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Lord’s Chi-Square Test of Item Bias
With Estimated and With Known
Person Parameters

Mary E. McLaughlin and Fritz Drasgow
University of Illinois

Properties of Lord’s chi-square test of item bias
were studied in a computer simulation. 0 parameters
were drawn from a standard normal distribution and

responses to a 50-item test were generated using SAT-v
item parameters estimated by Lord. One hundred inde-
pendent samples were generated under each of the
four combinations of two sample sizes (N = 1,000
and N = 250) and two logistic models (two- and
three-parameter). LOGIST was used to estimate item
and person parameters simultaneously. For each of the
50 items, 50 independent chi-square tests of the equal-
ity of item parameters were calculated. Proportions of
significant chi-squares were calculated over items and
samples, at alpha levels of .0005, .001, .005, .01,
.05, and .10. The overall proportions significant were
as high as 11 times the nominal alpha level. The pro-
portion significant for some items was as high as .32
when the nominal alpha level was .05. When person
parameters were held fixed at their true values and
only item parameters were estimated, the actual rejec-
tion rates were close to the nominal rates.

A major problem in practical uses of item re-
sponse theory (IRT) is the estimation of item and
person parameters. Frequently, parameters are es-
timated by the method of maximum likelihood.
However, when both item and person parameters
are estimated simultaneously, the estimates do not
have the usual statistical properties of consistency
and asymptotic efficiency. The adequacy of esti-

mates can nonetheless be assessed by their perfor-
mance in practical applications. In this paper the
effects of simultaneous estimation on the properties
of Lord’s (1980, pp. 217-223) chi-square test of
item bias are assessed.

Lord’s test of item bias may be used with data

that fit either two- or three-parameter logistic item
response models. Lord’s chi-square tests the hy-
pothesis that the item parameters in one subpo-
pulation are equal to those in a second subpopu-
lation. The matrix formulation for the ith item is

A and B refer to different subpopulations, ~i, and
b2A are the discrimination and difficulty parameters
for item estimated for subpopulation A, and

IF,.- 1 is the inverse of the asymptotic sampling var-
iance-covariance matrix of lbia -6,,] and [di, -
di,,]. Lord (1980, p. 223) presented the formulas
needed to evaluate Equation 1 e
When person parameters are known, item pa-

rameters are estimated by the method of maximum
likelihood, the null hypothesis of no bias is true,
and the IRT model provides a reasonably good fit
to the data, the distribution of Lord’s bias statistic
should be close to the chi-square distribution with
two degrees of freedom. When person parameters
are unknown and are estimated simultaneously with
item parameters, the distributions of the item pa-
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rameter estimates and the statistic are
unknown. The item parameter estimates are not

necessarily consistent, in that the bias in the esti-
mates has not been proven to decrease to 0 as the

number of observations increases. Furthermore, the
estimates are not necessarily asymptotically effi-
cient, and they may not be normally distributed
with the variance-covariance matrix given by Lord
(1980). This problem of maximum likelihood es-
timation in situations where the number of param-
eters increases with sample size was first studied
by Neyman and Scott (1948) and was discussed in
the context of IRT by Hambleton and Swaminathan
(1985, pp. 127-129).

Wingersky and Lord (1984) computed standard
error estimates of item parameters when both item
and person parameters are unknown. They explic-
treated item and person as estimated
simultaneously. Their expressions for standard er-
rors should be more accurate than those obtained
from the Lord (1980) formulas, in which 0 esti-
mates are treated as known person parameters.
However, Wingersky and Lord’ (1984) variance-
covariance matrix may be inaccurate for the same

reasons that the variance-covariance matrix pre-
sented by Lord may be inaccurate. In particular,
the number of examinees may be viewed as in-

creasing without limit, but the number of items is
fixed quite small. Consequently, consistent es-
timation of the person parameters is impossible.
One alternative that may circumvent the prob-

lems with simultaneous estimation is marginal
maximum likelihood estimation (Bock & Lieber-

man, 1970), which removes the person parameters
from the likelihood function. Drasgow (in prepa-
ration) found marginal estimation of item param-
eters to be far superior to simultaneous (item and
person parameter) estimation for short tests. None-
theless, simultaneous estimation continues to be

widely used, particularly for tests with a moderate
to large number of items.

