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An Empirical Inquiry into the Relationship between
Test Factor Structure and Test Hierarchical
Structure
William M. Bart

University of Minnesota

This study investigated whether or not test factor
structure indicates something about the test hierar-
chical structure. Two sets of items were located
such that one set of items was found to have

basically a two-factor structure. Two different
methods were used to establish the factor struc-
tures. These sets of item data were then analyzed
with a refined ordering-theoretic method to deter-
mine item hierarchies. No hierarchy structure was
found for either set of items. Thus, it is suggested
that test factor structure tells little, if anything,
about test hierarchical structure. A search for the
theoretical bases for these discrepancies is recom-
mended.

A central issue in psychometrics is the anal-
ysis of structure among dichotomously scored
items in a test. Test structure is conceived in two
basic forms: (1) test factor structure, which is the
system of continuous latent traits (factors or
dimensions) which the items measure and (2)
test hierarchical structure, which is the network
of prerequisite relations among the discrete
items. Latent trait statistical test theory has been
developed for the study of test factor structure
(e.g., Lord & Novick, 1968; Bock & Lieberman,
1970) and ordering theory has been developed
for the study of test hierarchical structure

(Airasian & Bart, 1973; Bart & Airasian, 1974;
Bart & Krus, 1973). Although any test of dichot-
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omously scored items has a factor structure and
a hierarchical structure, the relationship be-
tween the two types of test structure has not yet
been examined. To examine the relationship,
the question can be asked whether test factor
structure tells something about the test hier-
archical structure or whether test hierarchical
structure tells something about the test factor
structure. This study is intended to investigate
the first issue.

Method

A refined ordering-theoretic method to

determine test hierarchical structure was used in
this study and had two phases: (1) item response
patterns which had frequencies less than or

equal to some minimum and which had com-
bined frequencies less than or equal to some pre-
established percentage of the sample size were
deleted, as suggested by Airasian and Bart

(1973) and (2) inter-item prerequisite relations
were derived from the remaining item response
patterns, using the method of Bart and Krus
(1973) with a tolerance level of 0. This refined
method allows no item intransitivities anti-
thetical to the structure of a hierarchy and incor-
porates no infrequently occurring response pat-
terns.

As the data source, two sets of dichotomously
scored items were located to determine whether
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a unifactor set of items engendered a test hier-
archy with more inter-item prerequisite relations
than the test hierarchy for a two-factor set of
items. Response data for such sets of test items
were displayed and analyzed in a report by Bock
and Lieberman (1970) and were later reanalyzed
by Christoffersson (1975). One group of test
items consisted of five highly homogeneous
Figure Classification items with KR20 = .88 from
the Law School Admission Test (LSAT). The
other group of test items consisted of five some-
what more heterogeneous Debate items with
KR Zo = .76 from the same LSAT. The sample for
these data was 1,000 subjects, drawn from a
larger sample consisting of persons applying for
admission at various American universities and
stratified with respect to university and achieve-
ment level within universities.

Positive features of these data, as reported by
Christoffersson (1975), include a unifactor struc-
ture for the first set of items and a two-factor
structure for the second set of items. Other posi-
tive features are that the data involved (1) few
items, (2) a large subject sample, and (3) a sys-
tematic stratified sampling plan for response
pattern selection. Such features are ideal for

ordering theory, partly because hierarchy deter-
mination is very dependent on the number of
patterns used in the analysis. The greater the
sample size is in relation to the total number of
possible item response patterns (2&dquo;, with n being
the number of items), the greater the likelihood
is that the response patterns actually involved in
the test item hierarchy will have greater fre-

quencies than the response patterns attributable
to chance or error.
Bock and Lieberman (1970) used a chi-square

approximation for a likelihood-ratio statistic to
determine that the Figure Classification items
fitted a unifactor model (x2 = 21.28, d. f. = 21,
.40 < p < .50) but that the Debate items did not
(X2 = 31.59, d. f. = 21, .05 < p < .10). Christof-
fersson (1975), using a similar chi-square ap-
proximation, also determined that the Figure
Classification items fitted a unifactor model (x’
= 5.02, d;£ = 5, .40 < p < .50) and that the
Debate items did not (x2 =10.30, dJ: = 5, .05 < p

< .10). Christoffersson suggested that the De-
bate items fitted a two-factor model (X2 = .63,
d.f. = 1, .40 < p < .45) much better.

Results

The data sets were analyzed with the refined
ordering-theoretic method to determine item
hierarchies. Item response patterns with the
lowest frequencies which had combined fre-

quencies equal to or less than 3% of the sample
(or 30 subjects) were deleted, and inter-item pre-
requisite relations were sought; none were

found. The procedure was repeated with the re-
moval of 10% of the sample size (or 100 subjects)
which determined cut-off frequencies of 15 and
12 for the two data sets, respectively; again, no
prerequisite relations were found, i.e., no item
was located to be prerequisite to any other item.
Only after 129 subjects (or 12.9% of the sample)
and 21 distinctly different response patterns
which had frequencies less than 17 were deleted
from analysis, was even one inter-item prerequi-
site relation located among the Figure Classifi-
cation items. Similarly, only after 126 subjects
(or 12.6% of the sample) and 17 distinctly differ-
ent response patterns which had frequencies less
than 15 were deleted from analysis, was even one
inter-item prerequisite relation located among
the Debate items. Both sets of items indicated
no hierarchical structure, because inter-item

prerequisite relations were indicated even when
10% of the most infrequently occurring response
patterns were deleted.
The test data were then analyzed with the

