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Robustness of Marginal Maximum Likelihoo
Estimation in the Rasch odel

Aeilko H. Zwinderman and Arnold L. van den Wollenberg
University of Nijmegen

Simulation studies examined the effect of misspeci-
fication of the latent ability (&thetas;) distribution on the ac-
curacy and efficiency of marginal maximum likelihood
(MML) item parameter estimates and on MML statistics
to test sufficiency and conditional independence. Re-
sults were compared to the conditional maximum like-
lihood (CML) approach. Results showed that if &thetas; is as-
sumed to be normally distributed when its distribution
is actually skewed, MML estimators lose accuracy and

efficiency when compared to CML estimators. The ef-
fects are not large, though they increase as the skew-
ness of the number-correct score distribution increases.
However, statistics to test the sufficiency and condi-
tional independence assumptions of the Rasch model
in the MML approach are very sensitive to misspecifi-
cation of the &thetas; distribution. Index terms: ability dis-
tribution, conditional likelihood, efficiency, goodness
of fit, marginal likelihood, Rasch model, robustness.

Estimation of the item parameters of the Rasch model and of the parameters of the latent ability (0)
distribution by means of marginal maximum likelihood (MML; see Bock & Aitkin, 1981; Rigdon &
Tsutakawa, 1983) is considered to be equivalent to estimation of the item parameters by means of
conditional maximum likelihood (CML) and estimation of the parameters of the 0 distribution according
to methods described by Andersen and Madsen (1977; see Thissen, 1982).

In simulation studies, CML estimates of the item parameters were found to be equal to MML estimates
for all practical purposes (see Thissen, 1982). However, this is only true when the Rasch model holds
and when the assumed 0 distribution is valid.

In the conditional approach, the item parameters and the parameters of the 0 distribution are estimated
separately. The item parameters are estimated by means of the conditional likelihood of the item responses
given number-correct scores. These conditional estimators are consistent and asymptotically normally
distributed, with an asymptotic covariance matrix that can be estimated from the information matrix. The
parameters of the 0 distribution are estimated by means of the population likelihood as defined by Andersen
and Madsen (1977), given the conditionally estimated item parameters and given some assumed density
function of the 0 distribution.

In contrast to the conditional approach, the item parameters and the parameters of the 0 distribution
are estimated simultaneously in the marginal approach. In the marginal approach, the person parameters
are considered to be independent identically distributed random variables with density <1>(8). The item
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parameters and the parameters of (~(0) are estimated by means of the marginal likelihood (see Rigdon &

Tsutakawa, 1983). Although a rigorous proof is unknown to the present authors, the marginal estimates
are consistent and are asymptotically normally distributed (see Bock & Aitkin, 1981).

The marginal approach has some advantages. It can be used to estimate the parameters of the two-
and three-parameter models (among others), whereas the conditional approach can only be used within
the Rasch model. Furthermore, the marginal approach can easily be extended to estimate the parameters
in designs with structurally empty cells. Moreover, the estimation of the person parameters is handled
elegantly. Instead of (unstable) point estimates, posterior distributions can be obtained.

The marginal approach is, in principle, more efficient than the conditional procedure. The standard
errors (SES) of MML estimators of the item parameters are smaller than the SES of CML estimators. This
is because the information about the item parameters contained in the density of the conditioning statistic
is not used in the conditional approach. The number-correct scores are not ancillary (see Rao, 1975) to
the item parameters (Andersen, 1970). In contrast to CML estimates, MML estimates are fully efficient.
Of course, this is only true when the model holds.

A serious disadvantage of the marginal approach is its dependence on the assumed 0 distribution.
Although the distribution can be of any type, provided it has a finite number’of parameters, normal
densities are ordinarily used (see Bock & Aitkin, 1981; Bock & Lieberman, 1970; Mislevy, 1984; Rigdon
& Tsutakawa, 1983; Thissen, 1982). If such an assumed 6 distributions is invalid, it will affect both, the
accuracy and the efficiency of the estimates. Moreover, it will affect the statistics used to test the fit of
the Rasch model.

