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Application of a Simplex Process Model to Six
Years of Cognitive Development in Four
Demographic Groups
Lloyd G. Humphreys, Randolph D. Park, and Charles K. Parsons
University of Illinois, Urbana-Champaign

A simplex process model of the cross-lagged cor-
relation paradigm was applied to 16 tests ad-
ministered to samples of black and white males and
black and white females in Grades 5, 7, 9, and 11.
Listening, a measure of aural comprehension, con-
sistently anticipated individual differences on an in-
tellectual composite in all four groups. The other
achievement test of the STEP series anticipated in-
dividual differences on the so-called aptitude tests
of SCAT, which in turn anticipated individual dif-
ferences on the narrow information scores obtained
from the Test of General Information (TGI). This
model may be more powerful in revealing lags than
the traditional methods of analyzing cross-lagged
differences in longitudinal data. The model does
not require stationarity and can produce a
meaningful outcome in its absence.

The cross-lagged panel correlation method-
ology described by Campbell and Stanley (1963)
requires as a minimum two measures X and
Y- and two occasions of measurement for both.
When certain conditions are met, if rr 1 y 2 >

r. 2yi, an inference that individual differences
on X anticipate individual differences on Y is
valid. It is only a small extension of this in-
ference to conclude that X assesses the causes
for the changes in Y prior to the changes in Y, or
that the predominant direction of causality is

from X to Y. A conclusion that X causes changes
in Y, however, clearly requires additional evi-
dence.

There are six correlations among two meas-

ures, each measured on two occasions. The two
correlations between X and Y holding occasion
constant are typically called synchronous cor-
relations ; the two correlations between occasions
for X and Y separately are stability coefficients;
and the final two between X at Time 1 with Y at
Time 2 and Y at Time 1 with X at Time 2 are the

cross-lagged correlations. Unfortunately, these
latter correlations can differ from each other if
the reliability of X decreases over time while the
reliability of Y increases, or the reverse. If it can
be assumed, however, that the causal processes
operate on both X and Y in a stationary manner
(see Kenny, 1975) from Occasion 1 to Occasion
2, differences in reliability can be corrected and
the corrected values can be compared.
Since many psychometricians are not accus-

tomed to thinking of stationary causal processes,
it is useful to translate this term into correlation-
al statistics. If causal processes are stationary,
the synchronous correlations at Time 1 and
Time 2 between X and Y should equal each
other after they have been corrected for attenu-
ation. This is the basis for Kenny’s correction for
uniqueness. In order for the estimated correla-
tions between true scores of X and Y on separate
occasions to be equal to each other, it is neces-
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sary that the estimated stabilities of true scores
of X and Y be equal. If individual differences on
X are changing at a more rapid rate than indi-
vidual differences on Y (i. e., if the causal proc-
esses are not stationary), it is not possible for the
two synchronous true score correlations to be
equal.

Investigators using the methodology have

been critically dependent on the validity of the
assumption of stationarity. Lack of stationarity
can simulate a cross-lagged difference in true
score correlations. On the other hand, a correc-
tion (which assumes stationarity) applied to

observed correlations can abolish evidence for a

lag. More recently, Humphreys and Parsons (in
press) have described an alternative model
which does not require stationarity. While the
model could be applied in a limited way for only
two occasions if independent estimates of relia-
bilities were available, more occasions are highly
desirable. A minimum of four occasions are re-

quired if reliabilities and specificities are to be
estimated from the intercorrelations alone.
The model assumes that the intercorrelations

of true scores over occasions follow the simplex
pattern (Guttman, 1955; Humphreys, 1960).
When this assumption is valid, reliabilities can
be estimated from the intercorrelations without

exhausting degrees of freedom down to a mini-
mum of four occasions. With estimates of re-
liabilities in the diagonal, whether obtained

independently or based on the simplex assump-
tion, multiple matrices of diagonal factors for X
and Y are computed separately.

