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Abstract

As new energy technologies are designed and implemented, there is a rising demand

for improved energy storage devices. At present the most promising class of these

devices is the electric double-layer capacitor (EDLC), also known as the supercapacitor.

A number of recently created supercapacitors have been shown to produce remarkably

large capacitance, but the microscopic mechanisms that underlie their operation remain

largely mysterious. In this thesis we present an analytical, microscopic-level theory of

supercapacitors, and we explain how such large capacitance can result.

Specifically, we focus on four types of devices that have been shown to produce

large capacitance. The first is a capacitor composed of a clean, low-temperature two-

dimensional electron gas adjacent to a metal gate electrode. Recent experiments have

shown that such a device can produce capacitance as much as 40% larger than that

of a conventional plane capacitor. We show that this enhanced capacitance can be

understood as the result of positional correlations between electrons and screening by the

gate electrode in the form of image charges. Thus, the enhancement of the capacitance

can be understood primarily as a classical, electrostatic phenomenon. Accounting for the

quantum mechanical properties of the electron gas provides corrections to the classical

theory, and these are discussed. We also present a detailed numerical calculation of the

capacitance of the system based on a calculation of the system’s ground state energy

using the variational principle. The variational technique that we develop is broadly

applicable, and we use it here to make an accurate comparison to experiment and to

discuss quantitatively the behavior of the electrons’ correlation function.

The second device discussed in this thesis is a simple EDLC composed of an ionic

liquid between two metal electrodes. We adopt a simple description of the ionic liquid

and show that for realistic parameter values the capacitance can be as much as three

times larger than that of a plane capacitor with thickness equal to the ion diameter. As

in the previous system, this large capacitance is the result of image charge formation

in the metal electrode and positional correlations between discrete ions that comprise

the electric double-layer. We show that the maximum capacitance Cmax scales with the
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temperature T as Cmax ∝ T−1/3 and that at moderately large voltage V the capacitance

decays as C ∝ V −1/3. These results are confirmed by a Monte Carlo simulation.

The third type of device we consider is that of a porous supercapacitor, where the

electrode is made from a conducting material with a dense arrangement of narrow, pla-

nar pores into which ionic liquid can enter when a voltage is applied. In this case we

show that when the electrode is metallic the narrow pores aggressively screen the inter-

action between neighboring ions in a pore, leading to an interaction energy between ions

that decays exponentially. This exponential interaction between ions allows the capac-

itance to be nearly an order of magnitude larger than what is predicted by mean-field

theories. This result is confirmed by a Monte Carlo simulation. We also present a theory

for the capacitance when the electrode is not a perfect metal, but has a finite electronic

screening radius. When this screening radius is larger than the distance between pores,

ions begin to interact across multiple pores and the capacitance is determined by the

Yukawa-like interaction of a three-dimensional, correlated arrangement of ions.

Finally, we consider the case of supercapacitor electrodes made from a stack of

graphene sheets with randomly-inserted “spacer” molecules. For such devices, experi-

ments have produced very large capacitance despite the small density of states of the

electrode material, which would seem to imply poor screening of the ionic charge. We

show that these large capacitance values can be understood as the result of collective

entrance of ions into the graphene stack (GS) and the renormalization of the ionic

charge produced by nonlinear screening. The collective behavior of ions results from

the strong elastic energy associated with intercalated ions deforming the GS, which

creates an effective attraction between them. The result is the formation of “disks” of

charge that enter the electrode collectively and have their charge renormalized by the

strong, nonlinear screening of the surrounding graphene layers. This renormalization

leads to a capacitance that at small voltages has the form C ∝ V and is enhanced over

mean-field predictions by a large factor proportional to the number of ions within the

disk to the power 9/4. At large voltages, the capacitance is dictated by the physics of

graphite intercalation compounds and adopts the form C ∝ V −4/5. We also examine

theoretically the case where the fine structure constant α of the GS is a small parameter,

and we uncover a wealth of scaling regimes.
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Chapter 1

Introduction

1.1 The need for a theory of supercapacitors

When considering humanity’s long-term use of energy resources, a twofold dilemma

becomes apparent. First, the vast majority of our energy currently comes from non-

renewable sources, including nuclear and fossil fuels, the latter of which could easily be

depleted in the next hundred years or so if we continue to consume it at the current

rate [1]. Second, there is growing evidence that human use of fossil fuels is significantly

altering the global climate [2, 3]. Eventually, these two problems must be solved by the

development of new energy technologies, such as improved photovoltaic devices [4].

As new energy conversion technologies are created to address our energy problems,

and as the global demand for energy rises, there is an increased need for new and

more efficient energy storage devices [4, 5]. At present the most important of these

are electrical energy storage devices, i.e. batteries and capacitors. Typically, batter-

ies are able to store more energy per unit volume or per unit mass than capacitors,

while capacitors offer the benefit of faster charging/discharging times and much longer

life cycles. These benefits, along with improved reliability and reduced environmental

risks, have stimulated in recent years a significant amount of research into improved

capacitors. Among new capacitor technologies, the most promising class of devices is

the electrochemical double-layer capacitor (EDLC), also called a “supercapacitor” or

1
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“ultracapacitor” [5, 6, 7].1 Thanks to recent research efforts, the energy storage ca-

pacity of supercapacitors has improved to the point that they are replacing batteries in

a number of applications, including cranes and electric buses [7] and in backup power

applications for wind turbines, the Toyota Prius, and the Airbus 380 [8].

The basic idea behind the operation of an EDLC is as follows. Suppose that a pair of

large, parallel, planar metal electrodes is placed on either side of a solution containing

mobile ions and then the electrodes are attached to opposite terminals of a voltage

source. As a voltage V is applied between the electrodes, the resulting electric field

drives positive/negative ions to the negative/positive electrode, so that the electronic

charge ±Q on each electrode is compensated by an equal and opposite ionic charge. This

situation is shown schematically in Fig. 1.1. The layer of ionic charge that accumulates

at each electrode is referred to as the “electric double-layer” (EDL), and has been a

subject of study in physics ever since a seminal paper by Hermann von Helmholtz in

1853 [9] (for an English translation, see Ref. [10]). In an EDLC, as in a conventional

capacitor, energy is stored in the strong electric fields that are present in the electric

double-layer. The EDLC releases its energy through discharge of the capacitor, wherein

the electronic charge is allowed to flow out from the electrodes and through an external

electrical circuit, at which point the ions comprising the EDL return to the bulk of the

ionic solution. It is through this reversible process that the capacitor can be discharged

and recharged, indefinitely, at a rate that is limited only by the electrical conductivity

of the ionic solution.

The ability of any capacitor to store charge is characterized by its differential ca-

pacitance C = dQ/dV ; the primary focus of this thesis is the theoretical calculation of

C for a number of devices. In order to estimate the capacitance of the simple EDLC

described above, one can imagine that neutralizing ions within the double-layer ap-

proach the charged electrode surfaces as closely as possible in order to minimize the

system’s electrostatic energy. In this way the ions form a flat layer of charge adjacent

to the electrode surface, as shown in Fig. 1.1. This configuration is apparently similar

to a conventional parallel plate capacitor – in fact, two such capacitors are formed, one

at either electrode surface, and they are connected in series through the conducting

1 In this thesis, the term “supercapacitor” is used to refer both to the specific type of devices
discussed in Refs. [5, 6, 7], which exhibit large capacitance per unit volume, and more generally to any
capacitor with anomalously large capacitance.
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Figure 1.1: A schematic picture of a simple EDLC. When a voltage V is applied between
the two electrodes, +/− ions from the intervening solution are attracted to the −/+
electrodes, effectively forming two series-connected capacitors of thickness d∗ on either
side.

bulk of the ionic solution. One can think, therefore, that the capacitance of a given

electrode/ion interface can be estimated as being equal to the capacitance of a plane

capacitor:

C =
ε0εA

d∗
, (1.1)

where ε0 is the permittivity of free space, ε is the dielectric constant of the ionic solution,

A is the electrode area, and d∗ is the capacitor thickness. This standard equation

immediately implies that in order to produce large capacitance one should construct a

device with high dielectric constant, large area, and small thickness.

Given the picture in Fig. 1.1, it is natural to think that the effective thickness d∗

of the capacitor formed at each electrode can be no smaller than the radius a/2 of the

ions themselves, and therefore that the capacitance must always be smaller than

CH =
2ε0εA

a
. (1.2)

If the ions have finite thermal energy, for example, it is natural to expect that the

thickness of the capacitor increases due to the ions “jumping” thermally away from
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the electrode. This idea, that d∗ must satisfy d∗ ≤ a/2, or in other words that the

capacitance per electrode cannot exceed CH = ε0εA/(a/2), is a universal conclusion of

mean-field theories of double-layer capacitance [6, 11, 12].

However, the picture in Fig. 1.1, and therefore the applicability of Eq. (1.1), becomes

questionable in a number of situations. For example, if the ions covering the electrode

are sparse, then one cannot in general say that they form a uniform plane of charge.

Further, in many EDLC devices the charged surfaces cannot be described as planes at

all, but rather consist of tortuous pores within the volume of a bulk conductor. Finally,

EDLC electrodes are usually not made from perfect metals, but rather from carbons or

other materials where the quantum behavior of the conducting electrons must be taken

into account. For such cases, which are highly relevant to the operation of real devices,

a different paradigm from that of Fig. 1.1 is needed.

In order to begin to address these problems, we must first adopt a definition of the

capacitance that goes beyond the plane capacitor formula. In the following chapters

we employ a thermodynamic definition of capacitance, rather than viewing capacitance

simply as a proportionality relation between the charge of the system and the electric

potential across it. Indeed, this second, more familiar concept is not always well-defined,

since in problems where the discreteness of charge is important the electric potential is

not uniform across any meaningful surface or volume. The more general thermodynamic

definition of capacitance can easily be understood as follows. Consider a system that

can be charged in some way by an external source – this is the capacitor. When a total

amount of charge Q is introduced to the system, the charges (electrons or ions) rearrange

themselves so as to arrive at their minimum energy configuration, which corresponds to

some total energy U(Q) relative to the uncharged state. This energy U(Q) is the energy

stored by the capacitor. The charging process is driven by the external voltage source,

which operates with a fixed, constant voltage V . In charging the capacitor, the voltage

source expends some energy −QV , which is referred to as the “source work”. The

system “decides” how much charge should be moved from the source to the capacitor

by finding the value of Q which optimizes the energy of the entire system (capacitor

+ source), U − QV . In other words, the equilibrium value of Q is determined by the

relation d(U −QV )/dQ = 0. This immediately leads to a relation between the voltage



5

and the charge:

V =
dU

dQ
. (1.3)

Using the definition of capacitance C = dQ/dV = (dV/dQ)−1 gives a similar relation

for the capacitance in terms of the total energy U :

C =

(
d2U

dQ2

)−1

. (1.4)

In this way the capacitance is a unique property of the thermodynamic ground state

of the system. Notice that the standard plane capacitor formula, C = ε0εA/d, can

be recovered from Eq. (1.4) by calculating the total energy stored in the electric field

E⃗ between two parallel plates with uniform charge Q and area A. This gives U =

(ε0ε/2) · |E⃗|2 ·Ad = Q2d/2ε0εA, so that the inverse second derivative of U indeed gives

the proper result.

Eqs. (1.3) and (1.4) are general relations, and they will be employed throughout

the following chapters. They assume only that the charging/discharging process of the

capacitor is slow enough that the system has ample time to reach its thermodynamic

ground state. Equivalently, one can say that all results in this thesis correspond to

the low-frequency limit. In situations where entropic, finite-temperature effects are

important, the energy U in Eqs. (1.3) and (1.4) should be replaced by the system’s

free energy F . Thus, the capacitance of a system can be thought of as equivalent to

its “charge compressibility” or “charge susceptibility”; it is uniquely determined by the

system’s free energy. Understanding the behavior of an EDLC is therefore a problem

that falls squarely in the domain of equilibrium statistical physics.

In this way, the description of large-capacitance devices raises an interesting set of

questions in fundamental physics. Most prominent among these is: what determines the

fundamental limit of the capacitance? How large can the capacitance be? In this thesis

we report on a number of novel theoretical investigations aimed at addressing these

questions for a variety of different capacitor devices. These investigations show that, in

many cases, the essential physics of large capacitance devices can only be understood by

considering the structure of the double-layer at the level of individual charges. As will

be shown below, the screened nature of the Coulomb interaction between charges and

the strong positional correlations between them produce results that are significantly
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different from conventional, mean-field theories. Further, inclusion of these effects allows

the capacitance to be much larger than the simple picture of Fig. 1.1 suggests. It is the

main result of this thesis that the capacitance of a device is not fundamentally limited

by the physical separation between the electrode and its countercharge, a result which

can only be understood by microscopic-level, non-mean-field theories.

In the following section, we briefly review the main conclusions of the thesis, which

are developed over the course of Chapters 2 – 5. The majority of the discussion of

previous literature on these topics is reserved for the relevant chapters.

1.2 Main results of this thesis

In essence, all of the theories of large capacitance presented in this thesis follow the

same general, two-component recipe. The first component is the description of capacitor

charges as discrete objects whose repulsive interaction leads to positional correlations.

The second component is the inclusion of electronic screening effects by the conducting

electrode. Taken together, these two ingredients are sufficient to explain capacitance

that is enhanced over the traditional “plane capacitor” formula of Eq. (1.1) and over all

mean-field results in general.

In order to elucidate the way in which correlations and electronic screening to-

gether produce large capacitance, in Ch. 2 this thesis first considers a simple, clean,

experimentally viable system – namely, a capacitor made from a low temperature, two-

dimensional electron gas (2DEG) separated by a distance d from a conducting electrode.

Such a device, shown schematically in Fig. 1.2, was recently examined experimentally

[13] and shown to have a capacitance significantly larger than the plane capacitor result

of Eq. (1.1) when the density n of the 2DEG is small. We explain this result by means

of a simple, classical calculation and then confirm its validity with a more accurate,

quantum-mechanical calculation.

The main results of Ch. 2 can be summarized as follows. When the 2DEG is suf-

ficiently sparse that every electron is separated from its neighbors by a distance larger

than the effective size aB of its quantum wave function, then the electrons within the

2DEG can be treated as classical point charges. (Here, aB is the effective electron Bohr

radius.) In this sparse limit every electron makes for itself an electrostatic image charge
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V

d

Figure 1.2: Schematic picture of the system studied in Ch. 2. A two-dimensional electron
gas (black circles) is separated from a metal electrode by a distance d from a metal
electrode (gray rectangle). The electrode and 2DEG are coupled by a voltage source
with voltage V .

in the surface of the nearby metal electrode. Thus, the capacitor is best described not

as two uniform planes of charge but as an arrangement of electron-image dipoles with

dipole arm 2d. When dipoles are sparse enough that their concentration n ≪ 1/d2,

then their repulsive interaction takes the weakened form ∼ e2d2/r3 rather than the nor-

mal Coulomb interaction ∼ e2/r. Through this screening, and aided by the positional

correlations that are adopted by electrons as they maximize their separation from each

other, the total energy is reduced and therefore the capacitance becomes larger than

the plane capacitor result. Equivalently, one can say that the effective capacitor thick-

ness d∗ becomes smaller than the geometrical thickness d. A classical calculation of the

energy of a lattice of dipoles gives at small density

d∗ ≃ d× 2.7
√
nd2, (nd2 ≪ 1). (1.5)

This equation implies that the capacitance becomes much larger than the geometric

value when the electron density approaches zero. This surprising result can be seen as

a consequence of the vanishing short-ranged interaction between dipoles as their sepa-

ration becomes large. At large electron density nd2 & 1, d∗ approaches the geometric

value d. The result of this classical calculation is shown schematically by the dashed

line in Fig. 1.3.

If the quantum mechanical properties of the electrons in the 2DEG are taken into
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n 

d* 

d 

a
B

2/d4 1/a
B

2 

d + a
B
/4 

a
B
/4 

1/d2 

Figure 1.3: Schematic dependence of the effective capacitor thickness d∗ on the electron
concentration n for a parallel-plate capacitor made with a 2DEG next to a metal elec-
trode. d∗ < d suggests that the capacitance is enhanced relative to the geometric value.
The thin, dashed line shows the prediction of a classical calculation, whose low-density
limit corresponds to Eq. (1.5), and the thick, black line incorporates quantum effects.
The axes have been somewhat distorted to more clearly show the different scales of n
and d∗.

account, then the total energy of the system becomes larger and the capacitance is

somewhat reduced. In the range of electron densities a2B/d
4 ≪ n ≪ 1/a2B, quantum

effects are relatively unimportant and the classical calculation of capacitance is accurate.

At large concentrations, n ≫ 1/a2B, electron wave functions overlap and the capacitance

becomes equal to the geometric value minus a correction associated with the electrons’

quantum kinetic energy. This gives d∗ → d+ aB/4. At very small concentrations, n ≪
a2B/d

4, the Coulomb energy vanishes from the capacitance and only the quantum kinetic

energy of electrons contributes. This gives a constant effective thickness d∗ = aB/4.

These results for the capacitance are confirmed by a more detailed calculation that

makes use of the variational principle to determine the ground state energy of the

system for arbitrary electron density n. The resulting capacitance compares favorably

with experimental values [13]. We also use the variational method to examine the non-

monotonic dependence of the strength of electron correlations on the electron density

and to predict the dependence of the capacitance on electron spin polarization. The

variational method we develop is applicable to a broad class of problems concerning
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screened electron interactions in two or three dimensions.
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Figure 1.4: Schematic picture of the system studied in Ch. 3. A dense ionic liquid,
modeled as a collection of hard spheres with charges ±e, is placed between two metal
electrodes with a voltage V applied between them.

In Ch. 3 we turn our attention to the simplest realistic model of an EDLC device.

That is, we consider a pair of planar metal electrodes with an intervening layer of

ionic liquid with high density, as shown schematically in Fig. 1.4. We focus on the

“restricted primitive model” (RPM) of the ionic liquid, in which positive and negative

ions are described as nonpolarizable hard spheres of equal size residing in a solventless

environment. We employ a similar theory to the classical calculation presented in Ch. 2,

describing the EDL at each electrode as a collection of correlated ion-image dipoles. We

again find that d∗ ∝ n1/2, which when expressed in terms of capacitor voltage gives a

capacitance that is significantly larger than the Helmholtz value CH given in Eq. (1.2):

C(V )

CH
∝ (V − Vt)

−1/3. (1.6)

Here, Vt is the voltage at which the capacitor has zero charge. We also study the

dependence of the capacitance on temperature. We show that when the applied voltage
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Figure 1.5: The zero-voltage capacitance of the double-layer formed at metal/ionic
liquid interface as a function of temperature, plotted for different values of the ionic
liquid density N . Solid lines are the theoretical prediction of Eq. (1.7), as derived
in Sec. 3.3, and symbols are simulation data, as explained in Sec. 3.2. This figure is
repeated in Sec. 3.2, where it is explained more fully.

is low, so that the density of ions in the EDL is small, positional correlations between

distant ions are lost because of thermal motion and the capacitance is truncated at a

finite maximum value. Using a simple argument we show that this maximum Cmax

occurs at zero voltage and scales as

Cmax ∝ T−1/3. (1.7)

The results of Eqs. (1.6) and (1.7) are confirmed with a Monte Carlo simulation.

We use our simulation results to determine the relevant constants of proportionality

and to propose a general form of the dependence of capacitance on both voltage and

temperature, C(V, T ). We also briefly examine the case where the electrode is made from

an imperfect metal and show that the experimental puzzle of a minimum capacitance

at V = 0 for imperfectly-conducting electrodes can be understood. Simulation results

for Cmax(T ) = C(V = 0, T ) are shown in Fig. 1.5 along with our theoretical prediction

[Eq. (1.7)].

In real supercapacitor devices, charge is stored not at a single, planar electrode/ionic

liquid interface but within a porous volume where there is a dense arrangement of

many such interfaces. In Ch. 4 we examine such devices, focusing on the capacitance
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Figure 1.6: Schematic picture of the system studied in Ch. 4. A conducting supercapac-
itor electrode has a series of deep, planar pores. When a voltage is applied between the
electrode and an external ionic liquid reservoir, ions are induced to enter the electrode’s
pores in order to neutralize the electronic charge.

per unit volume of an electrode with narrow, planar pores throughout its volume. A

schematic picture is shown in Fig. 1.6. When the electrode is metallic, the electrode

strongly screens the repulsive interaction between discrete ions that enter a given pore,

making their repulsive interaction exponentially small. This small interaction allows for

a capacitance per pore that is again much larger than the Helmholtz prediction CH at

small voltages. We show that at small V − Vt, the capacitance

C(V )

CH
∝ 1

(V − Vt) ln
3[1/(V − Vt)]

. (1.8)

This result is verified with a MC simulation, which includes an exploration of finite

temperature effects. The primary theoretical and MC results are shown in Fig. 1.7.

Ch. 4 also examines the case where the electrode is not metallic, but rather has a

finite Fermi level density of states ν(µF ). When ν(µF ) is small enough, the charge of

a single ion is not screened within the thickness of one pore and ions begin to interact

across multiple pores. In this case one can no longer talk about the capacitance per area

of a single interface, and instead one should discuss the capacitance per unit volume

of the electrode as a whole. We explore this idea and find that at large voltages the
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Figure 1.7: The capacitance C of ions within a narrow 2D pore of width d = a can be
much larger than the Helmholtz value CH . This behavior is explained theoretically and
confirmed by Monte Carlo simulations in Ch. 4. Different curves in this plot correspond
to different values of the system temperature. The thick blue line is the theoretical
prediction of Eq. (1.8). This figure is repeated in Sec. 4.3, where it is explained more
fully.

capacitance is dominated by the quantum kinetic energy associated with uniformly

raising the Fermi level in the electrode, which gives a capacitance per unit volume C

C =
ε0ε

R2
s

, (1.9)

where Rs is the screening radius determined by the volume-averaged density of states of

the electrode. At small voltages, the capacitance is determined by the weak, Yukawa-like

interaction between discrete ions that are three-dimensionally correlated, which gives

C(V ) ∝ 1

(V − Vt) ln
4[1/(V − Vt)]

. (1.10)

The finite temperature behavior of this diverging capacitance at small voltage is also

calculated.

Finally, in Ch. 5 we turn our attention to supercapacitors made from graphene. A

number of high-performance supercapacitor devices have recently been made from stacks
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Figure 1.8: A schematic picture of a graphene-based electrode, as studied in Ch. 5. A
stack of graphene layers (black lines) has some density of “spacer” molecules (filled, tan
circles) in it with average in-plane separation R. When a voltage is applied, ions (filled,
red circles with +’s) from an external reservoir intercalate into the GS in the form of
disks of ionic charge. This figure is repeated in Sec. 5.2, where it is explained more fully.

of graphene sheets with randomly-inserted “spacer” molecules, as shown schematically

in Fig. 1.8. Näıvely, one would expect that such a graphene stack (GS) capacitor should

have a relatively poor capacitance, since graphene has a vanishing Fermi level density

of states ν(µF ) and therefore usually does not screen electric charges very effectively.

Indeed, in mean-field descriptions of a GS capacitor the large quantum kinetic energy of

electrons in the graphene dominates the total energy and leads to a small capacitance

C ∝ V over the entire range of voltage. Nonetheless, capacitors made from graphene

have been shown experimentally to generate large capacitance even at small voltages.

We show that these surprisingly large capacitance values can be understood by first

considering the strong elastic energy associated with deforming the GS around inter-

calated ions. This elastic energy produces an effective attraction between ions, so that

as a consequence ions enter collectively in “disks” of ionic charge with some character-

istic size R defined by the in-plane distance between spacer molecules. The nonlinear

screening of the GS produces a strongly-bound screening atmosphere of electronic charge

around each disk, which effectively renormalizes the ionic charge. This renormalization

leads to a significantly weaker repulsion between disks which allows the capacitance

to be large. The result at small voltages is a capacitance that increases linearly with

voltage, as in the mean-field result, but with a greatly-enhanced slope:

C ∝ R9/2V,

(
V ≪ ec3/2

ε0εR5/2

)
, (1.11)

where c is the spacing between graphene sheets. This linear capacitance quickly reaches
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Figure 1.9: A schematic plot of the capacitance per unit volume C as a function of
voltage in a graphene stack supercapacitor (blue line), showing large enhancement of
the capacitance over the mean-field result (dashed black line). The low voltage portion
of the curve is described by Eq. (1.11) and the high voltage portion corresponds to Eq.
(1.12). A more detailed version of this figure is given in Sec. 5.5.

a maximum value Cmax ∝ R2 before decaying at large voltages as

C ∝ V −4/5,

(
V ≫ ec3/2

ε0εR5/2

)
, (1.12)

a result that follows from the well-studied physics of graphite intercalation compounds.

In this way the large capacitances observed in real devices can be understood. The

dependence implied by Eqs. (1.11) and (1.12) is plotted schematically in Fig. 1.9.

Ch. 5 also explores theoretically situations where the effective fine structure constant

α of graphene is a small parameter. We demonstrate a wealth of different scaling regimes

associated with small α and map out the resulting C–V relationships.



