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Abstract 

It has long been recognized that catchment geomorphology relationships can be 
used as predictors of catchment flood characteristics. These geomorphologic relation
ships can be determined for river networks which have been automatically extracted 
from digital elevation data. If scaling properties exist in a catchment or river network 
then laws which hold at one scale (for example, basins with horizontal length scale 
of 1 kilometer) can be extrapolated with appropriate scaling to other scales (such as 
basins with horizontal length scales of tens of kilometers). This research has examined 
several basins for the purpose of (1) differentiating between the hillslope and channel 
scales from digital elevation data, and (2) identifying the presence of scaling in river 
networks and estimating the scaling laws. The ultimate goal of such research is to 
relate the findings about scaling in river networks to measures of hydrologic response 
of the river basin. 

There is evidence that river networks are fractals which means that small basins, 
such as sub basins of a larger basin, have statistically similar structure with larger 
basins. Two methods were used to estimate the fractal dimensions of the terrain 
surface and the river networks: (1) the variation method, and (2) the box-counting 
method. Artificial river networks were generated from Iterated Function Systems (IFS) 
for verification of the box-counting results. Neither of the two methods for determining 
the fractal dimension of a surface were capable of predicting the breakpoint between the 
hillslope and channel scales, at least from the resolution at which the digital elevation 
data were available for this study. 

The fractal dimension of the branching structure of a river network can be expressed 
as log RB /log RL (where RB and RL are Horton'8 bifurcation and length ratios) which 
is equivalent to the fractal dimension of the river network when individual streams 
have a fractal dimension of unity. In this research we investigated the reliability of 
estimating the fractal dimension of river networks based on Horton's ratios RB and 
RL as opposed to estimation from indirect methods such as the box-counting method. 
It was found that Horton's ratios can be difficult to estimate, and that they remain 
constant when the threshold area defining the network sources is varied and when the 
resolution of the digital elevation data is varied. For the two river networks studied 
(the fractal dimensions of individual streams in both networks were unity) the box
counting method was shown to be in agreement with the fractal dimension of the 
branching structure estimated from Horton's ratios. 

Future research should address the following two problems: (1) Determination of 
the hillslope scale from morphometric properties of the river network based on the 
assumption that threshold area does not remain constant over the basin but changes 
with local slope, and (2) Exploration of Diffusion Limited Aggregation (DLA) models 
for studying the evolution and structure of river networks and their hydrologic response. 
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1 Introduction and Objectives 

It has long been recognized that catchment geomorphology relationships can be used as 
predictors of catchment flood properties. For example, mean channel length is commonly 
used in empirical formulae predicting the time of concentration of a basin [Eagleson, 1970] 
and the mean annual flood or flood quantiles are often related to the drainage area of the 
basin or to the drainage density of the river network [Carlston, 1963]. Hydraulic distances 
(along the drainage network) and corresponding travel times from points in the basin to the 
outlet play an important role in determining the Geomorphologic U ni t Hydrograph (GUH) 
of a basin. In fact, the Geomorphologic Instantaneous Unit Hydrograph (GIUH), which 
is the impulse response of a basin to a unit pulse of precipitation excess, may be viewed 
as the probability density function (pdf) of travel times to the outlet of water particles 
injected uniformly in space [Rodriguez-Iturbe and Valdes, 1979; Gupta et a1., 1980]. 

From the above it is apparent that the practical need arises for defining the drainage 
paths in a network, that is, for extracting the so-called river network or channel network 
from the topography or landscape of the basin. Field studies can be used to define the 
drainage paths in a network, but this is a very tedious, time-consuming, and expensive 
method which becomes impractical in most studies. An alternative is to use Digital Eleva
tion Models (DEM) and available algorithms to automatically extract the river network. 

Digital Elevation Models are available from the United States Geological Survey for all 
of the contiguous United States, Hawaii, and limited portions of Alaska in 10 by 10 blocks 
with elevations given at a spacing of 3 arc-seconds. The resulting grid spacing of these 
DEMs depends on latitude and is approximately 65 by 90 meters in Minnesota. For some 
portions of the United States more detailed data are available in 7.5- by 7.5-minute blocks 
which correpond to the U.S.G.S. topographic quandrangle maps and have elevation data 
on a regularly spaced grid of 30 by 30 meters. 

Once the DEM data are available procedures for extracting the river network and 
delineating the basins and subbasins exist (see for example, O'Callaghan and Mark [1984], 
Jensen [1987], Jenson and Domingue [1988], and Mark [1988]). These network extraction 
algorithms are usually based on a steepest gradient type of drainage path. That is, water 
flows along one of eight possible paths (following a square grid discretization) depending 
on the steepest slope. Pits or points surrounded by neighbors with higher elevations can 
occur in the DEM data as a result of data errors, sampling effects, and natural features. 
A "flooding" procedure, where pits are made to drain in the direction that water would 
overflow from the pit, is often used to determine the flow direction from a pit [Mark, 1988]. 
Although this automatic way of river network extraction from DEMs has considerably 
enhanced the ability to perform quantitative geomorphologic and hydrologic analysis, it 
has a major problem. To extract a river network one has to specify the so-called threshold 
area (A. th ) which is the minimum area required to drain to a point for a channel to form. 
This threshold area is usually specified arbirtarily although it is recognized that different 
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threshold areas will result in substantially different river networks for the same basin (for 
example, see Figure 12). 

Recent studies which have concentrated on identifying scaling laws in a basin (for exam
ple, Tarboton, et aL [1988], and LaBarbera and Rosso [1989]) have ignored this issue and 
have assumed that river networks can be seen as extending down to the grassroots, that is, 
to infinitesimally small scales. This assumption, although it may not affect the identifica
tion of scaling laws, results in unrealistic river networks and does not provide any insight 
as to the drainage mechanisms in the river basin. The actual river network or the network 
that one would determine from a field study is time variant since first order channels ex
pand and contract according to water availability from precipitation and the subsurface. 
However, for a particular time period a field trip to the basin would clearly indicate the 
beginning of channels, and would enable one to differentiate between well formed channels 
and unchanneled areas where runoff is transferred to the downstream channels through 
overland flow. The two different regimes of flow are known as hillslope and channel flow 
and the corresponding areal scales as hillslope and channel scales, respectively. 

The first objective of our research relates exactly to the issue of differentiation between 
the hillslope and channel scales from digital elevation data or from other geomorphologic 
properties of a river basin. The idea behind our approach of solving this problem is 
based on the hypothesis that scaling laws, for which there is evidence at the channel 
scale (see for example, Tarboton, et al. [1988], and LaBarbera and Rosso [1989]), would 
break down below a characteristic critical support area and therefore indicate a scale 
just larger than the hillslope scale. This break in scaling laws would occur since the 
mechanisms of runoff production and distribution and sediment transport are expected 
to be different at the hillslope and channel scales. Our efforts on this problem will be 
described in detail in a later section, Both the scaling of rivers and river networks and 
scaling of the three-dimensional elevation surface (landscape) were examined. The results 
were not very conclusive under the initial assumption that the threshold area is a constant 
within a basin and is independent of other morphologic parameters such as slope. 

Recent evidence by geologists [Montgomery and Dietrich, 1992] has suggested that the 
threshold area (critical support area) is a function of local slope and therefore may vary 
within a basin. Based on extensive field studies, their research has identified an empirical 
relationship (power law) between threshold area and slope. However, the determination of 
the parameters of this relationship is very tedious and is based on extensive field studies. 
We are currently investigating the possibility of determining these parameters in a statis
tical way based on morphometric properties of the basin. More details on this research 
will be given in later sections. 

Recently, evidence has been presented that rivers are fractal curves [Tarboton, et 
al., 1988]. The practicality of this theoretical finding is that river length will depend 
on the scale of measurement. That is, different lenghts will be estimated from maps of 
different resolution. Obviously, this scale or resolution dependence is not desirable since 
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Figure 1: Self-similarity in a basin (after Montgomery and Dietrich [1992]).ugh 
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it would imply that if river length is used in empirical formulae of flow estimation, runoff 
characteristics would also be resolution dependent. Acknowledging that rivers are fractals'een 
and estimating their fractal dimension enables one to adjust lengths measured from maps

)glC 
of different resolutions and obtain resolution independent estimates of river lengths to be 
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used in the runoff prediction formulae.mel 

Evidence also has been presented that river networks are fractals [Tarboton, et al.,mId 
1988; LaBarbera and Rosso, 1989]. This means that small basins, such as subbasins of a:ale 
larger basin, have a statistically similar structure with larger basins. For example, viewingthe 
a small subbasin which is enlarged in scale and in which more detail is visible, would be like:ted 
viewing a larger basin (see Figure 1). The practical implication of such a statistical selfbe 
similarity would be that one could study the properties of a small basin and extrapolateand 
the results to larger basins.ults 

ant The second objective of our research was to study scaling properties of river basins and 
networks and clarify some aspects related to the estimation and meaning (as it existed in 
the literature) of the fractal dimension of a river network. There are two important aspectsthe 
in research related to scaling in river networks. The first is related to identification of the'ary 
presence of scaling and the second to the estimation of the scaling exponent or fractalical 

[lof dimension, if scaling exists. We have closely examined both these issues and the results 
are reported in later sections. 

