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The Rasch Poisson Counts Model for Incomplete
Data: An Application of the EM Algorithm
Margo G. H. Jansen

University of Groningen

Rasch’s Poisson counts model is a latent trait model
for the situation in which K tests are administered to
N examinees and the test score is a count [e.g., the
repeated occurrence of some event, such as the number
of items completed or the number of items answered
(in)correctly]. The Rasch Poisson counts model assumes
that the test scores are Poisson distributed random
variables. In the approach presented here, the Poisson
parameter is assumed to be a product of a fixed test
difficulty and a gamma-distributed random examinee
latent trait parameter. From these assumptions, marginal
maximum likelihood estimators can be derived for the
test difficulties and the parameters of the prior gamma
distribution. For the examinee parameters, there are a

number of options. The model can be applied in a situa-
tion in which observations result from an incomplete
design. When examinees are assigned to different sub-
sets of tests using background information, this informa-
tion must be taken into account when using marginal
maximum likelihood estimation. If the focus is on test
calibration and there is no interest in the characteristics
of the latent traits in relation to the background informa-
tion, conditional maximum likelihood methods may be
preferred because they are easier to implement and are
justified for incomplete data for test parameter estima-
tion. Index terms: EM algorithm, incomplete designs,
latent trait models, marginal maximum likelihood esti-
mation, Rasch Poisson counts model.

Most of the currently used latent trait models are designed for a testing situation in which examinees are
presented with multiple-choice, dichotomously scored items. A particularly well-known model for this
kind of test data is the one-parameter logistic model [IPLM ; also known as the Rasch model (Birnbaum,
1968; Spray, 1990)]. In item response theory models, the probability of an examinee answering an item
correctly is a function of an examinee latent trait parameter and one or more item parameters (e.g., the
difficulty parameter in the IPLM or the difficulty and discrimination parameters in the two-parameter logis-
tic model). The Rasch Poisson counts model (RPCM) is a unidimensional latent trait model for tests rather
than items. The RPCM can be used in testing situations in which tests consist of multiple attempts of a single
item within a given time limit, as is often the case in psychomotor skills assessment (Spray, 1990), and the
test score is the number of successful attempts. Another situation in which the RPCM might be appropriate
is as a limiting case for a binomial trials model when the test score is the number of incorrect responses out
of n items with low error probabilities (Jansen & Van Duijn, 1992; Lord & Novick, 1968; Rasch, 1960). If
the number of items is large there is no need for the items to have the same error probability within
examinees. Meredith (1971) discussed the Poisson model in relation to classical test theory, in particular
true-score theory. A number of applications to language and arithmetic tests are described in Rasch’s book,
and another application to a time-limit test was given by Meredith.

The situation considered here is the case in which the same test is given repeatedly, under different condi-
tions, or alternatively, several test versions are administered to the same sample of examinees. It is useful to
think of the observed test scores y- as organized in an N x K matrix, with N rows for examinees
( j = 1, ..., N) and K columns for tests or occasions (k = 1,..., K). Let Yj+ and y+k, the row and column sums,
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denote the examinee and test scores. The model assumes that the test scores Y}k correspond to independent
random variables distributed as Poisson variates with means )l’Jk’ which are assumed to be products of two
parameters-the latent trait of the examinee and the difficulty of the test. In Rasch’s original formulation, both
sets of parameters were considered fixed; thus, standard methods for analyzing two-way contingency tables
without interaction could be used. Jansen & Van Duijn (1992) expanded Rasch’s model by assuming a latent
distribution with fixed but unknown parameters for the trait parameters. Jansen and Van Duijn demonstrated
how marginal maximum likelihood (MML) methods could be used for estimating the parameters of the trait
distribution and the tests. The idea of a random examinee parameter or &dquo;true score,&dquo; once one of the comer-
stones of classical test theory, also can be found in Meredith ( 1971 ). Originally, the model was formulated for
complete data and, implicitly, tests of equal length. These restrictions lead to a very attractive model but are
impractical in view of empirical applications in which there is often missing data or systematically incom-
plete data. The latter is a data collection design in which not all tests (or items) are administered to all exam-
inees. Typical examples are test equating studies and studies in which a targeted testing procedure is used
(discussed below).

