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Abstract 

Computational models of the eye have been studied by various investigators.  

The main purpose of developing a computational model is to provide a better 

understanding of the normal function of the eye as well as the abnormalities causing 

ocular diseases.  For instance, by using computational methods, new insights have been 

brought to the pathophysiology and anatomical risk factors of angle-closure glaucoma, a 

mysterious eye disease closely related to the mechanics of the iris.  Unlike the clinical 

research, computational studies are neither hindered by experimental difficulties nor by 

patient health risks.  

We developed computational models of the ocular tissues at three different 

levels to understand the mechanisms by which ocular globe deformation, iris-aqueous-

humor interaction, and detailed iris structure affect the iris configuration.  These models 

include 

• A finite-element model of the whole ocular globe consisting of the iris, 

cornea, sclera, and limbus 

• A finite-element model of iris-aqueous-humor interaction in the anterior 

eye 

• A finite element model of the iris with its active (dilator muscle) and 

passive (stroma) constituent tissues. 
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Our whole-globe simulation showed that corneoscleral indentation, a diagnostic 

and/or treatment method in various glaucoma-related complications, would lead to 

changes in the anterior chamber angle.  Our model showed that the limbus, due to its 

unique mechanical properties, plays an important role in the deformation of the whole 

ocular globe.  Simulations performed using our anterior-segment model showed that 

the rapid changes (~ sec) in the iris-aqueous-humor system due to corneoscleral 

indentation may lead to long recovery times (~ min).  We showed that a similar long 

recovery mechanism prevents the iris from drifting forward during normal blinking.  

Finally, simulations based on the detailed iris anatomy showed that the posterior 

location of the dilator muscle could contribute to the iris anterior bowing following 

dilation even in the absence of the aqueous humor pressure difference. 

Clinical studies have emphasized the key role of the iris shape and configuration 

in physiology and pathophysiology of the eye.  In the work, we showed that iris 

configuration is ultimately affected by many parameters including deformation of the 

whole ocular globe, interaction with aqueous humor flow, and activation of its 

constituent muscles.   
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Chapter 1: Introduction 

 

Glaucoma is a leading cause of blindness and affects millions of people 

worldwide.  It is estimated that by 2020, there will be 79.6 million people worldwide 

with glaucoma, 11.2 million of them be bilaterally blind [1].  In spite of much study, the 

mechanisms leading to the onset of glaucoma remain poorly understood.  As stated by 

Epstein [2]: 

The study of glaucoma can be both clinically satisfying and 

intellectually stimulating.  Yet it is also the most humbling of the 

disciplines, both because of our clinical failures but even more, our 

lack of real understanding.  In truth, if one looks at ophthalmic 

knowledge in the last century, the field of glaucoma has shown 

the least progress.  

Part of this difficulty lies in the complex behavior of the tissues that make up the 

eye.  Computational models provide a new way to study the complicated interactions 

between the ocular tissues, and they easily lend themselves to simulating abnormalities 

associated with glaucoma.  A better understanding of the physiology of the eye and the 

pathophysiology of glaucoma provided by such models can be used to better design 

animal and/or human studies.  They can also provide new insights to assess safety and 



 2

efficacy of current therapeutic and diagnostic techniques and lay the groundwork for 

future developments.   

Three mathematical models were designed in the current research to answer 

some of glaucoma-related question.  The iris, which plays an important role in certain 

types of glaucoma, is a major component of all models in the current study.  In a first 

model, the importance of ocular globe deformation in relation to the iris and the 

intraocular pressure was studied (Chapter 2 and 3).  A second model was further 

developed explore aqueous-humor-iris interaction (Chapter 4 and 5).  Finally, a third 

model was created to study detailed structure of the iris (Chapter 6).  The models along 

with additional experimental studies produced interesting results presented in this 

thesis.   

1.1. Anatomy and physiology of the Eye  

The human eye is a complex and interesting organ that has been subject of much 

study by a wide range of engineers in various fields such as optics, ocular imaging, 

ocular biomechanics and biotransport, and ocular tissue engineering.  In this section, we 

present a brief introduction to ocular anatomy and physiology necessary for 

understanding of the mathematical models.   

The human ocular globe is roughly spherical (Figure 1.1).  The pressure inside the 

eye or, intraocular pressure (IOP), is slightly higher than the outside pressure.  A positive 

IOP is important for the eye to maintain its shape and normal function.  The mechanical 
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strength of the globe is provided by the corneoscleral shell composed of the sclera, 

cornea, and limbus (Figure 1.1).  A plane, approximately passing through the ocular lens 

and limbus and perpendicular to the corneal axis, divides the ocular globe into two 

sections: anterior segment and posterior segment (Figure 1.1).   

 

Figure 1.1 Anatomy of the eye composed of the anterior and posterior segments (image 

courtesy: National Eye Institute, NIH, Bethesda, MD). 
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The posterior segment includes a clear gel-like structure known as the vitreous 

humor and a solid section composed of the retina, choroid, sclera and optic nerve.  The 

visual cells are located on the retina which is covered by the choroid, a thin layer 

consisting of the blood vessels that provide the visual cells with nutrients and oxygen.  

The sclera encapsulates the choroid and extends from the optic nerve to the cornea.  

Highly compacted bundles of collagen fibers make the sclera a mechanically strong 

structure.   

The anterior segment is bounded by the lens and cornea.  The cornea, similar to 

the sclera, is composed of the collagen fibers. The cornea, however, is clear and 

avascular.  Similar to the cornea, the lens is also avascular and clear.  Positioned 

posterior to the iris, the lens refracts the light entering the eye to create images on the 

retina.   

The anterior segment is further divided to anterior and posterior chambers by 

the iris and pupil (Figure 1.2).  The iris, which is composed of smooth muscle, controls 

the amount of light passing through the lens by changing the diameter of the pupil.  

In the following sections a more detailed overview of anatomy, physiology, and 

mechanical properties of the ocular tissues are discussed. 
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Figure 1.2 Anatomy of the anterior segment and flow of aqueous humor (image 

courtesy: National Eye Institute, NIH, Bethesda, MD). 

1.1.1. Cornea 

The cornea is the transparent tissue comprising almost one-six of the outer tunic 

of the eye.  The anterior corneal surface, with approximately 48 diopters of refractive 

power, is the major component of ocular optic function in producing images on the 

retina.  The cornea is roughly elliptical, with the average horizontal and vertical 

diameters of 12.8 mm and 11.7 mm, respectively.  It has an average radius of curvature 

of 7.8 mm.  The central portion of the cornea is thinner (0.52 mm) compared to its 

periphery (0.65 mm) [3]. 
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The cornea is composed of six layers as shown in Figure 1.3.  The remarkable 

transparency and mechanical strength of the cornea are due to the highly organized 

collagen fibers in the corneal stroma [4,5], accounting for approximately 90% of the 

corneal thickness [6].  The tightly-packed type I and V heterotypic collagen fibrils [7], 

comprising the stroma, are similar in thickness (between 22.5 and 32 nm) [3].  They are 

preferentially oriented in the meridional, horizontal, and circumferential directions [8].  

The resultant is a transparent and mechanically strong tissue capable of bearing 

membrane loads due to IOP.   

At the larger scale, the cornea protects the eye from external mechanical and 

chemical insults.  As shown by numerous experimental studies [9-16], the cornea is 

anisotropic, viscoelastic, and highly nonlinear.  An approximate elastic modulus of the 

cornea is calculated to be 19.1 MPa [9,10]. 

1.1.2. Sclera  

The sclera is the white fibrous tissue that encapsulates most of the eye.  It is 

roughly spherical with the average radius of curvature of 12.5 mm [17-19].  The scleral 

thickness changes along the anterior-posterior axis of the eye.  It is thicker in the regions 

near the optic nerve head (1 mm [20,21]) and near the limbus (0.65 mm [20]) in 

comparison to the region near the equator (0.5 mm [20]). 

The sclera is composed of circumferentially oriented Type I and III collagen fibers 

[22].  The fibers, unlike those in cornea, vary in width and have an irregular arrangement 
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leading to lack of transparency in the sclera.  At the macroscale, the mechanical 

behavior of the sclera is viscoelastic, anisotropic, and nonlinear [22-24].  The average 

value of the scleral Young modulus measured experimentally is within the range of 5-13 

MPa [22,25]. 

The optic nerve cells leave the eye from a mesh like structure, namely the lamina 

cribrosa, located at the posterior sclera, and form the optic nerve head.  The 

biomechanics of the optic nerve head has been the subject of many studies [26] . 

 

Figure 1.3 Histological cross-section of the human cornea showing its six comprising 

layers: epithelium (EP), basement membrane (BM), Bowman’s layer (BL), stroma (ST), 

Descemet’s membrane (DM), and endothelium (EN) (Image from Ref. [3] with 

permission). 
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1.1.3. Limbus 

The limbus forms the boundary between the cornea and the sclera.  X-ray 

scattering experiments [27] have shown that the preferred orientation of the collagen in 

the limbal region is circumferential.  The microstructural anisotropy of the limbus is the 

cause of interesting mechanical behavior of the limbus observed experimentally [28-30].  

The average elastic moduli of the limbal region, measured from the ocular globe 

inflation tests, are 3.4-13.1 MPa in the meridional direction and 5.92-27.5 MPa in the 

circumferential direction [10].   

1.1.4. Iris 

The iris is responsible for controlling the pupil diameter in response to changes 

in the ambient light.  The iris is located anterior to the lens and posterior to the cornea.  

Its thickness varies from 372 ± 58 µm at the iris root to 645 ± 103 µm at its thickest 

point within the pupillary margin [31]. 

The iris is comprised of two smooth muscles: the Sphincter Iridis and the Dilator 

Pupillae (Figure 1.4).  The sphincter and dilator muscle fibers are aligned in the 

circumferential and radial directions, respectively.  The contraction and relaxation of the 

iris muscles controls the pupil diameter from 1mm at the complete pupil constriction to 

9mm at the complete pupil dilation.  Both muscles are enervated via autonomic nervous 

system [32]. 



 

Passive tensile tests on the bovine iris 

elastic and incompressible manner u

the radial direction is calculated from the bovine experiments.  The radial elastic 

modulus of 24.7 kPa is also calculated from porcine irides inflation tests 

 

 

Figure 1.4 Histological cross

segments: active smooth muscles

stroma (histology image is from Julie E Whitcomb) 
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Passive tensile tests on the bovine iris [33] have shown that it behaves in an 

elastic and incompressible manner up to 20% strain.  The elastic modulus of 

the radial direction is calculated from the bovine experiments.  The radial elastic 

modulus of 24.7 kPa is also calculated from porcine irides inflation tests 

Histological cross-section of the porcine iris showing its three comprising 

active smooth muscles-the Sphincter Iridis and the -along with the passive iris 

stroma (histology image is from Julie E Whitcomb)  

have shown that it behaves in an 

p to 20% strain.  The elastic modulus of 27 kPa in 

the radial direction is calculated from the bovine experiments.  The radial elastic 

modulus of 24.7 kPa is also calculated from porcine irides inflation tests [34].   

 

section of the porcine iris showing its three comprising 

along with the passive iris 



 

Figure 1.5 Schematic of 

It should be noted

activation of dilator muscle changes the cross

iris [35,36].  In addition, ex vivo 

shown that the mechanical stiffness of the iris is subjected to significant change

following iris smooth muscle activation

1.1.5. Lens  

The ocular lens is located posterior to the iris and pupil.  The major role of the 

ocular lens is to focus light on the retina and create a clear image.  The refraction index 

of the lens is related to t

The posterior lens has a smaller radius of curvature (between 4.5 and 7.5 mm) in 

comparison to the anterior surface (between 8 and 14 mm) 

diameter of the lens is approximately 9 mm in adults with a minimal change with the 

age [39].  The lens thickness, however, increases by 0.02 mm each year 
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Schematic of different components comprising the lens. 

noted, however, that recent clinical observations indicate that 

activation of dilator muscle changes the cross-sectional area and the total volume of the 

.  In addition, ex vivo pharmacological and electrical stimulation of the iris has 

shown that the mechanical stiffness of the iris is subjected to significant change

following iris smooth muscle activation [37,38]. 

The ocular lens is located posterior to the iris and pupil.  The major role of the 

ocular lens is to focus light on the retina and create a clear image.  The refraction index 

of the lens is related to the curvature of the anterior and posterior surfaces of the lens.  

The posterior lens has a smaller radius of curvature (between 4.5 and 7.5 mm) in 

comparison to the anterior surface (between 8 and 14 mm) [39].  The

diameter of the lens is approximately 9 mm in adults with a minimal change with the 

.  The lens thickness, however, increases by 0.02 mm each year 

 

different components comprising the lens.  

that recent clinical observations indicate that 

total volume of the 

stimulation of the iris has 

shown that the mechanical stiffness of the iris is subjected to significant changes 

The ocular lens is located posterior to the iris and pupil.  The major role of the 

ocular lens is to focus light on the retina and create a clear image.  The refraction index 

he curvature of the anterior and posterior surfaces of the lens.  

The posterior lens has a smaller radius of curvature (between 4.5 and 7.5 mm) in 

.  The equatorial 

diameter of the lens is approximately 9 mm in adults with a minimal change with the 

.  The lens thickness, however, increases by 0.02 mm each year [39].  The 
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distance along the corneal axis between the anterior surface of the lens and the cornea, 

also known as the anterior chamber depth, is approximately 3 mm [40,41].  

To create a clear image on the retina, the ocular refractive power needs to be 

adjusted based on the distance of the target objects from the cornea.  The phenomenon 

of adjusting the refractive power is defined as accommodation and is mediated by 

changing the position and curvature of the ocular lens.  The lens is kept in its position by 

the zonular fibers, which connect the outer layer of the lens to the ciliary muscles 

(section 1.1.7).  During accommodation, contraction of the ciliary muscle reduces the 

tensile strain on the zonular fibers which consequently changes the location and 

curvature of the lens. [39,42-44]. 

The lens capsule (Figure 1.5) is composed of mainly type IV collagen.  Mechanical 

properties of the lens capsule have been measured using various experimental 

techniques such as ring pulling [45], strip pulling [46], and controlled inflation [47].  A 

summary of these methods is presented in Table 1.1.  A new method of measuring lens 

capsule mechanical properties by using osmotic swelling is presented in Appendix B.  
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Table 1.1 Comparison of the experimental studies of the lens capsule 

Investigator Tissue 

tested 

Methods Modulus of elasticity 

Fisher 1967 

[48] 

Human lens Anterior surface of the lens capsule, 

clamped in a glass apparatus, was 

pressurized from one side.  The 

relation between the pressure and 

shell-like displacement was studied. 

2-6 MPa 

Krag and 

Andreassen 

2003 [45] 

Porcine lens A ring made of the posterior lens 

capsule was uniaxially stretched by 

two mechanical pins.  Modulus of 

elasticity was obtained from the 

stress-strain. 

0.3-2.3 MPa 

Wollensak et 

al. 2004 [46] 

Porcine lens A strip of the lens was clamped 

between two jaws and uniaxially 

stretched.  The stress-strain curve was 

obtained. 

3.2-12 MPa 

Danielsen 2004 

[49] 

Rat, bovine, 

porcine, and 

human lens  

Anterior surface of the lens capsule 

clamped in a glass apparatus was 

pressurized from one side.  The 

relation between the pressure and 

shell-like displacement was studied. 

                                    

Rat 0.54-23 MPa    

Cow 1.2-0.35 MPa  

Sow 1.26-38 MPa  

Human 2.4-9.9 MPa 

Heistand et al. 

2005 [47] 

Porcine lens The lens capsule was expanded by the 

injection of an isotonic solution.  The 

deformation was reconstructed from 

the projected view of two cameras 

taking pictures from two different 

angles. The pressure-strain curves 

were obtained. 

0.45 MPa† 

† The value is approximated from Heistand’s data and pressure vessel theory. 
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1.1.6. Aqueous humor flow  

The aqueous humor flows constantly from the posterior chamber into the 

anterior chamber in order to bring oxygen and nutrients for the avascular ocular tissues, 

notably the cornea and lens.  The aqueous humor, which is 98% water, carries 

electrolytes, oxygen, glucose, lactate, and various amino acids.  The absence of large 

molecules in the aqueous humor makes it a transparent colorless medium between the 

cornea and the lens [50].   

 

 

Figure 1.6 Schematic of the anterior segment showing the ciliary body and trabecular 

meshwork (image modified from Ref.[51] with permission). 
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Figure 1.7 Scanning electron microscopy of the anterior segment of a monkey eye 

showing the zonular fibers (Z), ciliary processes (CP) , ciliary body (CB), sclera (S), 

Schlemms canal (SC), iris (I), and lens(L).  Anterior-posterior directions are marked on 

the picture by A and P (image from Ref. [44] with permission (Association for Research 

in Vision and Ophthalmology as the copyright holder is acknowledged)). 

The pathway of the aqueous humor is shown in Figure 1.2.  The aqueous humor 

is secreted from the ciliary body into the posterior chamber.  It then flows around the 

lens and through the iris-lens gap into the anterior chamber.  The aqueous humor drains 

into the venous circulation system mostly via trabecular meshwork (section 1.1.8), 

located between the cornea and iris, and later through the Schlemm’s canal.  Since the 

aqueous humor is composed 98% from water, its viscosity and density are similar to 

those of water [52,53]. 

Not only does the flow of the aqueous humor provide the avascular tissues with 

oxygen and nutrients, but resistance to this flow also generates the intraocular pressure 



 15 

(IOP). The dominant resistance to the flow is caused by outflow pathway (trabecular 

meshwork).  The normal IOP of approximately 15 mmHg (2100 Pa) [54] is essential for 

the proper shape and optical functions of the eye globe.   

1.1.7. Ciliary body 

The ciliary body is a 5-6 mm wide ring-like tissue which is attached to sclera 

along the inner wall of the posterior chamber (Figure 1.6) [51].  The largest mass of 

ciliary body is the ciliary smooth muscle [50].  The contraction and relaxation of the 

ciliary smooth muscle is important in the process of accommodation.  When ciliary 

muscle is relaxed, the zonular fibers are more stretched and the lens is flattened.  A 

flatter lens has a smaller refractive index.  When the ciliary muscle contracts, it moves 

inward and forward and consequently reduces some of the zonular fiber tension.  Less 

stretched fibers lead to a less flattened lens and higher refractive power [43,44].  

The other comprising section of the ciliary body is the ciliary process, a highly 

involuted tissue (Figure 1.7).  Every single process is about 1 mm high, 2 mm long, and 

0.5 mm wide [55].  The main function of the ciliary processes is aqueous humor 

formation.  The ciliary processes produce aqueous humor and secrete it into the 

posterior chamber with approximate rate of 1.5-3 ��/min [56,57].   

Three mechanisms have been proposed for aqueous humor secretion from the 

epithelial cells on the ciliary processes: diffusion, ultrafiltration, and active transport.  

Diffusion is highly unlikely as the solute contents of aqueous humor and cell plasma do 
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not create a favorable concentration gradient for the diffusion process [58,59].  

Ultrafiltration has held by some to be responsible for up to 70% of aqueous humor 

formation [60-62]. There are, however, multiple reasons that ultrafiltration is not the 

dominant mechanism of aqueous humor formation: 

• Inhibiting the active mechanism of aqueous humor formation leads to 

substantial reduction in aqueous humor formation [63-65].  Had 

ultrafiltration been the major contributor to aqueous humor formation, 

the change from turning off the active transport would not have been 

significant. 

• Changes in the systemic blood pressure do not alter aqueous formation 

rate significantly [66]. 

• The capillary pressure necessary for the proposed formation rate of 

aqueous humor due to ultrafiltration should be 49-57 mmHg [60] much 

larger than values of 25-33 mmHg measured experimentally [64,67]. 

It is now widely accepted [50,68] that the active transport mediated by Na+/K+ 

ATPase pumps on the epithelial cell membrane of the ciliary processes is responsible for 

70-80% of aqueous humor formation.  Over a reasonable range of IOP, the aqueous 

humor formation rate is constant [69]. There, however, exists pseudofacility, a decrease 

in aqueous inflow with increased IOP [70,71].   
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1.1.8. Trabecular meshwork  

The trabecular meshwork is located at the periphery of the anterior chamber, 

near the apex of the anterior chamber angle, the angle between the posterior cornea 

and anterior iris.  The trabecular meshwork is the principal aqueous humor outflow 

pathway.  It provides the aqueous humor with a passage from the anterior chamber to 

the Schlemm’s canal, and mediates its final return to the circulatory system via the 

episcleral veins (Figure 1.6 and 1.7) [72].  The outflow rate via the trabecular mesh work 

is defined by [57,72]: 

� � ��� � ��	        (1.1) 

with � being the outflow rate, � being the aqueous humor outflow facility, � being the 

intraocular pressure, and �� being the episcleral venous pressure. Typical values of � 

and �� are 0.25 ��/min/mmHg [56,57,73] and 9 mmHg [57,74], respectively. 

The second principal pathway of the aqueous humor drainage from the anterior 

chamber is the uveoscleral outflow.  The uveoscleral flow is defined as the outflow of 

the aqueous humor via intermuscular space of the ciliary muscle at the iris root at the 

anterior chamber apex [75].  At the normal levels of IOP, the uveoscleral flow accounts 

for 10% of the total outflow and, unlike trabecular meshwork outflow, is not sensitive to 

IOP changes [75,76] .  



 

Figure 1.8 Normal (a) versus glaucomatous (b) vision

1.1.9. Vitreous 

The vitreous humor is a gel

globe volume.  The vitreous is 

hyaluronic acid [77].  It acts as an incompressible structure in the posterior segment and 

provides mechanical support for the ocular tissues surrounding it during ocu

movements [77].  Although the vitreous is a 

the aqueous-vitreous boundary is negligible in comparison to the outflow 

trabecular meshwork [79,80]

1.2. Pathophysiology of 

Glaucoma is a major public health concern.  It affects 50 million people 

worldwide and bilaterally blinds more than 7 million 

leading cause of blindness after cataract 

[83,84], and its prevalence 

following sections, first some general information about glaucoma is presented.  
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Figure 1.8 Normal (a) versus glaucomatous (b) vision 

Vitreous humor  

itreous humor is a gel-like material constituting about 80% of the ocular 

The vitreous is comprised mostly water (98%), Type II collagen, and 

It acts as an incompressible structure in the posterior segment and 

provides mechanical support for the ocular tissues surrounding it during ocu

.  Although the vitreous is a permeable medium [78], the flow across 

vitreous boundary is negligible in comparison to the outflow 

[79,80]. 

Pathophysiology of glaucoma 

Glaucoma is a major public health concern.  It affects 50 million people 

worldwide and bilaterally blinds more than 7 million [81].  Glaucoma

leading cause of blindness after cataract [1,82].  Further, it mainly affects the elderly 

and its prevalence is expected to increase as the population 

following sections, first some general information about glaucoma is presented.  

 

 

constituting about 80% of the ocular 

ype II collagen, and 

It acts as an incompressible structure in the posterior segment and 

provides mechanical support for the ocular tissues surrounding it during ocular 

, the flow across 

vitreous boundary is negligible in comparison to the outflow through the 

Glaucoma is a major public health concern.  It affects 50 million people 

.  Glaucoma is the second 

affects the elderly 

increase as the population ages.  In the 

following sections, first some general information about glaucoma is presented.  Then, 
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the characteristics of angle-closure glaucoma, a type of glaucoma closely related to the 

iris contour and the anterior chamber angle, is discussed.  Finally, various cases of 

corneoscleral indentation used to change the anterior chamber angle (mainly in relation 

to angle-closure) are discussed. 

1.2.1. Characteristics and classifications of glaucoma 

Glaucoma describes a wide variety of the potentially blinding ocular diseases.  

The central event in all types of glaucoma is the irreversible damage to the retinal 

ganglion cells of the optic nerve head, which leads to programmed cell death 

(apoptosis).  Loss of retinal cells leads to progressive loss of vision (Figure 1.8).  

Increased IOP, although no longer considered a defining criterion for glaucoma [81], is 

widely accepted as a major glaucoma risk factor [85-88].  A normal eye has an IOP of 15 

mmHg [54].  Any value of IOP greater than 21 mmHg increases the risk of glaucoma 

development [87].  It has also been shown that IOP reduction is beneficial in the 

management of glaucoma patients [86,87,89,90], while a small fraction of patients 

continue to progress even with treatment [86,89]. The mechanism by which increased 

IOP leads to irreversible damage of the retinal ganglion cells of at the optic nerve head is 

still unknown.  There have been, however, theories proposed to explain the 

mechanisms of IOP-induced optic nerve head neuropathy (e.g. [26]).   

The iris configuration, closely related to the mechanism by which IOP increases, 

has been used to classify different types of glaucoma.  Two major categories of 
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glaucoma are open-angle and angle-closure glaucoma with angle being referred to the 

anterior chamber angle (Figure1.2).   

Primary open angle glaucoma is the most common form of glaucoma [81]. In 

pigmentary glaucoma, a mysterious type of open angle glaucoma, the iris is abnormally 

bowed towards the posterior.  The posterior bowing of the iris is caused by “reverse 

pupillary block” [91], a transient elevation of the pressure in the anterior chamber.  It is 

widely accepted [91-93] that in pigmentary glaucoma, pieces of the iris pigment 

separate from the iris surface and enter the aqueous humor flow when the iris posterior 

pigment epithelium is mechanically rubbed against the zonular fibers.  Being carried by 

the aqueous humor flow, the pigment granules are further deposited in the trabecular 

meshwork.  It could be postulated that continuous deposition of the pigment particles 

decreases the permeability of the trabecular meshwork and consequently decreases the 

outflow.  Decreased outflow, not accompanied with decreased inflow, would increase 

IOP.  It has been experimentally proven [94] , however, that the increase in IOP is not 

caused by an excessive amount of particle deposition in the trabecular meshwork.  The 

reason causing pigmentary glaucoma has remained unknown.   

In angle-closure glaucoma, the aqueous humor outflow pathway is directly 

blocked by anterior bowing of the iris periphery.  The pathophysiology of angle-closure 

glaucoma is discussed in more detail in the next section (section 1.2.2).  It should be also 

noted that IOP may reach higher values due to reasons unrelated to the iris contour.  An 
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example could be expansion of the post-surgical intravitreal gas bubbles following an 

altitude increase (discussed in Chapter 3). 

