94E-05 2.97 1.75E-04 2.40 2.12E-03 2.05 3.75E-05 2.93 3.73E-05 2.93

h 2.45E-03 - 2.96E-03 - 7.52E-03 - 3.83E-02 - 2.52E-03 - 2.44E-03 -

2
h/2 1.78E-04 3.78 2.17E-04 3.77 6.84E-04 3.46 5.21E-03 2.88 1.79E-04 3.81 1.78E-04 3.78

h/4 1.21E-05 3.88 1.37E-05 3.99 5.95E-05 3.52 6.13E-04 3.09 1.20E-05 3.90 1.21E-05 3.88

h/8 7.98E-07 3.92 8.21E-07 4.06 5.12E-06 3.53 6.90E-05 3.15 7.81E-07 3.94 8.20E-07 3.88

h 4.08E-04 - 5.72E-04 - 1.31E-03 - 8.19E-03 - 4.20E-04 - 4.08E-04 -

3
h/2 1.69E-05 4.60 2.10E-05 4.76 5.52E-05 4.57 5.44E-04 3.91 1.70E-05 4.62 1.68E-05 4.60

h/4 6.01E-07 4.81 6.68E-07 4.98 2.24E-06 4.62 3.14E-05 4.11 6.02E-07 4.82 6.00E-07 4.81

h/8 2.01E-08 4.90 2.03E-08 5.03 9.12E-08 4.62 1.74E-06 4.17 2.00E-08 4.91 2.00E-08 4.91

Table 4.6: Example 1: History of convergence for h = 0.25 and Pe = 1.0. Computa-
tional domain: Ω (top) and Dh (bottom).
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‖eu‖int ‖eu‖ext ‖eq‖int ‖eq‖ext ‖ebu‖Eh
‖eu∗‖int

