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Several questions are raised concerning differences
between traditional metric mutiple regression,
which assumes all variables to be measured on in-
terval scales, and nonmetric multiple regression,
which treats variables measured on any scale. Both
models are applied to 30 derivation and cross-
validation samples drawn from two sets of empiri-
cal data composed of ordinally scaled variables. Re-
sults indicate that the nonmetric model is, on the
average, far superior in fitting derivation samples
but that it exhibits much more shrinkage than the
metric model. The metric technique fits better than
the nonmetric in cross-validation samples. In ad-
dition, results produced by the nonmetric model are
more unstable across repeated samples. A probable
cause of these results is presented, and the need for
further research is discussed.

A common problem in data analysis involves
the choice of appropriate methods for analyzing
ordinally scaled data. Most traditional statisti-
cal methods invoke the assumption that scales of
measurement are at least interval; such methods
are described as metric, whereas techniques
which are designed for data obtained from
nominal or ordinal scales are called nonmetric.
Since much of the data collected in the social
sciences fail to meet the assumption of an in-
terval scale, researchers must be concerned with
the validity of results when such data are ana-

lyzed with metric methods. This concern has led
to the development of a variety of nonmetric
techniques, which should, in theory, provide
more valid results than corresponding metric
methods when applied to noninterval data.
These nonmetric methods range from simple
measures of association, such as Spearman’s
rank-order correlation and Kendall’s tau co-

efficient, to complex nonmetric techniques, such
as factor analysis (Kruskal & Shepard, 1974)
and multidimensional scaling (Kruskal, 1964a,
1964b; Shepard, 1962a, 1962b; Takane, Young,
& deLeeuw, 1977).

Comparative research often indicates that
metric methods are quite robust to violations of
the interval scale assumption and that there is

relatively little advantage in using a nonmetric
method when the assumption is violated (e.g.,
Havlicek & Peterson, 1974, 1977; Kruskal &

Shepard, 1974; Weeks & Bentler, in press).
These results, however, should not produce the
general conclusion that the interval scale as-

sumption of metric methods is irrelevant. There
are situations in which nonmetric models will

outperform metric methods, e.g., when observed
data represent a severely nonlinear monotonic
transformation of the true underlying variable.
This has been shown in the context of factor

analysis (Kruskal & Shepard, 1974) and three-
way multidimensional scaling (Widaman, Hahn,
& MacCallum, 1979). In addition, research is yet
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to be done on a number of relatively new non-
metric techniques, e.g., nonmetric principal
components (Young, Takane, & deLeeuw, 1978)
and nonmetric multiple regression (Young,
deLeeuw, & Takane, 1976). Thus, there is a
clear need for further research into the relative

advantages and disadvantages of metric versus
nonmetric methods of data analysis.
The present study represents an attempt to

provide further information in this area. Metric
multiple regression, represented by the tra-

ditional least squares procedure, is compared
with nonmetric multiple regression, represented
by the recently developed optimal scaling tech-
nique proposed by Young, deLeeuw, and
Takane (1976). Given the popularity and prac-
tical utility of multiple regression, and given the
common application of the metric model to ordi-
nal data in practice, results of this study should
be quite relevant to empirical users of the mul-
tiple regression model.

Nature of Metric and Nonmetric

Multiple Regression

First, consider a brief comparison of the
mathematical nature of these two techniques.
Given measurements for N observations on p in-

dependent variables X,, X2, ... Xp, and one de-
pendent variable Y, the metric approach solves
for partial regression coefficients b,, b2, ... bp

and an additive constant, a, such that f (Y- it
is minimized, where 9 = b,X, + .. , l ~~ X~ + a.is minimized, where Y = b1X1 + ... + bP Xp + a.
This is the traditional least squares criterion of
fit.
The nonmetric method also optimizes this cri-

terion but in addition is designed to take into ac-
count the scale of measurement of each of the p
+ 1 variables. This is accomplished by a scheme
which alternates between two different stages of
analysis: an estimation of weights phase and an
optimal scaling phase. During the estimation
phase, regression coefficients are estimated ac-
cording to the least squares criterion defined

above, treating all variables as if they were mea-
sured on at least an interval scale. During the
optimal scaling phase, the coefficients are held
constant and all variables are rescaled, or trans-
formed, to further reduce the least squares cri-
terion. The rescaling of the variables is based on
the properties of the scale of measurement of
each variable, i.e., for each variable X, a trans-
formation t, is found that is permissible given
the scale of X, and that minimizes the least
squares criterion. For example, for nominal

variables, any t, that maintains the relationships
of equality and inequality is permissible; for

ordinal variables, t, must be monotonic.
After all variables have been rescaled, they are

then held constant while regression coefficients
are reestimated. Then, the coefficients are held
constant while variables are again rescaled, and
so on. Each iteration, composed of an estimation
phase and an optimal scaling phase, further re-
duces the least squares criterion. When im-

provement becomes trivial, the process stops.
Results consist of a multiple correlation and a
set of regression coefficients as well as the trans-
formations of each variable to its final optimally
scaled form.’