1.2.2. Angle-closure glaucoma 

As shown in Figure 1.9, in primary angle-closure glaucoma, the periphery of iris 

mechanically blocks the outflow pathway of aqueous humor.  Angle closure drives its 

name from the closed or narrowed anterior chamber angle caused by anterior bowing 

of the iris.  Pupillary block is considered an underlying mechanism of the iris anterior 

bowing and angle-closure.  Due to a narrow gap between the iris tip and the lens, the 

aqueous humor pressure in posterior chamber is slightly higher than the pressure in the 

anterior chamber.  In reverse pupillary block, the higher pressure in the posterior 

chamber generates a net force that pushes the iris periphery towards the anterior, 

leading to a significant narrowing or complete closure of the anterior chamber angle 

and consequently blockage of the outflow pathway [95-97].  Certain physiological 

phenomena such as pupil constriction [98,99], pupil dilation (discussed in Chapter 6), 

and accommodation [100,101] can affect the iris profile and possibly change the 

anterior chamber angle.  



 

Figure 1.9 Ultrasound biomicroscopy (UBM) and schematic of the anterior chamber of a 

normal (a and c) eye in comparison with primary angle

images are from Dr. Ritch, New York Eye & E

from National Eye Institute, NIH

Peripheral laser iridotomy is a common surgical method to treat pupillary block 

and angle-closure [102-104]

the iris to equalize the pressure between the anterior and posterior chambers.  When 

the pressure is equalized in the two chambers, the net force pushing the iris f

decreases, the iris moves

the outflow pathway blockage is removed.

treatment option for reverse pupillary block associated with pigmentary glau
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Ultrasound biomicroscopy (UBM) and schematic of the anterior chamber of a 

normal (a and c) eye in comparison with primary angle-closure glaucoma(b and d) (UBM 

Dr. Ritch, New York Eye & Ear Infirmary and schematics are modified 

from National Eye Institute, NIH, Bethesda, MD) 

Peripheral laser iridotomy is a common surgical method to treat pupillary block 

104].  In this method, a surgical hole is made on the periphery of 

the iris to equalize the pressure between the anterior and posterior chambers.  When 

the pressure is equalized in the two chambers, the net force pushing the iris f

decreases, the iris moves towards the posterior, the anterior chamber angle opens

the outflow pathway blockage is removed.  Peripheral laser iridotomy

treatment option for reverse pupillary block associated with pigmentary glau

 

Ultrasound biomicroscopy (UBM) and schematic of the anterior chamber of a 

closure glaucoma(b and d) (UBM 

and schematics are modified 

Peripheral laser iridotomy is a common surgical method to treat pupillary block 

.  In this method, a surgical hole is made on the periphery of 

the iris to equalize the pressure between the anterior and posterior chambers.  When 

the pressure is equalized in the two chambers, the net force pushing the iris forward 

he anterior chamber angle opens, and 

eripheral laser iridotomy is also a useful 

treatment option for reverse pupillary block associated with pigmentary glaucoma 
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(section 2.1.1) [105].  The same mechanism of equalizing the pressure between the 

anterior and posterior chambers moves the iris forward and removes the reverse 

pupillary block. 

1.2.3. Corneoscleral indentation 

Iris contour and anterior chamber angle can also be altered by ocular globe 

deformation caused by corneoscleral indentation.  During corneoscleral indentation an 

object, pushed against the surface of the cornea and/or sclera, deforms the ocular 

globe.  Although the purpose and application of each procedure may be different from 

other ones, in all of them applying pressure against the corneal and/or scleral surfaces 

leads to anterior chamber angle alteration.  These methods are discussed in detail in 

Chapter 2.  

1.3. Theoretical modeling of the eye  

Theoretical models have provided a better understanding of the physiology and 

pathophysiology of the eye.  For example, mathematical models of aqueous-humor-iris 

interaction [99,106,107] have brought about new insights not only into the glaucoma 

risk factors and mechanisms, but also about the normal ocular physiological phenomena 

such as pupil constriction and accommodation.  Mathematical models could be used as 

tools to improve the diagnosis and treatment methods.  Here are some of the key 

advantages of using mathematical models: 
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• Theoretical simulation, in comparison to human and animal studies, has 

lower costs and minimized risks.  It also helps to design future human and 

animal experiments. 

• Mathematical models can provide detailed predictions of quantities that 

cannot otherwise be acquired experimentally.  For example, the pressure 

difference between the posterior and anterior chambers cannot be 

measured using clinical methods.  The models create a more locally 

comprehensive map of pressure or other biomechanical data. 

• In the field of tissue biomechanics, mathematical models have gained 

tremendous popularity in interpretation of experimental data on tissue 

response to loading (e.g. [108,109]).  These models have enabled the 

researcher to capture the structural anisotropy of the tissue from the 

large-scale mechanical tests and quantify the complex behavior of the 

ocular tissue. 

• An important feature of theoretical models is the ease of performing 

parametric studies [110].  When a computational model is developed, 

changing simulation parameters are often not that costly.  Parametric 

studies are strong tools in performing sensitivity analysis or predicting 

risk factors associated with ocular disorders (e.g. [111]).  In addition, 

computer simulations can provide an opportunity to study changes in 
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every single parameter while the other parameters remaining 

unchanged.   

• The ability of the finite element method to handle complex geometries 

along with the advent of advanced ocular imaging modalities such as 

optical coherence tomography (OCT) and ultrasound biomicroscopy 

(UBM) have made it possible to develop subject-specific models.  Such 

models could provide valuable information to reduce future clinical 

examinations and/or asses the successfulness of certain treatments 

based on anatomical and physiological characteristics of single patients.  

Numerous models of the ocular globe have been developed to understand how 

mechanical deformation of the globe changes the optical functions of the eye.  Asejczyk-

Widlicka et al. [29] created a model of corneoscleral shell to study the contribution of 

the ocular tissue mechanical properties of to the quality of the image produced by the 

eye.  By using a simple model consisting of the cornea, sclera, and limbus, they showed 

that the ocular focal point moves axially following changes in the IOP.  An important 

conclusion of their study was the important role of limbus anisotropy in the mechanical 

behavior of the ocular globe.  The mechanical contribution of the lens [112], zonular 

fibers [112], and outer layer of the globe [113] were further added to the model for the 

same purpose of studying mechanically-induced changes in the optical function of the 

eye.   
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Table 1.2 Comparison of the theoretical models of the anterior segment 

 

Investigator 

Methods Fluid-

structure 

interaction 

 

Other information 

Aqueous 

Humor 

Iris 

Mapstone 

1968 [98] 

Excluded Active Excluded 2-D vector analysis used to describe 

Pupil-blocking force. 

Friedland 

1978 [114] 

Steady state 

Stokes flow 

Rigid 

boundary 

Excluded Analytical solution for the flow 

profiled was obtained.  The flow 

through the pupil was excluded.  

Tiedeman 

1991 [115] 

Excluded Thin 

structure, 

Passive 

Excluded Iris deformation was simulated. 

Silver and 

Quigley 

2004 [116] 

Steady-state 

Navier-Stokes 

flow 

Rigid 

boundary 

Excluded Only the flow passing through the 

iris-lens gap was modeled. 

Kumar et al. 

2006 [117] 

Steady-state 

Navier-Stokes 

flow 

Rigid 

boundary 

Excluded Aqueous humor flow in the anterior 

segment and through the trabecular 

meshwork is modeled 

Fitt and 

Gonzalez 

2006 [118] 

Steady- state 

lubrication 

flow 

Rigid 

boundary 

Excluded Flow generated by sources other 

than the secretion from the ciliary 

bodies is also studied. 

Kapnisis et 

al. 

2009[119]  

Transient 

Navier-Stokes 

flow 

Rigid 

boundary 

Excluded Aqueous humor collection from the 

human eye during needle aspiration. 

Heys et al. 

2001 [120] 

Transient 

Navier-Stokes 

flow 

Linear 

elastic, 

Passive 

Included Mechanics of the healthy eye, iris 

constriction†, blinking‡, and iris 

bombé were studied.  

Heys and 

Barocas 

2002 [121] 

Transient 

Navier-Stokes 

flow 

Linear 

elastic, 

Passive 

Included Accommodation in healthy eye and 

pigmentary glaucoma was studied.  

The lens was considered as a moving 

rigid boundary. 

Huang and 

Barocas 

2004 [99] 

Steady-state 

Navier-Stokes 

flow 

Nonlinear 

elastic, 

Active 

Included Pupil constriction in the healthy eye 

and PCGA eye along with the PCGA 

anatomical risk factors were studied.   

Huang and 

Barocas 

2006 [107] 

Transient 

Navier-Stokes 

flow 

Nonlinear 

elastic, 

Passive 

Included The accommodative micro 

fluctuations were studied.  The lens 

was considered as a moving rigid 

boundary.  

† The iris constriction was simulated in a passive model.  

‡ The whole-globe deformation was excluded in the simulation.  
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Due to its importance in pathophysiology of glaucoma, biomechanics of the 

anterior eye have been studied thoroughly via theoretical models.  A summary of these 

models is presented in Table 1.2.  The first fluid dynamics model dealing with aqueous 

humor flow was developed by Friedland [114].  Ignoring the solid deformation of the 

iris, Friedland solved for the aqueous humor flow profile by assuming all tissues to be 

rigid.  In Friedland’s model, the geometry was simplified in order to obtain an analytical 

solution for the Stokes equation.  In addition, flow through the pupil was ignored, and 

the analytical solution was obtained only for the anterior and posterior chambers.  On 

the other hand, Tiedeman [115] studied the solid mechanics of the iris without solving 

for the aqueous humor flow.  In Tiedeman’s model, the edges of iris were fixed, uniform 

pressure was applied on the posterior surface of the iris, and finally tension was applied 

on the tip of the iris.  Since Tiedeman did not account for the fluid dynamics, no shear 

force resulting from the aqueous humor flow was applied on the iris boundary.  

Tiedeman also assumed that the iris was an infinitely thin structure. 

Several computational studies have been conducted solely on the flow of 

aqueous humor.  Silver and Quigley [116] solved the Navier-Stokes flow passing through 

the iris-lens channel.  They found that the channel length and aqueous humor flow rate 

have a significant effect on the magnitude of posterior to anterior pressure difference. 

Kumar et al. [117] studied the steady-state flow of the aqueous humor in the anterior 

chamber.  They obtained the solution to the Navier-Stokes equation with the help of a 

commercial finite element package. Kumar et al. neglected the iris deformation and 

modeled the iris as a rigid boundary.  Recently, Kapnisis et al. [119] simulated the flow 
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of aqueous humor through an aspiration using commercial finite element software.  The 

model treats the iris as a rigid boundary but it accounts for the transient nature of the 

flow during the aspiration process. 

More detailed models were developed by Heys et al. [101,106,120-122] to 

simulate the mechanical interaction of the aqueous humor flow and the iris.  

Considering the outcomes of experimental tests on the bovine iris [33], Heys et al. used 

a linear elastic formulation in order to simulate the iris deformation.  The aqueous 

humor was modeled as a Newtonian fluid.  While the calculated Reynolds number of the 

flow was rather small in their study, Heys et al. preferred to use the full Navier-Stokes 

equations to deal with the transient phenomena.  Not only did they model the fluid-

structure interaction of the aqueous humor and iris, but they also considered quite 

detailed boundary conditions such as a deformable corneal surface and a rigid but 

moving lens surface in their studies.  With the help of their model, Heys et al. brought 

new insights to mechanics of healthy eyes as well as phenomena such as 

accommodation, iris constriction and blinking.  They also studied eye disorders such as 

pigmentary glaucoma and iris bombé, an extreme anterior bulging of the iris.  

To enhance the study of Heys et al., Huang and Barocas [121] altered the linear 

elastic iris to a neo-Hookean solid.  In addition, they introduced active iris stress in order 

to model pupil constriction.  The study of Huang and Barocas confirmed the hypotheses 

of the iris force vector analysis formerly proposed by Mapstone [98].  Huang and 

Barocas [121] also examined the anatomical risk factors associated with pupillary block.  



 29 

The study of Huang and Barocas, however, was performed in a steady state manner and 

did not account for the transient nature of the anterior segment mechanics during the 

pupil constriction; it was also based on idealized geometry, and the detailed structure of 

the iris was not included in the simulation.  Huang and Barocas [107] also studied the 

computational model of accommodative microfluctuations.   

The mechanical models have brought considerable insights into several aspects 

of physical and physiological phenomena in the eye.  Nevertheless, none of them have 

fully captured the complex problems of transient aqueous humor flow, fluid-structure 

interaction of the aqueous humor and the iris, and the complex iris structure.  

Moreover, to our knowledge, the effect of whole ocular globe deformation on the 

mechanics of the anterior segment was not investigated previously. 

1.4. Open questions 

Computational models of ocular mechanics have been extensively studied by 

numerous investigators.  Although several important issues have been addressed, there 

exist various questions that have remained unanswered: 

• Clinical studies have proven that, regardless of the methods used, 

corneoscleral indentation changes the anterior chamber angle.  Is there a 

unifying explanation for how ocular globe deformation leads to changes 

in the anterior chamber angle? What is the effect of anterior chamber 
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angle opening due to corneoscleral indentation on the iris-aqueous-

humor interaction?  

• Clinical studies have shown that IOP rises when a patient with an 

intraocular gas bubble travels to higher altitudes.  Further, changes in IOP 

alter aqueous humor inflow and outflow rates. What medical options 

might mitigate this effect? 

• Experimental observations have shown that prevention of blinking would 

shift the iris to the anterior. What is the mechanism by which blinking 

alters the iris profile and IOP?  

• The iris muscle has a complex geometry with three main components 

(the dilator, sphincter, and stroma).  How can relative position of these 

components affect the iris function?  

The remainder of this document consists of six more chapters.  The answers to 

the questions posed above are provided in the next five chapters.  The final chapter 

discusses the conclusion of the thesis and proposes future plans to modify the method 

and implement additional computational and experimental explorations.  
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Chapter 2:  Mathematical Model of Ocular Globe Deformation 

during Corneoscleral Indentation 

(This work was part of the paper “Anterior chamber angle opening during corneoscleral 

indentation: the mechanism of whole eye globe deformation and the importance of the limbus” 

by R. Amini and V.H. Barocas, Invest Ophthalmol Vis Sci 2009; 50:5288-5294 [123] (Association 

for Research in Vision and Ophthalmology as the copyright holder is acknowledged)) 

2.1. Summary 

The purpose of this study was to determine how mechanical interaction among 

iris, cornea, limbus, sclera, and IOP contribute to angle opening during indentation of 

the cornea or sclera.  A finite-element model of the globe was developed.  The model 

consisted of three elastic isotropic segments – iris, cornea, and sclera – and a two-

component anisotropic segment representing the limbus.  The model was tested against 

data from published in vitro experiments and then applied to angle opening during 

indentation in vivo.  Indentation of the central cornea with a cotton bud, indentation 

with a small or large eye cup during ultrasound biomicroscopy, indentation with a 

gonioscopy lens, and scleral indentation during goniosynechialysis were modeled.  

The anisotropic limbus model matched published data better than any isotropic 

model. Simulation of all clinical cases gave results in agreement with published 

observations.  The model predicted angle opening during indentation by a cotton bud or 

small eye cup, but angle narrowing when the sclera was indented by a large eye cup.  

The model of indentation gonioscopy showed narrowing of the angle on the indentation 

side and opening of the angle on the opposite side.  Non-uniform opening of the angle 

was predicted when the scleral surface was indented.  The two-component model of the 
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stiff fibers embedded in a soft matrix captured the mechanical properties of the 

complex limbal region effectively.  The success of this model suggests that, at least in 

part, corneoscleral mechanics drive angle opening rather than aqueous humor 

pressurization. 

2.2. Introduction 

There are numerous instances in which intentional or unintentional pressure 

upon the corneoscleral junction results in the opening or narrowing of the anterior 

chamber angle.  These include 

• Indentation gonioscopy of angle-closure glaucoma [57,124-126].  

• Inadvertent opening of the angle during UBM [127,128]. 

• Manual indentation of the central cornea to open the angle and alleviate 

acute angle-closure [126,129-131]. 

• Scleral indentation to improve angle visualization during 

goniosynechialysis [132]. 

• Anterior Drift of the Iris when Blinking is Prevented [100,133]. 

These cases are discussed in detail in the following sections 
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Figure 2.1 Gonioscopy lens used to visualize the anterior chamber angle 

2.2.1. Indentation gonioscopy 

Gonioscopy lenses are used to visualize the anterior chamber angle [125].  In 

normal eyes, the trabecular meshwork can be seen via gonioscopy (Figure 2.1).  In a 

patient with angle-closure, all or parts of trabecular meshwork is covered by the iris and 

consequently not visible during gonioscopy.  The examiner, by applying focal pressure to 

the lens opposite the region of interest (e.g., pressure in the superior region when 

viewing the inferior region), can induce opening of the angle and uncover the trabecular 

meshwork [124-126].   

Indentation gonioscopy is a useful method to differentiate between appositional 

angle-closure and peripheral synechial angle-closure [126].  In peripheral synechial 

closure the iris periphery is attached to the trabecular mesh work.  Similar to 

appositional angle-closure, in peripheral synechial closure, trabecular meshwork cannot 
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be seen during gonioscopy.  Unlike appositional angle-closure, however, indentation 

gonioscopy does not open the anterior chamber angle in patients with peripheral 

synechial angle-closure.  Unless otherwise mentioned, in this document we use angle-

closure to mean appositional angle-closure. 

2.2.2. Indentation during ultrasound biomicroscopy  (UBM) 

Because of its in vivo anatomical and functional imaging capability, UBM has 

been used by clinicians in diagnosis of angle-closure [95].  In particular, UBM images can 

produce a cross-sectional view of the anterior chamber with a detailed image of the iris 

contour and anterior chamber angle.  It has been reported that pressure applied to the 

eye cup during UBM can produce artifactual opening of the anterior chamber angle if a 

small cup is used (Figure 2.2), but not if a large cup is used [127].  This effect has been 

subsequently exploited deliberately [128] to design a new eye cup for indentation UBM 

gonioscopy to open the anterior chamber angle. 

2.2.3. Manual indentation of the central or peripheral cornea  

Increased IOP from acute attacks of angle-closure can be alleviated by corneal 

indentation.  Clinicians use several different instruments such as squint hook, cotton 

bud, glass rod, and gonioprism to indent the central or peripheral surface of the cornea 

[126,129-131].  Following the corneal indentation, the anterior chamber angle opens 

and the aqueous humor outflow pathway is unblocked leading to a drop in IOP.  



 

Masselos et al. [129] recently reported that central corneal indentation led to a 

significant reduction in IOP in six of seven acute angle

 

2.2.4. Scleral indentation

Goniosynechialysis is a surgical method used to treat synechial angle

[134].  In this method, the angle closed by peripheral anterior synechiae (discussed in 

section 1.2.3.1) is mechanically opened.  Scleral indentation has been developed as a 

technique to directly visualize the an

[132].  Using UBM, Takanashi 

cotton bud, 2 mm from the limbus, would i

chamber angle. 

Figure 2.2 Schematic of an eye cup used to indent scleral or corneal surfaces during 
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recently reported that central corneal indentation led to a 

significant reduction in IOP in six of seven acute angle-closure cases studied

Scleral indentation 

Goniosynechialysis is a surgical method used to treat synechial angle

.  In this method, the angle closed by peripheral anterior synechiae (discussed in 

section 1.2.3.1) is mechanically opened.  Scleral indentation has been developed as a 

technique to directly visualize the anterior chamber angle during goniosynechialysis 

.  Using UBM, Takanashi et al. [132] have shown that indenting the sclera with a 

cotton bud, 2 mm from the limbus, would induce a significance opening of the anterior 

 

Figure 2.2 Schematic of an eye cup used to indent scleral or corneal surfaces during 

UBM  

recently reported that central corneal indentation led to a 

closure cases studied. 

Goniosynechialysis is a surgical method used to treat synechial angle-closure 

.  In this method, the angle closed by peripheral anterior synechiae (discussed in 

section 1.2.3.1) is mechanically opened.  Scleral indentation has been developed as a 

terior chamber angle during goniosynechialysis 

have shown that indenting the sclera with a 

nduce a significance opening of the anterior 

Figure 2.2 Schematic of an eye cup used to indent scleral or corneal surfaces during 
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2.2.5. Blinking 

Spontaneous blinking is one of the three major types of blinking (spontaneous, 

reflex, and voluntarily blinking).  The mechanism of the spontaneous blinking is still 

debatable.  It is, however, known that the lower eyelid is stationary during each blink 

and the closure is done by the higher eyelid [135].  Although no external object indents 

the corneoscleral surface, blinking-related changes in the iris contour [100,133] and in 

IOP [136,137], observed experimentally, suggest that mechanism of blinking is similar to 

that of other types of corneoscleral indentation.  In particular, in eyes with pigmentary 

glaucoma [100,133], narrow angles [100], and healthy controls [100], it was found that 

when blinking was prevented by the presence of an eye cup for UBM examination, the 

iris bowed progressively more to the anterior (or, in the pigmentary glaucoma case, 

progressively less to the posterior).  The phenomenon suggests that blinking, possibly by 

pressing the higher eyelid against the corneoscleral shell, provides a mechanism to push 

the iris to the posterior. 

2.2.6. Corneoscleral indentation and ocular globe deformation 

The various instances of corneoscleral indentation, taken collectively, point to a 

complex mechanical system in which pressures applied in one location cause effects in 

others, and in which the interaction among the cornea and sclera must be considered in 

order to understand the underlying mechanism for angle-opening during indentation. 
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The purpose of this project was to determine how a variety of indentation 

techniques alter the angle differently; this goal was accomplished by means of a unifying 

finite-element model of the corneoscleral shell during indentation.  Although previous 

models have been developed with emphasis on the effect of IOP on lamina cribrosa 

[26,111,138-141] or on corneal mechanics [12,108,109], the latter with a high degree of 

structural accuracy, to our knowledge no such model has been applied to indentation. 

In developing the model, particular attention had to be paid to the limbus, in 

which collagen fibers are highly aligned around the circumference of the cornea 

[27,142].  The obvious consequence of this alignment is that the limbus provides purse-

string-like support and prevents expansion of the cornea when the IOP is increased 

[29,30,108,143].  For the purpose of our studies, however, it must also be recognized 

that the high alignment of the fibers in the circumferential direction renders the limbus 

more compliant in the meridional direction [10].  That is, the structural anisotropy of the 

limbus produces mechanical anisotropy, which plays a role in the response of the angle. 

 

2.3. Methodology 

 

2.3.1. Study design  

A finite-element model of the corneoscleral shell was created as described in the 

next section.  Three different sets of simulations were performed: 
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Model validation studies using simulated inflation of the isolated (human) cornea 

and the isolated (porcine) globe. These studies were designed to test whether our model 

could match experimental observations regarding corneoscleral mechanics.  Specifically, 

it has been reported that when the isolated cornea is inflated, the central cornea 

stretches considerably less than the limbus [28], and that when the whole (porcine) 

globe is inflated, the sclera changes curvature significantly but the cornea does not [30].  

We simulated those two experiments to assess the validity of our model before 

continuing to our studies of indentation. 

Parametric studies on the support of the posterior eye.  The interaction between 

the eye and the surrounding tissue is quite complex [144], but because of our focus on 

the anterior segment, we simplified the posterior-segment model as a fixed boundary 

on part of the sclera.  A series of simulations were performed to assess the effect of the 

size of the fixed boundary on the results.  Since we found no significant effect on the 

results, we subsequently chose an intermediate value for the application studies 

described in the next paragraph. 

Application studies on the different modes of indentation.  We simulated the 

various indentation scenarios described in section 2.2, calculating the amount of 

predicted angle opening in each case. It is noted here that the actual amount of angle 

opening would depend on interactions among the iris, aqueous humor, and lens.  

Aqueous-humor-iris interaction and lens-iris interaction were not considered in the 

current model and will be discussed in Chapter 4.  Rather, we calculated the amount of 



 39 

angle opening that would arise at the iris root absent interaction with aqueous humor 

and lens, using that quantity as a measure of how strongly the indentation compels the 

angle to open. 

2.3.2. Finite-element simulation 

A finite-element model of the corneoscleral shell was created using the software 

ABAQUS (SIMULIA, Providence, RI) and mechanical and geometric data from the 

literature (summarized in Table 2.1 and Table 2.2).  The model consisted of four 

sections: iris, cornea, sclera, and limbus (Figure 2.3).  The Iris, cornea, and sclera were 

treated as homogeneous, elastic, nearly-incompressible solids. 

Because of the special architecture and properties of the limbus, a two-

component model was introduced (Figure 2.3b), in which multiple high-stiffness 

(Young’s modulus E ≈ 15 * Ecornea) rings were embedded in a more compliant (E ≈ 1/20 * 

Ecornea) surrounding matrix.  The consequence of this geometry was that the limbus was 

stiff in circumferential loading because of the rings, but compliant in meridional loading 

because of the matrix.  Thus, the two-component limbus constituted a highly idealized 

simplification of the complex anatomy that captured the key feature for this study, the 

large degree of anisotropy in the limbus.  The number and cross-sectional area of fiber 

and the compliance of the matrix and fiber network were designed using the theory of 

composite materials [145] to produce a model that matched the measured elasticity of 

the limbus [10]. 
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The boundary conditions on the inflation models were as follows.  The interior 

surface of the corneoscleral shell was set to an elevated pressure (the IOP, which was 

published in the experimental studies [28,30]), and the exterior surface was set to zero 

pressure.  For corneal inflation, only the extreme anterior of the sclera was simulated, 

and the edge of it was fixed to simulate mounting in the testing apparatus.  The 

pressure was increased progressively, and the finite-element solution was compared to 

the experimental data.  For the corneal inflation case [28], displacement was reported 

and easily compared between model and experiment.  For the whole-globe inflation 

case [30], the relationship among IOP, volume change, and curvature change was 

reported.  IOP was the input parameter to our model, so we needed to calculate final 

volume and corneal and scleral radius of curvature.  Volume change was determined by 

subdividing the interior space of the model into triangles (in axisymmetric cases) or 

tetrahedrals (in non-symmetric cases) and using standard geometric formulae to 

calculate the volume.  Radii of curvature were calculated by fitting a circle to the final 

position of the exterior surface.  In addition to the fiber-matrix model, in both cases the 

limbus was modeled as an isotropic section with different elastic modulus, and the 

results were compared with the experimental studies.   
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Figure 2.3 Model of Globe Deformation. (a) Axisymmetric model of the whole globe and 

nine different regions used as the supports on the sclera.  Regions are cumulative, so 

region 7, for example, includes the entire posterior half of the globe. (b) Detailed fiber-

matrix structure of the limbal section, showing the high-stiffness rings embedded in a 

low-stiffness matrix. The three-dimensional model geometry was specified by revolving 

the axisymmetric profile around the corneal axis.  The angle was calculated using the 

three points marked with x’s. 

