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Abstract  ii 
 
 
 
Characterizing the mechanical response of common nanoscale contact geometries is 

vitally important to fields such as microelectromechanical systems (MEMS) where the 

behavior of nanoscale contacts can in large part determine system reliability and lifetime. 

Therefore a research program was undertaken that focused on the development of 

innovative nanoindentation-based techniques capable of quantifying the mechanical 

response of freestanding nanostructures. Nanoindentation was used since it is a non-

destructive, high resolution technique that has been proven to be very useful in 

characterizing materials at the nanoscale. Examples of tested structures include single 

crystalline nanoparticles and polycrystalline nanoposts. From these experiments methods 

to characterize the structures’ effective elastic modulus, flow stress, fracture toughness 

and activation volume required for plasticity have been developed. It was noted that both 

modulus and toughness in nanoparticles scale with average contact stress. This result has 

lead to the development of an experimental analysis technique that accounts for the 

hydrostatic component of pressure which develops in a material under contact. The effect 

of hydrostatic pressure on indentation modulus is currently not accounted for in 

nanoindentation even though it is shown to be important at length scales below 100 nm. 
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Chapter One: Nanoscale Contacts – What, Why & How 1 
 

 

1.1  Research Overview 

 This dissertation describes a comprehensive, experimental study of the 

deformation of common nanoscale contact geometries.  Therefore this chapter will 

attempt to answer the obvious question which is what are common nanoscale contact 

geometries and why are they important? All nanoscale mechanical contacts can be 

thought of as single point asperity contact. These can be defined by their contact 

geometry, loading conditions and contacting materials. Examples of compressed 

freestanding structures that were investigated include spherical nanoparticles discussed in 

CH 3 and e-beam lithographed nanoposts covered in CH 4 an idealized schematic of 

which is seen in Fig. 1.1. These experiments were conducted using standard 

nanoindentation equipment. Nanoindentation was chosen because it is the most 

repeatable and quantitative technique to probe length scales in the 1 – 100 nm range. In 

order to evaluate the data produced from these compression experiments, new analysis 

methods had to be developed and are reviewed in CH 2.  

 Our initial effort into characterizing the mechanical response of freestanding 

nanostructures [Gerberich et al., 2003] was one of the first documented attempts to 

investigate freestanding features by nanoindentation. Prior to this, experiments 

concentrated on the indentation of flat surfaces geometries. From these experiments, 

appropriate length scales for deformation have been identified [Deneen Nowak et al., 

2007; Gerberich et al., 2005a; Gerberich et al., 2003b; Gerberich et al., 2005b; Gerberich 

et al., 2006; Gerberich et al., 2003; Mook et al., 2004; Mook et al., 2008; Mook et al., 
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2007] which has led to the development of methods to characterize isolated nanoscale 

structures’ effective elastic modulus [Mook et al., 2007], fracture toughness [Mook et al., 

2007], flow stress [Gerberich et al., 2005b; Gerberich et al., 2003; Mook et al., 2004; 

Mook et al., 2008; Mook et al., 2007] and activation volume [Mook et al., 2008] required 

for plasticity.  

 
Figure 1.1. Idealized schematic of tested nanoscale geometries. 

 

 It was observed with particular interest that both modulus and toughness in 

nanoparticles scale with average contact stress. These results lead to the development of 

an analysis technique that accounts for the increase in indentation modulus due to the 
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hydrostatic component of pressure which develops in a material under contact [Mook and 

Gerberich, 2008]. As will be discussed in CH 5, this concept offers a dramatic new 

interpretation of indentation data which should eventually influence not only 

nanoindentation, but also other contact theories that have until now relied upon zero-

pressure elastic modulus values such as the Johnson-Kendall-Roberts (JKR) [Johnson et 

al., 1971], Derjaguin-Muller-Toporov (DMT) [Derjaguin et al., 1975] theories of 

extended Hertzian elasticity that are used to account for surface energy and have 

applications pertinent to nanotribology [Grierson et al., 2005]. This is admittedly a bold 

assertion and would represent a large change in thinking. This dissertation attempts to 

chronicle the progression of thought that has led to the above theories. 

 

1.2 Research Motivation 

 Characterizing the behavior of the nanoscale contact geometries listed above is 

important for a number of reasons. First they are the most abundant contact between solid 

materials in the universe since much of the matter in the universe is interstellar dust in 

deep space with a grain size distribution ranging from angstroms to microns [Li, 2005]. 

This includes silicon nanoparticles with a size distribution between 1.5 to 5 nm formed 

from stellar mass outflows [Witt et al., 1998]. Astrophysicists would like to understand 

the balance of processes (growth, coagulation, erosion, fracture) accounting for the size 

distribution of interstellar dust as that understanding would serve to inform their theories 

[Draine, 2002]. 
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 But I digress. On this planet and with regard to a less esoteric interest, 

characterizing the mechanical response of nanoscale asperities during contact is vitally 

important in low-load applications where they dominate behavior. Understanding their 

behavior is integral to future technological innovation in many areas. For example 

chemical-mechanical polishing (CMP), a process used to planarize thin films for the 

microelectronics industry, has been making use of nanoparticles by adding them into 

CMP slurries for over a decade [Seok et al., 2003]. However future progress necessitates 

tighter control of the initial nanoparticle size distribution and its evolution during use in 

order to increase yield and polishing uniformity [Parker, 2004]. 

 Throughout the past two decades, engineers have begun purposefully making 

nanostructures that are required to exhibit excellent mechanical properties and reliably 

support repeated contacts. In particular, two emerging applications of nano-sized volumes 

under stress are nanoimprint lithography (NIL) and microelectromechanical systems 

(MEMS). Currently one of the main hurdles for mass production of both NIL structures 

and MEMS devices is loss of mechanical integrity resulting in a decrease in reliability. 

 In the case of MEMS, Sandia National Lab issued a 171-page report which 

detailed their comprehensive three year effort in quantifying MEMS reliability [Tanner et 

al., 2000]. They concluded that the major mechanism responsible for failure of MEMS 

with movable parts was the wear of polysilicon rubbing surfaces, and made two 

recommendations to limit this type of wear: i. use a satisfactory lubricant (thus their 

research of the self-assembled monolayer ODTS, ALD, etc.) [Ashurst et al., 2001; de 

Boer et al., 1999] and ii. employ designs that minimize surface contacts and normal 
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forces. Additionally, Wang and Kato [Wang and Kato, 2001] showed that decreases in 

MEMS friction and wear by these methods not only improves reliability but also 

increases MEMS efficiency, power output and steady-state device speed. A schematic of 

a simple gear assembly is shown in Fig. 1.2. Structures such as these are not typically 

seen in working MEMS devices due to the reliability issues. 

 
Figure 1.2. Schematic of MEMS gears where the gear-tooth contact is highlighted. 

Contact will also take place between the hub and the supporting substrate. Systems with 

contacting geometries such as this, even though very simple, are not seen in devices due 

to reliability issues. 

 

 Similar to this type of wear, cracking and debris is a problem for nanoimprint 

lithography. NIL is an inexpensive, high throughput technique for patterning 

nanostructures. Throughout the last decade, its rapid development from concept [Chou et 

al., 1996] to fledgling industry capable of supporting many startup companies has been 



CH 1     Nanoscale Contacts – What, Why & How 6 
   
 

 

remarkable. It has outstanding potential for further growth as it is currently being 

considered by the International Technology Roadmap for Semiconductors (ITRS) as a 

possible lithography technique for the 32 nm semiconductor manufacturing node [SRC, 

2007]. However for adoption to take place, the issue of wear must first be addressed. 

There are many variations of nanoimprint lithography, common to all types, is that a 

stamp with features from 10 to 100 nm contacts a surface. The stamp’s pattern is 

transferred to the substrate by a mechanical process and the pattern is then etched into the 

substrate without the need for traditional photolithography; a schematic of this is seen in 

Fig. 1.3. The key issues here are the deformation, wear, fatigue and cracking of stamp 

and substrate [Lazzarino et al., 2004]. The substrate is typically a thin film of Au or 

polymer on Si, the stamp is either sapphire or Si.  

 
 

Figure 1.3. NIL Process Flow Schematic. (a) a polymer film is spin-coated over a 

substrate, (b) a hard stamp with patterned nanostructures presses into the polymer 

deforming the film, (c) the stamp is removed leaving the negative nanoimprint of the 

stamp, (d) the residual polymer under the stamped areas is etched away exposing the 

substrate and (e) the pattern is transferred into the substrate through any number of 

etching processes. 

 

 Accurately predicting and describing the elastic and plastic deformation of the 

freestanding structures described above offer a myriad of new length scales to consider. 
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With regard to contacting nanoparticles, metrics such as the particle radius, oxide 

thickness, dislocation spacing and volume to surface area ratio may all play roles in the 

deformation under various loading conditions. These length scales are also important to 

the plastic deformation and thus wear of contacts in MEMS and NIL. So how do we 

know which length scales are important? And how do we test materials at these scales? 

These questions will be addressed in the following sections and chapters. 

 

1.3 The Importance of Length Scales in Mechanical Properties 

 The drive toward ever smaller length scales has been going strong for more than 

40 years. In 1965, Gordon Moore, a co-founder of Intel Corp., observed there was an 

exponential growth in the number of transistors per area of integrated circuit, IC, 

(currently doubling every 18 months) and predicted that this trend would continue 

[Moore, 1965]. His prediction came to be known as Moore’s Law. An equivalent way of 

considering Moore’s Law is that to squeeze more transistors per unit area, the average IC 

feature size must shrink every year. According to the current International Technology 

Roadmap for Semiconductors (ITRS), the 32 nm node will be reached by 2009 [SRC, 

2007].    

 It has been observed by many researchers that feature sizes at this length scale 

exhibit enhanced properties when compared to the larger length scales of more traditional 

materials. Thus, it can be said that we are in the midst of a length scale regime change 

that promises superior materials through improved processing and nanoscale control of 
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structure. This inevitable regime change describes the essence of nanotechnology. As 

defined by the National Nanotechnology Initiative (NNI), nanotechnology is: 

 

 The research and technology development at the atomic, molecular or  

macromolecular levels, in the length scale in the 1 to 100 nm range, to 

provide a fundamental understanding of phenomena and materials at the 

nanoscale and to create and use structures, devices and systems that have 

novel properties and functions because of their small and/or intermediate 

size. The novel and differentiating properties and functions are developed 

at a critical length scale of matter typically under 100 nm (from 

http://www.nano.gov/omb_nifty50.htm).  

 

This obviously encompasses a broad range of materials, applications and phenomena. In 

order to make micro- and nanoscale devices and systems, we need to understand material 

response on these small length scales.  In general, new physical behavior appears as the 

size of a system becomes on par with, or is reduced below a characteristic length scale 

associated with the phenomena being probed. For most materials properties, this 

characteristic length scale resides in the range of 1 to 100 nm [Landman, 1998]. 

Important length scales in nanotechnology can be many things and influence many 

properties. Length scales do predict the variation of the thermal [Birringer, 1989], 

electronic [Liu et al., 1993] and mechanical properties [Arzt, 1998] of nanocrystalline 

materials. With respect to the mechanical properties of small volumes, metrics such as 
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film thickness [Kobrinsky et al., 2001], volume to surface area ratio [Dingreville et al., 

2005; Gerberich et al., 2003; Gerberich et al., 2002; Jungk, 2005; Miller and Shenoy, 

2000; Tymiak et al., 1999; Zhou and Huang, 2004], contact radius [Zhu et al., 2007], 

asperity radius [Chen et al., 2007] among others can all be influential.  

 For bulk materials, the classic example of the effect of length scale on a 

mechanical properties is the Hall-Petch ([Hall, 1951] and [Petch, 1953]) relationship to 

describe the change in yield stress, yσ ,  

 1 2
y 0 kdσ σ −= + , (1.1) 

where 0σ  is a frictional stress necessary for dislocation motion, k  is a material constant, 

and d  is the grain diameter. This describes very well the change in yield stress for many 

materials when their grain size is in the micron range [Saada, 2005]. It is now accepted 

that this behavior is due to dislocation pile-ups or dislocation emission at grain 

boundaries or precipitates. Earlier theories (where dislocations were not considered) 

explained this type of behavior by assuming that amorphous grain boundaries were 

intrinsically stronger than the crystalline grains [Thompson, 1915].  

 Theoretically if the Hall-Petch relationship holds throughout the nanoscale, 

materials could approach their theoretical strength. However, experimentally this relation 

does not necessarily hold for nano-grained materials [Carlton and Ferreira, 2007]. Thus, 

an ongoing controversy continues in materials science both computationally and 

experimentally associated with very small grain sizes. This involves whether or not grain 

boundary processes eventually cause a decrease in strength at grain sizes on the order of 
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10 nm since most materials exhibit a decrease in yield strength and indentation hardness 

below a critical grain size.  

 Numerous authors have proposed explanations for this negative Hall-Petch 

behavior. For example, Nieh and Wadsorth [Nieh and Wadsworth, 1991] suggested that 

if Hall-Petch strengthening is based on a dislocation pile-up back-stress, then as the grain 

size of the nanocrystalline material approaches the critical grain size, cd , an individual 

grain may only support one dislocation, thus negating any dislocation pile-up 

strengthening mechanism. As grain size continues to decrease, the material eventually 

becomes amorphous. Suryanarayana et al. [Suryanarayana et al., 1992] and Song et al. 

[Song et al., 1999] attributed this inverse effect to enhanced ductility from the increasing 

volume fraction of grain boundary triple junctions.  

 Takeuchi [Takeuchi, 2001] noted that different behavior of the same material 

(nanocrystalline Cu) was reported by various researchers at grain sizes below 20 nm. 

Chokshi et al. [Chokshi et al., 1989] showed an obvious inverse effect below 18 nm, 

however both Fougere et al. [Fougere et al., 1992] and Sanders et al. [Sanders et al., 

1997] showed a plateau at those length scales. Both macro- and microindentation on the 

polished nanocrystalline Cu surfaces were used to measure hardness for these samples. 

These types of indentations into bulk nanocrystalline samples test relatively large 

volumes when compared to the length scales of interest and therefore are recording 

average mechanical properties. This led Takeuchi [Takeuchi, 2001] to conclude that the 

variation seen at this scale could be explained by slight differences in a material’s 

composition, porosity and the processing route used to create the nanocrystallites.  
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 As with tensile yield strength, the hardness also varies as a function of grain size. 

There has recently been a large amount of research into nanostructured materials to 

produce high hardness properties for wear resistance applications. There are only a few 

naturally occurring materials that are considered superhard. Superhard materials are 

defined as having hardnesses greater than 40 GPa and include diamond (70-100 GPa), 

and cubic boron nitride (47 GPa). While the studies above mainly focused on single-

phase nanostructured materials, today many researchers pursuing superhard materials are 

investigating nanostructured superlattices and composites. Some of the same behavior 

seen in the single-phase materials is also seen for these composites. For superlattices 

composed of two materials with different moduli, moduli and hardness values increase 

until a critical period thickness similar to cd . As the layer thickness decreases below 

approximately 6 nm superlattices general decrease in measured modulii and hardness 

[Chu and Barnett, 1995; Zhang and Sun, 2003].  

 However, if an interlocking composite structure (amorphous and crystalline) 

could be engineered at the smallest length scales, increases in hardness and modulus 

should continue as grain size decreases. For example, Veprek et al. [Veprek et al., 1998; 

Veprek et al., 2000; Veprek et al., 1995] have shown that nanocrystalline composites of 

nc-TiN/α-Si3N4 with and without amorphous and nanocrystalline TiSi2 increases in 

hardness (to superhard values) with decreasing crystallite sizes to below 3 nm. This 

material does not show a cd . Veprek et al. [Veprek et al., 1998; Veprek et al., 1995] 

designed the nanostructure of this material to have nanocrystalline TiN embedded in a 

very thin amorphous 3 4Si N  matrix. It should be noted that these films were tested with 
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Vickers macro-indentation and thus describe the structure’s average properties. The 

absences of a measured cd is most likely due to a limitation of dislocation motion from 

the unique nanostructure present in this film [Patscheider, 2003].  

 The High Temperature and Plasma Lab (HTPL) at the University of Minnesota 

has been at the forefront of this effort. A process known as hypersonic plasma particle 

deposition (HPPD) has been in development since the early 1990’s at the University of 

Minnesota [Rao et al., 1995a; Rao et al., 1995b; Rao et al., 1999]. This process currently 

combines nanoparticle impaction and chemical vapor deposition (CVD) processes to 

deposit nanostructured SiC films at microns/minute with enhanced hardness of 40 GPa 

[Beaber et al., 2007]. Similarly, a thermal plasma-enhanced CVD process known as 

TPCVD is capable of depositing nanocyrstalline SiC films over large substrates at rates 

of 10 μm/min [Liao et al., 2005; Liao et al., 2003]. These films exhibit hardnesses of 

upwards of 60 GPa. Future development of these processes could couple their enhanced 

plastic (hardness) properties with similarly enhanced fracture properties (fracture 

toughness) that traditionally brittle materials can exhibit at these scales [Celarie et al., 

2003; Gao et al., 2003]. 

 In order to determine the proper length scales for the mechanical response of 

common nanoscale contacts, we must be able to reliably probe volumes of material that 

are equivalent to the length scales of interest. Materials with length scales between 10 to 

100 nm are actually very difficult to test both experimentally and theoretically. 

Traditionally these length scales have been too large for atomistic simulations and too 

small for continuum models to accurately reproduce. However new quasi-continuum 
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approaches that couple quantum-mechanical, classical atomistic, and continuum 

mechanical simulations in a unified fashion for metals are currently under development 

and show great promise [Lu et al., 2006; Tadmor et al., 1999]. 

 The experimental measurement of mechanical response at length scales below 

100 nm is inherently difficult and necessitates highly sensitive equipment. Various 

experimental procedures are used at this scale including AFM [Butt et al., 2005] and 

tensile testing of freestanding microstructures [Dehm et al., 2003; Simons et al., 2006]. 

However the most often used technique to date has been instrumented nanoindentation. 

This process offers a combination of high-resolution recording indentation and the 

accompanying data analysis that is relatively easy to implement and quantify. A brief 

review of the history of indentation and nanoindentation theory follows. 

 

1.4 Nanoindentation Background 

 Indentation testing was popularized in the early 1900’s out of the need for quick, 

reliable, and easily reproducible tests that determined specific mechanical properties 

[Boyer, 1987]. It became apparent that a material’s hardness could be determined using 

indentation, if the test was coupled with the appropriate mechanical analysis. Initially 

macro-indentations were used for determination of bulk material properties, but the trend 

toward micro- and nanotechnologies as briefly discussed above necessitated the 

development of both micro- and nanoindentation.  

 Indentation testing is performed when a well-characterized tip is pressed into the 

surface of a material in a controlled manner. The popularity of indentation tests is due 
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mainly to the ease with which the test is performed. By inspecting the size of the residual 

impression, the resulting hardness, H , of the test specimen can be calculated from the 

applied load, P , and resulting impression area, A , as 

 PH
A

=  (1.2) 

This general definition of hardness is applicable to macro- and microindentation. In 

indentation, the applied load can range from micro-Newtons to hundreds of Newtons, 

depending upon the type of test performed. This is a large range of loads and is broken 

into the separate fields of macro-, micro- and nano-indentation, where the lead term 

generally relates to the maximum vertical tip displacement into the sample. All of these 

fields can measure hardness quantitatively, however only nanoindentation is capable of 

measuring both hardness and elastic material properties. 

 As stated before, nanoindentation is defined by the combination of high-

resolution displacement recording and specific data analysis methods. There are a number 

of commercialized nanoindentation systems with patented methods for generating and 

controlling displacement. Three of the more common types (that are also available at the 

University’s Characterization Facility) include the Nanoindenter® XP from MTS Systems 

Corporation and the Hysitron indenters (TriboScope® TriboIndenter®) based in 

Minneapolis, MN. The Nanoindenter® XP instrument applies load via a calibrated 

electromagnetic coil and displacement of the indenter is measured using a capacitive 

plate transducer. The Hysitron TriboScope® employs a patented transducer that uses a 

capacitive displacement measurement technique combined with electrostatic force 

generation. The biggest advantage to using the Hysitron indenters is that they can be used 
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in a scanning mode similar to an AFM. This allows for the possibility of a researcher to 

scan a surface, find a structure of interest, and indent it in a repeatable manner. For this 

reason, only the Hysitron indenters were used in this research. A detailed description of 

these assembly and modes of operation will follow in CH 2. The section below deals with 

the theory and data analysis of nanoindentation. 

 When an indenter is pressed into a material, displacement may arise from both 

elastic and plastic deformation. As will be shown in Chapter 3, initial displacement into a 

crystalline material is elastic, followed almost immediately by a combination of elastic 

and plastic deformation. The initial elastic deformation roughly follows a Hertzian 

relation. Hertz [Hertz, 1881; Hertz, 1882] derived a theory to predict the local elastic 

deformations of smooth, elastic, isotropic contacting bodies under an external load that 

describes the relationship between the contact area, central displacement and externally 

applied load [Deeg, 1992]. This theory can be applied to the contact of two spheres or a 

spherical tip contacting a flat surface which adequately reproduces the geometry of 

nanoindentation. Hertzian mechanics takes the elasticity of both tip and substrate material 

into account through a reduced modulus such that 
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where 1E  and 1ν  and 2E  and 2ν  correspond to the elastic modulus and Poisson’s ratio of 

the sample and indentation tip respectively. Similarly, the reduced radius, rR , is 
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which is just equal to the tip radius when indenting a flat surface, i.e. infinite radius. The 

radius of the contact area, ca , is 
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where P  is the load. The maximum pressure under the tip, maxp , is 
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and the total displacement, δ , is 
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The load as a function of displacement can now be determined by the relation 

 1 2 3 2
r r

4
3

P E R δ= . (1.8) 

 At approximately the same time, the pressure distribution in an elastic half-space 

under a flat punch subjected to a constant displacement was found by Boussinesq 

[Boussinesq, 1885]. From this Love [Love, 1939] found the solution for a rigid, conical 

punch. Sneddon [Sneddon, 1965] was able to show that for a conical punch with an 

included angle of α , the load-displacement relationship was 
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where the subscript ‘1’ refers to the sample elastic modulus and Poisson’s ratio since the 

conical punch is perfectly rigid. Sneddon [Sneddon, 1965] also derived the contact 

displacement, cδ , as a function of total displacement, δ , for this geometry which was 
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By combining Eqs. (1.9) and (1.10), the slope (stiffness) of the load-displacement curve, 

S , as a function of contact area, cA , is found to be 

 1
c2

1

d 2
d 1

EPS A
δ νπ

= =
−

, (1.11) 

where 2
c cA aπ= . To summarize, Eq. (1.11) was derived for the loading of a rigid, conical 

indenter into a perfectly elastic and isotropic half-space.  

 During the indentation of a real material, plasticity begins once a critical shear 

stress is reached beneath the indenter [Miller and Rodney, 2008] and the loading becomes 

elastic-plastic. It was recognized by Doerner and Nix [Doerner and Nix, 1986] that the 

initial unloading slope for an elastic-plastic indentation should be purely elastic. Thus, 

Doerner and Nix [Doerner and Nix, 1986] reworked Sneddon’s [Sneddon, 1965] analysis 

and applied it to nanoindentation. They observed that during the unloading portions of 

indentation load-displacement curves, the initial unloading appeared to be somewhat 

linear. They theorized that during this initial stage of unloading, the area of contact 

between the indenter tip and the sample remained constant. To implement this method, 
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the following assumptions must be made. First, deformation upon initial unloading is 

purely elastic. Second, the compliances of the sample and indenter tip can be combined 

as springs in series given as a reduced modulus described in Eq. (1.3) which replaces the 

2
1 1(1 )E ν−  term in Eq. (1.11) where the zero-pressure modulus values are used. This 

widely held assumption is currently questioned by an increasing number of authors [Cao 

et al., 2007; Hay et al., 1999; Mook and Gerberich, 2008; Veprek et al., 2006]. A 

simplified schematic of this can be seen in Fig. 1.4 where the initial unloading slope S  is 

the elastic stiffness of the material. Now both hardness and modulus could be calculated 

from one quick, relatively non-destructive indentation!  

 
Figure 1.4. Nanoindentation load-displacement curve where the stiffness, S , is the initial 

slope during unloading. 
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 It has since been shown by Oliver and Pharr [Oliver and Pharr, 1992] that the 

initial unloading behavior is not linear and thus the contact area is not constant. 

