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Why Factor Analysis Often is the Incorrect
Model for Analyzing Bipolar Concepts,
and What Model to Use Instead
Wijbrandt H. van Schuur and Henk A. L. Kiers

University of Groningen, The Netherlands

Factor analysis of data that conform to the unfold-
ing model often results in an extra factor. This artificial
extra factor is particularly important when data that
conform to a bipolar unidimensional unfolding scale
are factor analyzed. One bipolar dimension is ex-
pected, but two factors are found and often are inter-
preted as two unrelated dimensions. Although this
extra factor phenomenon was pointed out in the early
1960s, it still is not widely recognized. The extra factor
phenomenon in the unidimensional case is reviewed
here. A numerical illustration is provided, and a num-
ber of diagnostics that can be used to determine
whether data conform to the unidimensional unfolding
model better than to the factor model are discussed.
These diagnostics then are applied to an empirical
example. Index terms: factor analysis, factor inter-
pretation problems, rating scales, unfolding diagnos-
tics, unfolding model.

A technique widely used for data collection is to
ask respondents to answer questions according to
rating scale categories, which may range from agree
very much to disagree very much. Rating scale data
often are analyzed with factor analysis, which iden-
tifies variables that can be attributed to the same
latent factor and provides the researcher with a mea-
surement value-a factor score-for each individual
on each of the factors.

The use of factor analysis has sometimes led to
unexpected results. In particular, indicators that were
meant to operationalize one bipolar dimension have
been found, surprisingly, to represent two inde-
pendent, unipolar factors. For example, in studies of
mood state, self-descriptive adjectives like &dquo;happy&dquo;

and &dquo;sad&dquo; have not all loaded highly (but with
opposite signs) on the same factor, but instead have
loaded highly and positively on only one of two
independent, unipolar factors (e.g., Diener &

Emmons, 1985; Green & Goldfried, 1965; Lorr &

Shea, 1979; Nowlis & Nowlis, 1956). Similarly,
factor analysis of political data (e.g., agreement with
political measures, preference for political leaders)
has suggested, counter to expectation, that &dquo;lib-
eralism&dquo; and &dquo;conservatism&dquo; are two independent,
orthogonal factors rather than one bipolar factor (e.g.,
Conover & Feldman, 1981; Krosnick & Weisberg,
1988; Weisberg, 1980).

This paper explains that the identification of
two factors, when one factor is expected, is an ar-
tifact caused by using factor analysis on data that
would be more appropriately analyzed with a uni-
dimensional unfolding model (Coombs & Kao,
1960; Davison, 1977; Ross & Cliff, 1964). The ex-
planation does not originate here, but it is presented
to emphasize its importance for social scientists,
because the use of factor analysis for data that
should be unfolded is still rather widespread.

Factor Analysis and the Unfolding Model

Stated very generally, the problem arises because
unfoldable data violate fundamental assumptions of
the factor analysis model. Factor analysis assumes that
values of the observed variables are linearly (or even
monotonically) related to values on the underlying
latent variables; however, in an unfoldable dataset,
values of the observed variables are quadratically (or
at least single-peakedly) related to values on the latent
variables. The problem, in fact, goes beyond factor
analysis and applies more generally to all measurement
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models that assume a linear or monotonic relationship
between observed and latent variables, including the
(factor-analytic) measurement part of more compre-
hensive structural equation models [e.g., with the
programs LISREL (J6reskog & Sbrbom, 1988) or EQS
(Bentler, 1989)]; classical reliability analysis; and item
response theory (including the Rasch model) and its
nonparametric analogue, the Mokken model (Mokken
& Lewis, 1982; Sijtsma, Debets, & Molenaar, 1990).

The difference between the factor model and the

unfolding model can be illustrated easily by their math-
ematical formulations. The factor model is:

The unfolding model is:

where z,, is the observed value for person s on vari-

able i,
&reg;S~ is the value for person on factor or latent

dimension j (the factor score),
Õ¡j is the value of variable i on dianension j9
§,~ is the value of person .s on a unique factor ’ I

or latent variable that is related to observed
variable i, and

b~ is the factor loading of variable i on factor j.
Note that in the factor model, the higher Oj is, the
higher z,,will be (a linear relationship). In the unfold-
ing model, in contrast, the greater the Euclidean dis-
tance between Oj and 8ij, the higher z;swill be (a
quadratic relationship). Note also that in factor analy-
sis, recoding the observed scores of a variable (e.g.,
an item in a rating scale) leads only to a change in the
sign of the factor loading for that variable. However,
in the unfolding model, changing the data from dis-
tances to similarities can lead to serious interpreta-
tion difficulties.