The ultimate goal of our research was to relate our findings about scaling in river 
networks to measures of hydrologic response of the river basin. This difficult problem has 
been and continues to be at the heart of geomorphologic research. Our research so far has 

et addressed several subproblems on which further research towards this goal will be based. 
Some ideas along this direction are presented in the section describing future researchend 
plans.3 of 

nee 
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In closing it is pointed out that the practical implication of scaling and self-similarity 
in river networks is that laws found to hold at one scale (for example, basins of horizontal 
length scale of 1 kilometer) can be extrapolated with appropriate scaling to other scales 
(for example, basins of horizontal length scales of tens of kilometers or fractions of kilo
meters). The presence of simple scaling or multiscaling in several properties of a river 
network is important because it provides the possibility for generalization of theories of 
runoff production and hydrologic response of catchments and for understanding the spatial 
variability of hydrologic processes in a river basin. 
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Facilities, Data, and Study Sites2 

This research required large computational resources both in terms of memory and speed 
of calculations and was carried out on an HP / Apollo personal supercomputer workstation 
(HP/ Apollo DN10000) installed at the St. Anthony Falls Hydraulic Laboratory. This 
workstation has 80 Mb of RAM, 1200 Mb of hard disk memory, and has a floating point 
performance of approximately 4.5 Mflops. 

The DEM data used in this research were in the form of the U.S.G.S. 7.5- by 7.5-minute 
blocks. These data consist of a regular array of elevations referenced horizontally in the 
Universal Transverse Mercator (UTM) coordinate system where the reference datum is 
the North American Datum of 1927 [Department of the Interior, U.S. Geological Survey, 
1987]. The data are stored as profiles (ordered from east to west) in which the spacing of 
the elevations along and between each profile is 30 meters. The U.S.G.S. has used four 
processes to collect the digital elevation data for production of the 7.5-minute DEMs: (1) 
the Gestalt Photo Mapper II, (2) manual profiling from photogrammetric stereomodels, 
(3) stereomodel digitizing of contours, and (4) derivation from digital line graph (DLG) 
hypsography and hydrography categories. The accuracy of a DEM is dependent on the 
spatial resolution, quality of the source data, collection and processing procedures, and 
digitizing systems. Three levels of quality are used to classify each DEM. Virtually, all of 
the 7.5-minute DE::V1s are considered to be of level 1 quality with typical root mean square 
error (RMSE) of either 7 or 15 meters. The computation of the RMSE involves linear 
interpolated elevations in the DEM and corresponding "true" elevations from published 
maps. 

Two watersheds, one located in Northern California and the other in southeast New 
York state, were extensively studied using the 30 meter grid data. The Schoharie Creek 
watershed in New York (113.6 km2 at the chosen outlet point) is contained within the 
Hunter and Kaaterskill 7.5-minute quadrangle maps. The South Fork Smith River water
shed in California (600.4 km2 at the chosen outlet point) is contained within the Gasquet, 
Hurdygurdy Butte, Devils Punchbowl, Cant Hook Mountain, Ship Mountain, Prescott 
Mountain, Klamath Glen, Summit Valley, and Chimney Rock 7.5-minute quadrangle maps. 
These watersheds were selected because of their data availability and because they have 
been studied by other researchers which allows comparisons to be made. The DEM data 
for these watersheds were given to us by David Tarboton (formely at M.LT. and currently 
at Utah State University). 

It was intially planned that this research would also be applied to Minnesota watersheds. 
However, for the state of Minnesota, 30 m by 30 m data are available for only a fe\v areas 
which due to the existence of lakes and undrained areas were deemed inappropriate for 
the developmental stage of our analysis. In the near future some 30 m DEM data will be 
available from southeast Minnesota near Rochester. The developed methods of analysis 
however are general and can be applied to any watershed for which DEM data are available. 
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3 Theory 

We have used the theory of fractals to examine the scaling properties of the catchments. 
Fractals have the important characteristic of self-similarity. Geometric self-similarity for 
a curve is a property where each part of the curve is indistinguishable from the whole, or 
where the form of the curve is invariant with respect to scale. When such a curve is exam
ined at higher resolution increasing amounts of detail are revealed that are scaled versions 
of the variations seen at lower resolutions. That is, each portion of a fractal curve can be 
considered a reduced-scale image of the whole. Of course, for natural processes, such as a 
coastline or river, geometric self-similarity will not hold but rather statistical self-similarity 
may apply where different parts of the curve might be statistically indistinguishable (that 
is, the different parts will have the same statistical characteristics). 

Surfaces may also be modeled as fractals when each portion of the surface can be 
considered a reduced-scale image of the whole. For example, imagine a gently rolling 
landscape. In examining a portion of this landscape, we see a similar gently rolling surface 
at a smaller scale. Now, if we continue to examine smaller and smaller portions of the 
landscape and we continue to see similar gently rolling surfaces at smaller scales, then this 
landscape surface may be succesfully approximated as a fractal surface. 

Fractals can be quantitatively characterized by their fractal dimension which can be 
intuitively thought of as a measure of roughness. For curves the fractal dimension ranges 
between one (a smooth curve) and two (a highly irregular curve) and for surfaces it ranges 
between two (a smooth surface) and three (a very "rough" surface). The fractal dimensions 
of the landscape surface and the river lengths are used to indicate the scaling properties 
of the landscape and rivers. 

Two methods were used in evaluating fractal dimensions: (1) the variation method, 
and (2) the box-counting method. The variation method [Dubuc et al., 1988, and Dubuc 
et al., 1989] covers the curve or surface and evaluates the fractal dimension from this cover. 
The box-counting method places each part of the curve or surface in a box and evaluates 
the fractal dimension by counting the boxes needed to contain the curve or surface. Both 
methods require a range of scales to be used for the cover or the box sizes. These methods 
will be explained in detail in a later section. 

We have used the box-counting method to estimate the fractal dimensions of river 
networks in addition to individual rivers or streams. In order to verify the application of 
the box-counting method to river networks, we have generated artificial networks by using 
the technique of iterated function systems (IFS) described by Barnsley [1988]. \Ve have 
also used both the box-counting method and the variation method to estimate the fractal 
dimension of terrain surfaces. 
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shown is an order 4 network with a magnitude of 15. The order of each link is shown on 

nges 
the diagram.;lOns 

rties 3.1 River Networks 

hod, The structure of river networks that drain a watershed has been described by empirical laws 
Ibuc which relate properties such as stream length and drainage area to the relative location of 
>ver. the stream within the watershed. The following terms and descriptions of a river network 
iates used in our analysis are based on the work of Horton [1945], Strahler [1952]' and Shreve 
30th [1966, 1967]. 
:lods There is one, and only one, path which exists between any two points in the river 

network as can be seen in figure 2. The river network is comprised of all channels upstream 
~lver of an arbitrary point called the outlet. Sources are the points farthest upstream in the 
m of river network. The number of sources which drain to any point in the network is called 
lsmg the magnitude of that point. A fork is the point of confluence of two channels. A link 
have is a channel section extending from either a source or fork at its upstream end to either 
1ctal the next fork or the outlet (if there are no intervening forks) at its downstream end. Links 

which begin at a source are known as external links while those beginning at forks are 
known as internal links. 

An ordering scheme :Strahler, 1952] which assigns a number to link is used to 
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further denote the river network. All links with a source at the upstream end are assigned 
to be order 1 links. In moving toward the outlet, whenever two links of the same order 
join, the new link downstream of the confluence is given an order one greater than the 
two links which formed it. If two links of different order join, the new link is assigned the 
higher order of the two joining links. 

Streams are comprised of a series of continuous (while proceeding downstream) links 
of the same order. A stream is formed by one or more links and is assigned the order of 
the link(s) forming it. The upstream link of an order w stream is formed when two links of 
order w - 1 join to form it. This order w stream continues downstream until it joins with 
another order w stream to form a stream of order w + 1. For example, an order 3 stream 
is formed when two order 2 streams join. Furthermore, all order 1 links are also order 1 
streams. 

Horton made the following observations which led to his law of stream numbers and law 
of stream lengths: (1) there are more streams of a given order (w) than the next highest 
order (w + 1), and there is a single stream of the outlet order (n), and (2) in general, 
in natural river networks the length of the streams increases as the order of the stream 
increases. That is, on average the order 1 streams are shortest while the outlet stream is 
longest. 