For the indentation simulations, zero displacement was imposed over a region at 

the posterior of the sclera to represent the support from the surrounding tissue.  As can 

be seen in Figure 2.3a, the size of the region was varied from very small (region 1) to just 

over half of the globe (region 9). The results were insensitive to the choice of region 

(less than 3% variation when different regions were fixed), so it was concluded that the 

approximation was acceptable; subsequent simulations were performed using region 1-
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4.  Exterior surfaces of the cornea and sclera that were not in the fixed region or directly 

under the indenter were set to zero pressure. 

In simulating indentation of the intact globe, we required that the volume of the 

globe remain unchanged.  This stipulation was based on the incompressibility the 

material inside the eye and the relatively small amount of outflow.  For a patient with a 

normal outflow facility of 0.2 µl/(mmHg•min) and a “lid squeeze” IOP of 120 mmHg 

[146,147], the outflow rate would be only 0.4 µl/sec; since indentation is typically on 

the order of a few seconds, only a few microliters of volume would be expected to be 

lost. 

In order to do the simulations, we needed to specify one of the IOP, the total 

force of indentation, or the total distance of indentation.  Lacking good data on any of 

the three, we chose to specify an IOP of 120 mmHg, a level measured during a hard lid 

squeeze [146,147].  That is, we assumed that all modes of indentation produced roughly 

the same IOP as a hard lid squeeze. Although this was a considerable simplification, it 

provided a consistent basis for the different models.  Once the IOP was set, an initial 

indentation force was guessed, and the simulations were performed.  The results were 

analyzed to determine the total volume, and the indentation force was modified, 

keeping the same indentation area, until the results gave a volume change of less than 

2.5 µl.  Once the appropriate indentation force had been determined, the results were 

further analyzed to calculate iris root rotation.  Specifically, angle opening was 

calculated by taking the angle formed by the trabecular meshwork and two points, one 
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on the anterior iris surface and one on the posterior cornea surface, 500 µm from the 

trabecular meshwork (Figure 2.3b). 

The axisymmetric model was used in the central corneal, large UBM eye cup, and 

small UBM eye cup indentation simulations. To simulate central corneal indentation 

with a cotton bud, pressure was applied on a circle, 2.5 mm in diameter centered on the 

corneal apex.  The diameters of eye cups simulated were 13 and 18 mm [127].  To 

simulate the eye cup indentation, we applied pressure on a section, 0.35 mm wide, on 

the corneal or scleral surfaces 6.5 mm and 9 mm from the corneal axis.  To simulate 

indentation gonioscopy with a Sussman lens (Dlens = 9 mm), we applied pressure on a 

section, 0.35 mm wide and 4.7 mm long located 4.5 mm from the corneal axis.  To 

model the asymmetric scleral indentation, pressure was applied 2 mm from the limbus 

on a section 0.35 mm wide and 5.5 long. 
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Table 2.1 Mechanical properties of the ocular tissue used in the model 

Parameter Value  Reference  

Modulus of elasticity (MPa)   

   Cornea 19.1 [9,10] 

   Sclera 6 [22,25] 

   Limbus   

      Fiber 300 † 

      Matrix 1 † 

   Iris 0.027 [33] 

Poisson’s ratio   

   Cornea 0.5 [148] 

   Sclera 0.49 [24] 

   Limbus   

      Fiber 0.5 † 

      Matrix 0.5 † 

   Iris 0.5 [33] 

† The mechanical properties of the fiber and matrix sections in the limbus model were chosen to 

match the circumferential and meridional stiffness measured by Hjortdal [10]. 
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Table 2.2 Geometric parameters of the ocular tissue used in the model 

Parameter Value  Reference  

Thickness (mm)   

   Cornea (average value) 0.55 [3] 

   Human Sclera   

      Near the optic nerve head 1 [20,21] 

      Near the equator 0.5 [20] 

      Near the limbus 0.65 [20] 

   Porcine Sclera   

      Near the optic nerve head 0.8 [149]  

      Near the equator 0.8 [149] 

      Near the limbus 1.12 [149] 

      5 mm from the limbus 0.4 [149] 

   Limbus 0.65 [149,150] 

   Iris  0.34 [151] 

Radius of curvature (mm)   

   Cornea (average value ) 7.8 [3] 

   Human Sclera 12.5 [17-19] 

   Porcine Sclera 8.1† [149] 

Limbal length  2.8 [150] 

Anterior chamber diameter (mm) 10.4 [152] 

Anterior Chamber Angle (°) 25 [103,151,153,154] 

† The scleral profile was obtained from the histology images presented by Olsen et al.[149] 
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2.4. Results 

 

2.4.1. Validation studies 

Figures 2.4 and 2.5 show the results of model validation.  Simulation of corneal 

inflation showed that when the posterior corneal surface is pressurized, the 

displacement of a point midway from the corneal apex to the limbus was 92% of the 

corneal apex displacement (Figure 2.4a).  Since very low pressures are not physiological 

[28], we measured our displacements with 3KPa (22 mmHg) as the reference point.  The 

results, shown in Figure 2.4a, compare favorably with Figure 9 of Boyce et al.[28] .  

When the limbus was modeled as isotropic, the ratio of the midperiphery to apex 

displacement changed dramatically (Figure 2.4b).   When the limbus was made stiff (E= 

Ecornea, E= Esclera, or E= Efibers), the predicted displacement in the midperiphery dropped 

considerably.  In the stiffest case (E= Efibers ), the displacement of the midperipheral point 

was less than 40% of the apex displacement.  In contrast, when the limbus was modeled 

as a compliant isotropic material (E= Ematrix), the midperipheral point moved as much as 

95% of the apex. 

Figure 2.5a shows the changes in the radius of curvature of the cornea and the 

sclera when the whole globe is pressurized.  Consistent with published experimental 

data (Figure 3 of Ref. [30]),  the corneal radius of curvature did not change dramatically, 

but the scleral  radius of curvature changed by about 2 mm when the pressure increased 

from 15 to 60 mmHg.  Figure 2.5b shows the ratio of change in the corneal radius of 
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curvature to change in the scleral radius of curvature when the pressures changed from 

15 to 45 mmHg.  The ratio is very small for the experimental case (0.02), a result of the 

annular support from the limbus and the geometry of the porcine globe.  The stiff-

limbus model (E = Efibers) and the anisotropic-limbus model gave relatively small ratios 

(the stiff model actually predicted that the corneal curvature would decrease), whereas 

the other models (E= Ecornea, E= Esclera, or E= Ematrix) did not give reasonable predictions 

for the curvature change ratio. 

In examining the Figures 2.4b and 2.5b together, we see that only an anisotropic 

mechanical model of the limbus can capture both the meridional compliance (Figure 

2.4b) and the circumferential stiffness and resulting maintenance of corneal curvature 

(Figure 2.5b).  Thus, the anisotropic model was used for all simulations. 

 

 



 

Figure 2.4 Comparison of Model with Published Experimental Studies.

apex and a point midway from the limbus to the apex.  (b) Ratio of the di

the corneal apex compared for different models of limbal section and published experimental data

isotropic (green bars) with a modulus of either 300 MPa (STIFF), 19.1 MPa (CORNEA), 6 MPa (SCLERA), or 1 MPa (SOFT), and also as a 

fiber composite (striped bar) of STIFF fibers embedded in a SOFT matrix. 
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Comparison of Model with Published Experimental Studies.  (a) Simulated pressure-displacement profile for the corneal 

apex and a point midway from the limbus to the apex.  (b) Ratio of the displacement of midperipheral point to the displacement of 

the corneal apex compared for different models of limbal section and published experimental data [28].  The limbus was modeled as 

modulus of either 300 MPa (STIFF), 19.1 MPa (CORNEA), 6 MPa (SCLERA), or 1 MPa (SOFT), and also as a 

fiber composite (striped bar) of STIFF fibers embedded in a SOFT matrix.  

 

displacement profile for the corneal 

splacement of midperipheral point to the displacement of 

.  The limbus was modeled as 

modulus of either 300 MPa (STIFF), 19.1 MPa (CORNEA), 6 MPa (SCLERA), or 1 MPa (SOFT), and also as a 



 

Figure 2.5 Comparison of Model with Published Experimental Studies.

pressure obtained from simulation of a porcine model.  (

of curvature when pressure changed from 15 to 45 mmHg for the differ
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Comparison of Model with Published Experimental Studies.  (a) Changes in the radius of curvature of cornea and sclera vs. 

pressure obtained from simulation of a porcine model.  (b) Ratio of changes in cornea radius of curvature to changes in sclera radius 

of curvature when pressure changed from 15 to 45 mmHg for the different models of limbal section and published experimental 

data [30]. 

 

s in the radius of curvature of cornea and sclera vs. 

) Ratio of changes in cornea radius of curvature to changes in sclera radius 

ent models of limbal section and published experimental 
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2.4.1. Simulation of indentation 

Figure 2.6 shows the simulated eye globe before (Figure 2.6a) and after (Figure 

2.6b-2.4f) each type of indentation studied.  When indentation on the central cornea 

was simulated (Figure 2.6b), the eye remained symmetric about the corneal axis, and 

the angle opened 8.2° as the cornea flattened and the sclera bulged out slightly.  The 

entire iris moved posteriorly, but we note that the motion would be less pronounced in 

vivo because of the restriction of the iris by the lens and zonules. This result is consistent 

with the well-established opening of the angle by central corneal indentation [126,129-

131]. 

In the case of indentation with small eye cup (Figure 2.6c), the eye again 

remained symmetric, and the angle opened by as much as 24.5° as large rotations 

occurred at the iris root.  This result is consistent with the experimental observation that 

indentation with a small eye cup opens the angle significantly [127].  When the large eye 

cup was simulated (Figure 2.6d), however, the angle narrowed by 6.7°.  The cited study 

[127] reported no change in the angle when a large eye cup was used.  

When corneal indentation with a Sussman gonioscope was simulated (Figure 

2.6e), the angle narrowed by 9.7° on the indentation side and it opened by 12.5° on the 

opposite side.  The opening of the opposite angle is observed clinically, but the 

narrowing at the indentation site is not observable because of the geometry of the 

gonioscope (Figure 2.1).   
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Figure 2.6 Simulation of Indentation. (a) Undeformed whole globe. (b) Axisymmetric 

indentation in the central cornea. (c) Axisymmetric indentation with small eye cup. (d) 

Axisymmetric indentation with large eye cup. (e) Asymmetric indentation with a 

gonioscopy lens on the corneal surface. (f) Scleral indentation during goniosynechialysis.  

Arrows show location of applied forces.  
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Finally, in the case of scleral indentation 2 mm away from the limbus (Figure 

2.6f), the angle opened by a maximum of 6.7° at the point opposite the indentation site 

and by a minimum of 3.5° at a point nearest the indentation site. 

We also calculated the total force applied to the corneal (or scleral) surface 

during each of the indentation cases.  As can be seen in Figure 2.7, the amount of force 

required to produce an IOP of 120 mmHg varied greatly from just under 1 N (= 0.1 kg, or 

about 3.5 oz) in the case of asymmetric indentation by the gonioscope up to 7 N (= 0.7 

kg, well over a pound) in the case of the large eye cup. 

 

Figure 2.7 Net force was calculated for each case shown in Figure 2.6. 
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2.5. Discussion 

The first major conclusion of this work is that the limbus, by virtue of its unique 

circumferential fiber alignment, is a major determiner of the deformation of the cornea 

and sclera.  We found that a simplified model using rings to represent the collagen 

fibers in the limbus was able to capture its mechanical behavior, particularly the 

kinematics during indentation and inflation, effectively. 

Turning to the simulations of indentation, the model correctly predicted angle 

opening under a variety of indentation scenarios.  The largest amount of angle opening 

(24.5°) was observed during indentation with a small eye cup, followed by the 

asymmetric indentation of indentation gonioscopy (12.5° for the region of the angle 

directly opposite indentation site) and then central indentation (8.2°).  Thus, if one’s 

goal were to open the angle as much as possible with a minimum IOP increase, 

indentation with a small eye cup would appear to be the most effective method, but the 

potential advantage would have to be balanced against the inconvenience and mild 

patient discomfort of placing the eye cup. 

The difference in force needed to generate the same IOP in different cases, 

which arises primarily due to differences in the contact area, is important because the 

examiner feels the force, not the IOP.  A force of 1 N applied to one quadrant of the 

cornea during indentation gonioscopy would be sufficient to produce a high IOP and a 

significant change in the angle.  The same force, however, would have only a small 

effect if applied to a large eye cup.  Thus, it is important that the examiner be aware 



 54 

that different indentation strategies can produce different IOPs and different amounts 

of angle opening with the same applied force.  It is also possible that cushioning from 

saline or gel could affect the results. 

While it is known that prevention of blinking leads to anterior drift of the iris, the 

mechanism by which this effect occurs is not known.  The mechanics of blinking are 

extremely complex, and the force applied to the cornea or sclera by the lid is not well 

understood, so we did not attempt to model blinking per se. Rather, we observe that in 

all cases studied, application of pressure to the central or midperipheral cornea led to 

opening of the angle, so we conclude that it is highly likely that blinking causes posterior 

rotation of the iris by a similar mechanism.  Further studies are presented in Chapter 5 

to refine our understanding of aqueous-humor-iris interaction during blinking. 

Some of the deformations in Figure 2.6 appear quite large and produce odd 

shapes in the simulated globe.  These pronounced effects may be in part due to 

variations in indentation technique, with the note that our model assumed an IOP of 

120 mmHg in all cases.  The asymmetric scleral indentation (Figure 2.6f), for example, 

agrees reasonably well with the ultrasound image shown in Takanashi’s paper [132] on 

the technique.  On the other hand, Figure 2.6d clearly shows an artifact near the 

equator from our assumption about the supporting boundary condition, and the 

deformations of Figure 2.6e seem extremely pronounced.  A more detailed and accurate 

account would require monitoring of force, contact area, and/or IOP during the 
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indentation, and the results of Figure 2.6 should be taken primarily as qualitative guides 

to the effect of indentation on the angle. 

It is important to recognize that the model described here is consistent with all 

observations about indentation and angle opening without invoking a pressure drop 

between the anterior and posterior chambers.  That is, the model predicts that the 

angle can open because of mechanical driving forces generated in the cornea and sclera, 

not because of aqueous humor being forced into the angle and opening it up.  A 

mechanism involving aqueous humor and an effect similar to reverse pupillary block is 

certainly possible, perhaps even likely, but we conclude that the opening of the angle 

does not require an elevated aqueous humor pressure on the anterior surface of the 

iris.  This prediction could be tested experimentally by repeating the Ishikawa study 

[127] on patients who had had successful peripheral iridotomies, eliminating any 

possible aqueous humor pressure difference across the iris. 

Although the model described a number of experimental observations well, 

there are further considerations in our attempts to understand the mechanics of the 

globe.  As mentioned in the introduction, other investigators [26,111,138-141]  have 

attempted to explore globe mechanics to understand the mechanical environment of 

the optic nerve head at elevated IOP; the current model did not account for the 

different mechanical properties of the lamina cribrosa [26,141], for example, since we 

would expect different properties in the lamina to change the shape of the extreme 

posterior eye considerably but not to affect the angle.  Perhaps more importantly, the 
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mechanical contribution of the lens, zonular fibers, and ciliary body was not included in 

the model.  Since the combination of the lens, zonular fibers, and ciliary body creates an 

internal mechanical constraint on the deformation of the eye globe, adding them to the 

model could cause changes in the iris root rotation calculated by the current method.  

The importance of lens/zonule mechanics has been demonstrated experimentally [43] 

and clinically [155].  We would expect the tension in the zonules to act similarly to the 

limbus, resisting radial expansion but allowing anterior-posterior stretch. 

Although we assumed that the volume of the globe was constant during the 

corneoscleral indentation, the intraocular blood volume will change when the IOP rises 

above the arterial perfusion pressure.  When the IOP approaches 120mmHg, the ocular 

blood flow is significantly reduced [156] and the intraocular blood volume diminishes.  

Based on published data [157], we estimated the intraocular blood volume to be 2% of 

the total globe volume.  To assess the importance of the ocular blood loss, we re-ran the 

central corneal indentation simulation.  The same force was applied on the corneal 

surface but this time 2% of the globe volume was allowed to be lost.  We found that the 

increase in the IOP was considerably lower (60 vs. 120 mmHg), but the kinematics of the 

iris root rotation, the primary concern of our study, changed only slightly (about 20% of 

the calculated value) with no qualitative change (i.e., the angle remained widened). 

Another considerable simplification was the assumption that the complex 

interaction between the globe and the surrounding muscle, bone, and fat can be 

modeled as a fixed boundary around a certain region of the posterior eye.  Based on the 
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small variations in our parametric studies and the success of the current model in 

describing the clinical and experimental observations, we conclude that detailed models 

of the surrounding tissue is necessary only if one wishes to understand specific, local 

interactions. 
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Chapter 3: Mathematical Model of Ocular Globe Deformation and 

Intravitreal Gas Bubbles 

(This work was part of the paper “Computational simulation of altitude-change-induced 

intraocular pressure alteration in patients with intravitreal gas bubbles” by R. Amini , V.H. 

Barocas, H.P. Kavehpour, J.P. Hubschman, Retina, In review) 

 

3.1. Summary 

The purpose of this study was to explore the impact of altitude on IOP in an eye 

with an intravitreal gas bubble.  A mathematical model was developed to simulate 

intravitreal gas bubble expansion caused by altitude variations.  Mechanical 

deformation of the eye was simulated using the finite-element model of the ocular 

globe discussed in Chapter 2.  IOP-driven changes in aqueous humor flow were also 

incorporated into the model.  Two cases were considered: ascending from sea level to 

3000 ft followed by return to sea level, and ascending to 3000 ft followed by prolonged 

exposure to 3000 ft.  The effect of IOP-lowering medications was also studied by 

changing the model parameters.   

The IOP increase was directly related to the initial bubble size when ascending to 

3000 ft was simulated.  When prolonged exposure to high altitude was modeled, loss of 

aqueous humor led to a lower value of intraocular pressure.  In a typical simulated case, 

when the outflow facility was parametrically increased, the predicted IOP rise was 

reduced by 28%. Theoretical modeling of an eye with an intravitreal gas bubble helps 

ophthalmologist better evaluate the impact of altitude-induced IOP changes.  Our model 
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suggests that IOP-lowering drugs could help managing altitude-induced IOP changes in 

presence of intravitreal gas bubbles.  

3.2. Introduction 

Retinal detachment is an ocular disorder in which parts of the retina, the light-

sensitive membrane of the eye, separates from its supporting layers [158].  Retinal 

detachment may be a result of trauma, inflammatory disorder, or diabetes.  

Occasionally, retinal detachment is initiated by posterior vitreous detachment which 

leads to pilling off a piece of the retina and creating a small tear in it.  One treatment 

option for retinal detachment is vitrectomy, in which the vitreous humor is removed 

from the eye and posterior segment is then filled with a gas bubble (SF6 or C3F8).  In 

some cases (e.g. in pneumatic retinopexy) even without removing the vitreous humor, 

gas bubbles are injected in the eye during retinal detachment surgeries.  Intravitreal gas 

injection is widely used in retinal detachment surgeries [159-161].  The injected gas 

bubble eventually reabsorbs into the systemic circulation over 1-8 weeks [162].   

The gas bubble may, however, expand when the ambient pressure drops [163-

166].  It has been shown that a patient with an intraocular gas bubble who travels to 

high altitude or flies on an airplane, where the ambient pressure is reduced, experiences 

an increase in IOP due to bubble expansion [163,164].  Acute IOP increase may lead to 

discomfort and vision loss due to retinal artery occlusion [164,165] and also presents a 

risk factor for glaucoma [167].   
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Human and animal studies [163,166,168,169] have shown the following: 

• IOP rises both in non-pressurized air flights [163] and simulated air flights 

in low-pressure (hypobaric) chambers [166,168,169].  Based on these 

experimental observations, one may postulate that following the altitude 

change, a drop in ambient pressure leads to intravitreal gas bubble 

expansion and subsequent increase in the IOP.   

• The increase in IOP is a dynamic phenomenon, i.e., the rate of altitude 

change or prolonged exposure to low pressure affects the amount of IOP 

increase [163,166,168,169].  The dynamics of IOP alteration may be a 

result of aqueous-humor-mediated IOP regulation [57,70].   

• The initial size of the intraocular bubble is important in determining the 

amount of IOP increase following altitude changes.  Generally, the larger 

the initial bubble, the higher the IOP reaches [168]. 

A mathematical model of intravitreal gas expansion could provide a better 

understanding of the phenomena observed in experimental observations and help 

improve the post operative management of patients having to travel to higher altitudes.  

To our knowledge, this work is the first model on the dynamic behavior of elevation-

induced IOP changes observed experimentally.  Our mathematical model accounts for 

the intravitreal gas expansion, the mechanical structure of the corneoscleral shell, and 

the ocular volume changes due to aqueous humor flow.   



 

3.3. Methodology 

The corneoscleral deformation due to IOP changes was evaluated using a

modified version of our

created with the commercial finite

Mechanical and geometric parameters were based on published experimental data and 

were unchanged from our previous work 

interior surface of the corneoscleral shell

calculated the volume change.  The compliance factor of the corneoscleral 

then calculated from the linearized pressur

Figure 3.1 Simplified model of an eye

V0-VB0 represent the compressible and incompressible components of the model 
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The corneoscleral deformation due to IOP changes was evaluated using a

modified version of our previous mechanical model (discussed in Chapter 2)

created with the commercial finite-element software ABAQUS (Simulia, 

Mechanical and geometric parameters were based on published experimental data and 

were unchanged from our previous work [123].  We increased the pressure on the 

interior surface of the corneoscleral shell, kept the outside pressure constant

calculated the volume change.  The compliance factor of the corneoscleral 

then calculated from the linearized pressure-volume curve. 

 

1 Simplified model of an eye in presence of an intravitreal gas bubble.  V

represent the compressible and incompressible components of the model 

respectively. 

The corneoscleral deformation due to IOP changes was evaluated using a 

discussed in Chapter 2) [123] 

element software ABAQUS (Simulia, Providence, RI).  

Mechanical and geometric parameters were based on published experimental data and 

.  We increased the pressure on the 

kept the outside pressure constant, and 

calculated the volume change.  The compliance factor of the corneoscleral shell  was 

gas bubble.  VB, and 

represent the compressible and incompressible components of the model 
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When considering elevation changes, it is important to note that there are two 

different measures of pressure.  The absolute pressure is the force exerted (by the gas, 

in our case) on a surface per unit area.  The gauge pressure is the absolute pressure 

minus the absolute ambient pressure.  Absolute ambient pressure drops with increasing 

altitude [170].  A mathematical model was further developed to calculate IOP and 

bubble expansion as the ambient pressure dropped due to an altitude increase.  As 

shown in Figure 3.1, the model was composed of two components: a compressible 

intravitreal gas bubble and an incompressible region representing the lens, aqueous 

humor, and vitreous humor.  We incorporated the volume change due to bubble 

expansion and aqueous humor loss into our model.   

In addition to expansion of the bubble, volume change in the globe may be 

effected by changes in aqueous humor inflow and/or outflow.  The IOP self-regulatory 

mechanism, medicated by inflow and outflow variation, was also incorporated into our 

model.  In particular, we introduced changes in the aqueous humor volume by adding 

two terms in our equations representing an increase in the aqueous humor outflow 

facility or a decrease in the aqueous humor secretion rate caused by increased IOP.  The 

volume change due to aqueous humor loss was limited to 300 ��, an estimate for the 

average volume of aqueous humor filling anterior and posterior chambers [41].  A 

detailed derivation of our mathematical model is presented in the next section.  
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3.3.1. Derivation of the Model Equations  

Following an altitude increase, bubble expansion Δ� is compensated by the 

elastic expansion of the globe Δ������ and the aqueous humor volume loss Δ�����: 

Δ� � Δ������ � Δ�����       (3.1) 

By using the pressure-volume curve obtained from our finite element of the ocular 

globe, the compliance factor � was calculated: 

∆������ � �Δ������        (3.2) 

where Δ������ is the change in IOP, that is the gauge pressure of the eye (��������).  In 

the finite-element model, we kept the outside pressure constant (���� � �����) and 

increased the inside pressure (��� � ����).  Δ������ was thus defined by 

Δ������ � ���� � ����� � ����� � ������      (3.3) 

or 

Δ������ � ��� � ����        (3.4) 

When altitude increased, however, the outside pressure changed: 

���� � ����� � ���	        (3.5) 

where � was the altitude and ���	 was defined by barometric formula [170]: 

���	 � �� 2.25577 $ 10'(����� �	(.)((**     (3.6) 
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In the mathematical model of bubble expansion, for simplicity, we denoted the 

initial absolute normal IOP ���� as ��, and the absolute IOP at high altitude ��� as �.  

Assuming that �� � �����  was 15 mmHg, the normal gauge IOP at the initial altitude, the 

initial outside pressure ����� was rewritten: 

����� � �� � 15        (3.7) 

Substituting equation (3.7) into equation (3.5) gave 

���� � �� � 15 � ���	       (3.8) 

Equation (3.8) was used to simplify equation (3.3): 

Δ������ � �� � �� � 15 � ���	� � ��� � �� � 15	   (3.9) 

Δ������ � � � �� � ���	       (3.10) 

Equation (3.2) was then rewritten using equation (3.10): 

∆������ � ��� � �� � ���	�       (3.11) 

Change in the bubble volume Δ� was 

∆� � � � ��        (3.12) 

where �� was the initial bubble volume or bubble volume at the low altitude (� � 0) 

and � was the bubble volume at the high altitude.  The bubble volume was calculated 

using Boyle’s Law (Robert Boyle, 1627-1691):   
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+,+,- � .-.          (3.13) 

Combining equations (3.12) and (3.13) gave 

Δ� � �� /.-'.. 0 � 1�� /.-'.. 0      (3.14) 

with �� being initial volume of the globe and 1 being the ratio of initial bubble volume 

to initial globe volume.   