k mesh error order error order error order error order error order error order

h 1.20E-02 - 2.70E-02 - 1.69E-01 - 5.54E-01 - 3.51E-02 - 4.49E-02 -

0
h/2 7.70E-03 0.64 2.34E-02 0.20 1.34E-01 3.35 4.71E-01 0.23 3.99E-02 -0.18 1.91E-02 1.23

h/4 5.35E-03 0.53 1.81E-02 0.37 1.07E-01 0.32 3.55E-01 0.41 2.54E-02 0.65 8.88E-03 1.10

h/8 3.68E-03 0.54 1.18E-02 0.62 7.39E-02 0.53 2.26E-01 0.65 1.35E-02 0.91 3.81E-03 1.22

h 1.44E-03 - 1.14E-02 - 2.93E-02 - 1.55E-01 - 5.38E-03 - 7.02E-03 -

1
h/2 1.01E-03 0.51 4.94E-03 1.21 1.70E-02 0.79 6.70E-02 1.21 1.29E-03 2.06 9.85E-04 2.83

h/4 4.87E-04 1.05 1.64E-03 1.59 7.03E-03 1.27 2.27E-02 1.56 2.24E-04 2.53 1.15E-04 3.19

h/8 1.64E-04 1.57 4.77E-04 1.79 2.30E-03 1.61 6.71E-03 1.76 3.39E-05 2.72 1.19E-05 3.32

h 3.16E-04 - 2.49E-03 - 5.64E-03 - 3.76E-02 - 5.25E-04 - 1.37E-03 -

2
h/2 1.11E-04 1.50 5.48E-04 2.18 1.57E-03 1.84 7.98E-03 2.23 6.20E-05 3.08 8.77E-05 3.97

h/4 2.52E-05 2.15 9.18E-05 2.58 3.41E-04 2.20 1.34E-03 2.58 5.68E-06 3.45 4.85E-06 4.18

h/8 4.27E-05 2.56 1.34E-05 2.77 5.86E-05 2.54 1.98E-04 2.76 4.50E-07 3.66 2.44E-07 4.31

h 3.58E-05 - 4.50E-04 - 5.42E-04 - 7.06E-03 - 3.85E-05 - 1.71E-04 -

3
h/2 8.92E-06 2.00 4.96E-05 3.18 1.13E-04 2.26 7.39E-04 3.26 2.53E-06 3.93 5.37E-06 4.99

h/4 1.09E-06 3.03 4.21E-06 3.56 1.43E-05 2.99 6.18E-05 3.58 1.29E-07 4.29 1.48E-07 5.19

h/8 9.59E-08 3.52 3.12E-07 3.75 1.29E-06 3.47 4.59E-06 3.75 5.49E-09 4.56 3.72E-09 5.31

‖eu‖int ‖eu‖ext ‖eq‖int ‖eq‖ext ‖ebu‖Eh
‖eu∗‖int

k mesh error order error order error order error order error order error order

h 3.63E-02 - 1.11E-01 - 5.89E-01 - 1.15E+00 - 6.75E-02 - 3.89E-02 -

0
h/2 2.55E-02 0.51 5.85E-02 0.92 3.35E-01 0.81 1.05E+00 0.13 4.20E-02 0.68 2.53E-02 0.62

h/4 1.12E-02 1.18 2.48E-02 1.24 1.68E-01 1.00 8.55E-01 0.30 1.99E-02 1.07 1.11E-02 1.19

h/8 4.29E-03 1.39 8.62E-03 1.52 8.62E-02 0.96 5.87E-01 0.54 8.25E-03 1.27 4.25E-03 1.38

h 1.17E-02 - 3.95E-02 - 1.97E-01 - 6.15E-01 - 1.42E-02 - 1.24E-02 -

1
h/2 5.36E-03 1.13 1.45E-02 1.45 8.44E-02 1.22 4.52E-01 0.45 5.23E-03 1.44 5.14E-03 1.24

h/4 1.70E-03 1.65 5.10E-03 1.51 3.22E-02 1.39 2.67E-01 0.76 1.60E-03 1.71 1.56E-03 1.72

h/8 4.25E-04 2.00 1.14E-03 2.16 8.98E-03 1.84 1.03E-01 1.38 3.74E-04 2.09 3.70E-04 2.08

h 8.17E-03 - 1.85E-02 - 5.83E-02 - 4.38E-01 - 8.46E-03 - 8.13E-03 -

2
h/2 1.45E-03 2.49 8.79E-03 1.07 2.97E-02 0.97 3.38E-01 0.38 1.60E-03 2.40 1.43E-03 2.50

h/4 2.57E-04 2.50 1.97E-03 2.16 9.71E-03 1.61 1.24E-01 1.45 2.90E-04 2.47 2.53E-04 2.50

h/8 3.34E-05 2.94 2.15E-04 3.20 1.57E-03 2.63 2.43E-02 2.35 3.49E-05 3.05 3.29E-05 2.94

h 1.38E-02 - 1.91E-02 - 7.28E-02 - 4.44E-01 - 1.39E-02 - 1.38E-02 -

3
h/2 1.06E-03 3.70 6.43E-03 1.57 1.41E-02 2.36 2.40E-01 0.89 1.16E-03 3.58 1.06E-03 3.70

h/4 1.59E-04 2.73 7.68E-04 3.06 2.64E-03 2.42 4.77E-02 2.33 1.67E-04 2.80 1.59E-04 2.73

h/8 1.10E-05 3.86 4.29E-05 4.16 2.07E-04 3.67 4.73E-03 3.33 1.12E-05 3.90 1.10E-05 3.86

Table 4.7: Example 1: History of convergence for h = 0.25. and Pe = 10. Computa-
tional domain: Ω (top) and Dh (bottom).
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‖eu‖int ‖eu‖ext ‖eq‖int ‖eq‖ext ‖ebu‖Eh
‖eu∗‖int

