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Abstract

In this thesis, mathematical models for gels are developed and analyzed using both
analytical and numerical approaches. The work is motivated by two biomedical applications:
body implantable devices such as artificial bone implants and a drug delivery device designed
by Siegel et al. [14, 41, 42, 62]. The mathematical structure of the models depends on
the device being studied: the former application is an equilibrium problem focusing on
mechanical effects, whereas the latter is a dynamical problem focusing on chemomechanical
effects. Both types of models are considered in this work.

The mechanical equilibrium model presented is suitable for gel problems in both the
mixing or separating regime. For mixing regime problems, the existence of minimizers for a
convex energy is established. The Euler–Lagrange equilibrium equations for this model are
equations of nonlinear elasticity, and the Stokes elasticity mixed finite element method is
developed for the linearized Euler–Lagrange equations. The Stokes formulation is used to
numerically simulate the effects of confinement and temperature changes with the software
FEniCs for an artificial bone implant. For the separating regime model, the existence of
minimizers for a non–convex energy is established following the proof first presented in [61].

The dynamical model presented is an electrochemical model derived from balance laws
for mechanics and chemistry. The primary goal in the analysis of this model is to model
a cyclic gel volume phase transition using chemomechanical coupling. Two issues are ad-
dressed: the origin of the volume phase transition and modeling a mechanically realistic
cycling mechanism. Following the studies of Horkay et al. in physiology [34, 35], the volume
phase transition is formulated as higher order terms from the Flory–Huggins mixing en-
ergy. After a careful examination of the chemical and mechanical governing equations, the
cycling mechanism is modeled as a non–monotone mechanical stress for which hysteresis is
inherently present. The mechanical emphasis of the model is an alternative approach to the
chemical emphasis found in the models of Siegel et al.
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Chapter 1

Introduction

Gels consist of long chains of molecules called polymers chemically bonded together to
form a network that contains a liquid solvent within its pores. The mixture of the polymer
and solvent forms a third material, the gel. Gels can be thought of as structured fluids or
highly deformable solids. Individually, the polymer strands act as elastic springs, but the
cross–linking and entanglement of the polymers make the network resistant to deformations
like a viscous fluid. Gels are thus classified as viscoelastic materials.

The polymer network produces a force called osmotic pressure within the gel, and this
force is responsible for volume changes. The osmotic pressure drives the formation of the
gel. The gel is formed by immersing a polymer network in solvent, and the gel will either
shrink or swell to accomodate the solvent until its osmotic pressure is zero. Once the gel
achieves zero osmotic pressure, it is in equilibrium. The osmotic pressure is defined to
be the sum of three forces acting on the polymer network: 1) the rubber elasticity of the
polymer network, 2) the polymer–solvent interaction, and 3) the ionization of the polymer
network [53].

1. (Rubber Elasticity) A polymer is a single strand of rigid but freely jointed seg-
ments that are in constant motion caused by thermal energy. The rubber elasticity
of the polymer depends on how much the polymer segment moves: the higher the
temperature, the larger the movement, since the strand has more energy. However,
the temperature determines only the magnitude, not the direction, of the force. The
pressure can be either negative or positive. If the gel is swollen, the polymer strands
are stretched, and there is a negative (i.e. inward) pressure that makes the strands
want to contract. Conversely, if the gel is collapsed, then the polymer strands are
compressed, and there is a positive (i.e. outward) pressure that makes the strands
want to expand.

2. (Polymer-Solvent Interaction) The force from the polymer–solvent interaction
is called the Flory–Huggins mixing energy. This force can be either attractive or
repulsive, depending on the electrical properties of the gel. If the mixing energy is an
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attractive force, the polymer surrounds itself with solvent. If the mixing energy is a
repulsive force, then the polymer excludes the solvent.

3. (Network Ionization) The ionization of the polymer network depends on the pres-
ence of hydrogen ions. The positively charged hydrogen ions are surrounded by nega-
tively charged polymer strands, so the polymer is electrically neutral. The electrostatic
forces in the gel create a pressure, and therefore the hydrogen ions act much like a
gas confined in a vessel. The random motions of ions generate a positive pressure.

The intricate physical composition of gels endows them with unique physical properties,
such as the ability to undergo phase transitions. Phase transitions occur when a material
transforms between states of matter. For example, H2O undergoes a phase transition when
it is boiled: the H2O experiences a change of phase from liquid to vapor as it reaches its
boiling point. Many other materials that exhibit phase transitions include van der Waals
fluids, martensite [3, 4, 5, 44], and liquid crystals [11]. In gels, the phases are characterized
by the configuration of the polymer network. When the polymer network is expanded,
the gel is in a swollen phase; conversely, when the polymer network is shrunken, the gel
is in a collapsed phase. A gel phase transition (also called a volume phase transition)
occurs when the gel undergoes drastic volume changes with just a small change in external
stimuli. These external stimuli include environmental factors such as solvent composition,
temperature, ionic and pH changes, irradiation by light, and electric fields [50]. Dušek and
Patterson theoretically predicted the possibility of a discontinuous volume change in gels in
1968 [18], but it wasn’t until 1978 that Tanaka experimentally discovered the volume phase
transition for a partially ionized acrylamide gel in a mixture of acetone and water [52].

The thermodynamics of gel phase transitions can be understood by studying the phase
diagram for a gel in Figure 1.1. The upper plot contains a series of isotherms, curves rep-
resenting different combinations of pressure and volume for a fixed temperature or acetone
concentration, plotted against their total osmotic pressure. The intercept of the isotherm
and the axis of zero pressure represent when the osmotic pressure is zero (i.e. when the
gel is in equilibrium). At a high temperature isotherm, as the gel expands, the pressure
decreases monotonically. As the temperature lowers, the isotherm develops an inflection
point with a horizontal slope and then, gradually, develops an S-shaped wiggle. The wiggle
represents a region of negative incompressibility: as the gel expands, the pressure rises,
driving the gel to expand more. This counterintuitive behavior is unstable. Furthermore,
according to thermodynamic theory, the S-shaped region should be replaced by a Maxwell
line, a horizontal line which cuts off equal areas in the loop of the S. When the gel reaches
the Maxwell line, it separates into two states, one swollen and one collapsed.

The lower plot in Figure 1.1 is derived from the upper plot. It shows the gel volume
as a function of temperature or acetone concentration and has three regions: 1) negative
osmotic pressure region where the gel is driven to shrink, 2) positive osmotic pressure region
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Figure 1.1: (Phase Diagram for Gels) This plot is taken from [53, pp. 132]. The upper
plot is a series of isotherms, curves the represent different pressure and volume combinations
for a fixed temperature (respectively, acetone concentration). The presence of a Maxwell line
in this plot indicates that there are two states, swollen and collapsed, for a certain pressure–
volume combination. The lower plot graphs the gel volume as a function of temperature
(respectively, acetone concentration). The coexistence curve can be seen in this plot and is
the boundary of the dual stability region.

where the gel wants to absorb fluid and expand if possible, and 3) the dual stability region
where part of the gel is shrunken and part is swollen. The boundary of the dual stability
region is called the coexistence curve. By reading the two plots together, it is clear that the
difference between the two phases gradually diminishes as the temperature rises until there
is no separation and they are identical. Note that the critical point, the point where the
phase separation first occurs, is the maximum on the coexistence curve. Theoretically, the
volume transition takes an infinite amount of time if the initial temperature (respectively,
acetone concentration) is very close to the temperature (respectively, acetone concentration)
corresponding to the critical points [46].
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The widespread use of gels in technology provides a practical motivation for the study
of gels. Gels are an important component in the manufacturing of various materials such
as rubbers, glue, and plastics. They are also found in super absorbent products such
as disposable diapers and sanitary napkins, as well as a variety of scientific applications
including body implantable devices and permeselective membranes. In addition, the ability
of gels to undergo volume transitions triggered by external stimuli enables them to be used
in actuators, sensors, and switching devices. For example, the switching device motivating
the work in this thesis is a pH sensitive gel used in a drug delivery device designed by Siegel
et. al [14, 41, 42, 62]. Clearly, it is important to develop and analyze mathematical models
of dynamical gel behavior.

Due to the physical complexity of gels, numerous challenges arise in developing accurate
mathematical models of gel swelling. As a result, the field of gel modeling has been an active
area of research ever since the pioneering work of Tanaka and his colleagues in the 1970s.
The polymer chains of a gel are bonded or chemically interact (for example, via hydrogen
bonding or hydrophobic interaction), so a gel must be modeled as a continuum. Gels are
well described using elasticity theory [40]. The earliest models of gel swelling developed
by Tanaka and his colleagues were based on linear elasticity and studied the collective dis-
placement vector for the polymer network [55]. Tanaka and Filmore subsequently used this
model to successfully study the swelling of a spherical gel [54]. The Tanaka model, however,
had significant limitations: it could handle neither multi–dimensional geometry nor nonlin-
earities. Extensive work has since been done to improve the accuracy and generality of gel
swelling models. In [16], Doi and Onuki developed a gel model based on Rayleigh’s varia-
tional principle from which they first postulated a dissipation function and a thermodynamic
free energy, then derived the dynamic equations for coupling between macroscopic flow and
relative diffusion. One relatively successful model in recent years is Doi’s stress–diffusion
coupling model [15]. It is based on a variational principle that satisfies an incompressibility
constraint on the gel center of mass velocity and has been quite successful in correlating
with physical experiments [49, 60] and handling non–spherical geometries [57, 58]. In [59],
the model based on mechanical dissipation theory is extend to ionic and charged gels for
the purpose of studying swelling induced by an electric field. Other recent approaches in
modeling include [8, 9, 17, 33].

In this thesis, we develop and analyze mathematical models for gels and use these models
to study biomedical devices. Our analysis uses both analytical and numerical approaches
in order to gain the fullest insight. The work is motivated by two specific applications:
1) artificial bone implants and 2) a periodic drug delivery device designed by Siegel et
al. [14, 41, 42, 62]. The mathematical structure of the models depends on the device being
studied: the former application is an equilibrium problem focusing on mechanical effects,
whereas the latter is a dynamical problem focusing on chemomechanical effects. We thus
consider two types of models: mechanical equilibrium models and electrochemical dynamic
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models.
Mechanical equilibrium models are suitable for studying gels used in body implantable

devices. Since the development and commercialization of the pacemaker in 1957, many body
implantable biomedical devices have been developed to address chronic conditions. Artificial
bones implants, the device considered in this work, are made of synthetic polymers that
absorb moisture and experience temperature changes upon insertion into the body. These
environmental changes can cause the polymer to swell. Furthermore, the combined effects of
swelling and confinement may cause stress buildup that can compromise the performance of
the implant. Consequently, one question of interest when studying artificial bone implants
is to determine the mechanical swelling due to environmental changes.

The mechanical equilibrium model used in this thesis was derived from the model for
gel dynamics in [8] and first presented in [47]. The model is derived using mixture theory
for a two-component system of polymer and solvent. The governing equations are derived
from balance laws of the individual polymer and solvent components. Alternatively, the
governing equations can also be derived for the gel itself. In equilibrium, the variables of
the problem are F, the elastic gradient of deformation of the polymer network, and φ, and
the volume fraction of the polymer. The thermodynamic free energy E of the gel is the sum
of two contributions: WE(F), an elastic energy of deformation of the polymer, and WFH(φ),
the Flory–Huggins mixing energy. If the application being studied allows for multiphase
states of the gel, a regularization term ε2

2

∣∣∣∣∇xφ
∣∣∣∣2 is added to the free energy where ε is a

small parameter. Physically,
∣∣∣∣∇xφ

∣∣∣∣2 can be interpreted as an energy penalty term that
prevents the gel from switching phases too often. F and φ are related to each other via a
local, Lagrangian balance of mass constraint: φdetF = φI , where φI is the initial volume
fraction in the reference (i.e. Lagrangian) domain. The model can therefore be considered
as purely mechanical because it is completely characterized by F.

The dynamic electrochemical model in this thesis is also based on the work of [8] and
is studied in [9]. The work in this thesis is motivated by the autonomously pulsating
drug delivery device designed by Siegel et al. [14, 41, 42, 62]. The device consists of a
chamber containing the drug that is implanted in the body and communicates with its
surroundings through a polyelectrolyte gel membrane. The device uses gel phase transitions
to operate: the interaction of the body’s chemicals with the gel membrane gradually changes
the membrane’s pH, triggering phase transitions of the membrane. The membrane cycles
between swollen and collapsed phases, thereby allowing for a periodic release of the drug.
Thus, the swell and collapse cycle of the gel’s polymer network is driven by the diffusion
of protons. In the mathematical model, the chemomechanical coupling should drive the gel
phase transitions through the cooperative effects of the chemistry and elasticity.

The goal in the analysis of the dynamic electrochemical model is to understand how to
model a cycling gel volume phase transition through chemomechanical coupling. To capture
the volume transitions, the physics and energy potentials of the models must be carefully
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considered. The energy potential that plays a crucial role in this coupling the Flory–
Huggins energy, WFH(φ). The Flory–Huggins energy, first presented in [24], macroscopically
quantifies the chemical interactions between polymer and solvent. The energy is derived
from the theory of (binary) mixtures and is the sum of three terms: 1) the entropy of mixing
of polymer, 2) the entropy of mixing of solvent, and 3) the interaction energy [39, 48]. The
interaction energy carries the Flory interaction parameter χ, which is sensitive to changes
in the environment. For the polyelectrolyte hydrogel sensitive to changes in the pH such
as the gel used in the Siegel et al. drug delivery device, the numerical value of χ changes
concomitantly with changes in gel pH.

The changes in the value of χ (along with the other physical parameters a and b in
WFH) change the convexity of WFH . The convexity of WFH with respect to φ reflects the
phases of the gel. If, on the one hand, WFH is a convex function, it has a single minimizing
state, and the gel wants to mix into a single phase. If, on the other hand, WFH is a
non-convex function, WFH has multiple minimizing states, and the gel can exhibit both
swollen and collapsed phases. For our model motivated by the Siegel device, we consider
parameter values such that WFH is non–convex and the gel can exhibit multiple phases.
Phase separation will occur as χ becomes large: for large values of χ, the quality of the
solvent is poor, and the gel will want to separate. It thus becomes necessary to include
higher order interaction terms (i.e. products of φ) in the Flory–Huggins energy. This is
consistent with the studies of Horkay et al. in physiology which indicate that higher order
interaction terms drive phase transitions [34, 35]. In our model, φ = φ3

I(detF)−1 by the
local, Lagrangian balance of mass constraint. Thus, including higher order terms such as
φβ for some positive β naturally couples the effects of changing pH (reflected through χ)
with changes in volume (reflected through detF). We are able to use a very simple elastic
stress to accurately model the volume phase transition: S(F, c0) = F2p − χ(c0)F−β , where
2p, β > 0 and χ(c0) is a function depending on a chemical concentration c0 and constructed
to qualitatively behave like the parameter χ.

Much work has been done by Siegel et al. to mathematically model their drug delivery
system. The Siegel et al. focus on the dynamics of the chemistry and are ordinary differential
equations written in terms of two chemical concentrations, a product p and a substrate s.
Furthermore, the models use simplified mechanics: the elasticity of the membrane is lumped
into a constant parameter that switches hysteretically between swollen and collapsed phases.
Our goal is somewhat opposite of the Siegel et al. models. Rather than try to accurately
model chemistry, we aim to realistically model the mechanics. Towards this end, we seek a
first principles derivation from balance laws for a mechanical and chemical model. From this
derivation, we obtain a reaction–diffusion equation for the chemical evolution of the system.
At first glance, it seems reasonable to assume that diffusion causes the system to cycle, since
it is the diffusion of ions that physically drives the phase transition. Surprisingly, it turns
out that the effect of diffusion on the system is minimal and rather a non–monotone stress
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that enables the system to cycle. Non–monotone stresses are derived from non–convex
energies that allow for multiphase states. Mechanically, they have been extensively studied
as models for phase transitions [20, 37, 38]. The non–monotone stress S gives upper and
lower branches of the stress, Su and Sl, respectively, and this allows the system two different
paths for its evolution. As a result, hysteresis loops are inherently present in the mechanics,
so the system cycles.

This thesis is organized as follows. Chapter 2 presents a brief survey of the mathematics
used in this thesis. The mathematical areas addressed consist of elasticity theory [10,
28, 36], calculus of variations [13, 12], finite element methods for elasticity [6, 22, 27],
ordinary differential equations [29, 30], and hysteresis operators [7, 56]. For brevity, only
the definitions and theorems that are most relevant to the thesis are given.

Chapter 3 presents the development and analysis of mixed finite element methods for the
purely mechanical equilibrium gel model. These results are from a collaboration previously
published in [47]. The chapter begins with a derivation of the model, followed by a proof of
existence of minimizers for single-phase states (which is referred to as the mixing regime).
Once the well-posedeness of the model is established, we derive the Euler–Lagrange equa-
tions. These equations are nonlinear in the elastic variable F, so we linearize them in terms
of a displacement gradient, ∇u. The resulting equations are a slightly modified version of
the equations of linear elasticity. In gel problems, the equilibrium state corresponds to an
initial volume fraction φI . When the given φI differs from the value corresponding to the gel
equilibrium state, an additional pressure term called the residual stress is introduced in the
system. The residual stress can impact the numerical methods and thus special attention
is paid to this point when developing and analyzing the numerics. The numerics developed
are a mixed finite element method, the Stokes pressure–displacement formulation. This
method is used to present a simulation of a confined polymer gel representing an artificial
bone implant using the software FEniCs [23, 32].

Chapter 4 presents a generalization of the purely mechanical equilibrium model which
can be used to study a wider class of gel applications. The model is a separating regime
mechanical model that is suitable for applications in which phase transitions can occur.
Using the direct methods of the calculus of variations [10, 13, 12], we obtain existence of
minimizers for both these models. The proof presented originally appeared in [61], and we
follow the same argument with minor modifications. The three major issues in this analysis
are the presence of nonlinear constraints, the non-convexity of the energy density for certain
sets of parameter values, and the different domains of definition for the energy potentials
(i.e. thatWE is naturally defined on the reference domain, whereasWFH is naturally defined
on the deformed domain). For the separating regime mechanical model, the Flory–Huggins
energy becomes non-convex. It is therefore necessary to include the ε2

2

∣∣∣∣∇xφ
∣∣∣∣2 in the free

energy where ε is a small parameter. However, since ε2

2

∣∣∣∣∇xφ
∣∣∣∣2 is defined on the deformed

domain, a change of variables is necessary to put it back on the reference domain. The
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end result is a highly nonlinear term, and much work is required to show that the term is
weakly lower semicontinuous.

Chapter 5 begins the study of gel models with chemomechanical coupling. As motiva-
tion for our study, the chapter begins with an overview of how the Siegel et al. drug delivery
device operates. In order to obtain a qualitative idea of how the chemistry and elasticity
influence each other, we artificially implement phase transition dynamics. This is done by
parametrizing the Flory–Huggins energy WFH by an environmental variable p that changes
as the chemistry of the environment does. The parametrization is constructed so that as
p changes, the convexity of the Flory–Huggins energy changes, which mimics the chemical
dynamics of the membrane swelling and collapsing. Using the mixed finite element meth-
ods developed in Chapter 3, we present numerical simulations that show how the artificial
chemical dynamics qualitatively produce phase transition behavior in the gel. This is a
quasi–static approach, and its analysis can be found in works such as those of Garcke [25].
We then analyze the models proposed by Siegel et al. These models lump all the elastic
behavior of the membrane into a constant parameter representing permeability and focus
primarily on the chemical reaction driving the phase transitions. The hysteresis is incorpo-
rated into the chemical reaction by using a piecewise, hysteretic linear first order differential
equation written in terms of a product p. In order to understand the chemomechanical cou-
pling, we couple a one–dimensional mechanical equation to the simplest Siegel chemistry
model. The chemomechanical coupling of the system occurs through the elastic stress and
is carefully constructed based on volume phase transition studies in physiology [34, 35]. The
variables are {u, p}, where u is the elastic deformation and p is the proton concentration.
We study traveling waves for this system with phase plane analysis. We present numerical
simulations that show that the coupling between the elasticity and chemistry is incomplete.
More specifically, although the chemistry influences the elastic behavior, the elasticity does
not influence the chemical oscillations. We therefore conclude that our chemomechanical
coupling gives the correct volume phase transition behavior, but the evolution equation for
the chemistry given by the Siegel et al. model must be modified so that the cycling can be
addressed.

Chapter 6, the final chapter, presents the electrochemical dynamic model [9]. Because
we want to better understand the chemomechanical coupling, we seek a first principles
derivation of the mechanical and chemical gel models. This model uses the dynamic gel
mechanics model first presented in [8] and incorporates electrochemical effects. We add
two variables to the model: Φ, the electric potential, and ca, the chemical concentration
of ion species a for a = 0, . . . , N . Φ is governed by Poisson’s equation. For the chemistry,
we assume that the ion species a = 1 may react with the polymer network charge ρp and
bind to the polymer. The ions that bind to the polymer through a chemical reaction are
denoted as ion species a = 0. Thus, three balance equations govern the chemistry of the
ions: one for the polymer–bound charge ρp, one for the c0 ions, and one for the fluid ions ca,
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a = 1, . . . , N. The well–posedness of the entire dynamical model is established by showing
that the energy satisfies a dissipation relation. We also show that the mechanics is still well–
posed when it is reduced to a one–dimensional system. Having obtained the well–posedness
of the system, we present the final model, a one–dimensional mechanical equation coupled
to a set of diffusion equations for chemical ions. We conclude the chapter by setting up
a traveling waves system and showing that, under certain assumptions (most notably a
non–monotone elastic stress), cycling solution exist for this model.

Chapter 7 presents a summary of the work and concluding remarks.
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Chapter 2

Preliminaries

2.1 Function Spaces

This section introduces the notation used for various functional spaces used throughout
this thesis.

Definition 2.1. (Lp Spaces) Let Ω ⊂ Rn (n = 1, 2, 3) an open set and 1 ≤ p ≤ ∞. We say
that a measurable function u : Ω → R belongs to Lp(Ω) if

||u||p =



(∫
Ω |u(x)|p dx

) 1
p

, if 1 ≤ p < ∞

inf
{
α : |u(x)| ≤ α a.e. in Ω

}
, if p = ∞

is finite. If u : Ω → RN , u = (u1, . . . , uN ), is such that ui ∈ Lp(Ω) for every i = 1, . . . , N,

we write u ∈ Lp(Ω; RN ). For notational ease, we frequently omit the range. Equipped with
the norm || · ||Lp , Lp is a Banach space. When p = 2, L2(Ω) is a Hilbert Space.

Definition 2.2. (Sobolev Spaces) Let Ω ⊂ Rn (n = 1, 2, 3) be an open set, 1 ≤ p ≤ ∞,

and k > 0 an integer. Let W k,p(Ω; Rn) be the set of functions with u : Ω → Rn, whose kth
weak partial derivatives Dau ∈ Lp(Ω) exist for every multi-index a ∈ Am, 0 ≤ m ≤ k. The
norm is given by

∣∣∣∣u∣∣∣∣
k,p

=



(∑
0≤|a|≤k

∣∣∣∣Dau
∣∣∣∣p

Lp

) 1
p

if 1 ≤ p < ∞

max0≤|a|≤k

(∣∣∣∣Dau
∣∣∣∣

L∞

)
if p = ∞.
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For p = 2, we use the standard abbreviation Hk = W k,2 with norm
∣∣∣∣ · ∣∣∣∣

k,2
. Furthermore,

we let
W 1,p

0 (Ω; Rn) = {x ∈ W 1,p(Ω; Rn), x = 0 on ∂Ω0}

with ∂Ω0 ⊆ ∂Ω. Note also that H1
0 = W 1,2

0 . Equipped with the norm
∣∣∣∣ · ∣∣∣∣

k,p
, W k,p(Ω) is a

Banach space which is separable if 1 ≤ p < ∞ and reflexive if 1 < p < ∞. Again, for p = 2,

W 1,2(Ω) is a Hilbert space.

In addition to the standard Lebesgue and Sobolev spaces, we define matrix spaces used
in elasticity theory and miscellaneous time–dependent spaces used for hysteresis operators
in Definition 2.3 in Definition 2.4, respectively.

Definition 2.3. (Matrix spaces) For n = 1, 2, 3, we define the following spaces:

• Mn×n is the space of n× n matrices

• Sn×n is the space of symmetric n× n matrices

• Kn×n is the space of skew n× n matrices

Each of these spaces is a Hilbert space when equipped with the inner product A : B =
tr(ATB) for matrices A and B.

Definition 2.4. (Time-dependent spaces) Given a time interval [0, T ], we define the fol-
lowing spaces:

• C0([0, T ]) denotes the space of continuous functions over the time interval [0, T ].

• C0
r ([0, T [) denotes the space of functions continuous on the right in the time interval

[0, T [.

• BV (0, T ) denotes the Banach space of functions from [0, T ] → R with finite total
variation

• Cpm[0, tE ] denotes the space of continuous and piecewise monotone functions

2.2 Continuum Mechanics: Elasticity

Let Ω and Ωx ⊂ Rn (n = 1, 2, 3) and denote points as X ∈ Ω and x ∈ Ωx, respectively.
One important problem in elasticity is to find the equilibrium positions of a body B. In
the absence of applied forces, B occupies the reference domain Ω; when forces are applied,
B occupies the deformed domain Ωx. When B undergoes a change from the reference to
deformed domain, this is called a deformation.

11



Definition 2.5. (Deformation) A deformation of a three-dimensional body B can be char-
acterized by a mapping,

x(X) : Ω → Rn, (2.1)

with
X → x(X)

where X is the reference (alternatively, material or Lagrangian) coordinate and x(X) is
the corresponding deformed (alternatively, spatial or Eulerian) coordinate. The deformation
gradient is defined as

F =
∂x

∂X
∈ Mn×n, detF > 0, (2.2)

where Mn×n is the space of n× n matrices.

A large amount of geometric information can be obtained from the deformation gradient,
such as how volumes, surfaces, and lengths change within B. Firstly, detF tells us how the
volume changes under the deformation. With this physical interpretation, it is clear why
we stipulate detF > 0. In addition, the length element in the deformed configurations is
defined as

dx · dx = FdX · FdX

= dX · (FTF)dX

Given this fact, the following definitions are useful.

Definition 2.6. (Cauchy-Green strain tensors) The right Cauchy-Green strain tensor is
denoted as C and defined as C = FTF. The left Cauchy-Green strain tensor is denoted as
B and defined as B = FFT .

Observe that B has no immediate geometric meaning but C does: it completely deter-
mines the deformation, up to composition with a rigid deformation. C therefore provides a
suitable measure of strain in the material.

Definition 2.7. (Lagrangian strain tensor) The Lagrangian strain tensor is denoted as E

and defined as
E =

1
2
(C− I). (2.3)

Since C = I if and only if the deformation is a rigid rotation, the Lagrangian strain tensor
is thus a meausre of the “deviation” between a given deformation and a rigid rotation.

Elasticity problems are formulated in terms of a displacement u : Ω → Rn where

x = f + u =⇒ F = F0 +∇u. (2.4)
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Generally, F0 should be the gradient of some given f , but typically we assume that F0 = I.
With this choice, the strain tensors written in terms of the displacement u are as follows:

C = I + (∇uT +∇u) +∇uT∇u (2.5a)

B = I + (∇u +∇uT ) +∇u∇uT (2.5b)

E =
1
2
(∇u +∇uT +∇uT∇u) (2.5c)

when written in terms of a displacement u. The equilibrium problem can now be defined.

Problem 2.1. (Equilibrium problem) The fundamental stress principle of Euler and Cauchy
asserts the existence of a symmetric tensor field, T : Ωx → S, satisfying the equilbrium equations

−∇ · T = f , x ∈ Ωx (2.6a)

T · n = g, x ∈ Ωx (2.6b)

where f and g are applied body and surface forces, respectively, and n is the outward unit
normal to Ωx. A body B occupying Ωx after undergoing the deformation x is said to be in
static equilibrium if Eq. (2.6) is satisfied.

The symmetric tensor field T is called the Cauchy stress tensor. The Cauchy stress
tensor T is formulated on the deformed domain Ωx, and it is useful to define a stress tensor
on Ω. The first Piola-Kirchoff stress tensor is the mapping S : Ω → Mn×n and is given in
terms of the Cauchy stress tensor as

S = (detF)T F−T . (2.7)

Although T is symmetric S, in general, is not. However, Σ, the second Piola −Kirchoff
stress tensor, is defined as Σ : Ω → Sn×n with

Σ = F−1S = (detF)F−1T F−T .

Σ is a symmetric tensor on Ω.

Definition 2.8. (Elastic material) A material is elastic at a point x ∈ Ωx if the Cauchy
stress T is such that it is a function soley dependent on x and the deformation gradient F;
that is,

T (x) = T̂ (x,F).

Equivalently, the material is elastic if each of the Piola-Kirchoff stress tensors, S and Σ, are
expressible through a constitutive equation of the form

S(X) = Ŝ(X,F), Σ(X) = Σ̂(X,F)
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for all X ∈ Ω with Ŝ : Ω×Mn×n → Mn×n and Σ̂ : Ω×Mn×n → Sn×n.

Remark 2.1. (Response functions and stress) T̂ , Ŝ, and Σ̂ are called response functions.
Hereafter we adopt a mild abuse of notation and refer to the response function of an elastic
material simply as the stress.

Definition 2.9. (Hyperelasticity) A material is called hyperelastic if there exists a scalar
function W(F) such that the Piola–Kirchoff stress S can be written as

S(F) =
∂W(F)

∂F
. (2.8)

The scalar function W(F) is called the stored energy function.

For a one-dimensional spring in classical mechanics, the stress is related to the strain
through a linear relationship known as Hooke’s law. With the multi-dimensional definitions
of stress and strain, it is natural to ask how the stress and strain are related in this con-
text. The answer is through the axoim of material frame–indifference which states that any
observable quantity – for example, mass density or an acceleration vector – must be “inde-
pendent of the particular orthogonal basis in which it is computed” [10, pp. 100-101]. All
elastic materials must satisfy the axiom of material frame–indifference. The stress tensors
T ,S, and Σ are frame-indifferent; in particular, Σ is of the form

Σ(x,F) = Σ(x,FTF),

i.e. there exists a functional dependence between C, the strain, and Σ, the stress. Thus,
the term “stress-strain” relationship is often used to describe the constitutive relationship
in elasticity theory. To linearize Σ, we linearize it about C0 = I to obtain:

Σ(C) = Σ(I) +
∂Σ(I)
∂F

: E +O(E),

where : denotes the matrix inner product. It is generally assumed that the term Σ(I), the
residual stress, vanishes. This leaves

Σ(C) =
∂Σ(I)
∂F

: E +O(E). (2.9)

The quadratic terms in E in Eq. (2.5c) make this a nonlinear relationship.
Eq. (2.9) is often linearized, and and the theory of linear elasticity is a very well-

developed field [10, 28, 36]. The linearized strain tensor is defined as

ε(u) =
1
2
(
∇u +∇uT

)
. (2.10)

If we neglect the higher order terms O(E), the problem becomes the standard linear elas-
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ticity problem: we define the elasticity tensor C : Sn×n → Sn×n as

C =
∂Σ(I)
∂F

: ε(u), (2.11)

and this yields the constitutive relationship

Σ(u) = 2µε(u) + λ(div u)I. (2.12)

µ and λ are the shear modulus and incompressibility modulus, respectively. They are referred
to collectively as the Lamé moduli.

An important class of materials are isotropic materials. Roughly speaking, isotropy
means that the material responds the same in all directions. If the material is both isotropic
and frame-indifferent, Thm. 2.1 (written in terms of the principal invariants of FFT ) applies.

Definition 2.10. (Principal Invariants) The principal invariants of a matrix A ∈ M3×3 are

ι1(A) = tr(A), ι2(A) =
1
2

(
(tr(A))2 − (tr(A))A

)
, ι3(A) = (detA)2.

Theorem 2.1. The stored energy function W(F) of a hyperelastic material is frame-
indifferent and isotropic at X ⊂ Ω if and only if there exists a function

Ŵ(X, ·) : (ι1(FFT ), ι2(FFT ), ι3(FFT )) → R

such that

W(X,F) = Ŵ(X, ι1(FFT ), ι2(FFT ), ι3(FFT )) for all F ∈ M3×3 with detF > 0,

where ι1(FFT ), ι2(FFT ), ι3(FFT ) are the principal invariants of FFT .

Proof. See [10, Thm. 4.4-1].

2.3 Calculus of Variations

Problem 2.2 states the fundamental problem of the calculus of variations.