Otherwise the Oliver and Pharr [Oliver and Pharr, 1992] assumptions are the same as 

Doerner and Nix [Doerner and Nix, 1986].  Oliver and Pharr [Oliver and Pharr, 1992] 

found that the unloading data was rarely linear; rather it fit to a power law with the 

exponent, m , as 

 ( )f
mP α δ δ= −  (1.12) 

where α  is a variable and fδ  is the final displacement at unloading. The value of m  

depends on tip shape and is given in Table 1.1. Oliver and Pharr [Oliver and Pharr, 1992] 

showed that the contact area was changing as the indenter tip was withdrawn from the 

sample by the use of a dynamic stiffness technique. This technique showed the contact 

stiffness changed continuously during the unloading. The contact depth, cδ , defined as 

the depth along the vertical axis of the indenter to which the indenter is in contact with 

the sample at maximum load is given by 

 ( )c max max iδ δ ε δ δ= − − , (1.13) 

where ε  represents the geometrical constant of the indenter tip as given in Table 1.1, 

maxδ  is the maximum depth and iδ  is the intercept of the tangent to the load-displacement 

data at the maximum load upon unloading seen in Fig. 1.4. The unloading data can be fit 

by the power law given in Eq. (1.12). The initial slope of the fit (from maxP ) is then the 

elastic stiffness used in both Oliver and Pharr [Oliver and Pharr, 1992] and Doerner and 

Nix [Doerner and Nix, 1986] based off of Sneddon’s [Sneddon, 1965] value of stiffness 
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in Eq. (1.11). The contact displacement in Eq. (1.13) as determined from the unloading 

slope can be converted into a contact area, cA  (this will be covered in the next section). 

These values are combined to give the familiar relation 

 r c
2S E A
π

= . (1.14) 

It should be noted here that Eq. (1.14) is exactly reproduced when the Hertzian load-

displacement relationship of Eq. (1.8) is differentiated with respect to displacement. 

 

  Table 1.1: Constants for the Oliver-Pharr analysis. 

Indenter Shape m ε 

Flat Punch 1.00 1.00

Cone 2.00 0.73

Sphere 1.50 0.75

Paraboloid 1.50 0.75

 

 In nanoindentation, hardness is defined as the mean supported pressure within the 

indented material at maximum load. This is found by calculating the ratio of the 

maximum load to the corresponding contact area at that load. This is different from the 

traditional hardness tests where hardness is the resistance of a material to permanent 

plastic deformation. This difference is important for materials that have large elastic 

recoveries. For example, a fully elastic indentation into a material would show zero 

residual indentation area (used in macro-hardness) after the fact, and therefore have an 

infinite measured hardness. In contrast, the contact area at maximum load (used in 
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nanoindentation) would show a finite hardness. Using the Oliver and Pharr [Oliver and 

Pharr, 1992] method, nanoindentation hardness is  

 max

c

PH
A

= . (1.15) 

  

1.5  Nanoindentation Calibration 

 There are many factors that must be taken into consideration before 

nanoindentation analysis can be used with confidence. Accurate determination of a 

sample’s modulus and hardness require the nanoindentation system to be calibrated. 

Universal to all nanoindentation systems is the general techniques for tip shape and 

machine compliance calibration as reviewed below. 

 There are many methods to calibrate indentation tip geometry and the contact area 

ranging from TEM imaging of indentation impressions from a range of loads, to 

measuring and deconvolving the indenter tip shape with a sharp AFM tip 

[VanLandingham et al., 2005]. While these methods provide an accurate value, they are 

very labor intensive and time consuming. The fastest method, and consequently the most 

often used, is to make a number of indentations of increasing loads in a material with 

well-defined elastic properties, such as a relatively isotropic and homogeneous material 

like fused quartz. Other examples of calibration standards are polycarbonate (PC) or 

polymethylmethacrylate (PMMA). This method assumes that the zero-pressure reduced 

elastic modulus of the tip and sample is applicable during indentation even though the 
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properties are being measured at pressure. This assumption will be addressed in Chapter 

5. By rearranging Eq. (1.14), the contact area can be calculated as 

 
2

c
r4

SA
E

π ⎡ ⎤
= ⎢ ⎥

⎣ ⎦
. (1.16) 

By repeating many indentations at increasing maximum loads (and thus contact depths) 

the contact area as a function of contact depth can be fit to a polynomial as 

 ( ) 2 1 1 2 1 4 1 28
c c 0 c 1 c 2 c 3 c 8 c...A C C C C Cδ δ δ δ δ δ= + + + + +  (1.17) 

where 0C  represents the ideal shape constant for each indenter class and 1C  through 8C  

are constants that represent the deviation from the perfect tip shape. In practice, usually 

up to four of the constants are used to fit the tip shape. It should be noted that the area 

function calculated in this way is only valid for the contact depths used in the calibration. 

Care should be taken if using an area function to analyze displacements that are deeper 

than the fit. 

 A calibration issue that varies between instruments and even for different tips on 

the same instrument is machine compliance. Machine compliance is most important for 

larger load indentation into high modulus materials and for scratch testing. However for 

any measurement, the total measured compliance, tC , is the sum of the machine 

compliance, mC , which includes the contributions due to the tip holder and mounting 

material, and the sample compliance, sC , which is just the inverse of Eq. (1.14). This 

relationship is given as 
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The total compliance is measured from the unloading slope t(d d 1 )P Cδ =  of Fig. 1.4. 

When graphing the total measured compliance as a function of the inverse of the square 

root of contact area, the machine compliance will be the y-intercept and the slope will be 

proportional to the inverse of the reduced modulus. This compliance should be subtracted 

out of the load-displacement data [Fischer-Cripps, 2004]. 

 The true contact area can be affected by many factors. The most important of 

which will be covered below. Surface roughness is not accounted for in the tip shape 

function of Eq. (1.17) since it is calculated by indenting a nominally flat calibration 

sample. The Oliver and Pharr [Oliver and Pharr, 1992] model assumes contact between 

the tip and a perfectly smooth, elastic halfspace. Therefore surface roughness can reduce 

the actual contact area at a given indentation depth. This generally leads to an over-

estimation of contact area and thus a reduced hardness value. The tip’s radius of 

curvature should be either much smaller or much larger than the sample surface’s 

roughness amplitude to minimize error. Roughness can also lead to uncertainty in the real 

surface position of the sample and therefore error in penetration depth. 

 Uncertainty in the position of the surface can also be due to tip penetration into 

the surface before the loading begins. In practice, before the loading begins, the indenter 

is brought into contact with the surface to establish a zero point. This initial contact force 

is typically on the order of 1 to 2 μN for the Hysitron indenters. Even though this force is 

small, it does penetrate the surface a finite amount. The amount of penetration depends 
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on the pressure produced beneath the tip, which is related to the tip’s radius of curvature. 

All of the subsequent depth measurements after this initial penetration will be offset by 

the pre-load penetration amount. While this effect is insignificant at relatively large loads, 

it can affect the measurements taken at loads below 100 μN. If one assumes the pre-load 

penetration is completely elastic then it is possible to back-calculate the displacement 

assuming a Hertzian relation following the analysis of Fischer-Cripps (2002). 

 Instrument drift can also lead to a systematic error in displacement. Typically this 

is due to thermal drift of the equipment caused by thermal expansion or contraction from 

temperature transients. If the rate of change of depth with time is measured at constant 

load at some point during the indentation test, then thermal drift can be estimated and the 

raw data can be adjusted [Fischer-Cripps, 2004]. Care must be taken to ensure that the 

rate of change is due only to the thermal drift and not to creep of the material which is 

prevalent during indentation of many materials. These effects can be separated through 

hold periods at low loads where creep is nonexistent during indentation. With this said, 

there are a number of phenomena that are still under investigation such as the indentation 

size effect which was initially thought to only apply to hardness or yield strength but as 

will be seen in Chapters 3 and 5 should include modulus as well. 

 

1.6 Indentation Size Effect 

 Perhaps one of the more significant and controversial theories to evolve from 

nanoindentation testing is the indentation size effect (ISE). The indentation size effect 

can be seen in very shallow indentations where the hardness increases with decreasing 
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depth of penetration or contact area [Gerberich et al., 2002; Nix and Gao, 1998]. While 

Gane and Cox [Gane and Cox, 1970] observed the indentation size effect over three 

decades ago, it has been difficult to test until recently. At the present time, there exist two 

main theories regarding the origins of the ISE. Hutchinson [Hutchinson, 2000] and Nix 

and Gao [Nix and Gao, 1998] propose that the ISE is a consequence of strain gradient 

plasticity arising from a depth-dependent geometrically necessary dislocation density. At 

small depths, Gerberich et al. [Gerberich et al., 2002], Zhu et al.[Zhu et al., 2007] and 

Tymiak et al. [Tymiak et al., 2001] believe that the ISE is a natural consequence of the 

work of volume deformation and the energy required to create new surface area at the 

contact under the tip.    

 In an attempt to model the ISE, many researchers have applied strain gradient 

plasticity approaches to gradient microstructural analysis. Perhaps the most effective 

approach is the analysis proposed by Gao et al. [Gao et al., 1999] which links statistically 

stored dislocations and geometrically necessary dislocations generated by a tip with 

plastic strain and plastic strain gradients. This model was originally applied by Nix and 

Gao [Nix and Gao, 1998] to explain the indentation size effect at depths greater than 200 

nm. The analysis assumes the use of a perfectly sharp wedge indenter (such as an ideal 

Berkovich) in order to associate the total strain to the indentation depth and the presence 

of geometrically necessary dislocations creating strain gradients [Ashby, 1970]. The 

generation of geometrically necessary dislocations arises out of the requirement of 

compatible deformation under a contact. The theories incorporating strain gradient 
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plasticity assume the use of a sharp wedge indenter, requiring that strain and tip 

displacement be self-consistent. 

 It is well known, however, that all tips have some finite tip radius, typically on the 

order of 200 nm. This implies that the strain gradient approach explaining the ISE breaks 

down at small penetration depths. Experimental results [Gerberich et al., 2002; Zhu et al., 

2007] coupled with atomistic modeling [Horstemeyer et al., 2001] suggest that the ratio 

of the energy dissipated by plastic strain in the volume around the indentation divided by 

the energy of new surface formation plays a critical role in the ISE at the smallest of 

length scales. Experiments predict this volume to surface ratio component of the ISE can 

be described by the indentation depth and tip radius with an 1 3( )Rδ −  dependence. This 

dependence has been shown for both Au and Cu [Jungk et al., 2004] and ceramics [Zhu et 

al., 2007]. 
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This chapter will cover the experimental setup, materials and instrumentation 

used to characterize specific nanoscale geometries. First the specifications for the 

Hysitron nanoindenters will be discussed. Next, nanostructure production and 

compression will be described. The analysis procedures for determining the contact area 

for each geometry will be discussed. Finally, the procedure to independently determine 

an area function for a standard indenter tip will be covered. This will directly lead into 

the results and discussion covered in Chapters 3 through 5. 

2.1 Nanoindenters 

Hysitron, Inc., founded in 1990, was the first company to combine scanning probe 

microscopy (SPM) with nanoscale indentation to create hybrid indentation-imaging 

systems known as the Hysitron TriboScope® and TriboIndenter®. By utilizing pre-

existing SPM technologies, the original TriboScope® is essentially an “add-on” feature to 

a standard DI NanoScope® III AFM setup whereas the TriboIndenter® is a standalone 

system. They are both designed to measure hardness, elastic modulus, friction, wear 

resistance, and fatigue of bulk and thin film materials at nanometer length scales. These 

systems have been successful because they combine the two characterization techniques 

in an elegant way that increases the functionality of nanoindentation by addressing what 

is quite possibly its main limitation; its inability to “see” the surface topography on the 

length scale of the indents. This is critical since the nanoindentation data analysis from 

Oliver and Pharr [1992] assumes a flat surface. Additionally it would be impossible to 

compress a feature such as a freestanding nanostructure without the SPM capability. A 
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brief introduction to SPM is followed by a description of the Hysitron transducer which is 

used in all of their indenters. 

 

2.1.1 Scanning Probe Microscopy 

Traditional scanning probe microscopy imaging consists of a sharp tip being 

rastered across a surface while recording interactions between the tip and the sample. The 

main SPM technique is atomic force microscopy (AFM). AFM was developed by 

Binning et al. [Binnig et al., 1986] in a collaboration between IBM and Stanford 

University. It employs a scanning technique to produce high-resolution images of a 

sample’s surface by using a cantilever beam that either slides against the surface, called 

‘contact mode’, or freely vibrates at a harmonic frequency and intermittently contacts the 

surface, termed ‘tapping mode’. The surface is mapped by using repeated line scans and 

monitoring the signal from a laser that is deflected off the cantilever onto a photodiode. 

This technique can be used to investigate surfaces of both conductors and insulators with 

very high resolution. Additionally, the AFM can be used to apply mechanical loads to a 

sample surface [Burnham et al., 1993; Singer and Pollock, 1992]. Through the contact 

and the measurement of deflection in the flexible cantilever beam, the AFM can deliver 

very small forces (<1 nN) from the AFM tip to the sample [Baker, 1997; Magonov and 

Reneker, 1997]. However, it is quite difficult to accurately calibrate the cantilever 

deflection and the piezoelectric actuators used to drive the system are known to be non-

linear [Hues et al., 1994]. Additionally, deconvolution of the applied force from the 

combination of attractive, repulsive, and adhesive contact forces makes this method 
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difficult to quantify. Consequently, AFM is generally used as a comparative method 

between different components in similar samples [Baker, 1997]. 

 

2.1.2 Hysitron Transducer 

The Hysitron transducer is a three-plate capacitive device as shown in Fig. 2.1. 

The tip is screwed into the pickup electrode on the center plate in the structure which is 

suspended with four Be-Cu springs. The outer two electrodes are fixed in space and 

driven with an AC signal 180 degrees out of phase with one another. This sets up an 

electric field potential between the plates that is zero in the center and the magnitude of 

the signal at either of the plates. The floating center plate picks up the voltage at any 

position and this voltage is calibrated to a displacement. A force is applied to the center 

plate and the tip by applying a large DC offset to the bottom or top plate. This creates an 

electrostatic attraction that can be calibrated to a force. The theoretical resolution of the 

instrument is 1.8 nN and 0.2 nm while the full-scale range between the plates is 100 mm 

with a maximum applied load of ~15 mN [Jungk, 2005]. The transducer seen in Fig. 2.1 

essentially replaces the AFM cantilever beam and laser combination. Since displacement 

or force can be recorded by the transducer, the sample can be scanned with the same 

piezo-stack that is used for AFM measurements. While scanning as an AFM in contact 

mode, the transducer is set to maintain a certain contact force between the tip and sample. 

The piezo adjusts in the z-axis to maintain this Hysitron transducer setpoint. Both 

Hysitron TriboIndenter® and TriboScope® have an optional transducer with the ability to 

precisely measure and record lateral forces. This is accomplished by coupling transducers 



CH 2     Experimental 
   
 

 

30

as seen in Fig. 2.1 together, both vertically in order to measure lateral forces and 

horizontally to measure normal forces. This allows quantitative friction and wear testing 

with nanometer displacement resolution and micro-Newton load control for lateral force 

(scratch) testing.   

 
Figure 2.1. Schematic of Hysitron TriboScope® transducer assembly, courtesy of 

Hysitron, Inc., Minneapolis, MN. 

 

2.2 Nanostructure Compression 

This was the first research of its kind to attempt to compress freestanding 

nanostructures with a nanoindenter. Nanostructures that have been compressed include 

individual spherical nanoparticles and lithographed nanoposts. These are compressible 

asperities. Incompressible asperities have also been modeled which are actually just 

standard diamond indenter tips. 

 

2.2.1 Nanostructure Scanning 

In order to compress an individual freestanding nanostructure, the structure must 

first be found. This is accomplished by scanning the surface with a Hysitron 
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nanoindenter. The University of Minnesota I.T. Characterization Facility, which receives 

partial support from NSF through the NNIN program, currently has two Hysitron 

indenters; a TriboIndenter® and a TriboScope® (the facility is currently installing a 

Hysitron PicoIndenter® capable of TEM-in situ indentation).  

With the Hysitron TriboScope® it is possible to scan freely deposited nanoparticles 

that have been deposited on a flat surface with a large radius tip. A number of factors 

must be optimized in order to accomplish this. First the set point of the transducer must 

be minimized; typical values are less than 1 mA which equate to a load of less than 1 μN. 

Next feedback gains need to be maximized in order to quickly sense any change in 

topography. Finally, tip scanning speeds should be kept below 1 μm/s. Since images 

typically have lateral sizes of 3 – 5 μm, scan rates are in the 0.3 down to 0.1 Hz range. 

Therefore the typical image capture time can range from 15 – 40 minutes. In order to 

capture images of that length, good thermal stability is necessary which can take hours to 

obtain. The main drawback for the TriboScope® is that it does not have optics which is 

necessary to accurately choose a location. This makes returning to individual 

nanostructures problematic. 

 The Hysitron TriboIndenter® does have optics that allows one to place the 

indenter tip within one micron of a desired area. This enables one to return to a 

topographically isolated nanostructure with relative ease. Scanning conditions are 

essentially similar to the TriboScope®; minimize scanning load, maximize gains and 

minimize tip scanning speed. However, in the present research it was not possible to scan 

freely deposited nanoparticles with the TriboIndenter®. This was not due to lack of effort. 
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It is believed that while lower contact forces could be maintained while scanning with the 

TriboIndenter® when compared to the TriboScope® the gains of the TriboScope® could 

be more sensitively tuned. With the TriboIndenter® the particles would be swept away 

using the indenter tip. In this case, atomic layer deposition (ALD) is used to adhere the 

particles to the substrate [George et al., 1996]. The amorphous Al2O3 ALD films were 

deposited onto the particles using a CVC-Veeco cluster tool automated ALD deposition 

chamber. Amorphous alumina films were created by a split binary chemical vapor 

deposition (CVD) reaction using half reactions of trimethyl aluminum (TMA) and water 

as the reaction precursors [Ott et al., 1996]. During the deposition, each half-cycle 

consisted of a 2 s gas introduction followed by a 10 s gas purge, resulting in a total cycle 

time of 24 s. Each cycle deposits approximately 0.8 Å of Al2O3 resulting in sub-

nanometer control of the film thickness. 

 

2.2.2 Nanospheres 

A process known as hypersonic plasma particle deposition (HPPD) has been in 

development since the early 1990’s at the University of Minnesota and was recently 

awarded a U.S. patent [Rao et al., 1999]. In this process, a nanostructured film is 

deposited at rates of upwards of one micron per minute onto a substrate by the high 

velocity impaction of nanoparticles themselves. With this process, Tymiak et al. [Tymiak 

et al., 1999] showed that nanostructured SiC films exhibited hardnesses in the range 30–

40 GPa. More recent work by Beaber et al. [Beaber et al., 2007] purposefully integrated 

HPPD and CVD deposition processes to make nanostructured SiC films with similar 
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properties. Additionally, the nanoparticle deposition can be focused into a beam. The 

substrate beneath the beam can then be translated which produces patterns such as lines. 

This version of this process is discussed in Section 2.2.2.2 and can be used to isolate 

individual nanoparticles. The HPPD process generally produces spherical, dislocation-

free nanoparticles because of the well-controlled particle nucleation and quenching 

conditions that will be reviewed in the following section. 

 

2.2.2.1 Nanoparticle Deposition  

Briefly, the Hypersonic Plasma Particle Deposition (HPPD) process takes 

advantage of a thermal plasma which is generated by a DC torch that typically operates at 

200 A of current and 45 V with temperatures approaching 4,000 K at the torch exit. The 

main plasma gases are argon and hydrogen, with typical flow rates of 30 slm and 2 slm, 

respectively. Vapor phase reactants such as SiCl4 (used to produce Si nanoparticles) are 

introduced into the plasma through an injection ring. These reactants completely 

dissociate in the thermal plasma. The peak temperatures of the plasma are very localized, 

such that the reactants cool quickly as they enter the silicon nitride nozzle. The 100 mm 

long nozzle has been designed so that the walls are hot which confines the cooling 

reactants to its center. As the reactants cool, the gas becomes supersaturated and particles 

nucleate homogeneously. The particles remain inside the nozzle for roughly a few 100’s 

of micro-seconds before they enter the deposition chamber. The pressure at the nozzle 

entrance is approximately 450 Torr, and is approximately 1 Torr at the nozzle exit (or 

deposition chamber entrance). Due to the pressure difference between nozzle and 
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chamber, the particles accelerate to supersonic speeds as they enter. For deposition of 

continuous films, the substrate is positioned 20 mm downstream of the nozzle exit. It has 

been estimated that the particles 20 nm in diameter on average take 10 μs  to impact the 

substrate once they exit the nozzle. The substrate can be removed and the nanoparticle jet 

can be focused by aerodynamic lenses into a beam as will be discussed in Section 2.2.2.2. 

The focused particles are accelerated by a pressure drop in the focused beam chamber 

(pressures in the mTorr range). This second substrate is more than one meter downstream 

from the nozzle exit which allows the particles to cool to essentially room temperature 

prior to impaction. 

 The individual HPPD nanoparticles investigated here are composed of silicon and 

titanium [Rao et al., 1995a; Rao et al., 1995b]. The reactants consist of vapor-phase SiCl4 

and TiCl4 with flow rates in the range of 50–70 sccm depending on the desired 

composition. Particles were deposited onto a sapphire (single crystal Al2O3) substrate 

since sapphire is harder (~27 GPa) than either silicon or titanium.  

 

2.2.2.2 Single Nanoparticle Deposition 

In the work reported here, the substrate for continuous film deposition was 

removed, and the particles instead entered an aerodynamic lens system fully described by 

Liu et al. [Liu et al., 1995] and Di Fonzo et al. [Di Fonzo et al., 2000]. A schematic of 

these lenses can be seen in Fig. 2.2. They consist of a series of coaxial openings through 

which the Ar carrier gas transports the particles. As the gas repeatedly contracts and 

expands through each opening, the trajectories of embedded particles vary depending on  
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Figure 2.2. Schematic of aerodynamic focusing lens which shows predicted trajectories 

for nanoparticles larger than 100 nm. The lens system can focus particles. Courtesy of A. 

Gidwani. 

 
 

Figure 2.3. SEM images of nanoparticle depositions after focusing through aerodynamic 

lens system where (a) shows two mm-high towers deposited when the substrate is 

stationary and, (b) nanoparticle lines produced by moving the substrate beneath the 

focused beam. Rings and curves can also be deposited. 

 

their size. Small particles follow the gas streamlines while large particles are lost to the 

lens walls and intermediate sized particles are trained towards the axis. After passing 

through a series of five orifices, the particles are focused into a beam of between 20 to 40 

μm  in diameter. The substrate beneath the beam can be held still so that a tower is 
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deposited, or it can be translated by a computer-controlled system and deposit lines of 

nanoparticles as seen in Fig. 2.3. For a single pass, the line is approximately 2 μm  high at 

its center. By approaching the line with the Hysitron TriboScope® or TriboIndenter® in 

scanning mode from the side, isolated nanoparticles can be found as seen in Fig. 2.4. As 

will be shown in the next section, these particles can be repeatedly scanned without 

disturbing their position on the substrate. 

 
Figure 2.4. Isolated nanoparticles can be imaged by approaching nanoparticle line from 

side with Hysitron TriboScope® or TriboIndenter® imaging in scanning mode with a large 

radius of curvature diamond tip. In this way, the particle can be centered under the tip 

prior to compression. 

 

2.2.2.3 Nanoparticle Contact Area 

It is necessary to consider the contact area at both the nanoparticle/tip and 

nanoparticle/substrate interfaces during compression in order to calculate a particle’s 

mechanical properties. To first order it is assumed both contact areas are equal. As will 

be seen, the nanospheres deform both elastically and plastically. Therefore the contact 

area will be somewhere between Hertzian (perfectly elastic) and geometric (perfectly 
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plastic) treatments. During standard nanoindentation of thin films, the indentation surface 

is assumed to be flat. And thus by indenting a material with known properties such as 

fused quartz, the contact area as a function of displacement can be calculated via the 

Oliver-Pharr [Oliver and Pharr, 1992] method using Eq. (1.16). Unfortunately this 

approach is not applicable to the compression of individual nanospheres where the 

indenter tip has a much larger radius of curvature than the particle or structure that is 

being indented. However contact models between spheres and flat surfaces have a long, 

well-developed history in continuum mechanics beginning with Hertz [Hertz, 1881]. The 

Hertzian contact radius, Ha , is 

 ( )1 2
Ha rδ= , (2.1) 

where δ  is the displacement at one contact and r  is the reduced contact radius. In the 

case of a nanoparticle being compressed between a large-radius diamond tip and sapphire 

substrate, the total displacement measured by the nanoindenter, tδ , would be divided in 

half to represent the condition of one contact elastically deforming. Hertzian theory 

assumes that the spheres are isotropic, the contact radius and deformation is small when 

compared to the reduced radius of curvature of the system, and the deformation is elastic. 

