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Logical Basis of Dimensionality
David J. Krus
Arizona State University

The isolation of dimensions from a data matrix
has been traditionally formulated in terms of an al-
gebraic or geometric model. Order analysis was de-
veloped as a method of multidimensional analysis
and scaling based on the theory of Boolean algebra.
The order analytic algorithm utilizes functions of
the propositional calculus in lieu of eigenvalues and
eigenvectors of the general linear model. Also, the
graphic presentation of latent space in coordinates
of the Euclidian space is paralleled in ordering-
theoretic models by dendrograms of the test space.
A conceptual outline of order analysis is presented,
followed by an empirical comparison of factor and
order analysis solutions of a sample data problem.
Resulting factor and order analytic structures are
evaluated in terms of meeting criteria of simple
structure and correct reflection of broad cognitive
categories. In addition, the relations of proximity
and dominance are discussed from the perspectives
of both Cartesian and Leibnitzian theories of di-

mensionality as pertaining to problems of multi-
variate analysis and scaling.

Mathematicians of ancient Greece visualized
a variable as a length of some line segment, the
product of two variables as an area of a plane,
and the product of three variables as a volume of
some object. The analytic geometry of Fermat
and Descartes provided for geometric represen-
tations not only for cubics, but also for equa-
tions of higher degree. Most contemporary
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models of multivariate analysis were derived
from postulates of Cartesian geometry de-

scribing combinations of subspaces within a

hyperspace. In psychology, the hyperspaces
most frequently analyzed correspond to cogni-
tive structures of an individual or a group of in-

dividuals.

There has been a parallel development in at-
tempts to describe cognitive structures along the
lines of formal logic. Thus Leibnitz’s

(1677/1951) characteristica universalis and an

algebra of reasoning (calculus ratiocinator) rep-
resented early attempts to develop a formal
model of human cognitive space. Leibnitz’s
ideas experienced a rebirth in the writings of
Augustus De Morgan (1847/1968) and George
Boole (1854/1958); they were further elaborated
by Russell and Whitehead (1910/1925) and by
numerous contemporary logicians. In Russell’s
writings, Leibnitz’s first axiom of transitivity G4
contains B and B contains C; therefore A con-
tains C; Leibnitz, 1679/1951, p. 26) was em-

ployed as a basis for the definition of an order
relation. The order relation also constituted a

foundation of the dimensionality concept within
the formal logic framework. Discussing the

properties of an order relation, Russell

(1919/1971, p. 29) concluded that &dquo;dimensions
... are a development of order&dquo; and that &dquo;order
depends upon transitive asymmetrical relations&dquo;
(Russell, 1903/1938, p. 219).
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Some implications of Leibnitz’s first axiom
for the theory of dimensionality, as developed
within the area of psychological measurement,
can be considered. In formal logic, the implica-
tion function (-) is defined as false if, and only
if, the conclusion is false. The conjunctive func-
tion (&) is defined as true if, and only if, both
arguments are true. Applying these two func-
tions to a binary data matrix containing all pos-
sible response patterns for three items, the im-

plicative part of Leibnitz’s first axiom can be
written as in Table 1. The data matrix (first
three columns) was evaluated by the implicative
functions in columns 4 and 6, and the overall
truth value of the implicative chain was evalu-
ated by the conjunctive function in column 5.
The response pattern compatible with the pro-
posed logical structure (i.e., having the truth
values in column 5 equal to one) resulted in a re-
sponse pattern, as shown in the last three
columns of Table 1. This response pattern also

underlies a unidimensional Guttman scale

(Guttman, 1941).
A recent revival of interest in the formal logic-

based methods of data analysis can be observed
(e.g., Ducamp & Falmagne, 1969; Airasian &

Bart, 1973; van Leeuwe, 1974; Cliff, 1977).

