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Variations on a Theme by Thurstone
James Lumsden

The University of Western Australia

A test model based on the Thurstone judgmental
model is described. By restricting various param-
eters of the model, 3 Rasch models, 2 pseudo-
Rasch models, 3 two-parameter ICC models, and a
Weber’s Law model are derived.

The thematic model for latent trait ap-
proaches to test scaling was developed by Thur-
stone (1927) from his law of comparative judg-
ment. The model was variously termed the
method of successive intervals (Saffir, 1937), the
method of graded dichotomies (Attneave, 1949),
and the law of categorical judgment (Torgerson,
1958). In the model, stimuli were conceived as
having a discriminal dispersion around a central
location on an attribute continuum and judg-
mental categories (or category boundaries) as
having a similar distribution on the same con-
tinuum. A variant of this model, which will be
called Thurstone Model A, is produced by sub-
stituting items for stimuli and persons for judg-
mental categories, as illustrated in Figure 1.
Thurstone Model A locates items and persons

on the same attribute continuum. Each item and
each person has a normal distribution of values
on the attribute resulting from moment to

moment fluctuation. The standard deviations of
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the distributions may differ from item to item or
from person to person. Item and person param-

_eters are assumed to be independent of each
other (ri, = 0). The correlation between location
and dispersion parameters is unspecified for

either items or persons. A person answers an
item correctly if, at the moment of attempt-
ing it, his/her momentary attribute value is

higher than the momentary attribute value of
the item; otherwise he/she answers it incorrect-

ly.
Torgerson (1958) suggested certain simplifica-

tions of the thematic model in order to overcome

the formidable estimation problems. He set the
standard deviations for categories (subjects)
equal and called the result Condition B; he set
standard deviations for stimuli (items) equal and
called the result Condition C; finally, he set
both the standard deviations of categories and
the standard deviations of stimuli equal and
called the result Condition D. It is the purpose
of this paper to examine more systematically a
wider range of simplifying possibilities and to re-
late these to ancient and modern approaches to
test scaling.

Restrictions on Both Item
and Person Dispersions

Torgerson did not consider the cases where
item and person dispersions are set to zero. It
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Figure 1

Thurstone Model A. Attribute Continuum Showing Locations of Items (I) and Persons (P)

makes no detectable experimental difference
whether dispersions for items or persons are set
to zero or equal (not zero) except in the degen-
erate case where both are set to zero, i.e., where
both items and persons are perfectly reliable.
The latter case is the perfect Guttman scale,
which is unlikely to be realized. To preserve
heuristic possibilities both zero and equal dis-
persions will, however, continue to be con-

sidered.

Excluding the Guttman scale case, restrictions
on both dispersions lead to three Rasch-type
models. Rasch 1 has item dispersions set to zero
and person dispersions set equal; Rasch 2 has
item dispersions set equal and person disper-
sions set to zero; and Rasch 3 has item disper-
sions set equal and person dispersions set equal.
From the general logic of the law of compara-

tive judgment, by means set out in Lumsden
(1978) or, for a closely analogous case, in Lord

and Novick (1968, p. 360), it can be shown that
each of these models will generate item char-
acteristic curves (ICCs) which are normal ogives
or, what amounts to the same thing, logistics.
(The term &dquo;logistic&dquo; will be used exclusively
henceforth but always with the sense &dquo;normal

ogive or logistic&dquo;). All ICCs will have the same
slope. Each model will also generate person
characteristic curves (PCCS) which are logistics,
again with equal slopes. PCCs are plots for each
person of the probability of passing against item
attribute location (Lumsden, 1977, 1978;
Mosier, 1941). Equal slopes for the PCC are re-
quired by the Rasch (1960) formulation in order
to preserve the specific objectivity of the esti-
mates of person location. No experimental pro-
cedure can differentiate the three Rasch-type
models; Rasch devotees may prefer the sym-
metry of Rasch 3. It should be noted that Rasch
3 is formally identical to Torgerson’s (1958) Con-
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dition D, which in turn is formally identical to
Thurstone’s (1925) absolute scaling model.
The Rasch model has probably never been

realized. Items whose ICCs differ in slope are re-
jected, and it has been advocated (Andrich,
1973) that persons whose PCCs do not conform
to the average slope should be put aside as un-
measurable. One is reminded of Wolfle’s (1940,
p. 9) famous jibe at the Brown and Stephenson
(1933) test of the Spearman two-factor theory:
&dquo;... if one removes all tetrad differences which
do not satisfy the criterion, the remaining ones
do satisfy it.&dquo; However, it needs to be pointed
out that estimates made under the Rasch model
are quite robust under violations of the assump-
tions. It is probable that careful attention to test
construction will produce items with approxi-
mately equal ICC slopes and that variations in
PCC slopes will often be so slight as to be negli-
gible in practice.