Problem 2.2. (Fundamental Problem) Define the problem (P ) as:

(P ) inf
{

I(u) =
∫

Ω
f(x,u(x),∇u(X)) dX

}
= m. (2.13)

To solve (P ), we seek to minimize the integral, I(u), among all functions u in an admissible
function space X . m is defined to be the minimal value that such an integral can take. For

• Ω ⊂ Rn is a bounded, open set with a point x = (x1, . . . , xn),
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• u : Ω → RN , N ≥ 1, u = (u1, . . . , uN ), so that

∇u =
(

∂uj

∂xi

)1≤j≤N

1≤i≤n

∈ RN×n, (2.14)

• f : Ω× RN × Rn×N → R, f = f(x,u, ξ) continuous,

• X is the space of admissible functions,

we seek to find a minimizer ū ∈ X of (P ). That is, we look for ū ∈ X such that

I(ū) ≤ I(u), ∀ u ∈ X . (2.15)

Remark 2.2. (Minimization in Rn) We remark that the problem given in Eq. (2.13) is an
extension of the idea of minimization in Rn, i.e. the problem of finding x ∈ Ω such that

inf{F(x) : x ∈ Ω ⊂ Rn}. (2.16)

The classical methods of calculus of variations are to find x̄ ∈ Ω satisfying F′(x̄) = 0. Then,
by analyzing the higher derivatives of F, we can determine the if the critical point x̄ is a
minimizer or maximizer (either absolute or local) or saddle point.

Definition 2.11. (Euler–Lagrange Equations) Given the model problem

(P ) inf
{
I(u) : u ∈ C1([a, b]), u(a) = α, u(b) = β

}
, (2.17)

where f ∈ C2([a, b]× R× R) and

I(u) =
∫ b

a
f(x, u(x), u′(x)) dx, (2.18)

the associated Euler–Lagrange equations that any C2([a, b]) minimizer ū of (P) should satisfy
are

(E)
d

dx

[
fξ(x, ū(x), ū′(x)

]
= fu

(
x, ū(x), ū′(x)

)
, x ∈ [a, b]. (2.19)

Remark 2.3. (Euler–Lagrange Equations and Boundary Conditions) Definition 2.11 gives
the Euler-Lagrange Equations for the pure Dirichlet problem. Different boundary conditions
modify the functional spaces in which we look for a minimizer.

We remark that, in general, solutions of Eq. (2.19) are not necessarily minima of
Eq. (2.17). Rather, they are merely stationary points of I. This is the case in Rn. How-
ever, if (u, ξ) → f(x, u, ξ) is convex for every x ∈ [a, b], then every solution of Eq. (2.19) is
automatically a minimizer of Eq. (2.17).

The direct methods of the calculus of variations are very useful for proving existence
results. Typically, the existence results are proven in Sobolev spaces, and regularity is
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handled as a separate issue. This is a standard technique used in mathematical elasticity.
We now outline the general steps used to prove the existence of a minimizer m ∈ X .

1. Prove the existence of a lower bound for I(u) given in Eq. (2.13). This implies that
there exists a minimizing sequence {uν}∞ν=1 such that

I(uν) → inf{I(u)} = m, as ν →∞.

2. Show there exists a subsequence of {uν}∞ν=1 that converges to a minimizer. To do this,
we need some type of compactness on X . This is problematic when X is a Sobolev
space, since X is then infinite-dimensional. However, if I(u) in Eq. (2.13) is coercive
and we use a weak topology on X , then the existence of a subsequence {uνj} ⇀ u ∈ X
follows.

3. Prove that I(u) in Eq. (2.13) is (sequentially) weakly lower semicontinuous. The
difficulty that arises in the weak topology is that I(·) is not continuous with respect
to weak convergence. That is, it does not follow that

I(ū) = lim
j→∞

I(uνj ), (2.20)

so that ū is a minimizer. The key observation is that we do not need the full strength
of Eq. (2.20). It suffices instead have only

I(ū) ≤ lim inf
j→∞

I(uνj ). (2.21)

Then it follows that I(ū) ≤ m. But m ≤ I(ū) as well. Thus, ū is indeed a minimizer.

To fully understand the steps in a direct methods proof, the notions mentioned in the
above outline must be made mathematically precise. First, let us address the issue of
convergence in Lp spaces. Various notions of convergence in Lp spaces can be used. The
most natural is the notion of strong convergence, which is convergence induced by the

∣∣∣∣ · ∣∣∣∣
Lp

norm. However, in the calculus of variations, the weak topology is more useful, so we must
define a notion of weak convergence. Both of these notions of convergence are given in
Definition 2.12.

Definition 2.12. (Convergence) Let Ω ⊂ Rn n = 1, 2, 3 be an open set and 1 ≤ p ≤ ∞.

(i) A sequence {uν} is said to (strongly) converge to u if uν ,u ∈ Lp and if

lim
ν→∞

||uν − u||Lp = 0.

This convergence is denoted as uν → u ∈ Lp.
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(ii) If 1 ≤ p < ∞, we say that the sequence uν (weakly) converges to u if uν ,u ∈ Lp, and
if

lim
ν→∞

∫
Ω

[
uν(x)− u(x)

]
· φ(x) dx = 0, ∀ φ ∈ Lp′(Ω)

This convergence is denoted as uν ⇀ u in Lp.

(iii) If p = ∞, the sequence uν is said to weak * converge to u if uν ,u ∈ L∞ and if

lim
ν→∞

∫
Ω

[
uν(x)− u(x)

]
· φ(x) dx = 0, ∀ φ ∈ L1(Ω).

This convergence is denoted as uν
∗
⇀ u ∈ L∞.

Note that the limit (weak or strong) is unique. Furthermore, it follows that

uν → u in Lp =⇒

 uν ⇀ u in Lp, if 1 ≤ p < ∞

uν
∗
⇀ u in L∞, if p = ∞.

Next, we discuss the definition of weak lower semicontinuity.

Definition 2.13. (Sequentially Weakly Lower Semicontinuous) Let p ≥ 1 and consider
Problem 2.2. We say that I is (sequentially) weakly lower semicontinuous in W 1,p(Ω; Rn) if
for every sequence uν ⇀ u in W 1,p, then

lim inf
ν→∞

I(uν) ≥ I(u).

If p = ∞, we say that I is (sequentially) weak ∗ lower semicontinuous in W 1,∞(Ω; RN ) if
the same inequality holds for every sequence uν

∗
⇀ u in W 1,∞.

Finally, we discuss some inequalities that are useful in proving the coercivity of the func-
tional I(u). Two of the most important theorems regarding Sobolev spaces are the Sobolev
Imbedding Theorem and the Rellich-Kondrachov Theorem which are stated in [Thm. 1.43,
1.44][13] and proven in [1, 21]. Corollary 2.1 states that if a sequence converges weakly in
W 1,p, it converges strongly in Lp. This result is highly useful in the calculus of variations.

Corollary 2.1. (Rellich-Kondrachov Corollary) Let Ω ⊂ Rn be a bounded open set with
Lipschitz boundary and 1 ≤ p < ∞. If

uν ⇀ u in W 1,p(Ω),

this means that u,uν ∈ W 1,p(Ω), uν ⇀ u in Lp and ∇uν ⇀ ∇u in Lp. Then

uν → u in Lp(Ω).

If p = ∞, uν
∗
⇀ u in W 1,∞, then uν → u in L∞.
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Proof. Omitted.

Poincaré Inequality and its variations are a fundamental tool used in proving compact-
ness of the admissible space X . Thm. 2.2 states a collection of variations on the Poincaré
Inequality for future reference [13].

Theorem 2.2. (Poincaré Inequalities) Let Ω ∈ Rn be a bounded open set and 1 ≤ p ≤ ∞.

Then there exists γ = γ(Ω, p) > 0 so that

||u||Lp ≤ γ||∇u||Lp , ∀u ∈ W 1,p
0 (Ω), (2.22)

or, equivalently,
||u||W 1,p ≤ γ||∇u||Lp , ∀u ∈ W 1,p

0 (Ω). (2.23)

An alternate form is given as follows: If u0 ∈ W 1,p and u ∈ u0 + W 1,p
0 (Ω), then there exist

γ1, γ2 > 0 so that
||∇u||Lp ≥ γ1||u||W 1,p − γ2||u0||W 1,p . (2.24)

A standard result in the calculus of variations shows that, if I(u) is convex, then it is
weakly lower semicontinuous. The existence and uniqueness of minimizers then immediately
follows from this fact. Unfortunately, for physical problems, it is rare to have a functional
I(u) that is convex. However, many problems in mathematical elasticity consist of a special
class of functionals called polyconvex that are still weakly lower semicontinuous, which is
defined in Definition 2.14.

Definition 2.14. (Polyconvexity) Let f : RN×n → R. The function f is said to be poly-
convex if there exists F : Rτ(n,N) → R convex, such that

f(ξ) = F (T (ξ)),

where T : RN×n → Rτ(n,N) is such that

T (ξ) = (ξ, adj2ξ, . . . , adjn∧Nξ).

In the previous definition, adjsξ stands for the matrix of all s × s minors of the matrix
ξ ∈ RN×n, 2 ≤ s ≤ n ∧N = min{n, N}, and

τ(n, N) =
n∧N∑
s=1

σ(s)

where
σ(s) =

(
N

s

)(
n

s

)
=

N !n!
(s!)2(N − s)!(n− s)!

.

For a polyconvex functional that satisfies a coercivity inequality and is weakly lower
semicontinuous, we can prove the existence of minimizers [Thm. 9, pp. 457][21]. To conclude
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this section, we recall two important theorems from mathematical elasticity regarding the
weak continuity of determinants and adjoints. Before stating the next theorem, we recall
that for N = n = 3, we denote

adj2∇u =
(
(adj2∇u)i

α

)1≤i≤3

1≤α≤3

where

(adj2∇u)i
α = (−1)i+α ∂(uj , uk)

∂(xβ, xγ)

= (−1)i+α

[
∂uj

∂xβ

∂uk

∂xγ
− ∂uj

∂xγ

∂uk

∂xβ

]
,

where j < k with j, k 6= i and β < γ with β, γ 6= α. We also have that

det∇u =
3∑

i=1

∂u1

∂xi
(adj2∇u)1i .

Theorem 2.3. (Weak Continuity) Let Ω ⊂ Rn be a bounded open set, 1 < p < ∞, and let

uk ⇀ u in W 1,p(Ω; RN ).

Here D is the set of C∞ functions with compact support.

• Part 1. Let N = n = 2 and p ≥ 2. Then

det∇uk ⇀ det∇u in D′(Ω)

and, if p > 2, then
det∇uk ⇀ det∇u in L

p
2 (Ω).

• Part 2. Let N = n = 3 If p ≥ 2, then

adj2∇uk ⇀ adj2∇u in D′(Ω; R9)

if p > 2, then
adj2∇uk ⇀ adj2∇u in L

p
2 (Ω; R9).

If p ≥ 3, then
det∇uk ⇀ det∇u in D′(Ω)

and, if p > 3, then
det∇uk ⇀ det∇u in L

p
3 (Ω).

Proof. See [12, pp. 395].
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Corollary 2.2. Let fν ∈ W 1,∞(Ω; R3) and gν ∈ W 1,2(Ω; R3) satisfy

fν ⇀∗ f̄ in W 1,∞, gν ⇀ ḡ in W 1,2. (2.25)

Then it follows that

adj ∇fν ⇀∗ adj ∇f̄ in L∞(Ω, M3×3) (2.26)

∇gν(adj ∇fν) ⇀ ∇ḡ(adj ∇f̄) in L2(Ω, M3×3) (2.27)

Proof. Omitted.

2.4 Finite Element Methods: Linear Elasticity

Let Ω ⊂ Rn (n = 1, 2, 3) and ∂Ω = ∂ΩD ∪ ∂ΩN . The equations of linear, isotropic
elasticity are:

−∇ · σ = f in Ω (2.28a)

σ = 2µε + λtr(ε)I (2.28b)

ε =
1
2
(
∇u +∇uT

)
(2.28c)

plus boundary conditions, which we assume for the moment to be mixed:

u = 0 on ∂ΩD (2.29a)

σ · n = σ0 on ∂ΩN . (2.29b)

Here σ ∈ Mn×n is stress tensor, f is a body force, n is the unit normal, and σ0 is a
prescribed stress. Eq. (2.28a) is the equilibrium equation obtained from the balance of
linear momentum, Eq. (2.28b) is the constitutive equation (also known as the stress-strain
law), and Eq. (2.28c) is the strain tensor in terms of the displacement vector u. µ and λ

are physical parameters called the Lamé moduli.
Eq. (2.28) is referred to as the strong form of the boundary value problem. In finite

elements, it is useful to derive the weak form of the problem. The assertion is that finding
a solution u to the strong form of the boundary value problem is formally equivalent to
finding a solution u ∈ V to the equation

a(u,v) = `(v), v ∈ V,

where V is a Banach space, a : V × V → R is a bilinear form, and ` : V → R is a linear
functional. The test function space V depends on the boundary conditions. For the mixed
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boundary conditions defined in Eq. (2.29), the test function space V is defined as

V =
{
v ∈ W 1,2(Ω; Rn),v|∂ΩD

= 0
}
. (2.30)

The weak form of the problem is obtained by multiplying Eq. (2.28a), the strong form
of the equation, by a test function v ∈ V and then integrating by parts. This yields the
following:

〈f ,v〉Ω = −〈∇ · σ,v〉Ω
= −〈σ · n,v〉∂Ω + 〈σ,∇v〉Ω
= −〈σ0,v〉∂ΩN

+ 〈2µε(u) + λε(u)I,∇v〉Ω
= −〈σ0,v〉∂ΩN

+ 2µ〈ε(u), ε(v)〉Ω + λ〈tr ε(u), tr ε(v)〉Ω
= −〈σ0,v〉∂ΩN

+ 2µ〈ε(u), ε(v)〉Ω + λ〈div u,div v〉Ω.

Here 〈·, ·〉 denotes the L2 inner product. Also note the following:

• The first step of the derivation is due to integration by parts.

• The Dirichlet boundary condition in Eq. (2.29a) is strongly enforced through the
definition of the test function space V, and the Neumann boundary conditions in
Eq. (2.29b) are weakly enforced through the bilinear form. Since u = 0 on ∂ΩD for
u ∈ V, this part of the boundary integral vanishes.

• ∇v becomes ε(v) from steps three to four because the product of a symmetric tensor
and another tensor is a symmetric tensor (i.e. the skew part vanishes).

The corresponding bilinear and linear forms are thus:

a(u,v) = 2µ〈ε(u), ε(v)〉Ω + λ(div u,div v)Ω (2.31a)

`(v) = 〈f ,v〉Ω + 〈σ0,v〉∂ΩN
. (2.31b)

To prove existence and uniqueness of solutions for the weak form of the problem, V must
be complete with a(u,v) V-elliptic and continuous. If a(u,v) is symmetric, then the solution
to the equation a(u,v) = `(v) exists by the Riesz Representation Theorem. In that case,
the solution is also the unique minimizer of the quadratic functional, J (v) = 1

2a(v,v)−`(v).
The V-ellipticity of a(u,v) can be proven using Korn’s Inequality given in Thm. 2.4.

Theorem 2.4. (Korn’s Inequality) For all v ∈ W 1,2(Ω; Rn) and Ω ⊂ Rn, Korn’s inequality
states that ∣∣∣∣ε(v)

∣∣∣∣
2
≥ C
∣∣∣∣v∣∣∣∣

1,2
, (2.32)
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for some constant C ∈ R where

ε(v) =
1
2
(
∇v +∇vT

)
,
∣∣∣∣ε(v)

∣∣∣∣2
2

=
∫

Ω
ε(v) : ε(v) dX. (2.33)

Proof. See [6], pp. 297-298.

Lemma 2.1. (V-Ellipticity of a(u,v))

a(u,u) ≥ 2µC||u||21,2 (2.34)

Proof. The estimate is the result of the following calculation:

a(u,u) = 2µ〈ε(u), ε(u)〉Ω + λ〈tr(ε(u)), tr(ε(u))〉Ω
≥ 2µ〈ε(u), ε(u)〉Ω + nλ〈ε(u), ε(u)〉Ω
≥ min

{
2µ + nλ, 2µ

}
〈ε(u), ε(u)〉Ω

= 2µ||ε(u)||2L2

≥ 2µC||v||21,2,

where the last inequality holds with C ∈ R from Korn’s Inequality.

Lemma 2.2. (Continuity of a(u,v))

a(u,v) ≤ 2µ + nλ
∣∣∣∣u∣∣∣∣

1,2

∣∣∣∣v∣∣∣∣
1,2

(2.35)

Proof. Calculation

It is now possible to state and prove the existence and uniqueness theorem.

Theorem 2.5. (Existence and Uniqueness of Solution) Let V be the test function space
defined in Eq. (2.30). Assume that the coercivity condition of Eq. (2.34) holds. For f ∈
L6/5(Ω), σ0 ∈ L4/3(Ω), there exists a unique solution u ∈ V to the problem a(u,v) = `(v)
for v ∈ V where a(u,v) and `(v) are given by Eqs. (2.31a) and (2.31b).

Proof. The idea of this proof is the following: a(·, ·) is a symmetric, bilinear form satisfying
u = 0, so a(u,u) = 0. For a(·, ·) V-elliptic, we have by definition that there exists C > 0
such that

a(u,u) ≥ C||u||2V, ∀u ∈ V,

so we additionally have that a(u,u) = 0 =⇒ u = 0. In this case, a(·, ·) will define an
inner product on the (Hilbert) space V, which we will call the energy inner product. It
is not immediate, however, that V is a Hilbert Space under a(·, ·); the space may not be
complete. Therefore, it is necessary to prove that the energy norm (denoted as || · ||E) on
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V is equivalent to the standard norm. That is, there exist constants c1 and c2 such that

c1||v||V ≤ ||v||E ≤ c2||v||V for all v ∈ V.

Since equivalent norms define the same notion of convergence, V is complete under a(·, ·),
and we can thus obtain existence and uniqueness via the Riesz Representation Theorem.

First, we show that `(v) is a continuous linear functional. The linearity is clear, so we
only show that `(v) is bounded:

|`(v)| = 〈f ,v〉Ω + 〈σ0,v〉∂ΩN

≤ ||f ||L6/5 ||v||L6 + ||σ0||
L

4
3
||v||L4

≤ c
{
||f ||L6/5 + ||σ0||L4/3

}
||v||1,2,

where the last two steps use the Sobolev Imbedding Theorems and continuity of the trace
operator. Thus, `(v) is bounded (equivalently, continuous).

Next, we must show that the energy norm || · ||E induced by a(·, ·) is equivalent to || · ||1,2.
Because the Lamé constants satisfy the inequalities:

2µ + nλ > 0, 2µ > 0,

the V-ellipticity follows from the estimate in Lemma 2.1. Furthermore, since we have that

||ε(v)||L2 ≤ c2||v||1,2,

we in turn also have that

c1||v||21,2 ≤ ||ε(u)||2L2 ≤ c2||v||21,2,

which is to say that the norms
∣∣∣∣ · ∣∣∣∣

L2 and
∣∣∣∣ · ∣∣∣∣

1,2
are equivalent. We are now in a position

to apply the Riesz Representation Theorem: since a(·, ·) is a bounded, V-elliptic, symmet-
ric bilinear form and `(v) is a bounded linear functional on V, the Riesz Representation
Theorem states that there exists a unique u ∈ V such that

a(u,v) = `(v) for all v ∈ V.

u ∈ V is the solution, and we have proven our claim.

Remark 2.4. (Non-symmetric Bilinear Form) In the case where a(·, ·) is not symmetric, so-
lutions still exist by the Lax-Milgram Theorem, but the problem can no longer be associated
as a minimizer to a quadratic form.

With the theory established, it is now possible to state the simplest finite element
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method for linear elasticity, the displacement method.

Problem 2.3. (FEM: Displacement Method) Consider the boundary value problem of
isotropic, linear elasticity given by Eq. (2.28) with boundary conditions given by Eq. (2.29).
Define the test function space V as

V =
{
v ∈ W 1,2(Ω; Rn),v|∂ΩD

= 0
}

The displacement method seeks to find u ∈ V such that

2µ〈ε(u), ε(v)〉Ω + λ〈div u,div v〉Ω = 〈f ,v〉, ∀ v ∈ V. (2.36)

Additionally:

(1) The typical approximation subspace Vh is Vh = Pk, piecewise polynomials of degree
k.

(2) If µ > 0 and 2µ + nλ > 0, there exists a stable solution, u.

The displacement method is a good first approach for elasticity finite element methods.
However, it is a poor method when studying nearly incompressible materials where λ →∞.

In this case, a phenomenon known as locking occurs. Locking is a loss of order of convergence
in the displacement finite element method that results in inaccuracy in the numerically
computed solution. To explain this, we will need Céa’s Lemma given in Thm. 2.6.

Theorem 2.6. (Céa’s Lemma) Given a functional space V and u ∈ V, consider the problem

a(u,v) = `(v), v ∈ V,

where a(·, ·) satisfies the conditions of coercivity and continuity:

a(v,v) ≥ c1

∣∣∣∣v∣∣∣∣2, a(u,v) ≤ c2

∣∣∣∣u∣∣∣∣∣∣∣∣v∣∣∣∣ (2.37)

∀ v ∈ V with c1 > 0 and c2 > 0. Given an approximation subspace Vh ⊂ V, it follows that
the true solution u ∈ V satisfies the inequality

∣∣∣∣u− uh

∣∣∣∣ ≤ inf
v∈Vh

c2

c1

∣∣∣∣u− v
∣∣∣∣, (2.38)

for uh,v ∈ Vh. Furthermore, uh is the best approximate solution in Vh.

Proof. This proof follows [27, pp. 60-61]. The solution uh satisfies

a(u,v) = `(v), ∀ v ∈ V,
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and, since Vh ⊂ V, we have that

a(u,v) = `(v), ∀ v ∈ Vh. (2.39)

In addition,
a(uh,v) = `(v), ∀ v ∈ Vh. (2.40)

Subtracting Eqs. (2.39) and (2.40) gives us

a(u− uh,v) = 0, ∀ v ∈ Vh, (2.41)

which is called the Galerkin orthogonality condition.
If v ∈ Vh, then, since Vh ⊂ V, v − uh ∈ Vh. The orthogonality condition

a(u− uh,v − uh) = 0 (2.42)

holds for every v ∈ Vh. Therefore, for any v ∈ Vh,

a(u− uh,v − uh) = a(u− uh,u− v + v − uh)

= a(u− uh,u− v) + a(u− uh,v − uh)︸ ︷︷ ︸
=0 by orthogonality

= a(u− uh,u− v).

Next, by the coercivity estimate, we have

a(u− uh,u− uh) ≥ c1

∣∣∣∣u− uh

∣∣∣∣2,
and then by the continuity estimate we have

a(u− uh,u− v) ≤ c2

∣∣∣∣u− uh

∣∣∣∣∣∣∣∣u− v
∣∣∣∣.

Combining these two inequalities gives

∣∣∣∣u− uh

∣∣∣∣ ≤ c2

c1

∣∣∣∣u− v
∣∣∣∣

for every v ∈ Vh. Thus, uh is the best approximation to u in Vh.

Corollary 2.3 enables us to give a mathematical explanation for locking.

Corollary 2.3. (Céa’s Lemma Estimate for Linear, Isotropic Elasticity) Given V defined in
Eq. (2.30), the estimates given by Cea’s lemma for the problem a(u,v) = `(v) with a(u,v)
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in Eq. (2.31a) and `(v) in Eq. (2.31b) is

∣∣∣∣u− uh

∣∣∣∣
1,2
≤ 2µ + nλ

2µC
inf

v∈Vh

∣∣∣∣u− v
∣∣∣∣
1,2

. (2.43)

Proof. Calculation.

Thus, as λ → ∞, the ratio in Eq. (2.43) becomes very large. Consequently, there is a
loss of accuracy in the computed solution uh, and locking may occur. One way to overcome
locking is to use mixed finite element methods. A natural first attempt at mixed methods
is the Stokes elasticity approach.

Problem 2.4. (Mixed FEM: Stokes Elasticity) Consider the boundary value problem of
isotropic, linear elasticity given by Eq. (2.28) with boundary conditions given by Eq. (2.29).
Define a test function space V×Q as

V =
{
v ∈ W 1,2(Ω; Rn),v|∂ΩD

= 0
}
, Q =

{
L2(Ω; Rn)

}
.

The Stokes elasticity approach seeks to find (u, p) ∈ V×Q such that

2µ〈ε(u), ε(v)〉Ω + 〈p, div v〉Ω = 〈f ,v〉 ∀ v ∈ V (2.44a)

〈div u, q〉 = λ−1〈p, q〉 ∀ q ∈ Q (2.44b)

where p = λ div u. Additionally:

(1) As λ → ∞, Eq. (2.44b) becomes an incompressibility constraint, and the structure is
similar to the Stokes equation for the motion of an incompressible viscous fluid.

(2) A typical approximation subspace Vh ×Qh are the Taylor–Hood elements: Pk+1×Pk

for k = 1, 2, . . . , which are piecewise (k + 1)th and kth degree polynomials.

(3) If µ > 0 and 2µ + nλ > 0, there exists a stable solution, (u, p).

2.5 Ordinary Differential Equations

This background information is a summary of some important concepts in Ch. 1 of [30].
The majority of the definitions are given in terms of scalar differential equations on R, since
that is the most relevant to the work presented.

Definition 2.15. (Scalar, Autonomous Differential Equation) Let I be an open interval of
the real line R and let x: I → R and t 7→ x(t) be a real-valued differentiable function of a
real variable t. Let f :R → R; x 7→ f(x) be a given real-valued function of x. The equation

ẋ = f(x) (2.45)
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is called a scalar, autonomous differential equation.

We remark that the differential equation in Eq. (2.46) is scalar because it is one–
dimensional and autonomous because the function f does not depend on t. Without loss
of generality, we let t0 = 0 hereafter. The independent variable t is typically referred to as
time. Differential equations are studied in the context of initial value problems as given in
Definition 2.5.

Problem 2.5. (Initial Value Problem) Given an initial condition x(t0) = x0, we define the
initial value problem as

ẋ = f(x) (2.46a)

x(t0) = x0. (2.46b)

A function is a solution to the initial value problem in Eq. (2.46) on the interval I if

ẋ(t) = f(x(t)), ∀t ∈ I.

The existence and uniqueness of solution for x(t) in Eq. (2.46) is proven in many ele-
mentary books on ordinary differential equations such as [30, Thm 1.4].

Definition 2.16. (Flow, Dynamical Systems) The solution to the initial value problem
given in Eq. (2.46) can be written as

φ(t, x0) = x(t) (2.47)

and is called the flow of Eq. (2.45). If f is a C1 function, then, for each t, the flow φ(t, x0)
gives rise to a map of R to itself given by x0 7→ φ(t, x0). Some of the key properties of the
map are:

1. φ(0, x0) = x0.

2. φ(t + s, x0) = φ(t, φ(s, x0)) for each t and s when the map on either side is defined.

3. φ(t, x0) is a C1 map for each t and it has a C1 inverse given by φ(−t, x0).

Such a map satisfying these three properties is called a C1 dynamical system on R.

Eq. (2.45) has a natural geometric interpretation as the equation defining the slope
of a line segment passing through a point in the (t, x) plane. The collection of all these
line segments is called the direction field of the differential equation. For the initial value
problem in Eq. (2.46), the graph of the solution through x0 is the subset of the (t, x)−plane
defined by {

(t, φ(t, x0)) : t ∈ Ix0

}
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and is called the trajectory through x0. On any line parallel to the t-axis the segments of
the direction field all have the same slope, so it is natural to consider the projection of the
direction field and the trajectories of the differential equation onto the x-axis. Related to
this concept is the idea of an orbit, which we define in Definition 2.17.

Definition 2.17. (Orbits) Let the time interval of existing solution be denoted as I =
(αx0 , βx0). Define the following subsets of the x-axis:

γ+(x0) =
⋃

t∈[0,βx0 )

φ(t, x0) (2.48a)

γ−(x0) =
⋃

t∈(αx0 ,0]

φ(t, x0) (2.48b)

γ(x0) =
⋃

t∈(αx0 ,βx0 )

φ(t, x0) (2.48c)

as the positive orbit γ+(x0), negative orbit γ−(x0), and the orbit γ(x0) of x0, respectively.

Geometrically, the orbit γ(x0) is the projection onto the x-axis of the trajectory through
x0. Eq. (2.47), the flow differential equation, can be drawn as the collection of all its orbits
together with the direction arrows and is called the phase portrait of the system. The
simplest orbits are points x̄ ∈ R are equilibrium points or critical points. Despite their
simplicity, equilibrium points are of great importance in the qualitative study of differential
equations.

Definition 2.18. (Equilibrium Points) An equilibrium point x̄ of Eq. (2.45) is a point such
that

f(x̄) = 0. (2.49)

Yet another central question of interest in the qualitative study of differential equations
is determining the origins and end destinations of orbits. This leads us to the definition of
limit sets in Definition 2.19.

Definition 2.19. (Limit Sets) The long term behavior of the the orbits γ(x0) are deter-
mined by the α-limit set of x0 and the ω-limit set of x0. For γ−(x0) bounded, the α-limit
set of x0 is defined as

α(x0) = lim
t→α+

x0

φ(t, x0). (2.50)

Similarly, for γ+(x0) bounded, the ω-limit set of x0 is defined as

ω(x0) = lim
t→β−x0

φ(t, x0). (2.51)

Alternatively, we say that a point q belongs to the α-limit set (respectively, ω-limit set)
if there exists a sequence {tk} with tk → −∞ (respectively, +∞) as k → ∞ such that
φ(tk, x) → q.
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In words, the limit sets α(x0) and ω(x0) are equilibrium points to Eq. (2.45). The
terminology is chosen because α and ω are the first and last letters of the Greek alphabet.

Equilibrium points and limit sets are examples of invariant sets, a notion which Defini-
tion 2.20 makes mathematically precise.

Definition 2.20. (Invariant Set) A subset M of R is invariant under the flow φ of ẋ = f(x)
if, for any x0 ∈ M, then the orbit γ(x0) through x0 belongs to M.

Another mathematical question of interest is the stability of equilibrium points. Intu-
itively, the notion of stability means that if you start “close enough” to equilibrium, you stay
“close” to equilibrium. Asymptotic stability means that not only if you stay close to equilib-
rium, but over time the solutions eventually converge to equilibrium. The mathematically
precise definitions are given in Definition 2.21.

Definition 2.21. (Stability) Consider an equilibrium point x̄ for Eq. (2.45).

• The equilibrium point x̄ is stable if, for every ε > 0, there exists δ > 0 such

|φ(t)− x̄| < ε, for every t ≥ 0

whenever |x− x̄| < δ.

• The equilibrium point x̄ is asymptotically stable if it is stable and there exists δ0, with
0 < δ0 < δ, such that x = φ(t) satisfies

|φ(0)− x̄| < δ0

then
lim
t→∞

φ(t) = x̄.

Asymptotically stable equilibria provide insight into the long-term behavior of the sys-
tem. The observant reader will notice that there is a redundancy in the definition of
asymptotic stability. For scalar differential equations, if every solution with initial value
close to x̄ approaches x̄ as t → ∞, then it follows that x̄ is stable. In higher dimensions,
however, this is not so (cf. the discussion in [30, pp. 17]).

In many applications, periodic orbits of the system are of interest. The most important
type of periodic orbits are limit cycles.

Definition 2.22. (Limit Cycles) An isolated, periodic orbit is a limit cycle. In other words,
a limit cycle is an attracting (or stable) set to which orbits converge and upon which are
periodic.

Limit cycles and their stability can be determined by Poincaré maps. A Poincaré map
P can be constructed to sample the flow of a periodic system. If the limit cycle is stable,
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the oscillations will approach the limit cycle over time, and the samples of the map P will
approach a fixed point [31].

Definition 2.23. (Poincaré map) Let x ∈ Rn and consider an autonomous system

ẋ = f(x)

with its phase diagram in the x plane. Let Γ be the limit cycle. Let Σ be a hyperplane
transversal (that is, nowhere tangential) to Γ defined by

Σ = {x : nT(x− x) = 0},

where x is a point anchoring Σ and n is a vector normal to Σ. Σ is called the Poincaré section.
The trajectory emanating from x∗ will again encounter Σ at x∗ after T seconds, where T

is the minimum period of the limit cycle. Trajectories starting on Σ in a neighborhood of
x∗ will, in approximately T seconds, intersect Σ in the vicinity of x∗. Hence the flow φ and
Σ define the Poincaré map,

xk+1 = P(xk) := φ(xk, τr(xk))

where τr(xk)) ≈ T is the time taken for the trajectory to return to Σ. The sequence

x1,x2,x3, . . . (2.52)

is called a Poincaré sequence.

