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ABSTRACT

The complex interaction between turbulence and sediment dynamics in aquatic

environments is the most important mechanism of sediment transport and bed erosion

in multiple geophysical, environmental, and engineering flows. Scour around hydraulic

structures is an example in which this relation acquires great relevance. The bed erosion

in the vicinity of bridge foundations is controlled by the dynamically rich horseshoe vortex

system (HSV) that develops in front of the structures and increases the near-bed turbulent

stresses by one order of magnitude compared to the approaching turbulent boundary layer

flow.

Advances in numerical simulations designed to understand the physical mechanisms of

sediment transport and bed erosion in turbulent flows, however, have been limited by the

ability of the models to capture the large-scale coherent vortical structures with adequate

resolution, and by the level of description and assumptions of the sediment transport models

utilized to predict the sediment flux.

In this thesis we develop an advanced computational fluid dynamics (CFD) model to

simulate the flow, bed-load transport, and scour in the vicinity of hydraulic structures.

To handle arbitrarily complex multi-connected geometries, the numerical solver employs

domain decomposition techniques with structured Chimera overset grids. An Arbitrary

Lagrangian-Eulerian (ALE) approach is also incorporated to consider the effects of moving

boundaries in the flowfield solution. We carry out numerical simulations of the turbulent

flow past a cylindrical pier using the detached-eddy simulation (DES) approach as the

turbulence model. DES is a hybrid method that combines an unsteady Reynolds-averaged

Navier-Stokes (URANS) model in regions of the computational domain near the wall, with

large-eddy simulation (LES) in regions away from solid boundaries This numerical method
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is capable of capturing the dynamics of the HSV and reproducing for the first time, along

with the recent study of Paik, Escauriaza, and Sotiropoulos [Phys. Fluids 19, 045107, 2007],

all the experimental trends observed in junction flows at high Reynolds numbers.

Two models of sediment transport are developed in the present investigation to study the

initiation of motion, transport processes, and clear-water scour by the large-scale vortical

structures of the HSV system: (1) A Lagrangian model for sediment grains to simulate the

transport of individual particles. The trajectory and momentum of the sediment particles

are computed to evaluate the effects of the instantaneous hydrodynamic forces induced

by the HSV system. Since the magnitude of the particle stresses are near the threshold

of motion, the transport is characterized by intermittent displacement events of varying

magnitudes. Groups of sediment grains move continuously, saltating or sliding on the bed,

and streaks aligned with near-wall vortices are formed around the cylindrical pier. The

global transport of particles past the cylinder is studied by performing a statistical analysis

of the flux to reveal scale-invariance of the process and multifractality of particle transport

as the overall effect of the flow around the pier. (2) A new unsteady bed-load transport

model based on the momentum equation of the sediment in an Eulerian framework. The

evolution of scour is obtained from the solution of the Exner equation, computing the bed

elevation from the instantaneous flowfield. The model reproduces scour in non-equilibrium

conditions, giving information of the spatial distribution and time evolution of erosion and

deposition in the vicinity of the pier. A remarkable process captured for the first time by our

model is the development of bed-forms along the legs of the HSV system. The interaction of

the vortical structures with the wall produces the bed instability that grows and propagates,

generating ripples that travel and merge in the downstream direction showing the same

dynamic features observed in experiments.

The model constitutes a powerful simulation tool to investigate the relation between

sediment and bed processes with coherent structures in turbulent flows, and it can also

serve as a general framework for developing three-dimensional non-equilibrium sediment
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transport models that can be used in the future for engineering design and optimization. The

model also highlights the importance of integrating high-resolution numerical simulations

with laboratory experiments to understand and be able to predict the complex physics of

sediment transport in nature.

vi



TABLE OF CONTENTS

ACKNOWLEDGEMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . i

DEDICATION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xi

I INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 Literature review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.1.1 Coherent structures and sediment transport . . . . . . . . . . . . . 4

1.1.2 The horseshoe vortex system . . . . . . . . . . . . . . . . . . . . . . 6

1.1.3 Numerical simulations of flows past surface-mounted obstacles . . . 10

1.1.4 Scour Prediction and Sediment Transport Simulations . . . . . . . 15

1.2 Specific objectives and outline of the thesis . . . . . . . . . . . . . . . . . . 20

II COMPUTATIONAL FLUID DYNAMICS MODEL . . . . . . . . . . . 23

2.1 Governing equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.2 Statistical turbulence models . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.3 Domain decomposition method for moving boundary problems . . . . . . . 31

2.4 Discretization and solution algorithm . . . . . . . . . . . . . . . . . . . . . 35

2.4.1 Time-marching algorithm . . . . . . . . . . . . . . . . . . . . . . . 36

2.4.2 Techniques for convergence acceleration . . . . . . . . . . . . . . . . 40

2.4.3 Solution of the turbulence closure . . . . . . . . . . . . . . . . . . . 40

2.4.4 Boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.5 MPI Parallelization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

2.6 Validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

III TURBULENT FLOW PAST A SURFACE MOUNTED CYLINDER 51

3.1 Computational details . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

vii



3.2 Results of the simulations at the symmetry plane . . . . . . . . . . . . . . 54

3.2.1 Mean flow and turbulence statistics at the symmetry plane . . . . . 56

3.2.2 Instantaneous flow patterns at the symmetry plane . . . . . . . . . 61

3.2.3 POD decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.3 Three-dimensional dynamics of the HSV and scour mechanisms . . . . . . 72

3.4 Summary and findings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

IV LAGRANGIAN MODELING OF SEDIMENT TRANSPORT . . . . . 82

4.1 Modeling of multiphase turbulent flows . . . . . . . . . . . . . . . . . . . . 83

4.2 Governing equations and numerical calculation . . . . . . . . . . . . . . . . 87

4.2.1 Forces on sediment particles . . . . . . . . . . . . . . . . . . . . . . 89

4.2.2 Particle momentum equation in non-dimensional form . . . . . . . 94

4.2.3 Numerical method for particle tracking . . . . . . . . . . . . . . . . 97

4.3 Sediment transport simulations . . . . . . . . . . . . . . . . . . . . . . . . 100

4.3.1 Particle dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

4.3.2 Sediment Flux . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

4.4 Multifractal aspects of sediment transport . . . . . . . . . . . . . . . . . . 114

4.4.1 The multifractal analysis . . . . . . . . . . . . . . . . . . . . . . . . 115

4.4.2 The singularity spectrum of particle transport . . . . . . . . . . . . 118

4.5 Final remarks on the Lagrangian model . . . . . . . . . . . . . . . . . . . . 120

V SCOUR AND BED-LOAD TRANSPORT SIMULATION . . . . . . . 123

5.1 Eulerian model of sediment transport and scour . . . . . . . . . . . . . . . 124

5.1.1 Momentum equation for sediment . . . . . . . . . . . . . . . . . . . 128

5.1.2 Unsteady bed-load formulation . . . . . . . . . . . . . . . . . . . . 131

5.1.3 Bed deformation model . . . . . . . . . . . . . . . . . . . . . . . . . 134

5.1.4 Numerical solution . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

5.2 Simulation of scour . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

5.2.1 Erosion development . . . . . . . . . . . . . . . . . . . . . . . . . . 142

5.2.2 Flowfield in the scour region . . . . . . . . . . . . . . . . . . . . . . 152

viii



5.3 Bed-form analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

5.3.1 Bed-form dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

5.3.2 Statistical analysis of simulated bed forms . . . . . . . . . . . . . . 157

5.4 Final remarks on the scour model . . . . . . . . . . . . . . . . . . . . . . . 162

VI CONCLUSIONS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166

6.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166

6.2 Future research directions . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

APPENDIX A — SEDIMENT MOMENTUM EQUATION . . . . . . . 173

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179

ix



LIST OF TABLES

1 Dimensions of the flow studied, with the corresponding Reynolds and Froude
numbers. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

x



LIST OF FIGURES

1 Diagram of the moving channel sidewall with the basic dimensions of the
experiments performed by Stephanoff et al. (1983) and Pedley and Stephanoff
(1985). The piston is driven periodically at a frequency f . . . . . . . . . . 45

2 Computational grid of the channel with the moving sidewall. Two blocks are
considered with a total of 11.0 × 106 grid nodes. The inset shows the grid
that contains the moving wall, which has a higher resolution with 90% of the
nodes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3 Contours of spanwise vorticity and instantaneous streamlines at the symme-
try plane. The non-dimensional time is referred to the oscillation period. . 48

4 Comparison of the computed position of vortex crest of B, and trough of
vortex C (continuous lines) with the results of Pedley and Stephanoff (1985).
The symbols � and M represent the experimental data for vortices B and C
respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

5 Coherent structures visualized with q-isosurfaces. Instantaneous images show
the breakup into small vortical structures during the piston retraction. . . 50

6 Geometry of the computational domain, showing the section of the channel
considered in the simulations. . . . . . . . . . . . . . . . . . . . . . . . . . 52

7 Overset grid layout. (a) The fine grid contains 7.2 million grid nodes, 80%
around the cylindrical pier. (b) The coarse grid has a similar distribution,
with a total of 3.0 million grid nodes. . . . . . . . . . . . . . . . . . . . . . . 54

8 Topology of the HSV system at the symmetry plane in front of the cylinder at
Re = 20, 000 reported by Dargahi (1989). A similar two-vortex system (V2
and V4), with their corresponding secondary vortices at the wall (V3 and V5),
was found for the range of Reynolds numbers studied (6, 600 ≤ Re ≤ 65, 000). 56

9 Time-averaged vorticity at the symmetry plane in front of the cylinder. (a)
URANS computation; and (b) Averaged vorticity for the DES computation
using 30,000 time-steps. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

10 Pressure coefficient for the fine (solid lines) and coarse grids (dashed lines) at
the symmetry plane, compared with the results reported by Dargahi (1989).
(a) Cp at the upstream face of the cylinder, and (b) Cp at the bed. . . . . 58

11 Resolved turbulence kinetic energy (TKE) at the symmetry plane using
30,000 time steps, with the experimental results of Devenport and Simp-
son (1990) shown for comparison. (a) Fine grid; (b) Coarse grid; and (c)
Experimental measurements of Devenport and Simpson (1990) for the wall-
mounted wing at Re = 1.15× 105 . . . . . . . . . . . . . . . . . . . . . . . . 60

xi



12 Primary term of turbulence production at the symmetry plane in front of
the cylinder in Dargahi’s (1989) flow at Re = 39, 000 for both grids can be
compared with the experimental results of Devenport and Simpson (1990) at
Re = 1.15 × 105. (a) Fine grid for the cylinder simulation; (b) Coarse grid
for the cylinder simulation; and (c) Measurement of turbulence production
by Devenport and Simpson (1990) . . . . . . . . . . . . . . . . . . . . . . . 62

13 Instantaneous velocity vectors colored by spanwise vorticity contours at the
symmetry plane. (a) Backflow mode during upstream vortex organization;
and (b) Zero-flow mode with vertical velocities. . . . . . . . . . . . . . . . 63

14 Sequence of instantaneous spanwise vorticity at the symmetry plane. . . . 65

15 Histograms of streamwise velocity fluctuations at the symmetry plane and
X = −0.78 show the near-wall region with bimodal dynamics. . . . . . . . 66

16 (a) Eigenvalue spectrum of the POD decomposition. The bars show the
relative magnitude of the 10 largest eigenvalues of the decomposition, where
the first two modes contain 84% of the streamwise TKE. (b) Histograms
of the POD modal coefficients of the first two modes, the inset shows the
histograms for modes 3 and 4, which are Gaussian distributions with small
variance. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

17 Bimodal reconstruction of the streamwise velocity (red dashed line) at X =
−0.76, and Z = 0.006, compared to the original computed series (black solid
line). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

18 Statistics of the first two POD modes. (a) Autocorrelation function of the
POD coefficients for mode 1 (solid line), and mode 2 (dashed line) show
their periodic character. The inset with the autocorrelation of the third
and fourth modes reveals their lower time-dependence structure. (b) Power
spectral density of the first two modes shows the quasi-periodic character of
the HSV system. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

19 Visualization of the instantaneous 3D coherent structures around the cylin-
der. (a) Isosurfaces of q = 1.0 showing the main structures that conform
the HSV system. (b) Isosurfaces of positive and negative helicity show the
interaction of counter-rotating vorticity in the flow. . . . . . . . . . . . . . 73

20 Sequence of instantaneous coherent structures of the HSV visualized with
the q criterion. The images show the relevant processes observed at different
stages of the vortex dynamics: (a) Vortex merging. (b) Zero-flow mode and
development of hairpin vortices. (c) Destabilization and reemergence. . . . 75

21 Mean bed stresses. (a) Averaged shear velocity at the bed (b) Normalized
shear stress along the symmetry plane at Z/H = 0.0025, compared to the
measurements of Dargahi (1989). . . . . . . . . . . . . . . . . . . . . . . . 77

xii



22 Sequence of instantaneous shear velocity at the bed for the same instants in
time depicted in figures 19 and 20 (a) Two-vortex structure. (b) Merging
of vortices. (c) Zero-flow mode and development of hairpin vortices. (c)
Destabilization and reemergence. . . . . . . . . . . . . . . . . . . . . . . . 79

23 Identification of a particle within a cell. Particle P is found inside the grid
cell by computing the normal vectors to the six faces, then the flowfield is
interpolated from the grid nodes. . . . . . . . . . . . . . . . . . . . . . . . 98

24 Initial condition and instantaneous particle transport for 105 grains initially
located in front of the cylinder. . . . . . . . . . . . . . . . . . . . . . . . . 102

25 Ten different trajectories show sliding and saltation of particles seen from
three different angles. Near the symmetry plane, particles stop moving if
they reach the area outside the influence of the horseshoe vortex system. . 105

26 Instantaneous image of particle transport, showing an ejection event at ap-
proximately 40◦ from the symmetry plane. Particles are colored by velocity
magnitude. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

27 Downstream view of a vertical plane at an angle of 40◦ from the symme-
try plane. Tangent velocity vectors and contours of helicity show the flow
structure during a particle ejection. . . . . . . . . . . . . . . . . . . . . . . 106

28 Phase-space plot of resolved turbulent fluctuations of streamwise and vertical
velocity at a distance of 0.21 upstream of the cylinder face, 40◦ from the
symmetry plane, and Z/D = 0.0004. Vertical velocity during outward and
sweep events reaches up to 6 times the standard deviation. . . . . . . . . . 107

29 Instantaneous flow during an ejection event. (a) Shear velocity at the bed
shows that particle streaks coincide with regions of low shear-stress at the
saddle point between counter-rotating vortices. (b) Vertical velocity contours
and parallel streamlines at a height d/2 above the bed, show the instanta-
neous near-bed flow, and increase of vertical velocity at the position where
the particle ejection occurs. . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

30 Cumulative number of particles past the plane X/D = 1.5, magnification of
the curve in the rectangular areas shows a series of plateaus at all scales,
revealing a devil’s staircase distribution. . . . . . . . . . . . . . . . . . . . 110

31 (a) Fractal dimensions of the devil’s staircase found in the cumulative trans-
port flux for different number of particles n, covering the same area. A better
convergence and time-filling characteritics are found for the maximum num-
ber of particles, n = 105. (b) Histogram of plateau sizes for n = 105. The
continuous line is the power-law distribution that coincides with the fractal
dimension. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

xiii



32 Multifractal spectra for the particle flux. For n = 105 particles, the maximum
for q = 0 coincides exactly with the box-counting dimension and power-law
calculated previously. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

33 Sediment flux parallel to the bed and uniform concentration within the bed-
load layer are the main assumptions of the model for an element of the water
column. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

34 (a) First layer of grid nodes that comprise the bed surface around the cylinder
in the generalized curvilinear coordinate system. (b) Element of the bed
in the curvilinear coordinate system. The instantaneous sediment velocity
computed from the momentum equation is parallel to the bed. . . . . . . . 127

35 Schematic equivalent of the slope modification when the local bed slope β is
larger than the maximum angle of repose φ. . . . . . . . . . . . . . . . . . 140

36 Description of the evolution of scour at the symmetry plane in front of the
cylinder at Re = 39, 000 by Dargahi (1990). . . . . . . . . . . . . . . . . . 143

37 Evolution of scour at the symmetry plane shows the same characteristics
reported in the experiments. Two depressions become a single scour hole in
front of the pier. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

38 Averaged velocity vectors colored by spanwise vorticity. (a) Time average
for 0-5 seconds. (b) Time average for 80-95 seconds. . . . . . . . . . . . . . 145

39 Maximum erosion on the bed, and scour depths at two different points on
the symmetry plane upstream of the pier. . . . . . . . . . . . . . . . . . . . 146

40 Three-dimensional instantaneous images of the bed elevation, showing the
evolution of the scour hole and the development of ripples around the pier. 148

41 Contours of bed elevation at four instants in time. The range of contours
changes as scour progresses to give additional details of the instantaneous
bed features in the vicinity of the cylindrical pier. . . . . . . . . . . . . . . 150

42 Instantaneous spanwise vorticity at the symmetry plane. (a) at 5 seconds;
and (b) 735 seconds after the simulation started. . . . . . . . . . . . . . . . 153

43 Instantaneous shear velocity distribution at the bed during scour develop-
ment. Zones of higher shear stress arise upstream of the ripples. (a) 5
seconds; and (b) 735 seconds after the simulation started. . . . . . . . . . . 154

44 Definition of an arbitrary coordinate S to simplify the analysis of bed el-
evation at the sides of the cylinder. The coordinate is determined by the
parabola y2 = 1.20(x+ 0.92) on the Cartesian system. . . . . . . . . . . . 159

xiv



45 (a) Contours of bed elevation in time along the S-coordinate show the prop-
agation of ripples at the sides of the cylinder; (b) Magnification of the map
shows that the bed form celerity for small ripples is similar to the experi-
mental result of 0.1 m/s reported by Dargahi (1990), and represented by the
black lines. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

46 Statistics of bed elevation at the cylinder side. (a) Fluctuation diagram
averaged over time, the error bars correspond to the standard deviation of
=∆s; (b) Evolution of the standard deviation of the bed elevation in time.
For the initial development of ripples, the standard deviation along S has a
power-law relation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

47 (a) Autocorrelation and (b) Frequency spectrum of bed elevations time-series
on the bed, at the point X = −0.354 and Y = −0.678. . . . . . . . . . . . 163

xv



CHAPTER I

INTRODUCTION

Sediment transport in nature is intimately connected to the dynamics of turbulent flows

in aquatic environments. It is characterized by complex interactions that take place at

the interface between the sediment surface and the flow, often occurs in arbitrarily complex

nature and man-made geometries, and is further complicated by the varying properties of the

sediment grains and the surrounding flowfield. Organized coherent structures in turbulent

flows have a direct effect on the transport of sediment and on the evolution of the bed

topography in natural rivers and streams. The multiple scales of turbulence interact with

sediment particles, controlling erosion and deposition, and contribute to the development of

dynamic patterns such as ripples and dunes that arise at multiple levels, up to the largest

scales on the earth surface.

Due to the inherent complexity of the sediment transport problem and in spite of the

rapidly expanding body of literature dedicated to its study, there is still much to be done

to understand and be able to model the sediment dynamics and the effects of the flow on

transport. With the advent of powerful supercomputers, however, it is now possible to in-

vestigate sediment transport processes through high resolution numerical simulations. Such

simulations can be used to help design laboratory and field-scale experiments, and develop

new theoretical and computational models for a broad range of ecological, geophysical and

engineering problems.

A relevant engineering application, in which coherent structures in the flow and sedi-

ment transport are intimately coupled, is the problem of scour development in the vicinity

of hydraulic structures. Bridge foundations located in rivers and the shoreline produce sig-

nificant changes in the natural flow conditions and generate complex local flow dynamics.
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Large-scale vortices induced by piers and abutments in turbulent flows constitute the ma-

jor mechanisms of sediment entrainment and scour, which is the most important cause of

bridge failure during extreme flood events (Shirole and Holt, 1991; Wardhana and Hadipri-

ono, 2003; Annandale, 2006).

The serious damages in New Orleans bridges due to recent hurricanes, the collapse of the

Loncomilla bridge in Chile in 2004, the 1993 flood of the Mississippi river that caused the

damage of over 2,400 bridge crossings (Parola et al., 1997), and the failure of the I-90 bridge

in Albany NY in 1987 are examples of the devastating consequences of bridge scour. In

addition to the catastrophic loss of human lives, bridge scour also has considerable economic

consequences due to replacement or repair of the structures, and additional costs produced

by environmental impacts, and the disruption of transportation and trade activities (Rhodes

and Trent, 1993).

The continuous growth of infrastructure and the social and environmental impacts of

engineering projects in rivers and streams require a better understanding of the relation

between the mechanisms of scour and turbulent flows to improve the design of hydraulic

structures and reduce negative environmental burdens. The methods commonly employed

to predict scour depths, however, are empirical relations based on dimensional analysis and

laboratory or field experiments (e.g. Melville, 1997), which assume steady flow conditions

and do not give information about actual erosion mechanisms. Therefore, the modeling of

three-dimensional turbulent flows has critical importance in understanding the mechanisms

that govern the interaction of the flowfield with scour, in order to address properly the

susceptibility of bridges or other hydraulic structures located in rivers.

The main purpose of this research is to develop an advanced Computational Fluid Dy-

namics (CFD) model capable of simulating scour at hydraulic structures with complex

geometries, like bridge piers or abutments in rivers, incorporating novel methodologies to
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represent the unsteady turbulent flow, sediment transport, and erosion and deposition pro-

cesses. The model is applied to evaluate a documented clear-water scour case with exper-

imental data giving quantitative information about the initiation of the scour process and

the generation of large scale vortices and turbulent scales in the flow that contribute to its

development. Detailed representation of the particle dynamics also provides insights on the

fundamental mechanisms of particle entrainment and transport, which establishes a novel

and flexible approach to study sediment transport in detail that can become the foundation

for developing general models of multiphase flows in the environment.

In this chapter, the previous literature related to turbulent flow and sediment transport

modeling is reviewed to assess the current state of the art, and identify the challenges

that will be addressed in this research. In particular we review the earlier research on

the effects of coherent structures on near-bed sediment transport, and the CFD models

previously developed to simulate scour in turbulent flows. Special emphasis is given to

the characteristics of the horseshoe vortex system (HSV) that develops in front of surface-

mounted obstacles. The specific objectives of the research, and the organization of the

subsequent chapters of the thesis are also described in detail.

1.1 Literature review

Multiple studies have focused in the relation between the coherent structures of the

flow and their interaction with sediment particles. Two different situations may exist in

scour problems around hydraulic structures: (1) live-bed scour or (2) clear-water scour

conditions (Sturm, 2001). Under live-bed conditions the bed stresses produced by the

coherent structures of the turbulent boundary layer (Robinson, 1991; Adrian, 2007) can

induce sediment entrainment and transport. Recent experiments that are reviewed in this

section have associated velocity fluctuations measurements in turbulent boundary layer

flows with the initiation of motion and particle transport.

Conversely, in clear-water scour conditions the stresses of the turbulent boundary layer
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flow are insufficient to initiate sediment motion, and the large-scale vortices induced by

hydraulic structures are responsible for the complex interactions between the flow and the

mobile bed producing bed erosion and sediment transport. Experimental evidence has

revealed that the horseshoe vortex system (HSV) that develops in front of the structures

near the bed is the major mechanism of particle entrainment and scour around bridge

piers (Dargahi, 1990). In this section we review previous studies on the relation between

the flow and sediment transport, as well as state-of-the-art computational fluid dynamics

models employed to capture the complex unsteady flow past surface mounted obstacles, the

mechanisms that control the scour dynamics and the sediment transport models utilized to

simulate erosion and deposition in engineering problems.

1.1.1 Coherent structures and sediment transport

Turbulent boundary layers are dominated by multiple coherent structures that produce

intermittent velocity fluctuations and give rise to sequences of near-wall fluid ejections

(Robinson, 1991). Groups of hairpin and streamwise vortices are known to develop at

the wall and travel downstream, merging and generating low-speed streaks, and producing

high turbulence kinetic energy (TKE) and Reynolds stresses (Adrian, 2007). The bursting

process of the coherent structures has been described by Robinson (1991) and consists of a

series of ejections (u′ < 0, w′ > 0), sweeps (u′ > 0, w′ < 0), outward (u′ > 0, w′ > 0) and

inward excursions (u′ < 0, w′ < 0). In mobile beds, the unsteady flowfield of the turbulent

boundary layer determines the total instantaneous force acting on the sediment grains at

the bed and is the prominent mechanism of particle motion in live-bed conditions.

Most of the previous studies on this topic have demonstrated that the sediment entrain-

ment and flux-rate of particles near the bed are the result of the stresses produced by these

turbulent events associated with the bursting of coherent structures. Velocity fluctuations

and Reynolds stresses of the turbulent boundary layer were studied by Grass (1971) in

a series of experiments with increasing roughness, set up in beds with different sediment

4



grain diameters. Grass (1971) also showed that the coherent structures of the boundary

layer were responsible for the emergence of sediment streaks in smooth beds composed of

fine sand. Nelson et al. (1995) investigated the effect of near-bed turbulent fluctuations on

sediment dislodgement and entrainment by performing a quadrant analysis with the corre-

lations of velocity components in the turbulent flow downstream a backward facing step.

They determined that sweeps and outward interactions contribute the most to the sediment

motion at the bed, and that the bed shear-stress alone is not an adequate parameter to

represent bed-load transport in realistic conditions.

A series of recent investigations (Papanicolaou et al., 2001; Dancey et al., 2002; Pa-

panicolaou et al., 2002) have shown the influence of the bursting events of the turbulent

boundary layer in particle entrainment for different bed configurations. From their experi-

mental data, probability-density functions (pdfs) of grain motion and correlations between

the initiation of motion and the near-wall turbulent events have been established to define

a stochastic formulation of incipient motion and bed-load transport. These observations

highlight the importance of having information of the forces on the sediment grains to per-

form a complete statistical analysis, since the time-scales of the turbulent flow, as well as

the intensity, duration, and frequency of the intermittent forces exerted by the flow on the

bed might have a crucial role in characterizing the unsteady process of particle transport

near the threshold of motion.

In cases of clear-water scour the coherent structures of the turbulent boundary layer

have little influence on the intiation of motion and transport. Hydraulic structures, how-

ever, generate large-scale vortices such as the HSV system producing significant turbulence

fluctuations by vortex shedding and three-dimensional separation. These coherent struc-

tures increase the hydrodynamic particle forces and turbulent stresses at the bed causing

sediment dislodgement and bed-load transport. A clear example on the importance of coher-

ent structures arising from large-scales instabilities of the mean flow, and not from turbulent
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boundary layer events, is the study of Hopfinger et al. (2004). These authors studied exper-

imentally the scour produced by a wall-jet downstream of a sluice gate, and observed that

the development of a concave bed surface due to the initial scour triggered a centrifugal

instability, producing counter-rotating streamwise pairs of Görtler vortices inside the scour

hole. These vortices played a significant role in the continuous development of scour as

they generated high turbulent stresses and increased considerably the total sediment flux

(Hopfinger et al., 2004).

1.1.2 The horseshoe vortex system

The physical phenomena observed in the behavior of a turbulent boundary-layer flow

past a surface-mounted obstacle, like a bridge pier, are extremely complex and mainly char-

acterized by the formation of a junction or horseshoe vortex (HSV) around the body. Deven-

port and Simpson (1990) studied in detail the structure of this vortex at Re = 1.15×105 to

understand the characteristics of the flow in the vicinity of the leading edge of a cylindrical

wing and described its properties in time and space by analyzing the information obtained

from experimental measurements at the plane of symmetry. Their results showed that the

HSV is characterized by low-frequency oscillations that produce bimodal probability-density

functions (pdfs) of the horizontal and vertical velocities close to the wall at the symmetry

plane. These two separable dynamic states correspond to the backflow mode, in which the

return flow of the HSV generates a wall jet that penetrates upstream of the obstacle, and

the zero-flow mode that occurs when the near-wall flow cannot penetrate upstream, and

it is ejected vertically upwards. The aperiodic interplay between these basic flow states

produces high turbulent stresses in the HSV region that are at least one order of magnitude

larger than in the approaching turbulent boundary layer. Similar characteristics in the

turbulent stresses and complex interactions of vortical structures have also been measured

around other configurations, such as cubic and prismatic objects (Martinuzzi and Tropea,

1993; Hussein and Martinuzzi, 1996), and a rectangular block attached to a channel sidewall
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(Chrisohoides et al., 2003; Paik and Sotiropoulos, 2005).

Many studies have focused on vertically mounted cylinders which is a common con-

figuration of bridge piers. Baker (1980) investigated the turbulent horseshoe vortex in a

cylinder at Reynolds numbers between 4,000 and 90,000 with different approaching bound-

ary layer thicknesses, 4< D/δ∗ <30. Through oil and smoke visualizations in a wind tunnel,

he deduced a general flow pattern composed of four vortices: a primary horseshoe vortex

wrapping around the cylinder, a secondary vortex emerging from the separation zone, a

corner vortex formed by the separation of the boundary layer in the upstream face of the

cylinder, and a secondary vortex produced by the interaction of the main vortex with the

flat bed. By measuring the near-wall pressure, Baker (1980) was the first to determine

the qualitative influence of the boundary-layer on the average position of the main vortex,

observing that the horseshoe vortex (HSV) system moves closer to the cylinder when D/δ∗

increases.

Dargahi (1989) studied the flow around a cylindrical pier mounted in a rectangular chan-

nel. Visualizations with hydrogen bubbles in water for Reynolds numbers between 6,600

and 65,000 showed similar flow patterns to those observed by Baker (1980), with vortices

shedding quasi-periodically from the separation point upstream of the cylinder. A qualita-

tive description of the flow dynamics at the symmetry plane revealed a complex sequence

of vortex formation and merging, with at least five vortices that interact in front of the

cylinder and no influence of the wake. Dargahi also computed turbulence statistics and os-

cillation frequencies of the HSV system for Re=39,000, estimating the shedding frequencies

between 0.1 and 2.0 Hz, with values of turbulence intensity one order of magnitude larger

above the wall at the position of the main structure of the HSV.

A distinct property of the HSV system, observed in multiple experiments (see Simpson,

2001), is the intermittent ejection of wall fluid and disorganization of the main vortex in

burst-like events. The dynamics of the vortex system appears to be quasi-periodic with

repeating cycles of regeneration of vortical structures upstream of the obstacle and vortex
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destruction with a strong upward flow.

The visualization of the HSV around a cylinder for Reynolds numbers 1.0×105 and 2.2×

105 of Agui and Andreopoulos (1992) also showed a highly intermittent quasi-periodic flow,

with bimodal pdfs of pressure fluctuations upstream of the cylinder. In their experiments the

HSV system was characterized by a continuous eruption of near-wall fluid originated between

the wall and the main horseshoe vortex, generating a mushroom-like vortical structure that

was lifted off the wall and interacted with the primary vortex.

Doligalski et al. (1994) documented many cases of eruptions produced by vortical struc-

tures near solid walls, relating these bursting events to the formation of secondary vortices,

and ejection of counter-rotating vorticity that engulfed the larger structures. They also

pointed out that these vorticity spikes observed at the symmetry plane in a junction flow

correspond to a 3D configuration of hairpin vortices that form on top the primary horse-

shoe vortex, producing the eruptions by destabilizing the vortex when the vortical structures

merge. Some coincident observations have also been registered in laminar junction flows

(Seal et al., 1997; Seal and Smith, 1999) with counter-rotating vorticity spikes emerging from

the wall that interact with the HSV, producing its disintegration and periodic regeneration.

All these experimental investigations of flows around wall-mounted obstacles revealed

the complex nature of the HSV dynamics, but many questions remained regarding the mech-

anisms of the formation of the vortical structures, and the intermittent eruptive behavior.

Aditionally, the exact configuration of the HSV system was not completely defined, since

experimental observations had suggested that the coherent structure dynamics can be very

sensitive to the flow conditions. New computational studies, which are discussed in the next

section, have been able to shed light on these complex issues that are relevant to sediment

transport and scour.

The experimental observations of Dargahi (1990) showed the importance of the HSV

dynamics on the development of scour in the vicinity of a cylindrical pier under clear-

water scour conditions. The bed stresses generated by the unsteady vortices of the HSV
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system initiated the motion of sediment and the development of the scour hole around the

cylinder. The complex interaction between the flow and the bed also had a significant role

in the emergence of bed-forms at the sides of the pier, evidencing the relevance of unsteady

near-bed vortical structures on the development of dynamic patterns of the bed, which

in this case consisted on fine sand ripples that traveled downstream increasing the total

sediment flux transported downstream.

Additional effects that contribute to scour arise due to secondary flows produced by bed

curvature in the form of Görtler vortices. These instabilities of the boundary layer are gen-

erated in concave walls at troughs of dunes and ripples, and also within a developing scour

hole. Recently, the experimental results of Hopfinger et al. (2004) mentioned previously

for the scour produced by a turbulent plane wall jet, showed the importance of Görtler in-

stabilities in the change of turbulence characteristics and sediment transport rate, forming

sand ridges within the scour hole. The shear stresses increase considerably and destabilize

the slope of the bed within the hole, increasing the erosion and the sediment transport

load carried downstream. Hopfinger et al. (2004) showed instantaneous observations of the

bed in which 5 to 9 longitudinal streaks, attributed to the Görtler vortices, appear on the

upstream-facing slope of the scour hole.

The experimental evidence reveals that sediment motion at the bed is not influenced

by mean flow quantities, but by the large scale unsteady vortices produced by bridge foun-

dations or other hydraulic structures, which can create zones of high velocity and shear

stress contributing to the particle entrainment and suspension. All these observations and

conditions found in laboratory experiments described above reveal the complex undertaking

of the numerical methods to represent adequately the three-dimensional flow around real

hydraulic foundations that occur in arbitrary geometries with vortical structures interacting

in regions very close to the walls.
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1.1.3 Numerical simulations of flows past surface-mounted obstacles

The growth of computer technology and modeling techniques in fluid dynamics have

provided new possibilities to simulate accurately complex engineering flows. Computational

simulations are becoming a fundamental tool in science and engineering, and are being used

with increasing frequency to help optimize the engineering design process and preserve the

natural environment by controlling the variables altered by human intervention.

Flow simulations of engineering relevance with the direct numerical simulation (DNS)

of all the turbulence scales require an unaffordable computational cost, due to the necessary

prerequisiste of the numerical models to resolve the smallest scales of motion (Pope, 2000).

Thus, most of the numerical investigations of realistic flows have utilized different levels

of approximation to account for the flow scales that cannot be resolved with practical

computational grids.

