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Abstract

In this paper we prove the existence of a very singular solution of the Cauchy
problem

u (x, 0) == 0 if x f:. 0, (a constant )

which is more singular at (0,0) thall the fundamental solution of the heat equation
if 1 < p < (N +2)/N and 1 ~ q ~ (p + 1)/2. We also prove the nonexistence of
singular solutions if p ~ (N +2)/N and 1 ~ q ~ (p +1)/2.

AMS(MOS) subect classifications. 35 B40, 35 1(55.

§1 Introduction

Consider the CaucllY problell1

Ut - ~u - a· \luq + uP == 0 ill Q == RN
X (0, (0)

u(x,O) == 0 for x t= o.

(1.1)

(1.2)

where a is a constant vector and a -=I 0. By a solution we mean a nonnegative function
u(x,t) which is continuous in Q\ {(O,O)}, and satisfies (1.1) and (1.2) in the classical
sense; in particular, u E 02(Q). The behavior of u(x,t) as (x,t) ~ (0,0), (x,t) E Q is
not prescribed so that u may exhibit a singularity at the origin. Nontrivial solution with
a singularity at (0,0) can be obtained by considering (1.1) with the initial condition

u (x , 0) == cb (x ) in R N
. (1.3)

Indeed, for a== 0, 1 < P < (N +2)/N, Brezis and Friedman [2] proved that there exists
a unique soilltion of (1.1), (1.3). 011 the other hand, for a== 0, p ~ (N + 2)/N, Brezis
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and Friedman showed, in the same paper, tllat 110 solution of (1.1) and (1.3) can exist.
The case a -# °was first considered by J. Aguirre and M. Escobedo [1]. They showed
that for 1 < P < (N + 2)/N, and 1 < q < (N + 1)/N, there is a unique solution of
(1.1), (1.3). However, they did not answer the question what 11appens if p 2: (N +2)/N
or q > (N + 1)/N. This is tIle first problem we want to study. A partial answer is the
following:

Tlleorem 1.1. If a -# 0, p 2: (N +2)/N al1d 1 < q ::; (p + 1)/2, then tllere exists no
singular solution of (1.1), (1.2); in particular, no solution of (1.1) and (1.3) can exist.

For the case a== 0, 1 < P < (N +2)/N, Brezis, Pletier and Terman [4] found another
type of solution of (1.1) and (1.2) wllich has a stronger singularity at (0,0), namely,

lilnJ u(x, t) == +00.
t-+O

(1.4)

such a solution is called a very singular solution (VSS). A natural question is whetller a
VSS exists for the case a=I 0. We sllall establisll tIle follo\ving:

Theorem 1.2. Assume tllat a=f 0, 1 < P < (N + 2)/N.

(i) If 1 < q < (p+ 1)/2, then for any 0 < 8,0 < E < 1/4, there exist positive constants
c and C, dependil1g on t and 8, SUCll that

(1.5)

(ii) If q == (p+ 1)/2, then the concillsioll of (i) remains valid llnder the assumption that
1/4 - t is sufficiently small; if q == 1, then the conclusion of (i) still holds provided 151 is
sufficiently small.

Next we sllall explore the relationship between the solutions of (1.1), (1.3) and VSS
and obtain the following result.

Theorem 1.3. Let 1 < P < (N +2)/N, 1 ::; q ::; (p +1)/2. If U c denotes the solution
of (1.1), (1.3), then tl c --7 W as c --7 00 and w is a VSS of (1.1), (1.2).

Remark 1.4. In the case a== 0, Theoreln 1.3 was proved by Kamin and Pletier [5].

Remark 1.5. We actually presented two different proofs of the existence of a VSS in
Theorems 1.2 and 1.3. While Theorem 1.3 connects problem (1.1), (1.3) and VSS, Theorem
1.2 gives quite accurate information of the behavior of w(x, t) near (0,0). However, we
are unable to prove that w == w since the uniqueness of VSS remains open. For the case
a== 0, the VSS is unique; see [3], [5] and [6].

Remark 1.6. In all three tlleorems, we reqlIire that 1 ::; q ::; (p + 1)/2. Notice that
for q == (p + 1)/2 the differential eqlIation is invariant under scaling, which explains the
upper bound on q.