2.6 Hysteresis Operators

Hysteresis is a special type of memory-based relation between two scalar variables: u,
the independent variable, and w, the dependent variable. Both u = u(t) and w = w(t)
are parametrized by time t. In the language of system theory, u is called the input or
control, and w is called the output or state [56]. The evolution of the system is given by the
path traced out in the u-w plane of the couple, (u, w). The value of the w is not uniquely
determined by that of u at the same instant. Rather, it depends on the previous evolution
of w. This is referred to as the memory effect. Thus, hysteresis is not expressed in terms of
a single–valued function but instead is expressed in terms of loops. The abstract framework
is thus

w(t) = F [u](t), (2.53)

where F is a hysteresis operator.
The hysteresis operator F relevant to this work is called the relay operator. The relay

operator, denoted Ra1,a2 , is simplest example of hysteresis. It is characterized by two input
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threshold values, a1 and a2, and two output values, which we assume to be +1 and -1 for
convenience. The output function, w(t) ∈ {−1, 1}, depends on the input function u(t) in
the following manner: at time t = 0, w(0) = w0, an assigned initial value. w(t) then remains
constant until the time t hits a value when u(t) crosses either the threshold value a2 from
below or a1 from above, respectively; at such time instants, w(t) will switch to +1 or to -1,
respectively [7]. Figure 2.1 shows a graphical depiction of the relay operator behavior.

a1 a2 u

w

1

!1

Student Version of MATLAB

Figure 2.1: (Relay Operator) The relay operator, the simplest example of a hysteresis
operator, is characterized by two threshold input values for u, a1 and a2. The output, w, is
either +1 or -1. The system cycles by following the arrows in a counterclockwise direction.

The above definition is somewhat ambiguous, and the more technical definition will
depend somewhat on what switching behavior is desired. Either the continuity of the
input-output operator (i.e. the relay operator) must be sacrificed, or it is necessary to
permit the output function to be non-unique and set-valued [7, pp. 24]. In this thesis, we
will chose a formulation of a discontinuous relay operator and note that the operator can be
regularized for proofs. Definition 2.24 gives the definition of Ra1,a2 with a uniquely defined
output function.

Definition 2.24. (Relay operator) For any couple a := (a1, a2) with a1 < a2, the relay
operator is the mapping given as

Ra1,a2 : C0([0, T ])× {−1, 1} → BV (0, T ) ∩ C0
r ([0, T [).

For u ∈ C0([0, T ]) and ξ = +1, the output function w is defined as

w = Ra1,a2(u, ξ) : [0, T ] → {−1, 1},
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with

w(0) =


−1 , u(0) ≤ a1

ξ, a1 < u(0) < a2

1, u(0) ≥ a2.

Then, for any t ∈]0, T ], set

Xt = {t ∈]0, T ] : u(t) = a1 or a2},

and define

w(t) =


w(0), Xt = ∅

−1 , Xt 6= ∅ and u(max Xt) = a1

1 , Xt 6= ∅ and u(max Xt) = a2,

which ensures that w is uniquely defined in [0, T ].

Some remarks about Definition 2.24:

• The input function can be continuous, but the operator Ra1,a2 itself is discontinuous.

• ξ can be thought of as the initial starting state of the problem: if the initial input
u(0) falls between the two switching values, ξ determines whether the output is the
upper (+1) or lower (-1) branch of the hysteresis loop.

• The output is a defined by sets; indeed, the set Xt is the set of times at which the
input u attains a switching value. If Xt is empty, the system has not been running
long enough to hit a switching point, and we use its initial value. If Xt is not empty,
we consider its maximum value; that is, at a current time t, we look at what branch
of the loop the system was most recently on. If the last switching value was a1, it will
be on the -1 branch; conversely, if the last switching value was a2, the system will be
on the +1 branch.

• For any function u ∈ C0([0, T ]), the number of oscillations between a1 and a2 is
necessarily finite because of uniform continuity. The finite number of oscillations in u

implies that w has a finite number of jumps between -1 and +1. Thus, w is piecewise
constant and its total variation in [0, T ] is finite.

There are two defining features that all hysteresis operators, including Ra1,a2 , share:

1. Rate Independence: By rate independence, we mean that the form of the hysteresis
diagram is independent of the speed at which it is traversed. That is, the path of the
input-output couple (u, w) takes does not depend on its velocity, and thus there is no
dependence on the derivative of u. Rate independence is considered by some to be the
defining feature of hysteresis [56].
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2. Memory Behavior: The memory behavior of the hysteresis diagram is completely
determined by the local extremal values of the input functions. This implies that
the information needed to characterize the hysteresis operator is a discrete quantity
rather than a continuous one [7].

Having explained hysteresis operators heuristically, the next step is to provide more
mathematical definitions.

Definition 2.25. (Rate Independent Functionals) A functional H : Cpm[0, T ] → R is called
rate independent if and only if

H[v ◦ φ] = H[v] (2.54)

holds for all v ∈ Cpm[0, T ] and all admissible time transformations, i.e. continuous increasing
functions φ : [0, T ] → [0, T ] satisfying φ(0) = 0 and φ(T ) = T .

Due to the rate-independence of the hysteresis operator, it is intuitively clear that only
the local extremal values of the input function u influence the behavior of H[u] and thus
H[u] can be determined by a finite string,

(u(t0), u(t1), . . . , u(tN )),

where 0 = t0 < t1 < · · · < tN = T denote the local extrema of u in [0, T ]. This introduces
the important notion of strings.

Definition 2.26. (Monotone and Piecewise Monotone Functions) For any set X, let Map(X)
denote the set of all real–valued functions defined on X. Let I ⊂ R denote the set of all
real–valued functions defined on X. Let I ⊂ R be a nonempty interval. We call a function
v ∈ Map(I)

• (strictly) increasing on I, if v(τ) ≤ v(t) (respectively, v(τ) < v(t)) whenever τ, t ∈ I

and τ < t,

• (strictly) monotone on I, if either v or −v is (strictly) increasing on I.

In addition, we say that ∆ = {ti}0≤i≤N , 0 = t0 < t1 < · · · < tN = tE , is a monotonicity
partition for v : [0, tE ] → R, if v is monotone on all subintervals [ti, ti+1], and we denote
by Mpm[0, tE ] (respectively, Cpm[0, tE ]) the set of all (respectively, continuous) piecewise
monotone functions on [0, tE ],

Mpm[0, tE ] = {v ∈ Map([0, tE ]) | v has a monotonicity partition}

Cpm[0, tE ] = Mpm[0, tE ]
⋂

C0[0, tE ]

For any v ∈ Mpm[0, tE ], we defined the standard monotonicity partition of v by setting
t0 = 0 and

ti+1 = max {t ∈ [ti, tE ] | v is monotone on [ti, t]}, if 0 ≤ ti < tE
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By Nmon(v) we denote the number of monotonicity intervals in the standard monotonicity
partition of v. If v ∈ Map(I) is not piecewise monotone, we set Nmon(v) = ∞.

Definition 2.27. (Strings and Alternating Strings) We denote by S the set of all finite
strings of real numbers,

S = {(v0, v1, . . . , vN )| N ∈ N0, vi ∈ R, 0 ≤ i ≤ N} (2.55)

and by SA the subset of alternating strings

SA = {(v0, v1, . . . , vN ) ∈ S|N ≥ 1, (vi+1 − vi)(vi − vi−1) < 0, 0 < i < N}. (2.56)

For any s = (v0, v1, . . . , vN ), we define the number Nmon(s) and the standard monotonicity
partition 0 = i0 < · · · < iNmon(s) = N of the index set in the obvious way. The length of s

is defined to be N + 1.

Strings provide a useful tool for proofs involving hysteresis operators.
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Chapter 3

Mixed FEM for Mechanical

Equilibrium (Mixing Regime)

In this chapter, we present the development and analysis of mixed finite element methods
for the purely mechanical equilibrium model.1

The governing equations of a gel are reviewed and the total free energy assumptions
are discussed insection 3.1. The minimization of the energy problemand the existence of
minimizers are considered in section 3.2. In section 3.3, the Euler–Lagrange equations are
derived, and linearizations of these are stated for further study in section 3.4. There, we
first discuss the stability of the resulting displacement-pressure and the stress-displacement-
rotation formulations with regard to the gel material parameters. The main component
of section 3.4, though, is the derivation and analysis of a novel variation of the stress-
displacement-rotation formulation.2 In section 3.5, we investigate the new formulation
numerically, and then provide simulations of a confined polymer gel representing an artificial
bone implant.

3.1 Governing equations of a gel

We follow the approach of [8], in which a model for gel dynamics is derived using mix-
ture theory for a two-component system. As in [8], we consider the gel to be an immiscible,
incompressible mixture of polymer and solvent. In an immiscible polymer-solvent mixture,
the constitutive equations explicitly depend on the volume fractions φ1 and φ2 of the poly-
mer and solvent, respectively. The volume fraction φi of each component is canonically

1The material appearing in this chapter has been previously published as the following article:
M. E. Rognes, M.-C. Calderer, and C. A. Micek, Modelling of and Mixed Finite Element Methods for
Gels in Biomedical Applications, SIAM J. Appl. Math. 70 (2009), no. 4, 1305–1329. The sections included
in this chapter appeared as part of section 1 and all of sections 2.1, 2.2, 3, 4, 5.1, 6.2, and 7 in the origi-
nal manuscript. The sections are reprinted as they originally appeared; only minor modifications on some
variables and equation numbers have been made. Copyright c© 2009 Society for Industrial and Applied
Mathematics. Reprinted with permission. All rights reserved.

2Omitted here. See [47, pp. 1317-1322].
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defined as the volume of the component per unit volume of the gel. We denote by ρi the
mass density of component i per unit volume in space for i = 1, 2. These are related to
the intrinsic densities γi by ρi = γiφi. A mixture is incompressible if the intrinsic density
of each component is constant. Without loss of generality, we take the intrinsic densities
of polymer and solvent to be equal to 1, and thus the mass density and volume fraction of
each component coincide. The incompressibility of the mixture constraint is therefore

φ1 + φ2 = 1. (3.1)

Due to (3.1), the volume fraction of the solvent can be trivially eliminated in terms of the
volume fraction of the polymer: φ2 = 1−φ1. Hereafter, we omit the subscript and let φ = φ1.
We point out that the incompressibility of the mixture does not preclude deformations with
change of volume. This point will be discussed further. Finally, we assume that there are
neither voids nor additional material components in the system.

Let Ω ⊂ Rn (n = 1, 2, 3) denote a reference domain, with coordinates X, and assume
that Ω is open and bounded with boundary ∂Ω. Let

x : Ω → Ωx

denote a smooth deformation map satisfying det∇x > 0. Ωx denotes the deformed domain.
Throughout this work, F = ∇x denotes the gradient of deformation. The divergence
operator, taken row-wise when applied to matrices, is labeled div.

As governing equations, we will consider the equilibrium states of the model of gel dy-
namics described in [8]. These equations describe the balance of mass and linear momentum
for the fluid and polymer components. The total Cauchy stress T for the gel dynamics model
is defined as T = φT1 + (1− φ)T2, where Ti, i = 1, 2, are the individual Cauchy stresses for
the polymer and solvent, respectively. For dynamic problems, the stress T contains elastic,
mixing, and dissipative contributions from both the polymer and the solvent components.
In equilibrium, only the elastic contribution from the polymer and the combined mixing
pressure of the polymer and solvent contribute to the stress. The equilibrium situation is
the case of interest in our study.

The static nature of this case renders it convenient to formulate the problem in terms of
the first Piola–Kirchhoff stress tensor S over a reference domain. The first Piola–Kirchhoff
stress can be obtained from the Cauchy stress: S = (detF)T F−T . The static equilibrium
equation in the reference domain is obtained from the balance of linear momentum and
reads

divS(F, φ) = 0 in Ω. (3.2)

We have made here, and will make throughout, an abuse of notation by labeling φ(X) :=
φ ◦ x(X) for X ∈ Ω. The boundary conditions for the system are formulated as mixed
displacement-traction conditions for the gel. For a more thorough exposition on the gov-
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erning equations, boundary conditions, and the derivation of the model in general, we again
refer to [8].

Assume next that the body in the reference configuration has a reference polymer volume
fraction, φI : Ω → [0, 1]. The quantity φI is the volume fraction of polymer present within
the gel in its initial configuration. If φI is close to 0, then the gel is very fluid; conversely,
if φI is close to 1, then the gel is very solid. Due to the incompressibility constraint in
(6.31a), the solvent volume fraction in the reference configuration is simply 1− φI . In the
gel problems we consider, the equilibrium state corresponds to a certain value of φI . When
φI differs from the value corresponding to the gel equilibrium state, a residual stress is
introduced into the system. This point will become relevant in later analysis.

Under the previous assumptions, the reference domain formulation of balance of mass
reads ∫

Ω
φI dX =

∫
Ωx

φ dx =
∫

Ω
φ detF dX.

With the assumption that the above constraint is satisfied for all parts of the body Ω, we
obtain the following local constraint:

φdetF = φI in Ω. (3.3)

Note that if detF = 1, then φI = φ, so that no changes in the volume of the gel corresponds
to no changes in volume fraction.

Remark 3.1. We emphasize that the balance of mass constraint (6.31b) allows deforma-
tions with change in volume. In this regard, the mixture incompressibility assumption differs
from classical incompressibility assumptions. Further, by definition, φI must take values in
[0, 1]. This observation, in combination with (3.3), yields the constraint detF ≥ φI .

The final formulation of the equilibrium equation is thus:

divS(F;φI) = 0 in Ω. (3.4)

Elastic and mixing energies

To provide a complete physical description of the gel, the governing equations in equi-
librium, (3.2) and (3.3), must be augmented with appropriate constitutive equations for
the polymer-solvent mixture. In this exposition, following [8], we shall assume that the
gel is hyperelastic and model the total free energy for the gel as a sum of an elastic and a
Flory–Huggins mixing energy [24].

Our approach aims to account for the osmotic pressure contributions rom the elasticity
of the polymer network and the chemistry of polymer and solvent mixing. The mechanics of
the gel are accountedfor by the elastic energy. The chemical features of the gel areaccounted
for by the Flory–Huggins mixing energy. The Flory–Huggins mixing theory quantifies the
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hydrophobic and hydrophilic molecular interactions within the gel. Hydrophilic interactions
occur when there exists attraction between the polymer and the solvent, whereas hydropho-
bic interactions occur otherwise. In the former case, the polymer and solvent mix to form
a gel; in the latter case, the repulsion between the polymer and solvent collapses the gel
network on itself [39, 48]. The Flory–Huggins energy also accounts for phase transitions of
the gel. Physically, gel phase transitions occur when the physical parameters reach a critical
threshold, and the gel separates into phases. Mathematically, the gel phase transition is
represented by a convexity transition of the total free energy. The Flory–Huggins energy
allows for such a transition, given a set of critical parameter values.

The elastic energy per unit undeformed volume, denoted WE , is naturally formulated
over the reference domain Ω. However, the Flory–Huggins energy, denoted WFH , is tradi-
tionally formulated per unit deformed volume [24]. This necessitates a change of variables
on the Flory–Huggins energy. The resulting total free energy E now follows:

E(x, φ) =
∫

Ω
(WE(F, φ) + detF (WFH(φ) + cFH)) dX, (3.5)

where cFH is a nonnegative constant. We postpone discussion of the term cFH(detF )
momentarily, and instead provide some discussion of assumptions on the energy potentials
WE and WFH .

For elastic energy potentials, we restrict our attention to potentials of the form

WE(F, φ) = φI WP (F), (3.6)

where the potential is separable in its arguments and depends linearly on the reference
volume fraction. We observe that, as a consequence of the local balance of mass (3.3), the
dependency on the reference volume fraction in the energy per undeformed volume naturally
translates to a dependency on the volume fraction in the energy per deformed volume. This
restriction is thus in accordance with that of [8]. In section 3.3 and onwards, we consider
WP taking the following, isotropic form:

WP (F) = µ

(
1
2p

(
||F||2p − ||I||2p

)
+
||I||2(p−1)

β
((detF)−β − 1)

)
(3.7)

for p ≥ 1, where ||F||2 = tr(FFT ) = F : F, I is the identity matrix in Rn×n, µ is an elastic
stiffness modulus, and β a parameter related to polymer compressibility. The constants
are such that the identity state has zero energy and is also stress-free. This elastic energy
density (3.7) has been proposed and studied in the context of compressible elasticity (see
[51], and the discussion in [10, section 4.10]). Note that the energy potential reduces to a
compressible neo-Hookean potential when p = 1.

Remark 3.2. In view of Remark 3.1, the traditional interpretation of the term (detF)−β
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does not apply within the mixture framework. In particular, the interpretation of the
limiting case β →∞ is less clear. In the following, we shall view this term as a contraction
penalty, ensuring that the domain does not degenerate to zero volume under deformation.

The Flory–Huggins mixing energy quantifies the energy available in the gel for polymer-
solvent mixing, and the energy per deformed volume reads

WFH(φ) = aφ lnφ + b(1− φ) ln (1− φ) + cφ(1− φ), (3.8)

for positive, homogeneous parameters a, b, and c. The parameters a, b, and c can be related
to the specific polymer, solvent, and gel environment as

a =
KBT

VmN1
, b =

KBT

VmN2
, c =

KBTχ

2Vm
, χ =

∆w

KBT
, (3.9)

where T is the absolute temperature, KB is the Boltzmann constant, χ is the Flory inter-
action parameter, ∆w is the change in energy per monomer-solvent interaction, Vm is the
volume occupied by one monomer, and N1 and N2 are the number of lattice sites occupied
by the polymer and solvent, respectively. Derivations for the Flory–Huggins energy and the
interaction parameter χ can be found in [48, (4.21) and (4.23)], as well as in [8, 26, 39].
Note that the energy potential given by (3.8) is well defined for φ ∈ (0, 1). In addition,
limφ→0+ WFH(φ) = limφ→1−WFH(φ) = 0, and WFH is smooth for φ ∈ (0, 1).

We return to a discussion of the coefficient cFH in (3.5). The coefficient is defined as
cFH = cFH(a, b, c) = − inf0<φ<1WFH(φ), and it serves both a mathematical and a physical
purpose. From a mathematical point of view, it ensures a lower bound of the total free
energy in (3.5). This is necessary, since the energy given by (3.8) can take both positive
and negative values, and a lower bound may not exist after the change of variables. We note
that cFH is clearly bounded in terms of other Flory–Huggins parameters: 0 ≤ cFH ≤ (a+b).
The (detF) factor comes from the change of variables from the deformed to the reference
domain. Thus, cFH(detF) results from combining energies from different frames, i.e., the
elastic on the reference domain and the Flory–Huggins on the deformed domain. Although
the origin of cFH(detF) is slightly novel, restrictions on the growth of (detF) such as this
are standard in elasticity theory [10]. Indeed, from a physical point of view, the presence
of a factor of (detF) penalizes the volume changes in the gel.

The convexity of WFH , or the lack of such, plays a central role in the following analysis.
Changes in the convexity of WFH may impact the polyconvexity of the total free energy
potential. Furthermore, changes in the polyconvexity of the total free energy potential
impact the existence of energy minimizers. The convexity of WFH depends on the values of
the coefficients a, b, and c, and, in particular, on the interaction parameter χ. It can easily
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be seen that WFH will be convex at φ if a, b, and c are such that

a

φ
+

b

1− φ
≥ 2c.

Our final observation is that the constraint (3.3) allows for the elimination of φ in terms
of detF. This substitution reduces the total free energy to an entirely mechanical energy
with the following potential:

E(x) =
∫

Ω
WE(F, φI(detF)−1) + (detF) (WFH(φI(detF)−1) + cFH) dX. (3.10)

The problem of minimizing (3.10) can be viewed as a nonlinear, compressible elasticity
problem. One advantage of this formulation is that known techniques provide a framework
for its mathematical and numerical analysis.

3.2 Existence of minimizing deformations

The physical deformation x of a gel defined over the domain Ω will be a minimizer
in some admissible function space of the energy (3.10) augmented by body and boundary
forces, if such a minimizer exists. This section, in particular the main theorem, Theorem 3.1,
treats the existence of energy minimizers in the polyconvex case. A remark on a strategy
for the nonconvex case closes the section.

We begin by introducing some notation in order to define the space of admissible func-
tions and for later use.

• Let Ω be an open, bounded subset of Rn, with Lipschitz boundary ∂Ω, and let ∂Ω =
∂Ω0 ∪ ∂Ω1 with ∂Ω0 ∩ ∂Ω1 = ∅. Assume that ∂Ω0 has positive measure. The unit
outward normal on ∂Ω is denoted n.

• We use the linear spaces of n vectors V, n × n matrices M, symmetric matrices S,
and skew-symmetric matrices K. The inner product on M is denoted :, and || · || is
the Frobenius norm. The adjugate of an invertible matrix F is denoted adjF ; that is,
adjF = (detF)F−1.

• Let {ι1, ι2, ι3} denote the invariants of the left Cauchy–Green strain tensor FFT .
Recall that ι1 = tr(FFT ), ι2 = tr adj(FFT ), and ι3 = det(FFT ).

• The space of p-integrable fields on Ω with values in X is denoted Lp(Ω; X) with inner
product 〈·, ·〉 and norm || · ||0. For notational ease, we will frequently omit the domain
and range.

• W k,p(Ω; V) denotes the Sobolev space of vector fields in Lp(Ω; V) such that the kth
derivatives exist in the distributional sense and belong to Lp. The associated norm
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is denoted by || · ||k,p. For p = 2, we use the standard abbreviation Hk = W k,2 with
norm || · ||k. Further, we let

W 1,p
0 (Ω; V) = {x ∈ W 1,p(Ω; V), x = 0 on ∂Ω0}.

Also, H1
0 = W 1,2

0 .

• The space of square-integrable matrix fields with square-integrable divergence (taken
row-wise) is denoted H(div,Ω; M). We also have the constrained space

H0(div,Ω; M) = {σ ∈ H(div,Ω; M), σ · n|∂Ω1 = 0}.

Assume that φI ∈ L∞(Ω; (0, 1)). For 2p > n and a prescribed boundary condition
x0 ∈ W 1,2p(Ω), we define the space of admissible vector fields A as follows:

A = {x : Ω → Rn, x ∈ x0 + W 1,2p
0 , adj∇x ∈ L2q(Ω), det∇x ≥ φI a.e. in Ω}.

We shall assume that the space A is nonempty; more specifically, that the constraint on
the deformation gradient determinant can be fulfilled under the given boundary condition
x0. Now consider the following isotropic energy density:

E(x) =
∫

Ω
W(F) dX =

∫
Ω

(G(ι1, ι2) +H(ι3)) dX. (3.11)

Clearly, the gel energy defined by (3.10) can be expressed as a special case of (3.11), using
the following identifications:

G(ι1, ι2) =
φIµ

2p

(
ιp1 − ||I||

2p
)
, (3.12)

H(ι3) =

{
ι3
(
WFH(φIι

−1
3 ) + cFH

)
+ C(ι−β

3 − 1), φI < ι3,

+∞, otherwise,
(3.13)

where C = C(β, µ, φI , p) is (implicitly) defined by (3.7) and the Flory–Huggins energy has
been extended to the real line.

Remark 3.3. If WFH is convex, H′′(ι3) > 0 for all ι3 ≥ φI . However, H′′(ι3) < 0 for some
ι3 ≥ φI if the interaction parameter χ, defined in (3.9), is sufficiently large.

Moreover, we assume that there exist constants A1, A2 > 0, B ≥ 0 (or, if G(ι1, ι2) =
G(ι1), A2 ≥ 0) and p > n

2 , q ≥ p
2p−1 such that G(ι1, ι2) satisfies the growth condition

G(ι1, ι2) ≥ A1ι
p
1 + A2ι2

q −B. (3.14)

Clearly, (3.12) satisfies (3.14) with A2 = 0 if 2p > n and µ > 0. Note that the neo-Hookean
potential, corresponding to p = 1, does not satisfy the growth condition for n ≥ 2.
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The existence of minimizers of the energy (3.11), with H convex, over the space of
admissible vector fields A is established in Theorem 3.1 below. We note that the assumption
that G and H are convex gives the polyconvexity of W.

Theorem 3.1. Assume that G(·, ·) is convex and satisfies the growth inequality (3.14), and
that H(·) is convex. Suppose that x0 ∈ W 1,2p and that det∇x0 > φI . Then there exists
x ∈ A that minimizes the energy (3.11).

Proof. We first observe that, by the construction of cFH , there exists an m > −∞ such
that m ≡ infA E(x). Let {xk}k≥1 ∈ A denote a minimizing sequence of E ; that is, {xk} has
the property limk→∞ E(xk) = m. To show that the problem of minimizing E in the set A
has a solution, we proceed along the following steps.

Step 1. Prove that there exists a subsequence of {xk} (still denoted by xk) such that

lim
k→∞

xk = x̄ weakly in W 1,2p.

Step 2. Show that E is weakly lower semicontinuous in W 1,2p; that is, for any minimizing
sequence {xk} ∈ A,

lim
k→∞

inf E(xk) ≥ m. (3.15)

Step 3. Show that x̄ ∈ A. This combined with the weak lower semicontinuity property
(3.15) allows us to conclude that

min
y∈A

E(y) = E(x̄).

We outline Steps 1 and 2 following [10, Theorem 7.7.1] and [2]. First, we find a lower
bound of the energy. It follows from (3.14) and the form of H that there exists a constant
γ such that

E(x) ≥
∫

Ω

(
A1‖∇x‖2p + A2‖adj∇x‖2q + A3(det∇x)

)
dX + γ|Ω|

for all x ∈ A. An application of the generalized Poincaré inequality [10, Theorem 6.1-8(b)]
allows us to conclude that there exist constants a1 > 0 and a2 such that

E(x) ≥ a1

(
‖x‖2p

1,2p + ‖adj∇x‖2q
0,2q

)
+ a2 (3.16)

for all x ∈ A. In particular, it follows from (3.16) that the the sequence {xk, adj∇xk} is
bounded in W 1,2p ×L2q. By the assumptions on p and q, this space is reflexive. Therefore,
there exists a subsequence {xk, adj∇xk} that converges weakly to an element (x̄, adj∇ x̄)
in the space W 1,2p × L2q.
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Second, by the weak lower semicontinuity of the determinant function, we have that

det∇xk ⇀ det∇ x̄ in L
2p
n . (3.17)

The weak lower semicontinuity of E is then a consequence of the convexity of G together
with the convexity of H.

Third, the property det∇ x̄ ≥ φI , a.e. in Ω, follows from Mazur’s lemma together with
(3.17). Indeed, by Mazur’s lemma, for a given ε > 0 there exists N = N(ε), and {λi(ε)}
with

∑N
1 λi = 1, such that ∥∥∥∥∥

N∑
1

λi det∇xi − det∇ x̄

∥∥∥∥∥
0, 2p

n

< ε.

Since det∇xk ≥ φI , we conclude that det∇ x̄ ≥ φI almost everywhere, and hence x̄ ∈
A.

The relation φ = φI(det∇ x̄)−1 allows us to recover the volume fraction variable φ ∈
L∞(Ω), which corresponds to the energy minimizer x̄.

Remark 3.4. In the case that H is nonconvex, the previous theorem does not apply. In
such a case, the total free energy can be modified by the addition of a regularization term.
The new gel energy becomes

Er(x, φ) =
∫

Ω
WE(F) dX +

∫
Ωx

(WFH(φ) + cFH + ε ||∇x φ||2) dx, (3.18)

with ε > 0 small. Although we do not consider this extension in the remainder of this
work, we point out that existence of a minimizer for a regularized energy of the form (3.18),
although with a modified WE and WFH , was studied in [61].

3.3 Linearization of Euler-Lagrange Equations

With the existence of minimizers proven for the convex case, we turn our attention to
the Euler–Lagrange equations. The equations are nonlinear, but we provide a linearization
of the equations in this section. This is motivated by the fact that, for the biomedical
applications we aim to consider in this exposition, the linear regime may be meaningful
and applicable. Moreover, qualitative effects of changes in the environment can be studied
through linearized perturbations. The resulting linear boundary value problem will be
further studied in Sections 3.4 and 3.5.

We consider the energy defined by (3.10), complemented by the energy potentials speci-
fied by (3.6), (3.7), and (3.8), and augmented by a body force g and a boundary stress s0 on
∂Ω1. Upon taking variations, we obtain the Euler–Lagrange equilibrium equations over the
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reference domain Ω for the first Piola–Kirchhoff stress tensor S; cf. (3.2). The strong form
of the problem formally reads as follows: find a deformation x : Ω → Ωx and the associated
stress tensor S such that

S = ν(∇x)∇x− κ(∇x)∇x−T in Ω, (3.19a)

divS = g in Ω, (3.19b)

x = x0 on ∂Ω0, S · n = s0 on ∂Ω1, (3.19c)

where n denotes the outward oriented normal of the boundary. The coefficients ν and κ are
functions of a matrix variable and take the form

ν(F) = µφI ||F||2(p−1),

κ(F) = µφI ||I||2(p−1)(detF)−β − (detF)
(
WFH(φ) + cFH − φW ′

FH(φ)
)
.

(3.20)

Here, we have reintroduced φ = φI(detF)−1 for the sake of notational brevity. Recall that
µ > 0, β, and p ≥ 1 are elastic parameters, the former being the elastic shear modulus.
As before, φI is the volume fraction in the reference configuration. The derivative of the
Flory–Huggins potential W ′

FH is the derivative with respect to the variable φ; cf. (3.8).
For frequent later reference, we label the residual stress (at F = I)

r(φ) = WFH(φ) + cFH − φW ′
FH(φ). (3.21)

This quantity plays a key role in the numerical methods to follow. The residual stress is the
stress in the reference state defined by the reference domain. For purely elastic materials,
the residual stress is often assumed to vanish. In our model, the notion of vanishing residual
stress becomes a restriction on the reference volume fraction φI , since the residual stress
will vanish if and only if φI satisfies r(φI) = 0. The existence of such φI is guaranteed
by the lifting of the Flory–Huggins potential by cFH . If φI is a global minimizer of the
Flory–Huggins potential, WFH(φI) = −cFH and W ′

FH(φI) = 0, which thereby results in
r(φI) = 0. However, this constraint is too limiting for our purposes, as the volume fraction
in the reference configuration may be arbitrary. We therefore also aim to consider φI such
that r(φI) 6= 0. In fact, this is a key point for the following.

The linearized boundary value problem

The Flory–Huggins energy potential WFH , and hence the constitutive equations of
(3.19), depend on the physical parameters {a, b, c}. In the form given by (3.9), these pa-
rameters are explicitly dependent on the temperature but may also be sensitive to other
environmental parameters. In order to obtain a qualitative understanding of the effect of
changes in the environment, perturbations of a generic environment parameter T may be
considered.
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Let the Piola–Kirchhoff stress tensor S = S(F, T ) be as defined by (3.19a). Assuming
that F = ∇(x0 + u) and T = T0 + ∆T , give the first order approximation

S(F, T ) ≈ S(F0, T0) +
∂S
∂F

(F0, T0)[∇u] +
∂S
∂T

(F0, T0)[∆T ], (3.22)

where F0 = ∇x0. The approximation is valid under the assumption of small perturbations
in the deformation gradient and the environment parameter. On the right-hand side, the
first term corresponds to the force induced by the residual stress at (F0, T0), the second
term is the elasticity tensor linearized about the deformation gradient F0, and the third
term corresponds to the force induced by the change of environment. If ∆T = 0 and F0 = I,
(3.22) reduces to the linear elasticity approximation. A set of elementary but somewhat
lengthy calculations gives the following expression of the Gateaux derivative of S:

∂S
∂F

(F0)[G] = ν(F0)G + κ(F0)F−T
0 GTF−T

0

+ λ0(F0)(F0 : G)F0 + λ1(F0)(F−T
0 : G)F−T

0 , (3.23)

where ν and κ are defined by (3.20). The constants λ0 and λ1 are defined by

λ0(F) = 2(p− 1)µφI ||F||2(p−2),

λ1(F) = µφIβ||I||2(p−1)(detF)−β + (detF)(r(φ) + φ2W ′′
FH(φ)),

(3.24)

where, once again, we write φ = φI(detF)−1 and r is defined by (3.21).
We take a closer look at the residual stress at a given deformation gradient F0. Since

the constitutive relation is isotropic, S(F0, ·) = 0 implies that F0 = f0I for some scalar f0.
In other words, for the residual stress at F0 to vanish, F0 must be a certain pure expansion
or contraction. Furthermore, we note that for any such f0I, the forcing terms of (3.22)
correspond to pure pressures. In the case f0 = 1, S(I, ·) = r(φI)I, where r(φI) is defined
by (3.21). The linear boundary value problem resulting from taking f0 = 1 is summarized
below in Problem 3.1.

