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Abstract 
Using concepts of hierarchical multiscale modeling, we describe the development of a 

discrete element mesoscopic model for carbon nanotubes with intra-wall parameters 

derived from tight-binding atomistic simulations.  This model was implemented in the 

Particle Flow Code (PFC) software developed by Itasca Consulting Group, Inc.  This 

software is currently used for solving mainly macroscopic, geomechanical problems.  In 

the mesoscale model, the effect of covalent carbon-carbon bonding is captured via the PFC 

standard parallel bonds.  Long-range van der Waals forces developed between the tubes are 

described with a user-defined contact model of Lennard-Jones type, which is designed to 

work concurrently with the parallel bond logic.  To demonstrate the utility of this 

methodology, we apply the mesoscopic model to study self-assembly processes, including 

self-folding and bundle formation. 
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Chapter 1 Background on Carbon Nanotubes 
Research into carbon nanotubes (CNTs) has exploded in the last couple of decades.  

Often described as a “rolled up” sheet of grapheme (a single layer graphite crystal), a 

single-walled carbon nanotube (SWCNT), as seen in Figure 1.  Of course, in practice 

it is not possible to roll graphene up in this manner, and there is instead a variety of 

growth methods used to generate CNTs.  With a carbon-carbon chemical bonded 

composition, similar to that of diamond, these structures exhibit remarkable 

mechanical resilience and strength, as one might expect.  Beyond the noted structural 

properties, CNTs are also potentially useful in areas such as electronics with their 

exhibited tunable conductance. 

 

Figure 1 – CNT construction with graphene.  Though CNTs can not be created by rolling graphene in this 
manner, it is a good way to visualize the fundamental framework of these structures. 

On a higher level of complexity, the multi-walled carbon nanotube (MWCNT) is 

simply a concentric configuration of more than one SWCNT, as seen in Figure 2.  

Predictably, nesting SWCNTs within one another adds to the already extraordinary 

structural properties. 
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Figure 2 – MWCNT structure.  Multiple SWCNTs nested within one another make up a single MWCNT. 

Though research efforts in the area of carbon nanotubes continue to increase, there is 

still much to discover.  Potential uses for nanotubes are numerous, but even more 

numerous are the questions and uncertainties surrounding them.  All characteristics of 

CNTs must be investigated before all engineering opportunities with them can be 

fully realized. 

 

1.1 Investigations into Mechanical Response of CNTs 
To explore the basic capabilities of CNTs, much research has been done testing the 

fundamental bending and stretching modes of deformation.  Axial elongation and 

compression in nanotubes is often characterized in much the same manner as any 

macroscopic material deformation: in terms of elastic moduli.  Applying axial forces 

directly CNTs can be difficult due to their small cross-sectional size, therefore these 

critical criteria must be inferred from other experimental findings.  Such explorations 

tend to be even more difficult, because in addition to the size scales involved shells of 

this thickness buckle at rather small angles of deflection.  Generally, modulus 

determinations come in the form of the bending modulus (EI) if the CNT is treated as 

a beam.  With a known cross-sectional moment of inertia (I) the Young’s modulus 



 

 3 

(E) can be retrieved from such results.  Though in the regime of small deformations 

CNTs behave somewhat like cylindrical beams, it is important to note that the general 

definition of Young’s modulus as force over area (F/A) is essentially meaningless.  

Due to the single-atom thickness of the shell walls, a cross-sectional area is not well 

defined. 

 

Figure 3 – SWCNT bending.  Typical kinking of a SWCNT upon bending as shown by high-res TEM [11]. 

Through the years, experiments have been done by a number of different 

groups using both SWCNTs and MWCNTs attempting to determine the definitive 

value Young’s modulus.    Using a transmission electron microscope (TEM), Treacy 

et al. applied thermal excitation to CNTs to observe the resulting vibrations.  From 

measurements of the oscillatory bending, they were able to derive a value of 

E=1.8±0.9 TPa [26].  Another attempt was made by Krishnan et al. on SWCNTs, and 

they found a slightly different value of E=1.25 -0.35/+0.45 TPa [13].  In the multi-

wall regime, Poncharal et al. used electrostatic charge to deflect MWCNTs and used 

the results to measure the elastic modulus.  The value derived in their studies varied 

widely from 100 GPa to 1 TPa, and they concluded this drop in modulus from the 

values of the SWCNTs was due to the difference in the way the two types of 

nanotube exhibit bending nonlinearity.  While SWCNTs tend to kink and buckle at 
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relatively low angles of deformation, as seen in Figure 3, MWCNTs tend to develop 

periodic ripples, as seen in Figure 4. 

 

Figure 4 – MWCNT bending.  Periodic rippling pattern exhibited by MWCNT as shown by high-resolution 
TEM [19]. 

Though the mechanical properties of carbon nanotubes tend to get the bulk of 

the publicity, the electronic possibilities of these structures potentially hold just as 

much promise.  Through such works as that by Tombler et al., it has been shown that 

severe local deformation by bending can significantly and reversibly lower the 

electronic conductance of SWCNTs [25].  Subsequent simulations using tight-binding 

molecular dynamics later corroborated these findings.  In addition, tight-binding 

simulations have been used to investigate electronic phenomena exhibited by CNTs 

under torsion.  A periodic modulation of the electronic band structure has been 

observed in CNTs when the cylindrical shape is maintained [28].  With the above 

considerations, nanotubes are considered more and more to have intriguing 

prospective uses in nanoelectromechanical systems (NEMS).  Though the potential 

for such uses exist, the full realization of this potential can not be reached without 

further study. 
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1.2 Toxicity: Potential Hindrance to Engineering with CNTs 
Interest in CNTs for a wide range of engineering purposes is strong, but doing so 

requires investigation into any possible risks these nanostructures may pose.  

Specifically, investigations have been done into whether these fairly inert structures 

may behave similarly to asbestos in a biological environment [10].  With high aspect 

ratios and a potential to be incredibly biopersitent, the prospective toxicity of carbon 

nanotubes is a subject which requires a close look. 

 Asbestos has long been linked to cancer of the mesothelial lining called 

mesothelioma.  When tiny particles enter the lungs they are generally undergo a 

process called phagocytosis, and are disposed of naturally.  In the case of asbestos, 

and now possibly CNTs, this process can not be completed successfully, resulting in 

frustrated phagocytosis and potentially mesothelioma.  With the aspect ratios of these 

nanoparticles, they are small enough to enter the bronchial pathways, but too large for 

the body to get rid of naturally.  It has been found in lab studies, that mice injected 

with MWCNTs had high mortality rates caused by mesothelioma [22].  The potential 

danger seems much higher in MWCNTs than SWCNTs, as the latter are more likely 

to fold and buckle, thus lowering their aspect ratios. 

 Though dangers persist with these remarkable structures, studies on 

engineering prospects continue.  It would appear that the myriad of possible uses for 

CNTs creates a large audience willing to attempt to find safe ways of using them.  

From structural engineering to nanotechnology and electronics, carbon nanotubes 

have nearly limitless potential if only the topic of toxicity can be addressed.  

Overcoming this obstacle requires continued research and exploration to learn as 

much as possible about this ever-evolving field of study.  
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Chapter 2 Motivation and Overview 
With intriguing atomic construction, remarkable structural properties, and length-to-

diameter ratios that can reach into the hundreds of millions, carbon nanotubes are like 

no other engineering material currently in use.  Research on the topic of these tubes 

still has a lot of holes to be filled, and limitations of many research methods makes 

unlocking all CNT secrets difficult.  Because of this, investigation techniques 

continue to develop and advance in an attempt to extract as much information as 

possible from these useful but mysterious objects. 

