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Analysis of Cognitive Structure Using the Linear
Logistic Test Model and Quadratic Assignment
Maria Medina-D&iacute;az

University of Puerto Rico

The cognitive structure of an algebra test was
defined and validated using the linear logistic test
model (LLTM) and quadratic assignment (QA),
respectively. The LLTM is an extension of the Rasch
model with a linear constraint that describes the

difficulty of a test item in terms of the cognitive
operations required to solve it. The cognitive structure
of a test is specified using the weight matrix W.
The cognitive structure defined here was based on
a set of eight production rules that represented the
mathematical procedures employed in solving linear
equations with one variable. A 29-item test was
constructed and administered to 235 ninth-graders.
Item response data were analyzed using Fischer &
Formann’s (1972) LLTM computer program. A QA
confirmatory approach was used to validate the
cognitive structure of the test. The structure was
validated&mdash;examinees solved the items using the set
of rules specified in the W matrix. The parameters
estimated using the LLTM are quantitative indexes
of the difficulties of each of the cognitive rules
included in the W matrix. Index terms: componen-
tial models, confirmatory analysis, content validity,
linear logistic test model, quadratic assignment, cog-
nitive structure, validation.

The development of psychometric methods for
assessing individuals’ varied and complex abili-
ties, and the integration of such assessment with
learning and instruction, has been a long-
standing challenge. Currently there is an interest
in accounting for the cognitive processes
examinees use in solving a test item, rather than
only in evaluating the final answer. One approach
is to design test items that elicit a certain type of
cognitive information from examinees. To do this,

APPLIED PSYCHOLOGICAL MEASUREMENT
Vol. 17, No. 2, June 1993, pp. 117-130
@ Copyright 1993 Applied Psychological Measurement Inc.
0146-6216/93/020117-14$1.95

it is necessary to establish a relationship between
the item content, the psychometric characteris-
tics of the item, and the cognitive or psychologi-
cal attributes the item proposes to measure.

Developments in item response theory (IRT)
models and techniques are promising for this line
of inquiry. IRT methodologies make it feasible to
analyze test items using a psychological theory
as a framework to show what attributes of the
items lead to differences in examinee perfor-
mance. For example, differences found among
items with respect to their underlying psycho-
metric characteristics can also reveal differences
in the cognitive skills that examinees use to an-
swer the items. IRT componential models (e.g.,
Embretson, 1983; Fischer, 1973, 1974; Whitely,
1980) have been used to accomplish this. One of
these models, the linear logistic test model

(LLTM), was investigated here.

The Linear Logistic Test Model

Description

Fischer (1973, 1974) presented one of the first
attempts to account for the cognitive skills-the
type of knowledge or procedures required to solve
the items-that underlie responses to test items.
Fischer (1973) found that the difficulties of a set
of calculus differentiation items could be ex-

plained by eight basic cognitive operations that
the examinee must implement in order to solve
a differentiation problem. Based on a hypothet-
ical or a priori structure of the test, he postulat-
ed that the item difficulty could be expressed in
terms of the contribution from each separate
operation.
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Accordingly, the item difficulty parameter is
a linear function of the occurrence and difficulty
of the necessary operations for solving the task.
The resulting componential model is called the
LLTM. Thus, the difficulty of item i is given by

where

0,* is the difficulty parameter for item i (i = 1,

w,k is the weight (occurrence) assigned to opera-
tion k that is involved in solving item i;

llk is the &dquo;basic&dquo; parameter (Fischer, 1973, p.
361) for operation k (k = 1, 2, ..., m); and

C is a normalization constant, and is defined as

Mathematically, the LLTM is an extension of the
Rasch model with a linear constraint (Fischer,
1983). This linear constraint (Equation 1) permits
the specification of the contributions of every
operation defined a priori to the difficulty of the
item.

