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Abstract 

 A conventional accumulator stores energy for hydraulic systems by compressing 

an enclosed mass of air, but this air takes up too much volume at low pressure to be 

practical in applications such as a hydraulic hybrid passenger vehicle. An open 

accumulator compresses air from the atmosphere to store energy, eliminating the need to 

store low-pressure air but creating large temperature swings if the heat transfer during 

compression and expansion is poor. This thesis investigates thermodynamic and heat 

transfer aspects of an open accumulator to assist in its design. 

 A thermodynamic model was created to determine the efficiency and required 

heat transfer for open accumulator designs with a volume 1/5
th

 that of a comparable 

conventional, or “closed,” accumulator. A heat transfer parameter, Z = hA/V, describes 

how easy it would be to implement the required heat transfer, with low required values of 

Z being desirable. A design with only one stage of compression and high wall 

temperature had a lower required value for Z than the high pressure stages in multi-stage 

designs. For an open accumulator that provides 20 kW of power in expansion and 840 kJ 

of energy storage at a pressure of 350 times atmospheric conditions, the volume target 

was 15.7 ℓ and the required Z values for compression and expansion were approximately 

6.2×10
4
 W/m

3
K. 

 A computational fluid dynamics model using the program FLUENT was created 

to investigate whether the required Z could be achieved in a more practical, three-stage 

open accumulator design. The expansion case of the lowest-pressure stage was simulated, 

with a required Z value from the thermodynamic model of 3.83×10
4
 W/m

3
K. The 
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computational domain was a symmetrical, 3-D, diaphragm-bounded chamber of 

approximately 0.5 ℓ displaced volume, and a realizable k-ε model was used to model the 

effects of turbulence. The flow pattern generated during the air intake period dominated 

the flow during expansion, and peak local heat fluxes occurred where the intake flow 

patterns drew cold fluid next to the walls. The peak heat transfer for the simulation was 

386 W. The mean Z value calculated was 9.79×10
3
 W/m

3
K, around 1/4

th
 of the required 

value. 
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1.  Introduction 

1.1 Hydraulic Hybrids and Energy Storage 

 As pollution standards become stricter and gasoline prices increase, hybrid 

passenger cars are becoming increasingly popular. Electric motors at the wheels convert a 

portion of the vehicle‟s kinetic energy into electrical energy as the hybrid brakes. This 

energy is stored in a battery and retrieved later when the car accelerates. Ideally, all the 

braking energy would be stored in the batteries, but the slow rate of charging and 

discharging batteries creates a problem. A passenger car may need to fill 25-50 ℓ of space 

with batteries for the desired power, a size that is impractical for such a vehicle.
1
 

 Hydraulic hybrid systems have up to an order of magnitude higher power density 

(power per unit volume) than electrical systems. A schematic for a hydraulic hybrid 

system is shown in Figure 1. A hydraulic pump transfers power from the engine to a 

pump-motor connected to the wheels. When the car brakes, the pump-motor at the wheels 

uses the kinetic energy of the car to pump oil into an accumulator, the energy storage 

device of a hydraulic system. The high-pressure oil in the accumulator is later released 

through the pump-motor to accelerate the car again. 

 A conventional accumulator, as shown in Figure 2, is a pressure vessel in which a 

bladder, piston or diaphragm separates a region of oil from one of nitrogen or some other 

inert gas. Energy is stored by pumping high-pressure oil into the oil side of the 

accumulator and compressing the gas. The gas is maintained at a precharge pressure 

                                                 
1
 Calculations provided in Appendix A. 
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above ambient to increase the amount of hydraulic work required to compress it to 

maximum pressure (35 MPa is common for mobile hydraulic applications). 

 

 

Figure 1: Hydraulic Hybrid Vehicle Schematic 

 

Figure 2: Conventional Accumulator Cross-Section 

 This design is excellent for storing or extracting energy at high rates. However, it 

does not store large amounts of energy in a volume of reasonable size. Energy storage is 

Gas 

Oil 

Diaphragm 
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proportional to the mass of gas in the accumulator. This fixed mass must be stored at both 

low and high pressures, and the volume required to store sufficient energy for a passenger 

car at low pressure is on the order of 75 ℓ,
2
 impractical for such a vehicle. 

1.2 Open Accumulator Concept 

 An “open accumulator” design as proposed in Li et al. (2007) (see Figure 3) 

reduces the volume required for energy storage by connecting the gas side of the 

accumulator to the atmosphere through an air motor-compressor. The open accumulator 

consists of four parts: 

1) An Air Motor-Compressor (AMC), which absorbs energy from a shaft and stores 

it by compressing air. It will then provide energy back to the shaft when the air is 

released from storage. 

2) A hydraulic pump-motor, which is used to maintain the pressure in the open 

accumulator at a constant level and is tied to the same shaft as the AMC. 

3) A Storage Vessel (SV), which holds the compressed air and hydraulic oil. It is 

almost identical to a standard, or “closed,” accumulator, except that the air side of 

the vessel is connected to the AMC during regular operation instead of being 

sealed off. 

4) A means of supplying energy to the system. This can be through either a direct 

shaft load (labeled M in Figure 3) or a separate hydraulic load (labeled LOAD) 

that spins the shaft through the hydraulic pump-motor. 

 

                                                 
2
 The calculations to generate this size are presented in sections 2.2.1. 
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Figure 3: Schematic of Open Accumulator System 

The open accumulator decreases the volume required for energy storage by storing the air 

only at high pressure. Li et al. (2007) show that the volume of stored air is less than 5% 

of the stored air volume in a comparable closed accumulator. The air is maintained at 

high pressure by the hydraulic pump-motor so that high torque can be extracted from the 

stored air even when very little air is left in the storage vessel. 

 According to the first law of thermodynamics, any energy used to compress air in 

a closed chamber must increase the internal energy of the air or be removed from the air 

by heat transfer. For conventional “closed” accumulators (with pressure increases of 3-4 

times the precharge pressure, as shown in section 2.3.1), the temperature of the air could 

increase by 150 K during compression, a problem that should be considered in design but 

can be resolved with material selection rather than heat transfer augmentation. For open 

accumulators, however, with air compressed from atmospheric pressure to a maximum 

pressure of 350 times atmospheric (as proposed by Li et al. 2007), the temperature could 
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increase from 300 K to 1600 K, or decrease to 56 K. Such temperatures can be avoided in 

a system that has high heat transfer, but designing for high heat transfer without 

compromising power or volume is challenging. Heat transfer naturally tends to weaken 

over time as thermal gradients decrease, and maintaining high heat transfer may require 

devices that impose pressure losses on the system or draw on the power generated by the 

system. The irreversibility associated with heat transfer decreases system efficiency. High 

heat transfer may also require a large surfaces area inside the chamber, leading to 

increased chamber volumes to hold the extended surfaces. Even understanding the heat 

transfer is a challenge because compression and expansion processes are fundamentally 

unsteady and potentially include transport property variations due to changes in 

temperature and pressure. 

1.3 Objectives 

 This thesis has two objectives regarding the thermal performance associated with 

the open accumulator. 

1. Find an open accumulator design that will give a total system volume of 1/5
th

 that 

of a closed accumulator while meeting efficiency, power transfer and energy 

storage goals. 

2. Describe the fluid motion and heat transfer that occur during a representative 

expansion cycle. Estimate the required improvement in heat transfer effectiveness 

to meet the design goals.  
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 The design goals were set to be 20 kW for power transfer and 840 kJ for energy 

storage based on an analysis of the requirements of a hybrid car (discussed in Appendix 

A). A thermodynamic model for the closed accumulator was created, and additional 

design goals for the open accumulator were set: 1/5
th

 the volume and equal regenerative 

efficiency expected of a closed accumulator at the same power transfer and energy 

storage goals. A similar model was created for the open accumulator and was used to find 

designs that met the targets. A required heat transfer parameter is proposed for comparing 

these designs to determine the best option, and this parameter suggests that an AMC with 

only one stage of compression and expansion and wall temperatures that are elevated 

above the ambient temperature is best for the heat transfer design. For practical 

evaluations of the performance and heat transfer, a three-stage AMC with walls at 

ambient temperature is also presented. 

 To understand whether the required heat transfer is naturally achievable, a 

chamber for the compression and expansion of air in the open accumulator was proposed, 

based on a low-leakage diaphragm compressor design. The computational fluid dynamics 

software FLUENT was used to simulate the expansion process for the lowest-pressure 

stage of a three-stage AMC in this chamber. The simulation reveals that the flow 

generated during the intake process plays a large role in heat transfer, and that the 

required heat transfer of the simulation is 1/4
th

 of that calculated with the open 

accumulator thermodynamic model.   
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2.  Thermodynamic Models 

2.1 Introduction  

2.1.1 Model Objectives 

 Thermodynamic models were applied to understand the potential advantage of the 

open accumulator design proposed by Li et al. (2007) that was discussed in the 

introduction. These models aim to answer three questions: 

1) What volume and efficiency are acceptable for an open accumulator in a hybrid 

car application? 

2) What designs for an open accumulator will meet the goals for energy storage, 

power transfer, volume and efficiency? 

3) Which design is the best from a heat transfer perspective? 

 The acceptable volume and efficiency come from a conventional (“closed”) 

accumulator. As stated in the introduction, the new design is to have 1/5
th

 the volume of a 

closed accumulator with comparable power transfer, energy storage and efficiency. To 

this end, a thermodynamic model of a closed accumulator was created and a brief 

parameter study performed to determine the volume and efficiency of a well-designed 

closed accumulator. The design goals, including the volume and efficiency calculated in 

the results for the closed accumulator model, are given in Table 1. The maximum 

pressure Pmax for both accumulators is 350 times atmospheric pressure, or 35 MPa, a 

standard value for mobile hydraulic systems.  
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Table 1: Design Goals for Open Accumulator 

Variable Name Value 

 Power Transfer Target 20 kW 

ESgoal Energy Storage Target 840 kJ 

ηgoal Efficiency Target 80% 

Vtot,goal Total Volume Goal 15.7 ℓ 

 

 To determine what designs meet the goals, a thermodynamic model for the open 

accumulator was created. The Adiabatic-Isothermal-Adiabatic (AIA) volume trajectory 

proposed in Sancken and Li (2009) was used to maximize the power transfer of the 

compression and expansion processes. Three parametric studies were performed to 

determine the combinations of variables from the model that lead to designs that meet the 

design goals. An output of these studies was a required heat transfer parameter, Z 

(defined in section 2.2.2.8), that expresses how easily a design can achieve the heat 

transfer necessary to meet the design goals. The studies show that a single-stage Air 

Motor-Compressor (AMC) with heated walls has the best value of Z, although allowing 

the frequency to vary between stages can reduce the disadvantage of multi-stage designs. 

Pragmatic constraints suggest it would be easier to investigate the heat transfer initially in 

a three-stage AMC with walls maintained at ambient temperature, and the results for such 

a design meeting the goals in Table 1 are presented as well. 
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2.1.2 Basic Definitions and Assumptions 

 To describe Compression and Expansion (C & E) processes, it is useful to 

nondimensionalize changes in pressure, temperature and volume based on the start and 

end of any process: 

   ( 1a,b,c) 

The volume ratio rv is inverted compared to rp and rT to allow all three ratios to be greater 

than 1 during compression. The following relations can be defined for an ideal gas. First, 

for an isothermal process, where the temperature is constant during C & E, 

  ( 2a,b ) 

 Second, for an adiabatic process, where there is no heat transfer during C & E, 

  ( 3a,b) 

γ is the ratio of specific heats, cp/cv.  

 There are two assumptions shared between the open and closed accumulator 

models. First, the air is treated as an ideal gas. While this is not justifiable near the 

pseudo-critical pressure and temperature of air (3800 kPa and 133 K), it allows the 

thermodynamic equations to be stated analytically, giving insight into the relationships 

between energy and the state of the gas throughout the process. Second, to simplify 

calculating volumes, only the air volume is included.
3
  

                                                 
3
 Both open and closed accumulators neglect significant volumes with this calculation. The open 

accumulator requires valves and mechanical components associated with C & E that are not found on 

closed accumulators, and their volumes are not considered. However, for the closed accumulator, a volume 

of oil equal to ~3/4 of the air volume must be used to displace the air in compression, and this volume is 

also neglected.  
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 The power transfer and energy storage goals refer to performance during 

expansion processes. The volume goal is judged by the maximum volume of the system, 

whether that occurs during compression or expansion. The efficiency goal, η, is defined 

as a regenerative efficiency: the magnitude of the ratio of the work output during 

expansion to the work input during compression. The specific way these goals are tied to 

the performance of the accumulators will be given separately in equations for the closed 

and open accumulators, as the definitions change depending on their context. 

2.2 Thermodynamic Models 

2.2.1 Closed Accumulator Model 

 The closed accumulator was modeled to provide volume and efficiency targets for 

the open accumulator. The closed accumulator models rely on simple isothermal and 

adiabatic approximations of gas compression and expansion (C & E) to find the 

minimum volume and the efficiency, η, at that volume, and are based on the derivation 

of Li et al. (2007).  

 The parameters for the closed accumulator analysis are given in Table 2. 

Maximum pressure, Pmax, and the energy storage goal were discussed in section 2.1.1, 

while P0 and T0 are atmospheric conditions. The pressure ratio, rp,c, is the ratio of Pmax to 

the precharge pressure, Pprech, which is the pressure in the accumulator at maximum 

volume (and minimum pressure). It is assumed that any closed accumulator can meet the 

20 kW power requirement, so that parameter does not appear in the calculations.
4
  

                                                 
4
 The limitations on power out of the closed accumulator come from the rate of oil discharge, which is 

highly influenced by the components of the system to which it is connected (e.g., motor, valves, fluid lines) 

and does not cleanly correlate with accumulator volume. 
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Table 2: Parameters for Closed Accumulator  

Symbol Name Nominal Value Range Increment 

Pmax Maximum Pressure 35350 kPa - - 

ESgoal Energy storage goal 840 kJ - - 

P0 Ambient Pressure 101 kPa - - 

T0 Ambient Temperature 300 K - - 

rp,c Pressure ratio in compression, 

Pmax/Pprech 

- 1.0 – 6.0 0.01 

 

 The range of possible processes for C & E for a closed accumulator must fall 

within the bounds of isothermal and adiabatic processes. Three cases will be examined: 

1. Isothermal C & E (see Figure 4) 

2. Adiabatic C & E with adiabatic storage (see Figure 4) 

3. Adiabatic C & E with constant-volume cooling of the stored air to ambient 

temperature between the C & E processes (see Figure 5).  

 The work done during C & E for each of these processes (Wclosed,c and Wclosed,e) is 

calculated in Appendix B. The closed accumulator regenerative efficiency, ηclosed, is then 

calculated: 

For Cases 1 and 2, the work in compression is the same as that of expansion, so this term 

is 100%. 

 ( 4) 
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Figure 4: Isothermal and Adiabatic Compression and Expansion Processes. 

Expansion is the exact reverse of the compression process. 

 

Figure 5: Adiabatic Compression and Expansion Processes with Constant-Volume 

Cooling and Heating between Compression and Expansion.  
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 Volumes calculated for the closed accumulator are stated in nondimensional 

terms:  

 ( 5) 

where ESgoal is the energy storage goal defined in Table 1 and V is the volume. The 

nondimensionalization is immediately apparent from the derivation of the volume 

equations, which are given in Appendix B. For Case 1,  

 ( 6) 

For Case 2: 

 ( 7) 

Case 3 is only different from Case 2 in the first term, due to the cooling between C & E: 

 ( 8) 

A brief parameter study using these equations was performed where rp,c was varied 

between the limits given in Table 2. The minimum value of V
*
 achieved for each case is 

given, along with η at that V
*
. The results are given and discussed in section 2.3.1. 

 Given that high power demands are common in hydraulic systems, it is likely that 

the C or E will occur quickly, and thus will be closer to adiabatic (Cases 2 or 3) than 

isothermal (Case 1). State-of-the-art accumulators can be insulated to prevent large heat 

transfer during air storage, as discussed in Pourmovahed et al. (1992a & b), so Case 2 is 
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the best choice for determining the open accumulator targets.
5
 The volume goal for the 

open accumulator then becomes
6
 

 ( 9) 

 However, Case 2 has perfect regenerative efficiency, so it will be used only to 

calculate the volume target. Case 3 will be examined to determine the efficiency tolerable 

in a non-insulated accumulator, and this efficiency will be used as the target for the open 

accumulator. While perfect efficiency would be preferable, the volume decrease of the 

open accumulator should make a decrease in efficiency still worthwhile for a hybrid car. 

2.2.2 Open Accumulator Model 

2.2.2.1 Introduction 

 The open accumulator was modeled to determine its volume and efficiency under 

appropriate design parameters and to determine the combination of parameters needed to 

meet the total volume goal (Vtot,goal) and regenerative efficiency goal (ηgoal) values 

calculated from the closed accumulator model while meeting the same energy storage 

(ESgoal) and power transfer ( ) requirements. In the following sections, the 

Adiabatic-Isothermal-Adiabatic (AIA) process for compression and expansion in a single 

stage is introduced, and a means for combining single-stage models into multi-stage 

models is described. A heat transfer requirement parameter, Z, that expresses how easy it 

                                                 
5
 Pourmovahed et al. also discuss how the foam insulation can be impregnated with a wax to increase its 

specific heat, making it an effective heat sink and bringing closed accumulator performance closer to 

isothermal than adiabatic. However, the foam will add volume as well, and the net volume of air and foam 

will be closer to the adiabatic results than the isothermal results presented in section 2.3.1, so the adiabatic 

case is still used. 
6
 The nondimensional form is not applicable to the open accumulator model. See Appendix E. 



15 

 

is to achieve the heat transfer necessary to meet the design goals is proposed as a means 

to determine the best design. 

 The open accumulator model is more complex than the closed accumulator model 

for three reasons. First, the total pressure ratio (rp,tot,c) for the open accumulator is much 

greater than that of the closed accumulator. The open accumulator compresses air from P0 

rather than from Pprech. Thus, there may be larger temperature swings in the open 

accumulator than in the closed accumulator. A purely adiabatic compression in the open 

accumulator would lead to a temperature ratio, rT, of 5.33, increasing air temperature 

from 300 K to 1600 K.  Second, the open accumulator can have multiple stages of C & E 

in its Air Motor-Compressor (AMC). This creates multiple C & E processes through 

which the air is passed, rather than a single pair of C & E processes separated by a few 

minutes of air storage (as in the closed accumulator). This option includes the possibility 

of intercooling the air between stages. Third, the hydraulic motor regulating the pressure 

in the storage vessel decreases the magnitude of the work required in compression and 

the work extracted from the air during expansion. 

 A general open accumulator schematic was provided in Figure 3. A more detailed 

sketch of a 3-stage system for purposes of thermodynamic modeling is in Figure 6. Air is 

compressed or expands in one or more stages, which are defined by their pressure ratio, 

rp. It is assumed in this model that, if there are n stages, they will each have the same rp. 

Thus, for each stage,  

  ( 10a,b) 
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Figure 6: Sketch of a 3-Stage Open Accumulator for Thermodynamic Modeling 

The wall temperature, Tw, of each stage and of the storage vessel is assumed to be 

constant. Each pair of stages is separated by an intercooler, which exchanges heat with 

the air to bring the air from its entry temperature to closer to the temperature of the 

circulating water of the heat exchange system, Tw.
7
  During compression, air is pumped 

into the storage vessel at Pmax = rp,tot P0 and at the exit temperature of the last stage of 

                                                 
7
 The assumption is that the same water flushed through the intercoolers will also be used to regulate wall 

temperatures. 
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compression, Tend. It is assumed that many cycles of compression occur, followed by a 

period in which the air in the storage vessel cools to Tw. 

 For this design to meet the volume goal, it is assumed that the same chambers are 

used for both C & E. This is an uncommon design; only that of Lemofouet and Rufer 

(2005) for a Compressed-Air Energy-Storage (CAES) system uses a single device for 

both C & E. Most prior work in pneumatics focused on either compression (Brown 1997) 

or expansion (Hao et al. 2008). Even designers of CAES systems generally used separate 

compressors and expanders (see, for example, the MDI air car for a vehicle system (MDI 

2009), or Najjar and Jubeh (2006) for an industrial-scale system). 

 Following general pneumatic compressor design books such as Brown (1997) for 

rp,tot,c on the order of 350, this model assumes a multi-stage, reciprocating AMC. The 

effects of friction are ignored, including pressure losses in lines. The air volume in valves 

and connecting lines between the stages of the AMC is ignored, and each stage of C & E 

is treated as though it can compress to zero volume. This model is a steady-flow model, 

so two time-related assumptions are made. First, it is assumed that the mass flow rate is 

constant, and is the same for both C & E. Second, the only significant time in a C or E 

cycle is the time during which isothermal C or E occurs. The times required for adiabatic 

C or E or for the intake or exhaust of air are assumed to be negligible, as suggested by the 

AIA model. This may be a poor assumption. A way to account for its error is discussed in 

Appendix G.  
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2.2.2.2 The AIA Process for Compression & Expansion 

 The demand for heat transfer during C or E processes leads to implementing the 

Adiabatic-Isothermal-Adiabatic (AIA) volume change process. Sancken and Li (2009) 

show that this process performs a set amount of work for a given pressure ratio in a 

shorter time than any other process if time is limited solely by heat transfer
8
 and if the 

temperatures of the isothermal C & E processes (Tiso,c and Tiso,e) meet the following 

constraint:
 9

 

 ( 11) 

The final temperature in C or E is Tend. It is useful to express Tiso using a temperature 

difference, ΔTiso, 

 ( 12) 

Sancken and Li‟s proof is presented in Appendix C. It assumes the existence of a constant 

convective heat transfer coefficient, h, defined by Newton‟s law of cooling: 

 ( 13) 

where A is the surface area (also treated as constant) and  is the heat transfer. 

 A wall temperature ratio, rTw, will be used to define temperatures during an AIA 

process instead of the rT defined in eqn. ( 1b). This ratio will be defined relative to the 

wall temperature, Tw, instead of the temperature at the beginning of C or E, Tstart, because 

                                                 
8
 The assumption that adiabatic C & E takes no time is a corollary to this point because no heat transfer 

occurs during adiabatic C or E. 
9
 When terms such as Tend and Tiso in eqn. ( 11) are given without C or E subscripts, it means they are 

applicable to both compression and expansion. 
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Tstart may vary between stages in a design while Tw and Tend are consistent throughout. 

The wall temperature ratio for a single stage will thus be: 

 ( 14a) 

 ( 14b) 

It is assumed also that the temperature ratio in compression, rTw,c, will be the inverse of 

the temperature ratio in expansion, rTw,e.
10

 Figure 7 illustrates the AIA process and shows 

the values discussed above with eqns. ( 11) - ( 14) for a single stage with rTw,c = 1.25. 

  

Figure 7: AIA Compression and Expansion Processes for a Single-Stage AMC with 

rTw,c = 1.25  

                                                 
10

 This assumption is necessary because it is uncertain whether h values will be higher in C or E. Equation  

( 14b) implies that the h values will be roughly the same in C & E. 
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 In the sections below, the model of this process will first be described in terms of 

its individual components for a single stage of C or E. Then a method will be provided 

for assembling these components into a model for an air motor-compressor (AMC) of 

any number of stages.  

2.2.2.3 Compression Stage 

 Plots of pressure and volume for a single compression stage for both a basic 

isothermal cycle and the AIA cycle are shown in Figure 8. The basic isothermal cycle is 

ABDF. It can be considered to be the minimum amount of work required to compress the 

air from the pressure at point A (PA) to that at point B (PB). Air is drawn into the stage 

during FA, compressed at Tw during AB, and exhausted during BD. Any residual air left 

 

Figure 8: AIA Compression Cycle, Compared to an Isothermal Cycle 
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after exhaust is expanded back to PA during process DF, but this process is ignored 

because it is assumed to occur at zero volume. 

 The AIA cycle is GHJKDF. Compression consists of two adiabatic portions (GH 

and JK) separated by the isothermal portion (HJ). The work done in processes GH, HJ 

and JK can be calculated in a similar manner to the adiabatic and isothermal calculations 

for the closed accumulator. Processes KD and FG are treated as constant-pressure 

processes in which no heat transfer occurs, and process DF is assumed to occur at zero 

volume. The equations for all these processes are presented in Appendix B. The net 

specific work for the cycle (i.e., work per unit mass) is calculated for any stage i:  

 

( 15) 

In this case, Tstart,i,c = TG from Figure 8. 

 Because heat transfer occurs only during the isothermal portion of the 

compression process, the specific amount of heat transferred for stage i, Qsp,c,i can be 

calculated as: 

 ( 16) 

2.2.2.4 Expansion Stage 

 Pressure-volume plots for both a basic isothermal cycle and the AIA cycle of a 

single expansion stage are shown in Figure 9. The basic isothermal cycle is BAFD, and is 

the reverse of the cycle in Figure 8. Air is drawn in at PB during process DB, expanded to 
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PA at temperature Tw during BA, and exhausted during AF. Process FD is the residual 

compression that closes the cycle, and is treated as having zero volume (as it was in the 

compression cycle). The isothermal cycle produces the maximum possible work of any 

cycle in expansion. 

 

Figure 9: AIA Expansion Cycle, Compared to an Isothermal Cycle 

 The AIA cycle is LMNQFD. The expansion is adiabatic during processes LM and 

NQ and isothermal during MN. 

 The net specific work and specific heat transfer for stage i are then: 

 

( 17) 

and 
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 ( 18) 

where Tstart,i,e = TL from Figure 9. 

2.2.2.5 Intercoolers and Temperatures between Stages 

 Between any two stages is a heat exchanger or “intercooler” whose purpose is to 

bring the air temperature closer to Tw. The intercoolers keep the air in the air motor-

compressor (AMC) from exceeding temperature limits during successive stages of C or E 

and can decrease the required heat transfer for the system even if temperature limits are 

not a problem. Each intercooler has an effectiveness, εIC, defined in terms of the inlet and 

outlet temperatures of the air flowing through it and the temperature of the inlet water, 

Tw: 

 ( 19) 

 With the AIA model, the intercooler inlet temperature is Tend. Then the starting 

temperature of the next stage (the air outlet temperature in the intercooler) can be 

calculated: 

 (20) 

 The volume of an intercooler is estimated using a flattened-tube-fin heat 

exchanger selected from Kays & London (1984). The volume varies according to the 

mass flow through it and its effectiveness. Details are provided in Appendix D. 

 It is assumed that there are no flow losses in the intercoolers. For simplicity, the 

devices will be referred to as intercoolers even though they heat the air during expansion. 
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2.2.2.6 Hydraulic Motor and Storage Vessel 

 Air that is exhausted from the highest-pressure stage of compression is stored in 

the storage vessel. The hydraulic motor removes a volume of oil equal to the volume of 

air put into the storage vessel to maintain the storage vessel at constant pressure. This air 

is later returned to atmospheric pressure, making the work of the hydraulic motor in 

compression to be: 

 ( 21) 

where the subscript “end,n,c” signifies the end of the nth stage of compression in an 

AMC of n stages. 

 It is useful to make a specific work term out of this, but relative to the mass of the 

air, not the mass of the oil. 

 ( 22) 

Similarly, for expansion, 

 ( 23) 

The hydraulic motor work is always opposite in sign from the Air Motor-Compressor 

(AMC) work. While work is being done on the AMC to pump air into the storage vessel, 

the hydraulic motor removes oil and extracts work from it. When work is being extracted 

from stored air, the hydraulic motor uses some of that work to pump oil into the storage 

vessel to maintain pressure. 
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 It is assumed that the air in the storage vessel cools to Tw at constant pressure 

before expansion, so  is different from .
11

 

2.2.2.7 Combined Multi-Stage Model 

 To combine these components into a multi-stage model, it is assumed that Tstart,1,c 

= T0 and that Tstart,n,e = Tw. From these temperatures, the starting temperatures of the other 

stages in compression and expansion can be calculated using eqn. (20). The specific work 

of a complete Air Motor-Compressor (AMC) can then be calculated using eqns. ( 15) and  

( 22) in compression and eqns. ( 17) and ( 23) in expansion.  

 ( 24) 

 As an example, consider a 3-stage AMC with rTw,c = 1.25, εIC = 70% and Tw = 300 

K. The temperature of a mass of air passing through the AMC in compression and back 

out in expansion is shown in Figure 10. Each stage consists of an initial adiabatic process, 

an isothermal process and a second adiabatic process. Between each pair of stages is an 

intercooling (or heating) process to a temperature that approaches Tw. The intercooling 

does not return the air temperature completely to Tw, leading to a shorter initial adiabatic 

phase in the next stage (as can be seen in Figure 10). If εIC is low enough, the air 

temperature does not return to between Tiso and Tw. The AIA process is not defined in 

such a case because the air temperature already exceeds Tiso, and this leads to a lower 

limit for εIC in calculations (see section 2.2.3). 

