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Abstract.

This dissertation consists of two essays. In the first essay we analyze the
role of frictions in the pattern of intergenerational transfers. Simple theo-
ries about why parents give money to their children fail to explain a central
puzzle in inter-generational transfers: While they are alive, parents give
more money to their poorer children. When they leave bequests, most par-
ents divide money equally among their children regardless of their income.
We develop a model in which parents cannot observe their children’s pro-
ductivity. We show that parents differentiate between gifts and bequests to
help their children more effectively. Parents are able to use future income
uncertainty to provide the children with more help and better incentives.
We show that in our model poor children get more in gifts than richer chil-
dren and bequests are equal for all children under some parameterizations.
We build a richer quantitative model to compare the explanatory power
of our model as compared with a frictionless environment when parame-
ters are picked to match US income and wealth data. We find that our
model significantly reduces the costs needed to rationalize equal division of
bequests relative to a frictionless environment.

In the second essay we analyze the role of financial frictions in high asset
price volatility. Existing dynamic general equilibrium models have have not
been fully successful at explaining the high volatility of asset prices that we
observe in the data. We construct a general equilibrium model with het-
erogeneous firms and financial frictions that addresses this issue. In each
period only a fraction of firms can start new projects, which cannot be fully
financed externally due to a financial constraint. We allow the tightness of
the financial constraint to vary over time. Fluctuations in the tightness of
the financial constraint result in fluctuations in the supply of equity and
consequently in the price of equity. We calibrate the model to the U.S. data
to assess the quantitative importance of fluctuations in the tightness of the
financial constraint. The model generates a volatility in the price of equity
comparable to the aggregate stock market while also fitting key aspects of
the behavior of aggregate quantities.
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1. Chapter: Tough Love for Lazy Kids: Dynamic Insurance and

Equal Bequests

1.1. Introduction. 1

Inter-generational transfers are a major feature of the modern economy, pos-

sibly accounting for 50% or more of the US capital stock (Gale and Scholz,

1994). Transfers from parents to kids play a vital role in explaining wealth

distribution, consumption insurance, and other major features of economic

life. Yet the empirical evidence about the way parents distribute money has

defied explanation. In empirical studies, bequests tend to be divided equally

among children independent of their income. Wilhelm (1996) finds that 76.6%

of bequests are divided almost evenly (within 2% of the mean) across children.

McGarry (1999) and Light and McGarry (2004) report similar numbers using

survey data. While they are alive, by contrast, parents give more to their

children who are worse-off. Altonji et al. (1997) find that when parents are $1

richer and children $1 poorer parents will give their children an extra $0.13.

McGarry and Schoeni (1994, 1995) find that lower income increases both the

probability and size of an inter-vivos transfer (henceforth: a gift). The same

pattern has been documented in other developed countries.

Why do parents give more money to their poorer children while they are

alive, but divide bequests equally? We explain this behavior as the result of a

dynamic insurance problem. Our model is a variation on the standard Mirrlees

model. In the model children’s income is a combination of productivity, which

they are given, and effort, which they choose. Parents know their children’s

income but not their productivity or effort. An altruistic parent wants to help

her unlucky low-productivity children, but she can not distinguish between

hard working, low-productivity children and lazy high-productivity children.

If she gives too much money to low-income children, she encourages high-

productivity children to slack off, earn a low income, and receive the transfer.

Her best option is to give more money to her lower income children, but not

as much as she would if she could see her children’s productivity and effort.

A parent could determine gifts and bequests separately, handing out the

same bequest and gift to a given child. By the logic outlined above poorer

1This chapter is coauthored with Kevin Wiseman.
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children would get both a higher gift and a higher bequest than their richer

siblings. However the parent can do better by thinking about gifts and be-

quests together. Early in life children face significant uncertainty about their

future productivity, which the parent can take advantage of. Productive chil-

dren will be relatively more concerned about the size of their bequest, because

they may be less productive in the future. Less-productive children will be

more concerned about the size of their gift, since they are likely to be more

productive in the future. Therefore the parent can make the best use of her as-

sets by giving relatively more to her poor children through gifts and relatively

more to her rich children through bequests. Happily, this timing provides bet-

ter incentives as well, delivering money to the poor children when the richer

children are less tempted to pretend that they are unproductive, and less when

they are more so.

This is the basic intuition for the forces at work in our model. Gifts are

distributed more progressively, in the sense of more money going to poorer

children, than bequests. Bequests may be progressive, regressive or equal

depending on the level of productivity persistence. In a simple model with

two possible levels of productivity we find that there is a level of persistence

at which bequests are exactly equal.

Considering the critical role of persistence in our explanation, we also quanti-

tatively explore a richer model with many productivity types and productivity

persistence pinned down by the US data. The basic forces from the simpler

model, and the greater progressiveness of gifts, still hold, but bequests are

not exactly equal in all families. To measure how far from equal they are we

compute the average welfare loss of equal division. This measure is defined

as the difference, in consumption units, between the welfare of a parent who

can divide bequests as she wants and the welfare of a parent who must divide

bequests equally. The welfare loss is much smaller in our model than in a

perfect altruism model. Thus dynamic insurance helps explain exactly equal

division in the data as a rule-of-thumb phenomenon, or as a response to small

costs associated with unequal division.

This chapter is organized in the following way. In the next section we provide

a more detailed summary of the puzzle in the empirical literature, an overview

of papers that have tried to explain this puzzle, and this essay’s place in the
2



dynamic insurance literature. Section 1.3 introduces a simple version of the

model to derive some analytical results, highlight the forces at work in the

model, and consider the model’s robustness to a number of extensions. Sec-

tion 1.4 quantitatively compares a richer version of the model to data, and

measures the explanatory power of the model in this context. Section 1.5 con-

cludes.

1.2. Related Literature.

The empirical literature on inter-generational transfers followed in the wake

of Becker’s ‘rotten kid’ theorem and Barro’s dynastic Ricardian equivalence

result (Becker, 1976; Barro, 1976). These models imply that poorer children

will receive much more than their richer siblings, in fact parents will completely

offset differences in child income. Empirical studies do not support these

predictions. Wilhelm (1996) finds in a sample of estate tax records that 76.6%

of bequests are divided almost evenly (within 2% of the mean) across children.

McGarry (1999) finds that 83% of respondent’s wills that include children are

reported to treat all children about equally in the Asset and Health Dynamics

Study survey (AHEAD). Light and McGarry (2004) find that 92.1% of mothers

who have a will say that their estate will be divided equally among their

children in the 1999 National Longitudinal Surveys (NLS) of Mature Women

and Young Women.

Recent empirical work documents a very different pattern of transfers while

parents are alive. Altonji et al. (1997) study the ‘transfer derivative,’ the extra

amount of money that a parent gives a child when the parent is one dollar

richer and the child is one dollar poorer. A pure altruism model implies that

the parent would transfer an extra dollar to the child, but they find that the

value is $0.13 in data from the Panel Study of Income Dynamics (PSID). This

result rejects a pure altruism model, but also rejects non-altruistic preferences

which predict a zero or even a negative value for the derivative. McGarry and

Schoeni find that lower income increases both the probability and size of an

inter-vivos transfer from parents in Health and Retirement Survey (1994) and

AHEAD data (1995). Other empirical work has documented the same pattern
3



for both bequests in France and Japan (Arrondel and Masson, 2002, Horioka,

2009), and for gifts in Sweden (Hochguertel and Ohlsson, 2000).

Although the facts we address in this essay have been described as a puzzle

as recently as 2007 (Ohlsson, 2007), we know of two other models which at-

tempt to explain the evidence from both gifts and bequests. McGarry (1999)

studies a one-parent, one-child model with income uncertainty and perfect-

information. She shows that gifts are progressive, but bequests may be equal

or even regressive depending on parameters. In her model, children who are

rich at the time bequests are determined are likely to have been rich when gifts

were handed out. In this case their parents did not give them as much money

in the first period and have more to offer now. This family wealth effect may

dominate parents’ insurance motive, and a rich child in one family will receive

as much or more than a poor child in another. But this result does not explain

the puzzle in the data which concerns children in the same family. If we add a

second child to McGarry’s model, the wealth effect will be the same for both

children and the within-family distribution of bequests will be the strongly

progressive one implied by pure altruism. Our basic result is true in a simple

model with no family-level wealth effects, although we extend these results to

one with wealth effects for the sake of realism.

Bernheim and Severinov (2001) address the equal-division puzzle with a

more significant departure from current models. Parents love some children

more than others, and children care about how much the parents love them

relative to their siblings. Parents divide bequests equally under some param-

eterizations in order to avoid signalling their preferences. Although it is not

formally treated, they suggest that the same model could also explain pro-

gressive distribution of gifts by exploiting the fact that bequests are publicly

known to all children while gifts may be private. Such an extension would

imply a perfectly compensatory distribution of gifts as in the perfect altruism

model unless an incentive component is also introduced. Our model achieves

a similar result with just this incentive problem. We find that equal division

of bequests can be explained in the presence of small costs of unequal division.

The Bernheim-Severinov model is a candidate explanation for one origin of

those costs.
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The forces in our model are common to a wide range of dynamic insurance

problems. Written recursively these models find that in the face of income or

productivity uncertainty, unlucky types receive a larger transfer today, bal-

anced by a reduction in expected future welfare (see e.g. Thomas and Worall,

1990). Put simply, for agents with the same promised welfare, current trans-

fers are progressive and future welfare is regressive. In our model expected

future welfare is determined by bequests and future productivity. For low lev-

els of persistence, expected future productivity is similar and bequests must

be regressive to generate regressive expected welfare. For high persistence,

expected productivity is very different, and bequests may be progressive.

1.3. Simple Model.

We consider the problem of a parent who distributes gifts and bequests that

depend on her children’s income, g(y), b(y), to maximize their welfare.2 In this

section we characterize a stylized model of the parent’s choice with 2 types

of children and no wealth effects to highlight the basic forces at work in the

parent’s decision and derive analytical results cleanly. Most of these results

hold in the richer model which we compare with data in section 1.4.

1.3.1. Children.

Parents have a unit mass of children so that no child’s individual choice of

output affects the total family resources. Each child draws a productivity

type zi ∈ {zL, zH} with probability .5, and can produce output from labor

effort linearly, y = z`. Probabilities are i.i.d. and we assume that the law of

large numbers holds so that half the children are of each type.

A child’s utility is additively separable in first period consumption, first

period labor, and expected utility from bequests: u(c) − v(y/z) + W (b, z),

where b is bequest and z first period’s productivity. In this section we assume

for simplicity that children do not save on their own. We extend the model

to account for children’s savings in section 1.3.4. We assume u′ > 0, u′′ < 0,

u′(∞) = 0, u′(0) =∞, v′ > 0, v′′ > 0, v′(0) = 0, v′(∞) =∞.

2We adopt the convention of a female parent and male children for clarity.
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The child survives into the second period, realizes his second period produc-

tivity z′, and solves an autarky problem:

(1.1) W(b, z′) = max
c,y

u(c)− v(y/z′) s.t. c ≤ y + b

We restrict attention to symmetric transition matrices so that the probabil-

ity of being the same productivity type in both periods is π for both types,

and the probability of switching types is 1 − π. So W (b, z) is the expected

value of a bequest conditional on first period productivity.

(1.2) W (b, zi) = πW(b, zi) + (1− π)W(b, zj)

We show in the appendix, section A.1 that W (b, z) is strictly increasing and

strictly concave in b and Wb(b, z) is strictly decreasing in z for π > 1
2
.

1.3.2. Parent’s Problem.

We assume that the parent observes her children’s income, but she does not

observe their skill and effort level. At the beginning of the first period the

parent has assets, A, to distribute among her kids. She designs a schedule

of gifts and bequests as a function of her children’s income to maximize the

sum of the two types’ utilities. Given this schedule, the children decide how

much output to produce. They then consume their output plus the gift that

they receive and carry the bequest into the next period. Formally, the parent

chooses functions g, b : <+ −→ < to solve the following problem, which we

will denote P1:

P1 := max
g,b

∑
i∈{H,L}

1

2
[u(g(yi) + yi)− v(yi/zi) +W (b(yi), zi)] s.t.

1

2
[g(yH) + b(yH)] +

1

2
[g(yL) + b(yL)] ≤ A(1.3)

∀i : yi ∈ argmaxyu(g(y) + y)− v(y/zi) +W (b(y), zi)(1.4)

By a version of the revelation principle we can equivalently think of a parent

picking consumption, output, and bequests directly, as long as her children are

willing to truthfully report their types under this allocation. This equivalent

problem is simpler and more direct to characterize, and we will make extensive

use of it.

6



Revelation Principle

We show that we can think of the parent as picking allocations directly by

type, c(z), y(z), b(z), subject to incentive compatibility constraints.

Define the set Y (b, g) to be the set of vectors of output (for each type)

consistent with transfer schedules g, b:

Y (g, b) := {y s.t.
∑

i∈{H,L}

1

2
[g(yi) + b(yi)] ≤ A and

∀i : yi ∈ argmaxyu(g(y) + y)− v(y/zi) +W (b(y), zi)}

Now we define a maximization problem P2 in which the parent chooses an

allocation, i.e. gifts, output, and bequests directly as functions of children’s

type zi (e.g. gi denotes the gift for type zi). The parent maximizes a weighted

sum of the utilities of her children subject to a family-wide budget constraint

and incentive compatibility constraints:

P2 := max
(gi,yi,bi)i

∑
i∈{H,L}

1

2
[u(yi + gi)− v(yi/zi) +W (bi, zi)] s.t.

∑
i

1

2
(gi + bi) ≤ A(1.5)

∀i, j :(1.6)

u(yi + gi)− v(yi/zi) +W (bi, zi) ≥ u(gj + yj)− v(yj/zi) +W (bj, zi)

We will focus on allocations that solve P2. In the following theorem we

justify that by showing that problems P1 and P2 are equivalent in the sense

that any allocation implied by a solution to P1 solves P2 and any allocation

that solves P2 can be recovered from a solution to P1.

Proposition 1.1.

(1) Suppose that an allocation (g2
i , y

2
i , b

2
i )i solves P2. Then ∃ functions

g∗, b∗ and ∃y1 ∈ Y (g∗, b∗) s.t. g∗, b∗ solve problem P1 and

(g∗(yi), y
1
i , b
∗(yi))i = (g2

i , y
2
i , b

2
i )i.

(2) Suppose that functions g∗, b∗ solve P1. Then ∀y1 ∈ Y (g∗, b∗) we have

that (g2
i , y

2
i , b

2
i )i := (g∗(yi), y

1
i , b
∗(yi))i solves P2.
7



We prove the proposition in the appendix, section A.2. For the purpose of

our exposition we find it useful to rewrite problem P2 as a problem in which

the parent designs a schedule of consumption, output, and bequests rather

than gifts, output, and bequests. Therefore we will consider the following

problem for two possible types:

max
(ci,yi,bi)i

∑
i∈{H,L}

1

2
[u(ci)− v(yi/zi) +W (bi, zi)] s.t.(1.7)

∑
i∈{H,L}

1

2
(ci + bi) ≤

∑
i∈{H,L}

πiyi + A(1.8)

∀i, j u(ci)− v(yi/zi) +W (bi, zi) ≥ u(cj)− v(yj/zi) +W (bj, zi)(1.9)

1.3.3. Characterization.

We are looking for a model which generates a distribution of gifts which is

progressive but not as progressive as that under pure altruism, while bequests

are nearly equal. Without the incentive constraints the solution to the parent’s

problem is stark. The parent’s first order conditions yield u′(cH) = λ = u′(cL),

hence cH = cL, where λ is the Lagrange multiplier on the budget constraint.

This is the sense in which altruistic preferences imply that income differences

will be completely offset.

We show in the appendix, section A.5, that for the cases of interest only the

constraint preventing the high type from pretending to be the low type binds

at the solution to the parent’s problem. Solving the problem with just this

constraint yields the condition u′(cH) = λ
1+µ

< λ
1−µ = u′(cL), hence cH > cL,

where µ is the Lagrange multiplier on the high type’s incentive compatibil-

ity constraint. µ represents the intensity with which the incentive constraint

binds, a measure of the need to provide incentives. This imperative prevents

perfect compensation with gifts in our model.

How far does this imperative go? We show in the appendix, section A.3 that

overall transfers, g + b, are progressive. The need to provide incentives con-

strains but does not override the parent’s wish to compensate poorer children.
8



To establish that gifts alone are progressive, however, we need to characterize

bequests. In the remainder of this section we state and provide intuition for a

sequence of lemmas in service of the following proposition.

Proposition 1.2. There exists a level of persistence π∗ ∈ (.5, 1) under which

gL > gH and bL = bH .

The proof of this proposition highlights the importance of uncertainty of

the child’s future income in our model. When there is no income persistence,

π = .5, each type has the same chance of being a high or low type in the

following period, both types feel the same way about bequests for tomorrow.

We saw earlier that when both types get the same utility from consumption,

consumption is unevenly distributed. Here both children get the same expected

utility from bequests, so the parents use bequests to help provide incentives,

giving more to the richer child but asking him to produce more in the first

period.

When persistence is perfect, π = 1, both types know that they will be the

same type next period as they are today. In this case both types care as much

about tomorrow as today, incentives are not concentrated in either period so

both gifts and bequests are progressive. For intermediate levels of persistence

both effects are at work and bequests are about equal, and for some level

they are exactly equal. Below is a typical graph of each type’s bequests as a

function of π.

9



Figure 1. Persistence and Distribution of Bequests
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We prove this result for u with non-increasing absolute risk aversion (NIARA),

v CARA or CRRA, and zL in a neighborhood around zero. Numerically,

it appears to be true for a much broader class of utility functions and any

zL < zH .

Lemma 1.3. Total transfers are progressive: gL + bL > gH + bH .

Proof: See appendix section A.3.

This result is a reflection of the the parent’s insurance motive. Incentive

problems constrain but do not reverse this motive.

Lemma 1.4. Under no persistence, π = .5, bequests are regressive, bL < bH .

Proof: No persistence implies that the expected value of bequests is inde-

pendent of today’s type, W (b, zL) = W (b, zH) = W (b). Thus we can use the

same arguments as we did for consumption. The first order conditions yield

Wb(bH) = λ
1+µ

< λ
1−µ = Wb(bL), which implies bH > bL.

Lemma 1.5. Policy functions are continuous in π and zL if u has NIARA,

and v has CARA or CRRA.
10



Proof: See the appendix, section A.4. The maximum theorem guarantees

upper hemi-continuity. We need assumptions on the utility functions to show

that policies are single valued everywhere. We can relax our assumptions on

v, and simply assume that it is NDRRA if we also assume that W is NIARA.

Our stronger assumptions on v are sufficient to show that W is NIARA.

Lemma 1.6. Under perfect persistence, π = 1, and for zL in a neighborhood

around zero, bequests are progressive, bL > bH .

Proof: Suppose the low type is disabled, i.e. zL = 0. Then he consumes

only g so that c1
L = gL, c2

L = bL. Since π = 1, W (b, zi) = W(b, zi) and

Wb(bL, zH) < Wb(bL, zL) as established in the appendix section A.1 we have

the result where superscripts refer to periods:

u′(c1
L) =

λ

1− µ
>

λ

1− µWb(bL,zH)
Wb(bL,zL)

= Wb(bL, zL) = u′(c2
L)

So c1
L < c2

L hence gL < bL. The high type’s first order conditions are undis-

torted, he smooths consumption and output, c1
H = c2

H , y1
H = y2

H , so gH = bH .

From overall progressiveness (lemma 1.3) we have 2bH = gH + bH < gL + bL <

2bL which proves our theorem. Continuity of policies in zL (lemma 1.5) guar-

antees that this will be true in a neighborhood around zL = 0. Numerically

we always find that this neighborhood is [0, zH). �

We have that bH − bL > 0 for π = .5 and bH − bL < 0 for π = 1 under the

assumptions of the lemmas above. Since policy functions are continuous in π,

there exists a π∗ such that bH = bL = 0 by the intermediate value theorem.

By lemma 1.3 this implies that gifts are progressive. This finishes the proof of

the proposition. �

1.3.4. Extensions.

This simple two period, two type, many kids model highlights the basic forces

driving apart gifts and bequests with a minimum of distractions. In this

section we consider several extensions to this model which add realism or are

prominent features of related models in the literature.