Restrictions only on 
.

the Item Dispersions

If the item dispersions are restricted and per-
son dispersions are permitted to vary, the results
are one-parameter ICC models, often incorrectly
referred to as Rasch models. Pseudo-Rasch 1

has item dispersions set to zero, and Pseudo-
Rasch 2 has item dispersions set equal. For both
models there is the additional restriction that

person dispersions, while different, are inde-

pendent of the person locations (r&dquo;o = 0).
Both the Pseudo-Rasch models will yield logis-

tic ICCs with equal slopes and logistic PCCs
with different slopes. Pseudo-Rasch 1 (Lums-
den, 1978) has intuitive appeal, since the notion
of intrinsic item fluctuation is not plausible for
most situations. Pseudo-Rasch 2 is formally
identical to Torgerson’s (1958) Condition C. The
pseudo-Rasch models can never give a poorer,
and will generally give a better, fit to data than
the limiting case Rasch model. They do this,
however, at the cost of a complication that will
probably not be acceptable to those who use the
Rasch model. Under the pseudo-Rasch models,

number correct is no longer a sufficient statistic
for estimating the person attribute location

(Lumsden,1977, 1978).
The restriction that location and dispersion

for persons be independent, at least for mod-
erate ranges, seems mild (but see below). It
would seem that if a unidimensional test can be
constructed to strict specifications, then a

pseudo-Rasch model will be frequently realized.

Restrictions only on
the Person Dispersions

Two-parameter ICC models may be generated
by permitting item dispersions to differ subject
to the restriction that location and dispersion
parameters are independent. Two-Parameter 1
has person dispersions set to zero. Two-Param-
eter 2 has person dispersions set equal.
These models will yield logistic ICCs with dif-

ferent slopes and logistic PCCs with equal
slopes. Two-Parameter 2 is formally identical
with Torgerson’s Condition B. The models are
implausible.
Lumsden (1978) demonstrated that all ICCs

must have the same slope if items are strictly
unidimensional, defined as systematically mea-
suring the same thing. Lord and Novick (1968,
chap. 16) avoided this argument by postulating a
weakly unidimensional test in which the items
share a single common factor but with each item
also having a specific factor orthogonal to the
common factor and to all other specific factors.
Variation in the relative effect of the specific fac-
tor variance will produce differences in ICC

slope. Such items will meet the unit rank cri-
terion, but the &dquo;specifics&dquo; are only specific
within the test space. Selection of further items
from the general item domain will show that the
large specifics are really group factors.

It should be noted that if there are large spe-
cific effects, then the ICCs will not be sample
free. It will be possible, in principle, to find
groups who differ in their distributions on the

specific factor and their ICCs will, in conse-
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quence, differ in slope (a~) or location (b,) or
both.
The worst case for weak unidimensionality is a

collection of diverse items sharing no clearly de-
finable common factor. Thus, a test composed
of one item from each of the Primary Mental
Abilities tests may yield unit rank; selection of
another item will lead to a breakdown of local

independence.
The best case is given by a test where the items

have a definable common factor, but some have
large specifics. A sensibly constructed vocabu-
lary test will sample items from special subvo-
cabularies so that only one item from each is in-
cluded in the final test. Tests for unit rank or
local independence will ensure orthogonality of
the specifics, but these are rarely applied. But
suppose now that a test is made for children

aged 10 requiring the understanding of two
words: bassoon and bunt. Bassoon is easier for
children who have studied music and probably
for girls; bunt is easier for baseball fans and
probably for boys. The test is ridiculously biased.
as a measure of general verbal comprehension.
If the test is long, the effect of the mutually
orthogonal specifics becomes less, and some jus-
tification is given for the two-parameter model.
But the large specific variances are noise in this
context. Is it not a sensible plan to eliminate
items with large specifics? This returns us effec-
tively to the one-parameter case: negligible spe-
cifics and items that measure the same thing in
an unbiased way.

