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Estimating Measurement Error
on Highly Speeded Tests
Susan E. Whitely
University of Kansas

Despite many advances in test theory, estimating
measurement error which arises from temporary
changes in the person or test situation has re-
mained relatively unchanged. Unfortunately, not only
are short-term instabilities the most important
source of measurement error for many traits,
especially those measured from highly speeded
tests; but the classical test-retest formula for es-
timating error is based on untenable assumptions
with respect to practice effects. The current paper
presents a method which gives maximum likelihood
estimates of measurement error within the context
of a simplex model for practice effects. The appropri-
ateness of the model is tested for five traits, and
error estimates are compared to the classical for-
mula estimates.

Procedures for estimating measurement error
in test scores due to the internal structure of the
test have changed substantially since the in-
troduction of strong true score models in psy-
chometrics (i.e., Lord & Novick, 1968). Classical
indices of measurement error, such as those
from the Kuder-Richardson formulas, have
been replaced by estimation errors associated
with each ability parameter. Under strong true
score models, such as the Birnbaum (1968) two-
parameter logistic model, measurement error
for internal structure is estimated within a well-

specified model, using efficient estimation
methods.
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However, the estimation of another important
type of measurement error-short-term in-
stabilities which arise from temporary changes
in the person or testing situation-has been rel-
atively ignored in contemporary developments.
This is unfortunate for two reasons. First, for
many tests, temporal fluctuations are the only
meaningful source of measurement error. For
example, the perceptual and motor traits which
are included on multiple aptitude batteries are
measured by highly speeded tests in which the
items are nearly repetitions of each other. Al-
though the internal structure of these tests is not
an important source of measurement error,

temporary conditions of the person or testing sit-
uation are thought to substantially influence
scores. Second, the most widely used procedure
for estimating measurement error due to short-
term instabilities is based on untenable as-

sumptions. Using a test-retest design, measure-
ment error, oe, is &dquo;estimated&dquo; by the following
formula:

where 62 = a &dquo;pooled&dquo; estimate of
y observed score variance

from test and retest

rl2 = correlation between
test and retest
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As Lord and Novick (1968) point out, not only
does this popular formula define sample
statistics as population estimates, but it must be
assumed that practice, fatigue, and memory do
not influence either true or error scores on re-

peated testing. Although fatigue and memory
effects can be controlled through experimental
design of the reliability study, substantial prac-
tice effects are usually found on these highly
speeded tests.

If an estimate of measurement error for short-
term fluctuations is desired for the first testing,
practice can potentially bias both 6.,’ and r~2 in
Equation 1. The pooled variance, 0,,2, will be

inappropriate for Test 1 if variability either in-
creases or decreases with practice. Furthermore,
the correlation, r,2, will reflect not only the co-
variance of true scores, but also any covariance
of Test 1 true score with change. Given the
following models for observed scores on Test 1
and Test 2:

and the usual assumptions about uncorrelated
errors with a mean of zero, as follows:

it can be shown that the covariance between
Test 1 and Test 2 reflects both the variance of
true scores and the covariance of true score and

practice. Substituting for X, and XZ according to
Equations 2 and 3,

and multiplying, separating summations, and
applying the assumptions given in Equations 4
and 5, the covariance of the observed scores is
given as the following:

The two-trial estimate of true score variance,
then, is completely confounded with the co-

variance of change and true score. Because of
this confounding, a two-trial estimate of true
score variance may contribute in Equation 1 to
either substantially overestimating or underesti-
mating measurement error.

Unfortunately, however, in spite of the many
difficulties with the classical estimate of short-
term instability, its popularity continues. A bet-
ter procedure than applying the classical for-
mula inappropriately is to efficiently estimate
measurement error within a model which in-
cludes practice effects. The purpose of this

paper is to present a method for estimating
measurement error due to temporal fluctuations
within a simplex model which requires more
than two test repetitions so that the practice
effect may be identified and separated from Test
1 true scores and measurement errors. The
method not only uses efficient maximum likeli-
hood estimation procedures but also tests al-
ternative measurement models for appropriate-
ness to the repeated testings. The method is
demonstrated on multiple repeated measure-
ments taken on five perceptual-motor traits and
is compared to error estimates based on two test
repetitions.

