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I ABSTRACT 

I Modelling groundwater flow can be viewed as two separate problems. The 

I 
first is identification of the transmissivity of the porous medium. This 
property fully describes the medium when the type of flow does not vary 
with time. The second problem is the prediction of the response (output) 
of the system under different stimuli (inputs), which are given as boundary 
conditions such as known values of flow, discharge (leakage, pumping, 
infiltration, etc.), and piezometric head. The research reported here

I addresses both of these problems. 

I 
The theory of random fields provides a powerful method to model the complex 
variability of transmissivities observed in nature. Choosing this 
geostatistical approach implies that the other two fields (heads and 
velocities) must be described as random fields as well. Under this 

I 
assumption, the natural question to ask is: how can we obtain the best 
description of the random fields, given all available information? To 
answer this question, this work presents a new method to estimate the 
random fields involved in groundwater flow. Its relevant feature is to

I make maximum use of all available information. The method is based on 
conditional probability formulas, derived for the case of a Gaussian 
distribution. 

I A gaussian random field is completely specified by its first two moments: 
mean and covariance. It is customary to describe the mean as a spatially 

I 
variable function and the covariance as a function that depends solely on 
the distance between two points in the field. Both functions depend on 

I 
parameters that must be estimated from the data. The method of maximum 
likelihood is used to estimate covariance parameters, while the mean 
parameters are filtered out by linear transformation of the transmissivity 
data. 

I A new method was developed to solve the prediction problem. Basically, it 
estimates the conditional densities of the three random fields using all 
available data. For this purpose, the flow equation was linearized about a 
conditional mean of the transmissivity field. Numerical simulations were

I used to test this method; and results are quite satisfactory. A better 

I 
description of the spatially variable fields was achieved, as manifested by 
a reduction of the mean squared error of estimation of both the log
transmissivity and head fields. The error reduction is directly 
proportional to the degree of heterogeneity of the log-transmissivity 
field. 

I ACKNOWLEDGMENTS 

I This work was performed while both authors were at the St. Anthony Falls 

I 
Hydraulic Laboratory. Financial support was given by the Minnesota Water 
Resources Research Center and the National Science Foundation. Academic 
Computing Services and Systems (University of Minnesota) provided a series 
of grants which made possible all of the computational work of the study. 

I 

iii 

I 



I 

I 

I 

I Chapter 1 

INTRODUCTION 

I 
The purpose of this chapter is threefold:I (i) to introduce the problem under consideration, 

I (ii) to review previous works that are relevant to the approach 

I 

to be followed here, and 

I (iii) to summarize the methodology to be used and the 

contributions of the present study. 

The three sections that follow correspond to the above topics. 

I 
1.1 Statement of the Problem 

I We will be dealing with estimation of transmissivities, 

hydraulic heads and velocities in two---dimensional steady flow; the 

I 

I methods chosen will use the theory of random functions and, 


consequently, the problem to be solved becomes stochastic in nature. 


I 
In general, the problem can be conveniently broken into three 

sequential steps: 

(i) Estimation of the transmissivity field using all available 

I measurements of transmissivity, hydraulic head, and 

I 
recharge, as well as boundary conditions. This is usually 

called the inverse problem of groundwater modelling. 

I 
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(ii) 	 Estimation of the hydraulic head field using measurements I 
of the property field, the inflow and outflow data and the 

appropriate boundary conditions. This step is known in I 
groundwater modelling as the direct problem. I

(iii) 	 Estimation of the velocity field again using all 


information. 
 I 
The first two steps are interrelated because the two random 

fields must satisfy the equation of flow, which has the form of a I 
partial differential equation of the Poisson type; so the sequential Itype of solution presented here is just a matter of convenience. On 

the other hand, velocities are given by Darcy's equation in terms of I 
the other two fields; this problem can be treated separately from the 

first one. I 

I
1.2. 	 Literature Review 

Most of the previous work reported in the literature is related I 
to the solution of the inverse problem. The resilient nature of this 

problem has motivated the application of many different approaches. I 
A convenient broad classification is into deterministic and 

stochastic methods. I 
The 	 review of the literature focuses on both the inverse and I

direct problem, emphasizing the stochastic methods of solution, 

because the present work will build up on those precedents. An I 
overview of the deterministic methods is also given to show the 

alternative approach. The reader interested in the deterministic I 
I2 
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I approach is referred to ~euman [1973J, Kitanidis [1976J, Vomvoris 

[1982J and Yeh [1986J.

I The problem of estimating the velocity field can be easily dealt 

with after the inverse and direct problems are solved. It is just a 

problem of derived probability distributions; no special review is 

I necessary. 

I 

The review is organized into three main subjects: deterministic 

I methods, stochastic methods for the direct problem and stochastic 

methods for the inverse problem. Each of them is presented in a 

separate subsection after this paragraph. 

I 
1.2.1 Deterministic methods. 


I Deterministic methods were the first to be used to solve both 


I 

the direct and the inverse problem. Solving the direct problem

I amounts to solving a partial differential equation of the Poisson 

type with known coefficients. Any of the classical techniques 

available can do the job so that this topic will not be considered 

I here. The reader is referred to Polubarinova-Kochina [1962] for 

analytical solutions of this type of equations, and to Pinder and 

I 
I Gray [1977J for numerical solutions using the finite element method. 

By contrast, the inverse problem does not have a clear-cut solution. 

I 
Following Kitanidis [1976], deterministic solutions for the inverse 

problem can be classified into: trial and error, direct solution and 

I 
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optimization techniques. A brief report of each of them 1S glven I 
below. 

The trial and error method is the simplest and probably remains I 
the most widely used by practitioners; it looks for a set of values I
of the property field (transmissivity) such that a record of the 

state variables (piezometric head) can be adequately reproduced. The I 
solution so obtained is dependent on subjective criteria of model fit 

and discretization of the property field; furthermore, it does not I 
provide an estimate of the error involved or the sensitivity of the Iestimates to given observations. 

The direct method is based on the idea that the flow equation I 
can be solved with a given head field to find the unknown 

transmissivity. That is, the property field is now the dependent I 
variable of the flow equation. This requires the knowledge of all 

piezometric heads and source/sink terms involved in the equation. If I 
a numerical solution is sought, the values of heads at all nodes must I 
be available. This may be achieved using some interpolation method, 

such as splines, which is equivalent to making some assumptions about I 
the shape of the head field. Even then, the problem is ill-posed 

unless supplemented with the right boundary conditions. In the I 
steady flow case, this means that the transmissivity or discharge I 
rate must be known at one point of each streamline. Unique solutions 

may also be obtained by introducing appropriate smoothness I 
assumptions about the property field [Emsellem and de Marsily, 1971J. 


Two major drawbacks are that the effects of the assumptions I 

I 

I 
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I introduced are difficult to quantify, while the effects that errors 

in the head field (either due to measurements or to interpolation) 

I have on the en T field are not accounted for. 

I 

Optimization techniques have been extensively used to solve the 

I inverse problem. The problem is reduced to finding the property 

field which minimizes some error criterion, expressed as a norm of 

the difference between observed and calculated values, whether heads 

I or transmissivities. Most of the mathematical methods used were 

brought from the fields of operations research, control theory and 

I statistics (linear and nonlinear regression), as well as ad hoc 

procedures. The critical issue associated with the implementation of 
I 
I 

fitting procedures of this sort is that of parameterization; if the 

number of parameters is too large, the solution is nonunique or 

I 

extremely sensitive to small fluctuations in the values of the data 

I [Yakowitz and Duckstein, 1980J. A case in point is the zonation 

method, where the aquifer is divided into a number of zones of

I constant transmissivity, each of these values viewed as an 

independent parameter. In this case, the number or shape of zones 

becomes an additional variable with a dramatic effect over stability 

I and estimation error. Yeh [1986J, in a review paper, considered the 

I 

problem of overparameterization and concludes that "most of the 

I published work relies upon a trial and error approach". The 

existence of noise in measurements further limits the number of 

independent parameters. Some of these optimization methods have been 

I 
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combined with a statistical analysis of the errors involved III tht, I 
solution [Cooley, 1982J. 

I 
1.2.2 Stochastic methods for the direct problem. I 

The solution of the direct problem using stochastic methods is 

defined as the derivation of the probability distribution of the head I 
field when the transmissivity is a known random field. This is 

achieved by solving the stochastic differential equation of flow, ar,'; I 
solutions have been obtained using either numerical or analytical I
methods. The most common methods of solution are Monte Carlo 

simulations and first-order or small-perturbation analysis. The most I 
relevant contributions will be mentioned below to show the evolution 

of ideas in this area. I 
Freeze [1975J solved two problems of one-dimensional saturated 

flow by Monte Carlo simulations; hydraulic conductivity, I 
compressibility and porosity were considered as random fields. He I 
reviewed previously collected measurements which indicate that the 

probability density function (pdf) for permeability is commonly I 
lognormal and the one for porosity is commonly normal. Spatial I,statistical structure of the medium properties was not considered so 

the generated values of those fields were independent of position. II 
Freeze concluded that it was not possible to represent a nonuniform 

homogeneous porous medium using an equivalent uniform porous medium. I 
Then Smith and Freeze [1979J considered the two-dimensional 

horizontal flow in a saturated aquifer. I 
I6 
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I Gelhar and his co-workers developed an approach which combines 

I 

spectral analysis techniques with first-order analysis. Perturbation 

I methods approximate a function using the first few terms of an 

asymptotic expansion. When only the first two terms are used, the 

method is known as first-order analysis or small-perturbation method. 

I Bakr et al. [1978J studied one- and three-dimensional flows assuming 

a spatial correlation structure for the hydraulic conductivity field. 

I They obtained analytical relationships for an infinite flow domain. 

The head covariance function was expressed as a function of the I 
I 

covariance function of the log-permeability field. The head variance 

in the three-dimensional case is an order of magnitude smaller than 

I 

the one obtained in one dimension and the head covariance function 

I was shown to decay more rapidly in the flow direction and more slowly 

in the direction perpendicular to the mean flow. In any case, the

I hydraulic head is correlated at larger distances than the hydraulic 

conductivity. Mizell et al. [1982] analyzed two-dimensional steady 

flow using spectral analysis and the theory of intrinsic random 

I functions and obtained results that are consistent with those of Bakr 

I 

et al. [1978]. Head variances are also reduced by more than an order 

I of magnitude from the one-dimensional case. Conditions for the 

existence of stationary and non-stationary head processes are given; 

I 
in particular, for distances up to 2.5 correlation scales (of 

transmissivity) both types of processes yield the same results in 

terms of covariance functions. This type of analysis provided useful 

I insight on the characteristics of the stochastic processes involved 

I 7 
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and the relationships obtained are independent of any numerical I 
discretization. However, they assume that the boundaries can he 

chosen to be several correlation scales away from the area of I 
interest, so that boundary effects can be neglected. I 

Delhomme [1979J used conditional simulations, a type of Monte 

Carlo technique, to obtain different responses of the head surfa~e, I 
and introduced two key elements of the theory of geostatistics. 

namely the variogram and the kriging method. The variogram is a I 
second moment (expected value of the squared differences of the data: I 
which can be obtained from the covariance function if the latter 

exists; for some non-stationary processes the covariance cannot be I 
defined but the variogram may still exist. Kriging is a technique 

developed by Matheron [1971J to provide the best linear unbiased I 
estimator of a spatially distributed variable with known variogram. IIn this paper, the correlation structure of the transmissivi:y field 

was defined by a variogram obtained using transmissivity data; the I 
best estimate of the transmissivity field conditional on the 

transmissivity data was obtained by kriging using this variogram. I 
The property field is then perturbed in points other than the data to 

obtain many of the possible realizations under the existing I 
uncertainty; the corresponding head fields are obtained using a I 
numerical method and analyzed to obtain its distribution. 