Problem 3.1. Let Ω be an open and bounded domain in Rn with Lipschitz boundary ∂Ω =
∂Ω0 ∪ ∂Ω1, ∂Ω0 ∩ ∂Ω1 = ∅. For a given φI : Ω → (0, 1) and given forces f and g, find the
displacement u : Ω → V and the stress tensor σ : Ω → M satisfying the boundary conditions
u|∂Ω0 = u0 and σ · n|∂Ω1 = s0 and such that

σ − Cr[∇u] = r(φI)I + f, (3.25a)

div σ = g. (3.25b)
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Here, r is defined by (3.21) and Cr is the residual-dependent stiffness tensor,

Cr[∇u] =
∂S
∂F

(I)[∇u] = µ(φI)∇u + (µ(φI)− r(φI))∇uT + λ(φI)(div u) I, (3.26)

and the generalized Lamé coefficients µ and λ are given by

µ(φ) = µφ||I||2(p−1),

λ(φ) = 2(p− 1)µφ||I||2(p−2) + βµφ||I||2(p−1) + r(φ) + φ2W ′′
FH(φ).

(3.27)

If φI is such that r = r(φI) = 0, the stiffness operator Cr reduces to the standard
linear elasticity tensor, although the Lamé coefficients µ and λ additionally depend on the
reference volume fraction φI and the Flory–Huggins potential WFH . In this case, the stress
tensor is symmetric; that is, σ : Ω → S. On the other hand, if φI is such that r(φI) 6= 0,
then the reference volume fraction is not an equilibrium volume fraction, and the gel is
inclined to deform by either swelling or collapsing. We consider two possible approaches to
this case and preface their description by noting that both approaches allow us to arbitrarily
prescribe a reference volume fraction φI .

The first approach is simply to consider the system of equations (3.25) directly. However,
the additional source introduced by the residual stress and, more importantly, the skew-
symmetry part of the displacement gradient must be resolved. This approach is studied
carefully in the main part of section 3.4.3

The second approach is restricted to the case where the material parameters are assumed
to be homogeneous. In this approach, we can consider linearizations about homogeneous,
nonidentity deformations F0 = f0I, where f0 6= 1. These deformations are pure expansions
or contractions with f0 chosen such that (3.19a) vanishes; that is, S(f0I, ·) = 0. The
stipulation is that f0 is such that

ν(f0I)f0 − κ(f0I)f−1
0 = 0. (3.28)

The linearized equations, resulting from considering (3.22) and (3.23) with F0 = f0I, become
(3.25) and (3.26) with r = 0 and the Lamé coefficients

µ(φ, f0) = ν(f0I), λ(φ, f0) = f2
0 λ0(f0I) + f−2

0 λ1(f0I), (3.29)

where λ0, λ1 are given by (3.24). In addition, we observe that the linearization about a
nonidentity state may require some additional care when applying boundary conditions,
but we postpone further discussion of this until section 3.5.

Having set up the equations to study, we continue by discussing weak formulations and
discretizations of Problem 3.1 and the linear stability of such in terms of the gel parameters,
paying special attention to the role of residual stress r. We shall demonstrate the use of

3Omitted here. See [47, pp. 1317-1322].
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both the approaches described above in the subsequent sections, but will explicitly state
when we consider (3.29) in place of (3.27).

3.4 Weak Formulations For Vanishing Residual Stress

The boundary value problem defined by Problem 3.1 with r = 0 is, in effect, the stan-
dard linear elasticity problem. Finite element and mixed finite element methods for the
approximation of these equations are very well understood, and a multitude of approaches
are available. In this work, we consider mixed finite elements, a choice which is motivated
by two primary considerations. First, it is well known that the pure displacement formu-
lation, which results from eliminating the stress tensor σ and looking for a displacement
u ∈ H1(Ω; V), is unreliable if λ → ∞ or if the clamped boundary ∂Ω0 constitutes only a
small part of the total boundary [6]. In our problem, since λ(φI) → ∞ as φI → 1 for λ

defined by (3.27), we seek weak formulations that are robust in the sense that they afford
uniform convergence in the coefficient λ. Mixed finite element methods offer such a feature.
Second, in the biomedical confinement problems we address in this paper, the quantity of
main interest is the stress σ · n. Therefore, it may be natural to approximate this variable
directly. A recent survey of mixed finite element methods for linear elasticity was presented
by Falk [22].

In this section, we shall examine two types of mixed finite element methods for the gel
equations as defined by Problem 3.1: the displacement-pressure and stress-displacement-
rotation formulations. Both are robust with respect to the coefficient λ and typically give
second- (or higher) order stress approximations for smooth solutions. Both will be used
for simulations in section 3.5. In the displacement-pressure method, the displacement u

and a pressure p are approximated directly. This formulation gives a version of the Stokes
equations with an additional stabilization term. The discrete stability requirements on the
associated pair of finite element spaces typically mandate higher order approximation spaces
for the displacement. This, in turn, induces higher order approximations for the stresses.
The second method, the stress-displacement-rotation formulation, approximates the stress,
the displacement, and the rotation (the skew-symmetric part of the displacement gradient).
Here the stress is approximated as the primal variable and therefore typically has a higher
order accuracy than the displacement.

Both types of mixed finite element methods have been thoroughly studied from the
linear elasticity viewpoint, and we refer to [6, 22] for a thorough treatment. We emphasize,
however, that the case where r 6= 0 requires additional care. The main results in this section
address the stress-displacement-rotation formulation in that setting.

We now state the two mixed formulations applied to the boundary value problem defined
by Problem 3.1 with r = 0 and discuss the linear stability requirements placed on the gel
parameters. The case r 6= 0 will be considered in the subsequent sections. For the sake of
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clarity, we assume that the boundary conditions are homogeneous: u0 = 0 on ∂Ω0, s0 = 0
on ∂Ω1. The notation is as introduced in section 3.2.

We begin with a discussion of the displacement-pressure formulation. Introducing a
pressure p = λ div u, one easily obtains the following weak displacement-pressure formula-
tion of (3.25). Given f ∈ L2(Ω; S) and g ∈ L2(Ω; V), find u ∈ H1

0 (Ω; V) and p ∈ L2(Ω) such
that

〈2µε(u), ε(v)〉+ 〈p, div v〉 = −〈f,∇v〉 − 〈g,v〉 ∀ v ∈ H1
0 (Ω; V),

〈div u, q〉 − 〈λ−1p, q〉 = 0 ∀ q ∈ L2(Ω),
(3.30)

where ε is the symmetrized gradient and µ = µ(φI) and λ = λ(φI) are as defined in (3.27).
The robustness in the limit λ → ∞ is due to the fact that (3.30) are the Stokes equations
in the limit λ = ∞. Furthermore, if µ > 0 and 2µ + nλ > 0, there exist stable solutions u

and p to (3.30).
The dependencies in the Lamé coefficients on the parameters of the problem have im-

plications for the stability of the method. Notice that φ2
IW ′′

FH(φI) → ∞ corresponds to
λ → ∞. The robustness in λ may therefore be important if φI is close to 1 (or 0), that
is, if the gel is almost dry (or almost fluid) in the reference configuration. It is clear that
µ(φI) > 0 when defined by (3.27). In addition, λ > 0 if the Flory–Huggins energy potential
WFH is convex. If WFH is sufficiently nonconvex, λ may take negative values, and conse-
quently the gel may display auxetic behavior. It also follows that the condition 2µ+nλ > 0
can break only if WFH is sufficiently nonconvex. If one instead considers the Lamé parame-
ters obtained by a linearization about a nonidentity state (cf. (3.29)), similar considerations
apply. However, we see from (3.29) and (3.24) that λ might take negative values, even if
WFH is convex.

3.5 Simulations

In this section, we present some numerical simulations. First, we examine the stabil-
ity range of the nearly symmetric stress-displacement-rotation formulation numerically in
order to compare the observations with the analytical estimates. Next, we turn to a more
physically realistic application. The gel model and numerical methods presented are ap-
plied to studying the shear stresses arising from the confinement and environmental effects
experienced by an artificial bone implant. All simulations have been performed using the
DOLFIN library of the FEniCS project [23, 32].

Swelling-induced stress in artificial bone implants

We now turn to consider a specific biomedical application: an artificial bone implant
used for high tibial osteotomy. In this procedure, the knee is realigned to shift the body
weight from a damaged area of the knee to the side with healthy cartilage. This is performed
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by removing a wedge from the shinbone and then chemically gluing a polymer implant into
the open space in order to realign the knee. One natural question that arises is whether
and how the additional moisture of the body affects the implant. Another relevant question
is how the confinement of the gel affects the stresses. In particular, both the implant itself
and the glue attaching the implant to the bone may fail when exposed to high shear forces.

In the following, we aim to apply the appropriately linearized gel equations and the
numerical methods of the previous sections to examine the shear stresses acting on the
implant. First, we study the stresses arising from the confinement of an implanted polymer
gel. Second, using the approximation given in (3.22), we investigate how temperature
changes in the body may affect the implant. Finally, an interface problem between the
bone and the implant is considered. Although we consider a specific device, the simulations
illustrate the more general situation of swelling in a confined area under environmental and
mechanical forces.

Polymers used in biomedical devices which provide mechanical reinforcement must have
low interaction with water and be rigid so as to prohibit large swelling. The following ho-
mogeneous parameter values are representative of polymers used in artificial bone implants
[8, 45]. In (3.9) and (3.7), we let Vm = 0.1nm3, N1 = 1000, N2 = 1, µ = 1.0 GPa, β = 2,
∆w = (150K)KB, and consider an initial temperature T = 310 K. The choice of ∆w is
such that χ(T ) = 0.5 at T = 300 K, in agreement with [8]. The associated Flory–Huggins
energy density has a single minimum at φN

I ≈ 0.66 and hence r(φN
I ) = 0. A physically

realistic value for the volume fraction of the polymer, however, is typically close to 1. With
this in mind, we consider a set of reference volume fraction values φI in the range [0.6, 1.0).

Confinement

If the reference volume fraction is higher than the volume fraction corresponding to a
stress-free reference state, the gel will respond with an initial swelling. In order to isolate
this effect, we consider the linearized equations about a nonidentity state F0 = f0I such
that S(F0) = 0; cf. (3.28). For φI = 0.995, f0 ≈ 1.0038. The equations to be considered are
thus those of Problem 3.1 with f, g = 0 but with µ and λ given by (3.29). The nonidentity
linearization has ramifications for the boundary conditions. Since the total deformation can
be given as x(X) = u(X) + f0X, in order to represent a bone implant entirely confined at
some ∂Ω0, we let

u(X) = u0(X) = (1− f0)X, X ∈ ∂Ω0, (3.31)

thus ensuring no deformation of the reference body at the given boundary. However, for
f0 6= 1, the inclination to swell versus the confinement of the implant yields a nonzero u0.
In particular, shear stress forces are induced. At ∂Ω1, we let σ · n = s0 = 0.

Motivated by typical implant shapes, we consider a hexahedral reference domain for the
bone implant defined by an isosceles trapezoidal base. More precisely, let Ω0 = (0, 20) ×
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(a) (b)

Figure 3.1: The simulation domains. (a) An illustration of the three-dimensional wedge
domain Ω occupied by the gel in the artificial bone implant simulation. Shown here is a
coarse tessellation of the domain from a top, left view. (b) A coarse triangulation of the
cross-sectional domain occupied by the gel and the bone.

(0, 10)× (0, 20) (mm3) and, in general, Ωθ = {(X0, X1, X2)} ⊆ Ω0 such that

X1 ∈ ((2−X0) tan(θ), 1− (2−X0) tan(θ))

for 0 ≤ θ ≤ θmax = arctan(1/4). Thus, Ωθmax is defined by an isosceles triangular base. In
the following, we consider θ = arctan(1/16). This domain is illustrated in Figure 3.1(a).
Further, the implant is assumed to be confined at the top and bottom boundaries, where it
adjoins the bone, and stress-free at the remaining boundary:

∂Ω0 = {X ∈ ∂Ω, X2 ∈ {0, 2}} , ∂Ω1 = ∂Ω\∂Ω0. (3.32)

The resulting boundary value problem was simulated using the displacement-pressure
formulation (3.30) with the Taylor–Hood elements [47, Eq. 5.16] on a regular tessellation
of Ω consisting of approximately 80,000 tetrahedral cells. The stress tensor was postcalcu-
lated from the displacement and the pressure approximations using (3.25a). The quantity
of interest is the shear stress at the top and bottom boundaries of the implant. Due to sym-
metry, we consider only the top boundary Γ. The magnitude of the tangential component
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Figure 3.2: Shear stresses, in MPa, resulting from the confinement of a gel in a nonequi-
librium state. (a) The magnitude of the shear stress vector measured at the barycenters of
each facet of the top boundary Γ for φI = 0.995. (b) The average shear stress over the top
boundary SΓ versus initial volume fraction φI .

of the stress at the barycenter of each facet at the top boundary is shown in Figure 3.2(a)
for φI = 0.995. The reported values are in the range (0, 125) MPa but should be interpreted
qualitatively. We see that the stresses are, relatively speaking, low in the interior of the
top boundary, but that a boundary layer forms, which gives very high stress values at the
corners. In fact, these pointwise stress values do not seem to be bounded, in the sense that
the maximal value depends on the meshsize. Considering the unreliability of this pointwise
stress magnitude, we instead measure the average shear stresses over the top boundary:

S2
Γ =

1∫
Γ 1 ds

(∫
Γ

σ2
02 + σ2

12 ds
)

. (3.33)

The shear stresses SΓ corresponding to φI in the range [0.60, 1.0) are plotted in Figure
3.2(b). We see that the average shear stress is close to zero for φI = 0.65, as this is
close to the natural volume fraction of the energy. The average shear stresses grow as φI

approaches 1.0: at φI = 0.995, the average shear stress is approximately 42.1 MPa. We
conclude that the confinement versus the swelling gives significant shear stress values for
the implant.

Temperature

We now turn to inspecting how an increase in temperature affects the implant. In order
to obtain a qualitative understanding of the effects of changes in temperature, we consider
a perturbation about the initial temperature, as discussed in connection with (3.22). The
temperature dependence of the given model occurs only through the coefficients of the
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Flory–Huggins potential, and thus (cf. (3.20)) the resulting force f reads

f = f(∆T ) =
∂

∂T

(
WFH(φ, T ) + cFH(T )− φW ′

FH(φ, T )
)
(∆T ) (detF)F−T .

We let T = 310 K as before and consider ∆T = 1.0. The parameter values, domain, and
discretization are as for the previous experiment. The resulting pressure force is of the order
0.4 MPa for φI = 0.995 and thus two orders of magnitude smaller than the shear stresses
resulting from the confinement. In order to isolate the effects of the change in temperature,
we modify the boundary conditions of (3.31) and let u0 = 0 on ∂Ω0. This corresponds to
letting the implant swell to the equilibrium position and penalizing the additional swelling
resulting from the changes in temperature only.

The resulting average shear stresses at the top boundary of the implant, following the
same procedure as in the previous, are illustrated in Figure 3.3. Note the difference in
units between Figures 3.2(b) and 3.3. The average shear stress values are in the range
(1.61, 117) KPa and thus significantly lower than those associated with the full confinement.

3.6 Conclusion

We have presented a study of gel equilibrium problems designed to model the behavior
of a polymeric biomedical device upon implantation into the human body. One motivation
for studying such problems is to facilitate effective device design. Upon implantation, the
moisture of the body causes the device to swell. That, combined with the confinement of
the device, induces stress concentrations near the attachments. In particular, the shear
components of the stress may cause the detachment and failure of the device. Thus, both
understanding the source of stresses and predicting the magnitudes of such stresses are
important for successful device design.

Figure 3.3: Shear stresses, in KPa, resulting from temperature changes. Average shear
stress over the top boundary SΓ versus initial volume fraction φI .
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The equilibrium equations considered combined an elastic energy and a mixing energy
derived from Flory–Huggins theory. Two numerical methods were proposed and analyzed
for the small-strain equations: a two-field displacement-pressure formulation and a three-
field stress-displacement-rotation formulation.4 The simulations presented focused on the
computation of shear stresses resulting from residual stress in combination with confinement
and from temperature fluctuations. All simulations were implemented using the free FEn-
iCS software, which provides a flexible and mathematically well-developed finite element
framework. We note that this software could potentially serve the scientific community as
a useful tool for studying gels.

The results showed that the stresses due to the combination of residual stress and
confinement are much more pronounced than those due to temperature fluctuations; indeed,
the temperature effects are only a small perturbation of the confinement effects. These
results suggest that the confinement of a swelling gel is the dominant source of stress in such
devices. We remark that the equilibrium framework studied provides only an approximation
to the more physically realistic time evolution undergone by gels. However, the results
obtained support the idea that equilibrium analysis is a good approximate method of stress
prediction.

4Omitted here. See [47, pp. 1317-1322].
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Chapter 4

Existence Results for Mechanical

Equilibrium (Separating Regime)

Chapter 3 presented the development and analysis of a mixing regime equilibrium model
whose focus was on mechanical effects. This model was designed to study gel applications in
which phase transitions do not occur, such as artificial bone implants. In this brief chapter,
we will generalize this equilibrium model for a wider class of applications. Specifically, we
will prove existence of minimizers for a separating regime mechanical model designed for
applications in which phase transitions do occur. The proof presented originally appeared
in [61], and we follow the same argument with minor modifications.

4.1 Separating Regime Mechanical Model

The free energy for the separating regime mechanical model is slightly modified from
the one in Chapter 3:

Eε(x, φ) =
∫

Ω
ΨB(F, φ) dX +

∫
Ωx

ΨS(φ) dx (4.1)

with the bulk energy, ΨB, and surface energy, ΨS , are defined as:

ΨB = WE(F) + (detF)WFH(φ), ΨS =
ε

2
2∣∣∣∣∇xφ

∣∣∣∣2 (4.2)

with ε > 0 is a small parameter. ΨB is identical to the energy given in Eqs. (3.6)-(3.8) for
the mixing regime problem, except for the fact that we allow the Flory–Huggins parameters
{a, b, c} to be such that WFH(φ) can become non–convex. ΨS is a surface energy included
in Eε to act as a penalty term and prevent the gel from switching between phases too often.
Note that the mixing regime model can be recovered from this model when ε → 0. For
ε 6= 0, the presence of

∣∣∣∣∇xφ
∣∣∣∣2 introduces a serious nonlinearity into the separating regime

model: since
∣∣∣∣∇xφ

∣∣∣∣2 is defined on Ωx, we must perform a change of variables to put it back
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on Ω. This yields:
ΨS(F, φ) = (detF)||F−T∇Xφ||2, (4.3)

where the gradient is taken with respect to X. The energy minimization problem for the
separating regime equilibrium problem is summarized in Problem 4.1.

Problem 4.1. (Separating Regime, Mechanical) The energy for the separating regime me-
chanical problem, Eε, is defined as

Eε(x, φ) =
∫

Ω
ΨB(F, φ) + ΨS(F, φ) dX (4.4)

with

ΨB = WE(F) + (detF)WFH(φ), ΨS =
ε

2
2
(detF)||F−T∇Xφ||2, (4.5)

where ΨB is defined by Eqs. (3.6)-(3.9). Assume that WFH(φ) is nonconvex and ε 6= 0. For
prescribed boundary conditions x0 ∈ W 1,∞ and φ0 ∈ W 1,2, define the space of admissible
vector fields Aε as

Aε = {(x, φ) :φ ∈ φ0 + W 1,2
0 ,x ∈ x0 + W 1,∞

0 ,

φdet F = φI a.e , 0 < φ < 1, ‖∇x‖L∞ < C < ∞}.
(4.6)

The minimization problem is to find a minimizing pair
(
x̄, φ̄

)
∈ Aε such that:

inf
um∈Aε

Eε = Eε

(
x̄, φ̄

)
. (4.7)

Remark 4.1. (Mixing Regime Existence) Thm. 3.1 addresses the existence for minimizers
in the mixing regime where ε = 0 and WFH(φ) is convex in Problem 4.1.

We now prove the existence of minimizers for Problem 4.1 for ε 6= 0 and WFH(φ) non–
convex. For the proof, it is helpful to re-write Eε as a function of the invariants of FFT

(denoted as ι1, ι2, and ι3 and defined in Definition 2.10) and (adj F). Eε is then written as
the sum of three terms:

Eε(x, φ) = E1 + E2 + E3 =
∫

Ω
G dX +

∫
Ω
H dX +

∫
Ω

ΨS dX, (4.8)
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with the following identifications:

G(ι1, ι2) =
φIµ

2p

(
ιp1 − ||I||

2p
)
, (4.9a)

H(ι3, φ) =

{
ι

1
2
3 (WFH(φ)) + C(ι

−β
2

3 − 1), φ
1
2
I < ι3,

+∞, otherwise,
(4.9b)

ΨS(ι3, adj F, φ) = ι
− 1

2
3 ||∇Xφ(adj F)||2, (4.9c)

where the expression for ΨS is the result of recalling that (adj F) = (detF)F−1:

(detF)||F−T∇Xφ||2 = (detF)||(detF)−1∇XφT (adj F)||2

= (detF)−1||∇Xφ(adj F)||2.
(4.10)

First, we present a preliminary lemma that will be helpful for the existence proof.

Lemma 4.1. Given φ ∈ W 1,2, consider a sequence {φk} ∈ W 1,2 and ||φk|| ≤ M for some

M ∈ R such that φk ⇀ φ in W 1,2. Then we have that φ
3
2
k ⇀ φ

3
2 weakly in W 1,2.

Proof. We begin by noting that

∇X

(
φ

3
2
k

)
=

3
2
φ

1
2
k∇Xφk,

and that φk < 1 a.e. for all k. We thus have that∫
Ω
||∇Xφ

3
2
k ||

2 dX =
9
4

∫
Ω
||φk||︸ ︷︷ ︸

<1

·||∇Xφk||2 dX ≤ 9
4

∫
Ω
||∇Xφk||2 dX ≤ 9

4

∣∣∣∣φk

∣∣∣∣
W 1,2 ≤ K,

so
∣∣∣∣φk

∣∣∣∣
W 1,2 is bounded for all k by K. The boundedness in

∣∣∣∣ · ∣∣∣∣
W 1,2 implies that there exists

g ∈ W 1,2 such that
φ

3
2
k ⇀ g in W 1,2.

Furthermore, by a standard result (cf. [13, Cor. 1.46, pp. 40]),

φ
3
2
k → g in L2 =⇒ φ

3
2
k → g a.e. in Ω

Since φk → φ a.e in Ω, φ
3
2
k → φ

3
2 a.e. in Ω, and thus g = φ

3
2 a.e. in Ω. Therefore, φ

3
2
k ⇀ φ

3
2

in W 1,2 as claimed.

Theorem 4.1. (Separating Regime: Existence) Let Ω ∈ R3 be bounded with Lipschitz
boundary ∂Ω. Let G(·, ·, ·) and H(·, ·) be as given in Eq. (4.9) with WFH non–convex.
Suppose that (x0, φ0) ∈ W 1,∞ ×W 1,2 and that det(∇x0) > φI > 0. Then, for any C > 0,
there exists a minimizer

(
x̄, φ̄

)
of Eε in Eq. (4.8) in Aε.
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Proof. The proof follows the argument first presented in [61, Thm. 4.8] with minor modifica-
tions. Assume that the space Aε is non-empty; more specifically, assume that that boundary
condition (x0, φ0) is contained within Aε. By this assumption, the admissible space Aε is
not empty. Thus, if (x̄, φ̄) is a minimizer of Eε, we have that 0 ≤ Eε

(
x̄, φ̄

)
≤ Eε(x0, φ0).

Since
inf
Aε

Eε

(
x̄, φ̄

)
= m ≥ 0,

there exists an infimum, and therefore it follows that there exists a minimizing sequence.
Let {xk, φk}k≥1 ∈ Aε denote a minimizing sequence of Eε. By definition, {xk, φk} satisifes

lim
k→∞

Eε(xk, φk) = m.

To show that there exists a solution to the minimization problem, we proceed in along the
following three steps.

Step 1. Prove that there exists a subsequence of {xk, φk} (still denoted as {xk, φk}) such
that

lim
k→∞

xk = x̄ weak * in W 1,∞, lim
k→∞

φk = φ̄ weakly in W 1,2.

Step 2. Show that
(
x̄, φ̄

)
∈ Aε. This amounts to showing that

φ̄detF = φI a.e. in Ω.

Step 3. Show that Eε is weakly lower semicontinuous in W 1,∞ × W 1,2; that is for any
minimizing sequence {xk, φk} ∈ Aε,

lim
k→∞

inf Eε(xk, φk) ≥ m.

The combination of steps 2 and 3 allows us to conclude that

min
y∈Aε

Eε(y) = Eε

(
x̄, φ̄

)
.

To show the existence of a subsequence {xk, φk} in the first step, we must show bound-
edness of xk and φk in the W 1,∞ and W 1,2 norms, respectively. We have that

∣∣∣∣Fk

∣∣∣∣
L∞

< C,
and, combining this with Poincaré’s inequality yields:

C >
∣∣∣∣∇x

∣∣∣∣
L∞

≥ γ1

∣∣∣∣xk

∣∣∣∣
W 1,∞ − γ2

∣∣∣∣x0

∣∣∣∣
W 1,∞

for some constants γ1 and γ2. Therefore, xk
∗
⇀ x̄ in W 1,∞.

The existence of a subsequence for φk requires more work. Observe first that, since
{xk, φk} is a minimizing sequence of Eε,

∫
Ω ||∇Xφk||2 dX is bounded. Let Fk = ∇xk,

where the gradient is taken with respect to the reference variable X. Using the change of
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variables formula, we obtain that:

∇Xφk = (detFk)∇xφk(adj Fk)−T

= (detFk)∇xφk(detFk)−1FT
k

= ∇xφT
k Fk.

The resulting bound is

||∇Xφk||2 = ||∇xφT
k Fk||2 ≤ ||∇xφk||2 ·

∣∣∣∣Fk

∣∣∣∣2
L∞

≤ C||∇xφk||2.

This implies that ∫
Ω
||∇Xφk||2 dX ≤ C

∫
Ω
||∇xφk||2 dX ≤ K,

for some real constant K > 0. Thus,
∫
Ω ||∇Xφk||2 dX is bounded. Recalling that φ0 ∈ W 1,2

and φk ∈ φ0 + W 1,p, we can apply Poincaré’s inequality [13, Thm. 1.48, pp. 40] to φk to
conclude that {φk} is uniformly bounded in W 1,2. Thus,

φk ⇀ φ̄ in W 1,2.

We also note that

φk ⇀ φ̄ in L2 =⇒ φk → φ̄ a.e. in Ω.

Therefore, we obtain the existence of a subsequence {xk, φk} such that

lim
k→∞

xk = x̄ weak * in W 1,∞, lim
k→∞

φk = φ̄ weakly in W 1,2,

and step 1 of the proof is complete.
Step two is to show that (x̄, φ̄) satisfies the balance of mass constraint φ̄detF = φI and

is thus contained in Aε. To show this, let v ∈ C∞
0 and consider the limit as k → ∞ of the

integral defined to be

I =
∫

Ω
v(φk det∇xk − φ̄det∇x̄) dX.

By a standard analysis theorem, since Ω is a bounded domain, given ε > 0 there exists a
closed set E ⊂ Ω with |E| < ε and φk → φ̄ uniformly in Ω − E. Keeping this in mind,
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re-write I as the sum of three integrals over Ω,Ω− E, and E :

I =
∫

Ω
v(φk det∇xk − φ̄det∇xk) dX +

∫
Ω

v(φ̄ det∇xk − φ̄det∇x̄) dX

=
(∫

Ω−E
v(φk det∇xk − φ̄det∇xk) dX +

∫
E

v(φk det∇xk − φ̄det∇xk) dX

)

+
∫

Ω
v(φ̄ det∇xk − φ̄det∇x̄) dX,

with the integrals labeled as follows:

I1 =
∫

Ω−E
v(φk det∇xk − φ̄det∇xk) dX

I2 =
∫

Ω
v(φ̄det∇xk − φ̄det∇x̄) dX

I3 =
∫

E
v(φk det∇xk − φ̄det∇xk) dX

so that I = I1 + I2 + I3. We examine each integral separately.
For I1, we have that

|I1| ≤
∫

Ω−E
|v(det∇xk)| · |φk − φ̄| dX ≤ K

∫
Ω−E

|φk − φ̄| dX,

since |v det∇xk| is bounded. In particular, the determinant factor is bounded by the
assumptions on the admissible space. Furthermore, since φk → φ̄ uniformly in Ω − E,

|I1| → 0 as k →∞.

For I2, we have that both v, φ̄ are bounded, so vφ̄ ∈ L1. Since xk
∗
⇀ x̄ in L∞, we can

apply Thm. 2.3 to conclude that ∇xk
∗
⇀ ∇x̄ in L∞. Thus, I2 → 0 by the definition of weak

* convergence.
Finally, for I3,

|I3| =
∣∣∣∣∫

E
v(det∇xk)(φk − φ̄) dX

∣∣∣∣ ≤ ∣∣∣∣v∣∣∣∣L∞ (C∫
E
K dX

)
≤
∣∣∣∣v∣∣∣∣

L∞
CKε

for ε arbitrarily small. This follow because, for k sufficiently large, |φk − φ̄| < K. We also
have that |det∇xk| bounded by C and |E| < ε.

Combining the results for I1, I2, and I3, we find that as k →∞,

lim
k→∞

I = lim
k→∞

∫
Ω

v(φk det∇xk − φ̄det∇x̄) dX ≤ C
∣∣∣∣v∣∣∣∣

L∞
ε,
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and, since ε is arbitrarily small,

lim
k→∞

∫
Ω

v(φk det∇xk − φ̄det∇x̄) dX = 0.

Hence,
φk det∇xk

∗
⇀ φ̄det∇x̄ in L∞.

If we consider that

lim
k→∞

∫
Ω

v(φk det∇xk − φI) dX =
∫

Ω
v(φ̄ det∇x̄− φI) dX

for every v ∈ C∞
0 , φ̄det∇x̄ = φI a.e. Thus, (x̄, φ̄) ∈ Aε, and step 2 of the proof is complete.

The final step is to prove that Eε is weakly lower semicontinuous. We do this by adress-
ing the weak lower semicontinuity of E1, E2, and E3 defined in Eq. (4.8). The weak lower
semicontinuity of E1 in W 1,∞ follows immediately from the fact that G is polyconvex. For

E2, we consider the two terms separately. Observe that C(ι
−β

2
3 −1) is convex in the variable

detF, so it is polyconvex, and therefore weakly lower semicontinuous. We then re-write the
WFH part of H as

WFH(φk)(det∇xk) =
(
WFH(φk)−WFH(φ)

)
(det∇xk)

+WFH(φ)
(
det∇xk − det∇x

)
+WFH(φ) det∇x,

(4.11)

and label

hk =
(
WFH(φk)−WFH(φ)

)
(det∇xk)

h = WFH(φ)
(
det∇xk − det∇x

)
.

First, we observe that,

lim
k→∞

∫
Ω

h dX = 0

by the weak continuity of determinants. Next, for hk, we separate the domain Ω into two
pieces. Let Ω = Ω+ ∪ Ω− with hk ≥ 0 on Ω+ and hk < 0 on Ω−. We thus obtain∫

Ω
hk dX =

∫
Ω+

hk dX +
∫

Ω−
hk dX.
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Then

lim inf
∫

Ω
hk dX = lim inf

{∫
Ω+

hk dX +
∫

Ω−

hk dX

}
≥ lim inf

∫
Ω+

hk dX + lim inf
∫

Ω−
hk dX

≥
∫

Ω−
lim inf hk dX + lim inf

∫
Ω−

hk dX

= 0− lim sup
∫

Ω−
(−hk) dX.

Note that we have used the relation lim inf(−hk) = − lim suphk. Then, by Fatou’s lemma
of the lim sup, we obtain

0 ≤ lim sup
∫

Ω−
(−hk) dX ≤

∫
Ω−

lim sup(−hk) dX = 0.

The last equality holds because the pointwise limit of hk exists and is zero. Thus, the
lim sup is also zero. Therefore, we can conclude that

lim inf
k→∞

∫
Ω

hk dX = 0.

Eq. (4.11) now yields

lim inf
k→∞

∫
Ω
WFH(φk)(det∇xk) dX ≥

∫
Ω
WFH(φ)(det∇x) dX,

and thus E2 is weakly lower semicontinuous in W 1,∞ ×W 1,2.
The final step is to show that E3 is weakly lower semicontinuous in W 1,2. From

Lemma 4.1,
φ

3
2
k ⇀ φ̄

3
2 weakly in W 1,2.