In summary, a user of Lord’s chi-square test may
encounter difficulties in practice because the item
parameters, when they are estimated simultane-
ously with person parameters, may not have the
usual properties of maximum likelihood estimates.
Consequently, Lord’s item bias statistic may not

follow the chi-square distribution well enough to
allow valid tests of item bias.

Previous Research on Lord’s

Chi-Square Statistic

Lord ( 1977) presented an empirical check on the
chi-square test of item bias, using data from the
85-item Scholastic Aptitude Test, Verbal section
(SAT-v). He divided a mixed sample (Black and
White) of 4,500 examinees at random into two

groups. The null hypothesis of no difference in a
and b parameters across the two random samples
was tested. The number of significant chi-squares
at each of 10 significance levels of equal width
(.10) was reported, as well as the number signifi-
cant at a = .05. Given that the null hypothesis is
true, four items significantly biased by chance at
a = .05 would be expected; three items were found
to be significantly biased. This is a limited check
on the chi-square test of significance, however,
because parameter estimates from only two sam-
ples were obtained, so that each item was tested
only once for equivalence across the samples. Lord
suggested that repeated comparisons of item pa-
rameters across independent equivalent samples
would better indicate the stability of the chi-square
test.

Shepard, C~rnilli, and Williams (1984) also re-
ported an empirical check on Lord’s chi-square
test. With a sample of 3,000 high school seniors,
Shepard et al. checked for item bias on a 27-item
mathematics achievement test and on a 32-item

vocabulary test. Rather than split the total sample
of Black and White examinees into two random

samples as Lord (1977) did, they first tested for
bias across two randomly split subsamples of Whites.
They then tested for biased items across two ran-
donfly split subsamples of Blacks. For the vocab-
ulary test, when the two White samples were com-
pared, about 15% of the items were biased at a
nominal alpha level of .05. The comparisons across
the two Black samples were not reported. For the
mathematics test the percentages of significant chi-
squares for both the White and Black samples were
close to the nominal alpha. The authors used the
rejection rates observed in the within-population
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comparisons to establish critical values for cross-
population comparisons.
As in Lord’ (197’~) check on the chi-square, the

rejection rates of Shepard et al. (1984) were based
on only one chi-square test per item; several in-
dependent tests across equivalent samples are needed
to obtain stable rejection rates. Furthermore, esti-
mation is poorer for the extreme parameters; thus
the number of significant chi-squares when the null
hypothesis is true may vary as a function of the
item parameters. Numerous independent tests for
each of the items would allow assessment of the

relation of item parameters and number of signif-
icant chi-squares when the null hypothesis is true.

If the distribution of the parameter estimates is
close to the limiting distribution with the variance-
covariance matrix given by Lord’s (1980) form-
las, then the chi-square test should indicate non-
equivalent items only at chance levels. When stan-
dard error estimates are smaller than they should
be in both groups compared, the null hypothesis
of no difference in item parameters is more likely
to be rejected. Depending on how much the stan-
dard errors are underestimated, the null hypothesis
may be rejected more often than expected by chance.
Knowledge of the base rate of rejection of the null
hypothesis would be useful to researchers who use
Lord’ chi-square in selecting an appropriate alpha
level for their chi-square tests.