Our proof of Theorem 1.1 follows quite closely that of Brezis alld Friedman [2]. To
prove Theorem 1.2, the method in [3] does not carryover. First of all, if q =I (p + 1)/2, a
VSS is not necessarily self-similar, i.e. we can not write a VSS ill the form t-1/(p-l) f(x / Vi).
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Secondly, even in the case q == (p + 1)/2, the illduced equation for f is not spllerically
symmetric and so the ODE approach does not work. Our method for proving Theorem
1.2 is new and is based on a monotone iteration scheme which requires super and sub
solutions of (1.1). As for the proof of Theorem 1.3, we follow the approacll used by I<amin
and Pletier [5]. However, there are new technical difficulties in the case a=I O.

In §2, we establish some preliminary results. Theorem 1.1 is proved in §3. In §4, super
and sub solutions are constructed. We then use monotone iteration scheme in §5 to prove
Theorem 1.2. Finally, we prove Theorenl 1.3 in §6.

The author wishes to thank professor A. Friedman who brought our attention to the ..
problems studied in this paper.

§2 Prelill1inaries

Let n be a smooth domaill in RN, alld Qt == n x (0, t). Introduce the Holder norm

lu(P) - u(Q)1
lulcQ(QT) = lulvx)(QT) + sup d(P Q)o

P,QEQT ,

where P == (x, t), Q == (x,0, and

d(P, Q) == {Ix - xl 2 + It _11}1/2.

Set C 2+a (QT) == {u : lulc2+O(QT) < oo} where the C 2+a (QT)-norm of u is the sum of the
Ca-norms of u, Ut, Dxu and D;u. The symbol C will represent a constant, not necessarily
the same at each occurrence.

We shall need the following lemma which was proved in [7] (see chap. III, Th. 7.1).

Lemma 2.1. Suppose u satisfies

N

Ut - ~u - L biuXi - au == f.
i=l

If
N

I~ bI, a, j 2
Iq,r,QT ~ fl

i=l

where

with

!glq,r,QT = (IT (J Ig(x, tWdxy/qdt)l/r

N 1
q E [2(1 _ K)' 00], r E [1 _ K' 00], 0 < K< 1 for N ~ 2

1 2
qE[l,oo], rE[1-K'1_2K], O<K<1/2, for N=l,
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then

where C depellds only on Nand Jl.

Consider the nonlinear parabolic equation:

Ilt - ~u = a· \7(I'uI Q
-

1u) - ku + f in QT; (2.1)

u(x, t) = cp(x, t) on an x (0, T) U n x {OJ. (2.2)

where k is a positive constant, cp E C2+Q(QT), f E CQ(QT). Let v = u - cp. Then

Vt - ~v = a· \7(lv +epIQ-l(V + cp)) - kv +J in QT; (2.3)

v = 0 on an x (0, T) U n x {OJ (2.4)

where 1= f - 'Pt + ~cp - k'P. I

Lemma 2.2. There exists a ullique classical solution v of the problem (2.3), (2.4) in
Qto for some sufficiently small to.

Proof. Let K(x,t;y,s) be the Green function of the heat equation on n x (O,T) witil
Dirichlet boundary conditions. We first look for tIle weak solution v of (2.3)-(2.4), i.e.

v(x,t) = itkK(x,t;y,s)[-kv(y,s)+](y)]

-it k ('\7yK(x, t; y, s) · ii) Iv + rplq-l (v + r.p )(y, s)dyds. (2.5)

Let X A1,to = {u E CO(QT): 11lILOO(Qto) ~ NI}. Then XM,to is a Banach space. For
v E XA1,to, define Lv to be tIle rigllt side of (2.5). One can easily check that for large lV!
and small to, L maps XM,to illto itself and L is a contraction. Hence L has a unique fixed
point v which is the weak solution of (2.3)-(2.4). By J. Aguirre and M. Escobedo [1], the
weak solution is classicaL

In order to extend the solution globally, we need some a priori estimates.

Lemma 2.3. Let 1 ~ q < 2 and k > o. Let v be a classical solution of (2.3)-(2.4) in
QT (to ~ T < (0) and u = v + 'P. Then

(2.6)

where C is a constant depending only on data.

Proof. For any positive odd integer p, multiply (2.3) by vP and integrate over QT.
Using integration by parts, we get

_1_ f vP+l(x, t)dx +p fT f vp-1lVvl2 + k fT rvp+1 =
P + 1 in io in io in

+iT k[ii. V(lujq-1u)](u - r.p)P +iTkjvP

clef II + 12• (2.7)
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Using Young's inequality, we proceed to estimate these integrals as follows:

12 ~ t IT kv
p
+

1 +C IT kIfIP+
1

,

and

(2.8)