For every item i, a vector of weights is defined
as w, _ (w’i’ w,2, ... , w,m); the kth element

denotes the occurrence of the kth operation in
answering the item. The set of all item vectors
can be presented in the form of a weight matrix
W with dimensions n x m (m < n), in which
each row contains the vector w,. The weights can
be either 1 or 0, indicating the presence or
absence of a given operation in solving an item,
respectively. In other instances, the weights can
be the frequency with which the operation is

involved in solving the item (Spada, 1977; Spada
& McGaw, 1985). Once W is specified and the
examinees’ responses dichotomously scored, the
l1S must be estimated. Conditional maximum
likelihood estimates of the l1S can be obtained

using Fischer & Formann’s (1972) computer
algorithm. Using these 11 estimates, the condi-
tional maximum likelihood estimates of the J3s

are computed using Equation 1.

Applications
The LLTM has been used in a number of

applications (e.g., Embretson & Wetzel, 1987;
Fischer, 1973, 1978; Fischer & Formann, 1982;
Green & Smith, 1987; Hornke & Habon, 1986;
Koponen, 1983; Mitchell, 1983; Sheehan & Mis-

levy, 1990; Spada, 1977; Whitely & Schneider,
1981). Despite the success of this model with abil-
ity tests, the application to achievement testing
has been limited. Further, the operations involved
in solving items have been defined broadly. For
example, Fischer (1973) defined the hypothesized
operations by the item topics; Spada (1977)
defined the hypothesized operations by the

properties or features of the task. Neither pro-
vided a detailed account of the specific cognitive
processes underlying the operations.

The way in which these operations have been
defined and specified for test construction pur-
poses is an area of concern in light of the recent
conceptualizations of knowledge and learning de-
veloped from cognitive psychology research (e.g.,
Anderson, 1985; Rumelhart & Norman, 1978).
The recent evaluation of document literacy skills
by Sheehan & Mislevy (1990) using the LLTM con-
stitutes an advance in this regard. They examined
these skills through parsing models (i.e., seman-
tic representations) that represent the individual’s
information-processing mechanisms in reading
text. A more thorough analysis of the examinees’
knowledge can be conducted using semantic net-
works or production rules (PRS) representing an
individual’s knowledge.

Anderson (1985), for example, distinguished
between declarative knowledge and procedural
knowledge. Declarative knowledge is organized
into systems of information (e.g., semantic net-
works) that give meaning to objects and events
that are perceived. Procedural knowledge, in con-
trast, is knowledge about how to perform or do
various operations. For instance, problem-solving
performance can be represented as the serial ap-
plication of a set of PRS. A PR is a two-part state-
ment (condition-action) that specifies a given
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action to be executed under specific conditions.
When the condition (the IF side) is true, a spe-
cific action is taken (the THEN side). PRS can be
linked to production systems-that is, whenever
the action is taken by one PR this activates the
execution of another PR (see Anderson, 1982;
Sleeman, 1984). The result of applying a PR is
a transformation of information, such as a

sequence of steps in solving a problem. In the
present study, PRS represented the kind of spe-
cific knowledge employed in solving linear equa-
tions. Operations referred to the set of Ptts pre-
sumed to be executed by the examinee in solving
a given equation.

Related to these ways of representing
knowledge are the methods employed by cogni-
tive psychology to validate the notions about the
processes that underlie learning and performance.
For instance, verbal reports are valid empirical
methods for collecting information about men-
tal processes under certain conditions and as-

sumptions (Ericsson & Simon, 1980). In this

technique, called protocol analysis, examinees
report what they are thinking while performing
a task. Protocol analysis has been used as a major
research tool in artificial intelligence (e.g., Newell
& Simon, 1972) as well as in mathematics edu-
cation (e.g., Resnick & Ford, 1981; Schoenfeld,
1985). Thus, if an item is taken as a single task,
the process of solving it can be modeled by a set
of operations based on protocol data. This ap-
proach was used here-the steps performed by
the examinees in solving linear equations were
translated to PRS using a protocol analysis.

Finally, another critical issue related to the ap-
plication of the LLTM to various measurement
situations is the scarcity of approaches for evalu-
ating the validity of W. Statistical procedures
such as the likelihood ratio are used to test the
overall validity of the LLTM against other models
(e.g., the Rasch model) or for comparing alter-
native models (e.g., Fischer, 1973, 1974; Fischer
& Formann, 1982; Whitely & Schneider, 1981).
Inferences are made in terms of the adequacy of
the model in describing the observed data.

The LLTM relies on the specification of W.