Choice of the diagonal method of factoring is
the logical consequence of the assumption con-
cerning the nature of the pattern of intercorrela-
tions. Guttman (1955) had found that the inter-
correlations of tests measuring the same content
but differing in degree of complexity formed
simplex matrices. Thus, diagonal factors ex-

tracted in the order of the measures in the

simplex describe the changes in complexity from
one measure to another. Humphreys (1960) ap-
plied the simplex to learning and developmental
measures obtained over several occasions lon-

gitudinally. Here again, the diagonal factors ex-
tracted in the order of the occasions described
the learning and growth increments that
occurred between occasions.
The multiple matrices of diagonal factors are

needed to test the possibility of lag. They are ob-
tained by starting each set of factors with a first
factor defined by a different occasion and pro-
ceeding systematically forward and/or back-

ward in time from the initial occasion. The diag-
onal factors of X can then be equated hypothet-
ically with diagonal factors in Y without any lag
or with a lag of up to n - 1 occasions in either
direction. That is, one can assume that X

anticipates Y by one or more occasions, that Y
anticipates X by one or more occasions, or that
neither anticipates the other.
The final step is to determine which pairing of

diagonal factor matrices most accurately de-
scribes the cross-correlations between X and Y.

These correlations are estimated by postmulti-
plying a standard diagonal factor matrix for one
variable by the series of factor matrices, in turn,
of the other and by allowing for the absence of
complete identity arising from the specificities of
the two variables being compared. Note that
causes operating on both variables must have
their effects on common factor content. Now, if

expected values based on the assumption of a
lag fit the observed correlations more accurately
than the ones based on no lag, one has evidence
that individual differences in one variable antici-

pate individual differences in the other.
In the development of their model,

Humphreys and Parsons analyzed a portion of
the data used by Atkin, Bray, Davison, Herzber-
ger, Humphreys, & Selzer (1977). These latter
authors published a cross-lagged panel correla-
tion analysis of 16 cognitive measures for 4

demographic groups defined by race (black and
white) and sex in which stationarity was as-
sumed. Complete data were available for all
members of the four samples in Grades 5, 7, 9,
and 11. They found only one measure which was
clearly different from the rest with respect to its
cross-lagged difference. Listening, from the
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STEP series published by Educational Testing
Service (ETS), predicted a latter intellectual

composite more highly at all lags than the same
intellectual composite predicted later scores on
the Listening test. One or two of the subtests of
the Test of General Information (TGI), also

published by ETS, showed less consistent cross-
lagged differences in the opposite direction.
That is, individual differences in a measure of
aural comprehension anticipated individual dif-
ferences in an intellectual composite, while the
latter seemingly anticipated individual differ-
ences in one or two narrow information tests.

With respect to methods of analysis other
than those associated with attempting to control
for stationarity, the analyses of Atkin et al.

(1977) were not traditional. They did not com-
pare the various tests with each other in a pair-
wise fashion. Instead they formed rotating intel-
lectual composites and compared each separate
measure with a composite formed from the re-
maining 15. This methodology reduced the
number of possible comparisons, thus reducing
the opportunity to capitalize on chance. The
composites were each highly reliable and had
high communality with the omitted measure.
Each composite also was a highly valid measure
of the general factor in human intelligence.
Humphreys and Parsons (in press) in their test

of the simplex process model for such data, com-
bined the white male and female sample correla-
tions for Listening and its composite. They
selected these particular data because the factor
structure of the variables was known to be al-
most identical in white males and females; the
Listening test, which had produced the largest
and most consistent cross-lagged differences,
was the one of greatest interest; and in the com-
bined samples (~V > 1400), the correlations had a
great deal of sampling stability. Under these
conditions; Humphreys and Parsons reported an
excellent fit of the model to the observed cor-
relations for a three-year lag between Listening
and the intellectual composite. A secondary
finding concerned the assumption of station-
arity. Although not assumed in the development

of the model, it turned out empirically that the
estimated true score correlations among oc-
casions were very nearly identical for Listening
and for the composite. That is, individual dif-
ferences were changing in the two measures be-
ing compared at almost the same rate.
With the model producing a good fit to the

observed correlations under favorable con-

ditions of high sampling stability and highly
consistent cross-lagged differences revealed by a
more traditional methodology, it now seems de-
sirable to apply it further. The model can be

applied, for example, to test the hypothesis of
zero lag between two variables; i.e., it can be
used as a test of spuriousness in the Kenny
sense. Also, since lack of stationarity as well as
changes in uniqueness can produce a spurious
cross-lagged difference, and since the simplex
process model does not require stationarity, it
would be desirable to apply it in situations in
which stationarity from measure to measure

would not hold. The data used by Atkin et al.
(1977) are appropriate for these purposes: 16
widely different cognitive measures (including
Listening) in 4 sex-race groups were available for
further applications of the model.