As the item parameters and the parameters of the 0 distribution are estimated separately in the
conditional approach, the assumptions pertaining to the Rasch model can also be tested independently
from testing the assumption pertaining to the distribution of 0 ~ In the conditional approach, the estimation
of the item parameters is independent of the actual values of the person parameters, and hence of the
distribution of 6. The statistics used within the conditional framework are also independent of the person
parameters, as they are functions of the estimated item parameters only; hence they can be used to test
the specific assumptions of the Rasch model independently of any assumption concerning the 0 distribution.

Several statistics have been developed to test the assumptions of the Rasch model within the con-
ditional approach (Andersen, 1973; Glas, 1988; Martin-Lof, 1973; van den Wollenberg, 1982). The T
statistic developed by Nlartin-L&reg;f (1973) is a Pearson chi-square statistic comparing the observed and
expected number of persons responding correctly to an item given the number-correct score:

where k is the number of items,
r is the index of number-correct score groups,

dr is a vector of length k with elements nr, - nr-rri.r9
nrl is the observed number of persons with score r who respond correctly to item i,
nr is the observed number of persons with score r, and

~r;.r is the estimated conditional probability of responding correctly to item i conditional on score
r.

Vr is a matrix of order k x k with elements
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with

and

where ê is the vector of item easiness parameters,
&dquo;Iris the basic symmetric function of 9 of order r, and

’Y~¡21 and ~y;.t=’2 are the first-order and second-order partial derivatives of yr with respect to Fi and Ej,
- 

respectively. (For a detailed discussion of the basic symmetric functions, see Verhelst,
Glas, & van der Sluis, 1984.)

T is asymptotically chi-square distributed with (k - 1)(k - 2) degrees of freedom if the number of persons
with score r is large for all r. If the latter is not the case, adjacent score groups can be grouped together.
T’ is especially sensitive to violation of the sufficiency assumption in the Rasch model (see van den
Wollenberg, 1982).

In the marginal approach, the item parameters and the parameters of the 0 distribution are estimated
simultaneously. This means that the assumptions pertaining to the Rasch model cannot be tested inde-
pendently of testing the assumption pertaining to the 0 distribution. Glas (1988) developed two statistics
for the marginal approach for testing the assumptions pertaining to the Rasch model (i.e., the sufficiency
assumption and the assumption of conditional independence). His first statistic, Rim, is comparable to the
statistic developed by Nlartin-L&reg;f and is meant to test the sufficiency assumption of the Rasch model:

,._,

where d, is a vector of length k with elements nr; - N4t~;,
N is the total number of persons in the sample,
*~; is the estimated marginal probability of score r and a correct response on item i,

E(Na) is the expected number of persons with zero number-correct score,
do is the deviation between the observed and the expected number of persons with zero score,

E(lVk) is the expected number of persons with a perfect score, and
dk is the corresponding deviation between the observed and the expected number of persons

with a perfect score.
V, is a matrix of order k x k with elements defined as for T evaluated with the estimated marginal
probabilities:

with

Downloaded from the Digital Conservancy at the University of Minnesota, http://purl.umn.edu/93227.  
May be reproduced with no cost by students and faculty for academic use.  Non-academic reproduction  

requires payment of royalties through the Copyright Clearance Center, http://www.copyright.com/ 



76

and

where <j>(alp.&dquo;Ô&dquo;2) is the density function of 0 with estimated mean 11 and variance Ô&dquo;2,
~; is the estimated item difficulty, and
ei = exp(ex¡).

Rim is asymptotically chi-square distributed with k(k - 2) degrees of freedom.
In the marginal approach, statistics to test the Rasch model assumptions depend on the assumed 0

distribution. The 0 distribution can be handled in a number of ways. In general, the integral involved in
the marginal likelihood can be evaluated to any degree of accuracy for any reasonable 0 distribution.
One approach is to use Simpson’s rule, which requires the specification of a number of suitably chosen
quadrature points. In practice, nonnal 0 distributions are usually assumed, in which case Gauss-Hermite
quadrature points and weights are used to evaluate the integral involved in the marginal likelihood.
However, in general the 0 distribution is completely unknown in practice.