The Covariance Structure Model

The method for estimating measurement

error for highly speeded tests to be developed
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here is based on J6reskog’s (1974) generalized
analysis of covariance structure model. Bas-

ically, J6reskog’s model attempts to reproduce a
covariance matrix by a structural equation, as
follows:

In the general covariance model, the order of
A,4>, and 4~ is smaller or equal to the order of 5.
Three types of parameters may be contained in
n,~, and 4~ free, fixed, or constrained par-
ameters. The fixed and constrained parameters
are the specification of the model. Joreskog
(1974) has developed maximum likelihood
estimation procedures for the free and con-
strained parameters and a log likelihood ratio
chi-square test for the appropriateness of the
specified model for the data.
A special adaptation of the covariance struc-

ture model for testing fit of alternative test forms

to different test theory models was given by
J6reskog (1974). True and error variances may
be estimated within the context of each model.

Figure 1 gives the structural forms and num-
ber of free parameters for three test theory
models-parallel, tau-equivalent, and con-

generic measurements. For parallel measure-
ments, the covariance matrix 7- is reproduced by
multiplying unit vectors by a single value for A,
À2, and multiplying an identity matrix by a single
value for 4~2. The single value for A and results
from assuming both that all true score variances
(À2) and all error variances (W2) are equal among
the t tests. Thus, the model contains only two
free parameters.

For tau-quivalent measurements, true score
variances are assumed equal between the t tests,
while error variances are unconstrained. True
score variances, then, are specified as in the par-
allel measurement model; but error variances
are estimated for each test yielding t + 1 par-
ameters to be estimated. For congeneric tests,
neither true nor error variances are constrained
to be equal among the tests. However, the model

Figure 1

Structural Form for True Score Variances and Covariances

among t Repeated Tests in a Quasi-Weiner Simplex

added true score variance
at repetition t
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does specify that the tests measure one common
factor, so that t parameters are estimated for
true score variances and other t parameters are
estimated for error score variances. Although 

&dquo;

J6reskog’s (1974) paper links test theory to the
covariance model approach, none of these trad-
itional test theory models are formally appropri-
ate for repeated testings which show practice
effects because systematic score changes are not
specified among the t tests. Even under con-
generic tests, the least restrictive model, the un-
equal true score variances are assumed to arise
for differing metrics for the t tests, rather than
systematic change as a result of practice.
A structural model for covariances which does

specify true change over practice is the quasi-
Weiner simplex (Guttman, 1954; Joreskog,
1974). Although this model has never before
been used as a test theory model, it specifies
both true and error variances, with systematic
true variance change over trials of practice.
Simplex models have often characterized per-
formance on perceptual and motor tasks (Jones,
1970). Guttman (1954) presents several char-
acteristics of correlation matrices which fit a

simplex, including increasing correlations over
trials and decreasing correlations away from the
main diagonal.
The structural form for the true score var-

iances and covariances among t repeated tests in
a quasi-Weiner simplex is given in Figure 1.

Thus, true score variance increases over trials in
this model, due to added components of per-
formance. In J6reskog’s general structural mod-
el, given in Equation 8, the quasi-Weiner sim-
plex is specified when 4> is a diagonal matrix of
the additive true score variances 4>,2; ’V2 is a di-

agonal matrix of the error variances for each
repetition; and A is a unit lower triangular ma-
trix as follows:

Presented in Table 1 are three alternative
structural models for a Weiner simplex which
vary in assumptions about measurement error.
The first model, the pure Weiner simplex,
specifies no measurement error so that only the t
additive true score variances are estimated. The
second model specifies measurement error for
each repetition; but only t + 1 parameters are
estimated, since error variance is constrained to
be equal for each trial. The third model is simi-
lar to the second except that error variances are
not assumed to be equal. Logically, this model
should specify a separate true score variance and
error variance for each trial. However, only 2t-1 1
parameters can be identified for this model, as
the last trial true score variance and error var-
iance cannot be separated. Other possible mod-
els for a simplex would result from permitting
some correlated errors in the ’V2 matrix, such as
non-zero error correlations between adjacent
trials.
The quasi-Weiner simplex provides a

plausible model for estimating error variance
due to short-term instabilities for several rea-
sons. First, the Weiner simplex specifies system-
matic variance increases over repeated testings,
as is commonly observed in test repetitions. Sec-
ond, true and error variances may be separately
estimated for each repetition. Third, possible
overestimation of true score variances due to
correlated errors among temporally close repeti-
tions may be corrected by specifying correlated
error models; correlated errors could arise from
emotional or physical conditions of the person or
situational characteristics of the test en-

vironment that persist over at least two testings.
Fourth, the multivariate normality assumption
of Joreskog’s (1974) covariance model seems

generally reasonable for carefully constructed
test measures.