In the steady Reynolds-Averaged Navier-Stokes approach (RANS), the numerical solu-

tion only considers the computation of the mean flowfield and the stresses produced by all

the turbulent scales are represented by an eddy viscosity approximation, obtained from a

turbulence model (Wilcox, 1994; Pope, 2000). Many turbulence models have been proposed

to determine the turbulent or Reynolds stresses that arise from the averaging the governing

equations, which correspond to correlations of the turbulence flowfield. Isotropic eddy-

viscosity models (such as k − ε or k − ω), nonlinear eddy-viscosity models, and anisotropic

Reynolds-stress models are approaches to compute the turbulent stresses with different as-

sumptions applied to the correlations of fluctuating quantities (for a complete description of

the models, the reader is referred to Wilcox, 1994; Pope, 2000; Durbin and Petterson-Reif,

2001). As expected, the steady RANS computations fail to reproduce complex flows dom-

inated by three-dimensional separation and coherent vortices. The applicability of these

models can be improved, however, by considering an unsteady RANS (URANS) approach,

in which the mean velocity and pressure fields are solved by assuming that the averaged
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quantities represent the flow over an ensemble of realizations. In this case, determinis-

tic fluctuations produced by large-scale organized vortices are directly resolved and only

the random turbulent part of the decomposition is modeled with an appropiate turbulence

model (Durbin and Petterson-Reif, 2001). Unsteady solutions of the averaged equations

using turbulence models that are calibrated for steady mean velocities may overpredict

the magnitude of the eddy-viscosity, being unable to resolve adequately the large-scale un-

steadiness in some complex flows due to the increased dissipation established by the models

(e.g. Ge et al., 2005). More advanced turbulence models may be required to improve the

predictive capabilities of the computed results and explore the flow physics in problems

with geophysical or engineering relevance.

Large-eddy simulations (LES) constitute a detailed but more expensive approach to

simulate complex unsteady flows dominated by large-scale coherent structures. LES models

can provide an accurate description of the flowfield by resolving directly all the turbulent

scales that are proportional to the size of the computational grid. A spatial filter is applied

to the instantaneous flowfield, and the governing equations are expressed in terms of the

filtered variables. The effect of the residual flowfield that arises from the filtering of the

Navier-Stokes equations is determined from a subgrid-scale model (SGS). The selected SGS

model represents the energy transfer and dissipation between the resolved and unresolved

flowfields, and gives an approximation of the stress tensor corresponding to the subgrid

scales of turbulent motion. The computation of near-wall flows is, however, a major issue

in LES since resolving the dynamics of the turbulent boundary layer may not be possible at

practical Reynolds numbers due to the significant increase of computational costs (Spalart,

2000). For a detailed description of LES and its theoretical and computational aspects, the

reader is referred to Meneveau and Katz (2000) and Sagaut (2006).

Hybrid URANS/LES methods have been proposed to decrease the computational costs

of LES, overcoming the limitations of URANS simulations for high Reynolds number turbu-

lent flows in complex geometries (Spalart, 2000; Strelets, 2001). The basic idea is to use a
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RANS turbulence closure to model regions near solid walls, which allows a coarser grid reso-

lution close to the boundaries, while LES is utilized in the rest of the domain. These hybrid

approaches can capture the large-scale coherent structures of the flow resolving the most

energetic scales of motion away from solid boundaries. Further descriptions of the model-

ing approaches, the averaging of the Navier-Stokes equations, and the turbulence models

employed in this investigation are contained on the subsequent chapters of the thesis.

For the case of surface mounted obstacles, steady Reynolds-Averaged Navier-Stokes

(RANS) simulations have naturally failed to capture the unsteadiness of the HSV system.

For the Devenport and Simpson (1990) experimental configuration, simulations with two-

equation eddy-viscosity turbulence models cannot represent adequately the average location

and turbulence characteristics of the HSV (e.g. Chen, 1995). Second-moment closures, on

the other hand, have represented the position and magnitude of the turbulence intensities

at the symmetry plane with better accuracy (Apsley and Leschziner, 2001), but they have

failed to provide a very accurate prediction of the TKE spatial distribution or to give any

insights on the the bimodal dynamics of turbulent fluctuations. This is to be expected,

however, as steady RANS turbulence models are inherently limited to predictions of the

mean flow characteristics.

Large-eddy simulations (LES) can resolve the unsteadiness of the HSV system, but the

calculations have been limited to smaller Reynolds numbers. Several LES computations

have been performed in surface-mounted cubes at Re=40,000 reporting bimodal pdfs of

velocity (Rodi, 1997; Rodi et al., 1997; Krajnović and Davidson, 2002) and a general agree-

ment with the averaged turbulence intensities observed in experiments, but discrepancies

still remain that have been attributed to the specifications of unsteady inflow boundary

conditions and to the resolution of the approaching turbulent boundary-layer (Krajnović

and Davidson, 2002).

Simulations around vertical cylinders have reported similar results, with low-resolution

URANS simulations that did not capture any of the unsteady characteristics of the HSV
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(Richardson and Panchang, 1998; Ali and Karim, 2002), or reproduced the mean velocity

of shear-stress near the bed seen in rough-wall experiments (Roulund et al., 2005). LES

calculations of Tseng et al. (2000) only obtained averaged magnitudes of pressure and bed

shear-stress of Dargahi (1989) experiments, using a coarse grid of only 5.3×103 grid nodes.

Accurate predictions of the unsteady coherent structures induced by bridge foundations

in natural environments with arbitrary bathymetry are the major challenge for numerical

simulations of hydraulic engineering flows. Ge and Sotiropoulos (2005) developed a com-

plete numerical method to simulate the flow around an actual bridge foundation, placed in

a section of the Chatahoochee river in GA, that contained the details of the topographical

features of the river reach. Employing overset Chimera grids the domain was discretized us-

ing several blocks that allowed a refined resolution around the piers to capture the coherent

structures of the flow that have a major impact in scour development. The results obtained

in their computations revealed the complex unsteady vortex shedding in the wake of the

piers and reproduced the measurements of time-averaged velocities and bed shear-stress.

The two-equation k− ε model employed in their study with URANS simulations, however,

could not represent the actual turbulence structure or unsteadiness of the HSV in front of

the foundations, which also confirms that standard URANS computations are not sufficient

to capture the dynamics of the turbulent HSV system.

Even though URANS calculations have demonstrated reasonable agreement in the pre-

diction of time-averaged quantities, hybrid methods that combine URANS and LES formu-

lations in the turbulence modeling have shown to perform better in predicting the unsteady

features of massively separated flows at realistic Reynolds numbers (Travin et al., 2000;

Hedges et al., 2002; Squires et al., 2005). Detached eddy-simulations (DES), a hybrid

model proposed by Spalart et al. (1997) based on the Spalart-Allmaras turbulence model

(Spalart and Allmaras, 1994), has been able to capture the unsteadiness of the HSV system

as reported in the recent study by Paik et al. (2007), resolving the large-scale vortices and

most of the TKE and turbulence production induced by the flow past the wall-mounted
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wing studied experimentally by Devenport and Simpson (1990).

In this recent investigation, Paik et al. (2007) carried out high-resolution numerical

calculations with overset grid discretizations and body-fitted generalized curvilinear coor-

dinates to adapt the grids to the geometry of the domain and increase the resolution in the

HSV region. DES was implemented in the numerical model with a modification of the orig-

inal approach to control the transition between the URANS and LES modes. Comparisons

between the calculated solutions and the experiments of Devenport and Simpson (1990)

showed that the model could reproduce the experimental observations by resolving practi-

cally all the significant scales of motion of the HSV system, including the bimodal pdfs of

velocity fluctuations and the TKE at the junction region. Additionally, the 3D analysis of

the coherent structures demonstrated that the interplay between the backflow and zero-flow

modes was a consequence of the development of small-scale hairpin vortices that destroyed

the main HSV and produced strong ejections of wall fluid, increasing the shear-stress at

the bed as observed in previous experiments (Doligalski et al., 1994). For the first time,

the unsteady three-dimensional dynamics of the HSV system was linked to the mechanisms

that drive the quasiperiodic interplay between the backflow and zero-flow mode at the sym-

metry plane. Computed results showed that the strong backflow mode, corresponding to

the organized main structure of the HSV system, and the streamline curvature near the

wall triggered a centrifugal instability in the outer turn of the HSV, generating the hairpin

vortices and driving the zero-flow mode with vertical flows and strong ejections of wall fluid

during vorticity eruptions connected to the main HSV destruction.

All these processes have broad implications in bridge scour. The shear-stress increment

produced by the HSV system at bridge foundations has a predominant role in the initiation

of sediment motion and scour, which in turn can alter the time and length-scales of the

vortical structures. Dargahi (1990) was the first to examine experimentally the mechanisms

of clear-water scour by studying the channel flow around a cylindrical pier with a mobile bed.

He observed the initiation and development of scour at the sides of the cylinder, analyzing
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qualitatively the evolution of the scour hole at the leading edge of the pier that ultimately

stabilizes the spatial distribution of the HSV at Re=39,000. More recent experimental

investigations of cylindrical piers in channel flows (e.g. Roulund et al., 2005; Ettema et al.,

2006) have mainly focused on the scaling and variations of the equilibrium scour depth, but

a complete analysis of the unsteady flow in the HSV region and its relation to initiation of

motion and development of scour have not yet been addressed.

In this work we seek to improve the resolution of the coherent dynamics of the flow at

large Reynolds numbers by using the DES turbulence model (Paik et al., 2007). We expect

that this strategy will describe correctly the major coherent structures of the flow and give

the time accurate information of the turbulent stresses at the bed needed to accurately

simulate sediment entrainment and transport processes. In addition to the selection of an

adequate model for the turbulent flow, scour modeling also requires a profound knowledge

of the dynamics of sediment movement. The flow simulation module has to be coupled with

a model for sediment transport and the bed evolution to represent the factors that influence

the sediment entrainment and transport.

1.1.4 Scour Prediction and Sediment Transport Simulations

In sedimentary environments there is a continuous dynamic interaction between the

flow and the sediment. The erodible bed and banks contribute to the flow resistance and

production of turbulence, and the sediment particles are subject to flow-induced mechanical

forces that set them in motion, generating complex patterns at the streambed of fluvial and

coastal environments. The phenomenon is further complicated by the multiple sizes of

sediment grains, particle-to-particle interactions, and particle-bed interactions.

The complexity of these phenomena has led researchers to adopt simplified sediment

transport formulas, which link sediment fluxes and transport to mean flow quantities and

sediment properties, separating the sediment transport rate in the vertical direction into

bed-load and suspended load. Many of these empirical formulas have also been employed

15



in numerical simulations of sediment transport, which have given new insights on transport

mechanisms and erosion processes, but they are limited by often case-specific assumptions

and experimental conditions employed to formulate the models. The prediction of near-bed

sediment discharges in natural streams has been a subject of extensive research in hydraulic

engineering and results of several models available in the literature have been employed to

design stable channel beds and estimate scour in bridge foundations and abutments, among

other applications.

We can define the bed-load as the portion of the total sediment discharge which remains

in contact with the bed for long times, carried close to the bed by intermittent rolling,

sliding, and saltation of grains. These processes have a very complex origin and depend on

multiple factors, such as sediment grain diameter, density, shape, and packing density of the

bed, which complicate the characterization and understanding of the mechanical behavior

of particle movement. Therefore, available bed-load transport rate models have always been

simplified or represented by stochastic formulations. More specifically, many of the bed-

load formulas have been derived from dimensional analysis based on experimental results

and field observations and considering either the theory developed by Bagnold (1956) or

Einstein (1950) to built formulas for the equilibrium sediment transport flux in terms of

various non-dimensional parameters.

Bagnold (1956) assumed that in equilibrium transport conditions the maximum shear-

stress at the bed is equal to the critical stress necessary to initiate sediment motion. Under

the imposition of this dynamic assumption, the bed-load flux usually depends on the differ-

ence between the shear-stress and the critical stress, also called excess shear-stress. Einstein

(1950), on the other hand, determined a bed-load formula based only on the shear-stress

rather than the excess shear-stress at the bed. He established a probability of sediment

motion as a function of the bed shear-stress and considered an intensive particle exchange

between the moving sediment and the bed, assuming that erosion and deposition rates are

equal in equilibrium conditions. Thus, bed-load models assume that particle transport at
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the bed is mainly determined by the sediment grains properties (specific weight, shape,

diameter distribution, and bed packing conditions), and by averaged characteristics of the

turbulent boundary layer of the flow interacting with the bed, such as the shear-stress

magnitude.

To represent effectively the bed-load transport rate, several investigations have focused

on the prediction of threshold conditions to determine the initiation of motion and en-

trainment of sediment grains. The pioneering work by Shields (1936) and others aimed at

characterizing the bed-load transport, led to the well-known relationship which relates the

bed shear stress with sediment properties in unidirectional flows. This analysis focused on

the incipient motion of non-cohesive sediments, and resulted in a relationship between the

Reynolds number and a non-dimensional parameter representing the bed shear stress:

τ∗ =
τ

ρ (SG− 1) gd
(1)

which is also called Shields parameter, where τ is the mean bed shear stress, ρ the fluid

density, SG the sediment specific gravity, and d the particle diameter. The other non-

dimensional parameter is the particle Reynolds number, scaled with the sediment diameter

and the shear velocity uτ :

Rep =
uτ d

ν
(2)

From the so-called Shields diagram, the critical non-dimensional shear stress τ∗c, is obtained

as a function of the particle Reynolds number. For large Rep there is little variation of the

critical shear stress since the particles protrude from the viscous sublayer thickness and the

flow becomes fully-rough turbulent.

The recent experiments and unsteady CFD computations of flows around realistic con-

figurations of bridge foundations (Ge and Sotiropoulos, 2005; Ge et al., 2005) have demon-

strated that the relations to predict sediment transport and scour based on mean shear stress

17



criteria might not be adequate to predict the transport of sediment in non-equilibrium un-

steady situations. Due to the complex non-equilibrium conditions of transport produced by

the unsteady interaction between the bed and the turbulent flow, however, most of the nu-

merical models developed to simulate scour have relied in the empirical formulas developed

for bed-load transport in simplified cases.

The 3D computations of Olsen and Melaaen (1993) and Olsen and Kjellesvig (1998)

utilized the k − ε turbulence model and the bed-load formula of van Rijn (1984) to solve

the conservation of mass equation at the bed and calculate the scour around a cylindrical

pier. The spatial distribution of erosion measured in a previous experiment was well repre-

sented, but the time-step and discretization of the computational domain did not allow the

resolution of neither the coherent unsteady flow structures nor the dynamics of sediment

transport and scour formation. Ushijima (1996) developed a full 3D unsteady numerical

model with the k − ε turbulence model to predict the scour produced by three submerged

jets in a sand bed. The unsteady formulation required the use of moving grid techniques to

solve the governing equations in a time-accurate manner, producing a better spatial distri-

bution of scour compared with previous calculations that did not satisfy mass conservation

in each time step. It is important to note that such models, even though unsteady, are

too diffusive to capture the rich dynamics of both flow and sediment transport phenomena

in the vicinity of the foundation. In particular, such models fail to capture the complex,

aperiodic dynamics of the horseshoe vortex (Ge and Sotiropoulos, 2005) and are capable of

reproducing only very large-scale periodic vortex shedding.

Recent URANS simulations of scour around abutment-like structures, cylindrical piers,

and channel constrictions of Nagata et al. (2005), Roulund et al. (2005), and Duc and Rodi

(2008) respectively, have reproduced approximately the depths and distribution of the lo-

calized erosion. However, since the unsteadiness of the flow was not resolved, these models

could not reproduce the time-scales or the influence of the coherent structures on the initi-

ation of motion and transport of sediment. Roulund et al. (2005), in particular, performed
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experiments and numerical simulations of scour around a cylindrical pier in live-bed con-

ditions at Re = 46, 000. A sediment transport and scour model was incorporated to the

URANS computations, using a discretization with a total of 1.97×105 grid nodes. Roulund

et al. (2005) employed the k−ω turbulence model computing the boundary conditions with

an analytical expression for the shear-stress. As a consequence, the model predicted 30%

smaller shear-stresses at the bed in the HSV region, and could not reproduce the flow pat-

terns behind the cylinder at the symmetry plane. For the sediment transport simulations,

Roulund et al. (2005) utilized the equilibrium bed-load formula of Engelund and Fredsøe

(1976) to compute a sediment velocity proportional to the shear velocity at the bed, as-

suming constant particle velocity on the balance of momentum for the sediment. The bed

elevation was computed from the mass conservation at the bed, or Exner equation, using

a time-step larger than the flow solution and without considering the moving boundary

effects.

Numerical models have also been developed to calculate the 3D sediment transport and

the entrainment and deposition processes for slowly varying beds in rivers and channels. Wu

et al. (2000) computed the sediment transport and bed elevation in open channel flows with

the k − ε turbulence model and the van Rijn (1984) formula for bed-load transport. The

transport near the bed was also coupled to a suspended load model, and a depth-averaged

total load was employed to update the bed in steady-flow channels. Olsen (2003) employed

the same turbulence model and bed-load equation to compute formations of meanders and

their characteristics in natural rivers, representing correctly the topography of the cross-

sections and length of the meanders.

Comparisons of Chang and Scotti (2004) between LES and URANS simulations for the

oscillatory flow over ripples, showed that Reynolds-averaged simulations could not capture

adequately the coherent structures that are formed at the lee of the bed forms and they

also underestimated the magnitude of the turbulent stresses. LES computations coupled

with advection-diffusion models for sediment over bed forms have been able to simulate
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the effects of the large-scale vortical structures on sediment transport. Zedler and Street

(2001, 2006) demonstrated how Görtler vortices generated in troughs of sinusoidal ripples

and coherent structures of the boundary layer in oscillatory flows are the major mechanisms

of sediment entrainment. To explore the direct effect of the coherent structures on sediment

grains, Chang and Scotti (2003, 2006) also developed a simple Lagrangian model of particle

transport. Using the flowfield solutions of their LES computations over sinusoidal bedforms,

they evaluated the forces and trajectories of particles without using a gradient-diffusion

transport assumption.

These studies highlight the importance of coupling the sediment dynamics with a coher-

ent structure resolving turbulence model, such as the URANS/LES approaches previously

described. Sediment transport models based on advection-diffusion equations that also ac-

count for bed erosion have yielded adequate representations of the spatial distribution of

scour, but due to their low resolution they have not been able to describe in detail the

interaction with the flow and the evolution of scour.

1.2 Specific objectives and outline of the thesis

In this research we develop a numerical model to simulate the three-dimensional turbu-

lent flow past surface-mounted obstacles like bridge foundations, using advanced coherent-

structure resolving turbulence models which can capture the relevant scales of the flow that

are the most important mechanisms of sediment transport and scour.

Two sediment transport models with different levels of modeling sophistication and

predictive capabilities are also developed: (1) A Lagrangian particle model to perform

one-way coupling simulations and investigate the direct effect of the large-scale vortices

in sediment transport dynamics. Computational investigations of particle dynamics also

give insights in the entrainment mechanisms and interactions between the sediment grains

and flow scales at conditions near the threshold of motion; and (2) An Eulerian model of

unsteady bed-load transport coupled to a bed erosion model to predict the initial stages of
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scour and reveal the interaction between bed-load transport and the HSV system, giving

information of the erosion and deposition processes in high Reynolds number turbulent

flows.

Multiple tools are incorporated into the model to achieve the following specific objec-

tives:

a. Compute the flow past surface mounted obstacles utilizing the numerical model re-

cently described in Paik et al. (2007). The model is applied to simulate the flow studied

by Dargahi (1989, 1990), accounting for the geometry of the pier and streambed using

overset grid discretizations.

b. Study the coherent structure dynamics of the turbulent HSV that constitute the

fundamental scour mechanisms in high-Reynolds number turbulent flows, captured

by the detached-eddy simulation (DES) approach utilized as the turbulence model.

c. Study the direct effects that the resolved unsteady flowfield at the HSV region have

on the sediment dynamics through the development of a theoretical Lagrangian model

of sediment particles, and based on analytical expressions of the instantaneous hydro-

dynamic forces.

d. Formulate a novel unsteady bed-load transport model coupled to the solution of the

Exner equation to predict the scour development and its influence on the flow, imple-

menting moving grid strategies in the numerical model.

The following sections give an outline of the thesis, and summarize the major contribu-

tions of the research:

Chapter 2: The numerical methods and turbulence models used to simulate junction

flows are explained in the context of the scour around bridge foundations. The discretization

techniques and numerical strategies to deal with complex geometries and moving boundaries

employed to address the problem are also reviewed.
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Chapter 3: We present the results of the flow simulation past a vertical cylinder

mounted on a rectangular channel reproducing the experimental configuration of Dargahi

(1989). The three-dimensional vorticity dynamics and turbulence statistics at the symmetry

plane are studied, revealing the bimodal dynamics and HSV instability. A statistical analysis

of the resolved flowfield is performed by using the proper orthogonal decomposition (POD)

to extract the basic linear modes of velocity time-series.

Chapter 4: A new Lagrangian modeling technique for sediment transport is developed

to perform one-way coupling simulations of the particle dynamics. In this method the

equations and solution procedures are based on the instantaneous hydrodynamic forces

produced by the resolved flow. The sediment particle flux is analyzed with statistical

techniques to describe its dynamic characteristics.

Chapter 5: The sediment transport and bed models to simulate the initial stages of

scour, with their corresponding solution methods, are elaborated to complete the description

of the numerical model. Quantitative results of the initial stages of scour and bed elevation

time series are studied, including the generation of bed forms produced along the legs of

the HSV system.

Chapter 6: Finally, we summarize the research and its applications, and we describe

future research possibilities that will emerge from the thesis.
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CHAPTER II

COMPUTATIONAL FLUID DYNAMICS MODEL

The governing equations for the incompressible flow of Newtonian fluid are the conser-

vation of mass and momentum, known as the Navier-Stokes equations:

∂ũi
∂xi

= 0 (3)

∂ũi
∂t

+ ũj
∂ũi
∂xj

= − ∂p̃

∂xi
+

1
Re

∂2ũj
∂xj∂xj

(4)

where ũi and p̃ are the instantaneous velocity components and the pressure divided by the

fluid density respectively, and xi are the cartesian coordinate directions, i = 1, 2, 3.

Since analytical solutions of the Navier-Stokes equations exist only for simplified situ-

ations, numerical integration is necessary to obtain meaningful results to real engineering

problems. The numerical methods to compute the time-dependent solutions of the equations

can be generally divided in pressure-based methods, such as fractional-step or pressure-

Poisson solvers (Harlow and Welch, 1965; Chorin, 1968), and density based schemes like

artificial compressibility algorithms (Chorin, 1967) that advance the solution in time by

adding a derivative in pseudo-time of the pressure to the continuity equation, converging

the solution in every time step when the field approaches to zero divergence.

Additionally, the prediction of flows around complex geometries requires the implemen-

tation of advanced computational techniques to reproduce the relevant characteristics of

the problem, and develop a comprehensive tool to analyze the flow dynamics and sediment

motion in realistic conditions. Unsteady simulations of large Reynolds number turbulent

flows also need the addition of a turbulence model to estimate the turbulent stresses of the

unresolved scales of the flow, which result when the Navier-Stokes equations (3) and (4) are
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averaged either in time or space.

The main challenge for the selected model is to obtain physically meaningful results

by representing correctly the statistics that account for the energy transfer between the

smallest scales and the resolved flow, which contains the energetic coherent structures that

have the largest impact on the studied phenomena.

In this chapter, we present the computational tools developed to simulate flows domi-

nated by coherent structures, which constitute the major mechanisms of sediment transport

and scour. First, the governing equations and the turbulence model are described in detail

and subsequently we present the discretization techniques for the equations expressed in

generalized curvilinear coordinates, as well as the solution algorithms for the system of the

discretized Navier-Stokes equations and the turbulence model. Numerical strategies for the

domain discretization with Chimera overset grids and the Arbitrary Lagrangian-Eulerian

(ALE) methodology for moving boundaries are also described. The parallel implementation

of the code with Message-Passing Interface (MPI) for distributed memory systems in mas-

sively parallel computers is explained, and finally the validation of the code with a moving

boundary case is presented.

2.1 Governing equations

Flows at high Reynolds numbers in complex geometries are characterized by a wide

range of turbulent scales of fluid motion. The accurate representation of three-dimensional

turbulent flows with their complex dynamics is the major challenge for the numerical meth-

ods. Complete solutions of the Navier-Stokes equations calculated for all the scales of

motion, however, called Direct Numerical Simulations (DNS), require extremely high grid

resolutions to compute the smallest dissipative motions of turbulence, the Kolmogorov scale.

Since the computational cost of the DNS approach makes it only applicable to simple ge-

ometries in low Reynolds number flows, practical alternatives such as LES and URANS

simulations have been developed to predict the flow at Reynolds numbers of engineering
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interest (Spalart, 2000).

The unsteady Reynolds-averaged Navier-Stokes equations (URANS) are derived by av-

eraging the conservation equations in time. Assuming an emsemble average over flowfield

realizations, equations (3) and (4) are expressed in terms of mean velocities and pressure

including averaged quantities of turbulent fluctuations.

To derive the URANS equations the instantaneous flowfield is decomposed as the sum

of the mean and a turbulent fluctuation:

ũi = 〈ũi〉+ u′i = ui + u′i (5)

p̃ = 〈p̃〉+ p′ = p+ p′ (6)

The deterministic time averages, ui and p, are considered to contain the coherent low-

frequency component with a time-scale larger than the characteristic scale of the incoherent

turbulent fluctuations, u′i and p′. Therefore, the Reynolds-averaged equations are found by

replacing the previous expressions in the Navier-Stokes equations,

∂ui
∂xi

= 0 (7)

∂ui
∂t

+ uj
∂ui
∂xj

= − ∂p

∂xi
+

1
Re

∂2uj
∂xj∂xj

− ∂

∂xj
〈u′iu′j〉 (8)

where the last term in the momentum equation represents the so-called Reynolds stresses,

which also correspond to the second statistical moment or covariance of the turbulent fluc-

tuations. These set of four mean-flow equations have a total of 10 unknowns. Without

relations to determine the components of the Reynolds stress tensor the system is not

closed, and modeling is required to compute the statistical moments of the turbulence field.

Reynolds averaging of the Navier-Stokes equations is therefore the common method

to obtain solutions at realistic Reynolds numbers in turbulent engineering flows. These

flows are usually dominated by coherent structures and instabilities that contribute a large
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portion of the total kinetic energy and turbulent stresses.

2.2 Statistical turbulence models

As previously discussed, realistic three-dimensional turbulent flows cannot be repre-

sented with DNS for all turbulent scales, and statistical turbulence models are employed to

obtain numerical solutions of the governing equations (Pope, 2000). Statistical turbulence

closures such as k − ε, k − ω, and one-equation Spalart-Allmaras (S-A), have been widely

used to find the turbulent stresses in the URANS equations (Durbin and Petterson-Reif,

2001). Such models are practical from the computational standpoint but are rather dif-

fusive and can only resolve the very largest scales of motion in turbulent flows (e.g. Ge

and Sotiropoulos, 2005). For that we are interested here in models that are practical for

engineering calculations at real-life Re, and can resolve dynamically rich coherent struc-

tures. Recent work (Paik and Sotiropoulos, 2005; Paik et al., 2007) has shown that hybrid

URANS/LES models can serve this purpose. These turbulence models, such as detached-

eddy simulations (DES) developed by Spalart et al. (1997), are combined formulations that

compute the flow near solid walls in URANS mode, and resolve the eddies outside the

boundary layer with LES. By eliminating the need of resolving near-wall turbulent eddies

in a full LES models, hybrid formulations can resolve very rich dynamics in the flow at an

affordable computational cost (Spalart, 2000). In what follows, we first present an overview

of the base URANS turbulence model and then explain how these models can be used in a

hybrid URANS/LES mode.

The basic concept behind the URANS turbulence models is to express the Reynolds

stress tensor in terms of mean-flow quantities. The Boussinesq approximation, employed

in isotropic turbulence models, assumes a linear relationship between the turbulent stresses

and the mean strain-rate tensor,

−〈u′iu′j〉 = −2
3
kδij + 2νtSijSij (9)
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where the mean rate of strain is calculated as:

Sij =
1
2

(
∂ui
∂xj

+
∂uj
∂xi

)
(10)

The gradient diffusion approximation of equation (9) introduces a turbulent eddy-viscosity

νt to account for the effects of the smallest scales. The turbulence kinetic energy of these

scales is k, and δij is the Kronecker delta.

As the base turbulence model in this work, we chose the one-equation eddy-viscosity

model of Spalart and Allmaras (1994) (S-A) because of its simplicity, computational expe-

dience, and great promise it has demonstrated in simulations of complex flows. The S-A

turbulence model (Spalart and Allmaras, 1994) is a one-equation closure for the URANS

equations, and consists on a relation for the auxiliary variable ν̃ related to the eddy viscosity.

This equation, derived from empirical arguments and dimensional analysis (Spalart, 2000),

contains a destruction term that is a function of the distance from the wall and reduces the

eddy viscosity inside the turbulent boundary layer. The model can be expressed as:

∂ν̃

∂t
+
∂uj ν̃

∂xj
= cb1(1− ft2)S̃ν̃ −

(
cw1fw −

cb1
κ2
ft2

)[ ν̃
d

]2

+
1
σ

{
∂

∂xj

[(
1

Re
+ ν̃

)
∂ν̃

∂xj

]
+ cb2

∂ν̃

∂xj

∂ν̃

∂xj

}
(11)

where the right-hand-side of this partial differential equation contains the production, wall

destruction and diffusion terms. The working variable ν̃ in the S-A turbulence model has

a direct relation to the eddy viscosity, (ν̃ = νt/fv1), and the destruction term contains the

length scale d, defined as the distance from solid walls. The rest of the variables are defined

by the following expressions:

fv1 =
χ3

χ3 + c3
v1

, χ =
ν̃

ν
, ft2 = ct3 exp(−ct4χ2)

where ν is the molecular viscosity. In the production term, the modified vorticity S̃ is a
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function of the magnitude of the vorticity vector, |S|:

S̃ = fv3 |S|+
ν̃

κ2d2 fv2

The production term in this case is different from the original definition of Spalart and

Allmaras (1994). We define the function fv2 in terms of a new variable fv3 , which prevents

the spurious propagation of the eddy viscosity into attached laminar regions (Squires et al.,

2005), such that:

fv2 =
(

1− χ

cv2

)−3

, fv3 =
(1 + χfv1)(1− fv2)

χ

The wall-destruction function is defined as:

fw = g

[
1 + c6

w3

g6 + c6
w3

]1/6

, g = r + cw2(r6 − r), r =
ν̃

S̃κ2d2

Finally, we define the closure coefficients cb1 , cb2 , σ, cw1 , cw2 , cw3 , cv1 , cv2 , and κ, which

are constants, as follows:

cb1 = 0.1355, σ = 2/3, cb2 = 0.622, κ = 0.41

cw1 =
cb1
κ2

+
(1 + cb2)

σ
, cw2 = 0.3

cw3 = 2, cv1 = 7.1, cv2 = 5

ct3 = 1.1, ct4 = 2

In its extended version this model also includes transition terms, which provide a smooth

transition from laminar to turbulent flow, but they are not necessary in the high Reynolds

number simulations performed in this investigation.

In the hybrid DES approach developed by Spalart et al. (1997) the S-A turbulence model
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equation (11), functions as the subgrid scale (SGS) model of LES in regions away from the

wall, where the grid density can resolve the scales of fluid motion near the size of the grid

spacing. The modification to the S-A model to implement DES consist on replacing the

distance to the nearest wall as the length-scale of the model by the following expression:

d̃ ≡ min (d, CDES∆) (12)

where ∆ ≡ max (∆x, ∆y, ∆z), is the largest dimension of the grid cell and the model con-

stant is set equal to its standard value CDES = 0.65, which was calibrated for homogeneous

turbulence (Shur et al., 1999).

The transition of the model from URANS to LES is therefore controlled by the grid

spacing. If the computational grid is constructed such that the wall-parallel grid spacing is

of the order of the boundary layer thickness, the S-A URANS model is retained throughout

the boundary layer, and the prediction of the boundary layer separation is determined

in the URANS mode of DES. Far from the solid boundaries, the model becomes a SGS

eddy-viscosity equation. When the production balances the destruction term of the model,

the length scale in the LES region yields a Smagorinsky eddy-viscosity. Analogous to the

classical LES formulation, the role of ∆ is to allow the energy cascade down to a length

scale proportional to the grid size, making a pseudo-Kolmogorov length-scale based on the

eddy viscosity proportional to ∆.

This hybrid model combines the strenghts of URANS and LES using only one partial

differential equation to model the Reynolds stresses. Since fully resolved LES are still too

costly at the range of Reynolds numbers in real sediment transport and scour problems,

we utilize DES that can capture the most-energetic coherent structures and predict the

unsteadiness of the flow and stresses that cause transport and bed erosion (Paik et al.,

2007).

In the standard DES approach the transition between the URANS and LES modes
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depends exclusively on the grid spacing. The model was developed with the idea that the

grid spacing in the direction parallel to the wall must be much greater than at least half

the thickness of the boundary layer, otherwise grid-induced nonphysical separation arises

in regions where the mesh spacing violates these conditions (Spalart et al., 1997).

For the computation of surface-mounted obstacles, the grid in the region between the

obstacle and the wall needs to be refined in the streamwise and vertical directions to resolve

the HSV system that resides inside the turbulent boundary layer. The grid characteristics at

the junction activate prematurely the LES mode of the model, reducing the eddy viscosity

and generating insufficient Reynolds stresses that produce early separation in a laminar

fashion (Paik et al., 2007).

In this investigation we utilize the modification of Paik et al. (2007), which was previ-

ously proposed to simulate the wing-body junction experiments of Devenport and Simpson

(1990). Therefore, the transition between the URANS and LES modes is controlled by

ensuring that the URANS layer is always present near the wall regardless of the local grid

spacing.

We use the new definition of the length-scale of the model, forcing the transition from

URANS to LES to occur at a distance placed halfway between the location of the mean

HSV core and the wall, Hcore. We introduce the new length-scale d̃n, as follows:

d̃n =


d if d ≤ d`

min (d, CDES∆) if CDES∆ ≥ d`

(1− f`)CDES∆ + f`d` otherwise

(13)

where

d` '
Hcore

2

f` = exp

[
−
(

d− d`
d` − CDES∆

)3
]
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This adjusted length-scale modifies the model by pushing the URANS-LES interface

upward in the outer region of the boundary layer. The exponential function used in the

equation (13) produces a smooth transition, while the length-scale magnitude above the

mean HSV core preserves the original definition of DES.

In the simulations of the flow past a wall-mounted cylinder performed in this study, the

position of the HSV core is estimated from the vortex location obtained from a separate

RANS calculation, which predicts accurately the position of the mean structures in junction

flows, but of course fails to yield the rich dynamics of such flows. Further details on this

modification of the DES approach can be found in Paik et al. (2007).