First, we modify the model so that the parent has two children, indexed by 1

and 2. The state of the family (ij) defines productivity levels for the first kid,
11



zi, and the second kid, zj. The parent also cares about his own utility from

consumption and effort. The parent’s productivity level is zP , which is public

information, her allocations are indexed by P and she discounts the welfare

of her children by η. Both children are weighted equally. They discount the

future by β and the interest rate is R. We assume that a child’s productivity

is not known by the parent nor the other child. A version of theorem 1.1 can

be proved for this environment as well. Therefore, we will consider a problem

in which the parent assigns allocations as functions of children’s type. Because

this is the model we will consider in section 1.4, it is worth writing out here

and considering the changes.

The full parent’s problem is:

maxE
{
u(cP (ij))− v(

yP (ij)
zP

) + η
[
u(c1(ij))− v(

y1(ij)
zi

) + βW (b1(ij), zi) +

+u(c2(ij))− v(
y2(ij)
zj

) + βW (b2(ij), zj)
]∣∣∣∣zP} s.t.

∀i, j : c1(ij) + c2(ij) + cP (ij) +
b1(ij)
R

+
b2(ij)
R

≤ y1(ij) + y2(ij) + yP (ij) +A

∀i, k : E
{
u(c1(ij))− v(

y1(ij)
zi

) + βW (b1(ij), zi)
∣∣zP , zi} ≥

E
{
u(c1(kj))− v(

y1(kj)
zi

) + βW (b1(kj), zi)
∣∣zP , zi}

∀j, k : E
{
u(c2(ij))− v(

y2(ij)
zj

) + βW (b2(ij), zj)
∣∣zP , zj} ≥

E
{
u(c2(ik))− v(

y2(ik)
zj

) + βW (b2(ik), zj)
∣∣zP , zj}

Family-Level Wealth Effects

In the simple model we abstracted from the parent’s allocations. The solu-

tion to the simple model discussed in sections 1.3.1 - 1.3.3 is also the solution

to a related problem with parent’s allocations in which parent’s allocations

satisfy u′(cp) = v′(yp
cp

) = λ and total family wealth is Ã = A+ yp − cp, so that

A is the fixed amount the parent will spend on her children. With two children

the amount the parent spends on her kids is uncertain. She will spend more
12



on her children if they are both unproductive and less if they are both highly

productive, so we cannot reduce the problem and hold A fixed across states

(ij).

We have argued above that the distinction between within-family and across-

family comparisons can be critical. We can show, however, that an analog to

proposition 1.2 can be proved in a two-type version of the two-child problem

above. In addition to the assumptions above, we need to assume that the

perfect-information allocation is not incentive compatible. To see that this as-

sumption is necessary, consider a high-type child with a disabled parent with

no wealth (zp = 0, A = 0). Suppose zL = 0. If the high type pretends to be

disabled, and his sibling happens to be disabled, no one in the family will pro-

duce output. Bequests must be non-negative if z = 0 happens with positive

probability in the second period. Hence everybody in the family consumes 0.

If utility from consumption is unbounded below, the high type will receive −∞
utility in this case (loosely speaking). The right hand side of his IC constraint

> −∞ at the optimum, thus the IC will not bind. The proof of the analog of

proposition 1.2 is in the appendix, section A.6.

More Than Two Productivity Types

Extending the model to more than two productivity types poses two prob-

lems. First, we increase the number of incentive compatibility constraints to

(n− 1) · n. Numerically, we find that only local downward constraints bind.3

It can be proven that this is the pattern of binding constraints in simpler in-

surance models (Thomas and Worrall, 1990), but we have not proven it in this

environment. Without this result we cannot establish those that follow in the

simple case. Second, the proof in the two-types case used the intermediate

value theorem to show that the two bequest policies cross at some level of

persistence. With more than two types we can’t use this type of argument.

The class of 2× 2 symmetric transition matrices vary along a single param-

eter which is a measure of persistence. More child types increases the number

of free parameters in specifying the transition matrix. For n child types there

are n − 1 equations b1 = b2 = · · · = bn and n(n−1)
2

‘free’ parameters of the

3By local downward we mean that for each type but the lowest, the constraint which prevents
him from pretending to be the next productivity type below him is the one that binds.
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symmetric transition matrix. In the model with two children and n types (i.e.

with family-level wealth effects) that we analyze quantitatively in section 1.4

the number of equations and ‘free’ parameters is n(n−1)
2

. Having these equa-

tions hold across heterogeneous families (e.g. in parent’s wealth) would require

transition matrices which condition on parent’s wealth to keep the number of

unknowns equal to the number of equations.

Figure 2 illustrates the problem with finding a transition matrix that is de-

termined by a single persistence variable which yields equal bequests across

all types. It depicts bequests in a family with 10 child types and no wealth

effects (continuum of children). As with the two-type graph, bequests for each

of the 10 types are plotted as a function of persistence.4 Although any two

types have equal bequests for some persistence level, there is no π at which

they are all equal.

Figure 2. Persistence and Bequests - Many States
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To model real-world income processes we will use skill processes parameter-

ized by 4 parameters (see section 1.4). Therefore we cannot hope to achieve

4The probability of remaining the same skill type tomorrow is π and the probability of
transiting to any other type is 1−π

n−1 where n is the number of types.
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perfectly equal bequests if the number of types is large. We argue, however,

that dividing bequests equally can be optimal in the presence of costs, mental

or financial, of dividing bequests unequally. Intuitively, the bequests in the

graph are nearly equal for a range of persistences, so small emotional or finan-

cial costs which arise due to unequal division would be enough to rationalize

the practice of equal division. Equal division may also be explained as a rule-

of-thumb behavior if these costs are small. We plot these costs for the example

above as a fraction of those costs for π = .5, and find that they are quite small

for π ∈ (.8, .9). We discuss these calculations in more detail in section 1.4,

where we calculate costs of unequal bequests for a skill process pinned down

by US income statistics.

Child Savings

There is no explicit saving on the part of the children in this model. Ex-

tending the model to allow for savings may help us compare the model to real

world data. A simple way of extending the model to include publicly observed

savings is to give parents another choice variable, ŝ. If savings earn the same

return as bequests, they are perfect substitutes in the eyes of the parents, and

we will have that savings and bequests, ŝ + b̂, in this model are equivalent to

b in the model without savings. In other words the magnitude of savings is

indeterminate.

An alternative interpretation that we pursue in section 1.4 is that the parent

observes children’s output and savings and assigns gifts and bequests as a

function of output and savings: g(y, s), b(y, s). Given the schedule children

choose their output y and savings s. Then they consume y+ g(y, s) and carry

s + b(y, s) into the next period. It is straightforward to prove an analog of

theorem 1.1 to show that the same optimal allocation will be achieved if the

parent assigns allocations directly as functions of children’s type and savings:

c(z, s), y(z, s), b(z, s). We will assume that these schedules are such that the

magnitude of savings is in line with the data. This is without loss because the

parent is indifferent between savings and bequests as means or transferring

resources across time. Therefore we can equivalently consider a problem in

which the parent takes the level of savings as given. The parent will simply use

gifts and bequests to mitigate the effect of children’s savings. She can reach the
15



optimal allocation from the model without savings by setting b̂ = b− s where

b denotes the optimal bequest in the model without savings and b̂ denotes the

optimal bequest if the child has set aside savings s. We define c = y + g − s
R

and therefore ĝ = g + s
R

.

What if savings are not observed? Typically, access to an unobserved sav-

ings technology changes the allocations in an insurance problem (e.g. Cole

and Kocherlakota, 2001). In our model parents observe the output and con-

sumption of their children, thus any kid who tried to secretly save would be

caught by a parent who calculates s = y− c. For hidden savings to get off the

ground at least one of these variables must not be observed.

If parents cannot observe consumption and local downward constraints bind

then the child’s Euler equation is u′(ct) ≥ Wb(b, z) = βRE{u′(ct+1)}. Given

the allocation solving the parent’s problem in our model the child would like to

borrow in the first period. Thus the allocation of our model is also constrained

efficient in a model with hidden consumption and borrowing constraints. Such

a model would explicitly have child’s savings equal to zero, in contradiction to

the data.

Unobserved income has just the opposite effect on savings. The inter-

temporal first order condition in terms of labor is v′(yt/zt) ≤ Wb(b, z) =

βRE{v′(yt+1/zt+1)}. At the solution to our model the child would prefer to

work more in the first period and save. In the presence of hidden saving, our

model is not robust to making income unobserved.

Commitment

A lack of commitment on the part of the child is a popular way to explain the

timing of bequests in the literature (Altonji et. al., 1997; Nishiyama, 2000).

Commitment is also a common concern in interpreting dynamic insurance

models. Can the commitment to the contract our parent writes be justified?

As the model stands there is no commitment problem by virtue of the timing in

the model. The parent distributes gifts and sets aside bequests simultaneously.

She demonstrates no more commitment than a static Mirrleesian mechanism

designer. Yet in the real world a parent can change her will on her deathbed.

16



In the data, bequests are overwhelmingly equally divided, suggesting that

parents on their deathbed do not change their will to compensate their poorer

children. One plausible explanation is that parents simply have a behavioral

propensity to commit. An alternative option, which avoids ad hoc deviations

from rationality, is to implement the commitment as the outcome of a repeated

game. The parent may be induced to commit because she is in an equilibrium

in which future generations will not commit if she deviates from her contract.

An analysis of this kind of model should consider a rich set of coordinated

inter-generational equilibria and as such is beyond the scope of this essay.

1.4. Quantitative Analysis.

We show in section 1.3 that the opportunity to provide dynamic incentives

offsets parent’s desire to compensate low income children through bequests.

Parent make bequests equal across children in a world with two skill types and

a particular level of skill persistence. In this section we analyze an extended

version of the model quantitatively to relax these conditions. First we pick

parameters of the skill process so that optimal allocations match US income

statistics. In particular we constrain ourselves to match the degree of income

persistence in the data. Second, we measure the explanatory power of the

model by comparing the welfare cost of adopting a policy of equally dividing

bequests, and compare this loss in our model and a standard altruistic model

with perfect information. In our benchmark calibration we find that the av-

erage welfare loss of equal division in our model is equivalent to 30% of an

average parent’s yearly income, while that number is 116.4% in the standard

model.

Even a perfectly informed, altruistic parent would divide bequests equally in

the presence of exorbitant emotional or financial costs associated with unequal

division. The literature has often considered high costs of unequal division,

unequally divided bequests may be more subject to legal challenge and the

associated loss of resources. Bernheim and Severinov’s model suggests a form

of psychological cost of dividing bequests equally, and family bickering is often

cited as a reason for dividing bequests equally. Equal division may also be

popular as a simple rule of thumb if the loss from the true optimum is not
17



too high. Yet the costs required to rationalize equal division in the standard

model are quite large. The advantage of using bequests for incentives brings

the costs of equal division within a more plausible range for the explanations

above.

In what follows we describe the calibration of our extended model, and com-

pare the optimal allocations to those we find in the data. Then we discuss the

costs of unequal division necessary to justify the degree of equal division seen

in the data. Finally we consider how the allocations and computed costs vary

with alternative parameterizations and other extensions of the model.

1.4.1. Calibrating the Model.

For our quantitative analysis we examine the many-type, two-child version

of the model described in detail in section 1.3.4. We need to specify parental

preferences and a skill process for parents and kids. We use the utility functions

u(c) = c1−σ

1−σ and v(`) = `1+γ

1+γ
.5 Both functions are CRRA and satisfy the

assumptions of the proofs in the appendix. The nature and persistence of

productivity shocks are central to our analytical results. Bequests will be

progressive or regressive if the lifetime productivity process is very persistent

or very impersistent. We specify the following AR1 log skill process:

log z1 = µz1 + ρzG (log zp − µzp) + εzG εzG ∼ N (0, σ2
zG)

log z2 = µz2 + ρzL (log z1 − µz1) + εzL εzL ∼ N (0, σ2
zL)

where zp is the parent’s skill level, and the child’s skill level is z1 and z2 in the

first and second period respectively.

Parents’ types are given by a finite approximation to a binomial lognormal

distribution on skills and assets, specified by log asset and skill means µA and

µzp, variances σ2
zp and σ2

A, and correlation corr(A, zp). For each parent we

solve the parent’s problem, which yields an allocation for all possible child

5These additively separable utility functions are non-homothetic, hence they are sensitive
to the choice of units for consumption. We could account for units by multiplying v(`) by a
normalization parameter φ that would depend on units chosen. However for any change in
φ we can rescale the productivities to achieve the original allocation. Thus we can in fact
account for the choice of units by rescaling z’s, and without loss of generality we can omit
φ.
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skill pairs. We then run regressions on these allocations, weighted by the

parent-type probability, to get income process analogs of the skill process

parameters above. That is, we take σ2
A from the data and we pick seven

skill process parameters (µzp , µz1 , ρzG , ρzL , σ2
zG

, σ2
zL
, corr(zP , A)) so that their

income process analogs, (µyp , µy1 , ρyG , ρyL , σ2
yG

, σ2
yL
, corr(yP , A)), are equal

to those in the PSID. We match period 1 to child ages 26-45, and period 2 to

46-65.

Recall from section 1.3.4 that the parent is indifferent between an allocation

with a bequest, savings, gift triple (b, 0, g) and (b− s, s, g + s
R

). The bequests

that we compare to the data are defined to be the original model (no savings)

bequests minus savings implied by the data b̂ = b− s. Gifts that we compare

to the data are consequently ĝ = g + s
R

. We assume that the parent takes

children’s savings as given. To approximate children’s savings in the data

we regress log assets on log income and a quartic polynomial of age from

PSID data. We adjust model bequests and gifts by the assets implied by this

regression given the model income and evaluated at age 45.

A fuller description of the calibration procedure, computer algorithm, and

calculation of US income statistics is given in Appendix B.

1.4.2. Benchmark Model.

What do the optimal allocations look like for gifts and bequests when we cal-

ibrate the model to be consistent with income statistics? As a benchmark,

we fix σ = γ = 2, which are both within the broad range a parameters sug-

gested in the literature. We examine the model’s sensitivity to a variety of risk

aversion pairs in subsection 1.4.4. Table 1 reports some broad statistics about

the transfer allocations under this parameterization, as well as welfare-cost

calculations which we discuss in subsection 1.4.3. It also includes public infor-

mation allocations, optimal allocations in a model with the same parameters

that were calibrated to the private information model, but where the incentive

constraint is removed from the parent’s problem.
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Table 1. Model statistics for φ = η = 1 and σ = γ = 2

data private info public info
βby > −.13 -.1560 -.2821
βgy -.6086 -.9615

Bequests within 2% of mean 77.6% 20% 20%
Gifts within 2% of mean 20% 20%

Average Bequest
Average Income .0157 .0172 .0034

Average Gift
Average Income .0184 .1510 .0995

κb 1.79% 7.03%
κg 13.42%

βby and βgy are regression coefficients on the within-family model-data re-

gressions:

b1 − b2 = βb0 + βby(y1 − y2)

g1 − g2 = βg0 + βgy(y1 − y2)

In our model, an extra $1 difference in child’s income is compensated by $.61

in gifts and $.16 bequests, where bequests are evaluated in first period present

value6. As a rough measure of the ‘progressiveness’ of gifts and bequests, we

see that bequests are progressive under this parametrization, but less so than

gifts, confirming that the forces at work in the simple model are also present

here. These results suggest that, in terms of the graph in section 1.3.3, we are

in the ‘too persistent’ range, where bequests are progressively distributed.7

These values are significantly more progressive than in the data, but there

is no clean comparison available. Altonji, Hayashi, and Kotlikoff (1997) find

that an extra dollar in the difference between parents’ and children’s wealth

results in and extra $.13 in gifts. If we regress gifts on the difference between

child’s and parents income on the model data we get a coefficient of −.74. The

coefficient we report in the table is similar, since we keep the family budget

constraint constant. It is less progressive because we compare across children.

6In the public information model without savings, we would get βgy = −1 since cL = cH and
β0 = 0. When we account for children’s savings, we get βgy = −.96, because more productive
kids have higher savings and thus get a higher gift and smaller bequests compared to the
savings = 0 case.
7In the simple model, for zL = 0, we even have bL−bH > gL−gH in a neighborhood around
π = 1, which suggests that this model is only moderately ‘more persistent’ than one with
βby = 0.
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Transferring an extra dollar from a higher to a lower type works against the

high type’s incentive constraint twice, while comparing across parents and low

types works against the constraint once.

There is no equivalent coefficient for bequests in the data. The true value

of such a measurement is likely to be small in view of the primacy of equal

division and Wilhelm’s (1996) finding that among unequally divided bequests

an extra dollar in child’s income reduces their bequest by about $.138. Instead

we look at a measure of dispersion which is also reported in Wilhelm - the

percentage of children who receive bequests within 2% of the mean bequest

for their family. We see that there is much greater within-family dispersion

in bequests in the model than in the data. There are no dissimilar siblings

who have bequests within 2 percent of their average bequest, as compared to

78% in the data.9 These numbers could be small even for parameters under

which βby = 0 if, for example, rich parents bequests are progressive while

poor families’ are regressive. The dispersion is smaller for lower levels of risk

aversion, as reported in appendix A.8.

The model does not do a good job matching the mean bequest or gift. In

the data, transfers are usually small and positive, while in our model transfers

are often on the order of 20-years discounted income and can be positive or

negative. The model is designed to explain a distributional fact about gifts

and bequests, and for simplicity we abstracted from many factors determining

the levels of gifts and bequests, such as the legal restriction against bequeath-

ing debt and the important role of uncertain life expectancy and accidental

bequests. We discuss non-negativity restrictions on bequests in 1.4.4 but ac-

cidental bequests are beyond the scope of this essay.

1.4.3. Costs of Unequal Division.

Our many-skill model does not explain the exact equal division common in

the data, but it does explain why bequests may be less compensatory than the

8We also leave out all families in which children get exactly equal bequests in our calculation.
Only identical siblings get the same bequest, but they also produce the same output.
9With our five-type approximation 20% of households have ‘twins’ with the same produc-
tivity type and identical allocations, so 20% is a lower bound on this value. We investigate
how these measures change in a 10-type approximation in section 1.4.4.
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standard model suggests and less compensatory than gifts in particular. We

measure the explanatory power of this model by looking at the welfare loss

from adopting a policy of dividing bequests equally instead of implementing

the optimal policy. This welfare loss, measured in terms of parent’s mean

income, can also be thought of as the minimum cost, financial or emotional, of

dividing bequests unequally that would rationalize equal division. This cost

varies across parent types. In table 1 we report the value that would rationalize

exactly equal division in 70% of families, as occurs in the data in families with

2 children (see Wilhelm, 1996).

We find that this cost is a third of an average parent’s yearly income, while

the standard model requires costs of a year and a half’s income to rationalize

the equal division in the data (numbers in the table are percent of average

20-year discounted income). We also investigate the welfare loss if gifts, not

bequests, were constrained to be equal across children. The welfare loss in this

case is significantly larger at 2.7 years of parent’s average income, even in the

private information cost model. The difference between κb and κg confirms

that bequests and gifts perform different functions in our model, with gifts

providing most of the insurance while bequests are the most efficient way to

provide incentives.

We use a linear approximation to calculate κb. For a given parent asset and

skill level we calculate V=(a, zp), the maximum welfare of the parent who is con-

strained to divide bequests equally across children, and V 6=(a, zp) the welfare

for the parent in the original problem, as well as the derivatives of these func-

tions. We approximate the welfare loss as [V=(a, zp)− V6=(a, zp)] /V
′

=(a, zp).

It is measured as a percentage of average parents’ income in the economy.

By the concavity of V= this is actually a lower bound on the welfare loss

from equal division for a zp parent with assets a + κb. We can also calculate

[V=(a, zp)− V6=(a, zp)] /V
′
6=(a, zp), an upper bound for parent (a, zp) by the same

argument. In the benchmark case this upper bound is within a hundredth of a

percent of the lower bound value for κb, and about or below one percent for κg.
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1.4.4. Sensitivity Analysis.

In this section we examine the sensitivity of our results to variation in prefer-

ence parameters, restriction to non-negative bequests, and finer approximation

of the skill process.

Risk Aversion

In this section we perform the same calibration exercise for pairs of (σ, γ) ∈
{.5, 1, 2, 4}2, and η ∈ {.5, 1}. Tables 2 and 3 look at the progressiveness of

gifts and bequests under a variety of risk aversion parameters and η = 1.

