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Comparisons of Order Analysis
and Factor Analysis in Assessing
the Dimensionality of Binary Data
Steven L. Wise
Southern Illinois University

Previous research has not shown a clear relationship
between order analytic and factor analytic approaches
to assessing the dimensionality of binary data. This
study compared factor analysis with three order analy-
sis procedures. Comparisons were based on eight data-
sets with known dimensionality and two multidimen-
sional sets of mathematics data. Two of the order

analysis procedures fared poorly in reproducing the
factor structure of the datasets. The third procedure re-
produced the factors for datasets with orthogonal fac-
tors but failed to reproduce the factors for datasets
containing oblique factors. Reasons for the differences
between these procedures are discussed.

There has recently been renewed interest in
methods for determining the dimensionality of bi-
nary test data. The strong impact of item response
theory (IRT) on psychological and educational

measurement has led to a critical examination of
the unidimensionality assumption that underlies the
IRT methods currently in use. This assumption is
needed because of estimation problems involved
with the multidimensional IRT models that are

available. Hence, the current state of IRT prevents
the measurement of more than one latent trait at a
time. However, many tests yield multidimensional
data, implying that more than one latent trait would
be necessary to account for test performance.

One possible solution to this problem of multi-
dimensionality would be to extract unidimensional
subsets from the total set of test items and to use

IRT to generate separate ability estimates for each
dimension. Although factor analysis remains the
most commonly used method for extracting uni-
dimensional sets of items, other methods are avail-
able, including order analysis s9 1975). Order
analysis makes use of the logical relations between
elements of a binary data matrix in constructing
unidimensional orders of the elements. These un-
idimensional orders approximate Guttman scales.
The logical relation of interest in order analysis

is the order or dominance relation. In the context
of ability testing, if a person correctly answers item
i, he or she is said to dominate that item. Likewise,
if the person does not correctly answer item i, then
he or she is dominated by item i. However, in order
analysis interest is in using the observed dominance
relations between persons and items to determine

unobserved, implied relations between persons and
items within the same set. For example, if a person
incorrectly answers item and correctly answers
item j, then it is implied that item i dominates item
j for that person. If a joint placement of persons
and items on a single ability dimension is consid-
ered, a more parsimonious conceptualization re-
sults. When item dominates item j, then more
ability is needed to correctly answer than is needed
to correctly answer j (this can also be stated as &dquo;~ I

is more difficult than j&dquo;).
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Item dominance relations should be consistent
across persons in a sample. A dominance relation
between items i and j (termed an ij dominance) is
indicated only if there is a sufficient preponderance
of persons showing an ij dominance over persons
showin  aji dominance. Krus (1977) suggested the
use of B4cNemar’s (1947) z statistic for correlated
proportions to evaluate the presence of a domi-
nance relation.

Krus (1977) stated that &dquo;the dimensionality of
a set of data can be derived from asymmetric, tran-
sitive, and connected relations between its ele-

ments, i.e., from those relations which define an
order&dquo; (p. 587). There are times when there are
not clear dominances between all pairs of items.
According to Krus (1975), this indicates that the
items are not members of the same order and that
the data are multidimensional. Based on this, a

deterministic order analytic model for determining
the dimensionality of item sets (Krus & Bart, 1974),
and later a probabilistic model (Krus, 1977), were
developed. Based on the deterministic model, the
probabilistic model generates &dquo;order loadings&dquo; for
the items on each dimension. Subsets of persons
are isolated, with each subset reflecting a different
item order (dimension). For a given dimension, the
order loadings reflect the relative order position of
each item. However, this procedure isolates subsets
of persons rather than subsets of items. In the con-

text of the present paper, the parallel procedure of
isolating item subsets (yielding different person or-
ders) is more appropriate. In this case the order
loadings would reflect the relative standing of per-
sons on the unidimensional item scales.

