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Abstract

The purpose of this thesis is to examine the role of electrostatic images in determining

the capacitance and the structure of the electrostatic double layer (EDL) formed at the

interface of a metal electrode and an electrolyte. Current mean field theories, and the

majority of simulations, do not account for ions to form image charges in the metal

electrodes and claim that the capacitance of the double layer cannot be larger than that

of the Helmholtz capacitor, whose width is equal to the radius of an ion. However, in

some experiments, and simulations where the images are included, the apparent width

of the capacitor is substantially smaller.

Monte Carlo simulations are used to examine the interface between a metal electrode

and a room temperature ionic liquid (RTIL) modeled by hard spheres (the “restricted

primitive model”). Image charges for each ion are included in the simulated electrode.

At moderately low temperatures the capacitance of the metal/RTIL interface is so large

that the effective thickness of the electrostatic double-layer is up to 3 times smaller

than the ion radius. To interpret these results, an approach is used that is based on

the interaction between discrete ions and their image charges, which therefore goes

beyond the mean-field approximation. When a voltage is applied across the interface,

the strong image attraction causes counterions to condense onto the metal surface to

form compact ion-image dipoles. These dipoles repel each other to form a correlated

liquid. When the surface density of these dipoles is low, the insertion of an additional

dipole does not require much energy. This leads to a large capacitance C that decreases

monotonically with voltage V , producing a “bell-shaped” C(V ) curve. In the case of

a semi-metal electrode, the finite screening radius of the electrode shifts the reflection

plane for image charges to the interior of the electrode resulting in a “camel-shaped”

C(V ) curve, which is parabolic near V = 0, reaches a maximum and then decreases.

These predictions are in qualitative agreement with experiment.

A similarly simple model is employed to simulate the EDL of superionic crystals.

In this case only small cations are mobile and other ions form an oppositely charged

background. Simulations show an effective thickness of the EDL that may be 3 times
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smaller than the ion radius. The weak repulsion of ion-image dipoles again plays a cen-

tral role in determining the capacitance in this theory, which is in reasonable agreement

with experiment.

Finally, the problem of a strongly charged, insulating macroion in a dilute solution

of multivalent counterions is considered. While an ideal conductor does not exist in the

problem, and no images are explicitly included, simulations demonstrate that adsorbed

counterions form a strongly correlated liquid of at the surface of the macroion and acts

as an effective metal surface. In fact, the surface screens the electric field of distant

ions with a negative screening radius. The simulation results serve to confirm existing

non-mean-field theories.
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Chapter 1

Introduction

1.1 Historical perspective

Upon heating table salt (NaCl) to over 800◦C the coulomb attraction between oppositely

charged ions, Na+ and Cl−, is overcome by the thermal energy and the once solid crystal

melts into a molten salt. Unlike aqueous electrolytes, molten salts do not contain solvent

molecules; only ions are present. Molten salts have been extensively studied over the

past 200 years. In 1807, Sir Humphry Davy used the electrolysis of a molten salt

(KOH) to isolated Potassium (K) for the first time [1]. During WWII, German scientists

developed a thermally activated battery that used a molten salt as its electrolyte [2];

this technology was instrumental in the operation of the infamous V-2 rocket, providing

electrical power to its guidance system. More recently, and more peacefully, molten

salts have been put to use as a medium for storing solar energy as heat [3]. As useful

as they are, the potential technological impact of molten salts is limited given the high

temperatures needed to keep them in the liquid state.

The high melting temperature of traditional molten salts is a product of the strong

coulomb attraction between their small ions with diameter a ≈ 2Å. In 1914 Paul Walden

reported the synthesis of a molten salt, ethylammonium nitrate, that has larger ions

a ≈ 5Å, and a correspondingly low melting temperature of 12◦C [4]; unfortunately it

was not stable when exposed to air or water. New synthesis techniques developed in

the 1990s [5, 6] gave experimentalists access to a plethora of stable molten salts with

the vital properties intact, large ions and low melting temperatures. These new molten

1
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salts are commonly refereed to as room temperature ionic liquids (RTILs) [7]. RTILs

had a powerful influence on research; before the year 2000, there were approximately

150 journal articles that contained the phrase, “ionic liquid”, while in the last 11 years

there have been approximately 9000 [8]. Much of this research was focused on the use of

RTILs as green, designer solvents; green, because with negligible vapor pressure (∼ 10−5

bar), they do not emit volatile organic compounds, and designer because today there

are thousands of cation-anion combinations from which to choose [9, 7].

Beyond their use as solvents, the new RTILs are ideally suited for any use where

a thin or intensely concentrated layer of ionic charge is required. This is due to their

maximal electrolyte density. Further, these new RTILs have a larger than normal elec-

trochemical stability window (some do not breakdown until 6V ), and reasonable con-

ductivity (∼ 10 mS/cm) [10]. Applications range from electrochemical capacitors and

batteries [10] to gating new electronic materials [11]. In each of these application, ratio-

nal design advancements hinge on understanding the nature of the interface between a

RTIL and a metallic electrode. This region is known as the electric double layer (EDL)

of the electrochemical capacitor and can be experimentally probed by measuring its

differential capacitance, C(V ) = dQ/dV .

In a conventional double-plate capacitor, where metal electrodes of area S are sep-

arated by an insulator of width d and dielectric constant ε, the capacitance1 is given

by, C = εS/4πd. In an electrochemical capacitor, depicted in Fig. 1.1, the intervening

medium is actually a conductor (i.e., an electrolyte) with finite resistivity ρ; however,

both ionic and electronic currents are blocked at the electrode-electrolyte interface. Ap-

plying a voltage V across the electrodes produces an electric field that polarizes the

electrolyte, driving cations and anions toward opposite electrodes. Due to the blocking

nature of the electrodes, ions pile up at the electrodes forming an electric double-layer

(EDL). For simplicity we first assume that the cations and anions of the electrolyte have

the same diameter a, and magnitude of charge e (the elementary charge). Additionally,

while an electrochemical capacitor has two EDLs in series (see Fig. 1.1), one at each

electrode, we will concentrate on just one EDL, with voltage measured relative to the

distant bulk of the electrolyte.

Despite the potential applications, and the simplicity of the system, experimental

1 Gaussian units will be used through out this thesis unless otherwise specified
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V

-Q

+Q

a

Figure 1.1: Schematic view of an electrochemical capacitor with applied voltage V ,
electrode charge |Q|, and ion diameter a; the ions’ scale is exaggerated for clarity. A full
layer of ions is condensed on each electrode forming a thin electric double layer (EDL)
with maximal capacitance, CH , the Helmholtz capacitance. The total capacitance of
the system is given by the two EDL capacitors in series, C = CH/2. The gray area
represents the neutral bulk of the electrolyte

measurements of the capacitance as a function of voltage, C(V), have only recently

become available for the electrode/RTIL interface [10]. An analytic prediction for the

C(V) curve was also conspicuously absent [12]. The Gouy-Chapman-Stern (GCS) theory

[13, 14, 15], which was derived for dilute electrolytes nearly a century earlier, was used

to predict the capacitance at the electrode/RTIL interface.

The GCS theory is based on a solution to the nonlinear Poisson-Boltzmann (PB)

equation. As a mean field theory, PB theory operates in the limit when e→ 0, i.e., the

discreetness of charge is eliminated. It is instructive to examine both the high and low

voltage limits of this curve. At low voltages, eV ≪ kBT , the linear expansion of the

GCS capacitance gives a transparent result, CGCS ≈ εS/rDH , where

rDH =

√
εkBT

4πe2N
(1.1)

is known as the Debye-Hückel screening length of the electrolyte. Here N is the very

small concentration of ionized (separated) anions and cations of the electrolyte, T is the

temperature, and kB is the Boltzmann constant. At small voltages, the average distance

at which the neutralizing charge resides is rDH . When eV ≪ kBT , rDH is large and
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the capacitance is very small. In the opposite limit, V ≫ kBT , all of the neutralizing

charge collapses into a single, uniform, layer forming a very thin capacitor of width a/2,

the radius of the electrolyte ions. The resulting capacitance,

CH =
εS

2πa
, (1.2)

is known as the ”Helmholtz capacitance”. In 1853, Helmholtz envisioned this to be the

maximal capacitance for the EDL [16, 17].

Although useful for dilute electrolytes, applying the mean-field GCS theory to ion-

dense RTILs is enough to make even the most cavalier theorist sweat. Without a more

appropriate theory, progress in understanding the capacitance of the electrode/RTIL

interface was difficult. In 2007, Kornyshev reignited the field by publishing a new

analytical formula for the C(V ) curve of the electrode/RTIL electric double layer [12].

While still mean-field in nature (i.e., lateral ion correlations are not considered), this

new theory accounts for the finite size of the RTIL ions. In contrast to the GCS theory,

Kornyshev’s new theory predicts that the capacitance has a maximum at zero voltage.

At non-zero voltages the surface becomes crowded and new ions must reside further

away from the electrode; as a result, capacitance decreases with increasing voltage. Even

though the shape of the C(V ) curve is different from GCS, the maximum capacitance

is not; this theory reiterates that for all voltages, C(V ) ≤ CH .

In this thesis I report on a new theoretical approach aimed at understanding the

capacitance of the electrode/RTIL double layer. Based on classical electrostatics, this

new theory goes beyond mean-field approximations by carefully considering the role of

electrostatic image charges that are formed in the metallic electrodes. The theory quali-

tatively reproduces key features of both experiment and simulation, and unambiguously

claims that image charges, not crowding, are primarily responsible for creating a capac-

itance maximum around zero voltage. Moreover, this capacitance peak is shown to be

several times larger than CH , as shown in Fig. 1.1. This important result is only possible

because the new theory abandons mean-field approximations and considers correlations

among ions and image charges, as well as lateral correlations between similarly charged

ions near the electrode.
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1.2 Main results

Every major theoretical and computational result reported in this thesis is the product

of treating the electrode as a conductor. In both theory and simulation, the role of

the electrode is possible to distill because of the simplicity of the model employed to

describe the electrode/RTIL interface: an infinite, planar, metallic electrode is placed

in contact with a semi-infinite volume that contains a total concentration N of mobile

positively and negatively charged hard spheres, each with the same diameter a and the

same absolute value of charge e. Such a model of the RTIL is called the restricted

primitive model. The metallic nature of the electrode implies that every ion in the

RTIL has an electrostatic image charge created in the electrode. For brevity they will

be referred to as image charges, whose origin is described next.

When a charge q is placed a distance x′ > 0 away from a grounded conducting plane

at x = 0, the electric potential in the region x′ > 0 is given by

ϕ(x, y, z) =
q√

((x− x′)2 + y2 + z2)
− q√

((x+ x′)2 + y2 + z2)
. (1.3)

where the second term can be said to be the result of an image charge, −q at x = −x′.
This phenomenon is completely incompatible with a mean field theory as individual ions

are attracted to their own, discreetly charged image. The energy of this interaction is

given by,

Uim(x′) = − q2

4εx′
, (1.4)

which is half of the interaction energy of two real ions separated by 2x′. When the ion

is touching the electrode, x′ = a, the interaction energy is maximal and is referred to

as uim ≡ Uim(a). For uim ≫ kBT an ion may become strongly bound to the metallic

electrode resulting in an increased concentration of ions near the electrode, even with

zero applied voltage. This is clearly at odds with the results of mean-field theories, along

the lines of Gouy-Chapman-Stern, in which the concentration of ions is homogeneous

at V = 0. The reason for this incompatibility is that the image attraction is beyond

the mean-field paradigm where each ion is subjected to the average, (x, y) independent,

potential of all other ions. On the other hand, the potential responsible for uim depends

on the position of an individual ion only.
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Figure 1.2: The capacitance as a function of the dimensionless voltage V ∗ = V/(e/εa)
at T∗ = TkBaε/e

2 = 0.042 for a system with ion density Na3 = 0.4. The upper axis
shows the dimensionless charge density σ∗ = Qa2/εSe, which is equal to 1 when the first
layer is completely filled with excess ions. Using typical values for a RTIL, a = 10Å and
ε = 2 the maximum voltage is this figure is V ≈ 0.75V , T ≈ 350K and the maximum
capacitance is C ≈ 11µF/cm2. The theoretical result from Sec. 2.4 is presented by the
dashed line.

Noting the apparent importance of the ion-image interaction, Chapter 2 explores

the effect of including image charges in the Monte Carlo (MC) simulation of the elec-

trode/RTIL interface; the effect is profound. In Fig. 1.2, the capacitance as a function

of V ∗ ≡ V/(e/a) achieves a maximum nearly three times larger than the expected

limit, CH . Moreover, as indicated on the top axis, the dimensionless charge density

σ∗ = Qa2/Se < 1, which implies that excessive ions on the surface are not densely

packed. Incredibly, the system has achieved C > CH for an electric double layer in

which excess ions are sparse rather than densely packed as in the Helmholtz capacitor.

This is truly a non-mean-field effect.
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These results are interpreted through an analytical, semi-quantitative theory that

operates in the limited temperature range where ions may tightly bind to their images,

uim ≫ kBT , but are still not frozen in the bulk. At zero applied voltage, equal numbers

of positive and negative ions are bound to the metal surface. This is possible because

the energy of an ion binding to its image charge, −e2/2a, is exactly half the energy of a

bound ion pair, −e2/a; therefore, if a bound pair in the bulk is separated and each ion

is brought to the surface, there is no net change in electrostatic energy.

As the voltage of the electrode is increased from zero, some number of pairs in

the system are separated so that free counterions can move to neutralize the electrode

surface. Naturally, the excessive ions that are condensed on the metal surface will repel

each other. As depicted in Fig. 1.3, these excess charges form compact ion-image dipoles

with dipole moment ea. As a result, excess ions repel each other via the dipole-dipole

interaction. In the low temperature limit, these dipoles are strongly correlated and

resemble a two-dimensional Wigner crystal.

V

+ + + + + +

+ + + +

- - - ---

- - - -

+ + + + + +

+ + + +

- - - ---

- - - -

+Q

-Q

Figure 1.3: A capacitor consisting of parallel metal plates (lightly shaded) bounding an
ionic conductor with mobile positive ions. The neutral region of the ionic conductor is
heavily shaded, while negative depletion regions (z1 and z2) are left white. The relative
size of the ions has been greatly exaggerated.

A low temperature theory (see Fig. 1.2) for capacitance, C(V ) ∝ CH/V
1/3, is derived

by minimizing the system’s energy (the repulsive dipole energy and the work done by
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the voltage source) with respect to the number of ions at the surface. To address the

divergence at zero voltage, entropic effects are considered that serve to truncate the

capacitance at the point when the thermal energy, kBT is approximately equal to the

dipole repulsion energy, thus the bell shape seen in Fig. 1.2. Chapter 2 concludes that

the large capacitance around zero voltage is possible for two reasons: (1) an ion pair in

the bulk has the same electrostatic energy as two ions bound to the surface; (2) at small

voltages, excessive ion dipoles are sparse and repel each other weakly. Near V = 0, this

makes it possible for a very small change in voltage to attract many counterions. At

larger voltages excessive counterions become more tightly packed, until they comprise

the first full layer of ions, at which point Kornyshev’s theory takes over.

In addition to the bell shaped C(V ) curve, experiments have also observed camel

shaped C(V ) curves, where the capacitance grows parabolically near V = 0, reaches

a maximum, and then falls again at larger V . This type of curve has been observed

when using electrodes made from the semi-metals, graphite and glassy carbon [18, 19,

20]. Chapter 2 briefly addresses this possibility by considering the effects of a poorly

conducting electrode, where the screening radius b is larger than the ion diameter a.

While still in the limit of linear screening, this type of electrode can be simulated by

shifting the position of the image plane deeper into the electrode. This shift, breaks the

energetic symmetry between pairs and bound ions; there is now a cost associated with

breaking a pair and binding to the electrode. This means that until some threshold

voltage is applied to the system, which can over come the energy asymmetry, ions will

not condense for free onto the surface and the capacitance will be small. When the

threshold voltage is reached, the capacitance peaks and then falls again as it did with

an ideally conducting electrode.

Chapter 3 begins by exploring the role of cation/anion size asymmetries in MC sim-

ulations of the electrode/RTIL interface. A system in which cations are twice the size

of anions is illustrated in Fig. 1.4. The capacitance of such a system again approaches

3CH . When the large ions become so big that their movement is sterically prohibited,

the system is reminiscent of an ionic conducting glass, in which small mobile ions move

between large immobile ions. Chapter 3 reports a theoretical model for this type of

system, and the predicted C(V ) curve is in good agreement with recent capacitance
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Figure 1.4: A snapshot from the simulation of a primitive model electrolyte in contact
with one electrode (bottom) at V = 0. Anions are twice as large as the cations in
this example. Our theory in Chapter 3 considers the case where the large anions are
immobile and form a neutralizing background for the mobile cations.

measurements on ionic conducting glasses (see Fig. 1.5). The theory behind the pre-

dicted C(V ) curve in Fig. 1.5 is not derived from a primitive model of the ionic glass,

but rather a one component plasma model of the system. In this model, the charge of

the large immobile ions is considered to be smeared into a continuous background of

negative charge through which small mobile positive ions move.

At zero applied voltage, mobile ions are drawn to the surface of the electrode by

the image attraction, uim ≫ kBT , forming stable ion-image dipoles. These dipoles once

again form a strongly correlated liquid. Because only positive ions are mobile, both

electrodes possess condensed cations at V = 0. Adjacent to each electrode, a negatively

charge depletion layer is left behind by the vacating cations (see Fig. 1.3). Upon applying

a voltage across the electrodes, charge can easily be moved from one plate to the other

because the only resistance to the build up of charge is the weak dipole-dipole repulsion.

A a result of this low energy process for moving charge, the capacitance observed in

Fig. 1.5 is initially very large. However, when one plate becomes depleted, the energy

cost of adding an ion may still be low, but the cost of obtaining that charge has become

huge; an ion must be taken from the neutral bulk, leading to a larger depletion layer.

This causes the sudden drop in capacitance of the theoretical curve in Fig. 1.5.
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Figure 1.5: The capacitance of a sodium (Na+) ion-conducting glass between metal
plates. The thin lines with dots show data from Ref. [21] from three different samples.
The heavy solid line is our theoretical prediction, using Na3 = 0.1, a = 2 Å, where a is
the diameter of Na+. The dotted line shows the corresponding Helmholtz value CH/2.

In Chapter 4, the central idea of the image charge is again used, however the focus

is not on the capacitance of the EDL of RTILs. Instead, the system in mind is a large,

highly charged, insulating macroion that is screened by a dilute aqueous electrolyte

composed of much smaller but still multivalent counterions, each with a large charge

Ze (for brevity they are called Z-ions). This chapter demonstrates that even though

there is no electronic conductor, the concept of an image charge is still essential for

understanding the distribution of counterions around the macroion.

When the Z-ions condense onto the macro-ion’s surface they repel each other strongly

due to their large charge, forming a strongly correlated liquid reminding of a Wigner

crystal. This charged liquid, however, can slide along the macro-ion’s surface forming

a conducting layer. To correctly predict the concentration of stray Z-ions, at distances

larger than the average separation of surface Z-ions, image charges, formed in the cor-

related liquid, must be taken into account.
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Figure 1.6: The dimensionless concentration of counterions as a function of distance from
the macroion as obtained from a Monte Carlo simulation (open circles) and calculated
from a theory that includes ion-ion and ion-image correlations (blue dashes). The
empirical mean field theory (red triangles), described in the text, fails to predict the
MC results because it ignores correlations.

This can be understood as follows. As a stray Z-ion from the bulk approaches the

surface of the macroion, it repels adsorbed Z-ions and creates an area of the macroion

that is deficient in adsorbed Z-ions. The area of depletion has net charge −Ze and a

radius that goes as x′, the distance from the stay Z-ion to the macroion surface. An

approaching Z-ion experiences an attractive potential created by the depletion area it

produced for its self. In this way, one is led to think of the condensed liquid of Z-ions

on the surface of the macro-ion as a metallic surface in which a stray Z-ion is attracted

to its negative image charge.

Shklovskii [22] predicted that the distribution of Z-ions was significantly influenced

by the image interaction, however this was never tested. This task is undertaken in

Chapter 4 where a Monte Carlo simulation is employed to measure N(r), the Z-ion

concentration as a function of distance from a large, spherical, macroion with surface
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charge density, ∼ σs. Fig. 1.62 shows the MC simulation results for the dimension-

less concentration of Z-ions (open circles), along with Shklovskii’s theoretical prediction

(short blue dashes), and an empirical mean-field prediction (red triangles). The empir-

ical mean-field prediction is the result one would expect, if the Z-ions were Boltzmann

distribute according to the spherically symmetric potential derived from the radial Z-ion

distribution N(r) (obtained from the MC simulation). Because the empirical mean-field

approach does not take correlations into account the radial distribution of Z-ions that

it predicts is at odds with the MC results used to derive it.

2 λS is the Gouy-Chapman length, which characterizes the distance a lone Z-ion can move away
from the charged macroion when given energy kBT



Chapter 2

Simulation of the RTIL/electrode

interface

Recent experimental studies have measured the capacitance of various room temperature

ionic liquids (RTILs) in an electrochemical capacitor [23, 18, 24, 25, 20]. Despite the

wide variety of electrode materials and the different properties (e.g., polarizability, size,

shape, density) of the RTILs, the C(V ) curves always have one of two shapes. The ”bell

shaped” curve has one maximum near V = 0, while the ”camel shaped” curve has two

maxima, with a minimum near V = 0. Current mean-field theories predict that these

two cases are the result of ions overcrowding the electrode surface in either a largely

incompressible RTIL (”bell shaped”) or a highly compressible RTIL (”camel shaped”).

Unfortunately, it is difficult to experimentally probe the ionic structure of the EDL at

present.