Looking first at the diagonal, increasing risk aversion raises the progressive-

ness of gifts and lowers the progressiveness of bequests. In fact, bequests are

more progressive than gifts for σ = γ = 0.5. This suggests that as risk aversion

increases gifts are increasingly used for to provide insurance and bequests to

provide incentives. The values off the diagonal are harder to interpret. The

progressiveness of gifts increases in both measures of risk aversion. The rela-

tionship is ambiguous for bequests.

Table 2. βby for various σ, γ

σ \ γ 0.5 1 2 4
0.5 -.3525 -.1991 -.1835 -.2152
1 -.3557 -.2000 -.1787 -.2040
2 -.3257 -.1800 -.1560 -.1755
4 -.1285 -.1117 -.1301

Table 3. βgy for various σ, γ

σ \ γ 0.5 1 2 4

0.5 -.0020 -.2369 -.4253 -.6320

1 -.1507 -.3451 -.5050 -.6828

2 -.3526 -.4900 -.6086 -.7462

4 -.6393 -.7139 -.8072

Tables 4 and 5 report the welfare costs of equal division for risk aversion

pairs along the diagonal. κprib is the welfare cost in the private information
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model, κpubb is that for the public information model. We also report κprig , the

welfare cost in the private information model of adopting a policy of equal divi-

sion of gifts, for comparison with κprib . All κ’s are measured in average parents’

income. Recall that these costs will differ across parents’ types. Therefore in

the first table we report the lowest costs needed to rationalize equal division in

70% of the families. For comparison purposes, we report mean costs of equal

division in the second table.

Table 4. Cost of equal division for 70%

σ = γ κprib κpubb κprig

0.5 1.47% 12.75% 0.03%
1 1.31% 9.48% 2.57%
2 1.79% 7.03% 13.42%
4 2.24% 4.65% 31.50%

Table 5. Mean cost of equal division

σ = γ κprib κpubb κprig

0.5 1.27% 10.63% 0.02%
1 1.12% 7.88% 1.99%
2 1.50% 5.82% 10.85%
4 1.86% 3.84% 25.10%

It is clear from the tables above that the cost of dividing bequests equally

in the private information model is consistently low across parameter values

both as a percentage of parents’ income and relative to these costs in the

public information model. For higher degrees of risk aversion, we find that

equal division is less costly for bequests than for gifts, which is consistent with

the results reported in tables 2 and 3.

We also consider the role of the degree of altruism, parameterized by η in

the model. In table 6 below we report estimates of κ’s that would rationalize

equal division in 70% of families. Similarly as in tables 4 and 5, mean κ’s are

somewhat smaller.
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Table 6. Results for η = 0.5

σ = γ κprib κpubb βby βgy
0.5 18.15% 110.79% -1.9776 1.0690
1 5.49% 25.84% -.5181 -.1848
2 3.11% 10.42% -.2224 -.5837
4 2.58% 5.30% -.1424 -.8018

These results suggest that the effect of lowering the level of altruism is sim-

ilar to reducing risk aversion. We find that βg > βb not only for σ = γ = 0.5,

but also for σ = γ = 1. For σ = γ > 1 we find that βg < βb. For lower

levels of risk aversion bequests are very progressive which translates into high

κprib . However they are still considerably smaller than κpubb . For higher levels

of risk aversion we find low costs of unequal division in the private information

model, comparable to those with η = 1.

Non-negative Bequests

We allow negative bequests to focus on the basic forces in the model, where

a lower bound on bequests would complicate the interpretation of the results.

Most countries do not allow parents to pass debt on to their children, however,

so it is important to consider how the forces in the model are modified by

this constraint. In table 7 we report the results for the benchmark model

parameters when we add a non-negativity constraint on bequests.

The average value of bequests necessarily increases, and the average value

of gifts decreases a little to compensate. The number of similar bequests is

smaller, but in the b ≥ 0 case we calculate this measure only for cases where at

least one bequests is positive. In this group, 12.9% of children are identical, so

there are another 4.9% of non-identical children who receive similar bequests.

In the benchmark case, this number is 7.9%. The regression coefficients are

virtually unchanged under this specification, which suggests that our main

conclusions are robust to this constraint.

10-type approximation

How sensitive are our results to increasing the number of skill types in our

approximation? Our measure of dispersion of gifts and bequests is bounded
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Table 7. Restricting b ≥ 0 with the benchmark

without b ≥ 0 with b ≥ 0
Average Bequest
Average Income .0172 .0494

Average Gift
Average Income .1560 .1254

% with b1 or b2 > 0 61.7% 59.9%
βby -.1560 -.1762
βgy -.6086 -.6269

Bequests within 25% of mean 27.9% 17.8%
Gifts within 25% of mean 23.5% 23.5%

Table 8. Comparison with 10-type approximation

5 types 10 types
Bequests within 25% of mean 27.90% 26.23%

Gifts within 25% of mean 23.45% 18.48%
βby -.1560 -.1318
βgy -.6086 -.5628

below by 1
n
, where n is the number of skill types in the approximation, and

we see that the number of families where children receive bequests within 25%

of the mean is near that bound. We find that the 10-type approximation vin-

dicates this number as a good approximation to the true value, as recorded

in table 8. The percentage of similar gifts is slightly smaller in the 10-type

approximation. On the other hand the regression coefficients are slightly less

progressive. Overall these movements are not too large across approximations.

1.5. Conclusion.

Standard models of intergenerational transfers which are in common use in

macroeconomics are not supported by studies of actual transfers. No consensus

model of inter-generational giving has emerged because none can account for

transfer behavior in both gifts and bequests. In this essay we propose that such

a difference can arise as a result of a dynamic insurance problem. We show in

a stylized model that there is a level of income persistence which implies equal

bequests and progressive gifts, the pattern we observe in the data. We then

take a richer version of the model to the data to see if these results hold up to

a more realistic skill process which is pinned down by income data. We find
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that the model generates bequests which are significantly closer than those in a

public information model, and can be used to motivate exactly equal division

as a rule-of-thumb behavior or response to small costs of unequal bequest

division.
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2. Chapter: Asset Prices and Business Cycles with Financial

Frictions

2.1. Introduction. 10

The excess volatility puzzle (Shiller, 1981, and LeRoy and Porter, 1981) and

the equity premium puzzle (Mehra and Prescott, 1985) are two fundamental

challenges to theoretical models that have been developed in the finance and

macroeconomics literature. Building a production economy model that would

satisfactorily account for both high aggregate stock market volatility and the

behavior of aggregate quantities has proven to be difficult and no consensus

model has arisen. In this chapter we build a model in which variations in firms’

ability to raise external capital to take profitable projects lead to asset price

volatility. We calibrate the model to the U.S. data and find that it generates

about 80% of the observed aggregate stock market volatility. At the same

time, the model generates time-series properties of aggregate quantities that

match the macroeconomic data.

Our model closely resembles the model described in Kiyotaki and Moore

(2008). It is a dynamic stochastic general equilibrium model with heteroge-

neous entrepreneurs, who face a real and a financial friction. The real friction

restricts entrepreneurs’ access to new projects. In every period only a frac-

tion of entrepreneurs find new profitable projects. Following the literature, we

assume that the arrival of profitable projects is i.i.d. over time and over en-

trepreneurs, see e.g. Angeletos (2007) and Kocherlakota (2009). We model an

entrepreneur’s ability to start a profitable project as his ability to produce new

capital goods one-to-one from the general consumption good. Entrepreneurs

who cannot produce capital are willing to buy claims to returns of other en-

trepreneurs’ projects to replace their depreciated capital. We call these claims

equity. Markets are incomplete and equity is the only financial asset that is

traded in the economy. The financial friction restricts new issuance of equity.

We assume that entrepreneurs can only leverage a fraction of the returns of the

newly produced capital, i.e. sell only a fraction of the new project as equity.

On its own, this friction is standard in the literature. The novel feature of our

10This chapter is coauthored with Pedram Nezafat.
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model is that the ratio of outside to total financing of projects changes over

time.

The interactions between these two frictions and the time variation in the

financial friction play an important role in the ability of our model to explain

the asset price volatility. Assuming that all entrepreneurs in the economy can

produce new capital goods would imply that the price of equity is constant at

the cost at which capital is produced, i.e. at price one. No entrepreneur would

be willing to pay a higher price. Assuming heterogeneity in entrepreneurs’

ability to produce new capital in the absence of the financial friction would

imply that the price of equity is always one as well. If the price was higher, an

entrepreneur with the ability to produce new capital would find it profitable to

increase his investment in the project. He then would sell equity to the newly

installed capital at a price that exceeds the costs. However, if the fraction

of entrepreneurs that can produce new capital goods and the leverage ratio

are relatively low, the price of equity will be greater than one. In that case,

fluctuations in the leverage ratio result in fluctuations in the price of equity.

The intuition behind this result is as follows. If the leverage ratio decreases,

entrepreneurs with the ability to produce new capital goods decrease their

investment and their supply of new equity. This decrease in supply increases

the value of existing assets and therefore the price of equity will increase. A

similar logic applies for an increase in the leverage ratio. Consequently, as the

leverage ratio fluctuates over time so does the price of equity.

We calibrate the model and find that it generates about 80% of the quarterly

volatility in asset prices relative to the Dow Jones Total Stock Market Index.

On the annual basis, our benchmark model generates about 85% of the asset

return volatility relative to the value weighted market return. We construct

a shadow risk free rate and find that our model generates an annual equity

premium of 1.6%. Finally, we find that time variation in the financial friction

contributes significantly to the volatility of investment, but not to the volatility

of output.
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2.2. Related Literature.

We build on Kiyotaki and Moore (2008), but our paper is different from theirs

in the questions of interest and several modelling features. They are interested

in the existence of money in a general equilibrium model and the optimal

monetary policy responses to liquidity shocks. We abstract from both money

and liquidity shocks. In their model, entrepreneurs can only sell a fraction of

their asset holdings in a given time period. In our model, entrepreneurs are

able to sell all their financial asset holdings. Finally, entrepreneurs’ access to

outside capital is constant in Kiyotaki and Moore’s model while in our model

it is time varying.

Theoretically, it has been argued that frictions in financial markets are im-

portant for explaining the fluctuations of the aggregate macroeconomic quanti-

ties, see for instance Bernanke and Gertler (1989), Kiyotaki and Moore (1997)

and the review paper of Bernanke, Gertler and Gilchrist (1998). In our model,

financial frictions are important for explaining not only the behavior of aggre-

gate quantities but also the behavior of asset prices. This essay contributes to

a growing literature that analyzes the effects of exogenous financial shocks. See

for example Benk, Gillman and Kejak (2005), Christiano, Motto and Rostagno

(2007) and Jermann and Quadrini (2009), whose results suggest that financial

shocks play an important role for macroeconomic fluctuations. While these

papers are mainly focused on macroeconomic quantities, we are interested in

asset prices as well.

Our results are in contrast with the findings of Gomes, Yaron and Zhang

(2003), who analyze a model in which financing frictions arise endogenously as

an outcome of a private information problem with costly monitoring. The only

primitive shocks in their model are total factor productivity (TFP) fluctua-

tions. They find that the model generates only modest asset return volatility.

Other attempts to build models with financial frictions that would generate

a strong propagation of TFP shocks into the real economy and asset prices

have not been very successful either11. Therefore, a departing assumption

of our model is that fluctuations in productivity are not the only source of

uncertainty in the economy. The second source of uncertainty in our model

11See Kocherlakota (2000), Arias (2003), and Cordoba and Ripoll (2004) .
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are fluctuations in the fraction of a project an entrepreneur can finance with

outside capital12.

This essay explains the volatility of asset prices by introducing financial

frictions into a dynamic general equilibrium model. However, other approaches

have been taken to reconcile the asset price behavior with the predictions

of consumption based asset pricing models. In endowment economy models,

introducing habit formation or Epstein-Zin recursive preferences and changing

the structure of the stochastic processes defining the consumption stream have

been shown to be able to explain the high volatility of asset prices. Examples of

this approach are Campbell and Cochrane (1999), who assume that agents have

preferences with habit persistence and Bansal and Yaron (2004), who assume

that agents have recursive Epstein-Zin preferences and there is a long run risk

component in the consumption process. However, endowment economy models

are silent about the behavior of aggregate macroeconomic quantities.

Explaining the volatility of asset prices in production economies has proved

more challenging. Following the success of habit formation preferences in en-

dowment economy models, Lettau and Uhlig (2000) incorporate the Campbell

and Cochrane (1999) habit formation structure into a production economy13.

They argue that these preferences make the households locally very risk averse

and find that consumption volatility in the model is by an order of magnitude

smaller than in the data. This result should not come as a surprise. In the

standard one-sector growth model without frictions, firms can adjust their cap-

ital to reduce fluctuations in households’ consumption. This motive is further

enforced by habit persistence. To address this shortcoming, Jermann (1998)

develops a production economy model with habit persistence, capital adjust-

ment costs and fixed labor. His model generates high asset price volatility and

a high equity premium, but it also generates a counterfactually high risk free

rate volatility. This is a common problem of general equilibrium models with

habit persistence. Further, as documented by Boldrin, Christiano and Fisher

(2001), output is counterfactually smooth and negatively autocorrelated in

12We find that our model generates an asset return volatility very similar to Gomes, Yaron
and Zhang (2003) if we assume that this fraction is constant and fluctuations in TFP are
the only source of uncertainty.
13Production economy models with Epstein-Zin preferences have so far not been successful
in generating asset price volatility, see e.g. Croce (2009) and Tallarini (2000).
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Jermann’s model. In addition, dropping the assumption that labor supply is

fixed makes labor supply countercyclical. In our model output is positively

autocorrelated and volatile, and labor supply is procyclical.

Boldrin, Christiano and Fisher (2001) develop a model with habit persis-

tence and limited mobility of labor and capital across the consumption good

and the investment good sector. As in Jermann (1998) their model generates

high asset price volatility at the cost of counterfactually high volatility of the

risk free rate. Moreover, their model cannot explain the volatility of labor

and investment. In contrast, our model generates the investment volatility

observed in the data. There is no risk free asset in our model. Therefore we

construct a shadow risk free rate and find that its volatility is about 60% of

what Boldrin, Christiano and Fisher get14.

The rest of this chapter is organized as follows. Section 2.3 presents the

model and section 2.4 characterizes the solution of the model. Section 2.5

describes our calibration procedure and section 2.6 discusses the quantitative

implications of the model. Section 2.6.4 presents a summary of our sensitivity

results and section 2.7 concludes.

2.3. The Model.

Time is discrete and infinite. There are two types of agents: a unit measure

of ex-ante identical entrepreneurs who consume, produce and hold capital,

but do not work, and a unit measure of identical hand-to-mouth workers who

work and consume, but do not hold capital. There are two types of goods and

two production technologies: a consumption good and a capital good, and a

technology to produce the consumption good and a technology to produce the

capital good. There is one type of financial asset traded: claims to returns

of capital. Each period is divided into two subperiods. In the first subpe-

riod consumption good is produced. In the second subperiod, capital good is

produced and consumption and asset trading take place.

14Christiano and Fisher (2003) add sector specific productivity shocks and adjustment costs
to the Boldrin, Christiano and Fisher model. Their model still generates counterfactually
high risk free rate volatility and counterfactually low investment volatility.
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We first describe the details of the two production technologies. Then we

describe the asset trading structure and the financial friction. Then we state

the entrepreneurs’ and workers’ optimization problems and define the compet-

itive equilibrium.

2.3.1. Technology.

In the first subperiod of each time period t consumption good production takes

place. All entrepreneurs have access to the consumption good production

technology. Entrepreneurs face a stochastic productivity shock At which is

common to all of them. An entrepreneur who enters period t with capital kt

and hires labor lt produces yt with the technology:

yt = Atk
γ
t l

1−γ
t

where, yt is the consumption good produced by the entrepreneur, At > 0 is the

stochastic productivity shock common to all entrepreneurs, kt is the capital of

the entrepreneur, lt is the labor hired by the entrepreneur, and γ is the capital

share in the production of the consumption good. Capital depreciates at rate

δ during the consumption good production, i.e. the entrepreneur enters the

second subperiod with capital (1− δ)kt.
In the second subperiod, only a fraction π of entrepreneurs have the op-

portunity to start new profitable projects. We model this ‘investment op-

portunity’ as the entrepreneurs’ ability to access the capital good production

technology. This technology enables them to produce new capital one-to-one

from the consumption good. The arrival of the opportunity to access the cap-

ital good production technology is i.i.d. over time and over entrepreneurs.

We call entrepreneurs with access to the capital good production technology

investing entrepreneurs and entrepreneurs without this access non-investing

entrepreneurs.

2.3.2. Trading and Financial Frictions.

In the second subperiod, consumption, capital good production and asset trad-

ing take place. There is one type of financial asset traded: claims to capital

returns (we refer to these simply as assets or equity). Before we proceed with
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the discussion of the asset trading structure, we want to emphasize that the

return per unit of capital is equal across entrepreneurs independent of their

capital holdings and independent of their opportunity to access the capital

good production technology. Therefore entrepreneurs are indifferent as to

whose equity they hold. To see this, consider the entrepreneur Toyoda with

capital kTt . In the first subperiod he hires labor on a competitive labor market

at wage wt to maximize his profit Profit(kTt ;At, wt) := At
(
kTt
)γ (

lTt
)1−γ−wtlTt .

The optimal behavior of Toyoda implies that he hires labor lTt =
[

(1−γ)At
wt

] 1
γ
kTt .

This amount of labor equalizes the wage rate with the marginal product of la-

bor, i.e. wt = MPLt = (1− γ)At
(
kTt
)γ

(lTt )−γ. Therefore, Profit(kTt ;At, wt) =

γAt

[
(1−γ)At

wt

] 1−γ
γ · kTt = rtk

T
t , where rt = γAt

[
(1−γ)At

wt

] 1−γ
γ

denotes the return

per unit of capital. Since all entrepreneurs face the same stochastic produc-

tivity shock At and hire labor at the same wage wt (determined by aggregate

market clearing), the return on capital rt is the same for all entrepreneurs.

To understand the trading structure in our economy we first describe the

asset holdings of the entrepreneurs. Entrepreneurs can hold two types of as-

sets: physical capital and equity to other entrepreneurs’ capital returns. We

define the individual state of the entrepreneur T by (kTt , e
T
t , s

T
t ), where kTt

is the physical capital held by the entrepreneur, eTt is equity to other en-

trepreneurs’ capital and sTt is equity to entrepreneur T ’s own capital sold to

other entrepreneurs.

Physical capital kTt is used by the entrepreneur T in the consumption good

production and it depreciates at rate δ. We assume that physical capital is not

traded in the economy. Equity eTt entitles the entrepreneur T to the stream of

returns of eTt units of other entrepreneurs’ capital. Since the underlying capital

depreciates at rate δ, eTt depreciates at rate δ as well. As we discussed above,

entrepreneur Toyoda is indifferent between holding equity of entrepreneur Ford

and entrepreneur Durant, as they entitle Toyoda to the same stream of returns

per unit of this asset. sTt , which denotes claims to own capital returns sold by

entrepreneur T depreciates at rate δ as well. Therefore an entrepreneur with

the individual state (kTt , e
T
t , s

T
t ) is entitled to returns from kTt − sTt + eTt units

of capital.
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In the second subperiod, entrepreneurs are facing a financial constraint,

which restricts the amount of external financing. An investing entrepreneur

that produces it units of new capital can at most sell θt fraction of returns from

it. On the other hand we assume that claims to already installed capital can

be traded without restrictions. This implies that the total amount of equity

sold by period t (denoted as sTt+1) can be at most the sum of a fraction θt of

period t investment iTt and the depreciated period t capital holdings (1−δ)kTt :

(2.1) sTt+1 ≤ θti
T
t + (1− δ)kTt

To understand this constraint, we define kTt+1 = (1− δ)kTt + iTt and rewrite

inequality (2.1) as:

(2.2) kTt+1 − sTt+1 ≥ (1− θt)iTt

The left hand side of inequality (2.2) captures the net amount of returns to

the entrepreneur T ’s own capital that he must carry into period t + 1. Since

he can sell at most θti
T
t of ‘new’ equity he must keep at least (1 − θt)i

T
t of

the newly produced capital unsold, which is captured in the right hand side

of inequality (2.2). θt is assumed to be a stochastic process which is common

to all entrepreneurs.

