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Abstract

Dynamic spectrum access (DSA) is a paradigm proposed by the Federal Commu-

nications Commission aiming at efficient management of the available wireless network

resources. The present thesis deals with resource allocation in cooperative DSA net-

works. Two models are considered: (a) open sharing networks (spectrum commons),

possibly deployed over unlicensed bands; and (b) networks with primary users, and sec-

ondary users who access the spectrum upon paying a fee to the primary. In both types

of DSA networks, collaborating terminals adhere to diverse (maximum and minimum)

quality-of-service (QoS) constraints in order to effect hierarchies between primary and

secondary users or to prevent abusive utilization of the available spectrum in an open

sharing model. The focus is on peer-to-peer networks with co-channel interference in

both single- and multi-channel settings. Utilities that are functions of the signal-to-

interference-plus-noise-ratio (SINR) are employed as QoS metrics. By adjusting their

transmit power, users can mitigate the generated interference and also meet the QoS re-

quirements. A novel formulation accounting for heterogeneous QoS requirements as well

as maximum interference constraints is obtained after introducing a suitable relaxation

and recasting a constrained sum-utility maximization as a convex optimization prob-

lem. The optimality of the relaxation is established under general conditions. Based on

this relaxation, an algorithm for optimal power control that is amenable to distributed

implementation is developed, and its convergence is established. The algorithm relies

on gradient-based iterations to find saddle points of the Lagrangian function associated

with the constrained convex optimization problem. In the context of power control,

errors may be introduced in the gradient vectors as a result of the distributed imple-

mentation of the algorithm. The effects of these errors are studied in a general setting.

To this end, two running averages (ergodic sequences) of the iterates generated by the

algorithm are formed, each with complementary strengths. Under the main assumptions

of problem convexity and error boundedness, bounds on the constraint violation and

the suboptimality per iteration index are derived. Numerical tests verify the analytical

claims and demonstrate performance gains relative to existing schemes.
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Chapter 1

Introduction

The Federal Communications Commission (FCC) has recognized that the perceived

spectrum scarcity is caused by the currently inflexible fixed-access bandwidth assign-

ments [1]. In response to this perception, a spectrum policy reform has been proposed

under the term dynamic spectrum access (DSA) [2]. The premise is allocation of the

spectrum in a more flexible and market-driven manner, potentially by allowing services

beyond those licensed, or, by accommodating more users who may or may not be li-

censed. For these reasons, DSA is sometimes also called spectrum sharing. Furthermore,

DSA is an integral part of the emerging cognitive radio (CR) technology, which aims at

enhancing spectrum utilization through smart transceivers able to sense the operating

environment and adapt to it; see e.g., [2] and references therein.

Resource allocation in DSA networks must accommodate diverse application-specific

and policy-driven constraints. Power control—adjusting the individual transmit powers—

offers the potential to satisfy such constraints, and is one of the most critical tasks in

networks where all users utilize the same bandwidth for communication, and hence

experience co-channel interference.

Several DSA models are surveyed in the ensuing Section 1.1, with emphasis on

describing their design objectives, which motivate the work in this thesis. Moreover,

different power control approaches are reviewed. Then, Section 1.2 describes the con-

sidered resource allocation problem in more detail together with the contributions of

the thesis.

1
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1.1 DSA Models and Power Control

An important classification criterion of DSA schemes is whether the spectrum is shared

with the network users simply coexisting or rather cooperating [2], [3]. For instance,

spectrum underlays and overlays are well-known DSA models where secondary (un-

licensed) users coexist with primary (licensed) users [2]. In spectrum underlays, the

secondary users use the same frequency band as the primary users but retain a trans-

mission power level below their noise floor; in overlays on the other hand, a number

of orthogonal channels is available, and the secondary users sense and transmit over

channels not used by the primary users. The idea permeating both scenarios is that

cooperation between primary and secondary users is absent or at best limited.

On the other hand, the spectrum commons model—also called open sharing model—

is a DSA scheme where all users cooperate in order to manage and share the spectrum

efficiently [2], [4], [1]. In this case, all users are treated as primary. Such a network is

envisioned to be deployed over an unlicensed band (referred to as dedicated unlicensed

in [4]). Notice though that “unlicensed” does not mean unregulated; rather a set of rules

is necessary in order to ensure effective management of the network resources. The de-

centralization of this management is the novel idea that the FCC advocates. Among

the various design challenges for such networks, one worth stressing is that of accom-

modating heterogeneous devices and diverse applications, together with mechanisms for

encouraging efficient spectrum utilization and discouraging greedy behavior [4].

In contrast to the unlicensed/commons model, it is also possible to have a scenario

where flexible licensed users share the spectrum with secondary users [3, 5]. We will

call this flexible primary model. The secondary users do not have a license from the

regulatory agency (as the primary users), but are permitted to access the spectrum

after agreeing to provide a fee to the primary users through some negotiation process.

This is called a secondary market. The cooperation protocol is set by the primary

license holders, and efficient spectrum utilization is ensured due to the users’ economic

incentives. Still, an issue that needs to be addressed by the resource allocation task is

the regulated access of the secondary users to the network resources.

The focus here is placed on cooperative DSA schemes, as the open sharing and

flexible primary models. The previous discussions reveal that resource allocation in such
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networks must take into account diverse, or heterogeneous, individual QoS requirements.

In a flexible primary model, access is regulated by bounding the maximum level of a

commodity a secondary user receives, which may be communication rate, bit error

rate (BER), or any other QoS metric. A minimum level of QoS or a maximum level

of interference is also ensured for primary users. In an open sharing model, users

voluntarily adapt usage of network resources to their application requirements. This

way, minimum and maximum bounds on the received QoS become constraints that the

resource allocation task must account for [6, 7].

For networks where all users transmit over the same bandwidth, power control is a

mechanism to satisfy the aforementioned individual QoS constraints. In such networks,

the signal-to-interference-plus-noise ratio (SINR) is an indicator of the link QoS. The

aim of the present work is to design power control algorithms that can accommodate

diverse QoS constraints.

In general, power control is a critical task in wireless networks, and has received

considerable attention over the past two decades. The various works in the literature

can be grouped in the three following categories.

1. QoS tracking or SINR balancing. In QoS tracking, users set minimum QoS

requirements, and the aim is to find the smallest powers so that all requirements

are satisfied; see e.g., [8–10], and [11, Sec. 5.5] for more recent developments.

This framework can be extended to include user admission control [12], random

channels [13], noisy estimates of the received interference [14], or QoS targets

adapted to the received interference [15]. The objective of SINR balancing is to

find the powers that maximize the minimum SINR among users, see e.g., [10]

or [11, Sec. 5.6] and references therein.

2. Game-theoretic approaches. Each user adopts a utility which is a function of

the received SINR, transmit-powers, rate, etc., and individually maximizes this

utility. The users thus play a noncooperative game; see e.g., [16–19] and refer-

ences therein, and [20] for applications to spectrum sharing. This framework has

the potential to yield suboptimal (from a social optimum perspective) but fast

converging algorithms.

3. Utility-based power control [21–24]. Here, each user adopts a utility, but the

aim is to maximize a weighted sum of the utilities. Multiplicative weights for
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the utilities can be used to prioritize users. It should noted that this approach

can yield power allocations with utility values significantly different than ones in

the game-theoretic approach. Constraints on the received QoS, interference, or

received power may also be included [7, 25–28].

The power control problems considered in this thesis fall into the third category, as

explained next.

1.2 Contributions and Outline of the Thesis

The present work deals with DSA networks consisting of dedicated transmitter and

receiver pairs. This setup is sometimes called peer-to-peer. The users transmit over the

same bandwidth in single- or multi-channel settings. The co-channel interference present

in such networks intimately couples individual power control decisions. Each user’s

satisfaction with the received QoS level is captured by utility functions that depend on

the received SINR on each channel. The overall power control problem consists of sum-

utility maximization subject to maximum and minimum utility (or SINR) constraints, as

well as maximum received interference constraints. Such constraints effectively capture

the design objectives of certain cooperative DSA networks, as explained previously.

Distributed solvers for the power control problems are desirable for the peer-to-peer

setup at hand. As these solvers require some exchange of information between the

terminals, it is also useful, to characterize their performance in the presence of errors in

such exchanges.

In recent years, the design of related resource allocation schemes has received con-

siderable attention. Maximization of network utility with diverse QoS constraints in

cooperative CR has been pursued in [6], but orthogonal access and a central controller

are assumed. Different power control algorithms maximizing the total utility in net-

works with non-orthogonal access (e.g., CDMA) but without accounting for individual

users’ QoS constraints are decentralized [21–23,29] or centralized [30]. Sum-utility max-

imization subject to minimum SINR constraints or maximum interference constraints

can be cast for logarithmic utilities as a geometric program, amenable to distributed

algorithms [24, 25, 31]. Centralized algorithms for more general utilities have also been
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reported [32, 33], while a distributed algorithm, suitable for cellular networks, also ac-

counting for maximum interference constraints is presented in [28]. Minimum SINR

constraints for more general utilities are accommodated in [26].

A common feature among all the previously cited works is that they deal with

convex optimization problems. The essential reason for that is that they consider utility

functions which are concave in the logarithm of SINR, and the log-SINR region is a

convex set [34, 35]. It is known that the achievable SINR region with power control is

not a convex set [36]. Related approaches are based on the SINR/(1+SINR)-region [37,

38], where in order to ensure convexity, certain ranges of SINR or convex subsets of

this region are considered. More generally, not relying on convexity, an algorithm for

maximization of total network utility with general constraints converging to local optima

is developed in [27]. Two sub-optimal algorithms for distributed power control in multi-

channel DSA networks with diverse QoS constraints are reported in [7].

Moreover, errors in the message exchanges in distributed power control algorithms

have been studied in [21, 22, 27]. These works consider random errors, and show con-

vergence in distribution or with probability 1 to the optimal power allocation, under

appropriate conditions on the stepsizes. Errors in knowledge of the channel values be-

tween terminals are considered in [24], which deals with strictly convex network utility

without QoS constraints.

More generally, errors in optimization methods have been the object of considerable

research. Specifically, convergence of primal-dual methods for constrained optimization

in the presence of errors in the gradient vectors is studied in the context of stochastic

approximation [39], [40], where a strictly convex objective, diminishing stepsizes, or

linearly independent active constraint gradients are typically assumed. The primal

methods under errors in the gradient or subgradient vectors have also received attention.

Bounded deterministic errors are considered in [41], [42], while random errors are studied

in [43] and [44], where running averages of the iterates are also formed; see also [45, Ch.

4 and Sec. 5.5] for various error models.

The contributions of this thesis are: (a) incorporation of heterogeneous QoS re-

quirements and maximum interference constraints in the power control problem, paired

with a convex relaxation with no loss of optimality; (b) a provably convergent algo-

rithm for optimal power control amenable to distributed implementations, leveraging
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the favorable relaxed formulation; and (c) analysis of the algorithm with errors in the

information exchanges between terminals in a setting of perturbed saddle point methods

under general assumptions.

It is important to note that the power control algorithms developed here rely on the

fact that a cooperation protocol among the network terminals has been established. To

this end, control channels for information exchange among terminals may be needed.

In the same spirit, it is assumed that the users do not maliciously exchange wrong

information or set their transmit-power to levels different from those dictated by the

algorithm. As explained previously, in both open sharing and flexible primary models,

the users have indeed incentive to cooperate.

It is remarked at this point that the choice of utility functions made in this work—

and giving rise to convex problems—may be restrictive because for instance, it does

not include the classical sum-rate maximization. Nevertheless, state-of-the-art methods

for sum-rate maximization use convex approximations to the problem; see e.g., [31, 46]

and references therein. Thus, the algorithms described in this thesis may be useful to

this end, particularly with applications to DSA networks. Moreover, the algorithms

presented here may be appealing to a broader context of cross-layer optimization of

wireless networks. Indeed, power control problems for the peer-to-peer setup may arise

as a physical layer optimization task within a cross-layer control algorithm, after routing

and link scheduling decisions have been made; see e.g., [11, Sec. 5.2]. Furthermore, the

resource allocation problems in the thesis assume a continuous range of powers. In

practice, adaptive modulation schemes may welcome a discrete set of power levels. The

optimal design then typically requires the continuous solution pursued here as a first

step, it is highly non-trivial, and goes beyond the scope of the present thesis; see e.g., [47]

and references therein.

The remainder of thesis is structured as follows. Chapter 2 formulates the power

control problems with minimum and maximum QoS constraints as well as maximum

interference constraints, and shows its applications to cooperative DSA networks. Both

single- and multi-channel scenarios are considered. In order to convexify the problem,

and open the possibility for efficient and distributed solvers, a suitable relaxation is

introduced. The relaxation is shown to be optimal under realistic conditions.

Chapter 3 leverages the optimality of relaxation and develops provably convergent
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algorithms for optimal power allocation. The algorithms are essentially versions of the

gradient method for finding saddle points of the Lagrangian function. The attractive

features of the algorithms are that: (a) constant stepsize is used, offering adaptation

in scenarios where parameters may vary slowly; (b) power constraints are respected

throughout the algorithm; and (c) the algorithms are amenable to distributed imple-

mentation. Numerical tests validate the analytical claims.

The exchange of information among terminals in the distributed implementations

of the power control algorithms may introduce errors in the gradient vectors. Chap-

ter 4 studies in general the effect of such errors in gradient methods for saddle points.

Toward this objective, two types of running averages of the iterates are introduced: a

classical one [48]—using equal weights for all iterates—and a novel one, where the latest

iterates are weighted more. Bounds on the constraint violation and the suboptimality

per iteration are derived for both types of averages. Numerical tests are presented for

the power control algorithms, where it is exhibited that despite the errors, the users’

QoS and interference constraints are approximately satisfied.

Finally, Chapter 5 summarizes this work and provides pointers to future directions.

The work in this thesis has been reported in [49–51].



Chapter 2

Power Control Problems

This chapter states the power control problems for single-channel and multi-channel

networks (Sections 2.1 and 2.2, respectively). The formulations generically include

minimum and maximum QoS constraints along with maximum interference constraints,

and are specialized appropriately for the flexible primary or open sharing models. A

suitable relaxation is also introduced, which makes the problems convex, and solvable

without incurring any loss of optimality.

2.1 Single-Channel Networks

2.1.1 Problem formulations

Consider the power control problem for a single-channel (i.e., single-carrier) DSA net-

work in which users share the same frequency band, e.g., as in CDMA. Assuming a

peer-to-peer operating setup, there is a set of M := {1, . . . ,M} links, where each link

i ∈ M entails a user with a dedicated transmitter (Txi) wishing to communicate with

a corresponding receiver (Rxi), as in [23]. The terms pair, user, and link will be used

interchangeably. Let hij denote the (power) path gain from Txi to Rxj , assumed static.

The path gain hij models the relationship between the transmitted and received power

and captures any signal processing technique taking place at the transmitter or the re-

ceiver, such as (de-)spreading in CDMA. See Fig. 2.1 for an example of a network with

two Tx-Rx pairs. Also, let ni denote the noise power at Rxi; pi the transmission power

8
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Txi
Txj

Rxi Rxj

hij

hii
hjj

hji

Figure 2.1: A network with 2 Tx-Rx pairs.

of Txi; and pmax
i the maximum power budget Txi can afford, i.e., 0 ≤ pi ≤ pmax

i . The

received SINR γi at Rxi is a function of the powers p := [p1, . . . , pM ]T given by

γi :=
hiipi

ni +
∑

k 6=i hkipk
. (2.1)

Model (2.1) is general, and can accommodate a number of (de-)modulation schemes [11,

Ch. 4]. Let us define vectors pmax := [pmax
1 , . . . , pmax

M ]T , γ := [γ1, . . . , γM ]T , η :=

[n1/h11, . . . , nM/hMM ]T ; and the matrix A = [aij ] with aij := hji/hii if i 6= j and

aij := 0 if i = j. Also let D(x) denote an M ×M diagonal matrix with diagonal entries

[x1, . . . , xM ]T := x.

The utility associated with each link i ∈ M will be described by a generic func-

tion ui(γi). The goal is to maximize the sum of all link utilities subject to QoS and

interference constraints. The QoS per link i may also be generically described by a

function vi(γi), which can e.g., represent rate when vi(γi) = ln(1 + γi). If vi(γi)

is chosen monotonic, then constraints on vi map one-to-one to SINR bounds; i.e.,

vi(γi) ∈ [vi(γ
min
i ), vi(γ

max
i )] ⇔ γi ∈ [γmin

i , γmax
i ]. The lower bounds ensure a minimum

QoS level while the upper bounds prevent abuse of the available resources. Moreover,

on upper bound on the interference inflicted to link i may be considered. Specifically,

consider that the interference-plus-noise (IpN) term ni +
∑

k 6=i hkipk of user i [cf. (2.1)]

is constrained not to exceed qmax
i , and define ιi := qmax

i /hii, ι := [ιmax
1 , . . . , ιmax

M ]T , and

γmax := [γmax
1 , . . . , γmax

M ]T . Putting everything together, the associated power control
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problem amounts to solving the following:1

max
0≤p≤pmax

M
∑

i=1

ui(γi) (2.2a)

subj. to γmin
i ≤ γi ≤ γmax

i ∀i ∈ M (2.2b)

ni +
∑

k 6=i

hkipk ≤ qmax
i ∀i ∈ M. (2.2c)

It is now worth checking how the general formulation (2.2) can be useful in describing

certain DSA network designs.