Computer simulations have the ability to report both the capacitance and struc-

ture of the RTIL/electrode interface, and have therefore become a popular tool in the

research of electrochemical capacitors. A computer simulation is, however, only help-

ful when the model system resembles the real system of interest. Many simulations

of the RTIL/electrode interface model the electrode as a uniformly charged insulator

[26, 27, 28, 29, 30, 31], while in most experiments the electrode is metallic . In this

chapter the metallic nature of the electrode is shown to be vital in both simulation and

theory.

13
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This chapter is based on the work reported in [32].

2.1 How does a RTIL behave near a metallic electrode?

In its simplest form, the question of how a RTIL behaves in the vicinity of a charged

metal surface seems remarkably straightforward. While real-life experiments probing the

structure of the ionic double-layer can be marked by a number of complications [33],

the essential description is encapsulated in a very simple model: an infinite, planar,

metallic electrode is placed in contact with a semi-infinite volume that contains a total

concentration N of mobile positively- and negatively-charged hard spheres, each with

the same diameter a and the same absolute value of charge e. Such a model of the

RTIL is called the “restricted primitive model” (RPM); one can think that it reflects

the properties of a real RTIL reasonably well because typical ion sizes in a RTIL, a ∼ 1

nm, are much larger than atomic sizes. The dielectric constant of the RTIL is set

equal to unity, since we are considering a model of non-polarizable ions in a solvent-free

environment. If a voltage V is applied between the electrode and the bulk of the RTIL,

how large is the charge density σ of the metal surface? In other words, what is the

capacitance per unit area C(V ) = dσ/dV of the interface?

Surprisingly, despite the great simplicity of the problem statement, and despite a

large number of practical applications for energy storage devices [10], the answer to

this question is unknown except in certain extreme limiting cases. The answer to this

question is well-known in the limit of large temperature and low applied voltage. In

this case the ionic double-layer is well-described as a diffuse screening layer with a

characteristic size equal to the Debye-Hückel (DH) screening radius

rDH =

√
kBT

4πe2N
. (2.1)

Here, kBT is the thermal energy. The diffuse layer of counter-charge effectively com-

prises the second half of a parallel-plate capacitor of thickness rDH , so that the capaci-

tance per unit area is equal to CDH = 1/4πrDH . At large density Na3 ∼ 1 this result

for capacitance is valid as long as the temperature is high enough that T ≫ T0 ≡ e2/kBa

and the voltage is small enough that eV ≪ kBT .

More generally, one can characterize the capacitance by the effective thickness of the
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double-layer d∗ = 1/4πC. In the DH limit, d∗ = rDH . In realistic situations, however,

the characteristic temperature T0 is very large and the DH approximation fails at room

temperature. One can think that as a result ions become more strongly bound to the

charged electrode and the size of the double-layer shrinks, so that d∗ decreases and the

capacitance grows. One may ask, then, how thin the double-layer can be, or in other

words, how large the capacitance can be?

As explained in Sec. 1.1, the apparent answer to this question goes back to Helmholtz

[16], who imagined that in an extreme case a neutralizing layer of ions could collapse

completely onto the electrode surface, thereby forming the second half of a plane ca-

pacitor at a distance equal to the ion radius a/2. The result is a double-layer of size

d∗ = a/2 and a capacitance per unit area equal to the “Helmholtz capacitance”

CH = 1/2πa. (2.2)

In classical mean-field theories of the electrostatic double-layer [13, 14, 15], and in the

recent influential theory of the metal/RTIL capacitance which accounts for the excluded

volume among ions [12], CH plays the role of a maximum possible capacitance per unit

area. Monte Carlo simulations [34, 35, 27] seem to confirm this statement. However,

these and the majority of other simulations make the simplification of replacing the

metal electrode by a uniformly-charged, insulating plane. It is argued below that in this

way the essential physics of image charges in the metal surface is lost (see also Refs.

[36, 37, 38]).

It is the purpose of this chapter to demonstrate that capacitance C > CH is possible,

or in other words, that the effective thickness of the double-layer can be smaller than

the ion radius. As described below, the metallic nature of the electrode — specifically,

the ability of ions to form image charges in the metal surface — plays a key role in

the development of large capacitance. Additionally, the two general C(V ) curve shapes

(i.e., ”bell” and ”camel”) are qualitatively reproduced in our simulations without the

electrode surface becoming overcrowded by excess ions.

Notably, the critical role of the image charges for the structure of the double-layer

has in fact been recognized by previous authors. Torrie [39] developed the first MC

simulation of the restricted primitive model that included image charges; however, be-

cause of the high temperatures and low concentrations of the simulation, only a slight
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increase in ion density was observed at the electrode surface and capacitance was not

addressed at all. Perhaps due to the middling effects seen, few simulations investigating

capacitance over the next three decades included image charges. Alawneh et al. [40]

included image charges, but again explored only very low ion density Na3 = 0.01, where

C(V = 0) < CH . Another paper [41] studied the capacitance of a RTIL between two

identical metal plates and obtained large capacitance C(0) ∼ 2CH , but this study used

a much more complicated model of the RTIL.

Theoretical work has also addressed the effect of image charges on the capacitance

of the electric double layer. Outhwaite and Bhuiyan [42] developed a modified Poisson

Boltzmann (MPB) theory of the electric double layer that includes electrode polarization

and excluded volume effects. The effect of the images, however, only serve to modify

the concentration gradient of ions perpendicular to the electrode as lateral correlations

are not included [43]. The MPB theory, therefore, cannot predict a capacitance larger

than the Helmholtz capactiance, C < CH . As this Chapter demonstrates C > CH is

only possible when image charges and lateral correlations are allowed.

The Monte Carlo (MC) simulation of the restricted primitive model of a RTIL is

described in Sec. 2.2. The results of the Monte Carlo (MC) simulations at various

temperatures and densities are presented in Sec. 2.3. A basic theoretical explanation of

these results based on the weak repulsion between dipoles composed of bound ions and

their images in the metal surface is suggested in Sec. 2.4, where our analytical prediction

for C(V, T ) is presented. Sec. 2.5 considers the role of the electrode material on C(V, T ).

This chapter closes with Sec. 2.6, a summary of the main results.

2.2 Simulation of the restricted primitive model

The MC simulation described in this chapter contains the same basic structure that will

be repeated in Chapters 3 and 4. At the core of each MC simulation is the Metropolis

method, which is clearly described in [44]. In this chapter, the most important feature

of the simulation is that it reproduces the conducting properties of the electrode. To

this end, the success of the simulation depends on having a convenient method for

incorporating the electronic response of the electrode to the presence of an ion; this is

accomplished through the use of image charges.
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2.2.1 Including the electrostatic image charges

When a charge q is placed a distance x′ away from a grounded conducting plane at

x = 0, the free charge of the conductor arranges itself such that the potential is zero

both at the surface of the plane and as x → ∞. The electric potential, ϕ(x, y, z) in

the region x > 0, must satisfy both Poisson’s equation and these boundary condition.

Proper placement of an image charge −q at x = −x′, opposite the original charge, leads
to such a solution,

ϕ(x, y, z) =
q√

((x− x′)2 + y2 + z2)
− q√

((x+ x′)2 + y2 + z2)
. (2.3)

where the second term can be attributed to the image charge. This simplification

provides an efficient method for incorporating the conducting nature of the electrode

into our simulation. Calculating the electrostatic energy of the system is simply a matter

of knowing the charge and position of each ion and its image charge, with one caveat. If

all of the charges were real (i.e. the image charges were replace by real ions), the system’s

electric field would permeate all of space, however, due to the metallic electrode, half

of the charges are just images and the electric field is restricted to half of space leading

to a reduced electrostatic energy, Ureal ions = 1/8π
∫∫∫

E2dV = 2Uions & images.

2.2.2 Monte Carlo simulation method

In our MC simulations, a canonical ensemble ofMa anions andMc cations is placed in a

square prism cell of dimensions L×L×L/2 and corresponding volume Ω = L3/2. The

metallic electrode coincides with one of the cell’s square faces. Every charge within the

cell forms an electrostatic image in the electrode surface (z = 0), i.e. a charge q = ±e
at position (x, y, z) has an image charge −q located at (x, y,−z). The total electrostatic
energy E of the cell is calculated as 1/2 times the energy of a system twice as large

composed of the real charges and their images, so that

E =
1

2

Mt∑
{i,j}

u(di,j), (2.4)

where the indices i, j label the set of all particles in the system (ions and images),

Mt = 2(Ma +Mc) is the total number of these particles, di,j is the distance between
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particles i and j, and the two-particle interaction energy u(di,j) is

u(di,j) =

∞, di,j < a

qiqj/dij , di,j > a
. (2.5)

Here, qi = ±e is the charge of particle i.

The charge of the electrode is varied by changing the number of anions Ma and

cations Mc in the system by equal and opposite amounts, so that the total number of

ions Ma +Mc = NΩ remains fixed for a given overall density N . The corresponding

electronic charge (in the form of image charges) in the electrode is Q = e(Ma−Mc) and

the capacitance dQ/dV can be determined from the resulting voltage. The system size

L = 20a is used everywhere.

At the beginning of each simulation, positive and negative ions are placed within the

simulation cell in such a way that they do not overlap with each other or with the metal

surface. The MC program then selects an ion at random and attempts to reposition

it to a random position within a cubic volume of (2a)3 centered on the ion’s current

position. The change in the energy E associated with this move is then calculated, and

the move is accepted or rejected based on the standard Metropolis algorithm. For one in

every 100 attempted moves, the MC program chooses the random position from within

a larger volume (10a)3 as a means of overcoming the effects of any large, local energy

barriers. The simulation cell is given periodic boundaries, so that an ion exiting one

face of the cell re-enters at the opposite face. To ensure thermalization, 2,500 moves

per ion are attempted before any simulation data is collected. After thermalization,

simulations attempt 2× 104 moves per ion, of which 15% – 50% are accepted.

The voltage of the electrode is measured by defining a “measurement volume” near

the back of the simulation cell — occupying the range −L/4 < x < L/4, −L/4 < y <

L/4, L/4 < z < 3L/8, where the origin (x, y, z) = (0, 0, 0) is located at the center of the

electrode surface — inside of which the electric potential is measured. After perform-

ing thermalization, the total electric potential is measured at 500 equally-spaced points

within the measurement volume after every 3(Ma +Mc) attempted moves. These mea-

sured values of potential are then averaged both temporally and spatially to produce a

value for the voltage V of the electrode relative to the bulk. There was no noticeable
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systematic variation in electric potential across the measurement volume. The capaci-

tance C(V = 0) is determined from the discrete derivative ∆Q/∆V at sufficiently small

values of Q that the relationship Q vs. V is linear.

Our results are shown in Fig. 2.1. For all Na3 studied, the lowest value of T ∗ in Fig.

2.1 is larger than the corresponding liquid-gas or liquid-solid coexistence temperature.

For comparison, the triple point in the phase diagram of the RPM ionic liquid is located

at Na3 = 0.5 and T ∗ = 0.025 while the gas-liquid critical point is at Na3 = 0.02 and

T ∗ = 0.05 [45]. For each simulation, it was verified that there was no phase separation

within the simulation cell.

In order to quantify the finite-size effects of our simulation cell, we examined the

capacitance at zero voltage, C(0, T ∗), obtained from three simulation volumes of size

L = 10a, 20a, and 30a. For Na3 = 0.4, C(0, T ∗) was seen to scale linearly with 1/L

at all values of the temperature that we examined (T ∗ = 0.042, 0.072, and 0.14). In

each case, the value of C(0, T ∗) obtained by extrapolation to infinite system size was

within 20% of the value of C(0, T ∗) corresponding to L = 20a. These results allow us

to conclude that the simulation cell with L = 20a provides a reasonable approximation

of an infinite system. All MC results presented below correspond to this choice.

2.3 Temperature dependence of capacitance observed in

simulation

Figure 2.1 shows the zero voltage capacitance C(0)/CH , as measured by our MC simula-

tions, as a function of reduced temperature T ∗ = T/T0 for three different dimensionless

ion densities Na3. The points correspond to results from the MC simulation and solid

lines are a fit to the form C/CH = A · (T ∗)−1/3, where A is a numerical constant. The

motivation for this (T ∗)−1/3 dependence is explained in Sec. 2.4. For all three values

of the density that are examined, the capacitance at low temperature is significantly

higher than the Helmholtz value.

These results should be contrasted with previous simulation studies [34, 35] of the

capacitance of the RPM, in which the metallic electrode was replaced by a charged

insulator with uniform charge density σ. These studies report a capacitance C(V = 0, T )

that grows with decreasing T ∗ before reaching a peak at T ∗ = T ∗
p and then collapsing



20

æ

æ
æ
æ
æ æ

æ
æ

à

à

à
à à

à à à
à

à

ìì
ìì

ì

ì

ææææææææààààààààààààìììììì

0.00.20.40.60.8
1.01.52.02.53.03.54.0 ì Na3

=0.08

à Na3
=0.40

æ Na3
=0.64

0.0 0.1 0.2 0.3 0.4 0.5
0

1

2

3

4

T*

C
H0
L�

C
H

Figure 2.1: The capacitance of the metal/RTIL double-layer at zero voltage as a function
of the dimensionless temperature T ∗, plotted for three values of the dimensionless ion
density Na3. Symbols represent results from the MC simulation and solid lines show a
best fit to the form C/CH = A · (T ∗)−1/3 for each density. Error bars are smaller than
the symbol size.

rapidly at T ∗ < T ∗
p . For Na

3 = 0.08 and 0.64, T ∗
p ≈ 0.17 and 0.28, respectively.

The collapse of the capacitance at low temperatures T ∗ < T ∗
p was interpreted by

the authors of Refs. [34, 35] as the result of strong binding of positive and negative

ions to form neutral pairs. Such binding leads to an extreme sparsity of free charges in

the RTIL, so that their total concentration Nf ≪ N . Substituting Nf for N into Eq.

(2.1) at T ∗ ≪ 1, we arrive at a large screening radius rDH and therefore much smaller

capacitance C(0). These arguments are generic and convincing. Why, then, does the

capacitance in Fig. 2.1 continue to grow with decreasing temperature?
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2.4 Interpreting the capacitance growth at small voltage

and temperature

Our goal is to interpret the large capacitance of the metal/RTIL interface at T ∗ ≪
1. In this section we suggest an analytical, semi-quantitative theory of a mechanism

which produces such large capacitance. This theory operates in the limited range of

temperature 0.05 < T ∗ < 1, where the RTIL does not freeze. Thus, our theory (as any

theory of the liquid state) does not have any true asymptotically small parameters and

should be considered only semi-quantitative.

We begin by observing that when the electrode is metallic, the energy of an ion

binding to its image charge, −e2/2a, is exactly half the energy of a bound ion pair,

−e2/a. This fact implies that if an ion pair is separated in the bulk and then both ions

are brought to the metal surface there is no net change in electrostatic energy. Thus,

even in the absence of applied voltage there are plenty of free charges at the metallic

surface. Roughly speaking, this allows the double-layer to be very thin and leads to the

large capacitance shown in Fig. 2.1.

The zero-energy process of ion pairs dissociating and sticking to their images on the

metal surface implies that at low temperatures T ∗ ≪ 1 effectively all ions in the system

are either paired in the bulk or bound to their images on the electrode. This statement

is correct even in a relatively dense liquid, where a significant fraction of ion pairs in

the bulk form larger neutral clusters, and ions sticking to the metal may be decorated

by one or more neutral pairs. Let us imagine a bulk cluster made of 2m ions, where m

is an odd number — for example, m = 3. If the cluster is sufficiently symmetric, then it

can be dissociated into two smaller clusters, one positive and one negative, which have

an equal number m of ions and which differ only by the inversion of the charge of each

ion. When these two charged clusters stick to their images in the metal surface they also

recover the energy spent on their dissociation. Thus we are dealing with a statistical

physics problem of very high degeneracy, which may have a beautiful exact solution.

(Less symmetric clusters may have a small contribution to the partition function of the

system.) In this Chapter the term “excess ions” will be used to refer to all charged

objects at the surface, regardless of whether they are decorated by neutral pairs.

At zero applied voltage, equal numbers of positive and negative ions are bound to the
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metal surface. The area density n0 of these ions can be estimated from the requirement

that the chemical potential of pairs in the bulk be equal to the chemical potential of

ions at the surface, which gives ln(2/Na3) ≃ 2 ln(1/n0a
2), so that n0 ≃

√
N/2a.

As the voltage V of the electrode is increased from zero, some number of pairs in the

system are separated so that the free counterion can come to neutralize the electrode

surface. The corresponding density of these “excess ions” δn on the metal surface is

related to the charge density σ by δn = |σ|/e. If σ > 0, then δn represents an excess

of anions on the surface; if σ < 0 the excess ions are cations. Naturally, excess ions

condensed onto the metal surface repel each other. Since each ion on the metal surface

is separated by a distance a from its image charge in the metal, ions and their images

constitute compact ion-image dipoles with dipole moment ea, and so excess ions repel

each other via a dipole-dipole interaction

udd(δn) =
e2a2(δn)3/2

2
. (2.6)

Excess ions at the metal surface are surrounded by n0 other ions per unit area, which

effectively neutralize each other by forming n0/2 bound pairs. These n0/2 bound pairs,

along with bound pairs in the bulk, may serve to modify the effective dielectric constant

for the interaction of excess ions. We comment on this possibility later in this article.

At low temperatures, the excess ions will seek to maximize their distance from each

other while maintaining a given density δn. One can hypothesize a zero-temperature

description of the resulting positional correlations, where excess ions form a strongly-

correlated liquid reminiscent of a two-dimensional Wigner crystal. The corresponding

total electrostatic energy per unit area of the system is

U = α · δn · udd(δn)− eδnV, (2.7)

where α is a numerical coefficient which describes the structure of the lattice of excess

ions; for a triangular lattice, α ≈ 4.4 [46]. The term −eδnV describes the work done by

the voltage source.

The voltage V which corresponds to a given charge density σ = eδn can be found

by the equilibrium condition ∂U/∂(eδn) = 0, which gives

V =
5αea2

4
(δn)3/2. (2.8)
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The resulting capacitance per unit area C = dσ/dV = e[dV/d(δn)]−1 is

C(δn) =
8

15αa
√
δna2

. (2.9)

Substituting Eq. (2.8) into Eq. (2.9) gives the capacitance in terms of voltage:

C(V ) =
8

3

(
1

10α

)2/3 ( e

aV

)1/3 1

a
≈ 1.3

( e

aV

)1/3
CH . (2.10)

The expression of Eq. (2.10) implies that C can be significantly larger than CH

when V is small. At such small voltages, the fractional coverage of excess ions on the

electrode surface δna2 ≪ 1, so that it is incorrect to think of the double-layer in the

mean-field way: as a series of uniform layers of charge. Rather, the neutralizing ionic

charge consists of discrete ion-image dipoles. The correlated nature 1 of these dipoles

allows for lower energy than what is possible in mean-field descriptions, and therefore

larger capacitance that is not limited by the physical distance a/2 between the electrode

and its countercharge.

Of course, the validity of Eqs. (2.6) – (2.10) is limited to the range of voltage where

δna2 ≪ 1. By Eq. (2.8), this corresponds to a dimensionless voltage V ∗ = V/(e/a) ≪
5α/4 ≈ 5.5. At large enough voltages that δna2 ≃ 1, excess ions constitute a uniform

layer of charge, and therefore the capacitance approaches CH . At even larger voltages,

the capacitance declines as complete layers of counterions accumulate next to the elec-

trode and the double-layer becomes thicker. This leads to a mean-field capacitance

C ∝ V −1/2 at large voltages, as described in Ref. [12].

Formally, Eq. (2.10) diverges as the voltage goes to zero. Of course, this expression

neglects entropic effects of the excess ions, which tend to destroy the lattice structure of

excess ions on the metal surface. Such effects will truncate the low-voltage divergence

of Eq. (2.10), resulting in a finite capacitance at zero voltage. Intuitively, one would

expect that the value of this capacitance maximum can be estimated by evaluating the

capacitance at the point where udd(δn) = kBT . This procedure gives

Cmax(T ) =
A

(T ∗)1/3
CH , (2.11)

1 In principle, the correlations among excess ions on the metal surface can be identified from MC
data. This process is made difficult, however, by the large number of neutral pairs and larger neutral
clusters present on the metal surface at small voltages. A more exhaustive MC investigation of the
surface correlations will be the subject of future work.
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where A ≈ 0.6. In other words, the effective thickness d∗ = a(T ∗)1/3/2A. At T ∗ ≪ 1,

we find that d∗ ≪ a. The corresponding voltage at which the capacitance plateaus (u

becomes equal to kBT ) is V
∗
c ≈ 11T ∗.

Figure 2.2 shows the capacitance as a function of V ∗, as measured by our MC

simulation, at density Na3 = 0.4 and at two values of the temperature T ∗. The inset

shows the dimensionless charge density σ∗ = σa2/e of the electrode as a function of

the voltage V ∗ for the temperature T ∗ = 0.042. The capacitance is determined by a

numerical derivative of the σ vs. V curve. Here, e/a2 is the maximal density for a square

lattice of ions on the metal surface, so that σ∗ can be interpreted as a filling factor of

the first layer of ions. Note that the capacitance drops substantially even at low filling

factor σ∗, so that the capacitance is already reduced by a factor two at σ∗ = 0.5. This

suggests that for V ∗ . 2 the decline in capacitance is not driven by the excluded volume

effects emphasized in the theory of Ref. [12].