2.3.3. Entrepreneurs’ Maximization Problem.

There is a unit measure of ex-ante identical entrepreneurs, who hold capital,

trade assets and consume, but do not work. Ex-post, entrepreneurs will differ

in their capital and asset holdings. The budget constraint of an entrepreneur

with capital and asset holdings (kTt , e
T
t , s

T
t ) can be written as:

cTt + iTt + qt[k
T
t+1 − sTt+1 + eTt+1] ≤

rt[k
T
t − sTt + eTt ] + (1− δ)qt[kTt − sTt + eTt ] + qti

T
t

where rt is the return on capital. Therefore the first term on the right hand

side is the return that the entrepreneur T is entitled to. The second term is the

market value of his depreciated unsold capital and asset holdings. The third

term is the market value of equity to his newly installed capital at the market

price qt. The left hand side sums up his expenditure. He can consume cTt ,
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invest iTt with investment being generated one-to-one from the consumption

good and carry unsold capital kTt+1−sTt+1 or equity eTt+1 into period t+1. These

are traded at market price qt. The maximization problem of this entrepreneur

therefore is (we drop the T superscripts for simplicity):

maxE0

∞∑
t=0

βt log ct s.t.

(BC) ct + it + qt[kt+1 − st+1 + et+1] ≤ [kt − st + et][rt + (1− δ)qt] + qtit

(FC1) kt+1 − st+1 ≥ (1− θt)it
(FC2) et+1 ≥ 0

In this problem expectations are taken over the stochastic processes for θt

and At, equilibrium processes for prices (taken as given and correctly fore-

casted by the entrepreneur) and the arrival of the investment opportunity. If

the entrepreneur happens not to have an investment opportunity he must set

it to zero. Note that the returns of the unsold capital kt+1 − st+1 and claims

to returns of other entrepreneurs’ capital et+1 are the same state by state.

Moreover trades in these assets in period t+ 1 are not subject to any restric-

tions. Therefore kt+1 − st+1 and outside equity et+1 are perfect substitutes

and (FC1) binding is equivalent to the no-short-sales (FC2) binding and we

can sum them up without loss. The intuition for the equivalence of (FC1)

and (FC2) is quite straightforward: an entrepreneur who has the investment

opportunity and whose (FC1) is binding will sell all his other assets et to

take advantage of this profitable opportunity. Therefore, we can simplify the

maximization problem by defining net asset holdings nt := kt − st + et and

writing:

maxE0

∞∑
t=0

βt log ct s.t.

(BC) ct + it + qtnt+1 ≤ nt[rt + (1− δ)qt] + qtit

(FC) nt+1 ≥ (1− θt)it

Having stated the maximization problem we can analyze the role of the

real friction (only a fraction of entrepreneurs can start a new project) and the
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financial friction (they can only finance a fraction θ of new investment exter-

nally) in our model. Assuming that all entrepreneurs in the economy have the

ability to start new projects would imply that qt = 1 as no entrepreneur would

be willing to pay more given that he can produce new capital at price one.

Assuming that investing entrepreneurs can finance all their new investment

externally, i.e. θt = 1, would lead to qt = 1 as well. If qt was larger than one

then an investing entrepreneur would be able to decrease his consumption by

one unit, increase investment by one unit and sell claims to the newly pro-

duced capital at qt > 1. Then he could increase his consumption by one unit

back to the original level and he would end up with a net profit of qt − 1 > 0.

Therefore this cannot be an equilibrium and qt = 1 at all times. We conclude

that we need both these frictions to generate asset price volatility in our model.

In fact, we need the financial constraint (FC) to bind otherwise qt = 1 by a

reasoning similar to the one for θt = 1.

2.3.4. Workers’ Maximization Problem.

There is a unit measure of identical workers, i.e. agents who do not have

access to consumption good and capital good production technologies. In

each period, a worker decides how much to consume and how much labor to

provide. For simplicity we assume that workers do not participate in asset

trading. A worker maximizes the expected lifetime utility subject to a period-

by-period budget constraint. His maximization problem is therefore static and

can be written as:

maxU

(
c′t −

ω

1 + η
(l′t)

1+η

)
s.t. c′t ≤ wtl

′
t

where c′t is the consumption of the worker in period t, l′t is the labor pro-

vided by the worker in period t. U [.] is increasing and strictly concave function,

ω > 0 and η > 0.

2.3.5. Equilibrium.

A competitive equilibrium is quantities for entrepreneurs [{cjt , i
j
t , n

j
t+1}∞t=0]j∈[0,1],

quantities for workers [{c
′j
t , l

′j
t , }∞t=0]j∈[0,1], and prices ({qt, rt, wt}∞t=0), such that

quantities solve workers’ and entrepreneurs’ problems given prices, input prices
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wt, rt are determined competitively, and markets clear.

2.3.6. Comparison with Kiyotaki and Moore (2008).

In this subsection we discuss the differences between our model and Kiyotaki

and Moore’s. In their model entrepreneurs can hold equity nt and fiat money

mt. The price of money in terms of the general consumption good is pt. They

assume that the leverage ratio θ is constant over time. An entrepreneur can sell

all his money holdings but he can only sell a fraction φt of his equity holdings.

φt is a stochastic process common to all entrepreneurs. The maximization

problem of an entrepreneur in Kiyotaki and Moore’s model is:

maxE0

∞∑
t=0

βt log ct s.t.

(BC) ct + it + qtnt+1 + ptmt+1 ≤ nt[rt + (1− δ)qt] + qtit + ptmt

(FC) nt+1 ≥ (1− θ)it + (1− φt)(1− δ)nt

In the real world equity trades happen continuously. It is hard to document

a restriction that puts a limit on the amount of equity an entrepreneur can sell

in a given time period (in our model a time period is a quarter). Therefore in

our model entrepreneurs are able to sell all their equity holdings, i.e. φt = 1 in

every period. The focus of our work is not monetary policy, therefore we have

abstracted from fiat money in our model. Finally, we assume that θ varies

over time.

2.4. Characterization.

In this subsection we solve the model and characterize the solution. We show

that the solution is determined by a single equation in the price of equity qt.

This enables us to do a comparative statics exercise in the exogenous shocks

At and θt. Finally, to provide a better understanding of the role of other

exogenous parameters, namely δ and π, we derive conditions under which the

financial constraint binds in steady state.
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2.4.1. Solving the Model.

We begin this section with a proof of a lemma that links the financial constraint

to the price of equity qt.

Lemma 2.1. Suppose that θt < 1. Then the financial constraint binds for all

investing entrepreneurs if and only if qt > 1.

Proof: The problem of an entrepreneur with asset holdings nt in this econ-

omy is:

maxE0

∞∑
t=0

βt log ct s.t.

(BC) ct + it + qtnt+1 ≤ nt[rt + (1− δ)qt] + qtit

(FC) nt+1 ≥ (1− θt)it

If an entrepreneur does not have an investment opportunity at time t, he

must set it = 0. If he has an investment opportunity, we can derive the above

stated result using the first order condition with respect to it. We will denote

the Lagrange multiplier on the budget constraint by λt and the Lagrange

multiplier on the financial constraint by µt. The budget constraint always

binds and therefore λt > 0. The necessary first order condition with respect

to it is:

(qt − 1)λt = (1− θt)µt

This equation makes it clear that qt > 1 =⇒ µt > 0, the financial constraint

binds; and also µt > 0 =⇒ qt > 1. The result does not depend on the initial

asset holdings nt and therefore applies to all investing entrepreneurs. �

The intuition for the sufficient part is as follows. If qt > 1 and the financial

constraint does not bind then the solution to the problem does not exist, be-

cause there will be arbitrage opportunities for investing entrepreneurs. At any

allocation an investing entrepreneur will find it profitable to increase it by ∆

and consumption by (qt − 1)∆ as discussed above.
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Simplifying the Workers’ Problem

In this section we simplify the workers’ problem. We make use of this

simplification in our quantitative analysis. We will show that output does not

depend on the current realization of θt and derive the relationships between

labor and consumption and aggregate output.

We can simplify the workers’ problems as their decisions do not directly

depend on the stochastic processes for At and θt. The representative worker

solves:

maxU

(
c′t −

ω

1 + η
(l′t)

1+η

)
s.t. c′t ≤ wtl

′
t

Therefore:

l′t =
(wt
ω

)1/η

(2.3)

Equation (2.3) holds for each worker. Therefore the aggregate labor supply

L′t can be written as:

L′t =
(wt
ω

)1/η

(2.4)

The aggregate labor demand by the entrepreneurs Lt is determined by:

wt = At(1− γ)Kγ
t L
−γ
t

In equilibrium supply equals demand, i.e. L′t = Lt and hence:

wt = ω
γ
η+γ [(1− γ)At]

η
η+γ K

ηγ
η+γ

t

Lt =

[
At(1− γ)

ω

] 1
γ+η

K
γ
γ+η

t

For the return on capital rt we get:

rt = AtγK
γ−1
t L1−γ

t = AtγK
γ−1
t

{[
At(1− γ)

ω

] 1
γ+η

K
γ
γ+η

t

}1−γ

=

= A
1+η
γ+η

t γ

[
1− γ
ω

] 1−γ
γ+η

K
η(γ−1)
γ+η

t

Thus we can express Lt, wt, rt as functions of parameters and aggregate

statesKt, At only. Note that Lt, wt, rt do not depend on the financial constraint

parameter θt. Therefore in period t, output Yt is not a function of θt. We can
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rewrite (2.4) as:

Lt =
(wt
ω

)1/η

=

(
MPLt
ω

)1/η

=

(
(1− γ)Yt
ωLt

)1/η

=⇒

L1+η
t =

(1− γ)Yt
ω

=⇒

(1 + η) logLt = log Yt + log
1− γ
ω

The implications for the dynamics of labor with respect to output are:

corr(logLt, log Yt) = 1

(1 + η)2var(logLt) = var(log Yt)

Since workers cannot save, aggregate workers’ consumption equals labor’s

share in output C ′t = (1− γ)Yt. Thus:

corr(logC ′t, log Yt) = 1

var(logC ′t) = var(log Yt)

Since workers consume a large fraction of total consumption in the economy

(including entrepreneurs’ consumption), this will affect the dynamics of total

consumption relative to output.

Solving the Entrepreneurs’ Problem

The problem of an entrepreneur is:

maxE0

∞∑
t=0

βt log ct s.t.

(BC) ct + it + qtnt+1 ≤ nt[rt + (1− δ)qt] + qtit

(FC) nt+1 ≥ (1− θt)it

We can rewrite the budget constraint of an investing entrepreneur (denoted

with a superscript i) by plugging in for it from the financial constraint:

cit + qRt n
i
t+1 ≤ nt[rt + (1− δ)qt]
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where qRt is the replacement cost of capital defined as:

qRt :=
1− θtqt
1− θt

If qt = 1 and the financial constraint does not bind15, the problem of

an investing entrepreneur is the same as the problem of a non-investing en-

trepreneur. Note that in any equilibrium it must be16 qt <
1
θt

. Finally note

that the no-short-sale constraint nst+1 ≥ 0, which is essentially the financial

constraint of the non-investing entrepreneur17, does not bind. To see this we

have to consider two cases. If qt = 1 both types of entrepreneurs are solving

the same problem. The financial constraint of an investing entrepreneur with

asset holdings nt is not binding. This implies that the same is true for a non-

investing entrepreneur with asset holdings nt (right hand side of his financial

constraint is 0 and therefore lower than for the investing entrepreneur while

the left hand sides are the same). If qt > 1 the financial constraint for non-

investing entrepreneurs cannot bind. If it did bind then they would be selling

equity as their financial constraint is nt+1 ≥ 0 and their equity holdings at

the beginning of the trading subperiod are (1 − δ)nt. This would imply that

on aggregate investing entrepreneurs are buying equity at price qt > 1, which

they will not do since they can produce capital at price one.

Log utility and linearity of the right hand side of the budget constraint in

wealth guarantee that the decision rules are linear. In the appendix, we prove

the following lemma, which verifies that this well-known result18 carries over

into our environment with idiosyncratic investment opportunity risk and the

possibility of switching between regimes qt > 1 and qt = 1.

15We will ignore cases in which qt < 1. This is only possible if the level of capital is so high
that aggregate investment is 0. This will not happen in our quantitative exercises.
16To see that suppose qt ≥ 1

θt
and consider the following strategy of an entrepreneur with

an investment opportunity: take one unit of consumption good, convert it into capital, keep
fraction 1−θt and sell fraction θt of this capital as equity, get θtqt ≥ 1 units of consumption
good (because of the price assumption). Convert this into capital etc. This strategy makes
it possible to increase one’s capital holdings beyond bounds, which is inconsistent with
equilibrium. This along with qt ≥ 1 implies that 0 < qRt ≤ 1.
17We denote their allocations with a superscript s.
18See Samuelson (1969).
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Lemma 2.2. Individual policy functions are linear:

cit = (1− β)nt[rt + (1− δ)qt]

qRt n
i
t+1 = βnt[rt + (1− δ)qt]

cst = (1− β)nt[rt + qt(1− δ)]

qtn
s
t+1 = βnt[rt + qt(1− δ)]

where nt denotes the initial asset holdings of an entrepreneur. Superscript

i denotes the state in which this entrepreneur has an investment opportunity

in period t and superscript s denotes the state in which he does not have

an investment opportunity in period t. With linear policy rules, prices are

functions of aggregate quantities only. Without linear policy rules one would

have to keep track of the whole asset distribution.

We will denote the aggregate quantities with capital letters and use the

fact that the arrival of the investment opportunity is i.i.d. This implies that

entrepreneurs with an investment opportunity hold fraction π of the total asset

holdings in the economy at the beginning of period t and investors without an

investment opportunity hold fraction 1 − π of all assets at the beginning of

period t. Integrating over individual policies thus yields:

Ci
t = (1− β)πNt[rt + (1− δ)qt](2.5)

qRt N
i
t+1 = βπNt[rt + (1− δ)qt](2.6)

Cs
t = (1− β)(1− π)Nt[rt + (1− δ)qt](2.7)

qtN
s
t+1 = β(1− π)Nt[rt + (1− δ)qt](2.8)

2.4.2. Equilibrium.

By definition, aggregate capital in the economy is equal to the aggregate

amount of equity Nt. Therefore the dynamics of aggregate capital is deter-

mined by aggregate equity holdings of investing and non-investing entrepreneurs:

Nt+1 = N i
t+1 +N s

t+1.

If qt = 1 the equilibrium aggregate quantities will be determined by the

aggregate policy function for capital (one can get the equation below by adding
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equations (2.6) and (2.8)):

Nt+1 = βNt[rt + (1− δ)]

rt = A
1+η
γ+η

t γ

[
1− γ
ω

] 1−γ
γ+η

N
η(γ−1)
γ+η

t

These two equations fully describe the aggregate behavior of the model. The

second equation determines rt through the workers’ problem. The rest of the

variables are determined using the derived policy functions.

If qt > 1, the dynamics of the model is determined by the aggregate policies

for N i
t+1, N

s
t+1, market clearing conditions and the financial constraint aggre-

gated over investing entrepreneurs. Therefore the behavior of the model is

determined by the following equations:

qRt N
i
t+1 = βπNt[rt + (1− δ)qt]

qtN
s
t+1 = β(1− π)Nt[rt + (1− δ)qt]

N i
t+1 = (1− θt)It

N s
t+1 +N i

t+1 = (1− δ)Nt + It

rt = A
1+η
γ+η

t γ

[
1− γ
ω

] 1−γ
γ+η

N
η(γ−1)
γ+η

t

qRt :=
1− θtqt
1− θ

Plugging in for N s
t+1, N

i
t+1 and It from the first three into the fourth one we

get:

(1− δ) =
β(1− π)

qt
[rt + qt(1− δ)]−

θt
(1− θt)

βπ

qRt
[rt + (1− δ)qt](2.9)

Since rt is a function of states Nt, At, θt only, we can solve for qt as a function

of these states and then use (2.6) and (2.8) to compute Nt+1(Nt, At, θt).

2.4.3. Comparative statics in A and θ.

In this subsection we study the properties of the solution of our model when

qt > 1. We analyze the effects of changes in At and θy on the price of equity
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qt. We can write the net demand for equity by non-investing entrepreneurs as:

De : = N s
t+1 − (1− δ)(1− π)Nt = β(1− π)Nt[

rt
qt

+ 1− δ]− (1− δ)(1− π)Nt

De is a downward sloping demand function since ∂De

∂q
< 0. Net supply of

equity by investing entrepreneurs is given by:

Se : = π(1− δ)Nt + It −N i
t+1 = π(1− δ)Nt +

θt
(1− θt)

N i
t+1 =

= π(1− δ)Nt +
θt

(1− θt)
1

qRt
βπNt[rt + (1− δ)qt]

Se is an upward sloping supply function since ∂Se

∂q
> 0. In equilibrium

Se = De, which is equivalent to equation (2.9). Figure 3 shows the supply

and demand functions for a numerically computed example. In this example,

we set N = 8.6, β = 0.99, η = 1, ω = 7.14, δ = 0.0226, A = 1, γ = 0.36, π =

0.01, θ = 0.2.

Figure 3. Demand and supply of equity as a function of the

price of equity
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Next we analyze what happens when At or θt change. This is a comparative

statics exercise. We fix states Nt, At, θt, derive the asset supply and demand
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and the equilibrium price qt. Then we redo the exercise for a different value

of θt or At.

∆θt. The equity demand curve De does not move. We can simplify Se to

get:

Se = π(1− δ)Nt +
θt

(1− θtqt)
βπNt[rt + (1− δ)qt]

∂Se

∂θt
=

1

(1− θtqt)2
βπNt[rt + (1− δ)qt] > 0

Then if ∆θt > 0, the equity supply curve moves up and the equity price de-

creases and the quantity of equity traded increases. Figure 4 presents this

argument through a numerically computed example. In this example, we

set N = 8.6, β = 0.99, η = 1, ω = 7.14, δ = 0.0226, A = 1, γ = 0.36, π =

0.01, θlow = 0.2, θhigh = 0.3.

Figure 4. Demand and supply of equity for various levels of θ
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∆At. The demand curve and the supply curve move up with ∆At > 0

because:

∂De

∂At
=

β(1− π)Nt
∂rt
∂At

qt
> 0(2.10)

∂Se

∂At
=

θt
(1− θtqt)

βπNt ·
∂rt
∂At

> 0(2.11)

These claims are true since ∂rt
∂At

> 0. Thus the volume of equity traded

increases unambiguously with At. As for the price of equity, equations (2.10)

and (2.11) imply that as long as 1 − π − θtqt > 0, the demand curve moves

more than the supply curve implying an increase in price. Numerically, we

find this to be the case around the equilibrium for small values of π. Figure

5 shows the effects of changes in At. The shift of the supply curve is very

small and the two supply curves are not distinguishable. In this example, we

set N = 8.6, β = 0.99, η = 1, ω = 7.14, δ = 0.0226, Alow = 1, Ahigh = 1.1, γ =

0.36, π = 0.01, θ = 0.2.

Figure 5. Demand and supply of equity for various levels of A
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2.4.4. Characterization of Steady State Equilibria.

There are two types of steady state equilibria: (1) equilibria in which the

financial constraint binds and the price of equity is greater than one, and

(2) equilibria in which the financial constraint does not bind and the price of

equity is equal to one. Theorem 2.3 summarizes the conditions under which

each of these equilibria exists. We prove this theorem in the appendix, section

B.1.

Theorem 2.3. In steady state the financial constraint binds and the price of

equity is greater than one if and only if θ < δ−π
δ

.

An example of a steady state, in which q = 1 is shown in Figure 6. It shows

that at any price q > 1 supply of equity exceeds demand. At price q = 1

investing entrepreneurs are willing to supply any amount of equity that will

not violate their financial constraint (any amount less or equal to the amount

defined by the intersection of the supply curve with the y axis). Supply is

indeterminate and asset trades are determined by demand. In this example

we set N = 8.6, β = 0.99, η = 1, ω = 7.14, δ = 0.0226, A = 1, γ = 0.36, π =

0.1, θ = 0.2.

Figure 6. Demand and supply of equity as a function of the

price of equity
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If θ is small then in steady state q > 1 and the financial constraint binds. If

q = 1 investing entrepreneurs would not be willing to produce enough new cap-

ital without violating the financial constraint to cover the demand for equity

by the non-investing entrepreneurs. This can be seen in Figure 4.1. At price

one investing entrepreneurs are willing to supply any amount less or equal to

the amount defined by the intersection of the supply curve with the y axis.