Design of the Analyses

Following the lead of Atkin et al., re-

lationships were examined between each of the
16 cognitive tests in each of the 4 race-sex

groups, with a composite formed from the re-
maining 15. While a standard, uniform criterion
measure of general intellectual level would have
been desirable, one was not available. With a ro-
tating criterion, lags become relative; i.e., if

most of the 16 tests exhibited individual dif-
ferences which lagged behind individual dif-
ferences on a standard test of intelligence, the
present methodology would not reveal that fact.
Instead, the typical lag would be close to zero.
The methodology will allow one, however, to
rank order the measures from those which show
the largest amount of anticipation to those
which show the greatest lags behind the rest.
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The descriptive statistics used also followed
the lead of the earlier research. Correlations be-
tween individual tests and composites are

multiple correlations, and correlations between
composites are canonicals. Both, of course, cap-
italize on chance in a sample; but the error is not
very great when the number of variables is much
smaller than the number of observations. Ns
available were as follows: white males-668,
white females-762, black males-172, black fe-
males-215. Thus, there was more capital-
ization on chance in the black samples than in
the white. There was also more capitalization on
chance in the canonicals than in the multiple
correlations. Conversion of sample statistics to
population estimates would have been desirable,
but there is no population estimate for a can-
onical correlation.

In fitting the model of the 64 cross-lagged
comparisons resulting from 16 tests and 4 dif-
ferent samples, the first step involved the use of
the J6reskog (1970) restricted maximum likeli-
hood program to estimate the reliabilities of the
measures. Specificities were estimated by com-
paring these reliabilities with squared multiples.
Diagonal factors were computed directly or

estimated by the procedure described by Hum-
phreys and Parsons (in press) for nine different
lags between test and composite by four years
down to zero lag, and then back up to the com-
posite anticipating the test by four years.

Table 1 contains the names of the 16 cognitive
tests used in these analyses. The School and Col-
lege Ability Test (SCAT), from which the
seventh and eighth measures were obtained, is

well known, as are the Scholastic Tests of
Educational Progress (STEP) represented by the
first six. Tests 9 through 16 were obtained from
the ETS’s Test of General Information (TGI). In
those cases in which there is similarity of names
with tests in STEP, the TGI tests are narrower in

scope. The latter were intended to be tests of in-
formation only.

Data for all correlations were obtained from
the Growth Study of Educational Testing Ser-
vice. The total sample was designed to represent
the nation’s students, but conditions were im-

posed which may have subjected the means and
standard deviations to some degree of bias. The
conditions required not only complete data for
all tests administered at any one grade but com-
plete data for all four grades.

Table 1

Identification of the Measures

aSequential Tests of Educational Progress
bSchool and College Ability Tests
CTests of General Information
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Results

Table 2 presents data obtained from the use
of the J6reskog (1970) program. On the left are
the estimates of true score correlations between
scores on adjacent time periods. On the right are
the chi-square values testing goodness of fit of
the simplex model to the obtained intercorrela-
tions. With four time periods, there was one de-
gree of freedom for testing goodness of fit.

There is useful psychological and meth-

odological information in the estimates of true
score correlations between adjacent time

periods. In a few cases, this estimate was unity,
which is unrealistic psychologically. The meth-
odological significance is that it was not possible
to check the simplex model of change in such

cases. This outcome was restricted to the black

samples, which are both smaller than the white.
At certain grades, also, black performance on
several tests was less reliable than white per-
formance simply because difficulty levels of the
items were inappropriate. Thus, the com-

bination of larger sampling errors and larger
corrections for attenuation probably produced
these unrealistic results.

One similar example occurred in the white fe-
male sample. The estimated true score correl-
ation for the Mathematics score from STEP was
.995. Sampling error was about half that in the
black samples. Whatever the reason may be for
this seeming high stability over time, the meth-
odological result is that the fitting of a model

Table 2

Estimated True Score Correlations Between Adjacent Time Periods
and X2 for Goodness of Fit of the Simplex Individual Tests

and Canonical Composites

Note: Decimal points omitted for values less than 1.0.
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which assumes change and the possibility of dif-
ferent lags between changes in individual dif-
ferences from test to test cannot lead to any
very definitive result for this test for this sample.