 Simulation techniques very clearly need to be able to account for the covalent 

bonding present in individual nanotubes.  In addition to the covalent bonds in these 

systems, long-range van der Waals interactions must also be taken into account when 

modeling multiple-CNT systems.  When multiple CNTs are aligned parallel to one 

another, the minute long-range forces build up and become more and more crucially 

important.  It is these parallel surfaces which create relatively large van der Waals 

potentials between them making long-range interactions an unavoidable consideration 

in accurate CNT system modeling. 

 Provided a modeling technique is capable of representing the above 

considerations, the next question to answer becomes one of scope.  Though there are 

many molecular dynamics schemes in wide use today that can provide all of the 

above requirements, it is generally done at a high computational cost.  Because of 

this, simulations are done with a limited scope that may only represent a small portion 

of a single CNT.  Asking such a method to represent multiple CNTs with large 

length-to-diameter ratios and the interactions between them would not be reasonable.  

Instead reduced representations are considered that sacrifice some level of detail for 
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the sake of expanding the scope of the model.  A molecular dynamics model that 

could take a bank of super computers days to run can be run using a reduced 

representation in minutes powered by only a laptop.  The overall motivation in the 

end is to create a reasonably accurate representation of the mechanics of carbon 

nanotubes at a fraction of the computational cost in terms of computing power and 

run time compared with other, more widely utilized methods. 

 

2.1 Microscopic Modeling of CNTs 
Classical molecular dynamics (MD) is a numerical investigation technique that allows 

for studying the physical and dynamical properties of matter at the atomistic level.  

Through the use of various symplectic time integration algorithms, Newton’s second 

law of motion is solved to give the position and velocity of each atom, treated as a 

point mass, over a very small period of time [21].  The computational task is to solve 

the set of coupled differential equations given by: 

푚
푑푣⃑
푑푡 = 퐹 푟⃑ , 푟⃑ + 퐹 푟⃑ , 푟⃑ , 푟⃑ + ⋯                              (2.1푎) 

푑푟⃑
푑푡 = 푣⃑                                                                  (2.1푏) 

Where mi is the mass of atom i, 푟⃑  and 푣⃑  are its position and velocity vectors 

respectively, F2 is a force function describing pairwise interactions between atoms, F3 

describes three-body interactions, and many-body interactions can be added in the 

same way.  Several classical potentials have been devised for modeling carbon 

nanostructures, including Tersoff [23] and EDIP [12]. 

 An example of one type of algorithm that solves coupled position and velocity 
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equations for all atoms in the system is known as the velocity-Verlet integration 

method shown in Equation 2.2 a and b.  This algorithm is fairly commonly used in 

MD simulations, and it is prized for its stability and higher order of accuracy when 

compared with simpler methods. 

푟⃑ = 푟⃑ + 푣⃑ ∆푡 +
푎⃑
2 ∆푡                                               (2.2푎) 

푣⃑ = 푣⃑ +
푎⃑ + 푎⃑

2 ∆푡                                               (2.2푏) 

Where 푟⃑ , 푣⃑  and 푎⃑  represent the position, velocity, and acceleration, respectively, 

of a given particle at some iterative step n. This microscopic method of modeling and 

others like it make the assumption that it is feasible to fully describe all aspects of the 

position and motion of individual atoms, which is not currently possible with 

laboratory experiments. 

 With the predictive power and level of detail one can achieve though MD 

simulation methods, it would seem that they far exceed traditional experimentation in 

terms of usefulness and precision. They are used regularly in many areas of the 

sciences such as biology and chemistry.  In the areas of physics and engineering 

specifically, MD simulations are used in dealing with dynamical systems and 

statistical mechanics, as well as dealing with energy conservation and entropy as they 

pertain to thermodynamics [16].  Molecular dynamics methods, however, do suffer 

from mathematical errors as well as a few fundamental limitations.  Errors are 

produced by numerical approximations of the algorithms used, as well as the 

truncation of the numerical solutions of those algorithms [14].  The limitations of 

such methods exist mainly in terms of the scope of the model.  With the level of detail 
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MD simulations tend to employ, these methods can not be used for large systems or 

long time periods without suffering from great computational costs.  Although not 

perfect, molecular dynamics simulations are powerful and infinitely useful scientific 

tools. 

 

2.2 Mesoscale Modeling: Distinct Element Method 
The distinct element method (DEM) has many base similarities to typical molecular 

dynamics methods, but it also differentiates itself from MD in a number of crucial 

respects.  First applied by Cundall in 1971 for use in rock mechanics, this is a 

numerical model that computes the movement and interactions of particles.  Unlike 

molecular dynamics methods however, DEM allows the use of particles with complex 

geometries rather than simply considering point masses.  In its simplest description, 

and in keeping with descriptions given by Cundall [9], the particles can be considered 

as two-dimensional assemblies of discs.  Tracing interactions as they propagate 

through the system, this method is based on the idea that at a small enough time step, 

forces are only transferred to immediate neighbors.  Because of this, the algorithms 

used in this method evaluate all force and motion exchanges that take place only at 

the contacts between discs.  In a three dimensional system, all considerations are the 

same but the fundamental particle is considered to be a sphere rather than a disc. 

 These methods of modeling were first developed for use with geomechanics, 

but it was soon found that a myriad of systems could be modeled using this same 

logic.  Since its conception the distinct element method has been used to describe 

systems ranging from large mining tunnels, to microscopic particles, and beyond.  
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With the explicit efficiency of this scheme, thousands of particles can be considered 

in a model with a relatively low computational cost.  With the power of DEM at its 

core, the Itasca Consulting Group was established in 1981 with Cundall among its 

founding members.  Advocating the use of DEM codes for potentially any situation, 

the codes developed by this company quickly became more numerous and varied. 

 The Particle Flow Code (PFC) software is one of many commercially available 

codes developed by Itasca Consulting Group, Inc. that has DEM at its base.  Dealing 

largely in the civil, mining, and petroleum industries, the company is known for 

consulting in areas such as rock mechanics and hydrogeology [1].  As such, the codes 

developed by Itasca are in wide use solving mainly macroscopic, geological 

problems, which for the most part are far removed from the nanoscale subject matter 

investigated here.  PFC has been used as a modeling tool used to investigate open pit 

mines, ice sheet flows, and open voids in volcanic rock structures.  The software is 

built on such solid, fundamental physical equations, however, that there are many 

other potential uses out there yet to be explored. 

 On the surface, it is difficult to see what rock mechanic software has to do with 

carbon nanotubes.  The intriguing prospect in using this product, however, is that the 

foundations of this code are in place and are already widely used and understood.  

PFC has the potential to be used in any sort of application provided the model is 

properly parameterized to represent a given system.  Again though, up until very 

recently, this code has been used almost exclusively on large-scale problems dealing 

with such things as geological fracture mechanics.  To get this software to work on a 

much smaller scale takes some careful manipulation and a good deal of understanding 
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in the appropriate fields of micro and nanoscale physics.  Very recent developments 

with the use of PFC have led to considerations of micro and nanoscale systems, such 

as individual argon particles and water molecules.  The implications of considering 

such systems include long-range interactions discussed later. 

 

2.3 Coarse-Graining 
Due to the complexity present in the geometry of a single CNT, the computational 

expense can be immense.  Even with powerful computing machines, the sheer 

number of particles and bonds present along with all the interactions occurring 

between them, one can generally expect extremely long processing times.  Because of 

this limitation, MD studies are often conducted using a limited scope, dealing with 

only a small section of nanotube at a time, which can lead to lost or skewed data.  In 

an effort to cut down on the cost of machinery as well as the time required to run 

some CNT simulations, reduced “coarse-grained” representations will be attempted.  

Rather than explicitly representing each particle present in the system, this method of 

coarse-graining uses a single “super atom” to represent a selected group of particles. 