2.3 Domain decomposition method for moving boundary
problems

To simulate geometrically complex domains, the URANS equations are transformed to

a generalized non-orthogonal curvilinear coordinate system. Maintaining the flow variables

in cartesian coordinates we perform a partial transformation, which can be written in vector

format and strong conservation form as follows:

Γ
∂Q

∂t
+ J

∂

∂ξj
(
F j − F jv

)
= 0 (14)

where

Γ = diag [0 1 1 1]

Q = [P, u1, u2, u3]T

F j =
1
J

[
U j , u1U

j + Pξjx1
, u2U

j + Pξjx2
, u3U

j + Pξjx3

]T
F jv =

1
J

(
1

Re
+ νt

)[
0, gmj

∂u1

∂ξm
+Rm1ξ

j
xm
, gmj

∂u2

∂ξm
+Rm2ξ

j
xm
, gmj

∂u3

∂ξm
+Rm3ξ

j
xm

]T

In these equations P is the pressure divided by the density plus the diagonal component

of the Reynolds stress tensor (P = p + 2
3k), ui (i = 1, 2, 3) are the Cartesian velocity
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components, xi are the Cartesian coordinates, J is the Jacobian, ξjxi are the metrics of the

geometric transformation, U j are the contravariant velocity components U j = uiξ
i
xj

, gij are

the components of the contravariant metric tensor gij = ξixk
ξjxk , Re is the Reynolds number,

and the tensor Rij is defined as:

Rij =
∂ui
∂ξk

ξkxj

The turbulence model in equation (11) can also be written in the same compact tensor

notation as:
∂ν̃

∂t
+ J

∂

∂ξj

[
F jt − F

j
tv

]
+ J Ht = 0 (15)

where

F jt =
1
J

[
U j ν̃

]
F jtv =

1
J

[
1
σ

(
1
Re

+ ν̃

)
gmj

∂ν̃

∂ξm

]
Ht =

1
J

[
−cb1 (1− ft2) S̃ν̃ +

(
cw1fw −

cb1
κ2
ft2

)( ν̃

d̃n

)2

− 1
σ
cb2g

mj ∂ν̃

∂ξm
∂ν̃

∂ξm

]

To cope with the complex geometry of natural or man-made environments the physical

domain can be decomposed into several overlapped subdomains where the governing equa-

tions are solved independently, and boundary conditions are obtained by interpolating the

solution from neighboring blocks. This is the so-called Overset or Chimera grid technique,

which has been successfully applied to simulate flows in arbitrarily complex geometries in

multiple engineering flows (Paik et al., 2004; Ge and Sotiropoulos, 2005; Ge et al., 2005;

Paik et al., 2005; Paik and Sotiropoulos, 2005). Grid components can be added or altered

to represent the arbitrary shape of real-life geometries, permitting a great deal of flexibility

in the discretization of multiconnected domains. High-order spatial discretization schemes

along with an efficient temporal integration can be implemented using structured grids. The

nodes in each subdomain are selectively clustered near solid surfaces without distorting the

rest of the grid. Careful treatment is also needed at the boundaries of each block to ensure
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that vortical structures generated in one subdomain can cross grid interfaces and interact

with the flow in adjacent subdomains without distortion (Tang et al., 2003).

In addition to the ability of handling complex geometries, such as the actual config-

uration of bridge foundations, the model includes moving boundary interface methods to

determine the deformation produced by bed erosion and deposition in a coupled manner

with the solution of the flow equations. Several numerical techniques have been proposed to

simulate moving interfaces in fluid dynamics problems. The Arbitrary Lagrangian-Eulerian

(ALE) formulation, developed by Hirt et al. (1974), describes the flow with a moving frame

of reference where the grid follows the boundary deformation, moving the computational

mesh in time to adapt to the new shape of the domain. The main advantage of this method

is the possibility of maintaining the grid resolution at solid boundaries. The nodes are re-

arranged every time the grid is updated and the no-slip condition is always applied directly

to the boundary nodes, a feature that is very relevant in turbulent flow simulations with

near-wall resolution.

ALE formulations, however, can only handle moderate boundary deformations, and

they are unable to deal with complex phenomena such as interface folding or rupture.

Newer techniques such as inmersed boundary methods can reconstruct the flowfield at the

interface, interpolating the variables to the grid nodes closer to the boundaries (Gilmanov

and Sotiropoulos, 2005; Ge and Sotiropoulos, 2007), but their application to high Reynolds

number flows might be restricted by inherent limitations in resolving the near-wall viscous

regions.

For the time-accurate simulations of turbulent flows and sediment transport with mobile

beds that require fine grid resolution in the vicinity of solid boundaries, an ALE scheme

is implemented to incorporate the arbitrary deformations of the computational domain

that arise from the erosion and deposition processes. The coordinate transformation to

the generalized curvilinear system equation (14), can be adapted to a moving Lagrangian

framework accounting for the boundary deformation. The transformed equations to the
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ALE curvilinear coordinate system are written as:

Γ
∂Q

∂t
+ J

∂

∂ξj
(
F j − F jv

)
+ J h = 0 (16)

where the new source vector h and the advective flux now contain the contravariant com-

ponent of the Lagrangian velocity U j0 , defined in terms of the cartesian Lagrangian velocity

of the moving grid ẋi, as:

U j0 = ẋi ξ
j
xi

and the fluxes are written as:

h =
1
J

[
0, u1

∂U j0
∂ξj

, u2
∂U j0
∂ξj

, u3
∂U j0
∂ξj

]T
F j =

1
J

[
U j , u1(U j − U j0 ) + Pξjx1

, u2(U j − U j0 ) + Pξjx2
, u3(U j − U j0 ) + Pξjx3

]T
In this approach we maintain the primitive variables of the flowfield in the vector Q, com-

puting the mass displaced by the domain deformation in the source term of the conservation

equations. A similar procedure has been implemented by Ahn and Kallinderis (2006) for

fluid-structure interaction problems.

The source terms produced by the domain deformation are also considered in the tur-

bulence model,
∂ν̃

∂t
+ J

∂

∂ξj

[
F jt − F

j
tv

]
+ J Ht + J ht = 0 (17)

where the ALE modifications to the original transformation shown in equation (15) are:

ht =
1
J
ν̃
∂U j0
∂ξj

F jt =
1
J

[
(U j − U j0 ) ν̃

]
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The discretization of the governing equations also needs to be consistent with the dis-

placement of the grid nodes and satisfy the conservation of mass at all times. The metrics

and the Jacobian of the transformation are therefore computed with the geometric conser-

vation law, that preserves the continuity equation in the moving grid for the momentum and

continuity equations (Hodges and Street, 1999), such that the following kinematic relations

are satisfied:
∂

∂t

(
1
J

)
=

∂

∂ξj

(
U j0
J

)
(18)

∂

∂ξj

(
ξjxi

J

)
= 0 (19)

Additionally, the entire computational domain needs to satisfy the global conservation

of mass at every time step, such that the following relation applies:

∂

∂t

∫
V
dV +

∫
S

(ui − ẋi) · n̂i dA = 0 (20)

where V is the volume of the computational domain and S the total surface enclosing the

volume.

2.4 Discretization and solution algorithm

The governing equations of the flow displayed in equation (16) are discretized in non-

staggered computational grids using second-order accurate finite-volume discretizations.

Central differencing is employed for the viscous fluxes, pressure gradients and source terms,

and upwind QUICK scheme is used for all the convective terms. The third-order fourth-

difference artificial dissipation of Sotiropoulos and Abdallah (1992) is added to eliminate

the odd-even decoupling of the pressure field due to the nonstaggered mesh layout.

The time integration is carried out by adopting a dual (or pseudo) time-stepping artificial

compresibility (AC) method. The discretized equations are then integrated advancing the

solution in pseudo-time using the pressure-based implicit preconditioner of Sotiropoulos and

35



Constantinescu (1997), enhanced with local time-stepping and V-cycle multigrid accelera-

tion. This method has shown to be very effective in unsteady simulations of turbulent flows

with the DES approach (Paik et al., 2005; Paik and Sotiropoulos, 2005). The physical time

derivative is discretized with a three-point-backward, Euler implicit temporal-integration

scheme. The equations for the turbulence model are integrated with second order schemes,

advancing the solution in pseudo-time using the standard alternate direction implicit (ADI)

scheme.

In this section we describe in detail the solution methods for the flow and turbulence

equations, including the implementation of the boundary conditions, and the validation for

the moving boundary case.

2.4.1 Time-marching algorithm

The discretization of the governing equations (16), for the grid node (i, j, k), can be

written as follows:

Γ
3Qn+1

i,j,k − 4Qni,j,k +Qn−1
i,j,k

2∆t
+Rn+1

i,j,k = 0 (21)

where Rn+1
i,j,k denotes the discrete approximation of all spatial derivative and source terms

in the governing equations.

The solution is advanced in time using a dual time-stepping AC algorithm, adding a

derivative in pseudo-time,

Γ̃
Q`+1,n+1
i,j,k −Q`,n+1

i,j,k

∆τ
+ Γ

3Qn+1
i,j,k − 4Qni,j,k +Qn−1

i,j,k

2∆t
+Rn+1

i,j,k = 0 (22)

where Γ̃ = diag [1/β 1 1 1], and the parameter β is a constant that controls the speed

of propagation of the pressure in the domain, which is used as a preconditioner of the

system (Ahn and Kallinderis, 2006). The dual-time increment is denoted by ∆τ , and (`)

is the iteration level in pseudotime of the solution at the new physical time-step (n + 1).

Therefore, the solution Q`+1,n+1
i,j,k is iterated in pseudotime until convergence is reached,
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such that Q`,n+1
i,j,k and Q`+1,n+1

i,j,k converge to Qn+1
i,j,k . The additional term of the derivative in

pseudotime is eliminated, and the governing equations are satisfied at the (n+ 1) physical

time level.

The solution is achieved by linearizing the implicit system of equations, adopting the

pressure-based implicit preconditioner of Sotiropoulos and Constantinescu (1997) as the

approximate factorization method. Using this methodology we only consider an implicit

discretization of the linear part of the convective flux for the solution of the Navier-Stokes

equations. The implicit treatment of the velocity divergence and the pressure gradient

terms results in a coupled, block-implicit system with linear coefficients that depend only

on the metrics of the geometric transformation. Since the system is linear, we do not need

to recalculate the matrix coefficients during every dual-time iteration which improves the

efficiency of the solution algorithm (Sotiropoulos and Constantinescu, 1997; Paik et al.,

2005). The linear part of the flux that is discretized implicitly in time is obtained from the

convective flux of equation (16), and corresponds to:

F jL =
1
J

[
U j , P ξjx1

, P ξjx2
, P ξjx3

]T (23)

Therefore, the discretized equation in delta-form can be expressed as follows:

[
Γ̃ + Γ

3∆τ
2∆t

+ ∆τ δξjA
j
L

]
∆Q = −∆τ R̂`,n+1 (24)

where δξj is the central difference in the ξj direction, and the right-hand side now corre-

sponds to:

R̂`,n+1 = Γ
3Qn+1

i,j,k − 4Qni,j,k +Qn−1
i,j,k

2∆t
+Rn+1

i,j,k

The Jacobian matrix of the linear convective flux, denoted by AjL in equation (24), is
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defined as:

AjL =
∂F jL
∂Q

=



0 ξjx1 ξjx2 ξjx3

ξjx1 0 0 0

ξjx2 0 0 0

ξjx3 0 0 0


(25)

We then simplify the discretized equation (24) in delta form as follows,

[
I + ∆τ δξj Ã

j
L

]
∆Q = −∆τ E−1 R̂`,n+1 (26)

where E = diag[1/β, α, α, α], with α =
(
1 + 3∆τ

2∆t

)
, and ÃjL = E−1AjL.

We apply the approximate factorization of the system, separating the left-hand-side

operator in the matrix product, and diagonalizing each term as proposed by Sotiropoulos

and Constantinescu (1997):

[
I + ∆τ δξ1Ã

1
L

] [
I + ∆τ δξ2Ã

2
L

] [
I + ∆τ δξ3Ã

3
L

]
∆Q = −∆τ E−1 R̂`,n+1 (27)

[
M1T1M

−1
1

] [
M2T2M

−1
2

] [
M3T3M

−1
3

]
∆Q = −∆τ E−1 R̂`,n+1 (28)

The modal matrices M j of the modified Jacobian ÃjL contain the left eigenvectors of

the following similarity transformation:

ÃjL = MjΛjM−1
j (29)

where Λj is the diagonal eigenvalue matrix, that defines the implicit diagonal operator Tj .

The matrices are then defined as follows:

Tj =
[
I + ∆τ δξj Λj

]
(30)

Λj = diag
[
0, 0, θ

√
gjj , − θ

√
gjj
]

(31)
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Mj =



0 0
√
αβ

√
αβ

− (ξj
x2

+ξj
x3

)

φj

ξj
x1

(ξj
x3
−ξj

x2
)

φj
√
gjj

ξj
x1√
gjj

− ξj
x1√
gjj

ξj
x1

φj

gjj+ξj
x2

(ξj
x3
−ξj

x2
)

φj
√
gjj

ξj
x2√
gjj

− ξj
x2√
gjj

ξj
x1

φj −gjj−ξj
x3

(ξj
x3
−ξj

x2
)

φj
√
gjj

ξj
x3√
gjj

− ξj
x3√
gjj


(32)

where θ =
√
β/α, and φj =

√
2gjj − (ξjx2 − ξ

j
x3)2.

The diagonal term Tj of the decomposition is modified to enhance the stability of the

algorithm, combining the pressure-based implicit operator expressed in equation (30) with

an implicit residual smoothing operator (Sotiropoulos and Constantinescu, 1997):

Tj =
[
I + ∆τ

(
δξj Λj − ℘(ÃjL) εj δξjξj

)]
(33)

where ℘(ÃjL) is the spectral radius of the matrix ÃjL, εj is a positive constant of order

one, and δξjξj is the three-point, second-order accurate central difference operator for the

second-order spatial derivative.

The solution is advanced in pseudotime using the AC pressure-based implicit precondi-

tioner algorithm (Sotiropoulos and Constantinescu, 1997; Paik et al., 2005), in the following

steps:

Tξ1∆Q∗ = M−1
1

(
∆τ E−1 R̂`

)
Tξ2∆Q∗∗ = M−1

2 M1 ∆Q∗

Tξ3∆Q∗∗∗ = M−1
3 M2 ∆Q∗∗

∆Q = M3 ∆Q∗∗∗

Therefore, we obtain a converged solution at every physical time-step by performing

the iterations in pseudotime for each subdomain of the overset grid layout. The boundary

conditions are communicated at the interfaces of adjacent subdomains via interpolation
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(Tang et al., 2003).

2.4.2 Techniques for convergence acceleration

To improve the convergence rate and decrease the time of computation the factorization

approach also incorporates convergence acceleration techniques such as local pseudotime

stepping and a multigrid method.

The local pseudotime ∆τ is chosen as the minimum between the hyperbolic and parabolic

stability criteria (Paik et al., 2005), such that:

∆τ = min

{
CFL

max(℘1, ℘2, ℘3)
,

V N(
1
Re + νt

)
max(g11, g22, g33)

}
(34)

where CFL and V N are the Courant-Friedrichs-Lewy and the von Neumann numbers

respectively, and ℘j are the spectral radii of the Jacobian matrices of the implicitly treated

linear part of the convective flux.

The multigrid acceleration technique consists on solving the equations on a sequence of

coarser grids to damp low-frequency errors of the solution, which makes the convergence

of the algorithm faster, requiring less total computational work. Here we employ a semi-

coarsening strategy, implementing multigrid in some of the coordinate directions. A three-

grid-level V-cycle algorithm is implemented, performing one, two and three iterations in the

three levels, from the finest to the coarsest. As explained by Lin and Sotiropoulos (1997), a

standard implicit residual smoothing operator is used when the corrections of the coarsest

grid are transferred (or prolonged) to the finest grid.

2.4.3 Solution of the turbulence closure

The turbulence model equation is solved simultaneously with the URANS equations.

Adding a pseudotime derivative to the system, and assuming an implicit discretization of
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the unsteady and advective terms, we obtain the following equation:

ν̃`+1 − ν̃`

∆τ
+

3ν̃`+1 − 4ν̃n + ν̃n−1

2∆t
+ J

(
δξjF

j
t

)`+1
− J

(
δξjF

j
tv

)`
+ JH`

t + Jh`t = 0 (35)

The implicit terms are then linearized, and the discretized equation is expressed in delta

form as follows: [(
1 +

3∆τ
2∆t

)
+ Lt

]
∆ν̃ = −∆τ R`t (36)

where R`t contains the advective, viscous, and transport terms:

R`t = J
[
δξjF

j
t − δξjF

j
tv +Ht + ht

]`
(37)

and the operator Lt corresponds to the Jacobian of the advective flux such that:

L`t = ∆τ δξj

(
∂F jt
∂ν̃

∆ν̃

)
= ∆τ δξj

[
Ajt (·)

]
(38)

Equation (36) is factorized with an alternating direction implcit method (ADI), which

is expressed as:

[
D + L`t1

]
D−1

[
D + L`t2

]
D−1

[
D + L`t3

]
∆ν̃ = −∆τ R`t (39)

where the diagonal terms are contained in the matrix D:

D = 1 +
3∆τ
2∆t
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and the system is then solved as:

[
D + L`t1

]
∆ν̃∗ = −∆τ R`t[

D + L`t2
]

∆ν̃∗∗ = D ∆ν̃∗[
D + L`t3

]
∆ν̃ = D ∆ν̃∗∗

ν̃`+1 = ν̃` + ∆ν̃

Therefore the complete solution algorithm proceeds as follows: Within the pseudotime

iteration, the currently available flowfield is utilized to solve the turbulence model equation

and determine a new eddy viscosity. This updated turbulence variable is employed to

estimate the Reynolds stress tensor in a new pseudotime iteration of the AC algorithm for

the governing equations until convergence is reached, and the solution for the next physical

time-step is obtained.

2.4.4 Boundary conditions

For a flow domain containing moving boundaries, we need to prescribe the appropiate

boundary conditions for the flow variables in the Lagrangian-Eulerian formulation. At

the interface between the fluid and solid boundaries the no-slip condition gives a Dirichlet

boundary condition for the velocity vector. Assuming that the kinematics of the solid

boundary is known, we obtain the flow velocity as follows:

ui = ẋi (40)

where ẋi is the Lagrangian velocity of the boundary in the cartesian coordinate system.

From the projection of the momentum equation on a solid boundary we obtain the

Neumann condition for the pressure in the direction normal to the interface (Gresho and

Sani, 1987). Assuming high Reynolds numbers (Gilmanov and Sotiropoulos, 2005), the
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pressure at the boundary can be approximated by:

−∂P
∂n

= n̂i ·
Dui
Dt

(41)

It is worth noting that the expressions in equations (40) and (41), coincide with the

constant velocity and homogeneous boundary condition for the pressure in domains with

stationary or steadily moving boundaries. The turbulence variable of the S-A model is set

to zero at all the solid boundaries of the domain, and no modifications are made to ν̃ in

symmetry boundary conditions.

The outlet boundary conditions at the exit of the computational domain are formulated

through a characteristics-based nonreflecting boundary condition that allows the vortical

structures to exit the domain without distorsions, which can reflect back and perturb the

computed solution. The details of the formulation have been recently laid out for incom-

pressible flows by Paik et al. (2005). The outflow boundary conditions, adapted from

the locally one-dimensional inviscid (LODI) boundary conditions for compressible flows of

Thompson (1990) and Poinsot and Lele (1992), can be implemented implicitly in the iter-

ative dual-time AC method. The main idea consists on identifying the amplitude of the

characteristic waves of the convective flux that are perpendicular to the outflow boundary.

The negative eigenvalues are then eliminated from the computation of the flow variables at

the outlet, producing an absorbing boundary condition that does not reflect perturbations

back to the domain, since it only considers the positive eigenvalues that correspond outward

traveling characteristic waves (see Paik et al., 2005, for details).

2.5 MPI Parallelization

Numerical simulations of flows in complex geometries and sediment transport processes

at high Reynolds numbers, with the tools described in the previous sections, require very fine

grids in certain regions of the domain and statistically significant time-dependent solutions

to elucidate the physics of the flow. Parallel computation strategies have been developed

43



to reduce the high computational costs and improve the performance of this complex cal-

culations. In parallelized codes, multiple processors execute different parts of the program

simultaneously, decreasing the computational time, and increasing the magnitude of the

problem that can be solved.

The message-passing interface communication library (MPI) has become the standard

in recent years to handle the processor communication in distributed-memory systems.

In this research, MPI directives are included in a parallelized code to perform large-scale

calculations of the turbulent flow and sediment transport.

Each block of the computational grid is divided in a cartesian topology. This method-

ology, proposed by Gropp et al. (1999), assigns a section of the domain to each processor

reducing the total communication. The 3D cartesian topology creates a processor mesh

where every member contains a specific portion of a computational grid. The processor

performs the computation only in the domain assigned to it, and identifies the preceding

and subsequent processors that contain the adjacent regions of the computational grid. The

variables at some specific grid nodes, the so-called ghost points, are stored in adjacent pro-

cessors, such that only the information of these nodes is communicated when the calculation

is advanced in time.

This cartesian topology provides an efficient way of organizing the computational domain

and simplify the coding for the parallelized calculation. To improve the efficiency of the

code, however, a very careful treatment is needed to distribute evenly the computational

load in each processor, without interfering with the multigrid solver.

2.6 Validation

The numerical method has been evaluated in multiple cases with complex geometries

(Sotiropoulos and Constantinescu, 1997; Paik et al., 2005, 2007), which makes it appropiate

for the simulations carried out in the present investigation. Of specific interest to this

work are the studies of Paik and Sotiropoulos (2005) and Paik et al. (2007), which have
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Figure 1: Diagram of the moving channel sidewall with the basic dimensions of the
experiments performed by Stephanoff et al. (1983) and Pedley and Stephanoff (1985). The
piston is driven periodically at a frequency f .

demonstrated the ability of the method to simulate high Reynolds numbers turbulent flows

past complex hydraulic structures with good qualitative and quantitative accuracy. The

new feature that has been implemented in this work is the ability of the method to simulate

moving boundary problems using the ALE approach.

In this section we seek to validate this feature of the method by applying it to simulate

the flow in a rectangular channel with an oscillating asymmetric constriction, reproducing

the experimental configuration of Stephanoff et al. (1983) and Pedley and Stephanoff (1985).

The experiments were carried out in a rectangular channel of 2.5 m long, 0.1 m deep,

and 0.01 m wide. At 1.2 m from the inlet, the channel had a rubber membrane of 0.165 m

long installed on the sidewall. This flexible membrane was pushed by a square piston of 0.1

m×0.1 m, which was driven periodically with a prescribed frequency f and amplitude ε, as

shown in figure 1.

Defining the width of the channel as the length scale of the problem L = 0.01 m, we

determine the Reynolds number of the flow with the bulk velocity of the flow, U , as:

Re =
UL
ν

(42)

The frequency at which the piston is driven determines the magnitude of the Strouhal

number that is defined as follows:

St =
L
U
f (43)
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Therefore, the non-dimensional trajectory of the piston is defined as:

Z(t) =
ε

2
[1− cos(2πSt t)] (44)

where t is the non-dimensional time step scaled with U and L, and ε is the proportion of

the channel blocked during the maximum extension of the piston:

ε =
Zmax

L
(45)

Pedley and Stephanoff (1985) showed that for St > 0.005 for the range of Reynolds num-

bers between 360 and 1260, the flow developed a series of alternating vortices at the channel

walls downstream from the moving indentation. The flow resembled the backward-facing

step flow at some stages with the generation of “vorticity waves” that propagated down-

stream as the piston moved inside and outside of the channel. A remarkable phenomenon

that occurs during the retraction of the piston is the development of an instability of the

flow that produces co-rotating eddies upstream of the primary vortices.

Simulations for St < 0.005 gave the same results observed by Pedley and Stephanoff

(1985), with a quasi-steady flow, and only one vortex downstream of the extended piston.

We perform the simulation for the most documented case, with Re = 507 and St = 0.037.

The value of ε is set to 0.38, and the transition section on the sidewall is modeled as:

Ẑ(t) =
Z(t)

2
{1− tanh [4.14(x− x1)]} (46)

where x1 is the position of the point located half way between the piston and the rigid wall.

To have an accurate description of the flow variables, the entire length of the channel

is considered in the simulation, using two subdomains with overset grids, with a total of

11.0 × 106 grid nodes. Figure 2 depicts the entire grid for the calculation and the inset

shows the highly resolved block in the region of interest that contains the piston. The
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Figure 2: Computational grid of the channel with the moving sidewall. Two blocks are
considered with a total of 11.0× 106 grid nodes. The inset shows the grid that contains
the moving wall, which has a higher resolution with 90% of the nodes.

resolution of the flow near the moving sidewall is increased by distributing 90% of the

total grid nodes in the subdomain that contains the region where the vortices are formed,

and a hyberbolic tangent distribution is employed to distribute the nodes near solid walls.

At the inlet we prescribe constant plug flow, such that the flow approaching the piston

section from upstream is a parabolic Poiseuille-type of profile as observed by Stephanoff

et al. (1983). For the simulations performed for this flow, and subsequent calculations with

moving boundaries, the AC parameter β defined in equation (22) was set in the range from

30 to 50, and the instantaneous flux at the outlet was corrected in every pseudo-iteration

such that the domain satisfied global mass conservation, equation (20), at all times. This

correction turned out to be particularly relevant to reproduce all the experimental trends.

The non-dimensional physical time-step was set to ∆t = 0.1351, such that ∆t×St = 0.005.

Figure 3 shows vorticity contours and instantaneous streamlines at the symmetry plane.

All the results are in agreement with the experimental observations of the flow dynamics.

The sequence shows the formation of the alternating vortices and the emergence of the

secondary corotating vortices during the retraction phase at the same instants in time

reported by Pedley and Stephanoff (1985), between t = 0.60 and t = 0.65. These vortices

are identified with letters from A to D as shown in figure 3(c).

47



(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 3: Contours of spanwise vorticity and instantaneous streamlines at the symmetry
plane. The non-dimensional time is referred to the oscillation period.

Figure 4 compares the numerical and experimental results for the positions of the crest

and trough of the vorticity waves corresponding to the structures B and C respectively.

We can observe that the results follow closely the experimental observations, capturing the

development of the vortices, and the unsteady and viscous effects produced solely by the

motion of the boundary.

We identify the three-dimensional coherent dynamics flow using the so-called q-criterion

(Hunt et al., 1988), defined as:

q =
1
2

(ΩijΩij − SijSij) (47)

where Ωij and Sij denote the antisymmetric and symmetric parts of the velocity gradient

tensor respectively. According to Hunt et al. (1988), we can identify vortical structures

in regions where q > 0, where the local rotation rate dominates the strain rate. The

instantaneous snapshots of q = 1.0 reveal the two dimensional character of the flow during
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Figure 4: Comparison of the computed position of vortex crest of B, and trough of vortex
C (continuous lines) with the results of Pedley and Stephanoff (1985). The symbols � and
M represent the experimental data for vortices B and C respectively.

the entire extension phase, and the 3D breakup of the structures before the full retraction of

the piston. The eddy doubling phenomenon is shown to be a two-dimensional phenomenon,

and very complex 3D features of the flow emerge at the stationary walls on the sides during

the deceleration phase, when the piston retracts increasing the cross-sectional area of the

channel. These disturbances move toward the center of the channel, producing the flow

breakdown observed by Pedley and Stephanoff (1985), and reaching the symmetry plane at

about 0.7 of the oscillation period.

The above results show the ability of the model to obtain unsteady converged solutions,

and capture the complex flow patterns of this problem with moving boundaries. Therefore,

the numerical methods described in this chapter are appropiate to perform efficient calcu-

lations of three-dimensional flows using fine meshes, and they are utilized to simulate the

turbulent flow and sediment transport past surface-mounted obstacles in flat and mobile

beds.
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(a) (b)

(c) (d)

(e) (f)

Figure 5: Coherent structures visualized with q-isosurfaces. Instantaneous images show
the breakup into small vortical structures during the piston retraction.
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CHAPTER III

TURBULENT FLOW PAST A SURFACE MOUNTED

CYLINDER

The complex and highly unsteady dynamics of the turbulent HSV system requires a

detailed numerical study to analyze the mechanisms that increase the turbulent stresses

and induce the motion of sediments in cases with erodible beds.

Dargahi (1989, 1990) performed the only experimental investigation of the HSV system

dynamics for both, fixed and mobile beds, at the same Reynolds numbers to evaluate the

effects of the large-scale vortical structures of the HSV in sediment transport and scour.

In this chapter, we present the results of the unsteady numerical simulations for the

experiments of Dargahi (1989) obtained using the coherent-structure resolving turbulence

model, and the numerical methods that were described in detail in the previous chapter. We

discuss the features of the time-averaged flow and turbulent statistics at the symmetry plane

in front of the cylinder and compare the computed results with experimental measurements.

The analysis is followed by the study of the vortex dynamics through proper orthogonal

decomposition (POD) of the resolved flowfield, and a complete examination of the three-

dimensional characteristics of the HSV system, including comparisons between our results

and those observed in similar experiments.

3.1 Computational details

The flow past the cylindrical pier mounted on a rectangular channel was experimentally

studied by Dargahi (1989) at Re = 39, 000 based on the cylinder diameter and the approach

bulk flow. The original experiments were carried out in a flume of width B = 1.5 m , with

a water depth of H = 0.2 m. The cylinder was mounted in the center of the channel at
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Table 1: Dimensions of the flow studied, with the corresponding Reynolds and Froude
numbers.

U (m/s) D (m) B (m) H (m) Re Fr

0.26 0.15 1.5 0.2 39,000 0.19

Figure 6: Geometry of the computational domain, showing the section of the channel
considered in the simulations.

a distance of 18.0 m (120D) from the inlet, and the smooth rigid bed consisted of glued

sand with d50 = 0.36 mm. Table 1 lists the basic dimensions and scales considered in the

problem.

The computational domain utilized to simulate this flow consists of a section of the

channel with a total length of 19D, as shown in figure 6. In the computations, the geomet-

rical dimensions and flow velocities are non-dimensionalized with the cylinder diameter D,

and the bulk velocity U , respectively.

The boundary conditions of the computational domain are selected according to the

experimental set-up. The inflow condition is prescribed at a distance of 7D upstream of
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the leading edge of the cylinder. We specify a turbulent channel flow at the inlet, which is

previously calculated via a separate RANS simulation of the upstream section of the channel

using the S-A turbulence model at the same Reynolds number. Inflow profiles for velocity

field and turbulence quantities are obtained at 113D downstream of the entrance of the

rectangular channel, with the same width and depth as in the computational domain for

the cylinder calculation. The dimensions of the computational domain reproduce exactly

the actual geometrical configuration used in the laboratory experiments of Dargahi (1989,

1990). The outlet boundary at the exit is placed at 12D downstream of the pier, where we

apply the nonreflecting characteristic boundary conditions.

No-slip boundary conditions are applied on the bottom wall, the cylinder surface, and

the sidewalls of the channel. Note that the width of the channel of interest is narrow enough

to directly affect the flow features in the vicinity of the cylindrical pier. For this reason the

side walls of the channel are included in the calculation and treated as solid, no-slip walls.

The free surface is approximated as a flat and rigid slip wall, and symmetry bound-

ary conditions are applied for the resolved flow variables. This treatment is valid under

the assumption that the gravity force is strong enough to suppress vertical free-surface

fluctuations, which is consistent with the small Froude number of the experiments. No

modifications are introduced into the turbulence model near the free surface.

We discretize the computational domain using overset grids, and perform the simulations

in two computational meshes to examine the grid sensitivity of the solutions. The flowfield

is computed on a fine grid with approximately 7.2 × 106 grid nodes, and also on a coarser

grid with 3.0 × 106 nodes to examine if the essential dynamics of the HSV system can be

captured with similar accuracy using different grid densities.

For both grids, we use a Cartesian grid for the background computational domain, com-

prising the entire channel width in the region away from the cylinder. We employ additional

subdomains near the pier, discretizing the region around the cylinder with body-fitted curvi-

linear C-type grids for the fine mesh, and an O-type grid with the same characteristics for
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(a) (b)

Figure 7: Overset grid layout. (a) The fine grid contains 7.2 million grid nodes, 80%
around the cylindrical pier. (b) The coarse grid has a similar distribution, with a total of
3.0 million grid nodes.

the coarse mesh, as shown in figure 7. These are the finest grids attached at the cylinder,

and they have a cylindrical shape with an external diameter equal to 2.1D, with the coor-

dinate origin at the center of the cylinder. This distribution allows an efficient clustering

of grid nodes in the region of interest, without producing high aspect ratio cells that can

result if we use a single grid for the entire domain. The grid nodes for every subdomain are

clustered near solid walls using a hyperbolic tangent distribution.

The connection between the background and cylinder grids is made by two subdomains

that make a smoother transition from the circular to the rectangular sections of the blocks.

For the fine and coarse meshes the first grid node above solid walls is always located at

z+ ≤ 0.5, except at the sidewalls of the channel, where we employ wall-functions for the S-

A model (Kalitzin et al., 2005). All the simulations are carried out using a nondimensional

physical time step of ∆t = 0.01.

3.2 Results of the simulations at the symmetry plane

For the flow past a cylindrical pier, Dargahi (1989) investigated the HSV dynamics

describing qualitatively the unsteady coherent structures around the cylinder from hydrogen

bubble visualizations. Figure 8 shows the topology of the HSV system described by Dargahi

(1989) for the entire range of Re studied (6, 600 ≤ Re ≤ 65, 000). From the observations
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of the instantaneous flowfield at the symmetry plane, he deduced that the HSV system

consisted of 5 major vortices in front of the pier as shown in figure 8. Two primary vortices

identified as V2 and V4, with their respective secondary structures that emerge due to the

vortex-wall interaction, called V3 and V5 respectively, and a corner vortex at the base of

the pier identified as V1. It is important to note that according to Dargahi’s description

these structures are the most persistent in time, but the average flowfield at the symmetry

plane from the experimental results was not provided.

Even though there is limited information about the dynamics of the flow at the junction

region for the case of the cylindrical pier, the studies of this flow for fixed (Dargahi, 1989)

and mobile (Dargahi, 1990) beds constitute the only available experiments performed to

investigate the relation between the unsteadiness of the HSV system, scour development,

and ripple formation at the bed. Nevertheless, all the numerical techniques employed in

the present investigation were also rigorously validated for the wall-mounted wing flow of

Devenport and Simpson (1990) in the recent study of Paik et al. (2007).

To study the flowfield at the symmetry plane in front of the cylinder we focus initially

on the average characteristics of the resolved flow, including the comparisons between the

two grid resolutions. We describe the time-average flowfield, comparing our results with the

qualitative topology of the HSV system inferred by Dargahi (1989), and the measurements

for the averaged pressure distributions at the bed and on the cylinder surface, and the mean

bed shear-stress in front of the pier.

Besides verifying our results with the available information provided by Dargahi’s exper-

iments, we also compare the spatial distribution of turbulence quantities at the symmetry

plane with the same statistics utilized by Devenport and Simpson (1990) in their detailed

experimental study of the turbulent HSV system. Unlike the flow studied by Devenport and

Simpson (1990) with a single unsteady vortical structure that oscillated in front of the wing,

the flow past a cylindrical pier of Dargahi (1989) has a characteristic two-vortex structure

and takes place at a smaller Re, with a considerable larger boundary-layer thickness due
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Figure 8: Topology of the HSV system at the symmetry plane in front of the cylinder at
Re = 20, 000 reported by Dargahi (1989). A similar two-vortex system (V2 and V4), with
their corresponding secondary vortices at the wall (V3 and V5), was found for the range of
Reynolds numbers studied (6, 600 ≤ Re ≤ 65, 000).

to the upstream channel flow. The comparisons of turbulent statistics, however, provide a

clearer idea of the HSV dynamics in the flow past a cylindrical pier and give information

on the similarities and differences between these two flows.

In this section we also investigate the dynamic features of of the vortex dynamics and

the probability distribution functions of velocity fluctuations. From the analysis of the

instantaneous flow patterns at the symmetry plane we study the near-wall flow dynamics

to reveal the existence of the backflow and zero-flow modes of the turbulent HSV around

the cylindrical pier, which give rise to the bimodal oscillations of velocity fluctuations.