However it will be seen that the compressions of the nanospheres, even at small 

displacements are characterized by elastic-plastic loading. Considering this, a generously 

large estimate of the contact radius would be one that uses a purely plastic, geometric 

contact radius, geoa , such that 
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1 22

t
geo t 4

a r δδ
⎛ ⎞

= −⎜ ⎟
⎝ ⎠

, (2.2) 

where tδ  is the total displacement measured by the nanoindenter and r  is the radius of 

curvature of the nanosphere. This equation is appropriate at small to intermediate 

deformations where plastic flow is occurring, and is a factor of two smaller than a 

standard geometric radius since the displacement here accounts for both the tip/sphere 

and sphere/substrate contacts. Additionally, both tip and substrate are assumed to be 

rigid. A schematic of this situation can be seen in Fig. 2.5(a). 

 
Figure 2.5. Schematics depicting contacting radii used in determining stress for (a) mean 

contact pressure as an upper-bound stress and (b) average stress in an equivalent height 

right cylinder as a lower-bound stress. 

 

 The second model takes into account that at larger displacements the sphere 

becomes more barrel-shaped and approaches a right cylinder compressed between two 
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platens as seen in Fig. 2.5(b). At this point fracture is a possibility, and the appropriate 

area that is supporting the load would be associated with the mid-plane of the sphere. 

This radius is based on a cylinder under compression and is estimated by setting the 

original volume of the sphere equal to the current volume of the cylinder (cross sectional 

area multiplied by the current height). This cylindrical contact radius, cyla , is 

 
( )

3

cyl
t

4
3 2

ra
r δ

⎛ ⎞
= ⎜ ⎟⎜ ⎟−⎝ ⎠

. (2.3) 

Figure 2.6 compares the three contact radii equations above versus displacement, 

with both axes normalized by initial particle diameter. The Hertzian radius is only valid 

for elastic deformations at small displacements. Since the majority of mechanical 

property measurements are taken at total displacements between 20% and 60% of the 

initial diameters of the particles, a relatively narrow spread between the geometric 

contact and cylindrical mid-plane radii is used in the mechanical property estimates. 

 
Figure 2.6. Values of contact radius a from Eqs. (2.a)-(2.c) as a function of total 

displacement normalized by the initial particle diameter. 
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With these nanoparticle radius estimates as a function of displacement, it is 

possible to estimate the upper and lower bounds for average contact stress, average flow 

stress (mean pressure supported by the particle), modulus and fracture toughness as will 

be done in CH 3.   

 

2.2.3 Nanoposts 

While the nanoparticles in the previous section have the advantage of being a 

standard spherical shape and single crystalline, they also have three major drawbacks. 

First they are deposited randomly which makes it very difficult to repeatedly return to a 

single particle. Second the deposition method ensures that they are loosely adhered to the 

substrate. This means that under most conditions, particles are generally swept away by 

the scanning tip. Third, the spherical nature of the particles creates a non-uniform 

pressure distribution within the particle during compression. This makes determination of 

the area, and therefore stress, supporting the load more difficult to resolve. These issues 

were addressed with the creation of arrays of nanosturctures termed ‘nanoposts’ using e-

beam lithography. 

Lithographically produced nanoposts, with small height to radius ratios were 

formed quite easily at low cost per nanopost in the Nano Fabrication Center at the 

University of Minnesota. They can undergo deformation comparable to severe plastic 

deformation (SPD) without buckling or fracture which is an advantage when compared to 

nanoparticles or micropillars created by focused ion beam (FIB) machining. The 

disadvantages of these nanoposts include irregularities in shape and surface topography 
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due to both the lithographic processing and their polycrystalline nature, and the difficulty 

of accessing the structures with transmission electron microscopy (TEM) after 

deformation. The structures are characterized by DI Nanoscope III Multimode AFM and 

SEM before and after compression tests.  

 

2.2.4.1 Nanopost Fabrication 

To prepare the substrate for nanopost deposition, a silicon (100) wafer was etched 

with a Piranha etch (5 parts sulphuric acid to 1 part 30% hydrogen peroxide) for 15 

minutes at 120 °C. The substrate was then rinsed in flowing DI water for six minutes and 

baked at 115 °C for two minutes to evaporate any residual water from the surface. With 

the surface cleaned and prepared, poly(methyl methacrylate) (PMMA) A6 was spin 

coated at 4000 rpm for 30 seconds and cured at 170 °C for 30 minutes in a nitrogen 

atmosphere for a final thickness of 400 nm. The nanopost pattern was exposed with a 

Raith 150 direct write e-beam lithography system at a dose of 320 μC/cm2. This was 

followed by a one minute bake at 95 °C to fully breakdown the photoresist in the exposed 

areas. The pattern was developed in a 1:3 mixture of MIBK (Methyl isobutyl ketone):IPA 

(isopropyl alcohol) for 30 seconds which was subsequently stopped by immersion into 

pure IPA for 5 seconds. Both the aluminum and permalloy films were deposited via e-

beam evaporation at a rate of 0.2 Å/second in a custom-built system which had a base 

pressure <1x10-11 Torr and has been fully described in a paper by Lund and Leighton 

[Lund and Leighton, 2004]. Witness metal films were characterized by wide angle x-ray 

diffraction, grazing incidence x-ray reflectivity, and atomic force microscopy. They were 
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found to be polycrystalline with a (111) texture and surface roughness below 1 nm. While 

typical grain size in the witness films varied, it was estimated to be smaller than the film 

thickness. After the metal films were deposited, the samples were placed in acetone until 

the residual PMMA was completely dissolved leaving only the metal nanoposts on the 

silicon substrate as seen in Fig. 2.7 where both SEM and AFM images of the same 

nanopost array of 200 nm diameter aluminum posts have been imaged. 

 
Figure 2.7. Aluminum nanopost arrays created by e-beam lithography where (a) is an 

SEM overview of posts with an average diameter of 200 nm while (b) the same area 

viewed with contact-mode AFM. The nanoposts on the bottom row and right column of 

this array have been compressed. These posts are difficult to image via SEM however 

show up reasonably well in the AFM image.  

 

2.2.4.2 Nanopost Contact Area 

The nanoposts were compressed using the Hysitron TriboIndenter®. They were 

found by scanning the substrate’s surface with a large micron radius of curvature, conical 

diamond indenter tip utilizing normal loads between 200 to 400 nN at speeds of less than 

2 μm/s. Once located, an individual nanopost is centered under the diamond nanoindenter 

tip. It is then compressed using displacement control [Warren et al., 2004] at a rate of 2  
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Figure 2.8. Typical compression test of an aluminum nanopost (Table 3.2, Post 9, first 

compression) showing (a) the load-displacement data and (b) load and displacement as a 

function of time where the load drop during the hold period is clearly seen. 

 

nm/s to a maximum displacement, where the tip was held for between 5 to 8 seconds and 

was then removed at a rate of 2 nm/s. An example of the load-displacement data from a 

compression test of an aluminum nanopost can be seen in Fig. 2.8(a) where it is evident 

that the post first loads elastically and then begins to flow plastically. The load relaxes 

during the hold-period at maximum displacement shown in Fig. 2.8(b) (as will be shown 

in Section 4.3, once the contact area is determined, this load relaxation can be translated 

into a stress relaxation and an apparent activation volume can then be determined). The 

nanopost is then unloaded which is initially elastic in behavior. Figure 2.9(a) shows the 

first three compressions of a similar aluminum nanopost (Table 4.1: 12a-c), and just as 

with standard nanoindentation, the elastic unloading stiffness values from each 

compression can be measured giving 10.8, 15.4 and 33.1 μN/nm respectively. As 

expected, the values increased for each subsequent compression due to the increase in the 
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contact area as seen by comparing the pre-compression and post-compression AFM 

images of nanoposts in Fig. 2.9(b)-(c).  

 
Figure 2.9. Aluminum nanopost compression. (a) Three repeat compressions of a single 

aluminum nanopost (Table 3.2, Post 12). (b) AFM image of an aluminum nanopost prior 

to compression, (c) the pancaked nanopost after compression. 

 

The stiffnesses are not indicative of the nanopost mechanical response by 

themselves; however by making two assumptions they can be used to estimate the 

effective contact radius values at the unloading points. First, it is assumed that once 

significant plastic flow has begun, the nanopost is effectively a right cylinder confined 

between the tip and substrate. Second, both the tip/nanopost and nanopost/substrate 

contact radii can then be modeled as cr  which is found using a cylindrical flat punch 

analysis, 
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 c
r2

Sr
E

= . (2.4) 

Here, S  is the unloading stiffness and rE  is the reduced modulus of the 

substrate/nanopost combination defined in Eq. (1.3). From Eq. (2.4), the contact area at 

unloading can be determined. The load-displacement data for each nanopost can be found 

in Appendix 2. This data will be used to analyze the mechanical response of nanoposts in 

CH 4. 

 

2.3 Incompressible Asperities 

The previous section detailed the manufacture and compression of freestanding 

nanostructures which, as discussed in CH 1, can be thought of as nanoscale asperities. 

This type of asperity deformation occurs any time materials make physical contact. In an 

opposite sense, there are times where an asperity of one material is basically 

incompressible when compared to the other material. This is the general situation when 

conducting nanoindentation experiments where the diamond indentation tip does not 

yield plastically. The standard method for calibration of the tip area function was covered 

in Section 1.4. However as will be shown in CH 5, the standard method is vulnerable to 

systematic errors. Therefore a new procedure to determine the projected area as a 

function of displacement from the apex of the tip was needed. 

In order to create an independent area function, a 1 µm radius tip is imaged by 

scanning it over a grating of Si spikes (TGT1 from NT-MDT) using the Hysitron 

TriboScope® that is attached to a DI NanoScope® III AFM.  The spikes have a quoted 
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radius of curvature of 10 nm.  A 3 3×  µm image is generated at 256 256×  resolution 

thereby imparting lateral dimensions for each pixel of approximately 11.7 nm.  The raw 

data underwent a first-order plane fit to minimize tilt and then was exported as an ASCII 

file.  A routine in an Excel spreadsheet was generated to slice across the tip+spike image 

seen in Fig. 2.10 to directly count the pixels.  It should be noted that the AFM piezo was 

calibrated in X, Y and Z using the TriboScope® with a sharp cube corner-geometry tip 

under the same scanning conditions as seen in Fig. 2.10 by scanning a set of calibration 

gratings (TGS2 set from NT-MDT).  This generates a graph of the projected area as a 

function of displacement from the apex of the tip seen in Fig. 2.11 and is fit with a two-

term area function that turns out to be 

 
Figure 2.10. Hysitron TriboScope image of a 1 micron conosphereical 90˚ included angle 

tip imaged over a sharp silicon spike. This image is used to create the projected area 

function of Fig. 2.11. 

 

 ( ) ( )2 2
 1 μm 42.346 6419.3 ;  R =0.9997A δ δ ⎡ ⎤= + ⎣ ⎦ . (2.5) 

For reference, the ideal area function for a 1 µm radius sphere is also graphed in 

Fig. 2.11 and is 
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 ( ) ( )2
ideal 2A Rπ δ π δ= − + . (2.6) 

 
Figure 2.11. Graph of the projected area of the tip seen in Fig. 2.10 as a function of 

displacement from the apex of the tip where the relations for the real area function is 

given in Eq. (2.5) and the ideal spherical area function is given in Eq. (2.6). 

 

The tip+spike image overestimates the true area of the tip which will generate a 

lower bound for both indentation modulus and average contact stress throughout the first 

30 nm of contact displacement. The effective contact radius for this tip was calculated by 

setting Eq. (2.5) equal to Eq. (2.6) and solving for R  which gives 

 ( ) ( )2
 1μm 0.211 15.19 897R δ δ= − + + . (2.7) 

This relation as a function of contact displacement can be seen in Fig. 2.12. Materials 

such as fused quartz, sapphire, rutile and silicon were then indented using this tip. The 
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indentation modulus and average contact stress results for these indents were calculated 

using Eq. (2.5) for the area function and are given in CH 5. As explained there, these 

results will be analyzed using a pressure enhanced modulus theory which has not been 

used to date in the nanoindentation community.  

 
Figure 2.12. Effective radius of the 1 μm tip showing the fit from Eq. (2.7).  

 

Two other tips were used to indent these materials as well. They include a standard 

Berkovich indenter and a 5 μm radius conospherical tip. The area function for the 

Berkovich tip was determined in a similar manner to the 1 μm conospherical tip above. It 

was scanned across the Si spike grating with the TriboScope which can be seen in Fig. 

2.13. The projected area function for this tip is seen in Fig. 2.14 where the fit is 
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 ( ) ( )2
Berk 24.455 473.89A δ δ= + . (2.8) 

 
Figure 2.13. Hysitron TriboScope image of a Berkovich tip imaged over a sharp silicon 

spike. This image is used to create the projected area function of Fig. 2.14. 

 

 
Figure 2.14. Graph of the projected area of the Berkovich tip seen in Fig. 2.13 as a 

function of displacement from the apex of the tip where the relations for the real area 

function is given in Eq. (2.8). 
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The area function for the 5 μm conospherical tip was also determined by scanning the Si 

grating using the TriboScope. This image can be seen in Fig. 2.15 while the projected 

area is seen in Fig. 2.16 and the fit to the data is 

 ( ) ( )2
 5 μm 25.81 42086A δ δ= − + . (2.9) 

All of these fits are generated from non-deconvolved images (the area includes tip+spike) 

and therefore are upper bounds for the real tip area. This should then generate a lower 

bound for the hardness and modulus calculated in CH 5. 

 
Figure 2.15. Hysitron TriboScope image of a 5 μm conospherical tip imaged over a sharp 

silicon spike. This image is used to create the projected area function of Fig. 2.16. 



CH 2     Experimental 
   
 

 

51

 
Figure 2.16. Graph of the projected area of the 5 μm tip seen in Fig. 2.15 as a function of 

displacement from the apex of the tip where the relations for the real area function is 

given in Eq. (2.9). 
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 This chapter investigates the results for the compression testing of single, 

spherical nanoparticles of silicon and titanium. The bulk of the research concentrated on 

indenting Si nanoparticles because of both the availability and technological significance 

of Si compared to Ti. While the mechanical response of Ti was similar to Si, the 

differences will be addressed. Therefore, all data mentioned below refers to Si 

nanoparticles unless otherwise noted. The chapter includes the following main sections: i. 

the necessary assumptions needed to determine nanoparticle average contact stress (e.g., 

nanoparticle composition, shape, size and contact area), ii. the elastic and plastic 

mechanical response of single nanoparticles subject to uniaxial compression, iii. a 

volume to surface based length scale for predicting the stress that nanoparticles can 

support, iv. a measure of the pressure enhanced elastic modulus of the particles and v. the 

particle fracture toughness as a function of particle diameter. 

 Before it is possible to begin to estimate the compressed nanoparticle’s 

mechanical properties, it is first necessary to make certain assumptions concerning its 

composition, microstructure, size and shape. Only then can the particles’ mechanical 

properites be quantified by analyzing the load-displacement data.  

 

3.1 Nanoparticle Observations 

 In this chapter nanoparticle analysis is based upon three complementary 

characterization techniques. These include: i. the standard load-displacement data typical 

of instrumented indentation which provides the quantitative mechanical response of the 
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individual nanoparticle when combined with both, ii. AFM and SPM height profiles of 

the indented particle both before and after indentation, and iii. electron microscopy 

analysis of the compressed or similar nanoparticles where possible.  

 First, consider the TEM data, from which the nanoparticle composition, 

crystalline structure and shape can be inferred. As stated in Chapter 2, during the HPPD 

deposition, a focused beam of nanoparticles is rastered across both a sapphire wafer and 

TEM support films mounted on a computer-controlled substrate translation system. 

Because the nanoparticles are deposited during the same run, it is assumed that the 

particles on the sapphire substrate and TEM grids are of the same composition and 

structure.  

 

Figure 3.1. Silicon nanosphere observations. (a) Bright-field TEM image showing an 80 

nm radius Si nanosphere without obvious defects. (b) The selected area diffraction 

pattern from this particle, consistent with the [ 211 ] zone axis of Si. (c) XEDS analysis of 

this particle confirms it is Si; the Cu and C peaks are from the TEM support grid. TEM 

courtesy of C.R. Perrey and C.B. Carter. 
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 In Fig. 3.1, a typical Si nanoparticle that is spherical, dislocation-free and single 

crystalline is imaged. The chemical identity of the nanoparticle was confirmed using X-

ray energy dispersive spectrometry; the resulting spectrum is shown in Fig. 3.1(c). The Si 

and O peaks originate from the nanoparticle, while the C and Cu signals are from the C 

support film and Cu grid. A typical Ti nanoparticle can be seen in Fig. 3.2. 

 
(a)      (b) 

Figure 3.2. Ti nanosphere observations. (a) Bright-field TEM image showing an 80 nm 

radius Ti nanosphere. The selected area diffraction pattern from this particle verifies it is 

crystalline. There is an obvious amorphous layer surrounding the particle. (c) XEDS 

analysis of this particle confirms it is Ti; the Cu and C peaks are from the TEM support 

grid. TEM courtesy of C.R. Perrey and C.B. Carter. 

 

 A thin layer of non-crystalline material covering the surface of both Si and Ti 

nanoparticles has been found by Perrey et al. [Perrey et al., 2003]. They investigated the 

size and chemical identity of this surface layer using analytical scanning-TEM (STEM) 

where the electron beam takes one sampling point per nanometer across the particle. At 

each point an electron energy loss spectrum (EELS) is collected for profiles of Si and O. 
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Results show that the oxygen signal is the greatest at the edges of the particle, where the 

largest fraction of amorphous layer is sampled by the electron beam without signal 

dampening by the crystalline Si nanoparticle’s interior. 

 A number of estimates of the oxide film thickness were made on both the silicon 

and titanium nanoparticles and are shown in Fig. 3.3. In general, larger-diameter particles 

had larger film thicknesses. This might be expected since larger particles have a larger 

residence time and oxygen accumulated during growth would tend to segregate to the 

surface if the solubility limit is exceeded. Therefore the trend lines shown in Fig. 3.3 

seem reasonable and are used in the fracture toughness determination in Section 3.4. 

 
Figure 3.3. Measured oxide film thicknesses in different size titanium and silicon 

nanospheres taken using bright-field TEM images on a Philips CM30 by C.R. Perrey. 
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 It should be noted here that for both Si and Ti depositions, agglomerates 

composed of small (<10 nm) particles were also observed during TEM. However for 

indentation purposes, only isolated particles that appeared to be spherical from the SPM 

imaging were chosen. In addition, Si and Ti particles that were spherical and crystalline 

with nano-twin defects have been imaged. However from this point on it is assumed that 

the indented nanoparticle is initially spherical, single crystal and dislocation free in order 

to analyze the load-displacement curves. Of course an individual particle’s 

crystallographic orientation is unknown, and since both Si and Ti bulk materials have 

anisotropic mechanical properties, some amount of scatter in the load-displacement 

response is to be expected. These assumptions can be addressed by quantitative TEM – in 

situ indentation which has recently become available.  Initial experiments with this 

technique were performed in a collaboration at the National Center for Electron 

Microscopy (NCEM), LLNL, Berkeley, CA with A. Minor (NCEM) and J.D. Nowak and 

C.B. Carter (University of Minnesota) have shown great promise and will be referenced 

throughout this Chapter. 

 

3.2 Uniaxial Compression of Nanoparticles 

 As stated in Chapter 2, the nanoparticle is compressed between a diamond tip 

with a large radius of curvature and a sapphire substrate. Because the elastic modulii of 

diamond (~1000 GPa) and sapphire (~450 GPa) are much greater than the Si (~160GPa) 

or Ti (~110 GPa) nanoparticles, the tip and substrate are considered to be rigid platens 

loading the nanoparticle uniaxially as in a compression test. A simplified schematic of 
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this model, without the aforementioned oxide layer, can be seen in Fig. 3.4. Similar 

uniaxial compression experiments of macro-spheres, such as the Point Load Strength 

Test, are commonly used to test the compressive strength of bulk materials such as 

concrete [Chau and Wei, 1999]. Figure 3.4 shows dislocation loops nucleated 

alternatively at both the top and bottom contact edges that then glide into the nanosphere.  

 

Figure 3.4. Idealized schematic of a nanoparticle in uniaxial compression. It is thought 

that dislocation loops nucleate at both the top and bottom contact edges and then glide 

into the nanosphere. However the glide cylinder is not necessarily perpendicular to the 

substrate as is shown in the schematic. 

 

However the glide cylinder is not necessarily perpendicular to the substrate as is shown in 

the schematic. As a first order estimate, it is assumed that the nanoparticle compresses 
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symmetrically from both top and bottom, and therefore the contact areas at both the 

nanoparticle/tip and nanoparticle/substrate interfaces are equal. This behavior is seen in 

our initial TEM-in situ compression experiments conducted on silicon nanoparticles at 

NCEM [Deneen et al., 2006; Deneen Nowak et al., 2007].   

 
Figure 3.5. TEM – in situ compression of a silicon nanoparticle where the visible strain 

fields in the diamond tip and at the top and bottom contact of the particle are caused by 

the formation of bend contours.  The particle is deforming symmetrically from the top 

and bottom.  Here the diamond tip is in the bottom left corner and the sapphire substrate 

is in the top right corner. Experiment at NCEM, LBNL, Berkeley, CA in collaboration 

with A. Minor, J.D. Nowak and C.B. Carter. 

 

 In this TEM-in situ compression work, silicon nanoparticles were deposited on a 

sapphire substrate by the HPPD focused beam process and compressed with a boron-

doped diamond tip.  The particle was compressed at an average rate of 4 nm/s and the 
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compressions were recorded at 32 frames per second. TEM showed that it was a 

spherical, dislocation-free silicon particle with a 108 nm radius and an oxide thickness of 

5.4 nm. The strain field in the diamond tip and on both sides of the particle could be 

directly observed during the deformation process due to the formation of bend contours, 

as shown in Fig. 3.5. These bands of contrast in the image result from the local 

displacement of the lattice planes and indicate an elastic deformation [Williams and 

Carter, 1996]. This strongly indicates that the particle is deforming in a symmetric 

manner. 

  

3.2.1 Elastic Mechanical Response 

 Elastic mechanical response for small volumes of crystalline, dislocation-free 

materials such as the nanoparticles tested can be defined as their loading response prior to 

the nucleation of the first dislocation loop. This assumes the material does not change 

phase as in a stress-induced amorphization that is common during planar indentation into 

silicon [Kailer et al., 1997]. In this regime, the contact can be described by Hertzian 

(completely elastic) behavior. It has been shown by many authors that dislocation loops 

are nucleated in initially defect-free materials once the theoretical shear stress is achieved 

[Gerberich et al., 1996; Suresh et al., 1999]. For a spherical or pyramidal tip indenting 

into a thin film, a very complex state of stress exists and the highest stress state resides 

beneath the film’s surface within the contact radius; this is where the dislocation 

nucleates [Lilleodden et al., 2003; Miller and Rodney, 2008]. Kelchner et al. [Kelchner et 

al., 1998] showed this type of nucleation behavior in a molecular dynamic simulation 
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containing 470,000 atoms for a conical diamond tip contacting a passivated Au(111) 

surface. For the nanoparticle geometry shown in Fig. 3.4, the highest state of shear stress 

is at the contact edges, and thus it is proposed dislocation loop nucleation occurs there. 

This is what Minor et al. [Minor et al., 2005] found when indenting wedge shaped silicon 

structures with TEM – in situ indentation. Once dislocations nucleate, the mechanical 

response deviates from Hertzian behavior. Michalske and Houston [Michalske and 

Houston, 1998] among others noted this type of deviation from elastic behavior for a 

tungsten tip contacting a flat Au (111) surface where the Hertzian relation is fit to the 

elastic portion of the load-displacement curves by adjusting the tip radius. This is one 

example of many that will be more closely examined in CH 5. As seen in Fig. 3.6 our 

TEM – in situ compression of the silicon nanoparticles showed that it is possible to 

elastically compress the nanospheres even though the contact pressures are extreme. 