Chapter 2

Capacitance of a plane capacitor

with a two-dimensional electron

gas

2.1 Introduction

In a standard parallel-plate capacitor, the capacitance C is equal to the “geometric

capacitance” Cg = ε0εA/d, where ε0 is the vacuum permittivity, ε is the dielectric con-

stant of the medium separating the two plates, A is the area of each plate, and d is the

separation between them. The expression C = Cg is correct when both electrodes are

made from a “perfect” metal, which by definition screens electric field with a vanish-

ing screening radius, so that the charge of a given electrode is located exactly on the

electrode surface and the electric field from the opposite electrode does not penetrate

into the metal. If one of the electrodes is made from a material with finite (positive)

Debye screening radius Rs (for example, a doped bulk semiconductor), then the imper-

fect charge screening at this electrode allows the electric field to penetrate a distance

Rs into the electrode and the capacitance decreases. If one describes the capacitance

by the effective capacitor thickness d∗ = ε0εA/C, then the effect of positive screening

radius is to increase the effective capacitor thickness from d∗ = d to d∗ = d+Rs.

15
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On the other hand, capacitors with d∗ < d, or in other words with effective three-

dimensional electrode screening radius Rs < 0, are known in semiconductor physics [14,

15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30]. Examples include Si

MOSFETs and gated GaAs-AlGaAs heterostructures, where one electrode consists of a

clean, low density, two-dimensional electron gas (2DEG) [16, 17, 18, 19, 20, 21, 22]. In

these devices, the total capacitance can be written as

1

C
=

1

Cg
+

dµ/dn

Ae2
, (2.1)

where n is the electron area density, µ is the chemical potential of the 2DEG, and e is

the elementary charge. In terms of the effective thickness d∗, Eq. (2.1), implies

d∗ = d+Rs/2, (2.2)

where Rs = (2ε0ε/e
2)(dµ/dn) is the Debye screening radius of the 2DEG. Capacitance

larger than the geometric value, or Rs < 0, is possible when the thermodynamic density

of states dn/dµ of the 2DEG is negative (or, equivalently, when the compressibility

(n2dµ/dn)−1 < 0).

In the limit of low electron density, such that the average distance n−1/2 is much

larger than the effective Bohr radius aB = 4πε0ε~2/me2 of the electrons, or in other

words the dimensionless parameter ρs = (πna2B)
−1/2 ≫ 1, a 2DEG is a classical sys-

tem whose physics is dominated by the Coulomb interaction between electrons. This

interaction leads to a Wigner crystal-like strongly-correlated liquid state with negative

chemical potential µ ≃ −0.23e2n1/2/ε0ε. The corresponding Debye screening radius

Rs = −0.23n−1/2 produces a negative correction [14] 1 to d∗:

d∗ ≃ d− 0.12n−1/2, (n1/2d ≫ 1). (2.3)

What happens to d∗ when n−1/2 ≫ d? This is the main question addressed in

this chapter. Thermodynamic stability criteria ensure that the capacitance cannot be

1 Ref. [14] dealt with the case of a small number of repelling holes in the almost filled Na impurity
band of a Si MOSFET. In this case the kinetic energy is frozen and the Coulomb repulsion of holes
creates Wigner crystal-like order. For a free electron gas it is known that dµ/dn becomes negative [31]
at ρs = 2.1, while classical formulas for energy and chemical potential become accurate only at large
enough ρs > 10. In the intermediate range 2.1 < ρs < 10 one can use quantum mechanical expressions
for the energy of the 2DEG, [15, 16, 17, 18, 19, 20, 21, 22, 24, 25, 26, 29, 30] leading to qualitatively
similar conclusions.
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negative [32], so Eq. (2.3) must not apply at such low densities. In Sec. 2.2 of this

chapter we find the function d∗(d, n) = d · f(n1/2d), valid over the whole range of nd2.

The dimensionless function f(x) is shown in Fig. 2.3. We show that in the limit nd2 ≪ 1

the effective thickness d∗ becomes very small:

d∗ = 2.7d · (nd2)1/2, (n1/2d ≪ 1). (2.4)

This dramatic capacitance growth is due to the coupling of each electron in the 2DEG to

its image charge in the metal electrode. At low density, compact electron-image dipoles

are separated from each other by a distance much larger than their dipole arm. These

dipoles interact weakly with each other, providing only a small resistance to capacitor

charging.

Until recently, only relatively small corrections to the geometrical capacitor thick-

ness d were observed experimentally [16, 17, 18, 19, 20, 21, 22]. The most recent pa-

per on this subject [13], however, claims a much larger correction (d − d∗)/d ∼ 0.4

for a YBa2Cu3O7/LaAlO3/SrTiO3 (YBCO/LAO/STO) capacitor with a 2DEG at the

LAO/STO interface separated by d = 4 nm of LAO insulator from the metallic YBCO

gate. Theoretical estimates show that a ∼ 1 nm is by far the smallest length scale in

the problem, so that as a zero-order approximation one can use a classical description

of the 2DEG. This measurement calls for a comparison of our function d∗(d, n) with the

experimental data of Ref. [13]. Such a comparison is shown in Fig. 2.1 and looks quite

good without the use of adjustable parameters. We return to a more detailed discussion

of this comparison in Sec. 2.5.

In Sec. 2.3 we study the case where both sides of the capacitor are made from 2DEGs

with equal electron density n. Such a capacitor in principle can be realized in devices

with two parallel quantum wells with tunable concentrations of electrons [18], but we

do not know of any published results. The capacitance of such devices was addressed

theoretically in Ref. [30]. In the limit nd2 ≫ 1, the authors of Ref. [30] arrive at a small

correction to d which is twice larger than for that of one 2DEG: d∗ = d + Rs. In the

classical limit ρs ≫ 1, this gives d∗ = d − 0.23n−1/2. The authors of Ref. [30] assume

that this equation remains valid even at nd2 ≪ 1, which leads them to the prediction

that C diverges and becomes negative at a finite value of nd2. As the authors themselves

recognized, however, their assumption ignores correlations between the two 2DEGs. In
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Figure 2.1: The effective thickness d∗/d of a capacitor made from a 2DEG and a metal
electrode as a function of the dimensionless parameter n1/2d. Open squares and circles
correspond to data from Ref. [13] for devices 1 and 2, respectively; in each case the
geometric capacitance Cg was assumed to be equal to the largest recorded value of the
capacitance. The thick solid curve, which contains no adjustable parameters, is the
prediction of this chapter for a classical 2DEG. At relatively large density, there is a
small downward correction to d∗, described by Eq. (2.3). At n1/2d ≪ 1, d∗ is described
by Eq. (2.4). The thin solid line schematically shows the role of quantum mechanical
motion for finite aB, which at d∗ ≈ aB produces a deviation from Eq. (2.4) and leads
to a saturation of the capacitance at d∗ = aB/4. To draw it we used aB = d/4.

Sec. 2.3 we account for these correlations and demonstrate that they dramatically alter

the results of Ref. [30] for d∗. Namely, d∗ vanishes and C diverges only in the limit

nd2 → 0, as in the case of a single 2DEG. The transition from large to small nd2 for

two 2DEGs is described by the equation d∗ = d · f(n1/2d/2), where f(x) is the same

function as for the single 2DEG case. Also similar to the single 2DEG case, the diverging

capacitance can be explained by strong correlations between the Wigner crystals of the

two 2DEGS, so that an electron transferred from one 2DEG to the other is still bound

to its image charge (the hole left behind in the opposite electrode, see Fig. 2.5). Thus,

at nd2 ≪ 1 only the weak dipole-dipole repulsion between two electron-hole dipoles is

responsible for resistance to charging of the 2DEGs capacitor.

Of course, the divergence of the capacitance at nd2 → 0 takes place only at simulta-

neously vanishing Bohr radius a, temperature, disorder, and, in the case of two 2DEGs,
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probability of tunneling through the insulator. At some strength these factors destroy

the Coulomb correlations between electrons at a particular value of nd2 and truncate

the capacitance growth, so that at nd2 → 0 the capacitance remains finite. Such a

behavior is shown schematically by the thin line in Fig. 2.1, which assumes vanishing

temperature and disorder but finite aB = d/4. We see that the capacitance can grow

as much as 16 times from the geometrical value.

In Sec. 2.4 we confirm the approximate results of Fig. 2.1 with a more careful cal-

culation that fully incorporates the quantum nature of the electrons and is based on

the variational principle. We use our results to make an accurate comparison with the

experiment of Ref. [13] and to discuss the non-monotonic behavior of the electron cor-

relation function. We also make predictions for the dependence of the capacitance on

spin polarization. The variational technique that we develop is broadly applicable for

problems of calculating the energy of an electron gas with truncated interactions.

In the theoretical treatment of Secs. 2.2 – 2.4, we neglect the effects of any disorder

potential acting on the plane of the 2DEG. In real devices, however, disorder is usually

so severe that it closes the window of nd2 in which d∗ is substantially smaller than d.

Nonetheless, the experiment of Ref. [13] shows a large correction, so that apparently

such a window is open. In Sec. 2.5 we discuss this experiment in greater detail in an

attempt to understand why it represents a special case where large capacitance can

be observed. We also discuss the effects of the quantum kinetic energy of electrons in

the 2DEG, and show that in the absence of disorder it provides an upper limit for the

capacitance at d∗ = aB/4.

We note that this chapter represents an extension of an approach we have previously

used to study large capacitance at the interface between a metal and an ion-conducting

glass [33, 34]. The present chapter describes a similar effect for systems where the

countercharge consists of a 2DEG separated from the metal by an insulator. Over a

certain range of the electron density a2B/d
4 ≪ n ≪ 1/a2B, the capacitance in such

systems is dominated by the strong Coulomb interactions between discrete charges and

can therefore be described using a classical analysis similar to that of Refs. [35, 33, 34].

Our general approach to calculating the capacitance in the sections below is as

follows. We first describe the total electrostatic energy U(n) associated with the ground

state configuration of n electrons per unit area. If the two sides of the capacitor are
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coupled through a voltage source with voltage V , then the value of the charge Q of

the capacitor is that which minimizes the total energy U −QV , where the term −QV

represents the work done by the voltage source relative to the situation V = 0. Using

the (zero-temperature) equilibrium condition d(U−QV )/dQ = 0 along with dQ = eAdn

gives

V =
dU

dQ
=

1

eA

dU

dn
. (2.5)

The differential capacitance (or “charge susceptibility”) of the system C = (dV/dQ)−1

can therefore be written

C = e2A2

(
d2U

dn2

)−1

. (2.6)

These equations are equivalent to the thermodynamic relations between capacitance and

voltage presented in Sec. 1.1. We can solve for the capacitance as a function of voltage,

C(V ), by combining Eqs. (2.5) and (2.6). Finally, the effective capacitor thickness d∗ is

also defined by the total energy U as

d∗ =
ε0ε

e2A

d2U

dn2
. (2.7)

In this way a description of the total energy is sufficient to determine the capacitance,

and it is not necessary to invoke the Poisson equation or to make mean-field approxi-

mations of the electric potential.

2.2 Capacitor with a classical 2DEG and a metal electrode

In this section we describe a 2DEG with area density n separated from a perfect metal

electrode by an insulator of thickness d. This can be, for example, a Si MOSFET or a

gated GaAs-AlGaAs heterostructure, where a 2DEG is created at the semiconductor-

insulator interface and connected to one terminal of a voltage source by ohmic contacts.

The metal electrode is connected to the opposite terminal of the voltage source. For

simplicity, we assume that the dielectric constant ε is uniform everywhere. We treat

the 2DEG in the classical limit na2 ≪ 1.

In the ground state for low electron density n, the repulsion between electrons

within the 2DEG causes them to form a strongly-correlated liquid, reminiscent of a

two-dimensional Wigner crystal, in which electrons are separated from their nearest
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neighbors by a distance ∼ n−1/2. Each electron, of charge −e, also induces an image

charge, +e, in the metal surface, which is effectively located a distance 2d from the

2DEG. This situation, which was first envisioned by Widom and Tao [36], is shown

schematically in Fig. 2.2. We suppose that the 2DEG is connected to some voltage

source which maintains a difference in electric potential V between the 2DEG and the

metal electrode. The charge Q of the capacitor is defined as the amount of charge that

has moved through the voltage source relative to the state V = 0.

n-1/2

2d
d

Figure 2.2: Two neighboring electrons (black circles) in a 2DEG formed at the
semiconductor-insulator interface. The electrons are separated from a metal electrode
(solid area) by an insulator of thickness d (hatched area). The electrons form positive
image charges in the metal (white circles).

A given electron within the 2DEG and its image charge effectively form an electron-

image dipole, with dipole moment 2ed, which repels an adjacent electron. In the limit

n−1/2 ≫ d, we can use the point-dipole approximation and the repulsive energy between

two adjacent electrons is e2d2n3/2/2πε0ε. More generally, we can write the total elec-

trostatic energy of the nS electrons in the 2DEG by first calculating the electrostatic

potential ϕ0 experienced by each electron relative to infinity. Specifically, for an electron

located at the origin

ϕ0 =
e

8πε0εd
−

∑
{i,j}≠{0,0}

e

4πε0ε

 1

ri,j
− 1√

r2i,j + (2d)2

 , (2.8)

where the indices i, j label the set of electron locations and ri,j is the distance between

the electron {i, j} and the origin. The term outside the sum in Eq. (2.8) indicates the

potential contributed by the electron’s own image charge, which is added in place of the

self-interaction term {i, j} = {0, 0}. ϕ0 can be estimated by assuming that the electrons
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occupy a regular square lattice with lattice constant n−1/2, in which case

ϕ0 =
e

8πε0εd
− en1/2

4πε0ε
· w(n1/2d), (2.9)

where w(x) is a dimensionless function

w(x) = 4
∞∑
i=1

∞∑
j=0

(
1√

i2 + j2
− 1√

i2 + j2 + 4x2

)
. (2.10)

The sum in Eq. (2.10) is convergent for all x. We note that while the true lowest energy

configuration for the electrons is to occupy a triangular lattice, the energy per unit area

of a square lattice of dipoles differs from that of a triangular lattice by less than 2%

[37], so for computational simplicity we use a square lattice for all calculations.

The total energy of the configuration of electrons is

U = −1

2
eAnϕ0 = − e2A

16πε0εd
n+

e2A

8πε0ε
n3/2w(n1/2d). (2.11)

Combining Eqs. (2.11) and (2.7) gives

d∗

d
=

1

32π

[
3w(x)

x
+ 5w′(x) + xw′′(x)

]
≡ f(x), (2.12)

where x = n1/2d.

The dimensionless function f(x) is plotted in Fig. 2.3. At x ≪ 1, one can expand the

summand in Eq. (2.10) to lowest order in x and arrive at the point-dipole approximation

for the interaction among electron-image pairs, which after summation gives w(x) ≃
18x2. The resulting effective capacitor thickness approaches zero linearly with x, and

the function f(x) is described by

f(x) ≃ 2.7x, (x ≪ 1), (2.13)

which is equivalent to Eq. (2.4). This vanishing of d∗ at x → 0 implies that the capac-

itance diverges when the electron gas is very sparse. Such diverging capacitance is the

result of a vanishing dipole-dipole repulsion between adjacent electron-image pairs as

the electron density goes to zero.

At large electron density x ≫ 1, the effective thickness d∗ approaches the geometric

thickness d. In other words, C approaches Cg. In the region x ≫ 1, the difference
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between d∗ and d can be viewed as a small correction associated with a finite negative

screening radius of the 2DEG. In this case f(x) approaches

f(x) = 1− 0.12/x, (x ≫ 1), (2.14)

which is equivalent to Eq. (2.3). It is only at much larger density n & 1/a2, that

quantum effects cause the 2DEG screening radius Rs to become positive, so that d∗

becomes larger than d.

0 0.5 1 1.5 2
0

0.25
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0.75
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f(
x)
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(14)

Figure 2.3: The dimensionless function f(x) defined in Eq. (2.12). The function gives
the effective thickness d∗/d of a capacitor composed of a 2DEG separated from a metal
surface by an insulator of thickness d as a function of the dimensionless electron density
x = n1/2d. The left side of the plot corresponds to a very sparse 2DEG, where the
electrons can be thought to form an array of discrete electron-image dipoles and d∗

is described by Eq. (2.13). The right side corresponds to a relatively dense packing of
electrons, where the electrons form an almost uniform layer of charge and d∗ is described
by Eq. (2.14).

We can also derive a relation between the voltage of the capacitor and the electron

density n by using Eq. (2.5). If we define Vt to be the “threshold voltage” at which the

electron gas is completely depleted (n = 0), then the derivative of Eq. (2.11) implies

that

V − Vt =
e

4πε0εd
x
[
3w(x) + xw′(x)

]
. (2.15)

Combining the results of Eqs. (2.12) and (2.15) allows us to create a plot of the capac-

itance as a function of V − Vt. The result is shown in Fig. 2.4, with the capacitance
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and voltage plotted in the dimensionless forms C/Cg and V/(e/4πε0εd), respectively.

At small voltages 0 < V −Vt ≪ e/εd, the capacitance diverges as C ∝ (V −Vt)
−1/3. At

large voltages V − Vt ≫ e/εd, the capacitance approaches its geometric value.

0 1 2 3
0

1

2

3

4

(V − V
t
)/(e/4πε

0
εd)

C
/C

g

Figure 2.4: The zero-temperature capacitance of a capacitor made from a 2DEG parallel
to a perfect metal electrode, plotted as a function of voltage.

2.3 Capacitor made from two 2DEGs

One can also imagine a capacitor where 2DEGs comprise both electrodes, as was treated

theoretically in Ref. [30]. Such a situation is possible in devices with two parallel quan-

tum wells with tunable concentrations and separate contacts. This can be, for example,

a GaAs-AlGaAs-GaAs heterostructure, where 2DEGs are formed at both heterojunc-

tions. The densities of the two 2DEGs can be tuned by applying a large bias voltage VB

above each of them. If a small additional voltage V is applied between the two 2DEGs,

then the response to this small voltage can be used to determine the capacitance of the

two-2DEG system. This setup is shown schematically in Fig. 2.5(a).

In this section we consider the case of two identical 2DEGs oriented parallel to each

other and separated by a distance d. They are connected to opposite terminals of a

voltage source maintained at a particular voltage V . We assume that at V = 0 both

2DEGs have the same density n of electrons and that charge neutrality is maintained

by a uniform plane of surface charge with density +en that coincides with the plane

of each 2DEG. We also assume, for simplicity, that the dielectric constant ε is uniform
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everywhere.

At zero temperature, the electron positions are strongly correlated, with electrons in

a 2DEG seeking to maximize their separation both from each other and from electrons

in the opposite plane. As a result, at V = 0 electrons form interlocking lattices of

electron positions on the two electrodes, as shown schematically in Fig. 2.5(b). The

exact configuration of the two lattices can take on one of three arrangements, depending

on the value of the parameter nd2 [38]. However, the energy of these different lattice

types differs by only a few percent, so for illustrative purposes we have shown the

simplest case of two interlocking square lattices.

d

VB + V/2 VB - V/2

(a)

(b)

Figure 2.5: (a) A schematic picture of a capacitor made from two parallel, depleted
electron gases (black circles on top of white squares). A large bias voltage VB is applied
from either side of the 2DEGs by metallic gates (shaded squares) in order to deplete the
2DEGs to some small density n. An additional small voltage V is applied between the
two 2DEGs and determines the capacitance. Insulating layers separating the metallic
gates from the 2DEGs and the 2DEGs from each other are not shown. (b) A frontal view
of the 2DEGs, as indicated by the thick arrow in (a). On the upper 2DEG, electrons
(black circles) form a lattice with lattice constant ∼ n−1/2. Electrons on the lower
2DEG (white circles) also form a lattice, but this lattice is offset from the other so that
electrons in the two 2DEGs minimize their Coulomb interaction energy.
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In order to give the two-2DEG capacitor a finite charge Q, some number of electrons

must be transferred from one 2DEG to the other. For one electron, this process requires

a finite amount of energy ∆u, associated with creating a defect in the two lattices. While

a careful calculation of ∆u is not a major goal of this chapter, we make an estimate of

its value at the end of this section.

When the voltage applied between the two 2DEGs is smaller than ∆u/e, no charge

transfer is possible and the capacitance C = 0. At V > ∆u/e, some finite area density of

electrons δn is transferred from one 2DEG to the other and the corresponding capacitor

charge is Q = eSδn. These “excess electrons” also repel each other, and they seek

to maximize their distance from each other by forming a Wigner crystal-like lattice of

defects in the ground state “checkerboard” of electrons. At low temperature, excess

electrons remain coupled to the “holes” they leave behind in the opposite 2DEG and

therefore they repel each other by a dipole-dipole repulsion. The form of this repulsion

is identical to that of the previous section, where the image charge was formed in the

metal electrode, except that in the present case the dipole arm is d rather than 2d

and there is an overall factor 2 associated with the presence of a repulsive force at both

positive and negative sides of the dipole. This similarity allows us to use previous results

in writing the total electrostatic energy U of the system relative to the ground state.

Namely,

U = Aδn∆u+
e2A

4πε0ε
(δn)3/2 · w

(
(δn)1/2d/2

)
, (2.16)

where w(x) is the same function defined in Eq. (2.10).

The density of excess electrons δn can be related to the voltage V by V = dU/dQ =

dU/d(eSδn). If we define y = (δn)1/2d, then this relation gives

V − ∆u

e
=

e

8πε0εd
· y
2

[
3w(y/2) +

y

2
w′(y/2)

]
. (2.17)

As in Eq. (2.7), the corresponding effective thickness is d∗ = ε0ε/e
2A · d2U/d(δn)2,

which gives
d∗

d
= f(y/2), (2.18)

where f(x), plotted in Fig. 2.3, is the same function as in Eq. (2.12).

Eq. (2.18) is correct when the applied voltage V is low enough in absolute value that

neither 2DEG is depleted. At some critical voltage Vc, however, no additional charge
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transfer is possible between the two 2DEGs and the capacitance collapses. The value

of Vc can be estimated by setting δn = n, which corresponds to substituting x = n1/2d

for y in Eq. (2.17).

We now comment on the threshold energy ∆u required to transfer a single electron

from one 2DEG to the other at zero voltage. A rough estimate of ∆u can be made

by imagining that an electron is transferred to the site directly across from it in the

opposite 2DEG and that all other electrons remain in their ground state positions. In

this case ∆u can be evaluated as

∆u =
e2n1/2

4πε0ε
h(n1/2d), (2.19)

where h(x) is a dimensionless function

h(x) = 4
√
2

∞∑
i=1

∞∑
j=0

[
(−1)i+j+1√

i2 + j2
− (−1)i+j+1√

i2 + j2 + 2x2

]
. (2.20)

Here, for simplicity, we have again assumed a square lattice of electron positions, as

in Fig. 2.5. The function h(x), which is convergent for all x, is plotted in Fig. 2.6.

The estimate of Eqs. (2.19) and (2.20) assumes that the lattice of electron positions is

undisturbed by the transfer of one electron, which is valid when the 2DEGs are relatively

sparse, x ≪ 1, which is the major focus of this chapter. At larger x the lattice is more

easily deformed and Eq. (2.19) represents an upper bound for ∆u.
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x = n1/2 d

h(
x)

Figure 2.6: The dimensionless function h(x), as defined in Eq. (2.19). This function
determines the energy required to move a single electron from one 2DEG to the other
at zero temperature.
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2.4 Variational calculation

Thus far, we have based all our calculations on a classical approximation, where elec-

trons are treated as motionless point charges. In a particular window of low electron

density, a2B/d
4 ≪ n ≪ 1/a2B, this approximation is valid and provides an accurate calcu-

lation of the main term of the capacitance. Outside of this window, however, one must

account for the role of quantum fluctuations of the electrons by calculating the energy

in a self-consistent way that includes additional contributions to the energy associated

with the electrons’ quantum kinetic energy. In this section we develop a method for

calculating the total energy based on the variational principle and on known results for

the correlation function of electrons in a conventional, unscreened 2DEG. We focus on

the case of a single 2DEG next to a metal electrode (as in Sec. 2.2) and compare our

results to the experiment of Ref. [13]. We also examine the non-monotonic change in

the strength of electron correlations with increasing electron density n, and we perform

an independent test of the accuracy of our results by comparing with known results for

a different system.

2.4.1 The unscreened electron gas as a reference system

The electron gas with 1/r Coulomb interactions is a fundamental reference system. It

provides both a testing ground for many-body theory and a microscopic input for the

density functional theory (DFT), which is the main tool of electron structure calcula-

tions [39]. However, there are compelling reasons to study electrons with interactions

other than Coulomb. One is a recent interest in mixed DFT schemes, where the Coulomb

potential is split into a long-range part, to be handled by other techniques, and a short-

range part, to be treated within the usual DFT. This allows one to capture long-range

van der Waals interaction effects but necessitates recomputing the exchange-correlation

energies for the truncated Coulomb potential [40]. Another and more direct motivation

comes from the physics of low-dimensional systems, in which the bare interaction is

often modified by the environment. One prominent example is the main problem of this

chapter, where a 2DEG is positioned a small distance d away from a metallic gate. The
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gate creates an image charge for each electron, leading to the interaction law

u(r) =
e2

4πε0εr
− e2

4πε0ε
√
r2 + 4d2

, (2.21)

as discussed in Sec. 2.2. At r ≫ d, this potential rapidly decays: u(r) ≃ e2d2/2πε0εr
3.

Therefore, electron correlations at low density n ≪ 1/d2 are very different from those

in the absence of the gate.

Generally speaking, the most reliable results for the electron gas have been obtained

by quantum Monte Carlo (MC) simulations. While some non-Coulomb potentials have

been examined [41] in applications to 3He and nuclear matter in three dimensions (3D),

no simulations for the interaction law u(r) in 2D have been reported. Below we demon-

strate a variational method for calculating the total energy E per electron, which is

accurate yet simple to implement for any truncated Coulomb potential. Our approach

is to treat the electron charge e in e2/r as an adjustable parameter and use the corre-

sponding ground states as trial states for the system with the desired interaction law

u(r). Since the 1/r interaction does not have an intrinsic length scale, the variational

energies can be obtained from the already existing Monte Carlo data by a suitable

rescaling.

