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Evaluation of Small-Sample
Statistics That Test Whether
Variables Measure the Same Trait

Jeffrey Lee Rasmussen
Indiana University&mdash;Purdue University at Indianapolis

This study investigated the performance of five
small-sample statistics (Lord’s, Kristof’s, McNemar’s,
Forsyth and Feldt’s, and Braden’s) that test whether
two variables measure the same trait except for mea-
surement error. The conservative Type I error rates of
the Lord and Kristof procedures and the liberal error
rates of the McNemar, Forsyth and Feldt, and Braden
procedures were corrected by determining appropriate
critical values. Power comparisons were then made at
the fixed &alpha; levels. In general, the McNemar statistic

was shown to be the most powerful. Finally, the ef-
fects of non-normality were investigated, and it was
demonstrated that the Braden technique became very
liberal, whereas the other statistics tended to be some-
what liberal at the .01 significance level and reasona-
bly robust at the .05 level. Index terms: Disatten-
uated measures, Measurement error, Monte carlo
simulation, Non-normality, Small-sample statistics,
Type I error and power rates.

It is often important to test whether two variables measure the same trait. For example, a researcher
might want to assess whether a &dquo;creativity&dquo; test and a &dquo;fluidity of thought&dquo; test measure the same trait.
Due to measurement error, the correlation between the two variables would not be expected to be perfect
even if they do measure the same trait. The joint reliability of the measures puts an upper bound on the
magnitude of the correlation between the measures (Ghiselli, Campbell, & Zedeck, 199 1; Nunnally,
1978).

Measurement error is said to attenuate the correlation between the two scores. A statistic, called the
disattenuated correlation, corrects for this attenuation. Its formula is
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where r°Y,, is the raw score correlation,
r~,, is the reliability of the X scores, and
r,.,, is the reliability of the Y scores.

The disattenuated correlation represents the correlation between two variables from which measurement
error has been eliminated; that is, it measures the correlation of the true scores.

Unfortunately, the disattenuated correlation is not distributed as a Pearson product-moment correlation
coefficient. For example, values greater than 1.0 are possible. Hence the disattenuated correlation cannot
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be tested for significance in the same fashion as a Pearson correlation (Cureton, 1936; DuBois, 1957,
1965; Kelley, 1947; Shen, 1924). There are a number of formulas that are appropriate for testing whether
two variables measure the same trait which are useful for large samples (Bobko & Rieck, 1980; Forsyth
& Feldt, 1969; ~&reg;r~sl~&reg;~9 1971; Lord, 1957).

For smaller sample sizes, Rae (1982) evaluated four statistics (Forsyth & Feldt, 1970; Kristof, 1973;
Lord, 1973; Mc~Iemar9 1958) that test whether two variables measure the same attribute. Rae used monte
carlo methods to compare these four statistics in te of Type I error rates and power. He found that
the Lord and the Kristof procedures tended to be conservative, whereas the h4cNernar and the Forsyth
and Feldt procedures were often overly liberal. In terms of the power of the tests, 9 ~cl~e~~r’s tended to
be the most powerful, followed by Forsyth and ~~ldt’s9 Kristof’s, and Lord’s. The power comparisons,
however, were of limited value as they were not made at a fixed a level. That is, it is difficult to interpret
the fact that Lord’s statistic shows a power of, say, 15.7°7&reg; when a is at the 3.4~/&reg; level, relative to
h4cNemar’s statistic showing a power of 26.5°I&reg; when a is at the 6.O1&reg; level. Power comparisons only
make sense when all other relevant factors (e.g., sample size, falsity of the null hypothesis, a level) are
held constant (see Levine & Dunlap, 1983).

The Statistics

Lord’s ( 1973) statistic, L, is based upon work by Villegas (1964). Lord’s statistic is determined by
first calculating

Q =. A-F,W , 9 (2)
where A denotes a 2 x 2 sum of squares cross-products (sscp) between matrix,

W denotes a 2 x 2 sscp within matrix, and

Fp denotes the F critical value at N and N degrees of freedom for the appropriate p = .O l /.05
significance level.