Application 1 (Flexible primary with minimum QoS guarantees). The set of users is

divided into a set of primary users Mp and a set of secondary users Ms, i.e., M =

Mp ∪Ms. The primary users set bounds on the received QoS of the secondary users,

based on the fee that the latter pay. Moreover, minimum SINR guarantees are also

included for the primary users. Thus, the problem in this case takes the form

max
0≤p≤pmax

M
∑

i=1

ui(γi) (2.3a)

subj. to γmin
i ≤ γi ∀i ∈ Mp (2.3b)

γmin
i ≤ γi ≤ γmax

i ∀i ∈ Ms. (2.3c)

The secondary users may or may not have minimum SINR guarantees, depending on

the agreement between them and the primary users.

Application 2 (Flexible primary with interference protection). The primary-secondary

user paradigm is adopted as in Application 1; but now, the primary users are protected

against excessive interference. The problem takes the form

max
0≤p≤pmax

M
∑

i=1

ui(γi) (2.4a)

subj. to ni +
∑

k 6=i

hkipk ≤ qmax
i ∀i ∈ Mp (2.4b)

γmin
i ≤ γi ≤ γmax

i ∀i ∈ Ms. (2.4c)

1 The notation ≤ applied to vectors means that the inequality holds for every entry.
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Application 3 (Open sharing model). In the open sharing model, all users are treated

as primary, and cooperate in order to achieve efficient allocation of the network re-

sources. Specifically, each user can set bounds matching its own requirements on QoS.

The problem becomes

max
0≤p≤pmax

M
∑

i=1

ui(γi) (2.5a)

subj. to γmin
i ≤ γi ≤ γmax

i ∀i ∈ M. (2.5b)

There are two features common to all the aforementioned applications; namely, (a)

the cooperative nature of the resource allocation problems, and (b) the incorporation of

maximum QoS constraints. Specifically, the cooperation is apparent because all users

aim to jointly optimize the power allocation. Recall that cooperation is present in open

sharing models and flexible primary models.

Moreover, as explained in Applications 1–3, introduction of maximum QoS con-

straints [cf. (2.2b)] plays a critical role in capturing the design objectives of the afore-

mentioned DSA networks. Note that appropriate selection of power constraints or ob-

jective functions (utilities) are not capable of addressing these design objectives. For

example, while properly selected spectral masks can control the interference inflicted

by other transmitters, they cannot guarantee that the received SINR will not exceed a

prescribed level. Similarly, judicious choices of utilities, e.g., proportionally fair, cannot

ensure that the received SINR (and hence QoS) is within an allowable range if (2.2b)

is absent.

Problem (2.2) is generally non-convex and hence challenging to solve, especially in a

distributed fashion suitable for the peer-to-peer setup at hand. Upon selecting {ui(·)}

properly, a convex reformulation of (2.2) is possible using the methods in [34,35,52]. But

such reformulation would involve the spectral radius of matrix D(γ)A, and therefore,

require centralized computational effort, while the methods in [34,35,52] do not readily

provide algorithms to find the solution. Moreover, again upon selecting {ui(·)} properly,

the standard transformation pi = eyi—which has been the workhorse of efficient power

control algorithms [11, 21, 24–26, 31]—does not convexify problem (2.2), because the

constraint γi ≤ γmax
i becomes exactly the “opposite” of a convex constraint.

A novel approach to solving (2.2) is described in the ensuing subsection. It entails a



12

suitable relaxation, which allows the use of convex optimization and will also form the

basis for the design of the distributed power allocation algorithm presented in Chapter 3.

2.1.2 Convex relaxation

To solve (2.2) efficiently, we adopt the following assumptions.

Assumption 2.1. Utilities ui(γi), i = 1, . . . ,M , are chosen so that: (a) they are strictly

increasing and twice continuously differentiable; and (b) −γiu
′′
i (γi)/u

′
i(γi) ≥ 1 for γi > 0

(′ denotes differentiation).

Assumption 2.2. The noise power is non-zero for all i, i.e., ni > 0; and the gain matrix

A is irreducible.

Assumption 2.3. If every user has a maximum SINR constraint, there is no power

vector p̃ with 0 < p̃ ≤ pmax and ni +
∑

k 6=i hkip̃k ≤ qmax
i for all i ∈ M such that the

resulting SINRs γ̃i satisfy γ̃i = γmax
i for all i ∈ M.

Assumption 2.1 is standard in the power control literature, and it means that ui(γi)

is concave in ln γi [11, Ch. 5]. It also implies that ui(γi) is strictly concave in γi, and

effects the fairness condition limγi→0+ ui(γi) = −∞ [30, Lemma 2], which guarantees

that non-zero power is allocated to all users. Examples of utilities satisfying Assumption

2.1 are:

• ui(γi) = ln γi (high-SINR approximation to Shannon capacity);

• ui(γi) = γαi /α with α < 0 (negative probability of error at high SINR with

diversity α); and

• ui(γi) = ln ln(1 + γi) (proportionally fair).

See also [11, Sec. 5.2.5], [28], and [35] for examples. Note that Assumption 2.1 refers only

to utilities ui in (2.2a), and the vi functions used to obtain the SINR constraints (2.2b)

are not restricted by any condition other than being monotonic. Furthermore, the

irreducibility of A in Assumption 2.2 is also a standard assumption in power control

problems [34], [10].

Assumption 2.3 pertains to the case where all users have maximum SINR constraints.

In this case, the equations γi = γmax
i , i = 1, . . . ,M , can be easily written as a system of

linear equations in p [cf. (A.1a) in Appendix A.1]. Assumption 2.3 then means that this



13

linear system has no solution satisfying 0 < p ≤ pmax and ni+
∑

k 6=i hkip̃k ≤ qmax
i for all

i ∈ M. If the maximum interference constraints (2.2c) are absent, as in Application 3,

satisfaction of Assumption 2.3 can be easily checked as explained in Section 3.2 using

the standard power control algorithm of [9]. But even when it is not satisfied, p̃ in

Assumption 2.3 is the optimal solution of (2.2), and no further optimization is needed,

because the ui(γi) are strictly increasing and all users can achieve their γmax
i . Last but

not least, Assumption 2.3 is automatically satisfied when at least one user does not have

a maximum SINR constraint, as in Applications 1 and 2 (flexible primary model).

Having clarified the operating conditions, we will relax (2.2) to facilitate its so-

lution through convex optimization. To this end, let qi denote an auxiliary variable

associated with link i, upper-bounding the interference-plus-noise (IpN) term ni +
∑

k 6=i hkipk. Collecting all variables qi in q := [q1, . . . , qM ]T and constraints qmax
i in

qmax := [qmax
1 , . . . , qmax

M ]T , consider the following relaxed version of (2.2):

max
0≤p≤pmax,0≤q≤qmax

M
∑

i=1

ui(hiipiq
−1
i ) (2.6a)

subj. to γmin
i ≤ hiipiq

−1
i ≤ γmax

i ∀ i ∈ M (2.6b)

qi ≥ ni +
∑

k 6=i

hkipk ∀ i ∈ M. (2.6c)

It is worth noting that now, the upper bound qmax
i is placed on the variable qi.

Clearly, if (2.6c) were equality constraints, then (2.2) and (2.6) would be equivalent.

We will call (2.6c) local IpN constraint, and the variables qi local IpN variables. In

order for the relaxation to be useful, two issues need to be addressed: (a) optimality of

the relaxation needs to be established, i.e., that the solution of (2.6) is also a solution

of (2.2); and (b) problem (2.6) must be efficiently solvable.

To address (b), apply the one-to-one change of variables pi = eyi and qi = ezi , and

define y := [y1, . . . , yM ]T and z := [z1, . . . , zM ]T . The following lemma is proved in

Appendix A.1.

Lemma 2.1. Under Assumption 2.1, problem (2.6) is equivalent to a convex optimiza-

tion problem in (y, z).

To address (a), we prove in Appendix A.1 the following.
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Proposition 2.1. Assume that (2.2) is feasible, and let Assumptions 2.1a, 2.2 and 2.3

hold. If p∗, q∗ solve (2.6), then (2.6c) holds as equality at p∗, q∗; i.e.,

q∗i = ni +
∑

k 6=i

hkip
∗
k ∀i ∈ M. (2.7)

Proposition 2.1 asserts that the optimal powers for problems (2.2) and (2.6) are

identical, and the optimal q∗ of problem (2.6) is given by (2.7). It also follows from

Proposition 2.1 that the values of the optimal sum-utility in (2.2) and (2.6) are identical.

Hence, the relaxation incurs no loss of optimality.

Interestingly, Proposition 2.1 holds for any strictly increasing utility, e.g., ln(1 +

γi); that is, convexity is not required. Nonetheless, it is the convexity guaranteed by

Assumption 2.1 together with Proposition 2.1 that facilitate efficient optimization of

the power allocation in (2.2) via (2.6), as explained in Section 3.2.

It is remarked that introduction of local IpN variables and a related relaxation appear

in [53], and also as a method to accommodate general interference functions in [22].

Moreover, a similar relaxation is used in the context of geometric programming [54,

Sec. 7.4]. Nevertheless, the optimality of the relaxation in (2.6) cannot follow from any

of these works. The essential reason is that it is not possible to freely decrease qi so

that (2.6c) holds with equality, due to the second constraint in (2.6b).

The convex relaxation of (2.2) has been carried out in two steps: first by introducing

qi, and then by transforming (pi, qi) into (yi, zi). The next remark elaborates on why

the form of the relaxed problem is potentially solvable in a distributed fashion.

Remark 2.1. The relaxed problem (2.6) has two features which facilitate a distributed

solution:

(a) The objective in (2.6a) is a sum of M utility functions, one for each user. More-

over, each utility ui(.), i = 1, . . . ,M , depends only on the variables pi and qi,

pertaining to user i; and

(b) For each user i, constraints (2.6b) and (2.6c) depend only on pi, qi, and the IpN

ni+
∑

k 6=i hkipk. This quantity seemingly ‘couples’ all optimization variables. The

key element though is that ni +
∑

k 6=i hkipk in (2.6c) can be measured at Rxi.

These features (a) and (b) are also present in problem (2.2). Unlike (2.6), problem (2.2)

is non-convex and cannot be rendered convex while retaining (a) and (b).
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As a final remark in this section, we note that formulation (2.2) can be extended

further, as follows.

Remark 2.2. It is also possible to consider an upper bound smax
i on the total received

power at link i, ni + hiipi +
∑

k 6=i hkipk—see also [27]. This gives rise to the constraint

ni + hiipi +
∑

k 6=i

hkipk ≤ smax
i i ∈ M. (2.8)

The previous constraint can be added to (2.2). The relaxation (2.6c) can still be applied.

Now, (2.8) is changed to hiipi + qi ≤ smax
i and kept implicit, similar to qi ≤ qmax

i . All

results presented in this thesis hold even in this case.

2.2 Multi-Channel Networks

In the present section, power control problems for multi-channel networks and corre-

sponding relaxations are presented.

2.2.1 Problem formulations

Users here may transmit over an orthogonal set of frequency bands F := {1, . . . , F},

also referred to as channels, subcarriers, or tones. The power of Txi on channel f is

pi,f , the noise power at Rxi on channel f is ni,f , and the (power) path gain from Txi to

Rxj on channel f is hij,f . Moreover, each user adheres to a spectral mask pi,f ≤ pmax
i,f ,

and maximum power budget
∑

f pi,f ≤ pmax
i . Vector pi := [pi,1, . . . , pi,F ]

T contains the

power loadings for user i. Then, each user’s power must lie in

Pi :=







pi ≥ 0

∣

∣

∣

∣

∣

∣

pi,f ≤ pmax
i,f ∀f ∈ F ;

∑

f∈F

pi,f ≤ pmax
i







. (2.9)

The received SINR at Rxi on channel f is

γi,f :=
hii,fpi,f

ni,f +
∑

k 6=i hki,fpk,f
. (2.10)

Similar to the single-channel case, Af is the gain matrix for channel f .

The aim is to formulate the power control problem for a multi-channel network

incorporating diverse QoS constraints as well as interference constraints. Two ways of
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generalizing the QoS and interference bounds in (2.2) are possible: (a) individual bounds

per user; and (b) individual bounds per user and channel. For instance, suppose QoS

is measured in terms of rate. Clearly (a) corresponds to bounding the aggregate rate of

each user (sum-rate across channels), while (b) corresponds to bounding each user’s rate

on every channel. Regarding QoS constraints, the focus here is placed on generalization

(a), because the QoS that each user receives is an aggregate measure of the performance

attained when all channels are utilized. Interference constraints will be considered under

both generalizations. The choice between the two possibly depends on the bandwidth

of each channel; (a) may be more suitable for smaller channel bandwidths, and (b) for

larger channel bandwidths.

As previously mentioned, the QoS that each user receives is an aggregate measure of

the performance attained when all channels are utilized. Utility functions ui,f , Ui,f , and

Vi,f model the contribution of the performance over individual channels f ∈ F to the

total QoS. These functions may represent different performance measures; one example

is communication rate. The performance over an individual channel is a function of the

SINR γi,f ; this is made explicit by writing ui,f (γi,f ), Ui,f (γi,f ) and Vi,f (γi,f ). Further-

more, the contribution of the per-channel utility to the total QoS is linear. Therefore,

the sums
∑

f∈F ui,f (γi,f ),
∑

f∈F Ui,f (γi,f ) and
∑

f∈F Vi,f (γi,f ) are measures of the total

QoS per user. The first amounts to the objective to be maximized, the second is used

to ensure minimum QoS Umin
i , and the third to set an upper bound on the received QoS

V max
i .

Suppose constraints qmax
i for the interference inflicted to each user across channels are

adopted. Then, the optimization problem generalizing (2.2) to multi-channel networks

is

max
pi∈Pi ∀ i∈M

M
∑

i=1

F
∑

f=1

ui,f (γi,f ) (2.11a)

subj. to
F
∑

f=1

Ui,f (γi,f ) ≥ Umin
i ∀ i ∈ M (2.11b)

F
∑

f=1

Vi,f (γi,f ) ≤ V max
i ∀ i ∈ M (2.11c)
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F
∑

f=1



ni,f +
∑

k 6=i

hki,fpk,f



 ≤ qmax
i ∀ i ∈ M (2.11d)

If constraints qmax
i,f for the interference per user and channels are adopted, the opti-

mization problem becomes

max
pi∈Pi ∀ i∈M

M
∑

i=1

F
∑

f=1

ui,f (γi,f ) (2.12a)

subj. to
F
∑

f=1

Ui,f (γi,f ) ≥ Umin
i ∀ i ∈ M (2.12b)

F
∑

f=1

Vi,f (γi,f ) ≤ V max
i ∀ i ∈ M (2.12c)

ni,f +
∑

k 6=i

hki,fpk,f ≤ qmax
i,f ∀ i ∈ M, f ∈ F (2.12d)

Clearly, both versions can be used in the multi-channel counterparts of Applica-

tions 1 and 2. The optimization problem corresponding to Application 3 will only

include constraints (2.11b) and (2.11c).

Recall that in the single-channel case, QoS constraints are mapped one-to-one to

SINR constraints when link-specific utilities are selected to be monotonic [cf. (2.2b)]. For

this reason, there was no need to introduce Ui,f (γi,f ) and Vi,f (γi,f ) in the optimization

problem (2.2). But this is impossible for the multi-channel generalizations in (2.11)

or (2.12) because the sum-utilities are involved in (2.11b) and (2.11c).

Next, a suitable relaxation for problems (2.11) and (2.12) is presented.

2.2.2 Convex relaxation

Similar to the single-channel case, let qi := [qi,1, . . . , qi,F ]
T be the local IpN vector.

Moreover, define the following constraint sets for qi, which will be used for the relaxation

of (2.11) and (2.12), respectively:

Qi :=







qi ≥ 0

∣

∣

∣

∣

∣

∣

∑

f∈F

qi,f ≤ qmax
i







(2.13)

Qi :=
{

qi ≥ 0
∣

∣qi,f ≤ qmax
i,f ∀f ∈ F

}

. (2.14)
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The relaxations of (2.11) and (2.12) take the common form

max
pi∈Pi,
qi∈Qi

∀ i∈M

M
∑

i=1

F
∑

f=1

ui,f

(

hii,fpi,f
qi,f

)

(2.15a)

subj. to
F
∑

f=1

Ui,f

(

hii,fpi,f
qi,f

)

≥ Umin
i ∀ i ∈ M (2.15b)

F
∑

f=1

Vi,f

(

hii,fpi,f
qi,f

)

≤ V max
i ∀ i ∈ M (2.15c)

qi,f ≥ ni,f +
∑

j 6=i

hji,fpj,f ∀ i ∈ M, f ∈ F . (2.15d)

where (2.13) or (2.14) will be used if (2.11) or (2.12) is relaxed, respectively.

The assumptions that will ensure optimality and convexity of the relaxed problem

are:

Assumption 2.4. Utilities ui,f (γi,f ) are chosen so that: (a) they are strictly increas-

ing and twice continuously differentiable, with limγi,f→0+ ui,f (γi,f ) = −∞; and (b)

−γi,fu
′′
i (γi,f )/u

′
i(γi,f ) ≥ 1 for γi,f > 0.

Assumption 2.5. Utilities Ui,f (γi,f ) satisfy Assumption 2.1.

Assumption 2.6. Utilities Vi,f (γi,f ) are chosen so that: (a) they are strictly in-

creasing and twice continuously differentiable; and (b) they are concave and satisfy

−γi,fV
′′
i,f (γi,f )/V

′
i,f (γi,f ) ≤ 1 for γi,f > 0.