The rate of changes in the total aqueous humor volume 
22� Δ����� was modeled as a sum 

of changes due to outflow facility [56,57,73] and pseudofacility [56,57]: 

22� Δ����� � ��� � ��	 � 3�45� � 6�� � �� � ���	�7   (3.15) 

with � being aqueous humor outflow facility, �� being absolute episcleral venous 

pressure, �45�  being the normal aqueous humor inflow rate, and 6  being the 

pseudofacility.  The first term of the equation (i.e. ��� � ��	) corresponded to aqueous 

humor outflow and second term of the equation (i.e. 3�45� � 6�� � �� � ���	�7) 
corresponded to aqueous humor inflow respectively.  Combining equations (3.1), (3.11), 

(3.14), and (3.15) yields the two equations 

8 ��) � ���� � ����	 � 1�� � Δ�����	� � 1���� � 022� Δ����� � ��� � ��	 � 3�45� � 6�� � �� � ���	�7 � 09  (3.16) 

To find � and Δ�����, the equation system (3. 16) was solved numerically using 

MATLAB ode45 function.  Specifically, for a given Δ�����, the first equation was solved 
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for ��Δ�����	, and the second equation was used to update Δ����� over time.  The 

parameters used in the model are listed in Table 3.1. 

 

Table 3.1 Nominal values of parameters used in the mathematical model 

Parameter  Definition Value Unit Reference 

�  corneoscleral shell compliance  3.115 [��/mmHg] † 

��  initial absolute IOP 775.6 [mmHg] [54,56,171,172] 

�� initial globe volume 7211 [mm3] ‡ 

�� absolute episcleral venous 

pressure 

769.6 [mmHg] [57,74]* 

� aqueous humor outflow facility 0.25 [��/min/mmHg] [56,57,73] 

6 aqueous humor pseudofacility 0.081 [��/min/mmHg] [71] 

�45�  aqueous humor inflow rate 1.5 :��/min] [56,57]  

†Corneoscleral shell compliance calculated from our finite-element model is within the range of published 

data [30,173,174]  

‡Initial volume was calculated from our finite-element model as it was described in Chapter 2 and in our 

previous paper [123] 

*The value reported here is absolute episcleral venous pressure at zero altitude.  In higher altitudes, ��  is 

adjusted to be equal to 9 mmHg gauge pressure. 
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Table 3.2 Summary of the parameterization studies 

Parameter Varied Range Comment 

Duration at high altitude 90 min Simulates a prolonged exposure to high altitude. 

1 bubble: eye volume ratio 0.25-0.9 Parametric study of bubble size 

Outflow facility (% normal) 100-400 Kaufman [175] reports an increase in outflow facility 

as high as a factor of four when monkeys are treated 

with pilocarpine. 

Aqueous humor secretion 

rate (% normal) 

100-25 Apraclonidine (Iopidine, Alcon Ft. Worth, TX), an α-2 

antagonist, lowers IOP by reducing aqueous humor 

formation. 

 

3.3.2. Case studies 

As a test of our model, we simulated a published experiment [163].  The ratio 1 

of bubble volume to globe volume was set to 0.65, and the altitude was increased at a 

constant rate from zero to 3000 ft over 24 min, followed by a constant-rate descent to 

zero altitude over the next 24 min.   

Once we were satisfied with the model, we performed a series of parametric 

studies to assess the importance of bubble size and the potential impact of 

pharmacologically manipulating aqueous humor dynamics.  In the first parametric study, 

we modeled prolonged exposure to high altitude and changed the ratio 1 of bubble 
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volume to globe volume.  In particular, we simulated flying to 3000 ft in 30 minute and 

staying in the high altitude for 90 minutes.  Simulation was repeated for volume ratio 1 

of 0.25, 0.5, 0.75, and 0.9.  In the second study, the outflow facility was increased by 

10%, 20%, 50%, 100%, and 300% while rising to 3000 ft was simulated.  In the third 

study, the inflow was decreased by 10%, 20%, 30%, 50%, and 75%.  The peak IOP at 

3000 ft was calculated for each case.  A summary of parametric studies is listed in Table 

3.2.   
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Figure 3.2 (a) IOP versus altitude for a patient with an initial bubble volume of 0.65% of 

vitreous cavity during ascending to 3000 ft and descending to sea level (b) IOP versus 

time of the same study during ascending to 3000 ft (A), descending to sea level (D), and 

prolonged exposure to sea level. 
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3.4. Results 

Figure 3.2 shows the results of validation studies.  When ascent to 3000 ft 

(1=0.65) was simulated, the predicted IOP reached 48.5 mmHg (Figure 3.2a).  IOP 

reached a slightly negative value (ocular hypotony) after descent to sea level due to loss 

of aqueous humor.  As aqueous humor continued to secrete into to the posterior 

chamber, predicted IOP gradually reached to 97% of its normal value after 96 min 

exposure to low altitude (Figure 3.2b).  

When ascension to 3000 ft and prolonged exposure to high altitude was 

simulated, IOP reached its maximum value upon reaching maximum altitude but all or 

part of increase in IOP eventually recovered due to loss of aqueous humor (Figure 3.3).  

The maximum value of IOP was highly dependent on the initial bubble size.  For a small 

bubble, initially filling 25% of the globe (1=0.25), the maximum IOP was 30.2 mmHg at 

3000 ft.  When the eye of a patient with a bubble filling 90% of the globe volume 

(1=0.90) was simulated, the maximum predicted IOP was 50.7 mmHg.  As shown in 

Figure 3.3, for a small bubble (1=0.25), IOP eventually reached its normal value due to 

aqueous humor loss.  The recovery from high IOP was, however, incomplete as the 

initial bubble size increased because the bubble continued expanding even after all of 

aqueous humor (300) had been lost from the eye.  

Figures 3.4 and 3.5 show how changing our model parameters altered the peak 

IOP for simulated ascent to 3000 ft in 30 min.  When aqueous humor outflow facility 

was increased, maximum IOP at high altitude was lower (Figure 3.4).  For smaller 
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bubbles, the reduction in peak IOP was present as outflow facility increased for all cases.  

For the largest bubble (1=0.90), however, outflow increase was effective to reduce peak 

IOP only up to 100%; after that, due to limited aqueous humor loss, the peak IOP did not 

change (shown with * on Figure 3.4).  Decreased formation of aqueous humor was also 

simulated.  As shown in Figure 3.5, in all simulated cases, decreasing aqueous humor 

formation led to a slightly lower peak IOP upon reaching 3000 ft.  It should be noted 

that decreasing IOP formation also caused smaller IOP values at the low altitude.  In 

none of the simulated cases did reduced aqueous humor formation cause ocular 

hypotony. 

 

Figure 3.3 The effect of the initial bubble size on the IOP of a patient ascending to 3000ft 

and staying in high altitude indefinitely.   
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Figure 3.4 Changes in maximum IOP of a patient right after ascending to 3000 ft when 

aqueous outflow facility is increased  

 

3.5. Discussion 

During an altitude change, two driving forces affect the intravitreal gas bubble.  

As the ambient absolute pressure drops due to an altitude increase, the bubble expands 

according to Boyle’s Law.  The tendency for the gas bubble to expand is constrained by 

the elasticity of the corneoscleral shell causing the IOP to increase as the globe volume 

increases.   
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Figure 3.5 Changes in maximum IOP of a patient right after ascending to 3000 ft when 

aqueous humor formation rate decreased 

In a hypothetical case, if the ocular globe were extremely compliant, the 

absolute IOP would drop to the level of the ambient absolute pressure, and the 

intravitreal bubble would expand according to Boyle’s Law.  Since clinical IOP is 

measured as a gauge pressure, i.e., the difference between the absolute IOP and the 

absolute ambient pressure, a similar drop in both pressure values leads to an unchanged 

IOP.  In the other limit, if the ocular globe were extremely stiff, the intravitreal bubble 

would not expand and the absolute IOP would remain unchanged.  A drop in absolute 

ambient pressure not accompanied with a similar drop in absolute IOP, would lead to an 

increased IOP.  In summary, if absolute IOP drops as much as ambient pressure, IOP 
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remains unchanged, but if absolute IOP does not drop as much as absolute ambient 

pressure or drops less than absolute ambient pressure, IOP rises. 

Our mathematical model was consistent with published experimental data [163].  

In particular, the peak IOP during simulated flight was within 1% of the published 

experimental data [163].  In the published experiment [163], the subject flew in a low-

altitude flight with a depressurized cabin.  It is noted that the actual altitude at which an 

airplane flies is often considerably higher than 3000 ft, but the cabin is typically 

pressurized to a level comparable to the atmospheric pressure at 3000 ft [169]. 

In our simulations, the initial bubble size played an important role in both the 

peak IOP and the recovery from increased IOP following prolonged high-altitude 

exposure.  In particular, the larger the initial bubble was, the more IOP increased.  For 

smaller bubbles, following prolonged exposure to high altitude, IOP reached its normal 

value due to aqueous humor loss, but for larger bubbles, IOP recovery was incomplete 

due to the finite amount of aqueous humor (i.e., the model predicted that all of the 

aqueous humor would be driven out of the eye before IOP could return to normal).  We 

concluded that large bubbles may put patients at high risk by keeping IOP at dangerous 

levels.  

Our model showed that certain medications may help control IOP in patients 

with intravitreal gas bubbles by increasing the aqueous humor outflow facility or 

decreasing the aqueous humor inflow rate.  Over a reasonable IOP range, the outflow 

facility may be assumed constant [57], so the outflow increases with increasing IOP.  
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There also exists pseudofacility, a decrease in aqueous inflow with increased IOP 

[70,71].  In the case of an expanding bubble, increased outflow and decreased inflow 

both allow the bubble volume to increase with less stretching of the corneoscleral shell.  

Kaufmann [175] has shown that the outflow facility can increase by a factor of four with 

intravenous pilocarpine in a monkey model.  In our model, we showed that increasing 

outflow facility decreased peak IOP at high altitudes (Figure 3.4).  Therefore, using 

pilocarpine or similar medications to increase outflow facility may help reduce IOP rise 

during high-altitude travel.  Medications such as Apraclonidine (Iopidine, Alcon Ft. 

Worth, TX) that decrease aqueous humor formation may also be helpful as shown in 

Figure 3.5.  Since the exact amount of decrease in aqueous humor formation is not 

experimentally quantified, we considered a range of 10-75% reduction in aqueous 

humor formation in our parametric studies.   

Aqueous-humor-mediated IOP regulation is beneficial only as long as the total 

aqueous humor volume loss is smaller than the total volume of anterior and posterior 

chambers combined.  In our model, the volume of the anterior and posterior chamber 

combined was estimated to be 300 �� based on published data [41].  It should, 

however, be noted that losing the total amount of aqueous humor, the limiting criterion 

in our modeling assumption, is physiologically unlikely.  One should also note that losing 

aqueous humor could change the lens position, the iris contour, and the anterior 

chamber angle, which could subsequently lead to acute angle closure and affect IOP.  In 

our model, due to computational limitations, we ignored changes in IOP caused by 

changes in the anterior chamber angle.   
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Although our predictions were consistent with published experimental data 

[163], in interpreting our results one should note that there are still factors that we have 

not addressed.  As was explained in previous chapter, the complex mechanical behavior 

of peripapillary sclera [23] and optic nerve head [26,138,176] was ignored in the 

corneoscleral shell modeling.  In addition, the mechanical contribution of the lens, 

zonular fibers, and ciliary bodies were not included in the model.  The lens/zonule 

mechanics observed experimentally [43,155] and clinically [155] could alter our 

simulation outcomes.   

We also assumed that the ocular globe volume change, constrained by the 

elastic deformation of the corneoscleral shell, was related only to the bubble expansion 

and aqueous humor loss.  We ignored other factors affecting ocular volume following an 

increase in IOP.  In particular, when IOP rises, the ocular blood flow is significantly 

reduced [156] leading to an ocular globe volume change.  Since our current model 

predicts peak IOP values that are less than arterial perfusion pressure, we would expect 

that ocular volume changes caused by decreased blood flow would not affect our 

simulation results significantly. 

Although certain limitations exist in our model, it can provide better 

understanding of the impact of altitude-induced IOP changes in patients with 

intravitreal gas bubbles.  Our model predicted that larger intravitreal gas bubbles would 

cause a larger increase in IOP at higher altitudes.  It also showed that IOP-lowering 
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drugs, which alter aqueous humor outflow and formation rates, could help in managing 

altitude-induced IOP changes in presence of intravitreal gas bubbles.   
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Chapter 4: Mathematical Model of Iris-Aqueous-Humor Interaction 

during Corneoscleral Indentation 

 (This work was part of the paper “Reverse Pupillary Block Slows Iris Contour Recovery from 

Corneoscleral Indentation” by R. Amini and V.H. Barocas, J. Biomech. Eng. 

doi:10.1115/1.4001256 (American Society of Mechanical Engineers as the copyright holder is 

acknowledged)) 

4.1. Summary 

Corneoscleral indentation changes the iris contour and alters the angle between 

the iris and cornea. Although this effect has long been observed, the mechanism by 

which it occurs remains poorly understood. Previous theoretical research has shown 

that corneoscleral indentation can deform the eye globe and consequently rotate the 

iris root. In this work, we studied the fluid-structure interaction between the iris and 

aqueous humor driven by iris root rotation. The iris root rotation obtained from our 

previous whole-globe model was used as a boundary condition for a fluid-structure 

interaction finite-element model of the anterior eye. We studied the effect of two 

parameters - rotation angle and indentation speed - on the iris contour and aqueous 

humor dynamics.  

We found that posterior rotation of the iris root caused posterior bowing of the 

iris. After the iris root was returned to its original orientation, the aqueous humor was 

trapped in the anterior chamber because the iris tip pinned against the lens (reverse 

pupillary block). After 0.5-2 minutes of simulation, aqueous humor secretion into the 

posterior chamber and outflow from the anterior chamber allowed the system to return 

to its original steady state flow condition. The faster or farther the iris root rotated, the 



 79 

longer it took to return to steady state. Reverse pupillary block following corneoscleral 

indentation is a possible explanation for the clinical observation that prevention of 

blinking causes the iris to drift forward. 

4.2. Introduction 

As discussed in Chapter 1, in numerous cases, indentation of the corneoscleral 

shell opens the normal, narrowed, or closed anterior chamber angle. These cases 

include 

• Indentation gonioscopy of angle-closure glaucoma [57,124-126].  

• Inadvertent opening of the angle during UBM [127,128]. 

• Manual indentation of the central cornea to open the angle and alleviate 

acute angle-closure [126,129-131]. 

• Scleral indentation to improve angle visualization during 

goniosynechialysis [132]. 

Further, it has been shown that prevention of blinking leads to anterior drifting 

of the iris [100,133]. The similarities among these cases suggest a single underlying 

mechanism. In Chapter 2, we showed theoretically that deformation of the ocular globe 

during corneoscleral indentation rotated the iris root and subsequently opened the 

anterior chamber angle.  Our whole-globe model, however, did not account for 

aqueous-humor-iris interaction and lens-iris interaction. In this chapter, we explore the 
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effect of aqueous humor dynamics on the iris contour and anterior chamber angle when 

the iris root is rotated, focusing on the hypothesis that reverse pupillary block plays a 

key role in post-indentation dynamics. 

 

Figure 4.1 Axisymmetric model of the anterior segment. The aqueous humor and iris 

domains colored light grey and dark grey respectively. The iris concavity [133] (CD) is 

defined as the maximum distance between the iris pigment epithelium and a reference 

plane (AB), which connects the most peripheral points of the iris pigment epithelium to 

the most central ones. 
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Table 4.1 Mechanical and geometric parameters used in the model 

Parameter Value Reference 

Cornea radius of curvature (average value ) 7.8 mm [3] 

Iris thickness 0.34 mm [177] 

Anterior chamber diameter 12.37 mm [152] 

Anterior lens curvature 10.29 mm  [178] 

Lens diameter  9.0 mm [39] 

Iris-zonule distance 0.69 mm [177] 

Modules of elasticity of the iris 27 kPa [33] 

Poisson's ratio of the iris 0.5 [33] 

Aqueous humor viscosity 7.5 $ 10-4 Pa.s [52] 

Aqueous humor density 1000 kg/m3 [52] 

 

4.3. Methodology 

A computational model of the anterior segment was developed previously 

[99,120,121]  Rotation of the iris root obtained from the whole-globe deformation 

described in Chapter 2 was employed as an input for the modified version of the code.  
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4.3.1. Model domains 

As shown in Figure 4.1, the model had two physical components: iris and 

aqueous humor.  The governing equations of each component are presented in the 

following sections. The mechanical and geometric parameters of the iris and aqueous 

humor for a healthy individual are listed in Table 4.1. 

 

4.3.1.1. The iris: solid domain 

The iris was modeled as an incompressible neo-Hookean solid. The governing 

equations for the iris were 

det > � 1         (4.1) 

? · A � 0         (4.2) 

where >, the deformation gradient and A, the Cauchy stress tensor, were defined by 

> � BCBD           (4.3) 

A � �EI�G�>>G	        (4.4) 

with C being the current position of a material point, D being its rest position, and G  
being the shear modulus. Gradient and divergence were with respect to the current 

coordinates. The active contraction of the iris muscles was excluded from the model. 
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4.3.1.2. Aqueous humor: fluid domain 

The aqueous humor was considered an incompressible Newtonian fluid 

described by the continuity and momentum equations: 

? · H � 0         (4.5) 

? · I � J KHK� � JH · ?H       (4.6) 

where H is AH velocity, J is density, and the traction tensor I is defined by  

I � �EI���?H � �?H	G	       (4.7) 

with E being AH pressure, I being the identity matrix, and � being viscosity.   

4.3.1.3. Aqueous humor: pseudo-solid domain 

Since this model dealt with the free-surface fluid-structure interaction between 

iris and aqueous humor, the fluid domain changed with the deformation of the iris.  In 

order to determine the fluid domain at each iteration step, the displacement of the fluid 

domain was calculated via a pseudo-solid method [179].  In this method, the fluid mesh 

was represented as a linear elastic solid with the flowing governing equations: 

? · I � 0         (4.8) 

I �  L MN �O	I�P�QR � �QR	I	      (4.9) 
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where L and P are Lamé coefficients, and R the displacement from the rest position, 

and O is Eulerian strain tensor are defined by: 

R � C � D         (4.10) 

O �  QRS�QR	IT � �QR	I�QR	T        (4.11) 

Gradient is with respect to the current coordinates. 

The unknowns for which these equations were solved consisted of C and E in the 

solid domain, H and E in the fluid domain, and R in the pseudo-solid domain.   

Since the rest position D is known, equation (4.9) could have been written in 

terms of C by using equation (4.10) combined with an alternative definition of the 

Eulerian strain tensor: 

O �  UT I� UT �>>G	'U        (4.12) 

4.3.2. Boundary conditions 

The boundary conditions of the governing equations of the system are discussed 

in the following Sections. 

4.3.2.1. Iris root 

At the iris root, a rotation was imposed as a Drichlet boundary condition.  In 

Chapter 2, we found a range of rotations from 9.7° anterior to 24.5° posterior for 

various indentation methodologies and forces. As a base case for this study, the iris root 
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was rotated 10°posteriorly in 50 ms and held at the maximum rotated configuration for 

another 50 ms.  The iris was then rotated back to the pre-indentation position in 50 ms.   

4.3.2.2. Axis of symmetry  

The corneal axis (shown in Figure 4.1) was the axis of symmetry in the model.  

The radial displacement of the pseudo-solid mesh RV at this axis was set to zero.  The 

symmetry condition dictated that the radial derivative of the axial displacement be zero 

on the corneal axis.  The boundary conditions of the pseudo-solid mesh on the corneal 

axis were thus 

RV � 0          (4.13) 

KRWKV � 0         (4.14) 

In the fluid domain, HV the velocity normal to the axis of symmetry was zero, 

which meant that there was no flow crossing the symmetry axis.  The symmetry 

condition also required that the derivative of the axial velocity HX to be zero with 

respect to the radial direction.  These two conditions are shown in the following 

equations (4.15) and (4.16): 

HV � 0          (4.15) 

KHWKV � 0         (4.16) 
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Since the iris did not reach the corneal axis, no boundary condition on the iris was 

necessary here. 

4.3.2.3. Cornea 

The cornea was modeled as a rigid boundary in the pseudo-solid domain: 

R � Y          (4.17) 

No-slip boundary condition was imposed to the flow domain.  Since corneal 

surface was not moving, the no-slip boundary condition yielded to zero velocity on the 

corneal surface: 

H � Y          (4.18) 

There was no boundary condition necessary for the iris since it did not reach the corneal 

surface. 

4.3.2.4. Trabecular meshwork 

Similar to the cornea, the trabecular meshwork was modeled as a rigid surface in 

the pseudo-solid domain: 

R � Y          (4.19) 

For the fluid domain, the outflow of 2.5 ��/[\] was strongly imposed on the 

trabecular meshwork boundary to satisfy the following equation 
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^ H · _`ab � 2.5 ��/[\]         (4.20) 

There was no boundary condition necessary for the iris at the trabecular meshwork. 

4.3.2.5. Ciliary body 

Since ciliary muscle is anatomically connected to the iris, a rotation similar to 

that of the iris root (discussed in section 4.3.2.1) was imposed as a Drichlet boundary 

condition to the pseudo-solid domain on the ciliary boundary.  The only exception was 

the corner point at which the ciliary and vitreous boundaries connect.  For this corner 

point zero-displacement boundary was imposed. 

The ciliary body is the inflow boundary for the fluid domain.  Since the pseudo-

solid mesh is moving on the boundary, a net inflow of 2.5 ��/[\] was strongly imposed 

to satisfy the following equation: 

^ /H � cRcM0 · _`ab � 2.5 ��/[\]        (4.21) 

There was no boundary condition necessary for the iris at the ciliary bodies. 

4.3.2.6. Vitreous humor 

The vitreous humor was also modeled as a fixed rigid boundary in the pseudo-

solid domain: 

R � Y          (4.22) 



 88 

Rotation of the iris root caused changes in the posterior chamber volume.  Since 

the whole-globe volume was constant, posterior inflow and outflow from the vitreous 

humor boundary were introduced to make up for domain volume changes due to the 

rotation. Posterior inflow and outflow during anterior volume change were allowed by 

imposing a free normal traction condition on the vitreous: 

? · I � 0         (4.23) 

Since the iris did not reach the vitreous humor, no boundary condition on the iris 

was necessary here. 

4.3.2.7. Lens 

The lens was treated as a rigid solid surface.  Since no accommodation was 

included in the current model, the total displacement of pseudo-solid domain was zero 

at this boundary.  In order to minimize the numerical errors caused by the extreme 

mesh distortion around the iris-lens gap, however, there was an additional constraint on 

the lenticular surface that is discussed in the numerical method section (4.3.3).  

The no-slip condition dictated that the velocity of the aqueous humor be zero: 

H � Y          (4.24) 

4.3.2.8. Aqueous-humor-iris interface 

On the iris-aqueous interface, the no-slip boundary condition was imposed on 

the flow, and the traction in the fluid was set equal to the traction in the solid domain: 
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�_ · A	����2 � �_ · I	d���2       (4.25) 

H � cCce          (4.26) 

Equation (4.25) is enforced naturally by substituting the fluid for the solid stress 

in the boundary integral along the iris-aqueous interface.  Equation (4.26) is enforced 

strongly by specifying the aqueous velocity to be equal to the velocity of the iris at the 

boundary.  

4.3.3. Numerical solution 

The Galerkin finite element method was used for spatial discretization of the 

mathematical model. Velocity and displacement were discretized using piecewise 

biquadratic basis functions, and pressure was discretized using piecewise bilinear basis 

functions. Finite element meshes were generated using the paving mesh generation 

software GAMBIT (Fluent Inc., Lebanon, NH).  Newton-Raphson iteration and the direct 

linear solver MUMPS [180] were employed in the solving scheme, and the implicit Euler 

method was used to solve the initial value problem. 

4.3.3.1. Galerkin finite element method  

In the Galerkin finite element method, the exact solution of the unknown 

functions is estimated by a linear combination of finite number of basis functions.  For 

example, in the fluid domain, in which the governing equations are continuity (equation 

(4.5)) and balance of linear momentum (equation (4.6)), the unknown pressure and 
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velocity fields are approximated by using the basis functions and series of unknown 

coefficients: 

E�C	 f Eg�C	 � ∑ E�Ψ�j�kl �C	      (4.27) 

H�C	 f Hg�C	 � ∑ HmΦm�mkl �C	      (4.28) 

where Eg and Hgare the approximated functions which are defined by the basis 

functions Ψo and Φp along with unknown coefficients E� and Hm.   

By using the method of weighted residuals the equations (4.5) and (4.6) are 

integrated over a finite domain, Ω.: 

Rs� � ^ W��? · Hg	Ω dΩ � 0       (4.29) 

RHm � ^ Wm /ρ cHgc� � ? · Ig0Ω dΩ � 0     (4.30) 

where W� and Wm are weighting functions and Ig is approximated value of the stress 

tensor expressed in term of Eg and Hg. 
Equations (4.29) and (4.30) are called the weak forms of the partial differential 

equations (4.5) and (4.6).  In the standard Galerkin finite element method, the weighting 

functions are the same as the basis functions:   

Rs� � ^ Ψ��? · Hg	Ω dΩ � 0       (4.31) 

RHm � ^ Φm /ρ cHgc� � ? · Ig0Ω dΩ � 0      (4.32) 
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Equation (4.32) is rewritten using divergence theorem: 

RHm � ^ Φm /ρ cHgc� 0Ω dΩ � ^ �?Φm� · IgΩ dΩ � v Φm�_ · Ig	b dΓ � 0 (4.33) 

where Γ � ∂Ω. 

Similarly, solid and the pseudo-solid equations can be rewritten in weak form: 

Rs� � ^ Ψ��det>g � 1	Ω dΩ � 0      (4.34) 

RCm � ^ �?Φm� · AgΩ dΩ � v Φm�_ · Ag	b dΓ � 0    (4.35) 

RRm � ^ �?Φm� · IgΩ dΩ � v Φm�_ · Ig	b dΓ � 0    (4.36) 

where all the terms with “*” are expressed in terms of approximated functions Rgand 

Cg.   
Piecewise bi-quadratic functions are employed to discretize the velocity and 

displacement functions.  Piecewise bi-linear functions are used to discretize the 

pressure function.   
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Figure 4.2 Typical mesh generated using GAMBIT (Fluent Inc., Lebanon, NH).  The area 

close to the iris-lens gap, marked with an arrow, is made of only one row of the 

elements. 