II IT
k[ii. V(luI Q

-
1u)]uP+I T

k W' V(luI Q
-

1u)][-pcpUp- 1 +... + (-l)PcpP]

rT r (ii. ii)Ao(cp) _ p rT r (ii· ii)A1 (cp)cp
Jo Jan Jo Jan
+pI T

k A1 (u)(ii' Vcp) +... + (-l)PIT
k Ap(u)ii. VcpP

where it is the Ullit outer norlnal to an and Ai(t) = J~ sp-ilslq-1ds, i = 0,1, ... ,p. Observe
that IAi(u)1 :::; C[!uIP+q-

1 + 1], i = 1, ... ,p. Since q < 2, we have, by Young's inequality
agaIn,

II ~ C + t IT kluIP+1
•

COll1bining (2.7), (2.8) and (2.9), we see that

(2.9)

(2.10)

where C depends only on data. From Lemma 2.1, tIle conclusion of Lemma 2.3 now
follows.

The estimate (2.6) can be used to extend the solution beyond t = T. Indeed, we can
repeat the proof of Lemma 2.1 with t = T - 8 as the initial time; in view of (2.6), the
solution exists for T - 8 ~ t ~ T - 8+to where to is independent of 8 (Actually, to depends
only on how large M is, whereas M is independent of 8 if lu(t - 8)ILoo :::; C). It follows
that the solution can be extended to 0 :::; t :::; T + to.

Proceeding step by step, we can extend the weak solution and therefore classical (by
[1]) to all t > o. We proved:

Theorem 2.4. Let 1 :::; q < 2, k > o. Then there exists a unique classical solution of
(2.1), (2.2) for any T > O. .

Next we shall establish an a priori estimate for solutions of (1.1) and (1.2).

Lemma 2.5. Let 1 < P < 00, 1 :::; q :::; (p + 1)/2. There exists positive constants
C > 0 and T, such that for any soilltion u(x, t) of (1.1), (1.2),

(1 + IxI 2)(P+1-2q)/2(p-l)(p-q)

u(x, t) ::; C (t + Ix I2)1/(p-l) fot (x, t) E R
N

X (0, T).

Proof. The following argument is a direct adaptation of the one given in [2]. Fix
o< R < Ixol, Xo ERN. Set

n = {(x, t) : Ix - xol 2 < R 2 + t with 0 < t < T}.
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Let V(x,t) == C(R)(R2 + t)a/2/(R2 - r 2 + t)a where C(R) is to be determined later on,
a == 2/(p - 1) and r == Ix - xol. It is easy to see tllat:

-+ a C(R)(R2+ t)a/2-1 4C(R)a(1 + a)r2(R2 + t)a/2
}f - .6.V - a · vq +V

P
~ 2 (R2 _ r2 + t)a - (R2 _ r2 + t)2+a

C(R)(2N + 1)a(R2 + t)a/2 _ 2qala'IC(R)qr(R2 + t)aq/2 + C(R)P(R2 + t)ap /2
(R2 - r 2 + t)l+a (R2 - r 2 + t)l+aq (R2 - r 2 + t)ap ·

Note that a = 2/(p - 1); therefore

}f - ~V - a·vq + VP ~ 0 in n

provided

and
C(R)P-q(R2 + t)a(p-q)/2

2 ~ 2aqla'lr(R2 - r 2 + t)ap-(Haq). (2.12)

By choosing C(R) large (but independent of R), (2.11) is obviously true in nand (2.12)
follows by:

r(R2 - r 2 + t)ap-(l+aq) < (R2+ t)ap-(l+aq)+1/2-a(p-q)/2
(R2 + t)a(p-q)/2

< (R2+ l)a(p-q)/2-1/2 (assllming T ::; 1).

Hence if we choose
a(p-q)-l

C(R) ~ C(R2 +1) 2(p-q) ,

then (2.12) is valid. Now a comparisoll argument yields

u ::; V in O.

Substituting x == xo in this inequality and letting R i Ixol, we obtain the desired

estimate.

§3 Nonexistence when p > (N + 2)/N, 1 < q < (p + 1)/2

Theorem 1.1 is a consequence of the following theorem.

Theorem 3.1. Let p ~ (N +2)/N, 1 ::; q ::; (p +1)/2. If u is a solution of (1.1) and

lim] u(x, t)'P(x)dx == 0 (3.1)
t-+O

for any 'P E Cc(RN \ {O}), then u E C2,1(RN X [0,00)).
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To prove the theorem, we follow the idea of Brezis and Friedman [2]. It was proved in
[2] that if u is a solution of (1.1), (3.1), then u satisfies (1.2). We shall first establish an
auxiliary result (cf. Step 5 in [2]).

Lemma 3.2 For any p > 0,

I IT u(x, t)Pdxdt < 00
J1xl<p Jo

where T is given in Lemlna 2.5.

