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Effect of Examinee Group
on Equating Relationships
Deborah J. Harris and Michael J. Kolen
The American College Testing Program

Many educational tests make use of multiple test
forms, which are then horizontally equated to establish
interchangeability among forms. To have confidence
in this interchangeability, the equating relationships
should be robust to the particular group of examinees
on which the equating is conducted. This study inves-
tigated the effects of ability of the examinee group
used to establish the equating relationship on linear,
equipercentile, and three-parameter logistic IRT esti-
mated true score equating methods. The results show
all of the methods to be reasonably independent of ex-
aminee group, and suggest that population independ-
ence is not a good reason for selecting one method
over another.

Many educational testing programs make use of
multiple test forms for reasons including test se-
curity and test disclosure. Multiple forms of a test
are constructed from the same content specifica-
tions to be as similar as possible to one another in
their content and statistical characteristics. These

forms are then horizontally equated so that scaled
scores from the forms can be used interchangeably.
Angoff (1971) suggests that equating should result
in a conversion of scores from one test form to the
scale of another test form that is &dquo;independent of
the individuals from whom the data were drawn to

develop the conversion and should be freely ap-
plicable to all situations&dquo; (p. 563). Lord (1980,

ch. 13) indicates that observed score equating re-
lationships are dependent on the subpopulation of
examinees, whereas true score equating relation-
ships are subpopulation independent if a unidi-
mensional item response theory (IRT) model holds.
The subpopulation independence property has often
been used as an argument for preferring IRT true
score methods to observed score methods for equat-
ing test forms (Lord, 1980; Lord & Wingersky,
1984). However, in practice, unidimensional IRT
models are not likely to hold exactly. Thus, the
equating method which is least subpopulation de-
pendent must be established empirically.

This study investigated the effects of examinee
subgroup ability on equating functions resulting
from the three-parameter logistic estimated true score
IRT method, the linear observed score method, and
the equipercentile observed score method. Using a
random groups design and five forms of the ACT
Assessment Mathematics Usage test, forms were
equated using an examinee subgroup of high ability
and then equated again using an examinee subgroup
of low ability. The resulting high group function
for a given equating method is compared to the
low group function for that same method. The

equating method with the most similar high and
low group functions is considered to be least sub-

population dependent.

Background

The effects of examinee group on equating re-
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lationships have, in general, been studied in situ-
ations other than the horizontal equating situation.
The Anchor Test Study (Loret, Seder, Bianchini,
& Vale, 1972), probably the largest equating study
ever conducted, investigated equating relationships
between the reading tests of eight widely used stan-
dardized achievement tests for Grades 4, 5, and 6.
Because the tests differed substantially in difficulty
level and content specifications, it cannot be viewed
as a typical horizontal equating between test forms;
however, the results are still of interest in the pres-
ent context. Pairs of tests were equated using both
equipercentile and linear methods, and these results
were compared in terms of estimated errors. Var-
ious subgroup equating analyses were conducted,
including one based on three levels of IQ. It was

concluded that &dquo;the equating results for the IQ
subgroups generally parallel those of the total

equating sample. No systematic differences be-
tween the equating lines of the IQ subgroups and
the total equating group were found for all tests or
for a given test across the three grades [fourth,
fifth, and sixth]&dquo; (Loret et al., 1972, p. 194.). The
inconsistencies that were present in the tails were

tentatively attributed to the scarcity of data in those
regions.

Other studies have also examined effects of ex-

aminee group on equating relationships. In a ver-
tical equating application of the Rasch model and
using the Mathematics Computation test from the
Iowa Tests of Basic Skills, Loyd and Hoover (1980)
found that different ability subgroups (here defined
by grade in school-sixth, seventh or eighth) es-
tablished different equating relationships. Studies
by Slinde and Linn (1977, 1978, 1979a, 1979b)
and Goulet, Linn, and Tatsuoka (1975) taken to-

gether suggest that in vertical equating situations,
linear, equipercentile, and Rasch method results
are dependent on examinee group, although the
dependence appears to lessen as either the groups
or tests become more similar.

Marco, Petersen, and Stewart (1983; Petersen,
Marco Stewart, 1982) examined a number of
equating methods, including linear and curvilinear
methods, under a variety of conditions using an-
chor tests; one of the conditions was the similarity

of the examinee groups. Making partial use of
equating a test to itself, and of the standardized
weighted mean square difference and the squared
bias to evaluate the effectiveness of the equating,
Marco et al. found the similarity of the sample to
have a relatively small effect on equating when the
anchor test was similar to the total test.