The relationship between factor analysis and un-
folding is not dependent on the number of factors ex-
tracted. However, this paper restricts the discussion to
the case of unidimensional bipolar latent constructs,
for three reasons. First, most of the relevant substan-
tive discussions in the literature deal with the unidi-
mensional case; for example, the confusion about the

dimensionality of political ideology or mood states.
Second, most of the diagnostics and solutions here
apply only to the unidimensional case. Third, even
though some data do not yield a solution with a single
latent dimension, the merits of multidimensional un-
folding models are still in question. It is suggested that
researchers consider instead the applicability of a
multiple unidimensional unfolding model (Jacoby,
1991; Van Schuur, 1984, chap. 3).

The Extra Factor Phenomenon in Attitude Data

Two types of interprctati&reg;ns-stzbstantive and
methodological-have been proposed for finding or-
thogonal liberal and conservative political attitude fac-
tors (see Krosnick & Weisberg, 1988, for a summary).
According to the substantive interpretation, two inde-
pendent factors is the correct finding. For example,
Weisberg & Rusk (1970) examined correlations among
attitudes toward various political figures and concluded
that attitudes were only weakly organized along ideo-
logical lines. Weisberg (1980) proposed further that
attitudes toward the Democratic and Republican par-
ties in fact do not contrast along a single ideological
dimension, but rather represent two evaluative dimen-
sions that are only slightly negatively related.
A methodological explanation was proposed by

Green (1988). Green suggested that &dquo;... random
measurement error will tend to push a strong
underlying negative correlation toward, but not past
zero&dquo; (p. 763). Nonrandom error also may play a
role, according to Green: &dquo;... survey questions that
are worded similarly and placed close together in
the interview schedule will evoke similar

response biases, and this may give rise to positive
error covariance&dquo; (p. 763), and this may in turn
cause the correlation between the two factors to
become slightly positive. In the mood state
literature, defidiencies in the wording of
questions also have been invoked to explain why
unipolar factors were found when bipolar factors
were expected (Meddis, 1972).
A related methodological interpretation was pro-

posed by Krosnick & Weisberg (1988). Following per-
spective theory (Ostrom & Upshaw, 1988), Krosnick
& Weisberg suggested that respondents may inter-
pret the end points (anchors) of a scale differently:
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Two respondents who have identical attitudes
toward a set of politicians may report those
attitudes differently because their perceptions
of the meanings of the scale points are differ-

. ent. In particular, one respondent’s ratings
would be concentrated in one region of the
scale, while the other respondent’s ratings are
concentrated in another region of the scale.
Thus, this variation across respondents in
terms of perspectives induces a positive cor-
relation between attitude ratings when com-
puted across respondents. (p. 13)

Perspective effects could, suggest Krosnick &
Weisberg (1968), explain the essentially zero correla-
tions between attitudes toward liberal and conserva-
tive political issues. When strong, idcologically-based
negative correlations between the attitudes are com-
bined with strong positive correlations due to perspec-
tive effects, zero correlations could result.
An explanation similar to Krosnick & Weisberg’s

(1988) perspective effect has been proposed for re-
sults with adjectives. In research on Osgood, Suci, &
Tannenbaum’s (1957) semantic differential procedure,
Green & Goldfried (1965) found that when people
rated items with two separate adjectives rather than
with a pair ofantonymous adjectives, factor analysis
did not reveal the three expected bipolar factors (evalu-
ation, activity, and potency), but rather a larger num-
ber of unipolar factors. Hamilton (1968) and Bentler
(1969) found similar unexpected results, and suggested
independently that it might be due to response style. If
people tend toward acquiescence, they might rate not
only one member of a pair ofantonymous adjectives
as positively related to a particular item, but also its
opposite. This idea also has been applied to the study
of mood states by Lorr & Wunderlich (1980). Saris
(19~~a, 1988b) also independently suggested this in-
terpretation and called it variation in individual re-

sponse functions to account for systematic errors in
magnitude estimations.

In an analysis of affect, Russell (1980) proposed
a different methodological explanation for the iden-
tification of two unipolar factors when one bipolar
factor was expected. He suggested that affective di-
mensions are related in a systematic fashion that can
be represented by a two-dimensional circumplex

model. In this model (Guttman, 1954), the factor load-
ings are the scale values of the stimuli, and they rep-
resent the stimuli as points along the circumference
of a circle. The model integrates the two-dimensional
results of factor analysis with a one-dimensional in-
terpretation by representing each stimulus as the end-
point of a vector through the origin of the space, and
assigning the stimulus a scale value equal to the angle
of the vector with the horizontal axis. This sugges-
tion also has been applied to the analysis of political
emotions (Marcus, 1988).