Proof. Let TJ(t) be any smooth non decreasing function on R such that:

(t) == {I for t ~ 2,
1] 0 for t::; 1,

and set 1]k(t) == 1](kt).

From Lemma 2.5, it follows that

IT I u(x, t)dxdt < 00.
Jo J1xl<p

(3.2)

Take a function X E Co(RN X (-2T, 2T)) with °::; X ::; 1, X == 1 on B p x (0, T) and set:

Note that <Pk vanislles on a neigllborllood of (0,0). Multiplying (1.1) by <Pk and integrating
over RN X (0,00) , we deduce that

(3.3)

Set Dk == {(x,t): 11k < Ixl2 +t < 2/k}. The argument used in [2] yields:

(3.4)

By Lemma 2.5,

J fDk Uq < C JI 1 dxdtJ, JD k (lxl 2 + t)q/(p-l)

< Ckq/(p-l). measDk ~ Ck-1/ 2

provided q ~ (p + 1)/2, p ~ (N +2)/N. Hence Vk JJDk u q remains bounded as k -+ cx>.

The otller term can be dealt ,vith similarly.

Proof of Theorem 3.1. Define

u(x, t) = { ~(x, t) ~~ ~ ~ ~:
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If we can show that

ill the distribution sense,

j j U(1]k)tX -t 0,

j j u!l(1]k)X -t 0,

j j U"V1]k · "VX -t 0,

j j uq(ii· "V1]k)X -t 0.

The first three terms were treated in [2]. As for the last term, we use Holder's inequality
to deduce that:

the conclusion of the theorem follows. Let X E Cgo(RN X (-T, T)) and ¢k = l7k(lxl 2 +t)X,
where 17k is defined in tIle proof of Lemma 3.1. Then (3.3) still holds and it suffices to
verify that

Ij j uq(ii· "V1]k)x1 < cJk j kk u
q

< cJk(j kk uP)q/P(meas D k )l-q
/ P.

Recall that meas Dk == Ck-(I+N/2), p 2:: (N +2)/N and 1 < q ~ (p +1)/2; therefore

y'k(meas Dk)l-q/p ~ C and IJ J uq(it· \7l7k)xl ~ C(J JD
k

uP)q/p ---7 0 (by Lemma 3.2).

This completes proof of Theorem 3.1.

§4 Constructions of Super and Sub Solutions

(4.2)

Definition 4.1. A positive C2 function u is called a super (resp. sub) solution of (1.1) if

Ut-~u-it·\7uq+uP2::0 (resp.) ~O inRNx[O,T]. (4.1)

Let 1 ~ q ~ (p + 1)/2; whence () ~ (1 - q)/(p - 1) + 1/2 2:: o. If u has the form
t-1/(p-l)f(lxllv!t) ("self-similar" form), then (4.1) is reduced to

N-1 r a·x
f"(r) +( +- )f'(r) +T 8qfq-l(r)lf'(r)-1

r 2 Ixl
1

+--f(r) - fP(r) ~ 0 (resp. ~ 0) in RN

p-1

where r = Ixl/v!t and the prime denotes the differentiation with respect to r. Conse
quently, if ,ve can find an f such that

(4.3)
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(resp. f" + (_1_ + !..)f' - TOqlalfq
-

1 1f'1 +~lf - fP ~ 0),
p-l 2 p-

tllen the u(x, t) defined above is a super (resp. sub) solution of (1.1).

Lelnma 4.2. For any 0 < t < 1/4, let u(r) == Ae-€r
2
. If 1 < p < 00, 1 ::; q < (p+ 1)/2,

then it is a super solution of (1.1) provided A is sufficiently large. If q == (p + 1)/2, then
it is still a super solution of (1.1) provided A is large and f is small.

Proof. It is readily verified that (4.3) is equivalent to

]{u ~ (rN-ler2/4u')' + rN-ler2/4{TBqlaluQ-llu'l + _1_u - uP} ::; O. (4.4)
p-l

Now for u(r) == Ae-€r
2

, we compute:

Ku < [-4E(! - E)ArN+I +2ETOqlalAQrNe-E(Q-l)r2

4

+_I_ArN- 1 _ APrN-l e-€(p-l)r2]e(i-€)r2
p-l

def [II + 12 + 13 + I 4]e(f-€)r2.