                                                 
11

 When calculating instantaneous power during compression, it would be more appropriate in eqn. ( 22) to 

use  instead of . However, after a compression process, as the air cools, additional work 

will be done by the hydraulic motor to maintain constant pressure. This additional work is accounted for 

when  is used. 
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Figure 10: Temperature Path through Compression and Expansion for a 3-Stage 

Example. The processes of adiabatic compression, isothermal compression and 

intercooling in the second stage of compression are labeled. 

 A plot of pressure vs. normalized volume is shown in Figure 11. It shows the 

compression path in blue and the return expansion path in green, with the ideal 

isothermal C & E path as a dashed red line. As the scale of the graph makes it difficult to 

trace the shapes of the paths, a magnified view of one of the stages is shown. The same 

plot shown with logarithmic scales is given in Figure 12 to provide a better view of the 

differences between the two paths. Because the work done in a process is the area under 

its P-V curve, Figure 13 highlights the regions of the plot associated with different 
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sources of work. The clear region between the blue and green lines is the work done in 

compression that is not done in expansion, which is the source of inefficiency in the 

system. The yellow region to the left of both curves is AMC work done in both 

compression and expansion that is counteracted by the hydraulic motor. The green-

colored region is the net work done in both compression and expansion.  

 Earlier plots have shown Tw as equal to T0. Figure 14 shows what happens when 

Tw is greater than T0. There are two dashed isothermal lines on the plot: a red one 

associated with C & E at T0 and a teal one for C & E at Tw. The first adiabatic 

compression process has a larger temperature change on the first stage than for 

subsequent ones to allow the temperature to reach the isothermal temperature.  

 In the logarithmic plots, lines of constant temperature are straight diagonal lines 

running from lower-right to upper-left. Temperature increases as these lines are crossed 

moving toward upper-right. Two observations can thus be made from these plots. First, 

with larger rTw, the C & E paths will be farther from isothermal. This change increases 

the size of the lost work region relative to the regenerated work region (both shown in 

Figure 13), indicating decreased η. Second, when Tw is greater than T0, the lost work 

region shifts to the upper right. This change increases the size of the regenerated work 

region more than the size of the lost work region, so η improves. These patterns are 

evident in the parametric study results to follow. 
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Figure 11: Pressure vs. Volume through Compression or Expansion for a 3-Stage 

Example 

 

Figure 12: Logarithmic Plot of Pressure vs. Volume through Compression or 

Expansion for a 3-Stage Example 
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Figure 13: Logarithmic Plot of Pressure vs. Volume for a 3-Stage Example with 

Work Regions Highlighted 

 

Figure 14: Logarithmic Plot of Pressure vs. Volume for a 3-Stage Example with Tw 

= 370 K. 
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2.2.2.8 Calculating Model Outputs 

 Now that the multi-stage open accumulator model has been developed, it must be 

used to meet the design goals and minimize the difficulty in designing for heat transfer. 

The design goals and are given in Table 3. The parameters used in these calculations are 

listed in Table 4. From these, the outputs shown in Table 5 are calculated. 

 The process of calculating the thermodynamic performance of an open 

accumulator is given in the flow chart in Figure 15. The Wsp calculations given so far 

occupy the left half of the flow chart, and the overall performance calculations from 

section 2.1 can now be completed as follows.  

Table 3: Design Goals for the Open Accumulator Thermodynamic Model 

Symbol Name Value 

 Power 20 kW 

ESgoal Energy storage 840 kJ 

Vtot,goal Total volume (1/5
th
 of closed 

accumulator) 

15.7 ℓ 

ηgoal Regenerative efficiency (from closed 

accumulator) 

80% 
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Table 4: Parameters for the Open Accumulator Thermodynamic Model 

Symbol Name Nominal Value Range Increment 

rp,tot,c Total pressure ratio in 

compression 

350 - - 

P0 Ambient pressure 101 kPa - - 

T0 Ambient temperature 300 K - - 

R Gas constant for air 0.287 kJ/kg-K - - 

γ Ratio of specific heats 1.4 - - 

n Number of stages - 1-5 1 

ε Intercooler effectiveness 70% 60-90% 10% 

Tw/T0 Ratio of wall temperature to 

ambient temperature 

1 0.95-1.20 0.05 

rTw,c Ratio of final temperature in 

each stage of compression to 

wall temperature, Tend,c/Twall 

- 1.01 – 1.39 0.01 

 

Table 5: Outputs of the Open Accumulator Thermodynamic Model 

Symbol Name 

Vi Volume required for stage i (i = 1 to n) 

Zi,c , Zi,e Required heat transfer parameter for stage i of C or E 

Vstages Total volume of all stages of the AMC. 

Vsv Volume of the storage vessel 

VIC,tot Total volume of all intercoolers in AMC 
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Figure 15: Individual Case Subroutine Flow Chart. Numbers in parentheses 

refer to equations in the text. The index i refers to the stage number (1 ≤ i ≤ 

n). 

No 

Yes 

Input goals from Table 3. 

and fixed parameters 

from Table 4. 

 

Calculate Wsp,i,c ( 15) and 

Qsp,i,c ( 16) 

i = 1, Tstart,1,c = T0 

Is i = n? 

i = i+1. 

Calculate 

Tstart,i,c 

(20a) 

Calculate Wsp,hyd,c ( 22)  

START 

No 

Yes 

Calculate Wsp,i,e ( 17) and 

Qsp,i,e ( 18) 

i = n, Tstart,n,e = Tw 

Is i = 1? 

i = i-1. 

Calculate 

Tstart,i,e 

(20b) 

Calculate Wsp,hyd,e ( 23)  

END 

Calculate η, Vsv , VIC 

and VIC,tot ( 25)-( 29) 

Calculate available 

Vstages, f and V for all 

stages 

( 30)-( 32) 

Calculate Z for all stages 

in both C & E ( 138). 

Determine the maximum 

value of Z for any stage 

in both C & E. 

Calculate Wsp,net,c and 

Wsp,net,e ( 24) 
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 The regenerative efficiency η is: 

 ( 25) 

 The storage vessel volume Vsv can be calculated using the mass required for 

energy storage, msv: 

 ( 26) 

 ( 27) 

 The volume of an intercooler, VIC, depends on the mass flow rate, which is used 

in the calculations in Appendix D: 

 ( 28) 

Knowing the volume of one intercooler, the total for all intercoolers can be calculated: 

 ( 29) 

 If the heat transfer performance of the open accumulator were known, it could be 

used to calculate the volume of the AMC, Vstages. However, for this model, the required 

total volume (Vtot,goal) is given, and the heat transfer performance unknown, so the 

available Vstages must be calculated: 

 ( 30) 

 The primary results calculate the volume of each individual stage, Vi, assuming 

constant frequency f: 

 ( 31) 
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The compression states are used because the required volume in expansion will always be 

smaller or equal to the volume during compression (assuming constant mass flow), due to 

the higher density of the air in expansion. The frequency can be calculated from Vstages 

and eqn. ( 28): 

 ( 32a) 

 ( 32b) 

 To examine the effect of the constant f assumption, an alternate calculation will be 

made where f varies and 

 ( 33) 

The frequency can then be calculated using eqn. ( 31). 

 Each potential AMC design must be judged by how easily the heat transfer 

required for it may be achieved. It is not sufficient to look at the heat transfer  alone. By 

Newton‟s law of cooling, , the heat transfer rate depends on temperature 

differences (ΔTiso, since all heat transfer is assumed to occur during isothermal 

processes), surface area (A), and other factors (summed in the heat transfer coefficient, 

h). In this model, the choice of parameters in Table 4 defines ΔTiso (from rTw, Tw and 

eqns. ( 11) and ( 12)) and leads to a required  (based on eqns.( 16), ( 18) and ( 28)), so a 

designer must achieve this  by using factors that affect the hA terms. 

Furthermore, the choice of parameters also constrains the available volume for each stage 

of C & E, which affects how easy it is to design sufficient surface area to achieve the 
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required . The surface area cannot be fully constrained, since the relationship between A 

and V will depend on the specific design chosen for the air motor-compressor, but the 

ratio A/V can be used in evaluating the design. A required heat transfer parameter, Zi, for 

each stage i thus becomes: 

 
( 34) 

A similar parameter was proposed for evaluating compact heat exchanger designs by 

Joardar and Jacobi (2005). This required heat transfer parameter is calculated for each 

stage i, and the maximum value, Zmax, from all the stages is compared to other designs.  

The design with the lowest Zmax is the design for which the required heat transfer is 

easiest to achieve. It would be useful to present Zmax in a nondimensionalized form, but 

the equations presented here are too nonlinear for nondimensionalization to work 

properly. A short discussion of this is included in Appendix E. 

 With the models here presented, first for individual components of the open 

accumulator and then for the entire system, one can model the performance of various 

designs and compare them to determine which is most likely to achieve the desired heat 

transfer. With small modifications, they can also be used to predict the size of an open 

accumulator if the heat transfer performance of each stage is known. 

2.2.3 Parametric Studies Using the Open Accumulator Model 

 To evaluate the best design for the open accumulator, three parametric studies 

were performed. The methodology for performing these studies (which is also given in 

the flow chart in Figure 16) and the parameters varied will now be presented. In 
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preparation for an experimental or numerical investigation of the heat transfer, certain 

practical design limitations will also be presented. Should the best design fail to meet 

these limitations, the results for the alternate “practical” design will be presented as well. 

 The goal of each study is to understand how the parameters influence Z for a 

fixed ηgoal. To that end, three terms related to Z are investigated as functions of η to 

explain how these parameters and Z change for a given η: ΔTiso, , and Vstages. The 

total heat transfer from all stages, , does not appear in the equation for 

Z ( 34) because Z is different for each stage, i. However, looking at  makes it 

easier to understand the changes in the required heat transfer for the entire system when 

comparing designs of different numbers of stages, n.
12

  

 The first study varied rTw,c and n; the second, rTw,c and εIC; and the third, rTw,c and 

Tw. Values of rTw,c and η were found to have unique correspondence for each study, with 

η decreasing as rTw,c increases. Figure 17 shows an example of this relationship from the 

first parametric study. Since the variation in each of the Z components above is presented 

as a function of η, rTw,c is not explicitly presented as the parameter in the results. The 

magnitude of rTw,c can be deduced from the magnitude of ΔTiso/T0, however, due to the 

definition of Tiso from eqns. ( 11) - ( 12). 

 

  

                                                 
12

 In addition, it is often accurate to assume that  is constant across all stages for either compression or 

expansion. The primary exception is the first stage in compression or the nth stage in expansion, which are 

different from the others because the air does not undergo intercooling before entering these stages. 
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Figure 16: Flow Chart for Parametric Studies (PS 1-3) 
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Figure 16: Flow Chart for Parametric Studies (PS 1-3), continued 
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Figure 16: Flow Chart for Parametric Studies (PS 1-3), concluded 
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Figure 17: Sample Plot of rTw,c for Varying n and rTw,c. εIC = 70%, Tw/T0 = 1. 

 The parameter ranges, examined in the three studies given in Table 6, were 

chosen as follows. First, Brown (1997) recommends 3-4 stages for this pressure range, so 

n = 5 was selected for a maximum number of stages in the hopes of proving that an 

optimum point existed at n = 3 or 4. The maximum range for rTw,c was set at 1.39 because 

this is just below the rTw,c for fully adiabatic compression at n = 5. Any compression with 

rTw,c greater than this would be impossible when n =  5. Lower limits of εIC and Tw/T0 

follow from a limitation on intercooling with the AIA model: if εIC is too low, the cooling 

effect is not sufficient to drop Tstart for the next stage below Tiso and the AIA process 

cannot be used.
13

 This limits εIC to 60% when Tw/T0 = 1. As Tw/T0 decreases, even εIC = 

60% becomes invalid for low ranges of rT,c, so a decrease to 95% was used as the lower 

                                                 
13

 This effect can be seen in Figure 10, where the first adiabatic process in the second and third stages of 

compression is much smaller than in the first stage of compression. The effect can occur also in expansion, 

obviously.  
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limit for Tw/T0. Maximum Tw/T0 was limited arbitrarily to 1.20. Maximum εIC was set at 

90% because a 100% effective intercooler would be infinitely large.  

Table 6: Parametric Studies Used to Determine Best Design 

Study # n rT,c Tw/T0 εIC 

1 1 ≤ n ≤ 5 1.01 ≤ rT,c ≤ 1.39 Tw/T0 = 1 εIC = 70% 

2 2 1.01 ≤ rT,c ≤ 1.39 Tw/T0 = 1 60 ≤ ε ≤ 90% 

3 1  1.01 ≤ rT,c ≤ 1.39 0.95 ≤ Tw/T0 ≤ 1.20 N/A 

 

 Assumptions are made for initial values of εIC and Tw/T0, as shown in Table 6. 

Should the best design suggest different optimal values for εIC and Tw/T0, Parameter 

Study 1 will be repeated with the optimal values to ensure its results were not 

significantly affected by the initial choices for εIC and Tw/T0. Parameter Study 1 will also 

be repeated using the assumption of equal Vi and variable f discussed with eqn. ( 33) to 

examine the effects of variable f. 

 Varying Tw/T0 requires a means to heat or cool the walls relative to T0, which 

requires energy not provided by the open accumulator. This thesis does not account for 

the energy required to change Tw/T0, as that requires a more involved system design. In 

the passenger vehicle application that is the target of this thesis, certain sources of waste 

heat are available, such as exhaust gas and engine coolant, and they may be able to 

provide heat to increase Tw/T0. Any heat required beyond the available waste heat must 

be accounted for thermodynamically, decreasing the regenerative efficiency of the 

system. 
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 In addition to the best design determined by the model, a practical design for a 

basic experiment or simulation to investigate the heat transfer is also discussed. Dealing 

with large changes to pressure, volume and temperature would make an experimental 

setup difficult. Experiments and simulations in the literature have volume ratios between 

2.4 (Adair 1972) and 10 (Nijeweme et al. 2001) (these are discussed in more detail in 

section 3.2.2 below). Limiting the volume ratio to this range leads to n ≥ 3 stages for a 

practical lab test. Second, if the thermodynamic model suggests one of the limiting values 

of Tw/T0 is best and that better performance could be achieved by expanding those limits, 

a ratio of Tw/T0 = 1 should be used to avoid using the arbitrary limiting values of this 

model. The best value of Tw/T0 in such a case would depend on material temperature 

limits, which are beyond the scope of this model. Finally, a constant frequency will be 

assumed for all stages. A practical design meeting these limitations is also presented, and 

its results are used for comparison with the heat transfer simulation in Chapter 3. 

2.3 Thermodynamic Model Results 

 The results of the parameter studies for the open and closed accumulator models 

are presented next. 

2.3.1 Closed Accumulator 

 This section gives the results of the closed accumulator study from section 2.2.1. 

In this parametric study, the pressure ratio, rp,c, was varied for three cases: (1) isothermal, 

(2) adiabatic C & E with adiabatic storage, and (3) adiabatic C & E with cooled storage. 
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 The volumes required to store 840 kJ for the three cases were calculated using 

eqns. ( 6) - ( 8) and are shown in Figure 18. Case 1 has the lowest minimum volume, 

while Case 3 has the highest. The results for the first two cases conform to those found in 

Li et al. (2007). Table 7 gives the values of rp,c and regenerative efficiency η (eqn. ( 4)) 

for the minimum volume in each case.  

 The efficiency for Case 3 at the minimum required volume is 77.8%. The 

efficiency goal for the open accumulator, ηgoal, will be rounded up slightly from Case 3 to 

80%. The volume goal, Vtot,goal, is one-fifth the minimum volume of Case 2 as calculated 

by eqn. ( 9): 0.661 nondimensionally, or 15.7 L when Pmax and ESgoal are taken into 

account. These values are listed in Table 8. 

 

Figure 18: Closed Accumulator Volume, Changing with rp at 35 MPa Max Pressure 
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Table 7: Closed Accumulator Size & Performance Storing 840 kJ Energy at 35 MPa 

 Case 1 Case 2 Case 3 

rp for min V 2.70 3.21 2.40 

V
* 

2.76 3.30 4.36 

η 100% 100% 77.8% 

 

Table 8: Design Goals of η and Vtot for the Open Accumulator 

 
Design Goals for Open 

Accumulator 

ηgoal 80% 

Vtot,goal 15.7 ℓ 

 

2.3.2 Open Accumulator 

 The efficiency, volume and required heat transfer parameter computed for the 

open accumulator according to the parametric studies given in section 2.2.3 will now be 

discussed. The figures present different parameters in terms of η to show how the 

selection of ηgoal affects the allowable values of each parameter, as was discussed in 

section 2.2.3. 

2.3.2.1 Parametric Study 1: Varying Number of Stages, n, and Temperature Ratio 

in Compression, rTw,c 

 The results of this study are shown in Figure 19 - Figure 22 and Table 9 - Table 

10. Table 9 gives rTw,c values that will produce ηgoal and the outputs associated with each 

rTw,c and n. Its results will be discussed with the appropriate figures in the paragraphs that 

follow. 
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 Figure 19 shows the maximum allowable magnitude of ΔTiso,c for various η. As η 

increases, temperature differences decrease because large temperature differences are 

associated with large compression work and small expansion work. Increasing n leads to 

a decrease in the allowable magnitude of ΔTiso,c (an 8% decrease from 1 stage to 5 at 

ηgoal). The effect of n increases with larger temperature differences (and thus lower η 

values).  

 The changes with η in the total required heat transfer, , are shown in 

Figure 20 for n = 1 and n = 5. Results for the values of n not shown fall between the 

extremes at n = 1 and n = 5. The heat transfer requirement is always larger for 

compression than for expansion because any thermodynamic inefficiency results in more 

work being done in compression and less in expansion, and heat transfer is related  

 

 

Figure 19: Magnitude of ΔTiso,c for Varying n and rTw,c. εIC = 70%, Tw/T0 = 1. 
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Figure 20: Heat Transfer Rate Magnitude (Sum over All Stages) for Varying n and 

rTw,c. εIC = 70%, Tw/T0 = 1. 

 

 Figure 21: Volumes for Varying n and rTw,c. εIC = 70%, Tw/T0 = 1. 
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Figure 22: Maximum Z in Compression and Expansion for Varying n and rTw,c. εIC 

= 70%, Tw/T0 = 1. 

Table 9: Results at ηgoal for Varying rTw,c and n, Tw/T0 = 1. εIC = 70%. 

n 1 2 3 4 5 

rTw,c 1.20 1.20 1.19 1.19 1.19 

ΔTiso,c (K) -29.0 -28.4 -27.8 -27.3 -26.7 

 (kW) -26.3 -24.2 -22.0 -20.3 -18.2 

VIC,tot (ℓ) 0 0.78 1.56 2.34 3.12 

Vsv (ℓ) 6.58 6.55 6.53 6.51 6.49 

Vstages (ℓ) 9.11 8.38 7.61 6.86 6.08 

V, nth stage (ℓ) 9.11 0.450 0.139 0.068 0.040 

Zc,max (W/m
3
K) 9.93×10

4
 9.90×10

5
 2.00×10

6
 2.83×10

6
 3.54×10

6
 

Ze,max (W/m
3
K) 9.06×10

4
 8.30×10

5
 1.59×10

6
 2.12×10

6
 2.45×10

6
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Table 10: Z for Individual Stages in Compression at ηgoal 

n 
Z (W/m

3
K) 

Stage 1 Stage 2 Stage 3 Stage 4 Stage 5 

1 9.93×10
4 - - - - 

2 5.16×10
4 9.90×10

5 - - - 

3 3.70×10
4 2.83×10

5 2.00×10
6 - - 

4 3.03×10
4 1.52×10

5 6.57×10
5 2.83×10

6 - 

5 2.60×10
4 1.05×10

5 3.39×10
5 1.10×10

6 3.54×10
6 

 

to the work done.
14

 As η approaches 1, compression and expansion converge to a single 

point. This point is larger than 1 because the heat transfer approaches the work transfer at 

perfect efficiency, but the presence of a hydraulic motor maintaining pressure in the 

storage vessel requires the air motor to have a higher work transfer than . The heat 

transfer decreases as n increases because each new stage increases the proportion of 

adiabatic processes to isothermal processes in the air motor-compressor. The total 

required heat transfer decreases by 31% in both C & E as n increases from 1 to 5.
15

  

 The changes in Vsv (from eqn. ( 27)) and the allowable Vstages (eqn. ( 30)) for 

various η are shown in Figure 21, with a reference line for Vtot,goal at the top of the graph. 

As η increases, Vsv decreases because more work per unit mass is extracted out of the air 

in expansion and the density of the air is higher as it is pumped into the storage vessel at 

the end of compression. The number of stages has little influence on Vsv. Because the 

allowable Vstages is calculated partially from Vsv, Vstages increases as η increases. 

                                                 
14

 Note that heat transfer is not directly proportional to the work done since, as mentioned earlier, the ratio 

of heat transfer to work decreases as rTw,c increases, and rTwc increases as η decreases. 
15

 As discussed in section 2.2.3 this is the required heat transfer for all stages. When multiple stages are 

used, this heat transfer is shared among the stages, so each stage has a smaller requirement. 
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However, the volume required for intercoolers, VIC,tot, increases as n increases, so Vstages 

drops as n increases. It should be remembered that the Vstages curves shown are total 

values for all stages.  

 The variations mentioned above all make Zmax (see eqn. ( 138)) increase with η, as 

shown in Figure 22.  The effects on individual stages as n increases can be seen in the 

data in Table 10. In that table, Z decreases for the first stage as n increases, because the 

heat transfer decrease is more significant than the volume decrease. However, as n 

increases, the volume decrease for the final stage is greater than the heat transfer 

decrease, and Z for the final stage becomes Zmax for the system. Between n = 1 and n = 2, 

Zmax increases by an order of magnitude in both C & E, as shown in Figure 22. The 

increase in Zmax between n = 2 and n = 3 (and subsequent stages) is roughly on the order 

of the magnitude of Zmax for n = 2 (as can be seen in Table 9). 

 In summary, the smallest value of n available will give the lowest Zmax for all 

stages, and  n = 1 has an order-of-magnitude advantage in Zmax over n = 2. 

2.3.2.2 Parameter Study 2: Varying Temperature Ratio, rTw,c, and Effectiveness, 

εIC 

 This study investigates whether a different value of εIC at n = 2 would produce a 

lower Zmax than that of the n = 1 case. Figure 23 - Figure 26 and Table 11 give the results 

of the study, and will be discussed below. 

 Figure 23 shows how ΔTiso,c varies with εIC and η. The intercoolers have little 

effect; the variation in maximum ΔTiso,c values to achieve ηgoal is 1.4% over the entire εIC 

range investigated. Unlike standard compressor-motor systems, adding an extra stage and 

an intercooler leads to lower system efficiency at the same ΔTiso,c, rather than increasing 
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it. This difference occurs because the AIA process is designed to decrease the required 

heat transfer rate for C & E. With multiple stages, both the heat transfer and the 

efficiency decrease further. Figure 24 shows the decrease in , which is 4% in 

compression and 13% in expansion when increasing from 60% to 90% effectiveness at 

ηgoal. 

 The changes in Vsv and the allowable Vstages for varying η are shown in Figure 25. 

Increased η leads to decreased Vsv, and changes in εIC have negligible effects. Increasing 

εIC from 60% to 90% decreases Vstages by 12%, however, due to the increase in VIC (as 

seen in Table 11). 

 

Figure 23: Magnitude of ΔTiso,c for Varying εIC and rTw,c. n = 2, Tw/T0 = 1. 
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Figure 24: Heat Transfer Rate Magnitude (Sum over All Stages) for Varying εIC and 

rTw,c. n = 2, Tw/T0 = 1. 

 

Figure 25: Volumes for Varying εIC and rTw,c. n = 2, Tw/T0 = 1. 
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Figure 26: Maximum Z in Compression for Varying εIC and rTw,c. n = 2, Tw/T0 = 1. 

 

Table 11: Results at ηgoal for Varying rTw,c and εIC. Tw/T0 = 1, n = 2. 

εIC 60% 70% 80% 90% 

rTw,c 1.20 1.20 1.20 1.20 

ΔTiso,c (K) -28.4 -28.4 -28.5 -28.8 

 (kW) -24.5 -24.2 -23.8 -23.4 

VIC,tot (ℓ) 0.58 0.78 1.07 1.63 

Vsv (ℓ) 6.55 6.55 6.56 6.57 

Vstages (ℓ) 8.56 8.38 8.07 7.51 

V, nth stage (ℓ) 0.0197 0.0189 0.0179 0.0163 

Zc,max (W/m
3
K) 9.76×10

5
 9.90×10

5
 1.01×10

6
 1.07×10

6
 

Ze,max (W/m
3
K) 7.97×10

5
 8.30×10

5
 8.73×10

6
 9.43×10

6
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 The cumulative effects of Figure 23 - Figure 25 on Zmax are shown in Figure 26. 

The expansion case is similar, and is not shown. The most significant change is the 

volume change from enlarging the intercoolers, so Zmax decreases as ε increases. The case 

with minimum Zmax is the case of minimum εIC (60%), as is shown in Table 11, but the 

decrease from εIC = 70% (as used in PS 1) is far from the order of magnitude change 

require to match Zmax for n = 1 (Table 9). 

2.3.2.3 Parameter Study 3: Varying Temperature Ratio in Compression, rTw,c, and 

Wall-to-Ambient Temperature Ratio, Tw/T0 

 The results of this study are plotted in Figure 27 - Figure 30. Combinations of 

rTw,c and Tw/T0 that satisfy ηgoal are given in Table 12, and are discussed below. 

 

Figure 27: Magnitude of ΔTiso,c for Varying rTw,c and Tw. n = 1. 
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Figure 28: Heat Transfer Rate Magnitude (Sum over All Stages) for Varying Tw/T0 

and rTw,c. n = 1. 

 

Figure 29: Volumes for Varying rTw,c and Tw/T0. n = 1. 



55 

 

 

Figure 30: Maximum Z in Compression for Varying rTw,c and Tw/T0. n = 1. 

 

Table 12: Results at ηgoal for Varying rT,c and Tw/T0. n = 1. 

Tw/T0 0.95 1.00 1.05 1.10 1.15 1.20 

rTw,c 1.20 1.20 1.21 1.22 1.23 1.23 

ΔTiso,c (K) -27.1 -29.0 -31.4 -34.0 -36.8 -39.9 

 

(kW) 
-27.5 -26.3 -25.2 -24.2 -23.3 -22.4 

VIC,tot (ℓ) 0 0 0 0 0 0 

Vsv (ℓ) 6.63 6.58 6.56 6.57 6.58 6.60 

Vstages (ℓ) 9.07 9.11 9.15 9.15 9.13 9.10 

Zc,max (W/m
3
K) 1.12×10

5
 9.93×10

4
 8.79×10

4
 7.78×10

4
 6.93×10

4
 6.17×10

4
 

Ze,max (W/m
3
K) 9.89×10

4
 9.06×10

4
 8.28×10

4
 7.55×10

4
 6.93×10

4
 6.34×10

4
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 The change in the magnitude of ΔTiso,c with varying η and Tw/T0 is given in 

Figure 27. For ηgoal, the allowable magnitude of ΔTiso,c increases 47% as Tw/T0 increases 

from 0.95 to 1.20, for two reasons. First, the air is stored at higher temperatures, which 

increases the amount of work that can be extracted from the stored air without greatly 

increasing the work required in compression to store it. The work increase in expansion 

leads to increased η for the same Tw/T0, or (for this model) increased temperature ratios, 

rTw,c, (and thus larger temperature differences) to still satisfy ηgoal. Second, increasing Tw 

leads to increased magnitudes of ΔTiso,c for a given rTw,c according to the definitions in 

eqns. ( 11) and ( 14a). The required  (Figure 28) in compression decreases 18% 

when Tw/T0 increases from 0.95 to 1.20 because more work is done in the initial adiabatic 

compression from T0 to Tiso when Tw is higher (as was shown in Figure 14). In 

expansion, the relative importance of the initial adiabatic period to the rest of the cycle is 

not changed, but the increase in rTw,c and 1/rTw,e leads to a decrease in  by 6%.  

 Figure 29 shows how volume varies with η and Tw/T0. Volume variation is very 

small with changes in Tw/T0. These results are similar to the first two parameter studies 

with varying η. The lack of change with Tw/T0 is surprising, since Vsv should increase 

when the density of the air in the storage vessel decreases (i.e., with increasing Tw). 

Because the work extracted from the air per unit mass in expansion also increases with 

Tw/T0, less mass is stored, and Vsv remains nearly constant. 

 With no changes in volume, the increase in magnitude of ΔTiso and the decrease in 

required heat transfer lead to decreasing Zmax as Tw/T0  increases, as shown in Figure 30. 