 
Figure 3.6. TEM – in situ elastic compression of a silicon nanoparticle where the visible 

strain fields in the particle seen in (a) disappear once the tip has retracted from the 

particle as seen in part (b).  Here the diamond tip is in the bottom left corner and the 

sapphire substrate is in the top right corner. Experiment at NCEM, LBNL, Berkeley, CA 

in collaboration with A. Minor, J.D. Nowak and C.B. Carter. 
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3.2.2 Elastic-Plastic Mechanical Response 

 The previous section dealt with the elastic response of a dislocation-free, single 

crystal, spherical nanoparticles in compression. This section deals with the observed 

behavior of the same nanoparticles during and after repeated compression where 

plasticity is observed. As the compression of a nanoparticle continues, larger volumes of 

material are subject to high stresses and plasticity will occur. In crystalline materials, 

plasticity generally takes the form of dislocation nucleation and motion. However at the 

nanoscale, other deformation mechanisms are possible such as a phase transformation, 

twinning or grain rotation [Shan et al., 2004]. For example, an embedded atom method 

(EAM) simulation conducted by M.I. Baskes shows a 12 nm silicon sphere compressed 

by two flat platens as seen in Fig. 3.7 [Gerberich et al., 2003]. This simulation shows the 

particle deforming in an amorphous manner.  

 

Figure 3.7. View through entire 12 nm diameter Si sphere compressed to a displacement 

of 2.3 nm between two platens. No dislocation loops are seen. The Si near the contacts 

changes into an amorphous phase. The embedded atom method (EAM) was used in this 

simulation, courtesy of M.I. Baskes, LANL. 
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Alternatively, simulations of silicon nanoparticles impinging on a flat surface at high 

velocities show a phase transformation into a high pressure beta-tin phase of silicon 

[Valentini et al., 2007], similar to what is found during the indentation of a flat silicon 

surface. 

 However the nanoparticles tested in this work were larger and compressed at 

lower strain rates than the simulations cited above, and as will be evident below, all 

evidence shows that the compression-induced plasticity was dominated by dislocation 

nucleation and motion within the particles. The small particle volume being deformed 

and the 20 nm to 100 nm radius of curvature (of the particle) combine to decrease the 

critical load for dislocation loop nucleation to as low as 5 μN depending on particle size 

and orientation. An example of this is seen in Fig. 3.8 which shows the load-displacement 

response of a 39 nm diameter silicon nanoparticle. It is proposed that the displacement 

bursts indicated by arrows are the nucleation of discrete dislocation loops. This has been 

frequently called prismatic punching [Ashby, 1970; Hull, 1975]. Dislocation bursts 

similar to what was seen in Fig. 3.8 have previously been observed by Corcoran et al. 

[Corcoran et al., 1997] in dislocations nucleated at step ledges in Au, by Bahr et al. [Bahr 

et al., 1998] in <100>Fe – 3wt%Si and W single crystals, by Suresh et al. [Suresh et al., 

1999] in thin films of Cu, by Gouldstone et al. [Gouldstone et al., 2000] for two different 

orientations of an Al thin film and by Moody [Moody, 2001]. For these indentations, the 

displacement bursts were on the order of 2 to 30 nm with loads in the range of 10 to 500 

μN . The order of magnitude smaller forces and displacement steps seen in the 
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nanoparticles are due to the order of magnitude smaller volumes and contact areas 

involved with these nanoparticle.   

 

Figure 3.8. Load-displacement of 39 nm diameter Si nanoparticle with dislocation bursts. 

It is proposed that the displacement bursts indicated by arrows are the nucleation of 

discrete dislocation loops. The cumulative dislocation burst length is approximately equal 

to the residual displacement upon unloading (Gerberich et al., 2003). 

 

 The mechanical response to compression of initially dislocation-free single 

crystals at this length scale can be thought of as the elastic strain of the lattice, followed 

by the process of dislocation nucleation at the material’s theoretical shear strength, 

followed by additional elastic behavior until the next dislocation can be nucleated. This 

staircase-yielding phenomena has been seen in an ever-growing number of systems and is 

exactly the mechanism first proposed by Bahr et al. [Bahr et al., 1998] for indentations 

into single crystals of tungsten and iron. Kiely et al. [Kiely et al., 1999] also observed 

similar behavior for nanoindentation into initially dislocation-free Au (111) surfaces.   
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 The evidence for a dislocation-based deformation mechanism in individual 

nanoparticles subject to compression can be seen in both the in situ TEM and ex situ 

nanoindenter-based results presented here. First the TEM-in situ indentation results from 

Fig. 3.6 show it is possible to elastically compress a silicon nanoparticle. They also show 

that any plasticity that is generated is composed of only dislocation deformation for these 

types of silicon structures as confirmed by selected area diffraction patterns using TEM 

of indentation/compression into both wedges from Minor et al. [Minor et al., 2005] and 

nanoparticles by Deneen et al. [Deneen et al., 2006; Deneen Nowak et al., 2007]. This is 

true for even highly deformed particles. Ex situ results include Fig. 3.8 where the 

cumulative displacement burst length (~1 nm) represents the total residual displacement 

observed upon unloading (~1 nm). Additional ex situ compression of single crystal 

silicon nanoposts created using e-beam lithography as detailed in Section 2.2.3 also only 

show dislocation nucleation and not phase change when analyzed by TEM using FIB 

cross-sectioning as seen in Fig. 3.9 [Gerberich et al., 2005a]. 

 
Figure 3.9. Silicon nanoposts etched from a silicon substrate, compressed and then cross-

sectioned using FIB.  Shows post 4 and 8.  Selected area diffraction did not show any 

phase transformation. Images courtesy of C.R. Perrey and C.B. Carter. 
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 These results suggest that the majority of the displacement resulted from 

dislocation nucleation and not the development of an amorphous phase of Si as shown 

experimentally by Kailer et al. [Kailer et al., 1997] and predicted by Cheong and Zhang 

[Cheong and Zhang, 2000] for indentation into flat films and for ultra high speed 

compression of smaller spheres in molecular dynamic simulations [Valentini et al., 2007] 

and as seen in Fig. 3.7 [Gerberich et al., 2003]. It should be noted that this type of 

staircase yielding was not seen in all nanoparticles at low loads. This is most likely due to 

the random variation of the indented particle’s crystallographic orientation. The 39 nm Si 

particle of Fig. 3.8 must have been oriented with b  normal to the platens. The dominant 

slip systems for dislocation motion in Si are ½<110> dislocations on { }111  glide planes 

[Hirth and Loethe, 1982]. 

 As already shown, the nucleated dislocation loops can be stable after the initial 

compression, so repeated compressions should increase the dislocation density and 

harden the particle until fracture. Particles were scanned and compressed with the 

nanoindenter at increasing loads. Initially the particle is scanned to center the tip and to 

record the initial particle height. The particle is also scanned to record its height after 

each indentation. This is done to quantify the amount of permanent deformation the 

particle has experienced.  

 An example of repeated loading is seen in Fig. 3.10(a) for a Si nanoparticle 

initially 49 nm in height (diameter). The associated SPM profiles of the particle show the 

initial and final cross sectional scans in Fig. 3.10(b) and 3.10(c) respectively. In these 

scans, the lateral dimension of the nanoparticle of approximately 1 μm is an artifact of the 
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large tip radius. After repeated indentations, the nanoparticle has fractured as seen in the 

final cross section in Fig. 3.10(c). It is clear this nanoparticle has fractured into at least 

two pieces because since the 1 μm radius tip imaged a deflection in the particle. To do 

this, the pieces must have been pushed quite far apart during the loading cycle. For Fig. 

3.10(c) it is seen that the peaks of the two pieces are approximately 300 nm apart. It is 

also clear when comparing Fig. 3.10(b) and (c), the similarity of the background of the 

SPM plots confirm that the nanoparticles can be scanned repeatedly without moving. All 

of the compression data for both silicon and titanium nanoparticles used in the analysis of 

the particles’ flow stress, elastic modulus and fracture toughness below can be found in 

Appendix 1. 

 
Figure 3.10. Repeat compression of a 49 nm diameter silicon nanoparticle where (a) is 

the load-displacement relationship where reverse plasticity is evident. (b) AFM profile of 

the particle before compression, (c) AFM profile of the particle after compression 

showing fracture. 

 

3.3 Nanoparticle Stress Estimates 

 The load-displacement data of the silicon nanoparticle in Fig. 3.10 and of the 

remaining silicon and titanium nanoparticles in Appendix 1 are used to evaluate the 
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evolution of stress within these model nanostructures during the compression tests. This 

is possible by utilizing the appropriate contact area estimates from Section 2.2.2.3. 

Hertzian contact is used for a purely elastic solution while a geometric contact area is 

used at small displacements were plasticity has occurred. The geometric contact generally 

overestimates the true contact area as it is a perfectly plastic solution of a sphere passing 

through a planar surface. At larger deformations, a contact area generated from a right-

cylinder is used. This will overestimate the true contact area as well and is used to 

estimate the nanoparticle mid-plane during compression. These overestimates ensure that 

the stress values reported in this section are conservative in nature.  

 For small plastic displacements where the plastic zone radius, c , is less than the 

nanoparticle radius, r , the contact can be thought of as the first stages of a typical 

indentation where the tip is in initial contact with a flat substrate. Therefore the plastic 

zone radius can be given by Johnson’s spherical cavity model [Zielinski et al., 1993] for 

small plastic zones such that 
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where P  is the applied load and ysσ  is the uniaxial yield strength of the material. This 

can be combined with the V S  length scale introduced in Section 1.6. As proposed in 

[Gerberich et al., 2003b; Gerberich et al., 2003; Gerberich et al., 2002], this length scale 

is 
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To first order, the contact radius is assumed to be 2a rδ≅  since the total displacement, 

δ , is divided equally between the top and bottom contacts of the sphere. By combining 

this contact radius with Eq. (3.2), the plastic zone radius is 
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The average contact stress is now be calculated by dividing load by area through the 

combination of Eq. (3.1) and Eq. (3.3) and the elimination of the plastic zone radius 

giving 
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which is appropriate for small deformations.  

 The entire particle is eventually subject to plastic deformation during large 

compressive strains of the nanoparticle. Prior to particle fracture, the imposed load tends 

to constrain dislocations at non-equilibrium distances. These dislocations are constrained 

under load by either the surface oxide film (see Figs. 3.1-3.3), or from dislocations 

generated at the opposing contact (see Fig. 3.4). This high dislocation density effectively 

hardens the particle. However it remains to be seen if the dislocations will be stable once 

the load is removed. If they are not stable, the loops have a tendency to glide back to the 

free surface or boundary from where they originated. This behavior is evident in Fig. 3.10 

and in all of the nanoparticles in Appendix 1 such that when a nanoparticle is compressed 

consecutive times, the residual displacement up on unloading is not conserved. Since 

plastic deformation is usually considered as the motion of dislocations, this type of 
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reverse dislocation motion is termed reverse plasticity and was first predicted 

theoretically over 40 years ago by Johnson [Johnson, 1963]. It has been shown that 

reverse plasticity in silicon nanoparticles can represent up to 40% of the total 

displacement experienced during compression [Gerberich et al., 2005b].  

 As dislocation loops nucleate and move up or down a glide cylinder as seen 

schematically in Fig. 3.4, each inverse pileup at the top and bottom contact may have  N  

dislocations given by 

 
2

N
b

δ
= , (3.5) 

where half of the displacement is at the top contact and half is at the bottom. This can be 

related to Eshelby’s estimate for the number of dislocations under an applied shear stress 

in an inverse pileup which is [Eshelby et al., 1951] 

 ( ) s1
N

b
π ν τ

μ
−

= , (3.6) 

where s  is the length scale of the deformation.  

 In the case of nanoparticle compression, the volume of plasticity remains constant 

while the contact area continues to increase. This generates a length scale that is 

decreasing with displacement (or contact area) such that 

 ( ) 3 3

2 2

4 3 2
2 3VS

r r
a a
π

π
= = , (3.7) 

which is strikingly similar to the small contact situation except r  is substituted for c . 

The load, P , which is supported by the nanoparticle during compression can be defined 

in terms of the supported shear stress multiplied by the area which is supporting the load 
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and by an appropriate factor representative of the stress state and the orientation of the 

slip plane vector. This factor could range between 2 to 6, therefore an intermediate value 

of 4 is chosen due to the uncertainty giving 

 2
flow4P aπ τ= . (3.8) 

By substituting Eqs. (3.5), (3.6) and (3.7) into Eq. (3.8) the load supported by the 

nanoparticle is 
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The average supported stress is then just load divided by area which gives 
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 The analysis above models the average contact stress supported by the 

nanoparticle at small displacements in Eq. (3.4) as an indentation size effect, while Eq. 

(3.10) represents the supported stress at larger displacements and is modeled assuming a 

dislocation back stress argument. In both cases, a volume to surface length scale is used. 

Therefore Eqs. (3.4) and (3.10) are superimposed in order to model the stress that a 

nanoparticle is able to support while under repeated compression and is 
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However the length scale in the first term can be rewritten in Eq. (3.11) to give 
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where the uniaxial tensile yield stress is replaced with a characteristic nanoparticle stress, 

npσ , a value which depends on the nanoparticle size.  

 To see how Eq. (3.12) compares to the experimental data, a single value of 

contact stress was calculated for each compression seen in Appendix 1 using the 

geometric contact area and each value is represented as unfilled symbols in Fig. 3.11 for 

the silicon nanoparticles and Fig. 3.12 for the titanium nanoparticles. In order to obtain 

stress values at the smallest displacements for an individual nanoparticle, stress values 

were calculated during the loading portion of the initial compression for a nanoparticle 

where necessary. These points are solid symbols and can be seen in Figs. 3.11 and 3.12. 

It is clear that Eq. (3.12) correctly predicts the general trend of the nanoparticle stress 

evolution during compression testing. However the second term of Eq. (3.12) which 

depicts the dislocation-based work hardening effect does seem to over predict the 

experimentally observed stress values. This could be due to a number of reasons. First, as 

will be discussed in Section 3.5, the silicon particles undergo fracture at high strains. This 

would decrease the integrity of the nanoparticle structure thereby lowering the load it 

would be able to support. Fracture would also allow dislocations to escape through the 

newly created, oxide free surface. With regard to the titanium particles, it may be that the 

particle is undergoing a dynamic recovery process at these high strains. This is seen in 

many bulk nanocrystalline metals where grain growth occurs spontaneously if the 

material is subjected to pressure. For example, Zhang et al. [Zhang et al., 2005] have 

shown rapid grain growth in nanocrystalline copper below a microhardness indentation 

even at cryogenic temperatures. Gianola et al. [Gianola et al., 2006] showed grain growth 
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of freestanding nanocrystalline aluminum films in tension. This process would effectively 

decrease the dislocation density and therefore decrease the hardening rate of the particle.  

 
Figure 3.11. Average contact stress supported by the silicon particle under compression 

as a function of total displacement. The fits show how Eq. (3.12) compares to the 

experimental data where a single value of contact stress was calculated for each 

compression seen in Appendix 1 using the geometric contact area and each value is 

represented as unfilled symbols.  

 

 With regard to the first term in Eq. (3.12), the characteristic nanoparticle stress, 

npσ , for both silicon and titanium particles ranges from approximately one-half the 

theoretical shear stress for the largest spheres tested up to three times the theoretical shear 

stress for the smallest spheres tested. These results can be seen in Table 3.1 and Fig. 3.13 

where the nanoparticle characteristic stress is graphed as a function of initial particle 
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diameter. This is only partially a length scale strengthening effect since it should be noted 

that the component of hydrostatic stress present within the nanoparticle during 

compression will have a strengthening effect as well. An increase in flow and yield stress  

 
Figure 3.12. Average contact stress supported by the titanium particle under compression 

as a function of total displacement. The fits show how Eq. (3.12) compares to the 

experimental data where a single value of contact stress was calculated for each 

compression (unfilled symbols) seen in Appendix 1 using the geometric contact area. In 

order to obtain stress values at the smallest displacements for an individual nanoparticle, 

stress values were calculated during the loading portion of the initial compression (solid 

symbols) for a nanoparticle where necessary.  

 

in metals, composites and ceramics due to a superimposed hydrostatic pressure was first 

seen by Bridgeman [Bridgeman, 1953] and then further documented in book form 

[Bridgeman, 1964]. It has since been shown in experimental studies on iron based 



CH 3     Nanoparticle Mechanics 
   
 

 

74

materials [Brownrigg et al., 1983; Spitzig et al., 1976] as well as on aluminum [Spitzig 

and Richmond, 1984] that both flow and yield stresses increase linearly with hydrostatic 

pressure. This has lead to numerical simulations that also show such a dependence [Brunig, 

1999]. As will be shown in the next Section and in Chapter 5, the hydrostatic component 

of stress at a contact does affect more than just flow and yield stress, but also elastic 

properties such as bulk, shear and elastic moduli.  

 
Figure 3.13. Characteristic stress values necessary for the fits seen in Figs. 3.12-3.13 for 

each nanoparticle. 

Table 3.1: Nanoparticle characteristic stress. 
Silicon nanoparticles Titanium Nanoparticles 

 (nm)d np (GPa)σ (nm)d  np (GPa)σ  
39 25 34 16 
43 21 44 5 
49 20 46 4 
52 13 58 3 
64 10 143 0.3 
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93 3   
3.4 Nanoparticle Modulus Estimates  

 Unique issues are encountered when attempting to estimate the modulus of a 

freestanding structure that is under very high pressure; besides adopting new algorithms 

to determine the proper contact area, what assumptions are necessary in order to calculate 

modulus when considering the contact of individual nanoscale structures? In these 

instances, relatively low loads can generate extreme contact pressures that in turn, can 

influence the effective local elastic moduli. This is important since when quantifying the 

early stages of plasticity through to the later stages of fracture, the need for any changes 

in modulus as a function of pressure is critical [Moriarty et al., 2002; Van Vliet et al., 

2003; Veprek and Argon, 2002]. Additionally if one is to design a robust freestanding 

nanostructure, the fracture toughness needs to be described and this also often requires 

the knowledge of the elastic modulus.  

 In general, the extremely high pressures generated at nanoscale contacts can be 

thought of as happening at the contact between surface asperities, or in this case, 

compression of individual nanoparticles between a diamond indenter tip and sapphire 

substrate. Numerous experimental and computational results show that when large 

compressive or tensile stresses develop in materials, the effective elastic modulus is 

influenced. For example, Jarausch et al. [Jarausch et al., 2000], used an interfacial force 

microscope to measure the elastic properties of 100 nm thick gold films and found that a 

50 GPa compressive stress increased the film’s effective indentation modulus by 42%. 

Astala et al. [Astala et al., 2000] combined a quasistatic molecular dynamics simulation 

with a density-functional-based tight-binding method to investigate indentation into 
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silicon. At small indentation depths, they report hardness values for their silicon 

indentations up to 89 GPa and elastic modulus values up to 397 GPa. By measuring 

acoustic velocities, Wang [Wang, 2001] found stress effects on the modulus of metallic 

glasses under high pressure. For two glasses with Young’s moduli of approximately 100 

GPa under zero pressure, compressive pressures of 10 GPa were projected to increase the 

bulk moduli by 36 and 40 percent. This pressure-effect is also observed for standard 

nanoindentation into planar films. Veprek and Argon [Veprek and Argon, 2002] noted 

that when indenting films with hardnesses appreciably greater than 20 GPa, the modulus 

measured using the Oliver and Pharr technique [Oliver and Pharr, 1992] will over-

estimate the material modulus unless the effect of compressive pressure is accounted for. 

However the appropriate experimental assessment of how high compressive pressures 

affect the elastic stiffness in freestanding nanostructures under compression has yet to be 

done.  

 As will be shown, when assuming the effective modulus of these nanoparticles 

under compression is constant, the resulting load-displacement relationship is vastly 

under predicted. For example, an elastic Hertzian load-displacement relationship is 

provided for the 39 nm diameter silicon particle under compression in Fig. 3.8 and is 
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Using 1100 GPa and 0.07 for diamond and 160 GPa and 0.21 for Si (elastic modulus and 

Poisson’s ratio respectively) it is found that r 144E ≅  GPa. Note that rE  becomes even 

smaller if the properties of sapphire rather than diamond had been used. The goal here is 



CH 3     Nanoparticle Mechanics 
   
 

 

77

to allow as high a value for rE  as possible to give a conservative estimate of the 

discrepancy between the Hertzian prediction and load-displacement data in Fig. 3.8. It 

should be noted that there is some uncertainty in the amount of force being applied to the 

particle before loading begins which could have a noticeable effect on the results at these 

small loads and displacements. In this test setup, a bias of 1.5 mA is applied to the tip, 

this is approximately equivalent to a normal force of 1.5 μN  for the Hysitron 

TriboScope®. This bias must be applied, else the tip will loose contact with the surface 

during scanning. Additionally, once the tip is centered over the particle before the 

compression, the tip must still be biased or else it could drift away from the particle (or 

the particle, i.e. stage, drift away from the tip) due to thermal fluctuations. Therefore, it 

must be assumed that a finite normal force is being applied to the particle and this may 

begin to compress it. Unfortunately, this normal force is not quantifiable with the 

Hysitron TriboScope® run in open-loop mode. As loads and displacements increase, the 

percentage of error decreases.  Thus in Fig. 3.8 the pre-load is assumed to be zero. The 

important point here is that the load-displacement response of the nanoparticle is actually 

stiffer than a Hertzian perfectly elastic relationship. This is a very significant result, and it 

was the first instance that I encountered this phenomena. It is the genesis of pressure 

effects on elastic modulus which will be discussed below and CH 5. 

 In fact, this type of result is common in nanoparticle compression tests.  Perhaps a 

better example of a silicon nanoparticle reacting more stiffly than a standard Hertzian 

load-displacement relationship using the zero-pressure reduced modulus can be seen in 

Fig. 3.14. A 46 nm diameter silicon sphere was imaged before and after compression 
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with SEM as seen in Fig. 3.14(a) and 3.14(b). The compression was conducted under 

displacement control with the Hysitron TriboIndenter® at a loading rate of 1 nm/s with a 

5 μm radius of curvature diamond tip. The tip began 3 nm above the particle and then 

proceeded to a total displacement of 23 nm, 20 of which were in contact with the particle.  

 
Figure 3.14. Compression of a 46 nm diameter silicon nanoparticle with load-control at a 

rate of 1 nm/s where (a) is the pre-compression and (b) the post-compression SEM image 

of the particle. (c) Hertzian relationship is superimposed on the load-displacement data 

and vastly under predicts the particle’s elastic stiffness. 

 

This means that the particle was not subjected to a preload. Now, if one does not consider 

the effect of compressive pressure on the modulus, and uses the following values for the 

zero-pressure moduli and Poisson’s ratio for silicon (160 GPa, 0.22) and diamond (1007 

GPa, 0.07) as in Fig. 3.8, then Eq. (3.1) produces the fit in Fig. 3.14(c) that vastly under 

predicts the elastic load-displacement response. So why is this effect not more commonly 

detected and how should this be accounted for during data analysis? The answer to this 
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question as it relates to the uniaxial compression of nanoparticles will be discussed below 

and will be discussed in terms of general nanoindentation in CH 5. 

 Geophysicists have been quantifying the effect of pressure on bulk modulus for 

decades by using seismic events to investigate the properties of the earth’s high-pressure 

interior leading to the development of equations of state (EoS). One of the most simple, 

yet most popular and effective equations of state is the Murnaghan relationship 

[Murnaghan, 1944] further explained in [Poirier, 2000a]. A basic assumption that can be 

used to derive this relation is that the bulk modulus is a linear function of pressure for 

small volume changes, such that 

 0 0 HK K K σ′= + , (3.14) 

where K  is the bulk modulus, 0K  is the zero pressure bulk modulus, 0K ′  is the bulk 

modulus pressure first derivative, and Hσ  is hydrostatic pressure. This relation has been 

confirmed using an ever-growing database of experimental seismic [Stacey and Davis, 

2004] and diamond anvil cell [Christensen et al., 1995; Speziale et al., 2001] data. For a 

full development of the theory see pages 65 and 77 of Poirier [Poirier, 2000a]. The 

pressure effect on bulk modulus can be related to the compressive elastic modulus, 0E , 

through Poisson’s ratio, ν , by 
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One finds from combining Eqs. (3.14) and (3.15) that  

 0 HE E βσ= + , (3.16) 
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where ( )03 1 2Kβ ν′= − . A value of 0 4K ′ ∼  is found to be valid for many materials 

[Poirier, 2000b] and silicon in particular [Pandey et al., 1996]. It will be shown that Eq. 

(3.16) is an appropriate first order estimate of the effective elastic modulus of 

nanoparticles under compression. 

 When determining elastic modulus using nanoindentation, it is first necessary to 

make appropriate estimations of the area that is supporting the applied load. In the case of 

a compressed nanoparticle between two rigid platens, both upper and lower bound 

estimates of contact area are considered. As was detailed in Section 2.2.2.3 an estimate of 

the minimum area supporting the compressive load would be the contact area between 

platens and particle. This estimate assumes a geometric contact area with a uniform 

pressure within it. Modulus can then be calculated assuming the particle unloads 

elastically. Alternatively, the maximum possible area supporting the load would be the 

nanosphere’s mid-plane. This is calculated using a cylindrically shaped particle based on 

constancy of volume of the particle in both its initial and compressed states. For this 

approach, modulus is calculated using an average true-stress – true-strain relationship. 