Cliff (1977) developed a series of indices for
evaluating the consistency of orders across items
(or equivalently, persons). Reynolds (1981) out-
lined an algorithm, using one of Cliff’s (1977)
indices for extracting item chains. Items arc com-
bined into chains such that the individual chain

consistency remains above some minimally ac-
ceptable level.

of Order Analysis and
Factor Analysis

There have been a number of studies comparing
order analysis with factor analysis. However, al-

most all of the studies involved use of Krus’ (1977)
probabilistic model with subsets of persons being
isolated rather than items. Krus and Tellegen (1975)
investigated dimensions of social consciousness and
found similar results using order analysis and factor
analysis, as did Krus, Weidman, and Bland (1975)
for dimensions of institutional evaluation. Krus and

Weiss (1976) found congruence between order

analysis and factor analysis for Thurstone’s (1947)
&dquo;box data&dquo; but found differing results for the two
procedures using random data generated by the
method reported in Arrnstr&reg;n~ and Soelberg (1968).
Bart (1978) reanalyzed the data reported in Bock
and Lieberman (1970) and concluded that the factor
structure of a set of data did not appear to relate
in any clear way to the order structure. Krus (1978)
presented results for a marital adjustment checklist
that suggested moderate similarity between order
structure and factor structure. Reynolds (1981) found
encouraging results for his procedure using Cliff’s s
(1977) ct, index for a social distance questionnaire.
The results of the above studies suggest a lack

of a clear relationship between order analysis and
factor analysis. This study was designed to com-
pare factor analytic results with results obtained
using various order analysis procedures in order to
delineate any differences that exist among the pro-
cedures.

Method

Simulated Datasets

Seven simulated orthogonal datasets, consisting
of 10 items and 500 persons, were computed as
follows. A factor pattern matrix and a vector of

unique factor loadings were prespecified, from which
a population variance-covariance matrix was gen-
erated using a modified Tucker, Koopman, and
Linn (1969) procedure that simulated the effects
of random error on the variance-covariance matrix

by allowing for the influence of a number of minor
random factors. This population variance-covari-
ance matrix was then used in conjunction with a
vector of prespecified population item means to
generate dichotomous item scores from a multi-
variate nornal population.
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The seven simulated datasets are described in

Table 1. It was anticipated that the distributions of
item difficulty levels might have a differential ef-
fect on the order analysis procedures. Hence, three
types of item mean distributions were used: widely
spaced means where each item difficulty level was
very distinct from that of the other items, moder-
ately spaced means where some item difficulty lev-
els were similar, and narrowly spaced means where
all of the item difficulty levels were similar. For
datasets with widely spaced means, all pairs of item
difficulty levels differed by at least .08. For mod-
erately spaced means, some of the pairs of item
difficulty levels differed by .05 or less, with the
remaining pairs differing by at least .08. For nar-
rowly spaced means, all pairs of item difficulty
levels differed by less than .05. Also, for the two-
factor datasets (H2, M2, L2), Items 1 through 4
always loaded on one factor, and Items 5 through
10 loaded on the other factor.

Dataset M 10 was unique in that it was generated
so that there were no common factors among the
items. It consisted of 10 unrelated items with mod-

erately spaced means. This dataset was useful in
comparing order analysis procedures in their ca-
pability of indicating a lack of order structure.

Numbers Mathematics Data

The mathematics data consisted of 16 dichoto-

mous mastery scores derived from a 64-item signed
numbers test administered to 125 eighth-grade stu-

dents. There were 16 skills, each measured by four
parallel items. Examples of these skills are shown
in Table 2. If a student answered at least three of
the four items correctly, he or she was deemed a
master of that skill and given a mastery score of
one. Otherwise, a score of zero was given (non-
mastery).
Two forms of the signed numbers dataset were

analyzed. Birenbaum and Tatsuoka (1980) have
described a procedure for detecting inappropriate
strategies used by students in solving signed num-
ber problems. &reg;ftea~9 students can obtain &dquo;correct&dquo;
answers to some of these problems using incorrect
strategies. Once an incorrect strategy was detected
for a given student, it was possible to determine
the items for which the student would have given
the correct answer using the inappropriate strategy.
An &dquo;~dJuSt~d99 dataset was then constructed from
the original 64-item signed numbers dataset such
that items deemed to have been answered correctly
by an inappropriate strategy were rescored as in-
correct. Order analyses and factor analyses were
subsequently performed on both the unadjusted
(UMATH) and adjusted (AMATH) 16-item mas-
tery datasets.