Any larger amount would violate their financial constraint. Since at price

one the demand for equity exceeds supply the price of equity must increase.

Therefore q > 1 and the financial constraint binds.

2.5. Data and Model Specification.

The time period for our data is 1964-2008. We obtain quarterly data from the

Current Employment Statistics provided by the Bureau of Labor Statistics,

National Income and Product Accounts and Fixed Asset Tables provided by

the Bureau of Economic Analysis, COMPUSTAT, Flow of Funds, CRSP and

Global Financial Data. Details of the construction of the time series can be

found in appendix B.3.

2.5.1. Model Specification.

We divide parameters and stochastic processes in the model into two groups.

The first group consists of utility and technology parameters. The second

group consists of the parameter π capturing the fraction of firms with access

to capital production technology, the process for the ratio of outside to total

financing of investment projects θt, and the process for the total factor pro-

ductivity At.

Utility and Technology Parameters

We divide utility and technology parameters into two groups: 1) parame-

ters that we take from the literature: share of capital in output production

α = 0.36, subjective discount factor β = 0.99 (adjusted for quarterly analy-

sis), and the labor supply elasticity parameter η = 119. 2) parameters that

19We will perform sensitivity analysis on β and η to check whether our results are affected
by our choice of these parameters.
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we choose so that our model in steady state matches chosen moments in the

data. The average annual nominal investment to nominal capital ratio from

1964 to 2008 is 9.35%. To match this ratio in the steady state of our model

we set quarterly depreciation δ = 2.26%. We set the scaling parameter of the

workers’ utility function ω so that the labor supply in steady state is equal to

ls = 0.3. Table 9 summarizes our benchmark parameters.

Table 9. Benchmark Parameters

Parameter α β η δ ω

Value 0.36 0.99 1 0.0226 8.15

Parameter π

There is a large literature that analyzes the lumpiness of plant level invest-

ment and its effects on the dynamics of aggregate investment20. Our specifica-

tion of the real friction is inspired by this literature. This literature finds that

investment is lumpy, i.e. in a given year only a small fraction of plants invest

a lot, while a majority of plants do not invest at all or adjust their capital only

modestly. In our model firms with an investment opportunity will generally

invest a lot relative to their size. Therefore we calibrate π by matching to the

fraction of firms (rather than plants) with an investment spike in the data.

However, the definition of an investment spike in the literature is not unique.

Gourio and Kashyap use two definitions: investment exceeding 20% and in-

vestment exceeding 35% of the beginning of the period capital. We follow their

definitions and construct our own firm level measures of investment spikes.

In particular, we construct the series for investment as an increase in “Net

property, plant and equipment”, i.e. variable ppent in the COMPUSTAT

database, investmentt = ppentt − ppentt−1. We then determine the fraction

of firms whose investment at time t exceeds a given fraction of ppentt−1. As

in Gourio and Kashyap (2007) we weigh firms by beginning of the period cap-

ital ppentt−1. Figure 7 shows the fraction of firms with an investment spike.

20See for example Becker et al. (2006), Caballero et al. (1995), Cooper et al. (1999), Cooper
and Haltiwanger (2006), Doms and Dunne (1998), Gourio and Kashyap (2007), Khan and
Thomas (2003), Khan and Thomas (2008) and Thomas (2002).
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In Table 10 we report the average fraction of firms with an investment spike

over the period 1965 - 2008 for several alternative definitions of the investment

spike. We use annual π = 0.06 in our benchmark calculations and perform

sensitivity analysis in section 2.6.421.

Figure 7. Fraction of firms with an investment spike
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21This is probably a lower bound. DelNegro and al. (2010) analyze monetary policy in a
model based on Kiyotaki and Moore (2008). They use a quarterly π = 0.06 citing plant
level data evidence from Cooper et al. (1999) and Doms and Dunne (1998).
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Table 10. Average fraction of firms with an investment spike

1965 - 2008

investment spike threshold average fraction of firms

20% 10.6%

25% 7.2%

30% 5.2%

35% 4.3%

Processes for θt and At

We construct the series for θt from the data as follows. θ in the model stands

for the fraction of investment that is financed externally. Using Flow of Funds

data we define for the nonfinancial corporate sector:

θ =
Funds Raised in Markets

Fixed Investment
For definitions of these variables, see appendix B.3. The series for θ is shown

in figure 8.

We construct the series for total factor productivity At using the time series

of output, capital and labor assuming a Cobb-Douglas production technology

with share of capital in output production α = 0.36. We define ẑt = log(At),

and use zt, the linearly detrended version of ẑt as a realization of the shock

process for the consumption good production technology. Having constructed

the series for zt and θt we estimate the stochastic processes for zt and θt as

follows.

zt+1 = ρzzt + εz,t

θt+1 = µθ + ρθ(θt − µθ) + εθ,t

E

(
εz,t

εθ,t

)2

=

[
σ2
εz corr(εz, εx)σεzσεθ

corr(εz, εx)σεzσεθ σ2
εθ

]
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Figure 8. External financing as a fraction of investment
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This figure  shows the ratio of outside financing to total investment 
of  the nonfinancial corporate sector.

Table 11. Summary statistics for the TFP shock z and the θ processes

variable x µx ρx σεx corr(εz, εx)

θ 0.2844 0.6510 0.1679 -0.0736
z 0 0.9498 0.00602 1

Table 11 summarizes our estimation of the TFP22 and θ processes. For the

TFP process we find that ρz = 0.95, σ2
z = 0.006022.

2.6. Empirical Results.

We solve our model and simulate it by generating random series of the primitive

shocks At and θt using the estimated parameters for these processes23. Having

simulated the model we compute a set of statistics and compare them to the

22While the persistence parameter is standard in the literature, the standard deviation of the
error term is slightly lower that those used in previous studies (see e.g. Prescott, 1986). This
is consistent with the recent decrease in output volatility known as ”the great moderation”.
23We approximate the processes on a 25 point grid in the z × θ space using the Tauchen
approximation method, see Tauchen (1986), and then use At = exp(zt).
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data. We find that our model matches quite well the behavior of aggregate

quantities and prices in the data. Our benchmark model generates about 80%

of the volatility in asset prices. We find that most of the volatility in asset

prices in our model comes from the volatility in the financial friction parameter

θt.

Tables 12 and 13 summarize our benchmark results. In these two tables

we present our results for 3 different models to highlight the role of financial

frictions. The model in column (1) in table 12 and table 13 assumes that the

financial constraint never binds. This is the case for example for large values

of π. In this case the price of equity qt is always one and fluctuations in θ

are irrelevant for the dynamics of the model. Volatility in reported variables

comes from the volatility in the TFP shock At. In column (2) in table 12

and table 13 we present our results for a version of the model in which the

financial constraint binds, At is stochastic, but θt is constant at its mean level.

This model highlights the role of the financial constraint as a propagator of

TFP shocks. In column (3) in table 12 and table 13 we present our results

for the model in which the financial constraint binds and both θt and At are

stochastic. Relative to the model of column (2) this model highlights the role

of fluctuations in θt.

2.6.1. Standard Business Cycle Statistics.

Table 12 summarizes our results for the standard business cycle statistics. We

find that financial frictions do not affect output volatility and persistence. This

indicates that the process for output in our model is determined by the process

for the productivity shock (assumed to be the same in the 3 versions of the

model). As discussed in section 2.4 labor and output are perfectly correlated

and their relative volatility is determined by the parameter η. Therefore the

properties of labor supply are not affected by the financial friction parameter

θt either.
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Table 12. Standard Business-Cycle Statistics

Statistica,b Datac (1) (2) (3)
FC not binding FC binding FC binding

θ constant θ stochastic
A stochastic A stochastic A stochastic

σY 1.52 1.18 1.19 1.18

σI 5.00 1.70 1.32 5.12

σC 0.85 1.01 1.15 1.93

σL 1.73 0.59 0.60 0.59

ρY 0.87 0.68 0.67 0.67

ρI 0.85 0.68 0.67 0.40

ρC 0.90 0.68 0.67 0.47

ρL 0.92 0.68 0.67 0.67

ρ(Y, I) 0.90 1.00 1.00 0.23

ρ(Y,C) 0.85 1.00 1.00 0.61

ρ(Y,L) 0.87 1.00 1.00 1.00

a Results for the models are based on 100 replications of size 180.
b σx is a standard deviation of variable x, ρx is the autocorrrelation of x and ρ(x, y) is the correlation

between x and y. All variables are logged and HP filtered before statistics are computed. Standard
deviations are measured in percentage terms.
c This column contains quarterly statistics computed for the U.S. data in 1964:1 - 2008:4. Details of the

construction of the series are in the appendix, section B.3.
Column (1) contains results for a version of the model in which the financial constraint is not binding and

the process for TFP is estimated using U.S. data 1964:1 - 2008:4.
Column (2) contains results for a version of the model in which the financial constraint is binding, the
process for TFP is estimated using U.S. data 1964:1 - 2008:4 and θ is constant at its mean level .2845.

Column (3) contains results for a version of the model in which the financial constraint is binding and
both the process for TFP and θ is estimated using U.S. data 1964:1 - 2008:4.
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In contrast to output the behavior of investment is significantly affected by

financial frictions. In the model without financial frictions shown in column

(1) of Table 6.1 investment is significantly less volatile than in the data. This

seems to be at odds with the results for the standard one-sector growth model,

in which TFP shocks generate investment volatility observed in the data. Our

model of column (1) resembles the standard one sector growth model, but

there is one important difference. In our model investment is determined by

entrepreneurs only. Log utility implies that they save a fixed fraction of their

income rtKt+(1−δ)Kt, which is significantly less volatile than workers’ income.

This results in the low investment volatility in this version of our model. For

the case of constant θ and a binding financial constraint shown in column (2)

investment volatility is further decreased by endogenous changes in q. If At

increases the asset demand increases as discussed in section 2.4. However the

increase in the equilibrium quantity demanded will be smaller than if supply

was infinitely elastics (column (1)). Therefore relatively less new capital will

be produced and investment will be less volatile.

Adding volatility in θt increases the investment volatility significantly as

shown in column (3) in Table 6.1. In fact investment volatility is slightly

higher24 than in the data. This result indicates that in our model shocks to θ

play a more important role in investment fluctuations than shocks to A. This

assertion is further supported by the relatively low persistence of investment

coming from the lower persistence of θ relative to A. In contrast, we have

argued above that output dynamics is driven by shocks to A only. The low

correlation between θ and A that we estimated from the data therefore trans-

lates into the relatively low correlation between investment and output.

2.6.2. Financial Statistics.

Table 13 summarizes our results for quarterly asset prices and returns. The

return on equity is defined as re = rt+(1−δ)qt
qt−1

−1. The corresponding counterpart

in the data is the real value weighted stock return. We define the total market

value in the model as qtNt. The corresponding counterpart in the data is the

24This is an improvement relative to models with habit persistence such as Boldrin, Chris-
tiano and Fisher (2001) or Christiano and Fisher (2003), whose models do not generate
enough investment volatility.
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series totval from he CRSP database. We construct the model risk-free rate

as follows. Shadow price of a risk free asset is:

pt(s
t) = βEt

[
u′(ct+1)

u′(ct)

]
Non-investing entrepreneurs are not constrained in their asset holdings whereas

the investing entrepreneurs would like to sell more assets, but they cannot be-

cause of the financial constraint. Therefore, we construct the risk free rate as

the shadow risk free rate of the unconstrained non-investing entrepreneurs25.

We get:

rft =
1

pt(st)
=

1

qtEt

[
1

rt+1+(1−δ)qt+1

]
We compare this model variable to the real return on 3-month T-Bills.

Table 13 shows that the model without financial frictions in column (1) gen-

erates very little volatility in equity returns and a very small equity premium.

Recall that the price of equity q = 1 at all times in this model. Therefore

there are no capital gains and all volatility in returns comes from the limited

volatility of the return rt. The model in column (2) has a constant θ and the

financial constraint binding. It generates a standard deviation of the equity

return of 0.77%. This result is similar to Gomes, Yaron and Zhang (2003),

who get an equity return volatility of about 1% in a model with endogenous

borrowing constraints and TFP shocks the only source of uncertainty. This

result highlights the fact that in our model (and theirs as well) the financial

constraint is not a strong enough propagator of TFP shocks26. With no shocks

to θ, investment, output and asset prices are driven by shocks to TFP imply-

ing a high correlation between these variables as shown in the second panel

in column (2). Finally this version of the model generates only a very modest

equity premium.

25This is similar in spirit to the exercise that Gomes, Yaron and Zhang (2003) perform for
their incomplete markets model. Alternatively, we could rationalize our choice by thinking
about borrowing constrained entrepreneurs. The risk free rate would then be determined by
the shadow risk free rate of the non-investing entrepreneurs, because investing entrepreneurs
find investing and selling equity more profitable than buying the risk free asset.
26We find that our model is able to generate high asset price volatility even with constant
θ. However, we would need to increase the volatility of TFP shocks significantly generating
a counterfactually high volatility in investment and output.
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Table 13. Quarterly Financial Statistics

Statistica,b Datac (1) (2) (3)
FC not binding FC binding FC binding

θ constant θ stochastic
A stochastic A stochastic A stochastic

σq 11.85 0 0.93 9.69

σre 8.63 0.07 0.77 10.8

σval 10.72 0.13 0.92 9.74

ρq 0.74 1 0.67 0.38

ρ(q, Y ) 0.39 0 1.00 0.11

ρ(q, I) 0.38 0 1.00 -0.94

E(re) 1.49 1.01 0.89 1.36

E(rf ) 0.30 1.01 0.88 0.51

σfr 0.68 0.06 0.16 5.45

E(re)− E(rf ) 1.19 0.00 0.008 0.85

a Results for the models are based on 100 replications of size 180.
b σx is a standard deviation of variable x, ρx is the autocorrrelation of x and ρ(x, y) is the correlation
between x and y. All variables with the exception of the returns are logged and HP filtered before

statistics are computed. Standard deviations and returns are measured in percentage terms.
c This column contains quarterly statistics computed for the U.S. data in 1964:1 - 2008:4. An exception is
the measure for asset prices q, which was computed for 1974:1 - 2008:4. Details of the construction of the
series are in the appendix, section B.3.

Column (1) contains results for a version of the model in which the financial constraint is not binding and
the process for TFP is estimated using U.S. data 1964:1 - 2008:4.

Column (2) contains results for a version of the model in which the financial constraint is binding, the

process for TFP is estimated using U.S. data 1964:1 - 2008:4 and θ is constant at its mean level .2845.
Column (3) contains results for a version of the model in which the financial constraint is binding and

both the process for TFP and θ is estimated using U.S. data 1964:1 - 2008:4.
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The success of our benchmark model with a stochastic θ is documented in

the first panel in column (3). Our model generates high asset return volatility

comparable to the data. It generates over 80% of the observed volatility in

asset prices and total market value. In addition our benchmark model gener-

ates a quarterly equity premium of 0.85%, which is over 70% of what we see in

the data. This result is of particular interest considering that entrepreneurs in

our economy have logarithmic utility. As with investment, our results imply

that the dynamics of asset prices and returns in our model are driven by the

dynamics of θt. Therefore, we see a low persistence of qt and a low correlation

between qt and Yt.

A shortcoming of our model is the counterfactual negative correlation be-

tween asset prices and investment. We have shown in section 2.4 and in this

section that fluctuations in A will imply a positive correlation between invest-

ment and asset prices while fluctuations in θ will imply a negative correlation

between investment and asset prices. In this section we have shown that the

behavior of investment and asset prices is determined by shocks to θ rather

than by shocks to A, which implies the large negative correlation.

A general lesson to be taken from this result is the following. In this class

of models changes in the tightness of the financial constraint (parameter θ in

our model) directly affect the amount of investment, but do not affect the

productivity of existing capital in any way. A tighter constraint implies less

investment and less new capital making old capital (and new capital as well)

more valuable to agents in the economy. Therefore tighter constraints imply

higher asset prices27.

In the data we find the correlation between our measure of asset prices and

the financial friction parameter θt to be 0.18. While this coefficient is not

large and in fact not significant our model captures only part of the story. To

bring the model closer to the data we would need to add e.g. a link between

27We have found this to be true in the original Kiyotaki and Moore (2008) model in which
the friction takes the form of limited resaleability. In this model an entrepreneur can only
sell a fraction of his assets at a point in time to finance new investments. Tightening this
constraint implies a decrease in investment and an increase in the asset price by the same
logic.
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financial frictions and the productivity of current capital28. This is the logical

next step in this line of research. Building a richer model of this kind would

make it possible to determine when the ‘investment channel’ and when the

‘current capital channel’ plays a role for aggregate quantities and asset prices.

Table 14. Yearly Returns

Statistica,b Datac Benchmark BCF (2003)

E(re) 6.03 4.30 7.82

E(rf ) 1.23 2.68 1.19

σer 17.6 15.2 18.4

σfr 2.77 15.3 24.6

E(re)− E(rf ) 4.80 1.62 6.63

a Results for the Benchmark model are based on 100 replications of size 180.
b σx is a standard deviation of variable x. Returns are measured in percentage terms.
c This column contains quarterly statistics computed for the U.S. data in 1964:1 - 2008:4. Details of the

construction of the series are in the appendix, section B.3.

Column ‘Benchmark’ contains results for the benchmark version of our model in which the financial
constraint is binding and both the process for TFP and θ is estimated using U.S. data 1964:1 - 2008:4.

Column ‘BCF (2003)’ contains results from Boldrin, Christiano and Fisher (2003).

2.6.3. Annual Returns Statistics.

In table 14 we compare annual returns in our benchmark model to those re-

ported in Boldrin, Christiano and Fisher (2003). Our model generates over

85% of the observed asset return volatility on the annual basis. This is some-

what less than in BCF. Our model also generates a smaller equity premium,

that BCF’s model was designed to match. On the other hand BCF’s risk free

rate volatility is way above what we observe in the data. Interestingly, our

model is able to generate the volatility in asset returns with a much smaller

volatility in the risk free rate.

28In a recent paper Jermann and Quadrini (2009) assume that firms need to borrow money
in order to pay their workers, who have to be paid in advance. Tightening of this constraint
results in less workers hired, which implies a decrease in productivity and the price of capital.
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2.6.4. Sensitivity Analysis.

In this section we provide a summary of our sensitivity analysis. All tables can

be found in appendix B.4. In terms of our main result, we find the following.

1) Asset price volatility is quite sensitive to the parameters of the θ process.

2) Asset price volatility is sensitive to π. 3) Asset price volatility is unaffected

by changes in the labor supply elasticity parameter η. 4) Asset price volatility

does not change significantly if we use standard balanced growth path prefer-

ences for the workers. 5) Asset price volatility increases with discount factor

β. We discuss each of these results below.

Sensitivity to the parameters of the θ process

The parameters that define the stochastic process for θ are: mean E[θ], per-

sistence ρθ, variance of innovations σ2
εθ

and correlation of innovations with in-

novations of the TFP process corr(εz, εθ). We find that changes in corr(εz, εθ)

do not play any role for the asset price volatility. Increasing ρθ slightly in-

creases the asset price volatility. We do not report these results in this essay

and focus instead on changes in σ2
εθ

and E[θ]. These results are reported in

table 19. The asset price dynamics is driven by fluctuations in θ. Therefore,

one would expect the asset price volatility to be increasing in the variance of

θ. This is what we see in column (2) of table 19. We decrease the variance

of innovations of the θ process to 50% of the benchmark value. Asset price

volatility decreases, but the model still generates over 60% of the asset price

volatility observed in the data. Volatility of investment decreases as well, but

note that volatility and persistence of output remain unaffected.

Our identification strategy assumes that the financial constraint binds for

all investing entrepreneurs at all times. If this was not the case it would not

be possible to identify θ in the data. The true θ would be higher than the

borrowing data indicates. Therefore we analyze to what extent our results

depend on the chosen mean level of θ. We increase the mean θ by 50% and

keep all other parameters unchanged. In this version of the model, the financial

constraint binds if θt is small and it does not bind if θt is large. In the latter

case no entrepreneurs are constrained29. Consequently, we find that the asset

29Because of the linearity of entrepreneurs’ decision rules our model can never have the
financial constraint binding for some investing entrepreneurs and not binding for others.
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price volatility decreases to about 50% relative to the data. These results are

reported in column (3) of table 19.