Next, we apply Corollary 2.2 with the following identifications:

gk = φ
3
2
k , ḡ = φ̄

3
2 , fk = xk.

Noting that φ
3
2
k ⇀ φ̄

3
2 in W 1,2 and xk ⇀∗ x̄ in W 1,∞, we conclude that

adj ∇xk
∗
⇀ adj ∇x̄ in L∞,

(∇φ
3
2
k )(adj ∇xk) ⇀ (∇φ̄

3
2 )(adj ∇x̄) in L2

For notational ease, let Gk = adj ∇xk and G = adj ∇x. We thus have that

∇φ
3
2
k Gk ⇀ ∇φ̄

3
2 G in L2,
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and therefore
lim inf
k→∞

∫
Ω
||∇φ

3
2
k Gk||2 dX ≥

∫
Ω
||∇φ̄

3
2 G||2 dX.

The weak lower semicontinuity of E3 follows from the convexity of the norm function
∣∣∣∣ · ∣∣∣∣.

Combining the results of each piece of the energy yields

lim inf
k→∞

Eε(xk, φk) ≥ Eε

(
x̄, φ̄

)
,

i.e. the weak lower semicontinuity of the total energy Eε. Step 3 of the proof is complete,
and we therefore conclude that

min
y∈Aε

Eε(y) = Eε

(
x̄, φ̄

)
,

as claimed.
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Chapter 5

The Siegel Drug Delivery Device

In this chapter, we begin our study of gel models with chemomechanical coupling. Specif-
ically, we will focus on how the chemistry can be coupled to the elasticity through the elastic
stress. We begin with a discussion of the motivating application, the Siegel drug delivery
device, functions. The device is shown in Figure 5. It consists of a chamber containing a
drug that communicates with its surroundings through an attached polyelectrolyte hydrogel
membrane. When the device is implanted in the body, the body’s chemicals interact with
the membrane and change its pH, i.e. the concentration of hydrogen ions. The membrane
swells with increasing pH and collapses with decreasing pH. The cycling between swollen
and collapsed states allows for a periodic release of the drug.

isopropyl acrylamide-co-methacrylic acid! "NIPA/MAA!,
swells with increasing pH and collapses with decreasing

pH.40,41 Inside the chamber is the enzyme glucose oxidase,

which catalyzes the conversion of glucose to gluconic acid.42

The latter dissociates (pKa#3.7 in 0.05 M NaCl! to glucon-
ate and hydrogen ions:

Glucose ——!
Glucose Oxidase

Gluconic Acid!Gluconate!"H".
"1!

The external environment is assumed to contain a con-

stant concentration of glucose. Consider now an initial con-

dition with the membrane in its swollen state where it is

permeable to glucose and drug. External glucose diffuses

into the device and is converted enzymatically to hydrogen

ion which causes membrane collapse, with subsequent shut-

down of glucose and drug permeation. Eventually, the hy-

drogen ion concentration depletes, leading to reswelling of

the membrane and restored permeability to glucose and drug.

This brings the device back to its initial state, and the process

of membrane collapse and reswelling can repeat itself, in-

definitely.

The functional dependence of the membrane’s glucose

permeability on proton concentration in the chamber "i.e.,
pH) is of major importance. In earlier work a sharp but

monotonically decreasing relation between proton concentra-

tion and membrane permeability to glucose was

assumed.43,44 It was shown that under this assumption, sus-

tained oscillatory behavior can be achieved only under rather

stringent conditions which will be difficult to maintain. Here

we assume that membrane permeability to glucose shows

hysteresis in its response to pH changes. Such hysteretic

behavior was previously demonstrated for the NIPA/MAA

hydrogels to be used in the present study.33,41

In order to generate a minimal model of the device, a

few assumptions are made, the justifiability of which will be

evaluated later:

"1! The chamber is well stirred with constant concentration
throughout.

"2! The external environment is considered to be a well
stirred source of glucose, with constant concentration G,

and a perfect sink for protons.

"3! Enzymatic conversion of glucose to protons in the cham-

ber is extremely fast, such that conversion can be con-

sidered immediate upon appearance of a glucose mol-

ecule in the chamber.

"4! The membrane’s resistance to diffusion of protons can
be characterized by a lumped permeability, of constant

value Ph . Binding of protons to the membrane, while

controlling the membrane’s permeation state, is assumed

to be negligible when calculating proton mass balances.

"5! The membrane’s resistance to diffusion of glucose can
be characterized by a lumped permeability coefficient,

Pg , which is a piecewise constant function of present

hydrogen ion concentration in the chamber, with hyster-

esis, as illustrated in Fig. 2. When the hydrogen ion con-

centration, denoted by h, is low, Pg takes the value PgH ,

where H denotes ‘‘high’’ permeability. This state will

persist until h increases past the critical value hHL , at

which point glucose permeability drops immediately to

the value PgL#PgH , where the subscript L denotes

‘‘low’’ permeability. The membrane will stay in the L

state until h decreases past the value hLH , at which point

the system returns immediately to the H state. Hysteresis

requires that hLH#hHL .

Under these assumptions the behavior the system is gov-

erned by a piecewise hysteretic, linear first order differential

equation,

dh

dt
$
A

V
"PgHG!Phh ! until h"hHL , "2a!

dh

dt
$
A

V
"PgLG!Phh ! until h#hLH , "2b!

where A is the membrane area and V is the chamber volume:

While it is easy to solve Eqs. "2! exactly given any initial
condition, we are presently interested in conditions for oscil-

lations, and the following analysis is more illuminating "see
Fig. 3!. Starting in the H state with h#hHL , Eq. "2a! pre-
dicts that the system will move as a decaying exponential to

the steady state point hSS ,H$PgHG/Ph . Now if hSS ,H
#hHL , the system will indeed come to rest at that steady

state. If on the other hand. hHL%hSS ,H , then h will increase

FIG. 1. Schematic of pulsating drug delivery device based on feedback

inhibition of glucose transport to glucose oxidase through a hydrogel mem-

brane. Changes in permeability to glucose are accompanied by modulation

of drug permeability. FIG. 2. Idealized glucose permeability—H" concentration characteristic

showing inhibition with hysteresis. Pg$glucose permeability, h

$H"concentration, PgH$permeability in ‘‘High’’ "H! permeability state,
PgL$permeability in ‘‘Low’’ permeability state, hHL$H" concentration for

transition from H to L state, hLH$H" concentration for transition from L to

H state.
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Figure 5.1: (Siegel Drug-Delivery Device Schematic) The Siegel drug
delivery device, as shown in [41, Fig. 1], is a prototypical example
of an autonomously pulsating, periodic release drug delivery device.
The chamber is attached to a gel membrane that swells and collapses
concomitantly with changes in pH. When swollen, the membrane is
permeable and allows the drug to be released into the body. When
collapsed, the membrane is impermeable and inhibits release of the
drug.

The swell and collapse cycle of the membrane functions as follows. Suppose that the
device is implanted in the body with the membrane swollen. The polymer network is
expanded, and the membrane is permeable. When permeable, the membrane allows the drug
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from inside the chamber to diffuse out into the body and glucose from the body to diffuse
into the chamber. Once inside the chamber, the glucose undergoes a chemical reaction with
an enzyme that produces hydrogen ions. The catalyst inside the chamber converts glucose
from the body into gluconic acid. The gluconic acid then dissociates and splits the ionic
compounds into the smaller molecules of gluconate and hydrogen ions. As these hydrogen
ions diffuse out of the chamber and into the body, some of them attach themselves to the
membrane. Gradually, as more hydrogen ions attach, the pH rises. Eventually, the pH
reaches a threshold value, pH , which triggers the gel to undergo a volume phase transition
and collapses. In the collapsed state, the membrane is impermeable: no glucose from the
body enters, no drug from the chamber exits. Biodegredation of the membrane eventually
starts as the hydrogen ions attached to the membrane detach themselves and leave to bond
with chemicals in the body. Gradually, as more hydrogen ions detach, the pH lowers.
Eventually, the pH reaches a different threshold value, pL, which triggers the gel to undergo
another volume phase transition and swell. In the swollen state, the gel is again permeable,
and the cycle starts again.

Thus, the Siegel device thus operates by exploiting gel volume phase transitions. The gel
membrane undergoes volume phase transition as it cycles between swollen and phases. The
volume phase transitions are triggered by changes in pH, which occur as the body’s glucose is
converted into protons. The chemical reaction consequently acts as a “feedback” mechanism
that drives the gel to flip between swollen and collapsed volume phase transitions. Such a
setup is similar to that of chemical oscillators, which are based on coupling such a chemical
reaction with a feedback reaction that drives the reaction to flip between the different
chemical equilibria. The volume phase transition between swollen and collapsed phases
exhibits hysteresis, a memory–based relationship between variables [41, 42, 62]. Because
of hysteresis, the degree of swelling or shrinking of the gel depends on the prior evolution
of the gel swelling. The functioning of the device clearly depends on a chemomechanical
coupling between the elasticity of the gel membrane and chemical feedback process driven
by the changing proton concentration.

5.1 Qualitative Chemical Effects: Quasi–Static Simulations

Before doing any analytical work, we present numerical simulations illustrating the
qualitative aspects of modeling the Siegel drug delivery device. The numerical methods used
is the Stokes elasticity formulation given by Eq. (3.30). Since this method is for equilibrium
gel problems and the Siegel drug delivery device is a dynamic problem, it is necessary to
artificially implement the volume phase transition dynamics using a quasi–static approach.
The quasi–static approach for elastic volume phase transition volume phase transitions can
be found in works such as those of Garcke [25].
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Recall that our energy is defined by Eq. (3.10) to be

E(F) =
∫

Ω
WE(F) + (detF)WFH(φI(detF)−1) dX,

where φI is a prescribed constant initial volume fraction on the reference domain Ω. As dis-
cussed in Chapter 3, the constants {a, b, c} in WFH depend upon the physical environment
of the gel. For the Siegel device, the changes in pH will change these parameter values,
so it is reasonable to consider {a, b, c} to be functions of the proton concentration p in the
membrane:

a = a(p), b = b(p), c = c(p).

p itself is a dynamic quantity that changes over time t so, if we parametrize {a, b, c} as
functions of p, the system mimics time-dependent effects of changing proton concentration.
Let t ∈ [0, 1] and consider a discretization of this time interval:

t0 = 0, t1 =
1
N

, . . . , tN = 1,

which defines a discretization of p:

p0 = p(0), p1 = p(t1), . . . , pN = p(1).

Thus, each pi represents a different chemical state of the membrane at a time ti. (For
simplicity, we here let p = t and consider changing t equivalent to changing p.)

Figure 5.1 shows graphically how changes in t affect the total energy E . The plots
shown are the total energy E as a function of λ at a fixed ti where F = λI is an isotropic
deformation. λ is referred to as the expansion factor, and we write F0 = λ0I for the
minimizing deformation. If λ0 < 1, the minimizer is a collapsed state; if λ0 > 1, the
minimizer is a swollen state. At t = 0, there is a single global minimum at λ0 = 1.3681,

so the membrane starts slightly swollen. As t increases, the energy gradually becomes
nonconvex, signaling the onset of a volume phase transition volume phase transition. At
t = 0.222, there are both a swollen and collapsed volume phase transition, corresponding
to λ0 = 1.5829 and λ0 = 0.83871, respectively. When there are two minima, the system
prefers the global minima (here λ0 = 1.5829), so the membrane is still primarily swollen
at this point. As the chemistry changes more with increasing t, the membrane becomes
predominately collapsed at t = 0.666. Here λ0 = 0.80786 and λ0 = 1.458 are the minimizing
states but λ0 = 0.80786 is the global minimizer. After this “switching” of minimizing states,
the membrane settles into a collapsed state only, and the energy is again convex.

The quasi–static procedure consists of the following steps:

1. Identify the critical points of the energy. We seek to find isotropic deformations F = λI

such that, for a fixed time ti, dE
dλ (λ) = 0. This is equivalent to a stress–free state. λ
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Figure 5.2: (Flory–Huggins Parametrization) Plots of the free energy E as
a function of the expansion factor λ for isotropic deformations F = λI.
Parameter values are n = 2, p = 1, µ = 0.01, φI = 0.5, β = 2, ∆t = 2

99 ,
a(t) = 5 − sin2

(
tπ
2

)
, b(t) = 3 + 2 sin2

(
tπ
2

)
, and c(t) = 8 + 3 sin2(tπ). In

order to allow for volume phase transition volume phase transitions, it is
necessary to let the Flory-Huggins energy dominate the energy by choosing
elasticity parameters several orders of magnitude smaller than the Flory-
Huggins parameters. Note that the shift factor of the Flory-Huggins energy,
cFH = − inf0<φ<1 WFH(φ), changes at every ti.
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is a positive real number. The choice of isotropic deformations is restrictive in that
they allow only bulk deformations where the membrane is either completely swollen
or completely collapsed, but they give the correct qualitative effects and also simplify
the minimization problem to single–variable calculus. Note that these minimizing
deformations satisfy the residual stress–free condition given by Eq. (3.28).

2. Check the coercivity of the linearized operator. We check if d2E
dF2 > 0. In applications

where volume phase transition volume phase transitions occur, the energy is neces-
sarily non-convex and multiple minima can occur. The non-convexity of the energy
results in a nonlinear stress S. However, the Stokes elasticity operator in Eq. (3.30)
is linearized. It is not immediate that Stokes elasticity operator is coercive at every
critical point λ0 of the the linearized operator. In particular, λ0 could be a local
maximum and thus be unstable, which would result in an ill–posed numerical system.
Thus, we require coercivity of the operator (here, a positive second derivative) in order
to guarantee that λ0 is a local minimum.

3. Find the global minimizer. We check the value of the energy at each critical point.
Even if λ0 is a local minimum, linear stability does not tell us which local minima is
the global minima. If there are n local minimizers, we identify the global minimum
as min{E(λi)} for i = 1, . . . , n.

4. Solve the linearized boundary value problem for pi = p(ti). Once the global minimizer
F0 has been identified, we linearize the system about this state. We let the gel
membrane domain be Ω = [0, 1]× [0, 1] and set its boundaries as

ΩD = {X2 = 0, X2 = 1}, ΩN = {X1 = 0, X1 = 1}. (5.1)

We prescribe the following boundary conditions:

u = (1− λ0)id on ∂ΩD, Sn = 0 on ∂ΩN , (5.2)

where id is the identity vector in R2 and n is the unit normal on ∂ΩN . This domain
and set of boundary conditions corresponds to the gel membrane in the Siegel device
pictured in Fig. 5. The top and bottom of the membrane are fixed, and the sides
are pressure–free. Note that the zero displacement condition has been modified. This
is due to the fact that we consider isotropic deformations other than F0 = I. In
standard elasticity, the deformation map x(X) is defined as

x(X) = id + u,

so prescribing u = 0 on a boundary gives x = id on that boundary, which corre-
sponds to zero displacement. In the case of non-identity isotropic deformations F0,
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the deformation map is
x(X) = y + u,

where ∇y = λ0I. Thus, if we want a boundary point to have zero displacement, we
must prescribe u = (1−λ0)id on the boundary. Using the Stokes elasticity formulation
with Taylor–Hood elements, we solve the boundary value problem:

σ(u, pi) = f in Ω (5.3a)

u = (1− λ0)id on ∂ΩD, σn = 0 on ∂ΩN (5.3b)

where σ is the linearized stress given in Eqs. (3.26)–(3.27). f is a body force that
is uniform pressure resulting from swelling due to changes in the membrane pH. We
calculate the force f as a perturbation in t, in a similar spirit to Eq. (3.22):

f =
∂

∂t

[
(detF)

(
WFH(φ, t)− φW ′

FH(φ, t)
)
I
]
∆t

with φ = φI(detF)−1. Once we have numerically solved Eq. (5.3), we can plot the
deformation the membrane undergoes.

The results of the simulation are given in Figure 5.1. As the energy profile changes
with different chemistry, the deformation changes accordingly. As one might expect, if we
linearize near a swollen state, the resulting deformation is swollen, whereas if we linearize
near a collapsed state, the deformation is collapsed. The membrane begins its volume phase
transition cycle swollen, gradually gets more swollen, collapses, and then begins to gradually
swell again. Essentially, this is the behavior of the Siegel device.

Remark 5.1. (Qualitative Stress) The expressions for the stress in the code use to generate
these simulations differ slightly from the analytical ones given in Eqs. (3.20) and (3.24).
However, due to the qualitative nature of these simulations, we argue that this difference
does not significantly impact the conclusions drawn from these simulations.
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t = 0

t = 0.24

t = 0.56

t = 0.8

Figure 5.3: (Membrane Deformation Plots) Pictured from top to bottom are
plots of the free energy E (left) and mesh deformation (right) for t = 0, t =
0.24, t = 0.56, and t = 0.82, respectively. The same parameter values are
used as in Fig. 5.1.

70



5.2 Chemistry Models Proposed by Siegel et al.

Siegel et al. have done a great deal of work modeling the described prototypical drug
delivery system [14, 41, 42, 62]. Their modeling approach is based on the observation
that changes in swelling occur concomitantly with changes in permeability. For simplicity,
the Siegel et al. models lump all of the elastic behavior of the membrane into a constant
parameter representing permeability and focus primarily on the chemical reaction driving
the volume phase transition volume phase transitions. Hysteresis is incorporated into the
chemical reaction by using a piecewise, hysteretic linear first order differential equations
written in terms of an enzyme (glucose oxidase), a substrate s∗ (glucose), and a product p∗

(hydrogen ions). The Siegel et al. models assume the following:

1. The reaction chamber is well–stirred with a constant concentration throughout. The
substrate and product concentrations are functions of time but not of space, so the
governing equation for the model are ordinary differential equations.

2. The external environment is considered to be a well–stirred source of glucose, with
constant concentration and a perfect sink for protons. In other words, the body has
a sufficiently large amount of glucose to start the reaction. Consequently, this device
does not work for diabetics, since they have an insufficient concentration of glucose in
their bodies.

3. The conversion of substrate to product is governed by first–order reaction kinetics, so
the conversion is considered to be immediate.

4. The lumped permeabilities of the membrane to substrate s∗ and product p∗ are as-
sumed to be piecewise constant functions dependent on p∗. The model is constructed
such that the membrane exhibits two states:

◦ H state: high permeability to glucose

◦ L state: low permeability to glucose

In the H state, the permeability for substrate and product are KS,H and KP,H ; in the
L state, the permeability for substrate and product are KS,L and KP,L. The membrane
switches at two threshold values of p:

◦ H → L occurs at p∗ = CP,H→L

◦ L → H occurs at p∗ = CP,L→H

Finally, to account for hysteresis, it is required that KS,H > KS,L. Note that it is not
necessarily the case that KP,H > KP,L.
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Under these assumptions, the resulting model is a system of two ordinary differential equa-
tions with hysteretically switching coefficients. In the H state, the equations are:

ds∗

dt∗
= (A/V )KS,H(C∗

s − s∗)− kenzs
∗ (5.4a)

dp∗

dt∗
= kenzs

∗ − (A/V )KP,Hp∗ until p∗ ↑ CP,H→L, (5.4b)

and in the L state,

ds∗

dt∗
= (A/V )KS,L(C∗

s − s∗)− kenzs
∗ (5.5a)

dp∗

dt∗
= kenzs

∗ − (A/V )KP,Lp∗ until p∗ ↓ CP,L→H , (5.5b)

where we have the following constants:

A, Area of membrane (L2)

V, Volume of reaction chamber (L3)

kenz, Rate constant of the reaction (T−1)

KS,H ,KP,H , Permeabilities of substrate, product (H state) (LT−1)

KS,L,KP,L, Permeabilities of substrate, product (L state) (LT−1)

CP,H→L, Switching: H to L (C)

CP,L→H , Switching: L to H (C)

C∗
s , External concentration of substrate (C)

The corresponding units are given in parenthesis and stated in terms of a typical length L,
time T , and concentration C. To non–dimensionalize and scale the equations, we introduce
the dimensionless variables:

t =
t∗

T
, s =

s∗

C
, p =

p∗

C
,

where T is a typical time and C is a typical concentration. From [62], we use that

T =
1

(A/V )KS,H
, C = CP,H→L. (5.6)

A quick check on the units of T shows that they are indeed units of time. Each constant will
have units

[
C
T

]
. Substituting in the dimensionless variables yields the following equations
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for the H state:

ds

dt
= (Cs − s)− κs (5.7a)

dp

dt
= κs− βHp until p ↑ 1, (5.7b)

and in the L state,

ds

dt
= α(C∗

s − s)− κs (5.8a)

dp

dt
= κs− βLp until p ↓ ε, (5.8b)

where p = p∗

CP,H→L
and s = s∗

CP,H→L
with the constants

κ =
kenz

(A/V )KS,H
, α =

KS,L

KS,H
, Cs =

C∗
s

CP,H→L

βH =
KP,H

KS,H
, βL =

KP,L

KS,L
, ε =

CP,L→H

CP,H→L
.

Siegel et al. argue that when the scaled enzyme rate of reaction, κ, is very large, one
can postulate instantaneous conversion of substrate to product (i.e. κ →∞). Although this
is an idealized system and somewhat unrealistic, this reduction makes the system easier to
handle because it condenses the system into a single hysteretic differential equation for the
product concentration p [41]. The resulting system is:

dp

dt
= Cs − βHp until p ↑ 1 (5.9a)

dp

dt
= αCs − βLp until p ↓ ε, (5.9b)

The simplification is easy to see. For example, in the H state, we combine the two equations:

ds

dt
= Cs − s− κs

= Cs − s−
(

dp

dt
+ βHp

)
and noting that s = ds

dt = 0, we can reduce this to a single equation:

dp

dt
= Cs − βHp until p ↑ 1.

Similar reasoning can be applied to the L state equation. The resulting system is thus as
given in Eq. (5.9). A non-scaled version of this model is extensively discussed in [41].
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Analysis of Product Only Siegel Model

In [42], Siegel and Li provide an extensive analysis of the two–dimensional Siegel model
in Eq. (5.7) and Eq. (5.8). They show in [42, Thm. 2] that there exists a limit cycle for
Eqs. (5.7) and (5.8) for sets of parameter values that allow oscillations. They remark that
the product only system of Eq. (5.9) also exhibits a limit cycle but do not include the
analysis. In this section, we analyze the product only system because it will be useful
in Section 5.3 when analyzing the Siegel model coupled to a one–dimensional mechanical
equation.

To analyze Eq. (5.9), we begin by reformulating the equation in terms of the relay
hysteresis operator. We define two relay operators: CS, the substrate operator, and B, the
permeability operator in Definitions 5.1 and 5.2, respectively. Let p, the concentration of
protons, be the input and w, the membrane permeability, be the output for the operators
CS and B. The couple ρ = (ε, 1) gives the threshold values for the system.

Definition 5.1. (Substrate Operator) For the couple ρ = (ε, 1), the substrate operator is
the mapping given by

CS : C0([0, T ])× {1, α} → BV (0, T ) ∩ C0
r ([0, T [).

For p ∈ C0([0, T ]) and ξ ∈ {1, α} the output function w is defined as

w = C(p, ξ) : [0, T ] → {1, α},

with

w(0) =


1, p(0) ≤ ε as p ↑ 1

ξ, ε < p(0) < 1 swollen or collapsed

α, p(0) ≥ 1 as p ↓ ε.

Then, for any t ∈]0, T ], set

Xt = {τ ∈]0, T ] : p(τ) = ε or 1},

and define

w(t) =


w(0), Xt = ∅

1, Xt 6= ∅ and u(max Xt) = ε

α, Xt 6= ∅ and u(max Xt) = 1

Definition 5.2. (Permeability Operator) For the couple ρ = (ε, 1), the permeability oper-
ator is the mapping given by

B : C0([0, T ])× {βL, βH} → BV (0, T ) ∩ C0
r ([0, T [).
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For p ∈ C0([0, T ]) and ξ ∈ {βL, βH} the output function w is defined as

w = β(p, ξ) : [0, T ] → {βL, βH},

with

w(0) =


βH , p(0) ≤ ε as p ↑ 1

ξ, ε < p(0) < 1 swollen or collapsed

βL, p(0) ≥ 1 as p ↓ ε.

Then, for any t ∈]0, T ], set

Xt = {τ ∈]0, T ] : p(τ) = ε or 1},

and define

w(t) =


w(0), Xt = ∅

βH , Xt 6= ∅ and u(max Xt) = ε

βL, Xt 6= ∅ and u(max Xt) = 1.

To write Eq. (5.9) in terms of hysteresis operators, define the Siegel operator to be:

S
[
p
]

= CS

[
p
]
Cs −B

[
p
]
p, (5.10)

where the dependence on t is suppressed for notational ease. Then Eq. (5.9) can be written
in the following compact form:

dp

dt
= S

[
p
]
. (5.11)

In the analysis of the product only model, we will refer to both Eq. (5.9) and Eq. (5.11)
interchangeably, depending on whichever formulation is the most mathematically conve-
nient. When looking at equilibrium points, it is most convenient to use Eq. (5.9). In both
the H and L state, the governing equations are linear, so a straightforward calculation
provides the equilibrium points and solutions for all time t in Lemma 5.1.

Lemma 5.1. H and L State Solutions. Consider Eq. (5.9) and let p0 = p(t0) be the
given initial condition.

1. Suppose p0 < 1 so that the membrane starts in the H state. The equilibrium solution,
p̄H , for this state is

p̄H = lim
κ→∞

Cs

(1 + 1
κ)βH

=
Cs

βH
, (5.12)

and the solution for all times t is

p(t) = p̄H + e−βH(t−t0)(p0 − p̄H). (5.13)

75



2. Suppose p0 > ε so that the membrane starts in the L state. The equilibrium solution,
p̄L, for this state is

p̄L = lim
κ→∞

Cs

( 1
α + 1

κ)βL
=

Csα

βL
, (5.14)

and the solution for all times t is

p(t) = p̄L + e−βL(t−t0)(p0 − p̄L). (5.15)

Proof. Calculation.

According to [42, 62], the dynamical behavior of the product and substrate system
in Eqs. (5.7) and (5.8) can be separated into four different regimes. These regimes are
determined by the values of the steady state points, p̄L and p̄H , in relation to the values
of the switching concentrations, ε and 1. The limiting case of the product only system has
similar dynamical behavior. The four dynamical regimes are the following:

1. Single steady state (H). When p̄H < 1 and p̄L < ε, the only possible stationary point
is p̄H . In terms of system parameters and external concentrations, this occurs if

Cs < min
(

βH ,
βLε

α

)
. (5.16)

2. Single steady state (L). When p̄H > 1 and p̄L > ε, the only possible stationary point
is p̄L. In terms of system parameters and external concentrations, this occurs if

Cs > max
(

βH ,
βLε

α

)
. (5.17)

3. Two steady states. When p̄H < 1 and p̄L > ε, either p̄H or p̄L is a potential stationary
point. It depends on initial conditions. The system will undergo one flip and then
decay to equilibrium. In terms of system parameters and external concentrations, this
occurs if

βLε

α
< Cs < βH . (5.18)

4. Oscillations. The case of the most interest to us occurs when p̄H > 1 and p̄L < ε. In
that situation, the system will oscillate forever between the H and L state. In terms
of system parameters and external concentrations, this occurs if

βH < Cs <
βLε

α
. (5.19)

Each of the dynamical regimes can be proven mathematically to exist. Thm. 5.1 exam-
ines Cases 1–3.
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Theorem 5.1. Limit Sets as Global Attractors. Consider the product only system
given in Eq. (5.9).

1. If Eq. (5.16) holds, then every solution of the system approaches the H steady state.

2. If Eq. (5.17) holds, then every solution of the system approaches the L steady state.

3. If Eq. (5.18) holds, then, depending on the initial condition, every solution of the
system approaches either the H steady state or the L steady state.

Proof. Consider the situation where Eq. (5.16) holds. We will prove that every solution of
the system approaches the H steady state by showing that {p̄H} is a global attractor. The
proof consists of 3 steps: showing that {p̄H} is invariant, that it is asymptotically stable,
and that it coincides with both the α- and ω−limit sets.

Recall that the solution for the H state with initial condition p(t0) = p0 is given by
Eq. (5.13). The invariance of {p̄H} follows from a direct calculation: let p(t0) = p̄H so that
we have

p(t) = p̄H + e−βH(t−t0)(p̄H − p̄H) = p̄H ,

so {p̄H} is invariant.
To show the stability of p̄H , observe that

lim
t→∞

p(t) = lim
t→∞

p̄H + e−βH(t−t0)︸ ︷︷ ︸
→0

(p0 − p̄H)︸ ︷︷ ︸
<ε

= p̄H ,

so the equilibrium point p̄H is asymptotically stable (in addition to being stable).
In this system, the asymptotically stable equilibrium coincides with the both the ω-

limit set of the system. Given any initial condition p0 = p(t0), consider the sequence of
tk = {k}∞k=1. As k →∞, we have that

lim
k→∞

p(tk) = lim
k→∞

p̄H + e−βHk(p0 − p̄H) = p̄H ,

and thus the ω−limit set of every orbit is {p̄H}. Since {p̄H} is an invariant set coinciding with
the ω-limit set, we can conclude that the attractor of the dynamical system is A = {p̄H}.
To establish that A is the entire global attractor, we need to show that the α-limit set of
α(p0) for any p0 ∈ A is an equilibrium point. But this is trivial because the α−limit is
precisely {p̄H}: except for the set consisting of p0 = p̄H , the set of every orbit is empty. A
consists of a single equilibrium point, so A is indeed the entire global attractor.

An analogous argument can be made when Eq. (5.17) holds. For Eq. (5.18), the system
undergoes a single flip and then approaches an equilibrium point in either the H or L state,
so, again, an analogous argument holds.
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The hysteresis operator formulation of the system given in Eq. (5.11) is most useful
when Eq. (5.19) holds, i.e. when we are in the oscillatory region. In particular, it will help
us prove existence of a globally attractive limit cycle in Thm. 5.2.

Theorem 5.2. (Existence of Limit Cycle) If Eq. (5.19) holds, then the system in Eq. (5.11)
switches back and forth between H and L states forever, and there is a stable limit cycle
solution (and thus globally attractive) for the p trajectories.

Proof. Consider p : [0, tE ] → R and let ∆ = {ti}0≤i≤N , 0 = t0 < t1 < · · · < tN = tE be a
monotonicity partition for p. Due to the simplicity of Eq. (5.9) in the H or L state, ∆ can
be explicitly calculated for the solution p. Without loss of generality, consider an initial
condition p(t0) = p0 such that the membrane is initially in the H state. The governing
equation is thus

dp

dt
= Cs − βHp.

Due to the oscillation criterion in Eq. (5.19), we find that:

βH < Cs =⇒ 0 < Cs − βH

0 < Cs − βHp

=⇒ dp

dt
> 0,

and therefore p increases (monotonically) until it reaches p = 1. Thus, we know that there
exists some time t = t1 such that p(t1) = 1, and this is the switching point for the governing
equation. So, for t ∈ (t0, t1), the membrane is in the H state. The switching point to the L

state is the initial condition for the L state governing equation,

dp

dt
= αCs − βLp.

Again due to the oscillation criterion in Eq. (5.19), we find that

Cs <
βLε

α
=⇒ Cs −

βLε

α
< 0

Cs −
βL

α
< Cs −

βLε

α
< 0

=⇒ dp

dt
< 0,

and therefore p decreases (monotonically) until it reaches p = ε, which occurs at some time
t = t2. This cycling will continue until time t = tN . Without loss of generality, consider the
membrane to be in the H state at time t = tN . We thus can express the hysteresis operator
S in Eq. (5.11) completely in terms of the string S:

S = (p0, 1, ε, 1, . . . , 1, ε). (5.20)
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By Def. 2.27, the values {p0, ε, 1} are the extremal values of p. Since ρ = (ε, 1) is the
couple for S, a relay operator, this implies that the set A = [ε, 1] is invariant. That is, for
p∗ ∈ A, the orbit γ(p∗) ∈ A. Furthermore, the existence of a periodic orbit, Γ, also follows.
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Figure 5.4: (Limit Cycle for Product Only System) Consider the situation where the mem-
brane starts in the H state. In this state, p is increasing (see the top figure). p will increase
until it hits the switching point p = 1. Then p begins to decrease (see the bottom figure). It
will decrease until it hits p = ε, and then it will increase once again. Because of the system
parameters, the trajectory will never hit either equilibrium point p̄L or p̄H , and thus the
system will oscillate indefinitely.