An Alternative to Factor Analysis: i
The Unfolding model

There is a more parsimonious explanation than
those reviewed above for the conflict between a

theoretically expected (unidimensional) outcome
and an empirically observed (two-dimensional) re-
sult. Factor analysis is an inappropriate mathemati-
cal translation of the analyst’s assumptions about
the structure of a dataset that conforms to the unidi-

mensional unfolding model. This explanation is
perhaps most easily illustrated with reference to
political ideology. According to Downs’ (1957) eco-
nomic model of democracy, people will prefer po-
litical parties, leaders, and pressure groups that are
located close to their own position along the lib-
eral-conservative dimension, and they will agree
with proposed political measures that are close to
their own position. The theoretical model underly-
ing most work on political ideology is therefore
better characterized as a distance model than a fac-
tor model (see also Brady & Ansolabehere, 1989;
Nygren & Jones, 1977). According to this model,
people can implicitly adopt any position along the
liberal-conservative dimension as their ideal point.
Political belief elements also can be assigned a po-
sition along the dimension as, of course, can politi-
cal parties, political leaders, and pressure groups.
Such a distance model is known as an unfolding
model (Coombs, 1964).

In the literature that attempts to explain the unex-
pected finding of independent unipolar factors in
mood states, Sjbberg, Svensson, & Persson (1979)
came the closest to interpreting their results in terms
of the unfolding model. They pointed out that
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Common factor analysis assumes that all items
have monotonic (in fact, linear) trace lines. It
is reasonable to expect that only items describ-
ing the extremes of a mood dimension have
such monotonic trace lines. Intermediate items
would rather have trace lines taking an inverse
U-shape. In terms of correlation statistics, this
implies that the covariation between interme-
diate items will not be well described by linear
correlations. (p. 4)

The factor analysis model differs from the unfold-
ing model in that it locates only people and not the
stimuli along the latent dimension, and the position
the people are assigned has a different meaning. In the
unfolding model, people’s positions reflect their opti-
mal point along the latent dimension, whereas in fac-
tor analysis their positions (i.e., their factor scores)
reflect how positive their responses are to the stimuli
that maximally represent that factor.

The factor analysis model and the unfolding model
make different predictions about the size and the sign
of the correlations among the stimuli. This can be il-

lustrated most clearly by reference to a factor-analytic
representation with one bipolar factor. According to
the factor analysis model, the correlations among all
stimuli should be high in absolute value. Correlations
among liberal and conservative belief elements (for
example) should be negative. However, if the coding
order is reversed for one set of stimulus questions, all
correlations should become positive.

In the unfolding model, in contrast, only stimuli
that are close together along the latent dimension will
correlate highly and positively. This is because people
tend to give the same responses to both. As the dis-
tance between stimuli increases, the correlation be-
tween them decreases, often to zero, and then may
begin to increase again, this time with the sign re-
versed to negative (Davison, 1977). A correlation
matrix of stimuli that conform to the unidimensional

unfolding model, arranged in the order in which they
appear along the latent dimension, will show high
positive correlations along the diagonal, decreasing
correlations downward and to the left, and negative
correlations in the lower left-hand corner. The corre-
lation matrix will, therefore, contain both high and
low correlations and, counter to predictions of the

unidimensional bipolar factor model, it often will be
impossible to recode a subset of the stimuli so that
all correlations become positive.

Davison ( 1977) showed that a principal components
analysis (PCA) of such a correlation matrix will yield a
semicircular, two-factor structure. Variables will be
ordered along the semicircle according to their posi-
tion on the stimulus dimensions. This finding explains
why Russell (1980) and Marcus (1988) could inter-
pret their results in terms of a circumplex.

As early as 1960, Coombs & Kao (1960) conjec-
tured that if data conforming to the unfolding model
were subjected to factor analysis, an extra, artificial,
constant factor would appear in the solution. They pro-
posed interpreting this &dquo;extra dimension&dquo; in the fac-
tor space as a &dquo;social utility&dquo; dimension on Which
individuals have projections inversely related to their
average distance from all the other individuals in the

unfolding space (Coombs, 1964, p. 191 ). This hypoth-
esis was mathematically confirmed by Ross & Cliff

(1964) for the case in which data (agreements or pref-
erences) can be regarded as squared distances between
people’s positions and stimulus positions along the
latent dimensions. Their proof is illustrated with an
example below.