Dagan [1982J extended these ideas by proposing the full-scale I 
use of conditional probabilities for the direct problem. He used 

small-perturbation expansions to obtain analytical solutions for I 
I8 
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I 
I one-, two- and three-dimensional steady flow in an unbounded domain 

under the assumption that the field of logtransmissivity follows a

I multivariate normal distribution. However, he avoided the need to 

I 
 assume a stationary head field by using a Green's function approach. 


With these solutions he was able to quantify the reduction of 


I uncertainty due to conditioning by the data: for two-dimensional 


flow it appears that the variance reduction is localized around the 


I 

I point of conditioning and it dies away after a distance of 


approximately three or four correlation scales. As in the work of 


Delhomme, only logtransmissivity data are used. 

I 
1.2.3 Stochastic methods for the inverse problem. 

I Most existing stochastic methods are" extensions of the 

deterministic method of minimizing a fitting criterion. For example, 

I 
I Neuman and Yakowitz [1979J and Neuman [1980J developed a solution for 

the inverse problem using the flow equation and the head data. This 

solution relies on the minimization of a composite least squares 

I 	 criterion consisting of a model fit criterion (head differences) and 

a parameter plausibility criterion (logtransmissivity differences). 

I 
I The uncertainty about the property field is thus effectively reduced 

with this method, though in various degrees, as repor~ed in the 

applications by Binsariti [1980] and Clifton and Neuman [1982J. 

I Other works, too many to be reviewed here, are referenced in Yeh 

[1986J . 

I 
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The development of conditional probability or geostatistical I 
methods for the solution of the inverse problem came later than those 

for the direct problem, as in general the solution of the latter is I 
necessary to solve the former one. 

The most elementary approach is that of Delhomme [1979]. The I 
problem is viewed as one of stochastic interpolation aimed to provide I 
the values of transmissivity at points located in an arbitrary grid 

given measurements of this property at some points on the flow I 
domain. This is a special case of the inverse problem (understood In 

a wide sense) where the information about hydraulic head and I 
discharge is not considered. Delhomme's approach is to use the two I 
statistical tools already mentioned: the variogram estimated with 

the data and the kriging equations to provide both the linear, I 
minimum variance unbiased estimator and the variance of this 

estimator (the estimation error). Two limitations pointed out by I 
Delhomme are: (i) the estimation of a variogram (fitting a Itheoretical shape to the experimental one) involves some uncertainty 

which can become unacceptable when the number of available data I 
points is small, and (ii) some of the existing information about the 

variables of the flow system (i.e. discharge and head measurements) I 
had not been taken into account. 

Kitanidis and Vomvoris [1983J redefined the problem in terms of I 
the multivariate probability density of the measurements (head and I 
permeability), which is a function of the parameters that define the 

mean and covariance of the permeability field. Maximum likelihood I 
10 I 
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I estimation was applied to find the values of those parameters and 

I 

then linear estimation (kriging) provided the best estimate of the 

I permeability field. An analytical solution was obtained for this 

one-dimensional flow problem. This approach was extended to two

I dimensional flow by Hoeksema and Kitanidis [1984, 1985bJ using a 

finite-difference method to solve a test problem and a case study. 

Dagan [1985J continued on the line initiated by Kitanidis and 

I Vomvoris [1983J but provided a general setting analyzing the use of 

I 

conditional probabilities in the solution of the inverse problem. He 

I obtained approximate analytical solutions for two-dimensional steady 

flow using the small-perturbation Green function solution of the flow 

I 
equation. Normality was assumed, as was the case with Kitanidis and 

Vomvoris [1983]. The analytical solutions, which are valid 

sufficiently far from the boundaries, were used to study the 

I influence of the measurements in the variance reduction of the 

solution; results are presented in the form of dimensionless variance 
I 
I 

reduction vs. dimensionless distance between measurements and the 

point of conditioning. The cumulative effect of transmissivity and 

head conditioning is quite important for distances smaller than the 

I logtransmissivity integral scale. 

I 
I 1.3 Purpose and Scope of this Work 

The research reported here deals with the inverse problem in 

groundwater modelling, as well as the problem of prediction, in the 

I terms previously defined in Section 1.1. 

I 11 
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The purpose of this work is to develop a comprehensive I 
methodology able to deal with both types of problems, and such that 

full advantage is taken of all available information. At the same I 
time, the number of independent parameters to be estimated will be I 
kept to a minimum. This requirement of parsimony will be 

accomplished by using the theory of random fields to model the I 
behavior of the different variables. In the earth sciences this 

feature is associated with the geostatistical approach. As examined I 
in the previous section, this type of approach has already been used I
by some researchers. 

The original contribution of this work is a new method for I 
solving the problem of prediction in groundwater flow. This method 

is based on basic results from probability theory: Bayes Theorem and I 
conditional distributions. In order to apply them, a new and more Iaccurate linearization or small-perturbation method is developed to 

solve the flow equation. I 
The same approach is used to solve the inverse problem, along 

with maximum likelihood estimation of the parameters corresponding to I 
the probability density function. 

The performance of the proposed method is tested with numerical I 
simulations. The criteria used to assess performance are based on I 
the quality of the estimates of the first two moments of the random 

fields (i.e. mean and variance). I 
I 

I
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I Chapter 2 

SOLUTION OF THE DIRECT PROBLEM
I 
I 	 This chapter deals with solving the flow problem with random 

parameters; i.e. with deriving the joint probabilistic moments of 

I transmissivity, hydraulic head, and velocity fields. The thrust is 

on obtaining a solution to the direct problem, which also will be

I useful in solving the inverse problem. 

I 
2.1 Basic Equations 

I 	 The basic equations to be satisfied for two-dimensional steady 

flow in a porous medium are continuity 

I 
au. &vax + 7fj = Vq = -	R (2.1)I 

I 
 and the constitutive relation known as Darcy's equation 


I 	 q = - T V¢ (2.2) 

I 
I where q is the Darcy fluid velocity or specific discharge (its 

components in the cartesian directions x and yare u and v, 

respectively); R is the net vertical inflow; T is the transmissivity 

I of the medium and ¢ is the hydraulic head. The transmissivity is 

I 	 13 
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defined as the product of the permeability K (also called hydraulic I 
conductivity) and the depth d of the aquifer. 

The continuity and Darcy equations are combined to find a single I 
partial differential equation of the Poisson type~ which reads 

I 
~(T ~) + ~(T ~) = VeT V~) = - R (2.3) I 

Note that T, ~ and R. are all scalar functions of the I 
spatial coordinates x and y. The governing equation (2.3) is 

satisfied in a domain D limited by a boundary B, in which the I 
following boundary condition is given I 

T ~ + a ~ = b (2.4) I 
where n is the direction normal to the boundary and a and bare I 
given functions of the boundary. The stochastic boundary value Iproblem is defined as finding the probability distribution of 

piezometric heads. I 
In the remaining part of the chapter, the inflow term is assumed 

to be a known deterministic function, and the transmissivity a random I 
variable of known distribution. Boundary conditions are also assumed 

to be known deterministic functions. In general they, as well as the I 
inflow, might be given as random functions if the uncertainty about I 
them is important (see Hoeksema and Kitanidis, 1984 and 1985b). 

I 
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I 	 Finally, once the piezometric head distribution is known, the 

velocity field can be found using Darcy's equation (2.2). 

I 
2.2 Statistical 	Description of Random Fields 

I 
I Numerous studies have pointed out that transmissivity 

variability is well described by a lognormal distribution. Freeze 

I 
[1975] provided evidence of that based on field data of previous 

works; Hoeksema and Kitanidis [1985a] analyzed more than 30 regional 

aquifers and they found that, in general, the logarithms of 

I 	 transmissivity, permeability and storage coefficient are normally 

distributed. 

I 
I In this work, the variable Y will stand for the natural 

logarithm of transmissivity and the notation en T will be used 

alternatively. The flow equation (2.3) and the boundary condition 

I (2.4) can be conveniently transformed using the new variable into the 

following

I 
fJY at/> fJY odJ 	 02 t/> 02 t/>

I 
 ax ax + CFj 7JY + 7JX): + 7Fji = - R exp ( - Y) (2.5) 


I 	 exp(Y) ~ + at/> = b (2.6) 

I 
I Under the normality assumption, all that is needed to describe 

the spatial variability of a random field (Y in this case) is a model 

for its mean and 	covariance. A convenient model for Y assumes that 

I 
I 	 15 
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the mean is a linear function of p parameters ~i' Thus Y may be I 
represented as: 

I 
p 

Y(x,y) = ~ f.(x,y)~. + e(x,y) (2.7) I. 1 1 11= 

Iwhere fi(x,y) are known functions and f(X,y) is a zero mean random 

field. Then the expected value of Y(x,y) is given by the first term I 
in the above equation; this is to be interpreted as the prior mean of 

the process, known in geostatistics as the "drift". The analytical I 
expression of the covariance function R(D) of the process f(X,y) is 

assumed known, subject to validation, and D is the vector of I 
covariance parameters, which along with the vector of drift I 
parameters fJ is to be determined from data. 

It is usual to analyze the spatial variability at a discrete set I 
of points in the domain D and to arrange them into a vector. For 

the log-transmissivity we get from (2.7) I 
I 

Y = XfJ + e (2.8) 

I 
where X is the matrix of deterministic effects containing the 

coefficients fi(x,y) and e is a random vector with zero mean 

covariance matrix Q(D). 

16 
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I 2.3 Numerical Solution of the Stochastic Boundary Value Problem 

When both Y and ¢ are looked upon as random fields, the 

I boundary value problem is stochastic and the relationship between the 

two fields is given by the solution of a derived distribution
I 
I 

problem: given the pdf of Y, find the joint pdf of ¢ and Y. 

In a few cases, this solution can be achieved analytically. In most 

cases, however, it is necessary to resort to Monte Carlo simulations 

I 

I or to employ first---order or small-perturbation analysis to obtain an 

approximate solution. The latter approach is applied here; it is

I based on the linearization or small-perturbation approximation of the 

flow equation and the boundary conditions. Since under this 

approximation the flow equation becomes a linear relationship between 

I the head ¢ and the normally distributed en T, the head field is 

I 

normally distributed jointly with the logtransmissivity field. 

I Consequently, only its first two joint moments need to be determined. 

In the past, this linearization was performed about the prior 

I 
mean [Mizell et aI, 1982; Kitanidis and Vomvoris, 1983; Hoeksema and 

Kitanidis, 1984, 1985bJ. Dagan's [1982J work called attention to a 

classical result: the conditional variance is smaller than the 

I 
I 
I unconditional one. The idea to be used in this work is to linearize 

the flow equation about the mean obtained conditional on some 

measurements. As the conditional mean should follow more closely the 

actual field than the unconditional (prior) one, this linearization 

should produce more accurate results than the previous approach. The 

I fact that the variance around the conditional mean is smaller is an 

I 17 
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important one because the results of the first order approximation I 
are valid for small variance [see Dagan, 1986J. 

The first-order solution can be obtained following the method of I 
small perturbations. When the perturbations applied are small, all Ithe terms of order greater than linear in those perturbations can be 

neglected as being much smaller. The resulting equations allow the I 
straightforward computation of the first two moments. 

In the rest of this section, the flow equation and its I 
associated boundary conditions are perturbed to find linear 

relationships between the two random fields involved. Let I 
~ I 

Y(x,y) =Y(x,y) + Y'(x,y) (2.9) 

I 
~ 

where Y(x,y) is the mean of the process Y(x,y) conditional on 

measurements and Y'(x,y) is the deviation from that mean. The I 
~ 

details of how to obtain Y(x,y) and the covariance function of I
Y'(x,y) will be discussed later. Let 

I
~ 

~(x,y) = ~(x,y) + ~t(x,y) (2.10) 

I 
where ~(x,y) is the mean of the head process conditional on the same 

Imeasurements. Following a classic parameter-perturbation approach 

[Nayfeh, 1981J ~!(x,y) is assumed to be proportional to a small I 
scale parameter q, as is the case with Y'(x,y), i.e., 

I 
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I Y' cp' «1. Substituting (2.9) and (2.10) into equations N N (]' 

(2.5) and (2.6) and retaining only zero-order terms of the small 

I parameter with respect to yl and cp': 

I ....,. ,.,. 