However, no other statistical procedures other
than the likelihood ratio test have been available
to confirm the structure of this matrix and, there-
fore, to support the researcher’s initial hypothe-
sis about the cognitive complexity of the test
items. If the W matrix does not correspond to
the way in which the examinees actually solve the
items, the estimates of the l1S will not convey valid
information about their responses (Fischer, 1974,
1977). Thus, the validation of the W matrix is
an important aspect of using the LLTM for both
test analysis and test design. The quadratic
assignment (QA) paradigm was used here to con-
firm the proposed cognitive structure of the test.

Quadratic Assignment

QA techniques have been used to verify theo-
retical structures of observed data in education,
psychology, geography, and economics (e.g., Bak-
er & Hubert, 1977; Hubert, Golledge, & Costan-

zo, 1981; Hubert, Golledge, Costanzo, Gale, &

Halperin, 1984; Hubert & Schultz, 1976). The QA
paradigm refers to a group of data analysis tech-
niques dealing with object orderings and with the
relationship of the proximity matrix-denoted by
Q-to a hypothetical underlying organization of
those objects-referred to as the structure matrix
C. Hubert & Schultz (1976) described two types
of QA analyses: confirmatory and exploratory.

The exploratory approach identifies a partic-
ular type of structure in the data without an a

priori hypothesis about this structure. The con-
firmatory approach evaluates whether or not a
given hypothetical structure can be used to ex-
plain the pattern posited in the actual proximity
data. QA confirmatory analysis was used here be-
cause an a priori hypothesis existed about how
the data should be organized. Hubert & Schultz

(1976) provided a discussion of the statistical
underpinnings of QA as well as some applications
in education and psychology. Also, Baker &
Hubert (1977) presented an introduction to QA
techniques and didactic examples in the field of
educational psychology.

To perform QA analyses it is necessary to have
some empirical measure of proximity between the
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pair of objects under study. Q contains the prox-
imity measures, such as a similarity measure be-
tween test items. In this study, the elements of
Q indicated the extent to which a given pair of
items was solved using the same combination of
PRS. Q contained empirical information based on
examinees’ responses to every pair of items.

The structure matrix C constitutes the re-

searcher’s a priori hypothesis about the organi-
zation of the similarity data contained in Q. Here,
C was obtained from the weight matrix W de-
fined under the LLTM. The elements of C con-
tained the hypothetical number of PRS that a
given pair of items had in common. Hence, C
conveyed the hypothetical cognitive structure of
the test.

QA confirmatory analysis tests whether the
specific structure of C is represented in Q. The
null hypothesis is that the rows and columns of
Q are assigned at random relative to the struc-
ture specified in C (Baker & Hubert, 1977). An
index r is used to measure the strength of the as-
sociation between Q and C. r is the sum of all
cross-products of the corresponding elements in
Q and C,

n n

r = Y- Y- [q(x,y)][c(x,y)] > (3)
x y

where x and y are two items, (x # y), and q(x, y)
and c(x, y) are the elements (row x, column y) for
these items in Q and C, respectively. Because the
diagonal elements of Q and C are Os, this sum
is actually taken over the n(n - 1)/2 off-diagonal
elements of the two matrices (Baker & Hubert,
1977). Hubert & Schultz (1976) provided the
mathematical derivation of r.

QA confirmatory analysis requires that the ob-
served value of r be compared with a random-
ization distribution for this index. Q establishes
the particular ordering for the test and generates
the observed value of the index r. The null

hypothesis is used to obtain a reference distribu-
tion for r using a randomization procedure. In
theory, given C, a permutation procedure based
on n ! possible orderings of the rows and columns
of Q can produce a reference distribution for r.

Each ordering produces a r value, and when
these values are tabled through complete enumer-
ation an exact distribution of r is obtained (Baker
& Hubert, 1977). Alternative approximations to
the exact randomization distributions, such as the
Z unit normal, can be used to test the null

hypothesis (Anselin, 1986).
To test the null hypothesis, the observed value

of r and the critical value derived from the refer-
ence distribution are compared. If the observed
value of r falls in the critical region (e.g.,
p < .05), the null hypothesis of random alloca-
tion is rejected indicating that Q reflects the
hypothetical structure of the test represented in C.