If one of the most important differences

among cognitive tests is breadth of coverage
(Humphreys, 1971), a logical inference is that
broad tests should generally show more stability
over time than narrow tests. The eight scores
from the TGI were designed to be narrow in
coverage and in function measured. The other

eight tests did, with one notable exception,
typically show relatively higher degrees of sta-
bility. The exception was Quantitative Aptitude
from SCAT. The latter test did not show one of
the characteristics, high stability, that might be
expected from the connotations of the aptitude
construct. The information tests, with the ex-

ception of three aberrant cases for black males,
typically showed the lower level of stability
which is in line with expectations.

There were only two values of chi-square out
of 68 comparisions that were large enough for
rejection of the null hypothesis at the .01 level;
but both occurred for the same test, Reading
Comprehension, in the two white samples.
Furthermore, the signs of the residuals were
identical in both samples. These white students
showed slightly less stability than predicted by
the model over a four-year interval, but slightly
more stability than predicted over the six-year
interval. Even though the model could be re-
jected, however, the fit was descriptively quite
good. The single largest residual was .023 in the
female sample for the 5th and llth grade cor-
relation.

Because chi-square is a function of the num-
ber of observations, the fits which were defined
descriptively, rather than probabilistically, were
not quite as close in the black as in the white
samples. Thus, there were numerous cases in

which the residuals were larger than .02 in the
data for blacks. This characteristic of the four

samples became important later when the sim-
plex process model was being fitted to the ob-
served correlations. The goodness of fit of the

model to the observations is described by a
statistic which is independent of N. Therefore,
more error must be expected in the black

samples.
Tables 3, 4, 5, and 6 present indices of good-

ness of fit of the model to the observed cross-cor-
relations for white males and females and for
black males and females. A plus lag tests the
hypothesis that individual differences on the test
anticipate individual differences on the

composite, while a negative lag tests the reverse
hypothesis. Both the algebraic sum of deviations
and the sum of squared deviations are presented
for the 12 correlations representing 2, 4, and 6
years of elapsed time between the measurement
occasions. Discrepancies between estimates
from the model and the observed values of the
four synchronous correlations were omitted be-
cause these four correlations were each assumed
to be inflated by correlated measurement error.
More attention is paid to the sums of the

squared errors than to the algebraic sums in in-
terpreting the results. The latter indicate the
amount of constant error in the application of
the model. The most probable source of con-
stant error is the estimation of specificities of the
measures. However, the minimum sum of

squared deviations among the nine lags provides
an index of the lag between individual differ-
ences on the measures, even when sums are in-

flated by constant error.
Most of the indices of goodness of fit reported

in these tables are based on the observed cor-
relations among occasions, while some are based
on the estimates. Diagonal factor matrices of
full rank (4 x 4) were obtained whenever possible
in both, but for a few tests a factor matrix of full
rank could not be obtained in the observed. In
these cases, the model was applied to the cross-
correlations using the factors in the estimated
correlations among occasions. There is no boot-

strapping involved here, since the factoring of
the latter is completely independent of the cross-
correlations. Also, in those cases in which dia-
gonal factoring of full rank could be ac-

complished on both bases, it was possible to
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Table 3
Fit of the Model for 668 White Males at Nine Different Lag Times

*Measures were analyzed using the estimated simplex matrix for the diagonal
factoring. Observed correlations were used unless a full diagonal solution
could not be obtained. Substitutions of estimated correlations for the
observed has no systematic effect on the data.

compare indices of goodness of fit using both
sets of factors. No consistent differences in ac-

curacy as a function of the correlations factored
were observed. As a matter of fact, it was dis-

appointing to discover that the factors based on
estimated correlations among occasions did not

provide greater accuracy in estimating the cross-
correlations between tests and the composite.