Coombs (1975) provided another interpretation
of the &dquo;extra dimension,&dquo; which he illustrated for
the unidimensional case. if items have two attributes

that are both desirable (i.e., the more of the attributes
the better), a person’s preference for one item over
the other can be represented as a vector in a two-
dimensional space. The greater the preference for
an item, the greater the distance between the origin
of the space and the projection of the item on the
person’s vector. The cosine of the vector’s angle with
each of the two attribute dimensions represents the
relative importance of the dimensions for the per-
son. If the items also are related to each other such
that no item has more of either attribute than any
other item, they constitute an efficient set. An effi-
cient set of items can be represented along an arc
that is interpretable as a unidimensional subspace
in the two-dimensional representation. The point at
which the preference vector intersects the arc can be
interpreted as the person’s ideal point on the arc,
and his or her preferences can be specified by un-
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folding the arc at the ideal point. The unidimen-
sional unfolding representation of a set of items is
therefore equivalent to the two-dimensional vector
representation of that (efficient) sent. of items. As

Coombs pointed out, the argument just given for the
two-dimensional vector space can be applied more
generally to the vector representation of preferences
for an efficient set of items in r dimensions by an
(r° - I ) di-mensional unfolding space.

Consequences of the Extra Factor Phenomenon

Ross & Cliff’s (1964) proof suggests several ad-
ditional practical implications of the extra factor
phenomenon:
1. The relationship between factor analysis and un-

folding is most dramatic in the case of a unidi-
mensional unfolding solution, as in many studies
of bipolar concepts. Ross & Cliff’s (1964) proof
is more general, however: If the data are repre-
sentable in a multidimensional unfolding space of
~° dimensions, a factor analysis solution will give a
representation ins + 1 factors.

2. If the data can be described in terms of more than
one unidimensional unfolding scale, each of these
scales leads, under factor analysis, to two factors
that represent the unipolar halves of what in fact
is a single bipolar dimension.

3. If the data cannot be regarded as squared dis-
tances, but rather constitute a monotonic trans-
formation of squared distances (e.g., ordinary
distances or 5-point ratings on a Likert scale),
factor analysis will still gives + 1 rather than r
factors, as illustrated in the example presented
below.

4. Ross & Cliff’s (1964) proof concerns the eigen-
value/eigenvector decomposition of the covari-
ance matrix rather than the decomposition of the
correlation matrix. Because the variables gen-
erally do not have the same standard deviation,
the factor analysis solution will not show an ad-
ditional constant factor, but rather a. factor that
has the highest loading for the variables that
receive the highest values from the respondents.

5. The magnitude of the additional factor’s eigen-
value depends on the distribution of persons
and stimuli along the latent dimension. Usu-

ally it is high, but not always. This means that
the extra factor cannot always be identified in
the default factor analysis solution, because usu-
ally (although this criterion has been ques-
tioned) only factors with eigenvalues larger than
1.0 are interpreted. [The reader can verify this
easily by constructing an example analogous to
the Ross & Cliff ( 1964) example below.] Some-
times the eigenvalue of the extra factor is even
higher than the eigenvalue(s) of the other
factor(s).

6. The factor analysis solution can, in principle, be
substantively interpreted if only ~° (of the r + 1)
unrelated factors are used (e.g., Davison, 1977).
Which factor should be ignored is not clear from
the solution (see 5 above), which hampers sub-
stantive interpretation.

7. Ross & Cliff’s (1964) proof is based on a PCA
rather than a factor analysis with unique fac-
tors. The presence of unique factors in addi-
tion to common factors makes it even more

problematic to reconstruct the unfolding rep-
resentation from the factor solution.

Diagnostics for Deciding Between the Factor
Analysis Model and the Unfolding model

1: the Data Matrix

Consider a data matrix D that contains l~ per-
sons as rows stimuli as columns, and preferences
by persons for stimuli represented as squared Eu-
clidean distances between person locations and
stimulus locations. Ross & Cliff (1964) showed that
D has rank r + 2 (assuming that both N and
~ ~ ~- + 2), where is the number of dimensions
needed to represent persons and stimuli. In the co-
variance matrix (and hence in the correlation ma-
trix), the appropriate mean column value of D is
subtracted from each cell value; the rank of this
matrix is therefore only r + 1. This rank implies that
the correlation matrix contains only one additional
artificial factor. If the data matrix were double-cen-

tered {i.c., if both row and column means were 0.0),
then the resulting matrix would have rank r. Ross &
Cliff’s diagnostic thus involves establishing the rank
of the double-centered data matrix and determin-
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ing whether its rank is equal to the rank of the
correlation matrix minus 1. An example is given
below. The problem with this diagnostic is that for
empirical datasets it does not differentiate between
eigenvalues that are low due to random noise and
those that are low due to the distribution of per-
sons and stimuli.

2: The Form of the Correlation Matrix

Davison (1977) showed that if the data conform
to a metric unidimensional unfolding model, the
correlation matrix of the stimuli, ordered accord-

ing to their position along the unfolding dimen-
sion, forms a simplex pattern; that is, the

correlations are highest between adjacent stimuli
and decrease monotonically from the diagonal
downward and to the left. He warned, however, that
a similar simplex pattern can be found if the data
conform to Guttman’s simplex model. In this case,
however, all correlations and all partial correla-
tions will be positive, which is not necessarily true
in the unfolding model.