Experimentally, the regime nd2 < 1 has been probed in several recent studies [13,

42, 43, 44]. As in previous sections, we focus on that of Ref. [13], which presents the

smallest range of nd2 that has thus far been explored. In Fig. 2.7(a) we present the

results for the effective capacitor thickness d∗, which is related to E(n) by

d∗ =
ε0ε

e2
dµ

dn
=

ε0ε

e2
d2

dn2

(
E(n)n

)
, (2.22)

where µ(n) is the electrochemical potential. This relation is equivalent to Eq. (2.7). Our

results are in a good agreement with the experiment [13]; however, the gate screening

effect becomes important only at the lowest measured densities [see Fig. 2.7(a)]. In the

remainder of this section we first describe how these results have been obtained and

then show that our method captures the essential physics of the problem at both low

and high densities. Next, we check that our solution satisfies the virial theorem and

verify the accuracy of our method on a 3D example. Finally, we discuss experimental

implications.
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Figure 2.7: (a) The effective capacitor thickness d∗ in units of d as a function of n1/2d
for the spin unpolarized case, plotted with (thick lines) and without (thin red solid line)
the gate screening effect. The upper (black) thick line is for d/aB = 4 and the lower
(light blue) thick line shows d/aB = 16. The dashed line is the classical theory of Sec.
2.2. Symbols are the experimental data [13]. (b) The ratio of d∗ for the spin unpolarized
(ζ = 0) and polarized (ζ = 1) cases.

2.4.2 Variational procedure

The trial states for our variational calculation are the ground-states of the 2D electron

gas with the e2/r interaction on a neutralizing background. The total energy per electron

E, the interaction energy E(int), and the pair distribution function (PDF) g(r) of this

system are known to scale with n and with the dimensionless parameter ρs = 1/
√

πna2B.

For example,

E = E0F (ρs) , E(int) = E0F
(int)(ρs) (no gate) . (2.23)

Here E0 = π~2n/m is the Fermi energy of a noninteracting 2D Fermi gas and F (ρs) is a

dimensionless function [39]. By the virial theorem, F (int)(ρs) = ρsF
′(ρs). Similarly, we

can write g(r) = G(kF r, ρs), where G is another dimensionless function and kF =
√
2πn

is the Fermi wave vector. We rely on the fact that F and G have been computed by

MC techniques and fitted to analytical expressions [45, 46, 47] over the broad range

1 ≤ ρs ≤ 40. This enables us to use e2, or equivalently, ρs, as a variational parameter
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that labels the trial wave function. We denote this parameter ρ̃s to distinguish it from

the physical ρs. Large ρ̃s describes a strongly-correlated, crystal-like arrangement of

electrons [36, 48], while ρ̃s = 0 corresponds to the free Fermi gas, as in the Hartree-Fock

(H-F) approximation. The optimal ρ̃s is to be found by minimizing the variational

energy Evar(n, ρ̃s) = E
(kin)
var (n, ρ̃s) + E

(int)
var (n, ρ̃s). We expect ρ̃s < ρs because screening

by the gate reduces electron repulsion and weakens electrostatic correlations.
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Figure 2.8: (a) Optimal ρ̃s vs. the physical ρs. Solid (dashed) lines correspond to ζ = 0
(ζ = 1). The labels indicate the values of d/aB. The inset depicts the maximum value
of ρ̃s for ζ = 0 (circles) as a function of d/aB (line). (b) Pair distribution functions g(r)
for the optimal trial states at ρs = 100.

For a given trial ρ̃s, the kinetic energy E
(kin)
var (n, ρ̃s) is obtained by subtracting the

interaction energy from the total energy for the 1/r interaction:

E(kin)
var (n, ρ̃s) = E0

[
F (ρ̃s)− ρ̃sF

′(ρ̃s)
]
. (2.24)

By making use of the definition E = E0(1+ ζ2)/2+Ex +Ec, where Ex is the exchange
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energy, Ec = E0Fc(ρs) is the correlation energy, and 0 ≤ ζ ≤ 1 is the spin polarization,

we can rewrite Eq. (2.24) as

E(kin)
var = E0

(
1 + ζ2

2
− ρ̃sF

′
c(ρ̃s)

)
. (2.25)

The function Fc(ρ̃s) is taken from Ref. [46]. The interaction energy E
(int)
var is computed

by numerical quadrature of the potential u(r) weighted by the PDF,

E(int)
var (n, ρ̃s) =

1

2

∞∫
0

u

(
x

kF

)
G(x, ρ̃s)xdx− e2

16πε0εd
. (2.26)

(The last term accounts for the interaction of each electron with its image.) For G,

we use the parametrization of Ref. [47]. The minimization of Evar over ρ̃s is done

numerically. Finally, d∗ is computed according to Eq. (2.22).

We performed these calculations for d/aB ranging from 4 to 32 and for two values

of the spin polarization, ζ = 0 (unpolarized) and 1 (fully polarized).2 The optimal ρ̃s

as a function of the physical ρs is shown in Fig. 2.8(a) for ζ = 0, 1. At large electron

density (small ρs), ρ̃s remains close to ρs because the average spacing between electrons

is much smaller than d, so that the gate plays a minor role. As ρs increases, ρ̃s attains

a maximum value ρ̃s ≈ d/aB, and then drops off. This is because at ρs > d/aB the

interaction between electrons becomes effectively short-ranged, so that electrons lose

their electrostatic correlations as the system becomes more dilute. For ζ = 1, the drop

of ρ̃s at ρs > d/aB is fairly rapid. In contrast, in the unpolarized case, ρ̃s exhibits a

broad plateau before it also collapses at very high ρs [far beyond the range shown in

Fig. 2.8(a)].

In the remainder of this section we show that our results withstand several tests: (i)

they correctly reproduce the asymptotic behavior at large and small n, (ii) they obey

the virial theorem, and (iii) when generalized to 3D, they yield a good agreement with

MC simulations [40].

2.4.3 Low and high density asymptotics

Because of its fast 1/r3 decay, u(r) belongs to the universality class of short-range

potentials. At low n, the energy per particle coincides in the first approximation with

2 The parameter ζ enters implicitly in the functions fc and G.
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that of the free Fermi gas, except that it is shifted by −e2/16πε0εd, cf. Eq. (2.26). This

is reproduced by our calculation since ρ̃s(n → 0) = 0. This fact further implies that

d∗0 ≡ d∗(ζ = 0) and d∗1 ≡ d∗(ζ = 1) tend to aB/4 and aB/2, respectively, as n → 0 [see

Fig. 2.7(a)].

The leading interaction correction to the free gas limit comes from two-body colli-

sions, which are parametrized by the effective hard-core radius [49] b = 2e2γd2/aB, where

γ ≈ 0.5772 is the Euler constant. In the absence of spin polarization (ζ = 0), the pertur-

bative result for the electrochemical potential reads [50] µ = E0[1 + 2v + 4v2(1− ln 2)],

where [51] 1/v = −2γ − ln(πnb2). Accordingly,

d∗0 ≃
aB
4

[
1 +

4

ln(a2B / nd4)− 6.30

]
. (2.27)

This expression is expected to apply at v . 1/2, which corresponds to extraordinary

low densities, e.g., na2B < 10−6 for d = 4aB. Indeed, our variational method shows that

the departure of d∗0 from its zero-density value of aB/4 develops abruptly as a function

of n within a narrow interval n1/2d < 10−3 [see Fig. 2.7(a)]. Of course, at such n the

energy of real electron systems is dominated by disorder [22], which we do not consider

here.

The abrupt growth of d∗0 caused by the logarithmic correction in Eq. (2.27) reflects

the low-energy behavior of the s-wave scattering phase-shift in 2D. It can be contrasted

with the gradual increase of d∗1 for the polarized gas, where p-wave scattering dominates.

Here the Pauli exclusion between like-spin electrons ensures that electron pairs do not

approach each other too closely and the short-range repulsion is more easily satisfied.

As a result, in the polarized gas, we have d∗1 = (a/2)[1 +O(nb2)].

We can also consider the opposite limit, n ≫ 1/d2, where to the leading order

ρ̃s = ρs and so the kinetic energy is unaffected by the gate. The correction ∆E(n, d) to

the total energy with respect to the reference system without the gate is determined by

the interaction energy. To compute the latter, we rewrite Eq. (2.26) as

E(int)
var =

n

2

∫
u(r)[g(r)− 1]d2r +

e2d

2ε0ε
n− e2

16πε0εd
. (2.28)

The difference g(r)−1 is appreciable only at |r| . n−1/2 and gives −1/n when integrated

over all r. Therefore, to the order O(1/d) we can set u(r) = e2/(4πε0εr)− e2/(8πε0εd)

in the integral, leading to ∆E = (e2d/2ε0ε)n. The corresponding correction to the
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electrochemical potential is ∆µ = (e2d/ε0ε)n, which is the classical relation between

the voltage µ/e and the charge density en of a parallel-plate capacitor of thickness d.

The parameter d∗, as defined in Eq. (2.22), represents the effective capacitor thick-

ness, with C = e2dn/dµ ≡ ε0ε/d
∗ being the capacitance per unit area. In general, d∗

differs from the geometric thickness d, which is often called the quantum capacitance

(QC) effect (See [30] and references therein). Our preceding calculation shows that at

high density the gate can modify the QC only to order 1/nd2. A simple expression for

this correction can be derived at n ≫ 1/a2B, where the H-F approximation applies. For

ζ = 0, we get

d∗ = d+
aB
4

− 1

(2π)3/2n1/2
+

d

64
√
2π5(nd2)3/2

. (2.29)

The QC is represented by the last three terms in this equation. They account for,

respectively, the kinetic energy of the Fermi sea, the exchange energy, and the correction

to the exchange due to screening by the gate. Because of the small numerical factor,

the last of these becomes important only at n1/2d . 0.25 [see Fig. 2.7(a)].

Finally, the regime of strong correlations induced by the 1/r3 tail of the interac-

tion [36, 48] is realized at intermediate densities, 1/b2 ≪ n ≪ 1/d2. The energy of

such a state is largely insensitive to the spin polarization. Indeed, our calculation shows

that the relative difference of d∗0 and d∗1 is small at such n. On the other hand, this

difference becomes significant in the low-density limit, where the correlations weaken,

cf. Fig. 2.7(b). Notice also from Fig. 2.7(a) that for a fixed value of n1/2d, the effective

thickness d∗ approaches the classical result [48] in the limit d/aB → ∞.

2.4.4 Variational PDF

Our calculation also provides the PDF gvar(r) of the screened electron gas [see Fig. 2.8(b)],

which has a number of merits. Our PDF is strictly positive, unlike those of some ap-

proximate many-body theories [39]. One can show that this gvar(r) and the variational

energy components satisfy the virial theorem:

D

n
P = 2E(kin) − n

2

∫
dDrg(r)r

du

dr
, (2.30)

where P = [µ(n)−E(n)]n is the pressure and D is the space dimension. (The subscript

“var” in P and g is implicit.) The variational estimates of E and µ, which determine
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the left-hand side of Eq. (2.30), should be reliable. Therefore, at intermediate values of

r, which dominate the value of the integral on the right-hand side, our PDF may be a

good approximation. At r much larger or smaller than the mean electron spacing, it

is probably less accurate. Thus, we have g′var(0)/gvar(0) = 2
D−1 (ρ̃s/ρs) instead of the

exact cusp condition [39] g′(0)/g(0) = 2
D−1 .

2.4.5 Test on a 3D model

The accuracy of our method is best verified by comparison with MC simulations; how-

ever, they are not available for our 2D problem. Instead we did such a test for a 3D

electron gas with the interaction potential u(r) = (e2/4πε0εr) erfc(µcr) [40] (relevant

for mixed DFT schemes). The necessary correlation energies and PDF for the stan-

dard 3D gas were taken from Refs. [52] and [53]. The results for the cutoff parameter

µc = 0.5/aB are shown in Fig. 2.9. The largest difference between our variational es-

timate and the MC results [40] for the total energy per particle is ∼ 2%, which is a

significant improvement over the H-F approximation. This example also illustrates the

capability of our method to treat other dimensions and/or interaction laws.3

Figure 2.9: The ratio of the total variational energy per particle E and the MC energy
EZecca [40] as a function of ρs for a 3D electron gas with the interaction law u(r) =
(e2/r) erfc(µcr) and µc = 0.5/a (thick black line). The thin red line shows the H-F
result.

3 A similar variational method is also successful in 1D, see Ref. [54].
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2.4.6 Further applications of our variational method

The variational method we have developed enables us to compute the capacitance of

gated nanostructures in which quantum and correlation effects are not mere corrections.

Our results agree well with the data of Ref. [13]. Rigorous testing would require ad-

ditional experiments at still lower densities and/or a strong in-plane magnetic field (to

check the predicted spin dependence). Additionally, the energy per particle we compute

here is relevant for understanding impurity screening and therefore transport properties

of correlated 2D electron liquids near metallic gates [55, 56, 57, 58, 59]. A further,

intriguing direction for future work is to devise a variational method suitable for ultra-

thin gated structures of graphene [42, 43, 44, 60, 61], which is an electron system with

a nonparabolic spectrum.

2.5 Discussion

In Sec. 2.4.3 we calculated the low-density limit of the capacitance. Here we discuss it

in a somewhat more conceptual way, including in our discussion the effects of disorder

in the plane of the 2DEG.

As shown in Sec. 2.4, at zero temperature and in the absence of disorder the ca-

pacitance cannot diverge without bound in the limit nd2 → 0 because of the effects

of quantum kinetic energy. This conclusion can be reached by considering that each

electron within the 2DEG sits in a potential well created by neighboring electron-image

dipoles. If this potential υ is expanded to second order in the electron’s displacement ρ

from the potential well minimum, then we get υ(ρ) = γ(e2d2n5/2/ε0ε)ρ
2 + eϕ0, where

γ ≈ 4.3 is a numerical coefficient and ϕ0 ≈ 1.4ed2n3/2/ε0ε is the electrostatic poten-

tial described by Eq. (2.9). This potential υ(ρ) is that of a two-dimensional harmonic

oscillator, and therefore it has a ground state energy ~ω + eϕ0, where ω is defined so

that υ(ρ) = mω2ρ2/2+eϕ0. When ~ω ≪ eϕ0, the 2DEG retains its strongly-correlated,

Wigner crystal-like structure and the contribution of the quantum kinetic energy to

the capacitance is small. At n1/2d . 0.2aB/d, however, the quantum kinetic energy

becomes larger than eϕ0 and the 2DEG loses its electrostatic correlations. This point

corresponds to d∗ ≈ aB. At vanishingly small values of n1/2d, the energy of the 2DEG

is that of a noninteracting fermion gas, which produces d∗ = aB/4. For the experiments
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of Ref. [13], d = 4 nm and aB ≈ 1 nm, so that apparently in this system a capacitance

C ≈ 16Cg is possible (see Fig. 2.1).

The analysis above has also ignored disorder, which can truncate the divergence

of the capacitance by destroying dipole-dipole correlations. The presence of disorder

modulates the density of the correlated dipole liquid with some characteristic amplitude

δnd. At small enough average density n, the overall electron density becomes smaller

than δnd. This means that screening becomes nonlinear [23] and multiple pores open

in the 2DEG. Electric field lines starting at the metal gate electrode leak through these

pores. As a result, the Debye screening radius Rs changes its sign [17, 18, 19, 20, 21,

22, 23, 24, 25, 26, 27, 28] from negative to positive at some n = nm. At smaller n

the effective thickness d∗ grows sharply. In a 2DEG with moderate mobility and large

distance to the gate, nmd2 ≫ 1 and the minimum of d∗/d is very shallow. For example,

for the classical 2D hole gas (with large ρs) in GaAs/GaAlAs heterojunctions studied in

Ref. [22], nmd2 = 5, while as we see in Fig. 2.3 the crossover between the nd2 ≫ 1 and

nd2 ≪ 1 asymptotic dependencies happens only around n1/2d ∼ 0.25 or nd2 ∼ 0.06.

Larger deviations from the geometrical capacitance can be observed in the cleanest

p-GaAs/GaAlAs heterojunction-insulated-gate field-effect transistors (HIGFETs) [62].

In such devices a 2D hole gas is created with concentration as small as n = 7 × 108

cm−2 by a metallic gate at a distance d from the 2D gas which can be as small as 250

nm. This gives nd2 ∼ 0.5, so that if disorder permits (d− d∗)/d ∼ 0.2 can be reached.

There is no published data on capacitance for this case, but there are indications that

screening of the Coulomb interaction between 2D holes by the gate (hole images) plays

an important role for transport properties [62].

One may be able to reach even larger (d − d∗)/d for the capacitance between two

2DEGs residing in two parallel quantum wells, because in this case d can be as small

as 30 nm [17, 18] so that nd2 < 1 already at n < 1011 cm−2. We are not aware of any

such measurements.

Another system which may provide a good opportunity for studying capacitance

larger than Cg is that of a very low density 2DEG which floats on the top of a thin

liquid helium film covering a metallic electrode [63, 64].

Let us now return to the most spectacular data, obtained from a YBCO/LAO/STO

capacitor [13]. We see from Fig. 2.1 that in this case a much smaller value nd2 ∼ 0.02
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has been reached than in other cases, resulting in the record for larger-than-geometrical

capacitance (d− d∗)/d = 0.4. This became possible because of the very small distance

between the 2DEG and the gate d ≃ 4 nm. Even at relatively large concentration

n = 1011cm−2, such small thickness leads to nd2 ≃ 0.04. In Fig. 2.1 the agreement of

our classical theory (which has no adjustable parameters) with the experimental data

of Ref. [13] looks so good that disorder apparently plays a minor role. The relatively

large concentration of electrons may result in a significant resistance to disorder, but the

relative unimportance of disorder is nonetheless difficult to understand. No independent

estimates of disorder effects in YBCO/LAO/STO capacitor are currently available in

literature.

Our comparison with the data of Ref. [13] assumes that the 2DEG is localized

within a very narrow layer of STO, on the order of one lattice constant, as was shown

in Refs. [65, 66]. There are arguments that the electron layer is actually much wider

[67, 68], but these are based on calculations of the nonlinear screening radius of STO

using its huge low-temperature dielectric constant ε ∼ 20, 000. We disagree with using

the dielectric constant of STO as measured in uniform crystals when describing nonlinear

screening. Indeed, the large dielectric constant of STO (as well as that of displacement

ferroelectric crystals) has a strong spatial dispersion. Below we discuss the origin of this

dispersion following Ref. [69].

The large, low-temperature, zero-frequency dielectric constant of STO is related to

the anomalously small frequency of the transverse optical mode ω(q) at q = 0. At

q = 0, the dielectric constant ε(0) ∝ ω−2(0). For finite q, the dielectric constant

ε(q) ∝ ω−2(q). The soft mode is known to have very strong dispersion, so that at

large q it returns to the normal optical mode frequency. This dispersion has the form

ε(q) = ε(0)/[1 + (qξ)2], where ξ = a0ε
1/2(0) and a0 is the lattice constant [69]. Using

such a strongly dispersive dielectric constant for the description of nonlinear screening

by electrons in STO self-consistently leads to the conclusion that the nonlinear screening

radius, or in other words the width of the 2DEG, is of the order of the lattice constant a0.

(This same dispersion also explains why the large dielectric constant of STO does not

lead to strong electron-phonon coupling and a large increase of the critical temperature

of superconductivity [70].)
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2.6 Conclusion

In this chapter we have shown that in devices where a 2DEG comprises one or both

electrodes of a plane capacitor the correlations between electronic charge in opposite

electrodes dramatically affect the capacitance at low electron density n. In the absence

of disorder, this leads to a capacitance that grows strongly with decreasing nd2, with

a maximum value corresponding to d∗ = aB/4 at nd2 → 0. We have presented a

prediction for the effective capacitor thickness d∗ which is valid over the entire range of

nd2 and which is based on the Coulomb correlations between electrons and their image

charges. The cases of a 2DEG parallel to a metal electrode and of two parallel 2DEGs

were considered separately. Our results compare favorably to the recent experiments of

Ref. [13], which operate at nd2 ≪ 1 and report C larger than Cg by as much as 40%,

without the use of adjustable parameters.

The experiments of Ref. [13], which use a 2DEG created at the an LAO/STO in-

terface, are consistent with the 2DEG occupying a very thin layer of STO on the order

of one lattice constant, so that the 2DEG can indeed be treated as a two-dimensional

system up to fairly high electron density. Further studies on such systems with low

disorder and small LAO thickness may provide even better insight into the behavior of

the capacitance at small nd2. Systems of very clean HIGFETs, parallel quantum wells,

and electrons floating on liquid helium may also provide good opportunities for studying

larger-than-geometrical capacitance.



Chapter 3

Capacitance of an ionic liquid

described by the restricted

primitive model

3.1 Introduction

Room temperature ionic liquids (RTILs) are molten salts made from ions that are

large enough that their Coulomb interaction is relatively small, so that they remain

in a fluid state at relatively low temperatures. Essentially, a RTIL is a solvent-free

electrolyte, which means that RTILs can be ideally suited for applications which require

a thin or intensely concentrated layer of ionic charge. RTILs are already being used for

batteries and supercapacitors [71], as well as for gating of new electronic materials. It

has therefore become a subject of great interest to understand the nature of the interface

between a RTIL and a metallic electrode.

In its simplest form, the question of how a RTIL behaves in the vicinity of a charged

metal surface seems remarkably straightforward. While real-life experiments probing the

structure of the ionic double-layer can be marked by a number of complications [72],

the essential description is encapsulated in a very simple model: an infinite, planar,

metallic electrode is placed in contact with a semi-infinite volume that contains a total

concentration N of mobile positively- and negatively-charged hard spheres, each with

40
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the same diameter a and the same absolute value of charge e. Such a model of the

RTIL is called the “restricted primitive model” (RPM); one can think that it reflects

the properties of a real RTIL reasonably well because typical ion sizes in a RTIL, a ∼ 1

nm, are much larger than atomic sizes. We set the dielectric constant of the RTIL

equal to unity, since we are considering a model of non-polarizable ions in a solvent-free

environment. If a voltage V is applied between the electrode and the bulk of the RTIL,

how large is the charge density σ of the metal surface? In other words, what is the

capacitance per unit area C (V ) = dσ/dV of the interface?

The answer to this question is well-known in the limit of large temperature and low

applied voltage. In this case the ionic double-layer is well-described as a diffuse screening

layer with a characteristic size equal to the Debye-Hückel (DH) screening radius

rDH =

√
ε0kBT

e2N
. (3.1)

The diffuse layer of counter-charge effectively comprises the second half of a parallel-

plate capacitor of thickness rDH , so that the capacitance per unit area is equal to

CDH = ε0/rDH . At large density Na3 ∼ 1 this result for capacitance is valid as long

as the temperature is high enough that T ≫ T0 ≡ e2/4πε0kBa and the voltage is small

enough that eV ≪ kBT .

More generally, one can characterize the capacitance by the effective thickness of the

double-layer d∗ = ε0/C . In the DH limit, d∗ = rDH . In realistic situations, however,

the characteristic temperature T0 is very large and the DH approximation fails at room

temperature. One can think that as a result ions become more strongly bound to the

charged electrode and the size of the double-layer shrinks, so that d∗ decreases and the

capacitance grows. One may ask, then, how thin the double-layer can be, or in other

words, how large the capacitance can be. The apparent answer to this question goes

back to Helmholtz [9, 10], who imagined that in an extreme case a neutralizing layer of

ions could collapse completely onto the electrode surface, thereby forming the second

half of a plane capacitor at a distance equal to the ion radius a/2. The result is a

double-layer of size d∗ = a/2 and a capacitance per unit area equal to the “Helmholtz

capacitance”

CH = 2ε0/a, (3.2)
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as introduced in Sec. 1.1. In classical mean-field theories of the electrostatic double-

layer [73, 74, 75], and in the recent influential theory of the metal/RTIL capacitance

which accounts for the excluded volume among ions [12], CH plays the role of a maxi-

mum possible capacitance per unit area. Monte Carlo simulations [76, 77, 78] seem to

confirm this statement. However, these and the majority of other simulations make the

simplification of replacing the metal electrode by a uniformly-charged, insulating plane.

We argue below that in this way the essential physics of image charges in the metal

surface is lost (see also Refs. [79, 80, 81]).

It is the purpose of this chapter to demonstrate that capacitance C > CH is possible,

or in other words, that the effective thickness of the double-layer can be smaller than

the ion radius. Our previous work [34] has demonstrated that capacitance C > CH

can occur for highly asymmetric RTILs (where the cation has a much smaller radius

than the anion, or vice-versa). Here we show that even in the RPM, where cations and

anions have equal diameter, capacitance significantly larger than the Helmholtz value

is possible. As we describe below, the metallic nature of the electrode — specifically,

the ability of ions to form image charges in the metal surface — plays a key role in

the development of large capacitance. We present the results of Monte Carlo (MC)

simulations of the restricted primitive model of a RTIL at various temperatures and

densities, and we suggest a basic theoretical explanation of these results based on the

weak repulsion between dipoles composed of bound ions and their images in the metal

surface.

We note that the critical role of image charges for the structure of the double-layer

has in fact been recognized by previous authors [82], who performed similar simulations

which account explicitly for the electronic polarization of the electrode. However, Ref.