Finally, we use the proper orthogonal decomposition (POD) to simplify the flow dynamics,

decomposing velocity time-series and representing the flow as a sum of linear modes to

extract the relevant time-scales at the junction region.

3.2.1 Mean flow and turbulence statistics at the symmetry plane

The flow was simulated using the Spalart-Allmaras model in steady RANS, URANS

and DES modes. The URANS simulation ultimately converged to a steady state solution

identical to that obtained from the RANS computation. Contours of spanwise vorticity at

the symmetry plane in front of the cylinder depicted in figure 9(a) show the resulting steady

HSV obtained from steady RANS and URANS, which as seen consists of a single vortex

contrary to the experimental observation of Dargahi (1989).
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Figure 9: Time-averaged vorticity at the symmetry plane in front of the cylinder. (a)
URANS computation; and (b) Averaged vorticity for the DES computation using 30,000
time-steps.

The time-averaged vorticity obtained from the DES simulations shown in figure 9(b)

shows two clear vortical structures in front of the cylinder. A larger upstream vortex that

emerges from the upstream separation region, which is distinguished by a tail of negative

vorticity that stretches upstream, parallel to the wall (Devenport and Simpson, 1990; Paik

et al., 2007). Another structure closer to the cylinder is located at approximately X =

−0.74, which is slightly lifted from the wall and seems to be more rounded and connected

to the upstream vortex. Underneath the entire HSV structure there is a layer of positive

vorticity attached to the bed that extends from the upstream separation point to the corner

vortex in the junction region. This layer, which is produced by the interaction of the vortex

with the wall, becomes thicker underneath the two main vortices of the HSV.

The experimental investigation of Dargahi (1989) provides a good qualitative description

of the HSV dynamics for the studied range of Reynolds numbers. Limited quantitative

information is available for the pressure distribution at the bed and on the upstream cylinder

face at the symmetry plane. Some measurements are also reported for a non-dimensionalized

magnitude of turbulence intensities, and mean shear-stress in front of the cylinder. In what

follows we compare the results of the DES computations with the limited experimental data

given by Dargahi (1989).

Dargahi (1989) reported the mean pressure coefficient Cp at the symmetry plane, mea-

suring the pressure at the bed and on the upstream face of the cylinder. Figure 10 shows

the pressure coefficients at the same positions for the fine and coarse grid simulations. The
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Figure 10: Pressure coefficient for the fine (solid lines) and coarse grids (dashed lines) at
the symmetry plane, compared with the results reported by Dargahi (1989). (a) Cp at the
upstream face of the cylinder, and (b) Cp at the bed.

simulated vertical profile of the pressure coefficient is very similar to the experimental mea-

surements, with the minimum pressure at approximately Z/H = 0.1, with Cp . 0.7, as

seen in figure 10(a).

The pressure at the bed along the symmetry plane increases slowly at constant rate

followed by a zone where Cp is approximately constant and then decreasing at X = −1.0

as seen in figure 10(b). Dargahi (1989) shows similar pressure distribution but the local

minimum is located at X = −0.8. The decrease of Cp is related to the position of the

HSV close to the wall, and the time-average solution shows the same discrepancy in the

position of the mean HSV observed by Paik et al. (2007) for the experiments of Devenport

and Simpson (1990) with the same turbulence model. The DES model described in the

previous chapter, the same model utilized by Paik et al. (2007), shows a somewhat early

separation of the flow compared to the experiment causing the vortex to be located further

upstream of the obstacle than measured. This discrepancy not withstanding, the resulting

flowfield for Dargahi’s case exhibits all the instantaneous and time-average features of tur-

bulent HSV flows observed in the experiment, and in other experiments for related junction

flows (Devenport and Simpson, 1990; Agui and Andreopoulos, 1992; Doligalski et al., 1994;

Simpson, 2001). A similar discrepancy was also observed in the URANS simulations for this

flow with the k − ω turbulence model in the study of Roulund et al. (2005), in which the
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bed pressure distribution was displaced slightly upstream compared to Dargahi’s results.

Figure 11(a) and 11(b) show the contours of resolved turbulence kinetic energy (TKE)

of our computations for the fine and coarse grids, respectively. By examining the TKE

magnitudes for the two mesh densities, we observe that the fine grid can resolve a larger

amount of energy as expected. Although the HSV in the cylinder case is characterized by the

two-vortex system and a smaller Re, the results for the resolved TKE seem to be consistent

with the flowfield reported by Devenport and Simpson (1990), as shown in figure 11(c).

The TKE contours have a similar distribution to the experimental results of Devenport

and Simpson (1990), as they exhibit the same pocket of high TKE and the characteristic

C-shape with two distinct peaks reported by Devenport and Simpson (1990). A first peak

near the wall and a second peak above it, approximately in the region of the core of the

mean HSV. The maximum TKE closer to the bed in our numerical simulations is centered

around X = −0.8, and the other is located near the core of the vortex closer to the cylinder

seen in figure 9. The reason for the pocket of high TKE in that region is closely linked to

the dynamics of the vortex system that will be examined in detail in the next section.

The calculated resolved primary TKE production term (Devenport and Simpson, 1990)

is plotted in figure 12 for the fine and coarse grids. We compare again our results with the

experimental measurements of Devenport and Simpson (1990) to analyze the differences that

arise in the two-vortex system case. In the present simulations we obtain an elongated pocket

of positive production with TKE production magnitudes that are one order of magnitude

higher than in the approaching turbulent boundary layer, in agreement with the experiments

of Devenport and Simpson (1990).

A particular difference between the present results for the cylindrical pier and the previ-

ous experiments and simulations for the wall-mounted wing case (Devenport and Simpson,

1990; Paik et al., 2007), is the existence of two instead of one pockets of negative near-

wall production below the positive production region, which is likely due to the two-vortex

structure of the cylinder flow. The first peak is approximately located at the position of
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Figure 11: Resolved turbulence kinetic energy (TKE) at the symmetry plane using 30,000
time steps, with the experimental results of Devenport and Simpson (1990) shown for
comparison. (a) Fine grid; (b) Coarse grid; and (c) Experimental measurements of
Devenport and Simpson (1990) for the wall-mounted wing at Re = 1.15× 105
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the upstream vortex of the averaged flow, and the second is placed at the region of max-

imum resolved TKE, half way between the two time-average structures seen in the mean

resolved vorticity plots. Negative production regions, also identified in the study of Paik

et al. (2007), are the result of energy exchanges and interactions between the resolved low-

frequency small and large scales of the flow (energy transfer from small to large scales of

the turbulent flow).

The “backscattering” of resolved scales is also observed in the two negative pockets of

TKE production closer to the cylinder. Devenport and Simpson (1990) showed exactly the

same distribution in their experiments (see figure 12(c)), which would indicate that the

mechanisms that generate this particular feature of the TKE production are the same for

both junction flows (Dargahi, 1989; and Devenport and Simpson, 1990)

The simulations with the DES model have captured all the relevant experimental charac-

teristics of the mean flow and turbulence statistics of the HSV system. The only shortcoming

of the model, which was also observed in the previous simulations Paik et al. (2007), is the

slight upstream location of the predicted average structures compared to the experimental

measurements, identified in this case with the pressure plots of figure 10. In the next sec-

tions we analyze the unsteady features of the flow and study the mechanisms that lead to

the emergence of bimodal dynamics of velocity fluctuations.

3.2.2 Instantaneous flow patterns at the symmetry plane

The complex mean flow and turbulence statistics flow patterns discussed in the previous

section are a direct result of the large-scale unsteadiness of the HSV system. Devenport

and Simpson (1990) were the first to report the bimodal low frequency oscillations of the

HSV, which arise from the interplay between the backflow and zero-flow modes of the flow

near the bed. As explained in the previous chapter, the backflow mode is characterized by

negative streamwise velocities produced by a strong wall-jet flow in the upstream direction

below the HSV system. The zero-flow mode, on the other hand, is formed by a vertical
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Figure 12: Primary term of turbulence production at the symmetry plane in front of the
cylinder in Dargahi’s (1989) flow at Re = 39, 000 for both grids can be compared with the
experimental results of Devenport and Simpson (1990) at Re = 1.15× 105. (a) Fine grid
for the cylinder simulation; (b) Coarse grid for the cylinder simulation; and (c)
Measurement of turbulence production by Devenport and Simpson (1990)

62



(a) (b)

Figure 13: Instantaneous velocity vectors colored by spanwise vorticity contours at the
symmetry plane. (a) Backflow mode during upstream vortex organization; and (b)
Zero-flow mode with vertical velocities.

flow with small near-zero streamwise velocities. The quasiperiodic interaction between the

modes was reproduced in detail for the first time by Paik et al. (2007), using the same

model employed in the present study.

Video animations of the resolved flowfield in front of the cylindrical pier reveal that the

HSV dynamics for this case is also dominated by the interaction between the backflow and

zero-flow modes. Instantaneous velocity vectors colored with the spanwise vorticity shown

in figures 13(a) and 13(b) illustrate the two modes at the symmetry plane, at the location

between the two persistent time-average structures of the HSV system. The backflow mode

in figure 13(a) corresponds to the organization of a vortical structure in that region, while the

zero-flow mode shown in figure 13(b) coincides with small streamwise velocities accompanied

by strong ejections of positive vorticity from the wall. Even though this analysis for the

velocity at the symmetry plane was not reported by Dargahi (1989), our results indicate

that the turbulent HSV in front of the cylindrical pier exhibits the same characteristics as

other junction flows (Devenport and Simpson, 1990; Agui and Andreopoulos, 1992), and

that our simulations reproduce all the essential features of the bimodal dynamics, including

the aperiodic and seemingly chaotic interchange between the two modes.

As previously pointed out, Dargahi (1989) identified two primary vortices at the symme-

try plane for the range of Reynolds numbers of his experiments. The sequence of resolved

out-of-plane vorticity contours at the symmetry plane in figure 14 shows that the simu-

lations reproduce this essential unsteady feature of the flow, with two persistent vortices
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that oscillate continuously, undergoing the instability that gives rise to the backflow and

zero-flow modes.

These two predominant vortices observed in the simulations follow a sequence that is

continuously repeated: (a) generation, (b) vortex merging, (c) eruption, and (d) regenera-

tion, as shown in the series of snapshots representative of the process in figure 14.

The two primary clockwise vortices in front of the cylinder shown in figure 14(a) are the

dominant structures of the HSV system sustained in time, which were referred to as V2 and

V4 in the experimental visualizations of Dargahi (1989) (see also figure 8). Video animations

show that the vortex nearer to the leading edge of the cylinder V2, is very unstable and

disorganized, while the upstream vortex V4, which has been recently shed from the point

of separation in figure 14(a), grows stronger. Vortex V2 is swept upstream by the return

flow between both structures, and the upstream vortex V4 moves slowly downstream. The

two vortices merge as seen in figure 14(b), producing a large structure that moves slowly

toward the cylinder and destabilizes rapidly, which will become the new V2 vortex, called

V2’ in figure 14(c). The interaction of this new vortex with the wall extracts a tongue

of positive vorticity from the secondary vortex behind this large structure. This spike

of positive vorticity lifts vertically and engulfs the HSV, leading to a strong eruption of

near-wall fluid initiated by the complex interactions of the vortices. The breakdown of the

HSV shown in figure 14(d) coincides with a strong vertical flow that is characteristic of

the zero-flow mode. The remnants of the vortex after the eruption reorganize in a weak

downstream structure V2’ (a new V2 vortex) that appears closer to the cylinder, whereas

a new upstream vortex V4’ emerges from the separation zone (a new V4 vortex) to repeat

the process quasiperiodically.

The intense low-frequency oscillations produced by the complex vortical interaction and

the destruction and regeneration of the vortical structures are responsible for the distri-

bution of turbulence statistics in the HSV region. The vortices in the zone of the plane

of symmetry where the strong eruptions occur oscillate continuously, interacting with the
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(d)
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Figure 14: Sequence of instantaneous spanwise vorticity at the symmetry plane.
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Figure 15: Histograms of streamwise velocity fluctuations at the symmetry plane and
X = −0.78 show the near-wall region with bimodal dynamics.

positive vorticity extracted from the wall. This locations coincide with the increased mag-

nitudes of resolved TKE and turbulence production near the wall depicted in figures 11 and

12.

The vortical interactions and the subsequent destruction and regeneration of the primary

structure of the HSV explain the existence of the previously discussed peaks in the TKE

contours, and the pockets of negative TKE production near the bed. The fact that the

downstream vortex undergoes this eruptive process continuously causes regions of high

TKE and production above the wall and closer to the cylinder.

The transfer of energy from smaller to larger scales in the resolved flow is also evident

from the sequence of the HSV dynamics. The smaller structures of positive vorticity energize

the larger vortices and produce the eruptions seen in the figures (see also the comments

with respect to these processes in Paik et al., 2007).

It is important to note, however, that the two-vortex configuration of the flow does not

have a considerable effect on the turbulence statistics of the resolved flow. The average

TKE and the production term have similar characteristics to the Devenport and Simpson
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(1990) experiments, which had a single-vortex configuration. The vortex interaction and

bimodal dynamics that arises at the symmetry plane is a direct effect of the HSV instability

and quasiperiodic destruction of the predominant vortices in the junction region. Flow

animations show that there are no two simultaneous vortices (V2 and V4) experiencing

the instability at the same time. The zero-flow mode associated with the destabilization of

the vortex always emerges after the merging of the two structures, i.e. the instability that

produces the development of eruptive tongues of wall-vorticity requires a strong vortical

structure to trigger the process depicted in figure 14. Thus, the intense pockets of TKE

and production shown in the previous section coincide with the zones where the vortex is

destabilized.

The bimodal dynamics of the HSV can be rigorously established by plotting the proba-

bility density functions (pdfs) of streamwise velocity fluctuations. We extract the instanta-

neous velocities along a vertical line upstream of the vortical structure closer to the cylinder.

The series of histograms shown in figure 15 at X = −0.78 demonstrate that velocities near

the bed in this region are clearly bimodal for Z ≤ 0.03. This coincides exactly with the

area where the vertical flow is followed by the eruptions of the vortex, as a consequence of

the interaction with wall vorticity. The right peak of the pdfs in figure 15 is centered at

zero velocity, but appears positive after subtracting the mean of the time-series. Exhaustive

analyses in this area also demonstrated that the histograms of velocity fluctuations in the

vicinity of the vortex closer to the cylinder are always bimodal closer to the bed. The ve-

locity fluctuations for the upstream vortex, however, exhibit only single-peaked pdfs, since

this vortex does not experiences the instability as previously explained.

3.2.3 POD decomposition

The Karhunen-Loève or proper orthogonal decomposition (POD) (Holmes et al., 1996)

is a statistical technique that can be used to simplify the computation or the analysis of

turbulent flows by performing a linear decomposition of the time-series of flow variables.
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The complex interaction of large-scale coherent structures can be decomposed as a sum of

linear modes intrinsic to the series. Holmes et al. (1996) also constructed low-dimensional

models of the Navier-Stokes equations to perform numerical simulations of turbulent flows,

using predetermined Fourier modes as basis functions, and a Galerkin projection to sim-

plify the governing equations. In this research, however, we use POD as a post-processing

tool, decomposing the velocity time-series of our computed solutions to perform statistical

analyses of the dominant modes of the flow and shed further insights into the nature of the

coherent structures.

We explore the bimodal dynamics of the HSV identifying the dominant modes of the flow

and determining the characteristics and time-scales of the relevant and most energetic modes

of the HSV system. The POD decomposition is defined as the optimal linear representation

of a set of data with empirical eigenfunctions. The original data of the streamwise resolved

velocity fluctuations (υ(x, t) = u(x, t) − 〈u〉) is projected onto an orthonormal basis, and

represented as a finite-dimensional sum:

υ(x, t) =
N∑
j

aj(t)ϕj(x) (48)

The optimal POD basis vectors ϕj , are chosen to maximize the average projection of υ,

which is equivalent to obtaining the vectors from the eigenvalues and eigenfunctions of the

autocorrelation matrix of the computed results (Holmes et al., 1996). This ensures an or-

thogonal basis with uncorrelated modal coefficients, aj(t), and positive empirical eigenvalues

λj that represent the energy contained in each mode.

As explained in Paik et al. (2007), if we try to reconstruct the phase-space of the

HSV flowfield using the standard POD methodology given in Holmes et al. (1996), we

cannot separate the dominant modes due to the combined effects of unsteadiness and spatial

variability of the HSV in the junction region. Therefore, we adopt the procedure proposed

by Horel (1984), which has been successfully applied to identify dominant modes in transient
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Figure 16: (a) Eigenvalue spectrum of the POD decomposition. The bars show the
relative magnitude of the 10 largest eigenvalues of the decomposition, where the first two
modes contain 84% of the streamwise TKE. (b) Histograms of the POD modal coefficients
of the first two modes, the inset shows the histograms for modes 3 and 4, which are
Gaussian distributions with small variance.

geophysical data sets. Following Horel (1984), we construct a complex representation of the

velocity time series as follows:

z(x, t) = υ(x, t) + i υ̂(x, t) (49)

where υ̂(x, t) is the Hilbert transform of the original time-series υ(x, t) defined as the con-

volution between the original time-series and the function 1/(πt):

υ̂(x, t) =
1
π

∫ ∞
−∞

υ(x, τ)
t− τ

dτ (50)

The POD decomposition is then performed on the new complex time-series given by equa-

tion (49) rather than the original data set. The discrete series transformation is calculated

by interchanging the real and imaginary parts of the Fourier transform of the series, mul-

tiplying the data in frequency domain by i =
√
−1. This procedure corresponds to a filter

operation applied to the velocity field, in which the amplitude of the Fourier components is

maintained while its phase is advanced by a quarter of a cycle π/2 (Horel, 1984).
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Figure 17: Bimodal reconstruction of the streamwise velocity (red dashed line) at
X = −0.76, and Z = 0.006, compared to the original computed series (black solid line).

We analyze the streamwise velocity fluctuations at the symmetry plane on a vertical

line at X = −0.78, from the bed to a maximum height of Z = 0.08. At each point along

the prescribed transect we extract the time-series for a total of 30, 000 time steps to obtain

the eigenvalues and eigenfunctions of the correlation tensor. Figure 16(a) shows the relative

magnitude of the 10 largest eigenvalues λj of the decomposition, which as discussed above

represent the energy contained in each POD mode. It is clearly evident that the first two

POD modes reproduce most of the variance of the velocity fluctuations, containing 84% of

the streamwise turbulence kinetic energy.

The two dominant POD modes turn out to also contain the intrinsic bimodal physics

of the unsteady horseshoe vortex as shown in figure 16(b), which shows the pdfs for the

first two POD modes. The pdf of the first mode is very wide and exhibits a peak at slighly

negative velocity values. Thus, this POD mode corresponds well with the physical backflow

mode of the HSV. The pdf of the second mode, on the other hand, is concentrated near

zero and is thus consistent with the zero-flow mode of the HSV. The pdfs from the third

mode and beyond are narrow-banded zero-mean Gaussian distributions, as seen in the inset

of figure 16(b).

The structure of the eigenvalue spectrum obtained from the POD decomposition has
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Figure 18: Statistics of the first two POD modes. (a) Autocorrelation function of the
POD coefficients for mode 1 (solid line), and mode 2 (dashed line) show their periodic
character. The inset with the autocorrelation of the third and fourth modes reveals their
lower time-dependence structure. (b) Power spectral density of the first two modes shows
the quasi-periodic character of the HSV system.

important implications in the characterization of the coherent dynamics of the HSV system.

As seen in figure 16(a), the decay of the eigenvalue magnitudes can also be described with an

exponential law λj ∼ exp(−cj), with c = 0.88. This rapid exponential decay of energy with

mode number suggests that all realizations of the system and consequently its underlying

dynamics are controlled by a small number of modes (Sirovich, 1989; Holmes et al., 1996).

To show that the first two POD modes essentially contain all important dynamics of the

HSV, we compare in figure 17 the original streamwise velocity fluctuation times series at

a point within the HSV with its POD reconstruction using only the first two POD modes.

It is seen that the two-dimensional POD reconstruction can capture in detail the most

significant time scales and features of the flow, including the aperiodic oscillations between

the modes that is evidenced in figure 17, and the zero-flow mode dynamics with velocities

near zero or highly intermittent positive excursions.

The autocorrelation function of the modal coefficients, shown in figure 18(a), reveal

the periodic variations of the time-dependence for the first two modes. The inset with

the autocorrelations for modes 3 and 4 show the rapid loss of the temporal dependence
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and the decay to a white noise state within very short time. The respective power spectral

densities of the first two modes, depicted in figure 18(b), show clearly the existence of several

dominant frequencies for each mode. The dominant frequency for mode 1 is f = 0.1554 Hz

(Strouhal number 0.0896) with several harmonics related by a rational number. Mode 2,

on the other hand, has the largest energy accumulation at f = 0.3050 Hz (Strouhal number

0.1760). These frequencies are also within the range of values reported by Dargahi (1989),

who measured the frequencies in the HSV region varying from 0.1 to 2.0 Hz.

The incommesurate character of these two frequencies, along with the fact that all

essential dynamics is captured by the first two POD modes, also indicates that the coherent

HSV dynamics in this region is quasi-periodic (Paik et al., 2007).

3.3 Three-dimensional dynamics of the HSV and scour mech-
anisms

To understand the complex instability mechanism that is responsible for what we observe

at the symmetry plane, we study the three-dimensional dynamics of the vortex that causes

the vorticity eruption phenomenon.

We identify the three-dimensional coherent dynamics of the HSV system using the q-

criterion, defined in equation (47), to visualize the instantaneous resolved flowfields and

study the resulting coherent structures of the HSV system around the cylindrical pier.

For this HSV system we also observe a complex pattern with some important similarities

to the experiment of Devenport and Simpson (1990), and the simulations by Paik et al.

(2007). The instantaneous q−isosurfaces shown in figure 19(a) reveal the three-dimensional

features of the HSV with a disorganized thinner vortex closer to the cylinder and a well-

organized thicker upstream vortex that has grown from the separation region. These two

vortical structures correspond to the vortices V2 and V4 that were initially indicated on

the diagram shown in figure 8 for the symmetry plane.

The necklace-like vortical structures that wrap around the cylinder also display a very
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Figure 19: Visualization of the instantaneous 3D coherent structures around the cylinder.
(a) Isosurfaces of q = 1.0 showing the main structures that conform the HSV system. (b)
Isosurfaces of positive and negative helicity show the interaction of counter-rotating
vorticity in the flow.

complex interaction along the legs of the HSV. To visualize the dynamics of the counter-

rotating vorticity at the sides of the pier, additional information is provided by the isosur-

faces of helicity depicted in figure 19(b) for the same instant in time as the q−isosurfaces.

Helicity corresponds to the projection of the vorticity onto the velocity field (Hunt and

Hussain, 1991) and gives additional insights to the q−criterion on the coherent structure

interaction in the flowfield. Helicity H is calculated from the velocity and vorticity fields as

follows:

H = u · ω = ui ωi (51)

where u and ω correspond to the flow velocity and vorticity vectors respectively. This scalar

quantity indicates the magnitude of vorticity in the flow direction and 3D isosurfaces of H

in figure 19(b) provide information on the vortex stretching regions in the computational

domain. By plotting positive and negative regions of high helicity magnitude we can vi-

sualize the interaction of counter-rotating vorticity and the sense of rotation of steamwise

coherent structures in the flow.

In figure 19(b) we multiply H by −1 the left side of the cylinder, such that the plotted

isosurfaces have the same colors for identical sense of rotation at both sides of the pier.
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Near the symmetry plane, the isosurfaces show alternating pairs of streamwise vorticity,

related to a 3D instability that occurs in this region which will be subsequently discussed.

A particular characteristic of the legs of the HSV system is the azimuthal waviness of

the larger vortical structures. The legs of the HSV system exhibit a braiding process of

counter-rotating vorticity, where the near-wall secondary vortices are lifted and sometimes

intertwined with the main structures. The vortices V2 to V4 are stretched axially by the

flow as they become oriented in the streamwise direction. The counter-rotating vortex pair

V2 and V3 that travels downstream develops a complex mutual interaction, in which the

secondary vortex (V3) that is smaller than the main structure of the HSV (vortex V2) is

lifted and wraps the larger structure creating a wavy pattern displayed in figures 19 (a) and

(b).

Turning our attention to the vortical structures near the symmetry plane visualized with

q−isosurfaces, we can observe the three-dimensional interaction that generates the contin-

uous interplay between the backflow and zero-flow modes. Continuing with the evolution

of the HSV system shown initially in figure 19, that corresponds to the backflow mode, the

zoomed snapshots shown in figure 20 depict the three-dimensional coherent structures for

the HSV transitioning from the backflow mode to the zero-flow mode. Figure 20(a) shows

the instant when the structures are merging, as the larger structure moves downstream

and becomes unstable, while a new vortex starts to appear from the separation zone. The

main core of the HSV system at this stage is characterized by the appearance of multiple

disturbances of the secondary vorticity that emerges and triggers the instability.

As explained in detail in Paik et al. (2007), the instability is originated at the wall,

from which multiple hairpin vortices arise with their legs oriented perpendicular to the

main HSV as seen in figure 20(b). These hairpin vortices grow from the outer turn of the

HSV, coil around the main structure of the vortex and disorganize it, producing the major

ejection events of wall vorticity observed at the symmetry plane. The core of the HSV

becomes very unstable with multiple small-scale structures close to the cylinder as shown in
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(a)

(b)

(c)

Figure 20: Sequence of instantaneous coherent structures of the HSV visualized with the q
criterion. The images show the relevant processes observed at different stages of the
vortex dynamics: (a) Vortex merging. (b) Zero-flow mode and development of hairpin
vortices. (c) Destabilization and reemergence.

figure 20(c). This vortex retreats downstream, and the backflow mode is again reestablished.

The process is then reinitiated with the formation of a new vortex that emerges from the

separation zone due to the adverse pressure gradient acting on the boundary layer, which

cannot be sustained by the near-wall flow producing separation and roll-up of a structure

that wraps around the cylinder.

The remarkable mechanism that produces the instability of the HSV system was inves-

tigated in detail for the wall-mounted wing simulations in Paik et al. (2007). The legs of

the hairpin vortices that are originated in the outer turn of the HSV are perpendicular to

the vortex core, and emerge as pairs of counter-rotating vorticity oriented in the upstream

direction. The generation of streamwise vorticity in the region near the symmetry plane is a
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consequence of a centrifugal-type of instability produced by the interaction of the HSV with

the wall. The concave curvature of the streamlines at the outer turn of the vortex, and the

decrease of the velocity magnitude at the bed and with respect to the radius of curvature of

the vortex, generate a velocity profile with the potential for centrifugal instability according

to the stability criterion for the boundary layer explained by Floryan (1986). The pairs of

counter-rotating vortices join as they move vertically, forming hairpins that engulf HSV

core as previously discussed.

As pointed out in Paik et al. (2007), this is similar to the Görtler vortices that develop in

a turbulent boundary layer flow over a concave wall, and correspond to the same instability

reported by Allen and Naitoh (2007) for a generalized junction. Allen and Naitoh (2007)

studied the 2D vortex generated at a region between a moving and a stationary wall. The

interaction of the vortex with the wall produces a similar situation to the core of the HSV,

as the vortex develops spanwise disturbances that surround it, which led to the emergence

of mushroom vortices between the outer turn of the vortex and the wall.

For the turbulent flow past a circular cylinder, Agui and Andreopoulos (1992) observed

the same eruptive phenomenon of the HSV system, and related the instability to the carac-

teristics of the reversed flow that produce a wall-jet at the outer turn of the main vortex. In

their experiments, Agui and Andreopoulos (1992) visualized mushroom vortices that coin-

cided with the vertical ejection of near-wall fluid, after a strong reversed flow was formed and

inflection points of the velocity profile were developed in this region. The emergence of hair-

pins has also been found in other junction flows and near-wall vortices, which coincide with

the development of the tongues of positive wall vorticity behind the main vortex (Doligalski

et al., 1994).

The HSV and the development of the instability that produces the complex interaction

of coherent vortices of different scales, increase considerably the turbulent stresses at the

junction region as it has been discussed in this chapter. Since most of the bed-load models

of sediment transport are based on relations defined in terms of the shear-stress or the
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(a) (b)

Figure 21: Mean bed stresses. (a) Averaged shear velocity at the bed (b) Normalized
shear stress along the symmetry plane at Z/H = 0.0025, compared to the measurements
of Dargahi (1989).

Shields parameter, we can examine the effects that the interplay between the backflow and

the zero-flow modes have on the stress distribution at the bed.

To visualize the magnitude of the shear-stress, we plot contours of the non-dimensionalized

shear velocity in figures 21 and 22, defined as:

uτ =
[

1
Re

∂

∂n
〈|u|〉

]1/2

(52)

where uτ is the shear-velocity, Re the Reynolds number, and n the coordinate direction

normal to the bed.

To emphasize the relevance of capturing the unsteadiness of the HSV system to represent

correctly the mechanisms of scour, and obtain accurate predictions of the bed stresses, we

plot the averaged shear-velocity over 30,000 time steps of the simulation in figure 21(a), and

the non-dimensional shear stress at the symmetry plane for Z/H = 0.025 in figure 21(b),

compared to the measurements of Dargahi (1989). These averaged stresses near the bed

show that the model reproduces the magnitude and approximate distribution of the mean

quantities, and yield small values of uτ in the HSV region, specially in the vicinity of the

symmetry plane, where the instability and bimodal dynamics of the HSV occur. A different

picture, however, emerges when instantaneous quantities are studied.
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The instantanous images of uτ depicted in figure 22 correspond to the same snapshots

that represent the HSV dynamics in figures 19 and 20. Figure 22(a) shows that the contin-

uous instability of the vortex closer to the cylinder creates two bands of high shear-stress,

with larger magnitude in the downstream structure that also has small pockets of concen-

trated stresses. The merging of the main vortices is initiated at the symmetry plane, and the

new larger structure is slightly lifted from the bed as the instability of the HSV is initiated,

as seen in figure 22(b). This vortex merging creates a band of high uτ , that propagates

rapidly toward the legs of the HSV. Figure 22(c) shows that when the hairpin vortices form

and coil around the main structure, the strong vertical flow coincides with the merging of

the vortex legs, and the establishment of a more uniform area of high shear-stress in front

of the cylinder. In a short period of time, the entire structure erupts and becomes very

disorganized, as shown in figure 22(d), by the processes previously described. The wall

vorticity ejected vertically is accompanied with the entrainment of high-speed fluid that

produces multiple pockets of high shear-stress, comparable to the magnitude of uτ at the

cylinder sides. The waviness of the new upstream vortex seen in the 3D visualizations with

q isosurfaces is reflected on the shear-stress distribution at the legs of the HSV, and the

two bands of high shear-stress in front of the cylinder is restored, before the process repeats

again.

3.4 Summary and findings

The large-scale coherent structures that dominate the dynamics of the HSV system in

turbulent flows in presence of a wall-mounted obstacle play a significant role in the sediment

transport processes in the vicinity of bridge foundations or other hydraulic structures located

in natural rivers and streams. To understand the fundamental mechanisms of the flow,

we need to implement hydrodynamic models capable of resolving the unsteadiness and

complexity of the HSV system, reproducing the bimodal dynamics of velocity fluctuations

at the symmetry plane and the increment of turbulent stresses near the bed.
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(a) (b)

(c) (d)

Figure 22: Sequence of instantaneous shear velocity at the bed for the same instants in
time depicted in figures 19 and 20 (a) Two-vortex structure. (b) Merging of vortices. (c)
Zero-flow mode and development of hairpin vortices. (c) Destabilization and reemergence.

In this study, we carried out simulations with the experimental configuration of Dargahi

(1989, 1990) for the turbulent channel flow past a surface-mounted cylinder, using the DES

approach, and the modification of the model proposed by Paik et al. (2007). The numerical

solutions for the flow of Dargahi (1989) verified the reliability of the numerical model to

represent turbulent junction flows, which is further supported by the results reported in

Paik et al. (2007), who found quantitatively accurate predictions of the mean flow, TKE,

and turbulence production rates for the flow of Devenport and Simpson (1990).

The dynamics of the flow at the symmetry plane in front of the cylinder shows the same

characteristics described in the experiments of Dargahi (1989), and it also has remarkable

similarities to the junction flow of Devenport and Simpson (1990). The HSV system for the

cylinder case at Re = 39, 000 consists of a complex sequence of vortices, with two major

prevalent structures wrapping around the cylinder, that interact continuously.

As also demonstrated in Paik et al. (2007), the numerical simulations can resolve most of
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the TKE and turbulence production at the symmetry plane. Furthermore, the instantaneous

resolved flowfield exhibits the bimodal characteristics of the HSV that is a consequence of the

interplay between the backflow and the zero-flow modes in the junction region (Devenport

and Simpson, 1990; Simpson, 2001). The backflow mode coincided with the existence of the

two well-organized vortices in front of the cylinder, and the zero-flow mode corresponded

to the eruptive phenomenon observed after the structures merged.

Performing a statistical analysis of time-series of velocity fluctuations on a vertical line

across the downstream vortex, we could extract the relevant time-scales of the flow with

complex POD. The rapid decay of higher linear modes revealed that a linear bimodal

decomposition, consistent with the dynamics of the vortex, could represent most of the

energy and instantaneous velocity in the HSV region. The analysis showed that the model

can also capture the frequency range of turbulent fluctuations observed in the experiments,

with shedding frequencies of the HSV system varying between 0.1 and 2.0 Hz (Dargahi,

1989).

Instantaneous images of vorticity at the symmetry plane and three-dimensional visual-

izations of the coherent structures of the flow showed that the vortex experiences a similar

dynamics to the junction region in the wing-junction flow (Devenport and Simpson, 1990;

Paik et al., 2007). The instability mechanism that gives rise to the bimodal character of the

HSV is essentially identical to what was observed by Devenport and Simpson (1990), except

for the distinctive two-vortex system, which seems to be a characteristic of lower Reynolds

number cases (Doligalski et al., 1994). These two vortices, identified as V2 and V4 by

Dargahi (1989), have a complex interaction and go through the same processes described

by Paik et al. (2007). After merging, the velocity profile at the outer turn of the vortex,

which contains a region of convex streamlines with respect to the saddle focus, develops

an inflection point due to the presence of the wall (Agui and Andreopoulos, 1992), and

triggers a centrifugal type of instability. The upstream oriented vortex pairs form hairpins

on top of the HSV that eventually destabilize and destroy the main vortical structure of
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the HSV system, producing significant eruption events, and causing the vortex to retreat

downstream.

In general, the results also show the potential of hybrid URANS/LES models, such as

the DES approach, to simulate complex high-Reynolds number flows, where the dynamics

is dominated by large-scale unsteady coherent structures. The only problem related to the

model that still remains for this case is the prediction of the upstream separation point,

and the time-average location of the HSV system, as pointed out by Paik et al. (2007). It

is also important to note that the computed results were not affected significantly by the

grid density, and the flow dynamics was reproduced with similar accuracy on both meshes.