Method

Purpose

The goals of the present study were (1) to use
the LLTM to define the cognitive structure of an
algebra test involving linear equations with one
variable, and (2) to use the QA confirmatory ap-
proach to validate the hypothetical cognitive
structure of the test.

Development and Administration
of the Algebra Test

The first task was to construct the items of an

algebra test. Five textbook series (Brumfiel, Gold-
en, & Heins, 1986; Dolciani, Brown, & Cole,
1988; Dolciani, Sorgenfrey, & Graham, 1988;
Foster, Rath, & Winters, 1990; Price, Rath, &

Leschensky, 1989) were consulted regarding the
skills included in pre-algebra and algebra courses.
Based on this review, 15 items covering linear
equations were constructed and administered to
10 high school students using protocol analysis
(i.e., the examinees were asked to think aloud
while solving the equations).

Eight PRS were inferred by using the skills cov-
ered in the textbooks, the protocol data of the
10 students, and their actual problem solutions.
These PRs-denoted P1, P2, P3, P4, P5, P6, P7, and
Ps-are described in Figure 1. It was assumed
that each PR modeled part of the procedural
knowledge required to solve linear equations with
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Figure 1

Operations and PRs Relevant for the Solution
of Linear Equations With One Variable

one variable (Gagne, 1985; Lewis, 1981; Mayer,
1980; Sleeman, 1984).
A 29-item test was constructed according to

these PRs. Each item required the use of a par-
ticular combination of PRS to correctly solve the
equation. 14 of the possible combinations were
represented in the 29 items of the test. Table 1

shows the PRs needed to solve each item. Each
item required from two to six PRs applied in a
distinct sequence (e.g., for Item 7 Pi must be per-
formed before P8). It was assumed that these
combinations varied in level of difficulty depend-
ing on the number of PRS included. Two experts
(an algebra teacher and a mathematics education
professor) and a graduate student in mathematics
education evaluated the test to determine if the
items assessed the skills covered in the mathe-
matics curriculum for ninth grade.

The test was administered to 235 ninth

graders enrolled in introductory algebra classes
at two high schools during April, 1991. Stu-
dents were asked to show all work. The admin-
istration time was approximately 50 minutes,
equivalent to a class period.

Finally, the data were examined to en-

sure that the Rasch model assumptions of no
guessing and common discrimination were met.
In order to evaluate the assumption of no guess-
ing, the item response functions under the

three-parameter model using the low-scoring
examinees and the total group were inspected
(Mislevy & Bock, 1989). The likelihood ratio
test was employed to test the assumption
of common item discrimination parameters
of the test items (Andersen, 1973; Gustafsson,
1980).
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Table 1
Number and Sequence of PRs Required to

Solve the Items of the Algebra Test

LLTM Test Analysis
The weight matrix W and the examinees’

dichotomous item responses were used as input
for the LLTM computer program (Fischer &

Formann, 1972). Table 2 shows the 29 x 8 weight
matrix W, which contains the vectors of PRs re-
quired for solving each of the 29 items. Each ele-
ment in these vectors indicates the occurrence (1)
or nonoccurrence (0) of a given PR, k, in solv-
ing an item. Conditional maximum likelihood es-
timates of the 11 and 13* parameters were obtained
in this phase.

The LLTM program was used a second time

with W defined as an identity matrix. This for-
mat reflects the Rasch model structure as a spe-
cial case of the LLTM in which each item defines
a separate l1k and C is equal to 0 (Equation 1).
Conditional maximum likelihood estimates of the

J3s also were calculated under this model. The two
sets of J3s-those from the LLTM and from the
Rasch model-were compared using the condi-
tional likelihood ratio test (Andersen, 1973, 1980;
Fischer, 1973, 1974). This test indicates whether
the use of the LLTM results in different ~3 esti-

Table 2
Items and the W Matrix of the 29-Item Test

mates than those under the Rasch model. If so,
it provides justification for using the LLTM rather
than the simpler Rasch model.

Quadratic Assignment

QA procedures were used to determine whether
the hypothetical cognitive structure of the test (C
matrix) was present in the examinees’ actual item
solutions (Q matrix).