[82] explored only very low ion density Na3 = 0.01, where C (V = 0) < CH . Another

paper [83] studied the capacitance of a RTIL between two identical metal plates and

obtained large capacitance C (0) ∼ 2CH , but this study used a much more complicated

model of the RTIL.

The remainder of this chapter is organized as follows. In Sec. 3.2 we present our

MC results for C (T ) at small voltage and describe our MC procedure. Sec. 3.3 is

devoted to our analytic theory, including both temperature and voltage dependence of

the capacitance C (V, T ). Sec. 3.4 considers the role of the electrode material on C (V, T ).
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We conclude in Sec. 2.6 with a summary of our main results.

3.2 Temperature dependence of the capacitance andMonte

Carlo simulation method

Fig. 3.1 shows the zero voltage capacitance C (0)/CH , as measured by our MC simula-

tions, as a function of reduced temperature T ∗ = T/T0 for three different dimensionless

ion densities Na3. The points correspond to results from the MC simulation and solid

lines are a fit to the form C /CH = K · (T ∗)−1/3, where K is a numerical constant. The

motivation for this (T ∗)−1/3 dependence is explained in Sec. 3.3. For all three values of

the density that we examined, the capacitance at low temperature is significantly higher

than the Helmholtz value.
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Figure 3.1: The capacitance of the metal/RTIL double-layer at zero voltage as a function
of the dimensionless temperature T ∗, plotted for three values of the dimensionless ion
density Na3. Symbols represent results from the MC simulation and solid lines show a
best fit to the form C /CH = K · (T ∗)−1/3 for each density. Error bars are smaller than
the symbol size.

These results should be contrasted with previous simulation studies [76, 77] of the

capacitance of the RPM, in which the metallic electrode was replaced by a charged

insulator with uniform charge density σ. These studies report a capacitance C (V = 0, T )

that grows with decreasing T ∗ before reaching a peak at T ∗ = T ∗
p and then collapsing
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rapidly at T ∗ < T ∗
p . For Na3 = 0.08 and 0.64, T ∗

p ≈ 0.17 and 0.28, respectively.

The collapse of the capacitance at low temperatures T ∗ < T ∗
p was interpreted by

the authors of Refs. [76, 77] as the result of strong binding of positive and negative

ions to form neutral pairs. Such binding leads to an extreme sparsity of free charges in

the RTIL, so that their total concentration Nf ≪ N . Substituting Nf for N into Eq.

(3.1) at T ∗ ≪ 1, we arrive at a large screening radius rDH and therefore much smaller

capacitance C (0). These arguments are generic and convincing. Why, then, does the

capacitance in Fig. 3.1 continue to grow with decreasing temperature?

This question is the main focus of our discussion in Sec. 3.3. The remainder of the

present section is devoted to describing our Monte Carlo procedure and may safely be

skipped by those not interested in the details of our simulation method.

In our MC simulations, a canonical ensemble of Ma anions and Mc cations is placed

in a square prism cell of dimensions L× L× L/2 and corresponding volume Ω = L3/2.

The metallic electrode coincides with one of the cell’s square faces. Every charge within

the cell forms an electrostatic image in the electrode surface (z = 0), i.e. a charge

q = ±e at position (x, y, z) has an image charge −q located at (x, y,−z). The total

electrostatic energy E of the cell is calculated as 1/2 times the energy of a system twice

as large composed of the real charges and their images, so that

E =
1

2

Mt∑
{i,j}

u(di,j), (3.3)

where the indices i, j label the set of all particles in the system (ions and images),

Mt = 2(Ma + Mc) is the total number of these particles, di,j is the distance between

particles i and j, and the two-particle interaction energy u(di,j) is

u(di,j) =

∞, di,j < a

qiqj/4πε0dij , di,j > a
. (3.4)

Here, qi = ±e is the charge of particle i.

The charge of the electrode is varied by changing the number of anions Ma and

cations Mc in the system by equal and opposite amounts, so that the total number of

ions Ma + Mc = NΩ remains fixed for a given overall density N . The corresponding

electronic charge (in the form of image charges) in the electrode is Q = e(Ma − Mc)
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and the capacitance dQ/dV can be determined from the resulting voltage. We use the

system size L = 20a everywhere.

At the beginning of each simulation, positive and negative ions are placed within the

simulation cell in such a way that they do not overlap with each other or with the metal

surface. The MC program then selects an ion at random and attempts to reposition

it to a random position within a cubic volume of (2a)3 centered on the ion’s current

position. The change in the energy E associated with this move is then calculated, and

the move is accepted or rejected based on the standard Metropolis algorithm. For one in

every 100 attempted moves, the MC program chooses the random position from within

a larger volume (10a)3 as a means of overcoming the effects of any large, local energy

barriers. The simulation cell is given periodic boundaries, so that an ion exiting one

face of the cell re-enters at the opposite face. To ensure thermalization, 2,500 moves

per ion are attempted before any simulation data is collected. After thermalization,

simulations attempt 2× 104 moves per ion, of which 15% – 50% are accepted.

The voltage of the electrode is measured by defining a “measurement volume” near

the back of the simulation cell — occupying the range −L/4 < x < L/4, −L/4 < y <

L/4, L/4 < z < 3L/8, where the origin (x, y, z) = (0, 0, 0) is located at the center of the

electrode surface — inside of which the electric potential is measured. After perform-

ing thermalization, the total electric potential is measured at 500 equally-spaced points

within the measurement volume after every 3(Ma +Mc) attempted moves. These mea-

sured values of potential are then averaged both temporally and spatially to produce a

value for the voltage V of the electrode relative to the bulk. There was no noticeable

systematic variation in electric potential across the measurement volume. The capaci-

tance C(V = 0) is determined from the discrete derivative ∆Q/∆V at sufficiently small

values of Q that the relationship Q vs. V is linear. This result is divided by L2 to

produce the capacitance per unit area C .

Our results are shown in Fig. 3.1. For all Na3 studied, the lowest value of T ∗ in Fig.

3.1 is larger than the corresponding liquid-gas or liquid-solid coexistence temperature.

For comparison, the triple point in the phase diagram of the RPM ionic liquid is located

at Na3 = 0.5 and T ∗ = 0.025 while the gas-liquid critical point is at Na3 = 0.02 and

T ∗ = 0.05 [84]. We verified for each simulation that there was no phase separation

within the simulation cell.
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In order to quantify the finite-size effects of our simulation cell, we examined the

capacitance at zero voltage, C (0, T ∗), obtained from three simulation volumes of size

L = 10a, 20a, and 30a. For Na3 = 0.4, C (0, T ∗) was seen to scale linearly with 1/L

at all values of the temperature that we examined (T ∗ = 0.042, 0.072, and 0.14). In

each case, the value of C (0, T ∗) obtained by extrapolation to infinite system size was

within 20% of the value of C (0, T ∗) corresponding to L = 20a. These results allow us

to conclude that the simulation cell with L = 20a provides a reasonable approximation

of an infinite system. All MC results presented below correspond to this choice.

3.3 An interpretation of the capacitance growth at small

voltage and temperature

Our goal is to interpret the large capacitance of the metal/RTIL interface at T ∗ ≪ 1.

In this section we suggest an analytical, semi-quantitative theory of a mechanism which

produces such large capacitance that is reminiscent of our classical theory in Ch. 2. This

theory operates in the limited range of temperature 0.05 < T ∗ < 1, where the RTIL

does not freeze. Thus, our theory (as any theory of the liquid state) does not have any

true asymptotically small parameters and should be considered only semi-quantitative.

We begin by observing that when the electrode is metallic, the energy of an ion

binding to its image charge, −e2/8πε0a, is exactly half the energy of a bound ion pair,

−e2/4πε0a. This fact implies that if an ion pair is separated in the bulk and then both

ions are brought to the metal surface there is no net change in electrostatic energy.

Thus, even in the absence of applied voltage there are plenty of free charges at the

metallic surface. Roughly speaking, this allows the double-layer to be very thin and

leads to the large capacitance shown in Fig. 3.1.

The zero-energy process of ion pairs dissociating and sticking to their images on the

metal surface implies that at low temperatures T ∗ ≪ 1 effectively all ions in the system

are either paired in the bulk or bound to their images on the electrode.1 At zero

1 This statement is correct even in a relatively dense liquid, where a significant fraction of ion pairs
in the bulk form larger neutral clusters, and ions sticking to the metal may be decorated by one or more
neutral pairs. Let us imagine a bulk cluster made of 2m ions, where m is an odd number — for example,
m = 3. If the cluster is sufficiently symmetric, then it can be dissociated into two smaller clusters, one
positive and one negative, which have an equal number m of ions and which differ only by the inversion
of the charge of each ion. When these two charged clusters stick to their images in the metal surface
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applied voltage, equal numbers of positive and negative ions are bound to the metal

surface. The area density n0 of these ions can be estimated from the requirement that

the chemical potential of pairs in the bulk be equal to the chemical potential of ions at

the surface, which gives ln(2/Na3) ≃ 2 ln(1/n0a
2), so that n0 ≃

√
N/2a.

As the voltage V of the electrode is increased from zero, some number of pairs in the

system are separated so that the free counterion can come to neutralize the electrode

surface. The corresponding density of these “excess ions” δn on the metal surface is

related to the charge density σ by δn = |σ|/e. If σ > 0, then δn represents an excess

of anions on the surface; if σ < 0 the excess ions are cations. Naturally, excess ions

condensed onto the metal surface repel each other. Since each ion on the metal surface

is separated by a distance a from its image charge in the metal, ions and their images

constitute compact ion-image dipoles with dipole moment ea, and so excess ions repel

each other via a dipole-dipole interaction

udd(δn) =
e2a2(δn)3/2

8πε0
. (3.5)

Excess ions at the metal surface are surrounded by n0 other ions per unit area, which

effectively neutralize each other by forming n0/2 bound pairs. These n0/2 bound pairs,

along with bound pairs in the bulk, may serve to modify the effective dielectric constant

for the interaction of excess ions. We comment on this possibility at the end of the

present section.

At low temperatures, the excess ions will seek to maximize their distance from each

other while maintaining a given density δn. One can hypothesize a zero-temperature

description of the resulting positional correlations, where excess ions form a strongly-

correlated liquid reminiscent of a two-dimensional Wigner crystal. The corresponding

total electrostatic energy per unit area of the system is

U = η · δn · udd(δn), (3.6)

where η is a numerical coefficient which describes the structure of the lattice of excess

they also recover the energy spent on their dissociation. Thus we are dealing with a statistical physics
problem of very high degeneracy, which may have a beautiful exact solution. (Less symmetric clusters
may have a small contribution to the partition function of the system.) In this chapter we use the term
“excess ions” to refer to all charged objects at the surface, regardless of whether they are decorated by
neutral pairs.
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ions; for a triangular lattice, η ≈ 4.4 [37]. The quantity U − eδnV is the total energy

of the capacitor and voltage source together; −eδnV is the source work per unit area.

The voltage V which corresponds to a given charge density σ = eδn can be found

by the equilibrium condition d(U − eδnV )/d(eδn) = 0, which gives

V =
5ηea2

16πε0
(δn)3/2. (3.7)

The resulting capacitance per unit area C = dσ/dV = e[dV/d(δn)]−1 is

C (δn) =
32πε0

15ηa
√
δna2

. (3.8)

Substituting Eq. (3.7) into Eq. (3.8) gives the capacitance in terms of voltage:

C (V ) =
32π

3

(
1

10η

)2/3( e

4πε0aV

)1/3 ε0
a

≈ 1.3

(
e

4πε0aV

)1/3

CH . (3.9)

The expression of Eq. (3.9) implies that C can be significantly larger than CH when

V is small. At such small voltages, the fractional coverage of excess ions on the electrode

surface δna2 ≪ 1, so that it is incorrect to think of the double-layer in the mean-field

way: as a series of uniform layers of charge. Rather, the neutralizing ionic charge

consists of discrete ion-image dipoles. The correlated nature2 of these dipoles allows

for lower energy than what is possible in mean-field descriptions, and therefore larger

capacitance that is not limited by the physical distance a/2 between the electrode and

its countercharge.

Of course, the validity of Eqs. (3.5) – (3.9) is limited to the range of voltage

where δna2 ≪ 1. By Eq. (3.7), this corresponds to a dimensionless voltage V ∗ =

V/(e/4πε0a) ≪ 5η/4 ≈ 5.5. At large enough voltages that δna2 ≃ 1, excess ions consti-

tute a uniform layer of charge, and therefore the capacitance approaches CH . At even

larger voltages, the capacitance declines as complete layers of counterions accumulate

next to the electrode and the double-layer becomes thicker. This leads to a mean-field

capacitance C ∝ V −1/2 at large voltages, as described in Ref. [12].

Formally, Eq. (3.9) diverges as the voltage goes to zero. Of course, this expression

neglects entropic effects of the excess ions, which tend to destroy the lattice structure of

2 In principle, the correlations among excess ions on the metal surface can be identified from MC
data. This process is made difficult, however, by the large number of neutral pairs and larger neutral
clusters present on the metal surface at small voltages. A more exhaustive MC investigation of the
surface correlations will be the subject of future work.
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excess ions on the metal surface. Such effects will truncate the low-voltage divergence

of Eq. (3.9), resulting in a finite capacitance at zero voltage. Intuitively, one would

expect that the value of this capacitance maximum can be estimated by evaluating the

capacitance at the point where udd(δn) = kBT . This procedure gives

Cmax(T ) =
K

(T ∗)1/3
CH , (3.10)

where K ≈ 0.6. In other words, the effective thickness d∗ = a(T ∗)1/3/2K. At T ∗ ≪ 1,

we find that d∗ ≪ a. The corresponding voltage at which the capacitance plateaus (udd

becomes equal to kBT ) is V
∗
c ≈ 11T ∗.

Fig. 3.2 shows the capacitance as a function of V ∗, as measured by our MC simula-

tion, at density Na3 = 0.4 and at two values of the temperature T ∗. The inset shows

the dimensionless charge density σ∗ = σa2/e of the electrode as a function of the volt-

age V ∗ for the temperature T ∗ = 0.042. The capacitance is determined by a numerical

derivative of the σ vs. V curve. Here, e/a2 is the maximal density for a square lattice

of ions on the metal surface, so that σ∗ can be interpreted as a filling factor of the first

layer of ions. Note that the capacitance drops substantially even at low filling factor σ∗,

so that the capacitance is already reduced by a factor two at σ∗ = 0.5. This suggests

that for V ∗ . 2 the decline in capacitance is not driven by the excluded volume effects

emphasized in the theory of Ref. [12].

The conclusion Cmax(T ) ∝ (T ∗)−1/3 can also be reached by an analytical description

of the metal surface which is appropriate for small charge density σ, where the excess

ions can no longer be described as a strongly-correlated liquid. When the density of

excess ions is small enough that δna2 ≪ (T ∗)2/3, the total free energy F per unit area

can instead be written using a virial expansion:

F ≃ Fid + (δn)2kBTB(T )− eδnV. (3.11)

Here, Fid = δnkBT ln(δna2) is the free energy of a two-dimensional ideal gas, B(T ) is

the second virial coefficient, and −eδnV is the source work term. B(T ) is calculated

from the dipole-dipole interaction energy udd(r) between two ion-image dipoles as

B(T ) =
1

2

∫ ∞

0

(
1− e−udd(r)/kBT

)
2πrdr, (3.12)

≈ 2.65

(
e2a2

4πε0kBT

)2/3

. (3.13)
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As before, we can use the equilibrium condition ∂F/∂(eδn) = 0 to define the voltage

with respect to the density of excess ions δn, which gives

V ∗ ≃ T ∗
[
5.3δna2(T ∗)−2/3 − ln

(
1/δna2

)]
. (3.14)

In the limit V ∗ → 0, the two terms on the right hand side of Eq. (3.14) become equal,

and the corresponding capacitance d(eδn)/dV is Cmax(T ) ≃ K · CH/(T ∗)1/3. Hence,

this approach arrives at the same conclusion as that of Eq. (3.10), although it gives a

somewhat different estimate for the constant K ≈ 1.2.
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Figure 3.2: The capacitance as a function of the dimensionless voltage V ∗ =
V/(e/4πε0a) at two different temperatures for a system with ion density Na3 = 0.4.
The inset shows a plot of the dimensionless charge density σ∗ = σa2/e as a function of
the voltage V ∗ measured by the MC simulation at the temperature T ∗ = 0.042.

The prediction of Eq. (3.10) provides a good fit to the capacitance measured by our

MC simulation over a range of ion densities, as shown in Fig. 3.1. The value of the

coefficient K is found to be 0.6, 1.1, and 1.2 for Na3 = 0.08, 0.4, and 0.64, respectively,

which is consistent with our earlier estimates. The dependence of the constant K on the

ion density, which produces larger capacitance at larger Na3, is perhaps an indication

that the dipole interaction suggested in Eq. (3.5) is weaker at higher ion density. One

possible explanation is that at high densities ion pairs in the vicinity of two excess ions

can polarize in the direction of the electric field, thereby producing an effective dielectric

constant between them. If such a dielectric constant ε′ is added to Eq. (3.5), then we
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find that K ≈ 0.6(ε′)2/3. The values of the constant K from above suggest that for

bulk densities Na3 = 0.08, 0.4, and 0.64, the value of ε′ is 1.0, 2.4, and 2.9, respectively.

These values are consistent with our interpretation that the effective dielectric constant

should increase with ion density, driving the capacitance upward. This increase is also

reflected in Fig. 3.2, where the capacitance at finite voltage is somewhat larger than

predicted by Eq. (3.9), consistent with the increase in the constant K.

Based on our arguments from this section about the dependence of the capacitance

on voltage and temperature, we can hypothesize a general scaling relationship C (V ∗, T ∗)

which reproduces Eqs. (3.9) and (3.10):

C (V ∗, T ∗)

CH
=

β1

[(β2T ∗)2 + (V ∗)2]1/6
. (3.15)

Here, β1 and β2 are numerical coefficients. Applying this fit to the curves shown in Fig.

3.2 gives a reasonably good fit with β2 ≈ 8, suggesting that the capacitance plateaus at

about V ∗ = 8T ∗, as compared to the theoretically estimated value V ∗
c = 11T ∗.

3.4 Electrode material: from perfect to poor metal

So far we have assumed that the electrode is a perfect metal, or in other words, that

the screening radius b of the metal is much smaller than the ion diameter a. This as-

sumption is justified for RTILs with large ions and electrodes made from a good metal.

Experiments on such systems have indeed reported large capacitance that declines with

absolute value of voltage [85] (the C–V curve is “bell-shaped”). However, for smaller

ions and for electrodes made from semi-metals, such as graphite or glassy carbon, ex-

perimental values of C(V = 0) are smaller and the C(V ) curves are “camel-shaped”,

i.e. the capacitance grows parabolically near V = 0 [85, 86, 87].

In order to interpret this difference qualitatively, let us recall that in such poor

metals the density of states at the Fermi level is relatively small and the screening

radius b of the metal may become comparable to a/2. As a result, the image potential

changes. When b < a/2 one can think that the electric field produced by ions at the

metal surface is relatively weak and slowly-varying. In such a case the screening charge

of the metal is effectively situated at the distance b away from the metal surface, i.e. at

z = −b. Therefore, the reflection plane for the image charge is at z = −b, so that an ion
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at distance z from the surface experiences a smaller attraction −e2/16πε0(z+ b) to the

surface, rather than the standard −e2/16πε0z for a perfect metal. At the distance of

closest approach z = a/2, the ion-to-surface attraction energy becomes−e2/8πε0(a+2b).

This leads to a finite energy cost E0 for dissociating a bulk ion pair and bringing it to

the metal surface, given by E0 = e2/4πε0[a
−1 − (a+ 2b)−1]−1. Thus, a finite voltage is

necessary to break pairs in the bulk and obtain free ions which can provide screening.

This means that, for an electrode with finite screening radius b, the bell-shaped C(V )

curve splits into two peaks located at V = ±E0/e, thereby becoming camel-shaped, in

agreement with the above-mentioned data.

The capacitance C(V ) at V > E0/e can be estimated with the help of the theory in

Sec. 3.3 leading up to Eq. (3.9). In this case, however, the voltage V in Eq. (3.9) should

be replaced by V − E0/e and the dipole arm a should be replaced by the longer arm

a+ 2b. These substitutions give

C (V ) = 1.3

(
e

4πε0(a+ 2b)(V − E0/e)

)1/3 a

a+ 2b
CH (3.16)

for V > E0/e. Since the dipole-dipole repulsion is much stronger due to the longer

dipole arm, C (V ) is substantially smaller and reaches its geometrical limit CH(b) =

CH · a/(a+ 2b) at a smaller voltage V − E0/(e
2/4πε0a) = 5ηe/16πε0(a+ 2b), or V ∗ −

E0/(e
2/4πε0a) ≈ 5.5/(1 + 2b/a). Starting from this voltage the capacitance saturates

at the level of CH(b).

Only at even larger voltage V ∗ − E0/(e
2/4πε0a) & [5.5a2 + 8πb(a + b)]/[a(a + 2b)]

do counterions comprise a full layer at the surface, after which the theory of multi-layer

arrangement of ions [12] becomes applicable. This same behavior for C (V ) is expected

in the case where a good metal is covered by a thin insulating layer, for example, its

own oxide.

In order to verify this theory we repeated our MC calculations for T ∗ = 0.04 and

Na3 = 0.5 using a relatively large b = a/2, which is at the limit of applicability for

linear screening by the electrode surface. For simplicity, we have also assumed that the

metal ion lattice has the same dielectric constant as our RTIL. Results are shown on

Fig. 3.3, plotted as a function of V ∗ and σ∗. As expected, the peak at V = 0 is split into

a camel-like structure (we show only the positive half of the symmetric C–V curve).

The characteristic dimensionless voltage of the peak is V ∗
p ≈ 0.5, in agreement with the
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above estimate for E0. Note that the capacitance maximum occurs at σ∗ = 0.1 and

is apparently not related to excluded volume effects among counterions. As predicted

by Eq. (3.16), the peak capacitance C (V ∗
p ) is approximately 2.5 times smaller than at

b = 0 [recall that CH(b) in Fig. 3.3 is twice smaller than CH in Fig. 3.2].

æ
ææ
ææ
æ
æ
æ

æ

æ

æ

æ

æ
ææææææææææ

æ
æ
æææ
æ
æ
æ
æ
æ
æææ

ææ
æ
æ
æ
æ
æ

æ

æ

æ
æ
æ

æ

0 1 2 3 4

1.6

1.9

2.2

0 0.10 0.25 0.50

V *

C
�C

H
Hb
L

Σ
*

Figure 3.3: The ratio of the capacitance of the metal/RTIL interface C to the geometri-
cal capacitance CH(b), plotted as a function of dimensionless voltage V ∗ (bottom axis)
and charge density σ∗ (top axis) for a system with ion density Na3 = 0.4 and metal
screening radius b = a/2. The capacitance is determined by a numerical derivative of
the σ vs. V data obtained from a MC simulation at temperature T ∗ = 0.042.

3.5 Conclusion

To summarize, this chapter is concerned with Monte Carlo simulations of the restricted

primitive model of a RTIL at a metal interface. Within this model, we obtain capaci-

tance at zero voltage as large as 3CH . We also find that for a good metallic electrode at

small voltage, C decreases with T as T−1/3. When the temperature is fixed and is rela-

tively small, C (V ) decreases as 1/V 1/3 (the C–V curve is “bell-shaped”). On the other

hand, when the electrode is made from a semi-metal the C–V curve is “camel-shaped”,

meaning that the capacitance first grows with V and then goes through a maximum and

decays as 1/V 1/3. We interpret these results with the help of a semi-quantitative ana-

lytical theory based on the weak repulsion between ion-image dipoles. Our conclusions
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are in qualitative agreement with experimental data.

While there are a number of effects ignored by the primitive restricted primitive

model — asymmetry of anion and cation sizes, polarizability of ions, and disorder at

the electrode surface, to name a few — our results may be quite relevant for real-world

experiments on room temperature ionic liquids. A typical ionic liquid has anions and

cations with diameter a ∼ 1 nm, which apparently corresponds to a Helmholtz capaci-

tance CH ∼ 2 µF/cm2 and a dimensionless temperature T ∗ ∼ 0.02. This temperature

is extremely low, and within the assumptions of the RPM would imply crystallization

of ions in the bulk. However, in real RTILs the ions are polarizable, which means that

the bulk of the RTIL has a dielectric constant ε > 1 that reduces the magnitude of in-

teractions at long distances; typically ε ∼ 3. Thus, T ∗ should generally be replaced by

εT ∗ ∼ 0.06 and CH by εCH ∼ 6 µF/cm2. In this sense, our result that in the RPM the

capacitance can be as large as 3CH should be taken as an indication that polarizable

RTILs can have C ∼ 3εCH = 18 µF/cm2, a value that is in agreement with typical

capacitance measurements on RTILs [85, 86, 87]. The typical electrochemical stability

window of about 6 Volts corresponds to ε|V ∗| . 12, which is well within the range of

our predictions [88].

Finally, we note that if both ionic species have the same polarizability, then our

basic description of the interface remains valid. Polarizability of ions modifies both the

attraction energy between ions and the attraction energy between an ion and its image.

However, the attraction energy of a pair of oppositely-charged, polarizable ions in the

bulk is still equal to the sum of the attraction energies of the two ions to the metal

surface, so that at zero voltage the metal surface is highly populated by dissociated

ions. At small finite voltage, excess ions seek to maximize their distance from each

other, and the resulting correlations allow C > CH in the way described by Sec. 3.3.