k mesh error order error order error order error order error order error order

h 2.20E-02 - 1.99E-02 - 1.70E-01 - 1.23E+00 - 3.15E-02 - 5.69E-02 -

0
h/2 1.02E-02 1.11 3.05E-02 -0.61 2.36E-01 -0.47 1.32E+00 0.93 3.70E-02 -0.23 2.77E-02 1.04

h/4 6.80E-03 0.59 2.85E-02 0.98 2.20E-01 0.10 1.18E+00 0.16 3.54E-02 0.06 1.49E-02 0.89

h/8 4.65E-03 0.55 2.35E-02 0.28 1.84E-01 0.26 9.36E-01 0.34 2.22E-02 0.67 7.86E-03 0.96

h/16 2.85E-03 0.47 1.14E-03 0.70 1.43E-01 0.24 6.59E-01 0.34 1.37E-02 0.46 2.07E-03 1.28

h 2.81E-03 - 2.23E-02 - 5.96E-02 - 6.53E-01 - 8.50E-03 - 2.49E-02 -

1
h/2 9.69E-04 1.53 1.42E-02 0.65 4.82E-02 0.31 4.20E-01 0.64 5.29E-03 0.68 5.32E-03 2.23

h/4 6.67E-04 0.53 6.88E-03 1.05 3.06E-02 0.66 2.01E-01 1.06 1.34E-03 1.98 9.29E-04 2.52

h/8 4.12E-04 0.70 2.48E-03 1.47 1.41E-02 1.11 7.24E-02 1.47 2.36E-04 2.50 1.22E-04 2.93

h/16 8.32E-05 1.54 3.37E-04 1.92 3.48E-03 1.35 1.40E-02 1.58 2.06E-05 2.35 5.80E-06 2.93

h 4.87E-04 - 9.34E-03 - 2.11E-02 - 2.86E-01 - 2.42E-03 - 9.22E-03 -

2
h/2 1.85E-04 1.40 3.65E-03 1.36 9.07E-03 1.22 1.13E-01 1.35 5.84E-04 2.05 1.18E-03 2.97

h/4 9.28E-05 0.99 9.01E-04 2.02 3.13E-03 1.53 2.73E-02 2.04 7.19E-05 3.02 9.90E-05 3.57

h/8 2.60E-05 1.84 1.62E-04 2.48 7.91E-04 1.96 4.88E-03 2.48 7.05E-06 3.35 6.17E-06 4.00

h/16 1.67E-06 2.64 7.26E-06 2.99 6.02E-05 2.48 2.73E-04 2.77 2.25E-07 3.32 6.94E-08 4.31

h 7.96E-05 - 3.23E-03 - 4.08E-03 - 1.06E-01 - 4.87E-04 - 2.44E-03 -

3
h/2 2.27E-05 1.81 7.45E-04 2.12 9.67E-04 2.08 2.34E-02 2.18 5.20E-05 3.23 1.68E-04 3.86

h/4 8.82E-06 1.36 9.48E-05 2.97 2.55E-04 1.92 2.88E-03 3.02 3.47E-06 3.90 7.06E-06 4.57

h/8 1.34E-06 2.72 8.63E-06 3.46 3.79E-05 2.74 2.59E-04 3.47 1.90E-07 4.19 2.20E-07 5.01

‖eu‖int ‖eu‖ext ‖eq‖int ‖eq‖ext ‖ebu‖Eh
‖eu∗‖int

k mesh error order error order error order error order error order error order

h 3.71E-02 - 1.86E-01 - 8.91E-01 - 2.51E+00 - 5.98E-02 - 4.27E-02 -

0
h/2 2.84E-02 0.38 1.35E-01 0.47 8.37E-01 0.91 2.79E+00 -0.15 4.93E-02 0.28 2.97E-02 0.52

h/4 2.13E-02 0.42 7.72E-02 0.80 5.83E-01 0.52 2.75E+00 0.02 3.34E-02 0.56 2.12E-02 0.49

h/8 1.05E-02 1.02 3.47E-02 1.16 3.11E-01 0.90 2.34E+00 0.24 1.72E-02 0.96 1.04E-02 1.03

h 1.26E-02 - 1.07E-01 - 3.29E-01 - 1.86E-02 - 1.84E-02 - 1.43E-02 -

1
h/2 1.07E-02 0.24 5.73E-02 0.90 3.04E-01 0.11 1.60E-02 0.22 1.21E-02 1.01 1.08E-02 0.41

h/4 6.06E-03 0.81 2.28E-02 1.33 1.65E-01 0.88 1.13E-02 0.50 6.00E-03 1.69 5.89E-03 0.87

h/8 1.99E-03 1.61 7.00E-03 1.70 6.03E-02 1.45 6.44E-01 0.81 1.86E-03 2.18 1.85E-03 1.67