In summary, the simulations could capture all the relevant time-averaged and turbu-

lence statistics of the flow observed in Dargahi’s experiments. In the investigation of Paik

et al. (2007) and in the present research we captured for the first time the unsteady co-

herent structures of the HSV, reproducing the bimodal character of the near-wall flow, and

resolving the most important scales in detail. To understand the influence of these large-

scale dynamics in sediment transport and bed processes we need to incorporate a model of

transport that can use the information provided by the hydrodynamic model.
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CHAPTER IV

LAGRANGIAN MODELING OF SEDIMENT

TRANSPORT

The numerical simulations performed for the flow past a surface mounted cylinder re-

produce the experimentally observed flow physics by resolving practically all the significant

scales of motion of the HSV system. A properly designed sediment transport model can

take advantage of the instantaneous information of the coherent structures of the flow to

investigate the sediment dynamics at the junction region in clear-water scour past bridge

foundations, when the incoming boundary layer cannot initiate sediment motion. The rich

HSV dynamics is the main mechanism responsible for enhancing the production of tur-

bulent stresses, increasing the magnitude of instantaneous hydrodynamic forces above the

threshold for dislodging sediment grains and initiating transport, and thus giving rise to

local instantaneous bed-load transport rates. This was the condition of the mobile bed

experiments performed by Dargahi (1990), which motivates the development of a sediment

transport model that can make use of the flowfield provided by the DES simulations.

In this chapter, we review the concepts behind the development of models for multi-

phase flows in practical applications and establish the rationale for the development of a

Lagrangian particle model of sediment transport in the flowfield past the cylindrical pier

studied in the previous chapter. The governing equations and methods to integrate the

trajectory and momentum of particles located in the HSV region for the computed flowfield

are then presented. From the results of the simulations we can investigate further the effects

of the unsteady coherent structures near the bed, and the entrainment and deposition pro-

cesses that occur in bed-load transport. The global transport of particles past the cylinder

is studied by performing a statistical analysis of the flux to reveal the scale-invariance of
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the process, and multifractality of particle transport as the overall effect of the flow in the

vicinity of the pier.

4.1 Modeling of multiphase turbulent flows

The approaches developed to model multiphase flows in high Reynolds number turbulent

flows can be generally classified as Eulerian (continuum) models, or Lagrangian models.

Eulerian models have been employed for the prediction of interpenetrating media and

particle flows, considering the particles (or dispersed phase) as a continuum fluid (Crowe

et al., 1998). The simplest one-fluid approach consists on solving an equation for the

conservation of mass of the particles, determining the mean spatial concentration from an

advection-diffusion relation. The governing equations can be modified in cases when the

phases exhibit considerable density differences or the particle flux includes a vertical term

to model the effects of gravity. A more complete Eulerian approach can be developed by

considering the particle phase as another fluid. In the so-called two-fluid approach, the

dynamics of the carrier fluid and the particles are computed by solving separate conser-

vation of mass and momentum equations for each phase (Drew, 1983). The equations are

coupled by force terms that model the exchange of momentum between the particles and

the fluid, which is called two-way coupling as explained below. These Eulerian models

also need to incorporate models for the turbulent terms that appear after averaging the

equations, since correlations of fluctuating quantities have to be closed to represent the

unresolved concentration and velocity fields (Lakehal, 2002). Conventional Eulerian models

have been applied to sediment transport problems, usually based on one-equation models

to compute the sediment concentration. They have been shown to reproduce the suspended

load in practical applications at high-Reynolds numbers flows (e.g. Wu et al., 2000) but the

approximations implied in an advection-diffusion equation for sediment concentration can

generate inconsistent fluxes near the bed in 3D unsteady flows, where the interaction with

the wall and the flow produce a complex dynamics of the sediment (e.g. Chang and Scotti,
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2004).

Lagrangian models for multiphase flows consider the dynamics of individual particles

whose motion is controlled by advection mechanisms generated by the continuum surround-

ing Newtonian fluid, interactions with other particles, and the gravitational force (Loth,

2000). Depending on the particle concentration, flows should be treated differently in or-

der to consider the relevant mechanisms that drive their dynamics. Dense flows with high

concentrations of particles are mainly controlled by particle-particle collisions and by the

changes on the flowfield produced by fluid-particle interactions (Crowe et al., 1996). In

dilute flows, on the other hand, concentrations are low and interparticle collisions have a

very small influence on the particle dynamics compared to the effects of the flowfield.

As pointed out by Crowe et al. (1996), no flow is completely dilute or dense and modeling

techniques should be able to describe the relevant physics in each specific case. Fully resolved

simulations of particles in turbulent flows (particle DNS) cannot be applied due to their

computational costs, since they require to solve the flowfield at the particle surface in detail.

A resolved representation of particles in a fluid flow is also clearly limited by its range

of applicability, restricting its application to theoretical investigations for low-Reynolds

numbers and simple geometries (see for instance the simulations of Burton and Eaton, 2005,

for a single fixed particle in decaying isotropic turbulence in a box). Therefore, point-volume

formulations are the only feasible approach to describe the dynamics of multiple particles

in practical situations (Loth, 2000). The point-volume models utilize the particle center of

gravity to represent the position and trajectory of each particle, and analytical formulas

are employed to reproduce the surface-averaged forces based on experimental results or

theoretical approximations of the momentum transfer from the fluid to the particles or vice

versa (see Maxey and Riley, 1983; Crowe et al., 1998; Loth, 2000; Michaelides, 2003).

Depending on the effects of the particles on the fluid flow, Lagrangian models of mul-

tiphase flows can be classified as one-way coupling or two-way coupling approaches (Crowe

et al., 1996). A one-way coupling model assumes that the presence of particles does not
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have a significative effect on the flow dynamics, producing negligible local modifications of

the flowfield or changes on the dynamics of nearby particles, which is typically valid for

dilute flows. Two-way coupling Lagrangian models, on the other hand, incorporate the

effects of the particles on the flowfield adding a term to the Navier-Stokes equations to

consider the forces exerted by the particles on the carrier fluid. For the computation of

particle-laden turbulent flows, two-way coupling models have been proposed in the context

of LES simulations (e.g. Maxey et al., 1997; Boivin et al., 2000; Hu and Celik, 2008). How-

ever, two-way coupled simulations of complex turbulent flows with multiple particles are

still very limited to simple problems, since the calculation of the coupling terms with the

particle forces require the interpolation and distribution of particle stresses back to the grid

nodes of the flowfield computation in the Eulerian framework (see Hu and Celik, 2008, for

example). The turbulence closure for URANS simulations or the subgrid SGS model of

LES may also require additional modifications, depending on the influence of the particle

flow on the unresolved scales of motion (Nadaoka et al., 1999; Lakehal, 2002).

Lagrangian models of sediment particles have been developed to study bed-load trans-

port carried out with different degrees of detail. Initial studies only considered mean steady

flows to develop theoretical models of particle saltation, initiation of motion, and bed-load

transport models (Bagnold, 1973; Wiberg and Smith, 1985). Recently, Lagrangian models

have also been developed to predict the trajectories of sediment particles over bed-forms in

LES simulations (Chang and Scotti, 2003, 2006).

The investigations of Chang and Scotti (2003, 2006) were the first to simulate individual

sediment particles driven by the resolved 3D unsteady flow in LES simulations. They

performed one-way coupling simulations of sediment grains in the turbulent flow inside a

duct with a sinusoidal bottom wall, employing periodic streamwise and spanwise boundary

conditions for the flow and particles. Chang and Scotti (2003) computed the trajectory and

momentum of 14,400 particles for the flow at Re = 3, 250, using 2.5×106 grid nodes. The bed

was treated with a immersed boundary method, and a critical Shields parameter was utilized
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to determine the initial condition for particle motion. Their simulations results showed that

the coherent structures resolved by the model produced abrupt particle ejections, and that

some sediment grains were captured by near-wall vortices. Chang and Scotti (2006) utilized

the same model to track 4,096 particles at Re = 1, 000 in the pulsatile flow driven by an

oscillatory pressure field. The particles were released above the viscous sublayer and formed

streaks aligned with streamwise coherent vortices that developed near the bed, and were

disorganized during the decelerating phase of the oscillatory flow. Their model, however,

did not consider particle-bed interactions, since particles that approached the boundaries

were removed from the computation.

In the present research we develop a Lagrangian particle model of sediment grains to

investigate the effects of the HSV system on entrainment and transport of sand grains,

with a diameter equal to the median diameter utilized by Dargahi (1990) in his scour

experiments (d50 = 0.36 mm). This theoretical Lagrangian approach is a more complete

and precise method to simulate the sediment motion produced by the forces generated by

coherent structures. It is important to recognize, however, that tracking a large numbers

of particles that participate in transport phenomena in these complex engineering flows is

computationally very expensive and impractical. Therefore, the Lagrangian model is not

intended as means to predict bridge scour because the large number of particles required

to do that would make the simulation impractical. The model instead is meant to give

fundamental insights into the initiation of motion and the characteristics of the bed-load

flux so that it can guide the development of continuum, macro-scale based models of bed-

load transport.

The model of particle transport is developed by considering a one-way coupling ap-

proach, since the sediment corresponds to fine sand with a diameter much smaller than the

well-resolved unsteady vortical structures studied in the previous chapter, which constitute

the major sediment transport mechanisms for this problem. The flowfield simulation in the

vicinity of the pier and the clear-water scour conditions of the flow determine that most of
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the dynamics will be represented by the resolved flowfield that is utilized to compute the

particle dynamics. Negligible momentum coupling between the particles and the fluid is

also justified by the limited number of particles utilized in the simulations, with a maximum

of 105 sediment grains that yield low particle concentrations.

By adopting this physically-based Lagrangian model, which considers the instantaneous

forces exerted by the fluid in the motion of individual sediment grains, we seek to improve

the representation of near-bed transport processes and have a better description of the

characteristics of the unsteady bed-load transport by coherent structures. The sediment

transport is therefore studied by simulating the trajectory and momentum of individual

sediment grains driven by the resolved flow in the vicinity of the surface-mounted cylinder.

We introduce in the computed instantaneous flowfield a limited number of particles lying

on the flat smooth bed, with their center of gravity located at a distance of d50/2 from the

wall. To study the effects of the HSV on the particle dynamics, we select a fixed area of the

bed in a region near the symmetry plane, where the HSV instability studied in the previous

chapter develops. The particles have an initial zero velocity, and their forces are computed

from the flowfield obtained from the DES simulations. The physical analogue of this model

corresponds to the introduction of a “tray” of particles at a patch on the bed to simulate

their motion in the instantaneous flow. The model is not capable of giving insights into the

erosion process but it provides an excellent tool for understanding the particle transport by

large-scale unsteady vortical structures.

The details of the model, the calculation of the particle dynamics, and the statistical

investigation of the particle flux are studied in the next sections.

4.2 Governing equations and numerical calculation

The main challenge in simulating solid inertial particles in turbulent flows arises from the

description of the forces utilized to derive the particle momentum equation. Therefore, the

derivation of the governing equations should consider theoretical formulas for the forces that
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represent the most important features of transport, similar to the formulation developed

in the landmark study of Maxey and Riley (1983) for spherical particles in non-uniform

low-Reynolds number flows. Based on these formulations, simple models of forces have

been developed for turbulent flows under different conditions (see for example Loth, 2000;

Michaelides, 2003), that have also been applied to sediment transport problems (e.g. Chang

and Scotti, 2003, 2006).

As explained in the previous section, in the present case of clear-water scour with all

the transport occuring as bed-load, we simplify the particle model for the sediment as a

dispersed phase assuming that the instantaneous concentration of particles is always low,

such that transport is considered dilute at all times. The governing equations describe the

trajectory and momentum of a grain with mass m by the following system of equations:

dxi
dt

= vi (53)

m
dvi
dt

= fi (54)

where vi and xi are the velocity and the position of the particle in each coordinate direction

respectively, and fi represents the sum of forces acting over the particle in the i direction.

The trajectory and momentum equations (53) and (54), describe the particle with a

point-volume representation such that all the forces are concentrated on a point that cor-

responds to its center of mass and the continuum background fluid is not affected by the

particle motion. These are called one-way coupling simulations, since the solid phase does

not alter the dynamics of the fluid.

The hypotheses and formulas developed to represent the instantaneous forces exerted

on the solid phase by the fluid that are included in the model are presented in this sec-

tion to propose a new Lagrangian methodology for sediment computations. The model

provides a more detailed description of the particle dynamics and accounts directly for the

instantaneous resolved flow in the sediment transport dynamics.
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4.2.1 Forces on sediment particles

The total force acting over the sediment particles, fi in equation (54), is generally

composed of three different parts:

• Gravitational or other body forces.

• Surface forces exerted by the fluid, such as drag or lift.

• Forces due to interaction with other particles, collisions with the bed, or another

physical boundary within the flow.

These forces represent the transfer of momentum between the two phases, which controls

the complex real-life motion of water and sediment grains. The following list provides a

review of the forces and assumptions considered in the model:

a. Drag Force: Drag is one of the dominant forces acting on the sediment particles, and

its direction and total magnitude can be expressed by the well known semi-empirical

relation obtained from dimensional analysis in steady uniform flows:

FD =
1
2
ρCDA |u− v| (u− v) (55)

where A is a representative area of the particle, u and v are the fluid and particle

velocities respectively, and ρ is the density of water. To determine the effect of viscosity

on the total drag force exerted over the sediment grain we employ a drag coefficient,

CD, which is a function of the Reynolds number of the particle, scaled with the particle

diameter and the relative velocity vr = u− v:

Rer =
|vr| d
ν

(56)

There have been numerous studies addressing the estimation of the drag coefficient

as a function of Rer from experimental and theoretical analyses. By simplifying the
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Navier-Stokes equations in spherical coordinates for Rer< 1, we can find an analytical

solution for the drag coefficient within the so-called Stokes flow regime: CD= 24/Rer.

For larger Reynolds numbers different relations have been determined for uniform

flows in steady conditions and corrections have been proposed for non-uniform velocity

fields (Crowe et al., 1998). In this research, the relation determined specifically for

sand and gravel by Engelund and Hansen (1967) for Rer< 104 is considered to model

the drag force:

CD =
24

Rer
+1.5 (57)

b. Gravity Force: Gravity is the driving force controlling sediment entrainment and de-

position. The total force is decomposed as the sum of the particle weight and the

buoyancy force produced by the hydrostatic vertical pressure gradient, which can be

written as:

FG =
(

1− 1
SG

)
mg (58)

where g = −g δi3 is the acceleration of gravity, δij is the Kronecker’s delta utilized in

the gravity term that acts on the negative x3 direction, and SG = ρs/ρ the sediment

specific gravity.

c. Lift Force: The lift mechanism is a consequence of the the velocity gradient and viscous

shear stresses that induce a non-uniform pressure distribution over the particle. The

basic relation for inviscid flows was developed by Auton (1987) and Auton et al.

(1988), considering the velocity gradient around a particle moving in a non-uniform

rotational flow. The lift force was derived as a function of the flow vorticity and the

particle relative velocity, with a lift coefficient CL = 0.5:

F(1)
L = ρCL

πd3

6
(vr × ω) (59)
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where vr is the relative particle velocity, and ω is the vorticity of the flow. In sediment

transport applications, Parker et al. (2003) used this relation in the development of

a bed-load transport model. Wiberg and Smith (1985) and Chang and Scotti (2006)

used a linearized version of equation (59) to determine the magnitude of the lift force

for spheres in initiation of motion analysis, particle saltation, and trajectories in an

oscillating flow at the turbulent boundary layer.

For viscous flows, Saffman (1965, 1968) formulated an expression for lift at low-

Reynolds numbers computing the force perpendicular to the relative velocity field

as a function of the viscosity, the fluid density, and the vorticity (or velocity gradient)

at the particle position. Saffman’s expression reads as follows:

F(2)
L = ρ 1.615

d2ν1/2

|ω|1/2
(vr × ω) (60)

For higher Reynolds number flows, Mei (1992) adapted Saffman’s formula and derived

an empirical relation depending on Rer:

F(3)
L = F(2)

L (1− 0.3314β1/2) exp
(

Rer
10

)
+ 0.3314β1/2, Rer ≤ 40

= F(2)
L 0.0524 (βRer)1/2, Rer > 40 (61)

where the variable β is defined as:

β =
d

2
|ω|
|vr|

, 0.005 < β < 0.4

In the present model, the equation for the particle momentum incorporates equa-

tion (61) to estimate the lift on fine sand grains, assumed to be non-rotating spheres,

yielding an expression for the lift coefficient that is a function of the local vortic-

ity magnitude and the particle Reynolds number, CL(|ω| ,Rer). When the value
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of the parameter β that appears in equation (61) is outside the range of validity

(0.005 < β < 0.4), we utilize Auton’s relation with a constant value for CL in equa-

tion (59).

d. Added Mass: The added mass effect is the force produced by the acceleration of fluid due

to the particle motion, which alters the surface stress distribution. For an inviscid

and incompressible flow Auton et al. (1988) and Crowe et al. (1998) demonstrated

that the virtual or added mass force acting on a sphere is:

FAM = ρCm
πd3

6

(
Du
Dt
− dv
dt

)
(62)

Assuming particles with spherical shape, the added mass force is then equivalent to the

fluid momentum with half the volume of the particle, thus the added mass coefficient

Cm can be assumed to be 0.5.

e. Interaction with the Bed: There are two types of bed-particle interactions accounted for

in the present model. The first interaction involves the collision of sediment grains

with the bed or solid boundaries of the computational domain, during which the

normal and tangential momentum of a moving particle with respect to the surface

are modified upon impact. The second interaction involves contact friction forces

that resist the initiation of motion for a particle resting at the bed. To represent

the collisions of sediment grains against the bed, an impact scheme with empirical

coefficients is considered. Schmeeckle et al. (2001) showed through experiments with

glass spheres and sediment particles of arbitrary shape that for fine sand the collisions

are inelastic and produce no normal rebound since the momentum is damped by the

intersticial fluid. When a moving particle collides with the bed, its trajectory and

momentum are modified by eliminating the normal component to the surface, and

reducing the tangential momentum by a factor of 0.9, following the recommendations

of Schmeeckle et al. (2001). On the other hand, a Coulomb force is considered to
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account for frictional resistance when particles are resting at the bed surface. The

direction of the force is taken as the opposite of the local bed-tangent instantaneous

resultant force of the body and surface forces, and its magnitude is proportional to

the particle force projected in the normal direction of the bed:

FS = −µs(F · n̂)
F− (F · n̂)n̂
|F− (F · n̂)n̂|

(63)

where F is the total force acting on the particle, µs = 0.62 is the static friction

coefficient, and n̂ the normal vector to the bed surface (Bagnold, 1956).

Additional forces that could become important in determining the particle dynamics

arise due to the so-called Basset or history effect and particle-to-particle interactions. The

Basset or history term is neglected in this work since experimental results and numerical

simulations suggest that this term decays faster than t−1/2 for larger Rer (Michaelides,

2003). Additional difficulties have also arisen from its definition in high Reynolds number

turbulent flows (see the comments made by Chang and Scotti, 2003). Collisions among

particles are also neglected since the sediment concentration is assumed to be low at all

times.

The momentum equation for a single particle, equation (54), can now be written in terms

of the modeled forces described above. The Lagrangian particle model will provide a more

detailed representation of sediment transport, using the resolved flowfield from the DES

computations to evaluate the deterministic transport by large-scale coherent structures. It

is worth asking, however, what effects the unresolved scales of motion will have on the

particle dynamics. The smaller eddies of the turbulent boundary layer are not resolved in

this formulation. Their near-bed stresses are modeled within the URANS mode by the DES

turbulence model and turbulent motions in regions away from solid walls are modeled by the

LES mode. In this case of clear-water scour for which essentially all the significant scales of

the HSV are solved, the unresolved turbulent scales will be perceived by the particles as a
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random motion that might have a small dispersive effect. Armenio et al. (1999) studied the

effects of subgrid scales, comparing results from LES simulations with DNS in a turbulent

channel flow. They showed that in many cases there is a very limited effect of the subgrid

velocities on particle statistics. They also showed that inertia further decreases the influence

of unresolved motions, since particle time and length-scales are much larger than the scales

of the unresolved motions.

In the simulations presented in this research, and given the grid resolution we employ

to simulate the flow, particles with median diameter (d50 ≈ 4y+) lying on the bed are

resolved by 9 layers of grid nodes in the vertical direction along their diameter, which gives

an adequate description of the unsteady near-wall flow to compute the forces. Independent

of this particular case, the flexibility of the model would allow the inclusion of a stochastic

model to account for forces on the particles due to subgrid scale fluctuations in the flow. A

particle dispersion term could be added by using a Langevin-type of model coupled with the

solution of the momentum and trajectory equations. The stochastic differential equation to

model the dispersion is defined in terms of the local modeled variables obtained from the

turbulence model (see Loth, 2000). Such an approach, however, was not adopted in this

work since in the vicinity of bridge foundations most transport is driven by the coherent

dynamics of the turbulent HSV.

4.2.2 Particle momentum equation in non-dimensional form

Considering all the forces described in the previous section, the complete momentum

equation is obtained by adding the forces on the right-hand side of equation (54). As

discussed by Loth (2000), however, the simple addition of the forces may not be correct due

to non-linear interactions among all the fluid forces, but generally these effects are assumed

to be small and can be neglected.

The forces described in the previous section that are included in our Lagrangian model of

sediment transport arise from the perturbations induced by the particle presence in the fluid
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flow. Maxey and Riley (1983) and Auton et al. (1988) demonstrated that in the derivation

of the complete momentum equation for a particle the effect of the undisturbed fluid stresses

also appears on the balance of forces. The stresses produced by the undisturbed flowfield

at the particle location correspond exactly to the forces that would exist in the absence of

the particle, which are produced by the acceleration of the displaced fluid mass. (for the

detailed derivation and discussion the reader is referred to the studies of Maxey and Riley,

1983; Auton et al., 1988).

Therefore, the momentum equation utilized in our model for small non-rotating par-

ticles (fine sand) in dilute conditions can be expressed in vectorial form with dimensional

quantities as follows,

m
dv
dt

=
1
2
ρCDA |vr|vr +

(
1− 1

SG

)
mg + ρCL

πd3

6
(vr × ω)

+ρCm
πd3

6

(
Du
Dt
− dv
dt

)
+ ρ

πd3

6
Du
Dt

(64)

which includes the expressions for drag, gravity, lift, added mass, and fluid stresses (Loth,

2000), and it should also consider the force expressed in equation (63) in case the particle is

lying at repose on the bed. For out bed collision model, when a moving particle is located

at a distance d/2 from any solid boundary the component of the momentum normal to the

boundary surface is eliminated while the tangential component is reduced by a factor of 0.9

(Schmeeckle et al., 2001). The model that arises from all these considerations is very similar

to the Lagrangian particle model of sediment grains utilized by Chang and Scotti (2003,

2006), except for the inclusion of the particle-bed interaction, and the complete non-linear

form of the lift force used in the present model, in which the coefficient CL depends on the

flowfield and the particle diameter.

To simplify equation (64) we consider forces per unit mass by dividing the entire equation

by the particle mass m = ρs
πd3

6 . The resulting equation can be non-dimensionalized by

utilizing the same velocity and length scales of the flow, U and L respectively, where L
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is equal to the cylinder diameter D = 0.15 m. The momentum equation (64) can then

be written in tensor notation, using also the expression for the particle specific gravity

SG = ρs/ρ, in the following non-dimensionalized expression:

dvi
dt

=
1
SG

3
4

CD

d
|vr| vri +

1
SG

L
U2

(SG− 1)(−gδi3) +
1
SG

CL(εijkvrjωk)

+
1
SG

(1 + Cm)
Dui
Dt
− Cm
SG

dvi
dt

(65)

where the relative velocity is defined as vri = ui − vi, and εijk is the tensorial permutation

symbol to determine the vector perpendicular to the relative velocity and vorticity fields in

the lift term.

The final non-dimensionalized form of the particle governing equations is expressed in

terms of non-dimensional parameters that will be subsequently discussed, as follows:

dvi
dt

=
1

(SG+ Cm)

[
1
St
vri −

δi3
Fr2

+ CL(εijkvrjωk) + (1 + Cm)
Dui
Dt

]
(66)

where St and Fr are known as the Stokes and Froude numbers respectively, and SG = 2.65

is the sediment constant specific gravity. This equation can be easily adapted for particles

in contact with the bed, adding a tangential force to the surface that is computed as

proportional to the normal component of the right hand side of the momentum equation

(see also equation (63)).

In the present Lagrangian model of sediment transport, a series of dimensionless pa-

rameters can be readily identified in the particle momentum equation (66). Considering

the drag force to be one of the leading forces exerted by the flow on a spherical particle,

equation (55), we can identify a non-dimensional parameter based on the relative velocity,

the particle diameter, and the Reynolds number of the flow. Namely, the ratio between the

particle response time determined from the drag force on the particle and the characteristic

time-scale of the flow. This parameter describes the dynamics of the dispersed phase and
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is known as the Stokes number, which can be expressed as follows:

St =
4
3

d

CD |vr|
(67)

where the relative velocity magnitude |vr|, and particle diameter d are non-dimensionalized

by the characteristic velocity and length-scale of the flow. From the Stokes number we can

identify the dynamic relation between the two phases as follows: For St � 1 the particles

have enough time to respond to changes in flow velocity and they can follow closely the

motion of the largest scales of the flow. On the other hand, if St� 1 the particle velocity

is less affected by the flowfield (Crowe et al., 1998). For the present simulation the size of

sediment grains corresponds to a non-dimensional particle diameter of d = 0.0024, which

yields St � 1. Consequently, we anticipate that in the simulations we will report below,

the energetic large-scale flow structures will have a significant role on transport.

The other non-dimensional parameter that appears in the gravity term of equation (66)

is the Froude number, Fr, defined as follows:

Fr =
U√

(SG− 1)gL
(68)

The Froude number relates the inertial and gravity forces of the particle-fluid system, and

can characterize the relative effect of the gravitational term in the momentum equation.

With the trajectory and momentum equations defined from the derivation of the relevant

forces acting on the particles, the particle position and velocity are obtained by integrating

numerically the governing equations.

4.2.3 Numerical method for particle tracking

The particle trajectory and momentum equations constitute a coupled system of ordi-

nary differential equations (ODEs) that needs to be integrated in time simultaneously with

the solution of the unsteady flow equations. In this section we discuss various algorithmic
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Figure 23: Identification of a particle within a cell. Particle P is found inside the grid cell
by computing the normal vectors to the six faces, then the flowfield is interpolated from
the grid nodes.

issues that are important for the accurate numerical equations of the Lagrangian transport

equations.

In general there are two numerical issues that need to be carefully addressed for the accu-

rate and efficient solution of a system of Lagrangian transport equations: (1) the evaluation

of the terms in the right-hand-side (RHS) of equation (66), which requires interpolating

flow quantities known at fixed Eulerian grid nodes to the current particle location; and (2)

the numerical integration of the resulting discrete system of ODEs.

To address the first issue, we need to locate the particle in the Eulerian computational

grid, i.e. define a geometrical criterion to establish the exact particle location with respect

to the grid nodes. The methodology consists of computing the projection of the vector from

the center of a cell face to the particle onto the positive normal direction. This is the triple

product technique based on the volume of tetrahedra formed with the particle and the cell

faces, which is the same procedure explained by Lackey (2004) in passive particle tracking.

Figure 23 shows a particle inside a grid cell defined by the nodes ordered in a counter-

clockwise direction. The projection has to be positive for all the six faces to determine that

a particle is enclosed by a particular cell. First, we obtain the normal vector to the face
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from the cross product of the diagonal vectors:

n̂ =
~r31 × ~r41

|~r31 × ~r41|
(69)

Then we compute the vector connecting the plane and the particle, calculated as the dif-

ference between the position vector of the particle ~rP and the position vector of the center

of the cell ~rG:

~rGP = ~rP − ~rG = ~rP −
(~r1 + ~r2 + ~r3 + ~r4)

4
(70)

A particle will be located in the interior of the grid cell if for all faces of the cell the

projection is positive:
~r31 × ~r41

|~r31 × ~r41|
· ~rGP > 0 (71)

The efficiency of the algorithm is enhanced by performing a localized search within a neigh-

borhood centered around the location of the particle at the previous time step. After finding

the cell enclosing the particle, a second-order accurate tri-linear interpolation in the physical

domain is implemented to determine the flow variables at the particle location:

u(x, y, z) = A1xyz +A2xy +A3xz +A4yz +A5x+A6y +A7z +A8 (72)

The interpolation coefficients Ai are computed by solving an 8 × 8 linear system, formed

using the values of the flow variable at the nodal points that define the cell. The system of

equations is solved with a fast LU decomposition algorithm (Lackey, 2004) and the resulting

coefficients are then used to interpolate the velocity field, the vorticity, and the acceleration

terms from the grid nodes to the particle and compute the right-hand side of equation (66).

The second numerical issue to solve the particle dynamics is the integration of the

system of ODEs. The equations are integrated using a second-order Runge-Kutta scheme,

predicting the trajectory and velocity of the particle with the flow at time (n), and correcting
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after the flowfield iterations converge at (n+ 1):

xn+1/2 = xn +
∆t
2

Fn

xn+1 = xn + ∆t Fn+1/2 (73)

where the vector x contains the cartesian coordinates of the particle position, and the

particle velocity, such that x = [x1 x2 x3 v1 v2 v3]T , and F corresponds to the right-

hand side of equations (53) and (66).

The particle tracking and numerical solution methods were validated with the simula-

tions performed by McLaughlin (1988) in the well-know analytical ABC flow. Instead of

obtaining directly the flowfield from the ABC velocity equations, the analytical solution for

this flow was assigned to 106 nodes in a three-dimensional cubic grid, and the trajectory

and momentum of inertial particles were computed by interpolating the flow variables to

the location of the particles. The results reproduced all the trajectories of inertial parti-

cles simulated by McLaughlin (1988), including the capturing of heavy particles in periodic

orbits. Additionally, the model has also been employed on a theoretical study, yet unpub-

lished, of particle stirring on chaotically advected flows to evaluate the effects of inertia and

gravity in 3D steady flows. The model has given new insights on the Lagrangian dynamics

and sedimentation of inertial particles, and the influence of invariant and chaotic regions in

laminar flows.

4.3 Sediment transport simulations

The Lagrangian simulations of sediment particles are designed to investigate the effects

of the HSV in clear-water scour conditions. Given that the experiments were performed in

clear-water scour conditions, we expect that in our simulations the particles with a median

diameter (d50) will only move due to the increment of the instantaneous forces generated by

the flow in the vicinity of the obstacle. The numerical experiment is set up by distributing
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uniformly a finite number of sediment grains on a delimited area of the bed in front of the

cylinder. Initially, the particles are placed at repose, lying on top of the flat bed in the

region where the instability of the HSV system develops. Without changing the size of the

initial area occupied by the particles, the total number of sediment grains is increased up

to a maximum of 105 particles, such that the number of particles per unit area of the bed

(or areal density) near the symmetry plane is increased by an order of magnitude.

In what follows, we first study the physical mecanisms that trigger the particle motion

relating the transport to the local instantaneous flow. The bed-load transport flux generated

by the flowfield in the vicinity of the wall-mounted cylinder is also studied in order to

evaluate the global effect of the resolved coherent structures on particle transport.

4.3.1 Particle dynamics

To analyze the effects of the resolved near-bed flowfield on particle transport, we estab-

lish three initial conditions of 2× 103, 104, and 105 sediment grains located in front of the

cylinder, from the base to one diameter upstream of the origin, spanning a 60 degree zone

in the area where the HSV instability develops as shown in figure 24(a).

As expected in clear-water scour conditions, the upstream flow cannot initiate sediment

motion, and particles only move by the effect of the instantaneous hydrodynamic forces

induced by the HSV system. The sequence of images shown in figure 24 for the simulation

with the largest number of particles illustrates the initial phases of the transport process.

Particles closer to the cylinder are rapidly swept upstream by the return flow of the HSV

system as seen in figure 24(b), and then they are divided at each side of the cylinder,

following closely near-bed flowfield patterns as depicted in figure 24(c).

Two relevant features of the particle dynamics are seen in the simulations: (1) All the

transport occurs as bed-load, with particles having frequent contact and always remaining in

close proximity to the bed; and (2) The model reproduces the clear-water scour conditions.

Note in figures 24(b) and (c) that particles located or transported behind the HSV system no
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(a) (b)

(c)

Figure 24: Initial condition and instantaneous particle transport for 105 grains initially
located in front of the cylinder.
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longer participate in transport, since the flow in that region cannot displace them anymore.

The upstream flow cannot initiate sediment motion, and all the particle motion is produced

by the instantaneous hydrodynamic forces induced by the HSV.

Remarkably, the model also reproduces many of the phenomena observed in labora-

tory and field experiments involving sediment transport near the threshold of motion, i.e.

the stresses induced by the flow are near the critical condition necessary to initiate move-

ment. These phenomena include: intermittency, collective transport of sediment grains by

saltation and sliding events, and formation of streaks by near-wall vortices.

Intermittency has been recognized as a distinctive feature of bed-load transport (Ein-

stein, 1950; Grass, 1970, 1971) and multiple investigations have elucidated the details of

the dynamics of sediment occuring at low-transport stages. Drake et al. (1988) observed

frequent localized events of bed-load transport in an actual field site and described brief

episodes of collective particle motion in a series of intermittent displacements occuring due

to the turbulent fluctuations of the boundary layer. Similar characteristics of bed-load

transport have also been reported for a number of recent experiments in channel flows un-

der critical conditions (see the comments made by Nikora and Goring, 2002; Sumer et al.,

2003; Radice et al., 2008). This type of intermittent behavior has also been found in low

transport stages experiments for larger particles. Ancey et al. (2006) found non-Gaussian

pdfs of transport rate for spherical particles, with long-term correlations and thick tails

due to frequent extreme events, and developed a probabilistic theory based on Einstein’s

analysis of transport in equilibrium conditions.

In the present simulations, however, the dynamically rich HSV system is responsible for

increasing the instantaneous particle forces and prompting a similar behavior in front of

the cylinder. The stresses near the threshold of motion generate intermittent displacement

events of varying magnitudes, which are originated from two transport mechanisms of bed-

load reproduced in the simulations: sliding and saltation. Particles slide slowly and start

congregating in certain regions of the bed as it will be subsequently discussed. Saltation
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also occurs intermittently, with groups of particles that are entrained along the legs of the

HSV system.

Figure 25 shows 10 different trajectories of sediment grains to illustrate the most im-

portant characteristics of these two modes of transport. Near the symmetry plane, in the

region of the return flow of the HSV system, particles are swept from their initial position

in the upstream direction. Most of the sediment grains in this region slide to the sides of

the cylinder where some of them are entrained and initiate saltation. Other particles move

straight upstream, where they either leave the active region of transport, or start sliding

back and forth by the action of the HSV system (see the particles near the symmetry plane

at the leading edge of the cylinder in figure 25).

At the sides of the cylinder, most of the particles slide along the legs of the HSV,

entrainment and saltation always start from approximately the same region. Even though

the sediment grains that move faster lose their normal momentum in the collision with the

bed, the flow is sometimes capable of re-entraining particles along the legs of the HSV as

seen in figure 25.

The initiation of saltation occurs in recurrent ejection events, in which groups of sed-

iment grains are lifted off the bed and travel downstream with velocities faster than the

average velocity for all the other particles at the same time. Most of these events take place

in the HSV region near the cylinder, at approximately ±40◦ from the symmetry plane.