Due to the simplicity of the operator S, we can give an explicit expression for Γ. One
heuristic way to express it is as a “flattened” relay operator. By definition, the relay operator
has an input function (in this case, p) and an output function, w, with two discrete output
values. If we consider δ > 0 very small, let w = {−δ,+δ}, and take the limit as δ → 0, we
obtain

lim
+δ→0

= 0+, lim
−δ→0

= 0−,

so that δ → 0 from above and below, respectively. Since the limits from above and below
are equal, the output function becomes single valued: w = {0}. We thus obtain precisely
the periodic orbit Γ, which is shown in Figure 5.4. Finally, from the definition of S we see
that Γ is the only possible orbit, so it is therefore a limit cycle.

The final step is to prove that Γ is a stable limit cycle. Define the Poincaré section

Σ = {p = p∗ | p∗ ∈ A} (5.21)

and the corresponding Poincaré map,

∀p ∈ Σ, p′ = PΣ(p) (5.22)
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where p′ is the first return of the path from p. The Poincaré sequence is thus constant:

p∗, p∗, p∗, . . .

becauseA is invariant, so every p∗ ∈ A is a fixed point of PΣ(p∗). In addition, the eigenvalues
of PΣ are identically constant for all p∗ ∈ A; they are βL in the L state and βH in the H
state. Both βL and βH are negative, which implies that the limit cycle is stable. The
stability is global since the system is piecewise linear.

Remarks on the Siegel et al. Model

After examining the assumptions in their model, Siegel et al. remark in [?] that the
model may be too simplistic in its elasticity. Lumping the elasticity of the gel into a
single constant representing permeability neglects the intricate physics of gel volume phase
transition volume phase transitions. Clearly, more consideration must be given to the
elastic behavior of gel volume phase transition volume phase transitions and the precise
nature of the chemomechanical coupling in the device. In Section 5.3, we couple a one-
dimensional mechanical system to the product–only Siegel model. The resulting model is
qualitative because the cycling is still driven by the hysteresis operator, but it helps to
clarify the nature of the chemomechanical coupling for the volume volume phase transition
volume phase transition behavior. The issue of system cycling from a purely mechanical
mechanism (and without using a hysteresis operator) will be addressed in Chapter 6.

5.3 Siegel Chemistry and One–Dimensional Mechanics

Let Ω = [−1, 0] denote the gel membrane. This corresponds to a one–dimensional
version of the device pictured in Fig. 5: X = 0 is the boundary between the chamber
and the membrane, and X = −1 is the boundary between the membrane and the fluid.
Let u = u(X, t) denote the elastic deformation. In this section, we will study the Siegel
product only model, Eq. (5.23a), coupled to a one–dimensional dynamical elasticity model,
Eq. (5.23b):

dp

dt
= S

[
p
]

(5.23a)

γφI
∂2u

∂t2
=

∂

∂X

(
S(uX , p) + ηuXt

)
− K. (5.23b)

Here γ = γ1, the intrinsic density of the polymer, and Eq. (5.23b) is already scaled. More
details on the dynamical mechanical model, including the derivation of Eq. (5.23b) and
scaling, can be found in Chapter 6.

Eq. (5.23a) is a pure reaction equation written in terms of the hysteresis operator S
[
p
]
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defined in Eq. (5.10). The phase transitions are controlled by S
[
p
]
, so this model does not

provide any mathematical insights on how a mechanical cycling mechanism can drive the
phase transitions. Instead, this model isolates the effects of the chemomechanical coupling
between uX , the mechanical variable, and p, the chemical variable. The coupling enters the
model through S(uX , p) in Eq. (5.23b). In Section A.2 of the Appendix, the general form
of S(F) for a deformation gradient F ∈ Mn×n (n = 1, 2, 3) is derived to be

S(F) = ν(F)F− κ(F)F−T, (5.24)

where ν(F) and κ(F) are scalar functions defined as

ν(F) = µφI ||F||2p−1, (5.25a)

κ(F) = µφIχ(c0)(detF)−β − (detF)
(
WFH(φ) + cFH − φW ′

FH(φ)−WI(ca)
)
, (5.25b)

where φ = φI(detF)−1 is inserted for notational ease. µ is the elastic stiffness constant, cFH

is a constant determined by the Flory–Huggins energy WFH , and χ(c0): RN → R is a scalar
function depending on the ion concentration c0. The explicit form of χ(c0) depends on the
application of interest. ca are the ion species present in the fluid for a = 1, . . . , N .

The simplicity of the model in Eq. (5.23) simplifies Eq. (5.24). In Eq. (5.23a), the specific
ion type are hydrogen ions (i.e. protons), and thus we let c0 ≡ p and neglect the ions in the
fluid. In Eq. (5.23b), F = uX , so FT = (detF) = uX and F−T = u−1

X . Lemma A.1 then
tells us that S(uX) = ν(uX)uX − κ(uX)u−1

X with

ν(uX) = µφIu
2p−1
X (5.26a)

κ(uX) = µφIχ(p)u−β
X − uX

(
WFH(φ)− φW ′

FH(φ) + cFH

)
, (5.26b)

which all together yields

S(uX) = µφI

(
u2p

X − χ(p)u−β
X

)
−
(
WFH(φ)− φW ′

FH(φ) + cFH

)
.

In order to obtain the proper chemomechanical behavior in the model, the function χ(p)
must be constructed to reflect the elastic swelling and collapsing in uX with changing proton
concentration p. Recall that the changes in elasticity are a result of protons attaching and
detaching to the membrane, which in turn increases and decreases the degree of cross–linking
of the polymers in the gel, respectively. The changing proton concentration changes the
elastic shear modulus µ and the polymer–solvent interaction. Furthermore, it is important
that χ(p) reflects the defining property of gel volume phase transitions, i.e. a drastic elastic
deformation that occurs at a specific threshold proton concentration. For example, in the
Siegel et al. models, when the concentration of protons p hits a critical threshold p = ε,

enough protons have detached from the membrane so that the membrane switches from low
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to high permeability. At this value, the gel is swollen, so we expect χ(p) = χLH , an elastic
deformation such that the gel is highly permeable. Conversely, when the concentration of
protons p hits a critical threshold p = 1, enough protons have attached to the membrane
so that it switches from high to low permeability. At this value, the gel is collapsed, so we
expect χ(p) = χHL, an elastic deformation such that the gel is collapsed and impermeable.
Roughly speaking, we conclude that χ(p) should be of the form:

χ(p) =

χLH , until p ↓ ε

χHL, until p ↑ 1.
(5.27)

Keeping this volume phase transition behavior in mind, we infer that, of the three free
energies contributing to the stress (the polymer elasticity, the Flory–Huggins mixing energy,
and the ions in the fluid), we expect the polymer elasticity and the Flory–Huggins energy
to play the most crucial role in the functioning of the Siegel drug delivery device. This
is corroborated by studies in physiology by Horkay et al. [34, 35] which indicate that the
most important free energy contribution of the swelling of fully neutralized polyacrylate
hydrogels come from the Flory–Huggins energy terms. In [35], Horkay et al. studied the
swelling behavior of fully neutralized sodium polyacrylate gels in aqueous solutions of alkali
metals (Li+, Na+, K+, Cs+) and alkaline earth metal cations (Ca2+, Sr2+, Ba2+) in order
to better understand gel swelling thermodynamics. Among the many experiments they
conducted, their studies involving changing concentrations of Ca2+ ions were the most
relevant to the work in this thesis. Horkay et al. found that the changing concentration
of Ca2+ induced a drastic and reversible swelling; that is, a gel volume phase transition).
Furthermore, the Ca2+ ions did not significantly affect the cross–linking density of the gel
(i.e. the gel shear modulus), but did significantly increase the value of the Flory–Huggins
interaction parameter, χ(p). The experimental results are shown in the left plot of Fig. 5.5.

Although H+, not Ca2+ ions, drive the volume phase transitions in the Siegel drug
delivery device, the Horkay et al. studies can be used to guide our construction of χ(p) so
that we get the correct qualitative behavior. Their experiments corroborate that χ(p) will
be approximately as in Eq. (5.27). The right hand plot of Figure 5.5 pictures a continuous
version of Eq. (5.27) which we will use in numerical simulations. We see that, for low
proton concentrations, χ(p) is large and the membrane is very permeable. For high proton
concentrations, χ(p) is small and the membrane is very collapsed. The red band denotes p

between p = ε (the low to high permeability switching concentration) and p = 1 (the high
to low permeability switching concentration), which undergoes a sharp transition between
swollen and collapsed states. We observe that, while the right hand plot of Figure 5.5 does
not exactly match the slope in the Horkay et al. plots, it does meet the correct elastic
switching criteria.

In addition to giving us the global shape of χ(p), the work of Horkay et al. suggests
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volume: the Ca2+ concentration increases and the Na+

concentration decreases. The total amount of these two

cations, however, remains constant as required by the

condition of electroneutrality.

It is important to note that in biological polyelectrolyte

systems (e.g., in nerve membranes), under physiological

conditions, volume changes were observed at a similar molar

ratio of divalent to monovalent cations (approximate molar

ratio, 1 mM:30 mM of divalent to monovalent cations). The

nature of the transition shown in Figure 4a is not entirely

clear. Several authors have described a continuous transi-

tion,7,8 but polyacrylate gels have also been reported to

exhibit a discontinuous transition.38 One possible explanation

is that Ca2+ acts as cross-linker forming bridges between

neighboring chains. An increase in the cross-link density

would reduce the equilibrium swelling degree. An alternative

explanation is that Ca ions modify the effective interactions

between the polymer and the diluent. Within the framework

of the Flory-Huggins theory, this would correspond to
changes in the interaction parameter, !, which is proportional
to the free energy of binary interactions between the polymer

segments. Modification of ! has a similar effect as that of
varying the cross-link density: increasing ! leads to forma-
tion of new contacts between the polymer segments.

What follows is an attempt to separate the effects of these

two possible contributions using stress-strain and osmotic
deswelling measurements. If Ca2+ acts as a cross-linker, it

should affect the shear modulus of the gel. In Figure 5 are

shown the shear moduli, G, of polyacrylate gels measured

in salt solutions as a function of the equilibrium swelling

degree. All data points fall on a single curve in the double

logarithmic representation. This finding clearly indicates that

the elastic modulus is a function of the swelling degree only;

i.e., the presence of Ca2+ does not modify the effective cross-

link density of the gel. At moderate and low swelling degrees

the elastic modulus varies according to the prediction of the

theory of rubber elasticity, i.e.,

where Go is a constant (Go ) ART"). Deviation from the

expected behavior can be observed only at the largest

swelling ratios, where the finite extensibility of the network

chains becomes dominant, and network elasticity can no

longer be described by the Gaussian elasticity theory. A

similar upturn in the elastic modulus at high swelling degrees

was observed in ionized polyacrylamide and acrylamide-
sodium acrylate copolymer gels by others.14,15

Figure 4. (a) Dependence of the equilibrium swelling degree (1/#)
of sodium polyacrylate gel on the composition of the salt solution.
The gels were equilibrated with 40 mM NaCl solution and CaCl2 was
added to the equilibrium solution. Symbols: O, data points obtained
by increasing Ca2+ concentrations; !, data points obtained by
decreasing Ca2+ concentrations. (b) Variation of the amount of Ca2+

(squares) and Na+ (circles) and the sum of these two ions (crosses)
inside the gel as a function of the Ca2+ concentration in the equilibrium
solution. The Na+ concentration in the solution was 40 mM.

Figure 5. Dependence of the shear modulus on the swelling degree
of sodium polyacrylate gels in equilibrium with salt solutions, and
water: O, 10 mM NaCl solution; ], 40 mM NaCl solution; 3, 100
mM NaCl solution; +, 40 mM NaCl + 0.2 mM CaCl2; 4, 40 mM NaCl
+ 0.5 mM CaCl2; !, 40 mM NaCl + 0.8 mM CaCl2; [, 40 mM NaCl
+ 2 mM CaCl2); 0, water.

G ) Go#
1/3

(13)
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Figure 5.5: (Plots of χ(p)) The left plot is taken from [35, Fig. 4(a)] and graphs the depen-
dence of the equilibrium swelling degree of the sodium polyacrylate gel on the composition
of the salt solution. The gels were equilibrated with NaCl solution and CaCl2 was added
to the equilibrium solution. The o’s correspond to data points obtained by increasing Ca2+

concentration and the x’s correspond to data points obtain by decreasing Ca2+ concentra-
tion. The sharp jump around 0.9 cCa signals a volume phase transition. The right plot is
a scaled arctangent function, χ(p) = s0(arctan(M0(p0− p)) + c0) with parameters c0 = 1.8,
s0 = 1, M0 = 100, and p0 = 0.75. This function satisfies the elastic switching criteria in
Eq. (5.27) and also qualitatively matches the experimental work of Horkay et al.

that µ be a constant, since the experimental evidence indicates that the effect of changing
proton concentration on the gel shear modulus is minimal. The experiments with Ca2+ ions
suggest that the most important term in the Flory–Huggins energy is the polymer–solvent
interaction term. From the derivation of the Flory–Huggins energy (see Section A.1 of
the Appendix for details), we know that, in a poor solvent, the attractive forces between
like chemical species are high, which enables the mixture to separate into different phases.
This phase separation is precisely the behavior in the Siegel device: the membrane switches
between swollen and collapsed phases in order to function. In this regime, the Flory–Huggins
energy is approximately

WFH(φ) ≈ φ log φ +
1
2
φ2(1− 2χ) +

1
6
φ3 + . . .

Note that a higher order term, φ3, is present for poor solvent. Roughly speaking, inter-
action terms are products of φ. Recalling the balance of mass constraint in Eq. (3.3), we
immediately see that:

φβ ≈ u−β
X .

for some β ∈ R. Consequently, we argue that the term χ(p)u−3
X is an approximation of a
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higher order interaction term for some positive power β. We therefore can regard the term
χ(p)u−β

X in Eq. (5.25b) as qualitatively representing the interaction terms in the Flory–
Huggins energy. Moreover, we argue that in the analysis the model given by Eq. (5.23), it
suffices to work with a simplified version of S:

S(uX , p) = µφI

(
u2p

X − χ(p)u−(β+1)
X

)
. (5.28)

The first term describes the elastic swelling term, and the second term is the higher-order
Flory–Huggins mixing term.

With an explicit expression for the stress given in Eq. (5.28), we can now turn our
attention to analyzing the model using traveling wave analysis. Let ξ = X − ct denote the
wave variable with c ∈ R. By changing variables, we will have p(X, t) = P (ξ), u(X, t) =
U(ξ), and V (ξ) = dU

dξ . The resulting traveling wave system is given in Lemma 5.2.

Lemma 5.2. (Traveling Wave System) Given the model in Eq. (5.23) with S defined by
Eq. (5.28), let ξ = X − ct for c ∈ R. The traveling wave system is:

dP

dξ
= S[P ] (5.29a)

dV

dξ
= γφI

|c|
η
− S(V, P ) (5.29b)

where the Siegel operator S and stress S are scaled by c and re–defined as:

S[P ] = |c|−1
(
CS[P ]Cs −B[P ]P

)
(5.30a)

S(V, P ) = (|c|η)−1V
(
S(V, P )− C

)
(5.30b)

with C as a constant of integration. The dependence of S on ξ is suppressed for notational
ease.

Proof. The traveling wave system is obtained via a change of variables. Let p(X, t) = P (ξ)
and u(X, t) = U(ξ). Eq. (5.23a) transforms to:

−c
dP

dξ
= S[P ] (5.31)

We must scale the Siegel operator by a factor of −c−1. Notice that the wave speed can
impact the value of physical constants. If we define the following constants:

−c−1Cs = Cs, −c−1βH = βH , −c−1βL = βL,

where the bar denotes a constant before it is scaled, we can re-write the product only system
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as:

dp

dξ
= Cs − βHp until p ↑ 1

dp

dξ
= αCs − βLp until p ↓ ε.

and notice that, in order for Cs, βH , βL > 0 we must have c < 0.

Eq. (5.23b) begins as

γφIc
2 d2U

dξ2
=

d

dξ

[
S
(

dU

dξ
, P

)]
− cη

d3U

dξ3
− K, (5.33)

where K is a constant of integration. We assume that K = 0 to avoid obtaining a non–
autonomous equation. Then, by integrating once, we reduce the order of the equation and
obtain

γφIc
2 dU

dξ
=
[
S
(

dU

dξ
, P

)]
− cη

d2U

dξ2
+ C

where C is the constant of integration. Setting V = dU
dξ yields

γφIc
2V = S(V, P )− cη

dV

dξ
+ C,

where we have abused notation and reused S. This can be rearranged as

−c
dV

dξ
= η−1

(
γφIc

2V − S(V, P )− C
)
,

so then

dV

dξ
= (−cη)−1

(
γφIc

2V − S(V, P )− C
)
.

With the stipulation that c < 0, we write

dV

dξ
=
|c|
η

γφIV − 1
|c|η

S(V, P )− C

and absorb the factor of |c|η−1 into the constant C. Redefine S(V, P ) as

S(V, P ) = (|c|η)−1

(
S(V, P )− C

)
,

so we then have
dV

dξ
= γφI

|c|
η

V − S(V, P ) (5.34)

as our final equation. The presence of |c| in Eqs. (5.29) indicates that the wave can only
travel one direction. The result is that we are actually using ξ = X + |c|t with c ∈ R as our
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variable.

To analyze the proposed elastic stress and its chemomechanical coupling, we run nu-
merical simulations on Eq. (5.29) to see how the elasticity and chemistry influence each
other. The hysteresis operator S

[
P
]

guarantees oscillations in P, but we want to see if it
creates oscillations in V as well. We also would like to see if the role if increasing the elastic
dissipation η, which lengthens the elastic oscillations in V , will simultaneously change the
oscillations in P.

Fig. 5.6 shows numerical simulations where η is varied (η = 1, 5, 10) while all the other
parameters remain the same. The numerical simulations clearly demonstrate the fact that
the coupling in this system is incomplete. More precisely, although Eq. (5.29b) depends
on P, Eq. (5.29a) does not depend on V. In the numerical simulations, the chemistry (the
red line) influences the elasticity (the blue line) to switch between swollen and collapsed
states, but the dissipation is present only in the elasticity. That is, as η increases, the
elastic oscillations become more elongated and less pronounced, but the proton oscillations
remain the same. This is contrary to our modeling goal to have the oscillations arise from a
cooperative chemomechanical effort. Thus, we conclude that the proposed chemomechanical
coupling in the stress is suitably constructed for volume phase transitions, but both the
chemical and mechanical governing equations must be adjusted if we are to see cycling
arising from cooperative chemomechanical effects.
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Figure 5.6: (Numerical Evidence of a Limit Cycle) The effects of changing values of η on
the oscillations are pictured in the above three plots. From left to right, η = 1, 5, and 10.
The other parameters are scaled and chosen such that they satisfy the chemical oscillation
criteria in Eq. (5.18) but are not necessarily physically realistic. They remain the same for
each simulations: C=3, γ = 1, βH=2.5, βL = 7, α = 1, ε = 0.5, µ = 0.25, p = 0.75, β = 0.5,
|c|= 3, and φI = 0.2. The proton concentration is the red line and the elastic deformation
is the blue line. Increasing the magnitude of η dissipates the elastic oscillation but does not
affect the proton concentration, which indicates an incomplete coupling in the system.

87



Chapter 6

Dynamics of Polyelectrolyte

Hydrogels

From the work in Chapter 5, we have a better understanding of how the chemome-
chanical coupling gives a volume phase transition. In this chapter, we focus on adjusting
the governing equations of the model so that the system cycling is driven by cooperative
chemomechanical effects. Towards this end, we derive a dynamic electrochemical model
from balance laws and show that it satisfies an energy dissipation relation. We then present
a simplified model of one–dimensional mechanics coupled to chemistry consisting of a single
ion concentration. Using traveling wave analysis, we show that a cycling solution can be
constructed with a non–monotone elastic stress to drive the cycling mechanism.

6.1 Derivation of Dynamical Electrochemical Model

We begin by setting up the mechanical model postulated in [8]. We consider the gel to
be an immiscible, incompressible mixture of two components, polymer and solvent. The
variable subscript i = 1 refers to the polymer component, and the subscript i = 2 refer to the
solvent component. An immiscible mixture is defined as a mixture where the constitutive
equations of the gel depend explicitly on the volume fractions φi. The volume fractions φi

are defined as the volume of the ith component per unit volume of gel. We denote ρi the
mass densities of the ith component per unit volume of gel. The mass densities are related
to the intrinsic densities γi by ρi = γiφi. An incompressible mixture is defined as a mixture
whose intrinsic density of each component in the mixture is constant. Finally, we assume
that there are neither voids nor additional material components in the system by enforcing
the incompressibility of mixture constraint,

φ1 + φ2 = 1. (6.1)

Let Ω ⊂ Rn (n = 1, 2, 3) describe a reference domain, with coordinates X, and assume
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that Ω is open and bounded with boundary ∂Ω. Let x : Ω → Ωt denote a smooth defor-
mation map satisfying det∇x > 0. Throughout this work, F = ∇x denotes the gradient
of the elastic deformation. The governing equations of the mechanical system consist of
the balance laws for mass and linear momentum for both the solvent and polymer compo-
nents (i = 1, 2) over Ωt , as well as a kinematic compatibility condition to relate the time
derivative to the gradient of deformation:

∂(γiφi)
∂t

+ (vi · ∇)γiφi + γiφi∇ · vi = 0, (6.2a)

γiφi

(
∂vi

∂t
+ (vi · ∇)vi

)
= ∇ · Ti − φi∇p +

(
f i + gi

)
, (6.2b)

∂F
∂t

+ (v1 · ∇)F = (∇v1)F. (6.2c)

Here f i are friction forces, gi are the Lorentz forces, and Ti is the Cauchy stress tensor for
the ith component. p is a Lagrange multiplier arising from a model constraint, Eq. (6.5).
The exact form of f i, gi, and Ti will be derived from the dissipation relation presented
in Thm. 6.1. Once Eqs. (6.2) are augmented with constitutive relations and boundary
conditions, the mechanical model is complete.

Observe that Eqs. (6.2a) and (6.2b) give a system of governing equations for each com-
ponent of the mixture. While it can be useful to understand how the polymer and solvent
components behave individually, it is obviously of interest to understand how they behave
as a gel. To derive a system of equations for the gel, we start by formulating the balance
of mass for the polymer (given in Eq. (6.2a) with i = 1) as a pair of constraints. As-
sume that the body in the reference configuration has an initial polymer volume fraction,
φI : Ω → [0, 1]. The quantity φI is the volume fraction of polymer within the gel in its
initial configuration. The reference domain formulation of the balance of mass is∫

Ω
φI dX =

∫
Ωt

φ1 dx =
∫

Ω
φ1 detF dX.

Assuming that the above constraint is satisfied for all parts of the body Ω, we obtain a local
version of the constraint,

φ1 detF = φI . (6.3)

Note that if detF = 1, then φI = φ1, so that no changes in the volume fraction of the gel
correspond to no changes in volume fraction. Eq. (6.3) is thus equivalent to Eq. (6.2a) with
i = 1. Next, we define a center of mass velocity, V:

V = φ1v1 + φ2v2. (6.4)

By adding Eq. (6.2a) with i = 1 to Eq. (6.2a) with i = 2 and taking Eq. (6.1) into account,
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we obtain
∇ ·V = 0. (6.5)

Eq. (6.3) and Eq. (6.5) can then be used in place of Eq. (6.2a). With this formulation, the
final system of governing mechanical equations are Eqs. (6.2b) and (6.2c), subject to the
constraints in Eqs. (6.1), (6.3), and (6.5).

To incorporate electrochemical effects into the mechanical model, we proceed as follows.
We introduce two macroscopic fields into the model: Φ, an electrostatic potential, and ca,

the chemical concentration of ion species a for a = 1, . . . , N. Let za be the corresponding
ion valences for species a so that zaca =

∑
a zaca represents the total charge of ion species

a per unit fluid volume. We further let ρp = zpcp denote the polymer bound charge per
unit polymer volume, where zp is the valence of the polymer and cp is the polymer charge
concentration.

An important feature in the dynamic model is the assumption that some of ion species
a = 1 may react chemically with the network electric charge and bind to the polymer
network. When ion species a = 1 reacts with the network charge and binds to it, we label
it as ion species a = 0 and denote its concentration as c0 and its valence as z0. We assume
that z0 has equal valence to zp but with opposite sign. In addition, we allow ion species
a = 0 to diffuse out of the network to become species a = 1 again. These ion dynamics are
thus given by the following balance laws:

∂(φ1cp)
∂t

+∇ · (v1φ1cp) = 0, (6.6a)

∂(φ1c0)
∂t

+∇ · (v1φ1c0) = −h0(c0, c1), (6.6b)

∂(φ2ca))
∂t

+∇ · (φ2v2ca)) = ∇ ·
(

(Daca)∇
(

∂WI

∂ca
+ zaΦ

))
− ha(c0, c1), (6.6c)

for a = 1, . . . , N . Eqs. (6.6a) and (6.6b) describe the dynamics of the charge bound within
the polymer, and Eq. (6.6c) describes the dynamics of the charge within the fluid. Here
Da for a = 1, . . . , N are (positive) diffusion constants and Ψ is the total free energy of
the gel. The functions h0 and ha for a = 1, . . . , N account for the fact that 1–ions may
become 0–ions due to chemical reactions and that bound 0–ions may diffuse out of the
network to become free 1–ions. For ease of calculation, we take them identically zero in
this development, noting that they can be restored into the model later with no additional
difficulty. Therefore, we stipulate that

ha = 0, a 6= 1 and h1 + h0 = 0. (6.7)

Note that the Lagrangian form of Eq. (6.6a) is

ρp = ρI , (6.8)
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where ρI represents the amount of network bound-charge per unit reference volume. The
electrostatic potential, Φ, satisfies Poisson’s equation,

−∇ · (ε0∇Φ) = φ2

∑
a

zaca + (ρp − z0c0)φ1, E = −∇Φ. (6.9)

where ε0 is the gel dielectric constant.

Remark 6.1. (Modeling the Siegel System) The chemistry given by Eqs. (6.6) is qualita-
tively suitable for the Siegel drug delivery device. In the Siegel device, the polymer used is
poly(N-isopropyl acrylamide-co-methacrylic acid), which is abbreviated NIPA/MAA [41].
NIPA/MAA is actually a co–polymer, a chemical combination of the polymers poly(N-
iospropyl acrylamide) and co-methacrylic acid. The former is a thermoresponsive polymer,
and the latter introduces additional ionized groups to the polymer. In particular, the MAA
has carboxyl acid polymer side chains. The carboxyl group is C=O-OH, a carboxyl group
(C=O) bonded to a hydroxyl group (-OH). The H atom gives the carboxyl group an acidic
nature because the H atom will want to transfer to H2O molecules. That is, the carboxyl
groups make MAA a more hydrophilic molecule: it is charge polarized, drawn to water, and
will want to form a hydrogen bond. Thus, MAA is a hydrogel that is capable of swelling in
water. It is those ionized groups that enable NIPA/MAA to show a volume phase transition
behavior triggered by changes in pH. When modeling the Siegel drug delivery device, ρp are
the COO− molecules and the 0–ions are the H+.

Having specified the governing equations, we now turn our attention to the total free
energy density of the gel. It consists of kinetic energy terms plus four terms of a gel free
energy [19]: the elastic energyWP (F, c0), the Flory–Huggins energy of mixingWFH(φ1, φ2),
the entropic contribution of the fluid ions WI(ca) for a = 1, . . . , N , and the Coulombic
energy WC(∇Φ):

E =
∫

Ωt

(
γ1

2
φ1

∣∣∣∣v1

∣∣∣∣2 +
γ2

2
φ2

∣∣∣∣v2

∣∣∣∣2 + Ψ(F, φ1, φ2, c0, ca,∇Φ)
)

dx, (6.10)

Ψ := φ1WP (F, c0) +WFH(φ1, φ2) + φ2WI(ca) +WC(∇Φ), (6.11)

where the energy potentials are defined as:

WP (F, c0) = µ

(
1
2p
||F||2p +

χ(c0)
β

(detF)−β

)
, (6.12)

WFH(φ1, φ2) = aφ1 log φ1 + bφ2 log φ2 + cφ1φ2, (6.13)

WI(ca) = KBT
∑

a

ca{log ca − log c∞a }, (6.14)

WC(∇Φ) =
1
2
ε0

∣∣∣∣∇Φ
∣∣∣∣2, (6.15)

where µ is the elastic shear modulus of the gel, χ(c0) is the chemomechanical coupling
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function, {a, b, c} are the Flory–Huggins parameters, KB is Boltzmann’s constant, T is the
absolute temperature, and c∞a are the equilibrium concentrations for each ion species a.

In order to ensure the well–posedness of the model, the total energy of the system must
dissipate over time, so we next present a dissipation relation to prove that the model is
indeed well–posed. From the dissipation relation, we will be able to obtain the exact form
of the Cauchy stress tensors for the ith component, Ti. We define Ti as the sum of relaxation
stress T (r)

i and viscous stress T (v)
i for i = 1, 2:

Ti = T (r)
i + T (v)

i . (6.16)

Specifically, the dissipation relation allows us to obtain the exact form of the reversible
stress T (r)

i , the restrictions on the viscous stress T (v)
i , and the expressions for the friction

forces f i and the Lorentz forces gi. The derivation of the dissipation relation uses a similar
approach as in [8], and we here follow the presentation from [9].

Theorem 6.1. (Dissipation Relation) Suppose that {vi, φi, c0, ca,Φ} are smooth solutions
of equations (6.2), (6.6), and (6.9). Assume that the following constitutive equations for
the stress tensors components hold:

T (r)
1 = φ1

∂WP

∂F
FT −

(
φ1

∂WFH

∂φ1
−WFH −WC

)
I, (6.17)

T (r)
2 = −φ2

∂WFH

∂φ2
I, (6.18)

T (v)
i =

ηi

2
(∇vi +∇vT

i ) (6.19)

with i = 1, 2, where ηi > 0 denotes the viscosity of the ith component. Suppose that the
solvent-polymer friction forces are given by

f1 = −κ(v1 − v2) +
(
p +

∂WFH

∂φ2

)
∇φ1, f2 = −f1, (6.20)

with κ > 0 denoting the gel permeability coefficient. Let gi denote the Lorenz forces,

g1 = −φ1(ρp − z0c0)∇Φ, g2 = −φ2

∑
a

zaca∇Φ. (6.21)

92



Then the following dissipation relation holds:

dE
dt

=−
∫

Ωt

[
ηi

∣∣∣∣Ai

∣∣∣∣2 + κ
∣∣∣∣v1 − v2

∣∣∣∣2 +
∑

a

(Daca)
∣∣∣∣∇(∂WI

∂ca
+ zaΦ

) ∣∣∣∣2] dx

+
∫

∂Ωt

[
Tivi +WIφ2(v1 − v2) + ε0Φ∇Φt (6.22)

+
∑

a

(Daca)
(

∂WI

∂ca
+ zaΦ

)
∇
(

∂WI

∂ca
+ zaΦ

)
+

ε0

2
||∇Φ||2v1 + Φ

(∑
a

zaca(v2φ2) + (ρp − z0c0)φ1v1

)
(6.23)

+
1
2
φ2

∣∣∣∣v2

∣∣∣∣2(v1 − v2)
]
· n dS.

where Ai denotes the symmetric part of the corresponding velocity gradient tensor.

Proof. Without loss of generality, assume that γ1 = γ2 = 1. We observe that the boundary
of the gel is determined by that of the polymer network and moves with velocity v1. Using
the Reynolds Transport Theorem, we calculate the time derivative of the energy:

dE
dt

=
∫

Ωt

[
∂

∂t

(
φ1

2

∣∣∣∣v1

∣∣∣∣2 +
φ2

2

∣∣∣∣v2

∣∣∣∣2)+∇ ·
(

v1
φ1

2

∣∣∣∣v1

∣∣∣∣2)+∇ ·
(

v1
φ2

2

∣∣∣∣v2

∣∣∣∣2)] dx

+
∫

Ωt

[
∂Ψ
∂t

+∇ · (v1φ1WP ) +∇ · (v1WFH) +∇ · (v1φ2WI) +∇ · (v1WC)
]

dx.

Recall that, for a given scalar field φ and vector field v,

∇ · (φv) = ∇φ · v + φ(∇ · v).