It is easy to see that

(4.5)

!11 +13 =-ArN+1[2E(!-E)- 1 ]<0 (4.6)
2 4 (p-l)r 2 -

for r E [rl (c), 00), where rl (c)2 == [2(p - 1)t(I/4 - c)]-1. On the other hand, from the fact ..
that rl(c)2c :::; M, we deduce that

_AToN- 1 [AP-l e-€(p-l)r2__1_]
p-l

< _ArN - 1 [AP-l e-(P-l)M __1_]
p-l

< 0 for r E [0, rl(f)]

(4.7)

(4.8)

provided A is sufficiently large. Hence

1
"2(11 + 14) + 13 :::; 0 III [0,00)

for A ~ Ao where Ao depends only on data..

If q == 1, the estimate of 12 is the same as above for 13 • If q > 1, we compute:

~11 +12 = -2EArN+1[(l- E) - TOqlalr- 1 AQ-l e-E(Q-l)r2
].

(4.9)

(4.10)

Let W1(r, A, t) == r-1 AQ-1e-€(q-l)r
2

• Tllen WI is strictly decreasing in r. Consequently, if
rl(A, f) is tIle unique solutioll of (~ - f) - T BqI5IW1 (r, A, t) == 0, then

1
"2 11 +12 :::;0 for rE[rl(A,E),oo). (4.11)
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(4.12)

To estimate 12 in [0, rl(A, t)], we l11ake use of the nonlinear term 14 :

ArN +1
2- 2 [r- 2 AP-1e-E(p-l)r - 4fT8qll1I'l11(r, A, f)]

ArN +1 E=.!. 2 .E=.! B
- 2 [r q- 1 - 'l1 1(r, A, f)q-l - 4fT q! l11'l1 1(r, A, f)]

ArN +1

- 'l1 1(r, A, t)[rll 'l1 1(r, A, t)K - 4tTBqlt111
2

where K == (p - l)/(q - 1) - 1 > 0 alld v == (p - l)/(q - 1) - 2 2:: o. We shall first deal
with the case v > o. For fixed t < 1/4, let A > Ao be large enougll so that

where we used the fact that rl(A, t) --» 00 as A --» 00. Noting that W2(r, A, t) ~
rll\l!l(r, A, t)K == r-1A~(q-l)e-fK(q-l)r2 is monotone decreasing in r alld W2(rl(A, f), A, f) >
4tTBqlal, we conclude from (4.12) that

(4.13)

if A is sufficiently large. From (4.9), (4.11) and (4.13), the conclusion of tIle lemma follows
in the case 1/ > O.

Suppose now that v == o. Recall tllat TBqll1IWl(rl(A, t), A, t) == 1- t. Hence if t is is
chosen so that (~- t)K ~ 4tTBqlal(p-l)/(q-l), then W1(rl(A,t),A,t)K-4tTBqlal ~ o. Since
W1(r,A,E) is decreasing in r ,we conclude from (4.12) again that

(4.14)

From (4.9), (4.11) and (4.14), the conclusion of the lemma follows in the case 1/ == o.
Next we shall construct sub solutions. If p < (N +2)/N, then there exists an t small

so that l/(p - 1) > 2(1/4 + t)N.

Lemma 4.3. Assume that 1 < p < (N + 2)/N. Let 1± == Ae-(f+l/4)r2
•

(i) If 1 < q ~ (p + 1)/2, tllen 11 is a sub solution of (1.1) provided A is sufficiently
small.

(ii) If q == 1, then the conclusion of (i) remains valid provided A and lal are both
sufficiently small.

Proof. As before it suffices to verify that

(4.15 )
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(4.17)

It is clear tllat

]{ Jl 2 [(_1_ - 2(t +1/4)N)A +4t(t +1/4)Ar2

p-l
-2TBqlitl(t + 1/4)Aqre(t+l/4)(q-l)r2 _ APe-(t+l/4)(p-l)r2]e-tr2rN-l

def [1<1 + 1<2 + ]{3 +1{4]e-tr2rN-l. (4.16)

Notice that h = P~1 -2(t:+1/4)N > 0 by the assumption on t:. Let \li3 (1') = Aq-1r-1 e-(c+1/4)r2
•

Then \lJ3 is decreasing in r. Let r2(A) be defined by \lJ3 (r2(A))It71 = t. Then

1
2](2 +](3 > 2(E + 1/4)A[E - lal\li3(1')]

> 0 for r E [r2(A), 00).

Since we are going to choose A to be small and r2(A) is increasing in A, we may assume
that A ~ 1 and r2(A) ~ C. It follows that

t](1 + ](3 ~ A[th - 2( E + 1/4)laIAq-1 1']~ 0 for l' E [0, C] (4.18)

provided A ~ Ao and Ao is small. Combinillg (4.17) and (4.18), we obtain ~(1{1 +1(2) ~ 0
in [0,00). Since 1{4 can be dealt with similarly, the conclusion of (i) follows. The case
q = 1 is similar. vVe only need to notice that (4.18) becomes

t](1 +](3 ~ A[th - 2(E + 1/4)lal1'] ~ 0 for r E [0, C]

provided I£11 is sufficiently small.