Among various methods developed within this
context, order analysis (Krus & Bart, 1974;
Krus, 1977) attempts to isolate the logical orders
among variables in a hyperspace and to model
formal structures in a way analogous to cogni-
tive structuring of data by a set of primitive logi-
cal processes.
The computational algorithm of the probabi-

listic model of order analysis has been described
elsewhere (Krus, 1977). The purpose of the pres-
ent article is to present an illustration of the pro-
cedure on a set of real data and a comparison
with factor analysis, the main representative of
the analytic-geometry-based series of models for
multivariate data analysis.

Table 1
Construction of Unidimensional Response Pattern,

Compatible with the Order Relation
( alb ) & ( B~C )

Reproduced from Krus (1977) with permission from the publishers
of Educational and Psychological Measurement.
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Method

A checklist labeled the Marital Adjustment
Inventory was constructed from items developed
by Knapp (1960) for his Conscience scale. This
checklist of concepts (see Tables 2 and 3) was
administered to 33 subjects participating in a
marital counseling program (mean age 26 years,
SD=6.2).
The subjects were administered the Marital

Adjustment Inventory with the following in-
structions :

&dquo;Below are a number of images which
might be used to describe your spouse.
Please indicate, by pressing the 1 or 0 key,
the capacity of those images to describe
some of your feelings toward your marital
partner. &dquo;

The check list was administered via a com-

puter CRT terminal with responses directly re-
corded on the mass data storage device.

Results

As a first step in the analysis, the binary data
matrix of responses to the Marital Adjustment
Inventory was intercorrelated using phi coeffi-
cients. The resulting correlation matrix was fac-
tor analyzed by the principal factors method.
Communalities were estimated by Offs (1936)
method of squared multiple correlations; the
initial estimate was improved by iterations. The
number of factors to be extracted was deter-

mined from a preliminary principal components
solution by Kaiser’s (1960) rule. The factor

matrix was rotated by Kaiser’s Varimax (1958),
as reported in Table 2. Eight retained eigenvec-
tors of the preliminary principal components
solution accounted for 80% of the total variation
of the correlation matrix. The final eigenvalues
of the principal factor solution ranged from 7.06
to .69, accounting for 39.7, 16.8, 12.8, 9.3, 6.7,
6.1, 4.7, and 3.9% of variance of the reduced
variance space of the correlation matrix.

Inspection of Table 2 reveals two factors in-
dexing positive and negative feelings toward
one’s spouse; the third factor suggests protective

and stability feelings; and the remaining five
factors are open to varied interpretations, which
will not be attempted here.
The parallel order analysis of the same data

was commenced in the second step by com-
puting the dominance matrices for both the at-
tributes (rated concepts) and entities (subjects)
of the data matrix. The analysis of the dendro-
gram adjacent to the dominance matrix for enti-
ties allowed for isolation of eight dimensions, ac-
counting for 27.3, 18.2, 18.2, 12.1, 9.1, 6.1, 6.1,
and 3.0% of the variance of their corresponding
dominance matrix.

Reconstruction of the total logical space was
attempted at the a = .70 level’, resulting in re-
duction of the logical space to five dimensions
(as reported in Table 3). As in factor analysis,
this solution was rotated by Kaiser’s Varimax
method. Moreover, the matrix of order loadings
was rescaled relative to the point of highest in-
formation density. Thus, when inspecting Table
3, it is important to keep in mind that order
loadings are only structural analogues of factor
loadings. For example, the order loading of 1.00
for the rated concept of &dquo;lighthouse&dquo; on the first
dimension indexes the highest information den-
sity point (isolated by order analysis as several
thousand bits); this does not mean that 100% of
variance was accounted for by this variable, as
would be signified by a factor loading.