The bifurcation ratio relates the numbers of streams of consecutive orders and is 
defined as 

(1) 


where Nw is the number of streams of order w. Since the bifurcation ratio tends to be a 
constant throughout a river network, Horton [1945] introduced the law of stream numbers 
which states that the numbers of streams of each order form an inverse geometric sequence 
with stream order, or 

(2) 


where Nn = 1. The bifurcation ratio has a lower limit of 2 and ranges between 2.5 and 5 
for many natural river networks. 

The length ratio relates the average lengths of streams of consecutive orders and is 
defined as 

(3) 


where Lw is the average length of streams of order w. Since the length ratio also tends to 
be a constant, Horton gave the law of stream lengths as 

(4) 
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Typical values for the length ratio range between 1.5 and 3.5 for many natural river netgned 
)rder works. 

1 the The total length of all the streams in a river network of order n can then be obtained 
lthe from 

n N.., 

links LT = 2: 2: Lw,i (5) 
w=1 i=1er of 

ks of where Lw,i is the length of the ith order w stream. With the appropriate substitutions 
with (equations (2) and (4)), and defining a new variable (3 = RL/RB, the total length is 
ream 
ier 1 

(6) 

1law 
The total length of all streams in a river network will be used to derive the fractal dimension 

~hest 
of the river network.

leral, 
The area ratio relates the average areas of streams of consecutive orders and is defined 

~eam 

asLm IS 

Aw
RA--- (7)ld is - Aw - 1 

where Aw is the average area of streams of order w. Since the area ratio also tends to be 
(1) a constant, Schumm [1956J gave the law of stream areas as 

(8)be a 
lbers 

Typical values for the area ratio range between 3 and 6 for many natural river networks.
lence 

3.2 Fractal Dimension of a River 
(2) 

In this section we will discuss the fractal dimension of a curve and then study the scaling 
nd 5 properties of rivers. 

In order to measure the length of a curve we can approximate it by N piecewise linear 
J.d is segments of size E and measure the total length of these linear segments. Obviously, N 

depends on E and the total linear length is given by 

(3) L(E) N(E) E (9) 

When the unit of measurement Eapproaches zero, the total length L(E) either converges to
:is to 

a finite non-zero value or diverges to infinity. "Whenever we get a finite value, we say that 
the curve under consideration is smooth (or rectifiable). However, in nature we encounter 
curves that are so irregular that as we decrease the size of the measuring unit, E, we see (4) 
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more and more details of the curve and consequently the length L( €) does not converge to 
any finite value. However, it is found that for such irregular curves, if € is raised to some 
non-integer power Dc, then the quantity N(€) €Dc would converge to a finite non-zero value 

Fe 

o< Fe = lim N ( €) €Dc < 00 (10) 
~-o 

where Dc is called the fractal dimension of the curve or the curve dimension, and Fe is 
called the fractal length or the Dc-dimensional length of the curve. De is unique for a 
particular curve and lies between 1 and 2. The above equation can be equivalently written 
as 

(11) 


giving the linear length L as 

(12) 


For De> 1, the linear length of the courve L( €) goes to infinity for smaller and smaller 
measuring unit € although the fractal length Fe is a finite non-zero value. Larger values of 
Dc indicate more irregularity of the curve and a curve with a fractal dimension approaching 
2 is said to be space filling. The curve dimension is related to the rate at which the length 
approaches infinity as € - 00 The curve fractal dimension can be obtained from 

Dc = 1 _ lim [log L( €) -log Fe] (13) 
~-o log € 

Therefore, 1 - Dc is the slope of the log L( €) vs. log € graph. 

We can now relate the fractal dimension of a curve to that of a river. First. what 
is meant by the fractal dimension of a river: (1) Is it the fractal dimension of a stream 
of a given Strahler order, (2) Is it the fractal dimension of a collection of streams of 
various Strahler orders such as the mainstream of a river network, or (3) Is it the fractal 
dimension of the "sum" of all streams in a river network? As it is shown below all these 
fractal dimensions are the same when all streams in the river network are assumed to have 
the same fractal dimension. 

The fractal dimension of a river should be related to how the length of the river changes 
with measuring unit. Since we are examining a given river network, the order of the network 
as well as the number of streams of a given order will not change with the measuring unit. 
For a large measuring unit some of the streams may not be "seen" in the measurement 
of the length, but this does not mean that they have been eliminated from the network. 
Using a smaller measuring unit will not add more streams to the network and therefore 
will not change the network order, but will only allow for the accounting of more detail 
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ge to in the streams which are given. Within this framework (that is, under the assumption 

some that changing scale € does not change the order n of the river network) we can study the 

value lengths of the streams and rivers in the network. 

If a stream with a given Strahler order can be modeled as a fractal curve, its fractal 
dimension is the curve dimension discussed above. The length of this order w stream, as 

(10) a function of measuring unit €, can then be represented by 

Fc is (14) 
for a 

where Dc is the fractal dimension of the stream and Fw is a constant which is the Dcitten 
dimensional length (that is, the fractal length) of the stream. 

The length of the mainstream of a river network can be written as 
(11) 

Nms 

Lms(€) = L Lms,i(€) 	(15) 
i=l 

(12) 	 where Nms is the number of Strahler streams in the mainstream and LmsA t) is the length 
of the ith Strahler stream. It is important to note that the number of streams comprising 

,alIer the mainstream is not a function of t. Assuming that all of the streams are fractals, each 
es of with the same fractal dimension, the mainstream length is then 
hing 
ngth 

1 Dc 
Nms 

Lms(t) = t - L Fms,i 	 ( 16) 
i=l 

where Fms,i is the Dc-dimensional length of thei th Strahler stream of the mainstream.(13) 
vVe can also examine the total length of streams in a river network assuming that 

Horton's bifurcation ratio RB and length ratio RL are constant for the network. The total 
stream length in the river network was given in (6). Now, assuming that each of the Nl 

~hat 	
order 1 streams is a fractal with dimension Dc, the average length of the order 1 streams 

'eam 
IS 

lS of 
ictal 

(17)hese 
have 

where F1,; is a constant representing the Dc-dimensional length of the i th order 1 stream. 

nges The assumption that Dc is the same for each stream assures that RL is independent of 
~ork Dc and independent of measuring unit. In fact, RL can not be constant for a river network 
mit. unless it is independent of measuring unit (that is, scale). This can be shown by examining 
nent Horton's length ratio when individual streams are fractals, 
'ork. 
~fore (18) 
etail 
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where Lw( e) is the average length of the order w stream, Dc", is the fractal dimension of 
each of the Nw order w streams, and 

(19) 


where Fw,j is the Dc", -dimensional length of the ith order w stream. Since F~ and F~+1 are 
constant for the network, then RL is constant and independent of scale when all streams 
have the same fractal dimension (that is, when Dc", = DC"'+t)' 

By combining (6) and (17), the total length of streams in the actual river network can 
then be written as 

(20) 


If the use of the average stream lengths and the assumption that RB and RL are 
constant for the network is not appropriate, the total length of all streams in the network 
can be written as 

11 N", 

LT(e) = L LLw,i(e) (21) 
w=1 i=1 

where LwA e) is the length of the ith order w stream. Now, assuming that all streams are 
fractals with fractal dimension Do the total stream length is 

11 Nw
1 DcLT(e) = e - L LFw.i (22) 

w=l ;=1 

Examining equations (14), (16), (20), and (22) shows that each has the same form 
which is a constant multiplied by e1

- Dc . The only two assumptions necessary to obtain 
these results are that individual Strahler streams may be modeled as fractals, and that all 
streams in the river network have the same fractal dimension Dc. Subsequently, we will 
refer to this fractal dimension Dc as the fractal dimension of a river. 

The fractal dimension of a river can therefore be defined as the fractal dimension of the 
streams forming the river network. This definition includes individual Strahler streams 
and it also includes the mainstream if all streams have the same fractal dimension. In 
addition, the fractal dimension of a river is not a function of Horton's bifurcation and 
length ratios (RB and RL) but only depends on the irregularities of the streams in the 
river network. 
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Figure 3: An illustration of "upstream growing" in a river network. The network order is 
; are increased as the growth occurs through the addition of new order 1 streams. 
work 

3.3 Fractal Dimension of a River Network 

In the previous section, the fractal dimension of a curve, which can be used to study the(21) 

scaling properties of individual streams or of the mainstream, was discussed. \Ve can also 

examine the scaling properties of the river network by examining its structure. The river 

s are network structure begins at the sources of the order 1 streams and continues downstream 
to the outlet. Between the sources and the outlet the network structure is described by 
Horton's laws of stream numbers and stream lengths. 