In the Gauss-Hermite approach, the points and weights are fixed. Bock and Aitkin (1981) introduced
an approach in which the quadrature weights are estimated by means of maximum likelihood. The weights
represent the height of the density curve at the corresponding quadrature points and are updated in each
iteration. This represents a nonparametric approach to estimating the 0 distribution. However, such a
procedure does not necessarily lead to convergence (see Mislevy & Bock, 1984), and in the present
authors’ experience convergence frequently does not occur.

In most cases, application of the marginal estimation approach will be restricted to assuming a normal
0 distribution. Usually, a normal distribution seems to be a reasonable approximation. However, if a test
is used to select a small group of low- or high-0 persons from some population, items will be used that
have easiness parameters in the vicinity of the cutoff point. In such cases the distribution, given the items,
will be skewed.

This study addressed the question of how much the accuracy and the efficiency of MML item parameter
estimates are affected by assuming a normal 0 distribution when the actual 0 distribution is skewed. The
effect of assuming an invalid 0 distribution on the R 1m statistic was also examined. The results are

compared to the conditional approach.

Method

Data Generation

A number of data matrices were generated containing dichotomous responses of 4,000 simulees on
a varying number of items. In the generation program, item parameters were input as fixed parameters
(input parameters). By means of IMSL (1982) routines GGUBS and GGEXN, simulee parameters were
sampled from the standard normal or exponential distributions. The exponential distribution is skewed
depending on its mean (~ra). The probability density function is f(x) = 1/in exp(x/m), with 0 % x < 00 and
0 < m < 00, and 0 otherwise.

By means of these simulee and item parameters, response probabilities were obtained according to
the basic formula of the Rasch model. These response probabilities were converted into binary manifest
responses by means of random numbers sampled from a uniform distribution with domain (0,1). For each
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simulee-item combination, such a random number was obtained by the IMSL routine GGUBS. A manifest
response was considered positive when the probability exceeded that random number and negative other-
wise.

CML and MML estimates of the item parameters were first compared with respect to accuracy and
efficiency for the case in which 0 parameters were sampled from the standard normal distribution [~T(0,1)]
and 0 was assumed to be normally distributed [N(¡..t.,a2)]. The number of items varied (5, 10, or 15), and
the item parameters were spaced equidistantly over the ranges ( - 3,3) or ( -1,1) with mean item difficulty
0. In this case, neither the assumptions pertaining to the Rasch model nor the assumption pertaining to
the 0 distribution were violated.

Both estimation methods were then compared for the case in which simulee parameters were sampled
from exponential distributions, while in the MML approach a normal distribution [N(¡..t.,a2)] was assumed.
Depending on the item parameters, sampling from exponential distributions will result in skewed number-
correct score distributions, with a larger skewness corresponding to a larger mean of the exponential
sampling distribution. Samples were drawn from three exponential distributions with mean equal to 1,
5, or 10 respectively. The resulting number-correct score distributions were lightly, moderately, and
extremely skewed respectively. Again, the number of items varied (5, 10, or 15) and the item difficulties
were equidistantly distributed over the ranges ( - 3,3) or ( -1,1 ) with mean item difficulty 0. In this case,
the assumptions pertaining to the Rasch model were not violated but the assumptions pertaining to the 0
distribution were violated.

The range ( - 3,3) over which the item parameters were distributed represents a rather extreme case.
Usually, the parameters will be distributed over a smaller range. The simulations were thus repeated for
item parameters distributed over the range ( -1,1 ) .

Analysis

For each data matrix, conditional and marginal estimates of the item parameters were obtained and
the SES were computed. The IVIartin-L&reg;f (1973) T test and the Glas (1988) R,m test were also computed.
The CML item parameters were obtained using the computer program PML (Gustafsson, 1979); the MML
item parameter estimates were obtained simultaneously with the estimates of the mean and the variance
of the 0 distribution using the computer program RIDA (Glas, 1989).