These models are applied to both silicon and titanium nanospheres.  

 First consider how one might treat a sphere that was compressed (elastic-plastic 

loading/elastic unloading) using a uniform pressure contact stress. For an analysis of the 

contact stress, a mean pressure applied to a circular region of contact, 2
geoaπ . As shown 

by Johnson [Johnson, 1985], the mean displacement of a single circular contact under 

uniform pressure is given by  
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 z
16
3

pau
Eπ ∗= , (3.17) 

where p  is a uniform pressure, a  is the contact radius, in this case geoa , and E∗ is the 

reduced modulus. Since the elastic displacement is assumed to be equally divided 

between the top and bottom contacts of the sphere, for large tip radii, R , an upper-bound 

modulus can be approximated by assuming that only the contact regions to unload as in 

the rigid punch approximation, giving 

 2 u
geo E

32
3

PE
aπ δ

∗ = . (3.18) 

Here, the pressure p  is 2
geoP aπ , where P  is the load and u

Eδ  is the elastic unloading 

displacement that occurs at both the top and bottom contacts of the sphere. 

Experimentally, u
Eδ , is taken as the maximum displacement minus the residual 

displacement ( max Rδ δ− ) as shown in Fig. 3.15. It will be seen that Eq. (3.18) represents 

an upper bound for the modulus, u.b.E E∗ ∗= , even with the use of the perfectly plastic geoa  

and the large “rigid punch” unloading displacement, and as such overestimates the 

stiffness of the entire sphere leading to moduli well beyond expectations. 

 The second model takes into account that at larger displacements the sphere 

becomes more barrel-shaped and approaches a right cylinder compressed between two 

platens. It is assumed that the cylinder is compressed an equal amount from top and 

bottom with the upper and lower platen areas, A , represented by 2
cylπa . It is proposed that 

this is an appropriate estimate of the average cross-sectional area supporting the load. As 

such, an average true compressive stress, σ , is obtained by dividing the load, P , by the 
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above area. To obtain an average true elastic unloading strain, u
Eε , the unloading elastic 

displacement, u
Eδ , is divided by the current cylinder height, this is given as  

 
Figure 3.15. Load-displacement schematic of a nanoparticle compression showing 

maximum and residual displacements. 

   

 
( )

u
u E

E
t2 -r

δε
δ

= . (3.19) 

Since we now have an average true stress and an average true elastic unloading strain the 

elastic modulus may be estimated. This gives 

 ( )2
t

l.b. u 3 u
E E

3 2
4

P r
E

r
δσ

ε π δ
−

≈ =  (3.20) 

where the l.b. subscript indicates that this represents a lower bound estimate. Since the 

numerical coefficients in both Eqs. (3.18) and (3.20) are nearly unity for small 

displacements, the distinguishing features for these equations are 1 rδ for Eq. (3.18) vs. 

1 r  for Eq. (3.20). As tδ  becomes large, these two equations would again diverge. In the 
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range of interest then, the lower and upper bound stresses have area estimates ranging by 

slightly more than a factor of two. It is clear that Eq. (3.18) will lead to much larger 

moduli as only the contact stress is considered rather than the average stress in the body, 

but it is not as clear that Eq. (3.20) is always a lower bound. However, both estimates 

have been conservative in considering the elastic unloading to be the fully recovered 

displacement rather than just the unloading slope. Further, the estimates do not account 

for any displacement associated with the upper and lower platens.  

 The elastic unloading displacement, u
Eδ , in Eqs. (3.19)-(3.20) is the displacement 

at maximum load minus the residual displacement at zero load of the unloading curve. 

Calculated values of u.b.E∗  and l.b.E from Eqs. (3.19) and (3.20) are given in Fig. 3.16, as a 

function of normal stress for repeat compressions of the silicon particles in Appendix 1 

with diameters in the range of 39 nm to 93 nm. A linear least squares fit with the same 

functional form as Eq. (3.16) for the upper bound pressure enhanced modulus values of 

Eq. (3.19) extrapolates to a zero pressure value of oE = 160 GPa, but at higher pressures 

increases with a coefficient of β = 19.2 to unrealistic values. The contact stress values 

may be correct, however the contact area is not representative of the area responsible for 

supporting the load once large deformations take place. At large deformations, the entire 

sphere, not just the portions under contact, would be elastically unloading. Therefore, for 

silicon particles with mean contact stresses below 10 GPa, Eq. (3.19) is valid. However 

for larger contact stresses, the equation should only be considered an upper bound 

estimate.  
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Figure 3.16. Modulus estimates for different diameter silicon nanoparticles using a right-

cylinder approximation (open symbols) for average bearing area giving lower-bound-

moduli and a rigid punch approximation using an average contact area (solid symbols) 

giving upper-bound moduli. 

 

 The linear least squares fit of the lower bound pressure enhanced modulus 

estimate, l.b.E , of Eq. (3.20) extrapolates to oE = 80 GPa at zero pressure and increases at 

higher pressures with a coefficient of β = 6.45. The lower bound estimate of Eq. (3.20) 

generates unrealistically low modulus values at small displacements and pressures since 

it calculates stress using the radius of an equivalent cylinder, cyla , which is unrealistically 

large at small displacements as seen in Fig. 2.6. However the pressure coefficient of 6.45 

agrees well with the Birch-Murnaghan coefficient for silicon [Pandey et al., 1996], which 
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after substitution into Eq. (3.16) using Siν = 0.218 and 0K ′ = 4, produces Siβ = 6.67. Given 

that similarity, we considered the best representation of the compressive stress effect on 

the effective modulus of silicon nanoparticles to be 

 Si 160 GPa 6.67 E σ= + . (3.21) 

This equation is represented in Fig. 3.16 and has the satisfying aspect that all of the upper 

bound calculations are above the trend line and nearly all of the lower bound estimates 

are below the trend line.  

 Measurements similar to those for silicon resulted in the load-displacement curves 

for a series of titanium nanospheres. An example of repeat compressions of a 143 nm 

diameter Ti nanosphere can be seen in Fig. 3.17. As with silicon, there is a large increase 

in both upper and lower bounds of the apparent modulus for the titanium nanospheres 

with increasing superimposed stress as seen in Fig. 3.18. Using oE = 105 GPa as the 

extrapolation point for the upper bound linear fit gives a pressure coefficient of β = 12.6 

which is too large to be realistic. On the other hand for the lower bound, the least squares 

coefficient of β = 4.5 agrees reasonably well with the  Birch-Murnaghan coefficient of 

titanium [Errandonea et al., 2005] using Tiν = 0.321 and α =3.8, to produce a value of 

Tiβ = 4.1. The lower bound intercept at zero pressure is oE = 20 GPa. As with silicon, the 

moduli based on the lower bound estimate at low pressures are well below the accepted 

modulus of Ti at zero pressure which is 105 GPa. Therefore the following is used as the 

best estimate of the effect of superimposed compressive stress on the modulus of titanium 

nanospheres, 
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  Ti 105 GPa 4.3 E σ= + . (3.22) 

This  Birch-Murnaghan style relation produces the line in Fig. 3.18 where all lower 

bound estimates except one fall below the line, and all upper bound estimates except 

three are above the line.  

 
Figure 3.17. Repeat uniaxial compressions of a 143 nm titanium nanoparticle. 

 

 The modulus estimates for both the silicon and titanium nanoparticles detailed 

above show large amounts of scatter. There is nearly a factor of two scatter at all levels of 

compressive pressure for the lower bound modulus estimate and slightly more for the 

upper bound estimate of Figs. 3.16 and 3.18. Such scatter is not related to any length 

scale effect since, for a given stress level the smallest spheres are intermixed with the 

largest. Rather, the scatter is partially associated with the repeatability of accurately 

returning the tip to the top of the particle prior to each run, which will affect the 

calculated cumulative displacement. Furthermore, from sphere to sphere the 
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crystallographic axis of deformation will be different which will also influence the 

relative stiffness. Given these uncertainties and the nanometer-level displacements 

measured, such scatter is expected. Additionally these measurements are conservative in 

nature since displacement accommodation by the diamond tip or sapphire substrate was 

not considered. Both the platens would be influenced by the high pressures and would 

share a portion of the unloading displacement. This would clearly increase the 

nanoparticle modulus magnitudes of both estimates.  

 
Figure 3.18. Modulus estimates for different diameter titanium nanoparticles using a 

right-cylinder approximation (open symbols) for average bearing area giving lower-

bound-moduli and a rigid punch approximation using an average contact area (solid 

symbols) giving upper-bound moduli. 
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3.5 Nanoparticle Fracture Toughness Estimates 

 Having an estimate of elastic modulus for silicon nanoparticles, it is now possible 

to examine their fracture behavior. Fracture of these particles is confirmed using a 

combination of in situ SPM images and load-displacement discontinuities. Where 

available, ex situ AFM and SEM images will be referenced as well. As there was not 

compelling evidence that the titanium nanospheres fractured, they are not considered. 

Additional in situ TEM-compression of a silicon nanoparticle by Nowak et al. [Deneen 

Nowak et al., 2007] gives direct evidence of the reality of nanoparticle fracture. They 

show that the particle first deforms elastically with quantitatively equal amounts of 

deformation at both the tip/particle and particle/substrate contacts seen in Fig. 3.5. This is 

followed by plastic deformation and cleavage fracture along a favorably oriented (111)-

type plane. An image of the nanoparticle after the compression and fracture event can be 

seen in Fig. 3.19. With this evidence, a model is presented where the local stress 

nucleating fracture is determined and is used to estimate effective fracture toughness and 

strain energy release rate measures.  

 Determining the fracture stress and fracture toughness was thought to be possible 

if the onset of nanoparticle fracture could be measured. One has the macroscopic 

Brazilian disc test history [Johnson, 1985; Wang and Suo, 1990] for example, to know 

that compressed ceramic cylindrical discs can give good estimates of fracture toughness. 

However, defining the stress and crack length is not so simple. Two prior studies are 

significant, that of Shipway and Hutchings [Shipway and Hutchings, 1993] who did a 

detailed theoretical analysis of the fracture of brittle spheres under compression and that  
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Figure 3.19. In situ compression and fracture of a silicon nanoparticle conducted at (a) 

and (b) NCEM, LBNL, Berkeley, CA in collaboration with A. Minor, J.D. Nowak and 

C.B. Carter, while (c) was taken at the UMN Characterization Facility courtesy of J.D. 

Nowak and C.B. Carter. 

 

of Majzoub and Chaudhri [Majzoub and Chaudhri, 2000] who visualized low-velocity 

impact cracking of brittle spheres. Shipway and Hutchings [Shipway and Hutchings, 

1993] concluded that the only tensile surface stresses responsible for brittle fracture were 

θσ  tensile stresses just outside the contact area which might lead to ring cracks or a 

maximum φσ  acting along the equator. Larger internal tensile stresses did develop for a 

contact radius to particle radius ratio less than 0.6 leading them to conclude that for large 

specimens there tended to be an internal defect to nucleate a crack. They proposed that a 

conservative estimate of the fracture stress was given by 

 f 20.4 P
r

σ
π

∗ ⎛ ⎞= ⎜ ⎟
⎝ ⎠

. (3.23) 

This was found to underestimate the stresses responsible for fracture. An alternative 

approach focused on the fracture of PMMA spheres [Majzoub and Chaudhri, 2000] 
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showing a high-speed photographic sequence that pinpointed the fracture initiation site. 

The initiation site was found to be at the edge of the contact radius at or near the surface. 

Given this, a fracture stress criterion based on the mean pressure of the contact using the 

geometric contact radius from Eq. (2.2) is proposed. 

 As brittle fracture requires a tensile stress and this is compressive, one needs to 

show that equivalent tensile stresses which are equal but opposite in sign to the mean 

pressure can evolve. Because of the imperfect loading of these nanospheres, tangential 

forces will develop leading to large compressive stresses on one side of the contact edge 

and equally large tensile stresses on the other [Gerberich et al., 2005a]. Such contact edge 

tensile stresses could easily be as large as the mean contact pressure. Using geoσ  from Eq. 

(2.2) as an estimate of the stress, the fracture toughness can be determined assuming a 

defect in the less-tough oxide film coating the nanoparticle. With a free surface 

magnification factor of 1.1, to first order this becomes 

 Ic geo1.1K cσ π= , (3.24) 

where c  is the defect size. With this determination of IcK , the strain energy release rate 

for a fractured silicon particle can be evaluated with the use of Eq. (3.21) from 

 
2
Ic

Ic
Si

KG
E

= , (3.25) 

where the SiE  values is calculated using Eq. (3.21) with the appropriate σ  value from 

Table 3.2 at the load and displacement position where fracture is confirmed in each 
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particle. Given the first order nature of this calculation, the Poisson term normally used in 

Eq. (3.25), ( )21 ν− , is ignored.  

 Geometric deconvolution reconstructions were made to validate that the contact 

of other particles were not involved during an individual compression, and as fracture 

ensued, that the diamond tip did not contact the sapphire substrate. This was facilitated by 

SPM images using both height and deflection mode capabilities. The load at which 

fracture occurred for a specific silicon nanoparticle is determined by using SPM evidence 

along with displacement jumps between the runs. Evidence for fracture is shown in Fig. 

3.20(a) which is a deflection image of two particles of interest, 50 nm and 44 nm 

diameter silicon nanospheres. The 50 nm particle was loaded eight times to consecutively 

higher maximum loads. After this loading sequence the dimple shown in Fig. 3.20(b) in 

the middle of the sphere clearly demonstrated the sphere had fractured. Remembering 

that these spheres were loaded with a large radius diamond, the only way such a dimpled 

feature can emerge is for the particle to separate. Adjacent to that sphere, the slightly 

smaller 43 nm sphere was loaded next. After the fourth compression to 45 μN  in Fig. 

3.21, the particle failed which was accompanied by a large decrease in the measured 

height after the compression. Evidence of this fracture can be seen comparing the upper 

particle in the outlined area of Figs. 3.20(b) and 3.20(c). Pinpointing the actual fracture 

stress was only crudely accomplished as the loads were increased in 10 μN  increments. 

However, due to increasing contact area, the fracture stress used in Eq. (3.23) only varied 

by ±  3 percent from 35 to 55 μN  for the 43 nm particle and by ±  10 percent from 45 to 

65 μN  for the 49 nm particle. 
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Figure 3.20. Deflection-mode images of two nanoparticles fractured by repeat loadings 

to increasing maximum loads. 

 
Figure 3.21. Repeat load-displacement traces of the compression of a 43 nm nanoparticle 

shown in Fig. 3.20. 

 

  Additional ex situ electron microscopy images are used to confirm nanoparticle 

fracture. Fig. 3.22 revisits the compressed silicon particle from Fig. 3.14. Both SEM (Fig. 

3.22(a)), and AFM deflection (Fig. 3.22(b)) images show this nanoparticle fractured into 
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at least three sections. The average geometric contact stress is superimposed on the load-

displacement curve of the fractured particle in Fig. 3.22(c). Since this particle was loaded 

using displacement control [Warren et al., 2004], fracture events will be evident as load 

drops instead of displacement discontinuities. While it is not clear which load drops are 

responsible for the multiple fracture events, it is evident that once the load drops and 

plastic flow begins to occur, a rather constant average peak contact stress state near 85 

GPa is maintained.  

 
Figure 3.22. Compression of a silicon nanoparticle where (a) is the average contact stress 

and load versus displacement. Once fracture begins, the supported contact stress levels 

out at 85 GPa. (b) is an SEM image of the particle after compression and (c) is an AFM 

deflection mode image of the same particle after fracture. 

  

 With the loads and stress necessary for fracture determined, IcK  values were 

calculated using Eq. (3.24). To accomplish this, a number of measurements of the oxide 
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film thickness were made by TEM on both the silicon and titanium nanoparticles in Fig. 

3.3. In general, larger diameter particles had larger film thicknesses. It is proposed that 

the maximum stress at the edge of the contact fractures the oxide film such that the 

critical defect size in Eq. (3.24) is the oxide film thickness, oxc t= , from the least squares 

line. As this is in the square root of Eq. (3.24), it should give a first order estimate of the 

fracture toughness. Appropriate data are shown in Table 3.2 and values of IcK  versus 

inverse particle radius are shown in Fig. 3.23. With this type of plot, it is possible to 

extrapolate to the bulk fracture toughness which appears to emerge at a particle diameter 

of 154 nm. Whether this would translate as the transition to small volume effects for 

fracture of silicon is dependent on how well a linear extrapolation to the bulk fracture 

toughness of 0.8 1 2MPa m⋅  represents the fracture mechanism. As a comment on the 

choice of oxide film thickness as an appropriate defect size, one sees in Fig. 3.23 that the 

larger nanoparticle tested in situ in the TEM falls on the accepted fracture toughness 

value for bulk single crystal silicon of 0.8 1 2MPa m⋅ . If the oxide film thickness was not 

a correct measure of the defect that initiated fracture, this data point would have fallen 

elsewhere. For that reason we strongly suggest that film thickness is a reasonable 

estimate of the initiating defect size in the context of the scatter shown in Fig. 3.3. It 

should be noted that the fractured particle detailed in Figs. 3.14 and 3.22 produced a 

fracture toughness of approximately 6.4 1 2MPa m⋅  which is much larger than the data in 

Fig. 3.23. This particular nanoparticle had a thin coating of atomic layer deposition 

(ALD) alumina deposited over it, and as such it is in a different class from the 

nanoparticles evaluated in Fig. 3.23. Additional evaluations will be conducted on ALD-
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coated nanocubes with the Hysitron PicoIndenter® (TEM – in situ indentation) to explore 

the repeatability of this toughening mechanism and, if found, significance of such a 

coating.  

 
Figure 3.23. Fracture toughness as a function of inverse particle radius extrapolated to 

the bulk value from silicon of 0.8 1 2MPa m⋅ . 

 

Table 3.2: Silicon Nanoparticle Stress and Fracture Estimates 
d nm fP μN tδ nm geoσ GPa cylσ GPa SiE GPa oxt nm

IcK MPa m  IcG J/m2 

39 55 21 58.3 31.9 461 1.4 4.3 39.3 
44 45 18 45.5 26.2 399 1.4 3.3 27.6 
50 55 23 39.5 22.7 367 1.5 3.0 24.2 
64 45 24 23 13.1 280 1.6 1.8 11.5 
93 55 36 13 7.4 228 1.9 1.1 5.4 

216a 49 29 5.6 1.74 184 5.4 0.8 3.5 
46b 73 13 85 47.27 601 1.5 6.4 68.5 

a TEM – in situ indentation, b particle coated with ALD, geoσ  calculated with area from 
Eq. (2.2), cylσ  calculated with area from Eq. (2.3), SiE  from Eq. (3.21), oxt  from Fig. 3.3, 

IcK  from Eq. (3.24), IcG  from Eq. 3.25. 
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 3.6 Nanosphere Summary 

To summarize, particles of silicon and titanium have been tested and both 

compositions deform elastically and plastically under compression. Plastic strains of well 

over 10% have been recorded for these particles where the majority of plastic 

deformation is accounted for by dislocation loop nucleation and glide. As particle volume 

decreases, dislocation density increases for a given plastic strain which leads to 

hardening. In addition, these high dislocation densities also lead to large internal stresses 

such that after the load is removed, a fraction of the dislocations glide back to the free 

surface in order to relieve stress. In effect, this is reverse plastic deformation and 

contributes to an increase in the measured hardness values of the nanoparticles. For work 

hardened particles of silicon with diameters in the range of 40 to 100 nm, measured 

supported stresses are in the range of 20 to 50 GPa. This is in contrast to bulk silicon 

which has a hardness of 12 GPa and does not work harden at room temperature, for that 

matter it does not behave in a ductile manner under tension until a temperature of 730 ºC. 

Similarly, titanium particles with diameters in the 30 to 140 nm regime have measured 

supported stresses from 10 to 50 GPa.  

 Length scale effects for nanospheres in compression are found for flow stress, 

modulus of elasticity and fracture toughness. Moduli of silicon and titanium nanospheres 

increase with increasing mean pressure, approximately following Murnaghan’s equation 

of state [Murnaghan, 1944]. At similar strain, the effect is accentuated for smaller 

volumes. Additionally, the onset of fracture in silicon nanoparticles is bracketed by repeat 
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loading and imaging of nanospheres with scanning probe microscopy. Based on critically 

sized defects in the oxide film that passivates the silicon nanoparticles, fracture toughness 

for a 20 nm radius particle is found to increase by a factor of four when compared to bulk 

silicon.  
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Single and repeat uniaxial compression tests of aluminum and permalloy nanoposts with 

radii ranging from 50 nm to 150 nm were conducted with a nanoindenter. The contact 

geometry of these structures differed from the single crystal spherical nanoparticles 

discussed in CH 3. The cylindrical structure seen in Fig. 4.1 increased the initial contact 

area during compression which minimized pressure effects during compression. It also 

created a more uniaxial pressure distribution within the post which is a main advantage 

over the spherical geometry of the nanoparticles. The compressions produced 

measurements of flow stress and apparent activation volume. Flow stresses allowed for 

an assessment of the deformation mechanism. It was concluded that the high stresses (1-3 

GPa) and small activation volumes (1-10 3b ) were consistent with dislocation processes. 

A traditional dislocation nucleation model is shown to give good first order 

accountability for these two FCC metals. 

 
Figure 4.1. Nanopost geometry. The left image is a scanning electron micrograph of a 

permalloy nanopost patterned with e-beam lithography. The idealized schematic of the 

nanopost before and after compression showing the conservation of volume. 
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4.1  Nanocrystalline Nanoposts 

 Documentation of the length scale effects in the mechanical response of small 

freestanding structures by taking advantage of highly accurate nanoindentation systems 

are being explored by an ever increasing number of researchers. This trend was first 

begun by our work on silicon nanoparticles [Gerberich et al., 2003] which we then 

continued [Deneen et al., 2006; Deneen Nowak et al., 2007; Gerberich et al., 2005; Mook 

et al., 2007], all of which was summarized in CH 3. Subsequent experimental effort has 

focused on creating micron to sub-micron pillars with a focused ion beam (FIB) tool. For 

example, Ni-based superalloy FIB’ed pillars were compressed and it was found that flow 

stress increases over an order of magnitude when compared to bulk properties as pillar 

radius decreases to sub-micron levels [Uchic et al., 2003; Uchic et al., 2004]. Similar 

results were found in gold FIB’ed pillars [Greer et al., 2005; Rabkin et al., 2007; Volkert 

and Lilleodden, 2006; Volkert et al., 2006]. This is also true for semiconductor pillars 

made from GaAs [Michler et al., 2007] and silicon [Moser et al., 2007]. In the FIB cases, 

Ga ion implant damage to the material can amorphize the material and affect the results 

[Bei et al., 2007]. The FIB pillars also experience buckling due to their high aspect ratios. 

However the e-beam lithographed nanoposts that will be discussed in this chapter are not 

affected by these issues since they have small aspect ratios and been manufactured as 

detailed in CH 2, Section 2.2.3 without using a FIB.  

 Do the above length scale effects continue for freestanding polycrystalline 

nanoposts? Nanocrystalline materials can exhibit both very high strength and high 

ductility [Koch, 2007; Youssef et al., 2005]. While much of the strength increase may be 
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attributed to the fine grain size, additional insight into any externally defined length scale 

effect such as the dependence of deformation on initial post dimensions would be useful. 