Defining the Q matrix. In general, the ele-
ments of Q represent a relationship of similarity
between every pair of items (x,y) of the test
(x,y = 1, 2, ..., n; x # y). Q is a n x n matrix
in which both the xth row and the xth column

refer to item x, and the entry in row x and column

y is denoted by q(x, y). It is also assumed that the
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diagonal elements are 0, q(x, x) = 0. Here the ele-
ments of Q indicated the extent to which the same
PRS were used by the examinees in solving a pair
of test items.

The elements of Q were computed in two
stages. First, because the examinees’ actual item
responses were considered in the definition of Q
the vectors of item responses for each examinee
were inspected in order to determine what PRS the
examinees actually used. For each examinee, every
step of the process of solving an equation was ex-
amined and compared with the vector of PRS pro-
posed for solving that particular item (Table 2).
If an examinee used a given PR, a value of 1 was
assigned (db = 1) to that rule for that item. A
particular PR was judged as being used in solv-
ing the item only when the examinee’s written
work in the test sheets showed its execution. A
value of 0 (db = 0) was assigned when the PR
was not used. Therefore, the selection variables
(i.e., the d values) described the examinee’s use or
nonuse of each of the eight PRS in solving an
item. A computer program stored the vectors of
PRS that each of the 235 examinees used to solve
the 29 items.

Secondly, the Q matrix elements were calculat-
ed. At this stage, for every examinee who solved
a given item there was a vector with Is and Os cor-
responding to whether the PRS were used or not
used by the examinee to solve that item. For ev-
ery pair of items (x,y where x # y) solved by an
examinee, the cross-product of the selection vari-
ables associated with each kth PR used was com-

puted (dkxdky) and multiplied by the corresponding
l1k. The l1S of the eight PRS were obtained from
the LLTM program. The result was a vector of m
values (dkxdky)l1k for that pair of items. These m
values were added, and the total represented the
measure of similarity between these two items.
This procedure was repeated for every pair of test
items solved by each examinee.

As a result, a given element q(x, y) of Q cor-
responding to the items x, y (x # y) was defined as

where

dkx and dky are selection variables (1,0) associated
with each kth PR,

l1k is the estimate of the kth &dquo;basic&dquo;

parameter,
m denotes the number of l1S (k = 1,

2, ..., 8), and
N denotes the number of examinees

Q was a 29 x 29 symmetrical matrix and its ele-
ments summarized the 235 examinees’ patterns of

responses to each pair of items as a function of
the eight l1S.

Defining the structure matrix, C. The structure
matrix C was also a 29 x 29 symmetrical matrix.
Its elements, denoted by c(x,y), contained the sum
of the cross-products of the weight vectors of the
W matrix. Thus, the elements were computed as
follows:

where Wkx and wky are the weights of the kth PR
in items x and y, respectively. Also, the diagonal
elements of C were set to 0. In C, for every pair
of distinct items, the weights of the eight PRS were
cross-multiplied. Because these weights were Is
and Os, the elements of C reflected the common
number of PRs required to solve every pair of
items. The elements of C are measures of the

similarity between every pair of test items. There-
fore, C postulates a hypothetical relationship be-
tween the test items based on the information of
W.

QA analysis of the Q and C matrices. Four QA
cases were analyzed to evaluate the correspon-
dence between the patterns of item responses ob-
served in various datasets (defined as Cases 1-4
below) and the cognitive structure of the test. Case
1 used the item responses of the total sample of
examinees (Qtotal). Case 2 was based on the item
responses of the low-scoring examinees (Qlow);
Case 3 was based on the item responses of the

high-scoring examinees (QrngJ. In Case 4, the em-
pirical pattern of responses of both subgroups was
compared (Qlow vs. Qh,,,I)’
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Of the 235 examinees, 12 examinees answered
all items correctly. The test mean was 23 with a
standard deviation (SD) of 5.38. 94 examinees
scored below the mean; these examinees constituted
the low-scoring subgroup of examinees. The mean
score of this subgroup was 17 with a SD of 5.22.
The high-scoring subgroup included 141 examinees;
their mean score was 27 and the SD was 1.48.