Interpretation of the resulting dimensions was
attempted as follows: The first dimension in-
dexed the positive, and the second dimension
the negative, feelings toward the marital part-
ner. The third dimension suggested the feelings
of being tied down and captured by the spouse,
while the fourth dimension hinged on feelings of
marital security and protection. As in the case of

’Order analysis at a specific &alpha; level selects for analysis only
order with probability equal to or greater than &alpha; of being in a
certain direction. Thus, for example, order analysis at the
.70 level includes in the analysis orders with probabilities
greater than or equal to .70 to extend in the direction sug-
gested by branches of their corresponding dendrogram (cf.
Krus, 1977).
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factor analysis, interpretation of the fifth dimen-
sion based on only two items was not attempted.
As observed in these analyses, matrices of

factor and order loadings revealed considerable
structural similarities. Both solutions conformed
to the majority of Thurstone’s (1947, pp.
319-346) criteria for simple structure. The com-
plexity of each factor or dimension was less than
the complexity of the analyzed data matrix as a
whole; and the rows and columns of both factor
and order matrices followed a pattern of high vs.
low factor and order loadings, indicating pres-
ence of sets of linearly independent variables
and underlying simple orders.
Of interest is the percentage of variance ac-

counted for by the eigenvalues of the factor
analytic solution and by the extraction indices of
order analysis. Although both methods original-
ly suggested the presence of eight dimensions,
the highest order analytic index of extraction
was 27.3%, while the highest eigenvalue of the
factor analytic solution accounted for 39.7% of
variance. The more equally distributed variance
of the order analytic solution suggests the pres-
ence of an oblique simple order, as compared
with the orthogonal simple structure of the
factor analytic solution.

Inspection of order loadings shows that nearly
all order loadings were positive and, therefore,
that all dimensions were defined by a positive
hyperplane. This finding, together with the dis-
tribution of the extraction indices, indicated the
presence of the oblique positive manifold. On
the other hand, the frequent occurrence of nega-
tive factor loadings in the factor analytic solu-
tion indicated the absence of the orthogonal
positive manifold, which presents some prob-
lems with the interpretation of factors (e.g., in
Factor 5, what does the opposite of a &dquo;secret

map&dquo; stand for?).

Discussion

To date, several comparisons of factor and
order analytic structures have been attempted.
Parallel factor and order analysis of Thurstone’s

(1947, pp. 140-143) &dquo;box problem&dquo; suggested
that the results of these methods are nearly
identical. The largest discrepancies between
order and factor analytic solutions were found
on reanalysis of Armstrong and Soelberg’s
(1968) &dquo;random data experiment&dquo; in which the
resulting structures were not comparable at all.
In the latter case, discrepancies between the
analyses were ascribed to inferential routines
used by order analysis (cf. Krus & Weiss, 1976).

Results of the present analysis suggest partial
comparability of order and factor analytic solu-
tions. The question which arises is whether or

not the factor and order analytic structures are
comparable at all; and if they are, why are there
variations between the particular comparisons?
An immediate question in this respect per-

tains to the orthogonal vs. oblique types of ex-
tracted dimensions obtained in the present
analyses. In a typical factor analytic solution,
the extracted principal components (or factors)
are orthogonal and are rotated into an ortho-
gonal or oblique structure, depending upon the
researcher’s perception of the structural require-
ments of the solution. In order analysis, the ex-
tracted dimensions are intrinsically neither

orthogonal nor oblique. Since the dimensionali-
ty of a data set is determined in order analysis on
the basis of connected, asymmetric, and transi-
tive relations as observed among the data ele-
ments, the order analytic solution can be either
orthogonal or oblique, depending on the char-
acter of the data analyzed. Due to the prevalence
of &dquo;positive manifold&dquo; data sets in social re-

search, most order analytic solutions originally
will be oblique. However, a researcher can stress
the orthogonality or obliqueness of the final

solution by selection of an appropriate method
of rotation. As Harman commented, (1967, p.
314) &dquo;an orthogonal (or near-orthogonal) solu-
tion may result out of the more general oblique
conditions if, in fact, the ’best’ solution should
tend toward orthogonality&dquo; and, as can be

reasoned, vice-versa.
While both factor and order analysis purport

to analyze data structures, factor analysis
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typically analyzes structures based on matrices
of coefficients of correlation, while order analy-
sis was designed primarily for analysis of

matrices of dominance coefficients. For the

binary case, let the frequencies of response pat-
terns between two variables, X and Y, be written
as a, b, c, and d, where a, b, c, and d stand for a

frequency of the (1,1), (0,0), (1,0), and (0,1) re-
sponse patterns, respectively. Using this nota-
tion, Yule’s (1907) formula for the product-mo-
ment coefficient of correlation in a binary form
can be written as