Successfully applying a quasi-Weiner simplex
model to estimate measurement error over time

requires controlling for some possible con-

founding influences through experimental de-
sign. First, the repeated testings must be

spaced so that fatigue does not influence per-
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Table 1
Schematic for Test Models

formance. Second, the influence of memory for
or adaptation to specific &dquo;items&dquo; must be care-

fully considered. The trait measured by t’&dquo;
repetition of the same test may be quite different
than the trait measured by the tth testing from t
parallel forms. Performance on the tth repetition
for the former may well depend heavily on rote
skills, thus representing few aspects of the initial
test performance. The Weiner simplex models
would seem to be most appropriate for repeti-
tions from parallel forms, as the abilities re-

quired in the initial testing are postulated to
continue in later testings.
The following sections examine the relative

appropriateness of the Weiner simplex models
and the test theory models for estimating
measurement error due to short-term in-
stabilities on highly speeded tests.

Method

The test for model appropriateness in esti-

mating short-term instabilities is given by a re-
analysis of Berdie’s (1969) data on repeated
measurements. Although these data were orig-
inally collected to examine intraindividual var-
iability as a measurement construct, the care-
fully controlled experimental design makes

these data very appropriate for the purposes of
the current study. Since the methods are de-
scribed in Berdie (1969), only a brief summary

with respect to the current problem will be given
here.

Tests

The tests used in the Berdie (1969) study were
20 alternative forms for each of 6 perceptual and
motor traits. Standardization data were given
for 5 of these traits by Moran, Kimble, and Mef-
ferd ( 1964).
The five traits for which standardization data

are available include three of Thurstone’s per-
ception factors-Flexibility of Closure, Speed
of Perception, and Speed of Closure--and two
traits from the French (1966) Kit of Reference
Factors-Number Facility and Visualization.
The tests are all highly speeded and scored as
number correct within a short time interval of
2-1/2 to 3 minutes.

Moran, Kimble, and Mefferd (1 %4) found
small, but significant, mean differences between
forms. Scores on the forms were adjusted for the
mean differences to provide an unbiased
estimate of generic true scores (as defined by
Lord & Novick, 1968) from each form. Although
possible interactions of generic true scores and
error remained, it was assumed for convenience
that the adjusted scores are from rigorously par-
allel forms.
The subjects were 79 undergraduates enrolled

in the Institute of Technology at the University
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of Minnesota. These subjects were paid to par-
ticipate in the experiment and were screened
from a larger pool of applicants on the basis of
availability for the 20 scheduled testing sessions.

Procedure

The tests were administered on 20 consecutive

days to 79 undergraduates. The 24-hour interval
eliminated fatigue as a factor contributing to in-
stability, and the administration of a different
form on each occasion controlled for memory
effects. Forms were counterbalanced over days
to control for any uncorrected differences be-
tween the forms.

Design for Reliability
The time intervals of 20 daily testings con-

trolled for fatigue as a factor in performance in-
stability. The use of 20 alternative forms, rather
than 20 repetitions of a single test, controlled for
memory or adaptation effects. The remaining
contributions to measurement error which could
be estimated, then, were the specific testing con-
ditions and short-term fluctuations within the
persons tested.

Results

The nature of the practice effect was deter-
mined by examining the daily means and var-
iances for each trait. Figure 2 shows sharp mean
increases for all five traits. Similarly, Figures 3
and 4 show sharp increases for the variances for
all but one trait. For Speed of Perception, vari-
ances were gradually decreasing. Thus, practice
was found to substantially influence observed
scores on these five traits.

Table 2 presents the log likelihood ratio X2’s
obtained from fitting some test theory models to
the covariances between repetitions for each of
five tests. It can be seen for each test that better
fit was obtained for the less restrictive test mod-
els (especially congeneric tests). The difference
in x2 between the parallel and tau-equivalent
test models were 49.59, 25.11, 93.27, 69.79, and

53.21 in the trait order given in Table 1. Using
the XZ difference test given by Joreskog (1974),
all but the second value were significant at p <

.05, with 19 degrees of freedom. The X2 dif-
ferences between the tau-equivalent and con-
generic models were 81.87, 30.35, 39.01, 158.97,
and 122.33, respectively, for the trait order given
in Table 1. With 19 degrees of freedom, all of
these differences were statistically significant at
p < .05.