The mean of the input item parameters was 0. In order to express the estimates of the item parameters
on the same scale as the input item parameters, the estimates of the item parameters were normed such
that their means also equaled 0. SES were computed as the square root of the inverse of the estimated
information matrix. The simulations were replicated 50 times. The accuracy of the item parameter estimates
was determined by means of the square root of the mean squared difference (RMSD) between the input
parameters and the estimates averaged over the replications. The RMSDS can be interpreted as the true
SES of the item parameters:

where «i is the input or true parameter of item i, and a,S is the corresponding estimate in replication
(s = 1, ..., 50). The RMSDS were averaged over all items in the matrix.

Possible bias in the estimates cannot be determined directly from the RMSD. Bias of the estimates
is contaminated with the efficiency of the estimates. If the estimates are biased, the index will be large,
which is also true if the variance of the estimates is large. However, if the RMSDS are compared with the
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SES of the item parameter estimates (estimated from the information matrix), then bias can be inferred
from this comparison.

Results

Normal Ability Distribution

Table 1 gives the RMSDs between the input parameters and the CML and the MML estimates of the
item parameters, and the estimated SES of the item parameters averaged over replications and items. The
RMSDs between the CML and MML estimates and the input parameters vary from .035 to .05. Although
the RMSDS of the MML estimates were smaller than the RMSDS of the CML estimates in all cases, the

differences are negligible. The RMSDS seem to be large, but the estimated SES of the estimates are of the
same order. In fact, the RMSDs between the estimates and the input parameters are almost totally explained
by the estimated variances of the estimates. Hence the estimates seem to be unbiased.

Both the RMSDs and the estimated SES of MML estimates are smaller than the RMSDs and the estimated

SES of CML estimates. This reflects the fact that in the conditional approach the information with respect
to the item parameters, contained in the density of the conditioning statistic, is not used.

The RMSDS between CML and MML estimates are very small. Mean RMSDs are less than 0 1. Therefore,
when simulee parameters are sampled from the standard normal distribution and a normal 0 distribution
is assumed in the MML method, MML and CML estimates of the item parameters are virtually equal. This
was also true of Martin-L6f’s (1973) T’ and Glas,’ (1988) ~,&dquo;,. Based on these test statistics, two to three
times out of the 50 replications, the model was rejected. In each case, both statistics rejected the model.

Skewed Ability Distribution

CML and MML were compared for simulees sampled from extremely, moderately and lightly skewed
distributions, while a normal 0 distribution was assumed in the marginal approach. Sampling from the
exponential distribution (with varying mean parameter) yielded number-correct score distributions with
(averaged) skewness of - 2.01, - .80, and - .15 respectively. Figure 1 shows these three score distri-
butions for a 15-item test graphed together with the score distribution resulting from sampling from the
standard normal distribution.

Table 2 presents the RMSDS between the input parameters and the CML and MML estimates for item
parameters distributed over the range ( - 3,3), as well as the averaged sES. These RMSDS vary considerably
more than those found for the data with simulees sampled from a standard normal distribution. The RMSDS
between MML estimates and input item parameters are as large as .20 to .30 for the extremely skewed

Table 1
RMSD Between CML and MML Item Parameter Estimates and the Input

Parameters, Average Estimated Standard Errors of the Item Parameter
Estimates, and RMSD Between CML and MML Estimates for Item Parameter

Ranges of a -1 to 1 and -3 to 3, for Tests of k - 5, 10, and 15 Items
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Figure 1
Score Distributions for a 15-Item Test

distribution. For the moderately and lightly skewed distributions, they are much smaller. The RMSDS
between CML and MML estimates are of the same order of magnitude as the RMSDS between the MML
estimates and the input item parameters.

Note that the RMSDs between the CML estimates and the input item parameters are rather large as
well. This can be explained by the loss of information due to the large number of simulees giving a
correct response to all items. This number varied from 75% of the total number of simulees for a five-
item test with an extremely skewed distribution to only a few percent for a 15-item test with a lightly
skewed distribution. This loss of information is reflected in the large estimated SES of the estimates.

The large RMSDS for the MML estimates can be explained only partially by the large estimated SES
of the MML estimates. The RMSDS for the extremely skewed distributions are two to three times as large
as the corresponding estimated SES. Moreover, the estimated SES of the MML estimates are larger than
those for the CML estimates for the extremely skewed distributions. Hence the use of an invalid 0
distribution leads to a loss of efficiency for the marginal estimates. Furthermore, the marginal estimates
are biased whenever the discrepancy between the assumed and the actual 0 distribution is large.