~ f1 + ~U+ ~ + ~ + exp(-Y)R = 0 (2.11) 

I 
I (2.12) 

I 
A 

These deterministic equations can be solved to obtain cp(x,y) after 
A 

Y(x,y) has been found. Keeping only first-order terms: 

I 

I 

I f)c/J fJYl 0! fJYl ARY'= - ox 7JX - oy 7JY + exp (-Y) (2.13) 

I 
(2.14)

I 

I 
I where the substitution exp(-Y') ~ 1 - Y' has been made based on a 

Taylor series expansion. 

The linearized equations obtained by means of small 

perturbations can be solved numerically by means of finite-element or 

I finite-difference methods. The deterministic flow equation (2.11) 

can be approximated at a node indexed (i,j) as:

I 
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6.y. ~ 6.y. ~ 

-44>ij + (1 + ~)¢i+1,j + (1 - ~)¢i-1,j I 
I

6.y. ~ 6.y. 
+ (1 + ~)¢i,j+1 + (1 - ~)¢i,j-1 I 

= - exp(-Y 
~ 

.. )R .. (6.x)2 (2.15)1J 1J I 
where 6.Y. = Y. 1 . - Y. 1 . I~1 ~1+ ,J ~1- ,J 

6.Y. = Y. . 1 - y. . 1J 1,J+ 1,J I 
It has been assumed that the length step is the same in the two axis I 
(6.x = 6.y). The finite-difference grid is shown in Figure 1. 

Equation (2.15) is applied at each node and in the case of boundary I 
nodes it is coupled with the corresponding boundary conditions 

derived from Equation (2.12). Then for the whole flow domain, it can I 
be expressed as I 

~ 

A 4> = b (2.16) I 
Note that A is a function only of Y (Y in turn will be estimated I 
as a function of 0 and some measurements) and b depends on the 

boundary conditions and the net recharge values. I 
The stochastic flow equation (2.13) can be written in finite I 

differences for a single node in the grid as: 

I 
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Figure 1: 	 Finite-difference grid. Points indicated are used in the 
five-point finite-difference numerical scheme. 
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!:::J.y. !:::J.y. I - 4 ¢ij + (1 + ~)¢i+1,j + (1 - ~)¢i-1,j 

~ I 
!:::J.y. !:::J.y. !:::J.¢. !:::J.¢. 

+ (1 + ~)¢i,j+1 + (1 - ~)¢i,j-1 = - (~)Yi+1,j + (~)Yi-1,j I 

I 
where !:::J. A.. = A.. 1 . - d>. 1 .

~1 ~l+ ,J ~1- ,J 

!:::J.¢. = ¢ .. 1 - ¢ .. 1
J 1,J+ 1,J I 

In matrix notation (2.17) is written for all the points in the 

grid as I 
IA 4J1 = B yl (2.18) 

I 
Note that the matrix A is the same used in (2.16) and the 

A 

matrix B depends on the mean head field ¢; also, unlike the work I 
of Hoeksema and Kitanidis [1985bJ, A and B are generally functions of 

Io and of available measurements. 

From equation (2.18) the covariance matrix of 4J can be I 
readily obtained 

I 

and also the cross-covariance matrix: I 
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I 
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I 

I 

I (2.20) 

I 

I where the superscript T stands for the transpose of a matrix or 

vector.

I Thus, the flow equation and the boundary condition equations 

have been used to relate the first two moments of head to those of 

log-transmissivity. In other words, the joint probability density 

I function of head and ill T can be considered known at this point in 

order to proceed to the computation of velocities. 

I 
I 2.4 Finding the Velocity Field 

I 
A probabilistic description of the velocity field can be 

obtained by means of Darcy's equation. Recalling that the 

transmissivity T is defined as the product of the permeability K 

I and the depth d of the aquifer, Darcy's equation can be stated as: 

I U = - !f V¢ =- exp(Y) Vel> (2.21)n --no-

I 
where u (vector quantity) is the velocity of the 2-D flow given In 

I terms of the porosity n , log-transmissivity Y, piezometric head <P 

and aquifer depth d. The above expression is equivalent to the

I following two scalar equations: 

I 
I 
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(2.22) I 
(2.23) I 

Iwhere U and u are the velocity components in the two orthogonalx y 
directions x and y ,respectively. Equation (2.21) can be I 
perturbed to find the mean and variance of the velocity field. 

Applying small perturbations to the scalar field Y and ¢, and I 
denoting with the symbol ~ the mean values and with a prime (') the 

perturbations: I 
1 ~ ~ I 

U = U + u' = - no exp (Y + Y') V (¢ + ¢') 

I 

I 


1 ~ ~ 1 ~ 

- no exp(Y)Y'V¢ - no exp(Y)Y'V¢' (2.24) I 
The last term in (2.24) can be neglected because it contains a I 
product of perturbations. Taking expected values: 

I 
~ ~ ~1 
u=-noexp(Y)V¢ (2.25) I 

and subtracting (2.25) from (2.24), the stochastic component of the II 
velocity is obtained: 

I 
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I 

I (2.26) 

I 
I Using a finite difference approximation for the spatial derivatives, 

the scalar equations for the velocity Ux at a point located at 

[x ::::: (j - 1) AX, y = (i - 1) AYJ are: 

I 
(2.27) 

I 
[u I J. . = - ~ exp (Y. .)( 4>! . 1 - 4>! . 1) n-l-vI Xl, J nu 1, J 1, J+ 1, J- "'L.l.A 

I 
1 1A A A 

- ::-:r exp(Y. .)( <p. . 1 - 4>. . 1) 7lAV Y'. . (2.28)nu 1,]' 1,J+ 1,J- ~1..J,.1I. 1,J 

I Equation (2.27) can be written for the whole flow domain as 

I (2.29) 

I 
where the matrix Q1 is a function of the mean Y of the log-

I 
A 

transmissivity field. The fluctuation around the mean velocity ux 
can be written for the whole field as: 

I 
I 
 (2.30) 


I where the matrix Rl is a function of Y and the matrix 81 depends 
A A 

both on Y and 4>. The parallel equations for the velocity u or;.y

I the y axis give: 
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I 
I 

From equations (2.30) and (2.32), the covariance of each I 
component can be expressed as: I 

I 
(2.33) 	 I 

I 
I 

(2.34) 

I 

I 


(2.35) I 
Therefore, using equations (2.29), (2.31), (2.33), (2.34), and I 

(2.35), the first two moments of the velocity field can be found in 

terms of the mean and variance of log-transmissivity and piezometric I 
head. I 


I 
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I Chapter 3 

BAYESIAN APPROACH TO THE PREDICTION PROBLEMI 
I This chapter contains a review of the statistical theory that is 

I 

relevant to the problem of estimation of spatially distributed random 

I functions, restricted to linear models. Some recent results on 

Bayesian estimation are taken from Kitanidis [1986], which has been

I the source of ideas that led to the method developed in the present 

work. 

I 3.1 Linear Estimation of Spatial Processes 

I 

The theory of linear models can provide useful results in terms 

I of simple formulas. The basic assumption is that the mean of the 

random field y(x) is a linear function of the drift parameters fii' 

i. e. : 

I 
p 

y(x) = ~ f.(x)fi· + E(X) (3.1)

I . 1 1 11= 

I where x 1S the vector of spatial coordinates, fi(x) are known 

functions of x and E(X) is a zero-mean random field. Then the 

I 
I first term is a deterministic drift and the second term E(X) is the 

stochastic component with a covariance function which depends on the 

vector of parameters O. 
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The estimation of a spatially distributed variable y(x) can be I 
cast as a prediction problem, where one is given a set of 

measurements at n specific points in the field and is asked to I 
estimate the probability density function (abbreviated as pdf; I 
sometimes it is called just 'density') of y(x) at no locations. 

Measurements and estimated values can be arranged into vectors I 
y and Yo' having dimensions n and no' respectively. Then using 

the assumed linear model (3.1), we have: I 
I 

y = XP + ( (3.2) 

I 

I 


where X and Xo are the matrices of deterministic effects calculated 

from the known functions fi(x) of the spatial coordinates with I 
dimensions nxp and noxp, respectively; P is the pxl vector of I 
drift coefficients; { and (o are zero-mean random vectors with 

covariance matrices Qyy(O) and Qoo(O), respectively, and cross I 
covariance between y and Yo given by Qyo(O); the three covariance 

matrices have a known structure and are functions of the covariance I 
parameter vector O. I

The results to be presented in this chapter are obtained under 

the assumption that the stochastic process y(x) has a Gaussian I 
distribution. Then the probability density function of the 

I 

I 

I 
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I 

I measurement vector y, given the parameters P and 0 is a 

multivariate normal with mean Xp and covariance matrix QyyCO): 

I 

I 

I where the vertical bars denote determinant and the superscript T 

denotes transpose. Q is assumed to be invertible.yy

I Two particular cases of the prediction problem have a closed

form solution already available; it will be shown later in the 

I chapter that they are particular cases of a Bayesian estimator. The 

first case is when the parameters P and 0 are known, commonly inI 
the way of point estimates P and 0; 

I of Yo given y (for completeness, we 

0) is Gaussian with mean 

I 

I 

I 
 and covariance matrix 


I 
I = 

the conditional distribution 
A 

can say: given also P and 

(3.5) 

(3.6) 

where Q QT. These results for the Gaussian conditional 

I 
oy yo 

distribution are examined in textbooks [Schweppe, 1973J; they also 

are useful in the non-Gaussian case, in the sense that they give the 

I minimum variance estimate which is a linear function of the 
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observations. Note that the conditional mean E(YoIY) given by (3.5) I 
is a linear function of the observations y, while the conditional 

variance V(Yoly) given by (3.6) does not depend on the measurements I 
y, but only on their location as reflected in the matrices Q andyy 

Q ' I 
oy
 

The second interesting case corresponds to unknown drift 
 I 
coefficients, but known covariance parameters 0; as before, aSSume 

that a point estimate 0 is provided. This case is more interesting I 
in hydrologic applications. A method of linear estimation, known as 

Ikriging, was developed by the French school of geostatistics 

[Matheron, 1971J. It provides the best linear unbiased estimator I 
which does not make use of drift estimates. A derivation of the 

kriging equations for measurements y and unknowns Yo arranged into I 
vectors has been presented by Kitanidis [1986J; the conditional mean 

IIS 

I 

I 


and the covariance of the estimation error is 

I 
I 
I 
I 
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I 3.2 General Bayesian Formulas for Prediction 

Prior knowledge about the parameters can be expressed in a prior

I joint probability density function pl(P,O). As the measurements y 

are considered, they provide additional information about the I parameters through the likelihood function L(P,Oly) = p(yIP,O) of the 

parameters P and ° given the measurements y; this function is theI 
multivariate normal given by equation (3.4). Using Bayes I theorem, 

I the posterior distribution p"(P,O) of the parameters is found to be 

proportional to the likelihood and to the prior distribution:

I 
I p"(P,O) = c p(ylp,O)pl (P,O) (3.9) 

I where c is a constant fixed at the value that makes the posterior a 


proper density function, i.e. 