Chapter 4

Volumetric capacitance of an

electric double layer

supercapacitor

4.1 Introduction

In an EDLC, energy is stored at the interface between an electron-conducting (metallic)

electrode and an electrolyte or ionic liquid via the reversible adsorption of ions onto the

electrode surface, as discussed in Sec. 1.1. In this way, counterions adsorbed onto the

charged electrode effectively comprise the second half of a parallel-plane capacitor whose

thickness is equal to the radius a/2 of the ions. If the charge of these ions is described

as a uniformly charged plane, as in the mean-field approach, then one arrives at a

capacitance C which is equal to the Helmholtz capacitance

CH = 2ε0εA/a. (4.1)

In mean-field theories of the EDL, CH/A plays the role of a maximum possible capaci-

tance per unit area. As an example, for ε = 2 and a = 1 nm Eq. (4.1) gives CH/A ≈ 3

µF/cm2.

For practical applications, a supercapacitor is best characterized not by its capac-

itance per unit area, C/A, but by its capacitance per unit mass or per unit volume

(“volumetric capacitance”). For this reason, there has been much emphasis on the

55
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d

b

IL

Figure 4.1: A schematic picture of the cross-section of a highly porous supercapacitor
electrode. The solid, metallic electrode (gray area) has deep, planar pores of width d,
separated by walls of thickness b. The electrode is open on one side to an ionic liquid
(IL) or a concentrated electrolyte. See also Fig. 1.6.

development of conducting materials with very high specific surface area that can be

used as electrodes. Among the more promising candidates are highly porous carbons

[11, 89, 90] and carbon nanotube “forests” [91]. In such devices the specific surface

area A can be as high as A = 1000 m2/cm3. To understand how this is possible, one

can imagine an electrode with slit-like pores of width d = 1 nm separated by conduct-

ing walls with thickness b = 1 nm (Fig. 4.1). For the sake of argument, we take this

electrode to be the anode; one can imagine that the cathode is its mirror reflection to

the right. In a supercapacitor device, the anode and cathode are electrically isolated

by a membrane that is penetrable to the ions, so that the well-conducting ionic liquid

between them forms EDLs on the tortuous surfaces of both electrodes. In this way the

supercapacitor consists of two double layer capacitors in series; in this chapter we are

concerned with calculating the anode capacitance.

If the electrode in Fig. 4.1 is placed in contact with an ionic solution with ε = 2 and

a = 1 nm, then the Helmholtz expression of Eq. (4.1) predicts a volumetric capacitance

C ≈ 30 F/cm3. In fact, capacitance values as large as C = 100 F/cm3 have been

reported for such devices [11, 92]. How is this possible?

In order to resolve this puzzle, let us briefly return to the problem of a planar, non-

porous double layer capacitor. It has been shown (Ref. [35], Ch. 3) that the capacitance

per unit area of an EDL is not necessarily limited by the Helmholtz value. When the

charge on a planar electrode is small enough that adsorbed ions are separated from
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each other by a distance much larger than their diameter a, the mean-field approach

fails and the effects of electronic polarization of the electrode surface must be taken

into account. In particular, when the electrode is made from a good metal, each ion

forms an image charge in the electrode surface. The ion and its image charge together

make an electric dipole which repels adjacent ions by a screened 1/r3 interaction rather

than the normal 1/r interaction. Such a reduced interaction, along with the positional

correlations between adsorbed ions, allows the capacitance of a single interface to be

as much as three times larger than CH in practical situations. The crucial importance

of image forces for the structure and capacitance of the EDL has been recognized by

a number of previous authors (see, for example, Refs. [82, 93, 94] and the very recent

publication of Ref. [95]).

The notion of a double-layer comprised of ion-image dipoles is also relevant for

describing porous, metallic supercapacitor electrodes (Fig. 4.1), provided that the width

d of the pores is much larger than the ion diameter a, so that opposite walls of a pore

have independent, non-interacting EDLs [see Fig. 4.2(a)]. For electrodes with such wide

pores, enhanced capacitance can be explained using the theory of Ref. [35]. However, in

supercapacitors where d is comparable to a, EDLs on opposite walls of a nanopore merge

and new physics should emerge. Indeed, recent experiments by Gogotsi and co-workers

have demonstrated a surprising increase in the capacitance as the width of pores in a

carbon-based electrode is made comparable to the diameter of bare ions in an organic

electrolyte [96] or in an ionic liquid [92].

In order to explain these results, one can try to extend the Helmholtz mean-field

approach to the case of a narrow pore by replacing the charge of ions in the pore by

two identical, coinciding, uniformly-charged planes located midway between the pore’s

two walls (see the result of a similar approach for cylindrical pores in Ref. [97]). In this

picture, each of the charged planes forms a Helmholtz capacitor with one of the pore’s

metal walls, so that the total capacitance is 2CH , as it would be for a much wider pore.

Thus, the mean-field approach cannot capture the unique effect of narrow pores.

Going beyond the mean-field level, however, one can recall that charges confined

within a narrow nanopore create an infinite series of image charges in the two conducting

electrode walls [Fig. 4.2(b)]. This leads to an interaction between ions which decays
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Figure 4.2: Schematic depiction of anions (black circles) neutralizing a positively charged
nanopore in a metallic anode (solid gray area). (a) When the pore width is large
compared to the ion diameter, opposite walls of the pore have independent EDLs and
every anion can be said to have a single positive image charge (white circles with dashed
outline). (b) When the pore width is comparable to the anion radius, anions form a
two-dimensional (2D) charged layer within the pore. Each anion has an infinite series
of image charges (white and dark gray circles with dashed outlines), which produce an
exponential interaction between neighboring anions. For clarity of illustration, image
charges are shown for one anion only.

exponentially with the distance between them.1

In a recent paper, Kondrat and Kornyshev [100] recognized that such an exponen-

tially suppressed interaction can lead to large capacitance C > CH in the nanopore for

reasons similar to those discussed in Ref. [35]. However, in calculating the capacitance,

the authors of Ref. [100] imagined that the pore is filled with many anions and cations

and they used a description where the small net charge is spread equally among all ions

in the pore. The total electrostatic energy was then calculated using the exponential

interaction evaluated at the average distance between all ions. Such an approach can

be called a semi-mean-field approximation and does not lead to quantitatively correct

results, as we will show below.

In the present chapter, as in Ch. 3, we completely abandon the mean-field approach

in order to address a fundamental question: how large can the volumetric capacitance of

an EDL supercapacitor be? We construct a theory which takes into account correlations

between discrete anions and the screening of the Coulomb interaction by the conducting

electrode surface. We consider explicitly two cases for the electrode material. First, we

1 This exponential interaction has been used previously [98] in order to describe mesoscopic oscil-
lations in the capacitance of a disc-like island of a classical two-dimensional electron gas between two
metallic, planar electrodes as a function of the number of electrons in the island. Such an electron gas,
confined at the periphery by a cylindrical later gate, constitutes a vertical quantum dot [99].
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examine the case where the electrode can be considered a perfect metal (Sec. 4.2) and

we verify our theoretical predictions with a simple Monte Carlo (MC) simulation (Sec.

4.3). We find that under realistic circumstances the capacitance per unit area can be

up to ten times the Helmholtz value, with the corresponding volumetric capacitance as

large as 150 F/cm2. Secondly, we analyze the case where the electrode is an imperfect

metal with a screening radius comparable to the pore width (Sec. 4.4). The crossover

between this theory and that of Sec. 4.2 is carefully discussed. In Sec. 4.5 we consider

how our theory applies to supercapacitors made with graphitic carbon electrodes, and

we argue that at not-too-small voltages the graphite is well approximated as a good

metal due to the strong effect of nonlinear screening. We close in Sec. 4.6 by briefly

examining a different model of a porous supercapacitor, where the electrode is made

from a random assembly of conducting spheres that are three-dimensionally connected,

and show that very large volumetric capacitance can result in this situation as well.

4.2 Capacitance of a single 2D metal pore

In this section we consider an electrode made from a perfect metal which has deep,

planar pores of width d (Fig. 4.1). Such pores are assumed to be in contact with an

ionic liquid described by the restricted primitive model: a neutral mixture of hard-core

monovalent ions with the same diameter a. We assume that a ≤ d, so that ions can

enter the pores. We also assume that d−a ≪ a, so that ions in the pore can be described

as a 2D liquid. A voltage source provides the positive potential difference V between

the electrode and the bulk of the ionic liquid that attracts anions into the pore. If Q

is the amount of electronic charge that has moved through the voltage source onto the

electrode relative to the state at V = 0, then the differential capacitance of the EDL is

defined as C = dQ/dV .

In principle, at V = 0 the pore may already contain some finite and equal number

of anions and cations. In this case, a reliable analytical calculation of the total electro-

static energy U(Q), which is necessary for calculating the capacitance, is very difficult.

Therefore, the effect of allowing both ionic species to simultaneously enter the pore is

examined only numerically at the end of Sec. 4.3.

This chapter concentrates instead on the case when the pore is empty at V = 0.
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This situation results when the chemical potential of ions in the ionic liquid is lower

than the free energy per ion in a filled, neutral pore. Such a difference in chemical

potential can arise from two sources. First, ions in a three-dimensional (3D) ionic liquid

are surrounded by a larger number of oppositely-charged neighbors, which lowers the

interaction part of the chemical potential outside the pore. Second, when the width

d of the pore is close to the ion diameter a, the entropic contribution to the chemical

potential inside the pore increases sharply. For the case of electrolyte solutions, there

is also a positive contribution to the chemical potential associated with the necessity of

stripping the solvation shell from each ion that enters the pore.

We therefore assume that the pores are empty at V = 0. As the voltage is increased

from zero, the pores remain empty until some finite voltage V = Vt. At V > Vt the

pores of the anode begin to fill with anions, while cations remain away from the anode.

This picture allows us to formulate a simple analytical calculation of the total energy

U , presented below, based on the repulsion between anions in the pore.

Our general approach to calculating the capacitance is as follows. We first describe

the total electrostatic energy U(n) associated with the lowest energy configuration of n

anions per unit area in the pore. If entropic effects are ignored, then the value of the

charge Q of the pore is that which minimizes the system’s total energy U −QV , where

the term −QV represents the work done by the voltage source. Using the equilibrium

condition d(U −QV )/dQ = 0 along with Q = eAn gives

V =
dU

dQ
=

1

eA

dU

dn
. (4.2)

The differential capacitance of the pore C = (dV/dQ)−1 can therefore be written

C = e2A2

(
d2U

dn2

)−1

. (4.3)

The capacitance can be expressed as a function of voltage, C(V ), by combining Eqs.

(4.2) and (4.3).

In the remainder of this section we first calculate the capacitance of the pore in the

zero temperature limit and then estimate the effect of the ions’ finite thermal energy.

We begin our theoretical description by noting that a point charge e located in the

plane halfway between two metal walls creates an electric potential within that plane
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equal to [101]

ϕ(r) =
e

πε0εd

∞∑
n=1

K0[π(2n− 1)r/d]. (4.4)

Here, r is the radial distance from the point charge, d is the distance between the metal

walls (the pore width), and K0(x) is the zeroth order modified Bessel function of the

second kind. At distances r > d, Eq. (4.4) can be expanded to lowest order to give

ϕ(r) ≃ 2
√
2 exp[−πr/d]√

r/d

e

4πε0εd
. (4.5)

Since the sub-leading-order term of Eq. (4.4) is exponentially smaller than that of Eq.

(4.5), this approximation has a negligible effect on the capacitance and we use Eq. (4.5)

everywhere in further calculations.

When a given area density n of anions is inside the metal pore, the repulsive in-

teraction between anions induces strong positional correlations. In their lowest energy

configuration, the anions form a strongly-correlated liquid, reminiscent of a 2D Wigner

crystal, where anions are separated from their nearest neighbors by a well-defined spac-

ing ∼ n−1/2. In such an arrangement the total repulsive energy among anions is mini-

mized while maintaining the area density required to neutralize the electrode.

If we postulate a crystalline arrangement of the anions, then the electrostatic energy

U of this state can be calculated exactly by making use of the interaction potential

in Eq. (4.5). Due to the short-ranged nature of the interaction, this energy is well

approximated by considering only nearest-neighbor interactions in a square lattice of

anions. Such an approach gives

U(n) = 2nAeϕ(n−1/2)− (µ− u)nA

= 4
√
2
A

d2
(nd2)5/4 exp

[
−π/

√
nd2
] e2

4πε0εd
(4.6)

−(µ− u)nA.

The term −(µ−u)nA takes into account the voltage-independent energy associated with

bringing each anion from the bulk of the ionic liquid into the pore; µ is the chemical

potential of ions in the bulk of the ion liquid and u is the self-energy of an anion in the

pore. The term −(µ− u)nA is linear in n and therefore, by Eq. (4.3), disappears from

the capacitance. Its only effect is to produce a finite threshold voltage Vt = −(µ− u)/e
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required to bring anions into the metal pore, as discussed above. Our theory treatment

assumes that −(µ− u) > 0.

Taking the derivative dU/dQ as in Eq. (4.2), we find an expression for the voltage

in terms of the ion density:

V − Vt ≃
2π

√
2 exp[−π/

√
nd2]

(nd2)1/4
e

4πε0εd
. (4.7)

Similarly, the capacitance can be evaluated by Eq. (4.3), which gives

C ≃
√
2a

πd
(nd2)7/4 exp[π/

√
nd2]CH . (4.8)

In the limit n ≪ 1/d2, Eqs. (4.7) and (4.8) can be combined to give an analytical

expression for the capacitance as a function of voltage at small V − Vt:

C ≃ 32π3

(
e/4πε0εd

V − Vt

)
ln−3

[
8π2

(
e/4πε0εd

V − Vt

)2
]
a

d
CH . (4.9)

For larger voltages corresponding to (V − Vt)/(e/4πε0εd) & 0.1 the capacitance is well-

described by the power law relation

C ≃ 3.5

(
V − Vt

e/4πε0εd

)−0.4 a

d
CH . (4.10)

Eqs. (4.8) and (4.9) suggest that at low ion density (or small V −Vt) the capacitance

can be much larger than the Helmholtz value. This result can be understood physically

by noting that at such low ion densities the fractional coverage of excess ions on the

electrode surface na2 ≪ 1, so that it is incorrect to think of the EDL in the mean-field

way: as a uniform layer of surface charge. Rather, the neutralizing ionic charge consists

of discrete ions whose interaction is exponentially small due to the aggressive screening

by the metal pore. Positional correlations among these ions help them to avoid each

other, resulting in a lower energy than what is possible in mean-field descriptions of the

EDL and therefore in larger capacitance that is not limited by the physical distance a/2

between the electrode and its countercharge. With growing ion density, the capacitance

decreases, until at some finite voltage Vmax the density of ions in the pore reaches its

steric limit: n ≃ 1/a2. By Eq. (4.7),

Vmax ≃ 2π

√
2a

d
exp[−πa/d]

e

4πε0εd
. (4.11)
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Fig. 4.3 shows the capacitance as a function of voltage, C(V ), plotted for the cases

d = a, 1.5a, 2a.

If the width of pores in the electrode is increased, the capacitance decreases, as

shown in Fig. 4.3. In the limit where the pore thickness d ≫ a, as in Fig. 4.2(a), the

capacitance can be described using a theory of independent EDLs comprised of ion-

image dipoles. Such an approach gives C ≈ 1.3CH per interface [35] at na2 = 1 (the

relatively flat tail of the C–V curve) and Cmax ≈ 3CH per interface at n → 0, so that

the total capacitance per pore is smaller than the result shown in Fig. 4.3 by more

than two times. As mentioned above, this “anomalous” increase in the capacitance for

narrow pores is the result of the strong, exponential screening that results from the

presence of two close metal walls [Fig. 4.2(b)].

Formally, Eq. (4.8) diverges as the density of ions vanishes (V − Vt goes to zero).

Of course, this expression neglects entropic effects among the ions, which are important

in the limit where ions in the pore are so sparse that their typical interaction energy

is smaller than the thermal energy kBT . At such low densities the correlated, lattice-

type structure of ions in the pore disappears and we obtain a finite capacitance at

(V − Vt) → 0.

In order to estimate the value of this capacitance maximum, we note that when

eϕ(n−1/2) ≪ kBT the total free energy F can be written using a truncated virial ex-

pansion:

F ≃ Fid +An2kBTB(T )− eAn(V − Vt). (4.12)

Here, Fid = AnkBT ln(na2) is the free energy of a two-dimensional ideal gas and B(T )

is the second virial coefficient. B(T ) is calculated from the interaction energy eϕ(r)

between two ions [Eq. (4.5)] as

B(T ) =
1

2

∫ ∞

0

(
1− exp

[
−eϕ(r)

kBT

])
2πrdr (4.13)

≃ d2

8π
ln2
[

16π

(T ∗)2

]
. (4.14)

Here, T ∗ is defined as the dimensionless temperature

T ∗ =
kBT

e2/4πε0εd
. (4.15)

As an example, room temperature corresponds to T ∗ ≈ 0.04 for an ionic solution with

dielectric constant ε = 2 in a pore with d = 1 nm. At temperatures that are not
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very large, T ∗ . 0.5, the virial coefficient B(T ) is larger than the physical area πa2/4

occupied by each ion, so that the hard-core interaction between ions is unimportant for

the virial expansion.

As before, we can use the equilibrium condition ∂F/∂n = 0 to give a relation between

the voltage and the ion density n:

e(V − Vt) = kBT
[
2nB(T )− ln

(
1/na2

)]
. (4.16)

The capacitance can also be related to n according to C = e2A2(∂2F/∂n2)−1, which

gives

C =
nd2

T ∗[1 + 2nB(T )]

a

d
CH . (4.17)

According to Eq. (4.16), in the limit (V − Vt) = 0 the ion density approaches n =

W0[2B(T )/a2]/2B(T ), where W0[x] is the principle branch of the Lambert W function

(W0[x] ≈ lnx for x ≫ 1). Over the experimentally relevant range of temperature

0.03 < T ∗ < 1, the value of W0[2B(T )/a2] ≈ 1, so that Eqs. (4.16) and (4.17) can be

combined to give the following approximate relation for the capacitance at V = Vt as a

function of temperature:

Cmax(T ) =
γ

T ∗ ln2 [16π/(T ∗)2]

a

d
CH . (4.18)

Here γ is a numerical constant; Eq. (4.14) suggests γ = 4π2 ≈ 39, while MC simu-

lations (see Fig. 4.4 in the following section) give γ = 34 ± 1. This is a surprisingly

good agreement, considering that Cmax is determined by a relatively large ion density

n ∼ 1/B(T ), which is at the limit of applicability of the truncated virial expansion of

Eq. (4.12). Indeed, Eq. (4.12) is applicable only in the “gas phase” corresponding to

nB(T ) ≪ 1, which is realized at V < Vt. On the other hand, Eq. (4.12) fails completely

in the high-density correlated liquid phase, where nB(T ) ≫ 1 and the potential energy

of repulsion between anions [see Eq. (4.6)] dominates the entropic contribution to the

free energy. A more complete theory of the capacitance at finite temperature and large

ion density would require a theory of the free energy of ions in the liquid state and

cannot be captured by the truncated virial expansion presented here. The zero temper-

ature analytical result of Eq. (4.10), however, should be accurate in the limit where the

thermal energy kBT is small compared to the typical interaction energy eϕ(n−1/2). At
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room temperature and for d = 1 nm and ε = 2, this corresponds to moderately large

ion density nd2 & 0.3.
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Figure 4.3: The capacitance in units of CH of a 2D metal nanopore with width d,
plotted as a function of dimensionless voltage (lower axis) according to Eqs. (4.7) and
(4.8). Different curves are labeled by their corresponding value of d/a and are truncated
at their corresponding value of Cmax as given by Eq. (4.18); here, T ∗a/d = 0.04. Vmax

is shown for d/a = 1, and the top axis shows the ion concentration for this same case.

The above results for the capacitance of a single metal pore can be used to calculate

the total capacitance of the electrode by multiplying by the number of pores in the

electrode. Thus, the total volumetric capacitance C is given by C = (ε0εA/a) · C/CH .

As an example we can consider the electrode depicted in Fig. 4.1, with d = b = 1

nm, in contact with an ionic liquid with ε = 2 and a = d. For such a capacitor the

mostly flat tail of the C–V curve of Fig. 4.3, where C/CH ≈ 4.5, corresponds to C ≈ 90

F/cm3. If the electrode can be treated as a perfect metal, then such a capacitor would

demonstrate a peak in the differential capacitance at a particular voltage Vt, as in Fig.

4.3. For T ∗ = 0.04, Cmax ≈ 150 F/cm3.
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4.3 Monte Carlo simulation of a 2D metal pore

In order to verify the theoretical predictions of the previous section, we perform MC

simulations of a 2D metal pore open to a reservoir of positive and negative hard-sphere

ions. Our general approach is to use the Grand Canonical Monte Carlo (GCMC) method

to impose a difference in chemical potential between positive and negative ions in the

system, thereby simulating an applied voltage V . Specifically, the chemical potential of

each ion type is specified according to

µ± = µ∓ eV, (4.19)

where µ is the chemical potential of the reservoir. The number of each ion species

is allowed to fluctuate with time. We use our simulation to measure the resulting

equilibrium number of positive and negative charges in the pore at a given V , which

defines the net charge Q(V ). The capacitance of the pore is calculated by the discrete

derivative dQ/dV .

The details of our simulation method are as follows. We begin each simulation by

randomly placing 100 of each type of ion on a square 2D plane of area A = 20 × 20d2

and stipulating the dimensionless temperature T ∗ [see Eq. (4.15)] and the dimensionless

voltage V ∗ = V/(e/4πε0εd). The ion diameter a is taken to be equal to the pore

width d. Before any data is taken, ions are allowed to take 105 GCMC steps to reach

equilibrium. The number of positive and negative ions, M+ and M−, respectively, are

then averaged over the following 30 to 50×106 GCMC steps. The charge of the electrode

is defined as Q = e(M− −M+) and the capacitance is given by the discrete derivative

C(V ) ≈ [Q(V +∆V/2) − Q(V −∆V/2)]/∆V . Care is taken to ensure that all results

are independent of the initial ion configuration.

Following the standard GCMC procedure [102], one GCMC step consists of either

an attempted move by a randomly-chosen ion or the attempted addition or removal

of an ion from the system. Attempted moves occur more often than attempted addi-

tion/removal at a ratio of 9 : 1. We give the simulation area periodic boundaries, so

that an ion leaving one edge enters at the opposite edge. The total electrostatic energy

Utot of a given configuration of ions is calculated as

Utot =
1

2

∑
i,j

qiqjeϕ(ri,j), (4.20)
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where rij is the distance between ions i and j (found using the minimum image conven-

tion [103]), qi = ±1 is the sign of ion i, and ϕ(r) is the interaction law given by Eq. (4.5).

Attempted moves and addition/removal events are accepted and rejected based on the

corresponding change in Utot, as given by the traditional acceptance rules for GCMC

[102]. The ions are treated as hard spheres, so that only those moves/additions/removals

resulting in non-overlapping ions are accepted. For a more detailed discussion of the

GCMC method see Refs. [103, 104].

Fig. 4.4 shows the capacitance measured by our GCMC simulation as a function of

voltage for a system with V ∗
t = Vt/(e/4πε0εd) = −(µ∗ − u∗) = 0.3, calculated at four

different dimensionless temperatures. In this situation, the pore is essentially empty

of ions at V = 0 and at positive voltages contains only one ionic species, so that its

capacitance is well described by the analytical theory of Sec. 4.2. Both the voltage and

temperature dependence of the capacitance correspond closely to analytical predictions.

Larger voltages could not be examined by our simulation since these correspond to large

ion fillings na2 ∼ 1 (see the top axis of Fig. 4.3), at which the simulation fails to reach

equilibrium in a reasonable amount of time.

So far we have dealt only with pores that are empty at V = 0. In the remainder

of this section we use the GCMC simulation to qualitatively examine a pore containing

a substantial, neutral concentration of both anions and cations at V = 0. To arrive at

such a situation, one should increase the chemical potential µ, causing the value of Vt

to decline.2

Fig. 4.5 shows, as an example, the capacitance of a pore with µ∗ − u∗ = 0, which

corresponds to moderately large ion filling at V = 0. We also show a system with

V ∗
t = 0.3 for comparison. The pore with µ∗ − u∗ = 0 (triangles) is more than half-filled

at zero voltage: (M++M−)a
2/L2 ≈ 0.63. As the voltage is increased from zero, cations

are driven out of the pore and anions are attracted to the pore until at V ∗ & 0.35

only anions remain in the pore and the capacitance is reasonably well described by our

2 In our MC simulations, we observe the value of the threshold voltage V ∗
t to be equal to −(µ∗−u∗)

when µ∗ is large negative. At some particular value of −(µ∗ − u∗) > 0, however, the threshold voltage
abruptly disappears and the pore is spontaneously filled with ions at zero voltage. Such a transition can
be understood qualitatively by considering that when (µ∗ − u∗) < 0 it is not energetically favorable for
single ions to enter the pore, but ions may still enter the pore in neutral pairs or larger neutral clusters.
Thus, the location of the V = 0 empty-to-filled pore transition is related to the electrostatic energy per
particle of an ion in a neutral cluster. For T ∗ between 0.02 and 0.07, we observe the threshold voltage
to disappear at −(µ∗ − u∗) between 0.08 and 0.12.
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Figure 4.4: MC results for the capacitance C, in units of CH , of a 2D metal pore with
V ∗
t = 0.3, plotted as a function of voltage for a range of temperatures T ∗. The thick line

shows the prediction of our analytical theory. For each temperature, the capacitance
attains its maximum at V ∗ ≈ V ∗

t = 0.3. These maximum capacitances (shown in the
inset by filled squares) can be described by Eq. (4.18) with γ = 34± 1 (the theoretical
curve with γ = 4π2 is shown by the thin line).

analytic treatment of the previous section (as shown by the solid line). At V ∗ < 0.35, on

the other hand, the strong attraction between cations and anions affects the capacitance.