The following simulation evaluated the chi-square
test using 50 independent chi-square tests per item
in each cell of the design. Significance rates ob-
tained when item and person parameters were es-
timated simultaneously were compared to signifi-
cance rates obtained when item parameters were
estimated given the person parameters. In this way,
the effects of simultaneous estimation of item and

person parameters could be reliably determined.
Significance rates for Lord’s chi-square test are
reported so that users of the test may set the critical
values of their chi-square tests accordingly. In or-
der to assess the accuracy of Lord’s expression for
asymptotic standard errors, the standard errors of
parameter estimates across replications were com-
puted and compared to standard errors estimated
with Lord’s expression. The asymptotic distribu-
tions of parameter estimates were examined by z

tests and Kolmogorov-Smimov tests. Finally, re-
lations among the item parameters and the number
of significant chi-squares were assessed with cor-
relation and regression analyses.

Method

Design

Two sizes of examinee pools (250 and 1,000)
were used, and responses were generated using
both the two-parameter (2PL) and three-parameter
(3PL) logistic models. The sample size of 1,000
was included and an item pool of 50 was used
because Lord (1968) recommended a sample size
of at least 1,000 and a test length of at least 50
items to obtain good estimates of the a parameters.
The item parameters used to generate the 3PL

data were taken from ~&reg;rd9 s ( 196~) analysis of the
SAT-v. These values of the item parameters, shown
in Table 2, are realistic because they were taken
from a real test. For the 2PL model the cs were set

equal to 0. The as and bs that were used for the
3PL model were also used for the 2PL model in

order to allow straightforward comparisons across
the simulated 3PL and 2PL tests. These item param-
eters for the 2PL test are less realistic than item

parameters taken from a test modeled with 2PL item
characteristic curves.

Procedure

The chi-square values were calculated for all 4
combinations of model and sample size in two ways.
First, chi-squares were calculated as they would be
in practice; item and person parameters were es-
timated simultaneously and chi-squares were cal-
culated with 6s. Second, chi-squares were calcu-
lated with item parameters that were estimated given
the true Os. A more detailed description of the
procedures follows.

For each of the four combinations of logistic
model (2PL and 3PL) and sample size (250 and 1,000), 9
100 independent samples of respondents and their
responses to the 50 items were simulated. LOGIST

(version 2b; ~1&reg;&reg;d9 Wingersky, & Lord, 1976) was
used to estimate item and person parameters from
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Table 1

Proportion of Significant Chi-squares for 3PL

and 2PL Models Across All Samples and All Items

each of the 100 samples, in each condition. Be-
cause c parameters are often indeterminate, Lord
(1980, p. 217) recommended, for bias detection
procedures, holding the ês fixed at the values es-
timated from the two comparison samples com-
bined. For the present study, if the proportion of
correct responses to an item was less than .15, c
was held fixed at .75 times the proportion correct.
Otherwise, the cs were held fixed at .15. Then, for
each of the 50 independent pairs of samples, item
and person parameter estimates were used to cal-
culate a chi-square index of item bias for each of
the 50 items. Then maximum likelihood estimates
of item parameters were obtained by estimating the
item parameters using the true Os. The standard
errors and chi-squares were computed again, this
time using the item parameters estimated given the
true Os.

The proportions of significant chi-squares over
all 50 items and 50 tests were computed at p-values
of .0005, .001, .005, .01, .05, and .10, under all
four combinations of sample size and logistic model.
The proportions statistically significant at each

nominal alpha level were compared across the two
estimation procedures.

Standard errors of the item parameter estimates
were calculated in two ways. First, standard errors
were calculated by Lord’s (1980) formulas, and
will be referred to here as formula standard errors.
In addition, standard deviations were estimated by
the usual formula for the unbiased estimator using
the 100 item parameter estimates, and are referred
to here as empirical standard errors. The means of
the formula standard errors were computed across
samples for each item (for both the as and the bs).
The formula standard errors were compared to the
empirical standard errors by dividing the means of
the formula standard errors by the empirical stan-
dard errors, for each item. These ratios were then

averaged across items.