Order Procedures

Three order analysis procedures were used: the
deterministic order analysis method of Krus and
Bart (1974), Reynolds’ (1981) algorithm using c,,
as an extraction index, and Reynolds’ procedure

Table 1

Description of the Simulated Datasets
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Table 2
Examples of the 16 Signed-Number

Mathematics Skills

using c,,. To determine the presence of a relation
in Krus and Bart’s (1974) procedure, a criterion
value of 1.64 was used for McNemar’s (1947) z.
Krus’s (1977) probabilistic order analysis proce-
dure was not used for two reasons. First, it was
decided that the results obtained from the deter-

ministic and probabilistic models would be similar
enough so that both procedures would not be nec-
essary in this study. Second, since Reynolds’ (1981)
method is deterministic, the deterministic order

analysis method was chosen in order to permit the
most straightforward comparisons among the re-
sults of the different methods. For the cr, and c,,

procedures, cutoff values of .90 and .70, respec-
tively, were used. These are relatively high cutoff

simulationvalues; however, preliminary simulation analyses
indicated that these values resulted in the closest

congruence between chains extracted using Rey-
nolds’ procedure and factor analysis. Table 3 lists,
for each dataset, the overall values of c,, and c139
and KR20.

Results

Simulated Data

In order to verify the factor structures of the
simulated datasets, factor analyses of the matrices
of phi coefficients were performed, using a prin-
cipal factor solution with iterated communality es-
timates. Initial communality estimates were the
squared multiple correlations of each item with the
other items in the dataset. Phi coefficients were

used rather than tetrachoric coefficients because of

persistent problems with tetrachoric coefficients.
When one item dominates another item in a per-

fectly consistent manner (i.e., no counterdomi-
nances), the tetrachoric correlation is equal to 1.0.
However, since in most cases the correlation coef-
ficient is calculated for sample data, there would
typically be reluctance to accept 1.0 as a population
correlation estimate. Also, matrices of sample tet-
rachoric coefficients will often be non-Gramian,
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Table 3
Overall Consistency Statistics for

the Nine Datasets

in violation of basic assumptions of the factor an-
alytic model. Neither of these problems occurs when
phi coefficients are used. Although phi coefficients
are influenced by the relative difficulty levels of
the items, Comrey (1973) reported finding the in-
fluences of difficulty factors to be minor and en-
dorsed the use of phi rather than tetrachoric coef-
ficients. Hence, phi coefficients were deemed to
be appropriate in this study.

For datasets where more than one common factor
was extracted, factors were rotated using the Var-
imax criterion. All seven datasets showed clear
factorial dimensionality in agreement with the fac-
tor pattern matrices from which the datasets were

generated. For Dataset M10, a scree test of the
eigenvalues led to the conclusion that no common
factors were present.
The order analysis results for Datasets HI, I~ 1,

and Ll are shown in Table 4. For HI, all three

procedures correctly extracted a single chain (di-
mension) of items. For Ml the three procedures
were not in agreement. While the single chain was
correctly extracted using ct3, use of the other two
procedures yielded multiple chains. However, if
the minimum consistency level of ct, is lowered
from .90 to .86, then the correct single chain would
have been extracted for the c,, procedure. For Data-
set II, composed of items that were highly similar
in terns of difficulty level, the ct3 procedure was

the only procedure that extracted the single di-
mension. The other two procedures failed to de-
termine any item chains. Note in Table 3 that the
overall value of c,, was near zero, while C,3 was

fairly high.
Table 5 shows the order analysis results for Data-

sets H2, NY29 ~nd L2. For H2, Krus and Bart’s
(1974) procedure could not accurately extract the
two factors; Items 6, 7, and 9 were incorrectly
combined in a chain with Items 1, 2, 3, and 4.
Reynolds’ (1981) procedure extracted the correct
chains when either cF, or C,3 was used. For M2,
however, only the c,, procedure extracted the two
dimensions. The c,, procedure extracted one of the
dimensions but could not extract the other. The
results for Krus and Bart’s (1974) procedure were
chaotic in terms of the factor structure of this data-
set. For Dataset L2, as for LI, only the c,, pro-
cedure correctly extracted the two dimensions. The
other two procedures failed to combine any items
into chains.
The chain extraction results for shown in