4.3.3.2. Solution of the algebraic equation 

Spatial discretization of the governing partial differential equations created a set 

of algebraic equations.  The only differential terms remaining were the temporal 

derivatives of the velocity vector (i.e. 
KHK�).  An implicit difference scheme was employed 

to convert the temporal derivatives to algebraic terms.  In the implicit Euler method, the 

temporal derivatives were approximated by a first-order difference between the values 

of function at the two consequent time steps: 

KHyzK� f Hyz'Hyz{|∆�           (4.37) 

where “\” and “}” are the nodal and temporal indices, respectively. 

The resulting nonlinear algebraic equation was solved using the Newton-

Raphson method direct solver MUMPS [180]. 



 

4.3.3.3. Meshing

The finite element meshes 

GAMBIT (Fluent Inc., Lebanon, NH).

(matching the basis functions) were

the paving method was 

area close to the iris-lens gap

(marked by an arrow in Figu

profile is approximately quadratic across the gap, it can be approximated only 

layer of quadratic elements.  Using one layer of elements was essential in order to 

prevent numerical diverge

gap.  

Figure 4.3 Position of the point 

distance from the lenticular surface (
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Meshing 

The finite element meshes were generated using the commercial software 

Inc., Lebanon, NH).  Quadrilateral elements with nine nodes per each 

(matching the basis functions) were used.  Since the geometry of the domain is complex, 

 employed in the mesh generation (Figure 4.2), except for the 

lens gap.  In the fluid domain, in the proximity of the iris

(marked by an arrow in Figure 4.2) only one layer of elements was used.  Since the flow 

profile is approximately quadratic across the gap, it can be approximated only 

layer of quadratic elements.  Using one layer of elements was essential in order to 

prevent numerical divergence due to the extreme mesh distortion around the iris

Figure 4.3 Position of the point P, instead of r and z, can be expressed in terms of its 

distance from the lenticular surface (l) and the radius of the closet point on the 

lenticular surface to P (rlens). 

generated using the commercial software 

elements with nine nodes per each 

used.  Since the geometry of the domain is complex, 

(Figure 4.2), except for the 

In the fluid domain, in the proximity of the iris-lens gap 

re 4.2) only one layer of elements was used.  Since the flow 

profile is approximately quadratic across the gap, it can be approximated only by one 

layer of quadratic elements.  Using one layer of elements was essential in order to 

mesh distortion around the iris-lens 

 

can be expressed in terms of its 

) and the radius of the closet point on the 
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4.3.3.4. Artificial iris-lens contact force 

When the iris root rotates posteriorly, the iris tip moves towards the lens. In 

theory, the iris tip and the lens would never be in contact due to the infinite lubrication 

pressure created by aqueous humor in the contact area.  During the Newton iteration, 

however, the iris tip and lens can overlap, leading to failure of the numerical method.  

To prevent iris-lens overlap, an artificial normal stress was introduced to keep the iris 

away from the lens at all times [121]. The stress, which enforced a no-contact zone 

between the lens and iris, was defined by 

~s� � a�'���_���� �_����	        (4.38) 

where ` is the shortest distance between the lens and iris, _���� is a unit vector normal 

to the lens surface at the shortest iris-lens distance, a and � are adjustable coefficients.  

The coefficients  a and � correspond to how strongly and how far the no-contact region 

is enforced respectively.  a and � can affect the accuracy of the numerical simulation 

[121].  In this study, they were set in such way that they had the minimal effect on the 

outcome.  The maximum artificial force on the iris during the simulation was less than 

0.01 μN, roughly equivalent to a 10-4 Pa pressure drop across the gap.  As described in 

the results section, the physical pressure change, when the gap is at its smallest size, is 

about 1.2 Pa, so the error caused by the artificial contact force is less than 0.01%. 

Varying a and � by 10% caused no significant change in the results. 
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4.3.3.5. Coordinate transformation 

As discussed in section 4.3.3.4, during the Newton iteration the iris tip and lens 

can overlap, leading to failure of the numerical method.  In addition to iris-lens contact 

force, a coordinate transformation was employed before every Newton iteration to 

ensure that the distance of all nodes from the lenticular surface was always a positive 

number (i.e. none of the nodes would ever enter the lens). 

As shown in Figure 4.3, the position of each node P in the domain was expressed 

using �, its shortest distance from the lens, and �����, the radius of the closest point on 

the lens surface to P.  To make sure that  � was always a positive number new variable � 

was defined: 

� � ln ��	         (4.39) 

The initial coordinate system ��, �	 was related to the new coordinate system 

������, �	: 
� � ����� � exp��	 cos 1       (4.40) 

� � ����� � exp��	 sin 1       (4.41) 

As can be seen in equations (4.40) and (4.41), the distance from the lens (i.e. exp��	) 
was always positive in this formulation.  Since the lenticular surface was defined as 

quadratic function, ����� and 1 were not independent variables and were defined by 

����� � �� � �-�-� �����)         (4.42) 
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1 � arctan ��/� )�-V�����-� 0'l�      (4.43) 

where �� and ��, the dimension of the lens are shown in Figure 4.3.  The coordinate 

transformation was performed only during the Newton iteration.  In particular, the 

following steps were taken in solving the nonlinear system using Newton iteration and 

coordinate transformation: 

Step 1. An initial guess for the unknown vector D expressed in terms of 

the new coordinates (i.e. ����� and �) was chosen 

Step 2. The unknown vector � expressed in terms of original coordinates 

(� and �) was calculated from D, using equations (4.40-4.43) 

Step 3. The Jacobean matrix � and the residual vector   were calculated 

using the unknown vector �.  

Step 4. ¡�, the update value for � were calculated: 

¡� � ��         (4.44) 

Step 5. ¡D was calculated from ¡� using coordinate transformation:  

¢¡�����¡� £ � ¤ KVKV���� KVK�KXKV���� KXK�
¥
'l

¢¡�¡�£     (4.45) 

Step 6. The unknown vector D was updated using ¡D 
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Step 7. Steps 2 to 6 were repeated until convergence. 

4.3.3.6. Sliding nodes on the lenticular surface 

When the iris root rotates and the iris tip moves, the element along the narrow 

iris-lens gap may distort extremely.  In general, to ensure the accuracy of numerical 

calculation, rectangular elements are preferred to the angular elements.  Extremely 

angular elements may lead to failure of isoparametric mapping from the physical 

domain to numerical domain. 

As shown in Figure 4.4, to prevent extreme element distortion, we moved the 

nodes on the lenticular surface to maintain the rectangular shape of the element.  In 

particular, a node on the iris tip was defined as the master node (marked with “M” in 

Figure 4.4a).  A new set of residual equations was defined for the displacement of the 

follower node (marked with “F” in Figure 4.4a) on the lenticular surface to ensure that F 

is always at the closest distance to M: 

RV¦ � 2��¦ � �§	 � 2 �-�-� � /�� � �-�-� �§) � �§0    (4.46) 

RX¦ � �¦ � /�� � �-�-� �§)0       (4.47) 

Equation (4.46) was obtained from minimizing the distance �¦§ between F and 

M defined by 

�¦§ � ¨��¦ � �§	) � ��¦ � �§	)       (4.48) 
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Equation (4.47) was set to ensure that the F stayed on the quadratic curve 

defined as the lenticular surface.  The remaining nodes on the lenticular surface 

followed F as defined by the following equations 

RV� � ��� � ©�	 � ªg��¦ � ©¦	      (4.49) 

RX� � �� � /�� � �-�-� ��)0       (4.50) 

where © denotes the original (unreformed) radial position of the nodes and ªgwas 

defined by: 

ªg � «¬
 ®y®¯                    if            0 ± ©� ² ©¦
�-'®y�-'®¯             if            ©¦ ± ©� ± ��

9     (4.51) 



 

Figure 4.4 (a) The follower node (F) follows the movement of the ma

the iris. The other nodes slide on the lens surface (FF) following the follower node. (b) 

The elements along the gap distorts dramatically if the nodes do not slide on the 

lenticular surface. (c) The element
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Figure 4.4 (a) The follower node (F) follows the movement of the master node (M) on 

the iris. The other nodes slide on the lens surface (FF) following the follower node. (b) 

The elements along the gap distorts dramatically if the nodes do not slide on the 

lenticular surface. (c) The elements maintain their rectangular shapes when sliding 

allowed on the lenticular surface. 

 

ter node (M) on 

the iris. The other nodes slide on the lens surface (FF) following the follower node. (b) 

The elements along the gap distorts dramatically if the nodes do not slide on the 

shapes when sliding is 
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4.3.4. Parametric studies 

To study the effect of rotation angle and indentation speed, a series of 

parametric studies was performed. Specifically, in one group of simulations the iris was 

rotated 6°, 8°, and 12° with the same indentation speed as the base case (10°). In 

another group of simulations, the iris root rotation was unchanged from the base case, 

but the indentation was either 50% slower, 33% slower, or two times faster than the 

base case (50 ms).  

We calculated anterior chamber angle (ACA), apparent iris-lens contact, pressure 

drop ∆P between posterior and anterior chambers, flow through the iris-lens gap, iris 

concavity, and pupil diameter. To determine iris concavity [133], first the iris chord was 

drawn from the most central to the most peripheral point of iris epithelium (line AB in 

Figure 4.1). Then, the maximum distance between the iris chord and the iris pigment 

epithelium was defined as the iris concavity (line CD in Figure 4.1). The negative sign was 

assigned to iris concavity when the iris pigment epithelium was posterior to the 

reference line. Apparent contact length, used by many UBM researchers [31,133], is the 

distance over which there is no resolvable space between the iris and lens in the UBM 

image. In the computational model, we estimated the apparent contact as the distance 

over which the iris was at most 50μm from the lens. 

To compare different cases in the parametric studies, we also calculated system 

recovery time. The recovery time was defined as the amount of time that it took for the 
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pressure drop ∆P between posterior and anterior chambers to reach 99% of its pre-

indentation value after the iris root had returned to its pre-indentation position. 

 

Figure 4.5 Iris profile and aqueous humor pressure distribution (a) before indentation (t 

= 0) (b) iris root rotated 10° (t = 50 ms) (c) iris root held on the maximum rotated 

configuration for 50 ms (t = 100 ms) (d) iris rotated back to pre-indentation 

configuration (t = 300 ms). 
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4.4. Results 

Figure 4.5 shows the aqueous humor pressure distribution and iris profile during 

the simulation. Before the iris was rotated, there was a slight pressure difference 

between the posterior and anterior chambers, and the iris was slightly bowed towards 

the posterior (Figure 4.5a). When the iris root was posteriorly rotated to the maximum 

value of 10°, the pressure was elevated in the posterior chamber, and the iris bowing 

was more pronounced towards the iris periphery (Figure 4.5b). After the iris root was 

kept in the rotated configuration for 50 ms, aqueous humor pressure reached a new 

value (Figure 4.5c). When the iris root was rotated back to its original position, the 

posterior chamber pressure became less than that in the anterior chamber. The shape 

of the iris also changed, with the regions of maximum posterior displacement shifting 

from the periphery Figure 4.5c) towards the pupil margin (Figure 4.5d).  

Figure 4.6 shows the time evolution of calculated parameters for the base case 

(10° iris root rotation).  When the iris root was rotated (t = 0 - 50 ms, marked by “I” in 

Figure 4.6a-f), the ACA increased from 50.3° to 57.8° (Figure 4.6a).  During this period of 

simulation, the iris-lens apparent contact decreased dramatically and reached zero after 

22.5 ms. (Figure 4.6b). The pressure applied to the posterior chamber by the iris caused 

the pressure drop ∆P between posterior and anterior chambers to go up to almost nine 

times its pre-indentation value (Figure 4.6c).  Aqueous humor flow through the gap 

increased dramatically from 2.5 to 2500 ��/[\] when the iris root was rotated (Figure 

4.6d).  Since the aqueous humor secretion rate was held constant at 2.5 ��/[\], and 
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the pressure changes in the simulation (~Pa) were negligibly small compared to the 

intraocular pressure (~kPa), a gap flow larger than 2.5 ��/[\] indicates volume shift 

from the posterior to the anterior chambers. Iris concavity also shifted from -0.027 to -

0.112 mm showing a more pronounced iris posterior bowing. There was also a slight 

change in the pupil diameter (0.07 mm) when the iris root was rotated. 

When the iris root was held at 10° for 50 ms (t = 50 - 100 ms, marked by “II” in 

Figure 4.6a-f), the ACA increased slightly to 58.0° (Figure 4.6a).  Some of other 

parameters, including apparent contact, iris concavity, and pupil diameter did not 

change dramatically (Figure 4.6b,e, and f). The pressure drop ∆P between the posterior 

and anterior chambers also decreased slightly to 9.6 Pa (Figure 4.6c). The rate of 

aqueous humor flow across the iris-lens gap decreased when the iris was held at 10°for 

50 ms, but it was still much larger than its pre-indentation value (2.5 ��/[\]), 

indicating that the volume shift from the anterior to the posterior chamber continued 

(Figure 4.6d).  

When the iris root was rotated back to its pre-indentation location (t = 100 - 150 

ms, marked by “III” in Figure 4.6a-f), the ACA decreased from 58.0° to 50.7° (Figure 

4.6a).  Apparent iris-lens contact increased dramatically, showing that a large portion 

the iris was extremely close to the lens (Figure 4.6b). As the iris rotated forward and 

pushed on the aqueous humor in the anterior chamber, ∆P dropped to negative values 

(Figure 4.6c). Had the tight iris-lens contact not been present in the system, the negative 

∆P would have caused aqueous humor to flow from anterior to posterior chamber. In 
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the presence of the contact, however, the iris tip was tightly pinned on the lens (reverse 

pupillary block [91]), and flow from anterior to posterior chamber was prevented. 

Therefore, as shown in (Figure 4.6c), the flow across the gap was near zero.  A small 

negative flow occurred because of the artificial force preventing iris-lens contact. The 

iris concavity was also increased from -0.113 mm to -0.669 mm, showing a less 

posteriorly bowed configuration (Figure 4.6e). Rotating the iris root forward to its pre-

indentation value decreased the pupil diameter (Figure 4.6f).  
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Figure 4.6 Changes in (a) ACA, (b) apparent iris-lens contact, (c) pressure difference 

between the anterior and posterior chambers, (d) flow through iris-lens gap, (e) iris 

concavity, (f) and pupil diameter versus time. I = posterior rotation of the iris root 

during indentation; II = hold; III = anterior rotation of iris root after pressure removed; 

IV = beginning of recovery. 
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Figure 4.7 Recovery of (a) ACA, (b) apparent iris-lens contact, (c) pressure difference 

between the anterior and posterior chambers, (d) flow through iris-lens gap, (e) iris 

concavity, (f) and pupil diameter to their pre-indentation values. Arrow in (d) shows that 

the pupil remained blocked (negligible gap flow) for almost 55 s after the iris root 

returns to its pre-indentation position. 

All of the calculated parameters returned to their pre-indentation steady-state 

values over long time (Figure 4.7a-f).  The recovery time scale (min), however, was much 



 107 

larger than the indentation time scale (ms).  Therefore, at the beginning of the recovery 

period ((t ≥150 ms, marked by “IV” in Figure 4.6a-f), the calculated parameters were 

not changing dramatically.  A small oscillation in the pressure drop ∆P was caused by the 

fluid inertia.  During the recovery time, all of the parameters returned gradually to 

steady state values.  The only exception was flow across the iris-lens gap, which 

remained zero due to reverse pupillary block as long as ∆P remained negative.  When ∆P 

became positive due to build up of aqueous humor in the posterior chamber, the 

reverse pupillary block was removed, and the gap flow rate rose quickly to its steady-

state value of 2.5 ��/[\] (marked by an arrow in Figure 4.6d).  

Figure 4.8 shows the results of parameterization. Both rotation angle and 

rotation speed changed the outcome. Figure 4.8a shows that for larger rotation angles, 

∆P dropped to lower values when iris root was rotated to its original location. Recovery 

time was also increased when the rotation angle was larger (Figure 4.8b). When the 

indentation speed was decreased or increased, minimum ∆P was different for every 

case. In particular, the faster the iris root was rotated, the smaller ∆P was. As shown in 

Figure 4.8c and Figure 4.8d, the recovery time was also shorter when the indentation 

was faster. 

Figure 4.9 shows that recovery time versus the total change in the posterior 

chamber volume for all cases. The slope of the line fitted to data was 2.44 ��/[\], 

close to the constant aqueous humor secretion rate of 2.5 ��/[\] imposed to the 

model as the inflow boundary condition. 
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Figure 4.8 (a) Pressure difference between the anterior and posterior chambers versus 

time with different iris root rotation. Lines are 6°, 8°, 10°, and 12° maximum rotation. (b) 

Recovery time versus rotation angle. (c) Pressure difference between the anterior and 

posterior chambers versus time with different indentation duration. Lines are 50%, 67%, 

100$%, and 200% of base case rotation speed. (d) Recovery time versus indentation 

speed. 



 

Figure 4.9 Change in the posterior chamber volume versus recovery time. Data points 

correspond to different cases shown in Figure 4.8.

4.5. Discussion 

To our knowledge, this was the first study in which a computational model of 

iris-aqueous-humor interaction during corneoscleral indentation was created. 

posterior rotation of the iris root caused by corneoscleral indentation led to reverse 

pupillary block.  The recovery time from reverse pupillary block was long, on the order 

of a minute. Since the pupil was nearly completely blocked during anterior rotation and 

beyond, recovery time was highly dependent on how much volume 

during posterior rotation phase. 
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Figure 4.9 Change in the posterior chamber volume versus recovery time. Data points 

correspond to different cases shown in Figure 4.8. 

To our knowledge, this was the first study in which a computational model of 

humor interaction during corneoscleral indentation was created. 

posterior rotation of the iris root caused by corneoscleral indentation led to reverse 

The recovery time from reverse pupillary block was long, on the order 

of a minute. Since the pupil was nearly completely blocked during anterior rotation and 

beyond, recovery time was highly dependent on how much volume 

g posterior rotation phase.  

 

Figure 4.9 Change in the posterior chamber volume versus recovery time. Data points 

To our knowledge, this was the first study in which a computational model of 

humor interaction during corneoscleral indentation was created.  The 

posterior rotation of the iris root caused by corneoscleral indentation led to reverse 

The recovery time from reverse pupillary block was long, on the order 

of a minute. Since the pupil was nearly completely blocked during anterior rotation and 

beyond, recovery time was highly dependent on how much volume was displaced 
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Our modeling assumptions are based on many simplifications of the complex 

architecture the iris and the anterior eye. In particular, the active contraction of iris 

sphincter and dilator muscles was ignored.  Activation of the iris smooth muscles can 

alter the iris contour [99,181] and aqueous humor flow through the iris-lens gap [99] 

and could change the results of current model. In addition, the inhomogeneity of the iris 

structure [182] may also alter the outcome. The other major simplification was the 

exclusion of the lens movement caused either by whole-globe deformation or by 

accommodation. The fixed position of the lens may introduce some errors to the 

simulation of corneoscleral indentation. We would expect all of these factors to have 

quantitative effects on our results (e.g. accelerate or decelerate the recovery) but not to 

alter the conclusion that reverse pupillary block occurs during recovery from 

indentation. 

Spontaneous blinking occurs on a similar time scale to that of the corneoscleral 

indention presented in this chapter.  Each blink is roughly 80 ms closing, almost no hold, 

and 200 ms opening [183]. Blinks occur every 2-4 seconds [183-185].  It has been 

established that prevention of blinking causes the iris to drift forward [100,133]. Similar 

to corneoscleral indentation, pressurization of the corneoscleral surface during a blink 

could lead to iris root rotation via whole-globe deformation, and blinking can cause 

reverse pupillary block. The recovery time is much slower than the frequency of blinking 

(every 2-4 s), and our results combined with the experimental evidence suggest that 

some finite-recovery-time process is occurring during blinking and that the prevention 
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of blinking allows full recovery.  Simulation of blinking is discussed in more detail in the 

next chapter.   
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Chapter 5: Mathematical Model of Iris-Aqueous-Humor Interaction 

during Spontaneous Blinking 

 (This work was part of the abstract “Does spontaneous blinking increase iris-lens contact?” by 

R. Amini and V.H. Barocas, Proceedings of the ASME 2010 Summer Bioengineering Conference 

(SBC2010), June 16-19, Grande Beach Resort, Naples Florida, USA (American Society of 

Mechanical Engineers as the copyright holder is acknowledged)) 

5.1. Summary 

The purpose of this work was to study how iris root rotation due to spontaneous 

blinking can lead to reverse pupillary block and change the iris contour and aqueous 

humor flow by using a computational model.  In Chapter 2, we showed theoretically that 

applying pressure on corneoscleral surface can lead to iris root rotation.  In this study, 

we hypothesized that repeated posterior iris rotation, by virtue of the long recovery 

times seen in Chapter 4, could lead to opening of the angle and posterior displacement 

of the iris in the dynamic steady state.  To test this hypothesis, we modified our finite-

element model of the anterior segment (discussed in Chapter 4) to show how the iris 

root rotation due to blinking changes the iris contour and the aqueous humor flow.  We 

used geometry of an idealized case based on average values of ocular dimensions.  We 

also developed a subject-specific model based on an OCT image of a healthy volunteer.  

The mechanical parameters of the model were based on published data.  Blinking was 

modeled by posteriorly rotating the iris root in 80 ms and returning it back to the 

anterior in 200 ms.  The frequency of blinking was one blink at every three seconds.  To 

see the effect of rotation angle, four sets of simulation with maximum rotations of 2°, 
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4°, 6°, and 8° were performed. The iris-lens contact and pressure difference between 

the anterior and posterior chambers were calculated from the simulation. 

When the peak iris root rotation was 2°, the maximum iris-lens contact increased 

gradually from 0.28 to 0.34 mm in the idealized model and from 0.36 to 0.46 mm in the 

subject-specific model within eight blinks.  After the eighth blink, the repetition of 

blinking did not make a significant change in the maximum value of the iris-lens contact.  

When the iris root was rotated 6° and 8° in the idealized model, the pressure difference 

between the anterior and posterior chambers dropped from a positive value (1.23 Pa) to 

negative values (-0.86 and -1.93 Pa) indicating the existence of reverse pupillary block. 

Clinical studies have shown that prevention of blinking leads to anterior drifting of the 

iris. In our work, we showed that the repetition of iris root rotation caused by blinking 

may be a possible mechanism to maintain the iris in a more posterior position under 

normal circumstances. 

5.2. Introduction 

During every spontaneous blink, the lower eyelid is stationary, and the closure is 

done by the higher eyelid [135].  In Chapter 2, we showed that applying pressure on the 

corneoscleral surface led to changes in the anterior chamber angle.  In addition, it has 

been shown clinically [100,133] that, in eyes with pigmentary glaucoma [100,133], 

narrow angles [100], and healthy controls [100], when blinking was prevented by the 

presence of an eye cup for UBM examination, the iris bowed to the anterior.  These 

clinical observations suggest that blinking provides a mechanism to push the iris 
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towards the posterior.  Considering all different cases of corneoscleral indentation, one 

might conclude that during each blink, pressurizing the corneoscleral surface by the 

lower eyelid leads to iris root rotation and subsequent changes in the aqueous humor 

flow and the iris contour. 

As discussed in Chapter 4, due to reverse pupillary block, even an extremely 

short change in the iris root location (~ms) can lead to a long recovery time (~min).  

Spontaneous blinking occurs on a similar time scale to that of the corneoscleral 

indentation, but a normal individual blinks every 2-4 seconds [183-185] much shorter 

than full recovery time.  Therefore, prior to a full recovery, a new blink rotates the iris 

root to the posterior.  We hypothesize that continuous blinking prevents the full 

recovery of the iris-aqueous-humor system and keeps the iris more towards the 

posterior.  Therefore, prevention of blinking would allow the iris-aqueous-humor system 

to recover fully and consequently would lead to anterior drift of the iris.  In this chapter 

we explore this hypothesis by modifying the anterior segment model introduced in 

Chapter 4. 

5.3. Methodology 

The finite-element model of aqueous-humor-iris interaction, introduced in 

Chapter 4, was modified to simulate blinking.  The governing equations and all of the 

boundary conditions except for the iris root rotation were identical in both models.  The 

changes made in the model are discussed in the following sections. 
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Figure 5.1 Iris root angle during blinking simulation for a typical case of -6 degree 

rotation (negative sign indicates posterior location).  The iris was rotated towards the 

posterior in 80 ms, rotated back in 200 ms, and held for almost 2720 ms.  Blinking was 

repeated every 3 seconds  

5.3.1. Boundary condition on the iris root and subsequent 

parametric studies 

Based on published data [183-185], we simulated each blink as 80 ms closing, no 

hold, and 200 ms opening, with frequency of one blink per every 3 seconds by imposing 

the following iris root boundary (Figure 5.1): 

Step 1. The rotation angle was imposed as a Drichlet boundary condition 

to the iris root in 80 ms.   

Step 2. The iris root was then rotated back to the pre-blinking (non-

rotated) location in 200ms.   



 

Step 3. The iris root was hold at the 

configuration for another 2.720 s.

Step 4. Steps 1 to 3 were repeated.

We performed a parametric study

the simulation for four 

rotation in the four cases studied were 2°,

We calculated the iris

and posterior chambers based on the definition discussed in previous 

Figure 5.2 A subject specific model was created by converting the domain geometry of 

the anterior segment of a 42

into (b) finite-element mesh created in Gambit (

Robert Ritch, New York Eye and Ear Infirmary).
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The iris root was hold at the pre-blinking (non

configuration for another 2.720 s. 

Steps 1 to 3 were repeated. 

e performed a parametric study of the effect of rotation angle

four different iris root rotation angles.  The maximum iris root 

rotation in the four cases studied were 2°, 4°, 6°, and 8°.   

We calculated the iris-lens contact and pressure difference between the anterior 

and posterior chambers based on the definition discussed in previous chapte

Figure 5.2 A subject specific model was created by converting the domain geometry of 

the anterior segment of a 42-year-old healthy volunteer taken from (a) an OCT image 

element mesh created in Gambit (Fluent, Lebanon, NH) (OCT image f

Robert Ritch, New York Eye and Ear Infirmary).  

blinking (non-rotated) 

of the effect of rotation angle. We repeated 

.  The maximum iris root 

lens contact and pressure difference between the anterior 

hapter.  