For Case 1, Qlolal was compared to the C
matrix. (The item responses of 235 examinees were
used in the QA analyses, but data from 223 of the
235 examinees were employed in the estimation of
the l1s). The elements of Q,.,, were computed as
described above (Equation 4). The elements of C
were defined as in Equation 5.

For Case 2, Qlow was compared to the C

matrix. The elements of Qlow were defined as in
Equation 4, but the sum was taken over the 94
examinees of the low-scoring subgroup. C was the
original structure matrix, and its elements were de-
fined as in Equation 5. A similar procedure was
used for Case 3, but the sum was taken over the
141 examinees in the high-scoring subgroup.

For Case 4, the low-scoring subgroup (Qlow)
was compared to the high-scoring subgroup. QBow
was defined as in Case 2, and the C matrix was

Qhlgh, as defined in Case 3. Thus, the C matrix
contained empirical information rather than a
hypothetical structure as in the previous QA anal-
yses. This was done to determine if the responses
of the examinees in the low-scoring subgroup
presented patterns similar to those of the high-
scoring examinees, here defined as C.

Anselin’s (1986) MICROQAP computer program
was used to perform the QA analyses. Using the
various Q and C matrices as the input data, the
MICROQAP program executed a series of random

permutations (up to 1,000), constructing an em-
pirical frequency distribution for the r test statis-
tic. In addition, MICROQAP computed the Z unit
normal and the Pearson Gamma III distributions
as reference distributions. In each of the QA cases,
the probability values associated with the Z dis-
tribution were used for determining the degree of
agreement between the elements of the various Q
and C matrices. If the probability values were less

than the level of significance (p < .05), the null
hypothesis that the rows and columns of Q were
assigned at random relative to the structure speci-
fied in C was rejected, and it was concluded that
the Q matrix reflected the hypothetical structure
of the C matrix.

Results

Evaluating the Rasch Model Assumptions

The item response functions of the test items
under the IRT three-parameter model using the
low-scoring examinees and the total sample
showed low guessing parameter values using both
datasets. Seven items had nonzero guessing
parameter estimates. The average guessing
parameter estimate of these items was approxi-
mately .12, with SD = .19. Due to content con-

siderations, these seven items were not eliminated
from the test. It was concluded that the minimum

guessing assumption was met.
The likelihood ratio test indicated nonsignifi-

cant differences in the item discrimination

parameters calculated using the low-scoring and
high-scoring examinees, and the total sample
(x128) = 40.37, p > .05). This implies that the as-
sumption of common item discrimination

parameters held; therefore, the 29-item test data
can be assumed to fit the Rasch model.

Estimates of the qs

Table 3 shows the estimates of the eight l1S and

’Iable 3

fi for the Eight PRs and
Their Standard Errors (SEs)
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their standard errors. These estimates are ex-

pressed on the Rasch model original metric
(Fischer, 1977, 1983). The mean of the 11 estimates
was -.54 with SD = .59.

Seven of eight 11 estimates were negative, rang-
ing from -.253 to -1.710, with the latter occur-
ring for P6, which deals with execution of
arithmetic operations inside of parentheses. Only
P2, which refers to the multiplication of similar
elements, obtained a positive estimate (11 = .477)
and, therefore, had the highest difficulty value
of the l1S. The standard errors of the l1S ranged
from .104 to .179 indicating an acceptable preci-
sion of the estimates.

The 11 estimates indicated that the PRS con-
tributed differently to the (3*. Because the solu-
tion of a test item involved a particular
combination of PRS as shown in the W matrix

(Table 2), the difficulty of the items depended on
the sum of the l1S associated with the PRS (Equa-
tion 1). As expected, a general pattern was found:
Item difficulty increased as a function of the
number of PRs required to solve the item.

However, there was some overlap between the
difficulty estimates associated with the items that
included three and four PRS.
On the other hand, Table 4 shows that the

conditional likelihood ratio test between the

(3s obtained under the LLTM and the Rasch model
yielded significant results (’Xi28) = 209.26,
p < .05). This indicates that the J3s obtained
through the LLTM were significantly different
than those computed using the Rasch model.
Because the likelihood ratio test gives an overall
goodness-of-fit measure, this implies that the
LLTM accounted for the item difficulties differ-

ently than did the Rasch model.