§5 The Proof Of Theorelll 1.2

We shall introduce a monotone iteration scheme to prove the existence of a positive solution
of the parabolic equation

Ut - Llu - a· V'uq = g(x, u) 111 QT (5.1)

u = 'P on an x (O,T) Un x {O} ~ apQT (5.2)

provided there exist positive super and sub solutions of (5.1); a super (resp. sub) solution
u of (5.1) means that

x · V''U
Ut - .6.u - 2 - a' V'(luIQ-1u) ~ g(x, u) (resp. :::;). (5.3)

Theorem 5.1. Let g(x, u) E C1(n x Rl) and ep E C2+a(QT). Let 1!t., u be positive
smooth super and sub solutions of (5.1) respectively and 1! ~ u. If 1!t. ~ ep ~ u on apQT
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and 1 ~ q < 2, tllen there exists a unique classical solution 'u of (5.1,) (5.2). Moreover,
11 ~ u ~ u.

Proof. The uniqueness of tIle positive sollltion follows easily from tIle lnaximum prin
ciple.

If q == 1, this theorem is a standard result, see [8]. Let 1 < q < 2. Choose I{ large
enough so that

U==rp

8g(x,u) +K > 0
au -

for (x, u) E n x [illf 1J., sup u]. For v E Ccx (QT), define u == Lv to be the solution of

Ut - ~u +a· \7(lul q
-

I u) + J{u == g(x, v) + J{v;

on 8p QT.

(5.4)

(5.5)

The existence and uniqueness of U are ensured by Theorem 2.4. We shall prove the
following comparison principle: if VI ~ V2, Vi E [inf 1f, sup u] and neither UI ~ TVI nor

U2 ~ TV2 cllanges sign, tllen UI ~ U2. Let w == U2 - Ul. It is easy to see that

Wt - ~w + h~. \7w + h2w +Kw

= (g(x, V2) - g(x, VI) + K)(V2 _ vI) ~ 0
V2 - VI

(5.6)

If neither Ul nor U2 changes sign, tllen h2 is boullded in QT, and we conclude that w 2:: 0
by the maximum principle.

Defining UI == L1J., we shall prove that 11 ~ UI; ill particular, UI does not change sign.
Let W == Ul - 1!t.. Since

Ul - ~Ul - a· \7(luI Q
-

1
Ul) == 9(X,11) +J{1f

1ft - ~1f - a· \7(yQ) ::; g(x,1J.) + J{1J.,

we have
Wt - ~w - l'ullQ-la · \7w +h3w 2:: 0

where h3 is defined by similar formulas as in (5.6). We conclude that W ~ 0 by the
maximum principle again.

Similarly, one can prove tllat VI == L'u ::; fi. Since 11 ::; u and UI does not cllange sign,
we get that UI ~ VI frolll the comparison prillciple. Now defining inductively Un+1 == Lun ,

Vn+l == Lvn , we have
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Let u == limn -+oo Un and v == limn -+oo V n • As in the elliptic case (see [8]), u and v are
classical solutions of (5.1), (5.2). By the uniqueness of the solution, U== v.

Proof of Theoroem 1.2. First we note tllat (1.4) follows from (1.5). Hence it suffices to
prove that there exists a w satisfying (1.1), (1.2) and (1.5). Let ~j(x, t) E C2 (RN X [0, T])
be such tllat M(X, t+1/j) :::; ¢j(x, t) :::; u(x, t+1/j) wllereM and u are constructed in §4. By
Theorem 5.1, there is a unique solution uf of (5.1), (5.2) with g(x, u) == -uP, n == BR(O)
and 'P = ¢j; furthermore, M(X, t +1/j) ::; uf(x, t) ::; u(x, t +1/j). By LP-theory [7],

IUfll'f'2,P[BM(O)X(O,T)] ::; C

for any NI > 0, 1 < P < 00, where C is a constant depending only on Ail, p. We can
therfore extract a seqllence Ufk, with Rk ~ 00, which converges to a solution Uj of (1.1)
with Uj(x,O) == ¢j(x). Moreover,

1f(X, t + l/j) ~ Uj(x, t) ~ u(x, t + l/j). (5.7)

Now for any compact subset I{ C RN x [0, T] \ {(O,O)}, we have UjlK ::; C where C
is independent of j. Tllis can be easily seen from (5.7). By LP-estimates and Shauder
estimates, we can extract a subseqllence {Uj/} which converges in C2(]{) to a function
w(x, t). Usillg a diagonal argument if necessary, we Inay assume

Ujl ~ Will C2(I{)

for any compact subset ]( c RN x [O,T] \ {(O,O)}. In particular, w is a solution of (1.1),
(1.2). Letting j' ~ 00 in (5.7), we see that

M(X, t) :::; w(x, t) :::; u(x, t) for t > o.