Figure 26 shows an ejection event with particles colored by velocity magnitude such that

groups of particles traveling at a higher velocity can be identified. Here we can see clearly

that the episodic saltation and sliding are the combined mechanisms that produce inter-

mittent transport. As we will subsequently discuss in more detail, groups of particles with

higher velocity move above the wall, while particles on the bed remain at repose or slide

slowly toward certain regions of the flow.

To observe the instantaneous flowfield at the 40◦ plane, we also plot velocity vectors

and helicity contours at the same instant in time as that shown in figure 27 and observe the
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Figure 25: Ten different trajectories show sliding and saltation of particles seen from three
different angles. Near the symmetry plane, particles stop moving if they reach the area
outside the influence of the horseshoe vortex system.

plane from downstream. The contours of helicity and velocity vectors in the vertical plane

at the position of the particle ejection event in figure 27, show that the ejection coincides

with the eruption of a tongue of counter-clockwise vorticity from the wall. This pocket of

positive vorticity engulfs the main structure of the HSV closer to the cylinder. Our particle

simulations showed the strong relation between the interaction of counter-rotating vorticity

which develops as a result of the flow instability at the legs of the HSV system and the

initiation of saltation by a group of particles located near the 40◦ plane. Note that there are

no significant ejections near the upstream vortex of the HSV system, identified as V4 in the

previous chapter, since it does not experience the intertwining counter-rotating vorticity

exhibited by the vortex closer to the cylinder.

The relation between instantaneous turbulent fluctuations and episodes of particle en-

trainment has become a fundamental topic in sediment transport research (Nelson et al.,

1995; Papanicolaou et al., 2001). Phase-space plots of calculated instantaneous flow veloc-

ities at location where sediment ejections occur are depicted in figure 28, to observe the
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(a) (b)

Figure 26: Instantaneous image of particle transport, showing an ejection event at
approximately 40◦ from the symmetry plane. Particles are colored by velocity magnitude.

Figure 27: Downstream view of a vertical plane at an angle of 40◦ from the symmetry
plane. Tangent velocity vectors and contours of helicity show the flow structure during a
particle ejection.

106



Figure 28: Phase-space plot of resolved turbulent fluctuations of streamwise and vertical
velocity at a distance of 0.21 upstream of the cylinder face, 40◦ from the symmetry plane,
and Z/D = 0.0004. Vertical velocity during outward and sweep events reaches up to 6
times the standard deviation.

characteristics of the instantaneous turbulent flow at the position where particles are en-

trained. Vertical and streamwise velocity fluctuations near the bed at the 40◦ plane show

frequent events of positive streamwise and vertical velocities (outward excursions), generally

followed by strong events of downward flow in sweep-like events. These two types of events

coincide with particle entrainment in this region, and their predominance is the consequence

of the strong vertical flow associated with the intertwining counter-rotating vorticity. The

secondary vortices are lifted from the wall producing strong vertical velocities and a pos-

terior inrush of high-velocity fluid near the bed. Nelson et al. (1995) observed in their

experiments that these particular events of the turbulent fluctuations (u′ > 0, w′ < 0; and

u′ > 0, w′ > 0) coincide with an increase of the sediment transport flux.

Another remarkable feature of particle transport that is also captured by the Lagrangian

model is the formation of streaks aligned with the near-wall vortices formed around the pier,

as shown on figures 24 (b) and (c). Experimental evidence of the streak formation has been
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documented by Kaftori et al. (1995) and attributed to the effect of large-scale vortical

structures close to the wall that can generate enough stresses to move the particles, but

cannot entrain them (Allen, 1994). This is also the same process described by Hopfinger

et al. (2004) in the formation of sand ridges produced by Görtler vortices, during scour

experiments in the flow downstream of a sluice gate.

Similar to the description of Allen (1994) and Kaftori et al. (1995) on streamwise vortices

and particle alignment, in our simulations the legs of the HSV give rise to streamwise

oriented vortical structures. As shown in figure 29, particles occupy regions of relatively

low shear stress between these structures. These bands of low shear-stress correspond

to regions of strong lateral convergence between adjacent vortices causing a vertical flow

directed away from the bed. Figures 29(a) and 29(b) depict the instantaneous particle

locations with contours of shear-velocity and vertical velocity with parallel streamlines at

a height equal to the particle radius (Z = d/2), respectively. Particles remain in these

regions of convergent flow near the bed and when they approach the cylinder sides they are

entrained when the counter-rotating vorticity coils around the main HSV structure.

When the secondary vortices are lifted from the wall, high-momentum flow penetrates

the near-wall region, behind the structure of the HSV system closer to the bed. This process

increases the instantaneous particle forces and produce the displacement of sediment grains

in ejection events, which coincide with a local increase of shear-stress on the bands where the

sediment streaks are located, as shown in figure 29(a). Therefore, sediment ejections usually

coincide with localized events where the low-shear zones occupied by particle streaks narrow.

The intertwining counter-rotating vorticity of the legs of the HSV is the main mechanism

that generates a strong vertical flow followed by high near-bed velocities that increase the

bed shear-stress between the vortices.
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(a) (b)

Figure 29: Instantaneous flow during an ejection event. (a) Shear velocity at the bed
shows that particle streaks coincide with regions of low shear-stress at the saddle point
between counter-rotating vortices. (b) Vertical velocity contours and parallel streamlines
at a height d/2 above the bed, show the instantaneous near-bed flow, and increase of
vertical velocity at the position where the particle ejection occurs.

4.3.2 Sediment Flux

The global contribution of the unsteady coherent structures to sediment transport in

the vicinity of the cylinder is quantified by calculating the total downstream flux of parti-

cles. The sediment flux is computed by defining a vertical plane behind the cylinder and

determining the total mass of sediment that has crossed the plane at every instant in time.

Figure 30 shows the cumulative mass quantified by the number of particles n, that at any

given instant in time have crossed a plane located at one cylinder diameter downstream, i.e.

at a distance X/D = 1.5 from the origin. For all the cases presented herein, the time interval

during which the transport of particles is being monitored spans 2,000 non-dimensional time-

steps. The curves obtained in the numerical experiments reveal an intermittent flux with

transport events of different magnitudes and time intervals with no transport that appear

as a series of horizontal steps. Remarkably, this structure with multiple transport episodes

and plateaus is repeated if we magnify the curve within a transport event, as observed in

figure 30.
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Figure 30: Cumulative number of particles past the plane X/D = 1.5, magnification of the
curve in the rectangular areas shows a series of plateaus at all scales, revealing a devil’s
staircase distribution.
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These characteristics that are observed in the cumulative particle transport plots cor-

respond to the properties that define the devil’s staircase curve observed in multiple dy-

namical systems (Bak, 1986). Commonly associated with the mode-locking transition to

chaos in a number of nonlinear systems, this is a fractal curve with a self-similar structure

that is related to the Cantor set in its original definition. In fluid dynamics, this behavior

was observed for the first time in the Lagrangian dynamics of a steady, three-dimensional

chaotically advected flow by Sotiropoulos et al. (2001). They showed how groups of pas-

sive particles exit a vortex breakdown bubble simultaneously in a series of bursting events

represented by a devil’s staircase curve, and performed a statistical analysis showing the

power-law scaling of these events.

The highly irregular sediment transport process in our case also contains multiple bursts,

without a characteristic time-scale, and a series of plateaus that correspond to time intervals

without transport across the plane. If we select a particular time scale r to examine the

devil’s staircase, we can remove the intervals whose size is less or equal to r to obtain a set

of time segments when the different transport events occur. By varying the value of r we

find additional plateaus for smaller scales that can be measured inside the larger transport

events. A specific characteristic of the sediment flux is that the space between plateaus

disappears at a constant rate as r → 0 and the set of transport intervals shrinks to a

Cantor set, as in the devil’s staircase definition (Bak, 1986). The true Cantor set, however,

would be obtained in our case only in the limit of an infinite number of particles and when

the time step of the simulation approaches zero.

Therefore, to characterize the process we can compute the fractal dimension of the

Cantor set associated to the devil’s staircase. Following the methodology described by Bak

(1986) and Sotiropoulos et al. (2001), we calculate the total width of all plateaus that are

larger than the time scale r, defined as T (r). Then we compute the space between steps,

representing the time intervals when transport events can be identified using a scale r:

Tmax − T (r), where Tmax is the total time of the computation. We can now measure this
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quantity to obtain the total number of time windows N(r) with magnitude r, required to

contain all the segments previously calculated:

N(r) =
Tmax − T (r)

r
(74)

where the variation of N(r) has a power-law relation with the time-scale r, such that,

N(r) ∼ (1/r)D0 (75)

The quantity D0 corresponds to the fractal or box-counting dimension of the devil’s staircase

of particle transport. The value indicates that the space between the plateaus vanishes as

r(1−D0) when r → 0. Figure 31(a) shows the results in a N(r) vs. 1/r plot of the devil’s

staircase, identifying the power-law relation between these two quantities. The relationship

is exactly a straight line in the log-log plot, with a slope of D0 = 0.87, for the sediment

simulation of 105 particles. For smaller size of particle ensembles, the fractal dimensions

are found by fitting power-laws that cover the largest number of plateau sizes. Simulations

for 2,000 and 104 particles give smaller fractal dimensions and also have worse convergence

rates, which is due to insufficient numerical resolution. The results shown in figure 31(a),

however, clearly show that the power-law rate of decay converges monotonically toward the

0.87 exponent as the particle resolution increases.

To confirm these findings, we perform a statistical analysis on the devil’s staircase that

is closely related to the fractal dimension of the flux. The distribution of the plateau sizes

corresponds to the waiting times between sediment transport events, which decreases at a

constant rate as r increases (Sotiropoulos et al., 2001). Figure 31(b) shows the power-law

approximation obtained for the pdf of steps, S(r) vs. r, with a scaling relation given by:

S(r) ∼ (1/r)a (76)
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that in this case corresponds to an approximate exponent equal to a = 1.87.

As Sotiropoulos et al. (2001) demonstrate, T (r) can also be calculated from the his-

togram of plateau sizes (or pdf of waiting times) as:

T (r) =
∫ rmax

r
r′S(r′)dr′ (77)

and N(r) is computed from the histogram:

N(r) =
1
r

∫ rmax

r
r′S(r′)dr′ ∼

(
1
r

)a−1

(78)

giving the relation between the exponents, such that D0 = a− 1.

The two plots in figure 31 confirm the power-law relation in the bed-load flux, which

is the direct result of the dynamically rich flow processes that occur in the vicinity of the

cylinder, giving rise to different transport modes and intermittent ejections of particles. A

remarkable result from this analysis is the apparent “universality” of the fractal dimension

obtained for the fully-converged case with the maximum number of particles. Bak (1986)

found the same power-law exponent (D0 = 0.87) for multiple dissipative dynamical systems,

in which the mode-locking transition to chaos was represented by a series of plateaus that

formed a devil’s staircase, indicating locking at various rational frequencies. In our sim-

ulations, the dimension of the Cantor set is associated with the time-dependent sediment

flux composed by multiple transport events. The fractal dimension of 0.87 seems to be a

characteristic of dissipative dynamical systems (Bak, 1986), such as the Lagrangian model

of particle transport (see the demonstration for a linearized model of inertial particles in

the investigation of Bec, 2005). Sotiropoulos et al. (2001), on the other hand, established

that for the case of a conservative dynamical system, such as the trajectory of passive

fluid particles, the fractal dimension of the staircase is smaller than the case of dissipative

systems.
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(a) (b)

Figure 31: (a) Fractal dimensions of the devil’s staircase found in the cumulative
transport flux for different number of particles n, covering the same area. A better
convergence and time-filling characteritics are found for the maximum number of particles,
n = 105. (b) Histogram of plateau sizes for n = 105. The continuous line is the power-law
distribution that coincides with the fractal dimension.

From the simulations we have observed that the fractal transport is the direct con-

sequence of the interaction of particles with the coherent structures of the HSV system,

which aperiodically increase the instantaneous forces above the threshold of motion pro-

ducing episodic transport as previously discussed. Additional information on the particle

transport process can also be obtained by investigating the scaling properties of the magni-

tude of the transport events that comprise the total amount of transport in each simulation.

4.4 Multifractal aspects of sediment transport

The devil’s staircase that appears in the cumulative sediment transport flux behind the

cylinder, measured by counting the particles that cross a plane, showed self-similarity and

a wide range of intermittent transport events of different magnitudes. Since the magnitude

and time distribution of bed-load transport is not uniform, there is no unique time-scale

that can characterize the sediment flux during the measurement interval. Therefore, a

complete statistical description of the particle transport process requires the definition of

all the moments of the transport events for different time scales. The distribution of scaling
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indexes obtained from such analysis corresponds to the multifractal spectrum of transport,

which can describe the intermittent process of particle motion by the flow. In this section,

I introduce the multifractal theory and its application to study the sediment flux. The

analysis is performed on the devil’s staircase to obtain a quantitative description of the

unsteady sediment transport flux generated by the HSV system.

4.4.1 The multifractal analysis

The complex intermittent behavior exhibited by any observable of a dynamical system

in time or space can be described in terms of the statistical moments of its distribution.

To characterize the intermittent structure of the fluctuations we need to reveal the scale

dependence of the statistical moments and their relation to the intermittency of the lo-

cal values of the studied variable, which is the purpose of the multifractal analysis. The

inherent intermittency of energy dissipation rate in turbulent flows provided the physical

consideration that motivated the development of the multifractal theory (Meneveau and

Sreenivasan, 1991; Frisch, 1995). The rate of kinetic energy dissipation in turbulence as-

sociated with the smallest scales of motion is not uniformly distributed in space. Frisch

and Parisi (1985) introduced the idea of describing this intermittent distribution in terms

of the singularities of structure functions that give rise to the abrupt changes of different

magnitudes in the dissipation.

In general, for any function g(t) the singularity is defined through the Hölder exponent

α, which can simply be written as:

|g(t+ r)− g(t)| ∼ rα (79)

where r is the corresponding scale, and α is the Hölder exponent or local singularity strength.

By this definition one can clearly see that for values of α < 1, the function g(t) is no longer

differentiable as r → 0.

Frisch and Parisi (1985) determined that the singularities of varying strengths of the
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structure-function measures, equation (79), for the range of time-scales r had different

fractal dimensions. In general, the multifractal or singularity spectrum can be defined by

the fractal dimension of the intertwined sets of α’s (Sreenivasan, 1991).

This local analysis is valid for any variable showing self-similarity with no scale de-

pendence, and intermittency with fluctuations at different scales. Multiple intermittent

phenomena in nature have been described through multifractal analysis (see Harte, 2001),

and new SGS models for LES have been developed to consider the intermittency effects on

energy transfer in turbulent flow simulations (Burton and Dahm, 2005).

We can write a relation for the singularity strength from equation (79), defining the

measure µ(r), which corresponds to the structure function of the studied variable, and

satisfies the following scaling relation:

α ∼ lnµ(r)
ln r

=
ln |g(t+ r)− g(t)|

ln r
(80)

For every time-scale we assume that there is a continuous distribution of α’s, such that the

number of scaling indexes that lie in a band between α and α + dα, defined as n(α), also

follows a scaling relation:

n(α) ∼ r−f(α) (81)

where the exponents f(α) are a function of the local singularity strength, and correspond

to the fractal dimension of the set of points with scaling index α.

Formally, the analysis is performed by defining the dimension spectrum, or generalized

dimension of the data as:

Dq = lim
r→0

1
q − 1

ln
N(r)∑
i=1

µqi

ln r
(82)

where µi is the measure of mass. Since µi typically corresponds to the structure function

of the variable under consideration, the sum contains powers of q or equivalently structure

functions of order q. The total number N(r) depends on the scale, and goes to infinity as
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r → 0. As pointed out by Halsey et al. (1986), the generalized dimension is defined for any

real value of q and it is equal to: the box-counting dimension for q = 0; the information

dimension for q = 1; and the correlation dimension when q = 2.

The two quantities defined in equations (81) and (82), f(α) and Dq, can describe the

multifractal. Their relation is established by studying the so-called partition function that

corresponds to the sum of moments of order q appearing in the definition of the dimension

spectrum. Halsey et al. (1986) noted that for varying q’s, certain values of the measure

µ(r) associated with different scaling indexes α become dominant in the summation. They

demonstrate that these leading terms are found by minimizing [qα − f(α)]. Therefore,

the sum of moments or partition function follows also a scaling relation with exponent

τ(q) = (q − 1)Dq:
N(r)∑
i=1

µqi ∼ r
τ(q) = r(q−1)Dq (83)

The local heterogeneity of the data produces a nonlinear relation between τ(q) and q, whose

dependence on the singularity strength is given by the Legendre Transform between the two

sets of exponents [α, f(α)] and [q, τ(q)]:

α =
dτ(q)
dq

(84)

f(α) = qα− τ(q) (85)

This transformation, which is the same thermodynamic relation that appears in statistical

mechanics, connects the singularity or multifractal spectrum to the statistical moments of

the measure. The scaling of the moments τ(q), or equivalently the generalized dimensions

Dq, can be computed from derivatives of the singularity spectrum f(α) vs. α (see Harte,

2001, for more details).

The maximum value of the multifractal spectrum that corresponds to q = 0 is equivalent

to the box-counting dimension of the measure, and equation (83) reduces to the definition
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in equation (75), and f(α) = D0. The extreme values of the singularity spectrum, αmin

and αmax correspond to q = ∞ and q = −∞, respectively. The largest moment indexes

give emphasis to the largest values of the measure, whose maximum value q =∞ is related

to the minimum singularity strength αmin. Conversely, values of q → −∞ emphasize the

part of the data with the smallest fluctuations of the measure.

The multifractal analysis outlined in this section can be applied to the particle trans-

port for the previously simulated cases. This complete statistical description not only can

characterize quantitatively the cumulative sediment flux, but can also reveal the singularity

strengths and fractal dimensions of transport as a function of the number of particles.

4.4.2 The singularity spectrum of particle transport

In the case of particle transport we define the measure for each time scale r given by

the mass difference between two neighbor steps of the devil’s staircase, which is quantified

for every time-scale as follows,

µi(r) =
mi(r)−mi−1(r)

mtotal
(86)

where mi(r) is the mass of sediment grains that have already exited the domain (i.e. they

have crossed the selected plane in the wake of the cylinder) at the step i of the staircase

observed at a scale r, and mtotal is the total mass after the final time step.

According to the above definition, µi(r) is the relative magnitude of the sediment trans-

port events measured with a time-scale r. By computing this measure, we observe that at

every scale there are multiple transport events of different intensities that can be represented

by a set of singularity strengths of µi(r).

To avoid the convergence problems of binning directly the values of α using equation

(81), the multifractal spectrum is calculated from the moments of µi(r) employing the Leg-

endre Transform of equations (84) and (85) to determine the spectrum. The moments of the

sedimentation event magnitudes are summed to compute the partition function, considering
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their relative duration to normalize the data. The procedure is the same employed in the

computation of the singularity spectrum of the weighted Cantor set (Harte, 2001; Falconer,

2003), but in this case the event durations are not constant for the same level given by r.

Figure 32 show the spectrum obtained for the particle transport for the three cases with

different bed-particle densities. Even though the method does not yield fully converged

tails of the spectrum, the tendencies and possible extrapolations to the sum of moments

for q → ±∞ suggest an adequate description of the transport process. Any asymmetry of

the spectrum might reveal the dominance of low or high singularity exponents with respect

to others. All three spectra, however, seem also symmetric and with increasing width and

height depending on the particle density.

For the fully converged case with n = 10−5, the maximum of the spectrum coincides

exactly with the fractal dimension of the devil’s staircase computed with the box-counting

procedure, confirming the reciprocal relation between the moments of the measure and the

distribution of singularity exponents (Harte, 2001). The difference of the results for the three

cases is directly related to the number of particles of each simulation. The distribution of

singularity exponents increases with particle density, since the larger availability of particles

generates a widespread range of transport event magnitudes. The existence of α values

larger than 1 corroborate this observation, since they reveal the existence of events seen

at all time-scales. The increase on the fractal dimension also shows that the sediment

flux becomes more time-filling with a larger degree of complexity for increasing number of

particles on the simulation.

These simulations are representative of the results that can be obtained with the model.

The larger particle density corresponds to the maximum order of magnitude of particles that

can be considered without superposition of particles for d50. When the density of particles

increases in a region of the bed with constant area, other factors acquire relevance such as

the interaction among particles and their influence in the turbulent fluctuations. We should

also note that these results are specific to the case analyzed and different exponents might
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Figure 32: Multifractal spectra for the particle flux. For n = 105 particles, the maximum
for q = 0 coincides exactly with the box-counting dimension and power-law calculated
previously.

be found for other Reynolds numbers, particle diameters, or initial conditions.

4.5 Final remarks on the Lagrangian model

The Lagrangian particle model developed in this study can simulate the transport of

sediment grains that occurs in the vicinity of a cylindrical pier in clear-water scour condi-

tions. The resolved flowfield of the HSV system increases the instantaneous hydrodynamic

forces acting on the particles and produces the initiation of motion of sediment grains and

the transport by two different mechanisms: saltation and sliding along the bed.

Saltation is initiated by intermittent ejection events that occur at the sides on the

upstream face of the pier, at the position of the vortex closer to the cylinder. The location

of particle ejections appear to coincide with the onset of the HSV instability which is

characterized by strong upward eruptions of near-wall vorticity and pockets of increased
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bed shear-stresses generated by sweep-like episodes when high-velocity flow approaches

to the bed. The interaction of the vortices with the wall is therefore the fundamental

mechanism that produces the particle motion and increases the instantaneous bed shear-

stress. Zones with higher values of uτ proved to give a good indication of the areas where

particle displacements occur.

The formation of streaks along the vortices is also remarkably similar to experimental

results for particles that can be displaced by near-wall vortices, but the instantaneous forces

are not sufficient to entrain them. Particles are aligned in regions of relatively low shear

stress, between counter-rotating vortices, reproducing experimental observations in similar

conditions (Allen, 1994; Kaftori et al., 1995)

The transport behind the cylinder was measured by calculating the total number of

particles that crossed a vertical plane, showing a high degree of intermittency with multi-

ple episodes of transport of different magnitudes. For the first time the fractal properties

of particle transport generated by unsteady coherent structures have been simulated, es-

tablishing rigorously their characteristics by computing the box-counting dimension of the

flux and the singularity spectrum of transport. Our analysis gives a detailed description of

the simulation results but it cannot be generalized to represent particle transport in other

conditions. Further analyses are required to quantify the transport and obtain a statisti-

cally significant evaluation of the multifractal spectrum, and relate the scale-invariance and

fractal dimensions to flow and sediment parameters.

In summary, the Lagrangian model can replicate many experimental observations of

bed-load in low-transport stages but its applicability is restricted to fine sand in diluted

flows. With the results obtained in these simulations we can also see that the model has

great potential to expand and be adapted to simulate transport in more complex situations.

An advantage of the model is its inherent flexibility to represent realistically the particles as

discrete elements, and include in detail all the relevant forces contributing to entrainment

and deposition. As a result the model can simulate processes that typical advection-diffusion
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models cannot take into account. More complex phenomena can also be incorporated to

this formulation, which modify the global behavior of the two-phase flow. Particle-flow

and particle-particle interactions can be included to have a general model of transport

that incorporates collisions and turbulence modulation in flows with higher concentrations,

also including stochastic models of turbulent dispersion to consider the unresolved scales

of turbulence motion. Most importantly, the results obtained by the Lagrangian particle

model motivate the development of an unsteady Eulerian bed-load model that can simulate

the sediment flux using the same theoretical framework. This undertaking is pursued in the

subsequent chapter.
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CHAPTER V

SCOUR AND BED-LOAD TRANSPORT SIMULATION

The Lagrangian simulations of sediment particles with the resolved flowfield have given

a great deal of information on the dynamics of individual grains and the effects of the

largest scales of the flow on transport. The natural extension of the one-way coupled

Lagrangian formulation is the development of a more practical Eulerian modeling framework

for predicting the bed-load flux that fully couples the solution of the instantaneous flowfield

with the erosion and deposition processes that occur at the bed.

All the previous 3D computational models of scour (Ushijima, 1996; Roulund et al.,

2005) and models of sediment transport with bed deformation (Wu et al., 2000; Olsen, 2003)

have employed URANS turbulence closures, which are generally too diffusive to resolve the

large-scale dynamics of the flow (Paik et al., 2004, 2007). These models have also considered

bed-load formulas based on results of laboratory experiments in steady unidirectional flows

and equilibrium conditions to predict the sediment flux. The experimental observations

of Dargahi (1990), the recent experiments of Hopfinger et al. (2004), and the results we

presented in the previous chapters, however, have shown that large-scale unsteady vortical

structures have a significant influence on near-bed transport and scour.

The prediction of the HSV system around the cylindrical pier with the coherent struc-

ture resolving DES approach and the promising results of the Lagrangian particle model,

motivate the development of an unsteady bed-load model of transport that can account for

the effects of fluctuating hydrodynamic forces due to the coherent unsteadiness of the HSV

system on erosion and deposition processes. By employing resolved instantanous quantities

to predict the sediment flux based on the forces considered in Lagrangian formulation, we

reduce the influence of empirical formulas of equilibrium transport in the computation of
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highly unsteady flows in non-equilibrium conditions.

In this chapter, we develop a bed erosion and transport model by coupling the flowfield

solution with the computation of the sediment flux and the mass-balance or Exner equation

for the bed. Utilizing the Arbitrary Lagrangian-Eulerian (ALE) formulation, a mobile bed

is incorporated to the solution of the Navier-Stokes equations to simulate the interaction

between the fluid flow and the erosion and deposition processes. The evolution of the local

topography in the initiation of scour and the influence on the instantaneous flow at the

junction region are studied and compared with the description of the initial stages of clear-

water scour measured by Dargahi (1990) around the cylindrical pier. Additional statistical

analyses of the bed topography are performed by studying the dynamics of bed forms that

emerge at the sides of the cylinder.

5.1 Eulerian model of sediment transport and scour

Multiple factors characterize the bed-load transport and the complex interactions at the

boundary between the sediment and the turbulent flow. The unsteady near-bed flow and

the size and distribution of particle diameters play an important role in determining the

dislodgement of grains arbitrarily arranged on the bed, with strong interparticle interactions

and sediment grains with different degrees of exposure to the flow.

Numerical models and experimental relations have required numerous simplifications to

represent the collective sediment motion and estimate the flux near the bed. In equilibrium

conditions, the prediction of the transport flux has mostly been related to the averaged

shear-stress, assuming unidirectional flow in small slopes. Using formulas based on Bagnold

(1956) considerations, the total bed-load flux has been computed as a function of the excess

shear-stress, employing a threshold condition as the Shields relationship to determine the

sediment discharge. On the other hand, bed-load predictions based on Einstein’s (1950)

work have considered the probability of particle entrainment as a function of the bed shear-

stress, that is balanced by deposition in equilibrium conditions.
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Figure 33: Sediment flux parallel to the bed and uniform concentration within the
bed-load layer are the main assumptions of the model for an element of the water column.

Recently, more complete models of bed-load transport have been developed that take

into account the three-dimensional orientation of the bed surface. A detailed vectorial for-

mulation was developed by Kovacs and Parker (1994), generalizing the bed-load models by

determining the mass transport in the streamwise and spanwise directions in channel flows.

In their formulation, the transport dynamics of individual sediment grains was represented

by the average grain velocity tangent to the bed, and the bulk effect of particle collisions

with the bed was replaced by a dynamic friction term. Seminara et al. (2002) and Parker

et al. (2003) extended this vectorial formulation for low-transport stages, utilizing Einstein’s

concept of dynamic equilibrium to establish a bed-load model for arbitrary slopes, and an

expression for the entrainment flux as a function of the shear-stress. In these two models,

the average sediment velocity is obtained from the momentum balance within the bed-

load layer, neglecting the acceleration terms in the governing equations, and considering a

two-dimensional steady flow represented by a logarithmic velocity profile.

To develop an unsteady bed-load model and predict scour in a time-accurate manner,

we extend the previous vectorial formulations for unidirectional flow. There are two major

differences, however, between the proposed model and previous approaches. First, the flow-

field in this work is obtained from a coherent-structure resolving simulation that was shown

to resolve fully most energy-containing scales of motion in the vicinity of the pier while

previous studies employed diffusive turbulence models in which the effect of the rich HSV
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dynamics was modeled via an eddy-viscosity model. Secondly, the proposed model calcu-

lates the instantaneous sediment grain velocities at the bed by solving numerically a particle

momentum equation that incorporates the instantaneous, fluctuating hydrodynamic forces

at the bed obtained from the simultaneous solution of the DES flow model. As such, the

proposed model accounts directly and in a straightforward manner for the effects of near-

bed pressure and velocity fluctuations on the initiation of motion and bed-load transport.

With the particle velocities obtained from the above procedure, the determination of the

bed-load flux is completed by incorporating an empirical relation for the bed-areal concen-

tration and the Exner equation is integrated in time to determine the bed elevation and

erosion development. This new proposed model gives a complete description of the fluid-

sediment interface by providing: (1) A vectorial instantaneous bed-load flux computed from

the resolved flowfield; and (2) Time-accurate solution of the bed elevation using the same

spatial and time resolution of the flow.

In the unsteady bed-load transport model employed in the present investigation there

are two fundamental simplifications that involve averaging of instantaneous velocities. First,

the continnum sediment velocity field corresponds to a local average particle velocity that

represents the combined motion of the grains. Following the formal derivation from the

Lagrangian momentum equation to an Eulerian formulation described by Anderson and

Jackson (1967), the particles velocities are separated as the sum of a large mean component

that is directly resolved from the sediment momentum equation, and a small fluctuation

that is assumed to have no influence on these computed mean values (see the details in the

next sections).

The second simplification is based on the vectorial bed-load models previously developed

(Kovacs and Parker, 1994; Roulund et al., 2005). We assume that the transport is confined

to a thin layer of constant height above the bed and that the sediment concentration and

velocities have a uniform distribution within this bed-load layer, as shown in the diagram

of figure 33. The governing equations for the Eulerian model are formulated in terms of
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(a) (b)

Figure 34: (a) First layer of grid nodes that comprise the bed surface around the cylinder
in the generalized curvilinear coordinate system. (b) Element of the bed in the curvilinear
coordinate system. The instantaneous sediment velocity computed from the momentum
equation is parallel to the bed.

local spatial mean velocities over an element of the bed, uniformly distributed and always

parallel to the local bed orientation.

Therefore, the bed-load flux vector is defined as:

qb(r, t) =
∫ b+h

b
C(r, t) ṽ(r, t) dz (87)

where qb(r, t) is the bed-load flux tangent to the bed surface that is a function of the spatial

coordinates r = (x, y, z) and the time t, ṽ is the 3D instantaneous sediment particle velocity,

and b is the bed elevation. By incorporating in the above equation local spatially averaged

quantities, we can approximate the instantaneous bed-load flux at each point on the bed as

follows:

qb ≈ γ v (88)

where v and γ are the sediment velocity and the bed-areal concentration within a bed-load

layer of height h.

This section contains a detailed explanation of the steps to determine the bed-load flux,

and the numerical methods employed to calculate the particle velocity and bed elevation.

127



5.1.1 Momentum equation for sediment

The bed-load flux in the Eulerian model of sediment transport is calculated as the

product between the bed-areal concentration γ, which indicates the sediment volume per

unit of area that contributes to the sediment flux, and the average sediment velocity in the

bed-load layer that is parallel to the bed, v. In general, previous studies have obtained the

sediment velocity for equilibrium conditions only, considering some of the particle stresses

discussed in the previous chapter and assuming that the sum of forces is always equal to

zero (e.g. van Rijn, 1984; Kovacs and Parker, 1994; Roulund et al., 2005).

Here we propose a new approach to compute an unsteady bed-load transport flux, by

determining the sediment velocity from the momentum equation of the particles in an

Eulerian framework. The momentum equation of sediment considers the instantaneous

forces computed from the resolved DES flowfield. This new approach not only increases the

level of physical realism of the sediment transport dynamics, but also provides a consistent

way for computing the unsteady bed-load flux in cases when near-wall coherent structures

become the main mechanism of sediment transport.

The equation utilized to compute the velocity of the sediment in the unsteady bed-load

Eulerian model is directly derived from the Lagrangian particle model, employing the same

assumptions of dilute flow (i.e. one way-coupling of the sediment dynamics with respect

to the Navier-Stokes equations), and negligible stresses due to particle-to-particle collisions

(see previous chapter for more details).

Anderson and Jackson (1967) performed the formal derivation of the Eulerian momen-

tum equation from the Lagrangian model to describe the flow in fluidized beds. The gov-

erning equations in the Eulerian framework are based on local spatial averages of particle

velocities. This description is only valid if the instantaneous velocities are assumed to be

decomposed in two separate scales, for which the unsteady local spatial average values are

resolved and the fluctuation contributions are considered separately (see the details in An-

derson and Jackson, 1967). The general equation for two-way coupled multiphase flows
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considering all the terms of momentum transfer and constitutive relations has been given

by Drew (1983).

In the present formulation we assume that the flow is dilute, such that the relation

between the stress and rate of strain produced by the relative motion and collisions among

sediment grains and the influence of particle motion on the flowfield are neglected. The

Lagrangian sediment momentum equation (66) is applied locally at a point on the bed and

transformed into Eulerian form to derive a transport equation that governs the instanta-

neous distribution of sediment grain velocities on the bed-surface under the assumptions of

sediment continuum and dilute flow as follows,

∂vi
∂t

+ vj
∂vi
∂xj

= fi (89)

where vi is the sediment velocity in the Eulerian framework and fi is the force per unit mass,

containing the forces utilized in the Lagrangian equation (66) that represent the momentum

transfer from the fluid to the particles. The various forces and the formulas we use to

calculate them were explained in detail in the previous chapter. To simulate the contact

with the bed, we add a dynamic friction term to the total force that accounts for the stresses

generated by the particle-bed collisions (Kovacs and Parker, 1994). This bulk formulation

for the interaction of the sediment with the bed is proportional to the component of the

force normal to the bed, similar to the description of the force in equation (63) for the static

friction. In this case we consider a constant dynamic friction coefficient, µd = 0.3 (Seminara

et al., 2002).

The three-dimensional generalized curvilinear coordinate system provides an appropiate

framework to compute the sediment velocities parallel to the bed that is utilized in the

present model. The first horizontal layer of grid nodes of the computational mesh coincides

and gives form to the bed surface in the 3D space, with a constant value of ξ3 in the

curvilinear coordinate system, as seen in figure 34. The bed-load layer thickness h, is
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assumed as h = 3 d90 ≈ 0.01, according to the approximation given by van Rijn (1984).

The momentum equation for the averaged sediment velocity inside the bed-load layer

is considered as a two-dimensional equation in the curvilinear coordinate system given

by [ξ1, ξ2]. To facilitate the description of generalized bed deformations, equation (89) is

fully transformed to the curvilinear 2D system attached to the bed. According to the full

transformation approach, the components of the sediment velocities and forces are trans-

formed in the generalized curvilinear coordinate system using contravariant components.

The contravariant velocities are the components of the total velocity in the direction of the

non-orthogonal coordinates of the curvilinear system (ξ1 and ξ2). To transform the forces

to the bed-load model, the physical components of the hydrodynamic forces on the sediment

momentum are projected onto the bed surface, such that:

F̃m = fi ξ
m
xi

(
x2
ξm + y2

ξm + z2
ξm

)1/2 (90)

where F̃m are the physical contravariant components of the total force, with m = 1, 2 as

explained in detail in appendix A.