It should be noted that not even the least re-
strictive model, congeneric tests, fit any trait

very well. The sample covariances differed sig-
nificantly (p’s < .05) from the covariances esti-
mated by the model, and all the X2’s were quite
large. However, as indicated by Joreskog (1974),
a model may still be useful even if the data de-
viate somewhat from prediction. Another way to
examine the data is by the ratio of chi-square to
degrees of freedom. For the congeneric model in
Table 2, these ratios were 12.25, 7.66, 20.58,
12.56, and 5.51, respectively. These ratios, with
the possible exception of the Flexibility of Clo-
sure Test, were too large for the congeneric
model to be useful.

Table 3 presents the obtained from fitting
four simplex models to the 20 repetitions of each
trait. The perfect simplex model, with no error,
fit quite poorly for all traits, as indicated by the
large x2 values. The equal error model, which
estimates only one more parameter than the per-
fect simplex model, led to substantially smaller
X2’s. The X2 differences were 548.45, 590.29,
906.53, 543.15, and 595.01. With 1 df, these
differences were highly significant (p’s <.0001).

Allowing error variances to be unequal re-
sulted in the XZ’s in the third model given in
Table 3. The Xz differences from the equal error
model were 35.46, 29.22, 95.99, 68.85, and

53.16, respectively. With 18 df, all these dif-
ferences were significant at p < .05. The last
model given in Table 3 permits correlated errors
between adjacent trials in addition to unequal
error variances. The x2 differences of this model
from the unequal error model were 42.06, 24.39,
122.03, 33.88, and 38.39, respectively. With 18
df, all but the second trait were significant at p <
.05.
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Figure 2
Plot of Daily Means for Five Traits
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Figure 3
Plot of Daily Variances for Two Traits
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Figure 4
Plot of Daily Variances for Three Traits
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Table 2

Summary Analysis for Test Theory Covariance Models

If p < .05 is the criterion for model fit, only
Flexibility of Closure was not significantly dif-
ferent from the simplex model with correlated
error. If p < .01 is the criterion, fit was also
achieved for Visualization. To examine model

usefulness, the ratios of X2 to df were computed.
These values were 3.81, 3.32, 11.46, 6.28, and
3.09, respectively. The x2 ratio of 3.81 for Num-
ber Facility was quite close to the XI ratios for
Flexibility of Closure and Visualization, in-

dicating that the model is probably useful for
this trait as well. However, the large values ob-
tained for Speed of Perception indicate that an
appropriate model has not been specified. The
Speed of Closure X2 ratio was between these

extremes, indicating marginal usefulness.
Comparing the simplex models to the test

theory models is appropriate for those models
with approximately the same number of para-
meters. Thus, the tau-equivalent model may be
compared to the simplex model with equal error,
at 21 df each; and the congeneric model may be
compared to the simplex model with unequal
error, at 40 and 39 df, respectively. Although an
appropriate significance test is not available to
compare across models, an inspection of the x2’s
revealed that substantially better fit was ob-
tained for all five traits by the simplex model
with equal error and for four of the five traits by

the simplex model with unequal errors. The ex-
ception for the latter model was Flexibility of
Closure; for while the X2 for the simplex was
smaller, the difference between the X2 values was
not very large.
Table 4 presents estimates of error variance

obtained from the classical stability estimate
and the alternative covariance models for the
five traits. It can be seen that the simplex models
estimated smaller error variances when com-

pared to test theory models with approximately
equal df. Also of interest in Table 4 is that the
best-fitting simplex models the unequal error
model and the correlated model-gave un-

iformly smaller error variance estimates than the
classical two-trial formula. The traditional test

models, on the other hand, gave generally larger
error variance estimates than the classical for-
mula.