I 

c = [J J p(y Ip, 0) PI (P, 0) dP dOJ -1 (3.10)
I P ° 


I Here the notation used for multiple integrals is 


I (3.11 ) 

I 
I where each integral is extended over the parameter space of each Xi' 

I 
The above Bayes' formula works as an elemental information 

processor which accounts both for evidence provided by measurements 
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I 

and for information available prior to the measurements. Therefore, I 
all information is summarized in the posterior distribution p"(P,O) 

of the parameters. Using the conditional probability theorem, we can I 
write I 

(3.12) I 
which gives the joint pdf of the unknown vector Yo and the parameters I 
P and 0 given the data contained in y and prior information. INevertheless, the solution of the prediction problem requires a 

probabilistic expression of the vector Yo given only y; it can be I 
obtained by averaging the variability in the parameters P and 0: 

I 
(3.13) 

I 
where the tilde denotes a Bayesian or compound distribution. I 
Bayesian refers to the fact that the parameters were considered as 

random variables to obtain the joint pdf (3.12) and its marginal pdf I 
(3.13) . I

From equation (3.13), expressions for the first two moments can 

be obtained for Gaussian p(y,yoIP,O). As given in Kitanidis [1986J, I 
the Bayesian conditional mean is given by: 

I 

I 

I 

I 
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I 
I 
I 

where E stands for the expectation operator as defined by the above 

I integral; the Bayesian conditional variance is obtained using the 

formula: 

I 
I 
I 
I 
I 
I 
I . pll(fJ,lJ) dfJdlJ (3.15) 

I 
I 
I Note that in the above (3.14) and (3.15), the mean E(YolfJ,lJ,y) and 

the variance V(YolfJ,lJ,y) were replaced by the results presented 

before for the case of known parameters (equations 3.5 and 3.6). 

The expressions given for the Bayesian conditional mean and 

variance, equations (3.14) and (3.15), in terms of the posterior 

I joint pdf of the parameters, equation (3.9), are valid as a general 
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way to write the Bayesian estimator. But the integrals in (3.14) and I 
(3.15) may not have an analytical solution, with the exception of a 

few particular cases, depending on the type of probabilistic law I 
describing the prior pdf and the likelihood, as well as the type of Iparameters assumed as known. An important case is presented in the 

next section. I 
3.3 The Case of Know Covariance Function Parameters I 

When the covariance function parameters are assumed known, it is 

possible to obtain an analytical solution for the Bayesian mean and I 
variance. As the joint prior pdf pl(P,O) becomes the prior pdf of p, I 
we just need to assume a convenient form for p'(P). Kitanidis 

[1986J assumed a Gaussian distribution for p, with mean and Ib' 

inverse of covariance matrix P'. He showed that as the likelihood 

(3.4) is also Gaussian, Equation (3.9) can be integrated to obtain a I 
Gaussian posterior marginal pdf p"(P) with mean I 


I 

and the posterior precision matrix (inverse of the covariance matrix) I 
is given by I 

(3.17) I 

I 
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I 
I 
I 
I 
I 

where E stands for the expectation operator as defined by the above 

I integral; the Bayesian conditional variance is obtained using the 

formula: 

I 
I 
I 
I 
I 
I 
I 
 . pit C{3, 0) d{3 dO (3.15) 


I Note that in the above (3.14) and (3.15), the mean E(y l{3,O,y) and 

I 
I 

o
the variance V(yol{3,O,y) were replaced by the results presented 

before for the case of known parameters (equations 3.5 and 3.6). 

The expressions given for the Bayesian conditional mean and 

variance, equations (3.14) and (3.15), in terms of the posterior 

I joint pdf of the parameters, equation (3.9), are valid as a general 
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way to write the Bayesian estimator. But the integrals in (3.14) and I 
(3.15) may not have an analytical solution, with the exception of a 

few particular cases, depending on the type of probabilistic law I 
describing the prior pdf and the likelihood, as well as the type of Iparameters assumed as known. An important case is presented in the 

next section. I 
3.3 The Case of Known Covariance Function Parameters I 

When the covariance function parameters are assumed known, it is 

possible to obtain an analytical solution for the Bayesian mean and I 
variance. As the joint prior pdf pI (P,O) becomes the prior pdf of p, I 

b

we just need to assume a convenient form for pl(P). Kitanidis 

l[1986J assumed a Gaussian distribution for p, with mean and I 
inverse of covariance matrix pl. He showed that as the likelihood 

(3.4) is also Gaussian, Equation (3.9) can be integrated to obtain a I 
Gaussian posterior marginal pdf p!l(P) with mean I 


I 

and the posterior precision matrix (inverse of the covariance matrix) I 
is given by I 

(3.17) I 

I 
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I 
I 
I Equation (3.13) can be rewritten for this case as 

I (3.18) 

I 

I 

where p(YoIP,Y) stands for the Gaussian distribution p(Yolp,6,y)

I where 6 is not considered as a parameter. As the above integrand 

is the Gaussian joint pdf p(yo,Ply) its Bayesian marginal p(YoIY) is 

I 
also Gaussian. Applying the formulas (3.14) and (3.15), Kitanidis 

[1986] obtained the first two moments of the Bayesian predictive 

distribution for this special case: the mean and variance are 

I 

I 

I 

I (3.19) 

I 
I 

(3.20) 

I 

I 

He also pointed out that the above two formulas, accounting for 

I any amount of prior information about drift coefficients, are 

comprehensive of the two extreme cases already presented. On the one 

hand, if drift coefficients are deterministically known, (3.19) and 
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(3.20) reduce to the linear minimum variance estimator given by (3.5) I 
and (3.6). On the other hand, when a diffuse prior is assumed for 

the drift coefficients (corresponds to P' =0), then Bayesian I 
estimators have the same form as the kriging equations (3.7) and I
(3.8). As an interesting parallel development, it is shown in the 

same reference mentioned above that equation (3.19) provides the I 
minimum variance linear estimator given the observations and the 

prior mean and variance of the drift parameters, without assumptions I 
about probability distributions. I 
3.4 Maximum A Posteriori Parameter Estimation I 

The covariance functions that are most used in hydrology, like 

the exponential, spherical, Bessel and multiparameter polynomial, I 
have the property that their likelihood functions of parameters do 

not seem to admit a fixed number of sufficient statistics [Kitanidis, I 
1986J. Consequently, the predictive Bayesian distribution must be I 
found through the actual integration of equations (3.13), (3.14) and 

(3.15). This task should be performed numerically when the I 
analytical derivation is not possible. 

Following the steps of Kitanidis [1986J the Bayesian I 
distribution will be derived using the posterior marginal pdf of I
covariance parameters pll(O) instead of the posterior joint pdf 

p"(P,O) as it was done in Section 3.2. So the variability in drift I 
parameters is described conditional on the covariance parameters and 

the integration is performed only on the latter. This procedure will I 
36 I 
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I 
I 	 prove to be useful in many applications where data are scarce. That 

happens because it avoids bias in the estimation of covariance 

I 
I parameters, which otherwise occurs when drift parameters are 

simultaneously estimated. 

I 
Assume that the prior conditional distribution p'(PIO) is 

Gaussian with mean b'(O) and precision matrix P'(O). Recall the 

following relations: 

I 
p' (P, 0) = p' (PI 0) pI (0) 	 (3.21)I 

I 
 pI! (P, 0) = pI! (PI 0) pI! (0) (3.22) 


I 
I 
I and note that the posterior conditional distribution p"(PIO) is 

Gaussian with mean and variance given by (3.16) and (3.17), but now 

they are functions of the covariance parameters; so they are written 

as bll(O) and P"(O). Using Bayes' theorem, we developed equation 

(3.9): 

I 
pl!(P,o) = c p(yIP,O) pI (P,O) 	 (3.23)

I 
I 	 which is rewritten here for convenience. As we know that the pdf of 

I 
the observations given drift and covariance parameters p(yIP,O) is 

Gaussian with mean Xp and covariance matrix Qyy (equation 3.4), we 

can replace equation (3.21) into (3.23) and this into (3.22) to get 

I 
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(3.24) I 
where all the expressions on the right-hand side except pl(O) are I 
known. When I 

(3.25) I 
(3.26) 	 I 

Iand p(yIP,O) given by (3.4) are replaced into (3.24), we obtain the 

posterior marginal pdf of 0 I 

which also accounts for prior information about drift parameters. I 
The two extreme cases can be easily found from the above equation: 

when the drift coefficients are known a priori (in the limit for I 
P'~I·oo) the posterior pdf becomes 

I 
I 
I 
I 
I 



I 
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I 
I Note that the likelihood of the measurements y given the 

covariance parameters D (that is the part of the above equation not 

including the prior p'(D)) is Gaussian with the same form as (3.4). 

I The other extreme case is the one without prior information about 

drift parameters (obtained from (3.27) letting PI~O), which has the 

I following posterior pdf of parameters 

I 
I 

(3.29) 

I 

I 

This case is important in applications because it is common to

I have no prior information about the drift. The above posterior pdf 

pll(O) is independent of the values of the drift coefficients, as can 

be seen by replacing y by y + Xb and verifying that the expression 

I in the exponent remains unchanged [Kitanidis, 1986J. Then, the whole 

I 

expression in the exponent is a linear combination of the data which 

I is independent of the addition of a drift term; this is the 

definition of a generalized (or authorized) increment used in the 

geostatistical literature [Journel and Huijbregts, 1978]. 

I The Bayesian formulas that are pertinent to use with the 

posterior pdf pll(O) will be written for completeness. The Bayesian

I distribution is 
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(3.32) 

I 

I 


(3.30) I 

I


where p(YoIO,y) is Gaussian with mean t(YoIO,y) and covariance 

~(YoIO,y) given by (3.19) and (3.20) [Kitanidis, 1986J. Their first I 
two moments can be expressed as 

I 
I 
I 
I 
I 

The above three formulas allow (under the assumptions set forth) 

for the exact solution of the estimation problem, considering the I 
uncertainty existent in the parameters. 

An alternative procedure to the analytical Bayesian predictive I 
formulas (3.30), (3.31) and (3.32) consists in the estimation of I 
parameters using the posterior joint pdf pl1({3,O) given by (3.23); 

then the estimated values of the parameters are considered known and I 
the prediction problem is solved by linear estimation using either 

kriging (equations 3.7 and 3.8) or the Gaussian conditional I 
distribution (equations 3.5 and 3.6). The values of the sought I 
parameters are selected such that they maximize the posterior pdf 

ptl({3,O); so they are called "maximum a posteriori II estimates. I 
I40 
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I 

I Kitanidis and Vomvoris [1983J noted that simultaneous estimation of 

drift and covariance parameters results in biased estimates for the 

I drift parameters, unless there is reliable prior information about 

them or the effective number of observations is large enough to
I 
I 

guarantee a small bias. As this is not the case in many 

applications, they suggested to avoid the estimation of the drift by 

I 

using the posterior marginal pdf p"(O) to obtain an estimate of 

I covariance function parameters; this is justified by the fact that 

the variability in the drift coefficients has already been taken into 

I account in the derivation of the posterior p"(O) as given by (3.27). 

As shown before, when the prior information about drift 

I 

coefficients is negligible, the posterior pdf p"(O) takes the form of 

I equation (3.29) which depends only on generalized increments of the 

data. Previously to the development of Equation (3.29) by Kitanidis 

I [1986J, an equivalent procedure was used by Kitanidis and Vomvoris 

[1983J, Hoeksema and Kitanidis [1985a,b] and Kitanidis and Lane 

I 
[1985J: the estimation of covariance parameters was performed using 

the restricted likelihood. This is the likelihood of data increments 

I 
I 

obtained when the observations are transformed into linear 

I combinations of the original data; a simple way of doing it is by 

subtracting one measurement from all the others (as done in the three 

cited references) and reducing the number of data by one. The 

increments obtained in such a way have a zero mean when the property 

field is assumed stationary (with constant mean). As the mean is 

I known exactly we can use the form of the posterior given by (3.28) 
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replacing Xb' by zero, while the data y and its covariance matrix I 
are replaced by the corresponding transformed quantities. The two 

procedures should give identical maximum likelihood estimates; the I 
only difference between them is that equation (3.29) filters out the Itrend or drift automatically, without need of computing the 

generalized increments in advance. I 
3.5 Estimation of Parameters With the Maximum Likelihood Method I 

In technical terms, maximum likelihood is the point estimation 

method which uses the value e 
~ 

of the parameters, which maximizes I 
the pdf of measurements z given U. Intuitively, the idea of I 
maximum likelihood is that U is the value of the parameters which 

would have made most likely the occurrence of the observed sample. I 
The likelihood function L(Ulz) is defined by the same 

mathematical expression as the probability density p(zIU), but I 
parameters and variables are switched; z is given while Uis I 
variable. The problem becomes equivalent to the maximization of 

L(Ulz) or, equivalently, to the minimization of {- en L(Ulz)}, called I 
negative log-likelihood. 