Quadratic Assignment

The descriptive statistics of the Q matrices and
the C matrix are shown in Table 5.

Case 1-Q~o~a, vs. C. The elements of Total
are shown in the upper triangle of Table 6. All
elements of Total were negative. This was a direct
effect of the fact that seven of the eight l1S were
negative. The size of the Qtotal elements depended

Table 4
LLTM (3* and Rasch Model 13 Item Difficulty

Estimates and Their Differences ((3 - (3*)

on the contribution of the examinees’ responses
based on the PRs and of the l1S associated with
these PRS (Equation 4). The elements ranged
from -28 to -386 with a mean of -202.2 and SD
of 74.13.

The structure matrix C representing the

hypothetical cognitive structure of the test is
shown in the lower triangle of Table 6. The mean
was 1.91 with SD = 1.13. The values of the
elements in C ranged from 0 to 6, indicating the
number of PRs required in solving every pair of
test items. For instance, a value of 0 meant that

Downloaded from the Digital Conservancy at the University of Minnesota, http://purl.umn.edu/93227.  
May be reproduced with no cost by students and faculty for academic use.  Non-academic reproduction  

requires payment of royalties through the Copyright Clearance Center, http://www.copyright.com/ 



126

Z’able 5
Mean and SD of the Q and C Matrices
and Number of Examinees (N) Used in
the Computation of the Q Matrices

the two items were solved using different PRS-
that is, there were no common PRS between those
items. A value of six indicated that the solution
to the two items involved six common PRS.

The initial ordering of Qtotal when compared
with C yielded an observed r value of -352,326.
This value exceeded the largest value of the r in
the sample of 1,000 random permutations
(p < .05). The normalized value of r was -4.99,
which was significant using the Z unit normal dis-
tribution as a reference distribution (p < .05).
The correlation between Total and C (provided
by MICROQAP) also was significant (r = -.58,
p < .05). These results indicated that the null
hypothesis of random matching of the two
matrices was rejected. Thus, the alternative

hypothesis of matching based on a substantive
relationship between these matrices was accepted.

Case 2-Q,oW vs. C. The elements of Q,ow
ranged from -7.9 to -126.3; the mean was -65.33
with SD = 24.5. The initial ordering of Q,ow
when compared with C yielded an observed r
value of -113,032, and a normalized r of -4.66.
The correlation between the matrices was -.53.
The probability values associated with the refer-
ence distributions of r based on the randomiza-
tion procedure and the Z distribution were .01
and 0.00, respectively, permitting rejection of the
null hypothesis of random matching between the
elements of QBow and the original structure matrix
C ( p = .05).

Case 3-Qh,gh vs. C. The mean of the Qh,gh
matrix elements was -136.9 with SD of 50.57. The
elements ranged from -18.4 to -287.1. The QA
results showed an observed r index of -239,294
and a correlation between Qh,gh and C of -.59.
This observed value of r again fell in the critical

region of the Z distribution. Thus, the null

hypothesis of random matching between both
matrices also was rejected at p = .05.

Case 4-Q,.,, vs. C (defined as Q,&dquo;g,,). An

observed association index r of 8,211,410 was ob-
tained between Qiow and the C matrix based on
Qh~gh· This was the largest r value obtained and
was due to the large element values of the two
matrices. The correlation between QBow and C
here was .94, which was also the highest correla-
tion obtained. The probability values associated
with the reference distributions of the r index
showed values close to 0.00, and hence were sig-
nificant at p = .05; the null hypothesis of ran-
dom matching between the two matrices also was
rejected.

Discussion

The significant agreement between Q,.Ial
and C (Case 1) suggests that the patterns of item
solutions of the total sample of examinees re-
flected the hypothetical structure in the C matrix.
This was also true for the low- and high-scoring
subgroups. The cognitive structure of the test
represented by C was reflected in how both
the low- and high-scoring examinees solved the
test items. Therefore, the correspondence between
Q and C indicated that the examinees actually
used the operations defined under the LLTM
framework.