 

Figure 5 – Multiscale modeling of a CNT.  The complex “chicken wire” structure of a CNT (left) is replaced 
in this model by super atoms (right).  In the model used, these two structures do not exist together; this 

picture simply demonstrates the simplification. 
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 Paramount to the success of modeling a system like this is retaining all 

mechanical properties from the molecular dynamics of the CNT, and representing 

them in terms of these “super atoms.”  Using this hierarchical multiscale modeling, it 

is possible to utilize behavioral information of the system gained via MD simulations, 

while at the same time cutting down the computational intricacies of the model.  

There is a heavy importance on matching the behavior of the “grains” with 

experimental data and simulations that take into account all atoms in the system.  The 

attempted strategy is to lose as little information as possible in translation.  How 

many particles are lumped together, the scales being used, and the critical aspects of 

the model that need to be retained all vary widely depending on the specific 

application. 

 Using the above methods, it is possible to extract the appropriate information 

from molecular dynamics simulations to properly parameterize a coarse-grained 

CNT.  Doing so allows for much quicker processing speeds due to the fewer particles 

under consideration, and thus fewer calculations per iteration.  Utilizing the already 

established PFC code to should lead to a further steam-lining of running such 

simulations.  All of these considerations hopefully result in a process which is easier, 

faster, and less computationally expensive than similar simulations run with other 

methods. 
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Chapter 3 DEM Representation of CNT 
Systems 
The aim of this research is to take the fundamental structure of the PFC software and 

manipulate it in a series of proof-of-concept experiments to show that it is capable of 

a reasonable representation of a coarse-grained CNT.  To do this, it is important that 

the PFC representation exhibits a bonding structure analogous to the covalent bonds 

found in the carbon-carbon bonds that make up the CNT.  The system must also 

include some long-range interaction mechanic that mimics van der Waals forces in 

larger, more complex systems.  Within in the context of the PFC code, these are two 

very different “bonding” modes, but they are both accomplished in similar ways.  In 

coding, it is just a matter of creating the appropriate force-displacement law to 

represent either set of interactions. 

 

3.1 Atomic Units 
Before discussing the bonding models, the way in which the CNTs are defined in the 

PFC model is covered.  As is the case with many nanoscale studies, atomic units are 

used here for the sake of normalizing the model.  Also known as Hartree atomic units, 

this nomenclature suggests the Hartree is used as the fundamental unit of energy.  

Denoted Eh, the SI unit equivalent is 4.36 x 10-18 J.  The base unit of length in atomic 

units is the Bohr radius (ao) equal to 5.29 x 10-11 m.  The unit for mass is equal to that 

of the electron rest mass (me), which is 9.11 x 10-31 kg.  With all these units under 

consideration, it can be shown that the base time unit works out to be 1.03 fs.  For the 

most part, the use of these units is standard, and full descriptions of the units and the 

reasons for their use can be found elsewhere. 
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3.2 The CNT Structure 
 All parameters needed to fully describe a carbon nanotube can be derived from 

the chiral vector (n, m) of a given tube.  The values of n and m can be virtually any 

combination, and this combination of values can be informative as to the qualification 

of the nanotube.  Specific qualifications: zigzag and armchair, can be seen in the 

provided picture and follow simple rules.  Zigzag CNTs result from a “rolling” angle 

of 0˚ or a chirality of (n, 0), while armchair CNTs are produced at an angle of 30˚ or a 

chirality of (n, n). 

 

Figure 6 - Schematic of a sheet of graphene.  At which angle the sheet is “rolled” determines the (n, m) 
chirality of the resulting single walled carbon nanotube, as well as its resulting qualification. 

Much of what was done in this research was done using a (10, 10) armchair CNT.  

The calculation of the basic parameters is based on the translational symmetry 

exhibited in infinitely long carbon nanotubes.  With this symmetry, the CNT 

circumference is directly related to the modulus of the chiral vector: 
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|퐶 | = 푎 푛 + 푚 + 푛푚                                                (3.1푎) 

Where ccra 3 , and occ ar 683.2 is the optimized carbon-carbon bond length.  

Therefore: 

|퐶 | = √3 ∙ (2.683푎 ) 10 + 10 + 10 ∙ 10 = 80.49푎                   (3.1푏) 

From this it can easily be determined that the CNT radius RCNT = 12.81 ao, and the 

diameter DCNT = 25.62 ao.  The translational vector defines the length of translational 

cell of the CNT at which the symmetry can be observed.  This length is shown to be: 

|푇| =
√3|퐶 |
푑                                                          (3.2푎) 

Where dR = gcd(2n+m, 2m+n) or the greatest common divisor between these values.  

Therefore: 

|푇| =
√3 ∙ 80.49푎

30 = 4.65푎                                           (3.2푏) 

Along with this, it can also be shown that the number of carbon pairs within a 

translational vector is: 

푁 = 2(푛 + 푚 + 푛푚)/푑 = 2(10 + 10 + 10 ∙ 10)/30 = 20             (3.3) 

The length of a nanotube is not as strictly defined as the aforementioned parameters.  

This can be almost any value from a few nanometers up to the millimeter scale, and it 

largely depends on the methods used and the information sought.  In the course of this 

research, a number of different length CNTs were considered, and an explanation of 

each is provided later with the results. 

 Using the parameters defined above, the CNTs constructed using the PFC 

software were still left open to some level of choice.  It was chosen to assemble these 

nanotubes using the radius defined above as the ball radius.  The spacing of the 
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individual balls from one another was then made to be 2*T.  With these construction 

choices made and the PFC structure determined, it is possible to get a better idea of 

how the CNTs are represented with this software.  The following schematic drawing 

shows this structure. 

 

Figure 7 –Schematic showing R and T definitions in coarse-grained model. 

 

3.3 DEM Modeling of Covalent Carbon-Carbon Bonding: 
Parallel Bonds 
Carbon nanotubes have a structure that is composed ideally of all carbon-carbon 

bonds.  This covalent bonding formed by the sharing of electrons is responsible for 

many of the properties known to be exhibited by CNTs, including the incredible 

strength and structural resilience.  The goal then is to mimic covalent bonds between 

carbon particles using coarse-grained super-particles and some method of bonding 

them together.  There are two basic bonding structures defined within the PFC code 

that are considered to accomplish this goal: contact bonding and parallel bonding. 

 In the context of the PFC code, contact bonding is the simplest method which 

can be used to adhere one particle to another.  As the name implies, a contact bond 

exists at the point of contact between two entities.  Two particles come together and 

the respective stiffness of these two particles resists any forces pushing the particles 
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together by default, like two springs meeting at a point.  With contact bonds 

activated, the stiffness of each particle also resists any forces pulling the particles 

apart, like gluing the two springs together at single point.  The major hindrance of the 

contact bonds is the fact that they exist only at a point and thus do not transmit any 

moments between the two particles.  The particles can essentially roll around one 

another because of this.  Parallel bonds are used instead to get the desired results for 

CNT covalent bonding. 

 

Figure 8 – Contact vs parallel bonding.  The fact that a parallel bond (bottom) transmits moments between 
particles distinguishes it from a contact bond (top) which allows the particles to roll around one another. 

 Parallel bonds are used in PFC to transfer force-displacement information from 

one particle to another, but unlike contact bonds, these are capable of transmitting 

moments between particles.  The nomenclature used is done so to highlight the fact 

that this method of bonding can work in parallel with other bonding methods such as 

the contact bond.  A parallel bond can exist at the location where two particles come 
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into contact with one another where it establishes an elastic interaction between the 

particles. 

 

Figure 9 – Parallel bond definition.  The parallel bond as a cylindrical disk of material at a PFC particle 
contact.  Figure shows positions (x), forces (F), and moments (M) all being considered in the corresponding 

force-displacement equations below.  