This identity allows us to expand the derivatives in the second line of the expression for dE
dt :

=
∫

Ωt

[
∂

∂t

(
φ1

2

∣∣∣∣v1

∣∣∣∣2 +
φ2

2

∣∣∣∣v2

∣∣∣∣2)+∇ ·
(

v1
φ1

2

∣∣∣∣v1

∣∣∣∣2)+∇ ·
(

v1
φ2

2

∣∣∣∣v2

∣∣∣∣2)] dx

+
∫

Ωt

[
∂Ψ
∂t

+ (∇ · v1)φ1WP + v1 · ∇(φ1WP ) + (∇ · v1)φ2WI + v1 · ∇(φ2WI)

+ (∇ · v1)(WFH +WC) + v1 · (∇WFH +∇WC)
]

dx.
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Next, expand ∂Ψ
∂t in terms of φ1, φ2,F, c0, ca, and Φ using the chain rule to obtain

dE
dt

=
∫

Ωt

[
∂

∂t

(
φ1

2

∣∣∣∣v1

∣∣∣∣2 +
φ2

2

∣∣∣∣v2

∣∣∣∣2)+∇ ·
(

v1
φ1

2

∣∣∣∣v1

∣∣∣∣2)+∇ ·
(

v1
φ2

2

∣∣∣∣v1

∣∣∣∣2)] dx

+
∫

Ωt

[(
WP +

∂WFH

∂φ1

)
φ1,t +

(
∂WFH

∂φ2
+WI

)
φ2,t + φ1

∂WP

∂F
: Ft

+ φ2

∑
a

∂WI

∂ca

∂ca

∂t
+ φ1

∂WP

∂c0

∂c0

∂t
+ ε0∇Φ · ∇Φt

]
dx

+
∫

Ωt

[
(∇ · v1)φ1WP + v1 · ∇(φ1WP ) + (∇ · v1)φ2WI + v1 · ∇(φ2WI)

]
dx

+
∫

Ωt

[
(∇ · v1)(WFH +WC) + v1 · (∇WFH +∇WC)

]
dx.

Using Eqs. (6.6b) and (6.6c), we can obtain expressions for φ1
∂c0
∂t and φ2

∂ca
∂t . Substituting

in these expressions and combining terms involving derivatives of φ1 and φ2, we obtain the
following:

dE
dt

=
∫

Ωt

[
∂

∂t

(
φ1

2

∣∣∣∣v1

∣∣∣∣2 +
φ2

2

∣∣∣∣v1

∣∣∣∣2)+∇ ·
(

v1
φ1

2

∣∣∣∣v1

∣∣∣∣2)+∇ ·
(

v1
φ2

2

∣∣∣∣v2

∣∣∣∣2)] dx

+
∫

Ωt

[(
WP +

∂WFH

∂φ1
− c0

∂WP

∂c0

)
φ1,t +

(
∂WFH

∂φ2
+WI −

∑
a

ca
∂WI

∂ca

)
φ2,t

+ φ1
∂WP

∂F
: Ft + ε0∇Φ · ∇Φt

]
dx

+
∫

Ωt

[
(∇ · v1)φ1WP + v1 · ∇(φ1WP ) + (∇ · v1)φ2WI

+ v1 · ∇(φ2WI) + v1 · (∇WFH +∇WC)
]

dx

+
∫

Ωt

[∑
a

∂WI

∂ca

(
−∇ · (v2φ2ca) +∇ ·

(
(Daca)∇

(
∂WI

∂ca
+ zaΦ

)))
+ (∇ · v1)(WFH +WC)− ∂WP

∂c0
∇ · (v1φ1c0)

]
dx.
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The equation Eq. (6.2a) of balance of mass, ∂φi

∂t = −∇ · (φivi), for i = 1, 2 yields

dE
dt

=
∫

Ωt

[
∂

∂t

(
φ1

2

∣∣∣∣v1

∣∣∣∣2 +
φ2

2

∣∣∣∣v2

∣∣∣∣2)+∇ ·
(

v1
φ1

2

∣∣∣∣v1

∣∣∣∣2)+∇ ·
(

v1
φ2

2

∣∣∣∣v2

∣∣∣∣2)] dx

+
∫

Ωt

[
−
(
WP +

∂WFH

∂φ1
− c0

∂WP

∂c0

)
∇ · (φ1v1)

−

(
∂WFH

∂φ2
+WI −

∑
a

ca
∂WI

∂ca

)
∇ · (φ2v2) + φ1

∂WP

∂F
: Ft + ε0∇Φ · ∇Φt

]
dx

+
∫

Ωt

[
(∇ · v1)φ1WP + v1 · ∇(φ1WP ) + (∇ · v1)φ2WI + v1 · ∇(φ2WI)

+ v1 · (∇WFH +∇WC)
]

dx

+
∫

Ωt

[∑
a

∂WI

∂ca

(
−∇ · (v2φ2ca) +∇ ·

(
(Daca)∇

(
∂WI

∂ca
+ zaΦ

)))
+ (∇ · v1)(WFH +WC)− ∂WP

∂c0
∇ · (v1φ1c0)

]
dx.

Next, collecting, expanding, and simplifying terms that involve WP , we get

dE
dt

=
∫

Ωt

[
∂

∂t

(
φ1

2

∣∣∣∣v1

∣∣∣∣2 +
φ2

2

∣∣∣∣v2

∣∣∣∣2)+∇ ·
(

v1
φ1

2

∣∣∣∣v1

∣∣∣∣2)+∇ ·
(

v1
φ2

2

∣∣∣∣v2

∣∣∣∣2)] dx

+
∫

Ωt

[
− ∂WFH

∂φ1
∇ · (φ1v1)−

(
∂WFH

∂φ2
+WI −

∑
a

ca
∂WI

∂ca

)
∇ · (v2φ2)

+ φ1
∂WP

∂F
: Ft + ε0∇Φ · ∇Φt

]
dx

+
∫

Ωt

[
φ1v1 · ∇WP + (∇ · v1)φ2WI + v1 · ∇(φ2WI) + v1 · (∇WFH +∇WC)

]
dx

+
∫

Ωt

[∑
a

∂WI

∂ca

(
−∇ · (v2φ2ca) +∇ ·

(
(Daca)∇

(
∂WI

∂ca
+ zaΦ

)))
+ (∇ · v1)(WFH +WC)− ∂WP

∂c0
φ1v1 · ∇c0

]
dx.

Gathering the terms involving WFH and using the incompressibility of mixture constraint
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in Eq. (6.1) gives the following:

−∂WFH

∂φ1
∇ · (φ1v1)−

∂WFH

∂φ2
∇ · (v2φ2) + v1 · ∇WFH

= −∂WFH

∂φ1

(
∇φ1 · v1 + φ1(∇ · v1)

)
− ∂WFH

∂φ2

(
∇φ2 · v2 + φ2(∇ · v2)

)
+ v1 ·

(
∂WFH

∂φ1
∇φ1 +

∂WFH

∂φ2
∇φ2

)
= −∂WFH

∂φ1

(
∇φ1 · v1 + φ1(∇ · v1)

)
− ∂WFH

∂φ2

(
∇φ2 · v2 + φ2(∇ · v2)

)
+

∂WFH

∂φ1
∇φ1 · v1 +

∂WFH

∂φ2
∇φ2 · v1

= −∂WFH

∂φ2
∇φ2 · (v2 − v1)−

∂WFH

∂φ1
φ1(∇ · v1)−

∂WFH

∂φ2
φ2(∇ · v2).

Substituting it into the expression for dE
dt gives

dE
dt

=
∫

Ωt

[
∂

∂t

(
φ1

2

∣∣∣∣v1

∣∣∣∣2 +
φ2

2

∣∣∣∣v2

∣∣∣∣2)+∇ ·
(

v1
φ1

2

∣∣∣∣v1

∣∣∣∣2)+∇ ·
(

v1
φ2

2

∣∣∣∣v2

∣∣∣∣2)] dx

+
∫

Ωt

[(∑
a

ca
∂WI

∂ca
−WI

)
∇ · (v2φ2) + φ1

∂WP

∂F
: Ft + ε0∇Φ · ∇Φt

]
dx

+
∫

Ωt

[
− ∂WFH

∂φ2
∇φ2 · (v2 − v1)−

∂WFH

∂φ1
φ1(∇ · v1)−

∂WFH

∂φ2
φ2(∇ · v2)

]
dx

+
∫

Ωt

[
φ1v1 · ∇WP + (∇ · v1)φ2WI + v1 · ∇(φ2WI) + v1 · ∇WC

]
dx

+
∫

Ωt

[∑
a

∂WI

∂ca

(
−∇ · (v2φ2ca) +∇ ·

(
(Daca)∇

(
∂WI

∂ca
+ zaΦ

)))
+ (∇ · v1)(WFH +WC)− ∂WP

∂c0
φ1v1 · ∇c0

]
dx.

We observe that∑
a

ca
∂WI

∂ca
∇ · (v2φ2)−

∂WI

∂ca
∇ · (v2φ2ca) = −φ2

∂WI

∂ca
v2 · ∇ca,
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which can be used to simplify the expression for dE
dt :

dE
dt

=
∫

Ωt

[
∂

∂t

(
φ1

2

∣∣∣∣v1

∣∣∣∣2 +
φ2

2

∣∣∣∣v2

∣∣∣∣2)+∇ ·
(

v1
φ1

2

∣∣∣∣v1

∣∣∣∣2)+∇ ·
(

v1
φ2

2

∣∣∣∣v2

∣∣∣∣2)] dx

+
∫

Ωt

[
− φ2

∂WI

∂ca
v2 · ∇ca −WI∇ · (v2φ2) + φ1

∂WP

∂F
: Ft + ε0∇Φ · ∇Φt

]
dx

+
∫

Ωt

[
− ∂WFH

∂φ2
∇φ2 · (v2 − v1)−

∂WFH

∂φ1
φ1(∇ · v1)−

∂WFH

∂φ2
φ2(∇ · v2)

]
dx

+
∫

Ωt

[
φ1v1 · ∇WP + (∇ · v1)φ2WI + v1 · ∇(φ2WI) + v1 · ∇WC

]
dx

+
∫

Ωt

[
(∇ · v1)(WFH +WC) +

∑
a

∂WI

∂ca

(
∇ ·
(

(Daca)∇
(

∂WI

∂ca
+ zaΦ

)))
− ∂WP

∂c0
φ1v1 · ∇c0

]
dx.

Consider now the first two terms of the second line of the previous expression:

−φ2
∂WI

∂ca
v2 · ∇ca −WI∇ · (v2φ2) = −

(
∇WIφ2 · v2 +WI∇ · (v2φ2)

)
= −

(
(∇WI)φ2 · v2 + (WI∇φ2) · v2 +WIφ2(∇ · v2)

)
= −

(
∇(WIφ2) · v2 +WIφ2(∇ · v2)

)
= −∇ · (WIφ2v2)

This pure divergence term can then be integrated by parts to become a boundary term. We
also note that

(∇ · v1)φ2WI + v1 · ∇(φ2WI) = ∇ · (WIφ2v1),

so we pick up another boundary term. In addition, expanding ∇WP , we obtain

∇WP =
∂WP

∂F
: (∇F) +

∂WP

∂c0
∇c0.

Next, we apply the chain–rule relation between material and spatial time derivatives,

DF
dt

= Ft + (v1 · ∇)F = (∇v1)F, (6.24)
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to obtain the following identity:

φ1
∂WP

∂F
: Ft + φ1v1 · ∇WP −

∂WP

∂c0
φv1 · ∇c0

= φ1
∂WP

∂F
: Ft + φ1v1

(
∂WP

∂F
: ∇F +

∂WP

∂c0
∇c0

)
− ∂WP

∂c0
φ1v1∇c0

= φ1
∂WP

∂F
: (Ft + v1 · ∇F)

= φ1
∂WP

∂F
: ∇v1F.

The expression for dE
dt simplifies to

dE
dt

=
∫

Ωt

[
∂

∂t

(
φ1

2

∣∣∣∣v1

∣∣∣∣2 +
φ2

2

∣∣∣∣v2

∣∣∣∣2)+∇ ·
(

v1
φ1

2

∣∣∣∣v1

∣∣∣∣2)+∇ ·
(

v1
φ2

2

∣∣∣∣v2

∣∣∣∣2)] dx

+
∫

Ωt

[
φ1

∂WP

∂F
: ((∇v1)F) + ε0∇Φ · ∇Φt

]
dx

+
∫

Ωt

v1 · ∇WC dx

+
∫

Ωt

[
− ∂WFH

∂φ2
∇φ2 · (v2 − v1)−

∂WFH

∂φ1
φ1(∇ · v1)−

∂WFH

∂φ2
φ2(∇ · v2)

]
dx

+
∫

Ωt

(∇ · v1)(WFH +WC) +
∑

a

∂WI

∂ca
∇ ·
(

(Daca)∇
(

∂WI

∂ca
+ zaΦ

))
dx

+
∫

∂Ωt

WIφ2(v1 − v2) · n dS.

We now take time derivatives on both sides of Poisson’s equation:

−ε04Φt =
(∑

a

zacaφ2 + (ρp − z0c0)φ1

)
t
.

Substitute this into the previous expression and integrate by parts to obtain

dE
dt

=
∫

Ωt

[
∂

∂t

(
φ1

2

∣∣∣∣v1

∣∣∣∣2 +
φ2

2

∣∣∣∣v2

∣∣∣∣2)+∇ ·
(

v1
φ1

2

∣∣∣∣v1

∣∣∣∣2)+∇ ·
(

v1
φ2

2

∣∣∣∣v2

∣∣∣∣2)] dx

+
∫

Ωt

[
φ1

∂WP

∂F
: ((∇v1)F) + Φ

∂

∂t

(∑
a

zacaφ2 + (ρp − z0c0)φ1

)]
dx

+
∫

Ωt

v1 · ∇WC dx

+
∫

Ωt

[
− ∂WFH

∂φ2
∇φ2 · (v2 − v1)−

∂WFH

∂φ1
φ1(∇ · v1)−

∂WFH

∂φ2
φ2(∇ · v2)

]
dx

+
∫

Ωt

[
(∇ · v1)(WFH +WC) +

∑
a

∂WI

∂ca
∇ ·
(

(Daca)∇
(

∂WI

∂ca
+ zaΦ

))]
dx

+
∫

∂Ωt

[
WIφ2(v1 − v2) + ε0Φ∇Φt

]
· n dS.
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Using Eq. (6.6) on φ1,t and φ2,t in the second line yields

dE
dt

=
∫

Ωt

[
∂

∂t

(
φ1

2

∣∣∣∣v1

∣∣∣∣2 +
φ2

2

∣∣∣∣v2

∣∣∣∣2)+∇ ·
(

v1
φ1

2

∣∣∣∣v1

∣∣∣∣2)+∇ ·
(

v1
φ2

2

∣∣∣∣v2

∣∣∣∣2)] dx

+
∫

Ωt

[
φ1

∂WP

∂F
: ((∇v1)F)− Φ∇ · (v1ρpφ1 +

∑
a

zaca(v2φ2)− v1z0c0φ1)
]

dx

+
∫

Ωt

v1 · ∇WC dx

+
∫

Ωt

[
− ∂WFH

∂φ2
∇φ2 · (v2 − v1)−

∂WFH

∂φ1
φ1(∇ · v1)−

∂WFH

∂φ2
φ2(∇ · v2)

]
dx

+
∫

Ωt

[
(∇ · v1)(WFH +WC)

+
∑

a

(
∂WI

∂ca
+ zaΦ

)(
∇ ·
(

(Daca)∇
(

∂WI

∂ca
+ zaΦ

)))]
dx∫

∂Ωt

[
WIφ2(v1 − v2) + ε0Φ∇Φt

]
· n dS.

Integrating by parts on the last term in the fifth integral gives additional boundary terms:

dE
dt

=
∫

Ωt

[
∂

∂t

(
φ1

2

∣∣∣∣v1

∣∣∣∣2 +
φ2

2

∣∣∣∣v2

∣∣∣∣2)+∇ ·
(

v1
φ1

2

∣∣∣∣v1

∣∣∣∣2)+∇ ·
(

v1
φ2

2

∣∣∣∣v2

∣∣∣∣2)] dx

+
∫

Ωt

[
φ1

∂WP

∂F
: ((∇v1)F)− Φ∇ · (v1ρpφ1 +

∑
a

zaca(v2φ2)− v1z0c0φ1)
]

dx∫
Ωt

v1 · ∇WC dx

+
∫

Ωt

[
− ∂WFH

∂φ2
∇φ2 · (v2 − v1)−

∂WFH

∂φ1
φ1(∇ · v1)−

∂WFH

∂φ2
φ2(∇ · v2)

]
dx

+
∫

Ωt

(∇ · v1)(WFH +WC)−
∑

a

(Daca)
∣∣∣∣∣∣∣∣∇(∂WI

∂ca
+ zaΦ

) ∣∣∣∣∣∣∣∣2 dx

+
∫

∂Ωt

[
WIφ2(v1 − v2) + ε0Φ∇Φt

+
∑

a

(Daca)
(

∂WI

∂ca
+ zaΦ

)
∇
(

∂WI

∂ca
+ zaΦ

)]
· n dS.

Noting that

v1 · ∇WC +WC(∇ · v1) = ∇ · (v1WC) = ∇ ·
(ε0

2
v1||∇Φ||2

)
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yields another boundary term:

dE
dt

=
∫

Ωt

[
∂

∂t

(
φ1

2

∣∣∣∣v1

∣∣∣∣2 +
φ2

2

∣∣∣∣v2

∣∣∣∣2)+∇ ·
(

v1
φ1

2

∣∣∣∣v1

∣∣∣∣2)+∇ ·
(

v1
φ2

2

∣∣∣∣v2

∣∣∣∣2)] dx

+
∫

Ωt

[
φ1

∂WP

∂F
: ((∇v1)F)− Φ∇ · (v1ρpφ1 +

∑
a

zaca(v2φ2)− v1z0c0φ1)
]

dx

+
∫

Ωt

(∇ · v1)(WFH +WC)−
∑

a

(Daca)
∣∣∣∣∣∣∣∣∇(∂WI

∂ca
+ zaΦ

) ∣∣∣∣∣∣∣∣2 dx

+
∫

Ωt

[
− ∂WFH

∂φ2
∇φ2 · (v2 − v1)−

∂WFH

∂φ1
φ1(∇ · v1)−

∂WFH

∂φ2
φ2(∇ · v2)

]
dx

+
∫

∂Ωt

[
WIφ2(v1 − v2) + ε0Φ∇Φt

+
∑

a

(Daca)
(

∂WI

∂ca
+ zaΦ

)
∇
(

∂WI

∂ca
+ zaΦ

)
+

ε0

2
||∇Φ||2v1

]
· n dS.

Next, we address the term −Φ∇ · ((v1ρpφ1 + zaca(v2φ2)−v1z0c0φ1) with the following two
relations:

−Φ∇ ·
(∑

a

zaca(v2φ2)
)

= −∇ ·
(

Φ
∑

a

zaca(v2φ2)
)

+∇Φ ·
(∑

a

zaca(v2φ2)
)

−Φ∇ · ((ρp − z0c0)φ1v1) = −∇ ·
(
Φ(ρp − c0z0)φ1v1

)
+∇Φ((ρp − c0z0)φ1v1),

which we substitute into the expression for dE
dt and integrate by parts on the pure divergence

term to obtain the following:

dE
dt

=
∫

Ωt

[
∂

∂t

(
φ1

2

∣∣∣∣v1

∣∣∣∣2 +
φ2

2

∣∣∣∣v2

∣∣∣∣2)+∇ ·
(

v1
φ1

2

∣∣∣∣v1

∣∣∣∣2)+∇ ·
(

v1
φ2

2

∣∣∣∣v2

∣∣∣∣2)] dx

+
∫

Ωt

[
φ1

∂WP

∂F
: ((∇v1)F) +

(∑
a

zaca(v2φ2) + (ρp − z0c0)φ1v1

)
· ∇Φ

]
dx

+
∫

Ωt

(∇ · v1)(WFH +WC)− (Daca)
∣∣∣∣∣∣∣∣∇(∂WI

∂ca
+ zaΦ

) ∣∣∣∣∣∣∣∣2 dx

+
∫

Ωt

[
− ∂WFH

∂φ2
∇φ2 · (v2 − v1)−

∂WFH

∂φ1
φ1(∇ · v1)−

∂WFH

∂φ2
φ2(∇ · v2)

]
dx

+
∫

∂Ωt

[
WIφ2(v1 − v2) + ε0Φ∇Φt +

∑
a

(Daca)
(

∂WI

∂ca
+ zaΦ

)
∇
(

∂WI

∂ca
+ zaΦ

)
+

ε0

2
||∇Φ||2v1 − Φ

(∑
a

zaca(v2φ2) + (ρp − z0c0)φ1v1

)]
· n dS.

In the final steps, we address the kinetic energy terms. Using the equations of balance of
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mass and linear momentum of for i = 1, we calculate:

∂

∂t

(
1
2
φ1

∣∣∣∣v1

∣∣∣∣2)+∇ ·
(

v1
1
2
φ1

∣∣∣∣v1

∣∣∣∣2)
= φ1v1 · v1,t +

1
2

∣∣∣∣v1

∣∣∣∣2(∂φ1

∂t
+∇ · (φ1v1)

)
+

1
2
φ1bv1 · ∇

(∣∣∣∣v1

∣∣∣∣2)
= φ1v1 · v1,t −

1
2

∣∣∣∣v1

∣∣∣∣2∇ · (φ1v1) +
1
2

∣∣∣∣v1

∣∣∣∣2∇ · (φ1v1) + φ1v1 · (∇v1)T v1

= φ1v1 ·
Dv1

Dt

= v1 ·
(

(∇ · T1)− φ1∇p + f1 + g1

)
.

Here D
Dt denotes the material time derivative. Likewise,

∂

∂t

(
1
2
φ2

∣∣∣∣v2

∣∣∣∣2)+∇ ·
(

v1
1
2
φ2

∣∣∣∣v2

∣∣∣∣2)
= φ2v2 · v2,t +

1
2

∣∣∣∣v2

∣∣∣∣2(∂φ2

∂t
+∇ · (φ2v1)

)
+

1
2
φ2v1 · ∇

(∣∣∣∣v2

∣∣∣∣2)
= φ2v2 · v2,t −

1
2

∣∣∣∣v2

∣∣∣∣2∇ · (φ− 2v2) +
1
2

∣∣∣∣v2

∣∣∣∣2∇ · (φ2v1) + φ2v1 · (∇v2)T v2

= φ2v2 · v2,t + φ2v2 · (∇v2)T v2 + φ2v1 · (∇v2)T v2

− φ2v2 · (∇v2)T v2 +
1
2

∣∣∣∣v2

∣∣∣∣2∇ · (φ2(v1 − v2))

= φ2v2 ·
Dv2

Dt
+ φ2(∇v2)T v2 · (v1 − v2) +

1
2

∣∣∣∣v2

∣∣∣∣2∇ · (φ2(v1 − v2)).

Integrating the last term by parts gives∫
Ωt

[
∂

∂t

(
1
2
φ2

∣∣∣∣v2

∣∣∣∣2)+∇ ·
(

v1
1
2
φ2

∣∣∣∣v2

∣∣∣∣2)] dx

=
∫

Ωt

[
φ2v2 ·

Dv2

Dt
+ φ2(∇v2)T v2 · (v1 − v2) +

1
2

∣∣∣∣v2

∣∣∣∣2∇ · (φ2(v1 − v2))
]

dx

=
∫

Ωt

φ2v2 ·
Dv2

Dt
dx +

∫
∂Ωt

1
2
φ2

∣∣∣∣v2

∣∣∣∣2(v1 − v2) · n dS.
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Therefore, we have that, for i = 1, 2,

dE
dt

=
∫

Ωt

∑
i

(vi · (∇ · Ti)− φi∇p · vi + f i · vi + vi · gi) dx

+
∫

Ωt

[
φ1

∂WP

∂F
: (∇v1)F +

(∑
a

zaca(v2φ2) + (ρp − z0c0)φ1v1

)
· ∇Φ

]
dx

+
∫

Ωt

(∇ · v1)(WFH +WC)−
∑

a

(Daca)
∣∣∣∣∣∣∣∣∇(∂WI

∂ca
+ φ2zaΦ

) ∣∣∣∣∣∣∣∣2 dx

+
∫

Ωt

[
− ∂WFH

∂φ2
∇φ2 · (v2 − v1)−

∂WFH

∂φ1
φ1(∇ · v1)−

∂WFH

∂φ2
φ2(∇ · v2)

]
dx

+
∫

∂Ωt

[
WIφ2(v1 − v2) + ε0Φ∇Φt +

∑
a

(Daca)
(

∂WI

∂ca
+ zaΦ

)
∇
(

∂WI

∂ca
+ zaΦ

)
+

ε0

2
||∇Φ||2v1 + Φ

(∑
a

zaca(v2φ2) + (ρp − z0c0)φ1v1

)
+

1
2
φ2

∣∣∣∣v2

∣∣∣∣2(v1 − v2)
]
· n dS.

We set the Lorentz forces equal to the terms multiplying ∇Φ so that they are

g1 = −φ1(ρp − z0c0)∇Φ, g2 = −φ2

∑
a

zaca∇Φ. (6.25)

We eliminate the terms vi · gi by using the expressions in Eq. (6.21) for the Lorentz forces,
and integrate by parts on the term ∇ · Ti for i = 1, 2 giving

dE
dt

=
∫

Ωt

(−∇vi · Ti − φi∇p · vi + f i · vi) dx

+
∫

Ωt

[
φ1

∂WP

∂F
: (∇v1)F

]
dx

+
∫

Ωt

(∇ · v1)(WFH +WC)−
∑

a

(Daca)
∣∣∣∣∣∣∣∣∇(∂WI

∂ca
+ φ2zaΦ

) ∣∣∣∣∣∣∣∣2 dx

+
∫

Ωt

[
− ∂WFH

∂φ2
∇φ2 · (v2 − v1)−

∂WFH

∂φ1
φ1(∇ · v1)−

∂WFH

∂φ2
φ2(∇ · v2)

]
dx

+
∫

∂Ωt

[
Tivi +WIφ2(v1 − v2) + ε0Φ∇Φt +

∑
a

(Daca)
(

∂WI

∂ca
+ zaΦ

)
∇
(

∂WI

∂ca
+ zaΦ

)
+

ε0

2
||∇Φ||2v1 + Φ

(∑
a

zaca(v2φ2) + (ρp − z0c0)φ1v1

)
+

1
2
φ2

∣∣∣∣v2

∣∣∣∣2(v1 − v2)
]
· n dS.

The conclusion follows by taking Ti as in (6.18) and (6.19), and f i and gi as given by (6.20)
and (6.21), respectively.
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Natural boundary conditions are compatible with the system being at equilibrium.

Corollary 6.1. Suppose that the assumptions of theorem (6.1) hold. Assume that ε0 = 0
and

{vi, φi, ca,Φ}

satisfy natural boundary conditions on ∂Ωt:

v1 = v2, (T1 + T2) · n = 0, Φ = 0, (Daca)∇
(

∂WI

∂ca

)
· n = 0, (6.26)

for ion species a = 1, . . . , N. Then dE
dt ≤ 0 holds.

Remark 6.2. (Energy Law: An Alternative Approach) The previous theorem and corollary
the constitutive equations are postulated leading to the energy law. An alternative approach
is to postulate the Second law of Thermodynamics in the form of the Clausius-Duhem
inequality and require it to be satisfied for all processes compatible with the constraints.
The constitutive equations and the dissipation relation then follows.

For dynamical problems, boundary conditions other than the natural ones may be re-
quired. For the mechanical variables, they may be formulated as mixed displacement–
traction conditions for the gel, and permeability conditions at the interface between the gel
and a fluid environment. The boundary conditions for the gel are:

(T1 + T2) · n = t0 on Γ0, x = x0, on Γ1, (6.27)

with a prescribed traction and displacement t0 and x0, respectively. Here Γ0, Γ1 ⊂ ∂Ωt,
with Γ0 ∩ Γ1 = ∅. The permeability boundary conditions on ∂Ωt are one of the following:

v2 = v1, (Impermeable boundary) (6.28a)

T2 · n = −P0 · n (Fully permeable) (6.28b)

(T2 − P0I) · n = κ0(v2 − v1) (Semi-permeable) (6.28c)

where P0 is a prescribed pressure and κ0 is a prescribed gel permeability. The derivation of
these equations and more details can be found in [8].

We are finally in a position to summarize the electrochemical model in Model 6.1.

Model 6.1. (Electrochemical over Ωt) Let Ωt ⊂ Rn (n = 1, 2, 3). The governing electro-
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chemical gel equations over Ωt are

γiφi

(
∂vi

∂t
+ (vi · ∇)vi

)
= ∇ · Ti − φ1∇p3 + (f i + gi), (6.29a)

∂F
∂t

+ (v1 · ∇)F = (∇v1)F, (6.29b)

∂(φ1cp)
∂t

+∇ · (v1φ1cp) = 0, (6.29c)

∂(φ1c0)
∂t

+∇ · (v2φ1c0) = −h0(c0, c1), (6.29d)

∂(φ2ca)
∂t

+∇ · (φ2v2ca) = ∇ ·
(

(Daca)∇
(

∂Ψ
∂ca

+ zaΦ
))

− ha(c0, c1), (6.29e)

−∇ · (ε0∇Φ) = φ2

∑
a

zaca + (ρp − z0c0)φ1, (6.29f)

−∇Φ = E, (6.29g)

where the friction forces f i and Lorentz forces gi are defined as:

f1 = −κ(v1 − v2) +
(
p +

∂WFH

∂φ2

)
∇φ, f2 = −f1, (6.30a)

g1 = −φ1(ρp − z0c0)∇Φ, g2 = −φ2

∑
a

zaca∇Φ. (6.30b)

The model constraints are

φ1 + φ2 = 1 (6.31a)

φ1 detF = φI (6.31b)

∇ ·V = 0 (6.31c)

and their corresponding Lagrange multipliers are p1, p2, and p3, respectively. The unknown
fields of the model are therefore {x, φ1, φ2,v1,v2, c0, ca,Φ, p1, p2, p3}.

The total free energy for the gel is given in Eq. (6.10). The Cauchy relaxation stresses, T (r)
i ,

are given in Eq. (6.18), and the Cauchy viscous stresses, T (v)
i , are given in Eq. (6.19) for

i = 1, 2. Once Eq. (6.29) is augmented with boundary conditions, the model is complete.

6.2 One–Dimensional Mechanical Dynamics

In this section, we derive a dynamic model with one mechanical dimension from Model 6.1.
These simplified mechanics were used previously in the Section 5.3 model, and we now pro-
vide a rigorous justification of the mechanical equation used in that model.

The governing equations can be derived from Eqs. (6.29) in Model 6.1. We assume
that ε0 is small enough to be negligible, so the resulting electrochemical equations are
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Eqs. (6.29c)–(6.29e) coupled to a charge neutrality constraint,

0 = φ2

∑
a

zaca + (ρp − z0c0)φ1. (6.32)

The one–dimensional mechanical model can be derived from the remaining governing equa-
tions, Eqs. (6.29a)–(6.29b), and their associated constraints in Eq. (6.31a)–(6.31c). We
enforce Eq. (6.31c) by a Lagrange multiplier, p. For Eq. (6.31a), we let φ = φ1 and define
φ2 = 1 − φ. Eq. (6.31b) will be directly enforced at the end of the derivation. Observe
that the kinematic compatibility condition in Eq. (6.29b) is automatically satisfied in one–
dimension.

The equation for the balance of linear momentum for the polymer, Eq. (6.29a) with
i = 1, can be replaced by a bulk balance equation for the gel. This equation is written
in terms of V, the center of mass velocity defined in Eq. (6.4), and is obtained by adding
Eq. (6.29a) with i = 1 to (6.29a) with i = 2. It is

V̇ = ∇ · T + g in Ωt, (6.33)

where T = T1 + T2 − pI is the total Cauchy stress of the gel. (Note that the term −φi∇p

has been removed from Eq. (6.29a) and put into the definition of the total Cauchy stress.
This is for convenience in the upcoming calculation.) Observe that the friction forces f i

in Eq. (6.30a) are action–reaction and thus they vanish when the equations are added.
g = g1 + g2 is the sum of the Lorentz forces given in Eq. (6.30b). Due to the charge
neutrality constraint in Eq. (6.32), it immediately follows that g = 0.