The studies reviewed above provide some in-
formation on the dependency between examinee
groups’ differences in ability and the equating re-
lationship, although most focus on vertical rather
than horizontal equating. In addition, most use the
Rasch model rather than the three-parameter lo-
gistic model, which was used in the present study.

Methods

Linear Equating

In linear equating, the same scaled scores are
assigned to a raw score on Form X and a raw score
on Form Y if the raw scores correspond to identical
standardized scores for a given group of exami-
nees-that is, if

where X, S,, Y and S, are, respectively, the mean
and standard deviation of Form X and Form Y.

Equipercentile Equating

Angoff (1.971, p. 563) defines equating as fol-
lows : &dquo;Two scores, one on Form X and the other

on Form Y (where X and Y measure the same
function with the same degree of reliability) may
be considered equivalent if their corresponding per-
centile ranks in any given group are equal.&dquo; This
definition is commonly accepted, and suggests the
method of equipercentile equating.

This method requires the cumulative frequency
distributions for each test, and assigns the same
scaled score to the raw scores on Form X and Form Y
if their percentile ranks are the same. When the
two distributions differ only in their first and sec-
ond moments, the equipercentile and linear equat-
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ing methods coincide; they will yield similar results
when the frequency distributions of raw scores on
the two test forms are similar in shape.

Because, in a sense, the linear method is sub-
sumed by the equipercentile method, it might be
advantageous to use the latter. This, however, is
not always the case. Although sparse data in the
tails of the distribution may affect the linear method

by influencing the value of the means and standard
deviations, the problem is particularly acute for the
equipercentile method, and may lead to large ran-
dom errors in extreme scores. For this reason,
methods for smoothing in equipercentile equating,
such as those described by Angoff (1971) and Ko-
len (1984), are used.

IRT. Equating

IRT equating methods &dquo;characterize equivalent
scores on two test forms as those scores which

correspond to the same estimated level of the latent
trait, ability, or skill underlying both tests&dquo; (Cook
& Douglas, 1982, p. 12). IRT models require some
stringent assumptions, one of which is unidimen-
sionality. This implies that there is only one trait
underlying the given responses to the test items.
Although this assumption is never strictly met in
practice, there is some evidence that IRT equating
methods are somewhat robust to violations of it

(Cook & Eignor, 1983a). Other assumptions, such
as a specified functional form for the item char-
acteristic curves, are also required, though in a
practical sense, the issue is not how well the data
fit the model so much as how well the model will

perform with real data in a real testing situation.
Several IRT models exist, including those for

one, two, and three estimated item parameters. Only
the three-parameter logistic IRT model was consid-
ered in this study. This model assumes that the
probability of a correct response of a person of
ability 0 with item g (g = 1, ... , ~c) is

where D is a scaling constant usually set equal to
e y

n is the number of items on the test;

bg is the item difficulty parameter;
ag is the item discrimination parameter; and

Cg is the lower asymptote parameter.
In estimated true score equating under this model,
for a given 0 the sum of the estimated item char-
acteristic curves on Form X is considered to be

equivalent to the sum of the estimated item char-
acteristic curves on Form Y.

Method

Data

Test score data from five forms of the ACT As-

sessment (1980) Mathematics Usage test were used.
The tests consist of 40 five-option multiple-choice
items. Number-correct scoring was used; group
means were approximately 50% correct. The test
forms were designed to meet the same content spec-
ifications and to be as similar as possible in terms
of difficulty and reliability. The five test forms
were randomly assigned within test centers (De-
sign I; Angoff, 1971). Sample sizes varied some-
what across forms, with each form administered to
3,869 to 3,967 examinees. In addition to respond-
ing to the test items, examinees also responded to
a series of inventory items, one of which concerned
high school grade point average (GPA). Although
self-reported GPA may be somewhat suspect, a study
concluded (ACT, 1973, p. 308): &dquo;In summary,
considerable confidence may be placed in the ac-
curacy with which students report their high school
grades. In fact, 78.0% of all students report their
grades accurately, and 97. ~ % agree within one let-
ter grade of what is reported by school officials.9’

Examinees were divided into two groups: those

with a self-reported GPA of B or better, and those
with a self-reported GPA of less than B. Of the total
19,518 examinees, 494 were dropped from anal-
yses for failing to report GPA. Test score statistics
for the dropped examinees were similar to those
of retained examinees. Test form moments, by ex-
aminee group, are shown in Table 1.