For a Gaussian pdf, the likelihood is I 

I 
where z is an n-dimensional vector of measurements, p =E(z), Q= 

E [(z - p)(z - p) TJ, IQI is the determinant of Q and U is an I 
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I m-dimensional vector of parameters. The negative log-likelihood IS 

given by

I 
I 	 F(O) = - en L(Olz) 

I 	 (3.34) 

I 
I 
I Note that the mean ~ and the covariance matrix Q are functions of 

the parameters O. 

A necessary condition for the existence of a minimum value 0 = 0 

is that the vector of derivatives be equal to zero, or gj =8F/80j = 
o for j = 1, ... m. 

I 	 Each of the partial derivatives included in the gradient vector 

g can be expressed as 

I 
I 
I (3.35) 

I 
where Tr stands for the trace of a matrix (see Kitanidis and Lane, 

I 1985). 

A solution is obtained by a gradient-based iterative method

I using the formula 

I 
(3.36) 
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where the index (i) refers to values at the i-th iteration, p is a I 
scalar parameter and R is a matrix which is defined in different 

Iways 	 for different methods. 

One of the available methods to minimize Equation (3.34) using I 
Equation (3.36) is the Gauss-Newton method, which defines the matrix 

R as the inverse of the Fisher information matrix. This, in turn, I 
is defined as the expected value of the Hessian or matrix of second 

derivatives, i.e., the ij-th element of the Fisher information matrix I 
is I 

(3.37) I 
IThis matrix also provides a lower bound to the covariance matrix of 

parameter estimation error. Kitanidis and Lane [1985J discuss the I 
Gauss-Newton method as applied to regionalized hydrologic variables 

with emphasis on computational aspects. In particular, it is I 
recommended to neglect a line search to find the step-size parameter 

p(i) and take it as unity, so that the iteration equation becomes I 
I 

(3.38) 

I 
This method was adopted in the present work, achieving convergence in I 
a few iterations, typically less than five. Note that, in order to 

apply the method, it is needed to provide the functions p(D) , Q(D) I 
and its first partial derivatives op/ao. and aQ/ao .. . J J 

« 	 I 
I 



I 

I 

I 3.6 Restricted Maximum Likelihood or The Use of Generalized 

I 

Increments

I When performing estimation of regionalized variables, we assume 

some type of structure to describe the variation of the mean and 

covariance. These structures involve parameters; so we get both 

I drift parameters (to describe the mean) and covariance parameters. 

I 

But to estimate the covariance, we need to know the mean: usually

I drift coefficients are fitted from the data, and then used to 

estimate covariance parameters. It has been observed that this type 

of procedure yields biased estimates of the covariance parameters 

I [Matheron, 1971J. 

A way to avoid this problem when the drift is linear in the 

I 
I 
I drift coefficients is to make a transformation of the data. This is 

done in such a way that the transformed data becomes invariant to the 

addition of a drift of the specified form. This type of transformed 

data are called generalized increments in the geostatistical 

I 

literature [Matheron, 1973J. There are different ways to make this 

I transformation, depending on the type of function selected to 

describe the drift (usually polynomials of different degrees are

I utilized). The idea is that after the transformation one can proceed 

to estimate only the covariance function parameters. 

We will consider a method to filter out a drift or trend which 

I is a linear function of some parameters b [Kitanidis, 1985J. This 

trend can be described as 

I 
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JJ =Xb (3.39) I 
where b is a (kx1) vector of parameters and X is a known (nxk) I 
matrix of coefficients. Multiplying the vector of data z by a I 
transformation matrix defined by 

I 

I 


the transformed vector of measurements z! is obtained, such that it I
has mean: 

I 
(3.41) 

I 
and variance: I 


I 


with 	 I 
I 

(3.43) 

I 
As k of the elements of the new vector Zl can be expressed as 

linear combinations of the others, they must be dropped before using I 
Zl to estimate the covariance function parameters. This procedure I 


I 

I 
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I 

I 

I is known in the analysis of variance as restricted maximum likelihood 

(RML) estimation [Corbeil and Searle, 1976J. 

I 
I 3.7 The Problem of Validation 

I 
The problem of identifying the correlation structure of a random 

field is an iterative one. In each step, a model for the covariance 

structure is assumed and its parameters are fitted using the 

I measurements. Then, this fitted model is tested using some criteria 

of adequacy to the assumed probability distribution. If the modelI 
I 

(covariance structure and its parameters) pass the test, indicating 

consistency between data and model, the search may be ended; 

I 
I 

otherwise, we have to hypothesize another structure and try again. 

I This whole procedure is known as model validation. 

Depending on the problem at hand, different tests of adequacy 

can be formulated. In our problem, the assumption of normality for 

the In-T greatly simplifies the matter. 

Furthermore, the linearized relationship between In-T and head 

I implies that the head field can also be described with a normal 

I 

distribution. Then, all the measurements are normally distributed 

I and we can apply any of the available tests of normality. 

Nevertheless, this cannot be done directly because the 

I 
measurements are correlated between themselves. One of the possible 

ways to overcome this problem is to make a convenient transformation 

of the original variables. We will follow one of such methods, as 

I 
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Chapter 4 I 
SEQUENTIAL ESTIMATION METHOD I 

The objective of this chapter is to develop an estimation method I 
which should meet the following requirements: 

(i) 	 Use the flow model solution obtained In Chapter 2 with I 
first-order analysis; the new linearization employed will I 
provide a smaller estimation error. 

(ii) Avoid the direct estimation of a drift of the log I 
transmissivity field and, at the same time, consider the 

uncertainty in drift coefficients. Thus the iterations I 
normally required when drift and covariance parameters are Iestimated separately [Hoeksema and Kitanidis, 1985bJ will 

not be necessary, making the procedure simpler. I 
(iii) 	 Account for prior information about the parameters of the 


covariance function of the en T field. Recall that the 
 I 
flow model solution can estimate the head field using our 

most current estimate of log-transmissivities. Then it is I 
only natural to perform the estimation in sequence, using I 
first the transmissivity measurements and then the head 

measurements. I 
The Bayesian estimation formulas of the previous chapter permit 

the easy introduction of prior information about covariance function I 
I48 
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I parameters, in the form of a prior pdf. In particular, the use of 

maximum a posteriori (MAP) estimation of covariance parameters will 

I take full account of the uncertainty in drift coefficients without 

estimating them, meeting the second and third conditions.
I 
I 

The estimation of the joint pdf of head and en T will consist of 

two main steps: first, MAP estimation of covariance parameters and 

I 

second, prediction of the joint pdf conditional on all measurements. 

I The prediction procedure will consider the covariance parameters as 

known; then the estimates of the en T field can be obtained with the 

I linear estimation formulas presented in Chapter 3. It turns out that 

it is more convenient to use the sample information In two stages: 

the log-transmissivity data are used in the first stage, while the 

I head data are used in the second. The results obtained with this 

I 

approach are expected to be better than those obtained using all the

I measurements simultaneously because we are using a linearized version 

of the nonlinear flow equation (2.5). Note that if the flow equation 

I 
were linear, the use of information in two stages would not make any 

difference. But, because of the nonlinearity, we can expect to 

I 
I 

reduce the error in the estimates of the head field by using the most 

I current estimate of en-T to linearize about (conditional on all the 

information available at that step). 

The new prediction procedure is presented in Section 4.1 and 

then it is also incorporated into ~UP estimation of parameters in 

Section 4.2. 

I 
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4.1 Prediction using Information in Two Steps I 
A new procedure for solving the prediction problem is devised in 

this section; the novelty arises from the use of available raw data I 
in two steps. This breaking of the whole problem into more simple I 
operations is made possible by the use of conditional probabilities. 

The prediction problem is to find the joint probability density I 
function of the head and en T fields, conditional on measurements of 

both variables. For the sake of simplicity, it is assumed that all I 
the unknowns and measurements are located on the nodes of the I 
discretization grid used for the numerical solution of the flow 

problem. The only reason for this assumption is to avoid an I 
interpolation step that should be done otherwise The resulting 

finite number of unknown heads and logtransmissivities are denoted by I 
the vectors ~ and Y, respectively, and the corresponding I 
measurements by ~m and Ym· To keep the notation of Chapter 3, the 

unknowns are collected into the vector Yo = [~,YJT and the I 
measurements into the vector y = [~m'Ym]T; then the problem is to 

find the conditional density I 

(4.1) I 
I 

Let's assume that heads and logtransmissivities are jointly 

Gaussian random fields; then all the marginal and conditional I 
densities which are obtained from the joint pdf are also Gaussian. 

I 

I
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I 	 In particular, the unconditional density of the in T field is assumed 

to have a covariance matrix Qyy(O) with known parameters O. 

I Now we are ready to attack the problem of the inference of the 

I 

joint density given by equation (4.1). The available tools are the 

I conditional probability formulas presented in Chapter 3 for the case 

of known covariance and the marginal density p(¢IY) given in 

I 
Chapter 2. 

The method proposed on this work is to use the data in the 

following two steps: 

I 
(i) Find the joint pdf conditional on in T measurements:

I 
I 	 (4.2) 

I (ii) 	 Find the joint pdf conditional on both in T and head 

measurements:

I 
I 	 (4.3) 

I The products indicated in the right-hand side of the above two 

formulas show how the joint densities will be computed using the 

I marginal density p(¢IY) along with the appropriate conditional 

density for each step.I 
I 

Logtransmissivity measurements Ym can be used to obtain the 

conditional pdf p(YIYm) through the kriging equations (3.7) and 
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(3.8). As discussed in Section 3.1, kriging is the correct method to I 
use when there is no prior information about drift parameters. 

Recall that the first-order solution obtained in Chapter 2 for the I 
mean and covariance of heads gives a full description of the marginal I
density p(~IY) when the two fields are Gaussian; those results allow 

us to find the marginal distribution of heads ~ when Y is taken to I 
be our most current estimate of en T. 

So the first step can be performed to find the joint probability I 
density function of the sought vectors ~ and Y conditional on the 

Ien T data, as expressed by equation (4.2). This equation yields a 

joint Gaussian pdf because the flow equation (2.16) is a linear I 
relation between ~ and Y and the en T field was assumed to be 

Gaussian itself. It can be shown (Schweppe, 1973) that a linear I 
function of a Gaussian random vector is also a Gaussian random 

vector. The assumption that the en T field is normally distributed I 
and the use of a linearized flow equation are equivalent to the I 
assumption of joint normality. 

The second step involves conditioning using the piezometric head I 
data ~m to obtain the final result p(Yoly) = p(~,YI~m'Ym) expressed 

in equation (4.3). The marginal density p(~IY) is again obtained I 
through the flow equation; we just need to evaluate the term I 
p(YI~m'Ym)' This density can be found using the results for the 

conditional probability of Gaussian random vectors [Schweppe, 1973J. I 
From the following equations 

I 

I 

I 
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I (4.4) 

I 
(4.5)

I 
I 

(4.6) 

I we get the relation 

I (4.7) 

I 
where the two conditional densities appearing on the right-hand side 

I can be easily found as explained below. 