In a very few cases, indices of goodness of fit
are not reported in these tables. The absence of
data indicates that it was not possible to obtain a
diagonal matrix of full rank on either basis.
The first thing to observe in these four tables

is that there was a relatively smooth change in
the sum of the squared deviations from a

possible four-year lag from test to composite to a
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Table 4
Fit of the Model for 762 White Females at Nine Different Lag Times

*Measures were analyzed using the estimated simplex matrix for the diagonal
factoring. Observed correlations were used unless a full diagonal solution
could not be obtained. Substitutions of estimated correlations for the
observed has no systematic effect on the data.

possible four-year lag from composite to test.
Each test with the exception of the Mathematics
test from STEP for white females also showed a
minimum for this summation within the time

span studied. The exception is probably not an
important one because the estimate of the true
score correlation between adjacent occasions
was very high (.995). This estimate makes the
model insensitive to lag; it is also so high that it
is almost certainly not replicable.

As one reads down each of the four tables

searching for the minimum sum, it becomes ap-
parent that there was a preponderance of neg-
ative lags; i.e., individual differences on the

composite more frequently anticipated in-

dividual differences on the test than the reverse.
Since the composite was formed from the tests
with which it is compared, the a priori expec-
tation of a balance between positive and neg-
ative lags was not confirmed. At least part of the
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Table 5
Fit of the Model for 172 Black Males at Nine Different Lag Times _

explanation for the asymmetry lies in the relia-
bilities, stabilities, and intercorrelations of the
tests. If the 16 tests are divided into 2 sets of 7
and 9 based on the typical level of stability from
one occasion to another, the more stable 7 had
substantially higher canonical weights in the

composite. They also had higher intercor-

relations and larger loadings on the general
factor. Thus, they are more central to the com-
posite, while the remaining 9 are more pe-
ripheral. The more peripheral tests tended to
show the negative lags.

It is also possible that the use of unshrunken
composites contributed to the displacement of
the typical lag from zero to negative. There were
appreciable differences among the correlations

used in these analyses in the extent to which they
capitalize on chance. This means that greater
stress in interpretations should be placed on rel-
ative size of lags from test to test than on the
number of years indicated for a particular lag.

Listening, as in the earlier analyses, con-

sistently anticipated the composite in the four
samples. It was consistently first in rank order in
this regard for both white and black males. It
was tied for first rank for black females and was
ranked second for white females. However, the
first ranked test for this last group was Mathe-

matics achievement, which did not show enough
instability from occasion to occasion for the

minimum sum of squared deviations to be sen-
sitive to differences in lag. There may also be a
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Table 6
Fit of the Model for 215 Black Females at Nine Different Lag Times

&dquo;Measures were analyzed using the estimated simplex matrix for the diagonal
factoring. Observed correlations were used unless a full diagonal solution
could not be obtained. Substitutions of estimated correlations for the
observed has no systematic effect on the data.

sex difference in the amount of lag between
Listening and the intellectual composite. The
symmetries about the minimum sum of squared
deviations indicate that the lag was at least three
years for males, while it was at most three and
one, respectively, for white females and black fe-

males.
As a set, the STEP achievement tests tended

to anticipate the SCAT aptitude tests, while the
latter in turn anticipated the narrow infor-
mation tests of the TGI. This finding requires an
extension of the number of dimensions along
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which different kinds of cognitive’ tests can be
ordered. Anticipating or being anticipated by in-
dividual differences on other measures is un-

doubtedly not unrelated to breadth, relationship
to a particular curriculum, or age of the learning
(Humphreys, 1971); but it does represent a

fourth descriptive dimension. On this dimen-
sion, tests which are generally labeled achieve-
ment (STEP), but which are not restricted to re-
call of information, more nearly fit the connota-
tions of aptitude (SCAT). Broad achievement
tests more directly reflect intellectual develop-
ment than Verbal and Quantitative aptitude.
One has to look hard for any racial dif-

ferences ; the prime candidate is Industrial Arts,
but there are no data for white females. There

are, however, two measures other than Listening
on which there were possible sex differences.
The Mathematics achievement test appeared to
anticipate later individual differences on the

composite for females but not for males, al-

though the qualification for white females dis-
cussed earlier must be kept in mind. Economics
and Political Science information was antic-

ipated by the composite for females with a three-
year lag, while the lag was seemingly smaller for
males.