h 3.71E-03 - 6.35E-02 - 1.16E-01 - 1.32E+00 - 5.72E-03 - 3.55E-03 -

2
h/2 4.04E-03 0.12 2.55E-02 1.31 1.03E-01 0.17 9.58E-01 0.46 4.53E-03 0.33 3.98E-03 -017

h/4 1.50E-03 1.43 9.08E-03 1.49 4.58E-02 1.18 6.61E-01 0.53 1.56E-03 1.53 1.49E-03 1.42

h/8 2.69E-04 2.48 2.19E-03 2.05 1.47E-02 1.64 2.77E-01 1.26 2.83E-04 2.47 2.65E-04 2.49

h 8.48E-03 - 3.93E-02 - 5.49E-02 - 9.36E-01 - 8.76E-03 - 7.93E-03 -

3
h/2 1.60E-02 -0.91 2.10E-02 0.90 1.04E-01 -0.93 8.02E-01 0.22 1.60E-02 -0.87 1.60E-02 -1.01

h/4 4.49E-04 5.15 5.92E-03 1.83 1.59E-02 2.72 4.75E-01 0.76 5.07E-04 4.98 4.45E-04 5.17

h/8 1.07E-04 2.07 9.32E-04 2.67 4.26E-03 1.90 1.20E-01 1.98 1.13E-04 2.16 1.07E-04 2.06

Table 4.8: Example 1: History of convergence. h = 0.25 and Pe = 25. Computational
domain: Ω (top) and Dh (bottom).
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([6]):

u(x, y) = erf

(
√

Pe

(√
r(x, y)

r0
−

√
r0

r(x, y)

)√√√√1

2

(
1 − x − x0

r

))
.

We notice that this function u does not belong to H2(Ω). Indeed, ∇u has a discon-

tinuity along the interface Γ̃ := {(x, y) ∈ R
2 : x − x0 ≥ r0 and y = y0}. This implies

that the numerical method will not converge to the exact solution with optimal orders

if the interface lies in the interior of the elements of the mesh. In order to avoid this

situation, we construct the mesh so that the interface Γ̃ is a union of edges. Thus, we

can impose the the value of jump of q̂h in those edges as follows. For every e ∈ Γ̃,

〈µ, [[ q̂h]]〉e = 〈µ, [[q]]〉e, ∀µ ∈ Mh(e).

In Table 4.9 we display the history of convergence for Pe = 0.1. We observe that

the orders have a similar behavior compared to the ones obtained in Chapter 2 for the

pure diffusion problem. Indeed, in the subdomain Dh both variables converge at least

with order k + 1. Moreover, u∗
h and ûh superconverge with order k + 2, for k > 0. In

D
c
h, qh and uh converge with order k + 1 and k + 2, respectively. Moreover, the errors

become bigger as we increase Pe. However, we can see in Tables 4.10 and 4.11 that the

order of convergence does not seem to be affected by high values of Pe.

In Fig. 4.3 we show the approximation of u considering Pe = 0.1 (middle row) and

Pe = 10 (third row) obtained for the meshsizes h = 1/8 and h = 1/32 (top rows). Here

we observe that, if the Péclet number increases, we must refine the mesh in order to

obtain a good approximation.

Finally, in Fig. 4.4 we show the approximation of u (Pe = 1.0) obtained for a

meshsize h = 1/8. We clearly observe how the approximation improves when the

polynomial degree increases.