Rasch’s Poisson Counts Model

The probability of observing a response Y}k of examinee j on test k is given by:

where nk is the length of the test, which may be the number of items or the duration of the observation
period. The error rate 1l1k is a product of the test difficulty parameter ((3) and the examinee trait level
parameter (9):

~=eA- (2)
The {3s are considered fixed. A latent distribution with fixed but unknown parameters is assumed for the Os.
A matrix V = (vk can be defined with elements v., = 1 if test k is administered to examinee j and v~~ = 0
otherwise. Examinees for which vk = 0 on all K tests are excluded.

From Equations 1 and 2, the likelihood of Y (the matrix of responses of N examinees on K tests consid-
ered as a function of 0 and [3) can be written as

Let /?(0)<~) denote the multivariate prior density. Then the posterior density function is

where the constant of proportionality H is the marginal likelihood

Because the Os are nonnegative quantities, a two-parameter gamma distribution can be assumed. The gamma
distribution, which is conjugate to the Poisson distribution, is also very convenient. However, although the
gamma distribution is fairly flexible, it is not applicable to all the empirical data for which the RPCM could
be used. Although the RPCM generalizes to other mixing distributions, the results will in general be consid-
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erably less tractable (Anscombe, 1950; Jansen, 1994; Johnson & Kotz, 1969). The discussion here is
restricted to the gamma distribution.

Letting the Os be sampled from a gamma distribution with shape parameter c and scale parameter Ils, it
can be shown that the posterior distribution p(9IP, c, s, Y) of 0 = (A1, ..., 9N) is the product of independent
gamma distributions, each with parameters (s + Ev~kmk(3k) and (c + lvj,yj,). For identifiability, the constraint
~(3k = 1 is introduced. The joint posterior density of (Y, 0) for a given ((3, c, s) can be written as

The marginal likelihood can be derived from Equation 6 by integrating with respect to 0:

Estimators for the model parameters are derived by taking the log of Equation 7, obtaining the partial
derivatives with respect to the parameters, and setting the resulting expressions equal to 0.

and

where Nk = EiVik is the number of examinees for which there are observed scores on test k. Note that by
allowing for missing data, it is no longer possible to estimate the hyperparameters c and s independently of
the (3s and vice-versa (Jansen & Van Duijn, 1992).

Marginal Maximum Likelihood Estimation in Rasch’s Model for Incomplete Designs

Figure 1 is an example of an incomplete data collection design. Two tests with a common set of items
are administered to two examinee groups, but each group takes only one of the two tests.

Figure 2 shows a related procedure known as targeted testing. If the interest is focused on item or test
calibration, targeted examinee sampling might be a better term. In this design, there may be a number of
tests designed to measure the same ability, and the tests are ordered in ascending difficulty. The tests are
grouped into subsets so that two adjacent subsets have tests in common. The examinees are assigned to the
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Figure 1
An Incomplete Data Design Linked by Common Items

subsets of tests that are assumed to match their 0 level. Examinees, therefore, are not assigned to subgroups
at random but according to background information, which is presumed to be (positively) related to their 0.

Mislevy & Sheehan (1989) demonstrated, in an item response theory context, that collateral informa-
tion can be ignored if this information is not used in item sampling and/or in examinee sampling. However,
ignoring background information in the analysis that has been used to assign examinees to test items will
lead to biased estimates of the item parameters (Eggen, 1993; Mislevy & Sheehan, 1989). In this case, the
groups of examinees taking different subsets of tests will have different 0 levels; thus, the mechanism that
caused the missing data will have to be taken into account in the analysis.