(22) 	 Conceptually, we can extend this network upstream from the original sources to any 
arbitrary order by maintaining constant bifurcation and length ratios equal to those down
stream of the original sources. If the outlet stream is fixed, the network will be extendedform 
by the appearance of new sources which means the network order will increase. In the)tain 
extended network, the original network is not changed but new streams have been added .:it all 
according to the bifurcation and length ratios by "upstream growing" of the network as~will 
seen in Figure 3. Upstream growing means that new and smaller order 1 streams appear 
as the upstream extensions of the network. LaBarbera and Rosso [1987, 1989] first used

,fthe 
this concept of the extended network to examine how the total length of streams in the 

earns 
network behaves as the order of the network approaches infinity and to define the fractal 

t. In 
dimension of a river network.

and 
The total length of all the streams in extended network of order D can also be1 the 

written from (6) as 

13 



(23) 


As 11 approaches infinity, the total length converges to a finite length for f3 > 1 (that is, 
RL/RB > 1) 

lim LT = Lo [_f3_] (24) 
O-oc> f3 - 1 

while the total length diverges for 0 < f3 ::; 1 (that is, 0 < RL/RB ::; 1) 

lim LT = 00 (25)
O-oc> 

Taking L1 as the unit of measurement as in (6), the total length of streams approaches 
infinity as L1 approaches zero (that is, as 11 approaches infinity) for 0 < f3 ::; L LaBarbera 
and Rosso [1987, 1989] made an association with this fact and the fact that the length of 
a fractal curve approaches infinity as the measuring unit approaches zero. For a fractal 
curve a power relationship exists between the curve length and the measuring unit length. 
A power relationship also exists between the total stream length and the lengths of the 
order 1 streams for networks obeying Horton's laws of stream numbers and stream lengths. 
The slope of the graph of log LT vs. log L1 may be obtained from the derivative of (6) 

d log LT (log RB/log RL) 1 
- (26)

d log L1 f30 - 1 

As 11 approaches infinity for the extended network, with f3 2: 1, 

. dlogLT
11m = 0 (27)

O-oc> d log L1 

and for f3 < 1, 

. dlogLT
hm dl L = l-logRB/logRL (28)

O-oc> og 1 

Notice for f3 = 1, the total length approaches infinity while the log-log slope approaches 
zero. LaBarbera and Rosso [1987, 1989] assigned the value 1 - Db to this slope (see (12)) 
and called Db the fractal dimension of the river network. In reality, Db only captures the 
scaling properties of the branching structure of the river network. It does not include the 
possible fractality of the individual streams, and we propose that Db should be called the 
branching dimension. 

The branching dimension which illustrates the scaling in the structure of the river 
network is summarized as follows 
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Figure 4: A fractal tree generated from a random iteration algorithm with contractivity 
factors 81 = 82 = 0.6, e = 7r/4 radians, and translation vectors (e1,1d = (0,0.5), and 
(ez,1z) = (0,0.5). The attractor of the IFS corresponds to a large order river network 
where each stream is a set of points along a straight line, The fractal dimension of the 
attractor is 1.36, while Horton's ratios for the network are RB = 2 and RL = 1.67. 

(31) 


and 

cos e sine 1 [Xl 1+ [ ezl (32)
- sin e cos () X 2 12 

The fractal tree shown in figure 4 is the attractor of an IFS and was generated from a 
random iteration algorithm while the fractal tree shown in figure 5 was generated from a 
deterministic algorithm which allowed the network order to be set by the user. Both trees 
have the same values for the contractivity factors, tranlation \'ectors, and angle theta. 

For the case where the contraction mappings Wn are similitudes (such as those in (31) 
and (32) with scaling factors Sn, Barnsley [1988] gives a solution for the fractal dimension 
for the attractor of a hyperbolic iterated function system as 
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are equal, they can be related to the length ratio (SI = S2 = 1/Rd. The fractal dimension 
of a such a fractal tree can then be written as 

(35) 


which is the same result seen in the previous section for a river network. Since this 
dimension is equivalent to the box-counting dimension, the box-counting method can be 
used to estimate its value in actual river networks when estimates of R8 and RL either do 
not exist or are not reliable. 

3.5 Estimation of Fractal Dimension 

One concern in the estimation of the fractal dimension of a river, a river network, or a ter
rain surface is the accuracy and reliability of the estimates from a limited range of available 
data. Another concern is the relative ease in the estimation. \iVe have chosen to use the 
box-counting or box dimension because it is easy to estimate and it is generally accepted 
that it provides reliable estimates. For surfaces we have also used the variation method 
[Dubuc et al., 1988] which although more complicated, it claims at least theoretically to 
provide more stable estimates in the discrete domain (such as with digital elevation data) 
than other methods. Both these methods are described below. 

3.5.1 Box-Counting Method 

Consider a set such as a curve in a plane. Falconer [1990] gives a widely-used definition of 
the box-counting dimension of this curve as follows. Draw a mesh of squares or boxes of 
side c and count the number N( c) that overlap the curve for various small t. The dimension 
is the logarithmic rate at which N( t) increases as t --t 0, and may be estimated from the 
slope of the graph of logN(t) vs. logt. The box-counting dimension is given by 

Dbox = lim log N( t) (36)
f-O -log t 

The number of squares of side t that intersect the curve is an indication of how spread 
out or irregular the curve is when examined at scale t. The dimension reflects how rapidly 
the irregularities develop as c --t O. This definition is easily extended for the case of a 
surface in three-dimensional space by replacing squares with cubes. The box dimension 
will range between 1 and 2 for a curve and between 2 and 3 for a surface. 

Having t tend to zero is usually accomplished through some decreasing sequence tk 
such that Ck+l 2': C Ck for some constant 0 < C < 1. Often c is chosen such that tk = ck to 
which yields evenly spaced points on the abscissa of the log-log graph. 
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:nSlOll 3.5.2 Variation Method 

The variation method is described as follows by Dubuc, et al. [1988] for a function f(x, y) 
such as an elevation surface. The variation method uses the notion of an c-oscillation to (35) 
measure the amplitude of the function in an t neighborhood where t is a distance measure 
(scale of measurement). The e-oscillation of f at (x, y), is defined as 

~ this 
an be (37)
ler do 

where the supremum is taken over all pairs (XlJYl), (X2,Y2) such that 

(38) 

The order of growth of the integral of the t-oscillation (called the t-variation), as t tendsa ter
toward zero, is directly related to the fractal dimension. Vj( t) denotes the t-variation ofilable 
the function f and is given as ;e the 

epted 
(39) 

l1y to 
data) Finally, the fractal dimension of the function f( x, y) is given by 

~thod 

D = lim [3 - log Vj ( t ) 1 (40)
£-0 log t 

which can be rearranged to gi ve 
on of 
ces of 3

D = lim {log [Vj {t)/t ]} (41)nSlOll 
£-0 log [l/t] 

n the 
Therefore, the fractal dimension from the variation method can be obtained from the slope 
of the log [Vj (t)/e3 ] vs. log [l/c] graph. 

(36) 

)read 

pidly 
of a 

nslOn 
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4 Software Developed 

The initial extraction of the river networks was completed with software provided by David 
Tarboton. This software is described in Tarboton, et al. [1988, 1989] and is based on the 
procedure for identifying channels suggested by O'Callaghan and Mark [1984] and Mark 
[1988J. The three basic steps in the algorithm are: 

1. Pit removal and calculation of drainage direction matrix. 

2. Calculation of the accumulated area matrix. 

3. Definition of the channels as pixels exceeding an accumulated area threshold. 

The final result, after applying Tarboton's software to a DEM data set, is a file which 
summarizes information on the links which form the river network. This summary includes 
the link number, the Strahler order of the link, the starting and ending coordinates of the 
link, the link numbers of the two upstream links which join to form the link, and the link 
number of the next downstream link. From this information we have developed software 
to determine and display stream-based information. Additional software has been written 
to determine the fractal dimensions of individual streams, the river network, and terrain 
surfaces. 