4.4 Conclusions

We have extended the technique introduced in Chapter 2 to convection-diffusion prob-

lems in general domains. The main advantage of the technique here proposed is that

the mesh does not need to fit the boundary, thus allowing for a simple treatment of

curved boundaries.



66

Figure 4.3: Approximation of the scalar variable by using polynomials of degree k = 1.
Computational domains (first row). Simulation for Pe = 0.1 ((middle row) and Pe = 10
(bottom row). Background meshes of size h = 1/8 and h = 1/32 (left and right columns,
respectively)
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Figure 4.4: Approximation of the scalar variable for Pe = 1.0. Background mesh of size
h = 1/8 and polynomial of degree k = 0 (top, left), k = 1 (top, right), k = 2 (bottom,
left) and k = 3 (bottom, right).
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‖eu‖int ‖eu‖ext ‖eq‖int ‖eq‖ext ‖ebu‖Eh
‖eu∗‖int

k mesh error order error order error order error order error order error order

h 5.20E-03 - 1.92E-02 - 9.86E-02 - 4.91E-01 - 7.79E-03 - 5.60E-03 -

0
h/2 1.53E-03 1.76 6.38E-03 1.59 5.43E-02 0.86 4.25E-01 0.21 1.77E-03 2.14 1.64E-03 1.77

h/4 8.03E-04 0.93 1.60E-03 1.99 2.79E-02 0.96 2.58E-01 0.72 4.72E-04 1.91 8.18E-04 1.00

h/8 4.37E-04 0.88 4.12E-04 1.96 1.44E-02 0.96 1.45E-01 0.83 1.46E-04 2.14 4.39E-04 0.90

h 3.44E-03 - 8.29E-03 - 3.13E-02 - 2.52E-01 - 3.54E-03 - 3.42E-03 -

1
h/2 4.78E-04 2.85 1.74E-03 2.24 7.57E-03 2.05 1.28E-01 0.98 4.79E-04 2.88 4.68E-04 2.87

h/4 6.33E-05 2.92 2.47E-04 2.82 1.65E-03 2.20 4.27E-02 1.58 5.87E-05 3.02 5.79E-05 3.01

h/8 1.00E-05 2.66 3.37E-05 2.87 3.60E-04 2.20 1.30E-02 1.72 7.62E-06 2.94 7.56E-06 2.94

h 1.05E-03 - 3.37E-03 - 1.31E-02 - 1.14E-01 - 1.09E-03 - 1.05E-02 -

2
h/2 1.77E-04 2.56 6.74E-04 2.32 2.68E-03 2.28 3.82E-02 1.68 1.80E-04 2.60 1.77E-03 2.57

h/4 1.93E-05 3.20 7.56E-05 3.16 4.11E-04 2.71 8.09E-03 2.24 1.94E-05 3.21 1.92E-04 3.21

h/8 1.23E-06 3.97 5.61E-06 3.75 4.40E-05 3.22 1.33E-03 2.60 1.22E-06 3.99 1.21E-05 3.99

h 8.81E-04 - 2.42E-03 - 8.93E-03 - 6.25E-02 - 9.07E-04 - 8.82E-04 -

3
h/2 1.39E-04 2.66 4.56E-04 2.41 1.67E-03 2.41 2.13E-02 1.56 1.41E-04 2.68 3.94E-04 2.66

h/4 7.68E-06 4.18 2.93E-05 3.96 1.45E-04 3.53 2.87E-03 2.89 7.75E-06 4.19 7.69E-06 4.28

h/8 2.38E-07 5.02 1.07E-06 4.77 7.56E-06 4.26 2.27E-04 3.66 2.39E-07 5.01 2.44E-07 4.98

Table 4.9: Example 2: History of convergence. h = 0.125. Pe = 0.1.