3: Sign of the ~~~°tI~I Correlations

Davison (1977) also showed that in the unidi-
mensional unfolding model, the sign of the partial
correlation of two stimuli with a third depends on
the relative position of the three stimuli. A partial
correlation rA~,., is positive if Stimulus C is located
to the left or right of both A and B, but it is negative
if C is positioned between A and B.

Ross & Cliff’s (1964) and Davison’s (1977) di-
agnostics are helpful if the data conform perfectly
to the unfolding model. However, for empirical data
(e.g., data that are only monotonically related to
squared distances) these diagnostics do not always
give the desired results. For example, Davison
showed a number of simulated and real-life examples
in which the partial correlations deviated from the
expected patterns. A further drawback is that diag-
nostics 1 and 3 can only be used if the original data
are available.

4: PCA of the Centered Factor Loading
Matrix

For the situation in which only factor loading ma-

trices have been reported, Kiers (1986) proposed a
procedure for reconstructing the representational space
without the extra factor. Kiers proved that if the vari-
ables in the data matrix have the same variance, the
column-centered transformation of the matrix of fac-
tor loadings can be decomposed through a singular
value decomposition into a basis for the unfolding
space. His proof is summarized in the Appendix.

As a criterion to help evaluate whether empiri-
cal data conform to the unfolding model, Kiers used
the proportion of the square of the last singular
value to the sum of the squares of all singular val-
ues of the column-centered matrix of factor load-

ings. If this proportion is small, the r +1 columns
of the matrix of factor loadings may contain a con-
stant dimension that should be eliminated.

Unfortunately, this solution does not work perfectly
even with perfect unfolding data, because if the data
are unfoldable the variables cannot all have the same

variance-variables in the center of the dimension
will have a lower variance than variables at the ends.

However, simulation studies have shown that Kiers’
solution is still a useful diagnostic. In particular, the
solution works if the data are not standardized; that
is, if a PCA is done on the covariance matrix rather
than on the correlation matrix.

Summary

These four diagnostics specify necessary but
not sufficient conditions for the unfolding model.
Double-centering the data matrix and a PCA of
the centered factor loading matrix are useful re-
gardless of the number of factors. The form of
the correlation matrix and the signs of the par-
tial correlations are used specifically to deter-
mine whether data that conform to a two-factor

model also conform to a unidimensional unfold-

ing model.

An Example of Ross C~i~~9s Proof

Coombs & Kao (1960) hypothesized that if data
conforming to an unfolding model were analyzed
using a factor analytic model, an extra, artificial,
constant factor would appear in the solution. This

hypothesis then was confirmed by Ross & Cliff

(1964) when the data were squared distances be-
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tween people’s positions and stimulus positions along
the latent dimensions. This example illustrates this
phenomenon.

Figure 1 shows a scale ranging from 1 to 20 with
the locations of five stimuli and four persons. The
D matrix for these data is shown in Table 1 (D had
rank 3). Table 2 shows the centered matrix D* (rank
2) and the double-centered matrix D** (rank 1).

Figure 1
A Sample Unfolding Scale for Four Persons (1-4)

and Five Stimuli (A-E)

Table 3 is the correlation matrix among the
variables from D*. This matrix gave two nonzero

eigenvalues: 3.17 and 1.83. The sign of the corre-
lations was such that it was not possible to recode
one or more of the variables to make all correla-
tions positive.

Table 1
The Data Matrix D

The original data matrix was recoded into
&dquo;Likert&dquo; format [(1-4 = 1) (9-16 = 2) (25-64 = 3)
z 1-169 = 4) (higher = 5)]; that matrix is shown
in Table 4. The matrix was factor analyzed, and
three eigenvalues were larger than 0.0: 2.85, 1.92,
and .23. The first two were much larger than the
third. Table 5 shows the factor solutions of the
two data matrices. The two factor loading matri-
ces were almost identical, especially when the
loadings over .5 were considered.

Implementing. Unfolding Analyses

One reason why factor analysis, models often are
applied to data for which they are inappropriate is
that software to implement factor analyses is widely

Table 2
Centered Matrix D* and

______Double-Centered Matrix D**

available, whereas software to implement unfolding
models is not. Standard statistical packages such as
spss/pc+ (Noru&scaron;is, 1986), SAS (SAS Institute, 1985),
and BMDP (Dixon, Brown, Engelman, & Jennrich,
1990) do not currently incorporate unfolding options.
Further, most of the unfolding programs that are avail-
able [e.g., ALSCAL (Young, Takane, & L,ewyckyj,
1978), KYST (uskal, Young, & Seery, 1973), or
Carroll’s unfolding programs in Coxon’s (1980)
MDS(X) package] do not handle large sample sizes.
These programs also often give degenerate results,
especially when a unidimensional solution is re-
quested.