Both aluminum and permalloy (80Ni-20Fe) nanoposts were produced by e-beam 

lithography as detailed in Section 2.2.3 and had a relatively small height, h , to radius, r , 

ratio. They ranged from 25 to 150 nm in height and 50 to 150 nm in radius and were 

uniaxially compressed with the Hysitron TriboIndenter. They were modeled as right 

cylinders which allowed the flow stress to be calculated throughout the compression and 

were evaluated in two ways to obtain apparent activation volumes, appV ∗ , necessary for 

plastic deformation. This included a standard stress relaxation technique [Guiu and Pratt, 

1964; Orlova et al., 1995] and a new technique involving localized plastic instabilities 

similar to “stair-case” yielding. Equations of state involving flow stresses and activation 

volumes are key to the understanding of plasticity and fracture mechanisms which 

operate in nanostructured materials. These experiments show that flow stress can be 

measured for the nanoposts and that a small length scale is responsible for the apparent 

activation volumes. Tables 4.1 and 4.2 show all data for the permalloy and aluminum 

nanoposts respectively. This includes the measured elastic stiffness, flow stress, effective 

initial dimensions and activation volumes all calculated as described below. Appedix 2 

shows all load-displacement and stress-displacement data for the nanoposts. For data to 

be included, the calculated effective nanopost dimensions needed to correlate to the 

observed SPM/AFM height and radius measurements recorded before and after every 

compression from each nanopost.  
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4.2 Nanopost Stress Estimates 

 In order to analyze the average stress that the nanoposts were able to support, the 

contact area throughout the compressions must first be determined from the load-

displacement data which can be found in Appendix 2 for the permalloy and aluminum 

nanoposts. The algorithm employed to estimate contact radius at unloading is detailed in 

Section 2.2.3.2 and uses the cylindrical flat punch analysis put forth in Eq. (2.4) where S  

is the unloading stiffness and rE  is the reduced modulus of the substrate/nanopost 

combination defined in Eq. (1.3). For convenience, these equations are given again as 

 
12 2

1 2
c r

r 1 2

1 1;    
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Sr E
E E E

ν ν
−

⎡ ⎤+ +
= = +⎢ ⎥

⎣ ⎦
, (4.1) 

 
where subscripts 1 and 2 are the post and substrate materials. These are used since the 

diamond tip does not significantly contribute to the deformation seen in Appendix 2 due 

to the low loads and high displacements involved in these compressions. The reduced 

modulus for the permalloy/silicon combination is 87.0 GPa while the aluminum/silicon 

combination is 53.4 GPa using SiE = 160 GPa, AlE = 69 GPa, Perm.E = 170 GPa 

(determined from nanoindentation into the witness calibration film) and Siν = 0.21, Alν = 

0.35, Perm.ν = 0.25. Zero pressure modulus values are used here unlike in Chapter 3 since 

the nanopost right cylinder geometry precludes the generation of high pressures (<4 GPa) 

during compression. The stress values at the unloading points for each nanopost can now 

be calculated by dividing the load at the initial unloading point by the flat punch contact 

radius given in Eq. (4.1). 
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 With good estimates for the contact area and stress values at the unloading 

points, it is possible to determine the initial effective nanopost dimensions. To do this it is 

assumed that the nanopost volume is conserved once plastic flow has been initiated 

which is generally accepted for most metals [Stoughton and Yoon, 2004]. The structure 

can be approximated as a right cylinder and where final and initial effective volumes are 

equal such that 

 2 2
eff o oV h r h rπ π= = , (4.2) 

where oh  is the initial height, or  is the initial radius, h  is the initial height minus the 

instantaneous displacement, δ , and r  is the instantaneous contact radius throughout the 

compression. A schematic of this can be seen in Fig. 4.1. During the hold period it is 

assumed that the condition of cr r=  is maintained. By substituting for h  in Eq. (4.2), the 

instantaneous contact radius is 

 o
o

o

hr r
h δ

=
−

. (4.3) 

 With the radius estimate of Eq. (4.3), it possible to determine the average contact 

stress throughout the entire compression of each post by fitting the flow stress values 

calculated with the unloading stiffnesses to a single set of values representing the initial 

effective nanopost radius and height. For example, using the right cylinder approach and 

an initial post radius of 82 nm, and height of 109 nm, the load-displacement data for Al 

nanopost #12 in Table 4.2 and Appendix 2 was converted into stress-displacement data 

and is represented by the open circles in Fig. 4.2. The correlation between the measured 

values and the cylindrical fit is very good and predicts that the final radius is 175 nm 
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which is the radius of the circle superimposed on the final AFM deflection image in Fig. 

4.2(c). It should be noted that the contact stress in Fig. 4.2 under predicts the true contact 

stress prior to the beginning of plastic flow since the true contact area is not accurate (it is 

smaller) at those displacements due to surface asperities. 

 
Figure 4.2. Three repeat compressions of an aluminum nanopost (Table 3.2, Post 12) 

where (a) the solid diamond points are the load data while the circles are the stress data 

which were determined using effective right cylinder dimensions with a radius of 82 nm 

and height of 109 nm. (b) An AFM deflection image of the post before compression and 

(c) the post after compression where the superimposed circles are the predictions of 

contact radius using the right cylinder approximation.  

 

The flow stress calculated in this way varied for the permalloy nanopost data of 

Table 4.1 from 1.5 to 3.2 GPa while the aluminum nanopost data in Table 4.2 varied from 
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0.9 to 3.6 GPa. These ranges could be due to a simple external length scale such as 

nanopost radius or to an internal length scale such as dislocation spacing. It is also 

possible that the variations could be due to deviations from the assumed right cylinder 

geometry or differences in the initial grain size distribution and grain orientation which 

could lead to differences in work-hardening during the compression. In the compression 

studies of FIB’ed single crystal pillars [Greer et al., 2005; Uchic et al., 2004; Volkert and 

Lilleodden, 2006], flow stress varied inversely with pillar radius. A similar inverse length 

scale strengthening was also seen in compression tests on single crystal silicon 

nanoparticles [Gerberich et al., 2003]. In these examples, the mechanical response of 

small, freestanding single crystal structures could be predicted with the use of an external 

length scale, e.g., radius, or volume to surface ratio. However, it has been shown that 

when freestanding structures of this size scale are not of a single crystalline nature, as 

with nanoporous gold pillars [Volkert et al., 2006], internal length scales do dominate 

mechanical response in compression. Therefore in an attempt to quantify the pertinent 

length scale responsible for controlling the nanopost compression, the flow stress as a 

function of many different external length scales was investigated. Initially it was thought 

that for all external length scales the flow stress was found to exhibit a large amount of 

scatter. An example of this scatter for flow stress as a function of contact radius is shown 

in Fig. 4.3. It is clear that flow stress does tend to increase with a decrease in contact 

radius as seen with the least squares power law fit of that data. However the functional 

form of this increase, e.g. a Hall-Petch type 1 2r− , is not obvious due to the scatter. Even 

with the scatter, the range of values in Fig.4.3 are much higher than those taken from the 



CH 4     Nanopost Mechanics  105 
   
 

 

literature for large-grain polycrystalline permalloy [Qin et al., 2002] and aluminum 

[Armstrong, 1999]. As with the nanoparticle compressions at large displacements, these 

high flow stress values can be rationalized using a dislocation hardening approach. 

 
Figure 4.3. Flow stress as a function of effective contact radius at unloading. The trend 

lines show power law least squares fits for the data where for Al, the fit gives 1 3
cr
−  while 

the permalloy gives 1 3.7
cr
− . 

 

Assuming that the plasticity experienced by the nanoposts is dislocation mediated, 

the Eshelby estimate [Eshelby et al., 1951] for shear stress, τ , as a function of the 

number of dislocations in a pile-up, N , is used as it was for dislocation hardening of the 

nanoparticles in Chapter 3. Again, this is 
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( ) s1
N bμτ

π ν
=

−
 (4.4) 

 
where μ  is shear modulus, b  is the Burgers vector and s  is the length scale for the 

deformation process. When substituting for the shear stress and number of dislocations 

using 

 flow 2 ;   
2

N
b
δσ τ= =  (4.5) 

where flowσ  is the average flow stress and δ  is the instantaneous displacement of the 

nanopost during the compression, the average flow stress is 

 
( )flow

s1
μδσ

π ν
=

−
. (4.6) 

For traditional dislocation pile-ups, this length scale is the length of the slip band. 

Therefore this length should be related to both the instantaneous displacement and the 

initial effective nanopost dimensions listed in Tables 4.1 and 4.2. One obvious choice for 

the length scale is the instantaneous contact radius since r  of Eq. (4.3) is related to both 

displacement and initial nanopost dimensions. Yet as seen in Fig. 4.3, contact radius 

alone does not adequately predict flow stress. However a length scale that combines 

radius with displacement as 

 ( )1 2
s rη δ= , (4.7) 

does predict flow stress quite well where η  is a dimensionless constant that is applied to 

each nanopost and generally has a value between 4 to 6. This constant shifts the stress vs. 

displacement relationship of Eq. (4.6) in the vertical direction and does not affect its 
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shape. It is thought that is necessary to account for the grain size distribution in the 

nanoposts. The fit for each permalloy and aluminum nanopost can be seen in Appendix 2 

while the values for the length scale and constant are listed in Tables 4.1 and 4.2.  

 
Figure 4.4. Stress displacement data from the aluminum nanopost 12 seen in Fig. 4.2 

where the line is the length scale shown in Eq. (4.7) and predicts the apparent softening. 

 

 The length scale in Eq. (4.7) predicts both the observed hardening and softening 

of the nanoposts during compression. For example, consider the aluminum nanopost 

shown in Fig. 4.2. By the middle of the second compression, the average flow stress 

begins to decrease. As seen in Fig. 4.4, the dislocation pile-up relationship of Eq. (4.6) 

with the length scale in Eq. (4.7) predicts this softening; examination of Appendix 2 

shows that every time apparent softening is seen experimentally, it is also predicted. This 
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softening behavior is due to an increase in the average spacing of dislocations, x⊥ , on the 

active slip bands in the nanopost during compression. This spacing is the length scale of 

Eq. (4.7) divided by the number of dislocations, N , that are created during the 

compression such that 

 ( )1 2 1 2
s 2

2
b r rx b

N
η δ

η
δ δ⊥

⎛ ⎞= = = ⎜ ⎟
⎝ ⎠

, (4.8) 

 
Figure 4.5. Flow stress versus dislocation spacing determined in Eq. (4.8). 

 

where N  is defined in Eq. (4.5). Average flow stress as a function of the spacing of 

dislocations is graphed in Fig. 4.5 and clearly shows that stress decreases as dislocation 

spacing increases. From this it is possible to estimate the dislocation density, ρ⊥ , of the 

posts with the standard relation 
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 2

1
x

ρ⊥
⊥

= . (4.9) 

 
Results shown in Fig. 4.6 show that the effective dislocation densities for these posts 

range from 11 13 -210 10  cm− . These values are high, but realistic for the associated flow 

stresses. 

 
Figure 4.6. Average flow stress for the posts as a function of dislocation density 

determined in Eq. (4.9).  

 

4.3 Nanopost Activation Volume Estimates 

 The activation volume for a thermally activated event is very important to the 

mechanical response of crystalline materials. It can be thought of as the Burgers vector 

multiplied by the area swept out by the dislocation during the event where each type of 

event will have a characteristic value [Caillard and Martin, 2003]. Two types of analyses 
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are presented here. The first is making use of staircase yielding which is a common 

material response when undergoing nanoscale deformation. Examples of staircase 

yielding in nanoindentation are considerable and for load-control there are displacement 

bursts [Bahr et al., 1998], while for displacement control there are discrete load drops 

[Miller et al., 2004; Warren et al., 2004]. For displacement control, after each instability, 

the load and corresponding contact area increases until the condition for a parallel slip 

band nucleation event occurs. This produces a series of dislocation slip bands or walls at 

a reasonably reproducible spacing as found experimentally in spinel [Lloyd et al., 2005] 

and MgO [Gaillard et al., 2006], as well as in discrete dislocation simulations of 

nanoindentation [Kreuzer and Pippan, 2007]. Once plastic flow has begun, the discrete 

load drops during compression can be correlated to an increase in the average contact 

radius necessary for the next load drop to occur. Thus it is likely that the incremental 

increase in contact radius, dr , represents the average radial distance necessary for 

subsequent dislocation wall formation. This distance can be used to estimate the apparent 

activation volume with 

 3 3
app

d nmrV b
b

∗ ⎛ ⎞= ⎜ ⎟
⎝ ⎠

, (4.10) 

where b  is the Burgers vector which was taken to be Alb = 0.286 nm and permb = 0.25 nm. 

An example of load vs. contact radius for a permalloy nanopost compression is seen in 

Fig. 4.7(a) where the open diamond symbols represent radius values where load drops 

took place. The average apparent activation volume value according to Eq. (4.10) from 

this test was 2.9 3b  with a range of values from 1.6 to 4.9 3b . 
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Figure 4.7. Compression of a permalloy nanopost (Table 4.1, Post 3) with (a) load as a 

function of effective radius where the diamond poist represent the radius values where 

the load drops took place. The apparent activation volume for this measurement was 
32.9b  using Eq.(4.10). (b) For the same compression, the stress drop as a function of time 

during the hold period was found to be 32.8b  using Eq. (4.11).  

 

Discrete load drops as seen in Fig. 4.7(a) were not evident for all compressions. It 

is thought this could be due to a variance of structure within individual nanoposts. 

However, stress relaxation during the hold period at maximum displacement did occur 

for all compression tests of both nanopost compositions. Since the average contact stress 

was determined throughout the entire compression as described above, an incremental 

stress drop cdσ  was determined during the hold period. An example of this is shown in 

Fig. 4.7(b) for the same permalloy nanopost compression test shown in Fig. 4.7(a). The 

stress relaxation data can be utilized to determine the apparent activation volume [Guiu 

and Pratt, 1964] from  
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 B
c

app r

2d ln 1k T t
V c

σ ∗

⎛ ⎞
= − +⎜ ⎟

⎝ ⎠
 (4.11) 

where Bk is Boltzman’s constant, T  is temperature in Kelvin, t  is time, and rc  is a time 

constant related to the initial conditions of the relaxation [Orlova et al., 1995]. For Eq. 

(4.11), the average contact stress is assumed to be twice the shear yield stress which was 

considered in the original derivation [Guiu and Pratt, 1964]. The relaxation curve in Fig. 

4.7(b) gave an activation volume of 2.8 3b  which compares well to the dislocation wall 

spacing approach shown in Fig. 4.7(a).  

The apparent activation volumes for these structures were quite small when 

compared to bulk materials. A linear plot of 3
appV b∗  versus flowσ  was graphed in Fig. 4.8 

where the filled points are repeat values and the empty points are the initial values. It is 

seen that the apparent activation volume dropped by an order of magnitude as yield 

strength increased by a factor of three. Therefore an increase in apparent activation 

volume corresponds to an increase in dislocation spacing on the available slip band 

during compression. One point of significance in Fig. 4.8 is that there is a greater amount 

of scatter in the first compression test of an individual nanopost than there is for repeat 

compressions on the same nanopost. This suggests that asperities or irregularities on the 

nanopost surface have been reduced after the first compression. When graphing only the 

volumes for the repeat compressions as a function of dislocation spacing, clear trends are 

observed in Fig. 4.9. The average values of 3
appV b∗  were 2.7± 1.4 for the permalloy and 

5.6± 2.2 for aluminum.  
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Figure 4.8. The apparent activation volume versus flow stress for the nanopost 

compressions. The average values with one standard deviation of 3
appV b∗ were 2.7±  1.4 

for the permalloy and 5.6±  2.2 for aluminum. 

 

To see how these values compare to a range of other materials, they were added to 

a master plot seen in Fig. 4.10 originally compiled by Cordill, et al. [Cordill et al., 2006]. 

These nanopost activation volume values from Fig. 4.8 are below nearly all the previous 

data in Fig. 4.10 which represents mostly tensile, compression, bend, and nanoindentation 

data of large single crystals where activation volumes for bulk, FCC materials such as 

aluminum and nickel can range from 100 3b  to 1000 3b . It should be noted that the high 

stacking fault energy (SFE) grouping in Fig. 4.10 are the only nanocrystalline materials 

being either aluminum thin films [Ohmura et al., 2001] or simulated nanocrystalline 

nickel [Asaro and Suresh, 2005]. While aluminum and nickel are both high stacking fault 
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Figure 4.9. Apparent activation volume scales with the average spacing of dislocations 

on the active slip bands. Only results from the repeat compressions are shown here.  

 

energy materials, iron drops the SFE of nickel by more than a factor of two [Wang et al., 

1990]. As a result, the placement of the permalloy data on Fig. 4.10 strongly suggests that 

SFE is not the controlling feature for separation of these data groupings. This further 

confirms the view from Fig. 4.9 that for these small, constrained volumes under load the 

thermally activated mechanism may be length scale dependent. The nanoposts are 

considered to be constrained in the vertical direction between tip and substrate, and in the 

lateral dimension by oxide walls, adhesion to the substrate and friction with the 

nanoindenter tip.  
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Figure 4.10. Activation volume versus yield stress master plot for many materials from 

Ref. [Cordill et al. 2006] including the average apparent activation volume versus flow 

stress values for the nanoposts. 

 

These two features (the small activation volumes and large stress dependence) 

strongly suggested that the mechanism controlling plasticity for the majority of the single 

crystal data in Fig. 4.10 were different than that responsible for the deformation of the 

nanocrystalline materials and nanoposts. This led us to conclude that the mechanism may 

be dislocation nucleation rather than forest cutting. For nanocrystalline materials and 

nanoindentation of single crystals this mechanism has been suggested by Schuh and Lund 

[Schuh and Lund, 2004], Asaro and Suresh [Asaro and Suresh, 2005] and Wang, et al. 

[Wang et al., 2005]. As the stresses were high in these nanoposts, it was concluded that a 
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dislocation nucleation concept was appropriate since little thermal activation would be 

required. For formation of a loop, one has a critical radius, crr , from Christian [Christian, 

1975] to be 

 cr
cr

ys i

ln 1
4

rbr
r

μ
πτ

⎡ ⎤⎛ ⎞
= +⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
. (4.12) 

Adding a core term such that ir b α=  and noting that the activation volume for a half 

loop nucleated at the a surface is 2
crr bπ , one finds 

 
3

ys
3ln 1

4
b V
V b

τ α
μ π

∗

∗

⎡ ⎤⎛ ⎞
= +⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
. (4.13) 

There are two adjustable parameters in this solution, one being the core parameter, α , 

and the other an additional feature associated with the stress concentration of the contact. 

The stress concentration is quite complicated since it could be associated with a surface 

ledge, a high asperity, a defect in the oxide film or the edge of the indenter contact. With 

this analysis, the final option is preferred since it can be quantified to first order. It is well 

known that the edge of a bi-material interface has a large stress concentration which often 

causes delamination. Alternatively, the edge of a flat punch contact also has an infinite 

stress at the edge as the distance from the inside approaches the contact radius, a . The 

elasticity solution as given by Johnson [Johnson, 1985], for the flat punch is 

 ( )
( )1 22 2

Pp x
a xπ

′
=

−
 (4.14) 
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where ( )p x  is the pressure distribution and P′  is the load per unit length for a plane-

strain punch. Taking some license with the plane strain assumption and converting P′  to 

P a , one can convert Eq. (4.14) to a stress concentration given by 

 ( )
( )T 1 22 2

m

p x ak
p a x

= =
−

 (4.15) 

where mp  is the mean pressure under the punch. Consider a typical 50 nm nanopost with 

the distance x  under the indenter being near the contact edge. For a distance of 1 nm 

from the edge, the stress concentration, Tk , is approximately a factor of five. This is used 

because it is the local stress that is important to bowing the dislocation half-loop over the 

nucleation energy barrier. Additionally it is not too different from the native oxide film 

thickness. In a recent paper on reflective coatings, Sandberg, et al. [Sandberg et al., 2004] 

reported a 50 nm thick film of nickel acquired a thin native oxide coating (<2 nm). 

Therefore one finds with Eqs. (4.13) and (4.15)  

 
3

3
T ys

ln 1
4

b VV
k b
μ α
τ π

∗
∗ ⎡ ⎤⎛ ⎞
= +⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
 (4.16) 

which is appropriate for dislocation nucleation at the contact edge. From a recent study 

[Cordill et al., 2006] of the statistical distribution of the condition for nucleation it is 

strongly suggested that additional surface features also provide a local stress 

concentration so that these might superpose. This is proposed to be an additional factor in 

providing much of the scatter exhibited in the apparent activation volume and flow stress 

values. Given the proposed near surface dislocation nucleation at the oxide/metal 

interface, Eq. (4.16) was used to interpret how the activation volumes varied as a function 
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of yield stress. The yield stress was taken as the flow stress in Table 4.1 found at the end 

of this chapter with the shear yield stress equal to two-thirds of the uniaxial yield stress as 

used by Johnson [Johnson, 1985] to describe the maximum reduced stress criterion.  

The other adjustable parameter in Eqs. (4.13) and (4.16) is the core parameter as 

described by Hirth and Lothe [Hirth and Loethe, 1982] and Schall, et al. [Schall et al., 

2006]. For permalloy, the core energy factor was taken as 2.3 in order to agree with 

simulations from Qi, et al. [Qi et al., 2001], while for aluminum, a core parameter of 3.8  

 
Figure 4.11. Activation volume analysis based on the dislocation nucleation criteria of 

Eq. (4.16) for permalloy nanoposts (open circles). Additional nickel (001) single crystal 

nanoindentation data (open squares) from Cordill, et al. [2006]. 

 

was used in order to account for the core energy calculated by Lu, et al. [Lu et al., 2001]. 

With μ = 72 GPa, b = 0.25 nm, Tk = 5 and Johnson’s shear stress criterion, a non-
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dimensionalized plot of 3V b∗  versus ysμ σ  was determined for permalloy in Fig. 4.11. 

Besides the nanopost data based upon stress relaxation, nanoindentation of single crystal 

Ni 100  are also shown in Fig. 4.11. It is seen that the prediction is much more sharply 

increasing than the linear one suggested by Fig. 4.10 for much larger activation volumes. 

It is interesting that a cut-off appears at ys 20μ σ ∼ . Keeping in mind that the yield stress 

here does not include the stress concentration, Tk , this implies that ys 4μ σ ≥  would be 

observed which is in the right order for the theoretical shear stress of ys 6μ τ ≥  using 

Johnson’s shear stress definition.  

 
Figure 4.12. Activation volume analysis based on the dislocation nucleation criteria of 

Eq. (4.16) for aluminum nanoposts (open circles). Additional aluminum thin film 

nanoindentation data (open squares) from Ohmura, et al. [2001]. 
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Similarly, Eq. (4.16) was applied to the aluminum nanoposts using μ = 26 GPa, 

b = 0.286 nm and an identical value for Tk . As seen in Fig. 4.12, this gives a reasonable 

accounting of the normalized activation volume for the nanoposts of Table 4.2 as well as 

aluminum thin film data [Ohmura et al., 2001] as analyzed by Cordill, et al. [Cordill et 

al., 2006] using the dislocation wall concept. One can see that the theoretical model 

slightly over predicts the permalloy nanopost data while it slightly under predicts the 

aluminum data. For example, the prediction at ysμ σ = 30 for 3V b∗  is 5.4 for the 

permalloy and 7 for the aluminum which is not nearly as large a difference as suggested 

by the data. This discrepancy may be explained by analysis of the evolution of flow stress 

and activation volume values during the compressions. 

 

4.4  Nanopost Summary 

 Uniaxial compression tests on freestanding nanoposts of aluminum and permalloy 

replicate the strain commonly found in severe plastic deformation (SPD) produced 

nanostructures. Average contact stresses throughout the tests were calculated based on 

the effective dimesions of the nanoposts. The structure geometry minimizes initial 

contact stress. Therefore dislocation spacing, x⊥ , on the active slip band length as 

determined using an Eshelby dislocation pile-up analysis is the dominant length scale 

throughout the compression. Apparent activation volumes, appV ∗ , required for nanopost 

plastic deformation were also deduced, a first for freestanding structures of this size. Two 

techniques, a dislocation wall approach and standard stress relaxation, were shown to 
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give comparable measures of appV ∗  on the order of (1-10) 3b . Both of the experimental 

approaches are consistent with near-surface dislocation nucleation as the controlling 

plasticity mechanism. Using standard nucleation of half loops from the oxide/metal 

interface, a screw-dislocation line energy assessment gives a good accountability of non-

dimensionalized activation volume, 3V b∗ , as a function of a non-dimensional flow 

stress parameter, ysμ σ , based upon shear modulus and yield stress. 
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Table 4.1: Permalloy nanopost compression data. 