Results

CM-Square Tests

Table 1 shows proportions of significant chi-
squares (calculated over all 50 items and all 50

comparisons) at alpha levels of .0005, .001, .005,
.01, .05, and . .10, for both the 3PL and 2PL models
and sample sizes of 1,000 and 250. In the second
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and fourth columns are proportions of significant
chi-squares obtained when both item and person
parameters were estimated simultaneously. In the
third and fifth columns are the proportions signif-
icant for the true as.

When both item and person parameters were es-
timated simultaneously, the proportions of signif-
icant chi-squares were greater than expected. For
3PL data when N = 1,000, observed proportions
significant ranged from over 11 times (a = .0005)
to almost twice (a =. .10) th~ expected proportions
significant. When A/’ = 250, the observed propor-
tions significant ranged from 4 times (a = .0005)
to over 1.5 times (out = . .10) the expected propor-
tions significant. In this condition, 5% of the chi-
squares were greater than 8.688, and 1% of the

chi-squares were greater than 13.764.
Similar results were obtained when responses

were generated by the 2PL model. When N = 19 ,
the observed proportions of significant chi-squares
ranged from over six times (a = .0005) to almost
twice (out = . .10) the expected proportions signifi-
cant. When N = 250, the observed proportions
ranged from almost 9 times (a = .0005) to over
1.5 times (a = . .10) the expected proportions sig-
nificant.

Comparison of the proportions significant under
the two estimation procedures shows that simul-
taneous estimation of item and person parameters
inflated the chi-square statistics. For both the 3PL
and 2PL models and both sample sizes the pro-
portions of significant chi-squares when Os were
known did not vary greatly from chance expecta-
tions.

Standard Errors

When person parameters were assumed un-

known, the means of the formula standard errors
were consistently smaller than the empirical stan-
dard errors, for both the as and the bs. The means
of the formula standard errors and the empirical
standard errors for each item are shown in Table 2
for the 3PL, As - 1,000 condition. (The results for
simultaneous estimation in the other three condi-
tions were similar and are thus not presented.)

When the item parameters were estimated hold-
as at their true values, the means of the formula
standard errors were much closer to the empirical
standard errors. These mean formula standard er-

rors and empirical standard errors are shown in
Table 3 for the 3PL, ~1 = 1,000 condition. Again,
results were similar for the other conditions. Notice

that the empirical standard errors shown in Table 3
are smaller than those shown in Table 2. This in-

dicates that the estimates obtained given the true
Os were better than those obtained when Os were

unknown.

To summarize the results in the four cells of the

design, the means of the formula standard errors
were compared to the empirical standard errors by
dividing the means of the formula standard errors
by the empirical standard errors, for each item.
These ratios were then averaged across items, and
are shown in Table 4, for the lis and the bs and
for all four combinations of sample size (rJ = 1,000
and N = 250) and logistic model (3PL and 2PL).
The first row shows the ratios under the condition

of simultaneous estimation of item and person pa-
rameters ; the second row shows the ratios obtained
when the item parameters were estimated given the
true as.

When item parameters were estimated simulta-

neously with person parameters, the means of the
formula standard errors of the cis ranged from about
78% (2PL, N = 1,000) to about 93% (3PL, N =
250) of the average empirical standard errors. The
means of the formula standard errors of the 6s
ranged from about 77% (2PL, N = 1,000) to about
82% (3PL, l~l = 1,000 and 2PL, l~l = 250) of the
size of the average empirical standard errors. The
ratios were much closer to 1 when item parameters
were estimated with known Os. When both item
and person parameters were estimated simultane-

ously, the standard errors were sufficiently under-
estimated to change the distribution of the test sta-
tistic substantially and increase rejection rates.