The change is a 49% decrease in Zmax,c and a 19% decrease in Zmax,e as Tw/T0 increases 
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from  0.95 to 1.20, as shown in Table 12. Thus, the best design is the one with the highest 

Tw/T0 that can rely on waste heat. An estimate of the energy required to maintain this 

elevated Tw/T0 is beyond the scope of this thesis, but, as shown in Figure 28, increasing 

Tw/T0 above 1 does not require extra heat to be drawn into the system (i.e.,  

decreases in both compression and expansion as Tw/T0 increases). Thus, maintaining 

Tw/T0 > 1 could be a very efficient process. If the system maintaining Tw is efficient 

enough, the improvement to Zmax might even make it worthwhile to expend more energy 

than is simply provided by waste heat. 

Table 13: Parameter Study 1 Results with Optimal Parameters: Tw/T0 = 1.20, ε = 0.6 

n 1 2 3 4 5 

rTw,c 1.23 1.23 1.22 1.21 1.21 

ΔTiso,c (K) -39.9 -38.8 -37.6 -36.7 -36.0 

 (kW) -22.4 -20.4 -18.5 -16.7 -14.9 

VIC,tot (ℓ) 0 0.52 1.04 1.56 2.08 

Vsv (ℓ) 6.60 6.56 6.52 6.49 6.47 

Vstages (ℓ) 9.10 8.63 8.13 7.64 7.15 

V, nth stage (ℓ) 9.10 0.564 0.177 0.089 0.054 

Zc,max (W/m
3
K) 6.17×10

4
 5.75×10

5
 1.16×10

6
 1.63×10

6
 1.99×10

6
 

Ze,max (W/m
3
K) 6.34×10

4
 4.56×10

5
 8.51×10

5
 1.08×10

6
 1.16×10

6
 

 

 Since Tw/T0 = 1.20 proved to be a better option than Tw/T0 = 1, Parameter Study 1 

was repeated to see how this change affected the performance of the open accumulator 

when operating with multiple stages. The intercooler effectiveness, εIC, was set at 60% 

per the results of Parameter Study 2. The data in Table 13 show that the order-of-
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magnitude shift between n = 1 and 2 remains (compare to Table 9), although there is a 

significant decrease in Zmax for all stages (16 - 43%, with larger decreases at lower n).  

 The results of the parameter studies can be summarized as follows. In order to get 

an open accumulator that is 1/5
th

 the volume of a comparable closed accumulator with the 

lowest required heat transfer parameter, Zmax, it should be designed with one stage and as 

high a Tw/T0 as can be attained from waste heat sources. Intercooling is undesirable 

because the additional volume an intercooler adds outweighs the decrease to Z that it 

creates during C & E processes. 

2.3.2.4 Variable Frequency Study 

 Values of f for the optimal parameter results presented in Table 13 are given 

below in Table 14. These values, which are constant for all stages, show that f increases 

with n and that f for n = 5 is double the value of f for n = 1. When f is allowed to vary 

between stages and Vi is held constant, the results for f and Z at every stage are shown in  

Table 15.
16

 Looking at the Zi values, allowing f to vary limits Zmax,c for n > 1 to a 25% 

increase over Zmax,c for n = 1, and limits Zmax,e for n > 1 to a 6% increase over Zmax,e for n 

= 1. These values are a marked improvement over the order-of-magnitude increase in 

Zmax,c and Zmax,e associated with increasing from n = 1 to n = 2 at constant f. The  

Table 14: Frequencies for Optimal Parameters Run of Parameter Study 1 

n 1 2 3 4 5 

f (Hz) 4.09 4.61 5.53 6.73 8.20 

 

                                                 
16

 The negative value of Zmax,c for the first stage when n = 5 occurs indicates that there is no isothermal 

period, and compression is simply adiabatic. 
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Table 15: Values of f and Z for the Variable Frequency Study 

n 
f (Hz) 

Stage 1 Stage 2 Stage 3 Stage 4 Stage 5 

1 4.09 - - - - 

2 8.62 0.603 - - - 

3 13.7 2.54 0.360 - - 

4 19.4 5.85 1.35 0.313 - 

5 26.0 10.5 3.25 1.01 0.312 

n 
Zi,c (W/m

3
K) 

Stage 1 Stage 2 Stage 3 Stage 4 Stage 5 

1 6.17×10
4
 - - - - 

2 4.70×10
4
 7.51×10

4
 - - - 

3 3.01×10
4
 7.55×10

4
 7.55×10

4
 - - 

4 1.04×10
4
 7.59×10

4
 7.59×10

4
 7.59×10

4
 - 

5 -1.29×10
4
 7.57×10

4
 7.57×10

4
 7.57×10

4
 7.57×10

4
 

n 
Zi,e (W/m

3
K) 

Stage 1 Stage 2 Stage 3 Stage 4 Stage 5 

1 6.35×10
4
 - - - - 

2 6.69×10
4
 5.96×10

4
 - - - 

3 6.69×10
4
 6.69×10

4
 5.54×10

4
 - - 

4 6.68×10
4
 6.68×10

4
 6.68×10

4
 5.04×10

4
 - 

5 6.61×10
4
 6.61×10

4
 6.61×10

4
 6.61×10

4
 4.41×10

4
 

 

improvements in Zmax require increasing f for the lowest-pressure stages and decreasing f 

for the higher-pressure stages. The greatest difference between stage frequencies occurs 
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at n = 5, when f for Stage 1 is 83 times f for Stage 5. The n = 1 design still has the lowest 

Zmax values in compression and expansion, even when f varies.
17

 

2.3.2.5 Practical Design 

 As was discussed in section 2.2.3, practical limitations for a basic experiment 

suggest that n < 3 and Tw/T0 ≠ 1 are inadvisable. For comparison with such an 

experiment or simulation, which will be discussed in Chapter 3, Table 16 gives general 

results for a practical design with n = 3, εIC = 60%, Tw/T0 = 1 and constant f between 

stages. Table 17 gives the required values of Z for each stage of this design. 

Table 16: Results at ηgoal for Practical Design. n = 3, Tw/T0 = 1, εIC = 60%. 

n 3 

rTw,c 1.19 

ΔTiso,c (K) -27.7 

 (kW) -24.9 

VIC,tot (ℓ) 1.16 

Vsv (ℓ) 6.53 

Vstages (ℓ) 8.01 

V, nth stage (ℓ) 0.148 

Zc,max (W/m
3
K) 1.96×10

6
 

Ze,max (W/m
3
K) 1.50×10

6
 

 

                                                 
17

 It is possible with the values in  

Table 15 to manipulate f and V for various stages to achieve a decrease in Zi for all stages in either 

compressor or expansion when increasing n. However, such a design is optimized for either compression or 

expansion, and will not lead to Zi decreases for all stages in both compression and expansion 

simultaneously. 
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Table 17: Z for Each Stage of the Practical Design 

 

Z (W/m
3
K) 

Stage 1 Stage 2 Stage 3 

Compression 3.56×10
4
 27.8×10

5
 1.96×10

6
 

Expansion 3.83×10
4
 2.50×10

5
 1.50×10

6
 

 

2.4 Discussion 

 The conclusion that n = 1 gives the best design for heat transfer conflicts with the 

design recommendations in textbooks such as Brown (1997), where multiple stages are 

assumed for high pressures. One reason for this difference is the assumption in the 

current model that each stage in the Air Motor-Compressor (AMC) can compress to zero 

volume, which presents a grave practical challenge for the design. Not only must the 

single stage in the AMC compress to around 1/350
th

 of its volume to reach the desired 

pressure, but the volume must decrease further to expel the high-pressure air at the end of 

a compression cycle. A method for analyzing how the residual volume at the end of 

compression affects the thermodynamic calculations is presented in Appendix F, but 

since a design for the AMC has not been determined, it is difficult to estimate the residual 

volume.  

 The variable-frequency study suggests that the penalty to Z for using more stages 

could decrease when f is allowed to vary between stages. This design option should be 

pursued, but requires a better understanding of practical limits associated with the 
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frequency of the AMC. Frequencies that are too high require fast control valves and large 

ports for intake and exhaust passages, and may lead to large stresses in whatever device is 

used to compress or expand the air in a near-adiabatic fashion. Low frequencies lead to 

increased leakage of high-pressure fluid through valves and seals. If multiple stages 

become necessary, however, manipulating f between stages could be helpful in improving 

Zmax for a design. 

 If multiple stages become necessary, another concern arises. Parametric Study 2 

suggests that the smallest intercooler is best, down to the limit where the AIA process for 

C & E no longer occurs due to insufficient intercooling (see section 2.2.2.7). Perhaps the 

AIA process is not the best process to use in a multi-stage air motor-compressor with 

intercooling. 

 Comparing the Z results between stages assumes that changes between stages do 

not affect the heat transfer coefficient, h, discussed in section 2.2.2.7. Other terms in 

Newton‟s law of cooling, temperature difference and surface area, are already either 

constrained by model parameters or accounted for in Z. Fully understanding h requires 

understanding the boundary layers that form next to the chamber walls, and many details 

related to that depend on the specific chamber design. However, two changes in h 

between low and high-pressure stages can be anticipated from the results of the model. 

First, h decreases as velocity decreases, and the decreasing sizes of compression chamber 

volumes should lead to velocity decreases. On the other hand, conduction theory suggests 

that heat transfer should increase when the density of air near the wall increases. The 

model cannot determine which of these effects will be more significant at high pressures. 



63 

 

 Finally, the assumption that the isothermal process is the only part of a C or E 

cycle that takes significant time deserves reconsideration. Inertial concerns for whatever 

drives the reciprocating air motor-compressor would lead to a minimum time for the non-

isothermal periods. The intake and exhaust periods must also be considered, since they 

are sized to avoid choking the flow through the intake and exhaust ports. The required 

time can be shortened by creating large inlet and outlet ports, but doing so increases the 

residual volume in the chamber (and thus decreases the volume available for productive 

work in the air motor-compressor while trying to achieve the design goals). A method for 

estimating Z while accounting for realistic times for adiabatic, intake and exhaust 

processes is presented in Appendix G. 
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3.  Heat Transfer Modeling 

3.1 Introduction 

 In the previous chapter, calculations were made to determine designs that could 

achieve the volume, efficiency, power and energy storage goals of the open accumulator. 

To discriminate between the choices available, a required heat transfer parameter, Z, was 

calculated, such that the design with the lowest maximum Z for all its stages should be 

the one chosen. However, no estimate of the expected heat transfer was given, since the 

model was focused on the general thermodynamic parameters rather than a specific 

design for the air motor-compressor, storage vessel, intercoolers, or hydraulic motor. The 

heat transfer that occurs during compression and expansion is not easy to model, since 

the flow processes are unsteady and three-dimensional.  

 This chapter investigates the heat transfer associated with the design of a specific 

chamber for the AMC. A diaphragm compressor design was chosen to avoid the leakage 

problems of the sealing rings in piston compressors. For this initial exploration of the 

heat transfer, an expansion case in the lowest-pressure stage of a three-stage AMC was 

modeled using FLUENT, a commercial Computational Fluid Dynamics (CFD) code. The 

goal of this simulation was to understand the flow, temperature and heat flux patterns 

associated with the diaphragm compressor design. 

 In this chapter, the chamber design choices are discussed. Models of the heat 

transfer during compression and expansion documented in the literature are presented, 

followed by a description of the FLUENT simulations performed for this thesis. The 

flows and heat transfer that occurred during the simulation are then examined. The results 
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show that the flows generated during the intake phase have a large effect on flow and 

heat transfer throughout the simulation. Heat transfer is maximized in regions where the 

flow pulls cold fluid from the chamber center to the wall.  

3.2 Heat Transfer Models 

3.2.1 Chamber Design 

 Before the details of how to model the expansion process are given, the design of 

the expansion chamber will be presented. 

 A diaphragm compressor design was used for the simulated chamber. A 

diaphragm compressor, illustrated in Figure 31, uses hydraulic oil to compress air. A 

diaphragm is placed between the oil and the air to keep the oil from contaminating the air 

and the air from dissolving in the oil. Since the hydraulic oil is relatively incompressible, 

it can be used to move the diaphragm to compress or expand the air. 

 

Figure 31: Diaphragm Compressor Cross-Section.  

  The diaphragm compressor design was chosen for two reasons. First, it is a type 

of reciprocating compressor, which is recommended for systems like the open 
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accumulator with maximum pressures of 35 MPa (Brown 1997). Second, it is anticipated 

that a diaphragm chamber will have low frictional losses and no air leakage. Piston-

cylinder compressors are the most common sort of reciprocating compressor, but they 

require dynamic seals on the piston. If these seals are lubricated, autoignition of the 

lubricant or its byproducts is a danger (Fowle 1973), especially given the high operating 

pressure of the system (Zabetakis et al. 1962). If the seals are not lubricated, however, the 

friction will increase dramatically (2.5 to 15 times as reported by Raparelli et al. 1997, 

depending on the original lubrication level), decreasing the efficiency of the open 

accumulator in both compression and expansion processes. In a diaphragm compressor, 

sealing is required for whatever device moves the hydraulic oil, but since this device can 

be heavily lubricated without fire risk, the overall friction is expected to be lower than for 

a piston compressor. 

 During simulations, the diaphragm expanded from being almost flat to having a 

maximum distance from the chamber top of 45.38 mm. The volume trajectory vs. time 

for the simulation is shown in Figure 32. The cycle was designed to operate at 10 Hz (600 

RPM) under the assumption that exhausting the low-pressure air takes as long as drawing 

in and expanding the air (0.05 s each), but the exhaust half of the cycle was not 

simulated. There were three different periods of volume change in the simulation: intake, 

fast expansion, and slow expansion. The intake period was governed by the time required 

to draw in air without risking choked flow in the inlet (see Appendix I). The two different 

rates of expansion – first fast, then slow - were chosen to achieve a large value of ΔT  
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Figure 32: Volume Change Over Time for Expansion Simulation 

early in the simulation, where ΔT is the difference between the wall temperature and the 

mean temperature of the air: 

 ( 35) 

It was thought that increasing the amount of time the air spends at large ΔT during a 

cycle would increase the average heat transfer rate over a simulation with a constant rate 

of expansion for the entire cycle. However, no other volume trajectory has been 

simulated, so it is uncertain whether this trajectory actually leads to higher heat transfer. 

As the results will show, the fast expansion approximates an adiabatic process while the 

slow expansion is nearly isothermal, so these processes give insight into what might 
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happen with the idealized adiabatic-isothermal-adiabatic compression and expansion 

processes discussed in the previous chapter. Velocity, temperature and heat flux profiles 

will be presented later from the points highlighted with stars on the volume plot of Figure 

32. 

3.2.2 Literature Review 

 Many studies of heat transfer in compression and expansion have been performed, 

particularly with piston compressors in the engine industry. These studies are here 

divided into two categories: experimental studies and numerical simulations. The 

experimental challenge is to measure a process that is unsteady, nonuniform, has fast 

cycle times (up to 2000 RPM in experiments noted here, and higher in practice), and can 

vary greatly from cycle to cycle. The numerical modeling challenge is to reproduce not 

only the magnitude of the heat flux but the degree to which the peak heat flux occurs 

before the peak difference between wall temperature and bulk air temperature (usually 

the point of minimum volume) is reached. This difference between peaks is called the 

phase lead in heat flux. The literature provides:  

 estimates of the heat flux measured in various compression chambers; 

 insight into the physics of heat transfer in compression and expansion, particularly 

the phase lead of peak heat flux over peak temperature difference; and 

 methods to measure and simulate heat flux in compression and expansion 

However, the application of the existing literature to the current case is limited for three 

reasons. First, diaphragm compressors are rarely used in the literature, and no studies of 

heat transfer in diaphragm compressors were found for this thesis. The differences in 
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geometry between diaphragm compressors and the piston compressors found in the heat 

transfer literature should lead to different flow patterns and heat transfer. Second, the 

volume trajectory provided in Figure 32 is different from the near-sinusoidal trajectory 

used by piston compressors, and should produce different results. Third, the literature 

focuses primarily on compression cases, while this simulation is of expansion.
 18

 

3.2.2.1 Experimental 

 Much of the literature on heat transfer during compression and expansion is tied 

to combustion engines, and recent engine work is moving more into combustion and 

emission issues than the basic heat transfer questions related to compression and 

expansion. Borman and Nishiwaki (1987) is an excellent summary of the work that had 

been done up to that time in combustion engine heat transfer, including many motored 

cases (i.e., without combustion). They discussed both experimental methods and the 

many heat transfer models proposed. 

 Among the experimental motored engine heat transfer work, Dao et al. (1973) is 

cited regularly. They estimated heat flux levels in the top of a motored piston chamber 

using temperatures from a pair of thermistors separated by a metal wall of known 

thickness and conductivity. They varied compression ratio, engine speed, intake swirl 

velocity and sensor position. They argued that swirl velocity was important to heat 

transfer, showing how heat flux changed with various levels of intake swirl and measured 

a 50% decrease in heat flux when completely shutting off the intake valve between two 

                                                 
18

 A comparable study of heat transfer in a diaphragm-bounded chamber in the literature would be good 

cause to use the volume trajectory of the literature case and to match the process simulated (either 

compression or expansion). Lacking such a study, it was deemed better to press toward a volume change 

trajectory that is desirable for good heat transfer and to simulate an expansion case (which required less 

time than a compression case due to grid issues discussed in Appendix M). 
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otherwise identical cycles. Their lowest speed was 600 rpm, which is the cycle speed of 

the simulation in this thesis. At this speed, the peak heat flux was nearly independent of 

sensor position and decreased slowly with compression ratio. The peak heat flux at 600 

rpm and a compression ratio of 8 was around 1.2×10
5
 W/m

2
, and doubling the speed to 

1200 rpm nearly doubled the heat flux. They claimed that the pressure changes in their 

system could be approximated by polytropic compression with an exponent of 1.37; i.e., 

PV
1.37

 = PstartVstart
1.37

, where P is the pressure and V is the volume of the chamber. This is 

low heat transfer (15% of work done), close to adiabatic. 

 Eroding thermocouples are used more commonly than thermistors in motored 

engine heat transfer work. Nijeweme et al. (2001) used such thermocouples in a study 

that varied engine speed and inlet throttling for both motored and fired engine cases. 

They found similar heat flux behavior between motored and fired engines, but the heat 

flux of the fired cases was an order of magnitude higher than the motored cases. Their 

measurements of peak heat flux in a motored engine ranged from 2.5 to 7×10
5
 W/m

2
, 

depending on conditions. 

 More sophisticated techniques involve measuring temperatures in the thermal 

boundary layer and calculating heat flux from the temperature gradient at the wall. Farrell 

and Verhoeven (1987) used speckle interferometry in a 2-stroke engine. They estimated a 

peak heat flux of 4.0×10
4
 W/m

2
 for their engine, which ran at 400 rpm with a 

compression ratio of 4. Lucht et al. (1991) used coherent anti-Stokes Raman scattering in 

a similar manner, but like many in the combustion engine field, provided only minimal 

discussion of motored engine data and focused on their fired engine data. 
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 Some of the compression and expansion heat transfer research has been 

associated with gas springs. Faulkner and Smith (1983) researched cyclic heat transfer 

between the working gas and the cylinder walls in a gas spring. They described the 

fluctuations in the temperature of the boundary-layer gas that creates a phase lead in the 

heat transfer relative to the difference between the bulk air temperature and the wall 

temperature. They also calculated losses in the gas spring, defined as the ratio of the 

energy lost during a cycle to the compression work in that cycle. Kornhauser and Smith 

(1994) continued investigating the phase lead in heat transfer in a gas spring and found 

that it could be described by a complex Nusselt number in cases where the temperature 

changes in the gas spring could be approximated by a sinusoid. The complex Nusselt 

number formula was: 

 ( 36) 

where Nur and Nui are the real and imaginary portions of the complex Nusselt number; λ 

is the thermal conductivity of the air; Dh is the hydraulic diameter of the chamber; q is the 

heat flux; and ω is the rotational speed of the piston‟s crankshaft. They provided 

empirical measurements of Nur and Nui for a gas spring with variations of gas type, 

volume ratio, cycle frequency, bore/stroke ratio, and number of fins attached to the piston 

and cylinder top. Their analysis was based on conduction, which one would not expect to 

be accurate for air that is pushed by a piston, but the data fit the model quite well. 

Cantelmi et al. (1998) attempted to expand on Kornhauser and Smith‟s work by applying 

the complex heat transfer concept to a piston with inflow. They used a piston whose 

chamber was connected to a second chamber by an orifice, generating jet and sink flows 
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in both chambers. The experiment agreed with their calculations for the magnitude of the 

complex Nusselt number but not for its phase, and their calculations were valid only for 

small pressure changes. 

 Another branch of compression heat transfer research came out of Purdue 

University and the Compressor Technology Conferences held there in the 1970s and 

„80s. Adair  (1972) measured air and wall temperatures in a compressor and derived a 

correlation of the form , where Re is the Reynolds number based on 

hydraulic diameter, Pr is the Prandtl number of the air, and c1-c3 are constants. His length 

scale and velocity varied with crank angle, leading to a variable heat transfer coefficient, 

and he asserted that this was superior to using a constant heat transfer coefficient in the 

correlation. While his equation over-predicted the heat flux at top dead center, it roughly 

followed the trends of his measured data. Use of this equation would be inappropriate for 

situations where the wall temperature is not greater than the air inlet temperature, 

however, because his correlation forced the heat transfer coefficient to zero at times when 

the air temperature should have begun exceeding the wall temperature. His 

experimentally calculated heat transfer coefficient ranged in magnitude between 50-100 

Btu/hr-ft
2
R (300-550 W/m

2
K), with asymptotic jumps where the heat flux dropped to 

zero. Heat flux estimates ranged from 3.4×10
4
 W/m

2
 to -2.4×10

5
 W/m

2
. The largest 

magnitudes occurred during the intake phase, where velocities were high and the 

differences between wall temperature and air temperatures were greatest.  
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3.2.2.2 Numerical/ CFD 

 The challenge peculiar to heat transfer modeling for compression and expansion 

is to accurately predict the phase lead of the heat transfer peak over the bulk air 

temperature peak. At slow rotational speeds, this can be done using standard models, but 

most modelers find they need to implement special wall functions to accurately calculate 

heat flux at speeds of interest (see Recktenwald (1989) and further discussion on 

Nijeweme et al. (2001) below). Variants of the k-ε model are the most common 

turbulence model used in analyzing piston compression and expansion.  

 Yang et al. (1988) compared five variants of a k-ε turbulence model to a low 

Reynolds number model. They found that all five compared poorly to the low Reynolds 

number model near the wall, and that fine grid resolutions deviated more from the low 

Reynolds number model results than coarse resolutions in regions more than two coarse 

resolution grid points away from the wall. They found that the wall heat flux was more 

dependent on grid size than was the wall shear stress, and developed a 1-D energy 

equation model to calculate wall heat flux using wall shear stress. They measured heat 

flux in a motored engine and found it to be a good match to their model, with a peak heat 

flux of 1.4×10
5
 W/m

2
 for an engine with a compression ratio of 9.5 running at 750 RPM. 

They also measured a wall temperature swing of 1K during each cycle, suggesting that a 

constant-temperature wall boundary condition is appropriate. 

 Huh et al. (1990) compared the effects of three boundary layer energy models: a 

traditional model based on the law-of-the-wall, Yang et al.‟s one-dimensional wall 

model, and a law-of-the-wall model modified to include an energy generation term due to 

compression. They compared the models to experimental results for a deep-bowl 
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chamber and a pancake chamber. The one-dimensional model performed best in a deep 

bowl piston chamber and the modified law-of-the-wall model was best for the pancake 

chamber, but the experiments were not exhaustive enough to validate either model. They 

derived a dimensionless parameter, S
+
, to estimate when the rate of pressure change 

(dP/dt) made the modified law-of-the-wall model preferable to the traditional law-of-the-

wall: 

 ( 37) 

where μ is the dynamic viscosity, q is the heat flux, uη is the friction velocity and ρ is the 

density. They showed how this term provides a different thermal boundary layer profile 

than the traditional law-of-the-wall for |S
+
| ≥ 5×10

-3
. Such values of S

+
 occur when there 

is a large rate of pressure change (dP/dt) and low turbulence (leading to lower values of 

uη). They also measured wall heat flux using speckle interferometry, finding peak heat 

fluxes in the range of 2-5×10
5
 W/m

2
.  

 Chiu and Kuo (1995) used Huh et al.‟s modified law-of-the-wall model in a k-ε 

code. They modeled two piston shapes in a 2-D axisymmetric grid with an assumed 

initial swirl velocity perpendicular to the grid. When the piston was near top dead center, 

they calculated heat flux values ranging from 4×10
4
 W/m

2
 at the cylinder wall to 8×10

5
 

W/m
2
 on the piston immediately next to the wall. Heat flux values were relatively flat at 

1×10
5
 W/m

2
 on both piston and cylinder head for regions not close to the side wall. 

 Nijeweme et al. (2001) were mentioned above for their eroding thermocouple 

measurements of heat flux, but their simulation work is original enough to warrant 

discussion as well. They used a k-ε model to attempt to predict the heat transfer, and 
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found that it underpredicted the peak heat flux by up to an order of magnitude at 2000 

RPM because it neglected the effect of changing pressure on the heat flux. Using Huh et 

al.‟s (1990) model did not resolve the problem because it neglected convective and time-

changing temperature terms in the energy equation. Nijeweme et al. proposed a solution 

using a Lagrangian form of the energy equation, but they needed to calibrate their 

turbulent conductivity to an existing heat flux measurement. 

 Ikegami et al. (1986) created an axisymmetric k-ε model of the compression 

chambers investigated by Dao et al. (1973). They began at the end of the intake cycle 

with assumed values for wall temperature, air temperature and swirl velocity (the swirl 

being perpendicular to the modeled axisymmetric plane). They used a standard law-of-

the-wall model for both momentum and heat transfer. They found that increased swirl 

velocity decreased the grid resolution required for convergence. Their model showed 

similar trends to Dao et al.‟s experiments, but their simulated heat flux diverged from 

Dao et al.‟s in regions on the piston and cylinder head close to the center of the chamber 

(where the axisymmetric assumption would be least reasonable). 

 Recktenwald (1989) also created a 2-D axisymmetric model, using the k-ε model 

with law-of-the-wall boundary layer for momentum and energy. He simulated the gas 

spring of Kornhauser and Smith (1994), duplicating their results at most rotational 

speeds, but underpredicting the results by 50% at 1000 RPM. The underprediction may 

be due to the lack of a pressure change term such as Huh et al.‟s (1990) in his wall 

functions. He also modeled a compressor similar to Adair‟s (1972). The compressor fluid 

dynamics were dominated by the jet from the suction port, so he recommended using 
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both this velocity and the cycle frequency to generate different time scales to understand 

model behavior. He calculated a large increase in heat transfer during suction that was 

associated with increasing turbulence intensity and not with increasing the ΔT between 

the bulk fluid and the wall.  

 While the k-ε model is the most commonly used turbulence model in the 

literature, it is not the only model used. Catto and Prata (2000) ignored turbulence 

altogether. They numerically simulated Kornhauser and Smith‟s (1994) data using 

laminar flow assumptions in an axisymmetric, 2-D finite volume model. They duplicated 

the trends in Kornhauser and Smith‟s (1994) results for a limited number of cases, but 

their model often gave lower magnitudes for the imaginary portion of the complex 

Nusselt number, indicating lower overall heat transfer and a lower phase lead between the 

heat transfer, , and ΔT. On the side of more complicated turbulence models, Wu and 

Perng (2002) used a large eddy simulation turbulence model and the wall functions of 

Huh et al. (1990) to model various cylinder configurations, showing more accurate 

modeling of heat flux than the k- ε model of Ikegami et al. (1986). 

 Two studies that focus solely on the fluid dynamics will be mentioned as well. 

Borgnakke and Xiao (1991) wrote extensively about turbulence in engines, both motored 

and fired. Their main focus was on Reynolds stress models because of the anisotropic 

turbulence generated by piston motion. They showed results for a standard k- ε model, 

which performed poorly because of its non-realizability and its isotropic assumptions 

about turbulence. Non-realizability occurs when the strain rate is large enough to make 

the mean normal Reynolds stresses negative, which is physically impossible.  
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 While much of the work in piston heat transfer is done in two dimensions (some 

compensating for a third by adding the effects of a swirl flow perpendicular to the grid), 

fully three-dimensional models do exist. Mahrous et al. (2007) simulated an HCCI piston 

chamber, using full 3-D geometry for the chamber, inlet and outlet passages. They used a 

k-ε model with standard law-of-the-wall wall functions and approximately 75,000 grid 

cells (discretized volumes) at minimum volume (top dead center). The number of cells at 

maximum volume was not given. They found only fair agreement between their results 

and experimentally observed flow patterns, but continued with simulations of cycles with 

varying times where both intake and exhaust valves were open. 