Krus-Bart (1974) ordering-theoretic method of
multidimensional scaling in which subjects are
subdivided into subgroups so that items are

homogeneous within subgroups. In other words,
linear hierarchies (orders) among items deter-
mined by sub-samples of subjects are conceived
as discrete variables analogous to continuous
factors or latent traits for the items. These re-
sults are reported in Table 1.
The entries in Table 1 are order loadings and

provide a measure of association between items
and orders. An order loading is a non-correla-
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Table 1

Latent Structures for LSAT Items using the Krus-Bart Method

tional analogue in ordering theory to a principal
component correlation in principal components
analysis or to a factor loading in factor analysis.
The entry 562, referring to Item 1 of the Figure
Classification items and the first order for those

items, indicates that there were 562 instances in
the item data for the first and largest subgroup
of subjects in which Item 1 received a score of 1
and another of the five items received a score of

0. The entry 84, referring to Item 5 of the Debate
items and the fifth through the tenth orders for
those items, indicates that there were 84 in-

stances in the item data for the fifth through the
tenth subgroups of subjects in which Item 5 re-
ceived a score of 1 and another of the five items

received a score of 0.
The Figure Classification item data were

found to establish one prominent linear order
accounting for 59.4% of the subjects. The De-
bate items were found to have one prominent
linear order accounting for 56.5% of the sub-
jects. Second linear orders accounted for 13.4%
and 14.2% of the subjects for the two data sets,
respectively. The first four linear orders ac-

counted for 90.5% and 85.3% of the subjects for
the two data sets, respectively. The analyses of
the two data sets present a picture of one promi-
nent first linear order but no clear-cut uni-order
or two-order structure.
The refined ordering-theoretic and Krus-Bart

procedure established that neither item set had
either a hierarchical structure or a simple order
structure. To index the consistency of the order-
ing among each set of five items, the index ct3,
developed by Cliff (1977), was computed for
each item set; values of .119 and .266 for the

Figure Classification items and Debate items,
respectively, were produced. These values are
relatively low, indicating that the items in each
set are relatively independent of each other, thus
corroborating the lack of ordering structures in
the data sets from the analyses based on order-
ing theory.
To further examine the factor structure of the

item sets, a principal components analysis was
performed. In the analysis, the number of fac-
tors was limited to the number of eigenvalues
greater than 1.0. The results of this analysis are
presented in Table 2. Confirming the results of
Bock and Lieberman and those of Christof-

fersson, a single prominent principal component
is indicated for the Figure Classification items
and two prominent principal components are in-
dicated for the Debate items.
To reconcile the results from the use of the

Krus-Bart method of scaling with Bock and
Lieberman’s results, Christoffersson’s results,
and the principal components analysis, it is im-
portant to note that the Krus-Bart procedure be-
longs to a class of measurement models which
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Table 2

Principal Component Structures for LSAT Items

employ the dendrogram structure for a dimen-
sionality analysis. Typical of these measurement
models is that the obtained dimensions are not

necessarily orthogonal. A unifactor model can
still account for a major portion of the variance
even when, in the case of the Figure Classifica-
tion items, the first linear order accounts for
59.4% of the subjects and the second order ac-
counts for 13.4% of the. subjects. It is possible
that the oblique branches of a dendrogram can
be approximated by a common factor or dimen-
sion.
The results of the Krus-Bart procedure can

also be related to the item hierarchy analysis.
The Krus-Bart scaling of items indicated that
the two sets of items had no clear, simple order
structure. This result, coupled with the item
hierarchy analysis, suggests a hypothesis worthy
of future study-that absence of an order struc-
ture implies absence of a hierarchical structure.
However, the primary finding in this study
remains that sets of items with good, simple,
clear factor structures did not present clear,
simple hierarchical structures and good, simple
order structures.

Discussion

In this study, two sets of items were identified
as having clear and simple factor structures us-

ing principal components analysis and latent
trait-theoretic methods of Bock and Lieberman
and of Christoffersson. Data for the same sets of
items were then analyzed with procedures
emanating from the study of item ordering and
hierarchies, e.g., procedures of Airasian and
Bart, Bart and Krus, Cliff, and Krus and Bart.
These procedures established that both sets of
items had (1) no hierarchical structures, (2)
prominent first linear orders but no clear uni-
order or two-order structures, and (3) internal
inconsistency. One conclusion is that there is a
conceptual gap between latent trait theoretic

procedures and order theoretic procedures,
which needs to be bridged and understood. The
two main types of psychometric structure ex-
amined in this study appear to be quite distinct
from each other. Factor structures and hierar-
chical structures for tests cannot be simply
mapped into each other, as this study demon-
strates. It is to be hoped that this study, with its
negative results, will stimulate the analytic and
algebraic determination of how test factor struc-
ture relates to test hierarchical structure.

In summary, the empirical finding of dis-
crepancies between test factor structure and test
hierarchical structure is interesting. With some
data, test hierarchical structure resembles the
test factor structure, while with other types of
data, the resemblance is lost. In this context,
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and partly because many cases of multifactor
tests engendering no hierarchical structure
would be expected, the main conclusion of this
study-that the factor structure of a test does
not indicate anything about the hierarchy of a
test-is indeed a strong conclusion. Perhaps
these results will then stimulate the search for
theoretical bases of these discrepancies. The al-
ternative issue, whether or not test hierarchical
structure indicates anything about test factor
structure, still remains to be investigated in the
examination of the relationship between the two
test structures.
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