Note that the measurement vector y is included into the vector 
I 
I 

of unknowns Yo because all their elements are located at the nodes of 

the discretization grid. Therefore, as ~m is included in ~ and Ym 

I 

is included in Y, we can find p(Y'~mIYm) from p(Y,~IYm) and p(~mIYm) 

I from the marginal p(~IYm) by partitioning the vectors ~ and Y. We 

made use of the result [Schweppe, 1973] that for partitioned Gaussian 

I random vectors the mean and covariance of each partition are formed 

with the corresponding elements of the complete mean and covariance; 

each of the partitions also follows a Gaussian distribution. 

I The results of the first step are summarized by the joint pdf 

p(Y,~IYm) which is normal with mean m and covariance matrix Q

I such that 
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I
(4.8) 

I 
(4.9) 

I 
and the two marginal densities appearing out of it are p(YIYm) N 

N[E(YIYm),Q(Y¥IYm)] and p(¢IYm) N N[E(¢IYm),Q(HHIYm)]. Furthermore, I 
we also get the marginal p(¢mIYm) N[E(¢mIYm), Q(HmHmIYm)]'N 

Following the formulas (3.5) and (3.6) for conditional probabilities I 
of Gaussian random vectors, we find that the mean vector and Icovariance matrix of p(YI¢m'Ym) are 

I 

I 

I 


That is, the usual linear estimation equations hold except that I 
all moments are conditional on the already used logtransmissivity 

measurements. These two expressions allow us to complete the second I 
step of the prediction procedure to find p(Yoly) as expressed in 

(4.3). I 
The developed two-step procedure can be explained also as Ifollows. Assuming no prior information about the drift coefficients, 

an unbiased estimate of the en T field is obtained and used to I 
estimate the head field. Then, these estimates are adjusted to 
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I account for information "contained in the head measurements. The 

adjustment is proportional to the difference ("innovation") between 

I the measured head and the head estimated from the previous step. 

I 
I 

4.2 Parameter Estimation 

Geostatistical covariance-function parameters will be estimated 

using all available information, in the form of head and log

I 	 transmissivity measurements and prior information about the 

parameters. Assume that the prior pdf of the covariance function I 
I 

parameters p'(O) is known. Then, we can apply the maximum a 

posteriori estimation procedure discussed in Section 3.4. The 

I 

posterior pdf p"(O) given by equation (3.27) is to be maximized using 

I the Gauss-Newton optimization method. Recall that this posterior 

density also accounts for prior information about the drift

I parameters of the ill T field; such variability is explicitly 

considered. 

The posterior pdf of the parameters 0 can be written 

I 
PII (0) = c L ( 0Iz) 	P I ( 0) (4.12)

I 
As the prior information pdf p'(O) is given, let's concentrateI 

I 
on the term L(Olz): this is the likelihood of the parameters 0 

given the sample z = [¢m,YmJ T. The likelihood function can be 

written as the product of two density functions: 

I 
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I 

I 


The purpose of this factorization is to take advantage of the I 
available models for the description of each pdf. Following the same 

ideas presented in the previous section: I 
(i) The first-order solution of the flow equation will provide I 

p(~mIYm'O) Note that this conditional pdf is just a 

subset of p(~IYm'O), which was written before as p(~IY). I 
(ii) 	 The model of structural variability of en T will directly 

provide p(YmIO) using only the covariance function I 
parameters O. I 

Equation (4.13) can be more conveniently written in terms of the 

negative log-likelihood as: I 
F(0) 	 = - en L ( 01 z) = - en p(z I0) I 

I 

I 


(4.14) 

I 
As the head and en T fields were assumed jointly Gaussian, the 

expressions for F1(0) and F2(0) have the same form as (3.34). I 
Assuming that ~m and Ymare vectors of dimensions nh and ny, I 
respectively, we have 

I 
56 I 


I 




I 
I 
I 
I (4.15) 

I 
F 2 (0) = ¥ en (27r) + i & IQy y I 

m m I 
I (4.16) 

I 
I The original problem of maximizing equation (4.13) has turned 

into the minimization of the negative log-likelihood F(O). As 

described in Section 3.5, we need to compute the mean and covariance 

I as well as their derivatives with respect to the parameters 0, for 

each of the densities included into F(D). Although the above

I notation cannot recognize it explicitly, the mean m¢ and covariance 

Q¢ ¢ in (4.15) are conditional on the &-T measurements Y . BothmI 
m 

I 
I 

m m 
terms of equation (4.14) are now examined in detail. 

The second likelihood term F2(O) is easy to deal with because we 

already have an assumed analytical model for the covariance function 

I 

of the en T measurements Qy y (0); the mean, covariance matrix and 
m m I derivatives can be computed directly. As discussed in Section 3.6, 

the estimate of the covariance function parameters are usually biased 

I 
when using drift coefficients fitted from data. This problem will be 

avoided here by transforming the raw en T data Y into generalized m 
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increments Ygi , using the transformation matrix U defined in I 
equation (3.40). Recall that Ygi contains only (ny-kc) independent 

increments, when a polynomial drift with kc coefficients is to be I 
filtered out with this transformation. The first two moments of the Itransformed vector Ygi are: 

I 
E(Y .) = my = 0 	 (4.17)

gl gi 
I 

T 
y y Y UTE(Y .Y .) =Q y =UQ	 (4.18)

gl gl gi gi m m 	 I 
Ias follows from Section 3.6. The derivatives of mean 	 and covariance 

with respect to the covariance parameters Hi (i =1, 	mp) are I 
a (~r ) =0 	 (4.19) 
~ Igi 	 I 

I~ (Qy .y .) = U~ (Qy Y ) UT 	 (4.20) 
1 gl gl 1 m m 

I 
Equations (4.17) to (4.20) provide all the elements needed to 

compute the negative log-likelihood of the transformed measurements. I 
Note that F2(O) as given by (4.16) has to be replaced by the Ifollowing expression 

I 

I 
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1 T Q-l YI +'2'Y. Y y . (4.21)
gl gi gi gl 

I 
which follows directly from (4.16). 

I 
I 
I Now we examine the first term, F1(O) of the negative log

likelihood function, as given by (4.15). We need to express the 

probability density of the head measurements ~m conditional on the 

fu-T measurements Ymand for given values of the covariance function 

I 

parameters 0 of the log-transmissivity field. By means of the 

I stochastic flow equations (2.16) and (2.18), the first two moments of 

the head field can be determined using the mean vector and covariance

I matrix of the whole fu T field Y. These were obtained with kriging 

(equations (3.7) and (3.8)) using the measurements Ymand the 

parameters O. Head values at measurement locations can be taken out 

I of the vector ~ containing heads at all computational points by 

using a transformation matrix W: 

I 
I (4.22) 

I Then the corresponding mean and covariance are 

. -1I m¢ = W~ = W A b (4.23) 
m 

I 
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I 

(4.24) 

I 
where ; and Q¢¢ are the mean and covariance matrix of the complete 

head field ;, respectively. In order to find the derivatives of the I 
above two equations, the following dependence relationships must be I 
recalled. Matrix A and vector b in equation (4.23) are functions 

of the kriged mean en T values; b depends also on the boundary heads; I 
the kriging mean Y in turn depends on the covariance parameters ° 
and the en T measurements Y , as expressed by (3.7). Matrix B in I 

m
equation (2.18) is a function of the mean head vector ; 

~ 

obtained 
~ I

through the flow equation using the mean en T vector Y (kriging 

mean). Therefore, the following relations can be written: I 
(4.25) I 

~ Ib =f{Y(Ym,O) ,boundary heads} 	 (4.26) 

I 
(4.27) 

I 
Now we are ready to find the sought derivatives. The derivative of 

the mean m¢ of the head measurements is found from (4.23) to be I 
m 

I 
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I (4.28) 

I 

where 

I 

8AI ~ 

1 


I 

I 

I 

I 


and 

I 

I 

I 

I 

I Analogously, 

using (4.24)

I 

I 

I 

I 


1
NF 8A [it 1 

= j~l aY(j) ~ j-th element 

= ~F ~81_-1_ [ 8~~~) Y 1 

m 

j =1 BY (j) 1 j-th element 

= - A-1{ ~F qA [8~~~) Y 1 }A-1 (4.29)m 
j =1 BY (j) 1 j-th element 

8b NF Oborr: = ~ A 
[itorr: 1 


i j =1 BY (j) i j-th element 


NF 8b 
= ~ ......;A~ (4.30)[ ~Yml
j=l BY(j) 1 j-th element 

the derivative of the covariance matrix Q¢ ¢ is found 
m m 
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where 

8Borr; 
i 

8A-1 
Note that (~) and 

1 

(4.29) and (4.28). 

I 

I 


(4.32) I 
I 

NF 8B [8~ 1= E cro-; (4.33)A 

j =1 84> (j) i j-th element I 
8 A

(~) already have been found in Equations I 
1 

To complete the derivatives included in (4.31), I 
the kriging covariance matrix Qyy = ncO) 

I 
I 
I 
I 
I 
I 

is derived to give: 

I 
I 
I 
I 
I 
I 
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I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 
 a Q-l 1T 

+ Q yy x (4.34)

I oy au. 
I 


I Finally, using the pertinent equation for the derivative of an 

inverse matrix, we find: 

I 

I 
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(4.35) 

I 
I 
I 
I 

a Q-1 a Q 
~ =_ Q-1 ~ Q-1 (4.36)~.... yy ~ yy I 

1 	 1 

I
So all the equations needed for the evaluation of the term F1(O) 

have been accounted for. I 
Then, we can proceed to minimize the negative log-likelihood 

F(O) given by the sum of equations (4.15) and (4.21). The Gauss I 
Newton method introduced in Section 3.5 will be used for this Ipurpose, following the procedure of Kitanidis and Lane [1985J. The 

details are not discussed here and the interested reader should I 
consult the above reference. 

I 
4.3 	 Review of the Modelling Process 

It is convenient at this point to collect all the pieces of I 
information already analyzed to get a better idea of the whole I 
process. The problem of estimating the joint pdf of en T and head 

fields can be broken into two main steps: I 
(i) 	 structural analysis: This name is used in geostatistics 

[Journel and Huijbregts, 1978J to indicate the search for I 
an appropriate model of spatial variability of the en T Ifield. This task comprises the hypothesis of a known 

analytical model, the estimation of its parameters, and the I 
necessary validation tests. 
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I (ii) prediction of the complete en T and head random fields 

using the structural model previously found. This is the

I same as finding the joint pdf of the two fields conditional 

I 
 on en T and head measurements. 


The methods presented in this chapter used conditional 


I probability concepts to go through the two steps mentioned above. 


I 

Maximum likelihood was used to estimate the covariance structural 

I parameters; then the assumed model can be validated using the tests 

of normality reported in Section 3.7. Prediction was performed using 

I 
a Bayesian procedure which permitted conditioning on the available 

data. 

I 
I 
I 
I 
I 
I 
I 
I 
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IChapter 5 

APPLICATIONS I 
The methodology presented in the previous chapter will be tested I 

with a series of simulations. Also, it will be compared with the 

simpler method of one-step estimation. The obvious advantage of I 
simulations is that we know the realizations of the random fields I 
since we generate them. Then the actual pattern can be compared 

against the estimates provided by the different estimation methods. I 
5.1 	 Description of the Simulation Case I 

The case to be used in the simulations is shown in Figure 2. I
The flow domain is a rectangle with two opposing boundaries having a 

known piezometric head, while the other two are impermeable I 
boundaries. There are no sources or sinks inside the flow domain. 

The measurements are located at the centerpoints of the I 
discretization blocks. The location of all measurements is also 

shown in Figure 2: there are 35 measurement locations, arranged in a I 
regular pattern. Both log-transmissivity and hydraulic head are I 
measured at each of the 35 points. The size of the grid spacing is 

the same in both dimensions, with a value of 10 km. Total dimensions I 
of the flow domain are 150 km along the flow direction, and 100 km in 

I 

I
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I Chapter 5 

I APPLICATIONS 

I The methodology presented in the previous chapter will be tested 

with a series of simulations. Also, it will be compared with the 

I simpler method of one-step estimation. The obvious advantage of 

simulations is that we know the realizations of the random fieldsI 
I 

since we generate them. Then the actual pattern can be compared 

against the estimates provided by the different estimation methods. 