The conclusion Cmax(T ) ∝ (T ∗)−1/3 can also be reached by an analytical description

of the metal surface which is appropriate for small charge density σ, where the excess

ions can no longer be described as a strongly-correlated liquid. When the density of

excess ions is small enough that δna2 ≪ (T ∗)2/3, the total free energy F per unit area

can instead be written using a virial expansion:

F ≃ Fid + (δn)2kBTB(T )− eδnV. (2.12)

Here, Fid = δnkBT ln(δna2) is the free energy of a two-dimensional ideal gas, B(T ) is

the second virial coefficient, and −eδnV is the source work term. B(T ) is calculated

from the dipole-dipole interaction energy udd(r) between two ion-image dipoles as

B(T ) =
1

2

∫ ∞

0

(
1− e−udd(r)/kBT

)
2πrdr, (2.13)

≈ 2.65

(
e2a2

kBT

)2/3

. (2.14)

As before, we can use the equilibrium condition ∂F/∂(eδn) = 0 to define the voltage

with respect to the density of excess ions δn, which gives

V ∗ ≃ T ∗
[
5.3δna2(T ∗)−2/3 − ln

(
1/δna2

)]
. (2.15)

In the limit V ∗ → 0, the two terms on the right hand side of Eq. (2.15) become equal,

and the corresponding capacitance d(eδn)/dV is Cmax(T ) ≃ A · CH/(T
∗)1/3. Hence,
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this approach arrives at the same conclusion as that of Eq. (2.11), although it gives a

somewhat different estimate for the constant A ≈ 1.2.
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Figure 2.2: The capacitance as a function of the dimensionless voltage V ∗ = V/(e/a) at
two different temperatures for a system with ion density Na3 = 0.4. The inset shows
a plot of the dimensionless charge density σ∗ = σa2/e as a function of the voltage V ∗

measured by the MC simulation at the temperature T ∗ = 0.042.

The prediction of Eq. (2.11) provides a good fit to the capacitance measured by our

MC simulation over a range of ion densities, as shown in Fig. 2.1. The value of the

coefficient A is found to be 0.6, 1.1, and 1.2 for Na3 = 0.08, 0.4, and 0.64, respectively,

which is consistent with our earlier estimates. The dependence of the constant A on the

ion density, which produces larger capacitance at larger Na3, is perhaps an indication

that the dipole interaction suggested in Eq. (2.6) is weaker at higher ion density. One

possible explanation is that at high densities ion pairs in the vicinity of two excess ions

can polarize in the direction of the electric field, thereby producing an effective dielectric

constant between them. If such a dielectric constant ε′ is added to Eq. (2.6), then we

find that A ≈ 0.6(ε′)2/3. The values of the constant A from above suggest that for

bulk densities Na3 = 0.08, 0.4, and 0.64, the value of ε′ is 1.0, 2.4, and 2.9, respectively.

These values are consistent with our interpretation that the effective dielectric constant

should increase with ion density, driving the capacitance upward. This increase is also
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reflected in Fig. 2.2, where the capacitance at finite voltage is somewhat larger than

predicted by Eq. (2.10), consistent with the increase in the constant A.

Based on our arguments from this section about the dependence of the capacitance

on voltage and temperature, we can hypothesize a general scaling relationship C(V ∗, T ∗)

which reproduces Eqs. (2.10) and (2.11):

C(V ∗, T ∗)

CH
=

β1

[(β2T ∗)2 + (V ∗)2]1/6
. (2.16)

Here, β1 and β2 are numerical coefficients. Applying this fit to the curves shown in Fig.

2.2 gives a reasonably good fit with β2 ≈ 8, suggesting that the capacitance plateaus at

about V ∗ = 8T ∗, as compared to the theoretically estimated value V ∗
c = 11T ∗.

2.5 Model variations

In this section, the goal is to expand our simulation and theory beyond the restricted

primitive model and a perfectly conducting electrode, to better reflect the diversity of

electrode material and RTILs used in experiment.

2.5.1 Electrode material: from perfect to poor metal

So far we have assumed that the electrode is a perfect metal, or in other words, that

the screening radius b of the metal is much smaller than the ion diameter a. This as-

sumption is justified for RTILs with large ions and electrodes made from a good metal.

Experiments on such systems have indeed reported large capacitance that declines with

absolute value of voltage [18] (the C(V ) curve is “bell-shaped”). However, for smaller

ions and for electrodes made from semi-metals, such as graphite or glassy carbon, ex-

perimental values of C(V = 0) are smaller and the C(V ) curves are “camel-shaped”,

i.e., the capacitance grows parabolically near V = 0 [18, 19, 20].

In order to interpret this difference qualitatively, let us recall that in such poor

metals the density of states at the Fermi level is relatively small and the screening

radius b of the metal may become comparable to a/2. As a result, the image potential

changes. When b < a/2 one can think that the electric field produced by ions at the

metal surface is relatively weak and slowly-varying. In such a case the screening charge

of the metal is effectively situated at the distance b away from the metal surface, i.e.
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at z = −b. Therefore, the reflection plane for the image charge is at z = −b, so that an

ion at distance z from the surface experiences a smaller attraction −e2/4(z + b) to the

surface, rather than the standard −e2/4z for a perfect metal. At the distance of closest

approach z = a/2, the ion-to-surface attraction energy becomes −e2/2(a + 2b). This

leads to a finite energy cost E0 for dissociating a bulk ion pair and bringing it to the

metal surface, given by E0 = e2/[a−1− (a+2b)−1]−1. Thus, a finite voltage is necessary

to break pairs in the bulk and obtain free ions which can provide screening. This means

that, for an electrode with finite screening radius b, the bell-shaped C(V ) curve splits

into two peaks located at V = ±E0/e, thereby becoming camel-shaped, in agreement

with the above-mentioned data.

The capacitance C(V ) at V > E0/e can be estimated with the help of the theory

in Sec. 2.4 leading up to Eq. (2.10). In this case, however, the voltage V in Eq. (2.10)

should be replaced by V −E0/e and the dipole arm a should be replaced by the longer

arm a+ 2b. These substitutions give

C(V ) = 1.3

(
e

(a+ 2b)(V − E0/e)

)1/3 a

a+ 2b
CH (2.17)

for V > E0/e. Since the dipole-dipole repulsion is much stronger due to the longer dipole

arm, C(V ) is substantially smaller and reaches its geometrical limit CH(b) = CH ·a/(a+
2b) at a smaller voltage V −E0/e = 5αe/4(a+2b), or V ∗−E0/(e

2/a) ≈ 5.5/(1+2b/a).

Starting from this voltage the capacitance saturates at the level of CH(b).

Only at even larger voltage V ∗ − E0/(e
2/a) & [5.5a2 + 8πb(a + b)]/[a(a + 2b)] do

counterions comprise a full layer at the surface, after which the theory of multi-layer

arrangement of ions [12] becomes applicable. This same behavior for C(V ) is expected

in the case where a good metal is covered by a thin insulating layer, for example, its

own oxide.

In order to verify this theory we repeated our MC calculations for T ∗ = 0.04 and

Na3 = 0.5 using a relatively large b = a/2, which is at the limit of applicability for

linear screening by the electrode surface. For simplicity, we have also assumed that the

metal ion lattice has the same dielectric constant as our RTIL. Results are shown on

Fig. 2.3, plotted as a function of V ∗ and σ∗. As expected, the peak at V = 0 is split into

a camel-like structure (we show only the positive half of the symmetric C–V curve).

The characteristic dimensionless voltage of the peak is V ∗
p ≈ 0.5, in agreement with the
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above estimate for E0. Note that the capacitance maximum occurs at σ∗ = 0.1 and

is apparently not related to excluded volume effects among counterions. As predicted

by Eq. (2.17), the peak capacitance C(V ∗
p ) is approximately 2.5 times smaller than at

b = 0 [recall that CH(b) in Fig. 2.3 is twice smaller than CH in Fig. 2.2].
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Figure 2.3: The ratio of the capacitance of the metal/RTIL interface C to the geometri-
cal capacitance CH(b), plotted as a function of dimensionless voltage V ∗ (bottom axis)
and charge density σ∗ (top axis) for a system with ion density Na3 = 0.4 and metal
screening radius b = a/2. The capacitance is determined by a numerical derivative of
the σ vs. V data obtained from a MC simulation at temperature T ∗ = 0.042.

2.5.2 Asymmetric ion size

The results of Fig. 2.4 can be compared to those of a recent study [27] which performed

a molecular dynamics simulation of an ionic liquid with size ratio A/a = 2 near a

uniformly charged interface. In this study, the capacitance was found to be similarly

asymmetric with voltage, with the larger capacitance resulting when the voltage has the

same sign as the larger ion. However, since the study considered only the response of

the ionic liquid to a uniformly-charged plane (essentially treating the metal electrode as
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Figure 2.4: The capacitance of a single metal/ionic liquid interface as a function of
voltage for an ionic liquid with A/a = 2. The temperature is T ∗ = 0.036 and the
density is ρ∗b = 0.5. Error bars are smaller than the symbols. .

a charged insulator), it arrived at capacitances C < CH at all voltages. It is also worth

emphasizing that over the range of voltage in Fig. 2.4 we are still far from complete

coverage of the electrode surface. Indeed, at V/Vim = 0.5 the area coverage of the surface

is only 35% and 0.2% by anions and cations, respectively, while at V/Vim = −0.5 it is

3% and 28%. Thus, in our case the collapse in capacitance is not caused by the building

of a second layer of ions, as proposed by Ref. [12]. The effects of cation–anion size

asymmetry are addressed in more detail in Chapter 3.

2.6 Summary and polarization considerations

To summarize, this chapter is concerned with Monte Carlo simulations of the restricted

primitive model of a RTIL at a metal interface. Within this model, we obtain capaci-

tance at zero voltage as large as 3CH . We also find that for a good metallic electrode at

small voltage, C decreases with T as T−1/3. When the temperature is fixed and is rela-

tively small, C(V ) decreases as 1/V 1/3 (the C–V curve is “bell-shaped”). On the other

hand, when the electrode is made from a semi-metal the C–V curve is “camel-shaped”,

meaning that the capacitance first grows with V and then goes through a maximum and
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decays as 1/V 1/3. We interpret these results with the help of a semi-quantitative ana-

lytical theory based on the weak repulsion between ion-image dipoles. Our conclusions

are in qualitative agreement with experimental data.

While there are a number of effects ignored by the restricted primitive model —

asymmetry of anion and cation sizes, polarizability of ions, and disorder at the electrode

surface, to name a few — our results may be quite relevant for real-world experiments

on room temperature ionic liquids. A typical ionic liquid has anions and cations with

diameter a ∼ 1 nm, which apparently corresponds to a Helmholtz capacitance CH ∼ 2

µF/cm2 and a dimensionless temperature T ∗ ∼ 0.02. This temperature is extremely

low, and within the assumptions of the RPM would imply crystallization of ions in the

bulk. However, in real RTILs the ions are polarizable, which means that the bulk of

the RTIL has a dielectric constant ε > 1 that reduces the magnitude of interactions at

long distances; typically ε ∼ 3. Thus, T ∗ should generally be replaced by εT ∗ ∼ 0.06

and CH by εCH ∼ 6 µF/cm2. In this sense, our result that in the RPM the capacitance

can be as large as 3CH should be taken as an indication that polarizable RTILs can

have C ∼ 3εCH = 18 µF/cm2, a value that is in agreement with typical capacitance

measurements on RTILs [18, 19, 20]. The typical electrochemical stability window of

about 6 Volts corresponds to ε|V ∗| . 12, which is well within the range of our predictions

[47].

Finally, we note that if both ionic species have the same polarizability, then our

basic description of the interface remains valid. Polarizability of ions modifies both the

attraction energy between ions and the attraction energy between an ion and its image.

However, the attraction energy of a pair of oppositely-charged, polarizable ions in the

bulk is still equal to the sum of the attraction energies of the two ions to the metal

surface, so that at zero voltage the metal surface is highly populated by dissociated

ions. At small finite voltage, excess ions seek to maximize their distance from each

other, and the resulting correlations allow C > CH in the way described by Sec. 2.4.



Chapter 3

Capacitance of a one component

plasma

In the pursuit of more compact forms of energy storage with high power output, a num-

ber of materials, in addition to RTILs, are being investigated for use in electrochemical

capacitors [48, 49]. One of these materials is an ion-conducting glass [50, 21], in which

small mobile cations move among anions which are large and frozen in place. Simulation

results from Sec. 2.5.2 demonstrate that even with asymmetrically sized ions, the capac-

itance of a room temperature ionic liquid electric (RTIL) may be large, C > CH . The

theory presented in Sec. 2.4, however, is not appropriate to describe the capacitance of

size–asymmetric RTILs. The goal of this chapter is to provide a theoretical framework

for understanding the EDL formed by electrolytes with very large size asymmetries in

which one ion is so large that it is sterically prohibited from significant motion, and the

other ion is small enough that it may move between the larger ions.

This chapter is based on the work reported in Refs. [51, 52].

3.1 How large can the capacitance be?

A recent experiment [21], has reported much larger values of the EDL capacitance in

phosphosilicate glasses placed between platinum electrodes (see Fig. 1.5). Capacitance

per unit area as large as 400 µF/cm2 was measured, corresponding to an effective ca-

pacitor thickness d∗ = εS/4πC in the range 0.2 – 0.7 Å, much smaller than any ion

31



32

radius. The glass was held at a temperature of 573 K, at which only the smallest ions,

Na+ with diameter a = 2Å, are mobile. The dielectric constant of the glass ε is between

2 and 10.

As previously noted, current theories of electric double layer (EDL) capacitors, based

on the mean-field approach, fail to explain such large capacitance. The most widely-

used theory is that of Gouy, Chapman, and Stern (GCS) [13, 14, 15], which extends the

Helmholz capacitor concept to allow for the thermal motion of counterions. When ex-

cluded volume of ions is properly taken into account [12, 47, 53, 54, 55, 56] such theories

lead only to a larger effective capacitor thickness, and therefore a smaller capacitance

than the Helmholtz value.

In this chapter, an alternate theory is proposed to explain the large differential ca-

pacitance of the EDL. Following Chapter 2, the mean-field approximation is abandoned

and instead discrete ion charges are dealt with. These ions interact strongly with the

metal surface in a way that is not captured by the mean-field approximation. For sim-

plicity, this chapter focuses primarily on the case where only the cations are mobile,

and therefore may form the EDL, while anions comprise a fixed background of nega-

tive neutralizing charge. This “one component plasma” (OCP) model is used here to

describe the ion-conducting glasses examined in Ref. [21]. We also suggest a number of

other systems to which it can be applied.

One other application of the OCP model is to super-ionic crystals, where only the

smallest positive ionic species (such as Na+ or Li+) is mobile. Less obvious is the

application of the OCP model to ionic liquids, where both positive and negative ions

are mobile. Nevertheless, we show below that for ionic liquids composed of monovalent

cations and much larger, rigid anions, one can think about space-filling anions as a

weakly-compressible negative background on which the small cations rearrange to form

the EDL. If the cations are multivalent, then monovalent anions can again be treated as

a negative background even if they are of the same size as the cations. These applications

will be explained in greater detail in a later section.

Section 3.2 develops the general OCP model of capacitance for a parallel double-

plate capacitor, while Sec. 3.3 investigates the capacitance at low temperatures, where

all entropic effects can be ignored. Section 3.4 extends this low-temperature theory to

the case of an asymmetric double-plate capacitor, where the anode and cathode have
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different areas. In the limit of one area going to infinity, this includes the description

of a single EDL capacitance. Section 3.5 examines the temperature-dependence of the

capacitance, and Sec. 3.6 presents the results of a simple Monte Carlo simulation and

compares them with our analytic theory. Section 3.7 examines the application of the

OCP model to ionic liquids, and Sec. 3.8 explores its relevance for electrolyte solutions

in water. In Sec. 3.9 the main conclusions and summarized and it is argued that this

work suggests an improved theory of “pseudo-capacitance”.

3.2 One component plasma model

We begin our theory of the OCP model by noting that a cation adjacent to a metal

electrode produces electronic polarization of the metal surface, and the cation experi-

ences an attraction to the resulting image charge. For ions of small radius, the im-

age attraction is significantly larger than the thermal energy kBT , so that ions form

stable, compact ion-image dipoles at the metal surface. Cations may also experience

some chemically-specific attraction to the metal electrodes, which enhances the effects

of image attraction. Repulsion between adjacent dipoles results in the formation of

a strongly-correlated liquid of dipoles along the surface of both electrodes. This is in

contrast to the model presented in Chapter 2, where the surface layer of excess ions was

complicated by the neutral pairs.

The adsorbed cations leave behind a region of negative background, or a depletion

layer. Thus, each border of the sample is spontaneously polarized in the direction

perpendicular to it (see Fig. 1.3). When a voltage V is applied between the electrodes,

these opposite-facing, spontaneous polarizations are easily rearranged in the direction

of the external electric field, leading to the rapid build-up of an electronic charge ±Q
on the metal surfaces.

As the charge ±Q is added to the electrodes, cations are driven to detach from

the positive electrode and to bind to the negative one. Below, we demonstrate that

the resulting capacitance dQ/dV of the two EDLs can be significantly larger than the

Helmholtz value CH/2, since the dipole-dipole repulsion that resists ion transfer is

relatively small. In other words, the effective capacitor thickness d∗ can be much smaller

than the ion radius. Below we derive an expression for d∗ that is reasonably close to
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experimental values. Our theory also explains another peculiarity of the experiment

[21], namely the sharp drop in capacitance at a certain critical voltage, as in Fig. 1.5.

We show that, indeed, the capacitance should collapse to a much smaller value at

a particular nonzero voltage. Contrary to the mean-field theories developed in Refs.

[12, 53, 54, 47, 55, 56], this drop-off (shoulder) in capacitance is not driven by excluded

volume effects among bound ions. Rather, it occurs far below the complete filling of an

ionic layer at either electrode [57], when the voltage difference induces the positively-

charged electrode to lose all of its bound ions.

3.3 Low-temperature theory of a symmetric parallel-plate

capacitor

We consider the case of a parallel-plate capacitor, where an ion-conducting medium

is bounded on two sides by metal plates which are maintained at a relative potential

difference V by some voltage source. The intervening medium is modeled as a fixed

negative background with charge density −eN , upon which resides a neutralizing con-

centration of mobile positive ions with charge +e and bulk density N . We model the

conducting ions as hard spheres with diameter a, and this Chapter generally assumes

that Na3 ≪ 1. When an ion is up against the metal surface, it experiences an attractive

potential energy of approximately

uim = − e2

2εa
. (3.1)

For T = 573 K, ε = 5, and a = 2 Å, as estimated for the experiments of Ref. [21],

we get |uim|/kBT ≈ 15, so that such ions are bound strongly to the surface. In fact,

the attraction of ions to the metal surface may be stronger than uim, either because

of local behavior of the dielectric constant or because of some specific chemical affinity

that ions may have for the metal surface. In general, we will write the strength of ion

attraction to the metal surface as γuim, where γ is a positive constant of order one.

Unless otherwise stated, all numerical estimates will use γ = 1.

At a given voltage V , some area densities n1 and n2 of ions bind to the anode

and cathode, respectively. The attachment of these positive ions to the metal surface

results in the formation of regions with negative net charge q1 and q2 near the anode
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and cathode, respectively. Each of these charges exactly cancels the net charge of the

adjoining plate and its bound ions, so that there is no electric field in the bulk of the

ionic conductor. This implies q1 = −en1S − Q and q2 = −en2S + Q, where Q is the

electronic charge that moves through the voltage source. In other words, the dipoles

at each metal-glass interface are effectively embraced by a capacitor composed of the

charge q and its positive image −q in the metal. As in every plane capacitor, the charges

q1 and q2 are uniformly distributed along the plane.

Since positive ions gain a large energy |uim| by adsorbing to the metal surface, at

equilibrium there must be a correspondingly large potential difference Vim ≡ |uim|/e
between the metal surface and the bulk of the ionic conductor, so that the chemical

potential of ions is uniform. This large potential difference can be defined as the poten-

tial of zero charge (PZC), which has a nonzero value because of the strong spontaneous

polarization of the system. In this Chapter we consistently use the external electrode-

electrode potential V , which by definition is zero when there is no charge Q on the

electrode surfaces, to define capacitance, rather than the potential difference between

the electrode and the bulk.

With such a large internal potential difference Vim ≫ kBT/e at each electrode, the

negative regions are strongly depleted of ions even at very small applied voltage V .

The charges q1 and q2 therefore constitute depletion layers of width z1 and z2 which

form at the anode and cathode, respectively; here it is assumed that z1, z2 ≫ a. These

layers are devoid of mobile ions and have a charge density equal to that of the negative

background, so that q1 = −eNz1 and q2 = −eNz2. Thus

eNz1 − en1 = Q/S (3.2)

eNz2 − en2 = −Q/S, (3.3)

where Q is the electronic charge that moves through the voltage source of the capacitor.

The electrostatic energy associated with the formation of the depletion layers and their

corresponding positive image charge in the metal can be estimated as

Udep =
2πe2S

3εN

[(
n1 +

Q

Se

)3

+

(
n2 −

Q

Se

)3
]
. (3.4)

Fig. 3.1 gives a schematic depiction of the potential energy w(z) of an ion near the

anode as a function of its distance z from the metal surface, relative to a position in the
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bulk of the ionic conductor. There are two main contributions to w(z): the attraction

energy wim(z) = −e2/4εz of the ion to its image charge and the electrostatic energy

wdep(z) = 2πe2N(z1 − z)2/ε associated with moving the ion from the bulk into the

depletion region. At equilibrium, these two contributions satisfy wim(a/2) = uim =

−wdep(a/2), so that bound ions at the surface have the same energy as ions in the bulk

and the chemical potential is uniform.

+ + + +

Figure 3.1: Schematic depiction of the potential energy w(z) of an ion in the vicinity
of the metal plate. The image attraction energy wim and the energy associated with
moving through the depletion layer wdep are shown as a function of distance z from the
metal surface, along with the total w = wim + wdep. At equilibrium, ions bound to the
surface have the same potential energy as ions in the bulk.