Since (1.5) follows from (5.8), the proof is complete.

§6 The Proof Of Theorem 1.3

(5.8)

We first recall a result of Aguirre and Escobedo [1]. Assume tllat 1 < p < (N +2)/N, 1 ::;
q ~ (N + l)/N.

Lemma 6.1. Let S(t) denotes tIle semigroup generated by Ll, i.e. S(t)¢j == E(·, t) *<Pj
and

E(x, t) = (41rt)-N/2 e- 1x I2 /4t.

Let ¢j E Ll(RN) be chosen so that ¢j ~ ct5(x) in tIle distribution sense, and

where OJ ---t 0 as j ~ 00. If Uj is the solution of (1.1) witil Uj(x,O)
Uj(x, t) ~ ll c(x, t) in C(I{) for any compact subset I{ c RN X (0,00).

13



ReOlark 6.2. In the case a= 0, Brezis and Friedman [2] sl10wed that the conclusion
of Lemma 6.1 ren1ains valid under weaker ~ssumptions that <Pj E Ll(RN

), l<pjILl(RN) :::; M
and tPj --+ c8(x) in the distribution sense.

Remark 6.3. If the conclusion of Lemma 6.1 is true under the weaker assumptions of
Remark 6.2 in the case a=1= 0, then the proof of Tlleorem 1.3 will be much easier. However,
we are unable to prove Remark 6.2 in this case.

Let V(x, t) = At-l/(p-l)e-clxI2/4t be a super solution of (1.1) (see §4). Observe tllat

kN V(x, t)dx = w~Arl/(p-l)+N/21°O e-trN4TJN- 1dTJ (6.1)

where wiv is the area of the unit ball in RN. Remembering that p < (N + 2)/N, we
conclude that, for every c > 0, there exists a llnique 7 c such that

[ V(x, Tc)dx = c.
JRN

For AI > 0, we define the truncated function

l1M(X, t) == { MV(x, t) if V(x, t) ~ M,
if V(x, t) > M.

By (6.1) for any 7 E (0, 7c ) there exists a uniqllenllmber 1\;[(7) such that fRN VM(T)(X, 7)dx ==
c.

Let us define <pj(x) = Vj\;I(l/j)(x,l/j), j = J,J + 1, ... , where J has been chosen so
that I/J < 7 c , and let Uj be the solution of (1.1) with Uj(x,O) == cPj(x). Clearly, there
exists a unique a(j) > 0 such tllat

<p.( t) = { V(x,ljj) if Ixl 2 aU),
J x, lv/ (1/ j ) if Ix I < aU),

and
Aif(l/j) == V(a(j), 1/j) == Ajl/(P-l)e-ca(j)2/ 4 •

Now we can state the key lemma in the proof of Theorem 1.3.

Lemma 6.4'. For 1 < P < (N + 2)/N, we have

,.I.,.~'(x) < ~e-lxI2/4a(j)2
If'J - a(j)N

and
a(j) -+ o.

(6.2)

(6.3)

(6.4)

(6.5)

The proof of this lemma will be postponed to the end of this section. We shall also need
the following lemma which was established in [4] (see chap. II, Theorem 9).

Lemma 6.5. Let Lu = Ut - ~U + b· \7u + cu. Assume that

Ib(x, t)1 ~ C(lxl +1),
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Ic(x, t) ~ C(lxl 2 +1).

If LtU ~ 0 in Q ~ RN X (0,00), u(x,O) ~ 0 and

u(x, t) ~ _AeBlxI2,

where A, B are positive constants, tllen U ~ 0 in Q.

Now Vie are ready to prove Theorem 1.3. First it is easy to see that

Uj(x, t) ~ V(x, t + 1/j).

Indeed, if w == V(x, t + 1/j) - Uj(x, t), then

Wt - ~w +uJ-IJ. \7w + (it· \7V)/lW +12W ~ 0

where
"\t/q-l - uq-l

f - J1- ,
V -Uj

VP - U~

f - J
2- ·V -U'J

Since I\7VI ~ C(j)lxle-lxI2/4(t+l/j) and 1/11 ~ Cvq-2 ~ C(j)e(2-Q)/x I2 /4(t+l/ j ), we have

1(5· \7V)/ll < C(j)lxle-(q-l)/x I2 /4(t+l/ j )

< C(j).