 
 

#  μN
nm

S
 

cr  
nm 

 
 

flowP  
μN 

 
 

relaxP  
μN 

 
 

flowσ  
GPa 
 
 

relaxσ
GPa 
 
 

oh  
nm 
 
 

or  
nm 
 
 

app
3

V
b

∗

 
 

x⊥  
nm 

 
 

ρ⊥  
1012 

cm-2 

 
1 11.9 68.4 44 40 3.00 2.72 55 58 3.3 5.2 3.7 
2 13.1 75.3 37 31 2.08 1.74 60 66 3.1 7.1 2.0 
3 11.2 64.3 40 35 3.08 2.69 57 55 2.8 4.9 4.1 
4 20.9 120.1 88 67 1.94 1.48 39 87 2.2 7.8 1.6 
5 16.4 94.2 43 30 1.54 1.08 54 78 2.3 10.5 0.9 
6 37.2 213.7 277 259 1.93 1.81 56 139 4.2 7.7 1.7 
7 24.9 143.0 164 142 2.55 2.21 72 121 1.8 6.0 2.8 
8 24 137.9 65 52 1.09 0.87 37 96 1.7 14.4 0.5 
9 38.3 220.0 395 385 2.60 2.53 60 140 4.8 6.0 2.8 
10 29.4 168.9 170 144 1.90 1.61 57 145 2.2 7.9 1.6 

11a 28.4 163.1 169 142 2.02 1.70 60 144 2.4 8.7 1.3 
11b 33.4 191.9 227 213 1.96 1.84 60 144 4.2 7.6 1.7 
12a 31 178.1 186 169 1.87 1.70 59 154 4.0 9.6 1.1 
12b 37.8 217.1 240 214 1.62 1.44 59 154 2.4 8.5 1.4 
13a 28.4 163.1 192 172 2.30 2.06 49 135 3.0 7.8 1.6 
13b 34 195.3 263 250 2.19 2.09 49 135 3.7 7.0 2.1 
13c 39.5 226.9 361 346 2.23 2.14 49 135 2.6 6.3 2.5 
14a 30.5 175.2 205 189 2.13 1.96 64 144 3.7 7.7 1.7 
14b 33.9 194.7 275 256 2.31 2.15 64 144 3.1 6.6 2.3 
14c 39.1 224.6 361 344 2.28 2.17 64 144 3.7 6.3 2.5 
15a 29 166.6 203 185 2.33 2.12 63.5 138 3.1 7.3 1.9 
15b 34.3 197.0 280 271 2.30 2.22 63.5 138 4.4 6.6 2.3 
15c 39.4 226.3 381 365 2.37 2.27 63.5 138 2.8 6.3 2.5 
16a 29.5 169.5 200 181 2.22 2.01 62.5 140 3.0 7.6 1.7 
16b 34 195.3 267 248 2.23 2.07 62.5 140 3.0 6.6 2.3 
16c 40.1 230.4 347 333 2.08 2.00 62.5 140 3.7 6.4 2.4 
17a 25.6 147.1 133 125 1.96 1.84 65 132 5.5 7.6 1.8 
17b 26.1 149.9 162 140 2.29 1.98 65 132 1.7 6.6 2.3 
17c 26.4 151.7 172 143 2.38 1.98 65 132 1.7 6.2 2.6 
17d 27.2 156.3 186 168 2.43 2.19 65 132 2.1 5.8 3.0 
18a 21.5 123.5 120 110 2.50 2.30 60 110 2.6 6.6 2.3 
18b 22 126.4 144 115 2.87 2.29 60 110 0.9 5.7 3.1 
18c 23.1 132.7 160 125 2.89 2.25 60 110 0.7 5.1 3.8 
18d 23 132.1 179 114 3.26 2.08 60 110 0.8 4.7 4.5 
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Table 4.2: Aluminum nanopost compression data. 
 
 

# 
 
 
 

μN
nm

S
 

cr  
nm 

 
 

flowP  
μN 

 
 

relaxP  
μN 

 
 

flowσ  
GPa 

 
 

relaxσ
GPa 

 
 

oh  
nm 

 
 

or  
nm 

 
 

app
3

V
b

∗

 
 

x⊥  
nm 

 
 

ρ⊥  
1012 

cm-2 

 
1 14.4 134.6 99.0 69.0 1.74 1.21 125 110 9.2 4.2 5.6 
2 17.9 167.3 89.0 67.0 1.01 0.76 100 130 8.0 7.2 1.9 
3 6.7 62.6 11.0 8.5 0.89 0.69 44 55 6.1   
4 5.6 52.3 8.5 5.5 0.99 0.64 29 38 6.1 7.1 2.0 
5 15 140.2 49.0 39.0 0.79 0.63 46 125 9.2 9.3 1.1 
6 8.7 81.3 49.4 41.8 2.38 2.01 105 75 5.2 3.2 9.7 
7 10.1 94.4 48.5 42.6 1.73 1.52 84 85 7.0 4.2 5.7 
8a 4.8 44.9 23.0 13.3 3.64 2.10 23.5 32 1.2 2.1 22.1 
8b 24.3 227.1 155.2 142.5 0.96 0.88 23.5 32 2.4 3.6 7.7 
9a 8.8 82.2 24.9 15.7 1.17 0.74 25 54 3.9 5.9 2.9 
9b 12.8 119.6 55.0 38.5 1.22 0.86 25 54 7.3 6.1 2.7 

10a 17.8 166.4 104.7 76.8 1.20 0.88 76 113 5.2 6.5 2.4 
10b 22 205.6 137.6 108.4 1.04 0.82 76 113 7.0 6.2 2.6 
11a 11 102.8 70.4 45.9 2.12 1.38 91 76 3.7 3.6 7.9 
11b 18.7 174.8 122.0 94.7 1.27 0.99 91 76 4.6 3.6 7.9 
12a 10.8 100.9 55.5 41.8 1.73 1.31 109 82 3.7 4.8 4.3 
12b 15.4 143.9 94.1 79.3 1.45 1.22 109 82 5.6 4.2 5.8 
12c 33.1 309.3 307.5 268.0 1.02 0.89 109 82 5.9 5.1 3.8 
 
  
  
 



Chapter Five Pressure Effects on Modulus 124 
 
 

 The high pressures generated at a contact during nanoindentation have a 

quantifiable effect on the measured indentation modulus. This effect can be accounted for 

by invoking a Murnaghan equation of state-based analysis where the measured 

indentation modulus is a function of the hydrostatic component of the stress state which 

is generated beneath the indenter tip. This approach has implications pertinent to a range 

of mechanical characterization techniques that include instrumented indentation and 

quantitative atomic force microscopy (AFM) since these techniques traditionally consider 

only zero-pressure modulus values during data interpretation. To demonstrate the validity 

of this approach, the indentation modulus of five materials (fused quartz, sapphire, rutile, 

silicon and permalloy) is evaluated using large radius conospherical diamond tips to 

maximum contact depths of 30 nm. The tip area function is independently determined via 

AFM while the unloading stiffness from the load-displacement data is determined using 

standard Oliver-Pharr analysis.  

 

5.1  Pressure Effects 

 Nanoindentation has become one of the most widely used characterization 

techniques for quantifying the mechanical properties of thin films and freestanding 

structures [Gerberich et al., 2006; Mook et al., 2007] at length scales below 1 μm. As 

discussed in CH 1, the method most often employed for nanoindentation data analysis is 

that of Oliver and Pharr (OP) [Oliver and Pharr, 1992]. To review, this technique 
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assumes that the initial point of unloading is purely elastic. Thus the initial slope of the 

load-displacement data is the elastic stiffness, S , and is defined by 

 r
2S E Aβ
π

=  (5.1) 

where β  is a dimensionless parameter, A  is the projected area of contact and rE  is the 

reduced modulus of the tip-substrate system. The reduced modulus is 

 
2 2
1 2

r 1 2

1 11
E E E

ν ν− −
= +  (5.2) 

where ν  is Poisson’s ratio and the subscripts refer to the tip and the substrate 

respectively. The other common parameter typically measured using nanoindentation is 

the material’s hardness, or average contact stress, cσ , which is 

 max
c

P
A

σ = , (5.3) 

where maxP  is the maximum load. 

 A recent review of the OP method [Oliver and Pharr, 2004] addresses 

modifications to the initial theory. One of the major findings has been the variability of 

β  which has now been shown to depend on a number of physical parameters. These 

include tip shape, tip geometry and tip-sample friction among others [Strader et al., 

2006]. While refinements have been made, further analytical improvements are still 

warranted considering the results of the recent NIST nanoindentation round robin where a 

single sample (1.5 μm thick Cu film deposited on a Si substrate) was diced and 

distributed to a number of independent labs [Read et al., 2007]. The variations in reported 
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hardness and modulus values between the labs were larger than what was expected with 

one standard deviation for hardness of 15% and modulus of 19%. Variables that the 

round robin looked at included the indenter type, calibration method, tip geometry and 

condition, analysis method and the sample mounting method. However none of the above 

variables were shown to account for the observed variations. It seems likely that 

unaccounted for differences in the β  value of Eq. (5.1) could contribute to this observed 

spread in reported values. Considering the many physical parameters that affect β , we 

would like to propose that this dimensionless parameter may be, in part, a physical 

manifestation of the hydrostatic component of stress that is created beneath the indenter 

tip during indentation.  

 While the effect of hydrostatic pressure on indentation modulus has been largely 

ignored, geophysicists have been quantifying its effect on bulk modulus for decades by 

using seismic events [Stacey and Davis, 2004] to investigate the properties of the earth’s 

high-pressure interior. In the lab, diamond anvil cell (DAC) experiments are often used to 

investigate bulk modulus, K , which is defined as 

 H

T

d
d

K V
V
σ⎡ ⎤= − ⎢ ⎥⎣ ⎦

 (5.4) 

where V  is the unit cell volume measured in Å3 while Hσ  is hydrostatic pressure. The 

current DAC equipment were originally developed by the National Bureau of Standards 

(now NIST) trace their history back to Bridgeman cells [Website:, 2008]. The DAC has 

two opposing single crystal gem-quality diamond anvils which are generally less than 1 

carat. The material that is to be compressed is placed between the diamonds and is 

laterally constrained by a metal gasket. An inert gas fills the cell and then pressure is 
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applied to the diamonds creating a hydrostatic state within the cell. Lattice spacing is 

measured by X-ray or synclotron radiation which is then converted into volume.  

 Is bulk modulus the only property affected by hydrostatic pressure or are other 

mechanical properties affected as well? Bridgeman’s original work on high pressure 

mechanical properties showed an increase in yield and flow stress in metals [Bridgeman, 

1964]. Just as with bulk modulus, the flow stress of a spheroidized 1045 steel was found 

to increase linearly with superimposed hydrostatic pressure [Brownrigg et al., 1983]. The 

yield stress of Maraging steel in compression also shows a linear increase with pressure 

[Spitzig et al., 1976; Stoughton and Yoon, 2004]. Along with shear stress, yield stress 

and bulk modulus, shear modulus has been shown to increase linearly with pressure as 

well [Jiang et al., 2004].  

 Research at high pressures has aided in the development of equations of state 

applicable to solids. One of the most simple, yet most popular and effective equations of 

state for pressure effects on solids is the Murnaghan relationship [Murnaghan, 1951; 

Anderson, 1995]. A basic assumption that can be used to derive this relation is that the 

bulk modulus is a linear function of hydrostatic pressure for small volume changes, such 

that 

 0 0 HK K K σ′= + , (5.5) 

where K  is the bulk modulus, 0K  is the zero pressure bulk modulus, 0K ′  is the bulk 

modulus pressure first derivative and Hσ  is hydrostatic pressure. It will be shown that 

this, albeit in a slightly modified form, can be applied to indentation analysis. This 

relation has been confirmed using an ever-growing database of experimental seismic 
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[Stacey and Davis, 2004] and DAC [Christensen et al., 1995; Speziale et al., 2001] data. 

A value of 0K ′~ 4 is found to be valid for many ceramic materials [Murnaghan, 1951; 

Poirier, 2000].  

 The experiments cited above are set up to obtain as close to an ideal state of 

hydrostatic pressure as possible. During indentation, the effective hydrostatic component 

of pressure will only be a fraction of the overall stress state. All stress tensors can be 

decomposed into a deviatoric or shear component that drives plasticity and a hydrostatic 

component which compresses the lattice. The stress state beneath the indenter is very 

complex and only recently has the effect of hydrostatic pressure on indentation modulus 

been considered. Finite element simulations have shown that if one accounts for pressure, 

indentation modulus is increased when considering the indentation of hard materials 

[Veprek et al., 2007] and that the component of hydrostatic pressure can be equivalent to 

one-half of the average contact stress for a spherical tip indenting a half-space [Wolf and 

Goken, 2005].  Experimentally, we have shown that when subjected to uniaxial 

compression, pressure increases the modulus of single crystalline nanoparticles [Mook et 

al., 2007]. However an experimental assessment accounting for hydrostatic pressure 

effects on a traditional indentation geometry has yet to be undertaken. To do this, a 

material’s bulk modulus can be related to its elastic modulus, E , through Poisson’s ratio, 

ν , by 

 
( )3 1 2

EK
ν

=
−

. (5.6) 

By combining Eqs. (5.5) and (5.6), one finds, 
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 0 HE E Mσ= + , (5.7) 

where M  is a material-specific constant which is composed of 0K ′  and ν  such that 

 ( )03 1 2M K ν′= − . (5.8) 

While ν  can be affected by hydrostatic pressure, we are treating it as a constant for the 

pressure range under consideration. In this range for crystalline materials, ν  should 

slightly decrease with pressure which implies M  should increase. This slight increase in 

M  is accounted for in the Rσ  function described below. Equation (5.7) describes elastic 

modulus as a function of hydrostatic pressure. For materials with 0.33ν < , Eq. (5.7) 

predicts that E  is more sensitive to Hσ  than K . Of course using standard OP analysis, it 

is only possible to measure the hardness (average contact stress) and not the hydrostatic 

component of stress. Therefore an effective stress ratio, H cRσ σ σ= , is employed in 

order to determine the hydrostatic component of the stress state as a ratio of the contact 

stress. Elastic modulus as a function of contact stress can be determined as 

 0 cE E MRσσ= + , (5.9) 

where Eq. (5.9) is applied to both the tip and substrate to generate the indentation 

modulus from Eq. (5.2).  

 
5.2  Experimental Results for Pressure Enhanced Indentation Modulus 

 To demonstrate the validity of the above approach, the indentation modulus of 

four materials (fused quartz, sapphire, rutile and silicon) is evaluated using a 1 µm radius 

conospherical diamond tip to maximum contact depths of 30 nm. The tip area function is 
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independently determined via the AFM-based technique covered in CH 2.3 while the 

unloading stiffness and contact displacement is determined from the load-displacement 

data using standard Oliver-Pharr analysis. Values for rE , cσ , β  and Rσ  as a function of 

contact displacement are calculated and discussed.  

 
Figure 5.1. Representative load-displacement data for indentation into sapphire, silicon, 

fused quartz and rutile by a 1 μm radius diamond tip. Note that the rutile and sapphire 

curves overlap for these displacements.  

 

 Examination of Figure 5.1 shows that the loading for each material was nearly 

elastic with residual displacements after unloading ranging from 0-2 nm. The indentation 

modulus seen in Figure 5.2 is calculated from Eq. (5.1) assuming, for now, that β  is 

unity as it is predicted to be for a spherical indentation [Oliver and Pharr, 2004]. The 

modulus values all tend to increase with decreasing displacement. However the average 
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contact stress depicted in Figure 5.3, as calculated from Eq. (5.3), shows the opposite 

trend. This is because the indents are still mainly elastic; indentation to further 

displacements generates plasticity.  

 
Figure 5.2. Analysis of indentation modulus from Eq. (5.1) from the load-displacement 

data from Fig. 5.1 using the area function generated in Fig. 2.11. 

 

 From Figure 5.2, it is possible to calculate an effective effβ  value which is the 

measured indentation modulus divided by the zero pressure indentation modulus listed in 

Table 5.1, the results of which can be seen in Figure 5.4. It is apparent that while the effβ  

values for sapphire, silicon and fused quartz follow the same trend, the values for rutile 

deviate sharply. In other words effβ  is different for different materials. The data also 

indicates that effβ  is a function of displacement as well, but that may be due to the upper 
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bound estimate of the tip+spike area function which, as seen in Figs. 2.10-2.11, tends to 

deviate from an ideal sphere as displacement increases.  

 
Figure 5.3. Analysis of the average contact stress Eq. (5.3) from the load-displacement 

data from Fig. 5.1 using the area function generated in Fig. 2.11. 

 

 From the data in Figs. 5.2-5.3 it is also possible to calculate the effective stress 

ratio, Rσ , that is found in Eq. (5.9). To determine Rσ , the average contact stress found in 

Fig. 5.3 is substituted into Eq. (5.9) as is each materials’ M  and 0E  values which are 

found in Table 5.1. Both tip and substrate versions of Eq. (5.9) are substituted into the 

reduced modulus Eq. (5.2). The measured indentation modulus values of Fig. 5.2 are also 

substituted into Eq. (5.2) leaving Rσ  as the only unknown. The above paragraph is 

represented by the following equation: 
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Figure 5.4. The effective beta, effβ  is calculated by the ratio of the measured indentation 

modulus in Fig. 5.2 divided by the zero pressure indentation modulus in Table 5.1. 
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. (5.10) 

 
For example, substituting the values for the deepest rutile indent graphed (contact 

displacement of 15 nm) in Figs. 5.2-5.3, Eq. (5.10) would be 

 
2 21 1 0.28 1 0.07

311 GPa 277 GPa 11.9 19 GPa 1000 GPa 9.1 19 GPaR Rσ σ

⎡ ⎤− −
= +⎢ ⎥+ ⋅ ⋅ + ⋅ ⋅⎣ ⎦

. (5.11) 

 
The effective stress ratio value is then solved which in this case is 0.34Rσ = . This 

algorithm is used to determine an Rσ  for each indent in Figs. 5.2-5.3, the results of which 
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can be seen in Figure 5.5. The data, including rutile, collapses onto the same trend line 

which is 

 
Figure 5.5. Effective stress ratio, Rσ , solved for in Eq. (5.10) as a function of contact 

displacement. The data collapses onto a single trend line because of rutile’s high bulk 

modulus pressure first derivative. 

 

 ( )c2.326exp 0.21 nmR hσ = − , (5.12) 
 
where ch  is contact depth. This is because rutile is quite sensitive to hydrostatic stress as 

can be seen in Table 5.1 where its 0K ′  is up to twice the value of the other materials. In 

other words when under contact, rutile’s bulk and elastic moduli increase dramatically 

under pressure which explains its nanoscale load-displacement response. As seen in 

Figure 5.1, both rutile and sapphire have the same stiffness values and displacements. It 
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should be noted that rutile can transform to various high pressure phases, all of which 

increase in density [Gerward and Olsen, 1997]. We are not likely observing that here 

since transformation would lead to a pop-in during the loading similar to results seen in 

silicon. Pop-ins are only observed for deeper indents into rutile using this 1 μm tip as 

seen in Fig. 5.6. The hardness values for the elastic indents in Fig. 5.6 increase above 20 

GPa while the indents that have pop-in excursions are approximately 12 GPa using the 

area function in Eq. (2.5). This is seen in Fig. 5.7(a). Indentation modulus values for the 

indents in Fig. 5.6 begin at 300 GPa and tail off to less than 200 GPa as seen in Fig. 

5.7(b).  

 
Figure 5.6. Indentation of rutile with the 1 μm radius of curvature tip. Indentations are 

elastic until pop-ins occur. This is thought to be due to a phase transformation. 
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Table 5.1: Material Properties: a[Anderson, 1995; Poirier, 2000], bin the range of 

[Gerward and Olsen, 1996; Hazen and Finger, 1981], c[Dubrovinsky et al., 2001], 0(r)E  is 

Eq. (5.2), M is Eq. (5.8). 

Material ν  0E (GPa) 0(r)E  (GPa) 0K ′ (GPa) M  
Diamond 0.07 1000 - 3.5 a 9.1 
Fused Quartz 0.17 72 69.9 4.5 a 8.9 
Sapphire 0.25 380 288.9 4.5 a 6.8 
Rutile 0.28 277 231.3  9 b 11.9 
Silicon 0.21 160 143.5  4 a 7.0 
Ni45-Fe55 0.28 136 120.3 variablec variablec 

 

 
Figure 5.7. Rutile indentation results for (a) average contact stress given in Eq. (5.3) and 

(b) indentation modulus given in Eq. (5.1) from the data in Fig. 5.6 using the area 

function from Eq. (2.5). The average contact stress after the pop-ins is a standard 

nanoindentation-based hardness and is the bulk hardness value for rutile. 

 

 It is interesting that the average contact stress of the rutile post pop-in (this is a 

standard nanoindentation hardness) is close to bulk rutile of 13 GPa [Mayo et al., 1990]. 

Generally nanoindentation is conducted with tips that are self similar and sharper than the 

1 μm radius of curvature tip used here. Sharper tips such as a Berkovich tip with a 200 
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nm radius of curvature creates high contact pressure (>20 GPa) within the first few 

nanometers of contact displacement. An example of a Berkovich indentation into both 

rutile and sapphire at a load of 500 μN is seen in Fig. 5.8(a). Here the hardness of 

sapphire is 29.0 GPa and rutile is 13.4 GPa; both almost exactly have the same ratio with 

their respective bulk elastic moduli values. This is compared to a 5 μm radius of 

curvature tip indenting into the same materials at a load of 2000 μN where the average 

contact stress of sapphire is 5.9 GPa and rutile is 7.6 GPa. This suggests that the pop-ins 

generated during the 1 μm radius indentation into rutile is due in large part to a phase 

transformation to a high pressure phase. It would then seem reasonable that the initial 

rutile plasticity (first few nanometers of contact displacement) generated during 

Berkovich indentation is also in large part due to a phase transformation. This leads to the 

accepted indentation hardness value for rutile of 13 GPa [Mayo et al., 1990].  

 
 

Figure 5.8. Indentation of rutile and sapphire using a Berkovich tip calibrated in Eq. (2.8) 

is part (a) and a 5 μm radius of curvature tip calibrated in Eq. (2.9) in part (b). 
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Figure 5.9. Bulk modulus as a function of hydrostatic stress in the range of 1-9 GPa for 

two Ni-Fe compositions. This data was traced directly from Dubrovinsky, et al. (2001) 

and fit with the functions given in Eq. (5.12). 

 

 Before discussing the broader implications of this theory, consider one of the 

main assumptions presented above which was that a materials’ bulk modulus increases 

linearly with applied hydrostatic pressure. This is true in general, but there are exceptions 

to every rule. For instance, nickel-iron alloys do not show this linear behavior. Both 

Decremps and Nataf [Decremps and Nataf, 2004] and Dubrovinsky, et al. [Dubrovinsky 

et al., 2001] show non-linear bulk modulus behavior of various compositions including 

Ni80-Fe20, Ni45-Fe55 and Ni36-Fe64. Figure 5.9 shows bulk modulus as a function of 

hydrostatic stress as traced from experimental data in the paper by Dubrovinsky, et al. 

[Dubrovinsky et al., 2001]. Trend lines have been fit and are 
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 (5.13) 

 
which is accurate for hydrostatic pressures between 1-9 GPa.  

 
 

Figure 5.10. Indentation of Ni45-Fe55 using the 1 μm radius indenter tip. The average 

contact stress in part (a) was determined from the load-displacement data using Eq. (5.3) 

along with the area function given in Eq. (2.5). The indentation modulus in part (b) was 

determined using the effective bulk modulus in Eq. (5.13) and relating that to indentation 

modulus using Eq. (5.5).  

 

 If films of these materials could be indented with the same 1 μm tip as used 

above, the pressure enhanced indentation modulus algorithm could be tested. Therefore a 

two micron thick film of Ni45-Fe55, deposited and chemical-mechanical polished to an 

RMS surface roughness of 2 nm by Seagate, Inc. was indented. The results of this can be 

seen in Fig. 5.10 where the scatter in the measurements below 5 nm is due to surface 

roughness. The effective bulk modulus for this material depends non-linearly on 
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hydrostatic stress as depicted in Eq. (5.13). The effective hydrostatic stress in turn, 

depends on contact displacement and average contact stress both represented in Fig. 

5.10(a) and is H cRσσ σ= . Therefore the effective bulk modulus for this material is 

 ( ) ( )2
Ni45-Fe55 c c2.9 26.2 126K R Rσ σσ σ= − + + . (5.14) 

 
Indentation modulus is related to the effective bulk modulus of Eq. (5.14) through Eq. 

(5.6). This results in prediction seen in Fig. 5.10(b) which shows a peak in indentation 

modulus at approximately 6 nm of contact displacement. This is interesting in that it is 

very different when compared to the indentation modulus trend of Fig. 5.2 for materials 

such as sapphire and rutile show a strong increase as contact displacement decreases. 

These results show that once the effective stress ratio, Rσ , for a specific tip is calculated, 

indentation modulus can be predicted even for materials with non-linear hydrostatic 

responses of bulk modulus.  

 

5.3 Implications for Single Point Contacts 

 The concept of pressure enhanced indentation modulus developed above is 

directly applicable to nanoindentation. It also has broader applicability to quantitative 

atomic force microscopy. This is because the continuum theories that are used to analyze 

nanoindentation as well as AFM data rely on zero pressure modulus values [Butt et al., 

2005].  

 Hertzian analysis [Hertz, 1881] describes the contact applicable to small strains of 

two ideally smooth, continuous, elastic, isotropic and homogeneous paraboloids or 

spheres [Deeg, 1992]. By assuming one of the spheres to have an infinite radius of 
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curvature such that it is flat, the geometry of nanoindentation is sufficiently reproduced. 