Eq. (3.4) assumes that positive bound ions are effectively neutralized by their neg-

ative image charges, so that these ions can be ignored in calculating the electrostatic

self-energy of the depletion region and its image charge. One can consider, however, the

small correction to Eq. (3.4) resulting from the interaction between bound ion-image

pairs and the negative background. In the limit z1, z2 ≫ a, this correction can be viewed

as the potential energy of a collection of ion-image dipoles, each with dipole moment

|p⃗| = ea, aligned with an external field E⃗ produced by the negative depletion layer and

its positive image charge. If the number of dipoles on a given metal surface is nS, then

the total interaction energy of these dipoles with the external field is −nSp⃗ · E⃗, so that
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to the energy associated with forming the depletion layers there should be added a term

UdE = −4πuimS

[
n1

(
n1 +

Q

eS

)
+ n2

(
n2 −

Q

eS

)]
a2. (3.5)

In addition to the ions’ interaction with the background, there is a positive energy

associated with repulsion between bound ions. When the density of bound ions is low

enough that na2 ≪ 1, ions repel each other by a dipole-dipole interaction: the potential

created by a bound ion and its image charge repels an adjacent ion. In this limit the

repulsive interaction between two adjacent bound ions is

udd(n) ≃ e2a2n3/2/2ε. (3.6)

This repulsion results in the formation of a strongly-correlated liquid of ions on the

electrode surface, reminiscent of a two-dimensional Wigner crystal [33]. The total dipole

energy at a given plate is αnSudd(n), where α is a numerical coefficient which depends

on the structure of the lattice of dipole positions. Thus, the total dipole interaction

energy can be written as

Udd = αS[n1udd(n1) + n2udd(n2)]. (3.7)

For the minimum energy triangular lattice, α ≈ 4.4. Further calculations will use this

value.

We now assemble a full description of the total energy U associated with the bound

charge densities n1 and n2, taking as our reference the case where n1 = n2 = 0:

U = S(n1 + n2)γuim + Udep + UdE + Udd −QV. (3.8)

Here, −QV represents the work done by the voltage source.

It should be noted that this expression neglects another potential contribution to

the total energy: that of the finite chemical potential of ions in the bulk. At zero

temperature, for example, ions in the bulk are crystallized into a three-dimensional

Wigner crystal with finite self-energy uWC ≈ −1.4e2N1/3/ε per ion [58]. The energy

U is defined relative to the state where no ions have left the bulk, so the attachment

of (n1 + n2)S ions to the electrodes should involve an additional energy cost of −(n1 +

n2)SuWC . At small N , this energy provides only a small correction to the binding

energy uim and can be effectively absorbed into the coefficient γ.
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At equilibrium, the values of Q(V ), n1(V ), and n2(V ) are those which minimize U .

They can therefore be found by the conditions ∂U/∂Q = ∂U/∂n1 = ∂U/∂n2 = 0, the

latter two of which produce

5α

2
n
3/2
1 a3 +

4π

Na3

(
n1 +

Q

eS

)2

a4 = γ + 4π

(
2n1 +

Q

eS

)
a2, (3.9)

5α

2
n
3/2
2 a3 +

4π

Na3

(
n2 −

Q

eS

)2

a4 = γ + 4π

(
2n2 −

Q

eS

)
a2. (3.10)

If ions are relatively sparse in the bulk, so that Na3 ≪ 1, then the first and final terms

of both equations can be neglected. Setting Q = 0 suggests that at zero voltage, when

the net charge of the capacitor is zero, there is still a finite concentration n0 of ions

bound to each plate given by

n0a
2 ≃

√
γNa3

4π
≪ 1. (3.11)

Since the “filling factor” na2 on each metal surface is small, bound ions are sufficiently

distant that our approximation of a dipole interaction between them is justified. This

condition also verifies our assumption that the first and final terms of Eqs. (3.9) and

(3.10) are much smaller than unity.

As the voltage is increased from zero, ions are driven away from the anode and

attracted to the cathode, so that n1 decreases and n2 increases. Eqns. (3.9) and (3.10)

imply that n1 and n2 depend linearly on Q:

n0 − n1 ≃ Q/eS, (3.12)

n2 − n0 ≃ Q/eS. (3.13)

Subtraction of Eqs. (3.12) and (3.13) suggests that the total number of adsorbed ions

n1 + n2 ≃ 2n0 per unit area remains almost constant with increasing voltage. This

result is a direct consequence of the large difference between the depletion layer energy

Udep and the dipole-dipole energy αSnudd(n). Indeed, by comparing Eqs. (3.4) and

(3.7), we see that the condition Na3 ≪ 1 implies that the energy cost associated with

increasing the total number of bound ions, and thereby causing the depletion layers to

swell, is much larger than the dipole-dipole interaction energy. As a consequence, the

total number of bound ions remains nearly constant with voltage. The electronic charge
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Q ≃ eS(n2 − n1)/2 that passes through the voltage source can therefore be thought of

as the corresponding movement of image charges from one plate to another.

When enough charge has moved through the voltage source that Q = eSn0, the

anode becomes completely depleted of bound ions, so that n1 = 0 and n2 ≃ 2n0. This

corresponds to a particular voltage Vc. At voltages V > Vc, the number of bound ions

on the non-depleted electrode may still increase, but only through the costly widening

of the depletion layer.

A relation between charge Q and voltage V can be derived by substituting Eqs.

(3.12) and (3.13) into Eq. (3.8), so that the total energy U(Q) is written as a function

of the charge only. A subsequent application of the condition ∂U/∂Q = 0 gives

V ≃ 5α

2

[(
n0 +

Q

eS

)3/2

−
(
n0 −

Q

eS

)3/2
]
a3Vim. (3.14)

By taking the derivative of this expression with respect to V , we can derive the capac-

itance C = dQ/dV . This gives

C =
8

15α

( εS

a
√
n0a2 −Qa2/eS

)−1

+

(
εS

a
√
n0a2 +Qa2/eS

)−1
−1

. (3.15)

In this expression the terms inside the parentheses represent the capacitance of the

anode and cathode, respectively, which add like capacitors in series. At zero voltage,

Q = 0, so that the capacitance becomes

C(0) ≃ 4

15α

(
4π

γNa3

)1/4 εS

a
=

8π

15α

(
4π

γNa3

)1/4

CH . (3.16)

For Na3 ≪ 1 one gets C(0) ≫ CH/2 because at small voltages charging of the capacitor

is limited only by the dipole-dipole repulsion energy. Since n0a
2 ≪ 1, the dipole-dipole

interaction is weak, so that the resulting capacitance can be large.

At higher voltages, the capacitance of the EDL near the positive plate increases

strongly as this plate becomes depleted of ions and the corresponding dipole repulsion

energy goes to zero. Thus the contribution of the positive plate to the total capacitance
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vanishes when Q = en0S. The corresponding voltage Vc can be found by substituting

Q = en0S into Eq. (3.14):

Vc ≃
5α

2

(
γNa3

π

)3/4

Vim. (3.17)

Immediately prior to V = Vc, the capacitance achieves its maximum value

Cmax ≃ 8

15α

(
π

γNa3

)1/4 εS

a
=

√
2C(0). (3.18)

The effective thickness d∗min corresponding to Cmax is

d∗min ≃ 15α

32π

(
γNa3

π

)1/4

a ≈ 0.49
(
Na3

)1/4
a. (3.19)

Thus we arrive at a remarkable prediction: the effective capacitor thickness can be much

smaller than the ion diameter a. As an example, an ion-conducting medium with mobile

sodium atoms of diameter a = 2 Å and density Na3 = 0.01 can be used to make a

capacitor with capacitance nearly six times larger than CH/2. As mentioned before, this

surprisingly high capacitance is a result of the weak dipole-dipole interaction between

bound ions that comprise the double-layer. Indeed, near the capacitance maximum the

filling factor on the negative plate n2a
2 ≃ 2n0a

2 ≪ 1, so that it is incorrect to think of

the EDL as a series of uniformly charged layers. This difference represents an important

change of paradigm, from a mean-field capacitor to a capacitor composed of discrete,

correlated dipoles.

At V > Vc, ions can no longer simply be transferred from anode to cathode, and the

capacitance collapses to a much smaller value. The value of this “depleted capacitance”

can be found through optimization of the total energy U under the condition n1 = 0,

which yields

Cdep(V ) ≃ εS

a

√
Na3

4π(V/Vim + γ)
. (3.20)

This expression neglects the weak dipole-dipole interaction at the non-depleted negative

plate. At V/Vim ≫ γ the capacitance is dominated by the depletion layer next to the

positive electrode, and therefore it approaches the standard value for capacitance of a

depletion layer.

Fig. 3.2 shows the capacitance and the density of bound ions as a function of voltage,

as calculated by a numerical minimization of the total energy in Eq. (3.8). We have
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used Na3 = 0.1, following the estimate of Ref. [21]. All results are within 10% of the

approximate analytic expressions in Eqs. (3.11) – (3.13), (3.15) – (3.20).
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Figure 3.2: The area densities of bound ions (dashed lines, left vertical axis) and the
capacitance (solid line, right vertical axis) as a function of applied voltage for Na3 =
0.01, as given by a numerical minimization of the total energy in Eq. (3.8)

3.4 Low-temperature theory of an asymmetric Capacitor

We may also consider the case of an asymmetric capacitor, where the two electrodes

have unequal areas. This may be the case, for example, in a coaxial cylindrical capacitor

where the inner electrode has a smaller radius than the outer electrode. For the sake

of argument, we assume that at positive voltages the smaller electrode (area S1) is the

anode and the larger electrode (area S2) is the cathode. The corresponding Helmholtz

capacitance for the double layer at each electrode is CH,1 = εS1/2πa and CH,2 =

εS2/2πa for the small and large electrodes, respectively. These two capacitances add in

series, so that by the GCS theory the maximum possible capacitance is(
1

CH,1
+

1

CH,2

)−1

=
ε

2πa

(
1

S1
+

1

S2

)−1

. (3.21)
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When S1 = S2 = S, this result reduces to CH/2, as in the previous section. In the limit

S2 ≫ S1, Eq. (3.21) approaches CH,1, so that the total capacitance is limited by the

smaller area.

Let us now see how our theory of the previous section can be generalized to the

asymmetric case. The conditions of neutrality at anode and cathode become

eNz1 − en1 = Q/S1 (3.22)

eNz2 − en2 = −Q/S2, (3.23)

so that the electrostatic energy of the depletion layers can be written as

Udep =
2πe2

3εN

[
S1

(
n1 +

Q

S1e

)3

+ S2

(
n2 −

Q

S2e

)3
]
. (3.24)

Similarly, the interaction between dipoles and the depletion layer becomes

UdE = −4πuim

[
n1S1

(
n1 +

Q

eS1

)
+ n2S2

(
n2 −

Q

eS2

)]
a2. (3.25)

and the total dipole-dipole interaction energy is

Udd = α [S1n1udd(n1) + S2n2udd(n2)] . (3.26)

The total energy is therefore

U = (S1n1 + S2n2)γuim + Udep + UdE + Udd −QV. (3.27)

As before, the values of Q(V ), n1(V ), and n2(V ), are those which minimize U .

At zero voltage, the conditions ∂U/∂n1 = ∂U/∂n2 = 0 suggest n1 = n2 = n0, where

n0 is the same as in the symmetric case [Eq. (3.11)]. At finite V they imply

n0 − n1 = Q/eS1 (3.28)

n2 − n0 = Q/eS2, (3.29)

so that, as in the symmetric case, the charge Q can be thought of as the movement

of image charges from one electrode to another. Here we have again assumed that

Na3 ≪ 1.
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Using Eqs. (3.28) and (3.29), we can rewrite the total energy as a function of Q only.

By optimizing U(Q) with respect to Q we obtain an expression V (Q) from which we

can define the capacitance. This procedure yields

V ≃ 5α

2

[(
n0 +

Q

eS2

)3/2

−
(
n0 −

Q

eS1

)3/2
]
a3Vim. (3.30)

Taking the derivative with respect to V , and using C = dQ/dV , we get

C =
8

15α

( εS1

a
√
n0a2 −Qa2/eS1

)−1

+

(
εS2

a
√
n0a2 +Qa2/eS2

)−1
−1

. (3.31)

In this expression the terms inside the parentheses represent the capacitance of the

anode and cathode, respectively, which add like capacitors in series. At zero voltage,

Q = 0, so that the capacitance becomes

C(0) ≃ 8

15α

(
4π

γNa3

)1/4 ε

a

(
1

S1
+

1

S2

)−1

. (3.32)

When S1 = S2, this expression reduces to the symmetric result of Eq. (3.16). When

S1 ≪ S2, the capacitance is dominated by the smaller area, as expected. In either case,

C(0) is again much larger than the corresponding Helmholtz values CH/2 and CH,1.

Below we consider the behavior of the capacitance as a function of voltage, examining

separately the cases of positive and negative voltage applied to the small electrode.

3.4.1 Positive voltage

When the voltage is increased from zero, the capacitance increases as ions unbind from

the anode and bind to the cathode. At a certain critical voltage Vc,1 the anode becomes

depleted of bound ions. This occurs when n1 = 0, or Q = eS1n0, so that by Eq. (3.30)

Vc,1 ≃
5α

2

(
γNa3

4π

)3/4(
1 +

S1
S2

)3/2

Vim. (3.33)

At this point, the double-layer capacitance of the anode diverges as ions bound to the

anode become sparse and the corresponding dipole-dipole interaction energy goes to
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zero. The total capacitance is therefore limited only by the capacitance of the cathode.

Substituting Q = eS1n0 into Eq. (3.31) gives

C(Vc,1) ≃
S2
S1

√
S1 + S2
S2

C(0). (3.34)

When the cathode is much larger than the anode, S2/S1 ≫ 1, the maximum capacitance

C(Vc,1) ≃ C(0)S2/S1. This result implies a tremendous growth in the capacitance at

positive voltages 0 < V < Vc,1. For voltages just below the critical value, so that

Vc,1 − V ≪ Vc,1, we can examine this growth analytically. At S2/S1 ≫ 1 we can ignore

the term Q/eS2 in Eq. (3.30) and we arrive at (n0a
2 −Qa2/eS1)

3/2 = (Vc,1 − V )/Vim.

Substituting this result for the first term of the sum in Eq. (3.31) (the inverse capacitance

of the smaller electrode) and ignoring the second term (the inverse capacitance of the

larger electrode), we find that the capacitance diverges approximately as

C(V ) ≃ 4

3

(
2

5α

)2/3( Vim
Vc,1 − V

)1/3 εS1
a
, (0 < V < Vc,1) (3.35)

before being truncated by the finite value of S2 as given in Eq. (3.34). At V = 0, Eq.

(3.35) approximately matches the capacitance C(0) from Eq. (3.16).

At larger voltages V > Vc,1, the anode becomes depleted of ions and the capacitance

collapses to a much smaller value. This value can be found through minimization of the

total energy U with respect to Q under the condition n1 = 0, which gives

Cdep,1(V ) ≃

√
Na3

4π(V/Vim + γ)

εS1
a
, (V > Vc,1). (3.36)

In other words, the capacitance at large positive voltages is dominated by that of the

growing depletion layer at the anode, as in Eq. (3.20) for the symmetric case.

Fig. 3.3 shows the capacitance as a function of voltage for different values of S2/S1,

as calculated by numerical minimization of the total energy in Eq. (3.27). For V > 0,

this figure illustrates the analytical results of Eqs. (3.33) – (3.36). For V < 0 it shows

the predictions of the following subsection. Notice that at large values of S2/S1 the

divergence in the capacitance near V = Vc,1 becomes increasingly pronounced.

3.4.2 Negative voltage

So far we have been talking about the case of a small anode and large cathode. We

now consider the situation of negative voltage V , where the electrodes change roles
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Figure 3.3: The capacitance as a function of voltage for different ratios S2/S1, as calcu-
lated by numerical minimization of the total energy, for Na3 = 0.01. Threshold voltages
Vc,1 and Vc,2 are shown for the dashed line only.

and the cathode area S1 is smaller than the anode area S2. This change in electrode

roles suggests an asymmetry in the total capacitance with respect to the sign of the

voltage. Below we examine the capacitance at negative voltages for two limiting cases:

the moderately asymmetric case S2/S1 ≪ 1/
√
Na3 and the highly asymmetric case

S2/S1 ≫ 1/
√
Na3.

Moderately asymmetric capacitor

If the two electrode areas are not too different, so that S2/S1 ≪ 1/
√
Na3, then the

capacitance at negative voltages can be described using the same procedure as for pos-

itive voltage, beginning with Eqs. (3.30) – (3.31). The voltage Vc,2 at which the larger

electrode becomes depleted of bound ions can be found by setting Q = −eS2n0 in Eq.

(3.30), which gives

Vc,2 = −
(
S2
S1

)3/2

Vc,1. (3.37)
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The large electrode therefore becomes depleted at larger voltages (in absolute value)

than the small electrode (see the dashed line in Fig. 3.3). The condition S2/S1 ≪
1/

√
Na3 guarantees that |Vc,2| < Vim.

At larger negative voltages V < Vc,2, there is an apparent collapse in capacitance

due to the depletion of bound ions at the larger electrode. The capacitance immediately

prior to this voltage

C(Vc,2) ≃
S1
S2

√
S1 + S2
S1

C(0) =

(
S1
S2

)3/2

C(Vc,1). (3.38)

This value is smaller than the maximum capacitance C(Vc,1) since the capacitance at

Vc,2 is limited by the capacitance of the smaller electrode while at Vc,1 it is limited by the

larger electrode. For voltages beyond the collapse point, V < Vc,2, the total capacitance

can be found through minimization of U under the condition n2 = 0, which yields

Cdep,2(V ) ≃

√
Na3

4π(γ − V/Vim)

εS2
a
, (V < Vc,2). (3.39)

This capacitance is similar to Eqs. (3.20) and (3.36), and is determined by the growing

depletion layer at the larger electrode.

Highly asymmetric capacitor

We now consider the opposite limit of electrode areas, when S2 and S1 are so different

that S2/S1 ≫ 1/
√
Na3. In this case there is no apparent collapse in the capacitance at

any negative voltage −Vim < V < 0 (see the dotted line in Fig. 3.3). Rather, Eqs. (3.30)

and (3.31) imply a continuous increase in capacitance with voltage as in Eq. (3.35):

C(V ) ≃ 4

3

(
2

5α

)2/3( Vim
Vc,1 − V

)1/3 εS1
a
,

(−Vim < V < Vc,1). (3.40)

Notice that at V = −Vim the capacitance becomes approximately equal to the Helmholtz

value C(−Vim) ≃ CH,1.

At larger negative voltages V < −Vim our description of the total energy loses its

validity, since Eq. (3.30) implies a near-complete filling of this electrode by bound ions,

n1a
2 ≃ 1. Thus the assumption of a dipole-dipole interaction between bound ions is
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no longer accurate. At V ≪ −Vim, the capacitance of the smaller electrode should be

dominated by the accumulation of complete ionic layers at the small (negative) electrode,

as described by the theories of Refs. [53, 54, 55, 47, 12, 56]. This is opposite to the result

of the symmetric case, where the capacitance at large negative voltages is determined

by the growth of the depletion layer next to the positive electrode. Instead, the large

difference between S2 and S1 guarantees that the capacitance of the smaller electrode

is much lower, and it therefore determines the total. The corresponding capacitance at

such large negative voltages is

C(V ) ≃
√

−Vim
4πV

εS1
a
, (V ≪ −Vim). (3.41)

At V = −Vim, this capacitance also approaches the Helmholtz value C(−Vim) ≃ CH,1,

so that Eqs. (3.40) and (3.41) match at V ≃ −Vim.

Eqs. (3.40) and (3.41) indicate that in the limit S2/S1 ≫ 1/
√
Na3 the capacitance

does not depend on the area of the large electrode S2. Rather, it is totally determined

by the physics of the double-layer near the small electrode. Therefore, we can view this

result as the capacitance of a single small electrode (S2 → ∞). While the result of

Eq. (3.41) is known [53, 54, 55, 47, 12, 56], we could not find that of Eq. (3.40) in the

literature . In the range of its validity, the capacitance grows with increasing voltage

V from C ∼ CH,1 at V = −Vim and actually diverges at V = Vc,1. Thus the effective

thickness d∗ of a single interface vanishes at V = Vc,1! Of course, this result is valid

only at zero temperature. As shown in next section, finite temperature truncates this

divergence.

3.5 Temperature Dependence of Capacitance

In the previous sections, we derive capacitance by minimization of the total electrostatic

energy and do not include any entropic effects associated with the finite thermal energy

of ions. Here we consider the dependence of capacitance on temperature.

Until now, bound ions have been assumed to occupy their ground state configura-

tion: a two-dimensional Wigner crystal. Since the capacitance is limited only by the

resulting dipole-dipole interaction between ions, our prediction for the capacitance is

highly dependent on the validity of this description. If thermal motion of bound ions
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produces a significant correction to the repulsive interaction between them, than the

capacitance will be different than our “zero-temperature” prediction of the previous

sections.

In general, when the two electrodes have area S1, S2, the total free energy of the

system can be written as

F = (S1n1 + S2n2)γuim + Udep + UdE +

S1f(n1) + S2f(n2)−QV, (3.42)

where f(n) represents the free energy per unit area of the two-dimensional collection

of bound ions that forms at a given interface, which includes dipole-dipole repulsion

and thermal motion along the metal surface. At low temperatures kBT ≪ udd(n0),

bound ions are crystallized and f(n) ≃ αnudd(n), so that Eq. (3.42) becomes equal

to Eq. (3.27) and we regain the results of our low-temperature theory. If the average

free energy per ion along each metal surface is small enough that df/dn ≪ uim, and

the voltage is small enough that we still have n1, n2 ≪ 1/a2, then the equilibrium

requirements ∂F/∂n1 = ∂F/∂n2 = 0 imply

n0 − n1 = Q/eS1 (3.43)

n2 − n0 = Q/eS2, (3.44)

as before.