This type of bond can be thought of as a finite-sized disk of material located at the 

contact point between two particles acting to resist both forces and moments [24].  

The characteristics of the response of a parallel bond to relative motion or rotation 

between two bodies is defined by a rather simple force-displacement relationship.  As 

the simulation is run over a number of timesteps, the forces in a single bond 

incrementally changes as follows: 

∆퐹 = −푘 퐴∆푈  

∆퐹 = −푘 퐴∆푈                                                      (3.4) 

with tVU ii   

Where kn and ks are the normal and shear stiffness discussed later, Vn and Vs are the 

relative velocities in the normal and shear direction respectively, and A is the area of 
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bond disk also discussed later.  Likewise, the normal and shear moments in a bond 

change as follows: 

∆푀 = −푘 퐽∆휃  

∆푀 = −푘 퐼∆휃                                                      (3.5) 

with   tA
i

B
ii    

Where the ω’s are the angular velocities of each particle, and J and I are moments of 

inertia defined as: 

퐽 =
1
2휋푅 ;  퐼 =

1
4휋푅                                                    (3.6) 

 To totally define a parallel bond, the following five parameters must be 

accounted for: normal and shear stiffness, normal and shear strength, and bond disc 

radius.  Defining each of these parameters requires careful consideration of the exact 

purpose and scope of this research.  The parallel bond strengths, for instance, are one 

parameter that do not need to mimic a real CNT.  For the purposes of this experiment, 

allowing the parallel bonds to break is not considered, therefore the bond strengths 

are set to very high values not to be exceeded.  Bond breakage within carbon 

nanotubes is a legitimate area of investigation, but will not be considered with this 

coarse-grained model at this time. 

 

3.4 Parameterization of Parallel Bonds from Microscopic 
Data 
 Most of the mechanical properties of carbon nanotubes, including elasticity, are 

dictated by the covalent bonding within the graphene structure.  By creating an 

accurate tight-binding description of the covalent bonding within a CNT, researchers 
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have been able to extract the Young’s and shear moduli for a variety of carbon 

nanotubes [27].  Using the values for Young’s modulus (E) and shear modulus (G) 

provided by this research, it is possible to derive values for normal and shear 

stiffness.  Dividing the total modulus by the length over which it resides (LB), the 

stiffness values can be derived as follows: 

푘 =
퐸
퐿 ;   푘 =

퐺
퐿                                                       (3.7) 

Although parallel bond length is not an input parameter, for the purposes of this 

research the parallel bonds are the only entities reacting to the motion of balls, and 

thus can be considered to have a length equal to the distance between balls.  

Therefore: 

푘 =
퐸

2푇 ;  푘 =
퐺

2푇                                                       (3.8)
 

 The parallel bond radius is used to define the area over which the bond stiffness 

is applied.  Because of this, the radius needs to be adjusted such that the value input 

for this parameter accounts for the negative space within a CNT.  The following 

procedure was used to define the parallel bond radius (RPB) using the relationships 

between cross-sectional areas: 

퐴 = 퐴 − 퐴                                                                                   

휋푅 = 휋푅 − 휋푅 ;   푅 = 푅 − 푡                                         

푅 = 푅 − (푅 − 푡)                                                           (3.9) 

푅 = 푅 − 푅 + 2푡푅 − 푡                                                      

푅 = 2푡푅 − 푡                                                                                 

Where t is the CNT/graphene thickness and neg refers to the negative space within 
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the CNT.  With the all input parameters defined for the parallel bonds, it is then 

possible to create a chain of PFC balls and bond them together in such a way to 

mimic a single carbon nanotube.  In the provided picture, the light colored balls 

represent the coarse-grained unit cell, and the blue lines denote the parallel bonds. 

 

 

Figure 10 – PFC representation of CNT with parallel bonds. 

As discussed, covalent bonding is not the only means by which CNTs interact.  This 

nearest-neighbor bonding comprises the main structural aspects of an individual 

nanotube, but long-range interactions also play a major part in the dynamics of a 

more complex system. 

 

3.5 DEM Modeling of Long-Ranged van der Waals 
Interactions Between CNTs 
Up to this point, all concepts and input parameters discussed have made it possible to 

simulate a coarse-grained carbon nanotube that exists in a vacuum and does not 

interact with anything else.  This is not a very realistic system, and there should 

instead be some way to interact with other objects, be they CNTs or not.  The only 

interactions that are taking place thus far are between nearest-neighbors via the 

parallel bond previously discussed.  In real nanoscale systems, other forces exist and 
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they can influence particles in the system without making direct physical contact with 

them.  These forces are known as the van der Waals forces. 

 Most often calculated via a potential energy function, van der Waals 

interactions are a fundamental aspect of molecular scale modeling.  A very common 

approximation for intermolecular interactions is the Lennard-Jones potential energy 

function.  This is a relatively simple function that approximates the behavior of 

molecules at this scale with strong repulsion at very small distances, and nearly zero 

interaction at great distances.  The equation is shown below along with a sample plot 

of this potential as a function of intermolecular distance. 

푉 푟 = 4휀
휎
푟 −

휎
푟                                      (3.10) 

 

Figure 11 – Lennard-Jones potential well as it compares to empirical data [4]. 

In the equation σ represents the intermolecular distance at which the potential is zero, 

and ε represents the depth of the energy well, or the equilibrium bond energy between 

two particles at a distance of 6 2 .  Both of these parameters are fundamentally 

dictated by the particles being studied, and they can generally be experimentally 

determined for a wide range of particles. 
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 As with the governing equations for parallel bonds, the Lennard-Jones 

interaction must incrementally modify the forces at a contact.  Using the fundamental 

relationship    rVrF   the Lennard-Jones potential energy equation can be 

modified to demonstrate the associated forces between two bodies as: 

퐹 푟 = 24휀 2
휎
푟

−
휎
푟

∙
푟⃑
푟                                (3.11) 

Based on the interparticle distance the force is incrementally changed during each 

time step. 

 

3.6 Van der Waals Representation from Continuum 
Modeling 
 Very recently, continuum research has been done specifically on the van der 

Waals interactions between two parallel tubes.  It was found that the energy per unit 

length can be described by the following equation: 

퐸(퐷,푅)
퐿 ≈ 4휀휌

3휋휎
8푅

21휎
32푅

퐴
(퐷 − 2) . −

퐴
(퐷 − 2) .                   (3.12) 

Where R is the radius of the CNT, ρc is an area density term, D is a reduced distance, 

and A12 and A6 are constants.  A full derivation complete with more thorough 

definitions can be found in Appendix A. For the sake of simplification, and to better 

show how this is related to the Lennard-Jones potential, the following substitutions 

are made: 

 

(3.13) 

 

2

32
21

8
3

66

126

6

12

4

6
2









R
r

R

Aa

A
R

a

L
R

ij
ij

c







 

 24 

 

With these substitutions in place, the energy equation takes on the following form, 

which is similar in form to the Lennard-Jones equation: 

퐸 푅 = 4휀′
푎
푅 . −

푎
푅 .                                        (3.14) 

The force between two bodies becomes: 

퐹 푅 = 4휀′
9.5 ∙ 푎
푅 . −

3.5 ∙ 푎
푅 . ∙

푟⃑
푟                          (3.15) 

Even with only a basic understanding of the changes made to the representative van 

der Waals potential equation, it is easy to see that Equation 3.12 is focused on more 

complex geometries than the Lennard-Jones potential in Equation 3.10.  For instance, 

the Lennard-Jones equation does not include any parameterization of the size or form 

of its subject matter, which enforces the fact that this potential is generally used only 

for point masses.  With the inclusion of a carbon nanotube radius parameter (R) as 

well as one for an area density (ρc) Equation 3.12 can handle subjects with much 

more complex geometries and forms. 