‖eu‖int ‖eu‖ext ‖eq‖int ‖eq‖ext ‖ebu‖Eh
‖eu∗‖int

k mesh error order error order error order error order error order error order

h 2.60E-02 - 7.97E-02 - 4.01E-01 - 1.78E+00 - 3.68E-02 - 2.73E-02 -

0
h/2 8.34E-03 1.64 2.49E-02 1.68 2.15E-01 0.90 1.49E+00 0.25 1.12E-02 1.72 8.61E-03 1.66

h/4 3.79E-03 1.14 5.80E-03 2.10 1.12E-01 0.94 8.69E-01 0.78 4.41E-03 1.34 3.83E-03 1.17

h/8 1.93E-03 0.97 1.41E-03 2.04 5.85E-02 0.94 4.75E-01 0.87 2.02E-03 1.12 1.93E-03 0.97

h 1.19E-02 - 2.88E-02 - 1.14E-01 - 8.66E-01 - 1.17E-02 - 1.15E-02 -

1
h/2 1.37E-03 3.11 5.15E-03 2.48 2.45E-02 2.22 3.88E-01 1.16 1.25E-03 3.23 1.23E-03 3.22

h/4 1.85E-04 2.89 7.23E-04 2.83 5.46E-03 2.16 1.22E-01 1.70 1.34E-04 3.22 1.32E-04 3.22

h/8 3.68E-05 2.32 9.66E-05 2.90 1.21E-03 2.17 3.71E-02 1.71 1.37E-05 3.29 1.36E-05 3.29

h 3.02E-03 - 1.03E-02 - 4.45E-02 - 3.61E-01 - 3.16E-03 - 3.08E-03 -

2
h/2 7.38E-04 2.03 2.60E-03 1.99 1.03E-02 2.11 1.25E-01 1.53 7.49E-04 2.08 7.38E-04 2.06

h/4 7.75E-05 3.25 2.95E-04 3.14 1.53E-03 2.74 2.85E-02 2.13 7.74E-05 3.27 7.74E-05 3.25

h/8 5.03E-06 3.94 2.05E-05 3.84 1.52E-04 3.33 4.43E-03 2.68 4.87E-06 3.99 5.13E-06 3.91

h 3.68E-03 - 9.80E-02 - 3.60E-02 - 2.34E-01 - 3.79E-03 - 3.68E-03 -

3
h/2 4.87E-04 2.92 1.69E-02 2.53 6.14E-03 2.55 7.99E-02 1.55 4.93E-04 2.94 4.87E-04 2.92

h/4 2.22E-05 4.45 9.05E-04 4.23 4.39E-04 3.80 9.12E-03 3.13 2.24E-05 4.46 2.22E-05 4.45

h/8 6.29E-07 5.14 2.88E-06 4.97 1.97E-05 4.48 6.24E-04 3.87 6.31E-07 5.15 6.28E-07 5.14

Table 4.10: Example 2: History of convergence. h = 0.125. Pe = 1.0.
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‖eu‖int ‖eu‖ext ‖eq‖int ‖eq‖ext ‖ebu‖Eh
‖eu∗‖int