As a consequence, for sufficiently small voltages |V | < Vc, where neither metal

surface is depleted of bound ions, the sum n1 + n2 = 2n0 remains constant. The

condition ∂F/∂Q = 0, along with ∂n1/∂Q = −1/eS1 and ∂n2/∂Q = −1/eS2, gives

eV = f ′(n2)− f ′(n1). (3.45)

Here, the ′ denotes a derivative with respect to the argument. The capacitance dQ/dV

is therefore

C = e2
[
f ′′(n1)

S1
+
f ′′(n2)

S2

]−1

. (3.46)

Generally speaking, Eq. (3.46) can be combined with Eqs. (3.43) – (3.45) to give an

analytic relation for the capacitance as a function of voltage at a given temperature:

C(V, T ). This section will focus primarily on the temperature dependence of the zero-

voltage capacitance C(0, T ) and on the capacitance maximum Cmax(T ).
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3.5.1 Zero-voltage capacitance

According to Eq. (3.46), the capacitance at zero voltage can be written

C(0, T ) =
e2

f ′′(n0)

(
1

S1
+

1

S2

)−1

, (3.47)

so the capacitance is fully determined by the (temperature-dependent) free energy of

ions along the metal surface, f(n). The behavior of this contribution can be separated

into three regimes of temperature.

Low Temperature

At very low temperature kBT ≪ udd(n0), one can imagine that each ion in the Wigner

crystal undergoes small thermal oscillations in the confining potential created by its

neighbors. If this potential is expanded to second-order in the displacement r from the

potential energy minimum, then the average squared thermal displacement is

⟨r2⟩ ≈ εkBT

13.5e2a2n5/2
, (3.48)

again assuming a triangular lattice of dipoles. The positional entropy of a bound ion,

relative to an unbound state in the bulk, can be estimated as ln(⟨r2⟩/a2)− ln(1/Na3).

The free energy per unit area f(n) of bound ions is therefore

f(n) ≃ n
[
αudd(n)− kBT ln

(
N⟨r2⟩a

)]
, (3.49)

The corresponding zero-voltage capacitance

C(0, T ) = C(0, 0)

[
1 +

2

3α

kBT

udd(n0)

]−1

. (3.50)

where C(0, 0) is the zero-voltage capacitance described by Eq. (3.32).

Intermediate Temperature

At sufficiently large temperatures that kBT ≫ udd(n0) but kBT ≪ uim, the crystal-like

order of dipoles is destroyed, and bound ions are better described as a two-dimensional

ideal gas than as a Wigner crystal. In this limit, the free energy per unit area of bound

ions f(n) can be approximated as that of a two-dimensional ideal gas,

fid(n) = −nkBT ln

(
Na3

na2

)
. (3.51)
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Here we again define the entropy of an ion relative to the bulk.

The description of Eq. (3.51) assumes that ions are non-interacting, so that their free

energy is determined purely by entropic motion. The effect of relatively weak interaction

between ions can be included by a virial expansion of the free energy,

f ≃ fid + n2kBTB(T ). (3.52)

Here, B(T ) is the second virial coefficient, calculated from the dipole-dipole interaction

energy u(r) between bound ions as

B(T ) =
1

2

∫ ∞

0

(
1− e−u(r)/kBT

)
2πrdr, (3.53)

≈ 2.65

(
e2a2

εkBT

)2/3

. (3.54)

By Eq. (3.47), the resulting capacitance is

C(0, T ) =
e2n0
kBT

[
1 + 5.3

(
2udd(n0)

kBT

)2/3
]−1(

1

S1
+

1

S2

)−1

. (3.55)

If the temperature is low enough that kBT ≪ uim(Na3)1/3, then all other corrections to

the capacitance beyond that of the virial coefficient are parametrically smaller in Na3.

One can estimate the transition temperature T1 between Eqs. (3.50) and (3.55) by

equating them, which gives

T1 ≈ 7.9α3/5udd(n0)/kB. (3.56)

As expected, the transition occurs when the thermal energy is of the same order as the

dipole-dipole interaction energy.

High Temperature

At much larger temperatures kBT ≫ uim, ions no longer bind to the metal surface.

Since at these temperatures the change in potential at a given electrode is small com-

pared to the thermal energy, the attraction of ions to the metal produces only a small

perturbation in the overall ion density. Ions therefore form a diffuse screening layer

around each metal surface, with a width equal to the Debye-Hückel screening radius

rs =

√
εkBT

4πe2N
. (3.57)
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The resulting capacitance per unit area of the double-layer is ε/4πrs, so that the

total capacitance of the two double-layers in series is

CDH =
ε

4πrs

(
1

S1
+

1

S2

)−1

. (3.58)

The crossover temperature T2 between the Debye-Hückel capacitance CDH and the

intermediate-temperature value can be found by equating Eqs. (3.55) and (3.58), which

gives

T2 = 2γuim/kB. (3.59)

Fig. 3.4 shows a schematic depiction of C(0) in all three regimes of temperature,

plotted for two different values of the density Na3.
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Figure 3.4: Schematic depiction of the temperature dependence of the zero-voltage ca-
pacitance of a parallel-plate capacitor. Numbers in parentheses indicate the formula
describing each portion of the temperature dependence. The dash-dotted line corre-
sponds to a higher value of the density Na3, which produces a lower zero-temperature
capacitance and a higher capacitance at large temperatures. The temperature T1 is
indicated for the solid line only.
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3.5.2 Maximum capacitance

At zero temperature, the capacitance maximum is associated with a sharp discontinuity

in the C-V curve, as shown in Figs. 3.2 and 3.3. At finite temperature, however, entropic

effects will tend to smooth out these discontinuities, thereby shifting both the magnitude

and position of the capacitance maximum.

At sufficiently low voltages that neither electrode is depleted of bound ions and

n1, n2 ≪ 1/a2, Eq. (3.46) implies that the capacitance is extremized when

f ′′′(n1) =

(
S1
S2

)2

f ′′′(n2). (3.60)

This relation can be used to find the capacitance maximum Cmax(T ) at temperatures

T < T2. For high temperatures T > T2, the capacitance is equal to CDH and is

essentially constant in voltage.

Below we derive the maximum capacitance for the symmetric case, S1/S2 = 1, and

the highly asymmetric case, S1/S2 → 0.

Symmetric capacitor

When the electrode areas are equal, S1 = S2, Eq. (3.60) becomes

f ′′′(n1) = f ′′′(n2). (3.61)

This suggests that at V = 0, where n1 = n2 = n0, there is always either a maximum

or a local minimum in the capacitance. At low temperatures T ≪ T1, V = 0 is a local

minimum. The maximum can be found by solving Eq. (3.61) and then substituting the

results for n1, n2 into Eq. (3.46), which gives

Cmax(T ) ≃ Cmax(0)

(
1 + 1.2

(kBT/αuim)1/3√
n0a2

)−1

.

(T ≪ T1) (3.62)

Here, Cmax(0) is the maximum capacitance at zero temperature, given in Eq. (3.18).

Qualitatively, this result can be explained by considering that the capacitance max-

imum at zero temperature is driven by a vanishing dipole-dipole interaction at the

depleted electrode, which allows the capacitance of that electrode to diverge. At finite



53

temperature, the free energy of bound ions cannot fall below the thermal energy kBT , so

the capacitance of the nearly-depleted electrode remains finite. Setting udd(n1) = kBT

and solving for n1, while setting n2 = 2n0, allows one to derive the result of Eq. (3.62) to

within a numerical coefficient multiplying the temperature. Note that as T approaches

T1, the capacitance maximum approaches C(0, T ) as in Eq. (3.50).

For larger temperatures T ≫ T1, the capacitance maximum disappears and the func-

tion changes concavity around V = 0. Thus, the maximum capacitance becomes equal

to the zero-voltage capacitance given in Eq. (3.55). A characteristic set of capacitance-

voltage curves corresponding to this range of temperature is shown in Fig. 3.6.

Highly asymmetric capacitor

For the case S2 ≫ S1, our zero-temperature theory in the previous section predicts

a sharp divergence in the capacitance as V approaches Vc,1 [Eq. (3.35)], driven by a

vanishing dipole-dipole repulsion at the smaller electrode. At finite temperature, this

divergence is truncated by entropic effects, which inhibit the complete depletion of

bound ions from the electrode surface. According to Eq. (3.60), for S1/S2 → 0 the

maximum is characterized by

f ′′′(n1) = 0. (3.63)

By Eq. (3.46), the corresponding capacitance C = e2S1/f
′′(n1).

At low temperatures T < T1, the solution of Eq. (3.63) gives a capacitance

Cmax(T ) =
0.32

α

(
uim
kBT

)1/3 εS1
a
, (T ≪ T1). (3.64)

As in the symmetric case, this maximum occurs when n1 declines sufficiently that

udd(n1) ≃ kBT . In the limit that the temperature T approaches T1, Cmax ≃ C(0, T ),

and there is no increase in capacitance at positive voltage.

At intermediate temperatures T1 < T < T2, the capacitance C(V ) at small voltages

|V | ≪ kBT/e is dominated by the two-dimensional entropy of ions bound to the metal

surface S1. As a consequence, the capacitance increases with negative voltage, where

the density of ions n1 increases and therefore their entropy declines. The capacitance

continues to rise with negative voltage until V ≃ −kBT/e, at which point the density

of ions is large enough that the dipole-dipole repulsion udd(n1) is comparable to the
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ideal gas free energy per ion dfid(n1)/dn1. At this point the capacitance achieves its

maximum, which is again well-described by Eq. (3.64). Fig. 3.8 shows a characteristic

set of C-V curves corresponding to this range of temperature.

At large temperatures T > T2, the maximum capacitance becomes similar to the

Helmholtz value CH,1. The maximum occurs at large negative voltages V < −kBT/e <
−Vim, where the applied voltage is strong enough to collapse the ionic screening layer

to the electrode surface and form a complete layer.

3.5.3 Comparison with ion-conducting glass experiment

Let us return to the case of a symmetric double-sided capacitor and compare our theory

to the experiments of Ref. [21]. Capacitance-voltage characteristics for three different

phosphosilicate glasses are shown in Fig. 1.5 together with our theoretical prediction

for the relevant concentration Na3 = 0.1 and temperature T = 600 K (heavy solid

line). The theoretical curve is derived by a numerical minimization of the total free

energy, as in Eq. (3.42), using ε = 10 for the bulk of the glass and ε = 2.5 for ions

bound to the metal surface. This approximation is equivalent to using γ = 4. If one

assumes a uniform dielectric constant ε, or γ = 1, then the theory predicts an even larger

capacitance C(0) ≈ 3CH (see Fig. 3.7), but it also predicts the capacitance to collapse

at a smaller voltage than what is seen in experiment. To obtain better agreement with

experiment one may need to consider the disorder potential acting on mobile ions in the

glass, but this is outside the scope of the present work.

3.6 Monte Carlo Simulation

In order to test the analytic predictions of the previous sections, we present here the

results of a simple Monte Carlo (MC) simulation that models the behavior of an ionic

conductor between metal electrodes. As a computational convenience, we divide the

system depicted in Fig. 1.3 into three slabs and disregard the thick neutral middle one,

so that more computer time may be devoted to the anode and cathode sections in

which interesting physics is occurring. This separation is in line with the above theory,

which assumes that the two electrodes are separated by a distance much larger than

any screening length scale, such that there is no interaction between the two electrodes’
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double-layers.

Each remaining slab is treated as a square prism cell with volume Ω = Lx×Ly×Lz,

where Lx = Ly and Lz is chosen so that the system is at least twice as thick as the

depletion layer. The metallic electrode coincides with one of the cell’s square faces. At

V = 0, there is no difference between the two partial systems; each contains ΩN mobile

positive ions, which are modeled as spheres with diameter a = 2Å that carry a charge

e located at their center (the “primitive model”). These mobile ions are constrained to

move on a cubic lattice with lattice constant a, placed so that a/2 is the distance of

closest approach of an ion to the cell’s walls. Mobile ions are subject to an excluded

volume constraint, so that two of them cannot occupy the same site simultaneously. On

this same lattice, at each of the Mb = Ω/a3 total lattice sites, there is a small fixed

charge −eNa3 which models the negative background. The MC program allows for Q/e

ions to be taken from the anodic cell to the cathodic cell without changing the charge

of the background. As we will see, this movement of Q/e ions is equivalent to applying

a certain positive voltage V .

Every charge within a cell forms an electrostatic image in the metallic electrode

surface (z = 0), i.e. a charge q at (x, y, z) has an image charge −q located at (x, y,−z).
The total electrostatic energy E of the cell is calculated as 1/2 times the energy of a

system twice as large composed of the real charges and their images, so that

E =
e2

4ε

Mt∑
i,j;dij ̸=0

qiqj
dij

. (3.65)

Here, qi denotes the charge of particle i, dij denotes the distance between particles i and

j, and Mt = 2(Mi +Mb) is the total number of particles in the system. For real mobile

ions, qi = e; for the mobile ions’ images, qi = −e; for the fixed background charges,

qi = −eNa3; and for the images of the background charges, qi = eNa3. The dielectric

constant is set to ε = 5 everywhere.

At the beginning of a MC simulation both the temperature T and the zero-voltage

mobile ion density Na3 are set. The positive ions are then initialized to random non-

overlapping coordinates on the lattice and the initial energy is calculated from Eq.

(3.65). After selecting an ion at random, the MC program attempts to reposition it

to a random lattice site within a cubic volume of (4 Å)3 centered on the ion’s current

position. For one in every 100 attempted moves the MC program expands this volume
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to (20 Å)3 in order to overcome the effects of any large, local energy barriers. The cell

is given periodic boundaries, so that an ion exiting one face of the cell re-enters at the

opposite face. The total electrostatic energy of the system, E , is calculated after each

attempted move. Moves are then accepted or rejected based on the standard Metropolis

algorithm. To ensure thermalization, 8, 000 moves per mobile ion are attempted before

any simulation data is collected. After thermalization, simulations attempt between 105

and 106 moves per mobile ion in the system, of which ∼ 10%− 40% are accepted.

In Fig. 3.5, the average ion density as function of the z coordinate is shown for a

simulation of a 40×40×40 Å3 cell, with T = 350K and Na3 = 0.01. The accumulation

of bound ions at the metal surface (z = 1Å) is clear, as is the depletion layer adjacent

to it. As predicted, the system regains electroneutrality beyond the depletion layer,

validating our assumption that the two double layers of the metallic electrodes can be

simulated separately. The peaks in ion density at either edge of the neutral region likely

correspond to over-charging by a strongly-correlated liquid of ions in the bulk [59, 22].
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Figure 3.5: The average dimensionless ion density ρa3 as a function of the distance
z from the metal surface, as calculated from a MC simulation of a 40 × 40 × 40 Å3

cell at Q = 0. The dotted line shows the concentration which neutralizes the negative
background.

The primary goal of the simulation is to obtain the full system’s capacitance, C =

dQ/dV . A change in voltage in the real system requires charge transfer, Q, from one
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electrode to the other through the voltage source. In our simulation we apply a constant

voltage V ≥ 0 to the pair of cells by adding Q/e ions to one cell (cathodic side) and

removing Q/e ions from the other cell (anodic side). In this way the electronic charge

of each electrode is varied; the addition of Q/e ions to a cell corresponds to an addition

of a charge −Q to the electrode, which comes in the form of image charges for the

added ions. The voltage that corresponds to this movement of charge is found through

V = dF/dQ, where F = Fa + Fc is the free energy of the full system, equal to the the

sum of the anodic and cathodic free energies. In a given cell containingMi positive ions,

we used the Widom particle insertion method [60, 61] to obtain the change in either the

anodic or cathodic cell’s free energy ∆Fa,c caused by the addition of another positive

ion,
∆Fa,c

kBT
= ln

(
ρ(x, y, z)a3/⟨exp[−∆E(x, y, z)/(kBT )]⟩

)
. (3.66)

Here, ∆E(x, y, z) is the change in electrostatic energy due to a probe charge placed

at (x, y, z) and ρ(x, y, z) is the mean density of real positive ions at (x, y, z). The

angle brackets denote a time average and the ratio of the quantities inside the natural

log is independent of the position (x, y, z). At the beginning of the simulation, 20

lattice sites are selected as Widom insertion sites at which the quantities ρ(x, y, z) and

exp[−∆E(x, y, z)/(kBT )] are calculated after every attempted move. The corresponding

values of ∆Fa,c obtained from each insertion site are averaged in order to give a final

value.

We are free to set the free energy of the system at Q = 0 to zero, so that F(0) =

0. Simulating the anode and cathode for Q = 1, 2, 3..., while employing the Widom

insertion method, allowed us to determine the system’s free energy as a function of Q,

F(Q) = F(Q− 1) + ∆Fc(Q)−∆Fa(Q). (3.67)

This equation must be used iteratively to find F(Q−1) starting from F(0) = 0. For the

symmetric case (S1 = S2), this process is easily extended to negative voltages by taking

Q < 0; positive ions are then attracted to the anode and repelled from the cathode. In

the asymmetric case (S1 < S2), ∆Fc(Q) = ∆Fa(−QS1/S2), so we need only to simulate

the cathodic cell at positive and negative Q in order to calculate ∆Fa(Q) and F(Q).

Taking the discrete derivative of these data points gives F(Q)−F(Q− e) = V (Q−
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e/2). Another derivative gives the capacitance of the system as a function of V ,

C(V (Q)) =
dQ

dV
=

e

(V (Q+ e/2)− V (Q− e/2))
, (3.68)

where V (Q) = [V (Q+ e/2) + V (Q− e/2)]/2.

Figure 3.6 shows the results of the simulation for a system with S1 = S2 = 40× 40

Å2, Lz = 20Å, and Na3 = 0.01. Capacitance as a function of voltage is shown for three

values of the temperature, along with the analytic predictions explained in section 3.5.

These temperatures fall within the range T1 . T < T2, and as predicted, the maximum

capacitance occurs at zero voltage while the capacitance collapse is smeared over a

voltage range proportional to kBT/e.
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Figure 3.6: Capacitance as a function of voltage for a symmetric parallel-plate capacitor
at various temperatures T1 . T < T2, using Na

3 = 0.01, ε = 5, and γ = 1. a) Results
from a Monte Carlo simulation of the OCP model. Error bars for the MC data are
smaller than the symbols. b) Analytic predictions, as explained in section 3.5.
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In order to quantify the finite-size effects of our simulation cell, we examined the

capacitance at zero voltage, C(0, T ), obtained from three “slab-shaped” simulation vol-

umes of size L × L × L/2, with L = 40, 60, and 80 Å. For Na3 = 0.01, C(0, T ) was

seen to scale linearly with 1/L at all values of the temperature that we examined (T =

350, 600, and 1200 K). In each case, the value of C(0, T ) obtained by extrapolation to

infinite system size was within 16% of the value of C(0, T ) corresponding to L = 40 Å.

This difference was within the uncertainty of our simulation for all temperatures except

1200 K. We also checked that there was no dependence of the capacitance on the aspect

ratio of our simulation cell by examining C(0, T ) in three cubic cells with side length

L = 20, 40, and 60 Å. The resulting value of C(0, T ) again scaled linearly with 1/L and,

within uncertainty, the extrapolated values of C(0, T ) agreed with those found in the

slab geometry. These results allow us to conclude that the 40×40×20 Å simulation cell

provides a good approximation of an infinite system. All MC results presented below

correspond to this choice.

The temperatures explored by our MC simulation fall in the intermediate temper-

ature range T1 . T < T2, and so the capacitance should be described by Eq. (3.55).

Indeed, as shown in Fig. 3.7, the temperature dependence of C(0, T ) obtained from sim-

ulations is in good agreement with the analytical prediction of Eq. (3.55). Results from

a numerical minimization of the total free energy [Eq. (3.42)] are also shown. Results

are plotted as a function of absolute temperature as well as dimensionless temperature

T ∗ = kBT/(e
2/εa).

Unfortunately, the low-temperature predictions of our theory, corresponding to T ≪
T1, could be not be examined directly since these temperatures correspond to an ex-

tremely low acceptance rate in our MC simulation. Nonetheless, we can get an idea of the

zero-temperature capacitance by examining the behavior of the total electrostatic energy

E . Since at zero temperature the total free energy becomes equal to E , the capacitance

C approaches (d2E/dQ2)−1 at low temperatures. Examining (d2E/dQ2)−1 as a function

of temperature and extrapolating to T = 0 allows us to make a rough estimate of the

zero-temperature capacitance C(0, 0). For Na3 = 0.01, the result is 2C(0, 0)/CH ≈ 7,

which is significantly higher than the theoretical prediction of 2C(0, 0)/CH = 4.5 given

by Eq. (3.16). This enhanced capacitance may be the result of screening of the dipole in-

teraction by mobile ions in the bulk, which suppresses the interaction of distant dipoles
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Figure 3.7: Capacitance at zero voltage, C(0, T ), as a function of temperature for a
symmetric system S1 = S2 at two different values of the density Na3. Squares represent
the MC data using S = 40 × 40Å2, while the prediction of Eq. (3.55) is shown by the
thick black curve. Results are plotted as a function of absolute temperature (lower axis)
as well as dimensionless temperature T ∗ = kBT/(e

2/εa) (upper axis). The error bars
for the MC data are smaller than the symbols. a) Na3 = 0.01. b) Na3 = 0.1.

and therefore reduces the effective value of α. At larger ion density, the discrepancy

between our low-temperature theory and the projected zero-temperature capacitance

from simulation becomes even more pronounced. For Na3 = 0.03, 0.1, 0.3 we estimate

2C(0, 0)/CH = 6.5± 1, as compared to 2C(0, 0)/CH = 3.5, 2.5, 2.0 given by Eq. (3.16).

These results are consistent with the interpretation based on screening of dipole-dipole

repulsion by ions of the bulk. Indeed, at larger ion densities the bulk becomes more ef-

fective at screening because it is separated from the metal surface by a thinner depletion

layer.