 Itasca’s Particle Flow Code was not initially designed to support intermolecular 

forces of this sort.  Within this software, a contact is only formed when particle 

surfaces interact.  Because of this, obtaining the desired results demands that the 

fundamental structures of the software be rethought such that the ball radius is treated 

instead as an interaction radius.  Since this introduces an irregular approach to 

utilizing contact mechanics in the PFC software, the standard contact models can not 

be used.  In such a situation, it is possible to write a new contact model that will then 

be used to dictate the interactions within the model.  This modification enables the 
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creation of contacts at a realistic distance for van der Waals interactions. 

 

Figure 12 – PFC representation of CNT showing interaction radius. 

 

3.7 User-Defined Contact Models 
The User-Defined Contact Model (UDM) logic employed by the PFC software allows 

virtually any interaction mechanics to be enlisted at the site of a contact.  It also 

allows for a bit of redefinition on the PFC concept of what a contact is and where it 

occurs.  During each time step relative motion of particles as well as other relevant 

information is extracted from the model and used within the contact model to dictate 

the force-displacement behavior between two particles in contact.  This is a very 

straight-forward definition of how the UDMs work, but it is due to this general 

simplicity that virtually anything is possible.  Whether being used to describe the 

exchange of kinetic energy between billiard balls, or to show the repulsion between 

two similarly charged particles, interaction models of any level of complexity can be 

established outside the existing models.  It is within the UDM logic that the van der 

Waals interactions are established for this system of CNTs. 

 Creating a UDM requires coding with C++ language outside the PFC interface. 

This independent code is then compiled separately one time and loaded into a PFC 

code by way of the dynamic link library (.dll) file that is subsequently created.  

Multiple UDMs in a single model require multiple files loaded into the necessary 
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code.  The versatility of this method comes from creating any sort of force-

displacement law by using interparticle force equations similar to those listed in 

previous sections.  Complete control of the system is given to the user with the ability 

to modify these equations in any conceivable way so long as the output updates the 

forces in the system.  A more complete description of the C++ code used for a UDM 

and a sample UDM file is provided in Appendix B. 

 

Figure 13 – Flow chart of a code using a UDM.  The input is done via the PFC interface, but the UDM 
dictates the behavior of all interactions within the model.  The UDM calculates the force-displacement law 
each timestep. 

 When dealing with user-defined contact models, PFC treats it with an all-or-

nothing approach.  Either all contact models are UDMs, or none of them are.  

Because of this, although the parallel bond contact model is built in to PFC, it must be 

redefined and loaded into PFC as a UDM.  This is mostly just a technicality, and 

when done properly the model works the same whether utilizing a PFC-defined 

PFC
Balls, simple contacts.

Input
CNTs, bundles, etc.

Output
Results

UDM
Force-Displacement Law
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parallel bond, or a user-defined bond.  They are both defined by the same force-

displacement law described by the equations above. 

Chapter 4 Tests and Results 
During the course of this investigation, two main carbon nanotube phenomena were 

studied as benchmarks to determine the usefulness of the PFC code for these 

purposes.  CNT bundles were studied to see how coarse-grained nanotubes behave in 

collections of identical tubes, and CNT rings were used as a comparative tool 

between the parallel bond and van der Waals bond logic.  Though there is much that 

is still uncertain about some of the specifics involved in these two phenomena, and 

they are used here mainly as proof-of-concept studies simply to show the PFC code is 

working as predicted. 

 

4.1 Mesoscale Simulations of a Single CNT 
To test the mechanics of the covalent bonding in this system, the first tests are done 

using a single carbon nanotube with simple applied loads.  Treated essentially as a 

hollow cylindrical cantilever, forces are applied to the CNT to gauge mechanical 

responses.  Both axial and transverse loads were placed on the tube in turn, and 

compared to the fundamental beam mechanics equations. 

∆ = 퐹푥
2퐸퐼 퐿 − 푥

3 + 푀푥
2퐸퐼

∆ = 푃푥
퐸퐴

                                                    (4.1) 

The results of the PFC simulations are shown in Table 1 along with the results of the 

beam mechanics equations.  For the bending experiment the applied force was 5x10-5 
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(Eh/ao), and for the axial test a force of 1x10-3 (Eh/ao) was applied.  The results are not 

surprising as this software has been used to model macroscopic cantilevers. 

 

Table 1 – Summary of CNT “cantilever” testing.  Units are Bohr radius (ao). 

  Numerical Analytical 
Relative 

Error 
Δz 2.0959E-01 2.0964E-01 < 0.1% 
Δx 1.1110E-02 1.1112E-02 < 0.1% 

 

As the data shows, this software is perfectly capable of representing the elasticity of a 

CNT to within 0.1% of the expected values.  Satisfied that a single CNT can be easily 

represented, the next test involves interactions between multiple nanotubes. 

4.2 Mesoscale Simulations of CNT Bundles 
Carbon nanotube bundles have been synthesized as multiple CNTs in axially parallel 

formations spaced equidistantly from one another, as shown in the provided picture.  

The equilibrium distance at which they sit from one another is determined by the van 

der Waals interactions between carbon atoms on neighboring tubes. 

 

Figure 14 – Axial view of CNT bundle [2]. 
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 For the purpose of this testing (10, 10) CNTs were placed in multi-CNT 

systems either involving two nanotubes, or seven.  They were made to be the same 

length and they were initially set at predetermined distances fairly close to predicted 

equilibrium distances.  In these simulations, no degrees of freedom are restricted so 

the nanotubes behave as if they exist in a vacuum with no other particles.  There is a 

parameter input in the code that acts as an energy drain for the sole purpose of getting 

the system to reach a state of equilibrium.  Represented in Table 2 are the results of 

the simulations of two and seven CNT bundles of two different lengths: their aspect 

ratios, equilibrium distances from one another, and the binding energies of the 

systems.  For the most part the results are as one would guess: when more particles 

are present in the model, the equilibrium distance is smaller.  Since the interactions 

are occurring from one CNT surface to another, it is consistent with expectations that 

increased surface alignment would lead to this type of result. 

Table 2 – Summary of CNT bundle testing. 

  # balls 
Length 

(Å) 

L:D 
Aspect 
Ratio 

Binding 
Energy/Length 

(meV/Å) 

Equilibrium 
Surface-Surface 

Distance (Å) 
Run Time to 
Equilibrium 

2 CNTs 21 98.3809 7.255 -2.9631 4.1556 ~16 min 
  41 196.7618 14.51 -3.04 4.1238 ~64 min 
7 CNTs 21 98.3809 7.255 -38.0176 4.0444 ~159 min 
  41 196.7618 14.51  -40.1234 3.9123 ~19 hours 

 

It should be noted that these tests were set up such that each particle in the system 

interacts with every other particle in the system.  Implementing a cutoff radius such 

that each particle interacts with only nearby particles can reduce the run times 

dramatically, for instance the test run above in 19 hours can be run in less than 4 

hours.  Though similar studies using extended tight-binding modeling methods found 
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interaction energies much higher than those presented here (on the order of -200 

meV/Å [6]), these values are not disappointing. 

 

 
Figure 15 – Bundles as represented by the PFC software. Two parallel CNTs (bottom) and a bundle of 

seven CNTs (top) each with an axial view (left) and a profile (right). 

There are some fairly obvious considerations that could be tied in with the value 

discrepancies.  Firstly, it serves again to note that the Lennard-Jones potential is an 

approximation suited for interactions between pairs of neutral atoms, and clearly the 

systems here are more complex.  Also, the fact that each “particle” in these 

simulations represents many carbon atoms, in this case about 40, further elucidates 

the possible room for error.  Though the results may differ from other published 

values, they certainly satisfy the proof-of-concept ideals. 