As a rough approach to explaining this data, one may imagine that at small voltage the

net ionic charge consists of a small number Q/e of “excess anions” on the background of

a large number of neutral, tightly-bound cation-anion pairs. These excess anions seek

to maximize their distance from each other by forming a correlated, Wigner crystal-like

arrangement in a way that is similar to the description of the previous section. Under

this description, one may expect the same analytical theory to hold as for large negative

µ∗, since the neutral pairs are essentially non-interacting and therefore play only a

small role in determining the capacitance. Fig. 4.5 suggests that this approach gives a

reasonably accurate description of the finite temperature truncation of the capacitance

divergence. Indeed, the capacitance in limit V ∗+(µ∗−u∗) = 0 is very similar for the two

C–V curves. However, this approach does not explain the weak capacitance maximum
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at V ∗ ≈ 0.2 in the C–V curve corresponding to µ∗ − u∗ = 0, which remains a puzzle.
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Figure 4.5: MC results for the capacitance of a 2D metal pore with T ∗ = 0.04 at
µ∗ − u∗ = 0 (triangles) and −(µ∗ − u∗) = 0.3 (circles). The thick line is the prediction
of Eq. (4.10) with V ∗

t = −(µ∗ − u∗) = 0.

This qualitative explanation of the filled pore data is similar to that of Ref. [35],

but is fundamentally different from the approach of Ref. [100]. These authors assumed

that the charge of excess anions is spread equally over all ions in the pore, with each

ion getting a small fraction δe of the electron charge e. They further assumed [see

their Eq. (3)] that every ion interacts with its nearest neighbors via the exponential

interaction (ϕ(r)/e)(δe)2, where ϕ(r) is given by Eq. (4.5). Such a semi-mean-field

approximation makes the total repulsive energy of excess anions larger than in our

description of Sec. 4.2, since the distance between interacting ions is smaller and this

changes the exponential factor of ϕ(r). Therefore, it seems reasonable that the pore

capacitance evaluated in Ref. [100] is three times smaller than in our Fig. 4.5.

4.4 Capacitance of a porous imperfect metal

Thus far we have calculated the capacitance in situations where the electrode can be

considered a perfect metal, or in other words where the electrode has a vanishing elec-

tronic screening radius. In this section we examine what happens to the capacitance

when the electrode is not a perfect metal, but instead has a finite screening linear radius
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rs, given by

rs =

√
ε0ε

e2ν(µF )
, (4.21)

where ν(µF ) is the electron density of states at the Fermi energy µF of the electrode.

Below we consider separately two limiting cases for rs: (i) where rs ≪ b, the typical

thickness of the wall separating adjacent pores, so that adjacent pores can be con-

sidered non-interacting, and (ii) where rs > b, so that adsorbed ions interact three-

dimensionally.

In the case where rs ≪ b, there is no interaction between adjacent pores and the

volumetric capacitance can still be calculated as in the previous section, by considering

the capacitance of a single pore. In this case the effect of finite screening radius is to

shift the position of the reflection plane for image charges by a distance rs beyond the

surface of the pore wall [105]. This reflection plane coincides with the “electrostatic

surface” of the pore, at which the center of gravity of the surface charge is effectively

located. That is, a charge in the center of the pore becomes separated from its image

charge by a distance d+ 2rs, as shown in Fig. 4.6. In this way the interaction between

neighboring ions is stronger than what is given by Eq. (4.5) and the capacitance of the

pore is reduced as compared to the results in Sec. 4.2. One can easily calculate the effect

this has on the capacitance by replacing d with deff = d+ 2rs in Eqs. (4.4) – (4.18). In

other words, allowing for finite screening radius rs ≪ b in the electrodes has the same

effect as increasing the pore width (which is examined in Fig. 4.3). For example, a pore

with width d = 1 nm and rs = 0.25 nm would have deff/d ≈ 1.5, and the capacitance

would correspond to the middle (blue) curve in Fig. 4.3.

In the opposite limit, rs > b, the wall of the pore does not completely screen the

charge of an adsorbed cation and ions in adjacent pores interact with each other. In

this limit ions interact three-dimensionally via a Yukawa-like potential

ϕ(r) =
e

4πε0εr
exp

[
− r

Rs

]
, (4.22)

where Rs is the three-dimensional (3D) screening radius, determined from the volume-

averaged density of states ν(µF )b/(b+ d):

Rs =

√
ε0ε

e2ν(µF )

(
1 +

d

b

)
= rs

√
1 +

d

b
. (4.23)
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Figure 4.6: A schematic portrayal of the effect of finite screening radius rs ≪ b in a
conducting electrode (solid gray area). The reflection plane for image charges (black
and white circles with dashed outlines) of an adsorbed cation (black circle) is shifted by
a distance rs from the wall of the pore (hatched area). Compare to Fig. 4.2(b).

For d = b (as in Fig. 4.1), we get Rs =
√
2rs.

In the limit of Rs ≫ N−1/3, where N is the three-dimensional concentration of ions

inside the electrode, the electric potential Φ is uniform throughout the volume of the

electrode and is given by

Φ = eN

∫ ∞

0
ϕ(r)4πr2dr =

eNR2
s

ε0ε
. (4.24)

This gives for the volumetric capacitance

C =
ε0ε

R2
s

. (4.25)

This result was first derived as the volumetric capacitance of charged DNA condensates

with cationic polyelectrolytes in salty water [106, 107, 108].

At smaller Rs < N−1/3, the discreteness of the ions plays an important role. In their

lowest energy state, the ions form a correlated, 3D liquid in which they maximize their

separation from each other while neutralizing the bulk charge of the electrode, as shown

in Fig. 4.7. As in the previous section, we can calculate the capacitance by postulating

a crystalline arrangement of the ions (a 3D Wigner crystal) and calculating the total

electrostatic energy U . The capacitance can then be found using the 3D analogue of
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Eqs. (4.2) and (4.3), namely

V =
dU

dQ
=

1

eV
dU

dN
, (4.26)

C = e2V2

(
d2U

dN2

)−1

, (4.27)

where V is the electrode volume.

- - -

- -

- - -

Figure 4.7: A schematic depiction of anions (black circles) arranging themselves within
a porous supercapacitor electrode (solid gray area) in the limit rs > b. Here, ions
interact three-dimensionally, leading to a 3D Wigner-crystal-like arrangement of ions in
the ground state.

This approach allows one to calculate C as a function of ion density N and as

a function of voltage V . Using a numeric evaluation of the total energy U gives a

capacitance that can be accurately fitted to the following power-law form at (V −
Vt)/(e/4πε0εRs) > 0.01:

C(V ) =

[
1 + 0.22

(
V − Vt

e/4πε0εRs

)−0.58
]
ε0ε

R2
s

. (4.28)

This expression is plotted in Fig. 4.8.

Eq. (4.28) suggests that the capacitance diverges at small V − Vt, as in the case of

2D pores. To understand why this is the case, we can consider the limit where ions are

sufficiently sparse that their separation is much larger than Rs. In this limit only the

interactions between nearest-neighbors of the 3D Wigner crystal contribute significantly

to the total energy. If we imagine a cubic lattice arrangement of ions, then we arrive at

an energy

U ≃ 3V
e2N4/3

4πε0ε
exp

[
− 1

N1/3Rs

]
. (4.29)
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Figure 4.8: The volumetric capacitance C, in units of ε0ε/R
2
s, for the case where ionic

charges obey the interaction law of Eq. (4.22), plotted as a function of dimensionless
voltage. The curve is truncated at Cmax as given by Eq. (4.38).

By Eqs. (4.26) and (4.27), this gives a voltage

V − Vt ≃
e

4πε0εRs
exp

[
− 1

N1/3Rs

]
(4.30)

and a capacitance

C(N) ≃ 12πε0εVN4/3R2
s exp

[
1

N1/3Rs

]
. (4.31)

Combining these two relations gives an expression for the volumetric capacitance as a

function of voltage, applicable at very small V − Vt:

C(V ) ≃ 3

R3
s

e

V − Vt
ln−4

[
e/4πε0εRs

V − Vt

]
. (4.32)

Eq. (4.32) implies that at small V − Vt, where ions are sparse, the capacitance can

be much larger than the mean-field result of Eq. (4.25). This growth in the capacitance

is driven by the vanishing interaction [Eq. (4.22)] between discrete, correlated ions. The

maximum value of the capacitance occurs at (V −Vt) → 0 and is determined by thermal

effects. This maximum can be estimated, as in the previous section, by making a virial

expansion of the free energy

F ≃ Fid + VN2kBTB(T )−Q(V − Vt). (4.33)

The value of the capacitance in this limit, as in Eqs. (4.17)–(4.18), is inversely related

to the virial coefficient B(T ). At not too small Rs, such that Rs & a/2,

Cmax(T ) ≃
2πε0εRs

T̃B(T )
. (4.34)
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Here, T̃ is a dimensionless temperature normalized to the interaction between two

charges at a distance Rs:

T̃ =
kBT

e2/4πε0εRs
=

Rs

d
T ∗. (4.35)

The virial coefficient B(T ) is calculated as

B(T ) =
1

2

∫ ∞

0

(
1− exp

[
−eϕ(r)

kBT

])
4πr2dr (4.36)

≃ 2πR3
s

(
1 + ln[1/T̃ ] +

1

3
ln3[1/T̃ ]

)
, (4.37)

so that Eq. (4.34) can be written

Cmax(T ) ≈
1

T̃
(
1 + ln[1/T̃ ] + 1

3 ln
3[1/T̃ ]

) ε0ε
R2

s

. (4.38)

If one wishes to formulate an approximate prediction for the capacitance at arbitrary

values of screening radius, including values of rs that are comparable to b, then one may

evaluate separately the capacitance based on approach (i), where the 2D pore thickness

is renormalized as d → deff, and approach (ii), where ions interact three-dimensionally,

and then take the smaller value. Since intra- and inter- pore interactions contribute

additively to the total energy, these create series contributions to the capacitance, so

that as a zero-order approximation one can take the smaller of the two capacitances.

The result of this process is shown in Fig. 4.9, which constitutes a prediction for the

volumetric capacitance C at arbitrary voltage and electrode screening radius.

4.5 Nonlinear screening in graphite (carbon) supercapac-

itors

The preceding sections outline a general theory for the volumetric capacitance of a

supercapacitor made with electrodes that can either be considered metallic or can be

characterized by some linear screening radius rs. In this section we discuss specifically

the case of graphite electrodes, which is among the most commonly-studied materials

for supercapacitor devices [11, 90, 92, 96].

In graphite, the Fermi level density of states ν(µF ) is actually relatively small,

so that the linear screening radius rs ≈ 0.8 nm cannot be considered much smaller



75

voltage, (V−V
t
)/(e/4πε

0
εd)

sc
re

en
in

g 
ra

di
us

, r
s/d

1

1

2

2
3

3

4

4

6

8
9

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

(ii)
(i)

Figure 4.9: A contour plot of the volumetric capacitance C as a function of voltage V
and electrode screening radius rs for charges in an electrode with planar pores of width
d separated by walls of thickness b = d at room temperature. Contours are labeled by
their values of C in units of ε0ε/d

2. The dashed line separates the regions of validity of
the two theories presented in this section: (i) where pores are non-interacting and the
pore width can be renormalized according to d → deff = d+ 2rs (lower region), and (ii)
where charges interact three dimensionally with the interaction law of Eq. (4.22) (upper
region). For ε = 2 and d = 1 nm, the unit of volumetric capacitance ε0ε/d

2 = 18 F/cm3

and the unit of voltage e/4πε0εd = 0.7 Volts.

than the spacing between pores [109]. For example, if d = b = 1 nm, then Fig. 4.9

would seem to imply a capacitance on the order of ε0ε/d
2 ≈ 18 F/cm3. Experiments

with graphite electrodes, however, yield a capacitance five times larger than this value

[11, 92], suggesting that graphite screens over a much smaller distance than rs and

effectively behaves as a good metal.

This apparent discrepancy can be resolved if one recalls that the density of states in

graphite is close to ν(µF ) only in a narrow range of energies, beyond which it increases

linearly with energy on both sides of the Fermi level [109]. Such variation of the density

of states suggests that screening by graphite is non-linear even when a relatively small

electric field is applied to the surface of the pore, and that therefore the screening prop-

erties of the electrode material cannot be characterized by a constant linear screening

radius rs.
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In order to estimate the distance over which the ions’ potential is screened, one can

consider the problem of a uniform applied electric field E⃗0 orthogonal to the basal plane

of graphite. It has been shown [110] that in this case the magnitude of the electric field

E(z) decays with the distance z beyond the graphite interface as

E(z) =
E0

(1 + z/2z0)3
, (4.39)

where

z0 =
3
√
3

2
c

(
e

4πε0εα2c2E0

)1/3

(4.40)

is the centroid location of the counter-charge in the graphite (the non-linear screening

radius), c ≈ 0.34 nm is the distance between graphite planes (graphene sheets), and

α ≈ 2.2/ε is the effective fine structure constant of graphene. (See also recent discussions

of screening in graphene multilayers in Refs. [111, 112]).

The implications of this result for the problem of screening of adsorbed ions in a

graphite pore can be seen as follows. When the area density of ions inside a pore is

large enough that na2 ≃ 1, these ions can be said to produce a roughly uniform electric

field at the wall of the pore whose strength is E0 ≃ e/2ε0εa
2. Inserting this relation

into Eq. (4.40) yields a screening distance z0 ≃ 0.75c, which suggests that the field is

entirely screened within the first graphene layer. In other words, at dense ion filling the

electric field between ions in the pore does not penetrate beyond the first graphene layer.

Therefore, despite its relatively low density of states ν(µF ), graphite may be treated

as a metal at not-too-small ion densities na2 & 0.5 (note that na2 > 0.5 occupies the

majority of the voltage range in Fig. 4.3).

We can also discuss what happens with the volumetric capacitance when the den-

sity of ions is smaller (V − Vt decreases), so that the electric field E0 produced by the

ions becomes weaker. When V − Vt is made moderately small, the effective density of

states decreases, the nonlinear screening radius z0 grows, and the nonlinear capacitance

decreases. One can show using Eq. (4.40) that the capacitance C ∝ (V − Vt)
1/2. Even-

tually, at larger V − Vt, the effective density of states saturates at the level of ν(µF ),

so that the screening radius becomes constant and equal to the linear screening radius

rs ≈ 0.8 nm. In this limit, the volumetric capacitance is relatively small and is given

by the theory of Sec. 4.4, as was already discussed in the beginning of this section.
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It is important to note that the discussion of this section has focused on the case

where pores in the graphite electrode are pre-prepared, so that ions enter the pores

individually. For many graphite- or graphene-based supercapacitors, however, there

are no such pores, and instead the space between adjacent graphene planes is forcibly

opened to accommodate ions when a sufficiently large voltage is applied. This process

requires a large elastic energy associated with the deformation of the electrode around

the intercalated ions. Such a high elastic energy cost can in fact be shared by a number of

closely-spaced ions, so that as a result ions enter the electrode cooperatively as a bunch.

This cooperative behavior dramatically modifies the C–V relationship and allows for a

large maximum value of capacitance that persists even in the limit of vanishing electron

density of states ν(µF ). A theory of the capacitance in such devices is presented in the

next chapter.

4.6 Capacitance of a crystalline assembly of metallic spheres

So far we have restricted our discussion to the electrode geometry shown in Fig. 4.1.

In practice, such electrodes with parallel planar pores are difficult to make. In many

cases supercapacitor electrodes are simply a random assembly of conducting particles,

arranged so that the particles form an infinite, conducting cluster through which elec-

trons can percolate while the pores in this cluster form a separate percolating space

through which the ionic liquid can freely pass. For such cases the model of Fig. 4.1 is

a strong idealization. In this section we would like to briefly discuss another idealized

electrode structure which captures the three-dimensional character of pores.

Consider an assembly of metallic nanospheres, each with the same radius R, arranged

so that they form a cubic lattice with nearest neighbor spheres touching each other. As

in previous sections, we imagine that this crystalline film is deposited onto a metallic

contact plate, connected to a voltage source, and immersed in an ionic liquid. A voltage

V is applied between the contact plate and the bulk of the ionic liquid. If the diameter

of the ions within the ionic liquid is small enough, then this arrangement produces an

effective supercapacitor electrode, where ions may percolate through the spaces between

conducting spheres and neutralize the electronic charge provided by the voltage source.
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In order to calculate the capacitance of this electrode, we first analyze the interac-

tion between two ions that enter into the bulk of the electrode. This can be done by

calculating the potential as a function of distance produced by a single ion in the center

of a pore deep inside the electrode bulk. We calculate this potential numerically using

the relaxation method for solving the Laplace equation, where each of the conducting

spheres is held at zero potential. We find that potential decays exponentially with ra-

dial distance from the ion with a characteristic screening length Rs = R× (0.26± 0.01).

The reason for this sharp decay is the same as for the decay of the potential in 2D,

slit-like pores [Eq. (4.5)]: electric field lines emanating from the ion are adsorbed by the

surface of nearby conducting spheres, and the number of these field lines that survive

by passing through the narrow, tortuous pores between spheres decays exponentially

with distance.

Once the interaction law is known, one can calculate the capacitance in a way

similar to the analysis of Sec. 4.4. We arrive then at a relation C(V ) which has the

maximum given by Eq. (4.38). For R = 4 nm, T = 300 K, and ε = 2 this relation gives

a volumetric capacitance Cmax = 1.7ε0ε/R
2
s = 25ε0ε/R

2 ≈ 28 F/cm3. Remarkably,

in this arrangement the capacitance per sphere is roughly 16 times larger than the

capacitance of a single, isolated sphere in a medium with dielectric constant ε.

One can reach even larger volumetric capacitance if the spheres are densely packed

rather than arranged in a cubic lattice. Reducing the radius R of the spheres also

sharply increases the capacitance.



Chapter 5

Capacitance of a graphene

supercapacitor

5.1 Introduction

In the previous chapter we derived a theory of volumetric capacitance in supercapacitor

devices, where energy is stored through the reversible absorption of ions into the volume

of a porous, charged electrode. We showed that when the electrode is a good conductor

the strong screening of discrete ionic charges by the electrode allows the capacitance to

be large. On the other hand, for an electrode made from a poorly-conducting material,

there is no a priori reason to expect large capacitance. If one were to repeat the

arguments of Ch. 4 for an electrode with vanishingly small Fermi level density of states

ν(µF ), one might arrive at the conclusion that ionic charges are poorly screened and

therefore there is no enhancement of the capacitance above the relatively low mean-field

value. Indeed, a näıve application of formulas (4.21), (4.25), and (4.32) would suggest

that for ν(µF ) → 0 the linear screening radius rs → ∞ and therefore the capacitance

collapses to zero. More realistically, one might expect that the capacitance should not

exceed the values predicted by the mean-field description.

It is somewhat surprising, then, that EDLC devices with very large capacitance

can be made from graphene. The Dirac-like dispersion relation of electrons in un-

doped graphene implies a vanishing Fermi level density of states, so that one would

expect graphene to screen ionic charges only very weakly. Nonetheless, experiments

79
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on graphene-based EDLCs generally report capacitance on the order of a few hundred

F/cm3 (see Ref. [113] and references therein), a value which is too large to be explained

by simple mean-field descriptions. In this chapter we consider such graphene-based su-

percapacitors and show that, indeed, their capacitance can be much larger than would

be predicted by mean-field theories. As suggested in Sec. 4.5, this behavior can be

understood as a result of the strong non-linear screening properties of layered graphene

and the cooperative entrance of ion bunches into the electrode.

The remainder of this chapter is organized as follows. In Sec. 5.2 we discuss ex-

perimental realizations of graphene-based supercapacitors and define the system to be

studied. Sec. 5.3 presents the mean-field prediction for the capacitance of a graphene

stack. Sec. 5.4 presents an alternate prediction, based on the known “staging” behavior

of graphite intercalation compounds. In Sec. 5.5 a picture is presented that reconciles

these two opposing theories; the discussion of Sec. 5.5 can be considered a summary

of the main results of this chapter. In Sec. 5.6 a general theory for the capacitance is

developed at arbitrary values of the fine structure constant α, and a wealth of different

scaling behaviors are uncovered. We conclude in Sec. 5.8 with a discussion of our results

and their implication for the development of graphene supercapacitors.

5.2 Graphene-based supercapacitor electrodes

Over the past few years, graphene has become a popular topic of study as an electrode

material for EDLC devices [11, 113, 114, 115, 116, 117, 118, 119] owing to its high

electrical conductivity and large surface area. In such devices individual graphene layers

are arranged in parallel stacks and placed in contact with a reservoir of ionic liquid

or some other concentrated electrolyte solution. Most commonly, graphene layers are

ordered in the transverse direction, but have random translations or rotations between

adjacent layers (“turbostratic disorder”), so that on average the electronic dispersion

relation of each graphene layer is unaltered. Below we refer to this arrangement as a

“graphene stack” (GS). In practice, the layered ordering of graphene sheets within the

GS electrode is preserved only over some mesoscopic length scale, usually on the order of

tens of nanometers [11, 119]. In the remainder of this chapter we make the assumption

that ordering of graphene planes within the electrode is preserved over arbitrarily large
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distances. This assumption does not significantly affect any results, as demonstrated in

Sec. 5.6.

R

+ + + + + + + + + + + + + + + +
c

Figure 5.1: A schematic picture of a portion of the GS electrode, shown in a side view.
The stack of graphene layers (black lines), arranged with a separation c between layers,
has some density of “spacer” molecules (filled circles) in it. When a voltage is applied,
ions (circles with +’s) enter the electrode collectively in the form of a disk whose size is
determined by the average distance R between spacers.

A capacitor is formed from the GS by connecting it to a voltage source that maintains

a constant electrochemical potential V between electrons in the GS and the bulk of the

ionic liquid. The individual graphene sheets are in electrical contact with each other,

so that the electrochemical potential of electrons with the GS is uniform. A functional

EDLC device contains two such GS electrodes with a voltage applied between them,

usually with a porous separator between the electrodes that isolates them from each

electronically while allowing ions to flow from one electrode to the other. In this chapter

we concern ourselves with the capacitance of a single GS electrode (say, the anode); the

functional device consists of two such capacitances in series.

In the fabrication of EDLC electrodes, the effectiveness of the electrode is often

limited by the strong binding of graphene sheets to each other through van der Waals

(vdW) attraction [113, 115]. The short-ranged vdW interaction between sheets pro-

duces a large contact energy γ = (1.5 ± 0.4) eV/nm2 [120], and in the absence of any

modification to the graphene this interaction results in dense, graphite-like agglomer-

ates whose interior surface area is not readily accessible to ions. In this case only a

large applied voltage can induce ions to enter the electrode by forcibly separating the

space between adjacent graphene sheets. This process is often too slow to meet the

fast charging/discharging requirements of practical devices. Further, such agglomer-

ation can require the device to operate at large voltages that are outside the limited
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electrochemical stability window of the electrolyte.

Given these difficulties, it is often necessary to take steps during fabrication to reduce

the strong binding between adjacent graphene sheets. One method of doing so is by

fabricating electrodes from chemically modified graphene, in which graphene sheets are

bonded to polymers or some other “spacer” molecule before being condensed into a stack

similar to the one shown in Fig. 5.1. In this arrangement each spacer provides sufficient

steric hindrance to separate adjacent graphene layers at a given point. Electrodes with

such spacers have recently been constructed and shown to generate capacitance values

in excess of 100 F/cm3 even at relatively low voltages [115].

In the region surrounding each spacer, there is a competition between the attractive

vdW energy between the two separated sheets and the elastic energy associated with

bending them to bring them together. This competition results in regions of intense

elastic stress surrounding each spacer. When a voltage is applied between the electrode

and the ionic liquid, ions are induced to intercalate between graphene sheets in the

GS. Since the diameter of the ions is also larger than the spacing c between adjacent

graphene sheets (and is typically comparable to the size of the spacers), the intercalation

of ions requires additional separation of graphene sheets. This separation occurs in a

way that best relieves the elastic stress surrounding the spacers – namely, through the

formation of filled “pockets” of ions rather than through the introduction of scattered,

individual ions. The size of these pockets is defined by the average distance R between

spacers.

One can explain the formation of these pockets of ions using the language of elastic

energy-mediated attraction. When a single ion enters the GS, it creates a region of

intense elastic stress around itself. If two such ions are introduced to the GS, they can

reduce the total elastic energy of the system by approaching each other closely, so that

together they share the elastic energy associated with deforming the GS around them.

Thus, there is an effective attraction between ions in the GS mediated by the elastic

strain they induce. This attraction has been observed experimentally in intercalation

experiments [121] and has been described theoretically as an effective lateral attraction

between intercalated ions [122, 123].