 

Figure 5.2 A subject specific model was created by converting the domain geometry of 

from (a) an OCT image 

) (OCT image from 
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5.3.2. Domain geometry 

In addition to the idealized geometry discussed in section 4.3.1 (also shown in 

Figures 4.1 and 4.2) a subject-specific domain was created based on OCT images of the 

left eye of a 42-year-old male volunteer (Figure 5.2a).  We found the corneal axis by 

bisecting the line that connects the iris tip on the nasal and temporal sides.  The iris 

boundary and the corneal surface were traced using the image processing software 

ImageJ [186].  The lenticular surface was created by fitting a quadratic function to three 

points on the lens: one at the corneal apex, one at proximity of the iris-lens gap, and 

one at halfway point between the first and second points.  The remaining geometrical 

parameters which were not detectable from the OCT images were taken from the 

average values listed in Table 4.1.  As shown in Figure 5.2b, the paving mesh generation 

scheme was used to create the finite element meshes using commercial software 

Gambit (Fluent, Lebanon, NH).   

To make the outcome of both subject-specific and idealized models comparable, 

we required one of the initial parameters to be roughly the same in both models.  The 

parameter chosen was ∆P, aqueous pressure difference between the posterior and 

anterior chambers, at the steady state when no blinking was present.  As the result of 

different geometry in the two models and same steady state ∆P, the no-blinking iris-lens 

contact was different in the two models: 0.28 mm in the idealized model and 0.36 in the 

subject-specific model. 



 

5.1. Results 

Figures 5.3 and 5.4 

the 10th blink.  In both 

closer to the lens and the iris

As shown in Figure 5.5,

∆P (aqueous pressure difference between the posterior and anterior chambers, Figure 

5.5a) and apparent iris-

regime after a few blinks.  This trend is shown in Figure 5.5 with dashed line.  In 

particular, when the iris 

1.23 Pa to -0.86 and -1.93 Pa

Figure 5.3 Iris-lens gap without blinking (a) and after 10 blinks (b) simulated in an 
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Figures 5.3 and 5.4 show the iris-lens gap before blinking and immediately 

blink.  In both the idealized and subject-specific models, the iris tip became 

closer to the lens and the iris-lens gap narrowed as blinking continued.  

As shown in Figure 5.5, during blinking simulation in the idealized model, both 

ifference between the posterior and anterior chambers, Figure 

-lens contact (Figure 5.5b) reached to a pseudo

regime after a few blinks.  This trend is shown in Figure 5.5 with dashed line.  In 

particular, when the iris root was rotated 6° and 8° to the posterior, ∆P dropped from 

1.93 Pa, indicating the existence of reverse pupillary block.

lens gap without blinking (a) and after 10 blinks (b) simulated in an 

idealized model (6° iris root rotation) 

immediately after 

specific models, the iris tip became 

 

n the idealized model, both 

ifference between the posterior and anterior chambers, Figure 

s contact (Figure 5.5b) reached to a pseudo-steady-state 

regime after a few blinks.  This trend is shown in Figure 5.5 with dashed line.  In 

∆P dropped from 

indicating the existence of reverse pupillary block. 

 

lens gap without blinking (a) and after 10 blinks (b) simulated in an 



 

Figure 5.4 The iris-lens gap without blinking (a) and after 10 blinks (b) simulated in a 

subject

Similar to the idealized model, both 

pseudo-steady-state regime 

The model predicted a drop in 

4.12 Pa (right after the 10

respectively.  The higher pressure in the anterior chamber showed the existence of the 

reverse pupillary block. 
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lens gap without blinking (a) and after 10 blinks (b) simulated in a 

subject-specific model (6° iris root rotation) 

 

Similar to the idealized model, both ∆P and apparent iris-lens contact reached a 

regime during blinking in the subject-specific model (Figure 5.6).  

The model predicted a drop in ∆P from 1.07 Pa (without blinking) to -1.03, 

4.12 Pa (right after the 10th blinks) when the iris root was rotated 4°,

The higher pressure in the anterior chamber showed the existence of the 

 

lens gap without blinking (a) and after 10 blinks (b) simulated in a 

lens contact reached a 

specific model (Figure 5.6).  

1.03, -2.60, and -

blinks) when the iris root was rotated 4°, 6°, and 8°, 

The higher pressure in the anterior chamber showed the existence of the 
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Figure 5.5 Idealized model. (a) ∆P, AH pressure difference between the posterior and 

the anterior chambers, and (b) apparent iris-lens contact as blinking prolongs (6° iris 

root rotation). The dashed lines show that the values after each blink reaches pseudo-

steady-state after a few blinks.  
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Figure 5.6 Subject-specific model. (a) ∆P, AH pressure difference between the posterior 

and the anterior chambers, and (b) apparent iris-lens contact as blinking prolongs (6° iris 

root rotation). The dashed lines show that the values after each blink reaches pseudo-

steady-state after a few blinks. 
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Figure 5.7 The apparent iris-lens contact after 10 blinks when blinking was modeled 

using different iris root rotations (sparse bars) in comparison to the contact without 

blinking (solid bars) in idealized (solid black and spare black-pink bars) and subject-

specific (solid gray and spare gray-orange bars) models. 

Figure 5.7 shows the results of parameterization studies when blinking was 

modeled.  In both idealized and subject-specific models, prolonged blinking led to an 

increase in the iris root rotation.  In the idealized model, when 2°, 4°, 6°, and 8° iris root 

rotations were simulated, the apparent iris-lens contact increased from 0.28 to 0.34, 

0.41, 0.47, and 0.54 mm respectively.  In the subject specific model, the apparent iris-

lens contact increased from 0.36 to 0.46, 0.55, 0.67, and 0.81 mm when 2°, 4°, 6°, and 8° 

iris root rotations were simulated, respectively.  As summarized in Table 5.1, the 

increase in the apparent iris-lens contact was more pronounced in the subject-specific 

model. 
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Table 5.1 Increase in the iris-lens contact after 10 blinks compared for the simulations 

using idealized and patient-specific geometries   

Iris root 

rotation 

Increase in the iris-lens contact after 10 blinks 

Idealized geometry Patient-specific geometry 

2 17.2% 27.2% 

4 43.7% 53.2% 

6 65.5% 86.7% 

8 89.9% 124.8% 

 

5.2. Discussion 

Our computational model showed that apparent iris-lens contact increased 

following blinking.  Increased iris-lens contact indicated that the iris (at least at the 

pupillary and mid-periphery margins) was more posteriorly displaced.  As long as an 

individual is awake and conscious, spontaneous blinking occurs every 2-4 seconds, and 

the iris stays more toward the posterior.  We suggest that in the absence of blinking, 

similar to initial condition of our model, the iris is more anteriorly located.  Therefore, 

when blinking is prevented [100,133], the aqueous-humor-iris system returns to its 

blink-free steady-state, and the iris drifts forward.  

As discussed in Chapter 2, we were not able to model the globe deformation 

during blinking due to the lack of quantitative experimental data for the blinking-
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induced eyelid pressure on the corneoscleral shell.  We expected that, similar to other 

cases of corneal indentation (e.g. indentation gonioscopy), the iris root would rotate to 

the posterior when the corneoscleral surface is pressurized by lower eyelid during each 

blink.  Our parameterization studies, presented herein, showed that regardless of how 

much the iris-root was rotated, the iris-lens contact increased.  Our blinking results, 

therefore, should be interpreted qualitatively rather than quantitatively.  Based on our 

model prediction, the apparent iris-lens contact increases following prolonged blinking 

but the exact amount of increase requires further knowledge of specific experimental 

data currently unavailable. 

Comparison between the subject-specific and idealized models showed that 

although both models had a similar ∆P initially, the subject specific model had a larger 

drop in ∆P after 10 blinks.  In addition, the relative increase in the iris-lens contact 

following blinking was more pronounced in the subject-specific model.  While 

quantitative interpretation is rendered impossible by the lack of a precise boundary 

condition on the iris root in both models, the difference between the two models shows 

the sensitivity of the problem outcomes to specific geometries.  In particular, we 

conclude that if one’s purpose is to predict the qualitative response of the aqueous-

humor-iris interaction in the anterior segment, an idealized model is sufficient.  If, 

however, the simulation is intended to predict clinically meaningful numbers, the use of 

subject-specific models is essential.  As it stated previously, the subject-specific models 

require a better estimate on the boundary condition.   
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Based on our model prediction, the iris contour and aqueous humor flow are 

closely related to spontaneous blinking.  There may exist a correlation between 

abnormal blinking and some glaucomatous eyes, in which the irides are positioned 

abnormally.  For example, some functional and/or anatomical abnormalities may lead to 

increased iris root rotation during each blink.  Increased rotation may subsequently lead 

to abnormal posterior positioning of the iris a risk factor for pigmentary glaucoma.   
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Chapter 6: Functional Importance of Detailed Iris Structure 

 (This work was part of the paper “On the quantification of iris concavity” by R. Amini, J.E. 

Whitcomb, T.S. Prata, S. Dorairaj, J.M. Liebmann, R. Ritch and V.H. Barocas, J Ophthalmic Vis 

Res, In press, and the abstract “The effect of the Posterior Location on the Iris Concavity During 

Dilation” by R. Amini , J.E. Whitcomb, M.K. Al-Qaisi, T. Akkin , and V.H. Barocas, Proceedings of 

the ASME 2009 Summer Bioengineering Conference (SBC2009),June 17-21, Lake Tahoe, 

California, USA (American Society of Mechanical Engineers as the copyright holder is 

acknowledged)) 

(The analysis of the experimental data presented in this chapter was performed independently 

by Julie E Whitcomb.) 

6.1. Summary 

The purpose of this study was to examine the effect of the dilator location on iris 

concavity during dilation in a computational model and an ex vivo porcine model.  We 

hypothesized that during pupil dilation, anterior bowing of the iris can be caused by the 

posterior location of the dilator muscle even in the absence of aqueous humor pressure.  

Isolated porcine irides 6 hours post mortem were secured at the periphery and 

immersed in an oxygenated buffer.  The dilator was pharmaceutically stimulated with 

2.5% phenylephrine and 1% tropicamide.  Images of the iris were taken before and after 

dilation by optical coherence tomography (OCT).  A finite element model of a typical 

pupil dilation experiment was developed.  The geometry of the iris and location of the 

dilator were based on the initial OCT image. The iris was modeled as a neo-Hookean 

solid, and the active muscle component was applied only to the dilator region. 
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As expected the pupil diameter increased significantly after the dilator muscle 

was activated.  The OCT images showed an increase in the concavity and a decrease in 

the chord length after dilation.  The computational model agreed with the experiment, 

showing an increase in the pupil diameter, an increase in the concavity, and a decrease 

in the chord length.  When the simulations were repeated with the dilator distributed 

over the entire iris thickness, unlike the correct posteriorly located dilator, the iris 

concavity decreased following dilation.  We conclude that the posterior location of the 

dilator can cause anterior bowing of the iris during dilation even in the absence of 

aqueous humor flow. This result suggests that the location of the dilator muscle may 

cause anterior bowing of the iris after aqueous humor pressure has been equalized 

between the anterior and posterior chambers, for example, as a result of laser 

iridotomy. 

6.2. Introduction 

As discussed in Chapter 1, anterior bowing of the iris, resulting in a narrow or 

closed angle, is often attributed to pupillary block [187,188] even though it is recognized 

that the angle can close by multiple mechanisms, some independent of pupillary block.  

In particular, the mechanism by which the iris bows anteriorly during dilation [189] is 

unclear.  It has been shown theoretically [99] that the pressure increase from blocking 

the steady flow of aqueous cannot explain the increased anterior bowing when the 

pupil dilates, and Woo [189] reported that the anterior bowing during dilation occurs 

within seconds, far too quickly for aqueous humor to build up in the posterior chamber.  
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Yamamoto et al. [190] reported that when rabbits with a peripheral iridotomy were 

dilated, the aqueous flowed posteriorly, not anteriorly, which would imply that the 

anterior-chamber pressure was, in fact, higher.  In a human subject with peripheral laser 

iridotomy, following dilation, the angle narrowed and the iris bowed forward (Figure 

6.1).  Finally, it has been recently reported [35,36] that iris cross-sectional area and 

volume changes with dilation are different in narrow-angle patients vs. controls.  Taken 

together, these observations require that non-pupillary-block mechanisms for anterior 

iris bowing, especially during dilation, be considered.  In this chapter, we explore the 

hypothesis that the anatomy of the iris, specifically the posterior position of the dilator 

muscle within the iris, leads to spontaneous anterior curvature of the iris during dilation 

independent of pupillary block.  

6.3. Methodology 

This work included three concurrent studies: 

• In vivo experiments, in which the curvature of the iris was measured 

before and after dilation for a set of subjects, all of whom had had laser 

peripheral iridotomies, eliminating any pupillary block. 

• In vitro experiments, in which the isolated porcine iris was dilated 

pharmacologically and imaged via OCT to determine the iris contour. 

• In silico computer simulations, in which the in vitro experiments were 

modeled using realistic histological geometry and dilator placement. 



 

The in vivo experiments

Dr. S. Dorairaj at New York Eye and Ear Infirmary and were not part of the work done at 

the University of Minnesota.  

appendix (section 6.6) due to 

are discussed in the following sections.  

Figure 6.1 Optical coherence tomography 

Caucasian male with peripheral laser iridotomy

abnormally curved configuration during dilation

angle (images are from 
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xperiments were performed by our collaborators Dr. 

at New York Eye and Ear Infirmary and were not part of the work done at 

the University of Minnesota.  They are, however, briefly discussed 

appendix (section 6.6) due to their relevance to this chapter.  The other two methods 

are discussed in the following sections.   

ptical coherence tomography (OCT) images of the left eye of a 56

peripheral laser iridotomy, in (a) the light and (b) the dark show the 

ormally curved configuration during dilation and narrowing of the anterior chamber 

angle (images are from Dr. R. Ritch and Dr. T. Prata, New York Eye and Ear Infirmary

aborators Dr. T.S. Prata and 

at New York Eye and Ear Infirmary and were not part of the work done at 

 in the chapter’s 

hapter.  The other two methods 

 

images of the left eye of a 56-year old 

the dark show the 

and narrowing of the anterior chamber 

Dr. R. Ritch and Dr. T. Prata, New York Eye and Ear Infirmary) 
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6.3.1. In vitro experiments 

Experiments were performed on the isolated porcine iris within 6 hours post 

mortem and prepared as described earlier [37].  The enucleated irides were pinned at 

two locations on the periphery of the tissue in a Petri dish with a silicone based polymer 

lining.  They were immersed at room temperature in 5 [� of oxygenated Krebs-Ringer 

buffer to maintain a physiological pH of 7.4.  Reference images of the iris were taken via 

a fiber-based swept source optical coherence tomography (SS-OCT) [191] before the 

dilation occurred.  Figure 6.2 shows the experimental set up used.  

Once the initial set-up was complete, 40 µL of 2.5% phenylephrine and 40 µL of 

1% tropicamide were introduced into the bath to activate the dilator.  Images of the 

dilation process were taken every 40 seconds.  The samples were immersed in the drug 

solution for 10 – 15 minutes.  The initial and final images were subsequently analyzed 

using ImageJ [186] to calculate the change in pupil diameter, chord length, concavity, 

and the concavity ratio (described in section 6.3.3).  Results were compared using a two-

sided paired t-test with equal variance. 



 

Figure 6.2 Experimental set up (a) OCT imaging system (b) an iris sample pinned in the 
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Figure 6.2 Experimental set up (a) OCT imaging system (b) an iris sample pinned in the 

Petri dish 

 

Figure 6.2 Experimental set up (a) OCT imaging system (b) an iris sample pinned in the 



 

 

Figure 6.3 (a) OCT image of the iris before dilator is activated.  Iris chord length (AB) is 

defined as the distance from the tip of the iris to the periphery and

defined as the longest distance between the iris chord 

(b) Finite element model based on the OCT image of the iris before dilation.  The region 

modeled as the active dilator muscle is marked with the darker color.
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) OCT image of the iris before dilator is activated.  Iris chord length (AB) is 

defined as the distance from the tip of the iris to the periphery and, iris concavity (CD) is 

defined as the longest distance between the iris chord length and posterior epi

(b) Finite element model based on the OCT image of the iris before dilation.  The region 

modeled as the active dilator muscle is marked with the darker color.

 

 

) OCT image of the iris before dilator is activated.  Iris chord length (AB) is 

iris concavity (CD) is 

and posterior epithelium 

(b) Finite element model based on the OCT image of the iris before dilation.  The region 

modeled as the active dilator muscle is marked with the darker color. 
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6.3.2. In silico computer simulations  

A realistic finite-element mesh of the iris (Figure 6.3) was constructed based on 

the initial OCT image.  Based on histology of the porcine iris (Figure 1.4), a dilator region, 

localized to the posterior iris, was constructed.   

In the axisymmetric finite-element model, the iris was modeled as a nearly 

incompressible neo-Hookean solid governed by balance of linear momentum: 

? · A � 0         (6.1) 

where A was the Cauchy stress tensor.  The derivatives of the stress were taken with 

respect to the current (moving) coordinate system.  The Cauchy stress tensor was 

defined by neo-Hookean, A³´, and dilator, Ac, contributions: 

A � A³´ � Ac         (6.2) 

The neo-Hookean stress was defined by 

A³´ � µ¶·e >(¸ � I) � )µ¹�l')¹	 ¶·e º ln�det >	I    (6.3) 

where, G (= 9 kPa [33]) and ν (= 0.49 [33]) were the shear modulus and Poisson's ratio, 

and I was the identity tensor. The deformation gradient > and left Cauchy-Green 

deformation tensors ¸  were defined by  

> � BCBD          (6.4) 
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¸ �  >>G         (6.5) 

with C being the current position of a material point and D being its rest position. The 

dilator term Ac was applied only in the dilator region (marked with a dark color in 

Figure 6.3b).  To ensure that the muscle contraction was always in the direction of the 

non-deformed dilator muscle, Acwas defined by ~4¼�, the scalar muscle contraction 

stress, and O½, unit vector representing the direction of non-deformed dilator muscle: 

Ac � ~4¼� �>O½	 � �>O½	       (6.6) 

To calculate O½, natural cubic splines [192] representing the non-deformed 

dilator were defined based on the coordinates of the points on dilator exported from 

the finite element mesh.  During the simulation, at each point within the dilator domain, 

O½ was defined by 

O½ � /O¾ � ¿À¿¾ OÀ0Á U
ÂUS/¿À¿¾0T

Ã      (6.7) 

where O¾ and OÀ are the unit vectors in the � and � direction and 
¿À¿¾ is calculated from 

the cubic splines with the same � as the point of interest in the dilator.  The traction-

free condition was imposed naturally to all of the domain boundaries. 

The Galerkin finite element method was employed for spatial discretization of 

the mathematical model.  Biquadratic basis functions were used and the weak form of 

equation (6.1) was created using the methods discussed in section 4.3.3.1.  GAMBIT 
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(FluentInc., Lebanon, NH) paving mesh generator software was used to generate finite 

element meshes.  The nonlinear algebraic equation was solved using Newton-Raphson 

iteration and direct solver MUMPS [180]. 

The model was used to simulate spontaneous contraction of the dilator muscle 

in vitro, based on the experiments described above.  The pupil diameter was increased 

from 5.0 mm to 7.0 mm by applying a muscle contraction stress ~4¼� in the model.  

 

To assess the importance of the location of the dilator muscle, three simulations 

were performed.  In the first case, the dilator muscle was located on the posterior iris 

based on the measurements from the histological porcine images.  In the second case, 

to show the importance of the dilator posterior locations, the dilator layer was 

artificially positioned more towards the anterior iris.  Finally, in the third case, the whole 

thickness of the iris was modeled as the active dilator muscle.   

6.3.3. Quantification of the iris concavity 

In both experimental and computational studies, we calculated the changes in 

the iris concavity and iris chord length (Figure 6.3a).  The measurement of the iris 

concavity and iris chord length was previously discussed in section 4.3.4.  While iris 

concavity is an easy measurement to make and provides the necessary basis for 

comparing two iris contours, it suffers from some significant drawbacks.  Because the 

measurement has units of length, it is dependent on accurate conversion from pixels to 



 

distance, which is not necessarily trivial, especially when images obtained by different 

modalities (e.g., OCT vs. ultrasound) are to be compared. 

that images of the same shape but different size yield different measures (Figure

and 6.4c).  Finally, because only the length of the perpendicular is considered, contours 

of different curvature can still generate the same concavity

A natural alternative would be the mathematical definition of curvature, namely

the inverse of the radius of the circle passing through three points along the contour. 

This definition would eliminate some of the problems, but it remains a scale

measurement (units of inverse distance). 

the perpendicular length (defining the concavity in current methods) to the chord 

length.  This ratio, which we define as the 

thus holds no bias for large vs. small iris size. 

ratio can be calculated directly from the image without calibration of the pixel size.

Figure 6.4 Curves (a) and (b) have the same concavity even though (b) is clearly of more 

pronounced curvatur

smaller, resulting in a lower concavity for curves of comparable curvature. The ratio of 

concavity to chord length for (a) and (c) is 0.27, and for (c) it is 0.44.
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stance, which is not necessarily trivial, especially when images obtained by different 

modalities (e.g., OCT vs. ultrasound) are to be compared.  An additional consequence is 

that images of the same shape but different size yield different measures (Figure

Finally, because only the length of the perpendicular is considered, contours 

of different curvature can still generate the same concavity (Figure 6.4a 6.4b

A natural alternative would be the mathematical definition of curvature, namely

the inverse of the radius of the circle passing through three points along the contour. 

This definition would eliminate some of the problems, but it remains a scale

measurement (units of inverse distance).  We propose that the best choice is th

the perpendicular length (defining the concavity in current methods) to the chord 

This ratio, which we define as the concavity ratio, is independent of scale and 

thus holds no bias for large vs. small iris size.  An additional benefit is that the 

can be calculated directly from the image without calibration of the pixel size.

Curves (a) and (b) have the same concavity even though (b) is clearly of more 

pronounced curvature. Curves (a) and (c) are of identical shape except that (c) is 

smaller, resulting in a lower concavity for curves of comparable curvature. The ratio of 

concavity to chord length for (a) and (c) is 0.27, and for (c) it is 0.44.

stance, which is not necessarily trivial, especially when images obtained by different 

An additional consequence is 

that images of the same shape but different size yield different measures (Figure 6.4a 

Finally, because only the length of the perpendicular is considered, contours 

6.4a 6.4b). 

A natural alternative would be the mathematical definition of curvature, namely 

the inverse of the radius of the circle passing through three points along the contour.  

This definition would eliminate some of the problems, but it remains a scale-dependent 

We propose that the best choice is the ratio of 

the perpendicular length (defining the concavity in current methods) to the chord 

, is independent of scale and 

s that the concavity 

can be calculated directly from the image without calibration of the pixel size. 

 

Curves (a) and (b) have the same concavity even though (b) is clearly of more 

e. Curves (a) and (c) are of identical shape except that (c) is 

smaller, resulting in a lower concavity for curves of comparable curvature. The ratio of 

concavity to chord length for (a) and (c) is 0.27, and for (c) it is 0.44. 



 

Figure 5.5 OCT image of the iris before and after dilation (details in text). (a) When the 

pupil is constricted, the iris is bowed slight to the a

the iris becomes more sharply curved, but the concavity changes very little since the 

main change is in the chord length. The ratio of concavity to chord length, however, 

increases by 30%

An example of the proposed measure is given in Figure 

images of a 56-yr-old man who had received a peripheral laser iridotomy for a narrow 

angle.  The image taken in the dark (Figure 

measures roughly the same concavity (15.4 vs. 15.0 pixels, a difference of 3%). 

the concavity ratio is calculated by taking the ratio of concavity to chord length, the 

difference in shape emerges, with a concavity ratio

for Figure 6.5b, a difference of 30%.

Since our experiment

measurement of iris concavity 

data as discussed in the nex

displacement, then the iris concavity would be the appropriate measurement
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OCT image of the iris before and after dilation (details in text). (a) When the 

pupil is constricted, the iris is bowed slight to the anterior. (b) When the pupil is dilated, 

the iris becomes more sharply curved, but the concavity changes very little since the 

main change is in the chord length. The ratio of concavity to chord length, however, 

increases by 30% (images from R. Ritch, New York Eye and Ear Infirmary).

n example of the proposed measure is given in Figure 6.5, which shows OCT 

old man who had received a peripheral laser iridotomy for a narrow 

The image taken in the dark (Figure 6.5b) shows a more sharply curved iris but 

measures roughly the same concavity (15.4 vs. 15.0 pixels, a difference of 3%). 

is calculated by taking the ratio of concavity to chord length, the 

rence in shape emerges, with a concavity ratio of 0.063 for Figure 

b, a difference of 30%.   

Since our experiments were performed on the irides before and after dilation, 

measurement of iris concavity ratio was beneficial to better analyze our experimental 

data as discussed in the next section.  In general, if one’s intent were to quantify 

displacement, then the iris concavity would be the appropriate measurement

 

OCT image of the iris before and after dilation (details in text). (a) When the 

nterior. (b) When the pupil is dilated, 

the iris becomes more sharply curved, but the concavity changes very little since the 

main change is in the chord length. The ratio of concavity to chord length, however, 

ork Eye and Ear Infirmary). 

, which shows OCT 

old man who had received a peripheral laser iridotomy for a narrow 

ly curved iris but 

measures roughly the same concavity (15.4 vs. 15.0 pixels, a difference of 3%).  When 

is calculated by taking the ratio of concavity to chord length, the 

r Figure 6.5a and 0.082 

were performed on the irides before and after dilation, 

was beneficial to better analyze our experimental 

f one’s intent were to quantify 

displacement, then the iris concavity would be the appropriate measurement.  If, 



 

however, one’s intent is to quantify changes in shape, then a scale

measure of shape, such as the 

Figure 6.6 Images taken (a) before and (b) after adding 

40 µL of 1% tropicamide

side of the iris using a digital camera (left) and the 

OCT imaging system (right) the pupil diameter (showed with arrows) have increased 

 

138 

however, one’s intent is to quantify changes in shape, then a scale

measure of shape, such as the concavity ratio, should be used. 

Figure 6.6 Images taken (a) before and (b) after adding 40 µL of 2.5% phenylephrine and 

of 1% tropicamide to the bath solution showed that in both imaging the anterior 

side of the iris using a digital camera (left) and the cross sectional area of the iris using 

OCT imaging system (right) the pupil diameter (showed with arrows) have increased 

following the addition of the drugs. 