3.2.2.3 Application to the Current Design 

 The diaphragm used to compress and expand the air in the open accumulator and 

the volume trajectory chosen limit the applicability of the data available in the literature. 

Therefore, a computational fluid dynamics simulation of the diaphragm-bounded 

chamber was performed using the commercial package FLUENT. The k- ε turbulence 

model in the realizable form proposed by Shih et al. (1995) was used in the simulation. 

This model is good for dealing with flows that have strong curvature, which often fail the 

realizability test discussed by Borgnakke and Xiao (1991). 

3.2.3 FLUENT Simulation Details 

 The details required to execute the simulations in FLUENT are now presented. 

First, the computational domain is described. Then the conservation equations used by 

FLUENT are discussed and nondimensionalized to explain which terms are most 
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significant in the computations. Finally, issues associated with the moving diaphragm and 

parallel processing are discussed. 

3.2.3.1 Computational Domain 

 The compression chamber that was modeled is shown in Figure 33. It represents 

the air side of the diaphragm compressor shown in Figure 31. The diaphragm was 

spherically shaped, with a radius Rs that varied with the volume of the chamber. Only 

half the chamber from Figure 31 was modeled, since the chamber was symmetrical. To 

size the chamber, an aspect ratio was chosen arbitrarily such that 

 ( 38) 

 A narrow dead volume zone of height z0 is indicated in Figure 33. This dead zone 

is not physically necessary, but was added for computational reasons discussed in section 

3.2.3.4. The inlet and exhaust ports were sized to allow air to move through the ports 

without choking. The procedures for calculating the dimensions, volume and surface area 

of the chamber are given in Appendix I.  

 The low-pressure stage of a three-stage air motor has a total displaced air volume 

of 6.8 ℓ, according to the thermodynamic model in Chapter 2. Such a volume is large for 

a single compression chamber, resulting in very large forces being applied to the chamber 

and a relatively low surface area to volume ratio A/V = 45 m
-1

. The total volume for the 

first stage is instead split into chambers of approximately ½ ℓ, as this is closer to a size 

that might be built as a prototype. The ratio A/V for each chamber then increases to 

around 90 m
-1

, increasing the heat transfer area for this stage of compression and 

expansion. 
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Figure 33: Simulated Diaphragm Compression Chamber. Due to symmetry, only 

the half of the chamber that is shown above was modeled. 
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Figure 34: Boundary and Initial Conditions for Model 

 The boundary and initial conditions for the chamber are shown in Figure 34. No-

slip velocity boundary conditions were maintained at all walls, and wall temperatures 

were held at 300 K. The only exceptions were the intake and exhaust port surfaces. 

During the intake period (0 – 0.0087 s), the intake port was modeled as an air passage 

maintained at P = 707 kPa and T = 300 K. The incoming flow was assumed to be fully 

turbulent (turbulence intensity of 10%) from passing through a valve prior to entry. The 

translation of this turbulence intensity into boundary conditions for turbulence kinetic 

energy (k) and dissipation (ε) is given with the discussion of FLUENT‟s k-ε model in 
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Appendix L. After the intake period, the intake port became an adiabatic wall with a no-

slip velocity boundary condition. The exhaust port was maintained as an adiabatic wall 

for the entire simulation.
19

 The chamber initial T and P were set to be the same as the 

intake port settings, and the chamber air was assumed to start with zero velocity. Initial 

values of k and ε were set at k = 0.1 m
2
/s

2
 and ε = 1 m

2
/s

3
, based on the values to which k 

and ε converged after a few times steps at the beginning of the simulation.
20

 

3.2.3.2 Conservation Equations 

 The conservation equations are presented in Reynolds-averaged form and 

nondimensionalized to show which terms are most significant in the main body of the 

flow.
21

 Transport properties are considered constant, and pressure gradients are ignored 

because the Mach number based on the greatest fluid velocity (the inlet flow) is 0.07.
22

 

The air cannot be treated as incompressible, however, because the pressure and 

temperature change significantly with time. Gravity and other external forces are ignored.  

 A few of the reference values used to nondimensionalize the conservation 

equations (given in Table 18) warrant explanation. The chamber is designed for the 

pressure to drop from 707 kPa to 101 kPa, so the pressure ratio rp,c is 7. Temperature is 

scaled assuming that this pressure change is adiabatic, so the temperature ratio, rT,c, and 

maximum temperature change, ΔTadia, are: 

                                                 
19

 The adiabatic condition was used because it was the only condition available with the automatic 

boundary condition changing functionality in the software used (FLUENT), and the intake and exhaust port 

surface areas were not significant enough to warrant stopping the simulation to manually change. 
20

 Higher values of k would often lead to simulation divergence in the first time step. 
21

 The equations change significantly near the wall, but that is the topic of the next section. 
22

Pressure gradients are generally negligible for Mach numbers below 0.20-0.30. 
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 ( 39) 

 ( 40) 

where Tw = 300 K. 

Table 18: Constants for Dimensional Analysis of Conservation Equations 

Constant Description Value 

cp Specific heat at constant pressure 1006 J/kg-K 

μ Dynamic viscosity 1.79×10
-5

 kg/m-s 

λ Thermal conductivity 0.0242 W/m-K 

ρ0 Reference density 5.13 kg/m
3
 

Dh Mean hydraulic diameter, 4V/A 0.029 m 

u0 Reference chamber air speed 24 m/s 

ΔTiso 
Tw – T during near-isothermal 

expansion (chamber average) 
128 K 

ω angular velocity 62.8 rad/s 

P0 Reference pressure 101 kPa 

rp Nominal pressure ratio 7 

 

 The conservation of mass is: 

 ( 41) 

where ρ is density, t is time, u is the velocity vector, and ∇ is the gradient operator. 

Nondimensional variables, marked with a star, are made using the constants in Table 18 

as follows: 

    ( 42a,b,c,d) 

The reference density is the average of the densities at the start and end of expansion, ρ0 

= 5.13 kg/m
3
. The angular velocity, ω, is for the nominally 10 Hz cycle simulated, and Dh 
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is the time-averaged hydraulic diameter of the chamber (0.029 m). The reference velocity 

is the mean intake velocity, uin = 24 m/s, which is the maximum velocity expected in the 

chamber. Recktenwald (1989) notes that there is disagreement in the literature as to 

whether to use the intake velocity, the mean piston velocity,
23

 or some value between the 

two. Using uin may understate the importance of time rate of change terms, as occurs in 

the subsequent analysis. 

 The nondimensionalized conservation of mass is: 

 ( 43) 

where Str is the Strouhal number: 

 ( 44) 

a number that indicates the relative importance of oscillation-driven flow with steady 

flow.
 
The time of an oscillation (1/ω) is compared to the cycle time of an eddy moving 

with velocity uin circulating in the chamber of nominal size Dh.
24

 A value of Str ≪ 1 

suggests that the flow generated by the motion of the oscillating diaphragm is less 

important than the flow generated during the intake period, even insignificant when Str is 

of order of magnitude 10
-1

. However, it seems imprudent to neglect the ∂ρ
*
/∂t

*
 term that 

is nondimensionalized by Str because the fundamental process that is being studied in 

this simulation is expansion, which involves a changes in pressure and density over time. 

                                                 
23

“Mean piston velocity” would be 1 m/s for this simulation, based on the diaphragm velocity at its center 
24

 Other length scales could be chosen here. The intake port diameter would be appropriate if the eddies in 

the chamber driven by the inlet flow were scaled based on the size of the intake port. However, 

Recktenwald (1989) and the results of this thesis suggest that the size of eddies in the chamber are driven 

by the chamber size, so some size based on the chamber dimensions is more appropriate than the intake 

port diameter. The hydraulic diameter, Dh, was chosen to reflect the narrowness of the chamber. The total 

chamber diameter could also be used, however, and using it instead of Dh would increase Str to a non-

negligible 0.4.  
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In particular, early in the expansion process, when little heat transfer has occurred and 

temperatures are relatively uniform, density changes over time will be more significant 

than convected density changes because the density is uniform throughout the chamber. 

Thus, time rate of change terms in general will not be neglected in this analysis, even if 

the nondimensionalization suggests they are insignificant. 

 The conservation of momentum equation is: 

 ( 45) 

where  is the shear stress tensor,  is the Reynolds stress tensor and  is the identity 

matrix. The shear stress is defined as: 

 ( 46) 

and is nondimensionalized according to eqns. ( 42a-d): 

 
( 47) 

Using the Boussinesq approximation,  is defined similarly to  by FLUENT as: 

 ( 48) 

where μt is the turbulent viscosity and k is the turbulence kinetic energy. The shear stress 

can be nondimensionalized according to its definition above. However, when 

nondimensionalizing , its physical definition as convected velocity fluctuations should 

be used instead. Therefore, 

 ( 49) 
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 ( 50) 

where Re is the Reynolds number: 

 ( 51) 

The high value of Re suggests that inertial forces will be more important than viscous 

forces and renders the shear stress term  in eqn. ( 50) relatively unimportant compared 

to the other terms.
25

 The Str parameter is an order of magnitude smaller than the 

convective and turbulent viscosity terms, so it is also insignificant. As before, however, it 

is prudent to leave the time rate of change term in the equation to deal with effects of 

pressure changes that occur early in the simulation. 

 The energy conservation equation is:  

 ( 52) 

where cp is the specific heat of air at constant pressure, T is the temperature, P is the 

pressure, λ is the thermal conductivity of air, q is the heat flux and qt is the turbulent heat 

flux. The temperature is nondimensionalized by the mean temperature change, ΔTadia: 

 ( 53) 

The heat flux and turbulent heat flux are defined similarly to each other: 

  ( 54a,b) 

                                                 
25

 In the boundary layer next to the wall, of course, viscous forces are significant. These are discussed in 

section 3.2.3.3. 
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where λt is the turbulent conductivity of the air. While q can be nondimensionalized 

according to its definition, qt physically originates from fluctuations in velocity and 

enthalpy, so it can best be nondimensionalized like the convective term in ( 52): 

 ( 55) 

The pressure term is nondimensionalized according to the nominal pressure change 

during the simulation: 

 ( 56) 

 The nondimensionalized energy equation is then 

 

 

( 57) 

where Ec is the Eckert number, representing the importance of dissipation in the overall 

temperature rise of the air; Peω is an oscillating Peclet number similar to the one used in 

Kornhauser and Smith (1994), representing the relative strength of convection over 

conduction; and Π is a dimensionless ratio of pressure change to temperature change: 

 ( 58) 

 ( 59) 

 ( 60) 

The Ec/Re parameter is of such small magnitude that the final term in the energy 

equation (dissipation) can be neglected. The ratio Str/Peω is also small enough that 
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conduction in the main body of the flow is negligible.
26

 The Str Π and Str parameters are 

of order of magnitude 10
-1

, suggesting that the dP/dt and dT/dt terms can be neglected.  

 This final suggestion is ridiculous because the entire temperature change of the 

system is dependent on the changes in volume, pressure and temperature over time. 

Clearly, such terms cannot be neglected. This nondimensionalization, however, is a 

reminder of the potential strength of the convective forces. If temperatures are relatively 

uniform throughout the chamber or velocities are small, the convective terms should be 

unimportant. However, when heat flux has led to large temperature differences within the 

chamber, the mixing of fluid near the wall and within the chamber can be much more 

important in understanding the final temperature of the air than the time rate of change 

terms. 

 In the main body of the flow, then, viscous forces, viscous dissipation and 

conduction can be neglected. Next to the wall, however, they must be considered, as is 

discussed in the next section. 

3.2.3.3 Turbulence Modeling and Wall Functions 

 Conservation equations are used for k and ε as part of the realizable k- ε model. 

These equations, along with their use in defining μt and λt, are presented in Appendix L. 

 Modeling of near-wall turbulence requires different equations than those given 

above, as the high velocities and turbulence that make physical viscosity and conductivity 

negligible are gradually stifled by the wall. FLUENT‟s wall functions follow the 

                                                 
26

 FLUENT offers users the ability to computationally neglect dissipation in the energy equation. However, 

users are not allowed to neglect viscous forces, conduction or pressure gradients when dealing with 

compressible flow, so these terms were included in FLUENT‟s calculations despite their unimportance. 
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traditional law-of-the-wall model, using Reynolds‟ analogy. The enhanced wall functions 

available for the k-ε model were used instead of the standard wall functions because 

FLUENT recommended the enhanced wall functions for the grid resolution at the wall 

for this simulation. Comparison studies at different grid length scales with the two wall 

functions suggested that the enhanced wall functions also better model the spike in heat 

flux early in the simulation. A more detailed discussion on the wall functions and some of 

the comparison study results are presented in Appendix M. 

 

Figure 35: Huh et al.’s (1990) Thermal Boundary Layer Profile Accounting for 

Pressure Change with Time. The effect on the boundary layer depends on whether 

the Compression or Expansion (C or E) acts to increase |Tw – T| or to decrease it. If 

|Tw – T| is increasing due to C or E, S
+
 > 0. 
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 Both standard and enhanced wall functions lack a pressure change term, a term 

which multiple sources (such as Yang et al. (1988), Nijeweme et al. (2001) and Kays et 

al. (2005)) point out breaks down the Reynolds analogy that forms the correlation 

between velocity and temperature that is used in both of FLUENT‟s wall functions. Huh 

et al. (1990) provided the data in Figure 35 that shows how changes to their S
+
 parameter 

(eqn. ( 37)) influences the nondimensional temperature T
+
 with varying nondimensional 

wall distance ξ
+
. Definitions for T

+
 and ξ

+
 are: 

  ( 61a,b) 

 Large changes that are not accounted for in FLUENT‟s wall functions occur for |S
+
| > 

5×10
-3

. Data from FLUENT shown in Figure 36 suggest that S
+
 exceeds this threshold 

during much of the fast expansion period (0.0075 – 0.0242 s) and at the very end of the 

simulation. 

 Two factors mitigate this weakness in FLUENT‟s wall functions, however. First, 

the average wall distance ξ
+
 in the simulation decreases from 45 at the beginning of 

expansion to 5 at the end. Huh et al.‟s data show decreasing deviation from the Reynolds 

assumption as ξ
+
 decreases, particularly as the wall function transitions to the laminar 

sublayer (ξ
+
 ≤ 10). Second, Huh et al. assume in their analysis that the convection and 

time rate of change of temperature terms in the energy equation (the left half of eqn.  

( 52)) are negligible. When these terms are non-negligible (as would be expected with 

increasing ξ
+
, as the wall‟s influence decreases), they counteract the deviation from the 

Reynolds assumption brought on by the pressure change.  
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Figure 36: S
+
 Values for Simulation 

3.2.3.4 Diaphragm Motion and Grid-Related Settings 

 Next, the method of generating diaphragm motion and challenges associated with 

it are discussed, along with grid and time step settings. 

 The diaphragm is always treated as a truncated sphere. When simulating 

diaphragm motion, FLUENT first requires the user to calculate the change in location of 

each grid point on the diaphragm. The method chosen to calculate the change for each 

node is shown conceptually in Figure 37. It is assumed that the diaphragm stretches 

evenly as it expands and contracts, such that each grid point maintains the same 

proportion c of the arc length S from the diaphragm‟s edge to its center at any time step. 

FLUENT uses this motion (shown in the bold vector r in Figure 37) to calculate wall 

velocities for the diaphragm. 
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Figure 37: Mathematical Concept for Mesh Motion Commands. Each node on the 

diaphragm (x,y,z) remains the same fraction c of arc length s from the edge to the 

center of the diaphragm. The vector r between (x1,y1,z1) and (x2,y2,z2) is used with 

the time step to calculate the velocity of the diaphragm at that point, which is 

imparted to the air at (x2,y2,z2) as a boundary condition. 

 The volume enclosed by the simulation borders is broken up into many smaller 

volumes, or grid cells, in which FLUENT solves the conservation equations. CFD studies 

involving piston compressors use mostly hexahedral cells in flat layers perpendicular to 

the piston motion. As the piston compresses, the cells are either shrunk uniformly 

(Recktenwald 1989, Catto & Prata 2000) or a single layer of cells is shrunk until it is 

small enough to be merged into the next layer (Mahrous et al. 2007, Nijeweme et al. 

2001). Unfortunately, the geometry of the diaphragm in the present study does not allow 

for even layers of hexahedral cells, so a tetrahedral grid is required everywhere except the 

intake and exhaust ports. When motion affects tetrahedral cells, FLUENT treats the edges 
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of all the cells as a network of springs. After the diaphragm motion has been calculated, 

the volume change is initially accounted for in the cells adjacent to the wall. Then 

FLUENT calculates the new position of every grid point by allowing these “springs” to 

relax to a low-energy state. After the relaxation process has occurred, FLUENT checks 

each cell to see whether it exceeds the desired size and skewness limits. Any cells that 

exceed the limits are split (expansion) or merged with their neighbors (compression), 

provided that the change does not lead to increased cell skewness. 

 Distortions occur in the grid during diaphragm motion. Figure 38 shows the 

transition in grid at the symmetry plane near the exhaust port between 0.0000 s and 

0.0200 s. Initially (0.0000 s), the grid is uniform throughout the chamber. At 0.0075 s, the 

grid near the chamber top remains mostly unchanged, but the cells near the diaphragm 

have started expanding, and a transition region is visible where the row of cells next to 

the diaphragm has not yet stretched enough to begin splitting in half. This transition is 

exaggerated by the constraint of the symmetry plane, and is not as prominent at similar 

radial positions away from the symmetry plane, but it exists and can lead to grid 

distortion if it is not managed. It is also affected by the constraints of parallel processing, 

which are discussed in Appendix J. By 0.0200 s, every cell near the diaphragm has been 

split at least once, but the rows of cells near the chamber top have never split, and most of 

the stretching and splitting is occurring within a few rows of the diaphragm. For a 

complicated 3-D geometry like the current simulation, the spring calculations lead to 

most of the change occurring at the moving wall. Thus, cells near the chamber top tend to 

stay smaller than those near the diaphragm, especially because the size of cells near the  
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Figure 38: Grid Expansion at Symmetry Plane up to 0.0200 s 
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diaphragm can be increased above even the desired maximum cell size if FLUENT 

calculates that remeshing them would lead to an increase in overall skewness. 

 Theoretically, the diaphragm should lie flat against the chamber top at the 

beginning of expansion. If the chamber were modeled in this way, the entire grid would 

be created during the diaphragm motion, and the cells near the chamber top would be 

much closer in size to those near the diaphragm. Unfortunately, FLUENT cannot 

implement such a concept because it would require completely destroying a region of 

cells and would lead to highly skewed cells in the corners of the chamber. Therefore, a 

region of dead volume was created of height z0 = 2.39 mm as discussed in section 3.2.3.1 

and Figure 33. This height was initially sized such that four rows of cells could fit in z0, 

but when grid refinement studies decreased the size of the average grid cell, z0 was left 

unchanged. 

Table 19: Simulation Sizes and Times 

Length 

Scale (mm) 

# Cells at 

Min Volume 

# Cells at 

Max Volume 

Time Step 

(s) 

# of Processor 

Cores 

Nominal 

Simulation Time 

0.45 1833k 4886k 1×10
-4

 3 54 days 

 

 Information related to grid size, time step and simulation time are presented in 

Table 19. The grid was created at minimum volume using a nominal length scale of 0.45 

mm,
27

 leading to an initial grid of 1.8 million cells. Grid cells were allowed to get larger 

as their distance from the nearest wall increased, so expanding the volume to Vmax = 

9.5Vmin led to a final grid of only 4.9 million cells. The time step, 10
-4

 s, was chosen 

                                                 
27

 The length scale is roughly the height of a cell and is further discussed in Appendix M. 
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more to prevent cells from becoming too distorted during compression expansion than 

due to physical constraints. Variations on the grid size and time step revealed that the 

time step was acceptably accurate but that convergence was not achieved with changing 

grid size for certain variables during the fast expansion period. Most notably, the heat 

flux tended to reach higher peaks at earlier times when the grid size was decreased. 

However, the mean heat transfer of the flow was not significantly changed by these heat 

flux increases, so the calculation was considered to be sufficiently converged for 

comparing mean heat transfer data with the thermodynamic model from Chapter 2. The 

full simulation took 54 days to complete using three processor cores in parallel. More 

discussion of grid and time step variation, parallel processing and simulation times can be 

found in Appendix M. 

3.2.3.5 Results to be Presented 

 The numerical results that are presented fall into two categories. The first 

category includes mass-weighted averages for the entire chamber of pressure, 

temperature, air speed, k and ε. The second category includes values related to wall 

gradients. Wall shear stress, ηw, and heat flux, q, are weighted by cell surface area at the 

wall and averaged, either for a specific surface or for the entire chamber. The heat 

transfer for the whole chamber is calculated using the area-weighted heat fluxes and the 

area of each surface of the chamber. An average heat transfer coefficient is also 

calculated from the heat transfer rate, total area and average temperature: 

 ( 62) 
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 The work rate of expansion was calculated using second-order differencing on the 

work equation: 

 ( 63) 

The convention used is that work out and heat transfer in are positive, and thus both are 

positive for this expansion simulation.  

3.3 FLUENT Results 

3.3.1 Simulation Averages 

 Results will be presented to explain why the resulting heat transfer was achieved, 

starting with mean results and then looking at surface and cross-sectional plots of the 

simulation data. 

 Several mass-weighted average quantities for the entire chamber over the 

simulation time are shown in Figure 39a-f. Recall from Figure 32 that the simulation was 

divided into three periods: intake (0 – 0.0087 s), fast expansion (0.0088 – 0.0242 s) and 

slow expansion (0.0243 – 0.0500 s). These periods are reflected in the pressure and 

temperature plots of Figure 39a & b, where the greatest changes occur during the fast 

expansion period. The slow expansion period, in contrast, has very little change in 

temperature and pressure.  
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Figure 39: 0.45 mm Enhanced Wall Function Simulation, Mass-Averaged Results 

 



98 

 

 The distinction between fast and slow expansion is blurred in Figure 39c-e, 

however. Mean air speed (Figure 39c) shows a steady decline after the inlet is closed, 

with no discernable change between fast and slow expansion periods. The limited number 

of data points makes it harder to tell whether changing to slow expansion has a noticeable 

effect on turbulence kinetic energy (k) or dissipation (ε), but any such change is less 

significant than the changes that occur between 0.0100 s and 0.0200 s, during the fast 

expansion period. The lack of change at the transition in volume trajectory suggests that 

mean velocity, k and ε are not dependent on the diaphragm velocity once the intake 

period is over. For these variables, the expansion periods are primarily a time where 

momentum and turbulence kinetic energy that were generated during the intake period 

are dissipated by turbulence and viscosity. 

 The boundary work rate and heat transfer during the simulation are shown in 

Figure 40a. The roughness of the work curve is due to a combination of numerical 

differentiation and the linear interpolation process used in calculating the diaphragm 

radius during volume changes. Because the volume change rate during fast expansion is 

linear, the boundary work rate starts out at over 8000 W when the pressure is high but 

drops quickly as the pressure decreases. During the fast expansion phase, the mean heat 

transfer is only 17% of the boundary work rate, but during slow expansion it is 112% of 

the boundary work rate. The heat transfer rises sharply to a peak of 386 W at 0.0152 s 

and then declines throughout the rest of the simulation, with the rate of decline leveling 

off toward the end of the simulation (see Figure 40b). The peak occurs because the 

expansion process removes energy at the same rate throughout the chamber, decreasing 



99 

 

 

Figure 40: 0.45 mm Enhanced Wall Function Simulation, Work, Heat and Energy 

Results 

temperatures evenly. The decrease in temperature in cells adjacent to the wall leads to 

very steep gradients until the heat transfer at the wall becomes large enough to slow the 

temperature change there. As the boundary work rate declines (Figure 40a), the heat 

transfer erodes the wall gradients and decreases. 

 The mean heat fluxes through the two large surfaces in the chamber, the top and 

the diaphragm, are given in Figure 40c. The heat flux for the top shows an earlier peak 

than that for the diaphragm, but then decreases more quickly during the rest of the fast 
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expansion period. The main cause of this difference appears to be the diaphragm motion, 

which leads to larger computational cells next to the diaphragm than next to the chamber 

top, as discussed in section 3.2.3.4. This size difference leads to larger gradients at the top 

of the chamber early on, but then these cells warm faster than those at the diaphragm, 

leading to lower gradients later in the cycle. A spike is visible in both the diaphragm heat 

flux in Figure 40c and the heat transfer in Figure 40b, occurring at the transition between 

fast and slow expansion. This spike occurs because the diaphragm creates a downward 

velocity in the air during fast expansion. When the diaphragm motion slows, a burst of air 

impinges on the diaphragm and temporarily increases near-wall velocities and 

temperature gradients. The heat flux through the chamber top stops decreasing as quickly 

at this point as well, presumably because the diaphragm is pulling air downward (away 

from the top) less quickly. 

 The mean heat transfer coefficient, h, is shown in Figure 40d. Contrary to the 

assumption made in defining the adiabatic-isothermal-adiabatic process in the previous 

chapter, h is not constant. Since it accounts for all the factors other than the difference 

between wall temperature and bulk air temperature (i.e., ΔT) that affect the heat flux, it is 

very high at the beginning of expansion (525 W/m
2
K), when the temperature is changing 

evenly across the chamber. As the thermal boundary layers develop in the chamber, h 

drops quickly and never fully stabilizes, decreasing by an order of magnitude (to 53 

W/m
2
K) by the end of the simulation. The time-average of these h data is 113 W/m

2
K. 

 The required heat transfer parameter, Zi = (hA/V)i, was defined in eqn. ( 34) in 

section 2.2.2.8. The time-averaged value of  = hA over the entire expansion can be 
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calculated from the simulation; Vi is the maximum volume at the end of expansion; and 

Tw = 300 K from the simulation. In harmony with the thermodynamic model assumption 

that intake and exhaust processes take no time, Zi is calculated using only the expansion 

time of 0.0413 s. The value of Zi from the simulation is 9.79×10
3
 W/m

3
K, which is 

approximately 1/4
th

 of the desired Zi value for low-pressure expansion, 3.83×10
4
 W/m

3
K, 

that was calculated in section 2.3.2.5. 

3.3.2 Surface and Cross-Section Results 

 Surface and cross-sectional views of the chamber at five times are presented in 

Figure 41-Figure 45. The five times and a description of each are found in Table 20 and 

reference the volume plot in Figure 32. Plots of velocity (or speed), vorticity magnitude, 

ΔT and heat flux are shown, and a descriptive note about the plots is included below 

Figure 41.  

 During the intake period, the flow through the inlet port becomes a jet in the 

chamber that impinges on the diaphragm, as can be seen in the view of the air speeds in 

the symmetry plane in Figure 41a. The mean air speed in the inlet is 22.8 m/s, and the 

peak speed of 39.7 m/s occurs as the flow impinges on the diaphragm. The jet induces 

motion in the air next to the opening of the inlet into the main chamber so that a 

doughnut-shaped vortex is formed around the inlet. This vortex can be seen in the 

vorticity plot (Figure 41b) separated high-speed regions next to both the top and the 

diaphragm in the symmetry plane and in the turbulent boundaries between contours near 

the inlet in the horizontal cross-section above the symmetry plane in Figure 41a. The 

horizontal cross section also shows that the impinged fluid flows away from the 
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symmetry plane and toward the outer wall of the chamber. At the chamber wall, the fluid 

follows the curve in the wall and is eventually pulled back toward the center of the 

chamber, where the largest rate of expansion is occurring. This curve in the flow will 

become a large circulating region after the intake period. No significant pressure 

differences have developed because the inlet is open, so the temperature is not changing 

(Figure 41c). 

Table 20: Times for Presented Surface and Cross-Sectional Views (see also Figure 

32) 

Time (s) Description 

0.0075 End of intake period 

0.0100 Early in fast expansion 

0.0200 Late in fast expansion 

0.0300 Early in slow expansion 

0.0500 End of simulation  
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Figure 41: Speed, Vorticity Magnitude and ΔT at 0.0075 s (end of intake period) 

  
Notes on Surface and Cross-Sectional Views: 

Next to each pair of plots, a small isometric image of the chamber is shown with 

view lines showing the orientation of the views in that pair of plots. The horizontal 

cross-sections (such as Figure 41b) are always half-way between the chamber top 

and the maximum diaphragm deflection. The heat flux views (e.g., Figure 42d & e) 

are viewed from above. The color scales for contour plots do not necessarily 

include the maximum and minimum values in each plot, but are scaled to show 

important distinctions in each plot or comparisons between plots at different times. 
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Figure 42: Velocity, Vorticity Magnitude, ΔT and Heat Flux at 0.0100 s 

(early in fast expansion) 
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Figure 43: Velocity, Vorticity Magnitude, ΔT and Heat Flux at 0.0200 s 

(late in fast expansion) 
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  Figure 44: Velocity, Vorticity Magnitude, ΔT and Heat Flux at 0.0300 s 

(early in slow expansion) 
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Figure 45: Velocity, Vorticity Magnitude, ΔT and Heat Flux at 0.0500 s 

(end of  expansion) 
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 Once the inlet closes, the magnitudes of the velocities vary less at any given time 

and the directions begin to vary more, so it is useful to turn from speed contour plots to 

velocity vector plots. Figure 42a shows the flow velocity at 0.0100 s, the average 

magnitude of which has dropped considerably since the closing of the inlet (see Figure 

39c). The doughnut-shaped vortex near the inlet remains, and large circulating flow has 

developed in the center of the chamber. These patterns can be seen also in Figure 42b, the 

vorticity magnitude plot, where the axis of the doughnut-shaped vortex has been sketched 

in the highest vorticity region. The vorticity magnitude scale has been decreased, 

however, and vorticity magnitudes in the chamber are 1/3
rd

 of what they were at 0.0075 s. 