For our dynamic model, we will assume that γ2 � γ1 and let γ2 = 0. This assumption can
be justified with a non–dimensionalization argument (which we omit here). Consequently,
V = γ1φ1v̇1 and setting v1 = v and γ = γ1 in Eq. (6.33) yields:

γφ

(
∂v

∂t
+ (v · ∇)v

)
= ∇ · T in Ωt. (6.34)

Corollary A.1 in Section A.2 of the Appendix gives the expression for the total relaxation
stress to be

T (r) = ν(F)FFT +
(
κ(φ, c0, ca,F)− p

)
I, (6.35)

with the scalar functions ν and κ defined as:

ν(F) = µφ||F||2p−1 (6.36a)

κ(φ, c0, ca,F) = µφχ(c0)(detF)−β −
(
WFH(φ) + cFH − φW ′

FH(φ)−WI(ca)
)
. (6.36b)

The lack of dependence on Φ in T (r) is due to the charge neutrality constraint. We assume
that the viscous stress of the solvent is negligible, so only the polymer contributes to the

105



viscous stress. The polymer viscous stress is Newtonian, so

T (v) =
η

2
(
∇v +∇vT

)
, (6.37)

where η is the polymer viscosity. All together, we have that the Cauchy stress is

T = ν(F)FFT +
(
κ(φ, c0, ca,F)− p

)
I +

η

2
(∇v +∇vT ). (6.38)

Substituting the stresses back into Eq. (6.34), we obtain the final form of the balance of
linear momentum,

γφ

(
∂v

∂t
+ (v · ∇)v

)
= ∇ ·

(
ν(F)FFT + κ(φ, c0, ca,F)I +

η

2
(
∇v +∇vT

))
−∇p. (6.39)

We can now show the existence of one–dimensional solutions to Eq. (6.39). Let Ω ⊂
R2 with points X = (X1, X2) and Ωt ⊂ R2 with points x = (x1, x2). Consider a one–
dimensional elastic deformation, u : Ω → Ωt, with u = (u(X1, t), X2). The deformation
gradient F = ∇u over Ωt is

F =

[
∂u
∂x1

0
0 1

]
. (6.40)

Denote the velocity v = (v1, v2). Observe that, since v = ∂u
∂t , we obtain that v = (v1(x1, t), 0).

We assume that

c0 = c0(x1, t), ca = ca(x1, t), φ = φ(x1, t), Φ = Φ(x1, t), p = p(x1, x2, t),

where the x2 dependence is only present in the Lagrange multiplier p. If we show that p is
actually p = p(x1), we can conclude that one–dimensional solutions are valid.

It is helpful to write Eq. (6.39) in terms of its vector components. Let i, j = 1, 2 and
write the tensors F = (Fij), v = ∂vi

∂xj
, and I = δij , the Kronecker-delta. The ith component

is

γφ

(
∂vi

∂t
+ vi

∂vi

∂xj

)
=

∂

∂xj

(
ν(x1)FijF

T
ij + κ(x1)δij +

η

2

(
∂vi

∂xj
+

∂vj

∂xi

))
− ∂p

∂xi
. (6.41)

We have re-written ν and κ in terms of their dependences on the coordinates in Ωt. When
i = 2, we observe that v2 = 0, F12 = 0, and F22 = 1, and the second component equation
simplifies to

∂

∂x1

(
η

2
∂v1

∂x2

)
+

∂

∂x2

((
ν(x1) + κ(x1)

)
δij

)
=

∂p

∂x2
. (6.42)

It is immediately obvious that
∂p

∂x2
= 0, (6.43)

which implies that p = p(x1) only. Therefore, one–dimensional solutions are valid. The
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governing equation thus reduces to the first component of Eq. (6.39),

γφ

(
∂v1

∂t
+ v1

∂v1

∂x1

)
=

∂

∂x1

(
ν(x1, t)F11F

T
11 + η

∂v1

∂x1
+ κ(x1, t)

)
+

∂

∂x2

(
ν(x1, t)F12F

T
12 +

η

2

(
∂v1

∂x2
+

∂v2

∂x1

))
− ∂p

∂x1
.

The above equation can be further simplified. After noting that the partial derivatives
with respect to x2 vanish and prescribing p′(x1) = K for K ∈ R, we obtain:

γφ

(
∂v1

∂t
+ v1

∂v1

∂x1

)
=

∂

∂x1

(
ν(x1, t)F11F

T
11 + η

∂v1

∂x1
+ κ(x1, t)

)
− K.

For notational ease, let x = x1 and recall that v1 = ∂u
∂t and F11 = ∂u

∂x . Neglecting the
transport terms, renaming the variables, and rewriting the derivatives with a subscript
yields

γφutt = (ν(x, t)u2
x + κ(x, t))x + ηuxxt − K.

We can now reduce the number of variables in the problem by directly enforcing Eq. (6.31b).
Denote

T (ux, c0, ca;φI) = ν(ux;φI)u2
x + κ(ux, c0, ca;φI) (6.44)

as the stress. For clarity, we have re-written the variable dependencies in terms of the
unknown fields. Observe that, in one–dimension, the Piola-Kirchoff stress equals the Cauchy
stress. Furthermore, for Eq. (6.31b), we have that φ = φIu

−1
x where φI is the initial volume

fraction prescribed in Ω. We also note that φ = φI over the reference configuration, so it
is more convenient to work over the reference domain Ω. Thus, we obtain the governing
mechanical equation over the reference domain to be

γφIutt = (S(uX , c0, ca) + ηuXt)X − K in Ω, (6.45)

which is the bulk balance equation derived for one–dimension.
We now return our attention to the balance of linear momentum for the fluid, Eq. (6.29a)

with i = 2. A useful feature of the one–dimensional mechanical formulation is that the
velocity of the solvent, v2, can be directly solved in terms of the velocity of the polymer,
v1. Since γ2 = 0, we have:

0 = ∇ · T (r)
2 + (f2 + g2) in Ωt,

where f2 + g2 = (κ− (p+ ∂WFH
∂(1−φ)∇φ))(v1 − v2)− φ2

∑
a zaca∇Φ. Note that here κ is a gel

permeability and should not be confused with κ which is used as a scalar function in the
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stress tensor expressions. Recall that the dissipation relation gives the form of T (r)
2 to be:

T (r)
2 = −(1− φ)

(
∂WFH

∂(1− φ)
+ p

)
I

Recall that T2 = T (r)
2 because T (v)

2 = 0, and we again must include the Lagrange multiplier
p into the expression. Again, S2 = T2, so we have

0 = ∇ · S2 + (f2 + g2) in Ω, (6.46)

as the governing equation. Since v1 = v1(X, t) and v2 = v2(X, t) in one dimension, we
have:

0 =
dS2

dX
−
(

κ−
(
p +

∂WFH

∂(1− φ)

)
∇φ

)
(v1 − v2)− φ2

∑
a

zaca∇Φ. (6.47)

After recalling that px = K, we observe that we can solve explicitly for v2, the fluid velocity
in one dimension. The model is completed by adding a set of boundary conditions.

6.3 Mechanical Hysteresis Model

Let Ω = [−1, 0] denote the gel membrane (again, a one–dimensional version of Fig. 5) and
u∗(X∗, t∗) : Ω → Ωt denote the elastic deformation. We again assume that there is a single
chemical concentration produced by the driving chemical reaction. As in the model given in
Model 6.1, we distinguish between where the protons reside. We let p∗0(X

∗, t∗) : Ω → [−1, 0]
denote protons bound to the gel membrane and p∗1(X

∗, t∗) : Ω → [−1, 0] denote free protons.
The unscaled system of equations over Ω is:

γ∗φIut∗t∗ = (S(uX∗ , p∗0))X∗ + η∗uX∗X∗t∗ − K (6.48a)

φuX∗ = φI (6.48b)

ρp = ρI (6.48c)

(φzpp
∗
0)t∗ = −h0(p∗0, p

∗
1), (6.48d)(

(1− φ)zpp
∗
1

)
t∗

=
(

D∗
pp
∗
1

(
g1(p∗1)

)
X∗

)
X∗

− h1(p∗0, p
∗
1) (6.48e)

where S is the Piola-Kirchoff stress tensor and K is a prescribed constant. Eq. (6.48b) is the
balance of mass constraint Eq. (6.3) in one–dimension. Eqs. (6.48c)–(6.48e) are the one–
dimensional analogs of Eqs. (6.6a)–(6.6c). Note that we have neglected transport effects and
used the Lagrangian balance of mass in Eq. (6.48c). Eq. (6.48d) is the governing equation
for the protons bound within the polymer, and Eq. (6.48e) is the governing equation for
the free protons. The function g1 is calculated to be:

g1(p∗1) = KBT (log p1 + 1− log p∞) (6.49a)
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In addition, we require that:
h0 + h1 = 0, (6.50)

so we note that h1 = −h0. Hereafter, we will write everything in terms of h0 only, so we
re-label it as h for convenience. We also let g = g1 for convenience.

The constants and their units are as follows:

D∗
p, Diffusion coefficient of the product (L2T−1)

γ∗, Polymer intrinsic density (ML−3)

µ∗, Polymer shear modulus (MT−2L−1)

η∗, Polymer viscosity (ML−1T−1)

Here the units are given in terms of a mass M , time T , concentration C, and length L. To
scale the equation, we introduce the following scaled variables:

t =
t∗

T
, x =

x∗

L
, u =

u∗

L
, p =

p∗

C
.

Upon substitution of the scaled variables, the system becomes:

γφI
∂2u

∂t2
=

∂

∂X

(
S(uX , p0) + ηuXt

)
(6.51a)

φ
∂u

∂X
= φI (6.51b)

ρp = ρI (6.51c)

∂(φzpp0)
∂t

= −h(p0, p1) (6.51d)

∂((1− φ)zpp1)
∂t

= Dp
∂

∂X

(
p1

∂g1(p1)
∂X

)
+ h(p0, p1) (6.51e)

with the scaled constants are defined as:

γ = γ∗
[

L

T 2

]
, µ = µ∗, η = η∗

[
1

LT

]
, Dp = D∗

p

[
C

L2

]
, Ds = D∗

s

[
C

L2

]
,

and K = 0. Eqs. (6.51) are further subject to the constraints of charge neutrality,

0 = uX(φ(zpp1) + (ρp − zpp0)(1− φ)), (6.52)

where zp is the constant ion valence of the protons and ρp is the bulk charge present in the
polymer.

109



Closed Chemical System

Eqs. (6.51) is a coupled system of partial differential equations for the membrane, with
the free and bound concentrations of the positive ion species, p1 and p0, respectively. Bound-
ary conditions for these equations are directly related to the dynamics of the chemical reac-
tions taking place inside the cell chamber and outside the membrane. Such reactions provide
a supply of ions that determines the dynamics of the system. Rather than addressing these
complex boundary conditions, we focus on understanding the interaction between the ion
bounding process and the the dynamics of the membrane. Towards this end, we consider a
closed system, where the total ion concentration is kept constant (that is, ions are neither
added nor lost during the process). The closed chemical system requires that

p0 + p1 = 1. (6.53)

To enforce this, we replace Eq. (6.51d) by a differentiated form of Eq. (6.53). The system
thus becomes:

γφI
∂2u

∂t2
=

∂

∂X

(
S(uX , p0) + ηuXt

)
(6.54a)

∂p0

∂X
= −∂p1

∂X
(6.54b)

∂((1− φ)zpp1)
∂t

= Dp
∂

∂X

(
p1

∂g1(p1)
∂X

)
+ h(p1, p0), (6.54c)

plus the constraints φ = φIu
−1
X , ρp = ρI , and charge neutrality in Eq. (6.52).

Traveling Waves

The simplest approach for studying Eq. (6.54) is to do traveling wave analysis. Let
ξ = X − ct denote the wave variable with c ∈ R. By changing variables, we again will have
p1(X, t) = P1(ξ), u(X, t) = U(ξ), and V (ξ) = dU

dξ . Lemma 6.1 presents the traveling wave
system for Eq. (6.54).

Lemma 6.1. (Traveling Waves) Given Eqs. (6.54), let ξ = X − ct for c ∈ R. The traveling
wave system is:

zp(1− φ)P ′ = Dp

(
(1− P )g′(1− P )

)′
+ h(P ) + φI

V ′

V 2
(1− P ), (6.55a)

V ′ = η̂V − S(V, P ), (6.55b)

where ′ denotes d
dξ . The constants are Dp = Dp|c|−1 and η̂ = γφI

|c|
η . Additionally, Eqs. (6.55)

are subject to the constraints in Eqs. (6.51b), (6.48c), and (6.52).

Proof. First, note that Eq. (6.55b) can be obtained through the argument in Lemma 5.2,
so we only need to perform the change of variables on Eq. (6.55a). Using the traveling wave
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variable ξ, we obtain:

−czp((1− φ)P1)′ = Dp

(
P1g

′(P1)
)′

+ h(P0, P1) (6.56)

where ′ denotes d
dξ . We expand the derivative on the left hand side of the equation, then

enforce the closed system constraint and polymer balance of mass. This yields

−((1− φ)P1)′ = −((1− φ)′P1 + (1− φ)P ′
1)

= −(1− φ)′(1− P0) + (1− φ)P ′
0

= (φIV
−1 − 1)′(1− P0) + (1− φ)P ′

0

= −φIV
′V −2(1− P0) + (1− φ)P0.

′

After enforcing the closed system constraint on the diffusion term and a little algebra, we
have that the system is:

zp(1− φ)P ′
0 = Dp((1− P0)g′(1− P0))′ + h(P0) + φI

V ′

V 2
(1− P0),

where we have set Dp = Dp|c|−1. Notice that, since we require that the diffusion coefficient
is positive, we only consider c > 0. Once we let P = P0, we obtain the given system.

Under certain assumptions on S in Eqs. (6.54), it is possible to prove that the system
cycles between swollen and collapsed states. Mathematically, cycling is defined as a sign
change on P ′ where P ′ changes from positive to negative to positive again. Physically, it
cycling corresponds to the chemical concentration increasing, then decreasing, and then in-
creasing again while the membrane collapses, then swells, and then collapses again. Thm 6.2
gives a proof of our cycling claim for the case of static elasticity.

Theorem 6.2. (Cycling) Consider the traveling wave system in Lemma 6.1. Assume that
Dp = 0 and V ′ = 0 so that the system is:

zp(1− φ)P ′ = h (6.57a)

0 = η̂V − S(V, P ). (6.57b)

Define Π1 and Π2 as the concentrations triggering collapsing and swelling, respectively, with:

1 > Π1 > Π2 > 0. (6.58)

Let the Piola-Kirchoff stress S be a non–monotone function of V parameterized by P with
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the following properties:

strictly increasing on (0, V1]

strictly decreasing on [V1, V2]

strictly increasing on [V2,∞)

where V1 < V2. An example of this stress can be found in Figure 6.1. Define Sl and Su to
be the following restrictions:

Sl : the restriction of the stress to (0, V1] (lower branch)

Su : the restriction of the stress to [V2,∞) (upper branch)

Assume also that there exists at least one zero on both Sl and Su, denoted as Vl and Vu, re-
spectively. Consider now a 1-parameter family of S(V, ·) generated by continuous translation
for P ∈ [Π1,Π2]. From this family, define:

V ∗
l (Π1) = min{Vl(P )} (6.59a)

V ∗
u (Π2) = max{Vu(P )}, (6.59b)

and also
V ∗ =

1
2

(V ∗
l + V ∗

u ) . (6.60)

Finally, let
h(P, V ) = P (1− P )(V − V ∗). (6.61)

Under these hypotheses, a cycling solution to Eq. (6.57) exists.

Proof. The proof is by construction. Consider a solution that follows the hysteresis loop
on the right in the Figure 6.1, and observe that this solution satisfies the hypotheses of the
theorem. Without loss of generality, let V = V ∗

u at time ξ = 0. Since V ∗
u > V ∗, P ′ > 0.

Although P is increasing, V is constant with the value V = V ∗
u since, by assumption, V ′ = 0.

At time ξ = ξ1, P has increased to the value Π1, so V = V ∗
l . Since V ∗

l < V ∗, P ′ < 0. P

begins decreasing, but again V remains constant (this time with value V = V ∗
l ). At time

ξ = ξ2, P has decreased to Π2. Then, since P = Π2, V = V ∗
u , we have recovered the original

state of the system. We therefore conclude that the system cycles.

Fig. 6.1 shows the hysteresis loop for the solution constructed in Thm. 6.2. Although
this diagram has the same shape as those given by the relay operator in the work of Siegel
et al. [41, 42, 62], the important point is that the origin of the hysteresis loop is different.
In the models of Siegel et al., the hysteresis loop is present because the chemistry gov-
erning equation contains a hysteresis operator. The primary focus of these models is the
chemistry, and so the hysteresis, which is the result of the elastic behavior of the polymer
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Figure 6.1: (Non-Monotone Elastic Stress and Hysteresis Loops) Pictured on the left is an
example of a non–monotone stress given in Thm. 6.2 for a fixed P = Π∗. The branches Sl

and Su are in red, and the zeros Vl(Π∗) and Vu(Π∗) on each of those branches are labeled.
Pictured on the right is the resulting hysteresis loop for the solution constructed in Thm. 6.2.
Consider the situation where P ′ > 0 at time ξ = 0. The deformation is V = V ∗

u , a “large”
deformation, so the gel is swollen. P increases until it hits P = Π1, at which point the
deformation switches to V = V ∗

l . This is a “small” deformation, so the gel is collapsed. P
decreases until it hits P = Π2 again, so V = V ∗

u and the cycle begins again.

repeatedly undergoing a volume phase transition, is imposed on the equations through the
relay operator. Such an approach does not work for our models, since we seek to understand
the mechanics of the volume phase transition. Thus, we take the opposite approach: we
qualitatively model chemistry but carefully construct the elasticity so that we obtain the
elastic hysteresis. The key assumption here is a non–monotone stress, which gives us two
branches of the stress. The existence of two different branches of the stress enables the
system to have the trademark path–dependent behavior of hysteresis. Cycling is impossible
without the non–monotone stress, and we remark that the simple stress used in Section 5.3
only captures the volume phase transition but cannot provide a cycling mechanism because
it is monotone. The stress from Thm. 6.2, however, captures both effects. The end result
is a model with qualitative chemistry and hysteretic behavior that is mechanical in origin.
It may be possible to use this model to study application with gel volume phase transitions
by first using physical experiments to obtain the switching values Π1 and Π2, then running
numerical simulations.

Remark 6.3. (Closed Chemical System Hypothesis) Without the assumption of a chemi-
cally closed system, the original system of equations given by Eq. (6.51) is of fourth order.
To investigate if this system is suitable for modeling the swell and collapse cycling in the
Siegel device, we would be looking for a limit cycle. The best approach for that would be
to numerically look for it such as in [43]. Although somewhat idealized, the advantage of
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using a closed chemical system is that the existence of swell and collapse cycling can be
shown in a very straightforward way.
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Chapter 7

Conclusion

In this thesis, we have developed and analyzed mathematical models for gels and used
them to study biomedical applications. We have studied two types of models, mechanical
equilibrium models and electrochemical dynamical models. The results in this thesis include
the following analytical, numerical, and modeling results:

• (Analytical) In Chapters 3 and 4, we have proven existence of minimizers for two
purely mechanical equilibrium models: one for single phase gels (the mixing regime)
and another for multi-phase gels (the separating regime). The latter proof follows the
proof first presented in [61] with minor modifications.

• (Numerical) In Chapter 3, we developed the Stokes elasticity formulation of mixed
finite elements for a purely mechanical equilibrium model (mixing regime). The purely
mechanical nature of the problem allowed it to be addressed as a nonlinear elasticity
problem. The linearized model was used as a model for artificial bone implants, and
qualitative swelling effects due to temperature changes and confinement were studied.
The numerical methods were developed to deal with unique gel challenges, such as
residual stress. The software FEniCS provided a user–friendly, robust finite elements
package for numerical simulations.

• (Modeling) The contributions of mathematical modeling are found in every chapter
of this thesis, but some of the most important results are in Chapters 5 and 6. The
main result in Chapter 5 is the understanding of the coupling of the mechanics and
chemistry in gel volume transitions. Of particular importance is the discovery that
the higher order terms in the Flory–Huggins energy are the crucial terms to drive the
phase transitions. In Chapter 6, we presented a dynamical electrochemical model. The
chemistry of this model allows ions to attach and detach from the polymer network
in the gel, an crucial feature that drives gel phase transitions because it affects how
swollen or collapsed the gel is. We further show that the three–dimensional model is
well–posed by proving that the energy of the system dissipates, and we also prove that
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the one–dimensional mechanical model is well-posed by showing that one–dimensional
mechanical solutions exist. The final model of Chapter 6 is a one-dimensional me-
chanical model coupled to the chemical equations that allow for proton attachment
and detachment. Under certain assumptions (most notably, a non–monotone stress),
we show that there exist cycling traveling wave solutions. Thus, we argue that such
a model may be suitable to study devices with chemically dependent elastic phase
transitions, such as the Siegel et al. drug delivery device.
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A.1 Derivation of Flory–Huggins Energy

WFH is the polymer–solvent interaction energy given by Flory–Huggins mixing theory.
Recall that it is the Flory–Huggins mixing energy that drives the gel volume phase transi-
tion. In order to better understand the relationship between volume phase transitions and
convexity, we provide a physical derivation of this energy. The form of the Flory–Huggins
energy that we use in our model is:

WFH(φ1, φ2) = aφ1 log φ1 + bφ2 log φ2 + cφ1φ2 (A.1)

for where a, b, and c are positively valued, homogeneous parameters.
Mixtures are physical systems that consist of two or more chemical species. A mixture

is homogeneous if all its components are intermixed on a molecular scale. Such a mixture is
said to be in the mixing regime. Conversely, a mixture is heterogeneous when it consists of
several different phases. Such a mixture is said to be in the separating regime. The compo-
nents of the mixture randomly mix to fill the entire lattice. Thus, whether the equilibrium
states of the material are a homogeneous or heterogeneous mixture depend on the entropy
and interaction energy of mixing. Entropy favors mixing, but energy interactions may not
– they can either promote or inhibit mixing.

Our gel model considers the gel to be a binary mixture of polymer (species 1) and solvent
(species 2). Flory–Huggins mixing theory is a simplified lattice model that quantifies the
energy of a binary mixture. In Eq. (A.1), the first two terms are entropy due to mixing and
the third term is the interaction energy between the polymer and solvent. We now provide
a brief derivation of this energy [39, 48]. This can helpful in understanding the origin and
nature of the Flory–Huggins energy when studying gel volume phase transitions.

In the lattice model, volume V1 of the polymer mixes with volume V2 of the solvent to
make a total volume mixture of V1 + V2. The volume fraction of the two components are

φ1 =
V1

V1 + V2
, φ2 =

V2

V1 + V2
.

The lattice site volume Vm is defined to be the volume of a single monomer. A molecule of
species i has molecular volume

vi = NiVm,

for i = 1, 2 where Ni is the number of lattice sites occupied by each molecule. The combined
value of the system, V1 + V2, occupies n lattice sites:

n =
V1 + V2

Vm
,
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and the molecules of species i occupy

Vi

Vm
= nφi

lattice sites for i = 1, 2.
The entropy S is defined as

S = KB log C (A.2)

where KB is the Boltzman constant and C is the number of ways to arrange molecules
on the lattice. In a homogeneous mixture of species 1 and 2, each molecule has C12 = n

possible states, where n is the total number of lattice sites occupied by the system. The
number of states of species i before mixing is the number of lattice sites occupied by species
i, Ci = nφi. The change in entropy upon mixing for species i is thus:

∆Si = −KB log C12 −KB log Ci

= −KB log
(

C12

Ci

)
= −KB log φi.

Notice that, since 0 < φi < 1, ∆Si > 0. The total entropy of mixing is the sum of the
entropy contributions for each molecule,

∆Smix = n1∆S1 + n2∆S2,

where ni are the number of molecules for species i. This is defined as ni = φin
Ni

, so altogether
we have

∆Smix = −KB

[
n

N1
φ1 log φ1 +

n

N2
φ2 log φ2

]
,

and the entropy of mixing per lattice site becomes

∆S̄mix = −KB

[
1

N1
φ1 log φ1 +

1
N2

φ2 log φ2

]
.

To obtain the entropy of mixing per unit volume, we divide by the volume per lattice site
to obtain

∆S̄mix = −KB

[
1

N1Vm
φ1 log φ1 +

1
N2Vm

φ2 log φ2

]
.

Now let φ1 = φ and φ2 = 1− φ. The free energy of mixing per site can thus be written as:

∆F̄mix = −T∆S̄mix =
KBT

Vm

[
1

N1
φ log φ +

1
N2

(1− φ) log(1− φ)
]

,
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and we thus obtain the definition for the constants a and b:

a =
KBT

N1Vm
, b =

KBT

N2Vm
.

In addition to the entropy terms, we add the interaction energy terms. This energy
is written in terms of the energy of three pairwise interactions: u11, monomer–monomer
interactions; u12, monomer–solvent interactions; and u22, solvent–solvent interactions. The
average pairwise interaction of species i with one of its neighbors is a volume fraction
weighted sum of the interaction energies:

U1 = u11φ1 + u12φ2

U2 = u12φ1 + u22φ2.

Each lattice site of a regular lattice has z nearest neighbors, where z is the coordination
number of the lattice. Thus, the total interaction energy of the mixture is:

U =
zn

2
[
U1φ1 + U2φ2

]
=

zn

2
[
U1φ + U2(1− φ)

]
=

zn

2
[
(u11φ + u12(1− φ))φ + (u12φ + u22(1− φ))(1− φ)

]
=

zn

2
[
u11φ

2 + 2u12φ(1− φ) + u22(1− φ)2
]

Before mixing, the interaction energy is

U0 =
zn

2
[
u11φ + u22(1− φ)

]
so the change in energy is

U − U0 =
zn

2
φ(1− φ)(2u12 − u11 − u22),

and thus the energy per lattice site is

∆Umix =
z

2
(2u12 − u11 − u22)φ(1− φ).

The Flory interaction parameter, χ, is defined as:

χ =
z

2
(2u12 − u11 − u22)

KBT
,

and so we write
∆Umix = χ

KBT

Vm
φ(1− φ) (A.3)
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as the interaction energy per unit volume. If we define c = χKBT
Vm

, we obtain the expression
in Eq. (A.1).

The interaction energy given in Eq. (A.3) is suitable as χ → 0. This is the good solvent
regime that encourages mixing. The larger the magnitude of χ, the poorer the quality of
solvent. We can see this if we look at behavior for small φ. Observe that:

(1− φ) log(1− φ) = −
∑
k≥1

(1− φ)
φk

k

= −(1− φ)φ− (1− φ)
φ2

2
− (1− φ)

φ3

3
− . . .

= −φ +
(

φ2 − φ2

2

)
+
(

φ3

2
− φ3

3

)
+

φ4

3
− . . .

= −φ +
φ2

2
+

φ3

6
+ . . .

The Flory–Huggins energy thus becomes:

= aφ log φ + b

(
−φ +

φ2

2
+

φ3

6
+ . . .

)
+ cφ(1− φ)

≈ aφ log φ +
φ2

2
(1− 2c) + b

φ3

6
+ . . .

once we drop terms that are linear in φ. For larger values of χ, it may be necessary to
include higher order interaction terms in order to fully capture the interaction effects.

A.2 Stress Tensors

Throughout this work, the energy we work with is defined over the reference domain Ω
as the following:

E(x, c, φ1, φ2,Φ) =
∫

Ω
ΨB(F, φ1, φ2, c0, ca,Φ) + ΨS(F, φ1) dX. (A.4)

The most general form of ΨB and ΨS , the bulk and surface energies, are:

ΨB = WE(F, c0) + (detF)
(
WFH(φ1, φ2) + φ2WI(ca) +

ε0

2

∣∣∣∣F−T∇XΦ
∣∣∣∣2)

ΨS =
ε

2
2
(detF)||F−T∇Xφ1||2

(A.5a)

The specific form depends on the model under consideration.

• Mechanical, Mixing Regime, Equilibrium (Chapter 3): We assume here that
electrochemical effects are negligible, so c0 ≡ 0, ca ≡ 0, and Φ ≡ 0. We also neglect
surface effects in φ1 by setting ε = 0. We directly enforce the incompressibility of
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mixture constraint by eliminating φ2 and relabeling φ1: that is, φ = φ1 and φ2 = 1−φ.

We then eliminate φ by directly enforcing the balance of mass constraint in Eq. (3.3):
φ = φI(detF)−1. The resulting stored energy function then reads:

Ψ(F;φI) = WE(F) + (detF)WFH(φI(detF)−1), (A.6)

with WE(F) = φIWP (F) defined as in Eq. (3.7) and WFH is defined as in Eq. (3.8).

• Mechanical, Separating Regime, Equilibrium (Chapter 4): We again directly
enforce the incompressibility of mixture constraint and reduce the volume fraction
variable to φ only. However, we use a Lagrange multiplier p to enforce the balance
of mass constraint. We also set ε 6= 0 so as to include the surface energy term. The
resulting stored energy function then reads:

Ψ(F;φI) = WE(F) + (detF)WFH(φI(detF)−1)− p(φ detF− φI). (A.7)

Here WE(F) can be any polyconvex elastic energy (for example, Eq. (3.7)) and
WFH(φ) is as previously given. The Lagrange multiplier term is included for numer-
ical purposes. In analytical work, the constraint is simply included in the admissible
function space.

• Dynamic Electrochemical (Chapter 6): The electrochemical model does not
neglect effects in c0, ca, and Φ. However, there are other simplifying assumptions.
First, we assume that ε0 is very small and constant so that we can set ε0 = 0. This
reduces Poisson’s equation to a neutrality constraint:

(φ2caza + (ρp − z0c0)φ1) = 0. (A.8)

In addition, we set ε = 0 to neglect higher order effects in φ1. Thus, after eliminating
φ2 and φ1 by directly enforcing the incompressibility of mixture constraint and local
balance of mass, the resulting stored energy function is

Ψ(F, c0, ca;φI) = WE(F, c0) + (detF)
(
WFH(φI(detF)−1) + (1− φI(detF)−1)WI(ca)

)
(A.9)

WE(F, c0) is a polyconvex function in F. The explicit form we will use in calculation
is WE(F, c0) = φIWP (F, c0) defined as

WP (F) = µ

(
1
2p
||F||2p +

χ(c0)
β

(detF)−β

)
+ (detF)cFH , (A.10)

with WFH defined as in Eq. (3.8) and WI(ca) defined as in Eq. (6.14). χ(c0) is defined
according to the application being studied.
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We assume that the gel is a hyperelastic material so that the Piola-Kirchoff stress tensor
S can be calculated by taking the variation of Ψ with respect to F. Lemma A.1 gives the
explicit forms for two of the equilibrium models.

Lemma A.1. (Piola-Kirchoff Stress Tensor) The Piola-Kirchoff stress tensor, S(F), is of
the form:

S(F) = ν(F)F− κ(F)F−T,

where ν(F) and κ(F) are scalar functions whose definition depends on the model at hand.

• For the purely mechanical mixing regime model in Chapter 3:

ν(F) = µφI ||F||2p−1,

κ(F) = µφI ||I||2p−1(detF)−β − (detF)
(
WFH(φ) + cFH − φW ′

FH(φ)
)
.

(A.11)

• For the electrochemical model in Chapter 6:

ν(F) = µφI ||F||2p−1,

κ(F) = µφIχ(c0)(detF)−β − (detF)
(
WFH(φ) + cFH − φW ′

FH(φ)−WI(ca)
)
.

(A.12)

Here φ = φI(detF)−1 substituted in for notational ease. Note that cFH differs depending
on the model at hand.

Proof. We do a series of separate calculations and then assemble them to obtain the stress
tensor. For the electrochemical dynamic model,

∂WP (F, c0)
∂F

= µ

(
||F||2p−1F−

(
χ(c0)(detF)−β − (detF)cFH

)
F−T

)
Notice that χ is a function of c0 alone, the ion species attached to the polymer. For the
mechanical equilibrium mixing regime model,

dWP (F)
dF

= µ

(
||F||2p−1F−

(
||I||2p−1(detF)−β − (detF)cFH

)
F−T

)
The derivative of the Flory–Huggins part is:

d

dF

[
(detF)WFH

(
φI

detF

)]
=

d

dF

[
WFH

(
φI

detF

)]
detF +WFH

(
φI

detF

)
d

dF
[detF]

= −W ′
FH

(
φI

detF

)(
φI

detF

)
F−T detF +WFH

(
φI

detF

)
(detF)F−T

= −
(
W ′

FH

(
φI

detF

)
φI −WFH

(
φI

detF

)
(detF)

)
F−T
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The derivative of the ionic part is:

∂

∂F

[
(detF)

(
1−

(
φI

detF

))
WI(ca)

]
=

∂

∂F
[(detF)− φI ]WI(ca)

= (detF)WI(ca)F−T

Assembling the terms gives the claimed result.

Corollary A.1. (Cauchy Stress) For the electrochemical dynamical model, the Cauchy
stress tensor is

T = ν(F)FFT − κ(φ, c0, ca,F)I (A.13)

with

ν(F) = µφ||F||2p−1 (A.14a)

κ(φ, c0, ca,F) = µφχ(c0)(detF)−β −
(
WFH(φ) + cFH − φW ′

FH(φ)−WI(ca)
)
. (A.14b)

Proof. Calculation using the identity S = (detF)T F−T and the balance of mass relationship
that φ1 = φI(detF)−1.
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