As a rudimentary test of the extent to which the dipole interaction is screened by

bulk ions, we performed a MC simulation of a 40× 40× 20 Å
3
simulation cell in which

one of the ions was fixed to the center of the metal surface (x = y = 0, z = a/2). The

time-averaged density of ions ρ(x, y, z) was then recorded at every lattice site in the

simulation cell, from which the mean electric potential ϕ(x, y, z = a/2) at the metal
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surface could be reconstructed. In order to isolate the contribution of bulk ions to the

potential from that of strongly-correlated ions on the metal surface, the simulation was

run with n0S ions removed from the system. In this way we simulated the anodic side of

a capacitor at V = Vc, where the metal surface is depleted of bound ions. At a density

corresponding to Na3 = 0.01 and a temperature T = 350 K, we found that the potential

ϕ surrounding the ion was well described by ϕ(r, z = a/2) = ea2/2εr3 · exp(−r/rsb),
where r =

√
x2 + y2 is the azimuthal distance from the bound ion and rsb is a length

scale which characterizes the range of the screened dipole potential. We found rs ≈ 4.5a,

which is smaller than the average distance n
−1/2
0 ≈ 6a between bound ions at zero

voltage. If this expression eϕ(n−1/2) is substituted for the dipole-dipole energy udd,

then the resulting prediction for zero-voltage capacitance at Na3 = 0.01 is significantly

enhanced: 2C(0)/CH = 12 as compared to 4.5 from Eq. (3.16). In reality, the observed

capacitance from MC simulations is between these two values, 2C(0)/CH ≈ 7, and this

discrepancy may be the result of a non-additive response of bulk charges to dipoles at

the surface (non-linear screening).

Finally, we also considered the simulation of a highly asymmetric capacitor, where S2

is infinite and S1 = 40×40 Å
2
. We again examine the case Na3 = 0.01, T = 600K, and

use Lz = 20 Å. The results are shown in Fig. 3.8, along with the analytic predictions

of section 3.5 for different values of the temperature.

3.7 Low-voltage capacitance peak in asymmetric ionic liq-

uids

Up to this point we have discussed the OCP model primarily as it applies to ion-

conducting glasses at moderately high temperatures where only the smallest ion (cation)

is mobile. Qualitative agreement of our predictions with experimental data shows that

the OCP model is a reasonable zero-order approximation.

In this section we discuss other possible applications of the OCP model, as mentioned

in the introduction. One application which immediately comes to mind is to super-ionic

crystals, where only the smallest positive ionic species (such as Na+ or Li+) is mobile.

In this case there is no reason for a frozen disorder, so that in super-ionic crystals the

OCP model should work even better than in ion-conducting glasses.



62

−1 −0.5 0 0.5
0

2

4

V/V
im

C
/C

H
,1

 

 
−1 −0.5 0 0.5
0

2

4
C

/C
H

,1

 

 

T = 0
T = 300 K
T = 600 K

T = 600 K

a)

b)

Figure 3.8: The capacitance of a highly asymmetric capacitor, S2/S1 → ∞, where only
surface 1 determines the capacitance. a) Results from a MC simulation. Error bars are
smaller than the symbols. b) Analytic predictions for various temperatures, as explained
in section 3.5. Note that the capacitance diverges at T → 0. Compare these results to
those of the OCP model in Fig. 2.4

Perhaps more interesting is the application to ionic liquids, which have recently

attracted considerable attention [12, 62, 41, 63]. In ionic liquids, both positive and

negative ions are mobile. In order to get spontaneous polarization near the electrodes

at zero voltage, and thereby obtain the low-voltage peak in capacitance predicted by

the OCP model, one should consider a strongly asymmetric ionic liquid.

We begin by considering ionic liquids composed of monovalent cations, which we

model as rigid spheres with diameter a, and much larger monovalent anions, modeled

by rigid spheres with diameter A ≫ a. For example, one may have in mind the ionic

liquid made of Na+ cations and large non-coordinating anions such as the “BARF” anion

([B[3, 5− (CF3)2C6H3]4]
−) [64]. In such a liquid anions fill most of the space and form
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a weakly-compressible negative background. The maximum energy of attraction of the

anion to its image in the metal surface, e2/2εA, is much smaller than the corresponding

image attraction e2/2εa for a cation. Because of their small size, cations easily move

between anions. The cations are strongly attracted to the metal plates and therefore

rearrange themselves to form the EDL. Thus, we may assume that anions form an

analog of the negative background in the OCP model. The maximum density of such a

background is approximately 1/A3. Thus, we can expect that the capacitance C(V, T )

is similar to what we predict in the OPC model, if for N we use N ∼ 1/A3, or in other

words Na3 → (a/A)3. For example, if A/a = 1001/3 = 4.6 we should get a capacitance

C(0, T ) similar to the case Na3 = 0.01 studied above for the OCP model.

In order to verify these predictions, we ran MC simulations of the primitive hard

sphere model of an ionic liquid between equal-sized metallic electrodes. In these sim-

ulations, monovalent cations and anions are given a diameter a and A, respectively,

and placed with a particular volume density N in a square prism simulation cell with

volume Ω = L × L × L/2. The electrode surface is again chosen to coincide with the

z = 0 plane, so that an ion of charge q = ±e whose center is at position (x, y, z) has

an image charge −q at (x, y,−z). The voltage of the electrode is varied by changing

the number of cations Mc in the system, as in simulations of the OCP model, while the

number of anions Ma = ΩN remains constant. The corresponding electronic charge in

the electrode is Q = e(Ma −Mc) and the capacitance dQ/dV can be determined from

the resulting voltage. A very similar simulation method was used by previous authors

[40, 65] to examine the capacitance of ionic liquids, but the effect of asymmetric ion size

was not explored.

Since in this case anions are mobile, unlike in the OCP model, a change in voltage

should correspond to a changing number of anions as well as cations in the vicinity of

the metal surface. Therefore, one may object to our method of modifying the charge

of the electrode by changing only the number of cations in the system. For example,

one may imagine inducing a charge Q = −2e in the electrode by democratically adding

one cation and removing one anion from the simulation cell rather than by adding two

cations. The difference between these two methods, however, is only an infinitesimal

change in the bulk ion densities of the simulation cell; the physics of the metal interface

is not affected. To ensure that the capacitance in our simulation is independent of the
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method of charge transfer, we repeated all of our simulations using both a method where

the charge Q is modified by changing only the number of anionsMa and a method where

Ma and Mb are changed simultaneously by equal and opposite amounts. No noticeable

change was observed to any of the results presented below.

The microscopic rules of the simulation are identical to those of the OCP model,

except that ions are not constrained to move on a lattice and there is no fixed negative

background. The energy of a particular configuration of ions is also identically calcu-

lated, with the exception that the hard-core repulsion between ions should be added

explicitly to Eq. (3.65). That is,

E =
1

4

Mt∑
i,j

u(di,j), (3.69)

whereMt = 2(Ma+Mc) is the total number of charges in the system (ions plus images),

and the two-particle interaction energy u(di,j) is

u(di,j) =

∞, di,j < (Di +Dj)/2

qiqj/εdij , di,j > (Di +Dj)/2
. (3.70)

Here, Di denotes the diameter of ion i; Di = a for cations and Di = A for anions.

In addition to the method of Eq. (3.68) for calculating capacitance, where the volt-

age is inferred from the change in free energy of the system, for these simulations we

used a method where the voltage is measured directly for a given value of Q, so that

determination of the free energy is unnecessary for calculating capacitance. The voltage

is measured by defining a “measurement volume” near the back of the simulation cell

— occupying the range −L/4 < x < L/4, −L/4 < y < L/4, L/4 < z < 3L/8 —

inside of which the electric potential is measured. After performing thermalization of

the initial random configuration (50,000 moves per mobile ion), the total electric poten-

tial ϕ(x, y, z) is measured at 500 equally-spaced points within the measurement volume

after every 3(Ma +Mc) attempted moves. These measured values of potential are then

averaged both temporally and spatially to produce a value for the electric potential

ϕ̄(Q) of the electrode relative to the bulk. The corresponding voltage between the two

electrodes is V = ϕ̄(Q) − ϕ̄(−Q), and the capacitance is determined from the discrete

derivative ∆Q/∆V . The results produced by this second method were compared with
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those produced by the method of the previous section for four different sets of simulation

parameters, and the results were indiscriminable. Below we present results from only

the second, more time effective method.

Figure 3.9 shows the resulting capacitance for ion liquids with asymmetry A/a = 4

and A/a = 2 at various temperatures. Here the temperature is presented in dimension-

less units T ∗ = kBT/(e
2/εa) in order to facilitate comparisons with literature [65, 40, 66].

Our simulations use the same values for the cation size and dielectric constant as in the

OCP case, a = 2 Å and ε = 5, so that the temperature scale e2/εakB ≈ 16700 K and the

range of data 0.02 < T ∗ < 0.18 corresponds to 350 K ≤ T ≤ 3000 K. For a more typical

value of the cation diameter a ∼ 8 Å, this range corresponds to 100 K . T . 750 K.

The size of the simulation cell for the A/a = 4 case was L = 80 Å, and in the case

A/a = 2 we used L = 40 Å. The dimensionless ion density ρ∗b = Ma(a
3 + A3)/Ω was

ρ∗b = 0.5. An examination of finite size effects, as in the previous section, suggests

that our results for capacitance are accurate to within 18%. As predicted above, our

numerical results for ionic liquids with A/a = 4 and 2 are close to the results for the

OCP model with Na3 = 0.01 and 0.1, respectively.

While Fig. 3.9 shows the capacitance of the two-electrode system, the capacitance

of a single interface can also be easily determined from our MC simulations by looking

at the derivative dϕ̄/dQ. As an example, Fig. 2.4 shows this capacitance as a function

of dimensionless voltage V/Vim for the case A/a = 2 at a temperature T ∗ = 0.036 and

density ρ∗b = 0.5. The asymmetry in capacitance with voltage is similar to what we

observed in the OCP model (Fig. 3.8).

Thus far we have focused on the effects of asymmetric ion size, but we note that there

is another way to make a strongly asymmetric ion liquid. Namely, cations and anions

may have the same radius a but different absolute values of charge. One can imagine,

for example, that cations are multivalent and have charge +Ze while anions have charge

−e. In this case cations are much more strongly attracted to their −Ze images, so that

together they again create a dipole layer on the surface of the metal. Because there

are Z anions per one cation, anions form a thicker negatively-charged layer centered

farther from the metal surface than the cations. This anion layer is analogous to the

depletion layer of in the OCP theory, with a dimensionless concentration of cations

Na3 ∼ 1/(Z + 1). In order to estimate the capacitance, we can use the results of the
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Figure 3.9: The capacitance of a primitive model ionic liquid between metallic electrodes
as a function of temperature. The density of ions in each case is ρ∗b = 0.5. Error bars
are smaller than the symbols. a) A/a = 4. b) A/a = 2. Compare these results to those
of the OCP model in Fig. 3.7

. .

OCP model with Na3 → 1/(Z + 1).

This prediction can be checked by our MC methods by simulating an ionic liquid with

trivalent cations (Z = 3) and a neutralizing concentration of monovalent anions, both

with the same diameter a. We consider the case where the dimensionless temperature,

normalized to the larger charge of the cation, is T ∗ = kBT/(Z
2e2/εa) = 0.11 and the

density is ρ∗b = 0.5. The resulting capacitance is shown in Fig. 3.10 as a function of the

dimensionless voltage V/Vim, where Vim = Ze/2εa. The C-V curve is again very similar

to that of the OCP model, with a maximum C/CH > 1 and a smaller capacitance at

positive voltage, where Z-ions are depleted from the electrode surface.

Even closer imitation of the OCP model can likely be obtained by combining a large

charge asymmetry Z ≫ 1 with a large asymmetry of ion size A/a≫ 1.
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Figure 3.10: The capacitance of a single metal/ionic liquid interface as a function of
voltage for an ionic liquid with trivalent cations and monovalent anions with equal
diameter. The dimensionless temperature T ∗ = kBT/(Z

2e2/εa) = 0.11 and the density
is ρ∗b = 0.5. Error bars are smaller than the symbols. Compare these results to those of
the OCP model in Fig. 3.8.

3.8 Aqueous solution of a Z:1 salt

Another system for which the OCP model gives a zero-order approximation is that of

an aqueous solution of a salt with multivalent cations with charge Ze (“Z-ions”) and

monovalent anions, for example LaCl3. In such a solution Z-ions are strongly attracted

to their −Ze images in the metal electrode and so a number of them form compact

dipoles at the interface. On the other hand, attraction of anions to their images is much

weaker, so that at room temperature they do not form dipoles but rather stay in the

solution and effectively form a negative OCP model background with charge density

−eZN , where N is the concentration of salt. If we again use the theory of Sec. 3.3 to

balance the depletion layer energy with the energy of Z-ions condensed on the metal

surface, we arrive at Eq. (3.11) for the surface concentration n0 of Z-ions. Remarkably,

both n0 and the capacitance at T = V = 0 do not depend on Z (one can guess this from

the fact that the corresponding results in section 3.3 do not depend on the elementary

charge e).

For LaCl3 we can examine the case where N = 0.5 M when the salt is totally

dissociated. This concentration corresponds to Na3 ∼ 0.1, if for the diameter of the
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hydrated La+3 ion we use a = 6 Å. Thus, it is tempting to apply to this case the above

finite temperature calculations of capacitance for Na3 = 0.1.

One may worry, however, that the depletion layer, where the concentration of La+3

ions vanishes, is not uniformly charged by Cl− ions with their average density −3eN .

This may happen because the positive potential ϕs near the surface of the metal, which

develops to balance the image attraction of Z-ions to the metal, is much larger than

kBT/e and therefore results in the exponential growth of Cl− concentration near the

metal surface. For the surface potential we get Zeϕs = Z2e2/2εa − kBT ln(na2/Na3),

where the second term comes from the entropy that a Z-ion loses at the surface in

comparison with the bulk solution. For LaCl3, using a = 6 Å, ε = 80, T = 300 K,

and Na3 = 0.1, we get that Z2e2/2εa = 5.3kBT and ln(n0a
2/Na3) < 1, and therefore,

eϕs is equal to only 1.7kBT . This allows us to ignore (as a zero-order approximation)

the non-uniformity of the concentration of Cl− in the depletion layer. Then we can

use the temperature-dependent results we obtained for the OCP model in Section 3.5.

Applying these results requires only the scaling of the temperature in units of Z2e2/εa.

For LaCl3, using ε = 80 and a = 6 Å, we find that the temperature unit Z2e2/εa is 0.37

of that for glass (where Z = 1, ε = 5, and a = 2 Å). Thus, for N ∼ 0.5 M at T = 300

K we arrive at the same ratio C(0)/CH = 2.5 for the capacitance of a single interface

as for the OCP model with Na3 = 0.1 at T = 800 K (Fig. 3.7b).

This prediction can be checked by running a MC simulation identical to the one

described in the previous section. Fig. 3.11 shows the resulting capacitance per unit

area C/S of a single interface as a function of voltage for the salt concentrations N = 0.5

M and N = 1.5 M, using the temperature T = 300 K and the estimated hydrated

diameters a = 6 Å and A = 4 Å for La+3 and Cl−, respectively. The simulation cell is

given a size L = 100 Å. For N = 0.5 M and 1.5 M, the maximum capacitance is larger

than the Helmholtz value by 2.0 and 2.3 times, respectively. The data presented in

Fig. 3.11 corresponds to the range of electrode charge |∆Q| < ZeNΩ/2, where ZeNΩ

represents the total cation charge in the simulation volume. Restricting our simulation

to this range ensures that the bulk ion concentration is not changed significantly by the

addition/removal of Z-ions to the cell that is associated with finite voltage.

The results of Fig. 3.11 are qualitatively similar to those of the OCP model given in

Fig. 3.8. The capacitance is asymmetric with respect to voltage, acquiring a larger value
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Figure 3.11: The capacitance per unit area C/S of an aqueous solution of LaCl3 at a
metal electrode, as determined by our MC simulation using the primitive hard sphere
model. The La+3 cation has a hydrated diameter a = 6 Å, while the Cl− anion has a
diameter A = 4 Å. The temperature is T = 300 K and the uniform dielectric constant
ε = 80. Error bars are smaller than the symbol size. The dotted line shows the
Helmholtz value CH/S ≈ 236 µF/cm2. Compare these results to those of the OCP
model in Fig. 3.8.

at negative voltages where Z-ions accumulate at the metal surface and bind strongly

to their image charges. At positive voltages, Z-ions are depleted from the electrode

surface and the capacitance collapses. At large positive voltages V ≫ kBT/e ≈ 26

mV, negative anions become strongly bound to the electrode by the applied voltage and

they approach complete filling of an ionic layer. In this limit the capacitance approaches

ε/2πA = CH · a/A.

3.9 Summary and applications to pseudo-capacitance

In this Chapter we have presented a theory to explain how the capacitance of the

metal/ionic conductor interface can be significantly larger than the Helmholtz capaci-

tance CH . In other words, we have shown how the apparent thickness of the double layer
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d∗ can be smaller than the ion radius. This surprising conclusion is obtained by aban-

doning the mean-field approximation and considering instead the behavior of discrete

charges next to the metal surface. While mean field theories cannot explain how d∗ can

be smaller than the physical separation between the electrode and its countercharge, we

have shown that very large capacitance is a natural result for an EDL composed of dis-

crete, correlated ions. We have worked within the approximation of a “one-component

plasma” model, where only one species of ion is mobile, and described its behavior over

the full range of temperature. We have further argued that our results can be easily

extended to strongly asymmetric ionic liquids. A simple Monte Carlo simulation con-

firms our analytical predictions at realistic temperatures. At very low temperatures,

the EDL capacitance is limited only by the weak repulsion between ion-image dipoles at

the metal surface, which for a single interface produces a sharp capacitance peak that

diverges as T−1/3.

Qualitatively, our theory explains all the main features of the experiment in Ref.

[21]. The authors of Ref. [21] relate their observations to theories of so-called “pseudo-

capacitance”, a term used by Conway and coworkers for the rare cases of anomalously

large EDL capacitance (see [49] and references therein). Pseudo-capacitance is said to

result from specific adsorption of cations to the metal surface, where the cations are

neutralized. In this sense Conway’s theory is similar to ours. However, his theory of

pseudo-capacitance does not explain what happens with the negative charge of excess

anions, which remains in the bulk and which in our theory plays a pivotal role. The

existing theory of pseudo-capacitance also does not explicitly specify the form of the

repulsion between bound ions, and therefore does not arrive at a closed result. We

take care to address both of these points in the present (OCP) model, and we arrive

at definite predictions for capacitance. Thus, one may consider our theory to be an

improved theory of pseudo-capacitance, if by this term one understands a capacitance

larger than the Helmholtz value. We emphasize, however, that our theory does not

assume any Faradaic effects, so that our result is in fact a standard capacitance and the

prefix “pseudo-” is unnecessary.



Chapter 4

Non-mean-field screening by

multivalent counterions

Theoretical and experimental studies of highly charged, insulating, macro-ions in elec-

trolyte solutions have predicted [67, 68, 69, 70] and demonstrated [71, 72, 73, 74] the

existence of charge inversion, the result of oppositely charged counter ions over compen-

sating the original charge of the macro-ion on which they condense, effectively reversing

the sign of the macro-ion. If the multivalent ions have a binding energy greater than

kBT , charge inversion is observable through electrophoresis [70, 74]. Charge inversion

may have applications in gene therapy where the goal is to introduce a new piece of

DNA into a cell’s nucleus [75, 76, 77]. This process is complicated by both the cell’s

membrane and the new DNA carrying a negative charge. The ability to manipulate the

DNA’s net charge through charge inversion could reduce the difficulty associated with

the repulsive force between DNA and the cell membrane.

This chapter focuses on the concentration of ions as a function of distance form the

macro-ion, rather than on the capacitance of the interface. Even though there is not

an explicit metallic surface in the system, image charges and lateral correlations still

manage to play a central role in determining the distribution of ions and can be used

to explain the origin of charge inversion.

71
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4.1 How is a highly charged macro-ion screened by multi-

valent counterions?

It is possible for many materials to play the role of the macro-ion [78]. The charged

surface of mica, colloidal particles, DNA, and lipid membranes are just a few of the

macro-ions suitable for charge inversion that also have importance in chemistry and bi-

ology. Counterion candidates are just as numerous, from multivalent metal ions, such as

La+3 in LaCl3, and charged micelles, to small colloidal particles and dendrimers. These

multivalent counterions, each with charge Ze are referred to as Z-ions for convenience.

The fundamental aspects of screening are illustrated by considering the simple ge-

ometry of a solid occupying the half space x ≤ 0, whose surface at x = 0 has a large

uniform surface charge density −σ. The surface charge is screened by an aqueous solu-

tion of positive, spherical Z-ions with radius a, which occupies the rest of space x > 0

(see Fig. 4.2). Both the macroion and the aqueous solution have dielectric constant

ε ≃ 80. If all of the Z-ions were to condense on the macro-ion’s surface, their total

charge per unit area would equal σ. In such a neutral system, the concentration of

Z-ions N(x) → 0 at x→ ∞. The main goal of this chapter is to discuss the behavior of

N(x). The solution of the Poisson-Boltzmann (PB) equation for this problem has been

known for nearly a century [13, 14]. The Gouy-Chapman solution is

N(x) =
1

2πZ2lB

1

(λ+ x− a)2
, (4.1)

where λ = e/2πσlBZ is the Gouy-Chapman length, and lB = e2/(εkBT ) ≃ 0.71 nm is

the Bjerrum length. We have modified the standard Gouy-Chapman formula, taking

into account the finite radius of the Z-ions, which can not approach the surface closer

than x = a.

It was shown [67, 22, 78, 79, 73, 80, 69, 72, 81] that the Gouy-Chapman solution

fails when both σ and Z are large enough. The reason it fails is that, in addition

to λ, there is a second length scale in the problem due to the discreteness of charge.