Some movement can be seen in the symmetry plane near the outlet, where the air in the 

outlet port (a significant portion of the volume at this stage of expansion) is expanding 

into the center of the chamber. Otherwise the fluid in the half of the chamber near the 

outlet has relatively low speed (1-2 m/s) and vorticity (< 300 s
-1

). The temperature is 

changing uniformly (Figure 42c), as is expected for expansion-driven cooling. The large 

differences in heat flux visible in Figure 42d & e appear to have two causes: velocity and 

grid size. The highest heat flux is in the region of the doughnut-shaped vortex at the inlet, 

where the vortex generates high near-wall velocities (8-13 m/s). High velocities around 

the circulating flow in the horizontal plane in Figure 42a (3-7 m/s) correspond to high 

heat flux regions in Figure 42d & e as well. Higher velocities next to the wall lead to 

larger velocity gradients, and the correspondence between temperature and velocity 

profiles leads to high temperature gradients (and thus high heat fluxes) as well. Away 

from the inlet, the heat flux at the diaphragm (4-10 kW/m
2
) is generally lower than that at 
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the chamber top (8-14 kW/m
2
). This difference, as discussed with Figure 40c in the 

previous section, appears due to the larger average size of grid cells next to the 

diaphragm. 

 As the fast expansion continues, the doughnut-shaped vortex near the intake is 

stretched and split into a pair of vortices by the circulating flow in the center of the 

chamber, as can be seen at 0.0200 s (Figure 43b). The vorticity is highest near the intake 

(around 900 s
-1

) because two flows are pulling the fluid in different directions. First, as 

can be seen in the horizontal plane view of Figure 43a, high-velocity fluid from the 

circulating flow returns toward the intake port near the symmetry plane. At the same 

time, the expansion process pulls fluid out of the corner near the intake toward the center 

of the chamber (i.e., the region of maximum expansion). The regions of highest heat 

transfer in Figure 43d & e are regions where the cool fluid from the center of the chamber 

has been pulled toward the wall by the doughnut vortex near the intake and then drawn 

away from the symmetry plane by the circulating flow. Otherwise the heat transfer is 

high ( > 14 kW/m
2
) across much of both the chamber top and diaphragm, due to 

expansion work still evenly decreasing the temperature across the chamber. The ΔT 

contours of Figure 43c show that significant temperature differences have developed, 

with large amounts of warm fluid next to the wall (signified by green contours of 50 K ≤ 

ΔT ≤ 90 K)  in places with high heat flux near the center circulating flow and inlet corner 

vortices. In contrast, the low heat flux near the exhaust port has left higher temperature 

gradients (signified by thin green contours) in that part of the chamber. 
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 When the slow expansion period begins, the major features of the flow remain the 

same. At 0.0300 s, the central circulating flow and the intake corner vortex pair can still 

be seen (Figure 44a & b), and peak heat transfer is still associated with these flow 

features (Figure 44d & e). There is less downward velocity visible in the symmetry plane 

view of Figure 44a, and the circulating flow has shifted toward the exhaust port and away 

from the intake port. The largest changes are visible in the temperature contours of Figure 

44c, where the temperature gradients are shrinking. The effects of convection can be seen 

in the streak of fluid in the horizontal cross-section that has been warmed by the high heat 

flux associated with the inlet corner vortices and is now being pulled into the circulating 

flow. In the vertical cross-sections of Figure 44c, it is also noteworthy that there is a 

larger region of fluid in the 110-130 K range near the outlet port than there is near the 

inlet port, even though the heat flux is higher near the inlet port. This warm fluid has 

been convected by the circulating flow away from the region where it was generated. The 

heat flux contours (Figure 44d & e) show a decrease in the overall heat flux (mean 

around 9 kW/m
2
) as expansion-driven cooling next to the wall decreases and thermal 

boundary layers grow. 

 By the end of expansion (0.0500 s), the central circulating flow is still visible but 

the intake corner vortex pair has almost disappeared from the symmetry plane velocity 

field (Figure 45a). Part of the intake corner vortex pair can still be seen in the vorticity 

magnitude and the diaphragm heat flux plots (Figure 45b & e), but they have weakened 

considerably. On the chamber top (Figure 45d), the region of highest heat flux is no 

longer where cold fluid is swept away from the intake port, but where cold fluid from the 
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low heat flux zone near the outlet has been mixed with the central circulating flow and 

pushed toward the chamber top. A similar region appears on the diaphragm (Figure 45e). 

 Overall, the flow patterns generated by the intake period remain throughout the 

entire simulation and are more significant than the motion brought on by the motion of 

the diaphragm (as was observed by Recktenwald 1989). The regions of highest heat flux 

appear where the two major features of the intake flow – the central circulating flow and 

the splitting doughnut vortex – draw cold air from the chamber center next to the walls. 

The importance of the intake flow agrees with Dao et al.‟s (1973) result that the peak heat 

flux is halved in a cycle that has no intake period. 

 Similar plots could be provided to show how k and ε change over the simulation, 

but those plots are not helpful in understanding the overall flows and heat flux. As a 

general rule, k and ε are both generated in large quantity by the intake period. 

Afterwards, k tends to appear in areas of high vorticity and ε in regions where there are 

large near-wall velocity gradients. For completeness, plots of k and ε over time are given 

in Appendix L. 

3.4 Discussion 

3.4.1 Complex Nusselt Number Modeling 

 A least squares regression of the simulation temperature data was performed to fit 

them to an equation similar to Kornhauser and Smith‟s (1994) complex Nusselt number 

form in eqn. ( 36): 

 ( 64) 
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The chamber top heat flux was used for q data because the smaller grid size there makes 

it more accurate than the diaphragm heat flux data. Three curve fits are presented in 

Figure 46 - Figure 48, and values of c1 – c3 for those figures are presented in Table 21.  

 

Figure 46: Complex Nusselt Number Regression Based on the Fast Expansion 

Period 

Table 21: Complex Nusselt Number Regression Constants for Eqn. ( 36) 

Data in Regression c1 c2 c3 Figure 

Fast expansion -379.4 -2.300 63 490 Figure 46 

Fast expansion 119.8 0.4667 0 Figure 47 

Fast + slow expansion 14.48 0.4337 6 915 Figure 48 
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Figure 47: Complex Nusselt Number Regression Based on the Fast Expansion 

Period with No Constant Term 

 

Figure 48: Complex Nusselt Number Regression Based on Combined Fast and Slow 

Expansion Periods 
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 The best-matching regression, shown in Figure 46, is based on data from only the 

fast expansion period. The regression calculation shows large fluctuations about the 

simulation data. These fluctuations come from discontinuities in the function that 

calculates the chamber dimensions based on the desired volume at any time step (see 

Appendix I). These discontinuities carry into the temperature, pressure and volume 

results, and are augmented by the numerical differentiation used to create the dT/dt term. 

Ignoring these fluctuations, the regression tracks the heat flux well in the fast expansion 

period and then jumps to a plateau in the slow expansion period. The plateau occurs 

because T stops changing (and hence dT/dt as well). In such a situation, there is no way 

for a complex Nusselt number calculation to take into account the decline in heat flux due 

to the developing thermal boundary layer. 

 The regression in Figure 46 has a constant value of q when both ΔT and dT/dt are 

zero, which is physically impossible. Unfortunately, equations with the c3 term from eqn. 

( 64) set at zero do not predict the trends in q at all. Such a regression is given in Figure 

47. Attempting to include the heat flux of the slow expansion period brings the plateau 

heat flux value closer to the simulated values during that period, as can be seen in Figure 

48. However, the portrayal of heat flux in the fast expansion period loses any connection 

to the simulated data. 

 During the slow expansion period, changes to temperature due to expansion are 

low compared to the changes from the convection and conduction of heat. Kornhauser 

and Smith‟s (1994) correlation was not designed for such cases, so a transition to a more 

traditional developing flow model may be in order for the slow expansion period. The 
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fact that the best regression available for the data required that q ≠ 0 when ΔT and dT/dt 

are zero is unfortunate, but unsurprising. Kornhauser and Smith predicted the heat flux 

using their correlation only after the compression and expansion processes had stabilized 

into a cyclic equilibrium, so a different correlation may be necessary for steady values of 

ΔT. 

3.4.2 Lumped Model Comparisons 

 For making quick estimates of performance of an air motor-compressor, it may be 

useful to create a lumped model of the air in a chamber being compressed or expanded. 

The first law of thermodynamics for such a situation is: 

   ( 65a,b,c) 

where T is the average temperature of the air. 

 These equations were solved numerically in MATLAB, using the volume and 

area data from the FLUENT simulation. A constant value of 113 W/m
2
K for h was 

assumed, to match the average value from FLUENT. Figure 49 compares the lumped 

model and the FLUENT simulation results. The lumped model reaches approximately the 

same peak heat transfer (381 W), but does so at a later time than does the FLUENT 

model. The heat transfer for the lumped model then declines more slowly than that of the 

FLUENT model, so the net heat transferred during the cycle for the lumped model (13.4 

J) is 23% greater than that of the FLUENT model (10.8 J). This level of accuracy is 

adequate for a first-pass estimate. The boundary work rate is essentially the same as that 

shown in Figure 40a. 

 A brief discussion of the numerical method used is found in Appendix N. 
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Figure 49: Heat Transfer Comparison between the FLUENT Model and the 

Lumped Model  

3.4.3 Potential Sources of Error 

 Four potential sources of error should be discussed: initial conditions, constant 

properties, wall temperature and symmetry. 

 It is recommended in most of the computational fluid dynamics literature to run 

multiple cycles of compression or expansion to insure a correct initial condition. 

Recktenwald (1989) ran his 2-D model up to 30 cycles before his initial conditions 

converged. With 3-D models, such as those of Mahrous et al. (2007), 2-3 initial cycles 
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are more common, due to long simulation times. In the current simulation, the desire is to 

exhaust as much fluid as possible, and the diaphragm could theoretically press fully 

against the top of the chamber in exhausting air. Residual air would then be left only in 

the intake and exhaust ports, and the residual velocities in those ports would quickly be 

overwhelmed by the inrushing air during the intake phase. However, it is not possible to 

collapse the grid to zero volume in FLUENT, as discussed earlier, so the still air initial 

condition used in the simulations does not represent the true initial condition of the air. 

 Constant properties were used in the simulation for conductivity, viscosity and 

specific heat. Such an assumption is reasonably valid for low temperature swings, but a 

change from 300 K to 180 K would lead to significant deviations in property values, 

particularly at higher pressures.
28

 When heat transfer is improved in the chamber, 

however, the use of constant properties will be a better assumption, and the effect of 

variable properties will not have to be factored into any changes seen between the current 

simulations and future ones with improved heat transfer. 

 The constant wall temperature over a single cycle used in these simulations seems 

justified by the work of Yang et al. (1988). However, it is to be expected that the wall 

temperature changes gradually over several cycles, becoming colder in the case of 

expansion. Such a change would lead to decreased heat flux over what is calculated here. 

With wall temperatures different from the suction temperature, heat transfer during the 

intake period would likely decrease the overall regenerative efficiency of the system 

calculated in the thermodynamics model in Chapter 2. In this expansion case, cooling 

                                                 
28

 For example, cp increases from 1089 J/kg-K at 300 K and 5000 kPa to 1501 J/kg-K at 180 K and 5000 

kPa, an increase of 38%. 
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during the intake period would decrease efficiency because a larger mass of air would be 

required for each expansion stroke of the air motor-compressor, decreasing the total 

energy available in the air in the storage vessel.  

 The symmetry assumption is a standard one for computational fluid dynamics, but 

it does impose limitations on the simulation. While not so strict as the axisymmetric 

assumptions used in the 2-D modeling in the literature, the symmetry plane neglects the 

fact that the flow in the chamber is turbulent. Symmetric vortices may form across the 

modeled line of symmetry, but they would interact with each other. Most likely, the flow 

will behave as observed by Dao et al. (1973), where their recorded cycles became much 

less consistent when the intake flow was directed back toward the wall (a symmetric 

pattern) than to one side or another (creating a strong asymmetric swirl flow around the 

whole chamber). 

3.4.4 Comparisons to the Thermodynamic Model 

 As was mentioned in section 3.3.1, the required heat transfer parameter, Z, 

calculated from the current simulation is 1/4
th

 of the value calculated for the practical 

design in section 2.3.2.5. It should also be noted that, if the times associated with intake 

and exhaust are included in the Z calculation using the method in Appendix G, Z from 

the current simulation becomes 1/10
th

 of Z from the practical design. 

 From another perspective, if the ΔT during the slow expansion period is used in 

the thermodynamic model as ΔTiso, with other parameters identical to the practical 

design, the regenerative efficiency drops to 25%.  
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 Both of these calculations suggest that improvement in heat transfer is necessary, 

and that it must be done with careful consideration of the time required for non-

isothermal processes. 

3.4.5 Increasing Heat Transfer 

 There are two potential sources of improvement to the heat transfer. The first is 

through modifications to the parameters of the simulation in this thesis. Given the 

importance of the intake period, different intake port designs could be investigated to 

determine how to best mix the fluid next to the walls with that inside the chamber 

throughout the simulation. The volume change profile used so far is essentially arbitrary, 

and it is likely that modifications could be made to it that improve the heat transfer. The 

size of a chamber is also arbitrary, and using smaller chambers could increase the heat 

transfer by increasing the surface area-to-volume ratio. 

 The second source of improvements comes from heat transfer augmentation 

methods. A good overview of such methods is provided in Bergles (1985). He discusses 

works such as Hagge (1975), which demonstrated that the Nusselt number can be 

increased to up to 8x the initial value when using a cross-shaped blade to disrupt the 

boundary layer on a flat plate. As the heat flux generated by the intake flow decays late in 

the simulation cycle, such active disruption of boundary layers would be most useful late 

in the cycle. 
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4.  Conclusions 

 In this thesis, a thermodynamic model of an open accumulator has been 

developed and used to determine designs that meet power transfer, energy storage, 

volume and efficiency goals based on the performance requirements for a closed 

accumulator in a hybrid passenger vehicle. The best open accumulator design for heat 

transfer, based on a required heat transfer parameter, Z = hA/V (eqn. ( 34)), is to have a 

single stage of compression and expansion with wall temperatures elevated as high above 

the ambient temperature as can be achieved using waste heat sources.  A simulation of 

flow and heat transfer in a diaphragm-bounded chamber in expansion was presented, 

revealing the importance of the intake flow in mixing the air in the chamber to achieve 

good heat transfer at the walls. The calculated value of Z from the simulation was 

approximately 1/4
th

 the necessary value calculated by the thermodynamic model.  

 Six directions for future work appear in light of the work presented in this thesis. 

First, ways to decrease the time required to simulate the heat transfer could be 

investigated. Second, experimental validation of the simulation could be performed. 

Third, heat transfer augmentation methods could be tested against the current simulation. 

Fourth, the thermodynamic model could be broadened to include more physical 

phenomena. Fifth, compression calculations could be run for comparison to the 

expansion case in this thesis. And sixth, high-pressure cases could be investigated to 

understand how they differ from the low-pressure case presented here. 

 The simulation time of 54 days in Chapter 3 makes it difficult to run exhaustive 

investigations of design variations and methods to augment heat transfer. Decreasing the 
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number of grid cells or increasing the time step would decrease the number of 

calculations required for a full cycle and thus decrease the overall simulation time.
29

 

However, achieving a converged result with larger time steps or fewer cells would 

require a wall function that could adequately calculate the effects of pressure change over 

time on the thermal boundary layer. A software package would have to be found or 

created with FLUENT‟s capability to deform a tetrahedral grid but with more flexible 

wall functions than are available in FLUENT. Alternately, if a fluid dynamics program 

could be found with better integration between parallel processing and grid deformation, 

simulation time reductions could be achieved through brute computational force by using 

dozens of processor cores instead of the three given in this simulation. Discussion of this 

problem is provided in Appendix J and Appendix M. 

 Experimental validation of the simulation could provide two useful functions. 

First, it is good practice for any fluid dynamics simulation to be subjected to 

experimental validation, particularly for simulations of geometries that are uncommon in 

the literature. Second, if experimental validation proves that a grid with fewer grid cells 

than the current simulation provides an accurate estimate of heat transfer, then fewer cells 

can be used in future simulations and simulation time will decrease. 

  Despite the simulation time requirements, the most direct course to reach the 

desired improvement in heat transfer would be to investigate some of the heat transfer 

augmentation methods discussed in Bergles (1985) in comparison to the simulation 

presented in this thesis. With careful planning, multiple simulations could be run at once 

                                                 
29

 The number of iterations required during each time step to achieve convergence does decrease with 

decreasing time step and grid length scale, but the computations still take more time overall. 
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to offset the limitations of the two-month simulation time. Even with the uncertainties 

associated with a FLUENT model that lacks experimental validation, the relative effects 

of different changes would provide direction as to which augmentation methods might be 

most fruitful.  

 The thermodynamic model and simulation presented in this thesis are by no 

means exhaustive. Other thermodynamic models in the literature add terms to 

compensate for the inefficiencies in components like the hydraulic motor (Lemofouet and 

Rufer 2005) or the intercoolers (Najjar and Jubeh 2006). Different designs could also be 

investigated to anticipate the effects of residual volume (see Appendix F), particularly 

looking at the trade-off in the size of intake and exhaust ports. Large ports allow for less 

time to be spent in intake and exhaust periods but create more residual volume, 

increasing the average power over a cycle but also increasing the required volume for a 

chamber. If any of these changes lead to a preference for multiple-stage air motor-

compressors, varying the frequency of individual stages under practical constraints could  

decrease the problem of high required heat transfer for high-pressure stages. 

 The simulation presented was for a low-pressure case of expansion in a three-

stage air motor-compressor. A compression case should be investigated to understand 

how the different process and diaphragm motion change the heat transfer.
30

 The 

thermodynamic model in Chapter 2 assumed that the temperature ratios in compression 

and expansion were reciprocals (i.e., rT,c = 1/rT,e), leading to results for Zmax that were 

higher in compression than expansion. Understanding the differences between 

                                                 
30

 As discussed in Appendix M, the modeling of compression in FLUENT requires smaller time steps than 

expansion for equivalent grid sizes, increasing the importance of decreasing simulation time as discussed 

above. 
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compression and expansion could lead to a different relationship between rT,c and rT,e that 

would lead to more balanced heat transfer requirements between compression and 

expansion. This understanding would also allow design changes to augment the heat 

transfer to be evaluated to ensure they lead to improvements compression as well as 

expansion. 

 The effects of pressure on heat transfer should also be considered. The 

thermodynamic model includes no effect of pressure on Z, and the simulation provides 

data only at low pressures. Understanding the differences that occur at higher pressures is 

important because the thermodynamic model reports that the highest values of Z occur at 

high pressures. From a purely conductive perspective, heat flux should increase due to 

increases in density and decreases in chamber volumes (which lead to shorter distances 

for conduction in air throughout the chamber). However, the smaller chambers would 

also have much less surface area for heat transfer and have more viscous dissipation of 

air speed. Simulating the heat transfer at high pressures is a challenge, particularly in 

expansion, because the pseudo-critical pressure and temperature of air are 3800 kPa and 

133 K. Expansion simulations can approach this point closely enough that ideal gas 

assumptions become invalid. Also to get heat transfer results that are both reasonable for 

an air motor-compressor and comparable to low pressure results, intermediate studies to 

understand the effect of decreasing chamber volume independently of intake air pressure 

changes should also be performed. 

 This thesis has investigated the basic requirements of heat transfer and created a 

baseline estimate of performance for a diaphragm-type air motor-compressor. Hopefully, 
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these data will provide a foundation for finding a design that can meet the heat transfer 

requirements and unlock the potential of the open accumulator. 
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Appendix A: Power and Energy Storage Requirements 

 Students working on a hydraulic hybrid vehicle at the University of Minnesota 

have set performance specifications for their vehicle based on the demands of the 

passenger car market (Meyer et al. 2008). They state that a 1000-kg passenger vehicle 

with a 20-kW engine should be able to accelerate to 100 kmph (27.78 m/s) in 8.5 s and 

that it should be able to navigate a hilly urban environment such as the city of San 

Francisco without performance problems. These specifications are applied to the open 

accumulator to determine its requirements. 

 The energy storage requirement (ES) is the potential energy of the maximum 

elevation change in the San Francisco Marathon, 85.5 m. Storing this much energy in the 

open accumulator allows the car drive cycle to be optimized for level terrain and 

supplemented by the open accumulator to deal with elevation changes. The quantity of 

energy required is 840 kJ. 

 The steady power requirement ( ) assumes that the open accumulator will run in 

parallel with the engine to generate the power necessary to accelerate the vehicle. The 

average power needed to accelerate to 100 kmph in 8.5 s is  

 

20 kW of this will be provided by the engine, so only 25 kW need be provided by the 

open accumulator. The energy provided during this process, , is 210 kJ. 

Furthermore, as mentioned in Li et al. (2008), the open accumulator is capable of 

operating in a transient mode at the expense of decreased energy storage capability. As 

shown in Figure 50, if the energy storage capacity is decreased four-fold from 840 kJ to 
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210 kJ, the transient power provided by the open accumulator can be increased 25%. 

Thus, a steady power rating of only 20 kW is required to provide the transient demand of 

25 kW. 

 

Figure 50: Energy Storage in the Open Accumulator for Changes in Requested 

Load Power 

 These calculations are meant to give approximate targets for energy storage and 

steady power. Exact requirements will depend on the engine and drive train performance 

of each vehicle, and are beyond the scope of this thesis. 

 The volume of batteries that produce a comparable 25 kW is difficult to calculate 

due to the wide variety of batteries available, continuous advance of technology, and the 

preference for stating power density in terms of weight rather than volume. Using nickel-

metal hydride batteries and estimating from an internet survey a power density of 0.5-1.0 

kW/ℓ leads to the estimate provided in the introduction of 25-50 ℓ in battery volume for 
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the above passenger vehicle. Closed accumulators, by comparison, have a power density 

of 1.8-10 kW/ℓ. 
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Appendix B: Thermodynamic Calculations for Closed and Open 

Accumulators 

 Here, thermodynamic calculations are presented from the closed and open 

accumulator models in Chapter 2. 

B.1: Closed Accumulator Calculations 

 In section 2.2.1, three cases were presented for the compression and expansion (C 

& E) processes in the closed accumulator: 

1. Isothermal C & E (see Figure 4) 

2. Adiabatic C & E with adiabatic storage (see Figure 4) 

3. Adiabatic C & E with constant-volume cooling of the stored air to ambient 

temperature between the C & E processes (see Figure 5).  

 In calculating the required volume to store ESgoal = 840 kJ of work, it is useful to 

define a volumetric energy density, Ev in terms of the work done in expansion Wclosed,e 

and the maximum volume Vmax: 

 

Then the volume of the system V (or V
*
, nondimensionally, from eqn. ( 5)) is: 

  ( 66a, b) 

 For the isothermal processes of Case 1, PV = constant. Then the work done in C 

or E is 
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 ( 67) 

This equation is valid for either C or E as long as the conditions at the start and end of the 

processes are set appropriately. Figure 51 illustrates the different volumes and pressures 

used at the start and end of C & E processes for Cases 1 & 2. Slight differences for Case 

3 will be discussed later. 

 

Figure 51: Closed Accumulator Volumes and Pressures at Start and End of 

Compression and Expansion for Cases 1 & 2  

The parameter Ev is calculated using the expansion process, where Pstart = Pmax and the 

maximum expanded volume is Vend. 

  

 ( 68) 

It is useful to look at eqn. ( 68) in terms of the independent variable, rp,c because this 

variable can be used to determine Pprech more easily than using rv,e. From eqns. ( 2a,b), rp,c 

= rv,c, and because the expansion is the mirror of compression, rv,c =  1/ rv,e. Applying 

these to eqn. ( 68), 

Vmin @ Pmax Vmax @ Pprech & T0 
Diaphragm 

Diaphragm 

Oil Volume 

Oil 

Volume End of compression, 

start of expansion 

Start of compression, 

end of expansion 
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 ( 69) 

Using eqn. ( 66b) with eqn. ( 69) leads to eqn. ( 6) in section 2.2.1: 

 ( 6) 

 For the adiabatic processes of Case 2,  constant. Then the work done in C 

or E is 

  

  

  

 ( 70) 

Ev can then be calculated, as in the isothermal case, using the expansion process. 

 ( 71) 

Again substitute back in terms of rp,c to more easily calculate the precharge pressure, but 

using adiabatic identities ( 3a,b),  

 ( 72) 

Then, using eqn. ( 66b), the volume from eqn. ( 7) becomes: 

 ( 7) 
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 For Case 3, the work during C & E can each be calculated using eqn. ( 70). The 

compression case is identical to compression in Case 2, but the expansion case requires 

an additional calculation because Pstart,e is no longer the same as Pend,c. Assuming that the 

air is allowed to cool to T0 at constant volume between compression and expansion,  

 ( 73) 

Efficiency, energy density and volume are then calculated as: 

 ( 74) 

 ( 75) 

 ( 8) 

B.2: Open Accumulator Calculations 

 The calculations of specific work for a single stage in compression, Wsp,net,c, are 

expanded here from section 2.2.2.3. A copy of Figure 8 is reprinted above to aid in this 

discussion. The AIA cycle is GHJKDF. Compression consists of two adiabatic portions 

(GH and JK) separated by the isothermal portion (HJ). Because process HJ is isothermal, 

using ( 11), 

 ( 76) 

 The work for each process can be calculated individually, as long as the state of 

each process is known. For GH, the calculation is similar to the adiabatic work for the 

closed accumulator, ( 70): 
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Figure 8: AIA Compression Cycle, Compared to an Isothermal Cycle 

 ( 77) 

 It is useful to use the ideal gas law and ( 3) to write ( 77) in terms of temperatures:  

 ( 78) 

Similarly, WJK can be calculated 

 ( 79) 

Combining ( 78) and ( 79), 

 ( 80) 

 Process HJ follows the isothermal work for the closed accumulator, ( 67) 
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 ( 81) 

Using ( 2a) and ( 3b), the  term can be rewritten 

  

 ( 82) 

 Process KD is a simple constant-pressure process. Assuming VD = 0, 

 ( 83) 

Process DF is treated as occurring at zero volume, so its work is zero. And finally, 

process FG is another constant-pressure process: 

 ( 84) 

 Now the work of a single-stage compression cycle can be calculated. However, it 

is most useful to find the specific work, Wsp = W/m, which can be used to find a total size 

for the system in conjunction with other specific work terms. Combining ( 80), ( 82),  

( 83) and ( 84), the specific work of a single-stage compression cycle is: 

 ( 85) 

Equation ( 15) above is reached by restating this equation in terms of the rT and rp for one 

stage given in equations ( 10a) and ( 14a).  
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 ( 86) 

This is the same as ( 15) above. 

 When these calculations are repeated for expansion, the final equation ( 17) is the 

same as the compression equation as long as compression-specific terms are replaced 

with expansion-specific ones. The starting temperature of expansion is TL, so TL is used 

in place of TG, and the pressure ratios and temperature ratios for expansion are used. A 

more generic form of eqns. ( 15) and ( 17) would thus be: 

 ( 87) 

where Tstart,i refers to the intake air temperature for the stage. 

 

Supplementary Nomenclature: 

EV Volumetric energy density [kJ/L] 
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Appendix C: Proof of Optimality of the Adiabatic-Isothermal-

Adiabatic Process for Compression and Expansion 

 Sancken and Li (2009) demonstrated that an adiabatic-isothermal-adiabatic (AIA) 

process will complete a fixed amount of compression or expansion work faster than any 

other process if both processes are limited by heat transfer concerns and if the AIA 

process meets the temperature constrain in eqn. ( 11): 

 

 Their proof will be repeated here for a compression case with a small elaboration to 

show that it is applicable when wall temperature Tw is not the same as the initial 

temperature Tstart. 