If the determinant and the two major diagonal elements of the resulting matrix, Q, are positive, then the
statistic is declared significant at probability p. Ire addition to a bivariate normality assumption, Lord’s
procedure assumes that there are no practice effects. That is, if the reliability is calculated using a test-
retest procedure, there cannot be any population mean difference between the test and retest scores.

Kristof (1973) presented a statistic that takes different forms depending upon which of three cases
of assumptions the user is willing to make. To be consistent with Rae’s (1982) study, the present study
investigated Kristof’s Case 11 statistic with data where there is not a practice effect. Kristof’s statistic,
K, is set as the smallest eigenvalue of the matrix J, where

j = VVd (3)

V, is the variance-covariance matrix of the total scores (X, + X,, Y, + Y,), and Vd is the inverse of the
variance-covariance matrix of the difference scores (X, - X,, F, &horbar; Yz). The (X,,Y,) and (Xz,Yz) scores are
the test-retest or parallel-halves scores for X and Y. Kristof’s K is evaluated for significance by comparing
it with the appropriate critical values of the F distribution with N - 1 degrees of freedom.

h4cNernar’s (1958) statistic, M, takes the form of a mean square residual expressed in terms of
correlations and reliabilities,

The statistic is declared significant if it exceeds the appropriate .01/.05 critical values of the F distribution
with (1~1 - ~ ) and - 1) degrees of freedom. Essentially, McNemar’s procedure assesses whether there
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is an examinee x test interaction, that is, whether examinees perform differently depending upon which
of two tests they are administered. If the two tests have identical true scores, then there will be an

insignificant interaction. R4cNemar’s statistic assumes that the X and Y variables have equal reliability.
In the case of unequal reliabilities it is overly liberal.

Forsyth and Feldt’s ( 1970) statistic, FF, is equal to McNemar’s statistic when the latter is divided
by a value

where r = (r°~ -~- ry)/2. made this modification to correct for the difference between the arithmetic
and the geometric means of the reliabilities; note that when the reliabilities are equal, then the C term
reduces to 1. Their results indicated that the modified statistic performed better than the McNemar version.
It was, however, still overly liberal. Additionally, as Forsyth and Feldt (1970) pointed out, because M
and FF do not have the sam 01. level when the reliabilities are unequal, it is not possible to reasonably
compare the two statistics except in the limited case of equal reliabilities.

Braden’s (1986) statistic B is calculated by comparing the observed correlation with the maximum
value it can achieve, which is the square root of the product of the population joint reliability, p,,,., _

L(P-~x)(Pvv)~’~z~ The closer the observed value is to the maximum, the more likely the two variables measure
the same trait. The observed and maximum values are calculated and evaluated for significance using
Fisher’s z test. That is,

Braden’s statistic assumes that the population reliabilities, and therefore the maximum value, are known
from previous normative data.

The present study expanded upon Rae’s (1982) study. First, it included the additional statistic proposed
by Braden (1986). Second, it determined the appropriate critical values that hold a constant. This allows
for power comparisons to be made at fixed a levels. Finally, it investigated the effects of non-normality
on the five statistics. Studies that have investigated the effect of non-normality on the Type I error rate
for the regular Pearson correlation coefficient have found it to be relatively insensitive to violation of the
normality assumption. For example. Edgell and Noon (1984) and ~I~~licel~ and Peterson (1977) found
that the actual Type I error rates of tests of significance of r are reasonably close to their nominal levels.
As not all variables are normally distributed, the present study also investigated the effect of non-normality
on these statistics.