4.1 Network Descriptions 

The software written to determine the stream-based river network information is listed 
and summarized below: 

area_max Finds the coordinates of the point in the DEM data which has the maximum 
drainage area. 

area_slape_plot Displays the area-slope relationship at all points. 

basin_boundary Extracts the basin boundary from the area file. 

dem_plot Plots all points with an area greater than the threshold area. The actual 
plotting is accomplished by references to GKS plotting routines. 

elevation_analysis Determines the minimum and maximum elevations within the DEM. 
It also allows the elevation of any point to be determined. 

extracLdem Extracts the rectangular array of elevations just larger than the desired 
basin. 

extracLstreams Extracts all streams of specified orders from the stream file. 
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geLas2 Finds the value of area * slope**2 for any point. 

geLms_coords Determines the coordinates comprising the mainstream of the basin.
)avid 
n the geLsources Finds the stream sources based on a threshold value for area * slope**2. 
Mark 

horton Determines Horton's ratios (RB' RL , and RA ) from information in the summary 
file. 

link-Iength_slope Calculates the link length, geometric link length, link slope, geometric 
link slope, the area draining to the upstream end of the link, the total area draining 
to the link, and the area draining directly to the link. 

mainstream Determines the links and coordinates which form the mainstream of the 
river network. N'hich 

ludes mean-source_area 	Determines the mean source area from all the stream sources. 
)f the 
e link netex_as2 Extracts the channel network based on a threshold value for area * slope**2. 
tware 

neLploLbw, neLploLcolor Plots the river network and the basin boundary. Each 
~itten 

Strahler stream can 	be plotted with a different color and line thickness. The actual 
~rram 

plotting is accomplished by references to NCAR Graphics and GKS plotting routines. 

source_slope Calculates the source stream lengths, source stream geometric lengths, 
source stream slopes, source stream geometric slopes, and the local slope upstream 
of the source location. 

listed 
source_streams Determines the coordinates forming the source basin streams. 

stream Takes the link information and determines stream information. It creates a stream 
.mum 	 file which includes the stream number, stream order, area draining to the stream, 

the upstream and downstream coordinates of the stream, and a list of streams down
stream to the outlet. It creates a stream link file which includes a list of the links 
comprising the stream, and the upstream and downstream coordinates of each link 
in the stream. 

dual summary Summarizes information on each stream. The summary includes the stream 
number, stream order, the downstream coordinates and elevation of the stream, the 
next downstream stream number, the area draining to the stream, and the stream 

)EM. 	 length. 

surface_plot Plots the DEM data as a surface plot. The actual plotting is accomplished 
~sired by references to NCAR Graphics plotting routines. 

totaLstream_length Gives the total stream length in the network from data III the 
summary file. 
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4.2 Fractal Dimensions 

The box-cotulting method was used to estimate the fractal dimension of rivers, river net
works, and terrain surfaces while the variation method was only used for terrain surfaces. 

The same box-counting program was used for rivers and river networks since each is 
comprised of a list of coordinates. The box into which each of the coordinates fell was 
determined and then the number of boxes was cotulted. The program started with the 
smallest box size and then proceeded to larger sizes by combining four boxes into one (two 
boxes in the x-direction and two boxes in the y-direction) and counting at the new size 
(which is twice the previous size). This continued until the size at which only a few boxes 
were counted. 

A similar box-counting program was used for the terrain surface where squares were 
replaced with cubes. To get larger box sizes in this program, eight boxes were combined 
into one (two boxes in each of the x-, y-, and z-directions). 

A program was also written to estimate the fractal dimension of a terrain surface by 
using the variation method given by Dubuc [1988J. 
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5 Results and Discussion 
: net

faces. 5.1 Determination of the hillslope scale from DEMs 

~ch is As discussed in the introduction, one of the objectives of our research was to develop
lwas methods for differentiating between hillslope and channel scales in a river network from 
h the digital elevation data. The hillslope scale, which was assumed to be constant within a given 
(two basin, was thought to correspond with a threshold area (critical support area) which, if 

1 slze used for river network extraction from DEMs, would result in a realistic river network 
)oxes (that is, a network similar to one obtained from a field study). 

Under the hypothesis that scaling laws at the channel scale would break down at the 
were hillslope scale (due to different runoff and sediment transport mechanisms at these two 
)ined scales) our initial approach to the problem consisted of trying to identify a "break point" 

in the fractal plots. The idea was that this break in the slope of the fractal plot would 
:e by 	 signify the existence of two distinctly different scaling regimes. Both the box-counting 

and variation methods were used for determining the fractal plots for landscapes. The 
box-counting method was also used for river networks. 

Figure 6 shows the fractal plot from the variation method for the Schoharie Creek 
landscape data. The figure shows a break in the curve at an approximate value of 3 on 
the abscissa (note that small values on the abscissa represent large scales). This break is a 
result of the method and does not indicate the break for which we are looking. Using the 
values greater than 3 gives a fractal dimension of 2.23 for the surface. 

Figure 7 shows the fractal plot from the box-counting method for the Schoharie Creek 
landscape data. For box sizes greater than approximately 200 m the data fall on a straight 
line indicating a fractal dimension of 2.24. The curved portion at box sizes smaller than 
this is a result of the method and does not indicate the break of interest. In fact the 
number of boxes counted at a box size of 30 m equals the number of points describing the 
terrain surface. 

Neither of the two techniques for determining the fractal dimension of a surface are 
capable of predicting the break point between the hillslope and channel scales, at least from 
the resolution at which the data are currently available. Finding the breakpoint between 
the hillslope and channel scales from fractal plots will only succeed when the data resolution 
is at least several orders of magnitude less than the breakpoint scale. Unfortunately, data 
are not currently available at the necessary small resolutions. 

An important handicap of our analysis was the fact that the actual hillslope scale (at 
which the break in the fractal plots was expected to be found) was not known a priori for the 
river networks analyzed. It was initially assumed that the "actual" river network coincides 
with the so-called "blue-lines" network. This means the hillslope scale would correspond to 
the threshold area which if used for extraction of the river network would result in the blue
line river network. Very recent research by Montgomery and Dietrich ~19921 indicates that 
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Figure 6: Fractal plot from the variation method for the Schoharie Creek landscape. 
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actual river networks determined from field studies may vary drastically from the blue-line 
networks. In addition, they found that the threshold area is not constant throughtout the 
basin and in fact is a function of local slope. These recent results throw new light in our 
analysis and open up new avenues of research on this important problem of hills lope scale 
determination from DEMs. 

5.2 Scaling properties of rivers and river networks 

We have examined two river networks extracted from U.S.G.S. digital elevation data. The 
method described in Tarboton, et al. [1988, 1989] was used to extract the river networks. 
This method uses a support or threshold area to identify the sources of the order one 
streams. Sample river networks extracted for the two study basins are shown in Figures 
8 and 9 for South Fork Smith River, CA and Schoharie Creek, NY, respectively. Contour 
and terrain maps of the two watersheds are shown in Figures 10 and 11. 

As was explained in the previous section, Horton's ratios RB and RL may be used to 
calculate the fractal dimension of the river network (that is, they give scaling information 
about the network). Thus, two problems of practical significance are: (1) how good are the 
estimates of RB and RL, and (2) do these properties vary with the threshold area or the 
grid resolution of the data. As will be seen, good estimates of RB and RL can be difficult 
to obtain. 

River networks extracted from 30 m resolution data with two different threshold areas 
are shown in Figure 12 for the South Fork Smith River. The "blue lines" on the U .S.G.S. 
7.5- by 7.5-minute quadrangle maps are approximately somewhere between the two thresh
old areas shown (0.2304 and 0.4608 km2). Drainage network characteristics determined by 
varying the threshold area are summarized in Table 1 for South Fork Smith River, while 
those for Schoharie Creek are seen in Table 2. The two tables indicate that as the thresh
old area increases the order one stream length and the constant of channel maintenance 
increase while basin order, total stream length, drainage density, and stream frequency 
decrease. For example, as the threshold area increases from 0.0576 km2 (64 pixels l ) to 
1.8432 km2 (2048 pixels) for the South Fork Smith River the total stream length decreases 
from 1578.79 to 300.95 km while the mean length of the order one streams increases from 
0.30 	to 2.02 km. 

Table 1 also shows that the length of the outlet stream can be changed drastically 
when certain threshold areas are used to define the network. This extreme change in outlet 
stream length is the result of removing several key order 1 streams and then having the 
resulting reduction in order of other streams propagate downstream through the network. 
These length changes occur at the transition where the outlet stream order decreases by 
one order as the threshold area increases. 

lOne pixel is defined by the DE.M resolution, for example 30 m by 30 m, 60 m by 60 m, etc. 
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Figure 9: The river network (threshold area = 0.6912 km2
, network order 4) and watershed 

boundary (drainage area = 113.6 km2 ) for Schoharie Creek, NY extracted from 30 111 

resolution DE.lvl data. The streams are drawn so that line thickness is proportional to 
stream order. 
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Total Constant 
Threshold Basin stream Drainage of channel Stream 

area order, L11 Ln, length, density, maintenance, frequency, 
km2 pixels n km km km km/km2 km2/km streams / km2 

0.0576 64 6 0.30 33.13 1578.79 2.63 0.38 5.77 
0.1152 128 6 0044 33.13 1111.44 1.85 0.54 2.81 
0.2304 256 6 0.63 7.58 797.73 1.33 0.75 1.39 
0.3456 384 5 0.77 33.13 662047 1.10 0.91 0.93 
004032 448 5 0.80 33.13 614.70 1.02 0.98 0.80 
004608 512 5 0.83 33.13 578.81 0.96 1.04 0.71 
0.6912 768 5 0.98 33.13 471.91 0.79 1.27 0.50 
0.9216 1024 5 1.24 7.58 406.59 0.68 1.48 0.34 
1.3824 1536 4 1.69 33.13 337.59 0.56 1.78 0.21 
1.8432 2048 4 2.02 33.13 300.95 0.50 2.00 0.16 

Table 1: Effect of varying threshold area on the network characteristics of the South Fork 
Smith River network extracted from 30 m resolution DEM. 