k mesh error order error order error order error order error order error order

h 1.30E-01 - 3.12E-01 - 1.97E+00 - 6.98E+00 - 1.35E-01 - 1.44E-01 -

0
h/2 5.60E-02 1.22 1.36E-01 1.20 1.18E+00 0.74 7.09E+00 -0.01 5.81E-02 1.22 5.78E-02 1.32

h/4 2.63E-02 1.09 3.58E-02 1.93 7.36E-01 0.68 4.48E+00 0.66 2.72E-02 1.09 2.64E-02 1.13

h/8 1.41E-02 0.90 7.98E-03 2.16 4.58E-01 0.68 2.33E+00 0.94 1.45E-02 0.91 1.41E-02 0.91

h 5.02E-02 - 1.54E-01 - 8.15E-01 - 4.63E+00 4.98E-02 - 5.24E-03 -

1
h/2 6.49E-03 2.95 3.04E-02 2.34 2.07E-01 1.98 2.48E+00 0.90 5.28E-03 3.24 5.85E-03 3.16

h/4 8.26E-04 2.98 4.58E-03 2.73 5.27E-02 1.97 6.41E-01 1.95 7.80E-04 2.76 7.59E-04 2.95

h/8 1.86E-04 2.15 1.25E-03 1.88 1.55E-02 1.77 2.74E-01 1.22 1.81E-04 2.11 1.73E-04 2.13

h 1.63E-02 - 6.57E-02 - 3.41E-01 - 2.73E+00 - 1.74E-02 - 1.94E-02 -

2
h/2 4.84E-03 1.75 1.92E-02 1.77 8.46E-02 2.01 1.21E+00 1.17 4.91E-03 1.82 5.04E-03 1.95

h/4 6.72E-04 2.84 4.38E-03 2.13 2.05E-02 2.04 4.91E-01 1.30 6.76E-04 2.86 7.00E-04 2.85

h/8 4.70E-05 3.84 3.24E-04 3.76 1.96E-03 3.38 7.44E-02 2.72 4.59E-05 3.88 6.09E-05 3.52

h 8.25E-03 - 2.94E-02 - 1.71E-01 - 1.64E+00 - 9.28E-03 - 8.30E-03 -

3
h/2 3.16E-03 1.38 2.13E-02 4.63 7.38E-02 1.21 1.35E+00 2.85 3.21E-03 1.53 3.16E-03 1.39

h/4 6.79E-05 5.54 7.44E-04 4.84 3.32E-03 4.48 1.13E-01 3.57 6.86E-05 5.55 6.69E-05 5.56

h/8 2.98E-06 4.51 3.10E-05 4.58 2.35E-04 3.82 7.48E-03 3.92 3.08E-06 4.48 3.00E-06 4.48

Table 4.11: Example 2: History of convergence. h = 0.125. Pe = 10.

In fact, we have shown that, even though the distance between Γ and Γh is only

of order h, the resulting method maintains the same convergence properties as the

original method applied to polyhedral domains. In particular, in the case of the HDG

method considered here, our numerical experiments suggest that both variables converge

with order k + 1 and that the numerical trace of u and the postprocessed solution

superconverge with order k +2 for k ≥ 1 when the diffusion dominates. For high Péclet

numbers, this superconvergence is lost, as happens for the original HDG method.



Chapter 5

Conclusion and Discussion

In this work we have developed a simple technique to solve partial differential equations

in complicated geometries. One of its most important features is that our approximation

of the domain Ω does not require to exactly fit the boundary. This allow us to easily mesh

the computational domain and even use Cartesian grids. Moreover, the boundary data

is transferred in such a way that high degree polynomial approximations can be used and

still obtain optimal orders of convergence even though the distance between the actual

and the computational boundary is only of order h. We have presented several numerical

experiments showing that our method performs extremely well. Indeed, optimal order

of convergence of the errors were obtained, that is, at least order k + 1 for the scalar

and vector variables and order k + 2 for the numerical trace and the postprocessing of

the scalar variable.

We believe this method can be easily implemented in the sense that, having a finite

element code for polyhedral domains, only few routines need to be added in order to

handle curved domains, namely, the routines to compute the paths, the transferred

boundary data and the extension of the approximations from Dh to D
c
h. Moreover, even

though the examples here shown are two dimensional problems, the same ideas can by

applied in three dimensions.

We would like to finish the discussion by commenting on ongoing and future work

related with this technique. As we observed in the numerical experiments, this method

shows optimal results. This motivates us to establish the mathematical background that

supports what we have observed. The task of review optimal convergence of the method
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constitutes the subject of ongoing research. In addition, we are working on a posteriori

error estimates in order to do adaptivity in curved domains. Finally, we believe that

the method here presented has many applications and can be extended to several kind

of problems like time-dependent equations, moving boundaries, Neumann boundary

conditions, interface problems, Navier-Stokes equations, and nonlinear conservations

laws, just to mention a few examples.
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