Method

The present study was implemented in four phases. In Phase I a FORTRAN program was written to
estimate the actual Type I error rates of the five statistics using their authors’ critical values. This was
done in order to compare the present study with Rae’s (1982) results and to evaluate the Type I error

rate of Braden’s statistic. In Phase 2 the program was modified to estimate the appropriate critical values
that would maintain the statistics at the .01 and .05 significance levels. In Phase 3 the critical values
derived in Phase 2 were used to compute ’I&dquo;ype error and power rates of the five statistics. Phase 4
investigated the effect of sampling from two non-normal distributions on the Type I error rates.

Downloaded from the Digital Conservancy at the University of Minnesota, http://purl.umn.edu/93227.  
May be reproduced with no cost by students and faculty for academic use.  Non-academic reproduction  

requires payment of royalties through the Copyright Clearance Center, http://www.copyright.com/ 



180

Type Error Rates Using Authors’ Critical Values

In Phase 1 a FORTRAN program was written to estimate the Type I error rates of Lord’s L, McNemar’s s
M, Forsyth and Feldt’s FF, Kristof’s K, and I~r~dcn’s ~ statistics. Sample sizes of N = 25 and 50,
significance levels of p = .05 and .O 1, and reliability combinations of ~°~x/r°,.v = . ~/. ~ 9 .6/.6, . .8/.9, ~/.7,
.7/.9, .6/.8, .6/.9, and .5/.9 were simulated. These N, p, and rx)ryy values were crossed to yield a 2
x 2 x 8 design with 32 conditions.

For each of the 32 conditions, the program generated five scores: T, ~&dquo;, E12, E21, and ~22. From
these scores, four linear composites were created:

X, = T’ -e- E,,, 9
X2 = T + ~° , 2 s
~H - ~ ~ ~219
~2 = ~ + f‘ 22 .

The scores were generated such that the population correlations of the T and E scores (e. ~. , T’ and E&dquo; ,
E&dquo; and £B2) were 0.

The scores were generated from a normal population with mean = 0 and standard deviation = 1

using the Ahren and Dieter normal deviate pseudorandom number algorithm (cited in Lehman, 1977).
The reliabilities between X, ~nd X2, and between Y, and Y2, were generated using an algorithm by Knapp
and Swoyer (1967).

For each of the sample size x reliability combinations, 1,000 experiments were carried out. The
program calculated the five statistics and evaluated the obtained statistics for significance. The Type I
error rate for each of the significance levels was calculated as the number of the test statistics declared
significant divided by 1,000.

In~~I&reg;n of Appropriate Critical Values

The results from Phase 1, which are presented more fully in the Results section, indicated that none
of the tests had accurate Type I error rates when they were calculated according to their authors’ rec-
ommendations. Consequently, Phase 2 was carried out to determine the appropriate critical values. Due
to the nature of the statistics, the method for estimating the appropriate critical values was different for
the Lord statistic than for the other four statistics.

Evaluation of the significance of Lord’s statistic is not done by comparison of the obtained statistic
to some critical value; rather, the critical value F~ is incorporated into the calculation formula, and
significance is declared if the resulting matrix is positive definite. It was therefore necessary to estimate
the appropriate values of Fp using an iterative approach. These values were estimated by bracketing the
.01 and .05 significance levels. First, the Fp values that Lord recommended were used and evaluated for
significance by carrying out 10,000 replications at each of the sample size and reliability combinations.
The values of Fp were decremented by .01 and 10,000 more replications were carried out. In all, 20
decrements were carried out for a total of 3.2 million replications.

The obtained Type I error rates for the 20 decrements were plotted and the appropriate .01 and .05
critical values were interpolated from the plsat. As the relationship between the decrements and the Type
I error rates was approximately linear, the critical values were estimated by linear (as opposed to cur-
vilinear) interpolation. Visual inspection indicated that the critical values were independent of the reliability
combinations (i.e., there was not a discernible positive or negative covariation of the critical values with
the reliability conditions), and therefore they were averaged over the ~-x.r/rv,, condition. (Because Phase 3
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would serve as a check on the appropriateness of using the averaged values, the visual inspection was
deemed a sufficient check.)