Equating Procedures

One test form. A, was chosen to function as the
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Table 1

Raw Score Moments for Test Form by Examinee Group

anchor form, and the other four test forms (B, C,
D, and E) were equated to it using linear, equi-
percentile, and three-parameter estimated true score
equating procedures. The equipercentile relation-
ships were smoothed using the cubic spline pro-
cedure described by Kolen (1984). In this proce-
dure, larger values of the S parameter allow for
more smoothing, with a very large value of S re-
sulting in a straight line. Three equipercentile re-
lationships were used: (1) unsmoothed; (2) a
smoothing value determined judgmentally on the
basis of visual inspection; and (3) an S value equal
to .50. (The S value reported here is equal to the
S value described by Kolen, 1984, divided by the
number of test items.) The varied S values were:
Form B, high ability = .10; Form B, low ability
- .15; Form C, high ability = .15; Form C, low

ability = .20; Form D, high ability = .20; Form D,
low ability = .10; Form E, high ability = .10;
Form E, low ability = .10.
The IRT parameters were estimated using LOGIST

v (Wingersky, Barton, & Lord, 1982). The esti-
mated true score of an examinee is given as the
sum, over items, of the estimated probability to
correctly respond to an item for someone with his/
her estimated ability, implying that estimated true
scores below the &dquo;pseudo-chance&dquo; level (the sum
of the lower asymptotes) are undetermined. For
this study, zero scores on forms were considered,

arbitrarily, to be equivalent, and estimated true score
equivalents below the pseudo-chance level were
arrived at by linear interpolation (see Kolen &

Whitney, 1982). Due to the scarcity of scores in
the zero to pseudo-chance region, the use of this
procedure has minimal effect on the findings of
this study.

Using each equating method, forms B, C, D,
and E were equated to Form A for the high-ability
group. A similar procedure was followed for the
low-ability group. Thus two equating relationships
were established per form using each of five meth-
ods (linear; equipercentile-unsmoothed; equi-
percentile-smoothed, S varied; equipercentile-
smoothed, S = .50; three-parameter IRT estimated
true score method). Each of these relationships was
established using the same anchor test form, though
half used high-ability examinee groups and half
used low-ability groups.

Evaluative Indices

Several indices were examined to study the ef-
fect of examinee group differences on equating
methods. The first index, the root mean squared
error, was computed by squaring the difference
between the score equivalent established in the high
ability group and that established in the low ability
group for each raw score on the anchor form;
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weighting this by the frequency, over all exami-
nees, of that raw score on the anchor form; sum-
ming over score points; dividing by the total num-
ber of examinees on the anchor form; and taking
the square root. That is,

where H; is the equivalent of a raw score of i on
the anchor form established by equating
a non-anchor form to the anchor form

using high-ability examinees;
L, is the equivalent of a raw score of i on

the anchor form established by equating
a non-anchor form to the anchor form

using low-ability examinees;
f is the frequency of the raw score a on the

anchor form, using both high- and low-
ability examinees; and

i ranges from 1 to 39, to aid in comparing
the equating methods, as LOGIST v does
not deal with zero or perfect raw scores.

Index 2 is similar to Index 1, with the absolute
value of the high-low difference taken, instead of
the square:

Index 3, the mean differences, makes use of the
signed difference:

Index 1 and Index 2 can be viewed as measures of

overall difference. Index 3 can be viewed as a mea-
sure of bias or average signed difference.

Although weighting by score frequencies in the
above indices does give more emphasis to those
score equivalents most likely to occur, it is also of
interest to examine the unweighted indices:

where K is the number of score points (39 in this
study).

Results

Values of the indices for the four non-anchor
forms equated to the anchor form, using each of
the five equating methods, are shown in Table 2.
Smaller values of Indices 1, 1’, 2, and 2’ are in-
dicative of more similar equating functions across
groups. Values closer to zero for Indices 3 and 3’
are indicative of more similar equating functions.
As an examination of Table 2 shows, no method
is clearly favored over another for Indices 1 and 2.
All methods on all forms, with the single exception
of the IRT method on Form D, show a negative
bias on Index 3, which results from the low ability
equivalent being larger than the high ability equiv-
alent. The IRT method produces Index 3 values
closest to zero.

Similar results are found for the unweighted re-
sults, with the IRT method producing smaller In-
dex 3’ values than the other methods. No method
shows consistent superiority for Indices 1’ and 2’,
as the IRT, linear, and unsmoothed equipercentile
methods all range from the smallest value to the

largest value for these indices.
The high ability equivalent minus low ability

equivalent differences are graphed for each form
in Figure 1. Each graph shows results from all five
equating methods for that form. The horizontal line
at zero indicates no difference between the equiv-
alents established on the high-ability and the low-
ability groups for that particular form when equated
to the anchor form. Again, no clear preference is
illustrated for a particular method, especially when
considered across the graphs and throughout the
score scale.