When there is some finite density of ions within the electrode, scattered ions between

two adjacent sheets in the GS attract each other to form a large “disk” of ionic charge.
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The 2D charge density σ of this disk is determined by the balance between the elastic

energy-mediated attraction and the Coulomb repulsion between ions. The disk continues

to grow until it reaches the size R, at which point its growth is truncated by the presence

of spacer molecules, which are generally massive enough that they can be considered

immobile on the time scales of charging/discharging of the electrode. The result is that,

as a voltage is applied, the electrode is charged by the incremental addition of two-

dimensional (2D) “disks” of ions that enter the electrode collectively. In our derivation

of the capacitance below (Secs. 5.5 and 5.6), we assume that ionic charges indeed enter

the electrode in the form of these charged disks with size R and uniform 2D charge

density σ.

One may well notice that in the limit where there are no spacers at all in the GS, the

electrode is simply turbostratic graphite. In this case R → ∞, which suggests that ions

enter the GS as infinite, uniform planes of ionic charge. In fact, this phenomenon is well-

known: it is referred to as “staging” of graphite intercalation compounds and has been

studied for more than eighty years [124]. In such compounds, guest ions such as Li+,

K+, or Ca2+ are forcibly introduced into pure graphite by an applied voltage. In most

cases, the elastic energy-mediated attraction between ions causes the intercalated ions to

arrange themselves in an ordered sequence of filled and empty planes of ions, with each

filled plane having some fixed 2D density of ions and the distance between filled planes

varying with the overall density of intercalated ions. The number of graphene sheets

between two subsequent filled layers is called the “stage” of the compound: low densities

of intercalated ions corresponds to large stage, while the maximum filling of ions is called

“stage 1”. The density σ/e of ions in a filled plane is determined by the balance between

their Coulomb repulsion and the elastic energy-mediated attraction, and therefore it

depends in general on the ions’ size: small ions tend to have stoichiometry XC6 in their

stage 1 form, while larger ions form less dense arrangements such as XC8 or XC12 [125].

In each case, σ/(e/c2) is of order unity. The capacitance resulting from this staged

intercalation is discussed in Sec. 5.4.
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5.3 Mean-field predictions of capacitance in a graphene

stack

As a first attempt at describing the capacitance of a GS, one could ignore the discrete,

bunched nature of the ionic charge suggested in Sec. 5.2 and instead imagine that ions

form uniform planes of charge. In this section we present the results of this mean-field

picture. It will be shown in Secs. 5.5 and 5.6 that, surprisingly, the capacitance is

actually parametrically larger than the mean-field prediction over a significant range of

voltage. Here and in the remainder of this chapter, all formulas are approximate; we

drop all numerical coefficients and focus instead on the parametric dependencies and

ranges of behavior of the capacitance.

Consider, for example, the problem of the capacitance of a single graphene sheet

gated by a flat, parallel metal electrode separated by a distance d from the sheet.

In this problem there is no issue of charge discreteness, and the arrangement can be

described as a parallel-plate capacitor with thickness d. The total energy U per unit

area of this capacitor can be written as U = Uel + Uk, where Uel is the electrostatic

energy and Uk is the quantum kinetic energy of electrons within the graphene.

The electrostatic energy Uel is equivalent to that of a standard parallel plate capac-

itor,

Uel ∼ Q2d/ε0ε, (5.1)

where Q is the charge of the capacitor per unit area, ε0 is the vacuum permittivity and

ε is the static dielectric constant. The quantum kinetic energy per unit area

Uk ∼ ϵg(n)n, (5.2)

where

ϵg(n) ∼ ~vg
√
n (5.3)

is the Fermi energy of undoped graphene with a 2D concentration n = Q/e of electrons

and vg ≈ 106 m/s is the Fermi velocity in graphene. Uk can be written in terms of Q

as

Uk ∼
√
eQ3

αε0ε
, (5.4)

where α ∼ e2/ε0ε~vg . 1 is the effective fine structure constant of graphene.
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Eqs. (5.1) and (5.4) imply that when the charge of the capacitor is small enough

that Q ≪ e/α2d2, the quantum kinetic energy Uk ≫ Uel, and so U ∼ Uk. Conversely,

at Q ≫ e/α2d2 we have U ∼ Uel. Using the thermodynamic relations between the

total energy U and the capacitor voltage V and capacitance per unit area C , as defined

by Eqs. (2.5) and (2.6), gives the following mean-field prediction:

C (V ) ∼

{
(ε0εα)

2V/e , V ≪ e/α2ε0εd

ε0ε/d , V ≫ e/α2ε0εd
(5.5)

The low voltage result in Eq. (5.5), C ∝ α2V , is often referred to as the “quantum

capacitance” of graphene. It has been accurately observed for systems where a single

sheet of graphene is gated by a metal electrode [44] or an ionic liquid [42].

For a stack of many graphene sheets, one can try to extend the result of Eq. (5.5) by

imagining that the GS consists of many such parallel plate capacitors, each of thickness

d ∼ c, connected in parallel. This is equivalent to assuming that the ionic charge consists

of a series of uniformly charged planes located at the midplane between every adjacent

pair of graphene sheets. Multiplying the result of Eq. (5.5) by the number of graphene

sheets per unit distance, 1/c, gives for the “quantum capacitance” per unit volume

C(V ) ∼ α2V − Vt

e/ε0εc

ε0ε

c2
, (5.6)

where eVt is the energy required to bring a single ion from the external ionic liquid

reservoir to the interior of the GS. We refer to Vt as the “threshold voltage”; it is the

voltage at which the capacitor has zero charge. The value of Vt depends in general on

the chemical potential of ions in the ionic liquid.

In the remainder of this chapter we employ dimensionless variables, defined so that

the quantities e, ε0ε, and c are all set to unity. In other words, all energies are in

units of e2/ε0εc, all distances are in units of c, and the volumetric capacitance is in

units of ε0ε/c
2. Dimensionless variables are indicated with a bar superscript. The

symbol V̄ is used to denote the dimensionless voltage relative to the threshold value,

V̄ ≡ (V − Vt)/(e/ε0εc). In these units Eq. (5.6) takes the compact form

C̄(V̄ ) ∼ α2V̄ . (5.7)

It should be noted that for a real GS, the large voltage regime of Eq. 5.5, where the

capacitance plateaus at a constant value C̄ ∼ 1, is not generally accessible, since this
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implies a volume density of ions that is larger than 1/c3. Since the ion size is typically

larger than c, this high density of ions does not fit sterically within the electrode and the

capacitance should collapse at V̄ ≫ 1/α (and therefore also at V̄ ≫ 1/α2 & 1/α) since

no further capacitor charging is possible. We can therefore conclude that in the relevant

range of voltage the mean-field approach outlined in this section predicts a capacitance

equal to that of Eq. (5.7).

5.4 Capacitance of staged graphite

The mean-field picture of the previous section, wherein it is assumed that each graphene

sheet forms a parallel plate capacitor with an adjacent layer of ions, is apparently

incompatible with the phenomenon of staging in graphite intercalation compounds that

is described in Sec. 5.2. Indeed, in staged graphite ions do not intercalate uniformly

into all interstitial spaces between graphene sheets. Rather, the ions form a correlated

arrangement of filled and empty planes.

To understand how this staged structure affects the capacitance, one can first con-

sider the problem of the potential ϕ surrounding a single, infinite charged plane with

(dimensionless) charge density σ̄ in an otherwise empty GS. This problem was first

solved in Ref. [110]; the solution is briefly repeated here. Since in this problem there

is no variation of the potential in the direction parallel to the graphene sheets, one

can calculate the potential everywhere using the Thomas-Fermi (T-F) approximation:

ϕ̄(z̄) = ϵ̄g(n̄(z̄)), where z̄ is the (dimensionless) distance from the charged plane. In-

serting the graphene dispersion relation [Eq. (5.3)] and invoking the Poisson equation

∇̄2ϕ̄ = n̄ gives the T-F relation for the potential:

∇̄2ϕ̄ ∼ α2ϕ̄2. (5.8)

Making use of the boundary condition (dϕ̄/dz̄)|z̄=0 ∼ σ̄ imposed by Gauss’s law, one

can solve Eq. (5.8) to find

ϕ̄(z̄) ∼ 1

α2(z̄ + z̄0)2
, (5.9)

where z̄0 is the characteristic distance over which the potential decays, given by

z̄0 ∼
1

α2/3σ̄1/3
. (5.10)
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The length scale z0 can be thought of as the characteristic size of the plane’s screening

atmosphere of neutralizing electrons.

When two such infinite planes of charge are separated by a finite distance h in the

GS, there is a repulsive interaction between them. The interaction energy per unit

area between these planes, u(h), has been derived previously [123] and shown to be

proportional to 1/h5. This relation can be understood via the following argument.

When the separation h between the planes is finite, the planes’ screening atmospheres

overlap, and this overlap produces a repulsive pressure P between them. The value

of the pressure can be found by considering the midplane between the two charged

planes, at which the electric field is zero by symmetry. Since the electric field is zero,

the pressure at the midplane is entirely determined by the kinetic energy density of

electrons,1 which is given by P̄ ∼ n̄
3/2
m /α, where n̄m is the (dimensionless) 2D electron

density at the midplane. When h/z0 is moderately large, one can estimate that the

electron density at any given point between the planes is roughly equal to the sum of

the electron densities created by each plane in isolation. This gives an estimate for the

repulsive pressure P (h) which can be integrated to find the total repulsive energy per

unit area: u(h) =
∫∞
h P (h′)dh′, which gives ū(h̄) ∼ 1/(α4h̄5).

From this interaction law, one can derive a relation for the capacitance of staged

intercalation compounds. Namely, when the GS electrode has some charge Q per unit

volume, the (dimensionless) spacing between charged planes is h̄ ∼ σ̄/Q̄. At h ≫ z0,

the total interaction energy per unit volume is dominated by nearest-neighbor inter-

actions between planes, and is therefore equal to Ū ∼ ū(h̄)/h̄ ∼ Q̄6/α4σ̄6. Using the

thermodynamic relations for capacitance and voltage [Eqs. (4.26) and (4.27)] gives

C̄(V̄ ) ∼ α4/5σ̄6/5

V̄ 4/5
. (5.11)

This relationship for C(V ) is markedly different from the mean-field quantum capac-

itance of Eq. (5.7). Most strikingly, it diverges at small voltage rather than collapsing to

zero. In fact, the “staging capacitance” of Eq. (5.11) remains parametrically larger than

that of Eq. (5.7) up until V̄ ∼ 1, which is at the limit of steric filling of the electrode.

1 This argument is similar to the one used to evaluate the repulsive pressure between two charged
planes in an aqueous electrolyte solution, where repulsive forces result from the confinement entropy of
the counterions [126].
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5.5 Main results for α ∼ 1

For the main problem of this chapter, as defined in Sec. 5.2, the vastly different results

of Eq. (5.7) and Eq. (5.11) present something of a puzzle. One the one hand, when the

spacers in the GS electrode are plentiful, the graphene sheets are fully separated and

ions are free to enter the GS individually and fill its volume uniformly. In this case,

the capacitance should be similar to the mean-field result of Eq. (5.7). On the other

hand, when the spacers in the GS are sparse, the intercalating ionic charges arrange

themselves in the staged structure discussed in Sec. 5.4 and the capacitance should follow

the prediction of Eq. (5.11). The central problem of this chapter is how the capacitance

should behave when the density of spacers is finite. In this case, ionic charge enters the

GS in the form of disks with finite size R, and there should be a crossover between the

two regimes of behavior. However, since Eqs. (5.7) and (5.11) do not meet anywhere

except at the steric limit V̄ ∼ 1, it is not obvious how this crossover can occur.

In this section we briefly explain how this puzzle can be resolved. For the purpose

of this brief discussion we focus on the most experimentally-relevant case where α ∼ 1

and σ̄ ∼ 1. The dimensionless radius R̄ can therefore be thought of as the square root

of the number of ions within each disk. A more thorough derivation of the capacitance

is given in Sec. 5.6, and includes a discussion of additional regimes of behavior that

appear when α is a small parameter.

The essence of our resolution to the problem is that when disks of charge enter the

GS, each disk draws around itself a strongly-bound, nonlinear screening atmosphere

of electrons that renormalizes the disk’s effective charge. To see how this happens,

consider first the case where a single disk of charge is introduced into the GS.

At very small distances z from the surface of the disk, the disk behaves like an infinite

plane and the electric potential can be described by Eq. (5.15). This formula for the

potential is derived under the T-F approximation, which neglects any quantum effects

associated with finite electron wavelength, and therefore its applicability is limited to

regions where the Fermi wavelength λF is much smaller than the length scale over which

the potential is varying in the transverse direction. Thus, to find the distance zTF at

which T-F screening ends, one can equate λ̄F ∼ 1/
√
n̄ ∼ 1/(ϕ̄) to the disk size R, which
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gives

z̄TF ∼
√

R̄. (5.12)

Since zTF ≪ R, the region over which the T-F approximation is applicable can be

described as a disk-shaped volume with some thickness zTF ≪ R and width ∼ R. For

larger z the T-F approximation fails, and the potential can instead by described by

linear screening.

The net effect of the strong, T-F screening at |z| < zTF is to renormalize the

disk’s charge. To see the extent of this renormalization, one can calculate the charge

enclosed within the region |z| < zTF . In this case Gauss’s law can be written as

q̄ ∼ −R̄2(dϕ̄/dz̄)|z̄=z̄TF , which gives q̄ ∼
√
R̄. This charge q enclosed within the T-F

region is much smaller than the bare disk charge σR2.

Outside of the T-F region, the potential created by the reduced charge q is not

strongly screened. Indeed, at these large distances the potential is affected only by the

relatively weak dielectric response of graphene layers with vanishing Fermi level density

of states. Such linear screening is described in detail in Sec. 5.7.1. For the purpose of

later calculations of the capacitance, however, it is sufficient to think that outside of

the T-F region there is no screening of the disk charge. Instead, the remaining negative

charge −q required to make the system electroneutral is essentially distributed uniformly

throughout the available volume of the electrode.

We can now consider what happens when there is some finite concentration N of

these charge-renormalized disks within the volume of the electrode. When the density

of the disks is low enough that N ≪ 1/(R2zTF ), the disks are well-separated from

each other and their nonlinear screening atmospheres do not overlap. One can think,

then, that in this low density limit the capacitor charge consists of a dilute gas of disks

with volume density N and effective charge q neutralized by a uniform background of

electronic charge with charge density −qN .

In this configuration, the total capacitor energy U has three components: the self-

energy of the disks with effective charge q, the electrostatic energy Uel associated with

the Coulomb interaction between the disks and the uniform background, and the quan-

tum kinetic energy Uk of the uniform, neutralizing electronic charge. The self-energy

component affects only the threshold voltage Vt, and we absorb it into the dimensionless
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voltage V̄ , as described in Sec. 5.3. The Coulomb energy Uel is much smaller in magni-

tude than Uk in the limit N ≪ 1/(R2zTF ); this is shown explicitly in Sec. 5.7.2. Thus,

in the regime where the disks’ screening atmospheres do not overlap, the capacitance is

dominated by the quantum kinetic energy of the uniform electronic charge.

The quantum kinetic energy k can be derived in a way that is similar to the derivation

of Eq. (5.4). Here, the 2D electron density in each graphene sheet (in regions outside

the T-F screening atmospheres of each disk) is given by n = qNc/e. Using q ∼
√
R̄

and the expression of Eq. (5.2) gives for the (dimensionless) energy per unit volume

Ūk ∼ N̄3/2R̄3/4. Since N is related to the total capacitor charge per unit volume by

Q = σR2N , one can use the thermodynamic relations for capacitance and voltage in

Eqs. (4.26) and (4.27) to get

C̄(V̄ ) ∼ R̄9/2V̄ , (V̄ ≪ 1/R̄5/2). (5.13)

Corrections to this result associated with the Coulomb energy are discussed in Appendix

5.7.2.

In Eq. (5.13) one can see the strong effect of the renormalization of the disk charge.

This equation is similar the mean-field relation of Eq. (5.7) in that both give C ∝ V , but

Eq. (5.13) has a significantly larger coefficient. Indeed, the slope of the C–V relation

in Eq. (5.13) is larger than that of the mean-field result by a factor R̄9/2 ≫ 1. This

large enhancement of the capacitance can be viewed as a direct result of the nonlinear

screening of each disk. That is, the strong T-F screening atmosphere surrounding each

disk greatly reduces the uniform electron concentration in the electrode for a given

capacitor charge Q and therefore leads to a smaller quantum kinetic energy cost for

capacitor charging.

When the capacitor charge is made larger, such that the density of disks N ≫
1/(R2zTF ), the nonlinear screening atmospheres of adjacent disks overlap, and one can

no longer talk about a uniform electron charge −qN filling the space between disks.

Instead, the capacitance is dominated by the repulsive interaction between neighboring

disks, and the capacitance is described by the staging theory of Eq. 5.11:

C̄(V̄ ) ∼ 1/V̄ 4/5, (V ≫ 1/R̄5/2). (5.14)

The resulting C–V relation is shown schematically in Fig. 5.2.
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Figure 5.2: A schematic picture of the capacitance as a function of voltage for α ∼ 1
and σ̄ ∼ 1 at different values of the disk size R. At R̄ = 1, the GS is filled by individual
ions and the capacitance collapses to the mean-field result of Eq. (5.7) (thin, black line).
At R → ∞, ions enter the GS in stages and the capacitance follows the result of Eq.
(5.11) (dashed curve). The behavior for finite R is shown by the red and blue thick
lines for two different values of R1 and R2 (red/blue thick curves).

In this way the puzzle of the crossover between Eqs. (5.7) and (5.11) is resolved. At

low voltages, one can still think that the result C ∝ V is a consequence of uniformly

raising the electron Fermi level throughout the GS in order to provide a neutralizing

electron concentration. However, this neutralizing concentration should be thought of

as a compensation not to the total ionic charge but to the much smaller renormalized

ionic charge. It is this renormalization that allows the capacitance to be large and

produces a smooth crossover to the behavior C ∝ V −4/5 associated with staging.

5.6 General results for α < 1

In the previous section we presented results for the capacitance, focusing on the special

case α, σ̄ ∼ 1. In this section we calculate the capacitance as a general function of

voltage and σ, examining different cases for the value of the fine structure constant α.
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In traditional quantum electrodynamics problems, the fine structure constant αQED ≈
1/137 is a small parameter. For graphene, on the other hand, the fine structure constant

α ≈ 2.2/ε is usually of order unity. Nonetheless, our theory below considers α as an

arbitrary small parameter whose value is between 0 and 1. In this way we illustrate

the full range of screening behaviors that are in principle present in graphene, and we

highlight the aspects of the problem that are interesting from a fundamental physics

standpoint.

5.6.1 Screening of a disk of charge in a graphene stack

As discussed in Sec. 5.2, when a voltage is applied between the GS and the external

ionic liquid reservoir, ions intercalate into the GS in the form of discrete disks with

size R and charge density σ. The capacitance C(V ) of the electrode is determined by

the mutual repulsion of these disks. This repulsion depends in general on the nature

of the screening atmosphere surrounding each disk. Sec. 5.5 discussed this screening

atmosphere for the case α ∼ 1. In this section, before proceeding to calculate the

capacitance, we first discuss the screening of a single disk for general values of α.

When a single disk is introduced into the GS, it draws a neutralizing concentration

of electrons into the graphene layers surrounding it. The distance over which these

neutralizing electrons are distributed depends on the value of the fine structure constant

α. The case of very large α, for example, corresponds to the classical limit ~ → 0,

where electrons can be accumulated at arbitrarily large densities with vanishingly small

quantum kinetic energy cost. Thus, at large α each disk of charge is screened effectively

over a fairly short distance: electronic charge can freely coalesce to the surface of the

disk and screen it entirely. Conversely, at small α the screening of a single disk is poor

and occurs over a large distance.

To understand more precisely how the disk is screened, one can first solve for the

electric potential surrounding the disk in the T-F approximation, ∇̄2ϕ̄ ∼ α2ϕ̄2, as was

done for the case of R → ∞ in Sec. 5.4. The resulting potential has a simple expression

in two limiting cases: the “infinite plane” limit, where ρ, z ≪ R, and the “point charge”

limit, where ρ2 + z2 ≪ R2. In the former case the potential depends only on the z
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coordinate:

ϕ̄(z̄) ∼ 1

α2(z̄ + z̄0)2
, (ρ, z ≪ R) (5.15)

as in Eq. (5.9). In the latter case, the potential is spherically symmetric:

ϕ̄(ρ̄, z̄) ∼ 1

α2(ρ̄2 + z̄2)
, (ρ2 + z2 ≫ R) (5.16)

The applicability of formulas (5.15) and (5.16) is limited to regions where the Fermi

wavelength λ̄F ∼ 1/
√
n̄ is much smaller than the length scale over which the potential

is varying in the ρ direction. The distance at which the T-F approximation becomes

invalid depends in general on the value of α.

In fact, one can discuss four ranges of α, each with a distinct screening behavior.

The screening over each of these ranges is summarized schematically in Fig. 5.3. In

each range, the screening is characterized by the distance over which T-F screening is

applicable, denoted zTF or rTF , the characteristic decay length of the potential, z0 or

r0, and the total charge q enclosed within the range of T-F screening. The following

subsections discuss each range individually, beginning with the largest value of α.

α ≫ 1/R̄

When α is large enough that α ≫ 1/R̄, the screening atmosphere surrounding each disk

is similar to the case described in Sec. 5.5 for α ∼ 1. That is, the region over which the

T-F approximation is applicable can be described as a disk-shaped volume with some

thickness

z̄TF ∼
√
R̄/α ≪ R̄ (5.17)

and width ∼ R. The net effect of the strong, T-F screening at z < zTF is to produce

a renormalized disk charge q̄ ∼ −R̄2(dϕ̄/dz̄)|z̄=z̄TF ∼
√

R̄/α, which is much smaller

than the bare disk charge σR2. Outside of the T-F region, the reduced charge q creates

a relatively weakly-varying potential that is described by linear response theory. This

situation is shown schematically in Fig. 5.3a.
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Figure 5.3: A schematic summary of screening of the disk of ionic charge (rectangle) in

different ranges of α (quadrants a, b, c, d). Each quadrant is labeled by its corresponding

range of α (top) and by the renormalized charge q̄ of the disk (bottom). The limit of

T-F screening is shown for each regime by a dashed line, and the characteristic decay

length of the nonlinear potential is shown as a dotted line. In each picture the disk has

the same size R; one can say that the pictures a – d have progressively larger scale.

1/(σ̄1/2R̄3/2) ≪ α ≪ 1/R̄

When α is small enough that α ≪ 1/R̄, the distance zTF calculated in Sec. 5.6.1

becomes much larger than R. This implies that at the limit of T-F screening the

potential becomes spherically symmetric, as described by Eq. (5.16), so that the region
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over which T-F screening is applicable is a sphere with radius rTF . When α is still

large enough that α ≫ 1/(σ̄1/2R̄3/2), however, the potential still decays rapidly at

short distances z ∼ z0 ≪ R from the electrode, which implies that the majority of the

screening charge resides within a surface layer with thickness z0 ≪ R at the sides of the

disk. This situation is shown schematically in Fig. 5.3b.

The value of rTF can be found by setting the Fermi wavelength λF equal to the size

rTF of the T-F region. This procedure gives

r̄TF ∼ 1

α
≫ R̄. (5.18)

The total charge q within the T-F region can be found by Gauss’s law, as in the previous

case, and is equal to q̄ ∼ 1/α.

1/(σ̄R̄2) ≪ α ≪ 1/(σ̄1/2R̄3/2)

If α is reduced even further, so that α ≪ 1/(σ̄1/2R̄3/2), the distance z0 becomes much

larger than R. This implies that the potential is roughly constant at distances shorter

than R and at larger distances decays in a spherically symmetric way. The characteristic

length r0 for the decay of the potential in the radial direction can be found by equating

the screened T-F potential of Eq. (5.16) to the unscreened Coulomb potential ∼ σR2/r,

where r is the radial distance from the center of the disk. This process gives

r̄0 ∼ 1/(α2σ̄R̄2) ≫ R̄. (5.19)

As in the previous case, the renormalized charge q̄ ∼ 1/α. Here, however, one can think

that the screening electronic charge resides in a ball of size ∼ r0 around the disk rather

than in a flat layer. This situation is shown schematically in Fig. 5.3c.

α ≪ 1/(σ̄R̄2)

Finally, if α is made so small that α ≪ 1/(σ̄R̄2), the characteristic decay length r0 of

the T-F potential becomes much larger than the distance rTF over which T-F screening

is applicable. This implies that the potential is roughly uniform within the range of

T-F screening, and therefore that the disk charge is not significantly screened. In other

words, q ∼ σR2. This situation is shown schematically in Fig. 5.3d.
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5.6.2 Capacitance of a graphene stack

Given the picture of Fig. 5.3 for the screening atmosphere surrounding each disk of

charge, one can calculate the capacitance of the GS based on the repulsive energy

between disks. Naturally, this energy depends both on the density of the disks (which

increases with increasing voltage) and on the value of α, which determines the nature

of the screening atmosphere surrounding each disk.

In the following subsections we calculate the capacitance C(V ) over the two highest

ranges of α, namely α ≫ 1/R̄ and 1/R̄ ≪ α ≪ 1/(σ̄1/2R̄3/2), which correspond to

quadrants a and b of Fig. 5.3. A wealth of different behaviors are demonstrated, as

shown in Fig. 5.4. We close this subsection by commenting on the behavior of the

capacitance at even smaller α.