Based on the T statistic in the conditional approach, the model was rejected in two to three cases
out of 50 replications for all simulations. However, based on the RIm statistic in the marginal approach,
the model was rejected in 50 cases out of 50 replications for all k and for all three skewed distributions.
Obviously, R,&dquo;, is very sensitive to violation of the assumed 0 distribution. Even when the skewness of
the number-correct score distribution was only .15 (lightly skewed), RIm showed a rejection of the model
in 100% of all cases.

Narrow Range of Item Difficulty

The corresponding RMSDS and averaged SES for this set of simulations are also given in Table 2.
The RMSDS are much lower than obtained for the ( - 3,3) range for cases with very easy and difficult
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Table 2

RMSDs Between CML and MML Item Parameter Estimates and the Input Parameters,
Average Estimated Standard Errors of the Item Parameter Estimates, and RMSD
Between CML and MML Estimates for Extremely, Moderately, and Lightly Skewed

Score Distributions, for Tests of k - 5, 10, and 15 Items, and for Item
Parameter Distributions of a - -3 to 3 and -1 to 1

items, although the MML estimates still show larger RMSDS than CML estimates. Moreover, the RMSDS
between MML estimates and input parameters remain very large for the extremely skewed distributions.

The estimated SES indicate that MML estimates still seem biased for this situation, although the bias
is smaller. The RMSDs between CML estimates and input parameters are of the same order as their estimated
SES, whereas the RMSDS between MML estimates and input parameters are larger, especially for the
extremely skewed distributions. Note that the estimated SES of the MML estimates are smaller than those
of the CML estimates.

In these simulations as well, the model was rejected by the T statistic in the conditional approach
in two to three cases out of 50 replications. Based on the Rim statistic in the marginal approach, the model
was rejected in 100% of the replications for the extremely and moderately skewed distributions. For the
lightly skewed distributions, the model was rejected in 80% of all replications.

Conclusions

The MML estimation method in the Rasch model has some attractive advantages over conditional
estimation. The method can be applied in a variety of models and the estimates, in principle, are more
efficient. However, these advantages are obtained at the cost of the additional assumption regarding the
distribution of 0 in the population. Violation of this assumption leads to a loss of efficiency and bias in
the estimates. The bias and the loss of precision, relative to the conditional estimates, is not large when
the violation is not too large.

More seriously, however, violation of the distribution assumption prohibits the testing of the as-
sumptions of the Rasch model. Statistics developed for the marginal approach to test the sufficiency and
conditional independence assumptions of the Rasch model depend very much on the validity of the
assumed 0 distribution. Even when the actual distribution is only lightly skewed, assuming a normal 0
distribution will lead to rejection of the model based on these statistics.
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Therefore, the use of R,m and similar statistics to test the sufficiency and conditional independence
assumptions of the Rasch model in the marginal framework requires that the assumed 0 distribution has
already been tested carefully. However, this requirement may be impossible to fulfill. Just as testing the
assumptions of the Rasch model is not independent of testing the assumption on the 0 distribution in the
marginal framework, the reverse is also true. The assumption on the 0 distribution is intertwined with
the assumptions of the Rasch model in the marginal framework.

This is not so in the conditional framework. The assumptions of the Rasch model can be tested
independently from any assumption on the distribution of 0. Any assumption on the 0 distribution can
be tested using methods suggested by Andersen and Madsen (1977). In their approach, the parameters
of an assumed 0 distribution are estimated given the conditionally estimated item parameters. The fit of
the assumed 0 distribution can be tested using the likelihood ratio of the observed numbers of examinees
with score r (r ~ 0, ..., k) against the expected numbers under the assumed 0 distribution (see Andersen
& Madsen, 1977).

The Rasch model imposes strong restrictions on the data, and these deserve careful testing. Only
the conditional approach enables testing of the assumptions of the Rasch model independently of the
assumption of the 0 distribution.
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