 

4.3 Mesoscale Simulations of CNT Rings 
Carbon nanotube rings are formed when a single SWCNT folds onto itself and is held 

in a ring shape by the van der Waals forces felt between its two overlapping ends, as 

seen in the provided figure. 



 

 31 

 

Figure 16 – Carbon nanotube ring as represented with PFC coarse-graining.  The energy of the interactions 
occurring in the overlapped portion (right) must be equal to the strain energy of the entire tube in order for 

this shape to remain stable.  

The ring shape is a good test for the purposes of this research due to the fact that the 

phenomenon is caused by a direct balance of covalent forces in the tube and long-

range forces at the ends.  In a stable ring formation, the strain energy of the system 

equals the van der Waals energy of the overlapping ends.  With the parallel bonds 

taking all the strain and the Lennard-Jones potential responsible for the interactions at 

the overlap, the equality takes on the form of the following: 

1
2

|퐹 |
퐴푘

+
|퐹 |
퐴푘

+
|푀 |
퐽푘

+
|푀 |
퐼푘

= 4휀
휎
푟 −

휎
푟                (4.2) 

Where the left side of the equation takes care of the normal and shear forces and 

moments experienced by the parallel bonds, along with their associated moments of 

inertia, summed over all bonds (Nb), and the right side of the equation is the familiar 

Lennard-Jones potential. 

 For the sake of this research, the two energies were compared to one another 
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once again as a proof of concept.  Theoretically, when these energies balance the ring 

reaches equilibrium and maintains a stable ring shape.  However, there are two other 

possible outcomes of such a relationship: the left side is stronger than the right, or 

vice versa.  Represented in Figure 16 are the three possible outcomes of a CNT that is 

forced into a ring formation. 

 

 
Figure 17 – CNT ring formations and possible outcomes.  The ring will straighten out if the strain energy is 
greater than the van der Waals energy (left), collapse on itself if van der Waals energy is greater than the 
strain energy (right), or remain in a ring formation if the energies balance (center). 

On the left side, the strain energy is greater than that of the van der Waals interactions 

and thus the CNT unwraps and eventually reaches equilibrium in a straight 

configuration.  The right side shows the polar opposite as the van der Waals forces 

are much greater than the counter-acting strain and the tube collapses (this is clearly 
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an incredibly unlikely scenario as the van der Waals energies are very low compared 

to the high strain of bent CNTs). 
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Chapter 5 Future Work 
Studies in this project were limited mainly to proof-of-concept work.  The task here 

was generally proving that this well-established geomechanical software could serve 

the purposes of nanoscale studies.  With the findings provided here, it can be seen 

that the potential of this commercial software for further studies of this sort is great.  

Though the scope of the studies presented here was rather limited, there are many 

technical aspirations which could make this procedure and these findings even more 

valuable.  If this method of studying CNTs is taken to the next level, there are many 

worthy causes to which it could be applied to further the ever-growing knowledge of 

CNTs. 

 The first step toward enhancing this method would likely be to utilize and take 

full advantage of the potential presented in Equation 3.12.  Developed using 

continuum modeling, this potential was specifically designed to define the intricacies 

of CNT inter-wall interactions.  In contrast, the first-approximation presented above, 

the Lennard-Jones potential, is much better suited for describing interactions between 

pairs of neutral atoms in an otherwise empty environment.  The new potential 

presented above takes into account the radius and length of a given nanotube as well 

as the same parameters encompassed with the Lennard-Jones equation.  Exhaustive 

testing through the gamut of computational systems is required, however, to ensure 

proper utilization and parameterization of this potential. 

 Further use of continuum and tight-binding simulations could also help to 

enhance this research by developing more accurate intra-CNT behavior.  The above 

description does not take any bond breakage or buckling into account, when it has 

clearly been shown in other studies that these phenomena occur.  Nonlinear stiffness 
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mechanics could be developed to mimic the nonlinear fracture observed in real CNTs.  

These models could further be improved by allowing actual fracture between super 

atoms, though this illustrates the point that a model such as this would be unable to 

completely fracture in any way other than perpendicular to the axis. 

 There are many worthy applications that could benefit from this type of CNT 

modeling.  For starters, the testing provided above could be expanded to include 

richer systems.  Very simply, the system could be comprised of higher numbers of 

CNTs, longer tubes, or combinations of nanotubes with different radii and lengths.  

The inclusion of non-CNT particles, such as those found in a nanotube-matrix 

composite, would provide further real-world applicability to this carbon nanotube 

testing.  As mentioned above, further testing for the aforementioned potential toxicity 

of these nanostructures could provide vital information pertaining to the safety of any 

engineering that may eventually be done. 
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Appendix B 
User-defined models are created using C++ and compiled externally from PFC.  
Provided here is an example of on code: the Lennard-Jones interactions.  It is 
comprised of a header file (.h) and the source file (.cpp).  This contact model was 
written by David Potyondy of Itasca CG. 
 In the header file, the variables used to fully define the Lennard-Jones 
parameters are presented, as are the functions that will act upon these variables.  The 
variables include: “type,” which is present in case the system has multiple particle 
species which may interact via different LJ parameters; “eps” which is ε in the LJ 
equation and represents binding energy; “sig” which is σ in the LJ equation and is a 
function of the analytical equilibrium distance between particles; and “rc” which 
represents the cutoff distance outside of which the LJ potential is considered 
negligible and set to zero.  The properties “sig6” and “sig12” are functions of “sig” 
and equal σ6 and σ12 respectively.  The variable “rij” represents the separation 
distance between two particles, and “uij,” “fij,” and “kij” are energy, force and 
stiffness respectively, and they all depend on rij as shall be seen.  The other functions 
introduced in the header file are explained in the discussion of the source file. 
 
File definition: 
“ljc.h”____________________________________________________ 
#ifndef __CMODEL_LJC_H 
#define __CMODEL_LJC_H 
 
#ifndef __CMODEL_H 
#include "cmodel.h" 
#endif 
 
// User-defined contact model "udm_LJC": Lennard-Jones & Coulomb 
model 
// described in memo: "Molecular dynamics with PFC" 
// NOTES: 
//   Each ball has a true radius (R_T) and an interaction radius 
(R_I). 
//   R_T is in b_extra(bp,1), and R_I is the ball radius. 
//   R_T is not used in this UDM. 
// 
class CM_ljc : public ContactModel { 
  private: 
    // Properties: 
    int    type; // interaction type 
    double eps;  // van der Waal binding energy 
    double sig;  // van der Waal diameter 
    double Q;    // charge product, Q = qi*qj 
    double sig6, sig12;  // sig raised to the 6th and 12th powers, 
respectively 
    double rc;   // cut-off distance 
    // State variables: 
    double rij;  // separation distance (center to center) 
    double uij( const double &drij ) const;  // potential energy 
    double fij( const double &drij ) const;  // force 
    double kij( const double &drij ) const;  // stiffness 
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  public: 
    EXPORT  CM_ljc( bool bRegister=false, ICodeFunc *cf=0 ); 
    EXPORT ~CM_ljc(void) { } 
    EXPORT ContactModel *Clone( ICodeFunc *cf=0 ) const 
      { return new CM_ljc(false, cf); } 
    // 
    EXPORT const char   *Name(void) const; 
    EXPORT const char  **PropNames(void) const; 
    EXPORT double        ReturnProp(int n) const; 
    EXPORT void          AcceptProp(int n, double v); 
    EXPORT double        KnEstimate(void) const { return kij( rij ); 
} 
    EXPORT double        KsEstimate(void) const { return 0.0; } 
    EXPORT unsigned long Version(void) const { return 1; } 
    EXPORT const char   *PreCycle(ICodeFunc &); 
    EXPORT void          FDLaw(FdBlock &fb, ICodeFunc &cf); 
    EXPORT const char   *SaveRestore(ModelSaveObject *mso); 
}; 
 