Total Constant I 

Threshold Basin stream Drainage of channel Stream 
area order, L 1 , Ln , length, density, maintenance, frequencv. I 

km2 pixels n km km km km/km2 km2/km streams / km2 

0.0288 32 6 0.26 9.55 548.62 4.83 0.21 13.7 
0.0576 64 6 0.32 9.55 367.35 3.23 0.31 6.92 
0.1152 128 5 0.39 9.55 239.85 2.11 0.47 3.55 
0.2304 256 5 0.62 9.55 165.17 1.45 0.69 1.58 
004608 512 4 1.01 9.55 120.71 1.06 0.94 0.79 
0.6912 768 4 1.16 9.55 96.25 0.84 1.18 0.55 
0.9216 1024 4 1.43 9.55 84.55 0.74 1.34 0041 

Table 2: Effect of varying threshold area on the network characteristics of the Schoharie 
Creek network extracted from 30 m resolution DENt 
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threshold stream number of mean stream, mean drainage 
area, km2 order, w streams length, km area, km2 

0.2304 1 666 0.63 0.55 
0.2304 2 132 1.33 2.44 
0.2304 3 24 4.07 14.7 
0.2304 4 9 5.61 41.3 
0.2304 5 2 22.3 278.8 
0.2304 6 1 7.58 600.4 

0.4608 1 346 0.83 1.02 
0.4608 2 58 2.39 5.55 
0.4608 3 15 4.90 25.9 
0.4608 4 5 9.03 68.4 
0.4608 5 1 33.1 600.4 

Table 3: Network characteristics of the South Fork Smith River network extracted from 
30 m resolution DEM data with threshold areas of 0.2304 and 0.4608 km2 .Fork 

These figures show that between including and excluding the highest order streams there is 
little difference in the slopes of the curves (that is, in Horton's ratios RB, RL, and R A ) for 
threshold areas not at the transition. However, at the transition the two slopes may vary 
significantly as a result of the highest order stream not following the Horton relationships 
of the lower order streams. It may therefore be appropriate to exclude the highest order 
stream (and possibly additional higher order streams) since our arbitrary choice of outlet 
location does not give a complete stream of the highest order. \Vhen the data are analyzed 
appropriately, Horton's ratios are approximately constant over a range of threshold areas 
for a given resolution [Helmlinger, et al., 1991]. 

Tables 4 and 5 also indicate problems in estimating Horton's ratios. This is seen where 
for various combinations of grid resolution and threshold area the value of log RB/log RL 
is greater than 2, but the maximum value which the branching dimension can have is 2. 

The variation of Horton's ratios with resolution at a given threshold area was also 
studied. Tables 4 and 5 also show that Horton's ratios are approximately constant over 
a range of resolutions for a given threshold area. Several exceptions from the South Fork 
Smith River (Table 5) can be explained as follows: (1) for a threshold area of 0.3456 km2 

the outlet stream is order 6 for the 60 m grid resolution while it is order 5 for all other,harie 
grid resolutions, (2) for a threshold area of 0.4608 km2 and a 120 m grid resolution the 
order 5 stream (the outlet stream) is much shorter than the order 4 stream. and (3) for a 
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threshold area of 0.4608 km2 and a 480 m grid resolution there are 614 streams while for all 
other grid resolutions there are approximately 425 streams. Items (1) and (2) correspond 
to the transition between successive outlet orders where Horton's laws may not hold for 
all streams. Item (3) corresponds to a very coarse grid resolution where only two pixels 
are needed to give the threshold area of 0.4608 km2 • 

Since Horton 1s ratios are approximately constant when they are determined separately 
for each resolution [Helmlinger, et al., 1991], composite values were also obtained for a 
given threshold area. Figures 19, 20, and 21, show the composite results for threshold 
areas of 0.2304 and 0.4608 km2 from the South Fork Smith River. Horton's ratios were 
determined by regression after lumping together all data for a given threshold area. For 
the 0.2304 km2 threshold area a second regression was performed where the order 6 stream 
was excluded because this threshold area was at the transition to a lower outlet order. The 
composite results agree well for the two threshold areas, again indicating that Horton's 
ratios are approximately constant with threshold area. These results are summarized for 
threshold areas of 0.2304 and 0.4608 km2 in Table 6 and show that for the South Fork 
Smith River log RBI 10gRL = 1.73. Table 6 also shows the composite results for Schoharie 
Creek where log RBI log RL is estimated to be 1.85. 

We have also examined the use of the box-counting method for estimating the frac
tal dimension of the branching structure of the river network (that is, estimating the 
ratio log RBI log RL)' We first applied the box-counting method to artificial networks 
with known values of RB and RL to show that the method does give a good estimate of 
log RB/log RL. We then applied the method to two actual river networks. As can be seen 
in Figures 22, 23, 24, and 25, the number of points (pixels) describing both the artificial 
networks and the actual river networks varies approximately between 104 and 105 and 
depends on the network order. 

The box-counting method was applied to the artificial river networks shown in Figures 4 
and 5 with the resulting fractal plots shown in Figures 22 and 23, respectively. The artificial 
network in Figure 4 corresponds to a very large order network. The fractal plot for this 
network (Figure 22) illustrates some problems associated with interpreting the results of 
the box-counting method. At the smallest box sizes the slope of the curve approaches zero 
which indicates that at smaller box sizes each box contains a single point. At slightly larger 
box sizes there is a transition to the slope corresponding to the fractal dimension of the 
branching structure. At the largest box sizes (corresponding to a relatively few number of 
counted boxes) the slope will approach two because all the points are included in only a few 
boxes. These two regions (at the largest and smallest box sizes) should be ignored because 
they are inherent in the fractal plot resulting from the box-counting method. Often these 
two regions are not shown on the plot. The intermediate range of box sizes on the plot 
clearly shows that the fractal dimension of the branching structure can be obtained from 
the slope of the box-counting fractal plot. 

The fractal plot in Figure 23 shows the results of the box-counting method for two 
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3.76 2.08 4.23 1.81 
3.70 2.03 4.15 1.85 
3.64 2.05 4.18 1.80 
4.03 1.96 4.50 2.07 
3.38 1.90 3.85 1.90 
3.28 1.86 3.87 1.91 
3.37 1.85 3.78 1.97 
3.26 1.85 3.71 1.92 
6.48 3.13 7.71 1.64 

4.18 1.67 4.10 2.79 
4.88 2.12 4.82 2.11 
4.77 2.10 4.70 2.11 
4.55 1.95 4.31 2.27 
4.38 1.64 4.31 2.99 
4.98 2.27 4.90 1.96 
5.19 2.46 5.11 1.83 
4.48 1.87 4.29 2.40 
4.21 1.70 3.92 2.71 
6.00 2.42 5.58 2.03 
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Table 4: Horton's ratios for the Schoharie Creek network. 
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Grid Threshold Basin Number wi th order n stream without order n stream 
size, 