For the other statistics, the Type error rate was estimated by generating 2,000 replications of the
16 sample size x reliability conditions. The test statistics were calculated for each replication. Each of
the test statistics was rank ordered and the 95th and the 99th percentile values were obtained. This
procedure was carried out five times and the 99th and 95th percentile values were averaged over the five
repetitions. Hence the critical values for the 32 conditions of the Kristof, Forsyth and Feldt, Braden, and
McNemar statistics were based on 10,000 replications.

The critical values for the Braden and Kristof procedures were apparently unrelated to the reliability
condition, and were therefore averaged across this condition. The critical values of the h4cNenoar and
the Forsyth and Feldt statistics were positively related to the increasing disparity in the population
reliabilities. Thus, in the subsequent phases, the &dquo;averaged across reliabilities&dquo; values were used for the
Lord, Braden, and Kristof procedures, and the unaveraged values were used for the Forsyth and Feldt
test and the McNemar test.

Type Error Rates and Power Using Appropriate Critical Values

In Phase 3 the appropriate critical values determined in the previous phase were used to calculate
the Type I error rate and power of the statistics. The calculation of Type I error rate represented a check
on the accuracy of the critical values determined in Phase 2. The Type I error rates were calculated in
the same fashion as in Phase 1, with the exception of the use of the new critical values. The power of
the statistics was evaluated by generating 1,000 replications in which the disattenuated correlation between
X and Y was less than 1.0. Disattenuated correlations of .95, .90, and. .~5 were simulated using the Knapp
and Swoyer ( 1967) algorithm.

Type I Error Rates Under Assumption ~~&reg;I~~I&reg;~

Finally, in Phase 4 of the experiment, non-normal data were simulated to evaluate the effect of
assumption violation on statistics. Non-normal data were simulated by sampling from an exponential
distribution and a lognormal distribution, which are commonly investigated distributions (e.g., Blair &

Higgins, 19~5). The exponential distribution was generated by taking the logs of random uniform deviates
for the T and scores. The lognornal distribution was generated by taking the exponents of normal
deviates.

Results

Type ~~r&reg;~° Rates Using Authors’ Critical Values

The Phase I results are given in Table 1. The Type I error rates for the Lord and Kristof procedures
are conservative, whereas they are generally liberal for the McNemar and the Forsyth and Feldt procedures;
these results are similar to those of Rae (1982). The Braden statistic is very liberal, with actual .01 Type
I error rates in the .21 to .49 range and actual .05 rates in the .45 to .75 range.

Determination of Appropriate Critical Values

The critical values derived from the monte carlo techniques of Phase 2 are given in Tables 2 and 3.
The values for the Lord and Kristof procedure are, as expected, less than the critical values recommended
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Table 1

Type I Error Rates for the Lord (L), Kristof (K),
McNemar (M), Forsyth and Feldt (FF), and Braden (B)

Procedures as a Function of the Reliabilities of the Two

Measures, for Two Sample Sizes (Decimal Points Omitted)

by the respective authors. The values for the Braden statistic are much larger than the z-score critical
values he recommended. For the McNemar and the Forsyth and Feldt statistics, as Table 3 demonstrates,
the monte carlo values increase with an increasing disparity in the reliabilities. This should serve to
counteract the liberal drift of these statistics displayed in Table 1 using the authors’ critical values.