I 

I 5.1 Description of the Simulation Case 

The case to be used in the simulations IS shown in Figure 2.

I The flow domain is a rectangle with two opposing boundaries having a 

known piezometric head, while the other two are impermeable 

boundaries. There are no sources or sinks inside the flow domain. 

I The measurements are located at the centerpoints of the 

I 

discretization blocks. The location of all measurements is also 

I shown in Figure 2: there are 35 measurement locations, arranged in a 

regular pattern. Both log-transmissivity and hydraulic head are 

I 
measured at each of the 35 points. The size of the grid spacing is 

the same in both dimensions, with a value of 10 km. Total dimensions 

of the flow domain are 150 km along the flow direction, and 100 km in 

I 
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Figure 2: Description of the simulation case. Dots indicate measurement 
location. Grid dimensions are: AX - AY - 10 km. 
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I 

I the transverse direction. The constant head at the upstream boundary 

equals 260 m, while the one at the downstream boundary equals 100 m.

I The covariance structure used to generate the bl-T field is an 

exponential with a white noise term (also known as "nugget effect" in 

geostatistics). It can be written as: 

I 
I 


d .. 

Cov(Y., Y.) = (J2 8.. + (J2 exp (_-=-u) (5.1)


1 J wn 1J t If 

I 
I 
I where the first and second term represent small-scale and large-scale 

variability, respectively. The scaling factors are the variances 

(J~n and (Jf; dij is the distance between two points and if is the 

integral scale (or correlation scale). The complete expression (5.1) 

is used to describe the covariance of point bl-T measurements. On 

I the other hand, the covariance between bl-T values averaged over a 

I 

discretization block is computed without the small-scale variability

I term in (5.1). This is because the operation of averaging over all 

points included in a block effectively drops the noise term. 

I 5.2 Parameter Estimation 

I 
I 

In this section, the procedure developed for parameter 

I estimation wi be tested. For the sake of simplicity, it is assumed 

that the prior pdf of covariance function parameters is completely 

non-informative. Then it is only needed to minimize the negative 

log-likelihood given by equation (4.14). The Gauss-Newton method, 

covered in Section 3.5, is used to perform the minimization. 
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First we will consider a special case in order to check the I 
program developed for parameter estimation. This case corresponds to 

the estimation of only one parameter. This problem has an exact I 
solution which can be compared with the one provided by maximum I
likelihood. We consider a in-T field with exponential covariance 

given by equation (5.1). The noise term in that equation is dropped I 
and the integral scale is assumed known; then the only parameter left 

is the variance of the large-scale variability structure. I 
The exact solution can be found from equation (4.14) as follows. ITo use the relations given in equations (4.15) and (4.16) we need to 

compute the derivatives of both equations with respect to the I 
parameter U = oJ, i. e. 

I 
and 	 I 

It can be shown using the equations developed after (4.15) that the I 
following relations hold for this case: 

(i) 	 for the term F 1 (U) I 
I 

m¢ = constant 
m 

(because the kriging mean 
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I 
of in-T becomes independent of U) 

I 
I 
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I 
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I 

I where QH is a matrix of constants. This implies that 

I 
I 
I 
I 
 Therefore, 


I (5.2) 

I 
(ii) For the term F2(O) (after the transformation to (ny-kc) 

I generalized increments) 

I 

I 

I 

I 
 where Qy is a matrix of constants. Then 


-1 1-1I Qy .y . =7J Qy
gl gl 

I IQ I = O(ny-kc) IQ Iy .y . Ygl gl

I 

I 71 

I 



I 

I 


So we get I 

I 


(5.3) 

I 

Applying the necessary condition for the minimum, we get the I


equation 

I 

I 


which becomes I 


I
T -1+y.QyY. ] =0 (5.4)gl gl 

I 

This equation has the unique solution 

I 

o- M (5.5)- ny - kc + nh I 


where M stands for the expression inside the brackets in the I 

previous equation. The whole expression symbolized by M depends 


only on the location of the measurements. It is computed with the I 

exponential factor which appears in' "equation (5.1). In general, the 


I 

I
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I value of 0 given by equation (5.5) can be found once a particular 

form of the covariance structure is chosen. 

I Another property of the maximum likelihood method will be useful 

to test the results given by the program. Kitanidis [1985J has shownI 
I 

that when the estimates of the parameters are maximum likelihood, the 

X2 statistic defined by 

I (5.6) 

I 
I is fitted to its mean value. This X2 statistic has (n-p) degrees of 

freedom, where n is the number of measurements included in z and 

p is the number of drift coefficients fitted from the data. In the 

I above equation, p and Q stand for the mean and covariance of z. 

I 

Note that in our problem the above criterion cannot be applied with a 

I single vector containing all the measurements. Rather we have to 

compute the X2 statistic for each one of the two pdf's and then add 

them up. Its sum should be fitted to (n-p). 

I A number of trial runs were done with the program to check the 

case of a single parameter. Both of the above requirements were 

I satisfied by the results obtained. 

The problem of estimating the parameters of the exponential I 
I 

covariance function given by equation (5.1) is approached as follows. 

There is no impediment in considering the three parameters of the 

covariance function as variables; for simplicity it was assumed that 

I the integral scale was known. Then the function is linear in the 
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parameters a~n and af' Note that we can still vary the value of if I 
(integral scale) to analyze different cases. The idea is to keep the 

Iparameter estimation procedure as simple as possible. 

Many runs were performed with different values of the three I 
covariance function parameters. The results of parameter estimation 

were always satisfactory. In particular, a basic consistency I 
requirement was met: the quality of the estimates improved when the 

number of measurements was increased. Typical results will be shown I 
in the next section, together with prediction runs. I 
5.3 Prediction: Comparison with One-Step Method I 

The objective of this section is to test the prediction 

procedure by itself, assuming that parameter values have already been I 
estimated. The prediction method developed in Section 4.1 is Icompared with the method previously used by Hoeksema and Kitanidis 

[1984J. This method used all the information available in one step I 
(both £n-T and head measurements), while the flow equation was 

linearized around the prior mean, in this case a constant but unknown I 
value. As we have discussed in previous chapters, it is expected 

Ithat the new method should represent an improvement in practical 

terms, because of the better linearization around a conditional mean. I 
The pending question is: how much better are the results obtained 

with the new method? The simulations reported in this section will I 
give a quantitative answer to this question. 

I 

I
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I Let's consider the different variables involved In the problem: 

- variance of white noise component

I - variance of large-scale variability component 

- integral scale 

I 

- size of the increments (blocks) used to discretize the flow 

I equation 

- number and location of measurements. 

I It is obvious that the number of possible combinations of all 

these factors is too large to be adequately sampled, at least with a 

limited budget for computing expenses. To reduce the variables to 

I the original three we analyzed empirically what would be an adequate 

I 
I 

requirement for the other two variables. The idea was to fix the 

I mesh size and the number of measurements in such a way that a 

decrease in mesh size and an increase in the number of measurements 

would not change significantly the results. Another minimum 

requirement to consider is to avoid introducing a new correlation 

I 

scale (numerical), associated with space discretization, of the same 

I order of magnitude as the one existing in the problem. For this 

purpose the discretization step must be kept much smaller than the

I integral scale. A parallel statement can be made about the number 

and location of the measurements, but with the opposite meaning. It 

is desired to have measurements separated by distances smaller than 

I the integral scale; they provide information about small and 

medium-range variability.

I 
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Unfortunately, even these more relaxed requirements could not be I 
met because of two different reasons. First, the program was 

developed and tested in the CYBER 170-855, where the maximum memory I 
available became a real limitation. The grid size could not be I 
larger than 50 blocks for parameter estimation; for the prediction 

problem it was twice this value. Both programs were then transferred I 
to the VAX-8600, where the virtual-memory system removed the previous 

obstacle. The second problem was the growing cost of computing when I 
increasing the number of grid units. Furthermore, this analysis II
should be done for a large number of realizations to evaluate the 

properties of the estimators. Considering all these factors, it was I 
decided not to do a systematic sampling. Rather, a few cases were 

run to illustrate the method. I 
The simulations reported here compared the two prediction 

methods, through a series of Monte Carlo runs. Two different cases I 
were analyzed, each one having constant values of the covariance I 
parameters. The two situations are given by covariance parameters 

smaller and larger than 1, respectively. Each series of runs had 30 I 
realizations. 

The flow domain and boundary conditions are those given in I 
section 5.1, as well as the measurement locations. The flow domain I
is discretized into 150 blocks. The value of the integral scale is 

set equal to 5 times the size of a cell's side, i.e. if = 50 km. I 

I 

I 
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I The following measures of performance are used: 

- Actual error (AE) , which is the difference between the 

I 
I estimated field and the actual one. 

Estimation variance (EV) , which is the conditional variance 

computed by the prediction method. 

I Estimation variance ratio (EVR), which is the squared 

I 

actual error divided by the estimation variance. 

I Note that these three quantities are defined at any nodal point 

in the computational grid. The average values over the whole domain 

I 
are also computed, as well as the standard deviation. A desirable 

situation is to get a smaller actual error and estimation variance, 

I 
I 

while keeping its ratio close to one. In other words, we are asking 

I for a smaller bias in the mean and a smaller uncertainty of the 

estimates. Also, the method should not systematically overpredict 

nor underpredict. 

As the above statistics vary from point to point throughout the 

I 

flow domain, the need arises for a more compact way of presenting the 

I same information. The statistic which best describes the performance 

of each prediction method is the mean squared error (MSE). This is

I the average (over all grid points) of the squared actual error of 

estimation (AE). The MSE can be computed for each estimated field, 

i.e. both tn-T and heads. 


I The two series of Monte Carlo runs are detailed below. Each one 


consisted of 30 runs with the following steps: 


I 
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(i) - Generation of random fields: both £n-T and head fields I 
were generated with the procedure given by Hoeksema and 

Kitanidis [1984J. Measurements of £n-T and head are I 
generated at the points indicated in Figure 2, also I 
following the same reference. 

(ii) - Prediction of £n-T and head fields, conditional on the I 
measurements, using the two prediction methods. 

As the estimation of covariance parameters was not performed, I 
the values given to those parameters are the actual ones (the same I 
used to generate the random fields). To have a short notation, the 

two-step prediction method developed in Chapter 4 will be called the I 
It new" method, while the one-step method of Hoeksema and Kitanidis 

[1984J will be called the "oldl! one. The results obtained follow. I 
Type A runs: the log-transmissivity field was generated using I

the following values of the covariance function parameters: 

I 
O'~n =0.2 0'£ = 0.5 

I 
Three of the 30 runs provided an estimate of the head field which was 

not in agreement with the boundary conditions of the problem. I 
Consequently, they were discarded before proceeding with the analysis I 
of the statistics which describe each random field. Mean values of 

the different statistics over 27 realizations are presented below. I 
The mean squared error of the estimated £n-T field, MSE(e )' yielded 

the values: 
y I 
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I 
 - old method: MSE(e ) =0.2237
y

- new method: MSE(e ) = 0.2113y

I while the values of the mean squared error of the estimated head 

field, MSE(e~), are:I - old method: MSE(e~) = 5.476 m2 

I 
 - new method: MSE(e~) =0.6243 m2 


I 

It is noticed that the new method effectively reduces the estimation 

I error, as measured by the MSE statistic. The amount of error 

reduction is much larger for the head field (897.) than for the lo-T

I field (670). 

The mean values of the estimation variance ratio of the lo-T 

field, m(evr), are: 

I - old method: m(evr) = 0.8148 

I 

- new method: m(evr) =2.945 

I These two values should be compared against an optimum unit value. 