Fortunately, several unfolding programs recently
have appeared that can handle large sample sizes,
explicitly assume an underlying unidimensional la-
tent dimension, and do not degenerate as easily as
the earlier programs (Andrich, 1988; Cliff, Collins,
Zatkin, Gallipeau, & ~/IcC&reg;r~ick, 1988; DeSarbo
& Hoffman, 1986; Hoijtink, 1990; Poole, 1984; Van
Blokland, 19~9, 1991; Van Schuur, 1988). Programs
for most of these models assume dichotomous (or

Table 3
Correlation Matrix Among the

Stimuli from the Centered Matrix (D*)
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Table 4

Data Matrix D Recoded
in Likert Fornat

dichotomized) data, although Poole’s program as-
sumes squared distances and Van Blokland’s assumes
complete rank orders, possibly with ties. If dichoto-
mous data conform perfectly to a unidimensional
unfolding representation, the data matrix can be per-
muted in such a way that a parallelogram of Is can
be constructed from top left to bottom right. [The
unfolding analysis of dichotomous data was there-
fore termed parallelogram analysis by Coombs
(1964).] Recent unfolding models resemble the cu-
mulative scaling models of Guttman (1950), Rasch
(1960), and Mokken (1971).

Unfortunately, programs for many of these mod-
els are not yet readily available or exist only in ex-
perimental versions. An exception is MUDFOLD, a
nonparametric unidimensional unfolding program for
dichotomous data (Van Schuur & Post, 1991 ). Some
applications in the field of political ideology are pre-
sented in Van Schuur (1984, 1987), an application to
marketing research is presented in Van Schuur (1988),
and a generalization of the model is presented in Van
Schuur (1993a).

MUDFOLD can be used as a diagnostic device to
explore whether a maximal subset of unidimen-
sionally unfoldable stimuli can be found in a set of
items. The procedure works as follows. If a set of

stimuli conforms perfectly to the unidimensional un-
folding model, then for each triple of stimuli, or-
dered according to their position along the unfolding
dimension, one response pattern does not occur: the

pattern in which the two outer stimuli are coded as
1 (i.e., the person agrees with, is sympathetic to,
prefers) but the intervening stimulus is coded as 0.
This pattern (termed the 101-pattern of an ordered
triple of stimuli) is therefore called the error pat-
tern for that triple. (Note that this definition of error
assumes only an ordinal rating of the stimuli by the
respondents.)

In searching for an unfolding scale, MUDFOLD
calculates the frequency of the error pattern for
each triple in each of its three possible permuta-
tions and compares it to the frequency that would
have. been expected if responses to the three
stimuli were statistically independent. After se-
lecting the best triple as a starting scale, MUDFOLD
successively adds further stimuli to it in any posi-
tion as long as various criteria for unfoldability
continue to be met. For a maximal (sub)set of p
stimuli to be identified as conforming to an un-
folding scale, for each of the p(p - 1 )(p - 2)/6 or-
dered triples of ~ stimuli, the frequency of
observed error patterns ~, must be significantly
lower than the frequency of expected error pat-
tcri~s ~ (i.e., error patterns expected under statis-
tical independence). C) and E are compared using
Loe~rin~cr’s coefficient of homogeneity, I~, v~ahcrc
H = I - C)/E.

When data conform perfectly to an unfolding
scale, II = 1.0; when the data are statistically inde-
pendent, H = 0.0. H can be calculated both for the
entire scale and for each individual stimulus in its

Table 5 
’

Unrotated and Varimax Rotated Two-Factor Solutions for the

- 

Original I7ataset (I)) and for D Recoded to Likert Format
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scale position. In calculating II for a stimulus, the
number of observed and expected error patterns are
summed over the (p - 1 ){~ - 2)/2 triples that con-
tain the stimulus. A stimulus is acceptable in an un-
folding scale if its ~ value is larger than .30. This
criterion alone proves to be almost sufficient for iden-

tifying an interpretable unidimensional unfolding
scale. The best starting triple of three items, I, rra,

and should have an overall positive f,,,~ value
above .30 when the three items are in their unfoldable

permutation, and a negative H value when the items
are in their two other permutations. Additional
stimuli will be added only if the ~-I values of each
new stimulus and of the newly extended scale as a
whole are both sufficiently high, and if new stimuli
can be added only in a unique position. For addi-
tional criteria used in MUDFOLD, see Van Schuur

(1988).