Type Error Rates and 1~&reg;~~~° Using Critical Values

The results for Phase 3 are given in Tables 4 and 5. Table 4 presents the Type error rates using
the monte carlo values derived in Phase 3. The Type I error rates are greatly improved from those in
Table 1. The standard errors were calculated as SE = [(~a - ~)/~]’~, where a is the a level (.O1 &reg;r .05)
and n = 10,000, the number of replications (see Zwick, 1986, p. 176). Values outside a range of ±2
standard errors are flagged in Table 4. For example, the 2 standard error range was .0456 to .0544 for
the .05 significance level (the values in Table 4 are rounded to the third significant figure; the flagging,
however, was carried out on the values rounded to the fourth significant figure). Of the 160 Type I error
rates, 12 are outside the ±2 SE boundary. Because the 160 values are not strictly independent (i.e. , the
.01 and .05 values for a given comparison are related), and because there does not appear to be a

Table 2
Monte Carlo Critical Values

for Averaged Statistics
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Table 3
Monte Carlo Critical Values for

Unaveraged Statistics as a
Function of the Reliabilities of the
Two Measures, for Two Sample Sizes

discernible pattern of values failing outside the boundaries, it seems reasonable to conclude that the
deviations of the obtained Type I error rates from their nominal levels are due to sampling variation.

Table 5 presents the power of the statistics at the fixed a levels. To conserve space, only the results
for the IV = 50 condition are given; the N = 25 condition showed the same pattern of results. In general
the results indicate that the McNemar At and the Forsyth and Feldt FF procedures show the greatest
power, followed by the Lord and Kristof procedures. The power of the Braden procedure tends to fall
far short of the other four approaches.

The average power for the McNemar statistic is 3~.2% at the .0 1 level and ~4.1 % at the .05 level .
For the Forsyth and Feldt procedure, the average power rates are 32.4% and 51.8% respectively. The
slight power advantage is mainly attributable to the more disparate reliability conditions. (Although the
tabled Type I err&reg;r rates are higher for the McNemar test than for the Forsyth and Feldt test on the N
= 50, reliability = .6/.9 and .5/.9 conditions, this is probably not the cause of the superior power; the
McNemar test still shows a power superiority over the Forsyth and Feldt test on the N = 25, reliability
= .6/.9 and .5/.9 conditions even though the tabled Type I error rates for the McNemar test are less than
the Forsyth and Feldt test here.)

The results in Table 5 indicate that the Lord and Kristof procedures have very similar power curves.
The average absolute difference for the procedures is .005 for the a = .01 and .004 for the a = .05
conditions.

Type ~~°~&reg;~° Rates Under Assumption Violation

The results from Phase 4 are presented in Table 6. Once again to conserve space, only the results
from the ~T = 50 condition are given. The results indicate that the Braden test is highly liberal on both
the exponential and lognormal distributions, with actual error rates in the .04 to .24 range for the nominal
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Table 4

Type I Error Rates Using Monte Carlo Critical Values
for the Lord (L), Kristof (K), McNemar (M),

Forsyth and Feldt (FF), and Braden (B) Procedures
as a Function of the Reliabilities of the Two Measures,

for Two Sample Sizes (Decimal Points Omitted)

Note. &dquo;-&dquo; indicates that the rejection rate is 2 or more

standard errors below the Type I error rate; y &dquo;+11
indicates that the rejection rate is 2 or more
standard errors above the Type I rate.

.Ol level and actual error rates in the .11 to .33 range for the nominal .05 level. The error rates for the

remaining tests tend to be overly liberal for the .01 significance level, especially on the disparate reliability
conditions. For the .05 level the remaining tests are fairly close to the nominal level, although the Lord
and Kristof procedures tend to be more conservative than the McNemar and the Forsyth and Feldt
procedures.

Discussion

The present study demonstrated a number of aspects of the five statistics studied. First, the results
indicated that the Braden procedure, like the other procedures, did not have stable and acceptable .01
and .05 Type I error rates. The fact that the Braden procedure performed so poorly can probably be
traced to Braden’s questionable use of Fisher’s test to assess the difference between the observed correlation
and the joint reliability. Given that there is no apparent mathematical justification for assuming that the
joint reliabilities are distributed as Pearson correlations, the erratic performance of Fisher’s test is not
unexpected.