Assumption 2.7. It holds that ni,f > 0 for all i and f , and gain matrixAf is irreducible

for all f .

Assumption 2.8. If every user has a maximum utility constraint [cf. (2.15c)], there

are no p̃i, q̃i with p̃i ∈ Pi, q̃i ∈ Qi such that (2.15d) holds with equality for all i.

The following lemma guarantees the convexity of (2.15) under the previously stated

assumptions. It is completely analogous to Lemma 2.1, and its proof is at the end of

Appendix A.1. The transformation is now pi,f = eyi,f and qi,f = ezi,f for all i and f , and

define yi := [yi,1, . . . , yi,F ]
T , zi := [zi,1, . . . , zi,F ]

T , and y and z as the vectors collecting

yi and zi for all i ∈ M, respectively.
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Lemma 2.2. Under Assumptions 2.4–2.6, problem (2.15) is equivalent to a convex

optimization problem in the variables y, z.

Examples of utilities satisfying Assumption 2.6 are Vi,f (γi,f ) = ln γi,f , Vi,f (γi,f ) =

γi,f , and Vi,f (γi,f ) = ln(1 + γi,f ). Utilities satisfying Assumptions 2.4 and 2.5 are those

satisfying Assumption 2.1. Similar to [23], the fairness condition in Assumption 2.4a

precludes assignment of zero power to any channel, which may be restrictive for some

multi-channel systems.

Moreover, note that if just one terminal does not upper-bound its QoS (e.g., in

flexible primary model), Assumption 2.8 is automatically satisfied. However, there is

an asymmetry between Assumptions 2.3 and 2.8. Notice that the former is stated in

terms of the original (non-relaxed) problem, while the latter is in terms of the relaxed

problem. The reason is that a result similar to Lemma A.1 (see Appendix A.1) is not

possible for the multi-channel case. Moreover, different from the single-channel case,

there is no standard algorithm available to validate Assumption 2.8 for the hypothetical

case of all users meeting their maximum QoS constraints with equality.

The optimality of the relaxation is established in the following result, proved at the

end of Appendix A.1.

Proposition 2.2. Assume that problem (2.11) is feasible, and Assumptions 2.4a, 2.5a,

2.6a, 2.7, and 2.8 hold. Then, at the optimal solution p∗i,f , q∗i,f of (2.15), constraint

(2.15d) holds as equality, i.e.,

q∗i,f = ni,f +
∑

j 6=i

hji,fp
∗
j,f ∀ i ∈ M, f ∈ F . (2.16)

Proposition 2.2 states that the optimal power allocations as well as the optimal

objective values of (2.11) and (2.15) coincide. As with Proposition 2.1, no assumption

on convexity is needed. Furthermore, Proposition 2.2 implies that an efficient solution

of (2.11) can be found via (2.15).



Chapter 3

Power Control Algorithms with

Perfect Exchanges

In this chapter, power allocation algorithms are developed based on the convex refor-

mulations of the problems in Chapter 2. The algorithms find a saddle point of the

associated Lagrangian function. This general approach is described in Section 3.1, and

is subsequently specialized to power control algorithms for single- and multi-channel

networks in Sections 3.2 and 3.3, respectively, where distributed implementations are

also presented. Numerical tests in Section 3.4 corroborate the theoretical claims.

The distributed implementations presented in this chapter require some exchange of

information among the link transmitters and receivers. It is assumed throughout this

chapter that these exchanges are perfect (error-free). The effect of errors present in

these exchanges is the theme of Chapter 4.

3.1 General Approach

3.1.1 Convex reformulations of the power control problems

In order to develop the power control algorithms, problems (2.6) and (2.15) are first

written in their equivalent convex form. Specifically, for the single-channel formula-

tion (2.6), upon defining ymax
i := ln pmax

i , zmax
i := ln qmax

i , and

Y := {y ∈ R
M |yi ≤ ymax

i ∀i ∈ M} (3.1)

20
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Z := {z ∈ R
M |zi ≤ zmax

i ∀i ∈ M} (3.2)

the convex form of 2.6 is

min
y∈Y,z∈Z

−
∑

i

ui

(

hiie
yi

ezi

)

(3.3a)

subj. to γmin
i

ezi

hiieyi
− 1 ≤ 0 (3.3b)

1

γmax
i

hiie
yi

ezi
− 1 ≤ 0 (3.3c)

e−zi

(

ni +
∑

k 6=i

hkie
yk

)

− 1 ≤ 0. (3.3d)

For the multi-channel case, the transformed power constraints [cf. (2.9)] are

Yi :=







yi ∈ R
F

∣

∣

∣

∣

∣

∣

yi,f ≤ ln pmax
i,f ∀f ∈ F ;

∑

f∈F

eyi,f ≤ pmax
i







. (3.4)

and Y := Y1 × . . . × YM . Furthermore, for the case of interference constraints across

channels per user, define

Zi =







zi ∈ R
F

∣

∣

∣

∣

∣

∣

F
∑

f=1

ezi,f ≤ qmax
i







. (3.5)

while for the case of interference constraints per channel and user, define

Zi = {zi ∈ R
F |zi,f ≤ ln qmax

i,f , ∀f ∈ F}. (3.6)

and under both definitions of Zi, set Z = Z1 × . . .× ZM . Then, (2.15) takes the form

[with appropriate choice of Zi between (3.5) and (3.6)]

max
yi∈Yi,
zi∈Zi
∀ i∈M

M
∑

i=1

F
∑

f=1

ui,f

(

hii,fe
yi,f

ezi,f

)

(3.7a)

subj. to −

F
∑

f=1

Ui,f

(

hii,fe
yi,f

ezi,f

)

+ Umin
i ≤ 0 ∀ i ∈ M (3.7b)

F
∑

f=1

Vi,f

(

hii,fe
yi,f

ezi,f

)

− V max
i ≤ 0 ∀ i ∈ M (3.7c)

e−zi,f

(

ni +
∑

k 6=i

hkie
yk,f

)

− 1 ≤ 0 ∀ i ∈ M, f ∈ F . (3.7d)
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3.1.2 Gradient method for saddle points

The aim is to develop algorithms for power control with the following desirable charac-

teristics.

1. Constant stepsize is used, which offers tracking capabilities in scenarios where

parameters may vary slowly;

2. Power constraints are respected throughout the algorithm, which helps preserving

battery life.

3. The algorithms are amenable to distributed implementation.

Problems(3.3) and (3.7) are both written in the following generic form

min
x∈X

f(x) (3.8a)

subj. to g(x) ≤ 0 (3.8b)

where the optimization variable x collects y and z, and X = Y ×Z. The association of

functions f(x) : RN → R and g(x) : RN → R
K with the objective and the constraint

functions in (3.3) and (3.7) with appropriate choice of dimensions N , K is evident.1

Note that the assumptions stated in Chapter 2 guarantee that the functions f(x)

and g(x) are convex and twice continuously differentiable on R
N , while the additional

constraint set X is convex and closed.

Since we are dealing with constrained optimization, the Lagrangian function will

be the basis for an algorithmic solution. Let ζ denote a vector of Lagrange multipliers

corresponding to constraints (3.8b). The Lagrangian function of problem (3.8) is

L(x, ζ) = f(x) + ζTg(x). (3.9)

Vector ω will be used as a collective notation for x and ζ.

Let D denote the nonnegative orthant, D = R
K
+ ; PX and PD projection on sets X and

D, respectively; and ∇xL(x, ζ) and ∇ζL(x, ζ) denote the gradient of the Lagrangian

function with respect to x and ζ, respectively. Consider the following iterations, indexed

1 It will be clear from the context whether the symbol “f” is used to denote the objective function
of the generic optimization problem or a channel index in the multi-channel power control problem.
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by t = 0, 1, 2, . . ., with α > 0 a constant stepsize.

x(t+ 1) = PX [x(t)− α∇xL(x(t), ζ(t))] (3.10a)

ζ(t+ 1) = PD[ζ(t) + α∇ζL(x(t), ζ(t))]. (3.10b)

Algorithm (3.10) is a gradient projection method to find a saddle point of the La-

grangian function L(x, ζ) over X ×D, i.e., a point (x∗, ζ∗) satisfying

L(x∗, ζ) ≤ L(x∗, ζ∗) ≤ L(x, ζ∗) ∀x ∈ X , ζ ∈ D. (3.11)

Note that such x∗ is an optimal solution [55, Prop. 5.1.6].

Algorithm (3.10) applied to power control will be studied in detail in terms of con-

vergence and implementation in the next sections. We make a few initial remarks here

though. A constant stepsize is used, and the power constraints are respected at each

iteration due to the projection. Nevertheless, it should be stressed that iterations (3.10)

do not converge in general, even under convexity. A key element in establishing conver-

gence is to verify the following property:

L(x∗, ζ∗) < L(x, ζ∗) ∀x ∈ X , x 6= x∗ (3.12)

where ζ∗ are optimal Lagrange multipliers. This property is called stability of the saddle

points with respect to the optimal Lagrange multipliers [56], and will be established for

the power control problems in this work.

3.2 Single-Channel Networks

An algorithm to solve (3.3) is developed in this section. The algorithm will have the

desirable characteristics mentioned in the previous section.

Before solving (3.3), the validity of Assumption 2.3 must be ensured by checking

whether there are powers solving γi = γmax
i for all i ∈ M with powers satisfying the

power constraints p ≤ pmax and interference constraints ni +
∑

k 6=i hki ≤ qi for all

i ∈ M. In the case of flexible primary models [cf. (2.3) and (2.4)], this assumption

holds automatically. In the case of the open sharing model [cf. (2.5)], the validity of the

assumption can be checked using the standard power control algorithm of [9, eq. (21)].

This algorithm has guaranteed convergence and can be implemented in a distributed



24

fashion without information exchange among users. If all maximum SINR constraints

are exactly met, then the powers returned by this algorithm are the optimal solution

of (2.2), due to Assumption 2.1a. If not, these powers may be used as initialization for

the solver of (3.3), developed next.

Let νi, λi, and µi denote Lagrange multipliers corresponding to minimum SINR

constraints (3.3b), maximum SINR constraints (3.3c), and local IpN constraints (3.3d),

respectively. The Lagrangian function of the convex equivalent of (3.3) is then

L(y, z,ν,λ,µ) := −
∑

i

ui

(

hiie
yi

ezi

)

+
∑

i

µi

[

e−zi

(

ni +
∑

k 6=i

hkie
yk

)

− 1

]

+
∑

i

νi

(

γmin
i

ezi

hiieyi
− 1

)

+
∑

i

λi

(

1

γmax
i

hiie
yi

ezi
− 1

)

(3.13)

Recall that we use ω to denote all optimization variables and Lagrange multipliers.

Problem (3.3) is solved via the following first-order algorithm that utilizes the gradient

of L(ω) to simultaneously update primal and dual variables with constant stepsize α

and [x]+ := max{0, x}:

yi(t+ 1) = min

{

yi(t)− α
∂L(ω)

∂yi

∣

∣

∣

∣

ω(t)

, ln pmax
i

}

(3.14a)

zi(t+ 1) = min

{

zi(t)− α
∂L(ω)

∂zi

∣

∣

∣

∣

ω(t)

, ln qmax
i

}

(3.14b)

νi(t+ 1) =
[

νi(t) + α
(

γmin
i ezi(t)−yi(t)/hii − 1

)

]+
(3.14c)

λi(t+ 1) =
[

λi(t) + α
(

hiie
yi(t)−zi(t)/γmax

i − 1
)

]+
(3.14d)

µi(t+ 1) =

[

µi(t) + α

(

e−zi(t)

(

ni +
∑

k 6=i

hkie
yk(t)

)

− 1

)]+

. (3.14e)

The gradient of the Lagrangian function L(ω) is used in (3.14) to minimize L(ω) with

respect to y, z, and maximize it with respect to ν, λ, µ; i.e., (3.14) is a special case

of 3.10, and a saddle point is sought. Convergence is analyzed in the next subsection.

From an implementation perspective, it is worth stressing that in compliance with

FCC, the power constraints are respected throughout the iterations due to the projection

operation in (3.14a). In addition, updates in (3.14) use a constant α, which enables

tracking and is thus attractive for mobile DSA networks. Means of distributing the

iterations (3.14) are explored in Subsection 3.2.2.
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3.2.1 Convergence and sensitivity analysis

In order to analyze the convergence of (3.14), an additional assumption is due:

Assumption 3.1. Problem (3.3) is strictly feasible, i.e., there exist y̌, ž with ž ∈ Y,

ž ∈ Z such that constraints (3.3b)–(3.3d) hold as strict inequalities.

This last assumption corresponds to Slater’s constraint qualification, which guaran-

tees the existence of optimal Lagrange multipliers ; see e.g., [55, Sec. 3.3.5]. Capitalizing

on Assumption 3.1, the following lemma characterizes the optimal Lagrange multipliers

of (3.3); its proof is in Appendix A.2.

Lemma 3.1. If (2.2) is feasible and Assumptions 2.1–2.3 and 3.1 hold, then: (i) the

optimal Lagrange multipliers for constraints (3.3d) are positive, i.e., µ∗ > 0; and (ii) the

Lagrangian function at the optimal Lagrange multipliers, L(y, z,ν∗,λ∗,µ∗), is strictly

convex in y and z over R
2M .

The first part of Lemma 3.1 is a strict complementary slackness result, which in

general does not follow from the Karush-Kuhn-Tucker (KKT) necessary conditions for

optimality; for details on these notions, see e.g., [55, Sec. 3.3]. Moreover, notice that

part (ii) of Lemma 3.1 holds even for utilities that are not strictly convex in y and z,

e.g., ui(hiie
yi/ezi) = ln(hiie

yi/ezi) = yi − zi + lnhii.

Now let dist(x,X ) := minξ∈X ‖x−ξ‖ denote the distance of a point x from a set X ;2

and Ω∗ the set of optimal ω vectors. The following proposition establishes the global

convergence of iterations (3.14) to a neighborhood of Ω∗ (R+ denotes the nonnegative

reals). The proof is provided in Appendix A.2, and relies on Lemma 3.1.

Proposition 3.1. Suppose (2.2) is feasible, and Assumptions 2.1–2.3 and 3.1 hold. For

any ε and δ with 0 < ε < δ, there exist positive α0(ε, δ) and t0(ε, δ) such that for any

stepsize 0 < α ≤ α0(ε, δ) and any initial point ω(0) ∈ Y×Z×R
3M
+ with dist(ω(0), Ω∗) ≤

δ, the iterates ω(t) in (3.14) satisfy dist(ω(t), Ω∗) ≤ ε for all t ≥ t0(ε, δ)/α.

Proposition 3.1 asserts that the iterates ω(t) reach (and remain within) an arbitrarily

small neighborhood of Ω∗ from any initial point. The stepsize and the number of

iterations depend on the initialization and the desired neighborhood size. The proof

2 The norm ‖.‖ is the standard Euclidean norm.
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leverages Lemma 3.1 in order to show that the stability of the saddle points [cf. (3.12)]

hold for the problem at hand. The numerical examples presented in Section 3.4 will

demonstrate that the iterations not only remain arbitrarily close to the optimal solution,

but actually converge.

It is well-known that the activation of a constraint in an optimization problem entails

a penalty in the achieved optimal value. Sensitivity analysis can be used to study

the effect of changes in the constraints on the optimal utility value. Such analysis is

pertinent when the constraints are fixed beforehand (e.g., if they are QoS levels dictated

by a specific application), but also when they have to be settled by the system designer.

A brief sensitivity analysis for problem (2.5) in the open sharing model is presented

next [via (3.3) with Z = R
M
+ ]. Since incorporating maximum SINR constraints is the

main feature of (2.5), the focus here is on the effect of varying γmax
i . The analysis for

the minimum SINR constraint or the more general case (2.2) is similar.

To specify the problem, let λ∗
i , i = 1, . . . ,M , be the optimal Lagrange multipliers

returned by (3.14) and u∗tot the optimal value of problem (3.3); and hence of (2.5) in

view of Proposition 2.1. Suppose that γmax
i is changed to γmax

i + δiγ
max
i , δi ∈ R. The

objective is to quantify the effect of δiγ
max
i on u∗tot. Both smaller as well as larger

changes of δ := [δ1, . . . , δM ]T are of interest (local and global sensitivity analysis).

Let utot(δ) be the optimal value of (2.2) and (3.3) under the aforementioned per-

turbation (supposing that relaxation (3.3) is still optimal with γmax
i + δiγ

max
i instead of

γmax
i ). With this notation, u∗tot = utot(0). The effects of small values of δ are studied

first. To this end, the value of the derivative of utot(δ) can be used, and it is computed

next based on known quantities.

Let {ei}
M
i=1 denote the Cartesian unit vectors in R

M . Also let Θ∗ ⊂ R
3M denote

the set of optimal Lagrange multiplier vectors [νT ,λT ,µT ]T of (3.3).

Lemma 3.2. Suppose (2.5) is feasible, Assumptions 2.1–2.3 and 3.1 hold, and that

Assumption 2.3 holds also with γmax
i + δiγ

max
i instead of γmax

i . Then, utot(δ) has direc-

tional derivative in any direction in R
M ; its values in the directions ei and −ei along

with bounds for the derivative values are listed in Table 3.1.

These bounds depend on γmax
i and the optimal λ∗

i returned by (3.14); hence, they

are easily computable.
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Table 3.1: Directional derivatives of sum-utility as function of the perturbation.