Finally, we change the mean θ and the volatility of innovations of the θ

process at the same time. We decrease σ2
εθ

and increase E[θ] by 50%. These

results are reported in column (4) in table 19. The model generates about a

quarter of the observed volatility in asset prices and over 40% of the observed

volatility in asset returns. This is much more than for example in Gomes,

Yaron and Zhang’s paper. We conclude that in our model fluctuations in fi-

nancial frictions explain a large fraction of the observed asset price volatility

for a wide range of parameters of the θ process.

Sensitivity to the probability of an investment opportunity π

Table 20 in appendix B.4 documents the importance of the parameter π for

our model. In theorem 2.3 we showed that in steady state θ < δ−π
δ
⇐⇒ q > 1.

Note that δ < π =⇒ q = 1 in steady state independent of θ. Recall that

investing entrepreneurs are able to sell all their current equity holdings at

any point in time. If δ < π investing entrepreneurs hold a relatively large

share of aggregate wealth and sales of current equity are enough to cover the

demand for equity by non-investing entrepreneurs. Therefore q = 1 and the

financial constraint does not bind. While we cannot directly map a steady state

statement into our dynamic equilibrium analysis it is clear that if π > δ we

should not expect the financial constraint to bind. If π is smaller than but close

to δ, θ would have to be very small in order for the financial constraint to bind

and q > 1. In a dynamic equilibrium as π −→ δ the financial constraint will

bind (qt > 1) or not bind (qt = 1) depending on the realization of θt. Overall we

should expect the volatility of asset prices and investment to decrease, which

is exactly what we see in the table. The model still generates about 25% of the

observed asset price volatility if π = 0.02 (this corresponds to annual π ∼ 8%).

If π = 0.025 the financial constraint does not bind and qt = 1 in every period.

This result should not be viewed as a shortcoming specific to our model.

Other models with borrowing constraints have a similar feature (see e.g. Gomes,

Yaron and Zhang, 2003). To avoid a first best solution and generate interesting

dynamics they need to make sure that borrowing constrained entrepreneurs
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do not accumulate enough assets to escape the borrowing constraint. There-

fore these models assume that entrepreneurs discount the future more heavily

than households which guarantees that entrepreneurs will remain borrowing

constrained. In this essay we have argued that it is reasonable to think about

entrepreneurs being constrained in their ability to start new projects, but we

have abstracted from several factors that would make the financial constraint

tighter. Letting households save would decrease the fraction of wealth held

by entrepreneurs and a larger fraction of them would need to have an invest-

ment opportunity in order to provide enough new capital for households and

non-investing entrepreneurs keeping the financial constraint slack. Therefore

we could increase π and still have the financial constraint binding. Decreasing

the discount factor β would enhance this effect by making the share of wealth

held by entrepreneurs even smaller. Analyzing these changes to our basic en-

vironment remains a task for future research.

Labor Supply Elasticity

Our choice of the benchmark η implies a Frisch labor supply elasticity30 of

one. While this value is in the range that has been considered in the literature,

it is by no means a consensus in the profession. Therefore we consider both

higher and lower values to see to what extent our results depend on our choice

of η. The implications of changes in η are particularly easy to see for the rel-

ative volatility of output and labor. Recall from section 2.4 that labor supply

and output are tightly connected: corr(logLt, log Yt) = 1, (1+η)2var(logLt) =

var(log Yt). Changing η therefore changes the relative volatility of labor and

output. In fact, we find that increasing (decreasing) η decreases (increases)

both the volatility of output and labor. The same is true for consumption.

This is intuitive since workers’ consumption accounts for 64% of the aggregate

output and even more of the aggregate consumption. However, the asset price

behavior is unaffected by labor supply elasticity. These results are summarized

in table 21 in appendix B.4.

30With these preferences η = 1
Frisch elasticity .
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Standard Balanced Growth Preferences, Constant Labor Supply

In our model workers consume all their income period by period and adjust

their labor supply depending on the current wage only. With balanced growth

preferences workers’ labor supply will be constant, because for these prefer-

ences the income and substitution effects associated with a change in the wage

rate cancel out. Therefore this version of the model is equivalent to one in

which workers’ labor supply is fixed. We report our results for this version of

the model in table 21 in appendix B.4. We find that while output and con-

sumption volatility decrease other statistics remain unaffected. In particular

the asset price behavior is almost identical to the benchmark version of our

model with elastic labor supply.

Sensitivity to the discount factor β

Other studies have used very high discount factors in order to account for

both asset prices and macroeconomic quantities. Our results in table 22 in

the appendix, section B.4, show that our model generates a high asset price

volatility for a range of β’s. We consider β ∈ {0.98, 0.99, 0.999, 0.99999}. As

β increases entrepreneurs become more patient postponing consumption into

the future. Since their share in output is constant at 0.36, investment be-

comes more correlated with output. As a consequence investment becomes

less volatile. On the other hand the share of workers’ consumption in aggre-

gate consumption increases as well, which increases the correlation between

aggregate consumption and output (recall that the correlation between work-

ers’ consumption and output equals one). This is the logic behind the dynam-

ics shown in the table. Importantly, asset price volatility is not affected very

much. It increases with β, but even for β = 0.98 it is still at about 2
3

of the

level that we observe in the data.

2.7. Conclusion.

In this chapter we quantify the role of financial frictions in the behavior of asset

prices and aggregate macroeconomic quantities. We build an asset pricing

model with heterogeneous entrepreneurs, who face two frictions. First, in each

period only a fraction of entrepreneurs can start new projects. Second, a new
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project cannot be fully financed externally due to a financial constraint. We

allow the tightness of the financial constraint to vary over time. We calibrate

the model to the U.S. data and find that the model generates about 80% of the

asset price volatility relative to the aggregate stock market. At the same time

the model also fits key aspects of the behavior of aggregate quantities. The

model generates a strong propagation of financial shocks into asset prices and

aggregate investment. Interestingly, financial shocks do not propagate into

output and therefore play a decisively secondary role in the determination of

output. Fluctuations in output are driven by TFP shocks.

Our paper contributes to the literature that has tried to reconcile the ob-

served asset price behavior with production economy models. As far as we

know this is the first paper in which financial frictions generate high asset

price volatility. Financial frictions in the model propagate into the economy

through investment only. A tightening of the financial constraint implies lower

investment and an increase in the value of installed capital and in the price of

equity. The next step in this research agenda is building a more general model

of financial frictions. The model should include a second channel that would

link financial frictions to current capital productivity. Such a model would

allow us to disentangle the roles of these distinct channels in fluctuations in

asset prices and aggregate quantities.
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Appendix A. Appendix to Chapter 1

A.1. Some results about W and W.

Lemma A.1. W(b, z),Wb(b, z),Wz(b, z) ∈ C1 on <× <++.

Proof: First we show that the policy function c(b, z) ∈ C. Recall that:

W(b, z) = max
c
u(c)− v(

c− b
z

) s.t. c ≥ b

Standard arguments (strict concavity of the objective function, convexity of

the constraint set and the Inada conditions) imply that this problem has a

unique interior solution ∀b, z. Consumption solves:

zu′(c)− v′(c− b
z

) = 0.

The LHS is C1 and the derivative with respect to c is strictly negative: zu′′(c)−
v′′( c−b

z
) < 0, hence invertible for all c, b, z. Thus c(b, z) is a continuously dif-

ferentiable function by the implicit function theorem, and hence W(b, z) =

u(c(b, z)) − v( c(b,z)−b
z

) is a continuously differentiable function as well. By

the Envelope Theorem Wb(b, z) = u′(c(b, z)) and Wz(b, z) = u′(c(b, z)) c(b,z)−b
z

.

Since c(b, z) is C1 so are Wb and Wz. �

Lemma A.2. Wb > 0 & Wbb < 0 & Wb is decreasing in z.

Proof:

(1) The Envelope Theorem implies:

Wb =
1

z
v′(
c− b
z

) = u′(c) > 0

Clearly W(b, z) is increasing in b.

(2) Differentiation with respect to b yields:

∂

∂b
Wb =

1

z2
v′′(

c− b
z

)(
∂c

∂b
− 1)
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Then it is enough that ∂c
∂b
< 1, which must be true since more money

must reduce output somewhat. We can establish that by noting that:

∂

∂b
Wb =

∂u′(c)

∂b
= u′′(c)

∂c

∂b

Setting the two expressions equal, we get:

∂c

∂b
=

v′′( c−b
z

)

v′′( c−b
z

)− z2 · u′′(c)
> 0⇒ ∂

∂b
Wb < 0

(3) Differentiation with respect to z yields:

∂

∂z
Wb = u′′(c)

∂c

∂z

We expect ∂c
∂z
> 0, which we can verify by differentiating the first order

condition zu′(c)− v′( c−b
z

) = 0 to get:

∂c

∂z
=

c−b
z
v′′( c−b

z
) + z · u′(c)

v′′( c−b
z

)− z2u′′(c)
> 0⇒ ∂

∂z
Wb < 0 �

Lemma A.3. Wb > 0,Wbb < 0. π ≥ 1
2

=⇒ Wb(b, zL) > Wb(b, zH).

Proof: The first 2 are straightforward from the previous lemma and the

definition:

W (b, zi) := πW(b, zi) + (1− π)W(b, zj)

Since we have Wb(b, zL) >Wb(b, zH) and π ≥ 1
2

we have:

Wb(b, zL) = πWb(b, zL) + (1− π)Wb(b, zH) >

> (1− π)Wb(b, zL) + πWb(b, zH) = Wb(b, zH) �

A.2. Proof of proposition 1.1.

(1) Suppose that an allocation (g2
i , y

2
i , b

2
i )i solves P2. Then ∃ functions

g∗, b∗ and ∃y1 ∈ Y (g∗, b∗) s.t. g∗, b∗ solve problem P1 and
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(g∗(yi), y
1
i , b
∗(yi))i = (g2

i , y
2
i , b

2
i )i.

(2) Suppose that functions g∗, b∗ solve P1. Then ∀y1 ∈ Y (g∗, b∗) we have

that (g2
i , y

2
i , b

2
i )i := (g∗(yi), y

1
i , b
∗(yi))i solves P2.

Proof: We will denote the constraint sets in problem P1 and P2 as CS1 and

CS2, respectively. To prove the proposition we will prove that these two sets

are equivalent.

Lemma A.4. (g2
i , y

2
i , b

2
i )i ∈ CS2 =⇒ ∃ functions g∗, b∗ ∈ CS1 and ∃y1 ∈

Y (g∗, b∗) s.t. (g∗(y1
i ), y

1
i , b
∗(y1

i ))i = (g2
i , y

2
i , b

2
i )i.

Proof: The proof is constructive. Define (y1
i )i = (y2

i )i. Define g∗, b∗ in

the following way. If ∃i s.t. y = y2
i : g∗(y) = g2

i , b
∗(y) = b2

i . Otherwise

g∗(y) = −K, b∗(y) = −K where K is a positive number large enough to

prevent deviation of this type, i.e. ∀i : u(y2
i + g2

i ) − v(y2
i /zi) + W (b2

i , zi) >

maxy u(−K + y)− v(y/zi) + W (−K, zi). By the properties of u and W such

K exists. Now we want to show that g∗, b∗ ∈ CS1. To do that it is enough

to show that y1 ∈ Y (g∗, b∗). (1.3) is satisfied since (1.5) is satisfied. To see

that y1 solves (1.4) for g∗, b∗ note that by construction of g∗ and b∗ if there

is no i with y = y2
i then y cannot solve the problem defined in (1.4). The

fact that there is no j 6= i s.t. u(yi + g∗(yi)) − v(yi/zi) + W (b∗(yi), zi) <

u(g∗(yj) + yj)− v(yj/zi) +W (b∗(yj), zi) is implied by (1.6). The final part of

the claim is by construction. Note that the value of the objective function in

P1 for (g∗(y1
i ), y

1
i , b
∗(y1

i ))i equals the value of the objective function in P2 for

(g2
i , y

2
i , b

2
i )i.

Lemma A.5.

If g∗, b∗ ∈ CS1 then ∀y1 ∈ Y (g∗, b∗) : (g2
i , y

2
i , b

2
i )i := (g∗(yi), y

1
i , b
∗(yi))i ∈ CS2.

Proof: By construction of (g2
i , y

2
i , b

2
i )i (1.5) and (1.6) are satisfied because

(1.3) and (1.4) are satisfied. As before the value of the objective function in

P1 for (g∗(y1
i ), y

1
i , b
∗(y1

i ))i equals the value of the objective function in P2 for

(g2
i , y

2
i , b

2
i )i.

The statement in the theorem now easily follows from the established equiv-

alence of the constraint sets and objective functions. We assume that i ∈
{H,L}, but the proof goes through for any finite number of types by replacing
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1
2

in P1 and P2 by the corresponding probabilities. �

A.3. Proof of Lemma 1.3.

At the solution to the relaxed problem: gL + bL > gH + bH , i.e. “overall

redistribution” is progressive.

Proof: Consider the problem of a high type who is given a transfer xH and

we let him decide how much he wants to work, consume and save for next

period. His problem is:

max
c,y,b

u(c)− v(
y

zH
) +W (b, zH) s.t. c+ b ≤ y + xH

Notice that the first order conditions for this problem are the same as those

for the high type in the parents’ problem. Thus by setting xH = cH + bH −
yH , we guarantee that the unique31 solution to the maximization problem is

(c∗, y∗, b∗) = (cH , yH , bH), the high type’s allocations in the parent’s problem.

Since the ICH is binding cL, yL, bL give the high type the same utility as

cH , yH , bH . Thus cL, yL, bL can’t be in the constraint set of the problem above

(otherwise a convex combination of cL, yL, bL and cH , yH , bH would give a

strictly higher value of the objective function while still being in the constraint

set). Thus:

cL + bL > yL + xH

cL + bL > yL + yL + A− cL − bL

(cL − yL) + bL = gL + bL >
A

2
=⇒

(cH − yH) + bH = gH + bH <
A

2

The second and last last lines come from substituting xH into the parent’s

problem feasibility so that xH = yL + A− cL − bL. The claim follows. �

A.4. Proof of Lemma 1.5.

Policy functions are continuous in π and zL if u has non-increasing absolute

31The objective function is strictly concave, the constraint set is convex.
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risk aversion, and v CARA or CRRA.

Proof: The proof has 2 steps. In the first we show that under our assump-

tions the policy correspondence is single valued, in the second that it is u.h.c.

in π and z. Combined these imply that the policy correspondence is in fact

a continuous function. WLOG we assume that the probability of being of a

high and low type is the same.

Step 1. The policy is a function, i.e. a single valued correspondence. We

can convexify the constraint set by having the parent choose utility values in-

stead of real values. In this setup the parent chooses utility from consumption,

output, and welfare for the high type (uH , vH , wH), and for the high type pre-

tending to be the low type (uL, vL, wL). Here we use capital letters to denote

the functions U , V , and W . The parent solves:

max
u,v,w

uH − vH + wH + uL − V (
zH
zL
V −1(vL)) +WL(W−1

H (wL)) s.t.

U−1(uH) + U−1(uL) +W−1
H (wH) +W−1

H (wL) ≤ zHV
−1(vH) + zHV

−1(vL) +A

uH − vH + wH ≥ uL − vL + wL

The incentive compatibility constraint is linear. Since U(·) and Wi(·) are

strictly increasing and strictly concave their inverses are strictly convex. Sim-

ilarly the inverse of V (·) is strictly concave. The convex functions are on the

lesser side of the inequality and the concave ones are on the greater side, so

this constraint is convex as well.

To show uniqueness it remains to show that the objective function is weakly

concave. The first four terms are linear. We will show that our assumptions

guarantee that V and W are weakly concave. Both of the functions are of the

form h(x) = f(g−1(x)). Recall that ∂
∂x
g−1(x) = 1

g′(g−1(x))
. Then:

h′(x) =
f ′(g−1(x))

g′(g−1(x))

h′′(x) =

[
g′(g−1(x))

f ′′(g−1(x))

g′(g−1(x))
− f ′(g−1(x))

g′′(g−1(x))

g′(g−1(x))

]
/(g′(g−1(x)))2
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The sign of the second derivative is the sign of the numerator, which can be

written as: (
− g′′(g−1(x))

g′(g−1(x))

)
−

(
− f ′′(g−1(x))

f ′(g−1(x))

)
We want to show that the second derivative of WL as a function of wL is

negative and that it is positive for V as a function of vL, since this function is

subtracted, so we need it convex. Let RRV (l) denote the relative risk aversion

of V and similarly the absolute risk aversion ARW (b; z) where the derivatives

are taken w.r.t b. Plugging into the formulas above one gets:

∂2V ( zH
zL
V −1(vL))

∂v2
L

≥ 0⇐⇒ RRV (
y

zH
) ≥ RRV (

y

zL
)

∂2WL(W−1
H (wL))

∂w2
L

≤ 0⇐⇒ ARW (b; zH) ≤ ARW (b; zL)

Thus we require v to be NIRRA, which covers CARA as well. For the last

term in the objective function, we will prove the following lemma:

Lemma A.6. Assume u is NIARA (covers CRRA) and v is CARA or CRRA.

Then −Wbb

Wb
is decreasing in z and Wbb is increasing in z.

Once we prove this claim, it is easy to show that −Wbb(b,zL)
Wb(b,zL)

≥ −Wbb(b,zH)
Wb(b,zH)

and

Wbb(b, zL) ≤ Wbb(b, zH) using π ≥ 1
2

in a way similar to lemma A.3.

Proof: from above we have:

Wbb

Wb

=
u′′(c)

u′(c)

∂c

∂b
=

1
z
v′( c(z)−b

z
)

1
z2
v′′( c(z)−b

z
)

+
u′(c(z))

−u′′(c(z))
=

1
1
z
v′( c(z)−b

z
)

1
z2
v′′( c(z)−b

z
)

+ u′(c(z))
−u′′(c(z))

So now Wbb

Wb
increasing in z ⇐⇒

1
z
v′( c(z)−b

z
)

1
z2
v′′( c(z)−b

z
)

+ u′(c(z))
−u′′(c(z)) increasing in z. The

second term is increasing in z e.g. for u NIARA since c is increasing in z. We

claim that the first term is increasing in z for v CRRA. To see that note that

the first term can be rewritten as:

y(z) · v′(y(z)
z

)
y(z)
z
· v′′(y(z)

z
)

=
y(z)

−RRv(y(z))
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Remember that RRv(y(z)) is negative so that −RRv(y(z)) is positive. As-

suming CRRA−RRv(y(z)) is constant, we get that ∂
∂z

y(z)
−RRv(y(z))

=
∂y
∂z

−RRv(y(z))
>

0 since y is increasing in z (by c is increasing in z which was established above).

Note that it is not straightforward to find a sufficient condition in terms of

DRRA or IRRA, because we don’t know the sign of ∂`(z)
∂z

. The argument is

similar for CARA (again we don’t need to worry which way `(z) goes). Fi-

nally, another sufficient condition would be `(z) constant in z. The functions

that we are using do not have this property, so we don’t include this sufficient

condition in the statement of the lemma. Finally the fact thatWbb is (strictly)

increasing in z follows from the fact that Wb is (strictly) decreasing in z.

Step 2. The policy correspondences are upper hemi-continuous in π and z.

Proof: for u.h.c. in π define:

f(π; cH , cL, yH , yL, bH , bL) := u(cH)− v(
yH
zH

) + πW(bH , zH) + (1− π)W(bH , zL) +

u(cL)− v(
yL
zL

) + πW(bL, zL) + (1− π)W(bL, zH)

Γ(π) :=
{

(cH , cL, yH , yL, bH , bL) ∈ <4
+ ×<2 : cH + cL + bH + bL ≤ yH + yL +A,

u(cH)− v(
yH
zH

) + πW(bH , zH) + (1− π)W(bH , zL) ≥

u(cL)− v(
yL
zH

) + πW(bL, zH) + (1− π)W(bL, zL)
}

h(π) :=
{

(c∗H , c
∗
L, y
∗
H , y

∗
L, b
∗
H , b

∗
L) ∈ <4

+ ×<2 : f(π; c∗H , c
∗
L, y
∗
H , y

∗
L, b
∗
H , b

∗
L) =

max
(cH ,cL,yH ,yL,bH ,bL)∈Γ(π)

f(π; cH , cL, yH , yL, bH , bL)
}

We have shown above that W(b, z) is continuous in b. This means that f

is a continuous mapping [0, 1] × <4
+ × <2 −→ <. Clearly Γ : [0, 1] −→ <6

+ is

a non-empty valued correspondence. Γ is also a continuous correspondence,

since all the functions are continuous and π enters linearly. One can show that

∃L large enough and ∃B small enough s.t. ∀π : lH , lL < L, bH , bH > B at a

solution to the relaxed problem. Then WLOG Γ can be made compact valued

since these bounds imply an upper bound on cH , cL, yL, yH as well. Thus h(π)

is a non-empty, compact, upper hemi-continuous correspondence. The proof of

upper hemi-continuity of the policy correspondences in zL and zH on <++ with
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zL ≤ zH is similar. For zL = 0, one can show that policies are right continuous.