Second, it was demonstrated that accurate critical values could be estimated by monte carlo pro-
cedures, and that these critical values could be used to obtain comparative power rates. It was shown

that when the reliabilities of the statistics are known, the McNemar test was the most powerful statistic
for detecting that two variables measured the same trait.

Third, the Lord and Kristof procedures were shown to have very similar power curves. From the
description of the two statistics, their formulas, and their evaluation of significance, they appear to be
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Table 5
Power of Statistics Using Monte Carlo Critical Values

for the Lord (L), Kristof (K), McNemar (M),
Forsyth and Feldt (FF), and Braden (B) Procedures

as a Function of the Reliabilities of the Two Measures
and the Correlation (r) of x and y (Decimal Points Omitted)

very different statistics. Moreover, Rae’s (1982) findings that they had different Type I error rates and

power also indicated that they were different. The present study indicates that the differences are probably
superficial-at least for the Case II situation.

Finally, the present study showed that, with the exception of the Braden test, these statistics tended
to be reasonably robust to assumption violation at the .05 level and somewhat liberal at the .01 level. In
general, the tests became more liberal with increasing disparity in the variabilities. (Although some pilot
comparisons of the power functions of the tests were carried out, they are not presented because the a
levels were different for the different tests. The pilot study, however, did indicate that the McNemar and
the Forsyth and Feldt procedures were the most powerful, followed by the Lord and Kristof tests and
then the Braden test. It was not possible to assess the impact of n&reg;n-~&reg;rrnality-rclative to normality
on the tests due to the method of data generation; see Levine & Dunlap, 1982, 1983.)

There are some areas of further study that may prove fruitful:
l. The present study indicated that it was necessary to have different critical values for the different

reliability combinations with the McNemar and the Forsyth and Feldt procedures. This would present
a distinct problem for a researcher who wanted to use these statistics. One solution would be to

incorporate the reliabilities into the formula, much as Forsyth and Feldt attempted to do by calculating
the C value. The present study, as well as that of Rae (1982), showed that this value did not correct
enough for the disparity in the reliabilities. Further refinement of the correction value would be
useful. The corrected formula should be tested under a wider range of reliability comb inations-for
example, ru = Aryy = .9.
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Table 6
Type I Error Rates Under Non-normality

for the Lord (L), Kristof (K), McNemar (M),
Forsyth and Feldt (FF), and Braden (B) Procedures,

as a Function of the Reliabilities of the Two Measures
(Decimal Points Omitted)

2. It would be helpful to develop more feasible means to test for significance. The critical values given
in the present study may be used for the limited number of conditions investigated. For other sample
sizes and reliability conditions, however, they are not accurate. Appropriate critical values could be
discovered by either ( 1 ) identifying the underlying sampling distribution of the statistics in terms of
some f&reg;rrn~l~9 (2) finding a transformation to a known distribution, such as F or z; or (3) using a
tailor-made monte carlo algorithm that would generate the critical values for a given sample size and
reliability condition.

3. The effects of non-normality on the five statistics could be further investigated. Different non-normal
distributions could be used, and the effect of non-normality on power could be studied. If non-

normality does reduce the power of these tests-as might be predicted on the basis of studies
concerning the effect of power on Pearson’s r (Edgell & Noon, 1984)-it might be interesting to
investigate whether it is possible to detect such non-normality on these small sample sizes, or to
select a transformation that would result in normality (D’Agostino, 1971; ~i~c&reg;~a ~ Massey, 1969;
Games, 1983, 1984; Rasmussen, 1985).

4. A comparison of these small-sample statistics with the techniques recommended for larger samples
(Bobko & Rieck, 1980; Forsyth & Feldt, 1969; Jbreskog, 1971; Lord, 1957) might prove useful.
Although the extant literature (e.g., Forsyth & Feldt, 1969; Rae, 1982) has categorized the test
procedures into small-sample versus large-sample procedures, there has been no empirical justification
for such a di~h&reg;t&reg;r~i~~ti&reg;~.
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