Because the elements of C were based on
information in W, and Q reflected the structure
of C, it can be concluded that Q also reflected
the structure of W. The cognitive structure of the
test was validated using QA procedures; that is,
the examinees actually used the hypothesized
cognitive rules. Consequently, W described the
operations required to solve the test items, and
the l1S based on this structure represented these
operations.

Because of the nature of the skills involved in

solving the equations, it was expected that there
would be some correspondence between Q and
C. There was a set of eight specific rules to be
used, and the evaluation of the examinees’ per-
formance was contingent on these rules. In the
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present study, the use of the algorithm for solv-
ing linear equations did not provide substantial
individual deviations from the hypothetical
model proposed.

For example, the high- and low-scoring ex-
aminees solved the equations in similar ways. The
strength of this similarity was influenced by the
differential weights of the PRS. Similarity be-
tween the Qlow and Q,,., matrices would have in-
dicated agreement in the solution of the items
that involved more difficult rules (i.e., rules with
high values in the l1s). A low degree of agreement
would have indicated correspondence in the so-
lution of items with rules with low l1S. Thus, the
correspondence between these matrices was con-
tingent on the relative importance of the PRS in
the solution of the items as indicated by the ns.
They represented different relative weightings of
the PRS involved in the solution of the items, and
contributed to the degree of similarity between
the pattern of responses of both groups.

This agreement between the responses of the
low- and high-scoring subgroups also could have
been influenced by the fact that the overall per-
formance of these groups in the test was relatively
high. The mean scores of the low- and high-
scoring subgroups were 17 and 27, respectively
[i.e., approximately 1 SD (5.38) below and 1 SD

above the mean of 23, respectively]. Thus, the
performance of the low-scoring examinees was
not that poor compared to the high-scoring ex-
aminees. This might be the effect of training in
the skills involved in solving the equations, the
nature of the algebraic algorithm tested, or the
period of time when the test was administered
(i.e., close to the end of the academic year). This
suggests that the QA procedures might be more
useful in earlier stages of the learning process to
determine if the cognitive rules are used.

Finally, the results of this study showed that
the set of eight PRs proposed was a valid

representation of how the examinees solve linear
equations with one variable. This supports the
role of the l1S as indicators of the contribution
of each PR to the item difficulties, as well as the
relative difficulty of each PR in the item solu-

tions. Thus, the l1S can be employed as guidelines
for constructing new test items. Having PRS that
represent how the items are solved and l1S at-
tached to each gives the test developer valuable
information for constructing items in the domain
of solving linear equations. For instance, the test
developer may use the values of the l1S to guide
the writing of items with specific difficulty lev-
els. These new items should then have difficulty
parameters based on the particular combinations
of PRs required to solve them.

In addition, the connection between the LLTM
and the cognitive psychology notion of PRs used
for representing the procedures for solving a
mathematical task provides the theoretical frame-
work for developing achievement tests with simi-
lar approaches. Other cognitive components or
operations could be defined from mathematics
education theories (e.g., Carpenter, Moser, &

Romberg, 1982; Van Hiele, 1986) and used to con-
struct items, define a W matrix, analyze the items
using the LLTM framework, and validate this
structure using QA techniques.

In this research, the LLTM and QA techniques
were used as complementary procedures rather
than as competitors. The findings of the QA
analyses illuminate one of the most critical issues
of the application of the LLTM-the definition
and validation of the cognitive structure of the
test (the W matrix). The LLTM permits the
researcher to specify a priori the theoretical struc-
ture of the test. This structure is taken as the

&dquo;true&dquo; structure because the model does not pro-
vide a means to validate it. However, the QA
paradigm gives the researcher a statistical tool for
confirming the presence of this structure in the
examinees’ responses to the test items. The QA

procedures permit the incorporation of the infor-
mation about what operations the examinees
used in solving the items, and comparison with
the researcher’s theoretical structure of the test.

Consequently, the validation of the cognitive
structure of the test provides evidence for sup-
porting the l1S as a numerical description of the
difficulty of the operations included in the W
matrix. Researchers interested in designing tests
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that assess cognitive components to a fine degree
of specificity should consider the benefits of ap-
plying both the LLTM and QA to test construction
and analysis.
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