A.5. Relaxed problem valid.

Lemma A.7. The constraint preventing the high type from reporting the low

skill level, ICH , is sufficient, i.e. at the solution to the problem where ICL is

not included ICL will be satisfied for π ∈ {1
2
, π∗, 1}. For π = 1 we have the

result as long as bL > bH which has been established for zL small enough and

v is CRRA or CARA.

Proof: clearly at the solution to the relaxed problem the ICH binds. To

prove the lemma, we need to characterize the solutions in more detail. We will

proceed case by case. Note that for zL = 0, the validity of the relaxed problem

is clear, because the low type cannot pretend to be the high type.

(1) π = 1
2
. First note that yH > yL. This is because as we established above

cH > cL, bH > bL and the ICH binds. Moreover W (bi, z) = W (bi).

Denote W (bi) as wi. Then WTS:

u(cH)− v(
yH
zH

) + wH = u(cL)− v(
yL
zH

) + wL ⇒

u(cL)− v(
yL
zL

) + wL ≥ u(cH)− v(
yH
zL

) + wH

This is equivalent to:

u(cH)− u(cL) + wH − wL = v(
yH
zH

)− v(
yL
zH

)⇒

v(
yH
zL

)− v(
yL
zL

) ≥ u(cH)− u(cL) + wH − wL

Thus it is enough to show:

v(
yH
zL

)− v(
yL
zL

) ≥ v(
yH
zH

)− v(
yL
zH

)

This is equivalent to:∫ yH

yL

v′( y
zL

)

zL
dy ≥

∫ yH

yL

v′( y
zH

)

zH
dy

This is true by convexity of v, yH > yL and zH > zL.
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(2) π = 1. Showing yH > yL is more complicated here. It deserves a

separate lemma.

Lemma A.8. Suppose v is NIRRA. Then y1
L < y1

H .

Proof: first we will show y1
L < y2

L. We use superscripts for periods.

We have π = 1 so the types are constant over time. Define the output

that will be chosen in the second period by a high type who misreported

in the first period as a function of bL:

ỹ := u′(ỹ(bL) + bL) = v′(
ỹ(bL)

zH
) · 1

zH
The properties of u and v imply that y2 is strictly increasing in z

and therefore ∀b : y2
L(b) < ỹ(b). Now output in the first period is

determined by:

v′(
y1
L

zL
)

1

zL
− µv′( y

1
L

zH
)

1

zH
= W1(bL, zL)− µW1(bL, zH)

Using W1(bL, zH) = v′( ỹ(bL)
zH

) · 1
zH

and W1(bL, zL) = v′(
y2L(bL)

zL
) 1
zL

we

can rewrite this:

v′(
y1
L

zL
)

1

zL
− µv′( y

1
L

zH
)

1

zH
= v′(

y2
L(bL)

zL
)

1

zL
− µv′( ỹ(bL)

zH
) · 1

zH

Since y2
L(b) < ỹ(b) the above implies (we drop the arguments for

simplicity):

v′(
y1
L

zL
)

1

zL
− µv′( y

1
L

zH
)

1

zH
< v′(

y2
L

zL
)

1

zL
− µv′( y

2
L

zH
) · 1

zH

Now to prove the claim we will show that f(y) := v′( y
zL

) 1
zL
−µv′( y

zH
) 1
zH

is increasing in y which implies that y1
L < y2

L. Taking the derivative

yields:

f ′(y) = v′′(
y

zL
)

1

z2
L

− µv′′( y
zH

)
1

z2
H

By NIRRA we have:

−
v′′( y

zL
)

v′( y
zL

)

y

zL
≤ −

v′′( y
zH

)

v′( y
zH

)

y

zH
=⇒ v′′(

y

zL
)

1

z2
L

> v′′(
y

zH
)

1

z2
H
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The reasoning comes from v′, v′′ > 0 and zL < zH . Combine the last

expression with µ ∈ (0, 1) to get f ′(y) > 0. Thus y1
L < y2

L. To prove

the lemma suppose by way of contradiction that y1
H ≤ y1

L. Then either

bH ≥ bL or bH < bL. The first is inconsistent with the ICH binding

because cH > cL. For the second we would have y2
L < y2

H and hence

y1
L < y2

L < y2
H = y1

H , a contradiction. Thus y1
L < y1

H . �

To show that the relaxed problem is valid WTS:

u(cH)− v(
yH
zH

) +W (bH , zH) = u(cL)− v(
yL
zH

) +W (bL, zH)

⇒ u(cL)− v(
yL
zL

) +W (bL, zL) ≥ u(cH)− v(
yH
zL

) +W (bH , zL)

Thus it is enough to show:

v(
yH
zL

)−v(
yL
zL

)+W (bL, zL)−W (bH , zL) ≥ v(
yH
zH

)−v(
yL
zH

)+W (bL, zH)−W (bH , zH)

Since we have bL > bH , yL < yH we can rewrite the inequality as:∫ yH

yL

v′( y
zL

)

zL
dy +

∫ bL

bH

Wb(b, zL)db ≥
∫ yH

yL

v′( y
zH

)

zH
dy +

∫ bL

bH

Wb(b, zH)db

Which is true by the convexity of v, zH > zL, and Wb(b, zL) ≥
Wb(b, zH). �

(3) π = π∗. The W ’s in the IC’s cancel out by bL = bH . Moreover ICH

binding implies yH > yL. Thus this reduces to showing the following

which has been shown above:

v(
yH
zL

)− v(
yL
zL

) ≥ v(
yH
zH

)− v(
yL
zH

)

�

A.6. Family level uncertainty with 2 types.

The general problem of a parent with assets A and skill level zP is defined

in section 1.3.4. We make several assumptions here. First, there are only 2

skill types: H and L so that (ij) ∈ S := {HH,HL,LH,LL}. For each kid

Pr(H) = Pr(L) and the draws are independent across kids. Since the solution

is unique, it will feature symmetric treatment, so we will use xs for allocations
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of the first kid ∀s ∈ S. Parent’s allocations are defined as xP (s). λs denotes

the Lagrange multiplier on the budget constraint in state s. We suppress the

double notation so that states HH,LL are described by H,L respectively. By

symmetry xP (LH) = xP (HL) and also λLH = λHL. To simplify notation we

divide the objective function by 1
η
. We keep β and R in the model, but we

assume that β · R = 1. As before, we consider a relaxed problem and assume

that the ICH is binding. The goal is to prove the following proposition:

Proposition A.9. Suppose zL = 0 and the ICH binds. Then ∃π∗ ∈ (1
2
, 1) s.t.

bHL = bLH .

The crucial and somewhat tedious part is to prove the following lemma.

Lemma A.10. At the solution to the relaxed problem: gLH + bLH
R

> gHL+ bHL
R

,

i.e. “overall redistribution” in state (LH) is progressive.

Proof: for clarity of exposition we will divide the proof into several steps.

Step 1: consider an artificial problem of a high type who is given a transfer

(the variables on the RHS are the optimal allocations from the relaxed prob-

lem) xH = cH + bH
R
− yH and xHL = cHL + bHL

R
− yHL with equal probability

and decides how much he wants to work, consume and save for next period

conditional on the transfer he gets. His problem is:

max
c1,y1,b1,c2,y2,b2

u(c1)− v(
y1

zH
) + βW (b1, zH) + u(c2)− v(

y2

zH
) + βW (b2, zH) s.t.

c1 + b1 ≤ y1 + xH

c2 + b2 ≤ y2 + xHL

It is clear that (no distortion on top principle) the unique solution is:

(c∗1, y
∗
1, b
∗
1, c
∗
2, y
∗
2, b
∗
2) = (cH , yH , bH , cHL, yHL, bHL)

Since the ICH is assumed binding (cL, yL, bL, cLH , yLH , bLH) give the same

utility as (cH , yH , bH , cHL, yHL, bHL). Thus (cL, yL, bL, cLH , yLH , bLH) can’t be

in the constraint set. Thus one of the 2 constraints must be violated and we

get that:
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cL − yL +
bL
R
> cH +

bH
R
− yH ∨ cLH − yLH +

bLH
R

> cHL − yHL +
bHL
R

⇐⇒

gL +
bL
R
> gH +

bH
R

∨ gLH +
bLH
R

> gHL +
bHL
R

Step 2: Now we will prove that:

gLH +
bLH
R

> gHL +
bHL
R

=⇒ gL +
bL
R
> gH +

bH
R

Combined with the result above this will in fact imply gL + bL
R
> gH + bH

R
.

Under our assumption gLH + bLH
R

> gHL + bHL
R

we will prove two claims about

the Lagrange multipliers in the maximization problem.

(1) λL > λLH . Suppose not, i.e. λL ≤ λLH . The FOC will imply: cL ≥
cLH , yL ≤ yLH , bL ≥ bLH and cP (L) − yP (L) ≥ cP (LH) − yP (LH).

The first is obvious. For the second we use that v′( y
zL

) 1
zL
− µv′( y

zH
) 1
zH

is increasing in y which was established in lemma A.8. The next one

follows from W1(b, zL) − µW1(b, zH) decreasing in b for which we use

Wbb negative and increasing in z as shown in lemma A.1 and lemma

A.4 and µ ∈ (0, 1) and the last one is obvious from the FOC. We add all

these up and use feasibility and the overall progressiveness assumption

to get a contradiction:

A = cP (L)− yP (L) + 2[gL +
bL
R

] ≥ cP (LH) + yP (LH) + 2[gLH +
bLH
R

] >

> cP (LH) + yP (LH) + gLH +
bLH
R

+ gHL +
bHL
R

= A

(2) λLH > λH . Suppose not, i.e. λLH ≤ λH . The same reasoning implies

cH ≤ cHL, yH ≥ yHL, bH ≤ bHL, cP (H) − yP (H) ≤ cP (LH) − yP (LH)

and we get a contradiction as before.

Thus we have λL > λLH > λH under our assumption. λL > λH =⇒
cP (L) − yP (L) < cP (H) − yP (H). The claim easily follows from the budget

constraint.
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Since gL + bL
R
> gH + bH

R
⇐⇒ λL > λH we have established λL > λH inde-

pendent of the assumption as well.

Step 3: now we will show λL > λLH > λH (without the assumption gLH +
bLH
R

> gHL + bHL
R

).

We will proceed by contradiction. Since we have shown that λL > λH we

need to rule out 2 cases: λLH ≥ λL > λH and λL > λH ≥ λLH .

(1) λLH ≥ λL > λH . We get the following inequalities:

λLH ≥ λL λLH > λH =⇒
cP (L) ≥ cP (LH) cP (H) > cP (LH)

yP (L) ≤ yP (LH) yP (L) < yP (LH)

cL ≥ cLH cH > cHL

yL ≤ yLH yH < yHL

bL ≥ bLH bH > bHL

When we add the first 2 lines and use the BC’s we get gL+ bL
R

+gH +
bH
R
< gLH + bLH

R
+ gHL + bHL

R
. When we add the last 3 lines, we get:

gL + bL
R

+ gH + bH
R
> gLH + bLH

R
+ gHL + bHL

R
. This is a contradiction.

(2) λL > λH ≥ λLH . A contradiction can be reached in a very similar way.

Step 4: λL > λLH > λH =⇒ gLH + bLH
R

> gHL + bHL
R

.

This goes as before:

λL > λLH ⇒ gLH +
bLH
R

> gL +
bL
R

λLH > λH ⇒ gH +
bH
R

> gHL +
bHL
R

But we have already established that: gL + bL
R
> gH + bH

R
. Therefore:

gLH +
bLH
R

> gL +
bL
R
> gH +

bH
R

> gHL +
bHL
R

�

The FOC also imply that cLH < cHL. We can use this along with the above

results to characterize the solution as follows:

cL < cLH < cHL < cH , yL > yLH , yHL > yH , bL < bLH , bHL < bH
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One would guess that yLH < yHL. Recall that even in the simpler model

without family level uncertainty, this was established case by case. We’ll fol-

low that strategy here as well. bLH <> bHL will change with π as before.

Lemma A.11. Suppose π = 1
2
. Then bLH < bHL, yL < yH , yLH < yHL and

ICL is satisfied.

Proof: the first one is obvious from the FOC. For the second note that if

π = 1
2

the FOC imply that bL < bH . The claim then follows from cL + bL <

cH + bH and cL − yL + bL > cH − yH + bH . Using the characterization above

and the first result, we get from the ICH being satisfied with equality that:

2 · v(
yHL
zH

) > v(
yH
zH

) + v(
yHL
zH

) > v(
yLH
zH

) + v(
yL
zH

) > 2 · v(
yLH
zH

)

=⇒ yHL > yLH

To show that the ICL is satisfied it is enough to show:

v(
yH
zL

) + v(
yHL
zL

)− v(
yLH
zL

)− v(
yL
zL

) > v(
yH
zH

) + v(
yHL
zH

)− v(
yLH
zH

)− v(
yL
zH

)∫ yH

yL

v′( y
zL

)

zL
dy +

∫ yHL

yLH

v′( y
zL

)

zL
dy >

∫ yH

yL

v′( y
zH

)

zH
dy +

∫ yHL

yLH

v′( y
zH

)

zH
dy

This is true by v convex, zL < zH , yL < yH and yLH < yHL, which has just

been shown. �

Lemma A.12. Assume that π = 1, zL = 0. Then bLH > bHL.

Proof: this is the same as before. The superscript denotes the second period.

We get:

Wb(bLH , zL) < u′(cLH)⇒ u′(c2
LH) < u′(cLH)⇒

cLH < c2
LH ⇒ gLH < bLH ⇒ bHL < bLH

The last result follows from the overall progressivity and the fact that

bHL = gHL which is still true even if R 6= 1 as long as βR = 1. Under our

assumption that zL = 0 the ICL is satisfied as well32, which is actually true

32In general, we can’t show that the ICL is satisfied even if we could show that yLH < yHL.
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∀π ∈ [1
2
, 1]. Hence it is also true for π∗. We can use continuity in z (this can

be established as before) to extend this argument to a neighborhood of zL = 0.

A.7. Income Process Calibration and Numerical Implementation.

Here we explain our calibration strategy and the details of your numerical

implementation.

A.7.1. Income Process Calibration.

We assume the following about the distribution of skills and assets.

(log zP , logA) ∼ N2

((
µzp

µA

)
,

(
σ2
zp corr(A, zp) · σzpσA

corr(A, zp) · σzpσA σ2
A

))
log z1 = µz1 + ρzG (log zp − µzp) + εzG εzG ∼ N (0, σ2

zG)

log z2 = µz2 + ρzL (log z1 − µz1) + εzL εzL ∼ N (0, σ2
zL)

We choose not to directly compare the outcomes in the second period to the

data. Instead we simply assume that: µz2 = µzp + 20 log(1.02) and σ2
z2 = σ2

zp.

Then we get:

log z1 ∼ N
(
µz1,

ρ2
zGσ

2
zL + σ2

zG

1− ρ2
zGρ

2
zL

)
log z2 ∼ N

(
µzp + 20 log(1.02),

ρ2
zLσ

2
zG + σ2

zL

1− ρ2
zGρ

2
zL

)
σ2
zp = σ2

z2 =
ρ2
zLσ

2
zG + σ2

zL

1− ρ2
zGρ

2
zL

Hence to completely define the skill process we need to specify following 9

parameters: µA, σ2
A, µzp, σ

2
zL, corr(A, zp), µz1, σ2

zG, ρzL, ρzG.

We pick µA and σ2
A directly to match the data. For parent’s assets, we run

the following regression for agents aged 46 - 65 in the 2005 PSID:

logAi = β0 + β1agei + β2age
2
i + β3age

3
i + β4age

4
i + εi

Then we compute the wealth as if everybody was 46 years old. We get the

following numbers: µA = 11.1069, σ2
A = 3.5792.

The rest are parameters in our calibration procedure. The table below sum-

marizes what parameters we are guessing and what we want to match. The
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Table 15. Parameters and Targets of the Calibration Procedure

Parameters Targets
µzp µyp = 13.3801
σ2
zL σ2

yp = 0.8332
corr(A, zp) corr(A, yp) = 0.5182

µz1 µy1 = 13.2512
σ2
zG σ2

y1 = 0.6813
ρzG ρyG = 0.6379
ρzL ρyL = 0.7054

explanation follows.

• µyp, σ2
yp, corr(A, yp), µy1, σ

2
y1 are all measures of logged income. We

approximate the age earnings profile of an individual i by estimating

the following regression equation for the 2005 PSID data:

log yi = β0 + β1agei + β2age
2
i + β3age

3
i + β4age

4
i + εi

We estimate these regressions separately for the two age groups.

Then we use the computed coefficients and residuals to simulate the

earnings profile over the 26 - 45 and 46 - 65 spans. Then we simply

add the earnings over the 20 years with discounting.

• ρyL was calculated with the estimated logged yearly income process

from Heathcote, Storesletten and Violante (2008). We simulate the

process for 40 years and then take the average income in the first and

second 20 year periods. Then we regress the second period average on

the first period average to get our estimate for ρyL in the data. As for

the data generated by the model we simply regress kids’ second pe-

riod’s income on first period’s income with the number of observations

corresponding to probabilities.

• ρyG - the empirical literature on inter-generation income elasticity mea-

sures parent’s logged earnings while young with children’s logged earn-

ings while young. However the outcome of our model is a regression

coefficient from log y1 = β0 + ρyG log yG + ε. Thus we measure the

child’s first period income as a function of the parent’s second period
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income. The parent’s first period income enters only indirectly as (as-

suming the process doesn’t change over time) log yp2 = β0 +ρyL ·yp1 +ε.

Thus the empirical literature is measuring ρyL ·ρyG. These studies find

a range of values between 0.15 and 0.55 (for a survey, see Solon, 1999).

For the benchmark simulations we use 0.4533 and then ρyG = 0.45
ρyL

.

A.7.2. Numerical Implementation.

In the benchmark simulations, we use 5 states for assets and 5 skill types for

the parent, thus having a grid of 25 points. The distance on either axis is

the same measured in probability of the unconditional distributions. For each

zP we have a grid of 5 values of z1 and 5 values of z2 with equal distance

in conditional probabilities z1|zP and z2|zP . Thus we effectively have 25 grid

points for both z1 and z2.

A.8. Additional Quantitative Results.

Table 16. Bequests ±25% of mean, η = 1

σ \ γ 0.5 1 2 4
0.5 59.2% 46.8% 36.0% 29.5%
1 46.9% 38.1% 30.4% 26.2%
2 37.6% 29.5% 27.9% 23.9%
4 35.0% 37.1% 33.7%

330.448 is a simple average of what Lee, Solon (2006) report for sons and daughters of age
30-34 and 35-39 and years 1986-2006 (table 3) based on the PSID data. The independent
variable in their regression is logged parents’ income when the kids were 15-17 years old,
so the dependent variable measures income of the offsprings roughly 20 years later which is
our model period length. If we use just the data for 35 - 39 years, we will get 0.475.
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Table 17. Gifts±25% of mean, η = 1

σ \ γ 0.5 1 2 4
0.5 100.0% 56.0% 32.5% 25.3%
1 95.4% 35.1% 25.6% 23.5%
2 38.4% 23.8% 23.5% 22.1%
4 20.9% 20.6% 20.6%

Table 18. Results for η = 0.5

σ = γ Bequests within 25% of mean Gifts within 25% of mean
0.5 68.0% 29.7%
1 57.5% 58.3%
2 38.65% 21.4%
4 28.5% 20.6%
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Appendix B. Appendix to Chapter 2

B.1. Proof of Theorem 2.3.

Theorem 2.3 says: θ < δ−π
δ
⇐⇒ in steady state FC binds and q > 1.