 

however, one’s intent is to quantify changes in shape, then a scale-independent 

 

of 2.5% phenylephrine and 

to the bath solution showed that in both imaging the anterior 

cross sectional area of the iris using 

OCT imaging system (right) the pupil diameter (showed with arrows) have increased 
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6.4. Results 

Figure 6.6 shows a typical iris before (Figure 6.6a) and after (Figure 6.6b) the 

drugs were added to the bath.  The pupil diameter was clearly increased in this 

experiment (as shown with arrows both in top view and OCT cross-sectional view) 

indicating the activation of dilator muscle and possibly the relaxation of the sphincter 

muscle.  As shown in Figure 6.7, pupil diameter increased from 2.82 ± 0.1607  mm 

(mean ± 95 % CI, n = 30) to 3.72± 0.210 mm (p < 0.001) following addition of the 40 µL 

of 2.5% phenylephrine and 40  µL of 1% tropicamide to the bath solution.   

 

Figure 6.7 Pupil diameter before and after stimulation. The diameter was significantly 

increased (p <0.001 for two-sided paired t-test) indicating the activation of the dilator 

muscle (bars are 95% confidence interval, n = 30). 



 

Iris concavity (Figure 6.8a)

= 30) to 0.1856 ± 0.0129

from 2.68 ± 0.21 mm (mean ± 95 % CI, n = 

following activation of the dilator muscle.  As shown in Figur

ratio increased from 0.126 

=0.0036) following the addition of the drugs to the bath.

Figure 6.8 (a) Iris concavity 

chord length decreased significantly

concavity ratio was more significant (
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(Figure 6.8a) increased from 0.176 ± 0.072 mm (mean ± 95 % CI, n 

0.0129 mm (p = 0.4966) and iris chord length (Figure 6.8b)

mm (mean ± 95 % CI, n = 30) to 1.1697 ± 0 .0703 

following activation of the dilator muscle.  As shown in Figure 6.8c, the iris concavity 

0.126 ± 0.013 mm (mean ± 95 % CI, n = 30) to 0.17 

) following the addition of the drugs to the bath. 

ris concavity did not change significantly (p= 0.043) after dilation

decreased significantly after dilation (p<0.001).  The change in (c)

more significant (p= 0.004) than iris concavity (bars are 95% 

confidence interval, n = 25). 

mm (mean ± 95 % CI, n 

(Figure 6.8b) decreased 

 mm (p < 0.001) 

e 6.8c, the iris concavity 

0.17 ± 0.008 mm (p 

 

) after dilation. (b) Iris 

The change in (c) iris 

(bars are 95% 



 

Figure 6.9 Iris chord length and concavity before (left) and after (right) dilation in (a) a typical experiment, (b) a realistic model of the 

iris with the dilator muscle in the posterior, (c) an artificial model in which the dilator was positioned anteriorly, and (d) an artificial 

model in which t
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before (left) and after (right) dilation in (a) a typical experiment, (b) a realistic model of the 

(c) an artificial model in which the dilator was positioned anteriorly, and (d) an artificial 

model in which the dilator was thickened.   

 

before (left) and after (right) dilation in (a) a typical experiment, (b) a realistic model of the 

(c) an artificial model in which the dilator was positioned anteriorly, and (d) an artificial 
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Figure 6.10 Iris concavity ratio before and after dilation in a typical experiment and 

three models based on the geometry of the experiment (shown in Figure 6.9).  In the 

realistic model, the iris concavity was similar to that of the experiment.  Anteriorly 

positioning or thickening of the dilator muscle in the artificial models led to a predicted 

concavity inconsistent with the experimental data. 

Figure 6.9 shows the iris deformation following dilation in a typical in vitro 

experiment compared with the three in silico scenarios created based on the non-

deformed geometry of the experimental case.  Both in the experiment (Figure 6.9a) and 

the realistic model, in which the dilator muscle is positioned on the posterior side of the 

iris (Figure 6.9b), the iris concavity increased and the iris chord length decreased.  The 

artificial models, however, were not able to predict the experimental results correctly.  

Positioning the dilator anteriorly on the iris muscle led to a smaller increase in the iris 

concavity following dilation (Figure 6.9c).  Simulating the whole thickness of the iris as 

the active muscle led to a decrease in the iris concavity.  Based on the simulation results 

(Figure 6.10), the realistic model was the only one that predicted the iris concavity 

following dilation consistent with the experimental results.  
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6.5.  Discussion 

The most important conclusion of this study was that the posterior location of 

the dilator can cause anterior bowing of the iris during dilation even in the absence of 

aqueous humor flow.  We suggest that in patients with peripheral laser iridotomy, for 

whom the aqueous humor pressure is equalized between the anterior and posterior 

chambers, the location of the dilator muscle on the iris causes anterior bowing of the iris 

following dilation. 

In regards to the quantitative methods of iris concavity measurements, our in 

vitro experimental results along with clinical data showed that iris concavity ratio was a 

better measurement of the iris shape change following dilation.  In addition, iris 

concavity ratio, due to its scale-independence, is a more convenient way of comparing 

data measured in different imaging modalities (e.g. OCT vs. UBM) and does not require 

the pixel-to-distance ratio.   

In our experimental study, we isolated the irides and pinned them in Petri 

dishes.  In choosing such methodology, our intention was to create an equal pressure on 

the anterior and posterior surfaces of the iris in the bath and eliminate the effect of 

aqueous humor pressure difference (present in vivo).  Pinning the iris at two opposite 

sites is neither an axisymmetric nor a physiologically realistic boundary condition.  To 

create an axisymmetric boundary, we conducted experiments using non-pinned floating 

irides which led to rigid body movement of the irides and failure of imaging system.  

Consequently, we had to pin the irides to eliminate their rigid body movements.  Our 
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axisymmetric computational model, however, showed that in both cases of free floating 

iris and fixed root iris, following dilation, iris bowed anteriorly.  

 

Figure 6.11 Iris concavity of patients with peripheral laser iridotomy in the light and dark 

(bars are 95% confidence interval, n = 11). 
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6.6. Appendix- In Vivo Experiments 

(The in vivo experimental studies were performed by our collaborators T.S. Prata and S. Dorairaj 

at New York Eye and Ear Infirmary and were not part of the work done at the University of 

Minnesota.  This work is presented here only for its relevance to the Chapter) 

6.6.1. Methodology 

Patients diagnosed with anatomically narrow angles were imaged with Slit Lamp 

Optical Coherence Tomography (SLOCT) in light and dark conditions. All included 

patients had undergone laser iridotomy.  SLOCT has an optical axial image resolution 

<25µm and lateral resolution of 20–100 µm (Heidelberg Engineering, GmbH, 

Dossenheim, Germany).  Initially, a total of 5 high-quality cross-sectional images were 

taken from each patient in dark conditions in the sitting posture. Subsequently, images 

were acquired under standardized lighting conditions (300 lux), using a 5 x 1mm light 

beam set at the maximum intensity of the device. Patients were instructed to blink 

normally and to fixate with the non-imaged eye on a target 1 meter from the device to 

reduce accommodation. All images were taken horizontally through the center of the 

pupil to avoid interference from the lid margins, and iris crypts were avoided whenever 

possible.  Quality control parameters were defined as a well-centered image, clearly 

defined scleral spur, and absence of artifacts.  Patients diagnosed with exfoliation 

syndrome, uveitis, pigmentary glaucoma, and with previous intraocular surgery were 

excluded.  Patients who were on a systemic alpha 1-adrenergic receptor antagonists 

(such as Flomax) or on topical medications that are known to alter the iris configuration 
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were not included. Whenever both eyes were eligible, one randomly selected eye was 

included in the analysis.    

Images were subsequently analyzed using the ImageJ [186].  Chord length and 

iris concavity were calculated as described previously, as was the concavity ration as 

described in section 6.3.3.  Results were compared using a two-sided paired t-test with 

equal variance. 

6.6.2. Results 

All of the parameter measured changed following dilation.  In particular, pupil 

diameter was increased from 141.38 ± 10.7 pixels in light (mean ± 95 % CI, n = 11) to 

237.2 ± 24.0 pixel in dark (p < 0.001).  Iris chord length decreased from 245.6 ± 16.3 

pixels in light (mean ± 95 % CI, n = 11) to 194.9 ± 12.7 pixel in dark (p < 0.001), and iris 

concavity changed from 6.8 ± 3.5 pixels in light (mean ± 95 % CI, n = 11) to 8.5 ± 4.0 

pixel in dark (p =0.19).  As shown in Figure 6.11, iris concavity ratio was increased from 

0.029 ± 0.013 in light (mean ± 95 % CI, n = 11) to 0.045 ± 0.020 in dark (p =0.032). 



 147 

Chapter 7: Conclusions and Future Work 

 

 

7.1. Conclusion 

This thesis presents computational studies of the eye at three different levels: 

ocular globe, anterior segment, and the iris along with the experimental studies on the 

detailed structure of the iris.  Our main focus in these studies was the mechanics of the 

iris in relation to the physiology and pathophysiology of the eye.  The iris shape and 

configuration play key roles in open angle glaucoma and angle-closure glaucoma.  In this 

work, we showed that the iris configuration could be affected by deformation of the 

ocular globe, hydrodynamics of the aqueous humor, and activity of the iris muscles.   

In the study of whole ocular globe deformation, we found that the limbus, due 

to its mechanical anisotropy, plays an important role in the biomechanics of the eye.  

Although we used a simple isotropic linear elastic model for the cornea, sclera, and iris 

and an anisotropic linear elastic model for the limbus, we were able to predict the 

results of numerous clinical and experimental observations.  Our simulation showed 

that deformation of the ocular globe due to corneoscleral indentation may lead to 

changes in the anterior chamber angle and iris root rotation.   

Our anterior segment fluid-structure interaction studies showed that a short-

term phenomenon such as pushing an indenter against the corneal surface and 

removing the indenter in a few milliseconds may lead to a much longer change in the iris 
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contour.  Our model showed that due the onset of reverse pupillary block, the aqueous-

humor-iris system reached its pre-indentation steady-state long after removal of the 

indenter.  We subsequently showed that the long recovery (~ min) from iris root 

rotation combined with frequent changes (every 2-4 seconds) in the in the iris root due 

blinking, might explain why the iris drifts forward when blinking is prevented.  In 

particular, we showed that with each blink, the iris was positioned more posteriorly and 

since the time for the recovery was longer than the blinking frequency, the iris never 

fully recovered.  We suggest that prevention of blinking allows the iris to completely 

recover and drifts forward. 

While we modeled the iris as a passive rubber-like material in both whole-globe 

and anterior segment models, our study of pupil dilation showed that the constituent 

smooth muscles of the iris were important in its mechanical deformation.  In particular, 

our combined experimental and computational studies showed that, even in the 

absence of the aqueous humor pressure, the iris would bow anteriorly following dilation 

due to the position of the thin layer of active dilator muscle on the posterior iris. 

While not directly concerned with iris biomechanics, we were also able to 

employ our ocular globe model in predicting IOP increases in presence of intraocular gas 

bubbles following an altitude increase.  Based on our model outcomes, the adaptive 

change of the aqueous humor volume helped mitigate the potential fluctuation in IOP of 

an eye partially filled with gas when changing altitude.  We showed that certain 

medications could amplify this effect by increasing the aqueous humor outflow facility 
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or decreasing the aqueous humor inflow rate.  Our model predicted that in both cases, 

the maximum IOP after ascending to high altitude would decrease.  Therefore, they may 

be beneficial by eliminating patients discomfort and minimizing future glaucoma-related 

risks.  The major potential disadvantage is that after rapid return to low altitude, the 

eyes may become hypotonic. 

7.2. Future Work 

As discussed in Chapter 6, detailed structure of the iris is important in physiology 

and pathophysiology of the eye.  Whitcomb et al. [37] have experimentally shown that 

the mechanical properties of the iris depend on the activation of different iris 

constituting muscles.  In addition, in our recent studies (discussed in Appendix A and 

Ref. [182]) we showed that local mechanical properties of the iris are different on the 

anterior and posterior surfaces, indicating a mechanical difference among the iris 

constituting tissues.  Finally, recent experimental studies [35,36] have shown that the 

iris volume changes following dilation proving that the iris is, in fact, not completely 

incompressible.   

In our current models, we treated the iris as a rubber-like incompressible (or 

nearly incompressible) material.  Modifying the mechanical models of the iris using 

more realistic parameters of iris tissues would be beneficial to better understand the 

pathophysiology of the eye.  Quigley et al. [35], for example, have showed that changes 

in the iris volume due to dilation could serve as an identifying angle-closure glaucoma 

risk factor.  Our modeling system of the anterior segment can be modified by employing 
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more complex models of the iris, accounting for the incompressibility of the tissue.  

Such models can be used to study the mechanism by which the iris mechanical 

properties would be related to glaucoma risk factors.  
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Appendix A – Computational simulation of the iris indentation

(Experiments presented in this section were done in

Indentation of the iris has been used as a method to illustrate locally different 

mechanical properties of the tissue 

indentation experiment.  As shown in this figure, the load

steeper when the posterior surface is indented (red circles) in comparison to anterior 

surface indentation (blue square).  The results, at least intuitively, suggest that the i

stiffer on the posterior side.  

It has been established 

yields different results depending on the arrangement of the layers.  The complexity of 

the iris precludes a detailed model, but we can use a simple model to examine the role 

of the different components and examine the interactions among them. 

Figure A.1 Typical load-

anterior (square) and 
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Computational simulation of the iris indentation

(Experiments presented in this section were done independently by Julie E Whitcomb.)

Indentation of the iris has been used as a method to illustrate locally different 

mechanical properties of the tissue [182].  Figure A.1 shows results of a typical iris nano

ation experiment.  As shown in this figure, the load-displacement curve is much 

steeper when the posterior surface is indented (red circles) in comparison to anterior 

surface indentation (blue square).  The results, at least intuitively, suggest that the i

stiffer on the posterior side.   

It has been established [193] that the indentation of multilayered structures 

yields different results depending on the arrangement of the layers.  The complexity of 

ecludes a detailed model, but we can use a simple model to examine the role 

of the different components and examine the interactions among them. 
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Figure A.2 (a) A cartoon cross section of the iris divided into anterior and posterior 

sections, which then was simplified into a (b) bilayer model. The dimensions used for 

the thickness were an experimental pair of indentat

posterior (hP) surfaces. These values were halved and then summed, h = (h/2)

to create the respective thickness of the bilayer model, h = 692 

a 3.50 mm diameter and the indenter tip a 1 mm 

The detailed structure and complex shape of the iris were idealized using 

ABAQUS (SIMULIA, Providence, RI) into a two

shown in Figure A.2. The slab consi

and a posterior layer (representing the dilator, the pigment epithelium, and any portion 

of the sphincter deformed by the indentation).  The sample height (h) was specified as 

typical experimental thickne

Both layers were assumed to be linear elastic and incompressible, and the axisymmetric 

indentation experiment was simulated by applying a displacement to obtain the load 
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Figure A.2 (a) A cartoon cross section of the iris divided into anterior and posterior 

sections, which then was simplified into a (b) bilayer model. The dimensions used for 

the thickness were an experimental pair of indentations for the anterior (h

) surfaces. These values were halved and then summed, h = (h/2)

to create the respective thickness of the bilayer model, h = 692 µm. The iris section had 

a 3.50 mm diameter and the indenter tip a 1 mm diameter, which was displaced at the 

center of the section. 

The detailed structure and complex shape of the iris were idealized using 

ABAQUS (SIMULIA, Providence, RI) into a two-layer 3.5-mm diameter cylindrical slab, as 

shown in Figure A.2. The slab consisted of an anterior layer (representing the stroma) 

and a posterior layer (representing the dilator, the pigment epithelium, and any portion 

of the sphincter deformed by the indentation).  The sample height (h) was specified as 

typical experimental thickness values for paired anterior and posterior indentation tests. 

Both layers were assumed to be linear elastic and incompressible, and the axisymmetric 

indentation experiment was simulated by applying a displacement to obtain the load 

 

Figure A.2 (a) A cartoon cross section of the iris divided into anterior and posterior 

sections, which then was simplified into a (b) bilayer model. The dimensions used for 

ions for the anterior (hA) and 

) surfaces. These values were halved and then summed, h = (h/2)A + (h/2)P, 

. The iris section had 

diameter, which was displaced at the 

The detailed structure and complex shape of the iris were idealized using 

mm diameter cylindrical slab, as 

sted of an anterior layer (representing the stroma) 

and a posterior layer (representing the dilator, the pigment epithelium, and any portion 

of the sphincter deformed by the indentation).  The sample height (h) was specified as 

ss values for paired anterior and posterior indentation tests. 

Both layers were assumed to be linear elastic and incompressible, and the axisymmetric 

indentation experiment was simulated by applying a displacement to obtain the load 



 

values found experiment

slab (Figure A.2b).  

Figure A.3 Simplified bilayer model results. Displacement (a,b) and von Mises stress (c,d) 

fields showed marked differences between the anterior (a,c) and posterior (b,

simulated indentations. A displacement of 60 

expected the posterior moduli values were significantly higher than that of the anterior. 

The scale for displacement (U) is 
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values found experimentally (Figure A.1) in a region 1 mm diameter in the center of the 

Figure A.3 Simplified bilayer model results. Displacement (a,b) and von Mises stress (c,d) 

fields showed marked differences between the anterior (a,c) and posterior (b,

simulated indentations. A displacement of 60 µm was imposed for both surfaces and as 

expected the posterior moduli values were significantly higher than that of the anterior. 

The scale for displacement (U) is µm and the von Mises stress (S) is MPa.
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Figure A.3 Simplified bilayer model results. Displacement (a,b) and von Mises stress (c,d) 

fields showed marked differences between the anterior (a,c) and posterior (b,d) 

was imposed for both surfaces and as 

expected the posterior moduli values were significantly higher than that of the anterior. 

and the von Mises stress (S) is MPa. 
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This geometry is obviously an extreme simplification of the true iris, but it 

provides a model problem to explore the anterior-posterior asymmetry and illustrate 

the importance of indenter location. Indentation was simulated to a depth of 80 �[. 

The simulated indentation was performed on both surfaces, and the moduli of the 

anterior and posterior layers were modified to best match the experimentally calculated 

E values.  As expected, it was found that the posterior modulus had to be significantly 

higher than the anterior modulus, 14.18 kPa vs. 1.87 kPa (Figure A.3).  The effect of this 

difference is seen clearly in Figure A.4.  

When the anterior surface is indented, the more compliant anterior layer 

experiences much more strain, and the posterior layer is largely undeformed. The result 

is a relatively low stress, but the support of the posterior layer amplifies the effect of the 

indenter on the anterior layer, producing an effective modulus that is higher than that 

of pure anterior layer. When the posterior layer is indented, the compliant anterior 

layer is compressed, reducing the effective modulus to a value below that of the 

posterior layer. As a result, the asymmetry in the measured effective modulus is less 

pronounced than the true material asymmetry, with a 2:1 ratio in effective modulus 

corresponding to a 7.6:1 ratio in the material moduli for the layers.  

This result is merely illustrative and does not account for many factors in the real 

system, but it emphasizes the mechanical heterogeneity of the iris. 
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Appendix B – Mechanical Properties of the Porcine Lens Capsule 

(This work was part of the paper “Elasticity of the Porcine Lens Capsule as Measured by Osmotic 

Swelling” by T.A. Powell, R. Amini, A. Oltean, V.A. Barnett, K.D. Dorfman, Y. Segal, and V.H. 

Barocas, J. Biomech. Eng., In Press) 

(The error analysis of the experimental data presented in this section was performed 

independently by Tracy A Powell.) 

Appendix B.1. Summary 

The purpose of this study was to assess mechanical properties of the porcine 

lens capsule by using optical tracking of passive osmotic swelling.  A simple model was 

developed accounting for the permeability of the lens fiber cells and capsule to water, 

the concentration of fixed charges in the fiber cells, and the capsule’s resistance to the 

swelling of fiber cells.  Fitting the model solution to experimental data provided an 

estimate of the elastic modulus of the lens capsule under the assumption of linear 

isotropic elasticity.  

The calculated elastic modulus at a fixed charge density of 20 mol∙m-3 was 

2.0±0.5 MPa (mean ± 95% confidence interval; n=15) for 0.1% saline solution, 0.64±0.3 

MPa (n=10) for 0.2% saline solution, and 0.28±0.5 MPa (n=6) for 0.5% saline solution.  

These values are comparable to previously reported moduli of elasticity for the porcine 

lens capsule at small strains (<10%), and the slight increase with hypotonicity is 

consistent with the nonlinear mechanical behavior of the lens capsule.  Although limited 

by being a single measurement on a heterogeneous tissue, osmotic swelling provides a 

quantitative assessment of the stiffness of the lens capsule without requiring dissection 
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or manipulation of the lens.  Thus, the new method could be useful for small animal 

models 

Appendix B.2. Introduction 

Basement membranes are planar extracellular matrices that are ubiquitous 

within tissues and serve roles in the organization, support, and regulation of resident 

cell populations.  The capsule surrounding the lens of the eye is experimentally 

accessible accounting for its wide use as a model in studies of basement membrane 

biochemistry, structure, permeability and mechanics [194-198].  The lens capsule is 

itself a mechanical element regulating lens shape and a permeability barrier serving 

integrated mechanisms of ion and water transport [47,199,200].  Changes in the lens 

capsule have been implicated in pathological conditions including cataracts and 

morphologic abnormalities in genetic disorders of basement membranes [201-205]. 

The mechanical properties of basement membranes arise from their detailed 

molecular structures.  While highly diverse, basement membranes are formed from a 

palette of constituents that includes interwoven networks of type IV collagen and 

laminin, in which are embedded additional specialized components [206-209].  Indeed, 

growing knowledge of genetic disorders of basement membranes, coupled with genetic 

mouse models, affords new opportunities to relate the mechanical properties of 

basement membranes including the lens capsule to their molecular constituents. 
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Our long-term goal is to use mechanical behavior to provide insight into the 

organization of different basement membranes by exploring how they are affected by 

the loss of one or more constituent proteins.  The purpose of this work was to evaluate 

a testing method that utilizes osmotic pressure as a driving force to measure the 

elasticity of the porcine lens capsule.  The elasticity for the porcine model has been 

determined through conventional mechanical techniques (summarized in Table 1.1), 

giving our model a basis for validity.  Unlike previously employed methods of 

determining the elasticity of the lens capsule [48,210-212], osmotic swelling involves 

minimal manipulation of the lens, which is desirable when using smaller animal models, 

such as the mouse. 

Osmotic swelling has been used to measure mechanical and transport properties 

of cellular and subcellular membranes in animals and plants.  For example, Mela [213], 

used a steady-state osmotically induced swelling model to measure the elasticity of the 

cellular and mitochondrial membranes of the eggs of sea urchin.  Mlekoday et al. [214] 

measured the permeability coefficient of human red cells by employing transient 

osmotically induced swelling models, neglecting the mechanical contribution of the cell 

membrane.  Osmotic swelling and osmotic bucking tests, along with atomic force 

microscopy (AFM) were also used to measure the mechanical properties of the 

nanoengineered microstructures [215]. In plant cells, osmotic swelling has been used to 

study the mechanics of the cell both in presence [216] and absence [217] of the cell 

walls.  Similar to our model for the lens capsule, plant models have been developed that 
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use osmotic pressure as the expansive force and mechanical pressure of the cell wall as 

the resistive force to cellular swelling [218,219].  

Osmotic swelling of the isolated lens is also well established [201,220-222], 

primarily as a tool to explore lens physiology.  The potential has been established for 

osmotic swelling as a tool to explore lens capsule stiffness [201]; however, there has 

been no previous osmotic-based determination of the lens capsule modulus of 

elasticity. 
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Figure B.1 Schematic of the experimental setup with (1) a fiber optic light source, (2) a 

dissection microscope, (3) a USB connection to the computer (not shown), (4) a digital 

camera, (5) a box to eliminate the ambient light, and (6) a Petri dish containing the 

specimen 

 

Appendix B.3. Methodology 

Appendix B.3.1. Experimental system 

Porcine lenses were dissected from euthanized animals 1 to 8 hours post 

mortem (Visible Heart Laboratory and Experimental Surgical Services at the University of 

Minnesota) and transferred anterior side-down to a closed chamber containing 0.1%, 



 

0.2%, or 0.5% (w/v) NaCl and no energy source.  

experimental set up.  Lenses thus subjected to osmotic challenge were digitally imaged 

every 5 to 10 minutes for 10 hours.  Lens diameter was determined as the maximum 

distance between two points on the perimeter using MATLAB routines (

lens volume calculated assuming spherical geometry.

The pixel to metric conversion was achieved usi

taken under the experimental microscope setting for each data set.  This picture was not

obtained in some early experiments, so the initial lens radius for those cases (n=5) was 

taken to be 4600 m, the average of those

corrected.  A sensitivity study on the initial radius showed that r=4500 

yielded less than 3% difference in the fitted parameters.

Figure B.2 Image of a lens (a) captured from camera during experi

binomial conversion in MATLAB.  Arrow indicates points from which the diameter was 

calculated, depicted as small circles.  The radius is 4.66 mm.  
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lens volume calculated assuming spherical geometry. 

The pixel to metric conversion was achieved using a picture of a calibrated circle 

taken under the experimental microscope setting for each data set.  This picture was not

obtained in some early experiments, so the initial lens radius for those cases (n=5) was 

m, the average of those measured (n=26) after the methodology was 

corrected.  A sensitivity study on the initial radius showed that r=4500 

yielded less than 3% difference in the fitted parameters. 

Figure B.2 Image of a lens (a) captured from camera during experiment and (b) after 

binomial conversion in MATLAB.  Arrow indicates points from which the diameter was 

calculated, depicted as small circles.  The radius is 4.66 mm.  

Figure B.1 shows the schematic of the 

Lenses thus subjected to osmotic challenge were digitally imaged 

to 10 minutes for 10 hours.  Lens diameter was determined as the maximum 

distance between two points on the perimeter using MATLAB routines (Figure B.2) and 

ng a picture of a calibrated circle 

taken under the experimental microscope setting for each data set.  This picture was not 

obtained in some early experiments, so the initial lens radius for those cases (n=5) was 

measured (n=26) after the methodology was 

corrected.  A sensitivity study on the initial radius showed that r=4500 µm or 4700 µm  

 

ment and (b) after 

binomial conversion in MATLAB.  Arrow indicates points from which the diameter was 

calculated, depicted as small circles.  The radius is 4.66 mm.   
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Appendix B.3.2. Mathematical model 

The lens capsule surrounds the cellular lens, which has three regions (Figure 

B.3a): a central nucleus of mature fibers, surrounded by a cortex of differentiating 

fibers, which are separated from the lens capsule by epithelial cells along the anterior 

surface [223].  Water accumulation has been shown to occur in the epithelial and 

underlying lens fiber regions when placed in hypotonic solutions [221,224].  A water 

front is created as the lens swells radially inward in layers; each layer appears to reach a 

fully swollen state before the next layer of fibers begins to swell [224].  This is expected, 

as the permeability to water molecules should increase significantly as the water 

content within the tissue increases.  The water front in the lens capsule is similar to the 

immobilizing reaction modeled by Crank [225], and mathematical models have been 

constructed to determine the advancement of other naturally occurring fronts 

[226,227]. 