Table 6, illustrated other differences among the
three procedures. In this dataset, there were no real
common factors present among the items. The ct3
procedure extracted no chains at all. Krus and Bart’s s
procedure, however, yielded a large (eight-item)
chain, and the c,, procedure yielded a number of
small chains.
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Table 4
Item Chain Extraction for Datasets Hl, Ml. and Ll

Note: Cutoff values of ctl and ct3 were .90 and .70, respectively.
All of the items loaded on a single factor.

Numbers Data

Factor analyses of the matrices of phi coeffi-
cients for the two signed numbers datasets are shown
in Tables 7 and 8. For the UMATH dataset, a two-
factor solution is presented, although a scree test
of the eigenvalues did not clearly suggest the num-
ber of factors to extract. Factor solutions were ob-

tained for two through five factors, and the two-
factor solution best approximated simple structure.
The subtraction items ( through 9) constituted one
factor, while four of the addition items ( 13 through
16) constituted the second factor. The four second-
factor items were all skills dealing with the addition
of two numbers that were opposite in sign.

However, when the data were adjusted for pre-
sumably &dquo;erroneously correct.&dquo; responses s

(A~AT’H), two clear factors of subtraction and
addition emerged. Only two eigenvalues were greater
than one, and a very clear simple structure was
present. The correlation between the two factors
was .46.

Order analyses of the signed numbers data, shown
in Table 9, gave very different results from those
of the factor analyses. For both datasets neither the
Krus and Bart (1974) procedure nor the c,, pro-
cedure yielded chains that showed any resemblance

to the factors. The Ct3 procedure also failed to re-
produce the factor structure for either dataset. For
AI~A’f’1~ in particular, the c,, procedure found one
chain with fairly high overall consistency (c,, =
.764). Various other cutoff values of c,, were used
in analyzing the A~A’hl~ dataset, none of which
yielded chains that reproduced the factor structure
of AMATH.

Because it was suspected that the failure of the
Ct3 procedure to reproduce the factors for the math-
ematics datasets was due to their oblique factor
structures, an eighth simulated dataset was con-
structed. This dataset, labeled &reg;~L,l, was com-
posed of two factors containing 15 items each (N
- 500) with a correlation of .52 between the fac-
tors. A factor analysis using an Oblimin rotation
confirmed the presence of the two factors. When
the OBLI dataset was analyzed using the c,, pro-
cedure, a multitude of item chains was extracted, 9
none of which remotely resembled either of the
factors.

Discussion

It quickly became obvious from the results of
the simulated data that Krus and Bart’s (1974) pro-
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Table 5
Item Chain Extraction for Datasets H2, M2, and L2

Note: Cutoff values of ctl and ct3 used were .90 and .70, respectively.
Items 1-4 loaded highly on one factor, and items 5-10 loaded highly on the
other factor.

cedure did not perform very well in reproducing
the factor structures of the datasets. It reproduced
the factors only for Dataset HI. The cl procedure
did not fare much better; it reproduced the factors
only for Datasets HI and H2. Basically, there are
two reasons for the poor results from these two

procedures. First, when a factor contains two or
more items with highly similar difficulty levels, 9
not all of these items will frequently appear in the
same chain. Items that are too close together in

terms of difficulty will often fail to show a clear
dominance relation, indicated by a low value of
McNemar’s z. Hence, by Krus and Bart’s proce-
dure, this absence of a relation will imply that the
items do not belong to the same dimension. Cor-
respondingly, the low z value also means that c,,
between the items will also be very low. Thus,
items similar in difficulty often show very incon-
sistent dominance relations.