Distributions ~~° Item
Parameter Estimates

To check for bias of item parameter estimates,
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Table 4

Mean Ratios of Mean Formula SE’s to Empirical SE’s

z tests were used to compare the means of the item

parameter estimates to the true parameter values.
Items 1, 8, 16, and 17 were chosen for the z tests
because they had extreme parameters and/or high
rejection rates. For each item, the standard error
of the mean used in the z test was obtained from

the empirical standard error by dividing by the square
root of the number of replications. The resulting
zs and their p values for the 3PL, l~ = 19000 con-
dition are shown in Table 5. The means of the as

and the bs were significantly different (p < .05)
from the parameters for all four items, and thus it
appears that the bias of the simultaneous maximum
likelihood estimates is still substantial despite the
large sample size.

In order to determine whether the item parameter
estimates were normally distributed, the Kolmo-
gorov-Smimov (K-s) goodness-of-fit test was used
to compare the distribution of the 3PL item param-
eter estimates to a normal distribution, for the N
= 1,000 condition only. The distributions of the
estimates were compared to the normal distribution

using the mean estimates of the parameters and the
empirical standard errors for the test distributions.
When sample moments are used for the test dis-
tribution, the K-s test is conservative (Massey, 1951).
The resulting K-5 statistics (ZKI) and p values are
shown in Table 5, for Items 1, 8, 16, and 17. Only
one of the eight tests yielded a significant K-S sta-
tistic ; the distribution of the as for Item 16 deviates
far from the normal distribution (zK, = 4.369 p <
.00~). ‘fhe distributions of the is and bs &reg;f Items
1,8, and 17 and the of Item 16 approximate
the normal distribution.

Relation of Item Parameters

to Tests

Estimation tends to be poorer for the extreme
values of the item parameters. Hence the distri-
bution of Lord’s bias statistic may stray further
from the chi-square when extreme item parameters
are tested. The numbers of significant chi-squares
(a = .05) for each item were plotted, with the b

Table 5

Z-tests and Kolmogorov-Smirnov Goodness-of-Fit Tests
for 3PL Model, a N=100C)

__~~~~~~ 
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parameter values on the abscissa and the a param-
eter values on the ordinate. The plots are shown
in Figure la for the 3PL, N = 1,000 condition, in
Figure lb for the 3PL, N = 250 condition, in Fig-
ure 2a for the 2PL, N = 1,000 condition, and in
Figure 2b for the 2PL, N = 250 condition. Table 6
shows the correlations between the number of sig-
nificant chi-squares and the item parameter values,
for all four conditions, and the correlations between

a, b, and a x b. All of the correlations are sig-
nificant (p < .05), except for the correlations be-
tween the numbers of significant chi-squares and
the as in the 3PL, N = 250 condition, and the bs
in the 2PL, N = 1,000 condition. The a and b pa-
rameters were correlated (r = .55, p < .001).

Least-squares multiple regression was used to
further explore the relation between the number of
significant chi-squares and the item parameters. For

Figure 1
Number of Significant Chi-Squares, p < .05, for Each Item
as a Function of a and b, When Item and Person Parameters

Were Estimated Simultaneously: 3PL Model, N = 1,000 and N = 250
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Table 6

Correlations Between _a&reg; b, and a x b, and Between a,

b, a x b and the Number of Significant Chi-squares

each of the above four conditions, the number of

significant chi-squares was regressed on ~, b, and
a x b. The results are shown in Table 7. The mul-

tiple correlation coefficients were significant for all
four conditions, ranging from 57 to .82. The larg-
est regression coefficients for all four conditions
were for the a parameters. Quadratic terms were
also added to the regression equations, but they did
not increase the Rs significantly.

Discussion

Given the results presented above, researchers
concerned with measurement equivalence may de-
cide to (1) use the chi-square index and adjust the
alpha level according to the results shown in Tables
1 through 3; (2) use the chi-square test without
adjusting the alpha; or (3) use an alternative index.
In deciding whether to use Lord’ chi-square or an

alternative item bias index, a researcher must weigh
the advantages and disadvantages of using ~,c~rd9s s
chi-square as a test of measurement equivalence,
relative to alternative methods. The chi-square test
is advantageous in that it represents a compelling
conceptual definition of equivalence, and it is sim-
tao calculate. Its main disadvantage is that the
chi-square values are inflated due to underestimated
standard errors, so that the probability of a Type I
error is increased. Other indices of item equiva-
lence and their advantages and disadvantages are
discussed in Hulin, Drasgow, and Parsons (1983,
pp. 152-183).