#endif 

 
The full function definitions can be seen in the body of the source file shown below.  
This file is very detailed, but the functions serve rather simple purposes: 
- The first function listed (CM_ljc::CM_ljc) registers the contact model and initializes 
the variables (mentioned above) to a given value.  In this case all variables are being 
set to zero. 
- “Name” gives the UDM a name.  In this case “udm_LJC.” 
- “PropNames” gives each of the properties a name.  It is important that the order that 
the properties are put in here matches the order they are entered into the next 
function. 
- “ReturnProp” returns the value of property n associated with the array in the 
previous function. 
- “AcceptProp” associates value v for property n and stores it locally.  This allows the 
properties to be called by the PFC interface. 
- A “PreCycle” is created when it is necessary to set something up before any steps 
are taken.  In this case there is a check for ball-wall contacts. 
- The next few functions are simply solving the Lennard-Jones equation to define 
parameters. 
- The “FDLaw” is the force-displacement law where PFC is told what forces and 
moments are acting at the contact.  This function is assessed at every time step to 
update the interactions, which essentially means that this is the driving function of the 
process. 
- The “SaveRestore” function allows the values of the properties to be saved and 
restored via appropriate commands given at the PFC interface. 
 
File definition: 
“ljc.cpp”____________________________________________________ 
#include "ljc.h" 
#include <math.h> 
 
static CM_ljc cm_ljc(true); 
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CM_ljc::CM_ljc( bool bRegister, ICodeFunc *cf ) : 
  ContactModel(ulCM_ljc, bRegister), 
  type(0), eps(0.0), sig(0.0), Q(0.0), sig6(0.0), sig12(0.0), 
rc(0.0), rij(0.0) { 
  SetDelete( true ); 
  MustOverlap( true ); 
} 
const char *CM_ljc::Name(void) const { 
  return("udm_LJC"); 
} 
const char **CM_ljc::PropNames(void) const { 
  static const char *strKey[] = { 
    "ljc_type", "ljc_eps", "ljc_sig", "ljc_Q", "ljc_rc", 
    "ljc_rij", "ljc_kij", "ljc_uij", 0 
  }; 
  return(strKey); 
} 
double CM_ljc::ReturnProp(int n) const { 
  switch (n) { 
    case 0:  return (double)type; 
    case 1:  return eps; 
    case 2:  return sig; 
    case 3:  return Q; 
    case 4:  return rc; 
    case 5:  return rij; 
    case 6:  return kij( rij ); 
    case 7:  return ( rij < rc ? uij( rij ) : 0.0 ); 
    default: return 0.0; 
  } 
} 
void CM_ljc::AcceptProp(int n, double v) { 
  switch (n) { 
    case 0: type = (int)v; break; 
    case 1: eps  = v; break; 
    case 2: sig  = v; 
            sig6  = pow(sig, 6.0); 
            sig12 = pow(sig, 12.0); 
            break; 
    case 3: Q    = v; break; 
    case 4: rc   = v; break; 
  } 
} 
const char *CM_ljc::PreCycle( ICodeFunc &cf ) { 
  if ( !cf.c_state().Obj2IsBall ) 
    return "Lennard-Jones & Coulomb model cannot be assigned to 
ball-wall contact."; 
  return 0; 
} 
double CM_ljc::uij( const double &drij ) const { 
  return (drij == 0.0 ? 0.0 : 
                        4.0*eps*(   sig12*pow(drij, -12.0) 
                                  -  sig6*pow(drij,  -6.0)) 
                          + Q*pow(drij, -1.0) 
         ); 
} 
double CM_ljc::fij( const double &drij ) const { 
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  return (drij == 0.0 ? 0.0 : 
                        24.0*eps*(   2.0*sig12*pow(drij, -13.0) 
                                   -      sig6*pow(drij,  -7.0)) 
                          + Q*pow(drij, -2.0) 
         ); 
} 
double CM_ljc::kij( const double &drij ) const { 
  return (drij == 0.0 ? 0.0 : 
                        abs( 24.0*eps*( -26.0*sig12*pow(drij, -14.0) 
                                        + 7.0* sig6*pow(drij,  -8.0) 
) 
                               - 2.0*Q*pow(drij, -3.0) ) 
         ); 
} 
void CM_ljc::FDLaw( FdBlock& fb, ICodeFunc &cf ) { 
  if ( cf.dim() == 2 ) { fb.s_force = 0.0;     fb.moment = 0.0;    } 
  else                 { fb_s_force.Fill(0.0); fb_moment.Fill(0.0); 
} 
  rij = cf.c_state().rad_obj1 + cf.c_state().rad_obj2 - fb.u_n; 
  if (rij < rc) { 
    fb.n_force = fij( rij ); 
    fb.knest = kij( rij ); 
  } 
  else { 
    fb.active = false; 
    fb.n_force = 0.0; 
    fb.knest = 0.0; 
  } 
} 
const char *CM_ljc::SaveRestore(ModelSaveObject *mso) { 
  const char *str = ContactModel::SaveRestore(mso); 
  if (str) return str; 
  mso->Initialize(7,1,2); 
  mso->Save(0, eps);          // doubles. . . 
  mso->Save(1, sig); 
  mso->Save(2, Q); 
  mso->Save(3, sig6); 
  mso->Save(4, sig12); 
  mso->Save(5, rc); 
  mso->Save(6, rij); 
  mso->Save(0, type);        // ints. . . 
  mso->Save(0, delete_flag); // bools. . . 
  mso->Save(1, must_overlap); 
  return 0; 
} 
/* EOF */ 
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Appendix C 
The PFC code is based on C++, but it has many of its own structures built in, and 
there are many intricacies to this code that are unique. 
- When using UDMs the models are loaded into PFC with the “model load” 
command. 
- Supporting files are called at the beginning of the file with the “call” command.  
These are often previously defined variables and structures. 
- The “variables” function (defined using the “def” command) contains all variables 
used to construct and manipulate the CNTs.  Many of these definitions, such as CNT 
radius, translational vector, and parallel bond stiffness are defined in the main text of 
this thesis. 
- The “make_CNT” function demonstrates how models are made: by placing balls 
with “ball” command, and giving each a radius, and (x, y, z) starting position. 
- By redefining variables with “set_cnt” and rerunning “make_CNT” different tubes 
can be made in different locations. 
- The “history” command tells PFC to track some property which can then be plotted 
graphically. 
- All graphical representations in PFC are set up with the “plot” command.  Ranging 
from visualizing a particle with “plot ball” to seeing the change in a property over 
time with “plot history.” 
- After everything is set up, iterations are run with the “cycle” command. 
 