An Example: American Party
Activists’ Attitudes Toward Political Candidates

In 1980, 697 (Democratic and Republican) party
activists from Missouri rated a number of presiden-
tial candidates, the Democratic governor, and two state
senators on a five-point favorability rating scale (every
favorable = 5, somewhat favorable = 4, ~t~ut~°c~~ = 3,
somewhat unfavorable = 2, very unfavorable = 1 ) (for
previous publications using these data see Rapoport,
Abramowitz, & McGlennon, 1986). The unfolding
properties of this dataset have been established inde-
pendently by l3dckeriholt ~ Bockenholt (1990) and
Hoijtink (1991).

The correlation matrix among the Likert-scored

ratings is given in Table 6. The correlation matrix
contains two sets of high correlations (Carter to Ander-
son, with values over .40; and Anderson to Reagan,
with values generally over .30). The correlation ma-
trix was factor analyzed (with the default options)
using s~ss/~C+ (Noru&scaron;is, 1986). The first three eigen-
values were 3.90, 2.36, .73. This indicated a two-fac-
tor solution (shown after Varimax rotation in Table
7). Note that the two factors are almost completely
unipolar; the only exception to this is the high nega-
tive loading for Reagan on the first factor (which was
interpreted as a &dquo;Democratic&dquo; factor).

Results From the Four for
Determining Whether a Dataset is Unfoldable

Double-centering the data matrix. To find the

highest eigenvalues of the double-centered data ma-
trix, the row mean score for each person was sub-
tracted from his or her score for each of the nine

candidates, and then the rank of the correlation ma-
trix of the new variables was determined. The first
four eigenvalues then were 3.72, 1.56, 1.0~, and .77,
which may be interpreted as a matrix not of rank 1.
Because the second and third eigenvalues were still
high, this criterion did not indicate whether the data
formed a unidimensional unfolding scale. Because
the differences are so small, this criterion does not
indicate clearly whether the data form an unfolding
scale.

The form of the correlation matrix. The corre-

lation matrix (Table 6) shows the simplex pattern,

Table 6
Correlation Matrix ofFavorability Ratings for Nine Candidates

by 697 Party Activists From Missouri in 1980
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Table 7
Varimax Factor Loadings of the Nine Candidates

with correlations that are both high and low and
both positive and negative. In general, correlations
are highest around the diagonal and decrease down-
ward and to the left. Some correlations between
Democratic (Carter, Kennedy, and Brown) and Re-
publican (Bush and Reagan) candidates were nega-
tive, but not all, so it is not possible to simply reverse
the favorability codings for one set of candidates so
that all correlations become positive. This criterion,
therefore, suggests that the data may be represented
as a unidimensional unfolding scale.

Sign ofpartial correlations. The criterion of ex-

amining the partial correlations can only be used
for a hypothesized order in which the items might
be (unidimensionally) unfoldable. Such an order can
be derived from the order in which the correlation
matrix of the items shows a simplex pattern or from
the results of an unfolding analysis. The partial cor-
relations [using SPSSX (SPSS, Inc., 1986)] gave some-
what mixed support for the unidimensional

unfolding solution reported below. Given nine
stimuli, the signs of 252 (9 x 8 x 7/2) partial corre-
lations must be considered. 40 of these, or 16%, had
the wrong sign. Most of these (33) should have been
negative but were in fact positive. The candidates
contributing to the highest number of partial corre-
lations with the incorrect sign were Carter ( 13 cases)
and the Democratic senator (11); Reagan contrib-
uted the least (5).
PCA ~af’the ce~te~°ed~‘’c~ctc~r loading matrix. The

first singular value of the centered factor loading ma-
trix was 1.68, and the second was .55. The value for
Kiers’ criterion was, therefore, .10, which is rather
small. This criterion suggested a unidimensional un-
folding solution (as did the second diagnostic, the form

of the correlation matrix).

Unfolding Analysis

The favorability ratings of the party activists
were first dichotomized (very favorable versus the
remaining scores), and these data were analyzed
by MUDFOLD. It revealed a unidimensional unfold-
ing representation of the candidates (see Table 8).
The coefficient of homogeneity for this unfolding
scale was very high (~I= .85), which indicated that
the data were well represented by a single unfold-
ing dimension.

Once an unfolding scale has been found, it is pos-
sible to assign scale values to persons and to recon-
struct the item response functions. The method for

assigning scale values is explained elsewhere (Van
Schuur, 1993a); the lowest possible value is 1 and the
highest is 17. On the basis of the frequency distribu-
tion of the scale values, adjacent scale value groups
with approximately equal numbers of respondents can
be formed. Low and high values indicate a prefer-
ence for Democratic and Republican candidates, re-
spectively. Table 9 gives the percentage of respondents
in each scale value group who gave a vei-yfavorable
response to each of the candidates. For example, start-
ing from the bottom of the second column, 54 re-
spondents did not give any veryfavorable responses,
224 were ve~ fc~vor°~ble only to Reagan, and 76 were
very fcavorcabl~ only to Reagan and the Republican
senator.