Dei
utot(0) = min {λi| ∃ν, ∃µ, ∃λj , j 6= i s.t. (ν,λ,µ) ∈ Θ∗}

0 ≤ Dei
utot(0) ≤ λ∗

i

D(−ei)utot(0) = −max {λi| ∃ν, ∃µ, ∃λj , j 6= i s.t. (ν,λ,µ) ∈ Θ∗}

−ui(γ
max
i )γmax

i ≤ D(−ei)utot(0) ≤ −λ∗
i

The derivatives are used to evaluate the increase or decrease of the sum-utility

value when the SINR constraints γmax
i change. In particular, if γmax

i is changed to

γmax
i + δiγ

max
i with |δi| small, then u∗tot is increased by Dei

utot(0) · δi approximately if

δi > 0; while it is decreased by D−ei
utot(0) · |δi| approximately if δi < 0.

The optimal multipliers λ∗
i can also be used to assess the effect of larger changes in

the perturbation δ. The following inequality holds for all δ ∈ R
M (cf. [57, Sec. 5.6.2])

utot(δ) ≤ u∗tot +
M
∑

i=1

λ∗
i δi. (3.15)

Inequality (3.15) offers an upper bound on the optimal sum-utility with the following

qualitative implications. If λ∗
i is large and δi < 0, then the sum-utility decreases con-

siderably. If λ∗
i is small and δi > 0, then the sum-utility increases, but not much. Note

though that from inequality (3.15) one cannot draw conclusions for other combinations

of signs of δi and values of λ∗
i .

3.2.2 Distributed implementation

To develop a distributed counterpart of (3.14), consider the derivatives in (3.14a) and

(3.14b)

∂L

∂yi
= −u′i

(

hiie
yi

ezi

)

hiie
yi

ezi
+ eyi

∑

j 6=i
hijµje

−zj +
λi

γmax
i

hiie
yi

ezi
− νiγ

min
i

ezi

hiieyi
(3.16a)

∂L

∂zi
= u′i

(

hiie
yi

ezi

)

hiie
yi

ezi
− µie

−zi
(

ni +
∑

k 6=i
hkie

yk
)

−
λi

γmax
i

hiie
yi + νiγ

min
i

ezi

hiieyi
. (3.16b)
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The updates (3.14) take place at Txi. It is assumed that Rxi is able to estimate the

gain hii and the SINR hiie
yi(t)/(ni+

∑

k 6=i hkie
yk(t)), and feed the latter back to its peer

Txi per time slot t. Txi needs also to obtain hii via feedback but this may happen only

during the start-up phase provided that hii changes at a scale much slower than the

algorithm’s convergence time. Then, all terms needed for the updates (3.14) are known

locally at Txi, with the exception of the sum
∑

j 6=i hijµj(t)e
−zj(t), which is associated

with the local IpN constraints in (3.3d).

In order to make the aforementioned sum available at Txi, two schemes that have

been proposed for power control problems different from (2.6) can be adapted to the

problem at hand: message passing [24], [23], [7], and the reversed network [11, Ch. 6],

[21,22,27]. The latter has the attractive feature of not requiring exchange of information

among links.

Message passing

Users in this scheme exchange information over a control channel to facilitate power

management decisions, as in e.g., [4, Sec. 3.2.3]. To be specific, each Txj broadcasts

its variable µj(t)e
−zj(t), which can be readily interpreted as the current estimate of the

cost paid due to local interference. Moreover, each Txi needs to know the path gains

hij of the links causing interference to the non-peer receivers Rxj . This is possible if

reciprocity holds and the Rxj transmits a training signal; alternatively, Txi can transmit

a training signal so that Rxj estimates hij and feeds it back. The quantities involved in

the message passing are illustrated in Fig. 3.1.

Reversed network

All links here are assumed reciprocal. Every receiver becomes a transmitter and vice-

versa. In order to use the reversed network, the term eyi
∑

j 6=i hijµje
−zj of ∂L/∂yi in

(3.16a) is re-written as eyi
∑M

j=1 hijµje
−zj − eyihiiµie

−zi . The main idea is that the

sum
∑M

j=1 hijµje
−zj ≥ 0 represents received power at each Txi when all transmitters of

the reversed network (i.e., all Rxj) transmit simultaneously symbols with power µje
−zj .

These symbols do not need to be known at the Txi; only the total received power needs

to be estimated. The use of the reversed network is illustrated in Fig. 3.2.
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Txi
Txj

Rxi
Rxj

hij

µj(t)e
−zj(t)

Figure 3.1: Quantities involved in message passing.

Txi
Txj

Rxi
Rxj

hij

µj(t)e
−zj(t)

Figure 3.2: Using the reversed network.

Notice that each µie
−zi term is unknown at Rxi, but known at Txi. In order for

the powers for the reversed network transmission to be known at the corresponding

transmitters, variables zi(t), µi(t), λi(t), νi(t) are also updated at Rxi. The key is

that each receiver already measures all quantities needed for these updates, namely the

received power hiie
yi(t) and the IpN term ni+

∑

k 6=i hkie
yk(t) in order to have an estimate

of the current SINR. Clearly, for the peers Txi and Rxi to have identical copies of zi(t),

µi(t), λi(t) and νi(t), the initializations must be identical, requiring only coordination

between peers.
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3.3 Multi-Channel Networks

Let νi, λi, and µi,f be Lagrange multipliers for the minimum QoS constraints (3.7b),

maximum QoS constraints (3.7c), and local IpN constraints (3.7d), respectively. Also

let ν, λ, µ denote vectors collecting variables νi, λi, µi,f , respectively, for all i and f .

The notation ω is used for y, z, ν, λ, µ collectively. The Lagrangian of (3.7) is

L(ω) := −
∑

i,f

ui,f

(

hii,fe
yi,f

ezi,f

)

+
∑

i,f

µi,f

[

e−zi,f

(

ni,f +
∑

k 6=i

hki,fe
yk,f

)

− 1

]

−
∑

i

νi

(

∑

f

Ui,f

(

hii,fe
yi,f

ezi,f

)

− Umin
i

)

+
∑

i

λi

(

∑

f

Vi,f

(

hii,fe
yi,f

ezi,f

)

− V max
i

)

.

(3.17)

As in Section 3.2, a gradient algorithm is employed to solve (3.7) iteratively using

yi(t+ 1) = PYi

[

yi(t)− α∇yi
L(ω(t))

]

(3.18a)

zi(t+ 1) = PZi

[

zi(t)− α∇ziL(ω(t))
]

(3.18b)

νi(t+ 1) =
[

νi(t) + α∇νiL(ω(t))
]+

(3.18c)

λi(t+ 1) =
[

λi(t) + α∇λi
L(ω(t))

]+
(3.18d)

µi,f (t+ 1) =
[

µi,f (t) + α∇µi,f
L(ω(t))

]+
. (3.18e)

where α is a constant stepsize, PYi
[.] and PZi

[.] denote projections onto the sets Yi and

Zi, respectively, and for a vector x, [x]+ means projection onto the nonnegative orthant

of the same dimension as x. Since these are closed convex sets, the projections can be

implemented efficiently [57, Sec. 8.1]. Iterations (3.18) are the counterpart of (3.14) for

multi-channel networks. The gradients in (3.18c)–(3.18e) are the constraint functions

in (3.7b)–(3.7d). Note that spectral mask and sum-power constraints are respected

throughout the algorithm, thanks to the projection in (3.18a).

The convergence analysis parallels the single-channel case; Assumption 3.2, Lemma

3.3 and Proposition 3.2 are the counterparts of Assumption 3.1, Lemma 3.1 and Propo-

sition 3.1, respectively. Proofs are at the end of Appendix A.2.

Assumption 3.2. Problem (2.15) is strictly feasible, i.e., there exist y̌, ž with y̌i ∈ Yi,

ži ∈ Zi for all i ∈ M such that (3.7b), (3.7c), and (3.7d) hold with strict inequality.
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Lemma 3.3. If (2.2) is feasible and Assumptions 2.4–2.8 and 3.2 hold, then: (i) the

optimal Lagrange multipliers for constraints (3.7d) are positive, i.e., µ∗ > 0; and (ii) the

Lagrangian function at the optimal Lagrange multipliers, L(y, z,ν∗,λ∗,µ∗), is strictly

convex in y and z over R
2MF .

Proposition 3.2. Suppose that (2.2) is feasible and Assumptions 2.4–2.8 and 3.2 hold.

For any ε and δ with 0 < ε < δ, there exist positive α0(ǫ, δ) and t0(ε, δ) such that

for any stepsize 0 < α ≤ α0(ε, δ) and any initial point ω(0) ∈ Y × Z × R
M(F+2)
+

with dist(ω(0), Ω∗) ≤ δ, the iterates ω(t) in (3.18) satisfy dist(ω(t), Ω∗) ≤ ε for all

t ≥ t0(ǫ, δ)/α, where Ω∗ is the set of optimal ω vectors.

Distributed implementation

It can be easily verified that if path gains hii,f and SINR for all channels are fed back

from Rxi, then all terms in (3.18) are known at Txi, except the sum
∑

j 6=i hij,fµj,f (t)

e−zj,f (t) for all f . For the latter to become available, message passing or the reversed

network approach can be utilized. The operations are the same as in the single-channel

case, with the additional feature that they are performed for every channel f .

3.4 Numerical Tests

Numerical tests are presented in this section to corroborate the analytical claims and

also to compare the performance of the developed algorithm with that of various existing

algorithms.

Test case 1: Single-channel networks

Consider an open sharing peer-to-peer network using CDMA. With dij denoting the

distance between Txi and Rxj and B the spreading gain, it is assumed that gains

hij follow a (deterministic) path loss model with hii = d−4
ii and hij = B−1d−4

ij for i 6= j.

In this case, matrix A is irreducible (cf. Assumption 2.2). The parameters describing

the setup tested are listed in Table 3.2, while the Txi-Rxi positions are shown in Table

3.3. The selected utility satisfies Assumption 2.1. First, algorithm (3.14) is applied to

power control without constraints, and it is seen to obtain the same power allocation
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Table 3.2: Simulation parameters for test case 1.
M = 8, B = 128, α = 0.1

ui = ln(γi), ∀i ∈ M

pmax
i = 1W, pmax

i /ni = 40 dB ∀i ∈ M

Initialization: zi = lnni, λi = 0, νi = 0, µi = 1 ∀ i ∈ M

γmin
i = 140, γmax

i = 20000, i ∈ {1, 6}

γmin
i = 8, γmax

i = 20, i ∈ {2, 3, 4}

γmin
i = 20, γmax

i = 140, i ∈ {5, 7, 8}

Table 3.3: Coordinates of 8 Tx-Rx pairs (shown in 2 columns). Tx are deployed over
a square area of side 10m. Each Rx is located in a square area of side 3m centered at
its peer Tx, and at least 1m away from its peer transmitter. Positions are randomly
selected.

Txi; Rxi (i = 1, 2, 3, 4) Txi; Rxi (i = 5, 6, 7, 8)

(4.80,5.15);(4.92,3.67) (6.17,3.18);(6.95,4.40)
(5.61,6.06);(6.11,7.51) (6.85,5.88);(8.07,6.70)
(6.16,9.67);(4.70,10.93) (5.10,1.30);(4.45,0.12)
(6.62,8.22);(5.17,9.39) (7.14,2.54);(5.83,1.05)

as other algorithms in the literature used for this problem. Then, focus is turned

to a problem with minimum and maximum QoS constraints. In this case, the QoS

requirements adopted are similar to those in [7, Sec. 7], mapped to SINR values, and

listed in Table 3.2 as well.

In order to apply algorithm (3.14) to unconstrained power control, namely for the

solution of (2.2a), very small minimum SINR constraints and very large maximum SINR

constraints are set. In this case, all constraints in (2.2b) are inactive and Assumption 2.3

is automatically satisfied. The values selected are γmin
i = 10−5 and γmax

i = 105 for all

i. There are several algorithms in the literature which solve (2.2a) optimally under

Assumption 2.1, for instance, ADP [23], gradient projection for minimization [21], and

variable splitting [22]; results from all these will be the same. The optimal sum-utility

and SINR per user obtained with the developed algorithm (labeled as “Lagrangian”)

and the ones in [23], [21] are listed in Table 3.4. The results are identical, as expected.

Consider next a problem having diverse QoS constraints with values listed in Ta-

ble 3.2. Algorithms QoS-ps-DSA and QoSe-DSA in [7] rely on game theory to solve (2.5).
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Table 3.4: Unconstrained optimization in single-channel networks: Sum-utility (top)
and SINR per user (bottom).

Lagrangian ADPa Gradient
projection alg.b

∑

i ui 33.676 33.676 33.676

γ1 81.16 81.07 81.03
γ2 43.35 43.34 43.34
γ3 191.03 191.08 191.09
γ4 6.24 6.24 6.24
γ5 55.22 55.28 55.30
γ6 443.06 443.00 443.00
γ7 542.09 546.16 547.54
γ8 7.59 7.53 7.51

All algorithms initialized randomly within
the power constraints.

a pmax
i /pmin

i = 40 dB; all prices initialized ran-
domly in (0, 1/(niB)).

b Stepsize = 0.2.

Each of these is developed in general for multichannel networks and each has two ver-

sions: in one version power is allocated over all channels (MC-QoS-ps-DSA, MC-QoSe-

DSA), while in the other only one channel is selected for transmission (SC-QoS-ps-DSA,

SC-QoSe-DSA). In order to solve (2.5), the algorithms are restricted to the case where

there is a single available channel; then the two versions (MC- and SC-) reduce to the

same algorithm. The sum-utility and SINR per user achieved by the Lagrangian algo-

rithm and the two alternatives are provided in Table 3.5, where the SINRs violating the

constraints are shown in boldface. For completeness, the SINRs obtained from Yates’

standard power control algorithm are listed in the last column of Table 3.5. Observe that

γi < γmax
i for i ∈ {1, 5, 6, 8}, confirming that Assumption 2.3 indeed holds. These values

were used to initialize (3.14). It is observed that QoS-ps-DSA and QoSe-DSA cannot

always meet all users’ SINR requirements (although these requirements are feasible, see,

e.g., user 1). Note also that the sum-utility is not maximized (compare 32.4 with 23.6).

On the other hand, it is expected that the optimal sum-utility of the unconstrained
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Table 3.5: Optimization with diverse QoS constraints in single-channel networks: Sum-
utility (top) and SINR per user (bottom).

Lagrangian QoS-ps-DSAa QoSe-DSAa Standard power
control alg.

∑

i ui 32.4 23.6 23.6

γ1 140.0 0.0137911 0.0137911 70.4
γ2 20.0 20.0 20.0 20.0
γ3 20.0 20.0 20.0 20.0
γ4 20.0 20.0 20.0 20.0
γ5 32.9 52.5.0 52.5 81.4
γ6 786.1 655.3 655.3 734.2
γ7 140.0 140.0 140.0 140.0
γ8 30.0 32.2 32.2 24.1

a pmax
i /pmin

i = 40 dB; all powers initialized at pmax
i ; all prices initial-

ized at 10−4. Powers took (continuous) values in [pmin
i , pmax

i ].

problem (2.2a) will be higher than that of (2.5) because the constraints (2.5b) are im-

posed on the SINRs. This is quantified in this test by comparing the corresponding

entries of Tables 3.4 and 3.5.

Time trajectories of powers and Lagrange multipliers are depicted in Fig. 3.3. The

plots corroborate that the proposed iterations converge (cf. Proposition 3.1), and the

fact that all the IpN constraints are active (µ∗
i > 0), as asserted by Lemma 3.1. However,

although the convergence is relatively fast (100-300 iterations), this number is one order

of magnitude higher than its suboptimal game-theoretic counterparts QoS-ps-DSA and

QoSe-DSA. This happens because convergence of the Lagrange multipliers slows down

to satisfy the diverse (two-sided) QoS requirements.

Test Case 2: Multi-channel networks.

Each Txi-Rxi pair is placed on the same position as in the previous test case, but now a

frequency selective model is tested. Specifically, there are F = 16 channels available and

each path gain hij,f is obtained from a realization of a 4-tap channel. The taps follow

Rayleigh fading, are equally spaced, and have power delay profile (1,1/2,1/8,1/10). The

realizations across links are independent. The path loss over each channel follows the
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Figure 3.3: Convergence of (a) powers and (b)–(d) Lagrange multipliers for the power
control algorithm in single-channel networks. Each plot has eight curves, corresponding
to the eight users.

model with hij,f = d−4
ij . The remaining parameters are listed in Table 3.6.

First, algorithm (3.18) is used for the solution of the unconstrained problem (2.11a),

using Umin
i = −150 and V max

i = 150. The objective value
∑

i,f ui,f (γi,f ) and the

sum-utility per user (
∑

f ui,f (γi,f ) for i = 1, . . . ,M) are listed in Table 3.7. The corre-

sponding ones obtained from DADP [23], which solves (2.11a) optimally, are also shown

in Table 3.7. The results coincide, as expected.