Purpose

Given the common occurrence of noninterval
scaled data in psychology, the availability of
these two regression methods raises some im-
portant questions. For a regression problem in
which at least some of the variables are not in-
terval scaled, which method will provide more
accurate predictions of the dependent variable
in a given sample? Clearly, the nonmetric
method must provide better fit to a given
sample because of its larger number of param-
eters ; but the degree of the advantage is un-

’A computer program called MORALS (Multiple Optimal
Regression by Alternating Least Squares), which performs
this nonmetric regression analysis, is available from Forrest
Young, L. L. Thurstone Psychometric Laboratory, Univer-
sity of North Carolina, Chapel Hill, NC 27514.
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known. A much more important issue arises
with respect to the matter of cross-validity, i.e.,
the application of a regression model derived
from one sample to a new sample of observa-
tions from the same population. Typically, due
to capitalization on chance in the least squares
fitting process, predictions will be less accurate
in the new sample (the cross-validation sample)
than in the original sample (the derivation

sample). This &dquo;shrinkage&dquo; of the multiple cor-
relation is a critical issue when predictive ac-
curacy is an important research objective. An
obvious question then concerns whether non-
metric solutions will tend to exhibit more or less

shrinkage than metric solutions for the same set
of data.
The present study is an investigation of the

relative performance of metric and nonmetric
multiple regression in both derivation and cross-
validation samples selected from two sets of em-
pirical data.

Method

Data

The analyses were carried out using data
collected from two different test validation
studies. The first study was a concurrent validity
research design. Data consisted of six variables
measured on a sample of 173 foremen in two
chemical processing plants. Four of the vari-
ables were used as independent variables: (1) a
test of foreman job knowledge; (2) a leadership
opinion questionnaire assessing two leadership
factors-consideration of other workers and in-
itiation of psychological structure; (3) an em-
pirically keyed biographical inventory; and (4) a
supervisory judgment test, assessing decision-

making and problem-solving abilities. The two
dependent variables were (1) a salary ad-
ministration ranking, i.e., supervisors’ ranking
of the foremen in terms of overall worth to the

company and (2) a supervisors’ rating of job
performance, which was a summed score across
several graphic rating scales.

The second study was a predictive validity re-
search design. Data consisted of measurements
on five variables for a sample of 207 noncom-
missioned officers of the U. S. Army participat-
ing in the Army paramedical training program
for physician assistants. Four of the variables
were independent variables: (1) a measure of
medical and surgical knowledge as determined
by panel ratings from an oral board interview;
(2) the Otis test of mental ability; (3) an alter-
native-functions test of creativity; and (4) a mea-
sure of general knowledge of science and medi-
cine. The dependent variable was the percentage
of points earned across the various subcourses in
the year-long training program.

Dedvation and Cross-Validation Samples
These data sets lent themselves well to the

present study in that all of the variables could be
considered to be only ordinally scaled. To estab-
lish a basis for comparison of the two regression
models, each of these samples was randomly
divided 15 separate times into a derivation

sample, composed of two-thirds of the original
sample, and a cross-validation sample, com-
posed of the remaining one-third. Thus, for the
foreman data, 15 separate derivation samples,
each containing 115 observations, and 15 cor-
responding cross-validation samples, each with
58 observations, were constructed. Likewise, the
Army sample was randomly divided 15 times in-
to a derivation sample of 139 cases and a cross-
validation sample of 68. Given the relatively
small numbers of variables, all of these sample
sizes would be considered fairly large-certainly
large enough to satisfy the usual rules-of-thumb
regarding sample sizes necessary for stable re-
sults (see Wherry, 1975).

Analysis

Each of the 30 derivation samples was then
analyzed using both metric and nonmetric

multiple regression. Since there were two dif-
ferent criterion variables in the foreman data,
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this produced 45 different metric solutions and
45 corresponding nonmetric solutions. For the
nonmetric analyses, all variables were specified
as ordinally scaled. For each solution, squared
multiple correlations were obtained. Each de-
rived solution was then applied to the corre-
sponding cross-validation sample. To cross-vali-
date the metric solutions, the derived regression
equations were simply applied to the in-

dependent variables in the cross-validation

samples and the squared correlation was ob-
tained between the resulting predicted values of
Y and the observed values of Y. To cross-vali-
date the nonmetric solutions, the derived opti-
mal scaling transformations were first applied to
the independent and dependent variables in the
cross-validation samples; then, the derived re-
gression equations were applied to the rescaled
variables and the cross-validated squared mul-
tiple correlations were computed.