If the unfolding model holds, a single-peaked dis-

’~’~~1~ ~

Proportion of Respondents Who Rated Their
Attitude Toward a Candidate as Very Favorable

(p7) and the Scalability Coefficient of Each
Stimulus (H.) From a MUDFOLD Analysis

of Ratings of Nine Candidates
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Table 9

Percentage of Respondents Within Each Scale Value Group Who Gave a Very
Favorable Response to Each of the Nine Candidates

tribution both rowwise and columwise, with the peak
moving from top left to bottom right, would be ex-
pected in the cells of this table. This pattern is clearly
visible. The few exceptions involve the governor (G)
and the senators (DS and RS), which suggests that
their v~r~y fc~v&reg;J°c~ble ratings might have been based
on an additional (state) criterion.

Conclusions

The inappropriate use of factor analysis for data
that conform to the unfolding model is widespread,
due to the incorrect belief that data collected in a
certain way (in this case, Likert items or rating
scales) neccssarily calls for a specific form of data
analysis. Ross & Cliff (1964) provided a formal
proof that established that when data that conform
to an unfolding representation in r dimensions are
factor analyzed, a representation in r + 1 factors
will result. Ross & Cliff’s proof was limited to the
case in which the data consisted of squared dis-
tances. However, as shown here, both in a simu-
lated example (the Ross & Cliff example above)
and in a substantive political ratings example, data
consisting of rnonotonic transformations of squared
distances-which is how Likert-items or rating scales
usually are interpreted-can give rise to the same
phenomenon.

The extra factor phenomenon is most dramatic
when the unfolding representation is unidimensional,
because the two-factor solution treats what in fact are

the two halves of the unfolding dimension as inde-
pendent. Stated in general terms, the problem arises
from using an inappropriate measurement model. A
model that assumes a quadratic (or at least single-

peaked) relationship between a latent dimension and
the indicators designed to measure it is needed, but
instead a model that assumes a linear (or at least mono-
tonically increasing) relationship is used.

The extra factor phenomenon may have affected
theory development in a number of substantive areas
in the social sciences. Two areas in which two inde-

pendent factors or traits have been accepted when a
one-dimensional bipolar latent dimension might be
expected include work satisfaction and androgyny re-
search. In research on work satisfaction, Herzberg,
Mausner, & Snydennan (1959) suggested that over-
all job satisfaction depends on two sets of indepen-
dent factors: positive factors, called motivator factors
or satisfiers, and negative factors, termed hygiene fac-
tors or dissatisfiers. Their theory was criticized by
House & Wigdor (1967) and Hinrichs & Mischkind

(1967) who were surprised that the two factors were
independent. With respect to psychological androgyny,
it has been suggested that masculinity and femininity
are independent dimensions (e.g., l3crn, 1974, 1981;
Pedhazur & Tetenbaum, 1979). Unfolding analyses
of work satisfaction data collected in the European
values study (Harding, Phillips, & Fogarty, 1986) and
of Dutch androgyny data (Van Schuur, 1993b) sug-
gest that in both cases the two independent dimen-
sions can be represented as the bipolar halves of one
unfolding dimension.

Appendix: Kiers’ Solution

An eigenvalue/eigenvector decomposition of Wk
can be written as

Downloaded from the Digital Conservancy at the University of Minnesota, http://purl.umn.edu/93227.  
May be reproduced with no cost by students and faculty for academic use.  Non-academic reproduction  

requires payment of royalties through the Copyright Clearance Center, http://www.copyright.com/ 



108

in which

where K is an orthonormal matrix and A is a diago-
nal matrix with the eigenvalues of on the di-
agonal. The matrix of factor loadings S and the
matrix of factor scores F are given by S = KA and
F=Dc KK1.

For a complete principal components solution it
now holds that

From Ross & Cliff ( 1964)

was derived. Therefore,

Define

so that S = ~~~9 wh~r~ ~ is nonsingular and B is an
~a x (r° + 1 ) matrix containing the stimulus configu-
ration in the first r columns and a last column of
-Is.

The last column of B can be removed by col-
umn-centering S:

where Sc is the column-centered matrix of factor
loadings, and is the centered stimulus configu-
ration. Therefore, ~~. and B~ represent the same
space. The singular value decomposition in

gives P. as a basis for the stimulus configuration.
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