m 
area order, of 

km2 pixels n streams 
lo~RB 

RB RL RA logRL 
lo~ RB 

RB RL RA log RL 

30 0.0576 64 6 3466 4.69 2,48 5.20 1.70 4,48 2.31 4.75 1.79 
30 0.1152 128 6 1690 4.10 2.30 4.44 1.69 4.10 2.14 4.12 1.8.5 
30 0.2304 256 6 834 3.72 1.83 4.20 2.17 4.18 2.35 4.62 1.67 
60 0.2304 64 6 811 3.74 1.82 4.22 2.20 4.27 2.32 4.72 1.72 
120 0.2304 16 6 811 3.72 1.78 4.18 2.28 4.24 2.24 4.68 1.79 
240 0.2304 4 6 958 3.84 2.11 4.36 1.80 4.34 2.32 4.83 1.74 
30 0.3456 384 5 557 4.42 2.51 5.01 1.61 4.26 2.32 4.47 1.72 
60 0.3456 96 6 567 3.41 1.75 3.87 2.19 3.81 2.19 4.26 1.71 
120 0.3456 24 5 553 4.50 2.49 5.01 1.65 4.58 2.34 4.59 1.79 
240 0.3456 6 5 586 4.47 2.51 5.12 1.63 4.33 2.31 4.59 1.75 
30 OA032 448 5 479 4.20 2,41 4.77 1.63 4.04 2.18 4.26 1.79 
60 OA032 112 5 488 4.33 2.55 4.84 1.57 4.32 2045 4.33 1.63 
120 004032 28 5 472 4.70 1.96 6.89 2.30 5.79 2.96 6.89 1.62 
240 0.4032 7 v 493 4.32 2.43 4.86 1.65 4.35 2.25 4.41 1.81 
30 0.4608 512 5 425 4.11 2.39 4.61 1.62 4.08 2.20 4.12 1.78 
60 0.4608 128 5 429 4.16 2.45 4.65 1.59 4.12 2.27 4.16 1.73 
120 OA608 32 5 423 4.54 1.94 5.35 2.28 5.53 2.93 6.62 1.59 
240 0.4608 8 5 418 4.19 2.30 4.57 1.72 4.37 2.02 4.12 2.10 
480 0.4608 2 5 614 4.47 2.60 5.08 1.57 4.42 2.22 4.68 1.86 
30 0.9216 1024 5 204 3.6-1 1.76 4.26 2.29 4.17 2.58 4.90 1.51 
60 0.9216 256 5 211 3.68 1.81 4.32 2.20 4.23 2.65 4.99 1.48 
120 0.9216 64 5 204 3.6-1 1.72 4.28 2.38 4.23 2.41 5.02 1.64 
240 0.9216 16 5 213 3.68 1.82 4.34 2.18 4.20 2.62 4.98 1.49 
480 0.9216 4 4 224 5.50 3.12 6.90 1.50 4.76 3.07 5.69 1.40 
960 0.9216 1 4 379 6.76 3.27 7.77 1.61 6.35 2.48 6.57 2.04 
30 1.3824 1536 4 128 4.36 2.68 5.31 1.49 3.50 2.25 4.08 1.54 
60 1.3824 384 4 129 4.43 2.72 5.32 1.49 3.80 2.36 4.27 1.55 
120 1.3824 96 4 127 4.41 2.67 5.32 1.51 3.76 2.30 4.25 1.59 
240 1.3824 24 4 124 4.36 2.61 5.25 1.53 3.72 2.17 4.22 1.70 
480 1.3824 6 4 114 4.29 2.43 5.35 1.64 3.85 2.37 4.60 1.56 
30 1.8432 2048 4 96 3.9:3 2.49 4.79 1.50 3.18 2.01 3.69 1.66 
60 1.8432 512 4 95 3.91 2.51 4.75 1.48 3.16 2.01 3.63 1.65 
120 1.8432 128 4 90 3.89 2.4.5 4.66 1.52 3.34 2.02 3.57 1.72 
240 1.8432 32 4 88 3.86 2.42 4.67 1..5:3 3.29 1.96 3.66 1.77 
480 1.8432 8 4 77 3.9·5 1.69 4.84 2.62 4.47 2.58 5.45 1..S~ 

T 

C 


Table 5- Horton's ratios for the South Fork Smith River network. 
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log Re 
log RL 

1. 79 
1.8.5 
1.67 
1.72 
1.79 
1.74 
1.72 
1.71 
L79 
1.75 
1.79 
1.63 
1.62 
1.81 
1.78 
1.73 
1.59 
2.10 
1.86 
1.51 
1.48 
1.64 

1A9 
1.40 

2.04 
1.54 

1.55 
1.59 
1.70 
1.56 
1.66 

resolution, threshold stream logRB 
Network m, area, km2 orders RB RL RA logRL 

SFSR 
SFSR 
SFSR 
SFSR 

SFSR 
SFSR 
SFSR 

SC 
SC 
SC 

SC 
SC 
SC 

SC 
SC 
SC 

SC 

30 

30 


30-240 
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30 

30 


30-240 


30 

30 


30-240 


30 

30 


30-240 


30 

30 


30-240 


30-240 


0.2304 
0.2304 
0.2304 
0.2304 

0.4608 
0.4608 
0.4608 

0.4608 
0.4608 
0.4608 

0.6912 
0.6912 
0.6912 

0.9216 
0.9216 
0.9216 

0.46, 0.69, 0.92 

1-6 
1-5 
1-6 
1-5 

1-5 
1-4 
1-5 

1-4 
1-3 
1-4 

1-4 
1-3 
1-4 

1-4 
1-3 
1-4 

1-4 

3.72 
4.18 
3.76 
4.26 

4.11 
4.08 
4.29 

4.42 
5.96 
4.45 

3.79 
4.90 
3.72 

3.38 
4.12 
3.32 

3.81 

1.83 4.20 
2.35 4.62 
1.88 4.24 
2.31 4.71 

2.39 4.61 
2.20 4.. 12 
2.32 4.84 

2.22 4.89 
2.41 5.53 
2.30 5.00 

2.00 4.24 
1.83 4.66 
2.04 4.20 

1.90 3.85 
1.65 4.01 
L87 3.77 

2.06 4.30 

2.17 
1.67 
2.10 
1.73 

1.62 
1.78 
1.73 

1.86 
2.03 
1.79 

1.92 
2.63 
1.84 

1.90 
2.82 
1.92 

1.85 

1.6.5 
1.72 
L j'7 

1 . .')8 

Table 6: Network characteristics of the South Fork Smith River, CA (SFSR) and Schoharie 
Creek, NY (SC). 
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artificial networks with network orders of 6 and 10 where the order 10 network is shown 
in Figure 5. The smallest box sizes where the slope approaches zero have been omitted 
from this figure. The intermediate box sizes which give valuable information show two 
distinct regions. One region (at smaller box sizes) shows a slope indicating the fractal 
dimension of individual streams. The slope of -1 here indicates that Dc = 1 which must be 
true since the individual streams were generated with straight lines. A second region (at 
larger box sizes) indicates the fractal dimension of the artificial network. Since Dc = 1 the 
fractal dimension of the artificial network and its branching dimension are equal. Finally, 
the figure indicates that the region showing the fractal dimension of the network becomes 
smaller as the network order becomes smaller, and in fact it eventually disappears (as seen 
with the order 6 network). 

Figures 24 and 25 show the box-counting estimates of the fractal dimension of the South 
Fork Smith River and Schoharie Creek river networks to be 1.81 and 1.73, respectively. 
The mainstreams of the two networks are shown in Figure 26. When the box-counting 
method was applied to the two mainstreams (Figure 27) the resulting fractal dimensions of 
the mainstreams were 1.00 for the South Fork Smith River and 0.97 for Schoharie Creek 
Other researchers have found slightly higher values for river lengths. For example, Hjelmfelt 
[1988] found fractal dimensions between 1.04 and 1.29 for eight rivers in Missouri using 
Richardson's method, Robert and Roy [1990] also used Richardson's method and found the 
fractal dimension for 10 interior segments of the Eaton River, Quebec, Canada to range 
from 1.07 to 1.13, Rosso, et al. [1991] found fractal dimensions between 0.99 and 1.10 
for five rivers in Italy using the box-counting method, while Nikora [1991] found fractal 
dimensions between 1.0 and 1.33 for 46 river sections in Moldavia. 

Since, the fractal dimension of individual streams was found to be approximately 1 for 
the two river networks studied here, the fractal dimension of the river networks are equal 
to the branching dimension (that is, log RB /log Rd. The box-counting estimates of 1.81 
and 1.73 compare with composite values for log RB flog RL of 1.73 (from threshold areas 
of 0.2304 and 0.4608 km2 

) and 1.85 (from threshold areas of 0.4608, 0.6912, and 0.9216 
km2 

) for the South Fork Smith River and Schoharie Creek, respectively. 

In Figures 24 and 25 the slope which represents the fractal dimension of the river 
network, D n , is seen best from the curves representing small threshold areas. For larger 
threshold areas at small box sizes the curves deviate from the line which gives Dn. For 
larger threshold areas the portion of the curve which gives Dn becomes smaller because in 
general the network order becomes smaller and the box-counting method relatively 
more of the individual streams and less of the network structure. At small box sizes these 
curves show a slope of -1 which indicates that the fractal dimension of individual streams is 
1. For larger threshold areas (corresponding to smaller network orders) the portion of the 
curve which gives Dc becomes larger. In general, two slopes will be seen on the fractal plots, 
(1) at smaller box sizes the slope indicates the fractal dimension of individual streams, and 
(2) at larger box sizes the slope gives the fractal dimension of the river network which is 
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equal to the branching dimension (log RB / log Rd when individual streams have fractal 
dimension 1. 