 

Figure 52: An Arbitrary Compression Process Discretized into Adiabatic and 

Isothermal Segments 
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 The proof begins with an arbitrary compression process, as shown in Figure 52. 

Let this process be approximated by a series of adiabatic and isothermal processes. It can 

be demonstrated that any isothermal-adiabatic-isothermal (IAI) process triplet can be 

replaced by an AIA triplet that performs the same amount of work in less time when the 

heat transfer is limited. Then, since any two adiabatic process segments can be combined 

into one (and the same for isothermal process segments), replacing every IAI process 

triplet with the appropriate AIA triplet will ultimately lead to one AIA process that 

produces the same amount of work as the original arbitrary curve, but does so in less 

time. This proves that an AIA process is the fastest process for completing a fixed 

amount of work. Equation ( 11) comes from an optimization of the AIA process using the 

Lagrange multiplier method that will also be demonstrated. 

 It will first be demonstrated that an AIA process always exists that can perform 

the same amount of work as a given IAI process in a shorter time. It is assumed that the 

time of any process is limited only by the heat transfer it must do. Thus, any adiabatic 

process is instantaneous. Since any isothermal process does not change the temperature 

of the compressed air: 

 ( 88) 

Newton‟s Law of Cooling is the used, with assumptions that the heat transfer coefficient 

h and surface area A are independent of time and temperature, 

 ( 89) 

 ( 90) 
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 The two processes in Figure 53 are used in this proof: the AIA process GHJK and 

the IAI process GLMK. The wall temperature Tw is not shown on the figure, but Tw must 

be less than TG to allow process GL to be isothermal.
31

 It is useful to define a special 

pressure ratio term, rx, and exponent, b, to use in these calculations: 

 

Figure 53: AIA and IAI Processes 

 ( 91) 

  ( 92a,b) 

The work of the AIA process, WAIA, is a modification of eqn. ( 85) from Appendix B: 

 ( 93) 

                                                 
31

 If Tw ≥ TG, there would be no heat transfer out of the air to remove the energy added by compression in 

process GL, so the process could not be isothermal. If the arbitrary process from Figure 52 starts at a T< 

Tw, the process will be modeled as adiabatic until T > Tw. 



141 

 

Using eqn. ( 3b) with the fact that processes GL and MK are isothermal, rT,GK can be 

simplified: 

 ( 94) 

Then eqn. ( 93) can be rewritten using eqns. ( 91) and ( 94) 

 ( 95) 

The work of the isothermal portion of the AIA process is WHJ from ( 82), modified 

similarly to eqn. ( 95): 

 ( 96) 

and the time required to for the process, tAIA, is calculated from ( 90): 

 ( 97) 

 The work of an IAI process, WIAI, can be calculated similarly to ( 95): 

The isothermal work is the sum of WGL and WMK: 

  ( 99a,b) 

The time required, tIAI, requires a calculation from eqn. ( 90) for each isothermal work 

term 

 ( 100) 

  

 ( 98) 
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 To show that the AIA cycle takes less time than the IAI cycle, the two times in 

eqns. ( 97) and ( 100) are subtracted and normalized: 

 ( 101) 

Equation ( 101) can be simplified by recalling that both of these processes require the 

same amount of work. Therefore, eqn. ( 95) can be set equal to eqn. ( 98): 

 ( 102) 

 ( 103) 

Using eqn. ( 103) in eqn. ( 101), 

 ( 104) 

Every term on the right-hand side of eqn. ( 104) is greater than zero, so 

 ( 105) 

Thus, an AIA process that does the same amount of compression work as an IAI process 

will do it in a shorter time. 

 The constraint in eqn. ( 11) comes from a Lagrange multiplier optimization of the 

AIA equations. It is desired to optimize the time from eqn. ( 97) under the constraint that 

the work from eqn. ( 95) is fixed at some value W0. Then the Lagrange function Λ is: 

 ( 106) 

where λ is the Lagrange multiplier term. All terms in eqns. ( 95) and ( 97) are considered 

fixed except for TH and TK.  
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 The Lagrange multiplier optimization method states that a necessary condition for 

a maximum or minimum of the constrained function is for the partial derivatives of Λ to 

all equal zero. Starting with : 

 ( 107) 

  ( 108a, b) 

For eqn. ( 108a) to be true, the compression process would be purely adiabatic (see eqn.  

( 3b)), which is a degenerate version of the AIA process that can be ignored. Equation  

( 108b) is valid apart from the degenerate case TH = Tw (i.e., no initial adiabatic phase). 

 Looking at  next, 

 ( 109) 

 ( 110) 

Substituting eqn. ( 110) into eqn. ( 108b), 

 ( 111) 

 ( 112) 

Eqn. ( 112) is the same constraint as eqn. ( 11). 

 Finally turning to , 

 ( 113) 

This equation can be solved to specify TK for a given W0 with eqn. ( 112). It is the same 

calculation as eqn. ( 85) in Appendix B. 
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 The Lagrange multiplier method shows that eqn. ( 112) signifies a critical curve. 

The second derivatives of Λ with respect to TK and TH are greater than zero, indicating 

that this curve indicates the minimum time (and thus maximum power). The isothermal 

temperature TH for this minimum time is independent of the starting temperature TG of 

the compression process. 

 

Supplementary Nomenclature: 

rx  Pressure ratio defined in eqn. ( 91) 

b  Constant, 0≤ b ≤ 1, defined in eqns. ( 92a,b) 

Λ  Lagrange function, eqn. ( 106) 

λ  Lagrange multiplier, eqn. ( 106) 

Subscripts: 

AIA  Adiabatic-Isothermal-Adiabatic process 

IAI  Isothermal-Adiabatic-Isothermal process 
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Appendix D: Intercoolers 

 The size of the intercoolers was calculated using heat exchanger data from Kays 

and London (1984) provided through the program EES by F-Chart Software. Given a 

type of heat exchanger, specific dimensions (length, width and height) for the heat 

exchanger, and a description of the air and water at their respective inlets (mass flow rate 

, temperature Tin and pressure Pin), the effectiveness εIC of the heat exchanger can be 

calculated. The effectiveness is defined as: 

 ( 114) 

where air and water are specified by subscripts “a” and “w” and the inlet and outlet by 

“in” and “out.” 

 Four simplifying assumptions limited the number of possible scenarios to be 

investigated. First, flat tube heat exchangers with plate fins proved to give lower volumes 

for a given εIC than finned circular tubes or various plate-fin configurations. The best 

design appeared to be surface 11.32-0.737-SR, which is shown in Figure 54. One 

practical concern of this design is that the flattened tubes are more likely to collapse at 

high air pressures than circular tubes, but that is ignored at this stage of design. It is 

assumed that the heat exchanger material is steel. 

 Second, the overall volume for a given εIC is smallest when the area of the air inlet 

passage is minimized, because the heat transfer out of the air increases with high inlet air 

velocity. For a given , the maximum velocity occurs with the smallest air inlet area. 

However, at some point, the inlet area would get small enough that the experimental 

correlations out of Kays and London (1984) would be no longer valid. This limit is 
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unknown, so a minimum length scale of four times the distance between water tubes was 

set, leading to an air inlet of 56 mm x 56 mm for the heat exchanger in Figure 54. 

 

Figure 54: Finned Flat Tubes Surface 11.32-0.737-SR from Kays & London (1984), 

selected as best heat transfer surface for sizing intercoolers (image courtesy of 

software program EES by F-Chart Software) 

 Third, a range of air inlet temperatures and pressures were investigated, and the 

worst case for volume turned out to be one with high pressures and cold temperatures 

(expansion). Due to limitations in the property correlations available in EES at high 

pressures, the air inlet pressure and temperature were set to values for the third stage of a 

five-stage air-motor compressor: 1890 kPa and 270 K. Volume changes of up to 10% 

may be observed by tweaking these parameters, and these are ignored in the 

thermodynamic model.  
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 Fourth, a water flow rate  of 40 ℓ/min was assumed, based on the flow rate of 

engine coolant for the engine in the hydraulic hybrid test vehicle at the University of 

Minnesota. Coolant temperature Tw,in is estimated at 300 K. 

 In Chapter 2, εIC is used to calculate the air temperature after intercooling as part 

of the thermodynamic model. Knowing that air temperature with the other data in the 

thermodynamic model, the required mass flow of air can be calculated, and from this an 

appropriate volume must be estimated. To adequately use the Kays and London (1984) 

data, therefore, several iterations of dimensions were performed to determine which 

chamber dimensions provided the desired εIC at that . A series of such calculations at 

various εIC and  led to the data in Table 22. Values were interpolated from Table 22 

for cases in the thermodynamic model where mass flow and effectiveness were not 

precisely any of the values given in the table. 

Table 22: Volume as a Function of Effectiveness and Mass Flow, used for 

interpolating values in the thermodynamic model 

Volumes given in ℓ 

, kg/s 

0.035 0.045 0.055 0.065 0.075 

εIC 

0.60 0.52 0.61 0.70 0.79 0.90 

0.70 0.72 0.85 1.00 1.16 1.34 

0.80 1.03 1.26 1.55 2.04 2.66 

0.90 1.74 2.58 3.12 3.69 4.28 

 

 



148 

 

 A sample calculation for a case with  kg/s and a heat exchanger of 

dimensions L1×L2×L3 = 56 mm ×56 mm ×440 mm (VIC = 1.38 ℓ) will now be presented. 

Properties for air at Pin,a and Tin,a are given in Table 23, as are properties of the heat 

exchanger that are inherent with its geometry. The calculation will estimate the thermal 

resistance in the heat exchanger and use that data to calculate εIC. 

Table 23: Air and Water Inlet Properties 

Variable Name Value 

cp,a Air specific heat 1045 J/kg-K 

μa Air viscosity 1.74*10
-5

 kg/m-s 

ρw Water density 997 kg/m
3
 

cp,w Water specific heat 4181 J/kg-K 

 

 First, some geometric terms should be calculated. The frontal areas of the air side 

(Afr,a) and the water side (Afr,w) of the heat exchanger are: 

 ( 115) 

 ( 116) 

The tube external diameter, Φ, is known. It is assumed that the tube thickness, δt, is 0.5 

mm, so the tube internal diameter ϕ is 1.54 mm. Then the internal and external 

perimeters of the tube, pint and pext, can be calculated as: 
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Table 24: Characteristics of Chosen Heat Exchanger 

Variable Name Value 

Dh,a Air side hydraulic diameter 0.00351 m 

Dh,w Water side hydraulic diameter 0.00288 m 

ζa Minimum free-flow area/ frontal area, air side 0.78 

αa Surface area to volume ratio, air side 886 m
2
/m

3
 

rf Air side: fin surface area/total surface area 0.845 

λst Thermal conductivity of steel 60.5 W/m-K 

n1 Distance between tubes, normal to air flow 13.97 mm 

n2 Distance between tubes, parallel to air flow 20.07 mm 

n3 Flattened tube width 18.72 mm 

Φ Flattened tube bend outer diameter 2.54 mm 

δf Fin thickness 0.102 mm 

 

 ( 117) 

 ( 118) 

along with the internal and external cross-sectional areas of the tube, At,int and At,ext: 

 ( 119) 

 ( 120) 

 The Reynolds number of the air side, Rea, is 
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 ( 121) 

where μa is the air side viscosity; Dh,a is a hydraulic diameter calculated over the entire air 

side of the heat exchanger, and ζa reflects the proportion of Afr,a that can be considered 

free space (and thus used for the calculation of velocity). With Rea, EES calculates the 

heat transfer coefficient of the air side, hair, to be 169 W/m
2
K.  

 On the water side, hw is calculated for individual tubes. From Figure 54, the 

hydraulic diameter of a tube, Dh,w, is 

 ( 122) 

The number of tubes, g, is estimated from Figure 54 by noting that one tube occurs every 

n1 = 13.97 mm normal to the air flow and n2 = 20.07 mm parallel to it. Then the number 

of tubes is the water-side surface area divided by the area per tube, rounded down: 

 ( 123) 

The water mass flow rate per tube, , is then calculated using the assumed volumetric 

flow rate : 

 ( 124) 

Based on standard pipe flow heat transfer correlations for developing flow (assuming 

sand grain roughness of 1.5×10
-6

 m for drawn tubes), EES calculates hw to be 6798 

W/m
2
K. 

 A heat transfer coefficient for the tube walls, ht, can also be calculated using the 

conductivity of steel, λst, and the wall thickness: 
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 ( 125) 

An overall coefficient U will be calculated as: 

 ( 126) 

where S is the surface area of the respective portions of the heat exchanger. Using the 

ratio of air surface area to volume, α, and the ratio of fin area to total air surface area, rf: 

 ( 127) 

 ( 128) 

 ( 129) 

 ( 130) 

The term η0 is the overall efficiency on the air side, defined in terms of the fin efficiency 

ηf and fin thickness δf as follows: 

 ( 131) 

 ( 132) 

 ( 133) 

The three terms in eqn. ( 126) can now be calculated: 

   ( 134a,b,c) 

 ( 135) 

 Finally, the number of thermal units, Ntu, is calculated: 
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 ( 136) 

With the Ntu, the mass flow rates of water and air and the specific heats of water and air, 

EES calculates εIC as 0.861. 

 A few comments about significance can now be made. The tube wall thickness δt, 

for which an assumed value was used, will not lead to a significant wall resistance within 

the size limitations of the tubes. It is significant, however, for determining the water side 

velocity. If necessary, a decrease in the water side flow rate (to decrease the water 

velocity and pressure drop, if necessary) could be tolerated without too much increase in 

U. The air side resistance is by far the most significant for the heat exchanger. 

 

Supplementary Nomenclature: 

Afr  Frontal area (of the air or water side of the heat exchanger), m
2
 

At  Cross-sectional area of water tube, m
2
 

g  Number of tubes 

L1,L2, L3 Overall heat exchanger dimensions, m 

Ntu  Number of thermal units 

n1, n2, n3 Dimensions of heat exchanger tubes, mm. See Figure 54. 

p  Perimeter, m 

rf  Fin surface area/total surface area 

S  Surface area, m
2
 

U  Overall heat transfer coefficient, W/m
2
K 

  Volumetric flow rate, ℓ/min or m
3
/s 

α  Surface area/volume, m
2
/m

3
 

γ  Fin efficiency parameter, eqn. ( 131) 

δ  Thickness, m 

η0  Overall efficiency 
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ηf   Fin efficiency 

 Φ  Flattened tube bend outer diameter 

ϕ  Flattened tube bend inner diameter 

ζ  Minimum free-flow area/ frontal area 

Subscripts: 

a  air 

ext  external 

g  per tube 

in  inlet 

int  internal 

out  outlet 

st  steel 

t  tube 

w  water 

 

 

 

 

 

 

 



154 

 

Appendix E: Nondimensionalizing the Required Heat Transfer 

Parameter 

 The required heat transfer parameter, Z was defined in eqn. ( 34) for each stage i  

of a design as: 

 ( 34) 

The definitions of the terms in eqn. ( 34) suggest possible nondimensional relationships 

that could be used to produce more general charts in the thermodynamic model results in 

section 2.3.2. Two scales will be discussed for nondimensionalization: the stage level and 

the system level. 

 On the stage level, the AIA equations for the specific work and heat transfer of a 

stage, eqns. ( 15) - ( 18), show that the ratio Qsp,i/Wsp,i is constant for an AIA process with 

specific values of rTw, Tw, Tstart and rp,i. Thus  is constant, and could be used to 

nondimensionalize eqn. ( 34). In specifying rTw, ΔTiso is also fixed, as can be shown from 

eqns. ( 11) - ( 12):
32

 

 ( 137) 

However, using the method prescribed in this thesis, there is no way to tie Vi from eqn.  

( 34) into a stage-level term that is independent of system-level terms because Vstages (and 

thus Vi) comes from Vtot,goal, which in turn comes from ESgoal and Pmax. 

 On the system level, the heat transfer rate, , scales with , since higher 

power goals lead to higher mass flow rates (eqn. ( 28)) and thus to higher values of work 

                                                 
32

 It is more useful to specify ηgoal and use that to drive the appropriate value of rTw, as was done in the 

parametric studies, than to simply specify the value of rTw. 
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and heat transfer. The volume of an individual stage, Vi, scales roughly using Pmax and 

ESgoal (as in eqn. ( 5)) because two of the three volumes used to calculate the stage 

volume in eqn. ( 30) are dependent on those terms. (See Vtot,goal, which comes from eqn.  

( 7), and Vsv from eqn. ( 27).) The temperature difference, , can be 

nondimensionalized with ambient temperature T0. A nondimensional parameter Z
*
i, could 

thus be generated: 

 ( 138) 

 Unfortunately, the relations presented above are not linear enough to provide 

constant Z
*
i values when the nondimensionalizing parameters vary. When  changes due 

to , VIC changes as well (see Appendix D) and thus modifies Vi through the Vstages 

term in eqn. ( 30). Changes in Pmax not only affect on Vi but also the specific heat transfer 

calculations in eqns. ( 16) and ( 18) that lead to the calculations of Qi.
33

 And finally, 

changes to T0 lead to small changes in the value of rTw,c that meets ηgoal, creating a non-

linear relationship between T0 and ΔTiso as well.  

 The strength of these nonlinear relations was investigated by four variations on 

Parametric Study 1 (section 2.3.2.1). In three of these studies, the value of each of , 

ESgoal, Pmax and T0 was decreased by 20%. The maximum changes observed in Z
*
i are 

given in Table 25. The strongest nonlinearity was observed in Pmax, where a 16% 

decrease in the value of Z
*
i was observed with the 20% drop in Pmax. The nonlinearities 

                                                 
33

 A further complication is that the relationship between Pmax and Vi is not exactly proportional. The value 

of Pmax is linearly tied to Vtot,goal and to the density term in Vsv (eqn. ( 27)). However, Pmax also has weak 

nonlinear effects on the specific work used in eqn. ( 27) and on the way Vstages is broken up into individual 

values of Vi. 
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were strongest at n = 5 stages and weakest at n = 1 stage. It is unsurprising that the n = 1 

case, with no intercooling and no division of pressure changes into multiple stages, 

should be the case where the nondimensionalization of Zi above is most accurate. 

Table 25: Max Change in Z
*

i with 20% Decrease to Values of Nondimensionalizing 

Parameters  

Parameter Nominal Value 
Max Change in Z

*
i with 20% Decrease 

to Parameter Nominal Value 

 20 kW 4% decrease 

ESgoal 840 kJ 8% increase 

Pmax 35,050 kPa 16% decrease 

T0 300 K 7% increase 
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Appendix F: Residual Volume 

 In the calculations for the thermodynamic work of an open accumulator in 

Appendix B, it was assumed that no residual volume remained in a chamber after a 

compression process. Yet the chamber used in the FLUENT simulation has a residual 

volume, Vr, of 6.29×10
-5

 m
3
, which is 11% of the designed displaced volume, ΔVdes.

34
 

How does this volume affect the volume calculations in the thermodynamic model? 

 The solution below is given in terms of a compression process. Let a residual 

volume ratio, β, and maximum volume, Vmax, be defined as: 

  ( 139a,b) 

Each stage of compression is designed for a pressure ratio rp,c. Let k be a polytropic 

constant, a value between 1 and 1.4 for ideal air. Then the volume ratio rv is: 

 ( 140) 

where Vend,c is the volume at the end of compression but before the compressed gas has 

been exhausted from the chamber (which occurs after the entire ΔVdes has been 

compressed). Equation ( 140) uses the definition of rv as given in eqn. ( 1c). For 

isothermal processes, k = 1 and eqn. ( 140) matches eqn. ( 2a). For adiabatic processes, k 

= 1.4 and eqn. ( 140) matches eqn. ( 3a). When Vr > 0, a percentage of the compressed air 

cannot be exhausted. This percentage, x, can be calculated: 

 ( 141a) 

                                                 
34

 Much of this residual volume is due to the dead volume at the top of the chamber, which was added for 

numerical reasons. If only the intake and exhaust port volumes are included, β = 1.3%. 
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For β ≪ 1, eqn. ( 141a) collapses to: 

 ( 141b) 

If x is the percentage of compressed air that cannot be exhausted, it must also be the 

percentage of air drawn in during the intake process that cannot be exhausted. To allow 

the original desired ΔVdes to be compressed and exhausted, Vmax must then be: 

 ( 142) 

 The gas remaining in Vr at the end of the exhaust process will expand again as the 

chamber expands to draw in new air during the intake period. If valve timing can be 

managed such that the intake period does not begin until the air in the chamber has 

expanded to intake pressures, then the work of expanding the residual gas can be 

reclaimed by the system and the specific work calculated in eqns. ( 15) and ( 17) does not 

change. No decrease in regenerative efficiency will occur due to the residual volume, and 

since Vstages is driven by the system volume goals (eqn. ( 30)) rather than the 

thermodynamics of compression and expansion, Vstages and even the Z calculation in eqn. 

( 34) remain the same. The only result that changes is the frequency f from eqn. ( 32b). If 

β and rv are constant for all stages, then f will increase by 1/(1-x) for all stages to 

compensate for decreased usefulness of the available volume. 

 A calculation of the effect of Vr on f for the data from Parameter Study 1 (see 

section 2.3.2.1) is shown in Table 26. The calculation is simplified by assuming εIC = 

100% for the purposes of calculating rv, which decreases rv for stages of compression 

beyond the first and thus understates the effect of the residual volume for those stages. 
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Two results emerge. First, the n = 1 case is physically impossible. A volume ratio of 292 

leads to Vend,c = 0.3%Vstart,c, and this is impossible to achieve with β = 2%. This 

impossibility manifests itself in the negative value for 1/(1-x). Second, without the 

residual volume calculation, f steadily increases with the number of stages n. However, 

when residual volume is included, the n = 3 case becomes the slowest. No bound has 

been placed on f in the current thermodynamic model. If practical concerns led to a 

limitation on f, however, those concerns could lead to larger values of n being chosen 

over the smaller values favored in the Z calculation of the thermodynamic model. 

Furthermore, a design with increased f will require larger intake and exhaust ports to 

avoid choked flow (see Appendix I). Larger ports lead to larger Vr and thus feed back to 

further increase f. This mechanism should be considered in future design iterations. 

Table 26: Residual Volume Effect on Data from Parameter Study 1 for β = 2%. Tw 

= 300 K, εIC = 70%, 1 ≤ n ≤ 5. 

n rp rT rv 1/(1-x) 
f, Vr = 0 

(Hz) 

f, Vr > 0 

(Hz) 

1 350 1.20 292 -0.207 5 N/A 

2 18.7 1.20 15.6 1.453 5.75 8.36 

3 7.05 1.19 5.92 1.134 7.01 7.95 

4 4.33 1.19 3.63 1.078 8.73 9.41 

5 3.23 1.19 2.71 1.057 11 11.63 

 

 It should also be noted that the residual volume becomes more significant the 

lower the air temperature is at the end of compression; i.e., as k approaches 1 in eqns.  
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( 140) - ( 142). This near-isothermal behavior is good for efficiency, however, so a trade-

off may need to be made in the design between having efficient regeneration and limiting 

the additional volume required to deal with residual volume issues. Additionally, cooling 

that occurs during the exhaust period would decrease the mass of air exhausted from the 

chamber, which increases the effect of the residual volume. 

 Calculations for the expansion case are similar to the compression case and will 

not be given here. 

 

Supplementary Nomenclature 

f  frequency, Hz 

k  polytropic constant; 1 ≤ k ≤ 1.4 

Vr  residual volume, m
3
 or ℓ 

x  see eqn. ( 141b) 

ΔVdes  designed displaced volume of compression or expansion, m
3
 or ℓ 

β  residual volume ratio,  
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Appendix G: Accounting for Adiabatic, Intake and Exhaust Periods 

with Time-Averaging 

 The Adiabatic-Isothermal-Adiabatic (AIA) model assumes that cycle time is 

determined exclusively by heat transfer. Thus, adiabatic, intake and exhaust periods are 

treated as instantaneous. A method for accounting for these periods is presented below. 

 In the thermodynamic model, the power, work and mass flow rate terms in 

equations such as ( 28) are average values over the entire cycle period. Power will spike 

during adiabatic periods, and actual flow rates will be zero outside of intake and exhaust 

periods. Some smoothing of these spikes will occur if each stage is broken up into 

multiple chambers, as was done in sizing the FLUENT simulation chamber in section 

3.2.3.1. What is important, however, for the purposes of meeting the design goals is that 

the average power transfer of the system meets the power transfer design goal, .  

 Let the time for the isothermal process be tiso; the time for adiabatic, intake and 

exhaust processes be tother; and the time-averaged power of the AIA process be . If 

these variables are known, an average overall power, , can be calculated: 

 ( 143) 

Note that the work of the adiabatic, intake and exhaust processes is already calculated as 

part of , so they add no power to the total. They only decrease the average power 

transfer by averaging it over a longer time than the isothermal period alone. 
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 When using the thermodynamic model to calculate volumes, it is easiest to 

calculate an effective power transfer goal, , for use with the equations presented in 

this thesis rather than adapting the existing equations for use with eqn.  ( 143): 

Values of Z that are calculated using the AIA model with a power transfer goal of  

and tother = 0 are the same as values calculated with a power transfer goal of  and 

tother > 0. 

  

 ( 144) 
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Appendix H: Adding Water Spray to Decrease Temperature 

Changes 

 The need for good heat transfer to the walls of a compression chamber could 

decrease if water were sprayed into the air. The water would absorb a certain amount of 

energy from the air as it evaporated, so the internal energy and temperature of the air 

would be less at the end of compression. (A similar process has been used historically to 

augment the ability to supercharge aircraft engines.) 

 Calculations for estimating how much energy the water spray would absorb in 

compression are given below. It should be noted, however, that this same mechanism is 

not one that would work for expansion because of the different phase change processes 

involved. For expansion, a condensation process might be viable if liquid water in the 

chamber could be removed, but such a process would require storing and generating 

water vapor to add to the air before expansion (an energy-intensive process that would 

take a thermodynamic toll on the system). A solidification process would not work 

because solid ice could not be removed from the chamber. The process below is thus only 

viable for compression, unlike many other processes covered in this thesis. 

 Suppose that through some calculation, it has been determined that the internal 

energy of the air must be decreased by some amount Δu, whether for temperature or 

efficiency reasons. The required mass ratio of water to air, x, to absorb this internal 

energy is: 

 ( 145) 
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where cp is the specific heat of the evaporated water, Tend,c and Tstart,c are the initial and 

final temperatures of the desired compression process, and ivap is the latent heat of 

vaporization of the water. It is not certain that the air will be able to absorb the desired 

mass of water, however. The absolute humidity of the air, ω, must be calculated to 

confirm the desired evaporation is achievable. The saturation pressures of water in air at 

the start and end of the compression process, Psat,start,c and Psat,end,c, can be found in 

reference tables as a function of Tstart,c and Tend,c (or in references such as EES (2009)). 

Then saturation values for ω at the start and end of the process can be calculated: 

 ( 146) 

where Pmix is the pressure of the vapor-air mixture. The air will be able to hold the 

desired amount of water vapor if: 

 ( 147) 

Values of ωstart for the first stage of compression depend on atmospheric conditions. 

However, for higher-pressure stages, the air is assumed to undergo constant-pressure 

cooling in the intercoolers between stages. If the air was fully or even mostly saturated 

before intercooling, some water will condense during cooling and the air will begin the 

next stage with 

 ( 148) 

Equation ( 148) is advisable as a conservative estimate for the first stage as well as 

subsequent stages. Occasionally, calculations will reveal that Psat,end > Pend. In such a case, 

water would naturally boil, so the ω limitation can be ignored. 
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Supplementary Nomenclature 

 

ivap  latent heat of vaporization, J/kg 

Pmix  total pressure of vapor-air mixture 

x  mass ratio of water spray to air (mwater/mair) 

Δu  desired decrease in internal energy of air, J/kg 

ω  absolute humidity of air (mwater/mair) 

Subscripts 

sat  at the saturation point of water in air for the given temperature  
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Appendix I: Geometric Calculations for Heat Transfer Simulation 

 This appendix contains calculations for the surface area and volume of the 

computational domain used in Chapter 3 (Figure 33A – reprinted below). Calculations for 

diaphragm motion are presented, and the user-defined function from FLUENT that 

controls the motion of the diaphragm is reprinted at the end of the appendix. 

 

Figure 33A: Reprint from Chapter 3 
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Surface Area 

 The surface area of the diaphragm Ad is calculated similarly to a sphere: 

 ( 149) 

where Rs is the spherical radius of the diaphragm, zdiaph is the deflection in the center of 

the diaphragm, and z0 is the height of the residual volume at the top of the chamber. 

Other surface area calculations are simple cylinders and circles and are not given here. 