When the condensed Z-ions neutralize the charge of the plane, the two-dimensional

concentration of Z-ions is n = σ/Ze, and the surface area per ion, the Wigner-Seitz cell,

can be approximated as a disc of radius b such that πb2 = 1/n. Thus, b = (πn)−1/2 =

(Ze/πσ)1/2 and 2b is approximately the distance between Z-ions. We can construct the
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Figure 4.1: Z-ions form a two-dimensional Wigner Crystal on the uniformly charged
background of the macro-ion’s surface when the Coulomb interaction among Z-ions
dominates the influence of thermal motion at the surface. The hexagonal Wigner-Seitz
cell is approximated as a disc of radius b.

dimensionless ratio
b

λ
= 2Γ , Γ =

Z2e2/εb

kBT
. (4.2)

Here Γ is the dimensionless Coulomb coupling constant, or the inverse dimensionless

temperature measured in the units of a typical interaction energy between Z-ions. For

example, at Z = 3 and DNA like σ = 0.95e nm−2 used in this Chapter , we get Γ = 6.4,

λ ≃ 0.79 nm and b ≃ 1.0 nm. Thus, the Coulomb repulsion energy of the Z-ions

dominates the thermal energy. The result is a strongly correlated liquid, which has short-

range order similar to a Wigner crystal [67, 22, 78, 79, 73, 80, 69, 72, 81, 82, 83, 84, 70]

and is located, practically, at the very surface of the macroion. This Chapter deals

only with the strong coupling case: Γ ≫ 1. Another definition for a Coulomb coupling

parameter, Ξ = 2Γ2, was introduced in [69], and of course, in the limit Γ ≫ 1, Ξ ≫ 1 as

well. It should be stressed that this failure of Gouy-Chapman is not caused by ignoring

image charges as it was in Chapters 2 and 3, but rather the failure occurs because of

lateral correlations, which are ignored by mean-field theories.
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Figure 4.2: A stray positive Z-ion (elevated black sphere) at a distance x from the
surface (thick line) of a negatively charged planar macroion (shaded region). Other
Z-ion (black spheres), condensed at the surface are on average a distance λ above the
macro-ion’s surface. The dashed line indicates the average distance, xc = a+λ, from the
macro-ion’s surface to the adsorbed Z-ions’ centers. The stray Z-ion and its negative
image charge (white sphere) are equidistant from the effective metallic surface, which
is shown by the thin line at xmet = xc + |ξ|.

4.2 The image charge returns

Mean-field treatments, along the lines of PB theory, fail at Γ ≫ 1, since when a Z-ion

strays away from the plane to distances x − a ≪ b, the electric field of his neighbors

has no significant x̂ projection. In this range, the stray Z-ion is only affected by the

electric field of its Wigner-Seitz cell (a disk of radius b). Therefore, at x − a ≪ b, the

surface charge of the macroion is unscreened, and the electric field is 2πσ/ε. Thus, for

0 < x− a≪ b,

N(x) =
σ

Zeλ
exp[−(x− a)/λ]. (4.3)

(Here following [78] we used an expression for N(a) that ignores the atomic structure

of water, while [67, 22] tried to take this structure into account).

Remarkably, the same length λ characterizes both this exponential decay and the

Gouy-Chapman solution, equation (4.1). It is clear that the dramatic difference between

the exponential decay of equation (4.3) and the power law decay of equation (4.1) is due
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to the effects of correlations. Equation (4.3) was first obtained in [67, 22]. Then it was

re-derived in [69, 72] and confirmed by Monte Carlo (MC) simulations in [81]. Below we

again confirm equation (4.3) at 0 < x− a ≪ b by MC simulations. However, the focus

of this Chapter is on the non-PB behavior of N(x) at larger distances x− a > b, which

has been predicted in [67, 22] but to our knowledge has never been verified analytically

or numerically.

To bring this prediction to mind, let us focus on a single, stray Z-ion located above

the macro-ion’s surface at x > a + b (Fig. 4.2). Refs. [67, 22] argue that the negative

charge of the correlation hole, −Ze, will spread to a disc of size ∼ x as neighboring

Z-ions move to occupy the Wigner-Seitz cell the stray Z-ion left behind. This is similar

to what happens in a metallic surface under the influence of an external charge. In fact,

this metal-like polarization of the SCL on the surface of the macroion can actually be

described by an image charge that appears in the body of the macroion. Because the

centers of the Z-ions which form the SCL are typically located at a distance xc = a+ λ

above the surface (see Fig. 4.2) it is natural to think that the effective metallic surface is

at xmet = xc and therefore the image is located at −x+2xmet. The attractive interaction

energy between the stray Z-ion and its image is then [85], for x− xmet & b,

Uim(x) = − Z2e2

4ε(x− xmet)
. (4.4)

This attractive image interaction, of course, is a correlation effect.

The goal of this Chapter is to verify, by a Monte Carlo (MC) simulation and an

analytical calculation, that a SCL on the insulating surface of a macroion does behave

as a metal, and a stray Z-ion has potential energy Uim(x). The plan of the Chapter is

as follows. In section 4.3 we describe our MC procedure. In section 4.4, we present our

MC results for the screening of a spherical macroion by Z-ions. To a first approximation

they confirm that a stray Z-ion at x > a + b has potential energy Uim(x). This is the

most important result of this Chapter .

At a more detailed level, we see in section 4.4 that to more accurately fit equation

(4.4) to our MC data the effective metallic surface must be lifted slightly above xc.

We find that a shift of 0.21 nm provides the best fit. This shift is explained in sec-

tion 4.5 where we analytically derive equation (4.4), showing that there is indeed an

attractive interaction energy between the stray Z-ion and its image. We further prove
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that the effective metallic surface should be lifted slightly by −ξ = |ξ|, where 2ξ is the

linear screening length of the SCL. In other words, xmet, in equation (4.4) should be

replaced by xmet = xc − ξ = xc + |ξ|. We show that, theoretically, ξ = −0.20 nm, in

reasonable agreement with the MC simulation. The fact that a Wigner-crystal-like SCL

has a negative screening radius was predicted theoretically [86] and confirmed experi-

mentally for a low-density two-dimensional electron gas in silicon MOSFETs and GaAs

heterojunctions [87, 88] (see also a recent paper [89]).

In section 4.6 we add a small concentration of monovalent salt (for example, NaCl)

to our system. We show that the attractive image interaction persists in this system;

however, the attraction is weaker due to screening.

4.3 Monte Carlo Simulation

Our setup is similar to the simulations found in [81, 90, 91, 92, 93, 94]. Our system is

contained within a spherical cell with radius rmax = 10.0 nm. Centered within the cell is

a spherical macroion with charge QM = −300e and radius RM = 5.0 nm (−σ = −0.95

e/nm2). The system is populated by 100 Z-ions of charge 3e and radius a = 0.4 nm.

The mobile particles are initialized to random non-overlapping coordinates. The wall of

the spherical cell has a distance of closest approach of 0 so that a Z-ion may be placed

with its center at the wall. Therefore all Z-ions are found at a radial distance r within

the range RM + a < r ≤ rmax. After initializing the system, the total electrostatic

energy of the system is calculated as

E =
e2

2ε

101∑
i,j;i ̸=j

qiqj
dij

, (4.5)

where particle i has charge qi (q1 = QM , and for i > 1, qi = Ze) located at the center

of a hard sphere with radius ηi (η1 = RM , and for i > 1, ηi = a). The distance between

particles i and j is dij . The dielectric constant is set to ε = 80 everywhere and there

are no interactions with anything outside of the cell.

Selecting a particle at random, the MC program attempts to reposition it randomly

within a cubic volume of (3.2 nm)3 centered on the particle’s current position. The

total electrostatic energy of the system, E , is calculated after each attempted move.

Modeled as hard spheres, if any of the particles overlap after an attempted move, such



77

that dij < ηi + ηj the move is rejected. Additionally, any attempted move that places a

particle outside of the cell, r > rmax, is also rejected. Otherwise, moves are accepted or

rejected based on the traditional Metropolis algorithm. Simulations attempt 52 billion

moves, of which ∼ 4% are accepted, resulting in each particle being moved an average of

20 million times. This low acceptance rate is due to most of the Z-ions being condensed

on the macroion surface where their average separation is ∼ b = 1.0 nm; one can increase

the rate to ∼ 8% by shrinking the volume in which the Z-ion is randomly repositioned

to (1.6 nm)3. To ensure thermalization, 5 million moves are attempted before beginning

the analysis of N(r), the Z-ion’s radial distribution.

Following thermalization, N(r) is computed after every 20,000 attempted moves by

dividing the simulation space around the central macroion into bins that are concentric

spherical shells of thickness 0.1 nm, counting the ion population within each bin, and

then calculating the average Z-ion density of each bin. We now introduce the empiric

mean field potential, ϕ(r), which corresponds to the MC N(r), and is calculated from

the radial distributions of the ions in the following way. First, the electric field is

determined at the outer edge of each spherical shell by applying Gauss’ Law to the

integrated charge. Then, the potential ϕ(r) is calculated by discreetly integrating the

electric field in the radial direction. The empiric mean-field potential, ϕ(r), has nothing

to do with the PB potential obtained by a solution of the spherical PB equation because,

due to correlation effects, the MC N(r) differs from equation (4.1). In the present case,

Z-ions are strongly condensed at the surface of the macroion, and therefore the potential

ϕ(r) decays so fast with r that the interaction energy of a stray Z-ion, Zeϕ(r), becomes

less than kBT already at r > 5.65 nm.

The main point of this Chapter is that the concentration of Z-ions, N(r), at a

distance r from the center of the macroion, is only weakly influenced by the empiric

mean-field potential energy Zeϕ(r) and is mostly determined by the attractive correla-

tion energy Uc(r). We extract Uc(r)−Uc(rmax) from the simulation data assuming that

Z-ions that stray from the macroion surface are Boltzmann distributed according to,

N(r) = N(rmax) exp

(
−Zeϕ(r)

kBT
− Uc(r)− Uc(rmax)

kBT

)
, (4.6)

so that the change in the attractive correlation energy for a Z-ion moved from rmax to
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r is

Uc(r)− Uc(rmax) = −kBT ln

(
N(r)

N(rmax)

)
− Zeϕ(r), (4.7)

where we took into account that ϕ(rmax) = 0 because our system is neutral.

We need to recalculate the theoretical form of Uim for a spherical macroion geometry

(see Fig. 4.3), to test that, for r −Rmet & b,

∆U(r) ≡

[
Uc(r)− Uc(rmax)

]
−

[
Uim(r)− Uim(rmax)

]
= 0. (4.8)

It is known [85] that a charge Ze at a distance r > Rmet from the center of a conducting

sphere with radius Rmet and a net charge of −Ze, induces two image charges within

the sphere. The charge q′ = −ZeRmet/r is located at a distance r′ = R2
met/r from the

sphere’s center, and the compensating charge −q′ is located at the center of the sphere.

The net charge of the macroion and the SCL, −Ze, accounts for the departure of the

stray Z-ion and is also fixed at the center of the sphere.

In the presence of these three charges a stray Z-ion, located at r, has potential

energy given by

Uim(r) = −(Ze)2

rε
+

Zeq′

2(r − r′)ε
− Zeq′

2rε
. (4.9)

The net charge −Ze has fixed magnitude and position because, unlike charges q′ and

−q′, it is not created by the stray Z-ion polarizing the SCL; therefore, the interaction

term that involves the net charge does not include a factor of 1/2. In the limit x =

r − RM ≪ RM , we recover the planar Uim(x) of equation (4.4), because Uim(r) is

dominated by the influence of charge q′ ≃ −Ze located at r′ ≃ Rmet − r.

The first term within the parentheses of equation (4.9) is written for the case when

all but one of the mobile charges (Z-ions) are located, as in metal, at the surface. This

term then describes a stray Z-ion’s attraction to the fraction of QM left uncompensated

due to its departure. In other words, this term is used to exclude the stray Z-ion’s self

interaction with its contribution to the mean-field potential1 .

1 Actually, N(r) has a tail at r > RM +a. As a result, when a stray Z-ion is located at r > RM +a,
depletion of the mean distribution not only occurs at the surface of the macroion, but a small fraction,
δ, of the total depletion also occurs at distances larger than r. For r = 6.1 nm this fraction is 0.02. As
a result, the absolute value of this interaction energy is smaller than Z2e2/r by ∼ 2%. In equation (4.9)
and below we neglect this small effect.
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Figure 4.3: The generalization of Fig. 4.2 to a spherical geometry. A stray Z-ion with
charge Ze is shown in a cross-sectional view at a distance r from the center of a spherical
macroion with charge QM , which is covered by condensed Z-ions (black spheres). The
condensed Z-ions are located at an average distance of Rc ≡ RM+xc = RM+a+λ from
the center of the macroion. The stray Z-ion makes a correlation hole with charge −Ze,
where the concentration of Z-ions is depleted. The resulting correlation potential can be
modeled as if the Z-ion were near a metallic sphere with effective radius Rmet = Rc+|ξ|.
The image charges, −Ze and −q′ located at the center, and q′ located at a distance r′

away from the center, are shown by white spheres.

To compare equation (4.9) to the simulation in the next section, we take Rmet =

RM +xc ≡ Rc, which aligns the metallic surface with the average position of the centers

of the Z-ions that comprise the SCL (see Fig. 4.3). Because our macroion is a sphere and

not a plane, the magnitude of its electric field drops as E ∝ 1/r2 at r > RM . Therefore,

E = 2πσ/ε, used to calculate λ, should be modified slightly since the Z-ion’s centers

are never closer than a to the macroion’s surface. We introduce σs = σ[RM/(RM + a)]2

to correct the electric field. This leads to, σs = 0.819 e/nm2, λs = 0.0913 nm, Γs = 5.9,

and Rmet = 5.49 nm.



80

4.4 Results of MC simulation

∆U(r) (equation (4.8)), the difference between the attractive correlation energy ex-

tracted from the MC simulation and the result of the image theory is plotted in Fig. 4.4

for Rmet = 5.49 nm (green circles). As expected, when r−Rmet . b, i.e. at r . 6.5 nm

the difference is significantly less than zero since in this range the SCL does not func-

tion well as a metal due to its discreteness, and, therefore, the attractive correlation

energy, Uc(r), saturates. However, there is also weaker disagreement for r & 6.5nm,

which decreases with distance from the macroion. This suggests that we have improp-

erly identified the radius of the effective metallic sphere used to calculate Uim(r). To

allow for the adjustment of Rmet, we introduce the length |ξ| so that

Rmet = Rc + |ξ|. (4.10)

By minimizing the root-mean-square of ∆U(r) with respect to |ξ|, on the interval 6.4

nm ≤ r ≤ 7.4 nm, we determined that |ξ| ≃ 0.21 nm provides the best fit for ∆U(r) = 0.

The quality of this fit is illustrated in Fig. 4.4 (red diamonds). This small correction |ξ|
to Rc indicates that the foundation of equation (4.9), the attractive image interaction,

is sound.

In section 4.5, we analytically calculate Uim(x) in order to find the necessary adjust-

ment in Rmet by considering the response of a SCL, made up of adsorbed Z-ions on a

planar macroion, to the presence of a single stray Z-ion above the SCL. It is determined

that the SCL screens the potential of the stray Z-ion with a negative screening length,

2ξ, where ξ = −0.20 nm. This moves the effective metallic surface further away from

the macroion’s surface by |ξ| = 0.20 nm in reasonable agreement with the MC data (see

Fig. 4.2 and Fig. 4.3).

In Fig. 4.5, the concentration N(r) obtained from the MC simulation is compared

to

N(r) = N(rmax) exp

(
−Zeϕ(r)

kBT
− Uim(r)− Uim(rmax)

kBT

)
, (4.11)

which uses ξ = −0.21 nm to calculate Uim(r) (both ϕ(r) and N(rmax) are obtained

from the MC simulation). The agreement between the MC data and equation (4.11) is

obvious when r & 6.5 nm. In Fig. 4.5, we also compare equation (4.3), modified for a
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Figure 4.4: The difference, ∆U(r) (equation (4.8)), between the correlation attraction
energy extracted from the MC simulation and the result of the image theory, as a
function of a stray Z-ion’s distance from the center of the macroion for three different
values of the adsorbed Z-ion’s screening length, 2ξ. The length, |ξ|, determines the
increased radius, Rmet = RM+a+λ+|ξ|, of the effective metallic sphere used to calculate
Uim(r) (Eq (4.9)). The green circles correspond to ξ = 0, assumed in the original theory
of [67, 22]. The red diamonds correspond to the best fit to zero, ξ = −0.21 nm. The
blue squares correspond to, ξ = −0.42 nm and are shown for comparison.

spherical geometry,

N(r) =
σs
Zeλs

exp

[
−(r −RM − a)

λs

]
, (4.12)

to the MC concentration data. At small distances, r−RM + a . b, i.e. r . 5.8 nm, we

find good agreement with the exponential decay predicted in [67, 22] and confirmed in

[69, 72, 81].

Let us now comment on what happens at larger distances from the macroion, which

are not shown in Fig. 4.5 and can not be studied well with the small size of the simulation

cell used in this Chapter . According to [67, 22], at distances larger than

Λ =

(
eλ

2πZσlB

)1/2

exp

(
|µ|

2kBT

)
(4.13)
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Figure 4.5: Concentration of Z-ions, N(r), as a function of distance from the center of
the macroion, starting at RM + a = 5.4 nm. The circles represent the data from the
MC simulation. The result of the image theory, equation (4.11), is shown by short, blue
dashes. The medium length, red dashes show equation (4.12). The long, green dashes
show the Gouy-Chapman solution (equation (4.1)), with λs substituted for λ. The error
bars for the MC data are smaller than the size of the symbols.

from the planar macroion the PB approximation takes over and

N(x) =
1

2πZ2lB

1

(Λ + x− a)2
. (4.14)

Here µ is the chemical potential of a Z-ion in a SCL. It has been shown that for a SCL

on a charged background (one-component plasma), at 1 < Γ < 15, µ is approximated

well by [22, 95],

µ = −kBT (1.65Γ− 2.61Γ1/4 + 0.26 ln Γ + 1.95), (4.15)

where the first term of this expansion corresponds to the chemical potential of a Wigner

Crystal. For our parameters, Z = 3 and σ = σs = 0.819e nm−2, this leads to the length

Λ = 5.18nm. Then, the approximate extension of equation (4.14) to the spherical

geometry using x = r −RM at r = 7.55 nm gives ln[N(r)Zeλs/σs] = −8.65, very close

to the MC result −8.77 (see Fig. 4.5). The idea behind the results of equation (4.13) and

equation (4.14) is that the correlation physics at small distances x− xc ≪ Λ, produces
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a new boundary condition on the concentration of Z-ions for the long distance solution

of the PB equation [67, 22].

The authors of a recent paper have already [96] studied N(r) at large distances by

MC simulation in a much larger spherical cell and found that it is in agreement with

the predictions of the PB approach based on the correlation driven boundary condition.

They, however, did not identify the image domain of distances r which we concentrate

here upon. Thus, all three asymptotic regimes, predicted in [67, 22], namely equation

(4.3) at x − a < b, equation (4.4) at b < x − a ≪ Λ, and equation (4.14) at x − a > Λ

are now confirmed by MC simulations.

We have shown above that the standard mean-field theory [13, 14] fails to describe

screening by multivalent counterions. Let us now show that another mean-field approx-

imation, which we call the empiric mean-field, fails more dramatically. The empiric

mean-field potential, ϕ(r), was introduced in section 4.3 and is obtained using the dis-

tribution of charge realized in our MC simulation. In Fig. 4.6, we compare the Z-ion

concentration obtained from the MC simulation to the Z-ion concentration predicted

using the empiric mean-field potential,

N(r) = N0 exp

(
−Zeϕ(r)

kBT

)
. (4.16)

Here, N0 = 2.18 × 10−2 nm−3 is the concentration necessary to normalize the number

of Z-ions, in the range 5.4 nm < r < 10.0 nm, to 100. Clearly, the empiric mean-field

potential is not self-consistent; equation (4.16) predicts that there are many more Z-

ions, at r > 6.0 nm, than are actually present in the distribution that produced ϕ(r).

The distribution of the Z-ions, for r−Rmet & b, is strongly influenced by the attractive

correlation interaction and, therefore, cannot be predicted by the empiric mean-field

interaction alone.

4.5 Theory of image potential and effective metallic sur-

face

In this section we return to the plane geometry of Fig. 4.2 and analytically derive

equation (4.4) for Uim(x). In the process of this derivation, we find the theoretical

location, xmet, of the effective metallic surface. The probe charge, a stray Z-ion, is
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Figure 4.6: Concentration of Z-ions, N(r), as a function of distance from the center
of the macroion. The MC concentration (circles; the same data as in Fig. 4.5) differs
strongly from the concentration of Z-ions (red triangles) obtained from equation (4.16)
with the empiric mean-field potential potential ϕ(r).

positioned far above the plane at x′ = x ≫ b and ϱ = 0, where x′ is the axis and ϱ is

the radius of the cylindrical coordinate system (x′, ϱ, θ). A SCL of Z-ions is located in

the (ϱ,θ) plane at x′ = xc, where the typical distance that separates adjacent Z-ions is

b.

The plan of this section consists of, (1) determining the analytic solution for the

total potential of the system, ψ(ϱ, x′), (2) presenting it as a sum of two potentials: one

of the stray Z-ion and the other of the induced charge density of the SCL, ψind(ϱ, x
′)

(the potential of a point like image) and (3) finding the position of the effective metallic

plane, xmet, so that the attractive interaction energy 1
2Zeψind(0, x) = Uim(x). Below,

we show that xmet = xc − ξ, where 2ξ is the screening length of the SCL, which we also

calculate.