Using the same notation, the formula used in
the probabilistic model of order analysis (Krus,
1977, p. 589) for estimation of dominance coeffi-
cients can be written as

Unlike the phi coefficient, the delta coefficient
uses only (1,0) and (0,1) response pattern
frequencies.
While this difference in itself seems to pre-

clude comparisons of factor and order analysis,
one has only to recall the practice of reflection of
variables in Burt’s (1917) centroid method of
factor analysis to realize the structural relativity
of the a, b, c, and d response patterns. Since the
reflection of a variable in the origin is accom-

plished merely by changing the signs of the cor-
relations of that variable in the correlation

matrix, in the case of binary variables this is

equivalent to changing frequencies of a’s and b’s
to frequencies of c’s and d’s and vice-versa.

This relative structural fluidity of a, b, c, and
d types of response patterns poses one of the ma-
jor problems for interpretation of comparisons
between factor analysis and order analysis. On

the semantic level, a and b response patterns
(1,1 and 0,0) can be labeled as a proximity type;
and c and d (1,0 and 0,1), as a dominance type
(cf. Coombs, 1964/1976, pp.515-520). In factor
analysis, the difference between proximity and
dominance relational types is formed (as by
Equation 1); and the resulting factorial dimen-
sion is interpreted in terms of intercluster prox-
imities of the analyzed variables, independently
of whether these proximities were generated by
relations of proximity, dominance, or both.

In order analysis, a direction hypothesis is

formed, and the data matrix is analyzed with re-
spect to dominance relations only. Thus, order
analysis can be either similar or dissimilar to
factor analysis, depending on the character of
the data analyzed.
The above observations have relevance for the

theory of dimensionality. According to Harman
(1967, p. 4), &dquo;the principal concern of factor
analysis is the resolution of a set of variables

linearly in terms of (usually) a small number of
categories or ‘factors.&dquo;’ The categorization
problem implies the search for data proximities
at the factor extraction level. Nevertheless, the
classification of factor analysis into a &dquo;proximity
type&dquo; of model would not be quite correct, since
on the item level both relationships of proximity
and dominance are taken into consideration.
These relations are, however, not explicitly
recognized and are treated in an order-inde-

pendent (i.e., nondirectional) way. The concep-
tual differences between dimensions as defined

by a factor analytic solution and an order ana-
lytic one thus can be summarized as follows:
The dimensions derived by factor analysis are
based on both proximity and dominance rela-
tions at the item level and only on proximity re-
lations at the factor extraction level. The dimen-
sions extracted by order analysis are based solely
on dominance relations at both item and factor
extraction levels.

The Cartesian theory of dimensionality
(defined in terms of geometric distances between
points in the test space), as well as the Leib-
nitzian theory of dimensionality (defined in
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terms of order-generative connected, transitive,
and asymmetric relations), could be comple-
mented on the basis of these findings. This could
potentially result in construction of more

powerful methods for multivariate analysis and
scaling. This type of theoretical inference would
necessitate the explicit recognition of order-de-
pendent and order-independent relations of

proximity and dominance and, among other
things, the development of a method, analogous
to Pearson’s (1901) method of principal axes,
pertaining to extraction of dimensions from
structures based on order-dependent dominance
relations. A preliminary algorithm for a prox-
imity-dominance type of order analysis based on
the above theoretical considerations was recently
proposed by Krus (1978).
The comparative analysis of Leibnitzian and

Cartesian theories of dimensionality, as ap-
proached here by a series of factor and order
analytic comparisons, seems to bear relevance to
both theoretical and practical problems in the
area of joint multivariate analysis and scaling.
Only a few facets of this comparison were
addressed in the present discussion. Further

theoretical and experimental work in this area is
needed to bring forth discoveries of new rela-
tionships and formulations of new measurement
algorithms.
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