Chamber Volume 

 The volume in Figure 33A above can be broken into three regions: the intake and 

exhaust ports Vin and Vex (everything z > 0), the residual volume Vr in the chamber (z0 < 

z < 0) and the swept volume ΔV bounded by the diaphragm (zdiaph < z < z0). The 

calculations for Vin, Vex and Vr are simple cylindrical calculations. The swept volume at 

any time can be calculated using calculus to be: 

 ( 150) 

The deflection, z, can be calculated for any (x,y) location on the diaphragm  

 ( 151) 

 The computational domain was initially sized to have the diaphragm sweep 

through ΔVmax = 5.69×10
-4

 m
3
 in the compression or expansion of a full chamber (rather 

than just the half shown in Figure 33A).  The overall dimensions were set as given in eqn. 

( 38): 

 ( 38) 
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 The intake port was sized to avoid choked flow. Compressibility effects begin to 

be significant for Mach numbers Ma > 0.2, so the port was designed to have Ma = 0.15. 

Using the first law of thermodynamics and assuming adiabatic throttling, perfect gas and 

steady flow, 

 ( 152) 

where u is velocity and T is temperature. Air outside the chamber has subscript “0” and 

air inside has subscript “B.” The specific heat of air, cp, is assumed to be 1007 J/kg-K. 

The atmospheric air is assumed to be still, so u0 = 0. The velocity at the end of the inlet, 

B, is calculated from Ma and speed of sound: 

 ( 153) 

The gas constant for air, R, is 287 J/kg-K, and γ is the ratio of specific heats, 1.4 for air. 

Combining ( 152) and ( 153) and rearranging, 

 ( 154) 

The volumetric flow of air into the chamber, , is 

 ( 155) 

Then 

 ( 156) 



169 

 

The intake port height zin comes from the height required both for whatever cap is on top 

of the chamber and for the valve that controls air flow. The cap height is assumed to be 

10 mm, and the passage into the valve is assumed to be one passage radius Rin long. 

 The size of z0 was driven mainly by grid considerations A ratio of zdiaph,max = 19z0 

generated four rows of cells in the z0 region. This z0 worked well in initial tests of the 

diaphragm, so that ratio was maintained. However, the grid length scale of the simulation 

presented in the thesis is smaller than that used in the initial tests, so z0 could probably be 

decreased for future tests. 

Diaphragm Motion and Velocity Boundary Condition 

 The diaphragm motion was programmed to follow the volume trajectory given in 

Figure 32. Since eqn. ( 150) cannot be solved for Rs as a function of ΔV, a series of Rs – 

ΔV pairs was used in an interpolation function to calculate Rs from ΔV.  

 The diaphragm motion concept drawing from Chapter 3, Figure 37, is reprinted 

above. It is assumed that stretching that occurs as the diaphragm stretches evenly as it 

moves, such that any point P1 = (x1,y1,z1) that is a fraction c of arc length s1 from the edge 

of the diaphragm will remain a fraction c of arc length s2 when it expands to position P2  

= (x2,y2,z2).  
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Figure 37: Mathematical Concept for Mesh Motion Commands. Each node on the 

diaphragm (x,y,z) remains the same fraction c of arc length s from the edge to the 

center of the diaphragm. The vector r between (x1,y1,z1) and (x2,y2,z2) is used with 

the time step to calculate the velocity of the diaphragm at that point, which is 

imparted to the air at (x2,y2,z2) as a boundary condition. 

 

Figure 55: Angles and Dimensions Used to Calculate Diaphragm Motion 
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 The actual diaphragm motion formula uses the variables given in Figure 55, 

subscripted with a “1” for the position before diaphragm motion and “2” for the position 

after. Let an initial point P1 at diaphragm radius Rs,1 be chosen. The following angles and 

distances shown in Figure 55 can be calculated for P1: 

 ( 157) 

 ( 158) 

 ( 159) 

Angle Ω is constant during diaphragm motion. Angle θ2 can be calculated using eqn. 

( 159) with Rs,2 instead of Rs,1. Then 

 ( 160) 

 ( 161) 

 ( 162) 

Coordinate z2 is then calculated with eqn. ( 151). 

 FLUENT repeats these calculations for each grid node on the diaphragm and then 

calculates the velocity at that grid node based on the motion from P1 to P2. The user-

defined function used in FLUENT is reproduced below. 

 

Supplementary Nomenclature 

Ad  surface area of the diaphragm, m
2 

Ma  Mach number, air speed/speed of sound 
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P  a point on the diaphragm 

  volumetric flow rate of air into chamber, m
3
/s 

γ  ratio of specific heats 

ΔV  chamber swept volume (i.e., volume eliminated during compression), m
3
 

θ, ϕ, Ω  angles described in Figure 55 

Subscripts 

0  atmospheric conditions outside chamber 

1  before mesh motion at the current time step 

2  after mesh motion at the current time step 

B  conditions just inside intake port 

 

/*********************************************************************/ 

/*  UDF to compute the motion of a deflecting diaphragm. 

     

    David Hafvenstein             5 August 2008  

   Rev 1.2   4 Sept 2008   

   Rev 3.0   18 Nov 2008        

 

        diaphragm  = name shown in Fluent GUI 

 domain = domain 

        dt  = thread 

        time  = current time 

        dtime  = time step 

                                                                     */ 

/*********************************************************************/ 

#include "udf.h" 

#include "unsteady.h" 

 

/* Interpolates to find Rx given Vx. N = number of data points entered. 

*/ 

/* This R-V data set assumes a spherical diaphragm below a 2.39-mm 

clearance volume. */ 

 

/* Rev 1.1: definied Rx, x, y, z. Note that long data inputs for R and 

V count as one line. */ 

/* Rev 3.0: changed R, V to reflect car-sized chamber at 10 Hz. 

(Initial came from bike-sized at 3 Hz.) */ 
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real interpolateR(real Vx) 

{ 

int N = 82; /* Change this to reflect the number of interpolation 

points below!! */ 

int i; 

real Rx=0; 

real R[] = {0.08598, 0.09598, 0.10598, 0.11598, 0.12598, 0.13598, 

0.14598, 0.15598, 0.16598, 0.17598, 0.18598, 0.19598, 0.20598, 0.23, 

0.26, 0.3, 0.34, 0.38, 0.43, 0.48, 0.54, 0.6, 0.66, 0.72, 0.79, 0.86, 

0.93, 1, 1.08, 1.16, 1.24, 1.33, 1.42, 1.51, 1.6, 1.7, 1.8, 1.9, 2, 

2.1, 2.2, 2.4, 2.6, 2.8, 3, 3.2, 3.4, 3.7, 4, 4.3, 4.6, 5, 5.4, 5.8, 

6.2, 6.7, 7.2, 7.8, 8.4, 9, 10, 11, 13, 15, 17, 20, 22, 24, 27, 30, 34, 

38, 43, 48, 54, 60, 66, 72, 78, 85, 92, 100}; 

real V[] = {1.394E-03, 7.614E-04, 6.187E-04, 5.348E-04, 4.769E-04, 

4.336E-04, 3.996E-04, 3.719E-04, 3.489E-04, 3.293E-04, 3.124E-04, 

2.977E-04, 2.847E-04, 2.589E-04, 2.344E-04, 2.100E-04, 1.919E-04, 

1.778E-04, 1.640E-04, 1.533E-04, 1.430E-04, 1.349E-04, 1.283E-04, 

1.228E-04, 1.174E-04, 1.129E-04, 1.091E-04, 1.059E-04, 1.027E-04, 

9.993E-05, 9.753E-05, 9.517E-05, 9.312E-05, 9.131E-05, 8.971E-05, 

8.813E-05, 8.672E-05, 8.546E-05, 8.433E-05, 8.331E-05, 8.238E-05, 

8.075E-05, 7.937E-05, 7.819E-05, 7.717E-05, 7.627E-05, 7.548E-05, 

7.446E-05, 7.359E-05, 7.284E-05, 7.219E-05, 7.144E-05, 7.080E-05, 

7.026E-05, 6.978E-05, 6.926E-05, 6.882E-05, 6.836E-05, 6.797E-05, 

6.762E-05, 6.715E-05, 6.676E-05, 6.616E-05, 6.572E-05, 6.538E-05, 

6.500E-05, 6.481E-05, 6.464E-05, 6.445E-05, 6.429E-05, 6.412E-05, 

6.399E-05, 6.385E-05, 6.375E-05, 6.365E-05, 6.357E-05, 6.351E-05, 

6.345E-05, 6.341E-05, 6.336E-05, 6.332E-05, 6.329E-05}; 

 

if (Vx < V[0]) 

{ 

  for (i = 1 ; i < N ; i++) 

    { 

    if (Vx > V[i])     

 { 

 Rx=R[i-1]+(R[i]-R[i-1])*(Vx-V[i-1])/(V[i]-V[i-1]); 

 return Rx; 

 } 

    } 

} 

Error("Bad input Vx=%g, Rx=%g\n", Vx, Rx); 

/*Error("Bad input Rx=%g\n", Rx);*/ 

return 0; 

} 

/*******************************************************************/ 

/* 

Rev 3.0: This function calculates volumes outside the main loop. It 

allows  

previous time and current time calculations to run off the same 

equations,  

eliminating potential errors. 

*/ 

 

real V_calc(real w,real tau, real ctime,real Vmax, real tsi) 
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{ 

real tau1,tau2,tau3,rv2,rv1,V; 

 

tau1 = 0.087*tau;  /* End of inlet phase,s    */ 

tau2 = 0.242*tau;   

 /* End of constant-power compression phase, s */ 

tau3 = 0.5*tau;   

 /* End of linear compression phase, s  */ 

 

rv1 = 5.73;   /* Volume ratio (Vmax/V) at tau2  */ 

rv2 = 1.26;   /* Volume ratio (Vmax/V) at tau3  */ 

 

if (ctime < tau1) 

    { 

 V = Vmax/tsi + (Vmax/rv1 - Vmax/tsi)*(ctime)/(tau1); 

 /* Intake phase */ 

 Message("\n\nIntake phase.");  

     } 

  else if (ctime < tau2) 

    { 

 V = Vmax/rv1 + (Vmax/rv2 - Vmax/rv1)*(ctime-tau1)/(tau2-tau1); 

 /* Expansion: sharp linear increase in volume from Vmax/rv1 to 

Vmax/rv2 */ 

 Message("\n\nSharp linear expansion phase\n");  

    } 

  else if (ctime < tau3) 

    { 

 V = Vmax/rv2 + (Vmax - Vmax/rv2)*(ctime-tau2)/(tau3-tau2); 

 /* Expansion; gentle linear increase in volume from Vmax/rv2 to 

Vmax */  

 Message("\n\nGentle linear expansion phase\n");  

    } 

  else 

    { 

 V = Vmax/(2*tsi) * (2+(tsi-1)*(1-cos(w*ctime))); 

 /* Exhaust; Sinusoidal volume decrease, with V(t=0) = Vmax */ 

 Message("\n\nSinusoidal exhaust phase\n");  

    } 

return V; 

} 

/******************************************************************/ 

 

DEFINE_GRID_MOTION(diaphragm_explin01, domain, dt, time, dtime) 

{ 

  Thread *tf = DT_THREAD (dt); 

  face_t f; 

  Node *node_p; 

  int n; 

 

#if !RP_HOST 

 

  real z0=-0.00239;          /* clearance height, m        */ 

  real Rc=0.08598;         /* chamber radius, m        */ 

  real tsi=9.5;  /* Ratio of max volume to min volume */ 
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  real Vmax=6.0373e-4; /* Max volume of chamber, m^3 */ 

  real freq = 10; /* Frequency of compression, Hz */ 

 

 

 

  real w, V, V_old, Rs, x, y, z, x_old, y_old, theta, phi, phi_old, 

Omega, tau, ctime,k,g_old,old_time; 

  static real Rs_old, theta_old; 

   

 

/* Set/activate the deforming flag on adjacent cell zone, which      */ 

/* means that the cells adjacent to the deforming wall will also be  */ 

/* deformed, in order to avoid skewness.                             */ 

  SET_DEFORMING_THREAD_FLAG (THREAD_T0 (tf)); 

 

/* Compute the current volume:                                       */ 

  tau = 1/freq;    

 /* Overall cycle period, s   */ 

 

  w = freq*(2*M_PI); /* Angular velocity */ 

  k = floor(time*freq);   

 /* Number of previous cycles - used in ctime calc */ 

  ctime = time - k/freq;  

 /* Get a cycle time referenced to begin at ctime = 0 */ 

 

  V=V_calc(w,tau,ctime,Vmax,tsi); 

 

  Rs = interpolateR(V); 

  Message("Interpolated V=%g to Rs=%g\n", V, Rs); 

  theta = asin(Rc/Rs); 

 

  Message("Current time is %g, at time step #%d.\n", time,N_TIME); 

  Message("Cycle time is %g, with %g previous cycles.\n", ctime,k);   

 

/* Calculate data from last time step, if starting this program from 

scratch */ 

/* FLUENT seems to initialize Rs_old to 0 whenever the program starts, 

so I 

   assume I can use this for a flag to determine when to calculate an 

earlier  

   value for Rs_old. (I suppose I could just do this calc every time, 

too.) */ 

  if (Rs_old < Rc) 

    { 

    old_time = ctime-dtime; 

    V_old = V_calc(w,tau,old_time,Vmax,tsi); 

    Rs_old = interpolateR(V_old); 

    theta_old = asin(Rc/Rs_old); 

    Message("Time step #%d. Setting Static Variables.\n", N_TIME); 

    Message("Reset Old Values: Rs=%g, Theta=%g\n", Rs_old, theta_old); 

    } 

 

/* Loop over the deforming boundary zone's faces;                    */ 

/* inner loop loops over all nodes of a given face;                  */ 
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/* Thus, since one node can belong to several faces, one must guard  */ 

/* against operating on a given node more than once:                 */ 

 

  begin_f_loop (f, tf) 

    { 

      f_node_loop (f, tf, n) 

        { 

          node_p = F_NODE (f, tf, n); 

 

          /* Update the current node only if it has not been         */ 

    /* previously visited:                                     

*/ 

          if (NODE_POS_NEED_UPDATE (node_p)) 

            { 

              /* Set flag to indicate that the current node's        */ 

    /* position has been updated, so that it will not be   */ 

              /* updated during a future pass through the loop:      */ 

              NODE_POS_UPDATED (node_p); 

 

    x_old = NODE_X (node_p); 

  y_old = NODE_Y (node_p); 

  g_old = sqrt(x_old*x_old + y_old*y_old); 

  Omega = atan2(y_old,x_old); 

  phi_old = asin(g_old/(Rs_old)); 

  phi = phi_old*theta/theta_old; 

  x = Rs*sin(phi)*cos(Omega); 

  y = Rs*sin(phi)*sin(Omega); 

  z = z0 -sqrt(Rs*Rs - x*x - y*y) +sqrt(Rs*Rs-Rc*Rc); 

  NODE_X (node_p) = x; 

  NODE_Y (node_p) = y; 

  NODE_Z (node_p) = z; 

            } 

        } 

    } 

  end_f_loop (f, tf); 

 

  Rs_old = Rs; 

  theta_old = theta; 

 

#endif /* !RP_HOST */ 
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Appendix J: Parallel Processing 

 The use of multiple processor cores can greatly decrease the time required to 

complete a simulation, but introduces difficulties of its own. When using multiple cores, 

FLUENT splits the computational domain into groups of cells, called “partitions,” that 

are dedicated to a single core. Simulation time is reduced as the conservation equations 

are solved simultaneously in each partition, but increased by the communication required 

between partitions.
35

 The communication between partitions increases as the shared 

surfaces between partitions grow larger. 

 The most intuitive way to partition the grid while minimizing the communication 

between partitions is shown in Figure 56, where three vertical partitions are used (each 

shown in a different color). Unfortunately, the partition acts as a constraint similar to the 

symmetry plane, and the use of the partition method shown in Figure 56 led to large 

distortions in cells at the intersection of the diaphragm with the partition lines. The 

largest cells in the computational domain at 0.0125 s can be seen in Figure 57b, most of 

which appear along the partition surfaces and some of which are nearly half the height of 

the current chamber (as can be better seen in the symmetry plane view of Figure 57a). 

This scenario resulted in FLUENT crashing during mesh motion. It could also lead to 

inaccurate calculations due to excessive skewness and cell size, although an examination 

of mean chamber quantities after the crash did not show any differences compared to a 

repeat of the simulation with a different partitioning scheme. 

 

                                                 
35

 It is unclear from the data currently available whether partitioning has a significant effect on calculation 

speed for the mesh motion process, which can occupy up to a quarter of the simulation time. 
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Figure 56: Sample Chamber with Three Vertical Partitions 

 The partitioning method that worked best was to partition on horizontal planes, as 

shown in Figure 58a. This method limited the number of processors that could be used in 

two ways. First, distorted cells were still generated at the intersection of the partition 

surfaces and the diaphragm. Horizontal partitioning kept those intersections away from 

the center of the diaphragm, where the deflection was largest, only when a small number 

of partitions was used. Second, during early expansion, the chamber is narrow enough 

that horizontal partitions lead to very large surfaces between the partitions (and thus large 

communication times). Figure 58b illustrates the complex boundaries between the 

partitions in a grid that was divided between four cores at the beginning of a simulation. 

The large, disorganized surfaces make such a partitioning strategy undesirable. 

 The simulations presented in this thesis used up to four processor cores. 

Occasionally a simulation was started with vertical partitions (Figure 56) while the 

chamber was narrow and then migrated to horizontal partitions (Figure 58a) at a later 

time step, but most used the horizontal partitions for the entire simulation. Details on 

partitioning settings can be found in Appendix Q. 
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Figure 57: Grid Distortion from Vertical Partitioning (0.0125 s) 
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Figure 58: Sample Chamber with Four Horizontal Partitions. The case in (a) is 

preferable to (b) because the partitions are well-ordered and size of the surfaces 

between partitions is small relative to the overall grid. Large communication times 

(relative to the number of grid cells) are required for (b). 
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Appendix K: Evaluating Convergence 

 Convergence is here defined by two criteria relative to certain averaged variables 

that were monitored during each simulation. The first criterion is that, during each 

simulation, FLUENT must run enough computational iterations that the monitored 

variables no longer change. The procedure and programs used to determine compliance 

with the first criterion are discussed below. The variables listed in Table 27 are those 

tracked for convergence.  

Table 27: Monitored Variables for Convergence Analysis 

Variable Averaging Process 

Pressure Mass-weighted average of all cells in chamber 

Temperature Mass-weighted average of all cells in chamber 

Diaphragm Heat Flux Area-weighted average over diaphragm cells 

Chamber Top Heat Flux Area-weighted average over chamber top cells 

Heat Transfer Total over all walls 

Intake Air Speed Mass-weighted average over intake surface 

Symmetry Plane Air Speed Area-weighted average over symmetry plane 

 

  The second criterion is that, with either halving the time step or doubling the 

number of cells in a grid, the monitored variables should not change more than 10% at 

any specific time, and the time-averaged change over an entire cycle should be no more 

than 5%. The literature is vague concerning this criterion. Most simply present their 

results and compare it to experiments. With 2-D grids, quadrupling the number of cells is 

common (Ikegami et al. 1986), but this is impractical in 3-D. Mahrous et al. (2007) 

described a peak increase of 6% in mean swirl velocity for a 50% increase in the number 
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of cells in their grid as “not substantial,” so 10% peak increase for a 100% cell increase 

as used in these simulations seems reasonable.  

K.1: Determining the Number of Iterations per Time Step to Achieve Convergence 

 To determine whether a simulation had run for sufficient iterations in each time 

step to converge, a number of iterations hoped to be sufficient was initially chosen. After 

running for some number of time steps, the monitored data were reviewed to see how 

many iterations it took to reach 95% of the difference from the value at the end of the 

previous time step to the value at the end of the current time step. A sample set of this 

data can be seen in the two plots in Figure 59. The top plot shows the value of diaphragm 

heat flux for each reported iteration over several time steps of 150 iterations each. The 

end of each time step is a green diamond, and a red circle marks the calculated point of 

95% change. On the bottom plot, the number of iterations required to reach 95% change 

for one hundred time steps is shown (including the ten time steps shown in the top). The 

maximum number of iterations required was 55 for time step #50, and one could 

reasonably expect convergence in subsequent time steps if this number of iterations per 

time step (plus a safety factor of 10-30 iterations) was used. However, most time steps 

required 20 or less iterations to change 95%, and a closer inspection of the iteration data 

in the top plot reveals that some of the time steps with the longest iteration requirements 

are ones where there is almost no change in the diaphragm heat flux between time steps. 

The 95% change criterion means little with such time steps, and the program that 

analyzes the data marks with a black square any time steps for which the total change is 

less than some percent of the maximum change in the data so that they can be ignored.  
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Figure 59: Estimating Required Iterations for Convergence. The bottom plot shows 

the required iterations for 95% convergence in diaphragm heat flux over part of a 

simulation. The top plot shows the value of the heat flux for each iteration for time 

steps 31-39 in the bottom plot. 

Time Step 

Range in 

Top Plot 

Time steps ignored in calculating 

max iterations required  
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For the data in Figure 59, a cutoff ratio of 0.1% trimmed out the four time steps with the 

highest iteration requirement, leaving a maximum iteration requirement of 25 iterations.  

 Plots such as Figure 59 were examined for all the monitored variables in a 

simulation. The largest iteration requirement out of all the monitored variables was used, 

along with a safety margin of 10-30 iterations, was used as the iteration requirement for 

subsequent time steps. The largest time step requirements tended to occur at transitions in 

the simulation (the very beginning, beginning of fast expansion, beginning of slow 

expansion) and around points where the rate of heat flux change began to reverse itself. 

Larger numbers of iterations per time step were required for the intake and fast expansion 

phases than for the slow expansion phase. 

 A more common means of determining the number of iterations for convergence 

is to stop each time step whenever the “residuals” (measure of error in the conservation 

equations) reach a sufficiently small value for each of the conservation equations. This 

method was ignored for this study because it was unclear what residual values would lead 

to a converged simulation. A perusal of various online forums related to FLUENT 

simulation suggested estimating residual values based on the residuals measured when 

certain monitored variables in the simulation stopped changing. This thought led to the 

convergence determination described above. 

 

MATLAB code 

Command sample: 

[P, Pts] = monr_f('dyn08k_nwt_ts_vol-prs.out'); 

delta90=rise_time4(P, Pts,0.95,1e-3); 

 

 

function [P, Pts]=monr_f(fluent_file) 
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% This function reads a FLUENT output file into variable P. The FLUENT 

file 

% should be of the format (Iterations, Value), with text in the first 

two 

% lines. The function sifts the data to determine time step 

demarcations 

% and returns them in Pts. Time step demarcations occur when an 

iteration 

% number is repeated. 

% A sample function call might be: 

% [D, Dts] = monr_f('dyn07a2_vol-temp.out'); 

  

P = dlmread(fluent_file,'', 2,0); 

sP = size(P); 

  

%Pts(1,:)=P(1,:); 

    %This feature would let me take a data point from the very 

beginning of 

    %a data set, assuming it is identical as the one at the end of the 

time 

    %step before it. But this is not the case, and this feature causes 

    %trouble with volume in particular. 

j=1; 

for i=1:sP(1)-1 

    if P(i,1)==P(i+1,1) 

        Pts(j,:) = P(i,:); 

        j=j+1; 

    end 

end 

Pts(j,:)=P(end,:); 

 

 

function delta90=rise_time4(P, Pts,rise,insig) 

% This function calculates the # of it'ns it takes for the value of a 

% FLUENT data file to rise to 90% (or another value determined by  

% "rise")of the change between two time steps. 

% P = original data read by "monr_f.m" 

% Pts = time step data sifted from P by "monr_f.m" 

% rise = fraction of change between last time step and the current time 

step at 

% which the simulation is considered converged 

% insig = fraction of maximum change recorded in the data that leads to  

% an "insignificant" tag 

  

sPts=size(Pts); 

ts = 2:1:sPts; 

  

dPmax = max(P(:,2))-min(P(:,2)); 

insig_m = []; 

  

delta90=zeros(sPts(1)-1,3); 

%Output vector. Column 1: It'n # of 90% rise. 

%               Column 2: Data value of 90% rise. 

%               Column 3: # of it'ns to 90% rise. 
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it_rpt = P(2,1)-P(1,1); 

                %Reporting frequency of it'ns (normally 5) 

  

init_iterat = P(1,1); 

                %First iteration # in the data set 

max_it = 0; 

                %maximum # of iterations  

  

for i=sPts(1):-1:2 

    j=(Pts(i,1)-init_iterat)/it_rpt+(i-1); 

                %index of final iteration # at current time step 

    dP = abs(Pts(i,2)-Pts(i-1,2)); 

                %change in variable over current time step 

    err = dP*(1-rise); 

                %max error for current time step 

     

    while abs(P(j-1,2)-Pts(i,2)) <err 

            j=j-1; 

    end 

                %find index where change is less than error 

    delta90(i-1,1)=P(j,1); 

    delta90(i-1,2)=P(j,2); 

    delta90(i-1,3)=delta90(i-1,1)-Pts(i-1,1); 

    if dP < insig*dPmax 

        insig_m=[insig_m; i, delta90(i-1,:)]; 

                %mark as insignificant if change is too small 

    elseif delta90(i-1,3)> max_it 

        max_it=delta90(i-1,3); 

                %holds current max req'd # of iterations 

    end 

end 

  

figure(21); 

plot(P(:,1),P(:,2),Pts(:,1),Pts(:,2),'d',delta90(:,1),delta90(:,2),'ro'

,... 

    insig_m(:,2),insig_m(:,3),'ks') 

figure(22); 

plot(ts,delta90(:,3),insig_m(:,1),insig_m(:,4),'ks',[1 sPts(1)],[max_it 

max_it],'r'), grid on; 
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Appendix L: Realizable k- ε Equations 

 Here the realizable k-ε equations from FLUENT are presented (although without 

significant explanation). More details can be found in FLUENT (2009). Cross-section 

views for k (turbulence kinetic energy) and ε (dissipation) from various times in the 

primary simulation presented in the thesis (0.45 mm grid length scale, enhanced wall 

function) will be given. 

Equations 

 The k- ε model assumes that the velocity along each axis can be split into mean 

and fluctuating components: 

 

where uj is the velocity along the j-axis,  is the mean of uj, and  is the fluctuating 

component of uj. Then k is defined as: 

 
( 163) 

using the fluctuating velocities in the x, y and z directions. Its conservation equation is: 

 ( 164) 

The constant ζk is the turbulent Prandtl number for k, 1.0. The generation term, Gk, and 

compressible dissipation term, Y, are modeled as: 

 ( 165a) 

 

( 165b,c) 
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( 166) 

where a is the speed of sound. 

 The conservation equation for ε is: 

 ( 167) 

where ζϵ is the turbulent Prandtl number for ε, 1.2; C2 is a constant, 1.9; and C1 is defined 

as: 

 ( 168) 

 The turbulent viscosity is modeled as: 

 ( 169) 

Under traditional k- ε models, Cμ is a constant with value 0.09. The realizable k- ε model, 

however, varies Cμ based on strain and rotation rates. The exact equations can be 

referenced in FLUENT (2009) or in Shih et al. (1995). 

 The turbulent conductivity is modeled as: 

 ( 170) 

where Prt is the standard turbulent Prandtl number, fixed at 0.85. 

 In section 3.2.1, the intake boundary condition during the intake period was 

described as fully turbulent flow, with a turbulence intensity (I) of 10%. Then the value 

of k at the intake is given as  

 ( 171) 
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The value of ε depends on the radius of the intake passage, Rin, and is given as: 

 ( 172) 

Results 

 Mean trends in k and ε for the simulation were presented in Figure 39. Cross-

section views over the five time steps presented in section 3.3.2 are given below in Figure 

60 and Figure 61. As was mentioned above, k and ε are both generated in large quantity 

by the intake period. Afterwards, k tends to appear in areas of high vorticity and ε in 

regions where there are large near-wall velocity gradients.  
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Figure 60: Cross-Section Plots of k at Five Times 
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Figure 61: Cross-Section Plots of ε at Five Times 
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Appendix M: Variations in Grid Length Scale, Time Step and Wall 

Function 

 The simulation presented in the body of the thesis took 54 days to complete, a 

period of time that makes it difficult to investigate heat transfer improvements to the 

diaphragm-bounded chamber. The long simulation time stems from needing small grid 

length scales and time steps to achieve convergence. To overcome this problem, different 

length scales and time steps were investigated and the two primary options for wall 

functions in FLUENT were compared with each other. A discussion of the grid length 

scales, time steps and wall functions is presented here. 