The old method slightly overestimates the estimation error, while the 

I 
new method underestimates it to a larger extent. 

Type B runs: These runs were planned as a limit case to test 

I 
I 

the robustness of the small-perturbation solution of the stochastic 

I boundary-value problem. This solution is strictly valid when the 

covariance parameters (representative of the magnitude of the 

perturbations about the mean) are smaller than unity. Nevertheless, 

these types of solutions often remain valid beyond that limit. This 

type of runs will show if that is the case in our problem. Thirty 

I 
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realizations of the tn-T field were generated with the following I 
values of the covariance function parameters: 

I 
{12 = 1. 0 (1£ = 5.0wn I 

Results of two of the 30 runs violated the head boundary conditions, I 
and were therefore discarded. The statistics were averaged over the 

remaining 28 realizations. The tn-T field error statistics are: I 
- old method: MSE(e ) = 2.358y I- new method: MSE(e ) = 1.434y

while the head field error statistics are: I 
- old method: MSE(e~) = 287.05 m2 

2- new method: MSE(e~) =58.694 m I 
In this case the new method's value of tn-T MSE is significantly 

smaller than the one given by the old method (391.). The reduction of I 
error of the head field is twice as large (801.). I 

Mean values of the estimation variance ratio of the tn-T field 

are: I 
- old method: m(evr) =1.438 

- new method: m(evr) =2.248 I 
which shows that the actual error is underestimated by both methods, I
although the old one performs better. 

The large difference observed between values of the head MSE is I 
a direct consequence of the full use of information made by the new 

method. In particular, the variance of the tn-T field is reduced I 
I 

I 
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I prior to its use as input to the flow equation. Recall that the 

first step of the new method obtains an estimate of the fu-T field, 

I conditional on th efu-T measurements, and this is used to obtain the 

corresponding estimate of the head field. In other words, the prior
I 
I 

variance of the fu-T field is reduced to the variance of the 

conditional estimate; then this smaller value is propagated through 

the flow equation to get the conditional variance of the head field. 

I In order to quantify this factor, the mean value of the conditional 

variance of the fu-T field, given fu-T measurements,

I 

I 

I was computed on each simulation. Note that this value is the mean 

squared error of the fu-T field estimated on the first step. Then 

I all mean values were averaged to get a single statistic 

representative of all Monte Carlo runs.I 
I 

Now we are ready to compare the impact of each piece of 

information through the diminution of the MSE of estimation. Note 

I 

that the prior variance can be properly called prior MSE, because the 

I fu-T field was generated with zero mean; therefore both second 

moments are identical. Then we just have to look at the sequence of 

I values of the MSE of the fu-T field, at the three steps: 

- prior MSE (variance of the generated field) 

- MSE after the first prediction step 

I - MSE after the second prediction step 
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The sequences obtained with the new method of estimation (in I 
both series of runs) are listed below: I 

-t~e A runs: 0.5 / 0.3166 / 0.2113 


- type Bruns: 5.0 / 2.037 / 1.434 
 I 
This shows that the largest reduction of the MSE is achieved in the 

first step, by using the log-transmissivity measurements. In the I 
case of the large-variance runs, this reduction amounts to almost 60% 

of the prior variance. This makes the new method especially adequate I 
to deal with cases where the prior variance is even larger than one. I 
We can reasonably expect that by the time when the (linearized) 


solution of the flow equation is sought, the tn-T variance has I 

already been cut (approximately) by half. 


Two runs were selected out of the two sets available. these are I 
run A-26 and run B-29. Both provide t~ical results to appreciate Ithe performance of the two methods. Both parameter estimation and 

prediction runs were performed. All 35 tn-T measurements and 35 head I 
measurements are used for parameter estimation, and later for 

prediction. The detail follows. I 
Run A-26: the generated log-transmissivity and head fields are 

shown in Figures 3 and 4, respectively. Recall that this run was I 
generated with the following values of covariance function I 
parameters: 

I 

I 

I
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Figure 3: Run A-26. contour map of the generated log-transmissivity field 
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I 
I The parameter estimation program gave the following estimates: 

I 
01 =0.201 02 =0.421 

I 
with covariance matrix 

I 
_ [ 0.008668 

I 
 Cov (01'02) - - 0.003765 0.01188 ] 


I which in turn provides the standard error (s.e.) assigned to each 

estimate 

I 
s.e.(Ol) = 0.0931 s.e.(02) = 0.109

I 
I 
 and the correlation between errors of the estimates equals - 0.371. 


Assuming that the parameter estimates are normally distributed, a 

I confidence region for the estimates can be found. Any of the most 

I 

used (i.e. 957. or 907.) confidence ellipse does contain the actual 

I values of the parameters. This is expected of any parameter 

estimation procedure, when enough information has been provided. The 

I 
size of the confidence region, on the other hand, is sensitive to the 

amount of noise which corrupted the measurements. 

The two prediction programs were used to provide estimates of 

I the in-T and head fields, given the measurements. Estimated 
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log-transmissivity fields are shown in Figures 5 wId 6. It can be II 
seen that both methods captured the main features of the io-T field. 


This is also manifested by similar values of the mean squared error I 

of estimation: 
 I- old method: MSE(e ) =0.2236y


- new method: MSE(e ) = 0.1926
y I 
The corresponding estimates of the head field are shown in Figures 7 

and 8. The actual field has been superimposed in both figures, so I 
the quality of the estimates can be better appreciated. The old 

method's estimate follows the general trend, but some contour lines I 
are displaced with respect to those of the actual field. The new I 
method provides an estimated field which is almost coincident with 

the actual one. The error statistics also show this effect as a I 
large difference: 

- old method: MSE(e¢) =13.18 m2 I 
- new method: MSE(e¢) =0.4174 m2 

I
Run B-29: The log-transmissivity field used for this run was 

generated with covariance parameters: I 
0"2 = 1.0 O"f =5.0 Iwn 

Iand is shown in Figure 9, while the head field is presented in Figure 

10. Estimates of the covariance parameters are: I 

I 
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I while the standard errors of the estimates are: 

I 

I 


with a correlation of -0.53 between errors. As in run A-26, the 

I confidence region (for normally distributed parameters) contains the 

actual values of the parameters. Note that the standard errors of 

I estimation are proportionally larger for this run than they were for 

the run with small variance (A-26). This is consistent with the I large value of the noise added to log-transmissivity measurements 

I 
 (proportional to u~n)' 


Both fields were estimated using the two prediction programs. 

I Estimates of the log-transmissivity field are shown in Figure 11 and 

12. Some difference can be seen between the two fields, although 

I 
I both are effectively mapping the basic characteristics of the tn-T 

field. The corresponding values of the error statistics are: 

- old method: MSE(e ) = 1.490 

- new method: MSE(e ) = 1.259I 
y

I 

y
The difference between them is smaller than the one observed in 

I average throughout the Monte Carlo runs. The estimates of the head 

field are shown in Figures 13 and 14. As the generated head field 

has contour lines which show a large degree of variability, it is not 

I convenient to superimpose the estimated and actual field in the same 

graph. Rather, the same information is provided by a plot of the 

I actual error AE: this is shown in Figures 15 and 16. It is evident 
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Figure 11: Run 8-29. Contour map of the log-transmissivity field, 
estimated using the new method. 
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Figure 12: Run 8-29. contour map of the log-transmissivity field, 
estimated using the old method. 
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Figure 13: Run 8-29. Contour map of the head field, 
estimated using the new method. 
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Figure 14: Run 8-29. Contour map of the head field, 
estimated using the old method. 
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Figure 15: Run 8-29. Contour map of the actual error of the head field, 
estimated using the new method. 
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Figure 16: Run 8-29. contour map of the actual error of the head field, 
estimated using the old method. 



I 
I 

that the errors involved in the estimate given by the old method are I 
two or three times larger than those of the new method. This 

disparity is also shown by the values of the mean squared error of I 
the estimate: I 

- old method: MSE(e¢) =252.2 m2 

- new method: MSE(e¢) = 41.55 m2 I 
The two plots which show the spatial variability of the actual error 

(Figures 15 and 16) can be further compared with those showing the I 
variability of the estimation error: see Figures 17 and 18. The I
estimation error is just the square root of the estimation variance. 

This in turn is the only estimate of the error of estimation, when I 
dealing with an actual field application (as opposed to simulations). 

The differences between typical estimation errors shown in Figures 17 I 
and 18 are of the same order of magnitude as the differences observed 

between actual errors. The spatial distribution of the estimation I 
errors seems to follow a similar pattern in both methods, probably I 
due to the influence of boundary conditions and measurement location. 

Finally, the computation costs of both methods have to be I 
compared. Each run of the prediction procedure, for the simulation 

case considered, took 1.6 CPU minutes in the VAX-8600. Both the new I 
and old method needed the same amount of time to run; so the new I 
prediction method is not more expensive than the old one. The new 

parameter estimation method took 10.3 CPU minutes in the VAX-8600j I 
that is, about six times more expensive than the prediction run. 


However, this last figure has to be taken just as an order of I 
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Figure 17: Run 8-29. Contour map of the estimation error of the 
head field, estimated using the new method. 
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I magnitude, because the actual time will be different for each case, 

depending on the number of iterations performed by the maximum 

I likelihood method. The figure given above corresponds to 5 

I iterations, which is normally enough for the algorithm to converge. 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
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CllAPTER 6 I 
SUMMARY AND CONCLUSIONS 

I 
This work considered the problem of prediction in two I 

dimensional steady flow in a confined aquifer. The problem of 

estimating the transmissivity, head, and velocity fields was I 
approached using elements of the theories of random fields and 

conditional distributions. The corresponding flow equation was I 
linearized about a conditional log-transmissivity mean, and the I
log-transmissivity was modeled as a realization of a Gaussian random 

field. The head field is obtained conditional on the log I 
transmissivity field previously estimated: the derived distribution 

of the head field is also normal. Finally, the first two moments of I 
the velocity field can be found as a function of the corresponding Imoments of the other two fields. 

The major contribution of this work has been the development of I 
a new method of estimation suited to the problem considered. Being a 

method of finding a conditional density, it accomplished the goal of I 
making maximum use of all available information. This includes prior 

information about the parameters, as well as field measurements of I 
hydraulic head and transmissivity. The main idea behind the new I 
method is the use of the available measurements in two steps: (log-) 

transmissivity measurements are used in the first step, and head I 
measurements in the second step. This permits the flow equation to 

be solved using the most current estimate of the log-transmissivity I 
I 

I 
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I 

I 	 field, conditional on measurements. By doing so, the error involved 

in the solution of the flow equation is minimized. Results from 

I 	 Monte Carlo runs show that conditioning on the log-transmissivity 

measurements accounts for a large reduction of the variance of 

I 
I estimation: it cuts the prior variance by about one half. Further 

reduction is accomplished by the use of head measurements. 

An additional feature of the new method is that the only 

I parameters required are those of the covariance function of the 

I 

log-transmissivity field. The direct estimation of drift 

I coefficients is avoided by filtering out the drift component. This 

in turn avoids the iterations required to estimate both drift and 

I 
covariance parameters. Parameter estimation is performed using the 

maximum likelihood method. 

The method was tested with Monte Carlo simulations; the evidence 

I obtained clearly favors its application over the alternative method, 

which uses all the information in a single step. Results show a 

I 
I dramatic reduction of the error of estimation of the head field. The 

average value (computed over all Monte Carlo runs) of the mean 

squared error of the estimated head field is just about 207. of the 

I one obtained with the alternative method. The error of estimation of 

the 61-T field is also reduced, although not as much as the head 

I 
I field error. The reduction of the estimation error of the 61-T field 

is directly proportional to the variance of the 61-T field. This 

last feature makes the new estimation method especially adequate to 

I deal with field problems characterized by a large degree of 
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heterogeneity. For instance, problems like the disposal of nuclear I 
waste in rock formations are a primary target for the use of the 

method developed in this work. 	 I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
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