File definition: “CNThexbundle” ______________________________________ 
 
new 
set random 
config cppudm 
model load udm_LJC_32.dll 
model load udm_upb2_32.dll 
SET echo off 
  call %fist%\fist_new.dvr       
  call %fist%\templates\pmd-3d\PMDsetup.dat   
;  call %fist%\2d_3d\PMD2.fis     
  call PMD2.fis 
  SET echo on 
;pause 
;---set up CNT variables-------------------------------------------------> 
def variables 
  ch_n=10.0 
  ch_m=10.0 
 
  ;ASSUME 
  th=0.335/0.0529177 ; thickness of graphene 
  
  ;Choose number of Translational vectors to create, default = 20 
  nT=82.0 
  nB=nT/2.0; number of cycles (=num of balls created-1) 
 
  ;-----Constants from "Elasticity..." paper 
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  a=sqrt(3.0)*1.42/0.529177 ;graphene lattice vectors, in Bohr radii ao 
  dr=2.0*ch_n+ch_n ;try to find gcd function (or create one) 
 
  Cir=a*sqrt(ch_n*ch_n+ch_m*ch_m+ch_n*ch_m) ; circumference of CNT 
  Rad=Cir/(2.0*pii) ; radius of CNT 
  Dia=2.0*Rad ; diameter of CNT 
  T=sqrt(3.0)*Cir/dr ; translational vector of CNT and used as half the dist btwn PFC ball centers 
  N=2.0*(ch_n*ch_n+ch_m*ch_m+ch_n*ch_m)/dr ; number of atoms per translational vector 
  Real_PBRad=sqrt(2.0*Rad*th-th*th) 
  ;PBRad=Real_PBRad/T ; parallel bond multiplier 
  PBRad=Real_PBRad/Rad ; radius multiplier 
  
  ;-----Calculations ala "Cantilever..." example problem 
  Es=0.0436 ; based on 430 GPa*nm, 0.335 nm =th .: 1283 GPa 
  Gs=0.0158 ; based on 156 GPa*nm, 0.335 nm =th .: 465 GPa 
    ; Es&Gs in Eh/ao^3 (Hartree per Bohr radius cubed) 
   
  ;Determine kn and ks values by E/L and G/L respectively 
  ;L in this case is the dist btwn ball centers, or 2*T, therefore 
  knorm=Es/(2*T) 
  kshear=Gs/(2*T) 
  
  ;-----other criteria 
  ;density 
  mass_T = 12.0*N ; mass of Trans vector 
  vol_T = ((4/3)*pii*Rad*Rad*Rad)/2 ; volume of one Trans vector as half sphere 
  p = mass_T/vol_T ; density = mass of Trans vector / vol half sphere 
 
  sig_c = 5.75776  ; surf-surf eq distance = sig*2^(1/6) .:if eq dist=3.42A=>sig=3.04687A 
  sig_st = sig_c + 2*Rad + 1 ; starting spacing > eq dist::surface-surface spacing + rad + extra 
  R_cut = T*nT + 20.0 
  
end 
;---end variables setup--------------------------------------------------| 
 
def pmd_AtomNames ;--------replaces above func---------------------------> 
  pmd_atom_name(1) = 'CNT' 
  pmd_atom_name(2) = 'Matrix particle' 
end ;--------------------------------------------------------------------| 
 
pmd_init 
pause 1 
 
;---Create line of MD balls----------------------------------------------> 
def make_CNT 
 Rc=R_cut ;cut off radius - should be large 
 Rt=2*T  ;interball distance - should be 2*Trans vector 
 ball_loop = nB - 1 ; number of balls minus one 
 LOOP w(0, ball_loop) 
  command 
   ball rad Rc x xo y yo z zo ;id ido 
  end_command 
  xo=xo+Rt 
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 ENDLOOP 
end 
;---end of gen function--------------------------------------------------| 
 
;---create & populate extra slots----------------------------------------> 
def SetAtomProps 
  ; 
  ; OUTPUT: b_extra(bp, {1,2,3,4}{Tersoff, 1988 #8}) for all balls. 
  ; 
  bp = ball_head 
  _nd = cnt_num*nB 
  st_ = _nd - ball_loop 
  loop _id(st_, _nd)  ; formerly (loop while bp # null) 
    b_extra( bp, 1 ) = btyp   ; particle type - CNT(1) or Matrix particle(2) 
    b_extra( bp, 2 ) = Rad ;[units: bohr]  ; true radius - should be rad of cnt 
    b_extra( bp, 3 ) = 2.0*mass_T ;[units: amu] ; mass - should be 2.0*12.0*N 

;(carbon in two trans vect = 1 ball) 
    b_extra( bp, 4 ) = cnt_num    ; CNT number 
    bp = b_next(bp) 
  end_loop 
end 
;---end atom props-------------------------------------------------------| 
;--standard size\chirality 
;--for CNT is (10,10) 
set echo off 
def set_cnt 
 btyp = 1     ; all CNT are type 1 
 ido = 0.0     ; will start ID's @ 1 
 xo = 0.0     ; all CNT start @ same pt 
 yo = 0.0 
 zo = 0.0  
 cnt_num = 1 
end 
set_cnt 
variables 
make_CNT;--------------------------------------------------CNT#1, center 
SetAtomProps 
 
def set_cnt 
 xo = 0.0     ; all CNT start @ same pt 
 yo = -sig_st 
 zo = 0.0     ; space CNT's apart 
 cnt_num = cnt_num + 1 
end 
set_cnt 
make_CNT;--------------------------------------------------CNT#2, right of center 
SetAtomProps 
 
def set_cnt 
 xo = 0.0     ; all CNT start @ same pt 
 yo = -sig_st/2 
 zo = sqrt(3)*sig_st/2    ; space CNT's apart 
 cnt_num = cnt_num + 1 
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end 
set_cnt 
make_CNT;--------------------------------------------------CNT#3, up-right of center 
SetAtomProps 
 
def set_cnt 
 xo = 0.0     ; all CNT start @ same pt 
 yo = sig_st/2 
 zo = sqrt(3)*sig_st/2    ; space CNT's apart 
 cnt_num = cnt_num + 1  
end 
set_cnt 
make_CNT;--------------------------------------------------CNT#4, up-left of center 
SetAtomProps 
 
def set_cnt 
 xo = 0.0     ; all CNT start @ same pt 
 yo = sig_st 
 zo = 0.0     ; space CNT's apart 
 cnt_num = cnt_num + 1 
end 
set_cnt 
make_CNT;--------------------------------------------------CNT#5, left of center 
SetAtomProps 
 
def set_cnt 
 xo = 0.0     ; all CNT start @ same pt 
 yo = sig_st/2 
 zo = -sqrt(3)*sig_st/2    ; space CNT's apart 
 cnt_num = cnt_num + 1 
end 
set_cnt 
make_CNT;--------------------------------------------------CNT#6, down-left of center 
SetAtomProps 
 
def set_cnt 
 xo = 0.0     ; all CNT start @ same pt 
 yo = -sig_st/2 
 zo = -sqrt(3)*sig_st/2    ; space CNT's apart 
 cnt_num = cnt_num + 1  
end 
set_cnt 
make_CNT;--------------------------------------------------CNT#7, down-right of center 
SetAtomProps 
 
set echo on 
pmd_NewAtoms 
 
; ***** Specify problem conditions, and run the model. 
; 
trace energy on 
;history nstep 20 
;history id=100 energy kinetic 



 

 49 

set pint 5 
plot create the_system 
plot set title text 'CNTs and Int Radii in yellow' 
plot add ball shade off yellow 
 SET pmd_pi_ball_outline=1 pmd_pi_ball_fill=1 pmd_pi_atom_name=0 
plot add fish pmd_pi_ball black blue green cyan red magenta orange lblue lgreen lcyan 
;plot add cforce black red 
plot add vel brown 
plot add axes scale 0.1 black 
plot set rotation 0 0 90 
 
damp local 0.5 
damp default local 0.5 
set dt max 2e0 
hist id=5 ball ypos id=103 
plot create location 
plot add hist 5 
 
trace energy on 
SET time=0.0 
history id=1 pmd_etime 
history id=2 pmd_ep 
history id=3 pmd_ek 
history id=4 pmd_epk 
 
plot create energies 
plot set title text 'Potential Energy.' 
plot add his 2 v 1 blue 
;plot add his 3 v 1 red 
;plot add his 4 v 1 black 
;plot add his 2 3 v 1 blue red black 
plot show energies 
plot show the_system 
 
pause 
plot close the_system 
plot close energies 
 
cyc 300000 
 
plot show energies 
plot show location 
 
return 
 
 