(6.6)

Similarly, f2 is also boullded in x at 00. Noting that w(x, 0) == V(x, 1/j)- VM(l/j)(X, 1/j) ~
0, we conclude that W ~ 0 by Lemma 6.5 and (6.6) follows.

Let us now verify that <Pj satisfy the assumptions of Lemn1a 6.1. Clearly, <Pj --+

c8(x) in the distribution sense. Notice that (6.4) yields cPj(x) :::; CS(a(j)2)8(x); whence
S(t)¢Jj(x) ~ CS(t)S(a(j)2)8(x) == CS(t + a(j)2)8(x). Since a(j) --+ 0, Lemma 6.1 is
applicable. Letting j --+ 00 in (6.6), we obtain

uc(x, t) ~ V(x, t) (6.7)

for any c > o.
On the other hand, set <p~j) == c1E(x, l/j), cP~j) == C2E(X, l/j) and let u~j), u~j) be the

corresponding solutions of (1.1) with u~)(x,o) == ¢J~)(x), k == 1,2. Then one can easily
see that ¢J~j), <p~j) satisfy the conditions of Lemma 6.1. If Cl ~ C2, then <p~j) ::; cP~); whence

u~j) ~ u~j). Letting j --+ 00 we see that U C1 ~ U C2 , i.e. U c is monotone increasing in c.
From (6.7) it follows tllat W == limc-roo uc(x, t) exists. By standard parabolic regularity
theory, one concludes that w is a classical solution of (1.1), (1.2). Finally, observe that
Jw(x, t)dx ~ Juc(x, t)dx for any c > 0 and hence

lim inf! w(x, t)dx ~ lim! uc(x, t)dx == c.
t!O t!O
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or

Since c can be chosen arbitrarily large, it follows that w is a VSS.

It remains to prove Lemma 6.4. We first show that

a(j)jl/2 ~ 00 as J ~ 00.

By (6.2) and the fact that JcPj(x)dx = c, we have

AP/(P-l)( [ e-€jlyI2/4dy +e-€ja(j)2/4wNa(j)N) = c
J1YI?a(j)

jP-l(W' reX) e-€jr2/4rN- 1dr +wNa(j)Ne-€ja(j)2/4) = ~
N Ja(j) A

where WN is the volume of the unit ball in RN • It follows tl1at

(6.8)

(6.9)

(6.10)

(6.11 )

and

Rewriting (6.12) as

op- 1 1°O -€jr2 /4 N-1d <CJeT T_.
a(j)

(6.12)

jl/(p-1)-N/2 [00 e-nN4 d1J ~ C < 00

Ja(j)v']

and noting that 1/(p - 1) > N/2, we get (6.8).

We shall next prove (6.5). If this is not true, there is a subsequence jf ~ 00 such that
a(j') ~ 8 > o. Therefore,

(6.13)

and for some ( < c/4 we obtain

j'1/(P-l)-N/2 [00 e€'rN 41JN-1d1J
Ja(j'h/Ji

< j'1/(p-1)-N/2e-(j1a(j/)2 [00 e-(€/4-()rJ21JN-1 d1J
Ja(j/hfli

~ 0 as jf ~ 00. (6.14)

Combining (6.13) and (6.14), we get a contradiction to (6.10).

Lastly, let us prove (6.4). If Ixl :::; a(j), then

<Pj(x) Ajl/(P-l)e-€ja(j)2/4

< a(~)N (by (6.11))

< ~ -lxI2 /4a(j)2
a(j)N e
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where we used the fact that e-lxI2/4a(j)2 ~ e-1/ 4 for Ixl :::; a(j). For Ixl > a(j), we have

Hence (6.4) is reduced to
e-fj(lxI2-a(j)2)/4+lxI2/4a(j)2 :::; C. (6.15)

For a(j) :::; Ixl ::; !(a(j), !{ > 1, (6.15) is true because IxI2-a(j)2 ~ 0 and elxI2/4a(j)2 ~ eK2 •

on tIle other hand, for Ixl > !(a(j), we have

left side of (6.15) e-fjlxI2[1-a(j)2/lxI2-1/fja(j)2]/4

< e-fjlxI2(1-1/K2-1/fja(j)2)/4.

< C

for j sufficiently large because of (6.8). This COml)letes the proof of Lemma 6.4.
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