Figure 2
A Design With Nonequivalent Groups Linked by Common Tests

The RPCM can be extended easily to the situation in which collateral information is used to assign examin-
ees to specific sets of tests. To accomplish this, additional notation is needed. Assume that the total sample has
been subdivided into G subsamples depending on their scores on a background variable X, and let yg,, denote
the score of examinee j ( j = 1, ...,~) in group g (g = 1,..., G) on test k. If MML estimation is implemented
using the background variable X, the MML function conditional on X is a product over subpopulations.

The marginal likelihood is derived by integrating the joint posterior density of (Y,9) given (~3, c, s, X )

Estimators for [3 and (c, s) are obtained by setting the derivatives of log L&dquo;, with respect to the parameters,
equal to 0. This results in the following equations, which have to be solved simultaneously:
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and

Computational Procedures

Equations 12-14 can be solved using the Newton-Raphson algorithm. The asymptotic covariance matrix
can be obtained by inverting the observed information matrix. An alternative is to apply the EM algorithm,
which in this case is easy to implement. The expectation step consists of the computation of the sufficient
statistics for the parameters of the prior distribution cg, s8, given provisional values of c,, sg, and (3:

and

From this, the estimates of cg and sg are updated in the M (maximization) step using Equations 12 and 13,
and P is re-estimated from Equation 14 until a specified criterion of convergence is met.

Conditional Maximum Likelihood Estimation in Targeted Testing

In targeted testing, the value on the background variable X, which can take G distinct values, determines
which subset of tests is administered to an examinee. If the only objective is test calibration and there is no
further interest in the 0 distribution in the subpopulations from which the examinees were sampled, condi-
tional maximum likelihood (CML) estimation methods might be preferred.

Using the same notation as before, the joint probability of selecting examinee j having observed scorexg
on background variable X and observing the response vector YJ can be factored as

where Y, is the vector of scores y,,, and Yj+ is the sum of these scores (yj, = 7-,v,,ygj,). All the information
relevant with respect to estimating the fis resides in the first term of the right-hand side of Equation 17 (it
can be shown that the second part can be neglected). Furthermore, P(X~ = x ) does not depend on ~. Thus,
CML estimation of the [3s by maximizing the conditional likelihood is justified. Forg = 1,..., G and j = 1, ...,
Ng the conditional likelihood can be written as
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and the likelihood equations are given by

It is expected that, in general, the CML test parameter estimates (fis) will be virtually identical to the MML
estimates.

Both MML estimation and CML estimation, in the context of incomplete data collection designs, have
been applied to parameter estimation in other latent trait models, such as the IPLM (Glas, 1989), with
basically comparable results. A more comprehensive discussion of the application of Rubin’s ignorability
principle (Little & Rubin, 1987) to estimation problems in the context of item response models and struc-
turally incomplete data can be found in Eggen (1993).

Estimating the Examinee Parameters

To estimate an examinee’s 0 parameter from the scores on the tests that he or she has taken, the same

procedure can be followed (i.e., calculating the posterior means). The expected a posteriori (EAP) estimator
is given by

Note that the examinee’s 0 estimate (6) is now a function not only of the individual observed score but also
of the parameters of the population to which the examinee belongs. This implies that if two examinees with
the same observed scores (on the same tests) belong to different populations their 6s will be different,
unless the population parameters are identical. This presents a problem if Os are being estimated in order to
equate test scores using the 0 scale (Glas, 1989). Another possibility, which avoids this complication, is to
estimate the Os using maximum likelihood (ML) and treating the ps as known constants. The ML estimator
of 0 of examinee j in group g is

and the expected score on test q for an examinee with 6g~, for all g and j, is given by

In the context of CML estimation, the same expression as in Equation 21 for the ML estimator of 0 will be
derived.
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Modeling the Test Parameters

It may be desirable to model the (3s in terms of explanatory variables. For example, the following loglinear
model could be modeled:

where x~ is the kth column of a design matrix, and 11 is a parameter vector of length r (McCullagh & Nelder,
1989; Van Duijn, 1993). The parameter 110 ensures that the fi~s will sum to 1. 110 can be expressed in terms of
x~l1:

The RPCM also can be applied to the analysis of longitudinal count data obtained by administering the same
test at K occasions (time points). A suitable structure that models changes over time then can be imposed
on the fikS. Incorporating missing data and unequal test lengths yields slightly more complicated, but basi-
cally similar, likelihood equations (Van Duijn, 1993). Fischer (1991) described a similar model for counted
data. An important difference is that Fischer used CML estimation methods.