When the QoS constraints of Table 3.6 are imposed, results obtained by different

algorithms are listed in Table 3.8. Algorithms MC-QoS-ps-DSA and MC-QoSe-DSA

attempt to solve (2.11) without interference constraints [7]. As in the single-channel

case, the results of Table 3.8 illustrate that existing schemes might not always satisfy all
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Table 3.6: Simulation parameters for test case 2.
M = 8, F = 16, α = 0.025

ui(γi,f ) = Ui,f (γi,f ) = Vi,f (γi,f ) = ln γi,f ∀ i ∈ M, f ∈ F

pmax
i /ni,f = 40 dB ∀ i ∈ M, f ∈ F

Initialization: yi,f = ln(pmax
i /M), zi,f = lnni,f ,

λi = 0, νi = 0, µi,f = 1 ∀ i ∈ M, f ∈ F

Projection onto Yi via MATLAB’s fmincon

Umin
i = −50, i ∈ {1, 5, 6, 7, 8}

Umin
i = −40, i ∈ {2, 3}

Umin
i = −30, i = 4

V max
i = 50, i ∈ {1, 2, 3, 4, 5, 6}

V max
i = 10, i ∈ {7, 8}

QoS constraints, and may achieve lower objective value than the Lagrangian algorithm.
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Table 3.7: Unconstrained optimization in multi-channel networks: Sum-utility (top)
and individual utilities per user (bottom).

Lagrangian DADPa

∑

i,f u
f
i -149.96 -149.96

1 -21.09 -21.11
2 -52.99 -52.99
3 -8.12 -8.12
4 -38.05 -38.05
5 -6.12 -6.10
6 9.10 9.10
7 18.26 18.35
8 -50.95 -51.05

a pmax
i /pmin

i = 40 dB; step-
size = 0.05; 30 inner itera-
tions per dual iteration. All
powers initialized randomly in
(pmin

i , pmax
i ) and all prices in

(0, 1/ni,f ).

Table 3.8: Optimization with diverse QoS constraints in multi-channel networks: Sum-
utility (top) and individual utilities per user (bottom).

Lagrangian MC-QoS-ps-DSAa MC-QoSe-DSAa

∑

i,f u
f
i -162.38 -317.50 -688.46

1 -16.90 -68.85 -82.67

2 -40.00 -114.50 -102.75

3 -38.13 -6.69 -104.85

4 -30.00 -48.81 -89.13

5 -8.76 5.63 -63.15

6 4.23 -3.43 -79.98

7 8.20 10.14 -70.13

8 -41.03 -91.14 -95.80

a pmax
i /pmin

i = 40 dB; all powers initialized randomly in
(pmin

i , pmax
i ) and all prices in (0, 1/ni,f ). Powers took (con-

tinuous) values so that pmin
i ≤

∑

f pi,f ≤ pmax
i for all

users. Projection onto power constraints via MATLAB’s
fmincon.



Chapter 4

Impact of Imperfect Exchanges

This chapter studies the impact of imperfect exchanges between terminals in the al-

gorithms of Chapter 3. Specifically, a general analysis of algorithm (3.10) with errors

in the gradient vectors is given in Section 4.1. Application of this analysis to power

control algorithms is the theme of Section 4.2, and related numerical tests are presented

in Section 4.3.

4.1 General Error Analysis

We are interested in studying the performance of algorithm (3.10) under errors in the

gradient vectors. Specifically, suppose ∇xL(x(t), ζ(t)) is perturbed by error r(t) at

iteration t, while ∇ζL(x(t), ζ(t)) is perturbed by error ǫ(t). Such errors occur in the

implementation of the power control algorithms of the previous chapter during the

exchange of the various quantities among users; the source of such errors will be further

elaborated upon in Section 4.2. The algorithm with errors in the gradients has the

following form:

x(t+ 1) = PX [x(t)− α(∇xL(x(t), ζ(t)) + r(t))] (4.1a)

ζ(t+ 1) = PD[ζ(t) + α(∇ζL(x(t), ζ(t)) + ǫ(t))]. (4.1b)

For easier reference, optimization problem (3.8) (that is attempted to be solved

38
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by (4.1)) is repeated here.

min
x∈X

f(x) (3.8a)

subj. to g(x) ≤ 0. (3.8b)

The analysis of (4.1) pursued here has the following key advantages:

1. Persistent (i.e., nonvanishing) errors are considered.

2. Constant stepsize is used, which is preferable in resource allocation algorithms.

3. Explicit bounds at each iteration on the constraint violation and the subopti-

mality due to the errors are provided.

4. The analysis does not rely on strong assumptions such as strong or strict con-

vexity of the objective or the Lagrangian function, which may not hold for the

power control formulations in this thesis.1

For the analysis of algorithm (4.1), the methods of [48] are adapted. Results will be

shown for certain averages of the iterates, as explained subsequently. Intuitively, such

procedure is expected to help in “averaging out” the errors; this is in particular useful

with nonvanishing errors and constant stepsizes, which make the terms αr(t) and αǫ(t)

[cf. (4.1)] stay away from zero.

To this end, the running average of the iterates x(t) will be considered.

x̄(t) :=
1

t

t−1
∑

i=0

x(i), t = 1, 2, . . . (4.2)

Moreover, a new way of averaging is also considered. For fixed 0 < β < 1, define

x̂(t) :=

∑t−1
i=0 β

t−1−ix(i)
∑t−1

i=0 β
t−1−i

=

∑t−1
i=0

1
βix(i)

∑t−1
i=0

1
βi

, t = 1, 2, . . . (4.3)

This type of averaging is inspired by the exponentially decaying window used in adaptive

signal processing [58], where β is called forgetting factor. This type of averaging weighs

more the recent iterates. Eq. (4.2) may be viewed as obtained from (4.3) in the limit

β → 1. The sequences {x̄(t)} and {x̂(t)} which are formed from the iterates {x(t)}

are often referred as ergodic sequences. Note that running averages (4.2) and (4.3)

are convex combinations of the iterates {x(0),x(1), . . . ,x(t− 1)}, hence they belong to

1 It is noted however that the stability of the saddle points [cf. (3.12)] will not be used either.
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the set X for all t ≥ 1. It is important to remark that both running averages can be

efficiently computed in a recursive fashion. In other words, the value of the average at

the previous iteration and the current iterate are used in order to compute the value of

the average at the current iteration.

The main result is that the sequences {x̄(t)} and {x̂(t)} converge to some neighbor-

hood of the optimal solution of (3.8). The aim is to estimate these neighborhoods—in

particular, in terms of the constraint violation and the suboptimality—and also to study

how the constraint violation and the objective value evolve with the iteration index. It

will be seen that the two types of averaging have complementary merits. Specifically,

averaging (4.2) may converge to a smaller neighborhood than (4.3). On the other hand,

(4.3) has the nice feature that reduces the constraint violation much faster than (4.2),

which is desirable in the practical case where a smaller number of iterations is run.

In order to proceed with the development, the ensuing assumptions are adopted,

followed by some comments on their validity.

Assumption 4.1. The functions f(x) and g(x) are convex and continuous on X , and

the set X is convex, closed, and bounded. The set of optimal solutions is nonempty,

compact, and convex (the latter due to the convexity of the optimization problem).

Therefore, there is constant B∗
x > 0 so that ‖x∗‖ ≤ B∗

x for all primal optimal x∗.

Moreover, Slater constraint qualification holds. In this case, the set of optimal dual

solutions (optimal Lagrange multipliers) is also convex, closed, and bounded. Therefore,

there is constant B∗
ζ > 0 so that ‖ζ∗‖ ≤ B∗

ζ for all optimal Lagrange multipliers ζ∗. Set

D is also convex (D may as well be chosen to be different than the nonnegative orthant,

as explained shortly).

Assumption 4.2. The iterates {x(t)}∞t=0 and {ζ(t)}∞t=0 generated by (4.1) are bounded,

that is, there are constants Bx > 0 and Bζ > B∗
ζ so that

‖x(t)‖ ≤ Bx, ‖ζ(t)‖ ≤ Bζ t = 0, 1, 2, . . . (4.4)

In this case, the gradient vectors are also bounded, i.e., there is a constant BL > 0 so

that

‖∇xL(x(t), ζ(t))‖ ≤ BL, ‖∇ζL(x(t), ζ(t))‖ ≤ BL, t = 0, 1, 2, . . . (4.5)
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Assumption 4.3. The error sequences are bounded, i.e., there are constants r > 0 and

ǫ > 0 so that

‖r(t)‖ ≤ r, ‖ǫ(t)‖ ≤ ǫ, t = 0, 1, 2, . . . (4.6)

Assumption 4.1 is clearly satisfied by power control problems (3.3) and (3.7). Recall

that the optimal powers are nonzero and constrained by maximum power budgets. In

fact, the primal optimal set is closed and bounded (cf. the proof of Proposition 2.1).

Moreover, it is a standard result that Slater’s constraint qualification implies bounded-

ness of the optimal dual set; see e.g., [59, Prop. 6.4.3]. It is possible to derive an upper

bound on the norm of optimal Lagrange multipliers using the vector satisfying Slater’s

condition [48]. In particular, let x̌ denote the Slater vector for problem (3.8), ď a lower

bound on its dual optimal value, and gj(x), j = 1, . . . ,K the entries of g(x). Then, a

value for B∗
ζ is

B∗
ζ =

f(x̌)− d̃

min1≤j≤K{−gj(x̌)}
. (4.7)

Assumption 4.2 will automatically hold if the sets X and D are compact, due to the

projection on those [cf. (4.1)]. In the power control problems, these sets can be selected

to be compact, because the sets of optimal primal variables and optimal Lagrange

multipliers are bounded, as previously explained. In particular, for a constant ̺ > 0,

the following set can be used as a compact D for the projection.

D = {ζ ≥ 0| ‖ζ‖ ≤ B∗
ζ + ̺}. (4.8)

Section 4.2 gives guidelines on choosing the sets X and D.

For the general analysis presented here, it is not necessary to assume that the sets

X and D are compact. In particular, the analysis holds with D given by (4.8) or as

the nonnegative orthant. In the latter case, under Assumption 4.2, it is clear that the

iterates {ζ(t)} will lie in the bounded set given by the right-hand side of (4.8) with

̺ = Bζ −B∗
ζ . It is also pointed out that in general, in the absence of compactness of X

and D or stronger assumptions on the convexity-concavity of the Lagrangian function,

assuming bounded iterates or gradients is natural; see e.g., [41, 48].

Assumption 4.3 does not hold when e.g., the errors are random from a distribution

with infinite support. Such a case may be better handled in the context of stochastic
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approximations [39]. Note though that strict convexity of the objective function or di-

minishing stepsizes are typically assumed in such framework. Such assumptions are not

used here, and moreover, the error model of Assumption 4.3 will allow characterization

of the constraint violation and suboptimality as a function of the iteration index. Fur-

thermore, note that Assumption 4.3 holds if the errors are random from a distribution

with bounded support. In this case, the results shown here effectively hold with prob-

ability 1. Assumption 4.3 will be further elaborated upon in Section 4.2 in the context

of the power allocation algorithms.

Throughout this section, Assumptions 4.1–4.3 hold, unless otherwise stated. All

proofs of the results in this section are in Appendix B, together with necessary inter-

mediate lemmas.

Let f∗ denote the optimal value of (3.8). The first result characterizes the norm of

the constraint violation ‖[g(x̄(t))]+‖ and the objective value f(x̄(t)) at each iteration

index t using the quantities appearing in Assumptions 4.1–4.3.

Proposition 4.1. The sequence {x̄(t)} satisfies

(i) ‖[g(x̄(t))]+‖ ≤
2B2

ζ

tα̺
+

‖x(0)− x∗‖

2tα̺
+

2Bζǫ+ (Bx +B∗
x)r

̺
+

α(BL + ǫ)2

2̺

+
α(BL + r)2

2̺
(4.9)

(ii) f(x̄(t)) ≤ f∗ +
‖x(0)− x∗‖2

2αt
+

‖ζ(0)‖2

2αt
+ (Bx +B∗

x)
2r +Bζǫ+

α(BL + ǫ)2

2

+
α(BL + r)2

2
(4.10)

(iii) f(x̄(t)) ≥ f∗ −B∗
ζ‖[g(x̄(t))]

+‖. (4.11)

In part (i), there are terms which decrease with t, and terms which are constant.

The constant terms give the final error level in the constraint violation, while the terms

decreasing with t quantify how the constraint violation is reduced. Similar comments

hold for the difference f(x̄(t))− f∗ in part (ii). In part (iii), note that f(x̄(t)) may be

smaller than f∗, because ‖[g(x̄(t))]+‖ might not go to zero. This improvement in the

objective value is explained by the infeasibility that is allowed by part (i). Note that

Proposition 4.1 reduces to [48, Prop. 5.1] in the absence of errors.
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Now define

St :=
t−1
∑

i=0

1

βi
. (4.12)

The result for sequence x̂(t) corresponding to Proposition 4.1 is as follows.

Proposition 4.2. The sequence {x̂(t)} satisfies

(i) ‖[g(x̂(t))]+‖ ≤
2B2

ζ

Stα̺
+

‖x(0)− x∗‖

2Stα̺
+

2Bζǫ+ (Bx +B∗
x)r

̺
+

α(BL + ǫ)2

2̺

+
α(BL + r)2

2̺
+

2B2
ζ

α̺

1− βt−1

1− βt
(1− β) +

(Bx +B∗
x)

2

2α̺

1− βt−1

1− βt
(1− β)

(4.13)

(ii) f(x̂(t)) ≤ f∗ +
‖x(0)− x∗‖2

2αSt
+

‖ζ(0)‖2

2αSt
+ (Bx +B∗

x)
2r +Bζǫ+

α(BL + ǫ)2

2

+
α(BL + r)2

2
+

B2
ζ

2α

1− βt−1

1− βt
(1− β) +

(Bx +B∗
x)

2

2α

1− βt−1

1− βt
(1− β)

(4.14)

(iii) f(x̂(t)) ≥ f∗ −B∗
ζ ‖[g(x̄(t))]

+‖. (4.15)

Similar comments as in Proposition 4.1 hold for the terms appearing in the right-

hand sides of (4.13)–(4.15).

Useful conclusions can also be made by comparing Propositions 4.1 and 4.2. It is

observed that the running averages x̂(t) achieve an error level which is larger than the

one x̄(t) do by a quantity proportional to 1 − β. But this quantity is small, because

in practice β is chosen to be close to 1. It is also interesting to see that the constraint

violation caused by x̂(t) decreases faster than the one of x̄(t). The reason is that the

denominator St in (4.13) is exponential in t [cf. (4.12)] as compared to the denominator t

in (4.9) (which is only linear). Similar comments are true for the corresponding objective

values.

Recall that the results so far have been proved by either assuming that the iterates

ζ(t) are projected on the nonnegative orthant but remain bounded, or that they are

enforced to be bounded by projection on a set D of the form (4.8) for some fixed ̺ > 0.

In the latter case, where a projection on a bounded set is chosen, it may be desirable

to have projection on box constraint sets. This is certainly preferable in the distributed

implementations of the power control algorithms. Note that D in (4.8) is a ball, rather
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than a box. It is possible to consider the following set instead of (4.8), which is a

box [48]:

D∞ := {ζ ≥ 0| ‖ζ‖∞ ≤ B∗
ζ + ̺}. (4.16)

The following corollary asserts that using D∞ for projection, the same performance

as guaranteed by Propositions 4.1 and 4.2 can be achieved.

Corollary 4.1. Suppose that D∞ is used instead of D [cf. (4.8)] for the projection

in (4.1b). Then, the results of Propositions 4.1 and 4.2 still hold.

4.2 Application to Power Control Algorithms

Propositions 4.1 and 4.2 and their corollary suggest that guaranteed performance can

be obtained in the power control algorithms impaired by errors in the gradient vec-

tors, if the running averages of the sequences {y(t)} and {z(t)} are formed alongside

iterations (4.1)—recall y and z are the variables in the power control problems (3.3)

and (3.7). Specifically, the running averages are

ȳ(t) :=
1

t

t−1
∑

i=0

y(i), z̄(t) :=
1

t

t−1
∑

i=0

z(i), t = 1, 2, . . . (4.17)

ŷ(t) :=

∑t−1
i=0 β

t−1−iy(i)
∑t−1

i=0 β
t−1−i

, ẑ(t) :=

∑t−1
i=0 β

t−1−iz(i)
∑t−1

i=0 β
t−1−i

, t = 1, 2, . . . (4.18)

Note that Propositions 4.1 and 4.2 characterize the performance of running aver-

ages (4.2) and (4.3) when there are errors in the gradient vectors. In practice, it is not

known whether there are errors or not, so these running averages will be formed anyway.

It is useful to know that if there are no errors, the performance achieved by the running

averages of the iterates is the same as the one achieved by the iterates themselves.

In the context of power control algorithms, the performance achieved by the iterates

themselves when there are no errors in the gradients is given by Propositions 3.1 and 3.2.

These state that the iterates will remain arbitrarily close to the set of optimal primal

solutions and Lagrange multipliers for appropriate choice of the stepsize. It turns out

that if the there are no errors in the gradients, the same performance can be achieved

by the running averages of the sequence obtained from the power control algorithm.
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First of all, note that the results of Propositions 3.1 and 3.2 can also be stated

in terms of sequence of primal variables {x(t)} instead of {ω(t)}, where recall that x

is used to denote y and z together. The reason is that dist(x(t),X ∗) ≤ ε whenever

dist(ω(t), Ω∗) ≤ ε, where X ∗ is the set of optimal primal variables, and that Ω∗ is

the cartesian product of the set X ∗ and the set of optimal Lagrange multipliers. So,

suppose we choose an ε and the appropriate stepsize α so that the iterates {x(t)} satisfy

dist(x(t),X ∗) ≤ ε for all t ≥ t′, as Propositions 3.1 and 3.2 assert. The following lemma

states that the running averages {x̄(t)} and {x̂(t)} will asymptotically have distance at

most ε from the optimal X ∗, and is proved in Appendix B.