Results

Table 1 presents means and standard devia-
tions for the derived and cross-validated squared
multiple correlations from both metric and non-
metric analyses. Each mean and standard devia-
tion in Table 1 is based on 15 samples. The table
also presents the means and standard deviations
of the degree of shrinkage exhibited by both
models.
As mentioned above, the nonmetric regression

model will necessarily produce higher RI’s in
derivation samples than will the metric model.
Table 1 shows this advantage to be quite sub-
stantial. On the average, the derived RI from the
nonmetric model were nearly 2.5 times as large
as those from the metric model. However, it
should also be noted that the standard devia-
tions were also higher in the nonmetric solu-
tions. Thus, in the derivation samples, the non-

Table 1

Means and Standard Deviations of Squared Multiple Correlations
Across 15 Samples from Three Data Sets

~Dependent variable was Salary Administration Ranking
Dependent variable was Job Performance Rating
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metric model provided substantially better fit
but was more unstable over repeated sampling
than were the metric solutions. For instance, in
the foreman sample using the salary administra-
tion ranking as the dependent variable, derived
R2’ for the nonmetric model ranged from .44 to
.77, and those for the metric solutions ranged
from .13 to .26.
In examining cross-validity of the two models,

a distinct and important contrast is seen. The
mean level of shrinkage of R2 from the metric
solutions was always less than .10, but the mean
for nonmetric solutions was always greater than
.40. In addition, the standard deviations again
show the results produced by the nonmetric
technique to be more unstable. The drastic dif-
ference in mean level of shrinkage has the effect
of eliminating the large advantage which the
nonmetric model held in the derivation samples.
A comparison of the mean R 2’S for the two
models in the cross-validation samples shows
that the metric model provided consistently bet-
ter fit in the new samples.

Discussion

Three important effects were revealed in the
results. First, the nonmetric model was distinctly
superior in fitting a given sample; second,
shrinkage produced by nonmetric solutions was
severe, resulting in the metric model providing
better fit when derived solutions were fit to
cross-validation samples; and third, results of
the nonmetric technique were noticeably more
unstable than the metric method in terms of de-
rived RI’s and amount of shrinkage. All of these
effects can probably be attributed to the pres-
ence of the optimal scaling phase in the non-
metric algorithm. Recall that this phase involves
determining a transformation of each variable
so as to further reduce the least squares criter-
ion. This process represents the critical dif-
ference between the nonmetric and metric
methods. In effect, this difference means that
the nonmetric procedure estimates more param-
eters than does the metric procedure from the

same amount of data. Therefore, the nonmetric
technique may be more sensitive to chance
fluctuations in the derivation sample, i.e., fluc-
tuations arising from sampling error and/or er-
ror of measurement. This sensitivity amounts to
increased capitalization on chance. While it
would serve to improve fit in the derivation

samples, the instability of the transformations of
the variables would result in poor performance
under cross-validation, as has been observed. As
further support for this explanation, it was
found in the present study that the transforma-
tions produced by the optimal scaling phase of
the nonmetric model were quite unstable across
derivation samples.

It is expected that the instability and great
shrinkage associated with the nonmetric model
would be alleviated in very large samples. That
is, with extremely large sample size, transforma-
tions produced by the optimal scaling phase
should be more stable, thus reducing capitaliza-
tion on chance and producing less shrinkage. It
seems likely that for a large enough sample, the
nonmetric model might achieve better fit than
the metric model in cross-validation, as well as

derivation, samples. The sample size necessary to
achieve this effect is unknown, but it may be ex-
tremely large. Recall that sample sizes in the
present study would be considered relatively
large by most standards; derivation sample Ns
were more than 20 times the number of variables
in all cases. Monte carlo studies would be very
useful in investigating the relationship of sample
size to the phenomena observed in the present
project.

Conclusions

The results presented above have important
implications for the empirical researcher who
wishes to use multiple regression on noninterval
scaled variables. In the rare case in which the re-
searcher is primarily interested in fitting a par-
ticular sample, nonmetric regression will prob-
ably provide substantially better fit than the
traditional metric method. However, when
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predictions for new observations are important,
present results indicate that the metric method
may be preferable to the nonmetric, even when
all variables are ordinal. Of course, this demon-
stration does not prove that the metric approach
is always superior. In fact, it is probably demon-
strable that there are at least two situations in

which the nonmetric method would perform bet-
ter under cross-validation. The first, mentioned
above, would be when sample size becomes very
large. A second would be when there are severely
nonlinear monotonic relations between the de-

pendent variable and one or more independent
variables. However. such situations seem to be

relatively uncommon in practice, and the au-
thors believe that present results are fairly rep-
resentative of the real world.
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