This relationship can be represented as 

 { }3
H

Ra P
J

= , (5.15) 

 
Where Ha  is the Hertzian contact radius, R  is the radius of the tip, P  is the load and J  

is the reduced modulus, where here it is 

 
12 2

1 2

1 2

1 14
3

J
E E
ν ν

−
⎡ ⎤− −

= +⎢ ⎥
⎣ ⎦

. (5.16) 

 
Due to the finite surface roughness of real materials, this contact geometry is rarely 

experienced at the macroscale. One of the first successes in obtaining perfect contact for 

this geometry was found during experiments of the friction of rubber on glass for use in 

windshield wipers [Johnson, 2000]. For this, a millimeter sized sphere of compliant 

rubber was made. The small amount of roughness on both the rubber and the glass were 

accommodated by the compliance of the rubber. It was then found that the rubber 

adhered strongly to the glass such that an observable contact existed at zero load and a 

measurable tensile force was required to separate the surfaces. This led directly to the 

development of the JKR theory [Johnson et al., 1971], which extends the Hertz theory of 

contact of elastic spheres to adhering surfaces and applies to large, compliant contacting 

spheres. Therefore Eq. (5.15) is modified to 

 ( ){ }1 223
JKR 3 6 3Ra P R RP R

J
π γ π γ π γ⎡ ⎤= + Δ + Δ + Δ⎣ ⎦ , (5.17) 

 
Where the change in surface energy, γΔ , is 

 1 2 12γ γ γ γΔ = + − . (5.18) 
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An alternative theory based on Hertz, known as DMT [Derjaguin et al., 1975] is 

applicable to contacts of small, stiff spheres and is 

 { }3
DMT 2Ra P R

J
π γ= + Δ . (5.19) 

 
In practice, real contacts are most often described by a combination of the two equations 

through a transition parameter related to the radius, surface energy and stiffness of the 

contact. This was introduced by Maugis [Maugis, 1992] and has been simplified by 

Carpick et al. [Carpick et al., 1999]. 

 The point is that Hertzian theory was modified to include surface energy by JKR-

DMT theories so that experimental results would agree with theory at small to near zero 

loads. As will be shown below, in order to correctly predict load-displacement behavior 

of single point contacts at larger loads, zero pressure modulus values are inadequate and 

therefore standard Hertzian contact needs to be modified for hydrostatic pressure effects 

on modulus. According to Hertzian elastic theory, 3 2P δ∝  when the substitution of 

( )1 2
Ha Rδ=  is made in Eq. (5.15). However in both MD simulations and 

nanoindentation experiments, load is not seen to be proportional to displacement raised to 

the 1.5 power. For example, Liang, et al. [Liang et al., 2003] indents a Cu substrate 

(modeled using EAM potential) with a 4 nm radius indenter. Here load is proportional to 

displacement to the 1.96 power. Sareav et al. [Saraev and Miller, 2006] uses EAM 

potentials for Cu and Ni and indents them with a 3 nm radius indenter. In this case load is 

proportional to displacement to the 1.65 power for Cu and 1.61 power for Ni. Van Vleit 

et al. [Van Vliet et al., 2003] used a larger 13 nm radius indenter for indentations into Al 
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modeled using an Ercolessi-Adamssi potential; the proportionality constant here was 

1.94. Recently Buchheit et al. [Buchheit and Tandon, 2007] used ABAQUS to conduct 

finite element simulations into a substrate with the elastic properties of fused quartz 

where the indenter tip radius was 10 μm. In this case the indentation went to a 

displacement of 8 nm and had a proportionality constant of 1.62. For a final simulation 

example, an indentation into Ni modeled with an EAM potential by Farkas [Cordill et al., 

2008] using a 15 nm radius tip is shown in Fig. 5.11. The elastic portion of the load-

displacement curve has a proportionality constant of 1.72. On this figure, the Hertzian 

relationship using zero-pressure modulus values is shown to vastly under predict the data 

just as with the nanoparticle compressions from CH 3.  

 
Figure 5.11. MD nanoindentation simulation into Ni modeled with an EAM potential by 

Farkas [ref] using a 15 nm radius tip. The elastic portion of the load-displacement curve 

is 1.72P δ∝  while the Hertzian fit uses the zero-pressure indentation modulus of Ni. 
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 This deviation from zero-pressure Hertzian behavior has been observed 

experimentally by a few authors. For example Bei et al. [Bei et al., 2005] noticed that the 

proportionality constant was 1.69 for elastic indentations into single crystal Cr3Si. They 

claim this is most likely due to the non-spherical nature of a real tip. However, as shown 

above, this is consistent with simulations of perfectly spherical tips into flat substrate 

materials. The question is why is this not seen more often experimentally? It is proposed 

here that this is due to the common practice of fitting elastic load-displacement data to 

the standard Hertzian relationship by adjusting the tip radius until a best fit to the data is 

obtained. An example of what effect this can have on the Hertzian fit can be seen in Fig. 

5.12. In this simplified case, an incompressible tip is indented into a material with a zero 

pressure modulus of 150 GPa and a Poisson’s ratio of 0.21. The pressure enhanced 

modulus is modeled using a simple linear relationship of  

 c150 4Eσ σ= + . (5.20) 
 
It is seen that the pressure enhanced Hertzian relationship using a 300 nm tip radius is 

very close to the zero pressure Hertzian relationship using a 500 nm tip radius. This type 

of ambiguity contributes to the current situation where the hydrostatic pressure effect on 

a material’s elastic response has been overlooked (with the few notable exceptions 

[Veprek et al., 2006; Wolf and Goken, 2005] discussed earlier in this chapter).  
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Figure 5.12. Hertzian fits for an indent into a material with a zero pressure modulus of 

150 GPa using an incompressible tip. The pressure enhanced modulus is modeled in Eq. 

(5.19). A zero-pressure fit using a tip radius of 500 nm almost exactly overlays a pressure 

enhanced fit using a radius of 300 nm. 

 

 Returning to the indentation of rutile earlier in the chapter, it was shown that the 

elastic response of rutile is highly influenced by hydrostatic pressure. This difference can 

be seen in Fig. 5.13 where both zero-pressure modulus and pressure enhanced modulus 

Hertzian relations are graphed. In this case, the effective contact radius of the 1 μm tip, 

calculated in Fig. 2.12, was used in both Hertzian relations.  

 To summarize, traditional data analysis of indentation results employs zero-

pressure elastic modulus values. However in view of the material specific constant, M , 

for materials with 0.33ν < , hydrostatic pressure should influence elastic modulus more 

than it does for bulk modulus. It is believed that by accounting for hydrostatic pressure 
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effects, the accuracy of indentation data analysis can be improved. The methodology 

presented in this chapter attempts to account for this dependence to first-order. 

 
Figure 5.13. Indentation into rutile using the 1 μm radius tip. The blue line is the zero-

pressure Hertzian fit which vastly underpredicts the data while the red line represents the 

pressure enhanced fit. 
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6.1  Research Summary 

 The common theme throughout the research presented in this dissertation pertains 

to how the nanoscale mechanical response is influenced by the contact geometry. Results 

have shown that spherical contact geometries exhibit higher flow stresses than flat 

cylindrical geometries. The compressions of individual nanoparticles described in 

Chapter 3 exhibit a higher flow stress enhancement than the nanopost compressions 

described in Chapter 4. This is true whether considering the average supported contact 

stress or the average midplane stress of the nanoparticles. The length scale controlling 

initial nanoparticle deformation was found to be the particle volume divided by the 

contact area at both top and bottom contacts. Large plastic strains produce dislocation 

pileups and thus supported stress increases due to a dislocation back stress argument. The 

combination of these two arguments can be seen in Eq. (3.12). It was then theorized that 

the high supported stresses should enhance the effective modulus of the nanoparticles in 

Chapter 3.4. These enhancements can be seen in Figs. 3.16 and 3.18. In addition to both 

flow stress and effective modulus enhancement during nanoparticle compressions, 

nanoparticle fracture toughness was also shown to increase by a factor of four in Chapter 

3.5.  

 Chapter 4 covered the compression of nanoposts which were modeled as right 

cylinders. This geometry minimizes initial contact stress and does not generate stresses 

high enough to appreciably enhance modulus. Therefore dislocation spacing on the active 

slip band as determined with an Eshelby dislocation pile-up analysis, and not a volume to 
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surface ratio, is the dominant length scale throughout the compression as seen in Fig. 4.5. 

Apparent activation volumes, appV ∗ , required for nanopost plastic deformation were also 

deduced, a first for freestanding structures of this size. Two techniques, a dislocation wall 

approach and standard stress relaxation, were shown to give comparable measures of appV ∗  

on the order of (1-10) 3b  in Figs. 4.7 and 4.8. Both of the experimental approaches are 

consistent with near-surface dislocation nucleation as the controlling plasticity 

mechanism. Using standard nucleation of half loops from the oxide/metal interface, a 

screw-dislocation line energy assessment gives a good accountability of a non-

dimensional activation volume as a function of a non-dimensional flow stress parameter 

and is seen in Figs. 4.11 and 4.12. 

 The results of Chapter 3 lead to the development of the indentation pressure effect 

(IPE) discussed in Chapter 5. It is proposed here that the IPE is a component of the 

indentation size effect (ISE) discussed in Chapter 1. The indentation size effect is 

therefore considered to be composed of three general concepts that can be applied 

together or separately where appropriate. These include: i. dislocation-based theories 

(e.g., Hall-Petch, strain gradient plasticity), ii. surface energy arguments where free 

surfaces at the nanoscale can affect mechanical response and iii. pressure effects which 

are contact-geometry related and span all length scales. It is thought that this is the most 

complete picture of the ISE to date. 

 At large length scales which includes the Hall-Petch concept [Hall, 1951; Petch, 

1953] reviewed in Chapter 1, an increase in tensile yield stress or indentation hardness is 

generally explained by a structural length scale such as grain size diameter. During 
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indentation, length scales such as film thickness [Kobrinsky et al., 2001] can also play a 

role in the enhancement of indentation hardness. However indentation of a single crystal 

will show enhanced hardness as indentation size decreases even though structural length 

scales (grain size, film thickness, etc.) are of no consequence. This behavior is described 

by a strain gradient plasticity approach where the length scale is empirically determined 

and related to indenter tip geometry through geometrically necessary dislocations that are 

created due to the large strain gradients around the indentation [Gao et al., 1999; Nix and 

Gao, 1998]. However this argument breaks down when the tip becomes non-self similar 

which typically occurs at length scales below 100 nm [Gerberich et al., 2002].  

 At the smallest of length scales, surface properties of a material during 

indentation must be considered. An example where this concept has been successfully 

applied is to the modification of elastic Hertzian contact mechanics so that surface energy 

is included in the JKR [Johnson et al., 1971] and DMT [Derjaguin et al., 1975] treatments 

in order to accurately describe contact at low to zero load applications. This ISE 

component can be described with a volume to surface area length scale where the volume 

is the volume of material elastically deformed and the surface area represents either the 

new surface created during indentation or the contact area [Gerberich et al., 2002; 

Tymiak et al., 2001]. This effect is seen often in MD simulations [Dingreville et al., 

2005; Miller and Shenoy, 2000; Zhou and Huang, 2004] which are well equipped to deal 

with length scales below 10 nm. 

 Bridging the above two concepts is the indentation pressure effect (IPE) which is 

applicable throughout all length scales. This concept, covered in Chapter 5, explores how 
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the component of hydrostatic stress that develops in the indented material affects the 

local mechanical response of the contact. Hydrostatic stress has been previously shown to 

increase bulk modulus [Anderson, 1995; Murnaghan, 1951], shear modulus [Jiang et al., 

2004], flow stress [Brownrigg et al., 1983] and yield stress [Spitzig et al., 1976; 

Stoughton and Yoon, 2004] of various materials – all of which in a linear manner. 

Therefore the Murnaghan concept [Murnaghan, 1944] was applied to the analysis of 

indentation data and was able to successfully explain the similar nanoscale mechanical 

response of sapphire and rutile. Previously this type of ambiguity in indentation results 

would have been explained by unaccounted for variations in the dimensionless parameter 

β  of Eq. (5.1) [Oliver and Pharr, 2004; Strader et al., 2006]. Once the stress ratio, Rσ , is 

known for a particular ‘tip + area function’ combination, it can be applied to materials 

with a decidedly non-linear pressure response such as Ni-Fe compositions to accurately 

predict indentation modulus. The response of bulk modulus to hydrostatic pressure in 

these materials has been shown to vary due to magnetoelastic and magenetostrictive 

effects [Dubrovinsky et al., 2001].  

 While the indentation pressure effect is active throughout all length scales, it is 

seen most explicitly in the 10-100 nm length scale regime. This is mainly due to the tip 

area function calibration procedure used in the standard Oliver and Pharr analysis [Oliver 

and Pharr, 1992]. Most instrumented indentation is conducted using self-similar indenter 

tip geometries (e.g., Berkovich, Cube corner, Vickers); however as stated above, these tip 

geometries begin to deviate from their ideal shapes at small length scales. Therefore the 

effective indenter tip geometry is constantly changing within the first 100 nm of contact 
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displacement. This evolution of tip shape produces a corresponding evolution of stress 

state beneath the tip which changes the stress ratio, Rσ , defined in Eq. (5.9). This means 

that the relationship between contact stiffness and contact area is not constant as is 

assumed in Eq. (5.1). However once the self-similar nature of the indenter tip dominates 

the stress state at deeper displacements, the relationship between contact stiffness and 

contact area is constant. At these displacements, any elastic modulus enhancement due to 

the hydrostatic component of pressure is systematically calibrated out of the results when 

using the zero pressure reduced modulus following the Oliver and Pharr method [Oliver 

and Pharr, 1992]. This is the very important and subtle point raised by Wolf and Göken 

[Wolf and Goken, 2005]. This is why the beta’s in Eq. (5.1) of different materials when 

indented by the same tip can be different when using the current OP method. This is why 

nanoindentation is not yet considered a standard by organizations such as NIST [Read et 

al., 2007].  

 

6.2 Recommended Future Work 

 The nanoparticle compression testing techniques developed in this dissertation 

offer the ability to study single crystal, spherical geometries. Other geometries such as 

nanocubes [Cordill et al., 2006] offer important geometric variations that should allow for 

a thorough investigation of geometry-dependent length scales (e.g., volume to surface, 

radius, etc.). An additional variable to investigate is oxide thickness. The controlled 

variation of oxide thickness can be accomplished through deposition of Al2O3 ALD 

which has shown to increase fracture toughness of silicon nanoparticles [Mook et al., 
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2007]. The major disadvantage of the majority of the nanoparticle compression data 

presented here is that a number of assumptions concerning the initial state of the particle 

were necessary to make. These included the oxide thickness and the assumption of no 

planar defects even though such defects are occasionally seen in uncompressed particles 

(mainly consisting of nanotwins). Furthermore, it was impossible to determine the 

crystallographic loading axis and therefore any mechanical anisotropy was ignored. 

These assumptions were all addressed in our initial experiments with regard to TEM in 

situ compression of silicon nanoparticles [Deneen et al., 2006; Deneen Nowak et al., 

2007]. Future efforts concerning the compression of freestanding nanostructures with the 

Hysitron PicoIndenter® available at the University of Minnesota’s Characterization 

Facility will provide the needed data to more accurately characterize nanostructure 

mechanical response. 

 The second major recommendation is to further investigate the IPE concept 

beyond its current initial state both experimentally and with multi-scale simulations. 

Simulations are expected to show conclusively which geometries encompass the greatest 

enhancement of indentation modulus due to hydrostatic pressure and thus produce similar 

enhancements in the contact’s effective bulk modulus, shear modulus, shear stress, yield 

stress and hardness. The predictions of the simulations can then inform experimental 

analysis so that the relationship between contact stiffness, indentation modulus and area 

in Eq. (5.1) will be known for a given material and an accurate area function can then be 

obtained. Experimentally, this will be best accomplished at the nanoscale where it is 

routine to test materials without the confounding effects of line and planar defects.  
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 From experiments run to date, it is currently thought that spherical contacting 

asperities optimize enhancement. If true, this would imply that the surface morphology 

naturally found in the TPCVD films briefly discussed in Chapter 1 and seen in Fig. 6.1 

would be ideal for low load tribological uses.  

 

 

Figure 6.1. Top-down image of TPCVD (sample 056) SiC film showing spherical 

asperities. This geometry is thought to optimally enhance indentation modulus. 
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Compression of Si 39 nm nanoparticle showing load vs. cumulative displacement where 
the key is the particle height prior to each compression determined by SPM scanning. 
 

 
Compression of Si 43 nm nanoparticle showing load vs. cumulative displacement where 
the key is the particle height prior to each compression determined by SPM scanning. 
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Compression of Si 49 nm nanoparticle showing load vs. cumulative displacement where 
the key is the particle height prior to each compression determined by SPM scanning. 
 

 
Compression of Si 52 nm nanoparticle showing load vs. cumulative displacement where 
the key is the particle height prior to each compression determined by SPM scanning. 
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Compression of Si 64 nm nanoparticle showing load vs. cumulative displacement where 
the key is the particle height prior to each compression determined by SPM scanning. 
 
 

 
Compression of Si 93 nm nanoparticle showing load vs. cumulative displacement where 
the key is the particle height prior to each compression determined by SPM scanning. 
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Compression of Ti 34 nm nanoparticle showing load vs. cumulative displacement where 
the key is the particle height prior to each compression determined by SPM scanning. 
 
 

 
Compression of Ti 44 nm nanoparticle showing load vs. cumulative displacement where 
the key is the particle height prior to each compression determined by SPM scanning. 
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Compression of Ti 46 nm nanoparticle showing load vs. cumulative displacement where 
the key is the particle height prior to each compression determined by SPM scanning. 
 
 

 
Compression of Ti 58 nm nanoparticle showing load vs. cumulative displacement where 
the key is the particle height prior to each compression determined by SPM scanning. 
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Compression of Ti 143 nm nanoparticle showing load vs. cumulative displacement where 
the key is the particle height prior to each compression determined by SPM scanning. 
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Permalloy Nanopost 1:  
Effective initial radius, 0r  = 55 nm  
Effective initial height, 0h  = 58 nm 

Length scale, ( )1 2
s rη δ= , η = 5.5 

Fe b17 100nm dot11 



Appendix 2     Nanoposts  161 
   
 

 

  
Permalloy Nanopost 2:  
Effective initial radius, 0r  = 62 nm  
Effective initial height, 0h  = 60 nm 

Length scale, ( )1 2
s rη δ= , η = 7 

Fe b17 100nm dot21 
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Permalloy Nanopost 3:  
Effective initial radius, 0r  = 51 nm  
Effective initial height, 0h  = 57 nm 

Length scale, ( )1 2
s rη δ= , η = 5.5 

Fe b17 100nm dot31 
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Permalloy Nanopost 4:  
Effective initial radius, 0r  = 82 nm  
Effective initial height, 0h  = 39 nm 

Length scale, ( )1 2
s rη δ= , η = 6.5 

Fe b17 100nm dot41 
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Permalloy Nanopost 5:  
Effective initial radius, 0r  = 73 nm  
Effective initial height, 0h  = 54 nm 

Length scale, ( )1 2
s rη δ= , η = 10 

Fe b16 100nm dot45 



Appendix 2     Nanoposts  165 
   
 

 

  
Permalloy Nanopost 7:  
Effective initial radius, 0r  = 121 nm  
Effective initial height, 0h  = 72 nm 

Length scale, ( )1 2
s rη δ= , η = 4.5 

Fe b16 200nm dot25 
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Permalloy Nanopost 8:  
Effective initial radius, 0r  = 92 nm  
Effective initial height, 0h  = 37 nm 

Length scale, ( )1 2
s rη δ= , η = 11 

Fe b18 75nm dot52 



Appendix 2     Nanoposts  167 
   
 

 

  
Permalloy Nanopost 9:  
Effective initial radius, 0r  = 131 nm  
Effective initial height, 0h  = 60 nm 

Length scale, ( )1 2
s rη δ= , η = 5 

Fe b18 200nm dot25 
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Permalloy Nanopost 10:  
Effective initial radius, 0r  = 137 nm  
Effective initial height, 0h  = 57 nm 

Length scale, ( )1 2
s rη δ= , η = 5.5 

Fe b27 200nm dot 12 
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Permalloy Nanopost 11:  
Effective initial radius, 0r  = 135 nm  
Effective initial height, 0h  = 60 nm 

Length scale, ( )1 2
s rη δ= , η = 6 

Fe b27 200nm dot 13 
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Permalloy Nanopost 12:  
Effective initial radius, 0r  = 145 nm  
Effective initial height, 0h  = 59 nm 

Length scale, ( )1 2
s rη δ= , η = 6.5 

Fe b27 200nm dot 14 
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Permalloy Nanopost 13:  
Effective initial radius, 0r  = 135 nm  
Effective initial height, 0h  = 49 nm 

Length scale, ( )1 2
s rη δ= , η = 5.5 

Fe b18 200nm dot31 
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Permalloy Nanopost 14:  
Effective initial radius, 0r  = 144 nm  
Effective initial height, 0h  = 64 nm 

Length scale, ( )1 2
s rη δ= , η = 5.2 

Fe b18 200nm dot32 
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Permalloy Nanopost 15:  
Effective initial radius, 0r  = 138 nm  
Effective initial height, 0h  = 63.5 nm 

Length scale, ( )1 2
s rη δ= , η = 5.2 

Fe b18 200nm dot33 
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Permalloy Nanopost 16:  
Effective initial radius, 0r  = 140 nm  
Effective initial height, 0h  = 62.5 nm 

Length scale, ( )1 2
s rη δ= , η = 5.2 

Fe b18 200nm dot 34 
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Permalloy Nanopost 17:  
Effective initial radius, 0r  = 132 nm  
Effective initial height, 0h  = 65 nm 

Length scale, ( )1 2
s rη δ= , η = 4 

Fe b16 200nm dot35 



Appendix 2     Nanoposts  176 
   
 

 

  
Permalloy Nanopost 18:  
Effective initial radius, 0r  = 110 nm  
Effective initial height, 0h  = 60 nm 

Length scale, ( )1 2
s rη δ= , η = 3.8 

Fe b16 200nm dot15 
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Aluminum Nanopost 2:  
Effective initial radius, 0r  = 130 nm  
Effective initial height, 0h  = 100 nm 

Length scale, ( )1 2
s rη δ= , η = 6 

Al b8 200nm dot55 
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Aluminum Nanopost 3:  
Effective initial radius, 0r  = 55 nm  
Effective initial height, 0h  = 44 nm 

Length scale, ( )1 2
s rη δ= , η = 5.5 

Al b5 100nm dot14 
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Aluminum Nanopost 4:  
Effective initial radius, 0r  = 38 nm  
Effective initial height, 0h  = 29 nm 

Length scale, ( )1 2
s rη δ= , η = 6 

Al b5 100nm dot15 
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Aluminum Nanopost 5:  
Effective initial radius, 0r  = 125 nm  
Effective initial height, 0h  = 46 nm 

Length scale, ( )1 2
s rη δ= , η = 4 

Al b5 100nm dot42 
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Aluminum Nanopost 6:  
Effective initial radius, 0r  = 75 nm  
Effective initial height, 0h  = 105 nm 

Length scale, ( )1 2
s rη δ= , η = 2.3 

Al b4 200nm dot13 
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Aluminum Nanopost 7:  
Effective initial radius, 0r  = 85 nm  
Effective initial height, 0h  = 84 nm 

Length scale, ( )1 2
s rη δ= , η = 3 

Al b4 200nm dot14 
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Aluminum Nanopost 8:  
Effective initial radius, 0r  = 31 nm  
Effective initial height, 0h  = 23.5 nm 

Length scale, ( )1 2
s rη δ= , η = 2 

Al b4 100nm dot51 
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Aluminum Nanopost 9:  
Effective initial radius, 0r  = 54 nm  
Effective initial height, 0h  = 25 nm 

Length scale, ( )1 2
s rη δ= , η = 4.3 

Al b4 100nm dot52 
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Aluminum Nanopost 10:  
Effective initial radius, 0r  = 113 nm  
Effective initial height, 0h  = 76 nm 

Length scale, ( )1 2
s rη δ= , η = 5.5 

Al b4 200nm dot45 
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Aluminum Nanopost 11:  
Effective initial radius, 0r  = 76 nm  
Effective initial height, 0h  = 91 nm 

Length scale, ( )1 2
s rη δ= , η = 4 

Al b4 200nm dot55 
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Aluminum Nanopost 12:  
Effective initial radius, 0r  = 82 nm  
Effective initial height, 0h  = 109 nm 

Length scale, ( )1 2
s rη δ= , η = 5 

Al b8 200nm dot54 
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