Therefore, the fully transformed momentum equation to compute the sediment velocity

is expressed as:
∂

∂t
V m + V k ∂V

m

∂ξk
+ V k V r Γmrk = Fm (91)

where V m and Fm are the contravariant components of the sediment velocity and forces

in the [ξ1, ξ2] coordinate system, and the bed is represented by a surface of constant ξ3.

The full coordinate transformation to the non-orthogonal curvilinear system in equation

(91) include the terms Γmrk, which are the Christoffel symbols of the second kind from

the covariant derivative operator (Aris, 1962). A detailed full derivation of the model is

elaborated in appendix A.
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The equation is rearranged, and expressed in strong conservation form as follows,

∂

∂t
V m + J

∂

∂ξk

(
V k

J
V m

)
+ V k V r Γmrk = Fm (92)

where the terms Fm contain the 2D particle forces on the bed, and the term with the

divergence of sediment velocity, such that:

Fm = Fm + V m ∂

∂ξk

(
V k

J

)
(93)

It is worth noting that this formulation employs the same assumptions of the Lagrangian

particle model and does not consider the unresolved scales of motion, neglecting correlations

that appear from averaging locally instantaneous quantities in the balance of momentum

as it is derived by Anderson and Jackson (1967) (see also appendix A).

5.1.2 Unsteady bed-load formulation

The estimation of the total bed-load transport flux requires the the vertical integration

of the sediment concentration and velocity profile across the bed-load layer (i.e. the sedi-

ment velocity and concentration are uniformly distributed within the bed-load layer), which

is simplified as shown in the expression given by equation (87). It is important to recognize,

however, that the actual concentration of particles depends on complex interactions and

feedbacks between the bed and the unsteady flow. Multiple factors determine the entrain-

ment and transport processes on the bed, such as particle diameters, shape, bed packing

conditions, pressure, and instantaneous stress distribution.

The clear-water scour experiments around an abutment in a rectangular channel per-

formed by Radice et al. (2008), showed for the first time the complex time and spatial

distribution of sediment areal concentration in non-equilibrium unsteady bed-load trans-

port processes produced by the large-scale coherent structures of the flow. The complexity
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of the transport mechanisms at the flow-sediment interface induced an intermittent sed-

iment flux and exhibited high fluctuations of particle velocities and concentrations that

occured even in regions where the shear-stress was below the critical.

Similar to the highly variable intermittent particle transport simulated with the La-

grangian model in the previous chapter, the intermittent transport events that generate

large variations of the local areal concentration in unsteady flows have been impossible to

describe adequately using instantaneous flow quantities and sediment properties. The mod-

eling of the bed to determine particle dislodgement and areal concentration distribution

would require to consider the intergranular forces at the bed and the instantaneous fluid

stresses to establish a relation between the flow and the mass of sediment moving above the

bed in realistic conditions. Therefore, the main difficulty to obtain a sediment flux in the

present computations relies on the prediction of the sediment concentration distribution.

As previously discussed, the common simplifications in bed-load transport models con-

sist on assuming a uniform particle velocity and a bed areal concentration γ that corresponds

to the total volume of sediment in motion per unit area of the bed, defined as:

γ = C̄ h (94)

where C̄ the average volumetric concentration of sediment particles within the bed-load

layer of thickness h (Seminara et al., 2002).

As a first order approximation, and based on the results of the Lagrangian simulations

for sediment grains, we can assume that there is a close relationship between the instan-

taneous shear-stress magnitude and particle motion in the HSV region. This observation

motivates the development our unsteady vectorial formulation, computing the bed-load flux

using the bulk particle velocity calculated from the momentum equation of sediment (92)

and an empirical formula for the bed areal concentration that is a function of the shear-

stress. Since no relations exist today in the literature linking the instantaneous bed areal
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concentration to instantaneous flow quantities at the bed, we utilize in equation (88) an

equilibrium empirical formula for γ that is a function of the shear stress. The key assump-

tion we thus make is that empirical formulas for γ linking its time-averaged local value to

the time-averaged local value of the bed shear stress also hold true when the values for γ

and shear stress are replaced with their respective local instantaneous values. Obviously

this is a flawed assumption that has no physical basis but it is one that is dictated by

the aforementioned lack of quantitative bed-load experiments emphasizing instantaneous

quantities. This modeling limitation not withstanding, the model we propose herein (con-

sisting of equation (92) for the particle velocities and an empirical equation for γ) is general

and can be readily extended to incorporate a more physics-based model for the bed-areal

concentration. Such undertaking is beyond the scope of the present work and shall await

future more sophisticated experiments. Even with the current model, however, we will later

demonstrate in this chapter that the use of equation (92) to calculate the instantaneous

bed-load transport velocity field represents a major modeling advance, which will permit

us for the first time to reproduce computationally most of the rich dynamical features of

bed-load transport.

The bed areal concentration is computed from the relation for the percentage of moving

particles per unit area of Engelund and Fredsøe (1976), which was also employed in the

scour simulations of Roulund et al. (2005). Engelund and Fredsøe (1976) introduced an

expression for the probability of a particle moving on the bed pef computed as function of

the shear-stress as follows,

pef =

[
1 +

(
πµd/6
τ∗ − τ∗c

)4
]−1/4

(95)

where µd is the dynamic friction coefficient, and τ∗ the non-dimensional shear stress or

Shields number. The critical shear-stress τ∗c used in equation (95), depends on the bed
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orientation (Engelund and Fredsøe, 1976; Roulund et al., 2005) such that:

τ∗c = τ∗c0

[
cosβ

(
1− sin2 α tan2 β

µ2
s

)1/2

− cosα sinβ
µs

]
(96)

where µs is the static friction coefficient and τ∗c0 is the critical shear-stress for a horizontal

bed, obtained from a mathematical expresion of the Shields diagram given by Sturm (2001).

The angle β is defined as the angle of steepest descent or maximum slope of the bed,

determined from the magnitude of the horizontal gradient of the bed elevation:

β = arctan |∇Hb| = arctan
∣∣∣∣ ∂b∂xi

∣∣∣∣ ; i = 1, 2. (97)

where ∇Hb = ∂b
∂xi

is the horizontal gradient of the bed elevation for i = 1, 2. The angle α

is defined as the angle between the near-wall velocity at the bed surface, and the direction

of maximum slope as follows:

α = arccos
[
∇Hb · u
|∇Hb| |u|

]
(98)

where u the flow velocity near the bed, given by the first layer of grid nodes above the wall.

Assuming that the fine sand particles can be represented by spheres, we compute the

areal concentration from pef and the number of particles per unit area. The contravariant

component of the bed-load flux is therefore calculated as the product of the bed-areal

concentration and the particle velocity obtained from the solution of equation (92) (Roulund

et al., 2005), as follows:

qj =
1
6
πd3 pef

d2
V j = γ V j (99)

5.1.3 Bed deformation model

The sediment mass balance at the bed or Exner equation, whose generalized form was

given by Paola and Voller (2005), determines the volume of sediment that is eroded or
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deposited as a function of the instantaneous bed-load flux. The conservation of mass for an

element of the bed can be expressed in the curvilinear coordinate system as follows:

∂b

∂t
=

−1
(1− λp)

[
∂γ

∂t
+ J

∂

∂ξj

(
qj

J

)]
(100)

where b is the bed elevation, and λp the porosity that is assumed as constant and equal to

0.35.

The evolution of the bed topography is determined from the solution of the Exner

equation considering the additional restriction imposed to the bed elevation, since the local

slope cannot exceed the maximum angle of repose of the sediment, as it will be subsequently

discussed. As described in equation (97), the gradient of the bed elevation in the cartesian

coordinate system gives the tangent of the maximum slope of the bed surface. Therefore,

at any point of the bed the maximum allowed gradient is given by the angle of repose,

tanφ = 0.62. Further details of the implementation are given in the next section.

5.1.4 Numerical solution

The equations that comprise the unsteady bed-load and erosion model are solved numer-

ically, in conjunction with the flow equations to couple the flowfield with the evolution of

the bed. The sediment velocity is obtained from the sediment momentum equations, which

can be written in strong conservation, flux-vector form for the 2D curvilinear coordinate

system attached to the bed as follows:

∂Qs
∂t

+ J
∂F ks
∂ξk

+ Cs = hs (101)
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where

Qs =
[
V 1, V 2

]T
F ks =

1
J

[
V k V 1, V k V 2

]T
Cs =

[
V kV r Γ1

rk, V kV r Γ2
rk

]T
hs =

[
F1, F2

]T
To integrate the sediment equations, the system expressed in the relation given by equa-

tion (101) is discretized using a pseudo-time iteration algorithm, with a second-order back-

ward time difference, and implicit treatment of the space derivative and Christoffel terms:

Q`+1
s −Q`s

∆τ
+

3Q`+1
s − 4Qns +Qn−1

s

2∆t
+R`+1

s + C`+1
s = h`s (102)

where the vector Rs contains the advective terms discretized with second-order QUICK

scheme. The superscripts (n) and (n− 1) correspond to the solutions at the previous time

levels, and (`) denotes the pseudo-time iteration.

After linearizing the system, the discretized equations can be written as:

[
I +

3∆τ
2∆t

+ ∆τ B`
s + L`sk

]
∆Qs = −∆τ R̂`s (103)

where Bs is the Jacobian of the Christoffel symbols,

Bs =
∂Cs
∂Qs

(104)

The implicit treatment of the Christoffel symbols adds a diagonal term to the left-hand side

of the discretized equation, which is essential for obtaining stable solutions of the system.
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The operator L`sk
in equation (103) contains the Jacobian of the spatial residuals:

L`sk
= ∆τ δξk

(
∂F ks
∂Qs

∆Qs

)
= ∆τ δξk

[
Aks(·)

]
(105)

and the right-hand side of the momentum equation (103) is expressed as follows,

R̂`s =
3Q`s − 4Qns +Qn−1

s

2∆t
+ J

(
δξkF ks

)`
+ C`s + h`s (106)

In operator form, the discretized system for the sediment momentum can be written as:

[
D + L`s1 + L`s2

]
∆Qs = −∆τ R̂`s (107)

where D contains all the diagonal terms in equation (103).

The discrete operator on the left-hand side of equation (107) is factorized with an

alternating direction implicit (ADI) method:

[
D + L`s1

]
D−1

[
D + L`s2

]
∆Qs = −∆τ R̂`s (108)

The particle velocity in pseudo-time is then advanced from the approximate factorization

in three steps,

[
D + L`s1

]
∆Q∗s = −∆τ R̂`s[

D + L`s2
]

∆Qs = D ∆Q∗s

Q`+1
s = Q`s + ∆Qs

The iterations to determine the sediment velocity are coupled with the bed model. For

every pseudo-time iteration, the local critical shear-stress τ∗c is obtained with the partial

bed elevation at the pseudo-time iteration from equation (96), and the percentage of moving

particles given in the relation (95) is computed using the currently available instantaneous
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sediment velocity.

After calculating the bed-load flux from the areal concentration and the sediment ve-

locity, as expressed in equation (99), we solve and update the bed elevation from the Exner

equation (100). A four-stage Runge-Kutta algorithm is employed to advance the solution

of the bed elevation b in pseudo-time, discretizing spatial derivatives of the bed-load flux

using a first-order upwind scheme to maintain a smooth bed-surface computed from only re-

solved quantities. The time derivatives are discretized with second-order backward upwind

schemes, treating implicitly the time derivative of bed elevation. We write the discretized

Exner equation as follows,

bm = b` + αm∆τ
(
−Rm−1

b − 3bm − 4bn + bn−1

2∆t

)
(109)

where αm is the Runge-Kutta coefficient for the m stage (m = 1, 2, 3, 4), and Rm−1
b contains

the discretization of the right-hand side of equation (100) using the values of the previous

stage:

Rm−1
b =

1
1− λp

[
3γm−1 − 4γn + γn−1

2∆t
+ J δ±

ξj

(
qj

J

)m−1
]

(110)

where δ±
ξj (·) correspond to the upwind scheme discretization employed for the derivatives

of the bed-load flux vector.

Rearranging the terms, the Runge-Kutta algorithm for the m−stage is expressed as:

bm = bm−1 +
(
1 + 3αm∆τ

2∆t

)−1
(
b` − bm−1 − αm ∆τR̂m−1

b

)
(111)

where the discretized right-hand side is:

R̂m−1
b = Rm−1

b +
3bm−1 − 4bn + bn−1

2∆t
(112)

The evolution of the bed topography depends also on the intrinsic characteristics of the

grains. The erosion and deposition induced by the flow can generate regions of steep slopes
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and the local failure of the bed. Layers of sediment grains are dislodged and slide downslope

in avalanche events that are determined by the constitutive characteristics of the bed. For

their scour model, Roulund et al. (2005) assume a particle sliding at a constant velocity in

still water to modify the bed elevation and maintain the slope condition. The avalanche of

sediment due to steep bed slopes is a much more complicated problem.

Theoretical models consider a sediment flux produced by local avalanche events, as a

function of the gradient of the bed elevation (e.g. Prigozhin and Zaltzman, 2001). If the flux

is proportional to the gradient then a diffusion term appears in the Exner equation. For

our time-accurate simulations of bed-load transport and scour, the magnitude of the local

slide cannot be parameterized. No expressions exist to determine the total mass of sediment

per unit area of the bed dislodged during an avalanche event, the spatial magnitude of the

avalanche on the bed surface, or the velocity of the sliding sediment and the interaction

with the unsteady turbulent flow.

In the present model, the restriction given by the maximum angle of repose is incor-

porated instantaneously during the computation of the Exner equation. If the solution

of the bed surface has a gradient larger than the maximum slope the elevation is locally

corrected, and the mass of sediment is distributed accordingly on the neighbour nodes by

linear extrapolation. The elevation of the bed at every time iteration satisfies the restriction

imposed by the maximum angle of repose allowed for the sediment.

The algorithm for the correction of the maximum slope proceeds as follows:

1. Determine the maximum bed slope at every point on the bed. The 2D gradient of

bed elevation ∇Hb(x, y), points in the direction of the steepest bed slope, i.e. it is

orthogonal to the level sets of b(x, y). The tangent of the angle of maximum slope

corresponds then to the magnitude of the gradient vector:

tanβ = |∇Hb(x, y)| =

√(
∂b

∂x

)2

+
(
∂b

∂y

)2

(113)
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Figure 35: Schematic equivalent of the slope modification when the local bed slope β is
larger than the maximum angle of repose φ.

2. The local instantaneous slope β0 at any point (x0, y0) on the bed is restricted by the

maximum angle of repose of the sediment. Therefore, the slope satisfies the following

condition at all times:

tanβ0 = max [tanβ0, tanφ] (114)

for any point (x0, y0) on the bed surface. If the slope magnitude is larger than the

maximum angle of repose of the sediment φ, however, the magnitude of the bed slope

is modified according to the condition given by equation (114). Assuming that the

point (x0, y0) coincides with the node (i, j) of the grid, all grid nodes in the immediate

neighborhood of (x0, y0), i.e. (i± 1, j ± 1), are linearly adjusted to have a maximum

slope equal to tanφ using a Taylor linear extrapolation in 2D:

b(x, y) ≈ b(x0, y0) +
∂b

∂x

∗∣∣∣∣
(x0,y0)

(x− x0) +
∂b

∂y

∗∣∣∣∣
(x0,y0)

(y − y0) (115)

where the terms ∂b
∂xi

∗
are the new bed-elevation gradients, modified proportionally to

their original values to give a local maximum slope equal to tanφ:

∂b

∂xi

∗
=

∂b

∂xi

tanφ
tanβ

(116)

Figure 35 shows the 1D equivalent of the procedure for clarity.

The discrete sediment equations (108) and (111) are iterated until the pseudo-time

derivatives are reduced to a small tolerance, such that Q`s and Q`+1
s converge to Qn+1

s , and

b` and b`+1 converge to bn+1 respectively. For the converged solution, the original governing
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equations (92) and (100) are satisfied at the new time level (n+ 1).

After the bed elevation is computed, the grid nodes are redistributed to adapt to the bed

surface using a hyperbolic tangent distribution and maintaining the near-wall resolution

of the grid such that z+ < 0.5. The velocities of the grid nodes are then computed to

incorporate the effects of the moving boundaries on the flow, calculating the velocity of the

bed that is used as the boundary condition for the flow calculation:

ḃ =
3bn+1 − 4bn + bn−1

2∆t
(117)

The model is then complete and formulated such that it can be coupled with the com-

putation of the flowfield using the velocity obtained from equation (117). The boundary

conditions for the Arbitrary Lagrangian-Eulerian (ALE) method employed in the solution

of the Navier-Stokes equations are established by employing the bed deformation in the

equations (40) and (41) for the boundary of the computational domain.

The small bed deformations for each time step of the flow simulation allows the imple-

mentation of a weak coupling solution, for which the grid geometry and boundary conditions

correspond to the solution of the sediment equations at the previous time level. The method

is effective to simulate the initial stages of scour, but it can become computationally expen-

sive to predict equilibrium scour depths because the restriction of the time-step is always

given by the flow solver.

5.2 Simulation of scour

The bed-load transport model developed in the previous section constitutes a new and

flexible approach to compute the sediment flux in unsteady non-equilibrium conditions.

The model can be utilized to understand the relation between the coherent structures of

the flow and bed erosion by incorporating for the first time the instantaneous solution of

the resolved turbulent flow in the calculation of bed-load flux.

In this section we report the results of the simulations of the flow and initial scour
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evolution around the cylindrical pier for Re = 39, 000, starting from the flat bed condition

and a snapshot of the statistically converged flowfield solution obtained in chapter 3. The

results of the simulation are compared with the experimental observations of Dargahi (1990)

for an erodible bed. Dargahi mostly provided a qualitative analysis of the initial scour

process produced by the unsteady coherent vortices of the HSV system, giving a description

of the initial stages of erosion around the cylinder for the first 735 seconds. He also reported

additional data for the long-term characteristics of scour and the development of bed-forms

during the scour process.

We analyze in detail the numerical simulations to study the initial development of erosion

in the vicinity of the cylinder and the spatial distribution and the progress of scour depth

in time. Given the limited information provided by the experimental results, we focus on

the qualitative description of the scour process relating the flow dynamics to the patterns

observed in the simulation.

5.2.1 Erosion development

The erodible-bed numerical simulation starts at t = 0 from a flat bed condition us-

ing a snapshot from the statistically converged flowfield obtained from the flat rigid-bed

simulation described in chapter 3. Due to the magnitude of the stresses produced by the

turbulent flow at the bed, erosion is immediately initiated by the effect of the HSV system

fluctuations in front of the cylinder.

For the initial development of scour, Dargahi (1990) reported multiple features of the

bed related to the dynamics of the HSV system that are also examined in our results:

• Development of two depressions at the symmetry plane during the initial stages of

scour, which are later transformed into one scour hole in front of the pier as shown in

the qualitative bed profiles sketched by Dargahi (1990) in figure 36.

• Maximum scour occured always at the base of the pier, at approximately ±45◦ from

the symmetry plane.
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Figure 36: Description of the evolution of scour at the symmetry plane in front of the
cylinder at Re = 39, 000 by Dargahi (1990).

• Time-series of scour depth showed quasiperiodic oscillations connected to the time-

scales of vortex shedding in the HSV system.

• Bed forms emerged at the sides of the cylinder along the legs of the HSV.

5.2.1.1 Scour dynamics at the symmetry plane

Figure 37 shows the simulated scouring process in 2D plots of bed elevation at the

plane of symmetry corresponding to t =5, 40, 95, and 735 seconds, where the zero bed

elevation corresponds to the initial flat bed position. It is important to note that the

initial flow conditions for the simulations differ from the experiments, which start from zero

velocity and require a time interval to establish the statistically stationary turbulent flow

at Re =39,000. The symmetry plane bed profiles, however, show very similar features to

the experimental trends. During the first 5 seconds, the symmetry plane remains mostly

flat, except for the accumulation of sediment located at X = −0.8, as seen in figure 37(a).

After 40 seconds, two clear depressions shown in figure 37(b) start to appear in front of the

cylinder, with minimum values at around X = −0.55 and X = −0.7. The location with

higher elevation in the previous figure at X = −0.8 now has an approximate zero elevation.

At 95 seconds the two depressions persist, with the increase of the upstream depression

and the formation of a mound with the maximum around X = −0.86. The 735 second

bed-profile shown in figure 37(d) has only one depression in front of the cylinder, which is

consistent with the growth of a single scour hole that develops at the leading edge of the
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(a) (b)

(c) (d)

Figure 37: Evolution of scour at the symmetry plane shows the same characteristics
reported in the experiments. Two depressions become a single scour hole in front of the
pier.

pier as reported by Dargahi (1990).

Therefore, the evolution of the bed elevation at the symmetry plane shown in figure

37 follows the same patterns described by Dargahi (1990). For all the 2D bed profiles we

observe that the scoured region is extended for less than one cylinder diameter upstream,

and a part of the material transported by the return flow of the HSV system is accumulated

at the inteface between the active and immobile zones, heaping the bed surface.

To have a better understanding of the mechanisms that generate the simulated bed pro-

files at the symmetry plane, it is worth exploring the flowfield characteristics in this region

in tandem with the bed elevation patterns. Figure 38 depicts representative finite-time

average velocities (obtained by averaging the resolved velocity field over 5 second intervals)

for two time-windows that show the flowfield at which the bed has been subjected during

the scour process. The two plots shown in figures 38 (a) and (b) depict the average velocity

vectors colored by spanwise vorticity, illustrating the characteristics of the averaged flow-

field for two of the cases discussed in figure 37. These plots show similar characteristics for

all the five-second averages computed from our solution. In previous chapters we provided

evidence about the significant increase of the turbulent stresses near the bed associated with
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(a) (b)

Figure 38: Averaged velocity vectors colored by spanwise vorticity. (a) Time average for
0-5 seconds. (b) Time average for 80-95 seconds.

the complex and highly dynamic interaction of the HSV system and the wall. Recall that

the HSV dynamics gave rise to the extraction of positive vorticity tongues from the wall and

bimodal dynamics of velocity fluctuations at the symmetry plane, which were linked with

large-scale instabilities causing the growth of hairpin vortices between the vortex and the

wall that wrapped around and disorganized the HSV system. For the finite-time averaged

flowfields in figure 38 we observe that in both cases there is a characteristic vortical struc-

ture located in the region where the upstream bed depression develops. It is important to

note that the accumulation of sediment at the bed behind the depression in this zone also

coincides with the outer turn of the vortex, which is the region where the zero-flow mode

of the HSV system emerges.

Turning our attention to the time evolution of scour, the bed at the symmetry plane

shows two different dynamics. In some regions there is a steady scouring of the bed, i.e.

the bed descends smoothly at all times during the erosion process. Other regions of the

bed, on the other hand, present significant variations of elevation during scouring as the

bed is continuously eroded but the elevation time-series exhibit intense oscillations that are

connected with the rich HSV dynamics (Dargahi, 1990). The scour depth time-series for

the first 800 seconds, plotted in figure 39, shows the rate at which the bed is eroded at two

points where the two trends occur along with the evolution of the maximum scour depth

over the entire bed dmax. The non-equilibrium conditions determine the rapid initial scour

at the two points in the HSV region and the maximum scour depth on the entire bed. The
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Figure 39: Maximum erosion on the bed, and scour depths at two different points on the
symmetry plane upstream of the pier.

maximum erosion coincides with the observations of Dargahi (1990) as it always occurs

at the sides of the pier at approximately ±45◦ from the plane of symmetry, which also

coincides with the region where the shear-stress has the largest magnitude (see subsequent

discussion). The deepening of the bed occurs continuously and smoothly at points of the

bed closer to the cylinder, as seen in the point X = −0.54. A particular characteristic

observed at the upstream point on the symmetry plane, at X = −0.66, is the periodicity of

the bed elevation, which occurs due to the generation of small sediment waves in the return

flow of the HSV. This fluctuating region of the bed reaches the transition region separating

the active scour in the vicinity of the pier, from the low shear-stress zone with no mobility.

Therefore, the scour simulations also reproduce the quasi-periodicity on the time-series of

scour reported by Dargahi (1990), with characteristic frequencies of f = 0.10 Hz and f =

0.19 Hz (or periods T = 10 s and T = 5.26 s respectively), which are similar to the time

scales of the HSV system dynamics obtained from the proper orthogonal decomposition

(POD) analysis (see chapter 3).
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5.2.1.2 Spatial evolution of scour

The three-dimensional development of scour around the cylindrical pier can be observed

by plotting the evolution of the bed in time, which is defined by the grid nodes of the

computational domain that conform the bed surface and provide the boundary conditions

for the flowfield solution. Figure 40 shows instantaneous snapshots of the bed at the same

four instants in time reported in the description of the scouring process at the symmetry

plane (t = 5, 40, 95, and 735 seconds). This sequence provides a global overview of the bed

evolution, from which we can appreciate the complex scour dynamics in the vicinity of the

pier. Two distinct phenomena are observed in different regions of the bed: (1) In the area

surrounding the cylinder the bed is continuously scoured and the bed elevation decreases

smoothly, except in the region closer to the symmetry plane where the bed elevation os-

cillates quasi-periodically, as demonstrated in the previous section, due to the generation

of “sediment waves”, which are clearly observed in all four images of figure 40; and (2) In

the region occupied by the legs of the HSV at the sides of the pier, the bed dynamics is

characterized by the emergence of a series of ripples, which will be described and studied

in the next section.

The scour model can capture for the first time these dynamic features of the scour process

since the DES model utilized in the simulations of the turbulent flow past the surface-

mounted cylinder captures all the essential dynamics of the HSV system. URANS models

typically do not provide information on the scour evolution, or overpredict the initial stages

of scour (e.g. Roulund et al., 2005). The recent URANS simulations of scour performed by

Duc and Rodi (2008) have been able to reproduce the bed elevation in scour flows in simple

geometries, but are unable to capture the effects of unsteady coherent structures of the flow

on scour. Additionally, the sediment transport models used in the simulations correspond to

equilibrium unidirectional bed-load models (Ushijima, 1996; Roulund et al., 2005), or have

relied on multiple empirical parameters to compute the non-equilibrium bed-load flux. Duc

and Rodi (2008) for example, required the definition of a length-scale representative of the
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Figure 40: Three-dimensional instantaneous images of the bed elevation, showing the
evolution of the scour hole and the development of ripples around the pier.
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average particle saltation length over the entire bed and the computation of an equilibrium

bed-load flux that is divided in tranverse and normal components of the flowfield using

the derivation of Sekine and Parker (1992). All the constants required by these sediment

transport models need to be calibrated to represent adequately the measured scour profiles.

In this work we are able to provide for the first time information on the dynamic evo-

lution of the bed. The instantaneous bed contours around the cylinder plotted in figure 41

show the progression of scour with the dynamic features already discussed. Note that the

figures have different scales in order to show the adequate contour levels for the description

of each stage of the scour process. In figure 41(a) we can observe that the bed erosion is

initiated at the base of the pier and near the symmetry plane in front of the cylinder. As

a typical case of clear-water scour, the erosion only occurs in the region of the bed where

the HSV is located. After the first 5 seconds the first indications of the emergence of bed

forms appear at the cylinder sides. Figures 41(b) and (c) show similar features, with the

continuous development of bed forms and the maximum scour occuring always at approxi-

mately ±45◦ from the symmetry plane. Figure 41(d) shows a more advanced state of scour

with larger bed structures, and a single scour hole around the cylinder. The sediment ac-

cumulation at around X = −0.9 can be clearly seen in front of the pier, and no scour takes

place upstream of X = −1.0.

All these results demonstrate that in addition to capturing the characteristics of the

scour time-series at the symmetry plane, the model can also represent the spatial features

of the bed around the cylindrical pier observed by Dargahi (1990), from the location of

maximum scour to the remarkable dynamics of bed forms.

Even though the scour process depicted on figures 40 and 41 has all the qualitative

characteristics observed in the experiments for the same Reynolds number, the rate at

which the bed is eroded seen on the time-series of maximum scour on figure 39 turns

out to be slower than the experimental measurements. At 735 seconds, the deepest scour

computed is approximately 0.9 cm (ds ≈ 0.06), while Dargahi (1990) reports a maximum
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Figure 41: Contours of bed elevation at four instants in time. The range of contours
changes as scour progresses to give additional details of the instantaneous bed features in
the vicinity of the cylindrical pier.

erosion of 3 cm. The differences are likely due to previously discussed empirical formula

used to calculate the bed areal concentration, which has been derived and calibrated with

mean flow quantities. As we already discussed before, there is no physical justification why

such formula will give quantitatively accurate results in the present simulations where the

time-averaged quantities have been replaced with their resolved instantaneous values due to

lack of physical experiments focusing on the unsteadiness of the bed scour process. It is also

important to recognize that unlike previous studies, which employed significant calibration

of the constants of various formulas to match the experimental data, in this work no such

calibration was attempted. The main reason for this is that given the lack of a physically

based model that links the instantaneous fluctuations of hydrodynamic forces with the bed

areal concentration any calibration attempt of an existing time-averaged model is futile and

bound to be case specific. Additionally, the sudden avalanche of material in regions of steep

slopes is not an instantaneous phenomenon, and it can also dislodge and drag a large mass
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of sediment. It is also important to note that the simulations were performed assuming

a constant inflow velocity profile, while the mobile bed experiments had an initial flow

transient before reaching the steady state at Re = 39, 000. These quantitative discrepancies

not withstanding, the model captures the remarkable process of bed form formation along

the legs of the HSV, which was also reported by Dargahi (1990) (see the following section).

To develop a model capable of reproducing in detail not only the scour dynamics qualita-

tively, but also yield quantitative results of the scour depth, would require the input of high

resolution experiments that can provide the information required to represent the physics

of the processes that have been simplified in the present formulation. Ideally, detailed ex-

periments should be performed to study the stress-strain relations of the active layer of the

bed. In our model we utilize an analytical expression to compute the volume of sediment

on the bed participating on transport. The formula given by equation (95) is derived from

equilibrium assumptions, utilizing the shear stress magnitude as the only flowfield variable

that determines the bed-areal concentration. The recent experiments of Radice et al. (2008)

showed the highly intermittent areal concentration of particles produced by near-wall co-

herent structures in the flow past a rectangular abutment. These high-resolution data at

the bed can give the necessary information to determine the initial mass and velocity of

the sediment that is dislodged, depending on the local properties of the sediment and the

instantaneous stresses produced by the local flow velocity and pressure fields.

To represent adequately the fundamental mechanisms of entrainment at the bed, the

model would require an Eulerian formulation for the momentum conservation of the bed.

Experimental investigations should be performed to determine the internal constitutive rela-

tion to describe the fluid-sediment interaction within the active layer of sediment, including

the subsurface hydrodynamics of the intersticial fluid at the bed. In addition, probabil-

ities of sediment entrainment based on fluid and sediment variables could be determined

from experiments in beds with heterogeneous characteristics, with the purpose of develop-

ing stochastic approaches for sediment entrainment intended to parameterize the inherent
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uncertainties that may arise due to the variability of grain sizes and bed packing.

Experiments could also be oriented toward studying the local avalanche events pro-

duced by the failure of the bed in non-equilibrium unsteady conditions. The complex bed

dynamics in these events has been simplified in theoretical models that assume a sediment

flux proportional to the local slope (Prigozhin and Zaltzman, 2001). To represent correctly

these phenomena on the bed model, however, we would need to parameterize the avalanche

flux to determine the actual mass that is dislodged, and the sediment velocities during the

avalanche and its distribution and deposition of the grains.

5.2.2 Flowfield in the scour region

The flowfield in the vicinity of the cylinder is modified as scour progresses, but the

HSV system maintains the same overall characteristics reported for the flat bed case (see

the comments by Dargahi, 1990) with two large persistent vortices that are shed quasi-

periodically from the separation point. Instantaneous snapshots of spanwise vorticity at

the symmetry plane, depicted in figure 42, give a clear idea of the flow dynamics during the

scour process.

The initial accumulation of sediment at the bed after the first 5 seconds, shown in

figure 42(a), is located exactly in the region of the symmetry plane where the first desta-

bilization of the vortex takes place. During the entire simulation period we observe that

the vortical structures that experience the instability and continuous interplay between the

backflow and zero-flow modes are always situated inside the scoured region. Analysis of the

bed scour and the flow show that the shear-stress increment that occurs due to the emer-

gence of the zero-flow mode of the HSV system is the primary mechanism that initiates

scour at the bed. This can also be concluded from the finite-time averaged flowfields that

were shown in figure 38.

It is important to note that the separation region from which the new vortices emerge

does not experience a significant bed deformation as seen in figure 42(b) for t = 735 seconds.
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Figure 42: Instantaneous spanwise vorticity at the symmetry plane. (a) at 5 seconds; and
(b) 735 seconds after the simulation started.

The instability of the HSV, which is also responsible for the ejections of wall fluid and the

disorganization of the vortex closer to the cylinder, is sustained throughout the simulation

time and has the largest influence on the bed-load flux close to the cylinder that produces

the periodic variations observed in some areas of the bed. Figure 42(b), also coincides with

an instant that corresponds to the activation of the zero-flow mode, which starts exactly at

the position where the scour hole begins at the symmetry plane. This is also the position

of the outer turn observed for the finite-time averaged structures in figure 38.

The shear-stress distribution is modified by the scoured bed as shown in figure 43,

decreasing the original shear-velocity magnitude in the front, and producing significant

changes at the cylinder sides. The irregular distribution of shear-stress at the sides of

the pier is connected to the bed-form dynamics, since the upstream face of the ripples

becomes an area of concentrated shear-stress, inducing erosion and displacing the bed forms

downstream. During the initial stages of scour, as seen in figure 43(a), the shear-stress

distribution has similar features to the flat bed case, except for the growth of the bed

form instability at the cylinder sides, near the inner leg of the HSV system. The intense

fluctuations of the HSV system generate the initial bed scour at the leading edge of the

pier, up to approximately X = −0.72. The contours at 735 seconds in figure 43(b), on the

other hand, show a decrease of the shear-stress in front of the cylinder and a change on the

distribution produced by the bed forms. The alternation of high and low zones of shear

stress is displaced further away from the cylinder, along the most external part of the HSV
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Figure 43: Instantaneous shear velocity distribution at the bed during scour development.
Zones of higher shear stress arise upstream of the ripples. (a) 5 seconds; and (b) 735
seconds after the simulation started.

legs, and they are consistent with the larger amplitude and wavelength of the ripples in

time (see figure 40). Another important characteristic is the shear-stress distribution at the

cylinder sides. As scour progresses, it is evident in figure 43(b) that the zone of high shear

starts wrapping around the cylinder in the downstream region.

The results evidence the effects of scour on the flowfield, which are mainly observed

in the instantaneous distribution of the shear-stress at the bed. As discussed by Dargahi

(1990), the time evolution of scour is influenced by the vortex shedding of the HSV system,

which is also observed in the present simulations. The evolution of the scour depth, however,

turned out to be slow compared to the time-scales of the turbulent flow and the bed-form

dynamics observed in the vicinity of the cylinder.

5.3 Bed-form analysis

As it was pointed out in the previous section, the complex interaction between the

bed and the unsteady flow determines the generation of bed forms at the cylinder sides.