α ≫ 1/R̄

When α is sufficiently large that α ≫ 1/R̄, each disk of charge draws around itself a

disk-shaped screening atmosphere of thickness z̄TF ∼
√

R̄/α ≪ R̄ and width ∼ R, as

described in Sec. 5.6.1. When the capacitor is given only a small charge, such that the

density N of these disks per unit volume is small enough that N ≪ 1/(R2zTF ), the

capacitor charge consists of a dilute gas of disks with volume density N and effective

charge q neutralized by a uniform background of electronic charge with charge density

−qN , as discussed in Sec. 5.5. At such low densities the capacitance is dominated by

the quantum kinetic energy of the uniform electronic charge, Ūk ∼ N̄3/2R̄3/4/α7/4. The

resulting capacitance is

C̄(V̄ ) ∼ α7/2σ̄3R̄9/2V̄ ,

(
V̄ ≪ 1

α3/2σ̄R̄5/2

)
(5.20)

as in Eq. (5.13).

When the capacitor charge is made larger, such that the density of disks N ≫
1/(R2zTF ), the nonlinear screening atmospheres of adjacent disks overlap, and the ca-

pacitance is dominated by the staging energy discussed in Sec. 5.4. Thus, the capaci-

tance is described by Eq. (5.11):

C̄(V̄ ) ∼ α4/5σ̄6/5

V̄ 4/5
,

(
1

α3/2σ̄R̄5/2
≪ V̄ ≪ σ̄2/3

α2/3

)
. (5.21)
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The upper limit for the voltage in Eq. (5.21) comes from the requirement that N ≪
1/(R2z0), which is necessary for the assumption that only nearest-neighbor interactions

between disks are important.

On the other hand, when the capacitor charge is so large that the concentration of

disks N ≫ 1/(R2z0), the distance between disks is much smaller than the characteristic

decay length z0 of the potential. This implies that the electron charge becomes roughly

uniform throughout the GS. In this limit the quantum kinetic energy Uk of electrons

again dominates the total energy. Unlike at small voltage, however, in this dense limit

there is no concept of renormalized charge, since the space between neighboring disks is

much smaller than any screening length. Thus at large voltages the capacitance returns

to the conventional quantum expression:

C̄(V̄ ) = αV̄ 2,

(
σ̄2/3

α2/3
≪ V̄ <

σ̄1/2

α

)
. (5.22)

The upper limit on voltage in Eq. (5.22) comes from the requirement that N < 1/(R2c),

which is the maximum possible steric filling of the electrode by ions.

The three regimes of voltage, as characterized by Eqs. (5.20) – (5.22), are depicted

in Fig. 5.4a. Notice that in the derivation of these results it was not necessary to assume

ordering of the graphene sheets over distances larger than R. Indeed, the low- and high-

density results of Eqs. (5.20) and (5.22) assume only that the density of graphene sheets

is roughly uniform throughout the GS, while Eq. (5.21) is based on disks interacting

over a distance z ≪ zTF ≪ R. Therefore, our earlier assumption of long-range ordering

of the GS does not significantly alter any results. Notice also that when α, σ̄ ∼ 1 the

range of validity of Eq. (5.22) collapses, and we regain the picture of Fig. 5.2.

1/R̄ ≪ α ≪ 1/(σ̄1/2R̄3/2)

When α is small enough that α ≪ 1/R̄ but still large enough that α ≫ 1/(σ̄1/2R̄3/2),

the nonlinear screening atmosphere surrounding each disk is spherical in shape with

radius r̄TF ∼ 1/α and encloses a total charge q ∼ 1/α, as indicated in Fig. 5.3b. When

the capacitor charge is small enough that the density of disks N ≪ 1/r3TF , the nonlinear

screening atmospheres of neighboring disks do not overlap. In this case, then, similar

to the low-density limit of large α, the capacitor charge consists of a dilute gas of disks
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Figure 5.4: Schematic depiction of the capacitance C̄ as a function of voltage V̄ , shown
for the two largest regimes of α (a and b). Each distinct range of voltage is labeled by
the formula that describes the capacitance in that range. Important values of V̄ and C̄
are labeled on their respective axes. The x and y axes have been somewhat distorted
in order to clearly show the different ranges.

with volume density N and effective charge e/α neutralized by a uniform background

of electronic charge with charge density −eN/α. The capacitance in this limit is again

dominated by the quantum kinetic energy of the uniform electron charge, which yields

C̄(V̄ ) ∼ α5σ̄5R̄6V̄ ,

(
V̄ ≪ 1

ασ̄R̄2

)
. (5.23)

This result for capacitance is somewhat smaller than that of the low voltage limit for α ≫
1/R̄ [Eq. (5.20)]. This can be seen as a direct consequence of the reduced effectiveness of

T-F screening implied by smaller α. Nonetheless Eq. (5.23) still represents a significant

enhancement over the mean-field result of Eq. (5.7).

When N is large enough that N ≫ 1/r3TF , the nonlinear screening atmospheres of

the disks begin to overlap. If N remains small enough that N ≪ 1/R3, then the distance

between neighboring disks is much larger than R and the two disks repel each other via

the spherically symmetric potential of Eq. (5.16). In order to determine the repulsive

energy u(r) between them, where r is the distance between disks, one can calculate the

pressure at the midplane between them, as in the derivation of Eq. (5.21). This pressure
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has two components: the quantum kinetic energy of electrons at the midplane ∼ n̄
3/2
m /α

and the electric field energy density ∼ ε0ε(∇⃗ϕ)2. Integrating both of these over the

midplane area gives a repulsive force ∼ 1/(α4r̄4), so that the repulsive energy between

the disks is ū(r̄) ∼ 1/(α4r̄3).

In their lowest energy state, the disks remain separated from each other by a distance

r ∼ N−1/3, which gives a total energy per unit volume Ū ∼ N̄2/α4. This result, U ∝ N2,

implies a constant capacitance

C(V̄ ) ∼ α4σ̄2R̄4,

(
1

ασ̄R̄2
≪ V̄ ≪ 1

α4σ̄R̄5

)
. (5.24)

When the density of disks becomes large enough that N ≫ 1/R3, the distance

between disks becomes smaller than the disk size R, so that the interaction between

disks becomes plane-like rather than point charge-like. This suggests that the interaction

energy between disks takes the form of the 1/h5 interaction described in Sec. 5.6.2, and

the capacitance is the same as in Eq. (5.21). Specifically,

C̄(V̄ ) ∼ α4/5σ̄6/5

V̄ 4/5
,

(
1

α4σ̄R̄5
≪ V̄ ≪ σ̄2/3

α2/3

)
. (5.25)

Finally, when disks are so dense that the space between them is much shorter than

the characteristic decay length of the potential z0, the electron charge becomes uniform

throughout the electrode and the capacitance becomes equal to the mean-field value:

C̄(V̄ ) = αV̄ 2,

(
σ̄2/3

α2/3
≪ V̄ <

σ̄1/2

α

)
. (5.26)

Very small α

Generally speaking, as α is reduced the capacitance becomes smaller. One can see this,

for example, by examining parts a and b Fig. 5.4. All capacitance scales in these plots

are proportional to a positive power of α, so that reducing α reduces the capacitance.

Further, when α is made smaller than 1/R̄ the strong maximum in capacitance as-

sociated with the transition from dilute to overlapping disks is eliminated. One can

therefore expect additional reduction of the capacitance, particularly at small voltage,

when α is even smaller than 1/(σ̄1/2R̄3/2).
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In principle, one can repeat the procedure of Secs. 5.6.2 and 5.6.2 for the cases c and

d shown in Fig. 5.3, where α ≪ 1/(σ̄1/2R̄3/2). One finds a capacitance that continues to

shrink and at small voltages approaches more closely the mean-field value C̄(V̄ ) ∼ αV̄ 2.

The results of this procedure are not presented here in detail, but they can easily be

outlined conceptually.

In regime c, where 1/(σ̄R̄2) ≪ α ≪ 1/(σ̄1/2R̄3/2) the characteristic decay length of

the potential becomes larger than the disk size. This suggests that as the concentration

of disks is increased the electron charge becomes uniform throughout the GS before the

disks are strongly overlapping. As a result, there is no regime of voltage in which the

disks interact like infinite planes, so that the regime where C ∝ V −4/5 shown in Fig. 5.4

a and b disappears. Rather, the capacitance in this range of α increases monotonically

with voltage: at small voltages the capacitance increases linearly with V with a large

slope, followed by a plateau of constant C, after which the capacitance follows the

mean-field prediction C̄ ∼ α2V̄ .

Finally, in regime d, where α is so small that α ≪ 1/(σ̄R̄2), there is no significant

screening of the disk charge at all. This implies that the regime of constant C disappears

and the capacitance becomes equal to the mean-field value C̄ ∼ α2V̄ everywhere. One

might well have anticipated this result from the beginning, since α → 0 corresponds to

the limit where the quantum kinetic energy dominates all Coulomb energies, so that

screening is unimportant and the capacitance is determined solely by the energy required

to raise the Fermi level in graphene.

5.7 Linear screening

In Secs. 5.5 and 5.6.1 we discussed the screening of a disk of charge in a graphene stack

(GS), focusing primarily on the Thomas-Fermi (T-F) screening atmosphere surrounding

each disk. Here we describe the relatively weakly-varying potential associated with

linear screening outside the T-F region. In Sec. 5.7.1 we first calculate the potential

surrounding a point charge in the GS under the assumptions of linear response theory.

In Sec. 5.7.2 we show how this result guarantees that the Coulomb interaction between

distant disks can be safely ignored.
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5.7.1 Derivation of the linear potential

Consider the problem of a point charge q inside the GS, which has ordered graphene

sheets layered in the z direction with spacing c. We take the point charge to be at

the origin of a cylindrical coordinate system with radial and axial coordinates ρ and

z. Under the random phase approximation, the potential ϕ(ρ, z) is determined by the

dielectric function ϵ(k, kz), where k and kz are the Fourier wave vectors in the ρ and z

directions. For distances
√

ρ2 + z2 ≫ c from the point charge, one can describe the GS

as a continuum, three-dimensional medium, so that the dielectric function is given by

ϵ(k, kz) = 1− ev(k, kz)Π(k, kz). (5.27)

Here, v(k, kz) = q/[ε0ε(k
2+k2z)] is the Fourier transform of the bare Coulomb potential

q/[4πε0ε(ρ
2+ z2)] and Π(k, kz) is the polarization function. If adjacent graphene layers

are assumed to have no electronic interlayer coupling (as in turbostratic graphite), then

Π(k, kz) is related to the polarization function of 2D monolayer graphene, Π2D, simply

by Π(k, kz) = Π2D(k)/c.

The polarization function Π2D(k) has been previously calculated [127] to be

Π2D = −1

4

|k|
~v

= −παε0ε|k|
e2

, (5.28)

where α = e2/(4πε0ε~v) is the effective fine structure constant of graphene. With this

result one can define the potential ϕ̃(k, kz) in Fourier space:

ϕ̃(k, kz) =
v(k, kz)

ϵ(k, kz)
=

q

ε0ε[k2 + k2z + (παq/e)(|k|/c)]
≃ q

ε0ε[k2z + (παq/e)(|k|/c)]
.

(5.29)

The last, approximate relation in Eq. (5.29) is valid for distances ρ ≫ c, so that k2 ≪
|k|/c. Taking the Fourier transform of this equation gives the following result for the

potential:

ϕ(ρ, z) ≃ q

4πε0εc

[
A−2/3

ρ

ρ

c
+A−2/3

z

z2

c2

]−3/2

, (5.30)

where Aρ and Az are numeric coefficients of order unity, given by Aρ = Γ(3/4)2/
√
π3α

and Az = 4/(π2α2). Γ(x) is Euler’s gamma function.

For the case of a disk of charge within the GS, Eq. (5.30) can be used to describe the

potential outside the T-F screening atmosphere by substituting for q the renormalized
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disk charge q ∼ e
√

R/αc. It is worth noting that, to within numerical coefficients,

Eq. (5.30) smoothly matches the T-F result of Eq. (5.15) at the boundary of the T-F

region. That is, Eqs. (5.15) and (5.30) are equal at the points ρ = 0, z = zTF ∼
√

Rc/α

and z = 0, ρ ∼ R, which lie on the same equipotential contour. Thus the potential

surrounding a charged disk can be described by the T-F result of Eq. (5.15) at |z| < zTF ,

ρ < R and by the linear response result of Eq. (5.30) otherwise, with no parametric

intermediate regime.

5.7.2 Proof that the Coulomb energy is smaller than the quantum

kinetic energy in the low-density limit

In Secs. 5.5 and 5.6 we calculated the capacitance and neglected the electrostatic energy

associated with the configuration of positively-charged disks residing on a negatively-

charged background. This approach was justified because when the density of disks

N is smaller than 1/(R2zTF ) the Coulomb energy is much smaller than the quantum

kinetic energy associated with the uniform electron charge. Here, we explicitly prove

this inequality, focusing on the most practically relevant case α ≫ 1/R̄.

As explained in Sec. 5.5, when the density of disks is very small the capacitor charge

consists of a sparse arrangement of charge-renormalized disks with charge q and density

N surrounded by a uniform electron charge with density −qN . The quantum kinetic

energy per unit volume associated with the uniform electron charge is

Ūk ∼ N̄3/2R̄3/4/α7/4. (5.31)

Here we have used the dimensionless units described in Sec. 5.3.

In order to estimate the magnitude of the Coulomb energy, one can consider that in

their lowest energy configuration, the disks form a correlated arrangement on the uni-

form background, such that the disks minimize their repulsive energy while maintaining

the fixed concentration N . This arrangement is characterized by the average spacing

between disks in the ρ and z directions, which we denote dρ and dz, respectively. The

repulsive interaction between disks is dictated by the linear potential given in Eq. (5.30).

Since this potential is anisotropic, one can expect that the spacing between disks is also

anisotropic. In other words, the minimum energy arrangement of disks constitutes an

anisotropic Wigner crystal.
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The distances dρ and dz can be found by noting that in their minimum energy

configuration, disks are arranged within the GS so that all nearest-neighbor interactions

are equal in magnitude. This implies that dρ and dz are determined by the relation

qϕ(dρ, 0) ∼ qϕ(0, dz). Since the density of ions N ∼ (d2ρdz)
−1, one can solve for dρ and

dz as a function of N . This process gives d̄ρ ∼ α1/5N̄−2/5 and d̄z ∼ α−2/5N̄−1/5, so

that the typical nearest-neighbor interaction energy is ūnn ∼ q̄2ϕ̄(d̄ρ, 0) = q̄2ϕ̄(0, d̄z) ∼
N̄3/5R̄/α9/5.

From the nearest-neighbor interaction energy unn one can estimate the total Coulomb

energy of the anisotropic Wigner crystal. This total energy is, in fact, negative, as in

the case of an ordinary isotropic Wigner crystal, since the attraction of each disk to its

cell of negative background charge is stronger than the repulsion between neighboring

disks. The magnitude of the Coulomb energy per disk is similar in magnitude to the

nearest-neighbor interaction energy ūnn. Therefore the total Coulomb energy per unit

volume Ūel ∼ −Nunn, so that

Ūel ∼ −N̄8/5R̄/α9/5. (5.32)

Comparing Eqs. (5.31) and (5.32) suggests that |Uel| ≪ |Uk| whenever N̄ ≪
√

α/R̄5 ∼
1/(R̄2z̄TF ). So our assumption that the Coulomb interaction is unimportant for the

capacitance is justified.

Finally, even though the Coulomb energy of Eq. (5.32) is never larger than the

quantum kinetic energy over the relevant range of voltage, V ≪ 1/(α3/2σ̄R̄5/2), one can

nevertheless describe the correction that it produces to the main term of the capaci-

tance, C̄k ∼ α7/2σ̄3R̄9/2V̄ . Specifically, since the Coulomb energy is negative and small,

one can say that it produces a large negative capacitance Cel per unit volume that is

added in series with the relatively smaller Ck, so that C = (C−1
k +C−1

el )
−1. This negative

capacitance Cel is an extension of the well-known “negative compressibility” of a con-

ventional Wigner crystal [128]. Expanding for |Cel| ≫ |Ck| gives C ≃ Ck(1 − Ck/Cel).

Taking the appropriate derivatives of Eq. (5.32) gives C̄el ∼ −α16/5σ̄14/5R̄4V̄ 4/5, so that

all together

C̄ ∼ C̄k

[
1 +

(
α3/2σ̄R̄5/2V̄

)1/5]
. (5.33)

Notice that the correction term in Eq. (5.33) grows to order unity precisely at the

crossover point V ∼ 1/(α3/2σ̄R̄5/2), where the T-F screening atmospheres of neighboring
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disks begin to overlap and the capacitance transitions to the “staging” result C ∝ V −4/5

of Eq. (5.11).

5.8 Discussion

In this chapter we have presented a theory of the capacitance of a graphene stack as a

function of the capacitor voltage and the effective fine structure constant α. We have

showed how large capacitance can result from the charge renormalization effected by

T-F screening and explored the different physically interesting regimes associated with

small α. In this closing discussion we focus again on practical devices, for which α ∼ 1.

Most likely, in practical realizations of graphene supercapacitors, the sharp maxi-

mum of capacitance at small voltages shown in Fig. 5.2 will be somewhat smeared by

temperature or by strong disorder in the graphene stack. Such disorder eliminates the

positional correlations among disks of ionic charge when their density is low, leading

to a somewhat larger average interaction energy between disks and therefore to smaller

capacitance. In traditional graphite intercalation experiments, for example, the verti-

cal ordering of charged planes generally disappears for vertical spacing h & 4c [129].

Nonetheless, the formulas of Sec. 5.6.2 suggest that even if correlations are lost at

h > 4c the capacitance may still reach values on the order of hundreds of F/cm3, which

is consistent with experiment.

Finally, our results suggest a capacitance that quickly reaches a maximum value

with increasing voltage before slowly declining over a much larger voltage range. This

is much more compatible with experiment than the traditional mean-field prediction of

Sec. 5.3. Experiments on graphene EDLCs generally report a capacitance that varies

only slightly with voltage and retains a value of several hundreds of F/cm3 over several

volts [11, 113, 114, 115, 116, 117, 118, 119]. This is in direct contradiction to the mean-

field prediction, which says that the capacitance should collapse at small voltage and

rise to its maximum value of ∼ 100 F/cm3 only after V has increased to several volts.

This large discrepancy can be taken as an indication that nonlinear screening of the

ionic charge indeed plays an important role in creating the unusually large capacitance

of graphene supercapacitors.



Chapter 6

Conclusions and Discussion

In this thesis we have examined four types of capacitor devices, each of which exhibits

surprisingly large capacitance. We have shown that in each case the dependence of

the capacitance on applied voltage can be described by relatively simple analytical

theories. Our theories rely on two crucial ingredients that are often neglected in mean-

field approaches. The first is the description of the capacitor charge as an arrangement of

discrete objects, whose repulsive interaction induces positional correlations. The second

is the screening of these discrete charges by the conducting electrode. Taken together,

these two ingredients allow one to understand the existence of large capacitance.

Before concluding, we briefly re-summarize the main results from each chapter of

the thesis. For a capacitor made from a 2DEG next to a metal electrode, as considered

in Ch. 2, the capacitor charge can be thought of as a correlated arrangement of electron-

image dipoles. The resulting short-ranged interaction between these dipoles allows the

capacitance per unit area to be as large as ∼ ε0ε/aB when the 2DEG is sparse, so

that the capacitance is not limited by the physical separation between the 2DEG and

its countercharge. This large capacitance can be largely understood on the basis of a

classical calculation, summarized in Fig. 2.3 and Eq. (1.5), and is confirmed by a more

detailed quantum mechanical calculation, presented in Fig. 2.7.

For a capacitor made from an ionic liquid between metal electrodes, as examined

in Ch. 3, the electric double-layer at each electrode can also be thought of as an ar-

rangement of ion-image dipoles. The 1/r3 interaction between these dipoles leads to a

capacitance that decays at large voltage as C ∝ V −1/3 and has a maximum value that
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varies with temperature as Cmax ∝ T−1/3. These dependencies are summarized in Eqs.

(3.9) and (3.10), and are confirmed by Monte Carlo simulations, as shown in Figs. 3.1

and 3.2.

In Ch. 4 we consider a simple model of real supercapacitor devices, in which the

electrode is filled with deep planar pores into which ions can enter when a voltage is

applied. When the electrode is metallic, there is a strong, exponential screening of

the repulsive interaction between ions, and this allows the capacitance per pore to be

nearly an order of magnitude larger than the Helmholtz value. Our analytical theory, as

summarized by Eqs. (4.9), (4.10), and (4.18), is confirmed by a Monte Carlo simulation,

as shown in Fig. 4.4. When the electrode has a finite electronic screening radius, the

capacitance is reduced. If the screening radius is larger than the distance between pores

in the electrode, then the capacitor charge can be described as a 3D arrangement of

correlated, Yukawa-interacting charges. The resulting capacitance is described by Eqs.

(4.25), (4.32), and (4.38) and plotted as a function of voltage and screening radius in

Fig. 4.9.

Finally, in Ch. 5 we examine a model of a capacitor made from a graphene stack,

and we show that ionic charge enters the electrode collectively in the form of large disks.

These disks become renormalized through nonlinear screening by the graphene, and this

renormalization weakens their interaction and allows for capacitance that is much larger

than what would be predicted based on the large quantum kinetic energy of electrons

in graphene. The resulting capacitance is described at small voltages by Eq. (5.13) and

at large voltages by Eq. (5.14), as shown in Fig. 5.2. A number of additional scaling

regimes appear when the fine structure constant α is treated as a small parameter; these

are summarized in Figs. 5.3 and 5.4.

Taken individually, each of these four chapters provides some new understanding of

the operation of an experimentally-relevant device by presenting a description of the

microscopic structure of the electronic charge within it and showing how this structure

can lead to large capacitance. Perhaps more importantly, when taken together the four

theories developed here establish a recipe for addressing the question “how large can

the capacitance be?”. In doing so, they provide insight that may prove instrumental

in our search for new, efficient methods of electrical energy storage and they also shed

light on an important question in fundamental physics.
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[60] S. Dröscher, P. Roulleau, F. Molitor, P. Studerus, C. Stampfer, K. Ensslin, and

T. Ihn. Quantum capacitance and density of states of graphene. Appl. Phys. Lett.,

96(15):152104, 2010.

[61] E. A. Henriksen and J. P. Eisenstein. Measurement of the electronic compress-

ibility of bilayer graphene. Phys. Rev. B, 82(4):041412(R), 2010.

[62] Jian Huang, D. S Novikov, D. C Tsui, L. N Pfeiffer, and K. W West. Interaction

effects in the transport of two-dimensional holes in GaAs. cond-mat/0610320,

October 2006.

[63] C. C. Grimes and G. Adams. Evidence for a Liquid-to-Crystal phase transition in a

classical, Two-Dimensional sheet of electrons. Physical Review Letters, 42(12):795,

March 1979.

[64] Denis Konstantinov and Kimitoshi Kono. Photon-induced vanishing of magneto-

conductance in 2d electrons on liquid helium. Phys. Rev. Lett., 105(22):226801,

Nov 2010.

[65] M. Sing, G. Berner, K. Goß, A. Müller, A. Ruff, A. Wetscherek, S. Thiel,

J. Mannhart, S. A. Pauli, C. W. Schneider, P. R. Willmott, M. Gorgoi, F. Schäfers,
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Appendix A

Acronyms and List of Symbols

This appendix provides a summary of the most common acronyms and symbols that

are used in the thesis.

A.1 Acronyms

Table A.1: Acronyms

Acronym Meaning

2D Two-Dimensional

2DEG Two-Dimensional Electron Gas

3D Three-Dimensional

EDL Electric Double Layer

EDLC Electric Double Layer Capacitor

GS Graphene Stack

H-F Hartree-Fock

MC Monte Carlo (simulation)

RPM Restricted Primitive Model

RTIL Room Temperature Ionic Liquid

T-F Thomas-Fermi
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A.2 List of Symbols

Table A.2: List of Symbols

Symbol Description SI Units

a ion diameter m

aB effective Bohr radius m

α effective fine structure constant unitless

A area m2

A specific surface area (surface area per unit volume) 1/m

C capacitance F

CH Helmholtz capacitance, CH = 2ε0ε/a F

C capacitance per unit area F/m2

C capacitance per unit volume F/m3

d physical capacitor thickness m

d∗ effective capacitor thickness m

e elementary charge, e ∼ 1.602× 10−9 C C

ϵ electron energy; ϵ(k⃗) is the electron dispersion relation J

ε dielectric constant unitless

ε0 permittivity of free space, ε0 ≈ 8.854× 10−12 F/m F/m

F Helmholtz free energy J

F Helmholtz free energy per unit area J/m2

ϕ electric potential V

k⃗ wave vector 1/m

kB Boltzmann’s constant, kB ≈ 1.380× 10−23 J/K J/K

kF Fermi wave vector 1/m

µ chemical potential J

µF Fermi energy J

n 2D electron/ion concentration 1/m2

N 3D electron/ion concentration 1/m3

ν 3D density of states 1/(J m3)

Continued on next page
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Table A.2 – continued from previous page

Symbol Description SI Units

q charge (microscopic) C

Q capacitor charge C

Q capacitor charge per unit area C/m2

Q capacitor charge per unit volume C/m3

rs electron screening radius m

Rs 3D, volume-averaged electron screening radius m

ρs dimensionless screening parameter unitless

ρ̃s variational parameter that labels the electron correlation function unitless

σ 2D charge density C/m2

T temperature K

u (microscopic) interaction energy between two charges J

U total system energy J

U system energy per unit area J/m2

U system energy per unit volume J/m3

V voltage V

Vt “threshold voltage” – voltage at which the capacitor charge is zero V

V volume m3