As can be seen from Figure 1, most of the score
equivalent differences are negative throughout the
score scale range for the linear and equipercentile
methods, while the IRT method tends to produce
negative values in the middle and positive values
at the ends of the score scale. This trend provides
some insight as to why the IRT method produces
values closer to zero for Indices 3 and 3’ than the
other methods, while not consistently producing
smaller values for Indices 2 and 2’ or I and 1 ‘.
The standard errors of the unsmoothed equiper-

centile equating method provide a baseline to com-
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Table 2

Weighted and Unweighted Index Values

pare the indices. This method was chosen as it was

the most general of the observed score methods
used in this study. Although similar data for the
three-parameter IRT method would be interesting
to examine for comparisons, adequate expressions
for the standard errors unfortunately do not exist.
The standard error estimates shown in Table 3

at selected score points for the equatings are based
on those derived for discrete scores and random

groups by Lord (1982). The high and low group
equatings are independent (different examinees),
so the standard error of the difference is the square
root of the sum of the two squared standard errors.

Estimates of standard errors can be quite variable
(Jarjoura & Kolen, 1985), as evidenced in Table 3.
For this reason, the standard errors for Figure 1
were smoothed using the Cureton and Tukey pro-
cedure (see Angoff, 1982, p. 68), and bands of
two standard errors are shown. Standard error es-
timates for scores of 5 through 35 appear in Fig-
ure 1 because the estimates are poor for extreme
scores. Because the differences for unsmoothed

equipercentile equating sometimes approximate two
standard errors of the difference in the figure, it

appears that the unsmoothed equipercentile equa-
tions are group dependent to some extent. How-

Downloaded from the Digital Conservancy at the University of Minnesota, http://purl.umn.edu/93227.  
May be reproduced with no cost by students and faculty for academic use.  Non-academic reproduction  

requires payment of royalties through the Copyright Clearance Center, http://www.copyright.com/ 



41

Figure 1
High Group Minus Low Group Equivalents on Four Forms

for Linear, Equipercentile, and IRT Equating Methods

ever, the differences are not, in general, substan-
tial.

Conclusions

An examination of the results given in Tables 2
and 3 and Figure 1 leads to the conclusion that

none of the methods examined is clearly superior
for these data. In general, the methods show neg-

ative bias as indicated in Indices 3 and 3’, meaning
score equivalents based on low-ability subgroups
were higher than the corresponding score equiva-
lents based on high-ability subgroups. Values for
Indices 1 through 3 were generally more similar
within form than across forms, again pointing to
the comparability of the methods. Figure 1 also
illustrates the similarity of methods within form.
Deviations from a baseline of zero difference be-
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Table 3
Estimated Standard Errors of Equating for Forms

B, C, D, and E Using Unsmoothed Equipercentile Method

tween high and low ability group equivalents do
not appear excessive, and are quite comparable,
with no method establishing a clear superiority. In
general, all models studied performed similarly,
and for all models nonsubstantial differences were

found in comparing equatings performed using high-
ability and low-ability subgroups. This finding sug-
gests that any of the equating methods studied are
robust to even fairly large group differences. How-
ever, less test form similarity or greater examinee
subgroup disparity than that considered here could
lead to more substantial differences among the

methods.

One advantage often mentioned for using IRT

methods over traditional methods is the &dquo;sample-
free&dquo; specification of item parameters which, if

true, would eliminate the concern of the effect of
diverse examinee groups on equating. According
to Hambleton and Cook (1977, p. 91): &dquo;...item

parameters are invariant across sub-groups of ex-
aminees chosen from an examinee population. In
principle, item parameters should remain the same
regardless of the sub-group tested.&dquo; Others concur
that, as group differences become more marked,
IRT methods of equating may offer better results
than more traditional methods (Cook & Eignor,
1983b; Marco et al., 1983). However, the results
from this study fail to support the assertion that IRT
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methods are less population dependent than tradi-
tional equipercentile observed score and linear ob-
served score methods in a practical horizontal

equating situation. Or, to state this more positively,
non-IRT methods were found to be as population
invariant as the IRT methods. Thus, population in-
dependence may not be a good reason for choosing
IRT methods over more traditional methods. Other

criteria that might be relevant include the appro-
priateness of the statistical assumptions for the test
forms equated, the properties of the equated scores,
and the ease in implementing the method and re-
porting scores.
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