In fact, if two items, and}, have equal difficulty

Table 6
Item Chain Extraction for Dataset M10

Note: Cutoff values of c ti and ct3 used were .90 and &reg;70~ respectively.
This dataset contained no common factors.
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Table 7
Principal Factor Analysis of Phi Coefficients

for the Unadjusted Signed-Numbers (UMATH) Dataset

Note: Factors were rotated using the Oblimin method.

levels, there simply cannot be a dominance relation
between them, since there must be the same num-
ber of ij dominances as ji dominances. It makes

no difference whether or not the two items are from
the same factor. This explains, in part, why s
and Bart’s procedure and the c,, procedure per-
formed so p&reg;&reg;rly.1~1 and H2 were the only datasets
containing items that were all very distinct in terms
of difficulty level. Hence, for these datasets the
problem of similar difficulty levels is minimal.

This problem of similar difficulty levels can also
be reconsidered in a fashion analogous to that of
statistical power. As the population means for two
treatment groups become more similar, other things
being equal, the power to detect the difference

between these means decreases. Likewise, as two
item population means become more similar, the
power to detect the fact that one item is actually

more difficult than (i.e., dominates) the other, de-
creases.

The second problem with Krus and Bart’s pro-
cedure and the ct, procedure is also related to the
distribution of item difficulty levels. Two items that
are statistically independent can show a consistent
dominance relation that is due solely to difficulty
differences between the two items. This is the same

problem that led to consideration of chance re-
producibility in scalogram analysis (Chilton, 1969;
Schooler, 1968; Schuessler, 1961; White & Saltz,
1957). For example, consider two items that are
independent and have difficulty levels of .30 and
.90 computed from a sample of 100 persons. The
expected number of persons for whom Item 1 dom-
inates Item 2 is equal to 100 x (probability of
incorrectly answering Item 1 and correctly answer-
ing Item 2) = (100)(.70)(.90) = 63. Likewise,
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Table 8
Principal Factor Analysis of Phi Coefficients

for the Adjusted Signed-Numbers (AMATH) Dataset

Note: Factors were rotated using the Oblimin method.

the expected number of persons for whom Item 2
dominates Item 1 is equal to (~00)(.30)(.10) = 3.
In this case, z = 7.39 and ct, _ .91. This illustrates
that items that are disparate in difficulty will tend
to show consistent dominance relations regardless
of whether or not they belong to the same factor.
This problem was most clearly manifested in Data-
set M 10, which was composed of 10 independent
items.

These two problems undermine the usefulness
of both Krus and Bart’s (1974) procedure and the
c,, procedure for determining item chains that are
comparable to factors. Although the two proce-
dures extract chains that approximate Guttman
scales, it is clear that Guttman scales are not equiv-
alent to factors.

In the above.’mentioned example with two in-
dependent items ( pi = .30, p, = .90) the value
of Ct3 is 0. This illustrates a very desirable property

of Cr3; that the expected number of chance domi-
nances (for independent items) is taken into con-

sideration. The Ct3 procedure is also less prone to
the first problem described above: that items too
similar in difficulty level tend not to show a clear
dominance relation.

The Ct3 procedure yielded chains that correctly
reflected the factor structures for all seven simu-
lated orthogonal datasets. It was found to be con-

sistently superior to both the c,, and Krus and Bart
(1974) procedures. The better performance of c,,
compared with c,, is in agreement with results found
by Cudeck (1980). However, in the case of cor-
related factors, the c,, procedure may not be able
to distinguish between items loading on different
factors.

It is evident that order analysis and factor anal-
ysis can yield substantially different results re-

garding dimensionality. The problem of similar dif-
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Table 9
Item Chain Extraction for the Mathematics Datasets

Note: Cutoff values of ctl and ct3 used were .90 and .70, respectively.

ficulty levels suggests that proximity relations

between items should be considered along with
dominance relations in evaluating dimensionality.
To this end, I~r~s and Krus (1980) have described
a procedure where items are grouped using a prox-
imity measure and then order analyzed using s’s
(1977) method. Also, Wise (1982) outlined an al-
gorithm, using both proximity and dominance re-
lations, for extracting item chains that form partial
orders. Wise found considerable similarity between
factor structure and partial order structure. Hence,
it appears that proximity relations should not be
ignored when evaluating dimensionality.
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