Researchers who intend to use the chi-square test
may choose an alpha level based on the proportions
significant found in this simulation. For example,
a nominal alpha level of .001 yielded an actual
rejection rate of slightly less than .01 for the 3PL
model when Os were estimated and hl = 1,000. An

Table 7

Multiple Correlations (_R)g Regression Coefficients (~_)&reg;
and F Statistics from the Regression of the Number of

Significant Chi-squares (a = .05) on a, b, and a x b
~&dquo;&dquo;--==---&dquo;’--&dquo;&dquo;&dquo;’...~_..._-- ----,---,,--------.---------

~_

*Significant at a = .01, **significant at a = .001.
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Figure2
Number of Significant Cbi-Sq~n~res, p < for Each Item
as a Function of a and b, When Item and Person Parameters

Were Estimated Simultaneously: 2PL M&reg;dei9 N = 1,000 and 1~1 = 250

actual rejection rate of this size is probably appro-
priate in light of the multiple comparisons usually
made in an item bias study. Consequently, re-

searchers with tests and sample sizes similar to
those used in this simulation may want to choose
a nominal alpha of .001 in order to achieve an

actual rejection rate of approximately .01.
Whether the alpha level should be adjusted in a

particular situation depends on the nature of the

research. For example, when the test or scale has
only a few items and test characteristic curves (TCCs)
are found to be nearly equivalent, rejecting the null

when it is true would behypothesis when it is true would be particularly
detrimental. In this case, a researcher would not

wish to eliminate items on an already short test
unless those items are truly biased. A more strin-
gent nominal alpha level (based on the results shown
in Tables 1 through 3) would reduce the number
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of Type I errors to a more acceptable level, and
would therefore reduce the chance of discarding
truly unbiased items. On the other hand, when the
test is composed of many items and the TCCs show
substantial differences across groups, it may be

more important to minimize Type II errors. In this
case a nominal alpha level of .05 would help elim-
inate biased items, albeit at the cost of several

Type I errors.
When the item parameters were estimated with

the true as, the proportions of significant chi-squares
were close to the nominal alpha levels. These es-
timates seemed to have the properties usually as-
sociated with maximum likelihood estimates, and
thus met the distributional assumptions required by
the chi-square statistic. Also, the sampling vari-
ance-covariance matrix for the estimates was ac-

curate enough so that the chi-square statistics were
not inflated.

As shown by the plots in Figures 1 and 2 and

by the regression analyses, the number of signifi-
cant chi-squares is related to the item parameter
values. The number of significant chi-squares should
increase with parameter extremity because esti-

mation tends to be poorer for the extreme values.
This prediction holds for the a parameters, as evi-
denced by the moderate positive correlations be-
tween the a parameters and the numbers of signif-
icant chi-squares. Also, the regression coefficients
for the a parameters are much higher than the coef-
ficients for the b and a x b terms in the equations.
The results reported here may not be general-

izable to conditions other than (1) normally dis-
tributed Os, (2) the particular set of SAT-V param-
eters, and (3) sample sizes of 250 and 1,000. The
rejection rates obtained may not be applicable to
conditions in practice that deviate greatly from the
conditions established for this study. The effect of
simultaneous estimation on the chi-square tests

should decrease as the number of respondents de-
creases, because the formula standard errors in-
crease.

Finally, marginal maximum likelihood estimates
should perform better than the simultaneous esti-
mates evaluated here. A computer simulation sim-

ilar to the one presented here would determine
whether the asymptotic properties of the parameter
estimates are adequately approximated for sample
sizes normally encountered. In addition, the for-
mula standard errors need to be examined for their

accuracy.
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