Examples

Example 1: Longitudinal Count Data With Randomly Missing Values

The methods presented here were applied to the analysis of an empirical dataset derived from a larger
study on the development of arithmetic and language skills of Dutch primary school students (van der
Velde, 1982). The data were the scores on a reading test [the Brustest (Brus & Voeten, 1987)] that was
administered about every three months during the school year when the students were in the second, third,
fourth, and fifth grade. Only the first six scores (from the first two years) were used from these 12 admin-
istrations. The Brustest is a speed test; the score is the number of words that an examinee can read in one
minute. The sample consisted of 154 examinees. There was only a small percentage of missing data; thus,
it was assumed that the missing data were missing at random.

The means, standard deviations (SDs), and N of the reading scores for each occasion are given in Table
1. Tables 2 and 3 show the test parameter estimates and the parameter estimates of the 0 distribution from
the RPCM. The results in Table 3 indicate that an &dquo;average&dquo; examinee with a 0 = 4.6 will have an expected
reading score of approximately .5 words per second on the first and 1.0 on the last occasion.

Example 2: The Effect of Ignoring X in a Simulated Targeted Design

When using a targeted design, the background variables must be taken into account in the MML proce-
dure by simultaneously estimating the fits and the 0 distribution parameters of all groups involved. In the

Table 1

Descriptive Statistics (Total N = 154)
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Table 2
Test Parameter Estimates

following example, &dquo;error&dquo; scores were generated for two groups of 500 examinees [data were generated
so that higher values of 0 corresponded to lower ability and were associated with higher (error) scores].
Examinees in the first group had values of xl on X and were randomly drawn from a gamma distribution
with parameters (c, = 2.5, s, = 10). Examinees in the second group had values of x2 on X and were ran-
domly drawn from a gamma distribution with parameters (C2 = 2.5, s2 = 15).

The group with the highest 0 levels (Group 1) had higher expected scores than Group 2 (and the highest
expected variance). Because the scores were error scores, Group 1 was less &dquo;able&dquo; than Group 2. The test
with the highest (3 was the most difficult test. The first two (and least difficult) tests were given only to
examinees in Group 1, and the last two and most difficult tests were given to Group 2 only. The middle
tests were given to both groups. All six tests had a length of 100 items.

Table 3

Examinee 0 Distribution

The following proportional test difficulties were used: p~ = 1.25(3k_,(k = 2, ..., K). These data were
analyzed twice using MML. In the first analysis, information on the background variable X was ignored by
treating all examinees as if they were sampled from the same distribution. In the second analysis, the
information on background variable X was included. In a third analysis, CML estimates were obtained. The
results of these analyses are presented in Table 4. The estimates of the parameters of the 0 distribution
ignoring X were c = 2.33 [standard error (SE) = .122] and s = 11.74 (SE = .669). Estimates of the parameters
from the analysis including X were c, = 2.70 (SE = .164), s, = 9.16 (SE = .755), c2 = 2.84 (SE = .221), and s2
= 17.26 (sE = 1.439).

Table 4 shows that ignoring the background variable X resulted in biased MML fis. The ps of the easier
tests were overestimated and the ps of the more difficult tests were underestimated. The CML estimates
proved to be identical to the MML estimates that were obtained when X was included in the analysis.
Compare, for example, the 0 of the first and easiest test, which had true P = .089 and MML estimates of .095
(ignoring X) and .090 (using X). The CML estimate was also .090. For the most difficult test (Test 6), fi =
.271, and the MML estimates were .257 ignoring X (which was too low) and .268 using X. Again, the CML
estimate was identical to the MML estimate using X.