Lemma 4.1. Suppose the sequence {x(t)} in R
N satisfies dist(x(t),X ∗) ≤ ε for all

t ≥ t′, where t′ is a given integer and the set X ∗ is compact and convex. Then, all limit

points (say, x̊) of sequences {x̄(t)} and {x̂(t)} satisfy dist(x̊,X ∗) ≤ ε.

The result generalizes Toeplitz’ lemma to sequences that reach and remain within

a convex compact set. The intuition is that after the iterates have reached that set

and have remained there sufficiently long, the value of the running average will be

dominated by the averaging of iterates that are inside the set. But such averaging is

(approximately) a convex combination, hence gives points that are inside the set. Recall

moreover that the set X ∗ is convex as the solution set of a convex optimization problem.

It is closed because of Weierstrass’ theorem; see the proof of Proposition 2.1. It is also

bounded due to the maximum power constraints and the fact that the optimal power

allocation is non-zero (see Chapter 2).

Returning to the gradient method with errors, the sources of such errors in the

gradient vectors in the power control algorithms are described in the ensuing subsection.

Then, some guidelines for choosing the parameters used to characterize the convergence

in Section 4.1 are given in Subsection 4.2.2.

4.2.1 Sources of errors

In the distributed implementation of the power control algorithms, the components

∂L(ω)/∂yi or ∂L(ω)/∂yi,f are obtained through message passing or the reversed net-

work (cf. Chapter 3). Both approaches may induce errors in the gradient vectors.

Specifically, the sources of errors when the reversed network is used are as follows.
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1. The transmissions of the reversed network. This may cause the term
∑M

i=1 hij ·

µj(t)e
−zj(t) to be known with some inaccuracy, and it affects the component

∂L(ω)/∂yi.

2. Estimation of the SINR (or equivalently, the interference) at the receiver of link

i, and the possible quantization and transmission of its value to the transmitter

of link i via the feedback channel. Such errors affect the components ∂L(ω)/∂zi

and ∂L(ω)/∂µi.

3. The estimation and feedback of hii. Such errors affect all entries of the gradient

vector. It should be stressed though, that hii is the channel between the trans-

mitter and receiver of the same link, and its value is obtained at the transmitter

at the beginning of the algorithm and assumed to remain constant thereafter.

It is therefore reasonable to expect that its value can be known with sufficient

accuracy.

Moreover, the source of errors with message passing are as follows.

1. Broadcasts of the messages µj(t)e
−zj(t). These affect the components ∂L(ω)/∂yi.

2. The estimation (and feedback, if link reciprocity does not hold) of cross-channels

hij . Similarly to the previous item, this may induce errors in the components

∂L(ω)/∂yi.

3. Estimation of the SINR (or equivalently, the interference) at the receiver of link

i, and the possible quantization and transmission of its value to the transmitter

of link i via the feedback channel. This is the same as item 2. in the list of errors

for the reversed network.

4. The estimation and feedback of hii. This is also the same as item 3. in the list

of errors for the reversed network.

4.2.2 Selecting parameters

Several quantities are introduced in Section 4.1 in Assumptions 4.1–4.3. Their knowl-

edge is useful for the execution of iterations 4.1—for instance, the compact sets X and

D—as well as for the performance analysis. In the present subsection, certain guidelines

for choosing those quantities are given. The focus is on the single-channel formulations

[cf. (2.6) or (3.3)] under Assumptions 2.1–2.3.

• In order to have a compact set X , we need to know bounds for the optimal powers
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p∗i and the optimal local IpN variables q∗i . First, it should be stressed that the

optimal powers are nonzero, due to Assumption 2.1. Hence, constants pmin
i > 0

are guaranteed to exist so that

pmin
i ≤ p∗i ≤ pmax

i , ∀i ∈ M. (4.19)

In practice, such pmin
i can be selected to be very small numbers.

• If user i has a minimum SINR constraint γmin
i , then any pmin

i satisfying

hiip
min
i

ni
≤ γmin

i (4.20)

can be used as a bound in (4.19). Indeed, assume that p∗i < pmin
i for some pmin

i

satisfying (4.20). Then, it holds that

hiip
∗
i

q∗i
<

hiip
min
i

ni
< γmin

i (4.21)

which contradicts the optimality of p∗i and q∗i .

• Regarding q∗i , we have in view of Proposition 2.1 that

ni +
∑

k 6=i

hkip
min
k ≤ q∗i ≤ min







qmax
i , ni +

∑

k 6=i

hkip
max
k







∀i ∈ M. (4.22)

• In order to have an explicit bound on the optimal Lagrange multipliers, a lower

bound d̃ on the optimal dual value of problem 3.8 [cf. (4.7)]. To this end, define

γ̆i :=
hiip

max
i

ni
. (4.23)

It is clear that for any feasible p and q, it holds that γ̆i > hiipi/qi for all i ∈ M.

Therefore, in view of the property that the utilities ui(.) are strictly increasing

and the zero duality gap, it suffices to pick any d̃ satisfying

d̃ < −

M
∑

i=1

ui(γ̆i) < f(x∗). (4.24)

• A vector x̌ satisfying Slater’s constraint qualification is also needed, i.e., vectors p̌

and q̌ satisfying (2.6b) and (2.6c) with inequalities. To this end, Yates’ standard

power control algorithm can be applied to any vector of SINRs γ̌ with γmin
i <
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Table 4.1: Coordinates of 10 Tx-Rx pairs in meters (shown in 2 columns). Tx are
deployed over a square area of side 10m. Each Rx is located in a square area of side 5m
centered at its peer Tx, and at least 1m away from its peer Tx. Positions are randomly
selected.

Txi; Rxi (i = 1, 2, 3, 4, 5) Txi; Rxi (i = 6, 7, 8, 9, 10)

(21.181, 21.061); (19.755, 20.88) (0.91656, 3.5594); (2.7782, 2.8003)
(20.508, 0.53543); (21.837, -1.2724) (0.61918, 1.8744); (-1.6297, 1.3382)
( 4.6367, 16.308); (3.6544, 14.561) (9.152, 0.67406); (11.408, 0.99965)
( 5.3579, 17.061); (5.2071, 18.869) (1.7077, 24.352); (0.10774, 21.941)
(12.942, 10.246); (10.602, 8.0944) (28.384, 22.046); (28.627, 23.873)

γ̌i < γmax
i for all i ∈ M. Suppose these are achievable with powers p̌, and the

resulting interference ni +
∑

k 6=i hkip̌k is smaller than the bound qmax
i (in case

interference constraints are present). Then, with this p̌, q̌i can be chosen so that

γ̌i < hiip̌i/q̌i < γmax
i for all i ∈ M.

• Bounds BL are easy to derive using the continuity of u′i(.) and the bounds on the

powers, the variables qi, and the Lagrange multipliers.

4.3 Numerical Tests

Power control for the flexible primary model with interference protection [cf. (2.4)] and

errors is tested numerically here. There areM = 10 users; the set of primary users (PUs)

is Mp = {1, 2, 5, 6, 8}, and the set of secondary users (SUs) is Ms = {3, 4, 7, 9, 10}. The

locations of Tx-Rx pairs is given in Table 4.1 and depicted in Fig. 4.1. With dij denoting

the distance between Txi and Rxj , the channels follow the models hii = 0.5d−2.5
ij and

hij = 0.5B−1d−2.5
ij , B = 10 for i 6= j. The rest of the parameters are listed in Table 4.2.

Errors are considered only in the updates of yi. The errors are random i.i.d. from slot to

slot, uniformly distributed with zero mean and support 0.08. This model gives relatively

significant errors, with value of r (cf. Assumption 4.3) three orders of magnitude larger

than the max-norm of the gradient vector at the optimal point. (This vector is easily

obtained by running the algorithm of Section 3.2.)

It was observed that the primal iterates as well as the Lagrange multiplier iterates

were bounded, so Assumption 4.2 was satisfied. The interference and SINR constraints

as well as the results are presented in Table 4.3. The results without errors are obtained
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Figure 4.1: Network with 10 Tx-Rx pairs, and their position in meters. The triangle
indicates a transmitter, and the square a receiver.

from the algorithm of Section 3.2. For the case of the algorithm with errors in the

gradients, the running averages ŷ(t) are used for the evaluation of the achieved SINRs

and interferences in Table 4.3. It is seen that the constraints are accurately met.

Fig. 4.2 shows the constraint violation for the two types of averaging (4.17) and (4.18).

Recall that the function g(x) is the vector formed by stacking the constraints (3.3b)–

(3.3d) for all i ∈ M. It is observed that the constraint violation for the averaging (4.18)

decreases faster than the one for (4.18).
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Table 4.2: Simulation parameters for algorithm with imperfect exchanges.
M = 10, Mp = {1, 2, 5, 6, 8}, Ms = {3, 4, 7, 9, 10}

ui(γi) = wi ln γi; wi = 1, i ∈ Mp; wi = 0.5, i ∈ Ms

pmax
i = 6 dBm, i ∈ Mp; p

max
i = 0 dBm, i ∈ Ms

ni = −41 dBm, for all i ∈ M

Initialization: pmax
i = 1% of pmax

i , zi = lnni for all i ∈ M
µi = 1, for all i ∈ M; λi = 0, νi = 0 for all i ∈ Ms

α = 0.06, β = 0.9, D = nonnegative orthant

Table 4.3: Power control with imperfect exchanges: Sum-utility (top); constraint values
and achieved SINR and interference per user with and without errors (bottom). The
first group of users are the primary users, with maximum interference constraints, and
the second group are the secondary users, with minimum (left) and maximum (right)
SINR constraints.

Constraints Without errors With errors

utot 26.635 26.627

1

Interference (dBm)

-30 -38.40 -38.405
2 -30 -39.68 -39.69
5 -38 -38.13 -38.14
6 -38 -38.00 -38.01
8 -38 -38.00 -38.01

3

SINR (dB)

0 10 10.00 10.02
4 0 10 10.00 10.01
7 0 20 0.00 -0.01
9 0 10 10.00 10.00
10 0 20 20.00 20.01
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Chapter 5

Summary and Future Directions

This thesis dealt with power control and pertinent applications tailored for dynamic

spectrum access models, namely, the open sharing and the flexible primary model.

In the former, users occupy an unlicensed band, and cooperate in order to allocate

network resources so that the user-specific QoS requirements are satisfied. In the latter,

secondary users pay a fee to primary users in order to share the network resources.

In this case, the resource allocation must meet the QoS requirements of the primary

and secondary users. In particular, the QoS of secondary users must be “capped,”

according to the fee they pay to the primary users, and primary users may need to be

protected by excessive interference. In short, the resource allocation task in both models

must meet the diverse QoS requirements. In networks where all terminals use the same

band, co-channel interference is present, and the QoS is determined by the signal-to-

interference-plus-noise ratio (SINR). Power control—adjusting the transmit powers—is

an effective way to mitigate interference and meet the diverse QoS requirements.

The QoS is measured by utilities which are functions of the SINR. Single- and multi-

channel scenarios were considered in the thesis. In single-channel networks, the sum of

utilities across users is maximized subject to minimum and maximum QoS requirements

and interference constraints. The utilities that appear in the objective functions are

selected to be concave in the logarithm of SINR. The minimum and maximum QoS

requirements can be expressed through arbitrary one-to-one functions of the SINR, and

the constraints are mapped to the SINR. For the multi-channel case, every channel

contributes to QoS for each user. Utilities which are functions of the SINR per user
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and channel were considered to this end; a user’s QoS is the sum of the utilities across

channels. For the objective function and minimum QoS requirements, utilities which are

concave in the logarithm of SINR were used (these do not need to be the same), while

utilities which are convex in the logarithm of SINR were used for the maximum QoS

requirements. Interference constraints were accommodated per user across channels, or

per user and channel.

A relaxation of the resource allocation problems was formulated, through an auxil-

iary variable, upper-bounding the received noise-plus-interference. The SINR was sub-

stituted by the ratio of the intended (useful) received power and the new variable. It was

proved that the relaxation is optimal under general conditions for both single-channel

and multi-channel networks, i.e., the auxiliary variable takes exactly the value of the

interference at the optimal power allocation. The essential condition that enabled this

optimality is that all users are eventually coupled through interference (irreducibility of

the channel gain matrix).

The relaxation, together with the choice of utilities previously described, gave a

convex formulation of the problem, through a suitable change of variables. This convex

formulation was further leveraged for the development of power control algorithms. The

algorithms use the gradient of the Lagrangian function and update primal and dual vari-

ables simultaneously. It was shown that they can reach a power allocation arbitrarily

close to the optimal one, by appropriately choice of stepsize. The stepsize is constant,

which is important in resource allocation algorithms. Moreover, two distributed imple-

mentations were described. One is message passing, which requires every transmitter

to broadcast a message to interfering transmitters. The other is the reversed network,

which needs less exchange of information, but relies on channel reciprocity.

These exchanges may introduce errors in the gradient vectors, and therefore to the

power allocations achieved by the algorithms. The impact of these errors was studied

in a general setting of primal-dual algorithms which look for saddle points. Running

averages (convex combinations) of the iterates were considered, and the suboptimality

as well as constraint violation of such running averages were characterized per iteration

index, under the assumption that the errors are bounded. Two types of averaging

were considered. The first is the classical one, which forms a convex combination of

all the iterates so far with equal weights. The other puts more weight to the current
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iterate, and reduces the weight to the previous ones exponentially. The former has

the advantage of smaller error floor, while the latter has the advantage of reducing the

constraint violation faster. Numerical tests with the power control algorithms confirmed

the analytical results.

The work presented in this thesis only addresses certain aspects of resource allocation

in cooperative DSA networks. It can be extended in several directions, listed below.

• Incorporation of fading or time-varying channels. A meaningful formulation of

the optimization problem in this case would probably consider the expected QoS,

either through the expected SINR or the ratio of the expected received power over

the expected interference. The algorithms will need to operate with the realization

of each channel per time slot, and the framework of stochastic approximation

appears to be the suitable one for studying their performance.

• Random errors in the exchange of information. Errors from a distribution with

infinite support is essentially the case not formally covered in Chapter 4. Con-

vergence can be studied in a probabilistic setting, e.g., with probability 1 or in

distribution, and the framework of stochastic approximation can be useful to this

end too.

• Asynchronous updates. The algorithms presented in Chapters 3 and 4 assume

that all users update their variables in a synchronous manner, at every time slot.

It is desirable though to have algorithms that are asynchronous, in the sense that

not all users may update their variables in every time slot, and characterize their

performance.

• Resource allocation for terminals equipped with multiple antennas. Here, addi-

tional resource allocation variables need to be optimized, such as beamforming

vectors or transmit covariance matrices, under the diverse QoS requirements.

• Multi-hop DSA networks. This extension requires routing and flow control deci-

sions to be incorporated in the present framework.

• Efficient algorithms for sum-rate maximization under diverse QoS requirements.

Sum-rate maximization is a difficult non-convex problem, and a solution is typi-

cally sought using successive convex approximations. The methods developed in

this work can be used to incorporate diverse QoS requirements in the successive

approximation framework, and facilitate development of distributed algorithms.
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Appendix A

Proofs of Chapters 2 and 3

Sections A.1 and gives the proofs for Chapters 2 and 3, respectively. In each section,

the material on single-channel networks is presented in detail, followed by a discussion

on how to easily extend the arguments to multi-channels networks.

A.1 Proofs of Chapter 2

First, the proof that (2.6) is a convex optimization problem after the change of variables

pi = eyi , qi = ezi follows.

Proof of Lemma 2.1. The power constraints in (2.6) map to eyi ≤ pmax
i ; the SINR

constraints (2.6b) become γmin
i h−1

ii ezi−yi ≤ 1, (γmax
i )−1hiie

yi−zi ≤ 1; and local IpN con-

straints in (2.6c) translate to nie
−zi +

∑

k 6=i hkie
yk−zi ≤ 1. The transformed constraints

are convex in y = [y1, . . . , yM ]T and z = [z1, . . . , zM ]T , since all left-hand sides are com-

positions of nonnegative sum of exponentials (which are convex functions) with affine

mappings [57, Secs. 3.1 and 3.2]. What remains to show is that the objective in (2.6a)

is concave in y, z. Since it is a nonnegative sum of ui(e
yi−zi+lnhii) terms, it suffices for

ui(e
x) to be concave in the scalar x ∈ R, that is, d2ui(e

x)/dx2 ≤ 0 ⇔ −ξu′′i (ξ)/u
′
i(ξ) ≥ 1,

where ξ = ex (cf. Assumption 2.1).

To prove Proposition 2.1, the following lemma, which applies to the case where all

users have maximum SINR constraints, is required.
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Lemma A.1. If Assumption 2.2 holds and there is no p in the feasible set of (2.2)

such that γi = γmax
i for all i ∈ M, then there are no p, q in the feasible set of (2.6)

such that hiipi/qi = γmax
i for all i ∈ M.

The previous lemma relates the (non-)achievability of γmax in problem (2.2) (cf.

Assumption 2.3) and the relaxed (2.6). It is useful because although the optimality of the

relaxation relies on the non-achievability of γmax in the relaxed problem—as we will see

shortly in the proof of Prop. 2.1—the non-achievability condition (cf. Assumption 2.3)

can be practically checked for (2.2) using Yates’ standard power control algorithm,

involving only the variables pi.