To find the potential ψ(ϱ, x′) we solve Poisson’s equation,

∇2ψ
(
ϱ, x′

)
= −4π

ε
ρ(ϱ, x′), (4.17)

where ρ(ϱ, x′) = ρext(ϱ, x
′) + ρind(ϱ, x

′), with ρext = Zeδ(ϱ)δ(x′ − x)/(πϱ), and the
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charge density that is induced within the SCL is given by

ρind(ϱ, x
′) = Ze

[
n

(
ψ(ϱ, xc)

)
− n(0)

]
δ(x′ − xc)

= Zeψ(ϱ, xc)
dn

dψ
δ(x′ − xc)

= −(Ze)2ψ(ϱ, xc)
dn

dµ
δ(x′ − xc). (4.18)

Here, n(ψ), is the number of Z-ions per unit area as a function of the local total

potential, ψ(ϱ, xc), and µ is the chemical potential of the SCL. We consider the case,

x − xc ≫ b, when the stray Z-ion produces a weak potential in the x′ = xc plane

(Zeψ(ϱ, xc)/kBT ≪ 1). This allows us to linearize ϱind with respect to ψ, in equation

(4.18). Rewriting equation (4.17) with the help of equation (4.18) results in

∇2ψ
(
ϱ, x′

)
= −4π

ε
ρext(ϱ, x

′) +
1

ξ
ψ(ϱ, xc)δ(x

′ − xc), (4.19)

where,

ξ =
ε

4π(Ze)2
dµ

dn
=

1

2κ
, (4.20)

and κ is the inverse screening length of the SCL of adsorbed Z-ions [89, 97].

In order to calculate ξ we use µ(n) as given by equation (4.15) and the definition of

Γ from equation (4.2) and b = (πn)−1/2. For Z = 3, σ = σs = 0.819 e/nm2 and ε = 80,

we find that ξ = −0.20 nm.

In order to solve equation (4.19) for ψ(ϱ, x′), we substitute

ψ(ϱ, x′) =

∫ ∞

0
kAk(x

′)J0(kϱ)dk, (4.21)

into equation (4.19), where Ak(x
′) are the coefficients of the expansion and J0(kϱ) is

the zeroth order Bessel function. As demonstrated in Appendix B, this yields [97]

ψ(ϱ, x′) =
Ze

ε

1√
(x− x′)2 + ϱ2

−

Ze

ε

∫ ∞

0

1

2kξ + 1
exp [−k(x′ + x− 2xc)]J0(kϱ)dk,

(4.22)

Because the screening length ξ < 0, the second term diverges. To obtain a solution

despite this pole, following [89], we consider the contribution to ψ(ϱ, x′) from k ≪ 1/|ξ|,
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only. Such an approach is valid if the stray Z-ion, and the observation point x′, are a

large distance away from the SCL: (x − xc), (x
′ − xc) ≫ |ξ|. This allows us to expand

1/(2kξ + 1) in equation (4.22) around k = 0, so that 1/(2kξ + 1) ≃ 1 − 2kξ, and we

arrive at

ψ(ϱ, x′) =
Ze

ε
√
ϱ2 + (x− x′)2

− Ze

ε
√
ϱ2 + (x′ + x− 2xc)2

+
2(x′ + x− 2xc)Zeξ

ε [ϱ2 + (x′ + x− 2xc)2]
3/2

.

(4.23)

The first term of equation (4.23) is the potential created directly by the stray Z-ion.

The other two terms are the first two terms of the expansion of the induced potential,

ψind(ϱ, x
′), with respect to ξ. We are now in a position to recast ψind(0, x) at (x−xc) ≫

|ξ|, as being created by an image charge a distance s below the stray Z-ion,

1

2
Zeψind(0, x) = − (Ze)2

4(x− xc)ε
+ ξ

(Ze)2

4(x− xc)2ε

≃ −(Ze)2

2sε
= Uim(x), (4.24)

where, s = 2(x−xc+ξ). Specifying that the metallic plane must lie half way between the

real charge and the image charge sets its position at xmet = x− s/2 = xc− ξ. Therefore
the effective metallic plane is found a distance ξ above the plane of the adsorbed Z-ion’s

centers (Fig. 4.2). This agrees with the statement of [89], that the potential created by

the stray Z-ion is negative in the x′ = xc plane. The theoretical value ξ = −0.20 nm

is in reasonable agreement with our MC result, ξ = −0.21 nm (section 4.4). Moreover,

we have demonstrated that the image attraction predicted in [67, 22] can be derived

analytically in the limit x≫ b.

4.6 Screening the image by adding 1:1 salt

In this section we modify our system to include a small concentration of 1:1 salt

molecules such as NaCl. By taking into account the effect of screening on the at-

tractive interaction energy between a stray Z-ion and its image, Uim, we obtain a new

prediction for the concentration of Z-ions, N(r), which is in reasonable agreement with
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the new MC results. In calculating Uim we assume that the concentration c of 1:1 salt

is so small that the total potential ψ at any point in the bulk solution (r & 6.0 nm)

obeys the linearized Poisson-Boltzmann equation,

∇2ψ = κ2bψ, (4.25)

where 1/κb is the Debye-Hückel (DH) screening length,

1

κb
=

√
εkBT

8πe2c
. (4.26)

The exact solution of equation (4.25) for a point charge a distance r−Rmet away from

the surface of a grounded metallic sphere in a weak electrolyte is known [98]; however,

we will avoid the complexity of this solution and approximate the spherical macroion

and its SCL as a grounded metallic plane. As seen in Fig. 4.7, where equation (4.4) is

used to calculate N(r) (short blue dashes) for c = 0, one obtains reasonable agreement

with the MC N(r) (circles) without using equation (4.9) as we did in section 4.4. This

demonstrates that the influence of the total central charge, −Ze − q′, is very small.

The reason for this is that when a stray Z-ion is close to the macroion surface, the

total central charge is much smaller than the image charge q′. Additionally, the central

charge is much farther from the stray Z-ion than the image charge q′. When the system

includes 1:1 salt, the influence of the total central charge is further reduced due to

screening.

Consider a Z-ion which is submerged in a weak electrolyte solution with dielectric

constant ε, and is a distance x− xmet above a grounded metallic plane located at xmet

(see Fig. 4.2). For this system, the solution to equation (4.25), subject to the boundary

condition ψ(xmet) = 0, can be found using the method of images [98]. To satisfy the

boundary condition, the image potential must exactly cancel the potential of our Z-ion

in the metallic plane. Such an image potential is provided by the DH screened potential

of a charge (−Ze) located at x′ = −x+ 2xmet.

The interaction energy of a stray Z-ion with its screened image is now readily cal-

culated and is given by,

Uim(x) = − Z2e2

4ε(x− xmet)
exp(−2κb[x− xmet]). (4.27)
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Figure 4.7: Concentration of Z-ions, N(r), in a weak electrolyte solution, as a function
of distance from the center of the macroion. The shapes represent the data from the
MC simulations for two different concentrations of 1:1 salt: 15.2 mM (triangles), and 0
(circles). The result of the screened image theory, equation (4.28) with x = r−Rmet +
xmet, is shown by medium length red dashes for c=15.2 mM, and short blue dashes for
c=0. The error bars for the MC data are smaller than the size of the symbols.

In the limit of infinite dilution c → 0 , or equivalently κb → 0, equation (4.27) is equal

to equation (4.4), as expected. Onsager and Samaras [99] obtained the same result,

but with the opposite sign, for an ion’s interaction with its image at an electrolyte-air

interface resulting in a repulsive force. To compare equation (4.27) to the spherical

geometry of our MC simulation, we take x = r + xmet −Rmet using Rmet = Rc + |ξ|.
The MC simulation described in section 4.3 was modified to include M 1:1 salt

molecules, resulting in M ions of charge e and M ions of charge −e. All of the mono-

valent salt ions have their charge at the center of a hard sphere with radius η = 0.2

nm. We studied a 1:1 salt concentrations of 15.2 mM corresponding to the addition of

M = 34 salt molecules to the solution. The following changes were made to the MC

simulation to properly incorporate the new ions. The sum used to calculate the total

electrostatic energy of the system (equation (4.5)) was changed to include the mono-

valent ions, and the monovalent ions were also incorporated into the calculation of the

empiric mean-field potential ϕ(r).
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In Fig. 4.7, the concentration N(r) obtained from the MC simulations is compared

to

N(r) = N(r0) exp

(
− Ze[ϕ(r)− ϕ(r0)]

kBT

−Uim(r)− Uim(r0)

kBT

)
, (4.28)

which uses ξ = −0.21 nm to calculate Uim(x) (equation (4.27)) (both ϕ(r) and N(r0)

are obtained from the MC simulations). Because there are no screening particles outside

of the simulation cell, Z-ions near the wall of the cell are repelled from this interface

[68] even though there is not a jump in the dielectric constant. To keep this effect

separate from the image interaction of interest, we chose our reference point at r0 = 8.05

nm instead of rmax. Because the stray Z-ion’s attraction to the image is reduced by

screening, we see that in Fig. 4.7 the concentration of Z-ions is higher at distances

r > 60 nm when 1:1 salt is present in the solution. Even with the addition of 1:1 salt

to the solution the agreement between the MC data and equation (4.28) for r & 6.5

nm is reasonable, demonstrating that the metallic behavior of the SCL on the macroion

surface survives, and that the image attraction is still important to determining the

Z-ion’s concentration.

4.7 Summary and the origin of charge inversion

To summarize, we have studied the role of correlations among adsorbed Z-ions in at-

tracting stray Z-ions and influencing their distribution in the screening atmosphere.

Adsorbed Z-ions on the surface of the macroion form a strongly correlated liquid (SCL).

The SCL acts as an effective metallic surface for Z-ions that stray from the macroion

surface to distances larger than the average distance between Z-ions of the SCL. Using

Monte Carlo (MC) simulations, we verified the theoretical prediction [67, 22] that a

stray Z-ion is attracted to its electrostatic image created behind the effective metallic

surface. As a small correction to [67, 22], however, our MC simulation showed that the

effective metallic surface is not aligned with the average position of the adsorbed Z-ion’s

centers, but is slightly above the adsorbed Z-ion’s centers. This offset was calculated

analytically to be |ξ|, where 2ξ is the screening length of the SCL. Our analytic theory

is in reasonable agreement with the MC data. Extending the original image theory of
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[67, 22], we demonstrated that the attractive image interaction, while screened, persists

in a weak electrolyte.

In [70] the attractive image interaction, which we have studied here, was used to

interpret the origin of the negative chemical potential of the condensed Z-ions (equation

4.15). As a stray Z-ion, attracted to its image, approaches the surface of the macroion

it reaches a distance, r ∼ RM + b, where the SCL fails to act as a good metal and the

correlation attraction Uc(r) saturates at µ ∼ −Z2e2/4εb; this saturation can be seen in

Fig. 4.5 as the growth of ∆U(r) at r < 6.5 nm. It is this negative chemical potential,

brought about by the attractive image interaction, at r & Rmet+ b, which drives charge

inversion (over compensation of the macroion’s bare charge with condensed Z-ions), a

phenomenon that has generated much interest [67, 22, 78, 79, 73, 80, 69, 72, 81]. Thus,

we believe that this work helps to clarify the origin of charge inversion.



Chapter 5

Conclusion

This thesis presents a new theory for the capacitance of the electric double layer (EDL),

which was developed in Refs. [32, 51, 52]. This theory lays the groundwork for a

new understanding of the EDL in a regime where ions are strongly attracted to their

images in a metallic electrode, uim ≫ kBT . Through the careful consideration of

these electrostatic image charges and lateral ion-ion correlations we have demonstrated

that C > CH is possible. This is in strong contrast to mean-field theories, such as

Gouy-Chapman-Stern [13, 14, 15] and the more recent work of Kornyshev [12], Kilic

[47] and Oldham [56], which all predict that capacitance may not be larger than CH .

Moreover, even Modified Poisson Boltzmann theories that account for the attraction

of ions to their images, but overlook lateral correlations, claim CH as the maximum

capacitance [43]. Returning to the pioneering work of Torrie [39], the Monte Carlo (MC)

simulations presented in this thesis treat the electrode as a conductor, by the inclusion

of image charges. By simulating dense electrolyte systems at low temperatures, where

uim ≫ kBT , we have obtained capacitance results that confirm C > CH is possible for

the primitive model.

In addition to allowing large capacitance, image charges and lateral correlations were

shown to be important in determining the concentration of multivalent ions around a

highly charged macro-ion. Through MC simulation, we confirmed that the origin of

charge inversion can be explained through the lateral ion-ion and ion-image correlations.

This final Chapter will serve to summarize the main results and describe interesting

directions for theory and simulation.

91
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5.1 Capacitance of room temperature ionic liquids

In Chapter 2, Monte Carlo simulations of a room temperature ionic liquid (RTIL)

in contact with a conducting electrode were performed using the restricted primitive

model. Capacitance values as large as 3CH were obtained. When the metallic electrode

is a good conductor, the C(V ) curve has a “bell-shape” with a peak at V = 0. On

the other hand, when the simulated electrode is not a perfect metal the C(V ) curve is

“camel-shaped”, meaning that the capacitance first grows with V , reaches a maximum

and then decays at larger V . These results are interpreted through a semi-quantitative

analytical theory based on the weak repulsion between ion-image dipoles at the surface

of the electrode. These conclusions are in qualitative agreement with experimental data.

There are a number of effects ignored by the restricted primitive model, such as ion

size asymmetry, ion polarizability and disorder at the electrode surface. Despite this,

our results may be quite relevant for real-world experiments on room temperature ionic

liquids. If a dielectric constant ε ∼ 3 is included to crudely account for the polarizability

of the ions, we would obtain C ∼ 3εCH = 18 µF/cm2, a value that is in agreement

with typical capacitance measurements on RTILs [18, 19, 20]. This suggests that the

restricted primitive model does in fact contain the necessary elements to reasonably

model some RTILs.

To further develop the semi-quantitative theory used in this Chapter , it would be

beneficial for the role of neutral pairs to be examined more closely through simulations,

perhaps addressing the role of their polarization as they respond to the excess charge at

the electrode surface. Along the same lines, a rigorous examination of the correlations

among excess ions at the electrode surface would serve to validate the basis of the

theoretical model.

The results of our current theory suggest a potential method for increasing the capac-

itance of energy storage devices based on an RTIL electrolyte: reduce the interaction

energy between adjacent ions through the presence of electrostatic images. We have

described a geometry in which ions form compact ion-image dipoles that are weakly

interacting on the planar surface of an electrode. The interaction energy between ions

can be reduced further if ions enter a 2-D metallic slit or a 1-D metallic pore where

image charges more effectively screen the potential of each ion. A number of papers
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have already begun to address these possibilities [100, 101], achieving capacitances in

excess of 10CH within MC simulations.

5.2 Capacitance within the one component plasma ap-

proximation

Chapter 3 built off of the observation that C > CH was observed in simulations with

asymmetrically sized ions in Sec. 2.5.2. We imagined a system in which one ion is so

large that it is sterically prohibited from motion, while the other is small enough to

move through the hollow spaces between the larger ions. By treating this case in the

approximation of a “one-component plasma” model, where only one ion species is mo-

bile while the other forms a uniformly charged background, we were able to develop a

theoretical understanding over the full range of temperature. This theory again aban-

dons the mean-field approximation and predicts large capacitance, C > CH , due to

weak interaction of ion-image dipoles at the electrode surface. Further, MC simulations

confirm that even for strongly asymmetric RTIL, where all ions are still mobile, our

analytical predictions still apply.

Qualitatively, our theory explains all the main features of the experiment in Ref.

[21]. The authors of Ref. [21] relate their observations to theories of so-called “pseudo-

capacitance”, a term used by Conway and coworkers for the rare cases of anomalously

large EDL capacitance (see [49] and references therein). Pseudo-capacitance is said to

result from specific adsorption of cations to the metal surface, where the cations are

neutralized. In this sense Conway’s theory is similar to ours. However, his theory of

pseudo-capacitance does not explain what happens with the negative charge of excess

anions, which remains in the bulk and which in our theory plays a pivotal role. The

existing theory of pseudo-capacitance also does not explicitly specify the form of the

repulsion between bound ions, and therefore does not arrive at a closed result. We

take care to address both of these points in the present (OCP) model, and we arrive

at definite predictions for capacitance. Thus, one may consider our theory to be an

improved theory of pseudo-capacitance, if by this term one understands a capacitance

larger than the Helmholtz value. We emphasize, however, that our theory does not

assume any Faradaic effects, so that our result is in fact a standard capacitance and the
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prefix “pseudo-” is unnecessary.

5.3 Attractive image charges without a metallic electrode

Chapter 4 confirmed the theoretical predictions made in Refs. [67, 22] for the dis-

tribution of multivalent Z-ions in the screening atmosphere around a highly charged

macro-ion. In this theory, adsorbed Z-ions on the surface of the macroion form a

strongly correlated liquid (SCL). The SCL acts as an effective metallic surface for Z-

ions that stray from the macroion surface to distances larger than the average distance

between Z-ions of the SCL. Using Monte Carlo (MC) simulations, we verified that a

stray Z-ion is attracted to its electrostatic image created behind the effective metallic

surface. As a small correction to [67, 22], however, our MC simulation showed that the

effective metallic surface is not aligned with the average position of the adsorbed Z-ion’s

centers, but is slightly above the adsorbed Z-ion’s centers. This offset was calculated

analytically to be |ξ|, where 2ξ is the screening length of the SCL. Our analytic theory

is in reasonable agreement with the MC data. Extending the original image theory of

[67, 22], we demonstrated that the attractive image interaction, while screened, persists

in a weak electrolyte.

In [70] the attractive image interaction, which we have studied here, was used to

interpret the origin of the negative chemical potential of the condensed Z-ions (equation

4.15). As a stray Z-ion, attracted to its image, approaches the surface of the macroion

it reaches a distance, r ∼ RM + b, where the SCL fails to act as a good metal and the

correlation attraction Uc(r) saturates at µ ∼ −Z2e2/4ϵb; this saturation can be seen in

figure 4.5 as the growth of ∆U(r) at r < 6.5 nm. It is this negative chemical potential,

brought about by the attractive image interaction, at r & Rmet+ b, which drives charge

inversion (over compensation of the macroion’s bare charge with condensed Z-ions), a

phenomenon that has generated much interest [67, 22, 78, 79, 73, 80, 69, 72, 81]. Thus,

we believe that this paper helps to clarify the origin of charge inversion.
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Appendix A

Acronyms

Care has been taken in this thesis to minimize the use of jargon and acronyms, but

this cannot always be achieved. This appendix contains a table of acronyms and their

meaning.

A.1 Acronyms

Table A.1: Acronyms

Acronym Meaning

EDL Electric double-layer

RTIL Room temperature ionic liquid

C(V ) Capacitance as a function of voltage

GCS Gouy-Chapman-Stern

PB Poisson-Boltzmann

CH Helmholtz Capacitance

RPM Restricted primitive model

PM Primitive model

MC Monte Carlo

OCP One component plasma
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Appendix B

Potential derivation

B.1 Calculation of the total potential

This appendix gives a formal derivation of Eq. 4.22. Starting from,

∇2ψ
(
ϱ, x′

)
= −4π

ε
ρext(ϱ, x

′) +
1

ξ
ψ(ϱ, xc)δ(x

′ − xc), (B.1)

I introduce

ψ(ϱ, x′) =

∫ ∞

0
kAk(x

′)J0(kr)dk, (B.2)

and specify that,

ρext = Zeδ(ϱ)δ(x′ − x)/πϱ, (B.3)

Upon substitution one obtains, in cylindrical coordinates,

∇2

∫ ∞

0
kAk(x

′)J0(kϱ)dk = −4π

ε
Ze

δ(ϱ)

πϱ
δ(x′ − x) +

1

ξ

∫ ∞

0
kAk(xc)J0(kϱ)δ(x

′ − xc)dk.

(B.4)

Applying the cylindrical Laplacian operator in the L.H.S of Eq. B.4 gives,

∂2

∂x′2

∫ ∞

0
kAk(x

′)J0(kϱ)dk −
∫ ∞

0
k3Ak(x

′)J0(kϱ)dk, (B.5)

where I have used
1

ϱ

∂

∂ϱ

(
ϱ
∂

∂ϱ
J0(kϱ)

)
= −k2J0(kϱ). (B.6)

Both sides of Eq. B.4 are multiplied by rJ0(kϱ) and radially integrated from zero to

infinity, and after applying ∫ ∞

0
J0(kϱ)δ(ϱ)dϱ =

1

2
(B.7)
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∫ ∞

0
Jν(kϱ)Jν(k

′ϱ)ϱdϱ =
1

k
δ(k − k′), (B.8)

the result is

∂2

∂x′2
Ak(x

′)− k2Ak(x
′)− 2

ξ
Ak(xc)δ(x

′ − xc) +
2Ze

ε
δ(x′ − x) = 0. (B.9)

Using the fourier transform of Ak(x
′),

Ak(x
′) =

1√
2π

∫ ∞

−∞
eiyx

′
Ak(y)dy. (B.10)

one can rewrite Eq. B.9, and solve for the fourier transform of Ak(x
′),

1√
2π

∫ ∞

−∞
eiyyx

′
Ak(y)dy =

1

(iy)2 − k2

(
1

ξ
Ak(xc)−

2Ze

ε
eiyx

)
. (B.11)

Applying the inverse fourier transform to both sides of Eq. B.11 gives

Ak(x
′) = −Ak(xc)

ξk
e−kx′

+
Ze

εk
ek(x

′−x), (B.12)

where,

Ak(xc) = −Ze
ε
e−kxc

1

k + 1/ξ
. (B.13)

Upon substituting Ak(x
′) into Eq. B.2, the final solution is obtained for the system’s

electrostatic potential as a function of the coordinates ϱ and x’,

ψ(ϱ, x′) =
Ze

ε

∫ ∞

0

(
ek(x

′−x) − 1

2kξ + 1
e−k(x′+x−2xc)

)
J0(kϱ)dk. (B.14)