Efforts have been made to analytically combine the effects of the fractali ty of the 
branching structure with the fractality of the individual rivers to obtain an overall fractal 
dimension for the river network. Tarboton, et al. [1990] derived the expression 

(42) 

where Dn is the fractal dimension of the river network and Db = log RB / log R L . LaBarbera 
and Rosso [1990] derived a different expression 

(43) 

These two expressions are practically equivalent for values of Dc near unity. For Dc = 1, 
the two expressions indicate that the fractal dimension of the river network and the fractal 
dimension of the branching structure (log RB / log R L ) are equal and the dimension may 
then be taken from the fractal plot of the box-counting method. 
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Figure 13: Estimation of Horton's bifurcation ratio RB for the South Fork Smith River 
with the river network extracted from 30 m resolution DEM data. The estimation of RB 
includes the highest order stream in the network. 
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Figure 14: Estimation of Horton's bifurcation ratio Ra for the South Fork Smith River 
with the river network extracted from 30 m resolution DE~l data. The estimation of Ra 
excludes the highest order stream in the network. 
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Figure 15: Estimation of Horton's length ratio R£ for the South Fork Smith River with the 
river network extracted from 30 m resolution DEM data. The estimation of R£ includes 
the highest order stream in the network. 
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Figure 16: Estimation of Horton's length ratio R£ for the South Fork Smith River with the 
river network extracted from 30 m resolution DE1.-I data. The estimation of RL excludes 
the highest order stream in the network. 
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Figure 17: Estimation of Horton's area ratio RA for the South Fork Smith River with the 
river network extracted from 30 m resolution DEM data. The estimation of RA includes 
the highest order stream in the network. 
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Figure 18: Estimation of Horton's area ratio RA for the South Fork Smith River \vith the 
river network extracted from 30 m resolution DEM data. The estimation of RA excludes 
the highest order stream in the network. 
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Figure 19: Horton's bifurcation ratio for the South Fork Smith River from the composite 
of all resolutions at threshold areas of 0.2304 (0) and 0.4608 (*) km2. Two curves include 
the highest order stream (solid lines) and the third curve excludes the highest order stream 
(dashed line). 
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Figure 20: Horton's length ratio for the South Fo~k Smith lliver from the composite of all 
resolutions at threshold areas of 0.2304 (0) and 0.4608 (*) km2. Two curves include the 
highest order stream (solid lines) and the third curve excludes the highest order stream 
(dashed line). 
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Figure 21: Horton's area ratio for the South Fork Smith River from the composite of all 
resolutions at threshold areas of 0.2304 (0) and 0.4608 (*) km2. Two curves include the 
highest order stream (solid lines) and the third curve excludes the highest order stream 
(dashed line). 
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Figure 22: The box-counting estimate of the fractal dimension of the attractor of Figure 
4. 
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Figure 23: The box-counting estimate of the fractal dimension of the attractor of Figure 
5. 
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Figure 24: The effect of varying threshold area on the box-counting estimate of the fractal 
dimension of the South Fork Smith RjYer network extracted from 30 m resolution DEM 
data. 
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Figure 25: The effect of varying threshold area on the box-counting estimate of the fractal 
dimension of the 'Schoharie Creek network extracted from 30 m resolution DE:\I data. 
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Figure 26: Network mainstreams: (a) the South Fork Smith River (threshold area of 0.4608 

km2

) and (b) Schoharie Creek (threshold area of 0.6912 km2 
) both extracted from 30 111 


resolution DEM data. 
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Figure 27: The fractal plots for the mainstreams of the South Fork Smith River with a 
threshold area of 0.4608 km2 (D = 1.00) and Schoharie Creek with a threshold area of 
0.6912 km2 (D = 0.97), both extracted from 30m resolution DEM data. 
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6 Future Research 

In our future research we plan to address the following two problems: (1) Determination of 
the hillslope scale from morphometric properties of the river network, and (2) Exploration 
of Diffusion Limited Aggregation (DLA) models for studying the evolution and structure 
of river networks and their hydrologic response. 

6.1 Determination of the hillslope scale 

Montgomery and Dietrich [1992] recently suggested that the threshold area (critical sup
port area) is not constant in a basin but is a function of the local valley slope (the slope 
immediately upstream of the channel source in the unchanneled valley). They suggested 
the power relationship 

Ath = CS-2 	 (44) 

where C is a constant empirically determined from field data and 5 is the local valley 
slope. This relationship indicates that the larger the local slope the smaller the threshold 
area defining the initiation of a channel, as is intuitively expected. This finding gives 
us hope and new avenues for approaching the problem of predicting the threshold area 
Athl and in particular the (Ath,S) relationship, from the morphometric properties of the 
channel network. It is emphasized that the practical importance of this problem stems 
from the need to extract realistic river networks from DEM data as opposed to expensive 
and time-consuming field studies. 

In approaching this problem we make the following hypothesis: The symmetry or 
dissymmetry (order or disorder) of nature is imprinted in the actual river network and 
should be reflected on the morphometric or scaling properties of the network, for example, 
on the width function, RB, RL, RA , statistical properties of stream lengths, etc. One should 
be able to detect "differences" in the properties obtained from the actual river network 
(extracted with the "correct" (Ath, 5) relationship) and any other "artificial" river network 
(extracted with the "wrong" Ath). 

A tremendous help in our analysis and in testing this hypothesis is the existence of 
several data sets which include very detailed DEM data plus detailed field observations 
indicating the location of stream sources and the associated stream network. Montgomery 
and Dietrich [1992] who collected these data sets have used them to estimate the form 
and parameters of the (Ath, 5) relationship. \Ve plan to use these unique data sets in our 
further studies, provided we can get access to them. 

In particular, to test our hypothesis we plan to investigate the following questions: 

1. 	 Are the distributions of internal links, external links, and source basin lengths con
verging to a single unique distribution when the correct (Ath, 5) relationship is used 
to extract the river network? 



2. 	 How does the width function (that is, the number of links at a given flow distance 
from the basin outlet) change as we vary the threshold area and slope function and 
does it have a special form at the correct (Ath, S) relationship corresponding to the 
actual river network? 

3. Do we get 	"better" (more stable) estimates of RB and RL when the actual river 
network (defined in field studies) is used? It is worth noting that the original work 
of Horton has been based on extensive field observations and the river networks he 
used to establish scaling laws of river network composition were probably very close 
to the actual river networks. 

6.2 	 DLA models, river network structure and hydrologic re
sponse 

Recently Liu [1992] has reported some interesting results and clarifications on the fractal 
structure of river networks based on a comparison of river networks and loopless random 
aggregates which have been extensively and fruitfully studied as disordered systems using 
fractal concepts. 

Meakin [1991] in providing a review and topics for possible further research in fractal 
aggregates presents some interesting arguments that motivate the use of Diffusion Lim
ited Aggregation (DLA) models to study the formation, evolution and structure of river 
networks. In DLA models [Witten and Sander, 1981] particles are added one at a time to 
a growing cluster or aggregate of particles via random walk trajectories originating from 
outside the region of the space containing the growing cluster. The DLA model may be 
considered to represent the random growth process in which the growth probabilities at 
the surface of the growing cluster are given by a scalar field d;J( r) (or its gradient normal 
to the surface) that obeys the Laplace equation 

V7 2<p(r) 0 	 (45) 

with the boundary conditions <p( r) 0 at all positions r occupied by the cluster and ¢;( r) 
= 1 (or some other constant value) for Irl = 00. The probability per) that a random 
walker will visit the lattice site at position r is proportional to oCr). Meakin [1991] asserts 
that a variety of processes related to DLA may play importnat roles in the formation of 
river networks. He bases this assertion on the fact that several investigators [Jones, 1971; 
Gilman and Newson, 1980; Dunne, 1980] pointed out that soil-water through flow with 
piping seepage outflow may play an important role in the initiation and extension of surface 
drainage networks. Since the flow of water through a porous medium can be described in 
terms of the Darcy/Laplace equations, the relationship between the processes responsible 
for network initiation and extension and DLA seems relatively direct. 

A DLA-like model for the formation of river networks by surface erosion can also be 
motivated if the land height h( r) at position r is considered to be the scalar field that obeys 
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the Laplace equation and the rate of river growth is proportional to the local gradient of 
h(r). Meakin [1991] presents the results from a simple erosion model for river network 
formation. 

Further research should explore (1) the connection of the DLA model parameters to 
parameters of the GIUH, (2) the calibration of the DLA model parameters to reproduce 
the hydrologic response of the basin, (3) the determination of the travel times from the 
particle paths in the DLA models; and (4) the connection of DLA model parameters to 
scaling parameters of the river network such as RB and RL . 
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