Proof of Lemma A.1. The feasibility problem of the SINRs γmax
i in (2.2) can be written

as

p = D(γmax)Ap+D(γmax)η (A.1a)

0 < p ≤ pmax (A.1b)

Ap+ η ≤ ι (A.1c)

If the spectral radius of D(γmax)A satisfies ρ(D(γmax)A) < 1, then the linear system

in (A.1a) accepts a unique positive solution [60, Th. 2.1])

p(γmax) := (I−D(γmax)A)−1
D(γmax)η. (A.2)

Since (A.1) does not have a solution by assumption, one of the following two mutually

exclusive cases can happen: (i) ρ(D(γmax)A) ≥ 1; or (ii) ρ(D(γmax)A) < 1 but with

p(γmax) � pmax or Ap(γmax) + η � ι.1

Achievability of γmax in (2.6) can now be posed as the following feasibility problem

in p, q:

γmax
i = hiipi/qi ∀i ∈ M (A.3a)

qi ≥ ni +
∑

k 6=i
hkipk ∀i ∈ M (A.3b)

qi ≤ qmax
i ∀i ∈ M (A.3c)

0 < p ≤ pmax. (A.3d)

1 The notation � means that at least one entry of the vectors does not satisfy the inequality ≤.
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Clearly, q can be eliminated, so (A.3) becomes

p ≥ D(γmax)Ap+D(γmax)η (A.4a)

0 < p ≤ pmax (A.4b)

D(γmax)−1p ≤ ι. (A.4c)

If ρ(D(γmax)A) ≥ 1, then (A.4a) cannot have a nonnegative solution (p ≥ 0). If it

does, the Subinvariance Theorem [60, Th. 1.6] and η > 0 leads to a contradiction.

If ρ(D(γmax)A) < 1, the solutions of (A.4a) form a cone with apex p(γmax), and

p ≥ p(γmax) for all p in the cone [61]. Now, if p(γmax) � pmax, then (A.4) represents

an empty set [61, Lemma 3].

In the case that ρ(D(γmax)A) < 1 and Ap(γmax) + η � ι, we show that there is

no p such that (A.4c) holds. Indeed, in order for such p to exist, it is necessary that

D(γmax)−1p(γmax) ≤ ι. But invoking (A.1a) and Ap(γmax) + η � ι, it is concluded

that D(γmax)−1p(γmax) = Ap(γmax) + η � ι.

Proof of Proposition 2.1. First note that the feasibility of (2.2) implies the feasibility

of (2.6), and a solution to (2.6) exists due to Weierstrass’ Theorem [55, Prop. A.8].

Having shown the existence of solution to (2.6), the proof of (2.7) is by contradiction.

Assume that there exists a user i with dominant qi, meaning that at the optimum (2.6c)

is inactive for user i, i.e.,

q∗i > ni +
∑

k 6=i
hkip

∗
k. (A.5)

If all users have maximum SINR constraints, then from Lemma A.1 it follows that

at the optimum of (2.6) (in fact at any feasible p, q of (2.6)), at least one user m will

have inactive γmax
m ; i.e., γ∗m = hmmp∗m/q∗m < γmax

m . Any such user at the optimal point

must have non-dominant q∗m, i.e.,

q∗m = nm +
∑

k 6=i
hkmp∗k; (A.6)

otherwise, q∗m could be reduced, yielding higher objective value. (Note also that a

reduced q∗m still satisfies q∗m ≤ qmax
m .) In the case of at least one user not having maximum

SINR constraint, (A.6) obviously holds for that user. Comparing (A.5) with (A.6), it

follows that i 6= m. Moreover, since it has been assumed that q∗i is dominant, then

hiip
∗
i /q

∗
i = γmax

i . Thus, the user set M can be divided into three disjoint groups G1, G2,
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User set M

9 z

G1: Inactive γmax

m

?

Active q∗m

Active γmax

i

= ~

G2: Inactive q∗i
(dominant)

G3: Active q∗j

Figure A.1: Division of user set in proof of Proposition 2.1.

G3 (cf. Fig. A.1). In G1 are the users with inactive (or absent) γmax
m (these must have

non-dominant q∗m). Groups G2, G3 contain users with active maximum SINR constraint

and in particular G2 contains the ones with dominant qi.

Now consider the user i ∈ G2 with dominant q∗i [cf. (A.5)] and active γmax
i ; and a

user m ∈ G1 with non-dominant q∗m [cf. (A.6)]. Due to the irreducibility of A, there

exists a sequence of distinct indices i = k0, k1, . . . , kl−1, kl = m with the property

{k1, . . . , kl−1} ∈ G2 ∪ G3 for some m ∈ G1 such that the corresponding channels are

positive, i.e., hk0k1 > 0, . . . , hkl−1,kl > 0 [60, Sec. 1.2].

The main argument is that one can successively decrease p∗kι and q∗kι , ι = 0, 1, . . . , l−

1, but keep the same “local SINR” hkιkιp
∗
kι
/q∗kι = γmax

kι
, until reaching user m with

inactive γmax
m . Note that p∗kι > 0 for ι = 0, 1, . . . , l − 1, since γmax

kι
> 0. Specifically,

attempt to decrease both p∗i , q
∗
i by the same proportion, i.e., set p̌i = αk0p

∗
i , q̌i = αk0q

∗
i

with αk0 < 1. Note that by decreasing p∗i and q∗i , the power constraints pmax
i , the

maximum interference constraints qmax
i , and the rest local IpN constraints for indices

other that i are still satisfied. The resulting “local SINR” for i is still maximum, but

q∗k1 has become dominant since hk0k1 > 0, i.e., q∗k1 > nk1 +
∑

k 6=i,k1
hk,k1p

∗
k + hik1 p̌i.

Then p∗k1 and q∗k1 can be reduced, rendering q∗k2 dominant. Proceeding likewise across

ι = 0, . . . , l − 1, p∗kι and q∗kι can be reduced, yielding

q∗kι+1
> nkι+1

+
∑

k∈{k0,...,kι}

hk,kι+1
p̌k +

∑

k/∈{k0,...,kι}

hk,kι+1
p∗k.

When m ∈ G1 is reached (ι+1 = l), q∗m is decreased but without changing p∗m (recall

that γ∗m < γmax
m ). This yields a higher γm, and a higher objective value, which is a

contradiction.
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Turning now to multi-channel networks, and to Lemma 2.2, notice that the power

and interference constraints as well as the local IpN constraints are convex constraints,

because the sum of exponentials is a convex function. The objective function and the

minimum QoS constraint functions are concave, using the same argument as in the proof

of Lemma 2.1. Similarly, the maximum QoS function is convex, and upper-bounding it

gives a convex constraint.

Regarding Proposition 2.2, the proof is again by contradiction. The main argument

must be made for every channel, hence the need for Assumption 2.7. Moreover, note

that p∗i,f > 0 for all i and f due to Assumption 2.4; hence, it is possible to successively

reduce the powers and arrive to a contradiction.

A.2 Proofs of Chapter 3

Now, the proofs of Lemma 3.1, Proposition 3.1, and Lemma 3.2 are provided.

Proof of Lemma 3.1. (i) Since problem (2.6) has an additional convex set constraint,

(y, z) ∈ Y×Z, we use the necessary conditions of [55, Prop. 3.3.11]. These conditions are

more general than the KKT, in that they also include a multiplier for the gradient of the

objective function (not only the constraints). But when Slater’s constraint qualification

holds (cf. Assumption 3.1), such a multiplier is not needed—see e.g., [55, pp. 334–335].

The additional constraint set Y×Z has special structure, described by the following

property: If (y, z) ∈ Y × Z, then any (y̆, z̆) with y̆ ≤ y and z̆ ≤ z also satisfies

(y̆, z̆) ∈ Y × Z. This structure can be exploited using the trick of [55, Example 2.1.1]

in order to write the first of the aforementioned optimality conditions as

∂L(ω)

∂yi

∣

∣

∣

∣

(y∗,z∗,ν∗,λ∗,µ∗)

≤ 0,
∂L(ω)

∂zi

∣

∣

∣

∣

(y∗,z∗,ν∗,λ∗,µ∗)

≤ 0 ∀i ∈ M. (A.7)

It will be shown that µ∗>0. This cannot be concluded from ∂L/∂zi ≤ 0 alone

(using (3.16b) into (A.7)), due to the term arising from the maximum SINR constraint.

Now, summing the two inequalities in (A.7), it is concluded that ∂L/∂yi+∂L/∂zi = −θi

for some θi ≥ 0. Substituting (3.16a) and (3.16b) into the latter, arranging it into

matrix form, and using (2.7), we obtain the following linear system of equations that

the optimal µ∗ must satisfy:

[I−D(ey
∗

i )ATD(hiie
−z∗i )]µ∗ = θ (A.8)
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where slightly abusing notation, here D(xi) denotes an M ×M diagonal matrix with el-

ements x1, . . . , xM on the diagonal. The matrix D(ey
∗

i )ATD(hiie
−z∗i ) is irreducible, and

has column sums smaller than 1 due to (2.7) and ni > 0; hence ρ[D(ey
∗

i )ATD(hiie
−z∗i )] <

1 [62, Th. 8.1.22]. Furthermore, we have θ ≥ 0 and θ 6= 0 (the reason why θ 6= 0 will

be explained soon). Now using [60, Th. 2.1] it follows readily that the solution of

system (A.8) is positive, i.e., µ∗ > 0.

Assume that θ = 0. Since ρ[D(ey
∗

i )ATD(hiie
−z∗i )] < 1, matrix I−D(ey

∗

i )ATD(hiie
−z∗i )

is invertible and the solution of (A.8) is µ∗ = 0. Now from Assumption 2.3, there is

a user i for whom γ∗i < γmax
i . From the (weak) complementary slackness condition

in [55, Prop. 3.3.11], it follows that λ∗
i = 0. Substituting λ∗

i = 0 into ∂L/∂zi ≤ 0 [cf.

(A.7)], Assumption 2.1a yields µ∗
i > 0, contradicting µ∗ = 0.

(ii) The main idea is to show that the Hessian (with respect to the primal variables

y, z) of the Lagrangian function (3.13) evaluated at the optimal Lagrange multipliers

is positive definite for all (y, z) ∈ R
2M . In particular, the Hessian is positive semidef-

inite, since problem (2.6) is convex. Here, it is shown that for the optimal Lagrange

multipliers, the Hessian is invertible for all (y, z) ∈ R
2M .

The Hessian with respect to the primal variables y, z takes the partitioned form

∇2L(y, z,ν∗,λ∗,µ∗) =

[

∇2
yyL ∇y∇zL

∇z∇yL ∇2
zzL

]

:=

[

H11 H12

H21 H22

]

. (A.9)

Specifically, the diagonal blocks H11, H22 are

H11 = −D

[

u′′i

(

hiie
yi

ezi

)(

hiie
yi

ezi

)2

+ u′i

(

hiie
yi

ezi

)

hiie
yi

ezi

]

+D

(

eyi
∑

j 6=i
hijµ

∗
je

−zj

)

+D

(

λ∗
i

γmax
i

hiie
yi

ezi
+ ν∗i γ

min
i

ezi

hiieyi

)

(A.10a)

H22 = −D

[

u′′i

(

hiie
yi

ezi

)(

hiie
yi

ezi

)2

+ u′i

(

hiie
yi

ezi

)

hiie
yi

ezi

]

+D

[

µ∗
i e

−zi

(

ni +
∑

k 6=i
hkie

yk

)]

+D

(

λ∗
i

γmax
i

hiie
yi

ezi
+ ν∗i γ

min
i

ezi

hiieyi

)

(A.10b)

The diagonal blocksH11, H22 are diagonal matrices, with positive diagonal elements due

to Assumptions 2.1 and 2.2, and µ∗ > 0. (In particular, the irreducibility of A implies

that for every i, there are indices j 6= i and k 6= i such that hij 6= 0 and hki 6= 0.) The
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off-diagonal blocks satisfy H21 = HT
12 with

H12 = D

[

u′′i

(

hiie
yi

ezi

)(

hiie
yi

ezi

)2

+ u′i(
hiie

yi

ezi
)(
hiie

yi

ezi
)

]

−D(eyi)ATD

(

µ∗
ihii
ezi

)

−D

(

λ∗
ihiie

yi

eziγmax
i

+
ν∗i γ

min
i ezi

hiieyi

)

.

The off-diagonal blocks H12 and H21 are nonpositive matrices. To show that the

Hessian is nonsingular, we apply [63, Ch. 6, Th. 2.3, Condition (J30)]. The vector that

satisfies the aforementioned condition for the Hessian matrix here is the vector of length

2M with 1 in each entry. Then, with (H)ij denoting the i, j entry of the Hessian, the

condition becomes

i
∑

j=1

(H)ij > 0,
M+i
∑

j=1

(H)M+i,j > 0, i = 1, . . . ,M. (A.11)

It holds that
∑i

j=1(H)ij = (H)ii and
∑M+i

j=1 (H)M+i,j = µ∗
ini/e

zi , i = 1, . . . ,M . Then

the first condition in (A.11) is true because the diagonal entries of H11 are positive;

while the second holds because µ∗ > 0 and ni > 0 (cf. Assumption 2.2).

Proof of Proposition 3.1. The iterations (3.14) solve for a saddle point of the Lagrangian

(3.13) over Y × Z × R
3M
+ . So, the first step is to assert that the optimal ω’s in (3.3)

are exactly these saddle points. Then, the convergence claim is proved directly after

invoking [56, Th. 1], and therefore it suffices to show that the conditions required by

the theorem are satisfied.

Indeed, the optimal primal solutions and geometric multipliers of (2.6) are exactly

the saddle points of (3.13) over Y × Z × R
3M
+ [55, Prop. 5.1.6]. But the geometric

multipliers coincide with the Lagrange multipliers associated with the optimal solu-

tion [59, Prop. 6.1.2] since the problem is convex and a solution exists (cf. the proof of

Proposition 2.1). Finally, the set of Lagrange multipliers associated with the optimal

primal solution is nonempty due to Assumption 3.1 (cf. the proof of Lemma 3.1).

Now, it is shown that the three conditions of [56, Th. 1] hold for the problem at

hand.

(i) The sets over which the saddle points are sought (Y × Z ×R
3M
+ ) are closed and

convex.
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(ii) The set of saddle points of the Lagrangian is bounded. First it has to be shown

that the set of optimal primal solutions is bounded; but this follows readily from Weier-

strass’ theorem (cf. the proof of Proposition 2.1). Moreover, the set of Lagrange mul-

tipliers associated with the optimal primal solution is bounded [59, Prop. 6.4.3], due to

Assumption 3.1.

(iii) For any (y, z) 6= (y∗, z∗) it holds that L(y∗, z∗,ν∗,λ∗,µ∗) < L(y, z,ν∗,λ∗,µ∗)

(referred to in [56] as stability of the saddle points with respect to (y, z)). This fol-

lows immediately from the strict convexity of L(y, z,ν∗,λ∗,µ∗) in (y, z) over R
2M

(cf. Lemma 3.1).

Proof of Lemma 3.2. Under the stated assumptions, [64, Th. 2.3.2] asserts that utot(δ)

has directional derivative in any direction in R
M , with values in the directions ei and

−ei as listed in Table 3.1 (1st and 3rd entries). Regarding the bounds, note that the

first one is immediate, as long as we have a value λ∗
i . In order to derive the second

one, note first that the optimality condition ∂L/∂zi ≤ 0 [cf. (A.7)] takes the form

∂L/∂zi = 0 because the set Z is now Z = R
M . Then, the bound is derived by writing

the equality ∂L/∂zi = 0, using (2.7), and assuming that the γmax
i constraint is active,

so that γ∗i = γmax
i and ν∗i = 0.

Now turning to multi-channel networks, the first part of Lemma 3.3 can be shown

again by manipulating the necessary optimality conditions ∂L/∂yi,f ≤ 0, ∂L/∂zi,f ≤ 0

and arriving to a linear system of the form (A.8) per channel. Note that the additional

constraint set Y × Z still has the desirable structure. For the second part, the Hessian

is block diagonal, where each block corresponds to the variables organized per channel

and has the form of (A.9). The proof then follows the proof of Lemma 3.1(b); we apply

again [63, Ch. 6, Th. 2.3, Condition (J30)], where now the vector of all ones and length

2MF works. Finally, Proposition 3.2 can be proved by invoking [56, Th. 1] and using

arguments similar to those in the proof of Proposition 3.1.



Appendix B

Proofs of Chapter 4

The notations of Section 4.1 and Assumptions 4.1–4.3—we will refer to them as “bound-

edness assumptions”—are supposed to hold throughout. Let x∗ and ζ∗ denote an op-

timal primal solution and an optimal Lagrange multiplier vector for (3.8), respectively

The proofs adapt methods from [48]. We begin with a lemma about the successive iter-

ates x(t), ζ(t) and x(t+1), ζ(t+1) generated by (4.1), which will be useful in proving

results for both types of averaging.