Remarkably, the simulations results show that the model reproduces the formation of ripples

along the legs of the HSV system, which were also observed in the experiments performed
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by Dargahi (1990). In the present section we summarize the characteristics of bed forms as

documented in previous field and laboratory experiments, and study the statistics of bed

elevation at the sides of the cylindrical pier we obtained in our simulation.

5.3.1 Bed-form dynamics

The complex interaction of turbulent flows with the bed surface in natural aquatic

environments can generate organized sediment patterns that develop at the sediment-fluid

interface known as bed forms (Allen, 1966; Kennedy, 1969). Bed forms consist on arrays

of sedimentary structures which are generally classified according to their separable length

scales as ripples and dunes, and antidunes in cases when bed forms are capable of migrating

upstream with respect to the flow direction (Engelund and Fredsøe, 1982).

Ripples, which are observed in the present investigation, are small bed forms produced

by the turbulent stresses generated at the bed that commonly exist in fine sediment beds

and have no interaction with the free surface (Kennedy, 1969). The physical mechanisms

that give rise to these bed forms, however, are not entirely clear and many recent investi-

gations have given new insights on the relation between the turbulent flow and the initial

development of ripples (see for instance Best, 1992; Coleman and Melville, 1996; Venditti

et al., 2005).

The initial development of bed forms was first studied using linear stability analysis for

the bed subject to a steady flow, analyzing the growth of perturbations on the bed surface

(e.g. Engelund and Fredsøe, 1982). New experimental investigations have established that

under live-bed conditions there is an intimate relation between development of ripples and

the near-wall unsteady coherent structures of the turbulent boundary layer. The initial

bed instability reported by Best (1992) was linked to the hairpin vortices of the turbulent

boundary layer over smooth beds, and in particular to the sweep events that seem to

generate small accumulations of sediment which grow and propagate. Coleman and Melville

(1996) showed that the bed instability grows as a regular pattern of short wavelength and
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small amplitude sediment-waves that evolve into ripples as time progresses.

The complexity of the process of bed form development and the variabilities of the

height, amplitude and velocity of propagation motivated the development of previous mod-

els to simulate bed-form dynamics based on simple discrete formulations in one or two

dimensions (e.g. Niño et al., 2002), or simplified deterministic or stochastic equations that

describe the bed surface evolution based on approximations of the Exner equation (see

Jerolmack and Mohrig, 2005). To the best of our knowledge, no realistic bed forms have

been obtained from 3D simulations of the coupled bed dynamics and unsteady turbulent

flows. Therefore, the results we report in this work are the first to capture these phenomena.

To evaluate the characteristics of the ripples in the flow, we compare our results with

the information provided by Dargahi (1990), and compute statistics of the topography to

see if they have the same properties of real bed forms measured in experiments or in the

field. Ripples and bed forms in general have also been studied by performing statistical

analysis of time-series of bed elevation. Spectral analysis of the topography in experimental

and field data has revealed power-law relations of the spatial spectrum, with a −3 exponent

of the wavenumber (∼ κ−3), and frequency spectra with exponents f−2 and f−3 for high

and low-frequencies respectively (for additional information the reader is referred to Hino,

1968; Jain and Kennedy, 1974; Nikora et al., 1997). Additional statistics were computed by

Jerolmack and Mohrig (2005) to study bed forms from field data and numerical simulations.

The bed topography was characterized by the root-mean-square (rms) of bed elevation for

different length scales defined by a spatial window of variable size. From the analysis of the

bed fluctuations the spatial dependence of bed forms was shown to have a scale-invariant

regime identified by a power-law relation of the rms statistic. The power-law showed to be

valid within the range of length scales where the internal dynamics is predominant (see the

following sections for more details).
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5.3.2 Statistical analysis of simulated bed forms

In our numerical simulation, the interaction of the bed with the near-wall vortices pro-

duces the bed instability that gives rise to a series of ripples that grow and propagate

downstream as observed in the sequence plotted in figure 40. These bed forms, which ap-

pear typically in beds with fine sand as previously discussed, are formed at the HSV location

and have an oblique orientation with respect to the channel flow. The ripples later become

perpendicular to the flow as they travel and merge in the downstream direction forming

larger structures that shape the bed around the pier. The bed forms and the development

of the scour hole produced by the HSV have also a significant influence on the near-bed

flow, and change the distribution of turbulent stresses at the bed (see figure 43).

Dargahi (1990) reported the bed forms as an important characteristic of the bed that was

present during the entire experiment. In the description of the scour process, he commented

the following:

“After 5 seconds, scouring at the sides of the cylinder starts and additional

sediment is transported by the arms of the horseshoe vortex system. The scour-

ing causes small ripples to form at the sides of the cylinder. The ripples contin-

uously migrate downstream with a speed of 0.1 m/s”.

The bed forms in our numerical simulation arise spontaneously at around 5 seconds after

the scour flow starts, as reported for the experiments (see figure 40(a)). The model does

not require the implementation of specific boundary conditions that impose a perturbation

intended to trigger the bed instability (see for instance Roulund et al., 2005) in the present

simulation the instability is naturally excited by the resolved flowfield past the cylindrical

pier. The ripples develop initially as oscillations of the bed elevation with small amplitude

and short wavelength as observed experimentally in fine sand beds by Coleman and Melville

(1996), but change continuously as they evolve in time and space. A particular characteristic
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observed in the scour evolution plots of figure 40, is that the multiple small ripples gener-

ated initially (also called sand-wavelets by Coleman and Melville, 1996) start growing and

merging, creating bed forms with different wave speeds as it will be subsequently shown.

The development of the initial instability produce ripples with highly variable celerities,

which determine a rapid initial merging that stabilizes as time progresses.

Linear stability analyses have been utilized to determine the growth of perturbations at

the interface between the bed and the flow (Kennedy, 1969; Engelund and Fredsøe, 1982).

In this particular case, however, multiple factors intervene on the generation ripples that

occur only within a delimited area of the bed due to the action of the three-dimensional

instantaneous near-bed flow induced by the quasi-periodic increments of the bed stresses

driven by the dynamics along the legs of the HSV system. The legs of the HSV system

consist of a series of streamwise helical vortices with predominant sweep-like events, which

are an ideal condition for the initial development of ripples as pointed out by Best (1992).

To verify that the results of the model can realistically capture the development of

bed forms, we analyze statistically the bed elevation at the sides of the cylinder in space

and time, to compare with the characteristics observed in real bed form dynamics, such

as the observations of Jerolmack and Mohrig (2005). Since the ripples are present only

in a delimited area of the bed we study the dynamics of the topography along a vertical

plane crossing their centerline, which coincides with the legs of the HSV system as shown in

figure 44 in the definition of the coordinate S. Both sides of the cylinder provide statistically

indistinguishable characteristics, thus the results presented herein correspond to the bed

forms generated at the left face of the cylinder facing the flow.

To characterize the complex processes that occur at the bed, we perform a statistical

analysis of time-series of topography along the S coordinate to compare with the known

features of ripples in real conditions and determine if their statistics are consistent with

experimental observations. In particular we study the statistics of bed elevation observed

in bed forms in fine sand, such as the spectrum of ripples measured by Hino (1968) and
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Figure 44: Definition of an arbitrary coordinate S to simplify the analysis of bed elevation
at the sides of the cylinder. The coordinate is determined by the parabola
y2 = 1.20(x+ 0.92) on the Cartesian system.

Nikora et al. (1997) and the scaling analysis performed by Jerolmack and Mohrig (2005) in

field and simulated data of bed topography.

Figure 45(a) shows contours of bed elevation that illustrate the bed-form evolution in

time and space. From the topography contours, we can identify the appearance of structures

of different sizes, and multiple merging episodes that occur at the sides of the cylinder (see

figure 45(b)). The bed forms are generated periodically near the symmetry plane (S = 0),

initially move at very high velocities but subsequently slow down as bed forms merge to

form larger structures. Details of the bed form dynamics are observed in the magnified map

in figure 45(b). The ripple celerity is relatively similar to the experimental measurements

of 0.1 m/s for small bed forms reported by Dargahi (1990). Large ripples that are formed

by merging, however, travel slowly and become more persistent in time.

We perform a statistical analysis of the ripples along the prescribed coordinate to study

the length-scale dependence of bed fluctuations. We evaluate the root-mean-square (rms)

of the calculated bed elevation, as a function of the length-scale along S. As discussed

by Jerolmack and Mohrig (2005), the size distribution of bed forms exhibits a power-law

relationship of the rms with the length-scale. We define a spatial window ∆s, and compute
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Figure 45: (a) Contours of bed elevation in time along the S-coordinate show the
propagation of ripples at the sides of the cylinder; (b) Magnification of the map shows
that the bed form celerity for small ripples is similar to the experimental result of 0.1 m/s
reported by Dargahi (1990), and represented by the black lines.

the rms of bed elevation for each scale, obtaining a distribution of the statistic in equation

(118) as a function of ∆s, which is denoted by b′∆s.

b′∆s =
〈
b2∆s
〉1/2 ≈

[
1
N

N∑
i=1

(bi − b̄)2

]1/2

(118)

where bi is the bed elevation, b̄ is the average along S, and N is the total number of data

points if the bed is sampled along the prescribed S coordinate at intevals of size ∆s.

The scale invariance of the spatial fluctuations generated by the bed forms determines an

increase in magnitude with the length-scale of the statistic defined in equation (118). This

relation is determined by the roughness exponent ϑ on the fluctuation diagram (Barabási

and Stanley, 1995), such that

=∆s =
√

∆s b′∆s ∼ (∆s)ϑ (119)

where ∆s is the corresponding length-scale, and =∆s identifies the variation of the bed

root-mean-square with ∆s.
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Figure 46: Statistics of bed elevation at the cylinder side. (a) Fluctuation diagram
averaged over time, the error bars correspond to the standard deviation of =∆s; (b)
Evolution of the standard deviation of the bed elevation in time. For the initial
development of ripples, the standard deviation along S has a power-law relation.

A similar technique was employed by Chrisohoides and Sotiropoulos (2003) to deter-

mine the time-scale of Lagrangian coherent structures in free-surface turbulent flows from

flow visualization experiments. For this case the fluctuation diagrams constructed from

time-series of light intensity were shown to saturate at the coherence scale of the vortical

structures.

The scale at which =∆s deviates from the power-law relation in figure 46(a) represents

the approximate maximum distance where the spatial correlation of the bed forms is main-

tained (Barabási and Stanley, 1995). The height fluctuations of the bed are spread in space

and ∆s ≈ 0.3 is the characteristic length below which they remain correlated. This length

scale coincides with the largest wavelengths of ripples in the studied domain.

The spatial standard deviation along S is plotted in time in figure 46(b). Since bed

forms cannot grow indefinitely, it is also expected to reach a steady-state consistent with the

continuous generation of bed forms at a statistically converged wavelength and amplitude.

The break on the power-law relationship determines an approximate time-scale of 27 seconds

for the regime change on the standard deviation growth.
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Additional information can also be obtained from a temporal analysis of bed elevation

time-series. Time periodicity of the bed at a point along the coordinate S is observed on

the autocorrelation plot of figure 47(a). The oscillations produced by the passing of “sand-

waves” can be computed to compare the statistical properties of the ripples at the cylinder

sides with results from experimental observations of bed forms (Hino, 1968; Nikora et al.,

1997). Figure 47(b) shows the frequency spectrum of bed elevation for the same point on

the bed along the S-coordinate. For at least an order of magnitude, the spectrum coincides

with the −2 power-law relation reported for ripples. Using experimental data, Hino (1968)

showed that the frequency spectrum of bed forms has a power-law relation with a decay of

f−2 for low-frequencies near the peak of the spectrum, and argued that the −2 power-law

was mainly associated to the dynamics of ripples. Nikora et al. (1997) showed the same

−2 slope of the spectrum, for a similar range of frequencies in series of bed elevations of

actual rivers. The model cannot maintain the −2 spectrum at high frequencies since the

solution of the Exner equation (100) is based on a dissipative scheme for the derivatives,

which in absence of a subgrid model for fluctuations of the bed elevation, it might smooth

excessively the bed elevation.

Detailed analysis of the frequency spectrum of figure 47(b) shows several commensurate

dominant frequencies: f = 0.1166, 0.2915, 0.5830, and 0.8162 Hz. The rational ratio among

these frequencies reveals a periodic bed form dynamics.

5.4 Final remarks on the scour model

The unsteady bed-load and erosion model developed in this research can reproduce

qualitatively all the features for the initial stages of scour in the vicinity of the cylindrical

pier, which are a consequence of the direct influence that the large-scale coherent structures

of the HSV system have on erosion and deposition.

The bed-load model is based on the unsteady momentum equation of sediment grains,

and it is simplified to employ well-known empirical formulas of areal concentration, and solve
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(a) (b)

Figure 47: (a) Autocorrelation and (b) Frequency spectrum of bed elevations time-series
on the bed, at the point X = −0.354 and Y = −0.678.

the Exner equation coupled with the computation of the flow. This approach improves the

degree of description of the bed-load transport flux, and defines a modeling framework to

build general fully-coupled models of turbulent flows in complex geometries with sediment

transport and bed erosion for realistic conditions.

In this particular case, the results of the simulations show the three-dimensional evolu-

tion of the bed topography by the action of the flow past the cylindrical pier. The model

reproduces all the characteristics observed by Dargahi (1990) during the initial scour around

the cylinder, including the shape of the bed at the symmetry plane as time progresses, the

bed oscillations connected to the vortex shedding of the HSV system, and the development

of ripples at the cylinder sides along the legs of the vortex.

There is still a discrepancy on the rate of scour compared to the experimental measure-

ments, since the maximum scour reported is larger than the computed results. The reason

for a slower scour process are likely related to the simplifications of the model that were

made due to the lack of accurate expressions capable of representing some of the complex

processes occuring at the interface between the sediment and the flow.

The bed areal concentration only considers the instantaneous shear stress to determine
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the volume of particles per unit area that participate in transport. Even though the model

can consider alternative estimations of this quantity, it is clear that equilibrium formulas

that rely on empirical considerations obtained for steady unidirectional flows are not ade-

quate to simulate unsteady sediment transport with a dynamic non-equilibrium boundary

condition of the erodible bed.

Additional discrepancies may arise due to the initial adjustment of the flow to reach

the test Reynolds number. The simulations are performed with a constant inflow, since

no information is given on the initial flow transient, and the effects that the velocity and

pressure gradients produced during this phase can generate on the bed.

A fully descriptive model of the local avalanches of material needs to be incorporated

to the bed model to determine precisely the total mass of sediment that participates on

the sliding events. The complex characteristics of the bed, with different particle sizes and

internal distribution of stresses, can produce temporal and spatial variabilities on the flux

magnitude, and set in motion a large number of particles when the bed slope exceeds the

maximum angle of repose.

The results call for careful experimental and computational studies of particle entrain-

ment and concentration distribution in non-equilibrium unsteady conditions. Numerical

simulations with the model developed in this research can help to design laboratory experi-

ments, which will give the high-resolution data needed to improve the predictive capabilities

of the model.

A fundamental aspect of the model that also needs to be addressed is the effect of the

smallest scales of motion and bed fluctuations smaller than the grid resolution. By ignoring

the dynamics of the scales that are not resolved, we had to implement a numerical scheme

that contained a predetermined dissipation which can affect the accuracy of the solution

for the bed elevation at the resolved scales. The development of a dynamic subgrid scale

parameterization will require detailed studies of the scale dependence to incorporate on

the numerical solution the bed fluctuation effects up to the grain resolution, including the
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interaction between the smallest scales of the flow and the sediment particle dynamics.

This notwithstanding, the model can capture the remarkable emergence and develop-

ment of bed forms. The ripples exhibit a celerity comparable to the experimental ob-

servations, and the complete statistical analysis performed on the series of bed elevation

showed that their dynamics was consistent with the features observed for real bed forms in

experiments and in the field.

All the findings reported in this chapter indicate that the model can reproduce the

most relevant physics of the erosion and deposition mechanisms to understand the complex

relation between the largest scales of the flow, and the unsteady sediment transport and

erosion. The physics-based numerical modeling of this hydrodynamic and bed processes

can be easily adapted to model more complex phenomena with strong interactions between

unsteady coherent structures and sediment transport. To the best of our knowledge, the

present model is the first to successfully simulate the dynamics of the initial stages of scour

by unsteady near-bed coherent structures, and the first to capture the development of bed

forms with a fully three-dimensional simulation of the flowfield coupled with a general Exner

equation, using only first principles in the physical derivation of the bed model, and solved

in a time-accurate manner.
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CHAPTER VI

CONCLUSIONS

In this thesis we have addressed several issues regarding the transport of sediment by

coherent structures in turbulent flows. In particular, we studied the effects of the turbulent

horseshoe vortex (HSV) system on sediment transport and clear-water scour in the vicinity

of hydraulic structures.

The sediment models for fine sand developed in the investigation are capable of describ-

ing the transport processes in dilute flows with different levels of detail, from individual

particle transport to the prediction of the unsteady bed-load flux and bed scour evolution,

which correspond to the Lagrangian and Eulerian approaches respectively. These models

are based on fundamental concepts that are utilized to investigate aspects of sediment trans-

port and turbulence interaction, and constitute a consistent approach to simulate bed-load

transport and scour in realistic conditions, and to develop complete models of multiphase

flows in the environment.

In this final chapter, we summarize briefly the main findings of the research and describe

the major physical processes that were reproduced in our numerical simulations. Additional

details on the future research possibilities that will emerge from this investigation are also

discussed, to give an idea of the potential development of the set of tools implemented in

the present investigation.

6.1 Summary

To understand the relation between large-scale coherent structures and the dynamics of

sediments in engineering and environmental flows, computational models need to incorpo-

rate two critical aspects to be able to provide physical insights and valuable information
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for design (see also the comments by Ge and Sotiropoulos, 2005): (1) Represent efficiently

and accurately the geometrical features of the flow domain, from the intricate details of

real-life engineering structures to the complex topography of mobile beds; and (2) Capture

the large-scale dynamics of the flow, resolving the most energetic vortical structures that

are the main mechanisms of sediment transport and scour.

These two issues have been addressed in the present investigation to fulfill the objectives

specified in the first chapter of the thesis. We developed a high-resolution numerical model

using a coherent structure resolving turbulence model to simulate the flow past surface-

mounted obstacles and capture the relevant scales of the flow. We also implemented domain

decomposition methodologies for moving boundaries to deal with complex and arbitrary

geometries of realistic sediment transport and scour problems. The methods presented in

this thesis can solve the full 3D Navier-Stokes equations in natural river reaches containing

complex hydraulic structures, utilizing body-fitted overset grids to accurately and efficiently

discretize multi-connected flow domains.

The numerical methodologies employed in this study to solve the Navier-Stokes equa-

tions and the turbulence model are described in detail in chapter 2. To the pressure-based

implicit preconditioner of Sotiropoulos and Constantinescu (1997), we incorporated a gen-

eralized Arbitrary Lagrangian-Eulerian (ALE) model to solve the governing equations of

the flow in domains with moving boundaries. The method can handle arbirarily complex

geometries by using spatial discretizations in generalized curvilinear coordinates and over-

set grid discretizations. These versatile techniques (ALE and overset grids) allow for an

efficient discretization of the computational domain, adding grid components to represent

the shape of real-life geometries and increasing the grid resolution in regions of interest at

the same time.

To resolve the large scales in the studied junction flow at high Reynolds numbers, we

employed a hybrid formulation for the turbulence model that combines URANS models

with large-eddy simulations (LES). Specifically, we utilized the detached-eddy simulation
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(DES) approach developed by Spalart et al. (1997). To correct the grid-induced premature

separation that arises in DES simulations, we used the length-scale modification for DES

proposed by Paik et al. (2007) to control the transition between the URANS and LES

modes. The numerical solution of the governing equations and the turbulence model is

parallelized with MPI to take advantage of powerful parallel computational platforms.

In chapter 3, the results of the model for the cylindrical pier studied experimentally

by Dargahi (1989) are presented. The simulations showed the same characteristics of the

unsteady HSV observed in the experiments, with a predominant two-vortex system configu-

ration and the measured frequency range of vortex shedding. The HSV system for this flow

exhibits a bimodal character of velocity fluctuations and low-frequency oscillations of the

vortical structures (Devenport and Simpson, 1990), which are the result of the continuous

interplay between the backflow and the zero-flow modes observed at the plane of symmetry.

All the dynamic characteristics of the HSV system, which were captured in numerical

simulations for the first time in the recent study of Paik et al. (2007), are also observed in the

cylinder flow. The complex aperiodic dynamics of the flow at the junction region showed

to be responsible for the increment of turbulent stresses near the bed. The centrifugal

instability mechanism that generates hairpin vortices and energize the HSV is also present,

triggering the zero-flow mode and producing the eruption of wall fluid and destruction of

the main structure of the HSV.

A statistical analysis of velocity time-series was performed with complex POD. The

decomposition showed that two linear modes can represent most of the energy and in-

stantaneous velocity in the HSV region, and the predominant frequency content of the flow

dynamics near the bed was extracted to confirm the quasi-periodic dynamics in the junction

region.

In summary, major advancements have been made in our ability to simulate complex

engineering flows at full scale Reynolds numbers with coherent-structure resolving statistical

turbulence models.
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To take advantage of the results obtained from the flow simulations, a theoretical La-

grangian model of particle transport was developed in chapter 4 to compute the dynamics

of individual sand grains in the flowfield based on the experimental configuration of Dar-

gahi (1989). The resolved flowfield is utilized to integrate the trajectory and momentum

equations for the sediment particles, considering analytical expressions of the instantaneous

hydrodynamic forces exerted by the fluid. This Lagrangian model reproduces the transport

produced by the HSV system in conditions near the threshold of motion, with particles

saltating or sliding on the bed. The computed results also showed that the particle dy-

namics is characterized by intermittent ejection events, in which groups of particles are

entrained and saltate at higher velocities. The particles also formed streaks along the legs

of the HSV system, reproducing for the first time all the effects of near-wall vortices on

particle transport seen in multiple experiments.

The cumulative particle flux behind the cylinder exhibited a self-similar and intermittent

behavior, revealing a Cantor set of transport event distributions in time produced by the

coherent structures of the flow. The sediment flux was described by a devil’s staircase curve

whose fractal characteristics were rigorously established by computing the box-counting or

fractal dimension of the distribution of transport events in time for different time scales.

The magnitudes of transport events were also scaled by computing the multifractal or singu-

larity spectrum of the sediment flux. The simulations showed a fully converged multifractal

spectrum for 105 particles initially located in front of the cylinder, and a wide distribution

of transport event magnitudes in time.

In chapter 5 we studied the initial stages of scour around the cylindrical pier An unsteady

bed-load transport model was developed based on the momentum equation for the sediment

coupled to the solution of the Exner equation. The bed-load model extends the Lagrangian

formulation by solving the governing equations in an Eulerian framework. The sediment

flux is computed from the sediment velocity and a bed areal concentration obtained from

an empirical function of the Shields parameter.
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Even though the rate of scour seems to be slower than the experimental measurements,

the model reproduces qualitatively all the experimental trends. The initial development

of the scour hole by the HSV system, and the remarkable generation of bed-forms at the

cylinder sides. The scour model improves the description of the bed-load processes, and con-

stitutes a general modeling framework to study the interaction between sediment transport

and coherent structures in turbulent flows.

The results of the development of scour, and the statistical analysis of the time-series

of bed elevation showed that for the first time a 3D simulation of the turbulent flows over

mobile beds can capture the main characteristics of the initial stages of scour, and the

development and evolution of bed forms. All the numerical methods developed in this

research, in conjunction with the statistical tools to analyze the results, constitute a model

that has not been available at this level of sophistication. Multiple research possibilities

will arise from this study, stimulating the the development of more general models that can

be used to investigate the fluid flow and sediment dynamics in the environment.

6.2 Future research directions

With respect to the flow simulations, the numerical model to solve the Navier-Stokes

equations can be adapted to incorporate additional turbulence models capable of capturing

the large-scale vortical structures of the flow, such as more general URANS/LES formula-

tions or LES models, depending on the case to be studied. Investigations on the relation

between sediment transport and the coherent structures of the turbulent boundary layer

would require LES solutions with near-wall resolution which are restricted by the compu-

tational costs of simulating high Reynolds number flows.

With the Lagrangian particle model, we uncovered numerous aspects of the dynamics of

sediment particles that require further investigation. Extensive studies should be carried out

in the future to explore the variation of the statistical parameters and the fractal features of
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particle transport with respect to the flow dynamics and sediment properties. These investi-

gations will likely require to implement a more detailed description of the particle dynamics

for denser flows with interparticle collisions. The flexibility of the model developed in this

thesis will allow the inclusion of particle-flow and particle-particle interactions, incorporat-

ing collisions and turbulence modulation in flows with higher concentrations, along with

stochastic models of turbulent dispersion that consider the unresolved scales of turbulence

motion.

The unsteady transport model and the bed model can also be utilized as a general

framework for more complex sediment transport formulations. Additional progress can be

made by considering other effects on the governing equations to simulate flows with higher

concentrations. General problems of sediment transport in natural rivers and streams with

mobile beds and bed-load and suspended transport might require a two-fluid approach for

a full Eulerian formulation (Drew, 1983), or a parcel representation in which a volume in

space represents a fixed number of actual particles (Loth, 2000). These approaches, however,

require a careful description of the particle stresses and of the relations between sediment

and the unresolved turbulence field in the context of the hybrid turbulence models or LES.

To develop a model capable of capturing the full extent of the complexity of the sediment

transport processes and bed evolution, the solution of the momentum and mass conservation

within the active layer of the bed would need to be considered. The recent volumetric

momentum balance proposed by Coleman and Nikora (2008) gives a consistent framework

from which this complex model can be derived to determine the particle entrainment using

instantaneous quantities. This extension for the present model would be ideally suited to

investigate the dynamics of bed forms and their relation with the flow, and also incorporate

a realistic description of the local avalanches that occur in situations with steep bed slopes.

As discussed in chapter 5, a critical aspect of the present formulation is the simplification

of the bed dynamics by neglecting subgrid fluctuations of bed elevation. However, no models

have been developed to account for the effect of the smallest scales of the bed down to the
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grain resolution on the resolved bed dynamics. A formulation based on a LES approach

with the proper scaling would be required to parameterize the effects of the unresolved bed

features, similar to recent models developed for landscape evolution (Passalacqua et al.,

2006).

The model developed in this research can serve in the future as an effective tool in engi-

neering practice to evaluate bridge pier or abutment designs before the construction, clarify

the mechanisms of clear-water scour in the field, and analyze the critical variables related to

transport that affect the local ecosystem in stream restoration projects. The improvements

suggested in this section would allow the investigation of more complex sediment transport

problems in nature such as sediment transport in live-bed cases, or turbidity currents with

a distribution of particle diameters. Any future development to extend the applicability of

the model, however, requires a close interaction with experimental research. Only experi-

ments can provide the necessary information to design accurate and efficient CFD models,

which in turn can be used to design new experiments aimed to tacke specific aspects of

transport in the environment.
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APPENDIX A

SEDIMENT MOMENTUM EQUATION

The momentum equation in the Eulerian framework can be simply derived by assuming

that the sediment is a continuum phase in the flow. A formal derivation of this relation

can help to understand the terms appearing in the balance of momentum and clarify the

assumptions of the bed-load transport model utilized in this research.

Anderson and Jackson (1967) performed a formal definition of the particle Eulerian

equations based on local mean variables. Their formulation assumes the averaging of point

variables in regions that are large with respect to the particle scales but small with respect

to the characteristic dimensions of the entire domain. The instantaneous particle velocities

are decomposed as a sum of a local mean in the averaging volume and a fluctuation as

follows:

ṽi(r, t) = 〈ṽi(r, t)〉+ v′i(r, t) = vi(r, t) + v′i(r, t) (120)

where ṽi(r, t) is the instantaneous particle velocity that depends on the position r = (x, y, z)

and time t. The local average of velocity is vi(r, t) and v′i(r, t) correspond to the particle

velocity fluctuations.

As explained in detail by Anderson and Jackson (1967), through the introduction of a

spatial weighting function g(r − rp) whose value depends on the distance to the particle

position rp, the local-mean velocity is defined by:

n(r, t) vi(r, t) =
∑
p

ṽpi g(r− rp) (121)

where n(r, t) is the number of particles in the averaging volume identified by the position

vector r, and the sum on the right hand side is performed over all the particles p with
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instantaneous velocity components ṽpi .

The general Lagrangian momentum equation per unit mass of a particle in non-dimensional

form is:
dṽpi
dt

= f̃pi + φ̃pi (122)

where ṽpi is the ith velocity component of particle p, and φ̃pi is the particle force acting on

p produced by collisions with other particles. In chapter 4 we considered drag, gravity, lift,

added mass and the fluid stresses in the term f̃pi (see equation(66)), which can be written

as:

f̃pi =
1

(SG+ Cm)

[
1
St
vpri −

δi3
Fr2

+ CL(εijkv
p
rjωk) + (1 + Cm)

Dui
Dt

]
(123)

where the relative particle velocity and the vorticity and acceleration terms are obtained

from the resolved flowfield of the computation.

Anderson and Jackson (1967) multiplied equation (122) by g(r− rp) and summed over

all the particles p of the volume to express the momentum relation in terms of local averages

as follows:
∂vi
∂t

+ vj
∂vi
∂xj

= fi −
∂Bij
∂xj

+ φi (124)

where fi contains the forces using the local-mean averages, the terms Bij , on the other

hand, are Reynolds-like stresses by the unresolved particle velocity fluctuations which would

require modeling:

Bij =
∑
p

v′iv
′
j g(r− rp) (125)

and the terms φi in equation (124) are the stresses produced by collisions which can be

derived from kinetic theory of granular flows (e.g. Lun et al., 1984). These two last terms in

equation (124), however, are neglected in the present model, as well as the coupling terms

in the Navier-Stokes equations which correspond to the effects of the sediment dynamics in

the fluid flow. The decomposition of the instantaneous sediment velocity in a local spatial

mean and a fluctuation with separable scales makes the averaged quantities insensitive to

174



the form of the weighting function as explained in detail by Anderson and Jackson (1967).

For the complete two-fluid Eulerian equations and details on the modifications of a two-way

coupled system the reader is referred to Drew (1983).

The Eulerian model represented by equation (89) is formulated for the continuum sed-

iment velocity. In order to determine the bed-load sediment flux using an empirical ex-

pression for the bed-areal concentration, we employ the same assumptions developed for

steady vectorial formulations (e.g. Kovacs and Parker, 1994): (1) Uniform concentration

and velocity distribution within the bed-load layer; and (2) The sediment velocity is paral-

lel to the bed at all times. The equation for the sediment velocity within the bed-load layer

corresponds to equation (89) expressed in a two-dimensional coordinate system for i = 1, 2.

Assuming that the height of the bed-load layer is constant, the 2D momentum equations

are transformed to the curvilinear system attached to the bed. First we perform a partial

transformation of the equation maintaining the cartesian components:

∂vi
∂t

+ V k ∂vi
∂ξk

= fi (126)

where V k are the contravariant components of the sediment velocity computed with the

metrics of the non-orthogonal curvilinear system (see Aris, 1962, for details):

V k = vi ξ
k
xi

(127)

These components allow the description of the sediment velocity vectors as follows:

v(r, t) = V k gk = V 1g1 + V 2g2 (128)

where g1 and g2 are the covariant coordinate basis, which are not unit-vectors in the bed

coordinate directions ξ1 and ξ2 respectively. These coordinate vectors gk can be expressed
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in terms of the cartesian unit vectors denoted by êi, as:

gk = xiξk êi (129)

To transform the governing equations to the two-dimensional system attached to the

bed, we utilize the definition of the covariant derivative in the velocity gradient tensor given

by Aris (1962):
∂v
∂ξj

=
∂

∂ξj
(
V igi

)
=
∂V i

∂ξj
gi + V i∂gi

∂ξj
(130)

where the last term corresponds to the spatial derivative in the transformed space of the

covariant vectors, i.e. contains derivatives of the metrics of the transformation. Aris (1962)

defines the Christoffel symbol of the second kind, Γkij , for this last expression in terms of

the covariant derivative of the metrics as follows:

∂gi
∂ξj

= Γkij gk (131)

which can be also written in terms of the covariant and contravariant metric tensors, called

gij and gij respectively. As demonstrated by Aris (1962), these tensors are defined as

follows:

gij = xkξi x
k
ξj (132)

gij = ξixk
ξjxk

(133)

and the expression for the Christoffel symbols is written as:

Γkij =
1
2
gkr
(
∂gjr
∂ξi

+
∂gir
∂ξj
− ∂gij
∂ξr

)
(134)

The full transformation of the momentum equation is obtained by multiplying equation

(126) by ξmxi
, using the expressions given in equations (130) and (131). The equation is then
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written as:

ξmxi

∂vi
∂t

+ ξmxi
V k ∂

∂ξk
(
V rxiξr

)
= fi ξ

m
xi

(135)

rearranging the terms and separating the derivative of the product:

∂V m

∂t
+ V k ∂V

r

∂ξk
ξmxi

xiξr + V kV r
∂xiξr

∂ξk
ξmxi

= fi ξ
m
xi

(136)

It can be easily demonstrated (Aris, 1962) that:

ξmxi
xiξr = δrm (137)

and the last term of the left hand side is expressed in terms of the Christoffel symbol of the

second kind Γmrk.

Therefore, the momentum equation for the sediment is written in tensor notation as

follows:
∂V m

∂t
+ V k ∂V

m

∂ξk
+ V kV r Γmrk = Fm (138)

where the hydrodynamic forces for the particle are also transformed to the curvilinear

coordinate system, defining the contravariant components of the force as follows:

Fm = fi ξ
m
xi

(139)

The sediment forces in the particle momentum balance given by equation (138) corre-

spond to the two-dimensional projections of the total force on the bed. These forces are

obtained by computing the components of the total force in the [ξ1, ξ2] coordinate system,

such that the terms denoted by Fm in equation (139) are the contravariant components of

the force parallel to the bed.

To preserve only the 2D components of the total force, the 3D force vector is projected

onto the bed in the ξ1 and ξ2 directions and the physical components of the force are
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transferred to the bed coordinate system. The physical components of the sediment forces

are obtained by normalizing the covariant vectors in the 3D coordinate directions. The

force vector f is then written as:

f = fi êi = Fm gm = F̃m ĝm (140)

where F̃m are the physical contravariant components of the total force and ĝi are the unit

covariant vectors. The physical contravariant components are found by multiplying the

contravariant components with the magnitude of the covariant vector as follows:

F̃m = fi ξ
m
xi

(
x2
ξm + y2

ξm + z2
ξm

)1/2 (141)

To compute the sediment velocities we utilize the magnitudes for F̃m with m = 1, 2.

Therefore, the steps to compute the forces in each pseudotime iteration (`) for the

numerical solution of the sediment momentum equation are the following:

(1) Compute the particle forces with the three-dimensional flowfield and the current sed-

iment velocities parallel to the bed, uniformly distributed within the bed-load layer.

(2) Determine the physical components in the ξ1 and ξ2 coordinate directions, which yield

a two-dimensional force field in the system attached to the bed.

(3) Solve the momentum equation to obtain the sediment velocities parallel to the bed

with the ADI scheme explained in chapter 5.
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