Discussion

The analysis by Atkin et al. (1977) revealed
only one measure, Listening, that differed un-
equivocally from the rest. Both in the observed
and in the correlations corrected for uniqueness,

Listening showed consistent cross-lagged dif-
ferences from one occasion to another and from

group to group. Individual differences in Listen-

ing anticipated the composite. There were only
hints in the analysis that there might be other
differences. For example, data were presented
for Recreation, which indicated that individual
differences on that measure lagged behind the
composite. In contrast, the present analysis,
which made use of a different model, showed a

larger number of cross-lagged differences which
were quite substantial in size. The explanation
lies in the stationarity assumption.
As discussed earlier, Kenny’s method of cor-

recting cross-lagged differences for differences
in uniqueness depends on the equality of all syn-
chronous correlations for a given pair of
measures after they have been corrected for at-
tenuation. When individual differences on one

measure are changing at a more rapid rate than
on another, such correlations cannot be equal.
Some readers may be disturbed by the lack of

tests of significance to support the fit of the
model to the observed cross-correlations. While
the simplex matrix provides a good fit both des-
criptively and statistically to intercorrelations of
measures over occasions, only a descriptive test
is available for the cross-correlations. Further-

more, the errors for some of these were fairly
large. Both constant and random errors are in-
volved.
The most probable source of large constant

errors is the procedure for estimation of speci-
ficities. The difference between an estimate of

reliability and a squared multiple correlation
represents one method of estimation, but it is

well known that squared multiples are lower
bound estimates of communalities. The error in
the specificity estimate also tends to be larger
the lower the reliability of the variable. The
model also requires estimates of true score cor-
relations in order to estimate reliabilities which

in turn are used in the diagonal factoring to ob-
tain correlations between fallible measures and

factors which represent the true scores of those

’There is no single term generally agreed to which covers the
gamut of so-called aptitude, ability, achievement, in-

formation, and intelligence tests. Cognitive may be a rea-
sonable choice for a generic term. More concretely, if the
reader is puzzled by our meaning, we are referring es-

sentially to tests which have correct answers; i.e., in which
there is some modicum of problem solving. Thus, the num-
ber of attempts on a highly speeded clerical test containing
very simple items might not qualify as a cognitive measure,
but a formula score involving a correction to numbers of cor-
rect answers based on the number of errors would qualify.
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Table 7

Reliability Estimates of the 16 Tests and the Composite
at Four Grade Levels for White Males and Females

measures. Whenever reliabilities are low to mod-

erate, corrections for measurement error are

made with a great deal more error than when re-
liabilities are high. Thus, the estimates of reli-
abilities used in this model fitting are relevant to
an evaluation of the goodness of fit. These re-
liabilities appear in Tables 7 and 8.

For some of the measures, there was a good
deal of variability in reliability from one oc-
casion to another. Since more than one test form
had to be used to span the grades represented in
these data, the best guess is that certain forms
were either too easy or too difficult at certain

grade levels. The appropriateness of difficulty
levels would vary from race to race and, for some
of the tests, from sex to sex as well. There were
also clear differences from test to test irrespec-

tive of grade. The TGI tests, being shorter, con-
sistently had lower reliabilities than the others.
The test of so-called Verbal Aptitude, as would
be expected, had consistently high reliabilities.
When the reliability estimates reported in

these tables are compared with the errors of fit
in Tables 3 through 6, there is an obvious rela-
tionship. Errors are smaller for the more reliable
tests of STEP and SCAT. Although errors

tended to be large for the TGI scores, the consis-
tency of results from test to test and from group
to group still allows one to have confidence in
the trends revealed.

Up to this point the data have been inter-
preted in the most conservative manner; i. e., in
terms of anticipation or being anticipated. This
choice does not mean that any causal relation-
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Table 8

Reliability Estimates of the 16 Tests and the Composite
at Four Grade Levels for Black Males and Females

ship has been precluded between tests that

anticipate the composite and tests that are

anticipated by the composite. A causal relation-
ship may be present, but it requires a design that
goes beyond the limits of longitudinal correla-
tional data. An hypothesis that specifies a causal
link between aural comprehension and intellec-
tual development in terms of attentive behaviors
in the home and in the classroom which are

tapped more directly by the Listening tests than
any other is plausible. A contrasting hypothesis
that aural comprehension is more closely tied to
a general factor, genetically determined, is also
plausible. Both hypotheses converge, however,
on a recommendation that more research should
be concentrated on measures of aural compre-
hension during cognitive development.
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