Lemma B.1. For all x ∈ X , ζ ∈ D, and t ≥ 0, it holds that

(i) ‖ζ(t+1)−ζ‖2 ≤ ‖ζ(t)−ζ‖2+2α∇ζL(x(t), ζ(t))
T (ζ(t)−ζ)+2αǫ‖ζ(t)−ζ‖+α2(BL+ǫ)2

(B.1)

(ii) ‖x(t+1)−x‖2 ≤ ‖x(t)−x‖2−2α(L(x(t), ζ(t))−L(x, ζ(t)))+2αr‖x(t)−x‖+α2(BL+r)2

(B.2)

Proof of Lemma B.1. (i) Using the nonexpansive property of the projection [59, Prop. 2.2.1],

it follows from (4.1b) that for all ζ ∈ D,

‖ζ(t+ 1)− ζ‖2 ≤ ‖ζ(t) + α(∇ζL(x(t), ζ(t)) + ǫ(t))− ζ‖2 (B.3)

= ‖ζ(t)− ζ‖2 + 2α∇ζL(x(t), ζ(t))
T (ζ(t)− ζ) + 2αǫ(t)T (ζ(t)− ζ)

+ α2‖∇ζL(x(t), ζ(t)) + ǫ(t)‖2. (B.4)

Invoking Cauchy-Schwartz inequality and the boundedness assumptions, (B.1) follows.
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(ii) Again, using the nonexpansive property of the projection [59, Prop. 2.2.1], it

follows from (4.1a) that for all x ∈ X ,

‖x(t+ 1)− x‖2 ≤ ‖x(t) + α(∇xL(x(t), ζ(t)) + r(t))− x‖2 (B.5)

= ‖x(t)− x‖2 + 2α∇ζL(x(t), ζ(t))
T (x(t)− x) + 2αr(t)T (x(t)− x)

+ α2‖∇xL(x(t), ζ(t)) + r(t)‖2. (B.6)

Invoking Cauchy-Schwartz inequality and the boundedness assumptions, it is concluded

that

‖x(t+ 1)− x‖2 ≤ ‖x(t)− x‖2 + 2α∇ζL(x(t), ζ(t))
T (x(t)− x) + 2αr‖x(t)− x‖

+ α2‖BL + r‖2. (B.7)

By convexity of L(x, ζ) with respect to x, it follows that [57, Sec. 3.1.3]

∇ζL(x(t), ζ(t))
T (x(t)− x) + L(x(t), ζ(t)) ≤ L(x, ζ(t)). (B.8)

Combining the last two inequalities, (B.2) follows.

Now, the the focus turns to averaging (4.2). To facilitate proving the results, we

will also consider the running average ζ̄(t) of Lagrange multipliers, together with x̄(t):

ζ̄(t) :=
1

t

t−1
∑

i=0

ζ(i). (B.9)

The following lemma characterizes the running average of the Lagrangian function

values at x(t) and ζ(t), and will be used in the proof of Proposition 4.1

Lemma B.2. For all t ≥ 1, it holds that

1

t

t−1
∑

i=0

L(x(i), ζ(i))− f∗ ≤
‖x(0)− x∗‖2

2αt
+ r(Bx +B∗

x) +
α(BL + r)2

2
. (B.10)

Proof of Lemma B.2. It follows from (B.2) that for all x ∈ X , i ≥ 1

L(x(i), ζ(i))−L(x, ζ(i)) ≤
‖x(i)− x‖2 − ‖x(i+ 1)− x‖2

2α
+ r‖x(i)−x‖+

α(BL + r)2

2
.

(B.11)
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Summing the latter for i = 0, . . . , t− 1 and dividing by t, it follows that

1

t

t−1
∑

i=0

L(x(i), ζ(i))−
1

t

t−1
∑

i=0

L(x, ζ(i)) ≤
‖x(i)− x‖2

2αt
+

1

t

t−1
∑

i=0

r‖x(i)− x‖+
α(BL + r)2

2
.

(B.12)

It holds by concavity of L(x, ζ) with respect to ζ that

1

t

t−1
∑

i=0

L(x∗, ζ(i)) ≥ L(x∗, ζ̄(t)) ≥ L(x∗, ζ∗) = f∗. (B.13)

Using the latter, x = x∗, and the boundedness assumptions into (B.12), we obtain (B.10).

Next, the proof of Proposition 4.1 is given.

Proof of Proposition 4.1. (i) It follows from (B.1) for all ζ ∈ D that

∇ζL(x(i), ζ(i))
T (ζ−ζ(i)) ≤

‖ζ(i)− ζ‖2 − ‖ζ(i+ 1)− ζ‖2

2α
+ ǫ‖ζ(i)−ζ‖+

α(BL + ǫ)2

2
.

(B.14)

Using the convexity of L(x, ζ) with respect to ζ, we obtain

(ζ(i)− ζ∗)T∇ζL(x(i), ζ(i)) ≤ L(x(i), ζ(i))− L(x(i), ζ∗) ≤ L(x(i), ζ(i))− f∗. (B.15)

Eq. B.14 and B.15 are combined in order to obtain the following result.

(ζ − ζ∗)T∇ζL(x(i), ζ(i)) ≤ (ζ − ζ(i))T∇ζL(x(i), ζ(i)) + (ζ(i)− ζ∗)T∇ζL(x(i), ζ(i))

(B.16)

≤
‖ζ(i)− ζ‖2 − ‖ζ(i+ 1)− ζ‖2

2α
+ ǫ‖ζ(i)− ζ‖+

α(BL + ǫ)2

2

+ L(x(i), ζ(i))− f∗. (B.17)

Summing the latter for i = 0, . . . , t− 1, and dividing by t, we obtain

1

t

t−1
∑

i=0

(ζ − ζ∗)T∇ζL(x(i), ζ(i)) ≤
‖ζ(0)− ζ‖2

2α
+

1

t

t−1
∑

i=0

ǫ‖ζ(i)− ζ‖+
α(BL + ǫ)2

2

+
1

t

t−1
∑

i=0

L(x(i), ζ(i))− f∗. (B.18)
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Using (B.10), we further obtain for all ζ ∈ D

1

t

t−1
∑

i=0

(ζ − ζ∗)T∇ζL(x(i), ζ(i)) ≤
‖ζ(0)− ζ‖2

2α
+

1

t

t−1
∑

i=0

ǫ‖ζ(i)− ζ‖+
α(BL + ǫ)2

2

+
‖x(0)− x∗‖2

2αt
+ r(Bx +B∗

x) +
α(BL + r)2

2
.

(B.19)

Now, consider the following vector:

ζ̆ := ζ∗ + ̺

[

∑t−1
i=0 g(x(i))

]+

∥

∥

∥

∥

[

∑t−1
i=0 g(x(i))

]+
∥

∥

∥

∥

. (B.20)

It is easy to verify using the triangle inequality that ζ̆ ∈ D. Noting that∇ζL(x(i), ζ(i)) =

g(x(i)), a straightforward calculation gives

t−1
∑

i=0

(ζ̆ − ζ∗)T∇ζL(x(i), ζ(i)) = ̺

∥

∥

∥

∥

∥

∥

[

t−1
∑

i=0

g(x(i))

]+
∥

∥

∥

∥

∥

∥

. (B.21)

Moreover, due to the convexity of g(x) and the fact that [.]+ is a nonnegative vector,

the following implications hold:

g(x̄(t)) ≤
1

t

t−1
∑

i=0

g(x(i)) (B.22)

⇒ [g(x̄(t))]+ ≤
1

t

[

t−1
∑

i=0

g(x(i))

]+

(B.23)

⇒
∥

∥[g(x̄(t))]+
∥

∥ ≤
1

t

∥

∥

∥

∥

∥

∥

[

t−1
∑

i=0

g(x(i))

]+
∥

∥

∥

∥

∥

∥

. (B.24)

It follows from (B.19), (B.21), and (B.24) by taking the sup over D [cf. (4.8)] that1

∥

∥[g(x̄(t))]+
∥

∥ ≤ sup
ζ∈M

1

̺t

t−1
∑

i=0

(ζ − ζ∗)T∇ζL(x(i), ζ(i)) (B.25)

≤ sup
ζ∈D

‖ζ(0)− ζ‖2

2α
+

1

t

t−1
∑

i=0

ǫ sup
ζ∈D

‖ζ(i)− ζ‖+
α(BL + ǫ)2

2

1 Recall that even if D is not bounded, the iterates are still assumed to lie in a set given be the
right-hand side of (4.8), so the sup can be taken over that set.
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+
‖x(0)− x∗‖2

2αt
+ r(Bx +B∗

x) +
α(BL + r)2

2
(B.26)

which gives (4.9).

(ii) By using the convexity of f(x), adding and subtracting the same terms to f(xi)

below, and using (B.10), we obtain

f(x̄(t))− f∗ ≤
1

t

t−1
∑

i=0

f(x(i))− f∗ (B.27)

=
1

t

t−1
∑

i=0

L(x(i), ζ(i))− f∗ −
1

t

t−1
∑

i=0

ζ(i)Tg(x(i)) (B.28)

≤
‖x(0)− x∗‖2

2αt
+ r(Bx +B∗

x) +
α(BL + r)2

2
−

1

t

t−1
∑

i=0

ζ(i)Tg(x(i)).

(B.29)

The concavity of the Lagrangian function with respect to ζ implies that

∇ζL(x(i), ζ(i))
T (ζ − ζ(i)) + L(x(i), ζ(i)) ≥ L(x(i), ζ). (B.30)

Using the latter in (B.1) with ζ = 0 ∈ D, and noting that L(x(i), ζ(i)) − L(x(i),0) =

ζ(i)Tg(x(i)), it follows that

‖ζ(i)‖2 ≤ ‖ζ(0)‖2 + 2αζ(i)Tg(x(i)) + 2αǫ‖ζ(t)‖+ α2(BL + ǫ)2. (B.31)

Summing the latter for i = 1, . . . , t − 1, dividing by 2αt, and using the boundedness

assumptions, we obtain

−
1

t

t−1
∑

i=0

ζ(i)Tg(x(i)) ≤
‖ζ(0)‖2

2αt
+ ǫBζ +

α(BL + ǫ)2

2
. (B.32)

Using (B.32) into (B.29), (4.10) follows.

(iii) It holds that

f(x̂(t)) = L(x̂(t), ζ∗)− ζ∗Tg(x̂(t)) ≥ f∗ − ζ∗Tg(x̂(t)) (B.33)

and that

− ζ∗Tg(x̂(t)) ≥ −ζ∗T [g(x̂(t))]+ ≥ −‖ζ∗‖ ‖[g(x̂(t))]+‖. (B.34)

Using (B.34) into (B.33), (4.11) follows.
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Now, focus is turned to running average (4.3). It will be helpful to consider also the

running average of the Lagrange multipliers,

ζ̂(t) :=

∑t−1
i=0 β

t−1−iζ(i)
∑t−1

i=0 β
t−1−i

=

∑t−1
i=0

1
βi ζ(i)

∑t−1
i=0

1
βi

, t = 1, 2, . . . (B.35)

The following lemma is a result about summations that appear frequently in the analysis

of averaging (4.3), and will be used in subsequent proofs.

Lemma B.3. It holds for all x ∈ X , ζ ∈ D, and t ≥ 2 that

(i)
1

St

t−1
∑

i=0

1

βi
(‖x(i)−x‖2−‖x(i+1)−x‖2) ≤

‖x(0)− x‖2

St
+

1

St

t−1
∑

i=1

(

1

βi
−

1

βi−1

)

‖x(t)−x‖2

(B.36)

(ii)
1

St

t−1
∑

i=0

1

βi
(‖ζ(t)−ζ‖2−‖ζ(t+1)−ζ‖2) ≤

‖ζ(0)− ζ‖2

St
+

1

St

t−1
∑

i=1

(

1

βi
−

1

βi−1

)

‖ζ(t)−ζ‖2

(B.37)

(iii)
1

St

t−1
∑

i=1

(

1

βi
−

1

βi−1

)

= (1− β)
1− βt−1

1− βt
.

(B.38)

Proof of Lemma B.3. (i) By simply re-arranging the terms in the summation, it holds

that

1

St

t−1
∑

i=0

1

βi
(‖x(t)− x‖2 − ‖x(t+ 1)− x‖2)

=
‖x(0)− x‖2

St
+

1

St

t−1
∑

i=1

1

βi
‖x(i)−x‖2−

1

St

t−2
∑

i=0

1

βi
‖x(i+1)−x‖2−

1

βt−1
‖x(t)−x‖2

(B.39)

from which (B.36) follows easily.

(ii) This is identical to (i).

(iii) The sum is telescopic. It follows that

1

St

t−1
∑

i=0

(

1

βi
−

1

βi−1

)

=

1
βt−1 − 1

St
=

1− βt−1

∑t−1
i=0 β

i
=

1− βt−1

1−βt

1−β

. (B.40)
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The convergence analysis is patterned after the previous one for averaging (4.2),

generalizing it to consider the varying weights βi. In the ensuing proofs, the main steps

for this generalization are summarized. The counterpart of Lemma B.2 follows now.

Lemma B.4. For all t ≥ 1, it holds that

1

St

t−1
∑

i=0

1

βi
L(x(i), ζ(i))− f∗

≤
‖x(0)− x∗‖2

2αSt
+

(Bx +B∗
x)

2

2α
(1− β)

1− βt−1

1− βt
+ r(Bx +B∗

x) +
α(BL + r)2

2
. (B.41)

Proof of Lemma B.4. Multiplying (B.11) with 1
βi , summing for i = 0, . . . , t − 1, and

dividing by St, it follows that

1

St

t−1
∑

i=0

1

βi
L(x(i), ζ(i))−

1

t

t−1
∑

i=0

1

βi
L(x, ζ(i))

≤
1

St

t−1
∑

i=0

1

βi
(‖x(i)− x‖2 − ‖x(i+ 1)− x‖2) +

1

St

t−1
∑

i=0

1

βi
r‖x(i)− x‖+

α(BL + r)2

2
.

(B.42)

Using the concavity of L(x, ζ) with respect to ζ as in the proof of Lemma B.2, in

combination with Lemma B.3 and the boundedness assumptions, (B.41) follows.

Next, Proposition 4.2 is proved using Lemma B.4.

Proof of Proposition 4.2. Multiplying (B.17) by 1
βi , summing for i = 0, . . . , t− 1, divid-

ing by St, and invoking Lemmas B.3 and B.4, it follows that for all ζ ∈ D,

1

St

t−1
∑

i=0

1

βi
(ζ − ζ∗)T∇ζL(x(i), ζ(i)) ≤

‖ζ(0)− ζ‖2

St
+

1

St

t−1
∑

i=0

(

1

βi
−

1

βi−1

)

‖ζ(t)− ζ‖2

+
1

St

t−1
∑

i=0

1

βi
ǫ‖ζ(i)− ζ‖+

α(BL + ǫ)2

2

+
‖x(0)− x∗‖2

2αSt
+

(Bx +B∗
x)

2

2α
(1− β)

1− βt−1

1− βt

+ r(Bx +B∗
x) +

α(BL + r)2

2
. (B.43)
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Consider the following vector:

ζ̆ := ζ∗ + ̺

[

1
St

∑t−1
i=0

1
βig(x(i))

]+

∥

∥

∥

∥

[

1
St

∑t−1
i=0

1
βig(x(i))

]+
∥

∥

∥

∥

. (B.44)

The rest of the proof continues as the proof of Proposition 4.1. In the present case,

the boundedness assumptions and Lemma B.3 are invoked after taking the sup of the

right-hand side of (B.43) over ζ ∈ D.

(ii) Following the proof of part (ii) of Proposition 4.1, we need a bound on the

quantity 1
St

∑t−1
i=0

1
βi ζ(i)

Tg(x(i)). This can be obtained by multiplying (B.31) with 1
βi ,

summing for i = 0, . . . , t−1, and invoking the boundedness assumptions and Lemma B.3.

(iii) This part is identical to part (iii) of Proposition 4.1.

Corollary 4.1 is proved next.

Proof of Corollary 4.1. For the purposes of the proof, define D2 = {ζ ≥ 0|‖ζ‖ ≤ B∗
ζ +

̺}. If the set D∞ is used for the projection, then (B.19) holds for all ζ ∈ D∞. But

D2 ⊂ D∞ and ζ̆ ∈ D2 [cf. (B.20)], so it is possible to take the sup over ζ ∈ D2 in (B.26).

The argument also holds for (B.43).

Finally, Lemma 4.1 is proved.

Proof of Lemma 4.1. Note that the assumptions of the lemma imply that the sequences

{x̄(t)} and {x̂(t)} indeed have limit points. Focusing first on averaging (4.2), assume

the claim is not true. Then, it holds that

dist(x̊,X ∗) > ε. (B.45)

There will be a subsequence {x̄(tk)}, k ∈ N with the property that x̄(tk) → x̊ as

k → ∞. Due to the continuity of the distance function, (B.45) implies that there will

be an integer k′ and an ε′ > 0 so that

dist(x̄(tk),X ) ≥ ε+ ε′ ∀k ≥ k′. (B.46)
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Fix an integer l so that tl > t′, l > k′. Now, since X ∗ is compact and convex, the

distance function is convex [59, Prop. 2.2.1]. It follows that for any k > l,

ε+ ε′ ≤ dist(x̄(tk),X
∗) (B.47)

≤
1

tk

tk−1
∑

i=0

dist(x(i),X ∗) (B.48)

≤
1

tk

tl−1
∑

i=0

dist(x(i),X ∗) +
1

tk

tk−1
∑

i=tl

dist(x(i),X ∗) (B.49)

Using that dist(x(i),X ∗) ≤ ε for all i ≥ t′ into the latter, it follows that

ε+ ε′ ≤
1

tk

tl−1
∑

i=0

dist(x(i),X ∗) +
1

tk

tk−1
∑

i=tl

ε (B.50)

=
1

tk

tl−1
∑

i=0

dist(x(i),X ∗)−
1

tk
tlε+ ε (B.51)

Recall that l is fixed. Taking k → ∞, we arrive at a contradiction, ε+ ε′ ≤ ε.

For the case of averaging (4.3), the proof is analogous.
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