In our model, we consider passive transport only, neglecting the lens epithelial 

cells and dividing the lens fibers into two distinct regions.  The mushy zone arises by 

osmotic swelling from the outer portion of the lens and is comprised of the swollen 

fibers (Figures B2.b and B2.c).  The core represents the remaining inner portion of the 

cellular lens that has not been reached by the water front.  



 

Figure B.3 (a) Anatomy of ocular lens. (b) Model schematic of ocular lens before 

placement in hypotonic solution and (c) after some time in hypotonic solution.  The 

subscripts c and o refer to the core of the lens and the outside bath, respectively.  

Initially the lens is not swollen and a mushy zone does not exist.  After placement in 

hypotonic solution, water penetrates the lens capsule and the lens fibers swell in layers.  

The swollen fibers constitute the mushy zone, and the interface between the mushy 

zone and the core marks the water front.  The difference in osmolarity between the 

core and outside bath is the driving force for lens expansion, which is opposed by 

mechanical pressure from the stretched lens capsule
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Appendix B.3.2.1. Model features 

• The lens capsule is modeled as a thin, spherical shell of uniform thickness 

with linear elastic properties described by the mechanical theory of 

membranes [228] and water flux described by the Kedem-Katchalsky 

equation [229]. 

• The cellular lens is modeled as two regions: the mushy zone and the core.  

Water transport through the mushy zone is described empirically by 

Darcy’s law. 

• Without an energy source, transport through the lens is passive.  

Although multicellular, the mushy zone and core are each lumped and 

regarded as homogeneous. 

• Two forms of charged species are present in the system.  

Biomacromolecules (including, for example, crystallins) have a constant 

fixed charge density zc within the core [230] and exert a Donnan effect 

[231].   Small ions (e.g. Na+, Cl-) are represented as monovalent and freely 

permeate [232]. 

• The osmotic pressure difference between the mushy zone and the 

outside bath is balanced by the mechanical pressure exerted by the 

stretching lens capsule due to the presence of a distinct water front 

[224]. 
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• The osmotic pressure difference between the core and the outside bath 

drives water penetration and thus expansion of the mushy zone, which 

continues until the osmotic pressure is balanced by the mechanical 

pressure from the stretched lens capsule.   

• The bath concentration is constant, and unstirred layer effects are 

neglected. 

• A pressure gradient cannot be supported within the lens, resulting in an 

equilibrated hydrostatic pressure between the mushy zone and core: 

 �j��ÄÅ � �¼�V�        (B.1) 

Appendix B.3.2.2. Water flux from bath into the lens 

The osmotic pressure difference between the core and the bath is the driving 

force for water movement through the lens capsule and the mushy zone.  The lens 

increases in volume from the water influx until the osmotic pressure is balanced by the 

mechanical pressure exerted by the lens capsule.  The solvent flux ÆÇ is related to the 

spherical lens expansion: 

ÆÇ � l4 2+2� � 2V2�         (B.2) 

where � and a are the total volume and the surface area of the spherical lens, 

respectively.  The flux across the lens capsule and the mushy zone is specified by the 

Kedem–Katchalsky equation [229]:  
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ÆÇ � ÈÉ�∆Ê¼'� � ∆�¼'�	       (B.3) 

where ÈÉ is the total hydraulic conductivity of the system (mushy zone and capsule) and 

∆Ê¼'� and ∆�¼'� are the osmotic and hydrostatic pressure differences between the 

outside bath and the core, respectively.  

Appendix B.3.2.3. Hydraulic conductivity 

Water must cross both the lens capsule and the mushy zone to reach the core.  

As the mushy zone increases in thickness, further swelling occurs more slowly due to the 

increased travel distance required for water to reach the core.  Water moves through 

the lens capsule and the mushy zone in series, which results in the following expression 

for total hydraulic conductivity: 

ÈÉ � � lËÌ � V'VÍÎÏ �'l       (B.4) 

The hydraulic conductivity of the lens capsule, �s, is reported as velocity per unit 

pressure difference.  The Darcy hydraulic conductivity of the mushy zone, Èj is in 

velocity per unit pressure gradient and is one of the two parameters regressed by the 

experimental data.  The parameters � and �¼ are the radius of the lens and the radius of 

the core as functions of time. 
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Appendix B.3.2.4. Hydrostatic pressure difference between 

core and bath 

For a spherical isotropic, linear elastic shell with thickness � << radius �, the 

pressure difference across the shell is given by [228]: 

∆�¼'� � )ÐÄÑV�l'Ò	        (B.5) 

where Ó is the modulus of elasticity of the lens capsule, the second parameter 

regressed by the experimental data; � is the thickness of the lens capsule, obtained 

from literature [46]; � is the radius of the lens in time, obtained from experimental data; 

and Ô is Poisson’s ratio of the lens capsule, obtained from literature [42,48].  The 

circumferential strain Õ can be written in terms of � and the initial radius ��, obtained 

from experimental data: 

Õ � )ÖV')ÖV-)ÖV- � VV- � 1       (B.6) 

Substituting equation (B.6) into equation (B.5) gives 

∆�¼'� � )ÐÄV-�l'Ò	 /1 � V-V 0       (B.7) 
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Appendix B.3.2.5. Osmotic pressure difference between 

core and bath 

The osmotic pressure difference between the core and the outside bath is 

modeled based on the assumption of a uniform, monovalent charge distribution within 

the core.  As previously stated, two types of ions are present in the system: one group is 

the fixed charges with a charge density of �ª, and the second group is the free ions.  

Free ions are lumped into a representative positive ion :×SØ and a representative 

negative ion :Ù'Ø, both monovalent (Figure B.3c). The subscripts ª and Ú refer to the 

core of the lens and the outside bath, respectively.  Considering the fixed charges to be 

negative [39,230], electroneutrality inside the lens requires that the free charges 

equilibrate with the fixed charges in the lens fiber cells [231]: 

:×SØ¼ � :Ù'Ø¼ � �ª        (B.8) 

Compared to the solvent, the free charges are assumed to transport quickly 

enough that the Donnan equilibrium [217] is achieved instantaneously: 

:×SØ¼:Ù'Ø¼ � :×SØ�:Ù'Ø�       (B.9) 

Since the lens volume is approximately 100-fold smaller than the bath volume, 

the bath concentration of ions, [, is taken to remain unchanged during the course of 

experiment: 

:×SØ� � :Ù'Ø� � [        (B.10) 
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Equation (B.9) is then rewritten using equation (B.10): 

:Ù'Ø¼:×SØ¼ � [)        (B.11) 

Substituting equation (B.8) into equation (B.11) gives 

�:Ù'Ø¼ � �ª	:Ù'Ø¼ � [)       (B.12) 

or 

:Ù'Ø¼) � ��ª	:Ù'Ø¼ �[) � 0      (B.13) 

Solving Equation (B.13) for :Ù'Ø¼ gives 

:Ù'Ø¼ � 'X¼Û¨�X¼	�SÜj�)        (B.14) 

Concentration must be a positive real number, so the valid solution is:  

:Ù'Ø¼ � 'X¼S¨�X¼	�SÜj�)         (B.15) 

From equations (B.11) and (B.15) :×SØ¼ is calculated: 

:×SØ¼ � �ª � 'X¼S¨�X¼	�SÜj�) � X¼S¨�X¼	�SÜj�)     (B.16) 

The total concentration of the free charges in the core Ý¼ is the sum of the 

positive and negative free charges: 
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Ý¼ � :Ù'Ø¼ � :×SØ¼ � 2 ¨�X¼	�SÜj�) � 2Â�X¼	�Ü �[)  (B.17) 

Similarly, the concentration of the free charges in the hypotonic bath solution 

Ý�, with equation (B.9), gives 

Ý� � :×SØ� � :Ù'Ø� � 2[        (B.18) 

The difference in concentration between the core and the bath solution ∆Ý is 

∆Ý¼'� � Ý¼ � Ý�         (B.19) 

Substituting equations (B.18) and (B.17) into equation (B.19) gives: 

 

∆Ý¼'� � 2Â�X¼	�Ü �[) � 2[       (B.20) 

The osmotic pressure is calculated from the Van’t Hoff relation [233]: 

∆Ê � ©Þ∆Ý          (B.21) 

where R is the universal gas constant and T (=293 K) is the ambient temperature.  

Equation (B.21) is then rewritten using equation (B.20): 

∆Ê¼'� � 2©ÞßÂ�X¼	�Ü �[) �[à      (B.22) 
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Appendix B.3.2.6. Derivation of osmotic pressure difference 

between mushy zone and bath 

The fixed charges are associated with proteins and biomacromolecules 

(including, for example, crystallins) within the lens fiber cells that cannot cross the fiber 

cell membranes.  As the fractional volume of water in the lens fibers increases, the 

concentration of the fixed charges decreases.  The concentration of fixed charges in the 

mushy zone  �ªj�á	 can be related to the initial fixed charge density �ª, the change in 

volume of the mushy zone �j�á	, and the volume which the lens cells in the mushy zone 

occupied before they became swollen �j��á	 (Figure B3; volumes associated with 

corresponding radii).  Lens cells from the core are recruited to the mushy zone 

throughout swelling, which gives rise to the time dependence of the initial volume of 

the lens cells in the mushy zone �j��á	. 
The following values change with time: the volume of the core �¼�á	, the volume 

of the mushy zone �j�á	, the overall volume of the lens ��á	, and the volume which the 

lens cells in the mushy zone occupied before they became swollen �j��á	.  �� is the 

initial volume of the lens before swelling, which is obtained from experimental data 

assuming spherical geometry.  As more fibers are incorporated into the mushy zone 

from the core region, �j��á	 increases and �¼�á	 decreases.  By definition, the 

transformation of fibers from the core to the mushy zone requires an increase in water 
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content, which increases the volume of the lens ��á	.  The increase in volume occurs in 

the mushy zone, and thus �j�á	, increases.   

Choosing a specific point in time and assigning the total number of fixed charges 

within the mushy zone to â�á	: 
�ªj�á	 � ã��	�[�á	         (B.23) 

Considering the lens fibers within the mushy zone at this point in time, before 

swelling began, the same fibers had a charge density of: 

�ª � ã��	�[0�á	         (B.24) 

The number of charges has not changed within the specific zone because the 

number of lens fiber cells has not changed.  Combining equation (B.23) and (B.24) gives:  

X¼Ï��	X¼ � +Ï-��	+Ï��	         (B.25) 

or 

�ªj�á	 � �ª +Ï-��	+Ï��	         (B.26) 

From section B.3.2.5, the concentration of ions within the core is: 

Ý¼ � :Ù'Ø¼ � :×SØ¼ � 2 ¨�X¼	�SÜj�) � 2Â�X¼	�Ü �[)  (B.17) 
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The fixed charge density �ª in the core is the concentration before swelling, 

which is the in vivo concentration. The concentration of ions within the mushy zone is 

give by the following equation, where �ª§�á	 is used in place of �ª: 

Ýj � 2Â�X¼Ï��	��Ü �[)       (B.27) 

Incorporating equation (B.26) into equation (B.27) gives 

Ýj � 2Â/+Ï-��	+Ï��	 0) �X¼	�Ü �[)      (B.28) 

In combination with equation (B.18): 

Ýj'� � 2Â/+Ï-��	+Ï��	 0) �X¼	�Ü �[) � 2[     (B.29) 

From the Van’t Hoff relation (equation (B.21)), the osmotic pressure between 

the mushy zone and the bath is: 

∆Êj'� � 2©Þ ßÂ/+Ï-��	+Ï��	 0) �X¼	�Ü �[) �[à   (B.30) 

Using the assumption that the lens is spherical, the geometry of the system 

(Figure B.4) gives:  

�¼ � � � �j � �� � �j�       (B.31) 

�j� � �� � �¼        (B.32) 
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�j � � � �¼          (B.33) 

+Ï-+Ï � +-'+Í+'+Í          (B.34) 

Using the spherical relationship between volume and radius, equation (B.34) 

gives: 

+Ï-+Ï � V-ä'VÍäVä'VÍä         (B.35) 

Combining equations (B.30) and (B.35) gives 

∆Êj'� � 2©ÞÁå[) � lÜ /V-ä'VÍäVä'VÍä0) ��ª	) �[Ã    (B.36) 

Appendix B.3.2.7. Radius of core with time 

The change in core radius with time is needed for the computation of the total 

hydraulic conductivity.  The osmolarity of the mushy zone never reaches that of the 

outside bath concentration due to the resistance to expansion of the lens capsule.  The 

equilibrium of the hydrostatic and osmotic pressures between the mushy zone and the 

hypotonic solution gives:   

∆Êj'� � ∆�j'�         (B.37) 

Equation (B.1) can be incorporated into equation (B.7) to give the pressure 

difference between the bath and the mushy zone: 
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∆�j'� � )ÐÄV-�l'Ò	 /1 � V-V 0       (B.38) 

Using equations (B.38) and (B.36), we can rewrite equation (B.37):  

)ÐÄV-�l'Ò	 /1 � V-V 0 � 2©ÞÁå[) � lÜ /V-ä'VÍäVä'VÍä0) ��ª	) �[Ã  (B.39) 

Solving for the radius of the core, �¼ gives 

�¼ � ÂV-ä'æ�Ð,V,X¼	Väl'æ�Ð,V,X¼	ä
       (B.40) 

where  

æ�Ó, �, �ª	 � )X¼Âç ÐÄV-�l'Ò	®É /1 � V-V 0 � [è) �[)   (B.41) 

Appendix B.3.2.8. Governing equation of the system and 

numerical methods 

Substituting equations (B.2), (B.4), (B.7), (B.22), and (B.40) into equation (B.3) 

yields a single governing ODE: 

2V2� �
é
êë lËÌ � V' åì-ä{æ�í,ì,WÍ	ìä|{æ�í,ì,WÍ	ä

ÎÏ î
ïð
'l

ñ2©Þ ßÂ[) � lÜ ��ª	) �[à � )ÐÄV-�l'Ò	 /1 � V-V 0ò (B.42) 
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The numerical solution to equation (B.42) was obtained using the MATLAB 

ode23s routine [234]. The parameter values used in the modeling are listed in Table B.1.  

Recognizing that the thickness of the lens capsule is not uniform [235-237], we take an 

average thickness � of 58 µm determined for the anterior surface [46].  We investigate 

two values of the fixed charge density �ª-10 and 20 mM-determined in bovine lens 

[230].  The values of the elastic modulus, Ó, and Darcy conductivity of mushy zone, Èj, 

were chosen to minimize the sum of squared error between the simulated and 

experimental � vs. á data using a MATLAB fminsearch routine [238].  Peirce’s criterion 

[239] was used to evaluate the elastic modulus at each bath concentration. 
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Table B.1 Physical parameters used in the model 

Parameter Definition Value Unit Reference  

� Capsule thickness 58 �m [46] 

�. Capsule hydraulic conductivity 7.5 $10-11 m∙Pa-1∙s-1 [204] 

Ô Poisson’s ratio 0.47  [42,48] 

© Universal gas constant 8.314 m3∙Pa∙K-1∙mol-1 [240] 

Þ Ambient temperature 293 K  
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Figure B.4 Model volume definitions 

 

 



 

 

Figure B.5 Mathematical model (solid lines) fitted to the experimental data (symbol

lens expansion in (a) 0.1%, (b) 0.2%, and (c) 0.5% NaCl with the fixed charge density, 

set at 20 mol∙m-3.  Discrete steps in the experimental data were caused by the limit of 
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Figure B.5 Mathematical model (solid lines) fitted to the experimental data (symbol

lens expansion in (a) 0.1%, (b) 0.2%, and (c) 0.5% NaCl with the fixed charge density, 

.  Discrete steps in the experimental data were caused by the limit of 

measurement resolution. 

 

Figure B.5 Mathematical model (solid lines) fitted to the experimental data (symbols) for 

lens expansion in (a) 0.1%, (b) 0.2%, and (c) 0.5% NaCl with the fixed charge density, zc, 

.  Discrete steps in the experimental data were caused by the limit of 



 

Figure B.6 Sum of squared error (SSE) (a) pl

capsule, E, and (b) plotted vs. 

trough lies along the line E= K

respectively.  Results are fro
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Figure B.6 Sum of squared error (SSE) (a) plotted vs. modulus of elasticity of the lens 

, and (b) plotted vs. E and Darcy conductivity of the mushy zone, 

line E= Km+.02, with units of MPa and 10-16 m2∙Pa-1

.  Results are from a 0.1% NaCl bath and based on zc =20 mol

 

 

otted vs. modulus of elasticity of the lens 

and Darcy conductivity of the mushy zone, Km . A shallow 

1∙s-1 for E and Km 

=20 mol∙m-3. 
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Appendix B.4. Results 

Figure B.5 shows the results of three representative experiments using bath 

compositions of 0.1, 0.2, and 0.5% NaCl with their numerical solution to equation B.42.  

The symbols represent experimental data, and the solid lines represent the numerical 

solutions, with modulus of elasticity, Ó, and Darcy conductivity of the mushy zone, Èj, 

as fitting parameters for each data set independently; the fixed charge density, zc, was 

set at 20 mol∙m-3. 

The average initial radius of the lens was 4700±110 �m (mean ± 95% confidence 

interval) n=12 for the experiments with 0.1% saline bath concentration, 4500±120 �m 

n=9 for the 0.2% saline bath, and 4450±150 �m n=5 for the 0.5% saline bath.  There was 

no significant difference among the initial lens radii of the three groups of experiments 

(p=0.38 by analysis of variance, ANOVA).  Rotation of a single image (from -15° to 15° 

with 5° steps) and subsequent measurement of the equatorial diameter produced less 

than 1% error. 

Typical sum-of-squared error (SSE) vs. Ó and Èj plots are given in Figure B.6.  

When Ó is increased and Èj decreased (or vice versa), the error rises rapidly, but if Ó 

and Èj both increase (or decrease), there is relatively little change in the error, as seen 

by the highly elliptical contours in Figure B.6a and the shallow trough in Figure B.5b.  For 

a two-parameter model, a reasonable estimate of the 95% confidence ellipse on the 

fitted parameters is that SSE95%=1.17 SSEmin [241].  For the plot in Figure B.6b, 

SSEmin=.00125, giving SSE95%=.00146.  The axes of the confidence ellipse do not coincide 
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with the Ó and Èj axes.  The Èj that produced minimum error at each value of Ó was 

plotted against Ó (graph not shown), resulting in a nearly linear line with slope 1.  This 

line plots the valley of the trough for the error contour graph in Figure B.6b.  With an 

intercept of 0.2 and error determined from the 95% confidence ellipse, the rotated 

coordinates of the ellipse correspond to the following equations: 

Ó � È �  �0.2 �/� 0.05Ój��, where Ój��  � 2.38 MPa 

È � Ó �   0.2 �/� 0.26Èj��, where Èj�� �  2.56 $  10'lö m2∙Pa-1∙s-1 

As can be seen in Figure B.6b, the confidence ellipses have a long direction, 

yielding fairly large confidence intervals (roughly +/- 25%) when Ó and Èj are both 

allowed to vary.  Thus we expect that the estimated values are within 25-30% of the 

true value.  We observe that if Ó or Èj were known from some other measurement, 

the confidence intervals would be tightened considerably. 

One data point was removed as an outlier from the 0.5% saline bath 

concentration dataset at �ª=20 mol∙m–3. The average elastic modulus of the lens 

capsule at �ª=20 mol∙m-3 was 2.0±0.5 MPa (mean ± 95% confidence interval; n=15) for 

0.1% saline solution, 0.64±0.3 MPa (n=10) for 0.2% saline solution, and 0.28±0.5 MPa 

(n=6) for 0.5% saline solution.  For �ª=10 mol∙m-3, the average elastic modulus was 

0.58±0.1 MPa (n=15) for 0.1% saline solution, 0.20±0.08 MPa (n=10) for 0.2% saline 

solution, and 0.24±0.02 MPa (n=7) for 0.5% saline solution.  The data are shown in 

Figure B.7 with reported literature values of the porcine lens elastic modulus for 
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comparison.  It is noted that the Krag and Andreasson value is a secant modulus at 10% 

uniaxial strain (calculated from table III [210]) and may not be directly comparable to 

our measurement, which is primarily biaxial. 

 

 

Figure B.7 Modulus of elasticity of the porcine lens capsule calculated in the current 

work and reported in the literature.  Error bars are 95% confidence intervals. 
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Appendix B.5. Discussion 

The osmotic swelling method developed here provides a quantitative 

assessment of the lens capsule modulus of elasticity without requiring dissection.  

Unlike traditional mechanical techniques, the minimal manipulation allows osmotic 

swelling to be extended to small animal models such as the mouse.  The elastic modulus 

estimates are made at small strains (<10%), which are physiologically relevant, as this is 

where accommodation occurs [235]. 

The elastic modulus determined through the osmotic swelling model is 

comparable to previously reported values. The secant modulus calculated from Table III 

of Krag and Andreassen [210] was obtained from uniaxial extension tests of pre-strained 

capsule rings while the elasticity calculated by our model and by Danielsen [49], who 

utilized Fisher’s biaxial method of inflation [48], came from multiaxial extension tests.  

Although the elasticity from Krag and Andreassen shown in Figure B.7 is calculated from 

pre-strained capsular rings, the alignment of the fibers is still likely to affect the 

elasticity.  Under uniaxial loading, the collagen IV network initially straightens in the low 

strain region (<10%).  Under biaxial loads, however, the collagen IV network does not 

experience the initial straightening [208].  X-ray diffraction has shown networks of 

randomly oriented collagen fibers in unstretched, air-dried bovine lens capsules and has 

demonstrated the reorientation of fibers parallel to the direction of applied stress in 

stretched collagen networks [242].  The effect of loading type has been shown with the 

human lens capsule.  Fisher [48] reported values of 3-6 MPa using inflation, as 
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compared to 0.3-2.3 MPa measured by Krag and Andreassen 2003 [45] using uniaxial 

ring-pulling. Therefore, the higher modulus observed by our model and Danielson as 

compared to Krag and Andreassen is expected. 

It is further noted that our data show a slight increase in modulus with 

hypotonicity. This is consistent with nonlinear material response, which is also expected 

given the nonlinear mechanical behavior of the tissue [210]. 

The simplification of the transport and thermodynamics within the lens to a 

lumped, well-mixed system containing only fixed charge and monovalent ions was made 

to simplify analysis of the data and minimize the number of empirical parameters, but it 

could lead to incorrect results.  The validity of the lumped model can be assessed by 

calculating the characteristic diffusion time.  For small ions, the diffusion coefficient is 

expected to be on the order of 0.001 mm2∙s-1 [232].  Early in the experiment, the mushy 

zone is relatively thin (~ 0.5 mm at t ~ 2 hours), and the diffusion time scale is short (~ 5 

min).  At the end of the experiment, the mushy zone thickness is approximately 1.5 mm, 

which corresponds to a diffusion time scale of 40 min, which is rapid compared to the 

10-hr experiment but long enough to be an issue.   

In light of this concern, the following analysis is made. Since the volume change 

is not very large (~20% for 7% radial expansion), the chemical environment within the 

lens (i.e., the osmotic pressure driving water into the lens) does not change dramatically 

during the experiment.  An increase in elastic modulus, Ó, reduces the equilibrium 

expansion of the lens, shifting the radius vs. time curve down.  An increase in 
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permeability of the mushy zone, Èj, allows the system to equilibrate more quickly due 

to increased water mobility, shifting the radius vs. time curve to the left.  Thus, the net 

effect of the combined increases in Ó and Èj is small, as seen in Figure B.5.  It would be 

possible to separate the two parameters more effectively if the experiment were run to 

equilibrium, but we found that the tissue began to deteriorate after 10 hours, so we 

were not able to explore longer times.  For a smaller lens, the equilibration time might 

be faster, so the method may work better in, e.g., the mouse. 

The value of the fixed charge density �ª was held constant, and two values were 

analyzed.  Since our goal is to quantify the change in the elastic modulus as the 

composition of the basement membrane is altered through genetic manipulation, this 

model is appropriate for the intended use regardless of the chosen �ª.  It is observed, 

however, that an accurate measurement of the elastic modulus cannot be determined 

without knowing the value of the fixed charge density.  Even if the fixed charge density 

were known, the electrochemistry of the lens is assuredly more subtle than a collection 

of only fixed charges and monovalent ions. We therefore reiterate that the modulus 

values calculated from our analysis of a swelling experiment are better suited to 

comparison between different lens capsules than to specific quantitative application. If 

more information about the charged species and the transport properties within the 

lens were to become available, a distributed model following those of Ateshian [243] 

and Haider [244] could be developed.  Heistand et al. [47] have developed a novel 

method of determining multiaxial mechanical behavior of the lens capsule.  While their 
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protocol can be used to determine more accurate and regional measurements of the 

modulus of elasticity, it is difficult to extend to the mouse lens due to its size. 

There are many aspects of lens geometry and properties that are not captured 

by the approach we describe. These include variation in radius of curvature [245], 

capsule thickness [237], and collagen content [246] from the anterior to the posterior of 

the lens. Some insight into this problem could be drawn by mounting the lens so that a 

sagittal rather than a coronal plane is imaged, an experiment that should be possible 

with our system.  It is also noted that no evidence of active volume control [247] was 

observed, most likely due to the lack of energy source and low temperature.  The good 

reproducibility of the experiment and agreement with published data acquired from 

standard tests suggest that the approach is providing accurate results, but it is always 

possible that multiple simplifications/errors cancelled out to produce a correct result. 

In spite of the concerns raised here, osmotic swelling has the potential to 

quantify changes in lens capsule mechanical properties in the mouse lens, providing 

access to the genetic manipulability of the mouse.  Traditional test methods [47,48,210] 

require isolation and manipulation of the sample that will be complicated, if not 

impossible, to achieve with the mouse lens.  Atomic force microscopy (AFM) has 

recently been applied to the mouse lens capsule basement membrane [248], but AFM 

involves more difficult isolation and a highly complex deformation (involving 

compression, tension, shear, and finite-thickness effects simultaneously).  Osmotic 
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swelling offers a simpler approach, and this preliminary study suggests that it is a 

feasible method to assess prefailure lens capsule elasticity at small strains (<10%).  