Although the simplex models led to better fits
and smaller error variances than test theory
models, the final values of X2 were still too large
to clearly indicate the utility of the procedure. It
is possible that 20 repetitions are too many.
Fewer repetitions may provide better estimates
because motivational factors, such as boredom,
may be confounding the covariances when per-
formance is continued to 20 trials. If the pos-
sibility of correlated error is anticipated, five
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repetitions give sufficient degrees of freedom to
test the simplex model and to estimate error
variances. Table 5 shows the tests of fit and error
estimates from the simplex model with unequal
errors for the first five trials. With the exception
of Speed of Perception-the test with decreasing
variances-fit was achieved by the simplex mod-
el, showing the utility of the model for the first
five trials. Inspection of the trial and error

estimates, which are also presented in Table 5,
showed very similar results to the 20 trial esti-
mates.

Discussion

The problem of estimating measurement

error due to short-term fluctuations was ex-

amined for five highly speeded tests of per-
ceptual and motor traits. On all 5 traits, sub-
stantial changes in both means and variances
were observed over the 20 daily testings. The
classical test-retest formula for estimating
measurement error is not formally appropriate
for these data because, as shown in the introduc-
tion, the classical formula can be expected to
give substantially biased estimates when prac-
tice influences scores.

Several alternative structural models for the
test repetitions were examined for fit. The data
covariances differed significantly from all the
structural models from test theory. The lack of
fit for parallel measurements could easily be ex-
pected from changing variances over trials, as
the model constrains all true and error variances
to be equal. However, since neither of the less re-
strictive models-the tau-equivalent test and the
congeneric tests-yielded good fit, apparently
practice effects scores in ways which cannot be
accounted for by these models.
The simplex models yielded better fit of the

data. Over 20 repetitions, significantly better fit
was achieved for models which specified un-
equal error variances and correlations among
errors for adjacent repetitions. An examination
of the p values and chi-squares for the best
simplex model with correlated errors showed fit
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for two traits-Visualization and Flexibility of
Closure-and probable usefulness for Number
Facility. The appropriateness of the simplex for
Speed of Closure was marginal, while the model
clearly was not appropriate for Speed of

Perception.
When compared to test theory models with

approximately equal numbers of parameters,
the simplex models always fit better, and usually
substantially better. Although both the less re-
strictive test theory models and the simplex
models can account for unequal variances and
covariances among the repetitions, only the sim-
plex models specify systematic changes as a re-
sult of practice. The quasi-Weiner simplexes
which were fit specify additive components of in-
dividual differences over practice which persist
over the following trials. Thus, the simplex
models specify true change over practice, rather
than merely changing error variances or chang-
ing measurement scales for true scores. The
current study strongly indicates that the simplex
model gives a better account of individual dif-
ferences over repeated testings.

Although the simplex models provided better
accounts of the data than the test theory models,
the general usefulness of the model was ques-
tionable, since fit was achieved only for two
tests. Since 20 repetitions of the same measures
may eventually introduce confounding motiva-
tional factors, such as boredom, fit of the

simplex model was examined for the first 5

repetitions only. Fit was clearly attained for the
simplex model with unequal error variances for
all traits except Speed Perception.

Thus, the five-repetitions data support the
general applicability of the simplex model for
separating true changes from error variance over
repeated measurement. The failure to achieve fit
for Speed of Perception indicates that some
other kind of model may be appropriate for
these data. This trait, unlike the others, showed
decreasing variances over trials. The quasi-
Weiner simplex model used in the current study
specifies increasing variances.
Comparing the estimates of measurement

error given by the simplex models to the
classical two-trial estimates showed that error
from the latter is substantially overestimated.
For all traits, the simplex models led to smaller
error variances. This occurs because the clas-
sical estimate attributes the practice effect ob-
served on repeated testing to measurement
error. Similar to the classical estimate, the trad-
itional test models also lead to overestimation of
error because measurement error is confounded
with the practice effect.
The current study demonstrates the in-

appropriateness of the classical test-retest esti-
mate of error variance for tests wit# substantial
practice effects. It also shows that measurement
error due to short-term fluctuations may be
more appropriately estimated within a model for
practice effects the quasi-Weiner simplex.

Table 5
Simplex Structure Tests and Error

Variances from Unequal Error Model for the First Five Traits
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In actual applications of the simplex co-

variance model, the current results indicate that
5 test repetitions provide more satisfactory esti-
mates of error than 20 repetitions. Five repeti-
tions are not only more feasible in most ap-
plications, but five replications give sufficient
degrees of freedom to test the data for fit to the
model and estimate the parameters, without the
introduction of boredom effects in performance.
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