Proof: (i) =⇒ We will prove this part by contradiction. We will assume

qt = 1, pt = 0 and show that the supposition implies that the FC must be

violated for some investing entrepreneurs.

Denote by J the set of indexes identifying entrepreneurs with investment

opportunity at time t and use capital letters for aggregate variables. Since

the arrival of the investment opportunity is iid, investing entrepreneurs will

hold a fraction π of the total equity holdings at the beginning of period

t :
∫
j∈J n

j
tdj = πNt. Since they solve the same problem as non-investing

entrepreneurs, they will hold a fraction π of total equity holdings in period

t + 1 as well:
∫
j∈J n

j
t+1 = πNt+1. Now we will show that the financial con-

straint of some of these entrepreneurs is violated. Suppose it was satisfied.

Integrating over the set J we get:∫
j∈J

njt+1dj ≥ (1− θ)
∫
j∈J

ijtdj

πNt+1 ≥ (1− θ)It

In steady state Nt = Nt+1 = N and It = δN . Thus we can rewrite the

above as:

π − (1− θ)δ ≥ 0

This contradicts our supposition. �

The proof makes it clear that θ ≥ δ−π
δ
⇐⇒ ∃ an equilibrium with the FC

slack and q = 1.

(ii) ⇐= Suppose in steady state the financial constraint binds and q > 1.

The behavior of the model is then determined by the system of equations

defined in section 2.4.2. Using the steady state conditions Nt+1 = Nt and

It = δNt and dropping the time indexes, we can rewrite the system as:
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qRN i = βπN [r + (1− δ)q]

qN s = β(1− π)N [r + (1− δ)q]

N i = (1− θ)δN

N s +N i = N

This can be simplified to:

qR(1− θ)δN = βπN [r + (1− δ)q]

q [1− δ(1− θ)]N = β(1− π)N [r + (1− δ)q]

Plugging in for βN [r + q(1− δ)] from the first one into the second one and

simplifying further we get:

πq [1− δ(1− θ)] = (1− π)(1− θq)δ

πq [1− δ(1− θ)] = (1− π)δ − θδ(1− π)q

q [π − πδ + πδθ + θδ − πθδ] = (1− π)

q =
(1− π)δ

π − πδ + θδ

q =
(1− π)δ

(1− π)δ + π − δ + θδ

Both the numerator and the denominator are positive and therefore q >

1 =⇒ π − δ + θδ < 0, which is equivalent to θ < δ−π
δ

. �

B.2. Proof of Lemma 2.2: Linearity of the policy rules.

Lemma 2.2 states that the policy rules are linear and of the following form:

cit = (1− β)nt[rt + (1− δ)qt]

qRt n
i
t+1 = βnt[rt + (1− δ)qt]

cst = (1− β)nt[rt + (1− δ)qt]

qtn
s
t+1 = βnt[rt + (1− δ)qt]
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Proof: For the proof we find it useful to define the aggregate state of the

economy as st = (At, θt) and st = (s0, . . . , st). We consider a problem of one

particular entrepreneur indexed by his initial wealth n0. We define a variable

ut that equals 1 if the entrepreneur has an investment opportunity and equals

0 if he does not have not an investment opportunity at time t. As before

ut = (u0, . . . , ut). We denote probabilities by π(st), π(ut). Fixing K0 the

problem of this entrepreneur is:

max
∞∑
t=0

∑
st

∑
ut

βtπ(st)π(ut) log ct(s
t, ut) s.t.

ut = 0 (Lagrange multiplier λt(s
t, ut)) :

ct(s
t, ut) + qt(s

t)nt+1(st, ut) ≤ nt(s
t−1, ut−1)[rt(s

t) + qt(s
t)(1− δ)]

ut = 1 (Lagrange multiplier λt(s
t, ut)) :

ct(s
t, ut) + qRt (st)nt+1(st, ut) ≤ nt(s

t−1, ut−1)[rt(s
t) + qt(s

t)(1− δ)]

The appropriate budget constraint applies depending on whether the en-

trepreneur has or has not the investment opportunity. To make the notation

clearer we will denote by a superscript i allocations and Lagrange multipliers

in the state in which the entrepreneur has an investment opportunity at time t

and by a superscript s allocations and Lagrange multipliers in a state in which

the entrepreneur does not have an investment opportunity at time t. The first

order conditions are:

βtπ(ut)π(st)
cst (st, ut)

= λst (s
t, ut)

λst (s
t, ut)qt(st) =

∑
st+1

[
λit+1(st+1, ut+1){rt+1(st+1) + (1− δ)qt+1(st+1)}+

+ λst+1(st+1, ut+1){rt+1(st+1) + (1− δ)qt+1(st+1)}
]

βtπ(ut)π(st)
cit(st, ut)

= λit(s
t, ut)

λit(s
t, ut)qRt (st) =

∑
st+1

[
λit+1(st+1, ut+1){rt+1(st+1) + (1− δ)qt+1(st+1)}+

+ λst+1(st+1, ut+1){rt+1(st+1) + (1− δ)qt+1(st+1)}
]

Now we verify that the proposed policies satisfy the FOC (which is enough

by their sufficiency). Plugging in for the Lagrange multipliers and using the
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iid assumption on the arrival of the investment opportunity, we get:

qt(st)
cst (st, ut)

= β
∑
st+1

[π(st+1|st)(1− π)
cit+1(st+1, ut+1)

{rt+1(st+1) + (1− δ)qt+1(st+1)}+

+
π(st+1|st)π

cst+1(st+1, ut+1)
{rt+1(st+1) + (1− δ)qt+1(st+1)}

]
qRt (st)
cit(st, ut)

= β
∑
st+1

[π(st+1|st)(1− π)
cit+1(st+1, ut+1)

{rt+1(st+1) + (1− δ)qt+1(st+1)}+

+
π(st+1|st)π

cst+1(st+1, ut+1)
{rt+1(st+1) + (1− δ)qt+1(st+1)}

]
Plugging in the proposed rules for cst+1(st+1, ut+1) and cit+1(st+1, ut+1), we

get:

qt(st)
cst (st, ut)

= β
∑
st+1

[ π(st+1|st)(1− π)
(1− β)nst+1(st, ut)

+
π(st+1|st)π

(1− β)nst+1(st, ut)
]

qRt (st)
cit(st, ut)

= β
∑
st+1

[ π(st+1|st)(1− π)
(1− β)nit+1(st, ut)

+
π(st+1|st)π

(1− β)nit+1(st, ut)

]
These can be rewritten as:

(1− β)qt(s
t)nst+1(st, ut) = βcst(s

t, ut)

(1− β)qRt (st)nit+1(st, ut) = βcit(s
t, ut)

Given the budget constraints this confirms our initial guess independent of

whether qt > 1 or qt = 1. �

B.3. Construction of Time Series.

B.3.1. Macroeconomic variables.

Databases used for 1964q1 - 2008q4:

(1) CES-BLS: Current Employment Statistics survey published by the Bu-

reau of Labor Statistics.

(2) FAT-BEA: Fixed Asset Tables published by the Bureau of Economic

Analysis.
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(3) NIPA-BEA: National Income and Product Accounts published by the

Bureau of Economic Analysis.

(4) Flow of Funds.

Series generated:

(1) Hours L: from CES-BLS:

• Hours = average weekly hours · average number of workers.

• Average weekly hours: in private sector, series CES0500000036.

• Average number of workers: average number of workers in pri-

vate sector over a quarter computed using monthly data in series

CES0500000001.

(2) Real capital K : we generate quarterly data by interpolating the yearly

“ Fixed assets and consumer durable goods”, line 2 in table 1.2 in FAT-

BEA.

(3) Output Y : real GDP, line 1 in table 1.1.6 in NIPA-BEA.

(4) TFP series At: generated from the capital and hours series as:

At =
Yt

L.64
t ·K .36

t

(5) Nominal capital NK : we generate quarterly data by interpolating the

yearly “ Fixed assets and consumer durable goods”, line 2 in table 1.1

in FAT-BEA.

(6) Nominal Investment NI = nominal private fixed investment + nominal

durable consumption good expenditure + nominal government gross

investment.

• nominal private fixed investment: line 7 in table 1.1.5 in NIPA-

BEA.

• nominal durable consumption good expenditure: line 4 in table

1.1.5 in NIPA-BEA.

• nominal government gross investment: line 3 in table 3.9.5 in

NIPA-BEA, does not include investment in inventories.

(7) Real investment I: Nonfarm nonfinancial corporate businesses fixed

investment, line 12 in the Flow of Funds table F.102 deflated using

the deflator for Gross private domestic investment constructed using

line 7 in NIPA-BEA 1.1.5 and 1.1.6. We choose this series because we
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use it to estimate θ. The time series properties of various real invest-

ment measures are very similar. Excluding government, inventories and

durable consumption makes the series slightly more volatile (standard

deviation of 5.00% versus 4.41%).

(8) Real consumption C = Nondurable goods + Services.

• Nondurable goods: line 4 in table 1.1.5 in NIPA-BEA.

• Services: line 6 in table 1.1.5 in NIPA-BEA.

The real counterparts of these nominal series are only reported

starting in 1995. To generate the real series we deflated these

nominal series by a Personal consumption expenditure deflator

constructed from line 2 in tables 1.1.5 and 1.1.6. The correlation

between the deflator for Personal consumption expenditure and

Nondurable goods and Services from 1995 onwards is .991 and

.997, respectively.

B.3.2. Financial Variables.

(1) Asset price q was constructed from the Dow Jones Total Stock Market

Index (Wilshire 5000) for the priod 1974 - 2008. We have constructed

the same series for the S&P 500 Composite Price Index for the 1964 -

2008 period. The time series properties of HP filtered logged versions

of these indexes are very similar. Dow Jones Total Stock Market In-

dex is slightly more volatile. Both raw series were recovered from the

Global Financial Data database and computed as averages over the

given quarter.

(2) Asset return re: series vwretd from the CRSP database (Center for

Research in Security Prices), value weighted returns including distri-

butions from NYSE, AMEX and NASDAQ. We constructed quarterly

data from monthly observations.

(3) Total market value val: series totval from he CRSP database. We

constructed quarterly data as averages over monthly observations.
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(4) Real risk free rate rf is the 3-month T-bill as priced on the secondary

market recovered from the Global Financial Data database deflated by

CPI.

(5) CPI: nominal returns are deflated using the CPI series from the BLS

database, series ID: CPI-U, BLS CUUR0000SA0.

B.3.3. Construction of θ.

We construct a measure of θ from the Flow of Funds data for the non-financial

corporate sector:

θ =
Funds Raised in Markets

Fixed Investment
The variables are:

• Net funds raised in markets: line 38 in table F.102, equals: net new

equity issuance (line 39) plus credit market instruments (line 40) for

non-farm nonfinancial corporate businesses

• Fixed investment: line 12 in table F.102, for non-farm nonfinancial

corporate businesses
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B.4. Sensitivity Analysis.

Table 19. Quarterly Statistics - Sensitivity to Parameters of

the θ Process

Statistica,b Datac (1) (2) (3) (4)
σ2
εθ

= .172 σ2
εθ

= .122 σ2
εθ

= .172 σ2
εθ

= .122

E(θ) = .28 E(θ) = .28 E(θ) = .43 E(θ) = .43

σY 1.52 1.18 1.17 1.17 1.18
σI 5.00 5.12 3.77 2.93 2.07
σC 0.85 1.93 1.63 1.36 1.16
σL 1.73 0.59 0.58 0.59 0.59
ρY 0.87 0.67 0.68 0.68 0.67
ρI 0.85 0.40 0.41 0.38 0.48
ρC 0.90 0.47 0.52 0.53 0.61
ρL 0.92 0.67 0.68 0.68 0.67
ρ(Y, I) 0.90 0.23 0.30 0.48 0.73
ρ(Y,C) 0.85 0.61 0.72 0.80 0.92
ρ(Y, L) 0.87 1.00 1.00 1.00 1.00

σq 11.85 9.69 7.39 5.36 3.08
σre 8.63 10.77 8.15 6.37 3.71
σval 10.72 9.74 7.42 5.38 3.10
ρq 0.74 0.38 0.39 0.28 0.27
ρ(q, Y ) 0.39 0.11 0.16 0.11 0.13
ρ(q, I) 0.38 -0.94 -0.89 -0.81 -0.57
E(re) 1.49 1.36 1.18 1.13 1.04
E(rf ) 0.30 0.51 0.63 0.83 0.92
σfr 0.68 5.45 4.08 3.54 2.19
E(re)− E(rf ) 1.19 0.85 0.55 0.30 0.11

a Results for the models are based on 100 replications of size 180.
b σx is a standard deviation of variable x, ρx is the autocorrrelation of x and ρ(x, y) is the correlation
between x and y. All variables with the exception of the returns are logged and HP filtered before

statistics are computed. Standard deviations and returns are measured in percentage terms.
c This column contains quarterly statistics computed for the U.S. data in 1964:1 - 2008:4. An exception is
the measure for asset prices q, which was computed for 1974:1 - 2008:4. Details of the construction of the
series are in the appendix, section B.3.

Column (1) contains results for the benchmark model. In this model the financial constraint is binding
and both the process for TFP and θ is estimated using U.S. data 1964:1 - 2008:4.

Columns (2), (3) and (4) contain results for versions of the model with various values for the parameters of
the θ process. In column (2) the variance of innovations in θ is 50% of the benchmark value. In column (3)
the mean value of θ is increased by 50% relative to benchmark. In column (4) both of these changes apply.
Other than that the models are the same as the benchmark model.
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Table 20. Quarterly Statistics - Sensitivity to π

Statistica,b Datac (1) (2) (3) (4)
π = .01 π = .015 π = .02 π = .025

σY 1.52 1.21 1.18 1.19 1.19
σI 5.00 9.99 5.12 2.10 1.71
σC 0.85 3.12 1.93 1.16 1.02
σL 1.73 0.60 0.59 0.59 0.60
ρY 0.87 0.68 0.67 0.68 0.67
ρI 0.85 0.42 0.40 0.48 0.67
ρC 0.90 0.47 0.47 0.59 0.67
ρL 0.92 0.68 0.67 0.68 0.67
ρ(Y, I) 0.90 0.03 0.23 0.74 1.00
ρ(Y,C) 0.85 0.47 0.61 0.92 1.00
ρ(Y, L) 0.87 1.00 1.00 1.00 1.00

σq 11.85 16.02 9.69 3.07 0
σre 8.63 17.31 10.77 3.84 0.07
σval 10.72 16.12 9.74 3.09 0.13
ρq 0.74 0.43 0.38 0.21 1
ρ(q, Y ) 0.39 0.16 0.11 0.10 0
ρ(q, I) 0.38 -0.97 -0.94 -0.59 0
E(re) 1.49 1.88 1.36 1.05 1.01
E(rf ) 0.30 -0.26 0.51 0.93 1.01
σfr 0.68 8.16 5.45 2.32 0.06
E(re)− E(rf ) 1.19 2.14 0.85 0.12 0.00

a Results for the models are based on 100 replications of size 180.
b σx is a standard deviation of variable x, ρx is the autocorrrelation of x and ρ(x, y) is the correlation

between x and y. All variables with the exception of the returns are logged and HP filtered before
statistics are computed. Standard deviations and returns are measured in percentage terms.
c This column contains quarterly statistics computed for the U.S. data in 1964:1 - 2008:4. An exception is

the measure for asset prices q, which was computed for 1974:1 - 2008:4. Details of the construction of the
series are in the appendix, section B.3.
Column (2) contains results for the benchmark model with π = .015. In this model the financial constraint
is binding and both the process for TFP and θ is estimated using U.S. data 1964:1 - 2008:4.
Columns (1), (3) and (4) contain results for versions of the model with various values of π. Other than

that the models are the same as the benchmark model.
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Table 21. Quarterly Statistics - Sensitivity to Labor Supply Elasticity

Statistica,b Datac (1) (2) (3) (4)
η = .5 η = 1 η = 2 constant labor

σY 1.52 1.41 1.18 1.03 0.79
σI 5.00 5.02 5.12 5.05 5.19
σC 0.85 2.75 1.93 1.55 1.79
σL 1.73 0.94 0.59 0.35 0
ρY 0.87 0.68 0.67 0.67 0.67
ρI 0.85 0.41 0.40 0.40 0.39
ρC 0.90 0.46 0.47 0.51 0.43
ρL 0.92 0.68 0.67 0.68 1
ρ(Y, I) 0.90 0.26 0.23 0.16 0.13
ρ(Y,C) 0.85 0.52 0.61 0.69 0.46
ρ(Y, L) 0.87 1.00 1.00 1.00 0

σq 11.85 9.49 9.69 9.71 10.07
σre 8.63 10.45 10.77 10.71 11.10
σval 10.72 9.54 9.74 9.76 10.12
ρq 0.74 0.40 0.38 0.39 0.39
ρ(q, Y ) 0.39 0.15 0.11 0.13 0.10
ρ(q, I) 0.38 -0.91 -0.94 -0.95 -0.97
E(re) 1.49 1.35 1.36 1.36 1.42
E(rf ) 0.30 0.66 0.51 0.48 0.62
σfr 0.68 5.36 5.45 5.45 5.61
E(re)− E(rf ) 1.19 0.69 0.85 0.88 0.80

a Results for the models are based on 100 replications of size 180.
b σx is a standard deviation of variable x, ρx is the autocorrrelation of x and ρ(x, y) is the correlation

between x and y. All variables with the exception of the returns are logged and HP filtered before
statistics are computed. Standard deviations and returns are measured in percentage terms.
c This column contains quarterly statistics computed for the U.S. data in 1964:1 - 2008:4. An exception is

the measure for asset prices q, which was computed for 1974:1 - 2008:4. Details of the construction of the
series are in the appendix, section B.3.
Column (2) contains results for the benchmark model with η = 1. In this model the financial constraint is
binding and both the process for TFP and θ is estimated using U.S. data 1964:1 - 2008:4.
Columns (1) and (3) contain results for versions of the model with various values of η.

Column (4) contains results for a version of the model with constant labor supply. Other than that the
models are the same as the benchmark model.
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Table 22. Quarterly Statistics - Sensitivity to β

Statistica,b Datac (1) (2) (3) (4)
β = .98 β = .99 β = .999 β = .9999

σY 1.52 1.21 1.18 1.18 1.20
σI 5.00 7.85 5.12 1.36 1.20
σC 0.85 2.07 1.93 1.23 1.20
σL 1.73 0.60 0.59 0.59 0.60
ρY 0.87 0.68 0.67 0.68 0.68
ρI 0.85 0.40 0.40 0.61 0.68
ρC 0.90 0.48 0.47 0.64 0.68
ρL 0.92 0.68 0.67 0.68 0.68
ρ(Y, I) 0.90 0.13 0.23 0.87 1.00
ρ(Y,C) 0.85 0.60 0.61 0.96 1.00
ρ(Y, L) 0.87 1.00 1.00 1.00 1.00
σq 11.85 7.78 9.69 12.67 13.00
σre 8.63 8.54 10.77 14.27 14.68
σval 10.72 7.85 9.74 12.68 13.00
ρq 0.74 0.40 0.38 0.37 0.37
ρ(q, Y ) 0.39 0.16 0.11 0.07 0.08
ρ(q, I) 0.38 -0.95 -0.94 -0.42 0.02
E(re) 1.49 2.21 1.36 0.85 0.80
E(rf ) 0.30 1.63 0.51 -0.51 -0.63
σfr 0.68 4.42 5.45 7.20 7.44
E(re)− E(rf ) 1.19 0.58 0.85 1.36 1.44

a Results for the models are based on 100 replications of size 180.
b σx is a standard deviation of variable x, ρx is the autocorrrelation of x and ρ(x, y) is the correlation

between x and y. All variables with the exception of the returns are logged and HP filtered before

statistics are computed. Standard deviations and returns are measured in percentage terms.
c This column contains quarterly statistics computed for the U.S. data in 1964:1 - 2008:4. An exception is

the measure for asset prices q, which was computed for 1974:1 - 2008:4. Details of the construction of the

series are in the appendix, section B.3.
Column (2) contains results for the benchmark model with β = .99. In this model the financial constraint

is binding and both the process for TFP and θ is estimated using U.S. data 1964:1 - 2008:4.

Columns (1), (3) and (4) contain results for versions of the model with various values of β. Other than
that the models are the same as the benchmark model.
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