It is ironic that adaptive testing procedures de-
veloped for the two- and three-parameter
models unwittingly approximate the one-param-
eter case. Selection of items by maximum infor-
mation methods implies that the low slope items
are rarely, in some cases never, used. Effectively,
the item bank consists only of the high slope
items.
The two-parameter models have been exten-

sively used (see Bock & Wood, 1971; Lord &
Novick, 1968; Lumsden, 1976). Attention has
been focused exclusively on scaling from the
ICCs, and the PCCs have not been considered. It

is significant that no study has yet demonstrated
any decisive advantage for the weighted proce-
dures based on these models over simpler un-
weighted procedures (see, for example, Dinero &
Haertel, 1977).

Restrictions only on Dependency
of Location and Dispersion

Another two-parameter model is generated if
both item dispersions and person dispersions are
permitted to differ, subject only to the restric-
tion that location and dispersion be inde-

pendent. For this model, Two-Parameter 3, all

ICCs will be logistics with different slopes and
all PCCs will be logistics with different slopes.
This model does not appear to have been

studied; but it seems that if a two-parameter
model can be realized at all, it will be this one
rather than the limiting cases, Two-Parameter 1
and 2.

Relaxing the Independence
Restrlction-Weber’s Law

Relaxation of the independence restriction

produces many variations of Model A, which
have been little studied. Consideration will be
restricted to one simple example. Suppose that
person dispersions are permitted to differ so that
the average dispersion at any attribute level is a
linear function of the person location (r... > o).
Further simplification is obtained by setting
item dispersions to zero. This will produce a
model for which Weber’s Law will hold. Persons
with higher attribute locations will have propor-
tionally greater dispersions than persons with
lower attribute locations, and it will therefore be
more difficult for the test to discriminate.
For the Weber’s Law model, ICCs will not be

logistic but eccentric S-shaped curves in which
the positive acceleration of the slope below the
item location value is greater than the absolute
value of the negative acceleration of the slope
above the item location value (Figure 2). It is

probable, however, that in practice, ICCs de-
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Figure 2

Item Characteristic Curve for the Weber’s Law
Model (Eccentricity Probably Exaggerated)

rived from the Weber’s Law model will differ

only slightly, and usually undetectably, from
logistic ICCs.
A more promising test of the model may be de-

rived from the PCCs which will be logistics dif-
fering in slope. The average slopes of the PCCs
will be an inverse function of person attribute lo-
cation. Average standard deviations can be esti-
mated from the slopes; and if Weber’s Law

holds, the plot of average standard deviation
against attribute location will be linear (Figure
3).

Zero Point of Abilit’
Thurstone (1928) pointed out that as the loca-

tion parameter approaches the absolute zero,
the dispersion parameter approaches zero, since
negative values for the attribute are impossible.
It follows that if attribute location can be
measured on an interval scale and if Weber’s
Law holds, then a ratio scale is achievable.
Thurstone noted that the standard deviation of
mental ages was a linear function of average
mental age, i.e., of age. (Thurstone did not ap-
pear to have realized that he was asserting
Weber’s Law). He extrapolated the plot to zero

standard deviation and found, happily, that the
zero point for intelligence came some months
before birth. Unfortunately, the Thurstone re-
sult is an artifact of intelligence test construc-
tion. The standard deviation of mental ages is

deliberately increased with age in order to keep
IQs approximately constant. Experienced test-
ers say that they feel more confident of their dis-
criminations with dull children than with bright
children, but this may be an aspect of the same
artifact.
An implication of the Weber’s Law model is

that the slope of the ICC will be negatively corre-
lated with location. Lord (1975) found, however,
that for items from a multiple-choice mathe-
matical aptitude test, there was a significant
positive correlation between slope and location.
It was shown that this was unlikely to be an arti-
fact of the estimation procedure. Urry (1974,
Table 3) provided a bivariate distribution of
slope and location for 200 items of a verbal abil-
ity item bank. There was no evidence for either a
positive or negative relationship. Similar results
were obtained for data supplied by Weiss (1973)
for an adaptive vocabulary test. These results
cannot be regarded as completely cogent, since
the unidimensionality requirement was not met;
but they are not at all encouraging.

Figure 3

Plot of Average Standard Deviation
Against Location for Weber’s Law Model
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Conclusion

The principal results of the discussion of scal-
ing models are given in Table 1. It is difficult not
to be impressed with the power and versatility of
Model A. During the 1920s Thurstone stole fire
from the gods. (As a punishment they chained
him to factor analysis.) It is true that many mod-
ern theorists prefer to work with less primitive
models and can argue cogently that it is not

necessary to consider concepts underlying ICCs,
PCCs, and the like. The argument is, however,
shortsighted. It can do no harm and may do

much good to take advantage of the heuristic
power of the models to provide &dquo;freeing moves&dquo;
in an impasse.
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