Simulation Studies

Recovery of Parameters With Incomplete Data

Method. A simulation study was conducted to examine how well (is and Os are recovered when there
is incomplete data because of targeted testing. The sample sizes and number of tests were varied. Error
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Table 4

True P and MML Estimated # (p) and the Standard Errors (SEs) of the
Estimates Ignoring and Including X, and CML Estimates and Their SEs

scores were simulated so that the more difficult tests had higher scores. Data were simulated for two
examinee groups (Group 1 and Group 2) of equal size on two sets of tests. The first set consisted of five
tests and the second set consisted of seven tests. Each test contained 25 items (n = 25). Two different
sample sizes were used for each group: N = 50 and N = 200. The following proportional (3s were used: P,
= 1.25p,-,(k = 1,..., K). For c and s, values compatible with E(yJJ = 10 for Group 1 and E(yJJ = 5 for
Group 2 (c, = c2 = 2, sl = 5, and s2 = 10) were selected. The observed scores were generated as follows:

Step 1: For each group, f was drawn from a gamma distribution with mean cls and variance c/s2.
Step 2: For each examinee and test, p8 was computed.
Step 3: Independent realizations of a Poisson distributed random variate were generated using p8 (Step

2) as the error rate.
Step 4: To obtain incomplete data, the scores on selected test-group combinations were coded as miss-

ing. The complete dataset for the set of five tests was made incomplete by coding the generated
scores on the first test for Group 2 and on the last test for Group 1 as missing data; for the
second set of seven tests, the first two for Group 2 and the last two tests for Group 1 were coded
as missing for the incomplete case.

The complete and incomplete datasets were analyzed, and the resulting parameter estimates (6 and p)
were compared. Results are based on 100 replications. Within each replication, the (3ks and fs were esti-
mated. ML estimation was used for the Os. The Øk were averaged over replications. For the Os, the means
and SDs of the 6,s were calculated for each group as well as the correlations between 0 and 6, which were
also averaged over replications.

Results. The results presented in Table 5 suggest that the recovery of (3k was on average very good,
both for the complete and incomplete datasets, even for N = 50. As expected, for the incomplete data the
SDs of the 0 were generally somewhat larger; they were substantially larger for the first and last tests for the
set of 5 tests and for the first two and last two tests for the set of 7 tests. For example, the SD of the [3s of the
last test of the set of five tests was .016 for the complete and .035 for the incomplete case.

For the Os, the means and variances of the 8s were calculated for each group, as well as the correlations
between 0 and 6. The results in Table 6 show that there was fairly low correlation between 6 and 0. The
highest correlations were found in the examinee groups with the larger 0 variances (here also the high 0
groups). The correlations averaged slightly lower for the incomplete than for the complete datasets. On
average, the means of 6 and 0 values were almost identical; however, the SDs of the 6s were systematically
too large. Thus, the 6s were biased to some extent. The average means were almost equal to the expected
means (.4 for Group 1 and .2 for Group 2). The average variance for 6 in Group 1 for five tests with N = 50
was .095 in the complete case; the expected variance was .08. This same trend also was observed for larger
sample sizes and for seven tests.
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Table 5

True (3 and Average (Ave) and SD of Estimated (3s for
Complete and Incomplete Data for Five Tests and Seven Tests

Comparison of EAP and ML Estimates

Method. A second simulation study compared EAP and ML Os. The same sample sizes (N = 50 and N
= 200) and the same proportional fis (~3k = 1.25(3k _,) were used as in the first study with five tests. The same
procedure was used as described above for obtaining complete and incomplete datasets. Three different
specifications for c and s compatible with E(y,,) = 10 for Group 1 and E( Y}J = 5 for Group 2 were selected
(c, = 1 and s, = 2.5, c2 = 1 and S2 = 5 ; c, = 2 and s~ = 5, c2 = 2 and S2 = 10; Cj = 5 and s, = 12.5, c2 = 5 and
s2 = 25). All tests were 25 items long.

For both EAP and ML 6, the mean squared differences (ntsDS) and the correlations between 0 and 6 were
calculated. These outcomes were also averaged over 100 replications.

Results. Table 7 shows that EAP bs showed a consistent, although very modest, superiority over ML

Table 6 
_

Average (Ave) and SD of the Means and Variances (Var) of the Os and of the Correlations Between the Os and 6s
(r) for Five Tests and Seven Tests (For Group 1 the Expectation of the Mean was cls = .4 and the Expectation of

the Variance was cli = .08; for Group 2 These Values Were .2 and .02, Respectively)
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6s. The average correlations were marginally larger for the EAP estimates, although the differences were
generally confined to the third decimal place. The correlations between the 6s and Os were at best moder-
ately high, depending on the variance of the true values. The smaller the variance, the lower the correla-
tions. The highest average correlation was approximately .95 for the c, = 1, s1 = 2.5 and c2 = 1, s2 = 5
conditions, and ranged from .81 to .87 (bottom rows) for the set of specifications associated with the
smallest expected 0 variances (c, = 5, s¡ = 12.5 and c2 = 5, s2 = 25). ML bs overestimated the true 0 SDS; EAP
6s underestimated the true 0 SDs. The MSDs between 6 and 0 values were generally smaller for EAP than for
ML 6s. The smaller the 0 variance was, the more pronounced this effect became. The largest differences
were observed for the set of specifications associated with the smallest expected 0 variances.

Table 7

Average Mean Squared Error [(MSE = E~(6~ - 9~)2/N, Averaged Over Replications]
and Average Correlations Between the 9 s and Os (r) for Five Tests

Discussion

The mixed model of the RPCM considered here, in which the examinee parameters f were assumed
random and MML estimation methods were used to estimate the parameters, can allow for missing data.
When data are systematically incomplete (i.e., examinees are assigned to subsets of tests on the basis of
information presumably related to their trait level), a numerical example using simulated data illustrated
that in order to obtain correct MML estimates for the test parameters, the collateral information must be
taken into account when performing the analysis. CML estimation methods also can be used to provide the
desired results, independently of the distribution of the examinee parameters. CML estimation is compu-
tationally less cumbersome and has good asymptotic properties, but the extra information on the subpopu-
lation distributions is not available.
A simulation study examined how well test and examinee parameters were recovered in relation to sample

size, differences in the subpopulation distributions, and the number of tests, for systematically incomplete
data. The results indicated that test parameters were fairly accurately estimated, even with a relatively small
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sample size (N= 50), in both the complete and incomplete data case. Some bias appeared in the ML estimates
of the examinee parameters. The parameter estimates had a larger SD than the true values and the correlations
between estimated and true 0 values were only moderately high, as shown in Table 6.
A second simulation study compared the differences in precision between MML and ML 0 estimates. The

EAP estimates, which showed a smaller variance than the ML estimates, performed somewhat better, but the
differences were not large. To more precisely establish the extent of these differences in relation to such
variables as the variability in the test parameters and the number of tests, the degree of incompleteness and the
characteristics of the examinee distributions, additional simulation studies based on empirically realistic speci-
fications are needed. In simulation studies not presented here, test length was found to be an important
factor-higher correlations were observed with tests of 50 or more items. At present, it is somewhat doubtful
if in practical applications the possible gain in precision justifies the more cumbersome MML estimation
procedure, especially if other distributions than the convenient gamma distribution have to be considered.
Note, however, that in this study ML estimation for the individual examinee parameters did not perform very
well either. Thus, it might also be useful to consider methods for correcting the bias in the ML estimator.
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