M.1: Grid Length Scale 

 The grid length scale is a number used by the grid generating program GAMBIT 

as an initial estimate of the height of a cell. This length scale is the normal distance from 

the peak of a tetrahedron to its base, as is sketched in Figure 62. For an equilateral 

tetrahedron of side length a, the length scale L and volume V are: 

 

Figure 62: Grid Length Scale for a Tetrahedron 

L 

a 
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  ( 173a,b) 

Individual tetrahedra were often distorted in shape, but the average approached the 

relationship between L and V for equilateral tetrahedra reasonably well. For the initial 

grid at minimum volume, all the cells were created at the same length scale. As 

expansion occurred, FLUENT‟s “size functions” were used to increase the size of grid 

cells in proportion to their distance to the nearest wall. An example of the effects of size 

functions can be seen in Figure 63, which shows a 2-D grid similar to the symmetry plane 

of the main simulation. 

  

Figure 63: Example of Size Functions in 2-D Grid 

 To determine whether the simulation was independent of L, the initial number of 

grid cells was doubled in successive simulations. As was discussed in Appendix K, one 

criterion for convergence was that certain variables (see Table 27) could not change more 

than 10% at any specific time in the simulation and more than 5% for a time average over 
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the entire cycle when the initial number of grid cells doubles. This doubling required a 

20% decrease in L. 

 Four values of L are discussed in this appendix. They are given in Table 28, along 

with the total numbers of cells at minimum and maximum chamber volumes. The size 

function prevented the maximum number of cells at each length scale from strictly 

following the doubling pattern. The time step, number of partition cores and the total 

simulation time are also given in Table 28. The nominal simulation times do not include 

repeatable major crashes due to problems with the grid or data that force one to restart the 

simulation from an earlier time step. Down time of a day or more due to predicted breaks 

in the simulations or “routine” crashes of lab computers are also not included, but may be 

estimated to add 10% to the times given in Table 28. A combination of time step, grid 

length scale, iterations per time step and number of processor cores determines the 

overall simulation time, and these were not consistently held throughout the simulations 

presented here. The 0.36 mm simulation listed has not been completed to date, but the 

completion time is estimated based on an average of real (“wall”) time per computational 

time step. 

Table 28: Length Scale Variations 

Length 

Scale (mm) 

# Cells at 

Min Volume 

# Cells at 

Max Volume 

Time Step 

(s) 

# of Processor 

Cores 

Nominal 

Simulation Time 

0.71 496k 659k 1×10
-4

 2 9 days 

0.56 954k 2490k 1×10
-4

 4 27 days 

0.45 1833k 4886k 1×10
-4

 3 54 days 

0.36 3431k ? 5×10
-5

 4 est. 78 days 
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 The effects of changing L can be seen in Figure 64 and Figure 65. Changes to 

pressure and ΔT (Figure 64a & b) are less than 1% with each decrease in length scale, 

and can be neglected.  Differences of up to 4% between length scales appear in mean 

speed calculations after the intake phase (Figure 64c), but show no consistent pattern 

between values of L and may be driven more by random variations in each grid than by 

the resolution overall. The air speed on the symmetry plane (Figure 64d) settles 

differently in response to large changes as L decreases. For the 0.45 mm to 0.36 mm 

transition, there are a few changes above 5% at the beginning of the simulation and when 

the intake period ends, but these do not change the eventual settled result. More 

substantial differences can be seen in the values of k and ε (Figure 64e & f), which show 

increases early in the simulation (up to 11% at 0.0075 s when changing from the 0.45 mm 

grid to the 0.36 mm grid), presumably because sharper velocity gradients occur with 

higher grid resolutions. The high gradients increase the generation of turbulence kinetic 

energy and dissipation (see eqns. ( 165a-c) and ( 168)). However, the increase between 

grid length scales decreases as the cycle progresses (completely disappearing by 0.0200 s 

when comparing the 0.45 mm grid to the 0.36 mm grid). 
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Figure 64: Resolution Comparisons, Enhanced Wall Function Simulations: 

Mass-Weighted Average Chamber Results 
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Figure 65: Resolution Comparisons, Enhanced Wall Function Simulations: 

Energy and Wall Gradient-Related Results 
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 The wall gradients are all affected by the decrease in the distance from near-wall 

cell centroids to the wall (ξ). The wall shear stress increases by approximately 6% with 

changes from 0.56 mm to 0.45 mm and from 0.45 mm to 0.36 mm during the intake and 

fast expansion periods, but generally converges in the slow expansion phase. This 

increase occurs because, in near-wall cells early in a simulation with increased resolution, 

ξ decreases more than the velocity decreases. The heat fluxes (Figure 65c & d) increase 

up to 15% early in expansion because of the decrease in wall distance. However, the 

increased heat flux decreases temperatures near the wall more quickly, leading to an 

earlier peak for heat flux and the mean heat flux actually decreasing later in the cycle as 

L decreases in some cases. The mean change in heat flux for the diaphragm and chamber 

top for the 0.45 mm to 0.36 mm transition is less than 5%. These trends are repeated in 

the overall heat transfer, where the mean change in the latest grid refinement is also less 

than 5% but increases of up to 10% occur early in expansion. 

Table 29: Net Heat Transferred and Heat Transfer Coefficient 

in a Cycle for Varying Grid Resolutions 

Resolution Net Heat 

Transferred (J) 

Heat Transfer Coeff. 

(W/m
2
K) 

0.71 mm 10.4 104 

0.56 mm 10.7 110  

0.45 mm 10.8 113 

 

 The net heat transferred and time-averaged heat transfer coefficient (h) of each 

completed cycle are shown in Table 29. Because a resolution increase leads to both 

increases and decreases in the heat flux throughout the cycle, the change in net heat 



199 

 

transferred with resolution increases is not as high as the changes in heat flux: less than 

1% for the 0.56 mm to 0.45 mm transition.
36

 The changes to the time-averaged h are 

likewise smaller, although the decrease in the bulk ΔT value used to calculate h leads to 

an increase of 2% for the 0.56 mm to 0.45 mm transition.  

 On the basis of these differences, it was concluded in section 3.2.3.4 that the 

simulation presented in the body of the thesis (L = 0.45 mm) was not fully converged 

between grids, but that it was sufficiently converged in terms of cycle average heat 

transfer terms to give a useful comparison to the required heat transfer parameter 

calculations from the thermodynamic model in Chapter 2. 

M.2: Time Step 

 The choice of time step is related to the grid length scale. Grid deformation 

proved to be the primary limiting factor on time step size. In initial experimentation with 

compression cases, if the diaphragm motion in one time step was greater than the height 

of the cell perpendicular to the wall, a “negative volume” error occurred and FLUENT 

crashed. Partitioning the grid for multiple processor cores greatly aggravated the 

problem. Expansion cases rarely crashed with over-large time steps, but the time steps 

chosen for expansion (see Table 28) were limited out of concern that near-wall cells 

would become too distorted during mesh motion. This concern is what led to the decrease 

in the 0.36 mm grid's time step relative to the other cases shown.  

 A comparison study was done with the default case (0.45 mm) using a time step 

of 5×10
-5

 s. In the interests of time, this study was started at 0.0075 s (near the end of the 

                                                 
36

 The 0.45 mm to 0.36 mm change in heat transfer cannot be calculated because the 0.36 mm simulation is 

incomplete. 
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intake phase) using 0.45 mm data with a time step of 10
-4

 s. Similar tests at other 

resolutions have shown that the largest changes between time steps occur early in the fast 

expansion period, so it is reasonable to ignore the intake period. 

 The time step change produced a peak change of less than 5% in most of the 

variables monitored to ensure convergence. The mean air speed on the symmetry plane 

had local fluctuations of up to 16%, but these appeared to be settling issues associated 

with the abrupt end of the intake period. As is shown in Figure 66, these fluctuations 

settled quickly, and the mean change for the simulated period was less than 1.4%, so they 

were considered to not be an impediment to convergence. The largest mean difference is 

in the diaphragm heat flux, with an average change of 3.5% over the portion of the 

expansion phase simulated (as shown in Figure 67). The net effect on heat transfer was a 

mean change of 1.8%. Other variables from Table 27 changed less than 1% on average. 

None of these changes were sufficiently large to justify running at the smaller time step.  

 

Figure 66: Change in Symmetry Plane Air Speed with Varying Time Steps 
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Figure 67: Change in Diaphragm Heat Flux with Varying Time Steps 

M.3: Wall Functions 

 Near-wall modeling requires different equations than those given in section 

3.2.3.2 and Appendix L to account for boundary layer effects. FLUENT‟s standard wall 

function follows the traditional law-of-the-wall model, using Reynolds‟ analogy. The 

wall distance (ξ), velocity and temperature are all set in wall coordinates with a star 

superscript and defined as:
37

 

 ( 174) 

 ( 175) 

 ( 176) 

                                                 
37

Note that this nondimensionalization is different from the starred terms used in the conservation equations 

in section 3.2.3.2. 
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where ηw is the wall shear stress, q is the wall heat flux, and Tw is the wall temperature. 

For calculation purposes, the values ξ, u, T and other variables in the equation except ηw 

and q are calculated at the center of the grid cell (discretized volume) adjacent to the 

wall. The wall gradient variables, ηw and q, are calculated based on the estimated 

gradients from the wall function: 

  ( 177a, b) 

 The values of u
*
 and T

*
 as functions of ξ

*
 depend on whether the cell nearest the 

wall is considered to be within the laminar sublayer or the turbulent region of the 

boundary layer. The equations for each region are (neglecting insignificant 

compressibility terms): 

Laminar sublayer:   ( 178a,b) 

Fully turbulent:   ( 179a,b) 

The constant E is equal to 9.793 and κ is the von Karman constant, 0.41. The correction 

term P′ added to the turbulent T
*
 is defined as: 

 ( 180) 

for air of Pr = 0.74 and turbulent Prandtl number Prt = 0.85 used in this simulation. Any 

point ξ
*
 <11.225 is considered to be laminar for velocity purposes. The transition point 

for T
*
 is calculated based on the intersection of the turbulent and laminar curves 

calculated in ( 178b) and ( 179b) (which varies depending on the Prandtl numbers used). 

 FLUENT uses the following equations in calculations for k and ε in each grid cell 

next to the wall: 
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dk/dξ = 0 ( 181) 

 ( 182) 

 ( 183) 

 Plots of the velocity and temperature profiles are given in Figure 68. The 

transition to the fully turbulent region occurs at approximately the same ξ
*
 for 

temperature as for velocity. FLUENT recommends that ξ
*
 for each cell adjacent to the 

wall be greater than 30, and recommends strongly against having any cells with 5 <  ξ
*
 < 

30. This ξ
*
 range is called the buffer region, and it is where the transition occurs between 

the laminar sublayer and the fully turbulent regions. As such, neither the linear 

relationship between ξ
*
 and u

*
 nor the logarithmic relationship holds precisely, and 

predictions of wall shear stress will be inaccurate. Using the standard wall function 

within the laminar sublayer (ξ
*
 ≤ 5) avoids this inaccuracy, but is not recommended by 

FLUENT. The velocity plot in Figure 68 shows the recommended minimum ξ
*
 of 30 and 

the range of mean ξ
*
 values encountered in the simulations, 2 ≤ ξ

*
 ≤ 50. The mean values 

of the primary simulation (0.45 mm length scale) are mostly below FLUENT‟s 

recommended minimum. FLUENT does not specify its reasons for the minimum ξ
*
 

recommendation.  
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Figure 68: Velocity and Temperature Profiles as a Function of Wall Distance for the 

Standard Wall Function. FLUENT’s recommended minimum wall distance for the 

center of the grid cell nearest the wall, along with the range of wall distances 

observed during the simulation, are shown in the velocity plot. 

 For simulations that require ξ
*
 < 30 in their near-wall cells, FLUENT provides an 

enhanced wall function meant to be used with grids for which near-wall cells are within 

the laminar sublayer. The enhanced wall function uses a different scheme for 

nondimensionalizing its near-wall values of ξ, u and T, using the friction velocity uη: 
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 ( 184) 

 ( 185) 

 ( 186) 

 ( 187) 

As in the standard wall function, velocities and temperatures are defined for the two 

regions: 

Laminar sublayer:   ( 188a,b) 

Fully turbulent region:   ( 189a) 

   ( 189b) 

The turbulent velocity function includes a temperature correction factor, β, defined as: 

 ( 190) 

The correction was initially defined by White and Christoph (1971) and modified by 

Huang et al. (1993) using the Crocco assumption, which states that temperature can be 

represented as a function only of velocity in a laminar boundary layer (see Schlicting 

1968). White and Christoph apply this assumption to the turbulent law of the wall to 

correct for temperature change in transport properties due to heat flux, with the effects on 

the velocity wall function as sketched in Figure 69. The laminar and turbulent functions 

have the same form as those in the standard model (using + instead of * scaling) when β 

= 0.  
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Figure 69: Effect of Temperature Correction Factor β on Enhanced Wall Function 

Velocity Profile, adapted from White and Christoph (1971) 

 A blending scheme is used to transition between the laminar sublayer and the 

fully turbulent region. 

 ( 191) 

 ( 192) 

 ( 193) 
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 ( 194) 

The results of the blending scheme for u
+
 and T

+
 at a sample location from the 

simulations are shown in Figure 70. Data for turbulent external flows suggest that 

blending schemes can be more accurate than an abrupt transition (see Anderson et al. 

1975 and other examples in Kays et al. 2005). However, FLUENT recommends that the 

enhanced wall function be used primarily for grids with ξ
+
 ≤ 5 at the cell nearest the wall, 

which is below the blended buffer region and lower than many of the simulation ξ
+
 

values. 

 It is difficult to generically compare the velocity and temperature profiles for the 

standard and enhanced wall functions because FLUENT does not define exactly how it 

integrates the turbulent velocity equation, eqn. ( 189a). When that equation is integrated 

for nonzero β, the result is: 

 ( 195) 

where C is an unknown constant. White and Christoph (1971) specify a transition point in 

ξ
+
 coordinates; Huang et al. (1993) suggest two different correlations based on 

momentum thickness; and FLUENT does not specify which is implemented. Analysis of 

simulation data did not uncover a predictive trend.  
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Figure 70: Blending Scheme for u
+
 and T

+
 with the Enhanced Wall Function. 

FLUENT’s recommended minimum wall distance for the center of the grid cell 

nearest the wall, along with the range of wall distances observed during the 

simulation, are shown in the velocity plot. 

 The enhanced wall function uses the same calculation for k as the standard wall 

function (see eqns.( 181) and ( 182)), but it changes the calculations for ε and μt near the 

wall. It introduces a wall-affected layer based on a wall Reynolds number, Reξ: 

 ( 196) 
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For Reξ < 200, ε fits the following curve: 

 ( 197) 

For arbitrarily chosen constants, the trends in ε for the standard (Std) and enhanced wall 

functions (EW) for varying ξ and Cμ are shown in Figure 71. For low Cμ, the enhanced 

wall function leads to higher ε values near the wall. It should be noted that only the grid 

cell nearest to the wall of the standard wall function case is governed by these curves, and 

that the conservation equations may calculate some other value for ε in regions where the 

enhanced wall function case is still governed by near-wall calculations. 

 

Figure 71: Trends in ε Near the Wall for Standard and Enhanced Wall Functions 

with Varying ξ and Cμ. The standard wall function curves apply to the cell nearest 

the wall, while the enhanced wall function curves apply to all cells with Reξ < 200. 

The turbulent viscosity uses a blending function between the standard turbulent viscosity 

(from eqn. ( 169); here called μt,std) and a near-wall turbulent viscosity (μt,nw), defined as: 
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 ( 198) 

The turbulent viscosity is then calculated as: 

 ( 199) 

where Γμ is a function that transitions from 0 to 1 in the range 150 ≤ Reξ ≤ 250, with the 

sharpness of the transition chosen by FLUENT to manage a smooth transition. A plot of 

μt as a function of Reξ for varying ξ and Cμ is given in Figure 72. The turbulent viscosity  

 

Figure 72: Trends in μt Near the Wall for Standard and Enhanced Wall Functions 

with Varying ξ and Cμ with an Arbitrary, Sharp Transition in Enhanced Wall 

Functions. The standard wall function curves applies to the grid cell nearest the 

wall, while the enhanced wall function curves apply to all cells through the 

transition that occurs around Reξ = 200. 
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is lower at the wall and higher at the edge of the wall-affected region for the enhanced 

wall function over the standard wall function 

 Both standard and enhanced wall functions lack a time rate of pressure change 

term, a term which breaks down the Reynolds analogy that forms the correlation between 

velocity and temperature that is used in both of FLUENT‟s wall functions. This was 

discussed in section 3.2.3.3. 

 To allow for better comparison between the wall functions, a FLUENT simulation 

was run up to 0.0100 s using the standard wall functions. Then two separate simulations 

were run, using the two wall functions, for one time step of 0.0001 s, and the results were 

compared. This is referred to as the “1-Time-Step Test.” Table 30 gives the results of the 

test for a sample point adjacent to the diaphragm, with a ratio of the wall functions 

provided in the last column. The point is located at (10,40,0), against the top of the 

chamber, and is shown in a velocity vector plot in Figure 73. There were no changes in 

the temperature or velocity calculations, and only small changes for k and ε. However, 

the wall shear stress and heat flux increased by 40% for the enhanced wall function over 

the standard, and the turbulent viscosity, μt, decreased to 14% of that of the standard wall 

function. 

 The increases to the wall shear stress and heat flux can be understood through the 

velocity and temperature profiles in Figure 74 and Figure 75. Figure 74 shows velocity 

and temperature as a function of wall distance for a fixed wall shear stress and heat flux. 

The enhanced wall function presumes a slower growth in velocity away from the wall 

than does the standard wall function. Early in a simulation, however, the effects of the 
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Table 30: Results of 1-Time-Step Test for a Sample Point Adjacent to the Chamber 

Top. Location: (10,40,0) 

 Std EW EW/Std 

ΔT (K) 27.4 27.1 99% 

u (m/s) 1.47 1.47 100% 

ηw (Pa) 0.281 0.394 140% 

q (W/m
2
) 7078 9800 138% 

k (m
2
/s

2
) 0.186 0.183 98% 

ε (m2/s3) 335 353 105% 

μt (kg/m-s) 7*10
-5 

1×10
-5 

14% 

ξ (m) 9.4×10
-5

 

 

 

Figure 73: Location (10.40.0) Investigated for 1-Time-Step Test, shown in blue 

amidst velocity vectors adjacent to the chamber top 
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Figure 74: Comparison of Wall Function Velocity and Temperature Profiles with 

Wall Heat Flux and Shear Stress Fixed. 

wall function have not had time to propagate into the flow significantly, so values of 

velocity and temperature next to the wall are not initially changed by the different wall 

functions. Thus, the enhanced wall function will generate larger gradients at the wall than 

the standard wall function unless the nondimensional cell distance from the wall is very 

small (in the laminar sublayer, ξ+ < 5). The gradient changes can be seen in Figure 75. 
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Figure 75: Comparison of Wall Function Velocity and Temperature Profiles for 

Data in Table 30 (i.e., velocity and temperature fixed at ξ = 9.4×10
-5

 m). 

 The μt difference in the 1-Time-Step test occurs because the enhanced wall 

function is designed to model turbulent viscosity within the entire wall-affected region, 

rather than just in the cell next to the wall (as is the case with the standard wall function). 

Figure 76 shows μt for a series of cells extending away from the wall for both wall 

functions. The enhanced wall function generates a lower μt immediately next to the wall 

than does the standard wall function. Farther away from the wall, however, the enhanced 

wall function generates higher μt values than those naturally calculated by the 

conservation equations of k and ε (the method used by the standard wall function). 
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Figure 76: Turbulent Viscosity in the 1-Time-Step Test for Enhanced and Standard 

Wall Functions at Point (10,40,0) 

 In addition to the 1-Time-Step Test, full simulations were run comparing the 

standard and enhanced wall functions. Over time, the differences in wall gradients and 

turbulent viscosity led to differences in mean values for each simulation. Figure 77 shows 

the differences that developed in important mass-averaged quantities over the full 

expansion cycle, and Figure 79 does the same for shear stress and heat flux. Pressure was 

essentially unaffected by the wall function (Figure 77a), and the mean ΔT decreased by 

only 1.5% for the enhanced wall function over the standard as a result of the increased 

heat flux (Figure 77b). Overall, μt was higher for the enhanced wall function (Figure 77d) 

due to the calculated profile for μt for the wall-affected region seen in Figure 76. 

Combining μt with the initially higher shear stresses in the enhanced wall function case 

(Figure 79a), it is not surprising that the mean air speed decreased for that case  
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Figure 77: Wall Function Comparison, 0.45 mm Simulations: Mass-

Averaged Chamber Results 
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Figure 78: Dissipation in the 1-Time-Step Test for Enhanced and Standard Wall 

Functions at Point (10,40,0) 

(Figure 77c). Values of k are generally higher for the enhanced wall function than for the 

standard (Figure 77e), likely because higher μt generates more k for both wall functions. 

The decrease in ε for the enhanced wall function (Figure 77f), however, is difficult to 

explain because one would expect the higher values of ε at the wall shown in Figure 71 to 

lead to higher overall values for ε. Apparently, the calculated values for ε in the wall-

affected zone (Reξ < 200) for the enhanced wall function are lower than the values 

calculated by the conservation equations in that zone for the standard wall function, as 

can be seen in the near-wall data of Figure 78. 
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 The increases that occur in wall gradients when using enhanced wall functions 

instead of standard predominantly occur early in the simulations, as seen in Figure 79. As 

velocities in the chamber decrease, more near-wall cells fall into the laminar sublayer, the 

region where enhanced and standard wall functions behave similarly. Figure 79a 

illustrates this process for the wall shear stress, where an initial 32% difference at 0.0075 

s disappears by 0.0200 s. In the case of the chamber top (Figure 79d), the heat flux for the 

enhanced wall function case drops below that of the standard wall function case because 

Figure 79: Wall Function Comparisons, 0.45 mm Simulations: Energy and 

Wall Gradient-Related Results 
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the higher heat flux earlier in the simulation led to higher temperatures next to the wall 

(i.e., lower ΔT). Once the wall functions start behaving similarly, lower ΔT values lead to 

lower heat fluxes for the EW case. The heat fluxes across the diaphragm for the different 

wall functions (Figure 79c) converge more slowly because of the two differences with the 

chamber top: larger cells next to the diaphragm than the chamber top, and higher 

velocities late in the cycle next to the diaphragm than to the chamber top. Both of these 

differences mean that it takes longer for diaphragm cells to enter the laminar sublayer 

than for chamber top cells to do so. Overall, the heat flux changes lead to increases as 

high as 47% in the overall heat transfer during the fast expansion process (Figure 79b) for 

the enhanced wall function over the standard. The heat transfer for the enhanced wall 

function then converges with the heat transfer for the standard wall function 

approximately at the transition to the slow expansion and eventually drops as far as 7% 

below the standard wall function by the end of expansion. 

 Overall, the enhanced wall function seems preferable to the standard wall 

function. Part of this preference comes from a potentially misplaced trust in FLUENT‟s 

choices. One would hope that the Van Driest-style blend between the laminar sublayer 

and fully turbulent regions, functions accounting for variation in ε and μt in grid cells 

close to but not next to the wall, and the variation in properties based on temperature 

changes would lead to a more accurate simulation for ξ
+
 values in the laminar sublayer 

and buffer region than the standard wall function. However, the literature behind these 

changes has not been exhaustively evaluated. The other part of the preference is practical: 

the heat flux values calculated by the enhanced wall function seem to be converging to a 
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peak in the fast expansion period more quickly than those calculated by the standard wall 

function over the range of grid length scales tested. Thus, the enhanced wall function was 

used for the primary simulation. 

M.4: Grid Length Scale and Wall Function Trade-Offs  

 To summarize the results of this appendix, the simulation is converged with 

respect to the time step but not to the grid resolution. The changes in turbulence kinetic 

energy, dissipation and heat flux between the 0.45 mm and 0.36 mm simulations are 

greater than 10% early in the cycle as resolution increases. However, the net effect of 

grid length scale changes on the time-averaged h for a cycle is small, and future changes 

are not likely to produce effects different than those presented here, so it is reasonable to 

consider h to be converged. Finally, the enhanced wall function is preferred to the 

standard because of its more detailed modeling of the near-wall region and because its 

heat flux values appear to converge faster toward the expected heat flux spike early in the 

fast expansion period. 

 What grid length scale would be required for full convergence? In the limiting 

case of FLUENT‟s enhanced wall functions, the simulation should be converged once the 

nondimensional wall distance values approach ξ
+
 = 4. At that point, the blending 

functions cease to play a role and the wall heat flux is calculated assuming conduction. 

An estimate of the grid size required for ξ
+
 = 4 may be made, extrapolating using the 

current conditions that wall shear stress increases by 5% for every grid resolution 

improvement that halves the grid volume near the wall. These assumptions lead to an 

increase in the friction velocity of 3% coupled with a decrease of ξ by 20%, leading to a 
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multiplier of 82.4% to ξ
+
 for every grid resolution increase. This decrease can be seen in 

the average values of ξ
+
 given for the diaphragm and chamber top in Figure 65e & f.  The 

average value of ξ
+ 

on the diaphragm is 23.4 for the 0.36 mm grid at 0.0100 s, so it would 

take approximately 9 volume reductions to achieve ξ
+
 = 4, or a length scale of 0.048 mm. 

The chamber top would converge faster, as the average ξ
+
 there is 11.7. 

 The literature is dominated by results with length scales that, compared to this 

thesis, would be considered high. Most are on the scale of 1 mm in length (for examples, 

see Huh et al. 1990, Nijeweme et al. 2001, Chiu & Kuo 1995). Only Yang et al. (1988) 

attempted to model into the laminar sublayer (0.025 mm), and they did so with a one-

dimensional model while pointing out that it would be computationally infeasible to do in 

3-D. Despite increases in computational power since Yang et al., their prognosis remains 

correct. Works in the literature justify larger length scales by comparing their works to 

experimental results, although they occasionally discuss length scale and time step 

improvements as well. 

 Without a physical test to validate the model, it is difficult to tell how significant 

the lack of the pressure term is in FLUENT‟s wall functions. Still, the data in the current 

simulations are likely adequate for four reasons. First, they are run at much smaller grid 

length scales than the simulations of Huh et al. and Nijeweme et al., which decreases the 

dependency of the current simulations on its wall functions. The changes Nijeweme et al. 

observe when correcting their wall functions are similar to the changes observed as the 

resolution increases in the current simulations. Second, the current simulation is run at 

600 RPM, slower than the 2000 RPM example of Nijeweme et al. where an order-of-
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magnitude error was observed. Third, Huh et al.‟s (1990) analysis does assume that near-

wall convection and temperature change with time are insignificant compared to the rate 

of pressure change with time. The convection and temperature changes that actually 

occur should decrease the significance of the pressure change over time.  Finally, errors 

in the prediction of the peak heat flux have a limited effect on the cycle-average heat 

transfer coefficient, which is the primary quantitative result from the simulation. The 

slow expansion period makes the transient behavior in the fast expansion period less 

important. 

 But for investigating design changes through simulations, the 54 days required for 

a 0.45-mm grid expansion simulation (see Table 28) is a difficult hurdle. The 0.56-mm 

grid could also be used without significantly changing the average heat transfer 

characteristics, cutting the time in half to 27 days for expansion. Compression 

simulations would still take longer, however, due to the difficulties with negative volume 

discussed earlier. The fastest option would be to implement an improved wall function 

that would allow heat flux to converge at a larger length scale, as long as this can be done 

in a program with adequate control over tetrahedral grid deformation due to the moving 

diaphragm. 

 

Supplemental Nomenclature: 

a  Tetrahedron side length (Figure 62), m 

C  Constant (eqn. ( 195)) 

Cμ  Turbulence equation term  



223 

 

E  Constant, 9.793 

Gk  Generation term for turbulence kinetic energy, k 

L  Tetrahedron length scale (Figure 62), m 

P′  Thermal boundary layer correction term 

Reξ  Wall distance-based Reynolds number 

β  Temperature correction factor (eqn. ( 190)) 

Γ, ΓT, Γμ Blending functions for enhanced wall function 

κ  Von Karman constant, 0.41 

Superscripts 

*  nondimensionalization based on k
1/2

Cμ
1/4

 

+  nondimensionalization based on uη 

Subscripts 

lam  laminar 

turb  turbulent 

std  standard 

nw  near-wall 

Abbreviations 

EW  Enhanced wall function 

Std  Standard wall function 
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Appendix N: Lumped Model Details 

 As was discussed in section 3.4.2, a lumped model was created for the expansion 

case based on the first law of thermodynamics. Equations ( 65a,b,c) were integrated to 

allow discretization over time: 

 ( 200) 

Due to constant property assumptions, these integrals can be simplified to: 

   ( 201a,b,c) 

 With initial conditions, Ti and Pi, and curves for A and V as functions of time, 

results at time step i+1 can be calculated based on time step i as follows: 

 ( 202a) 

  ( 202b,c) 

The pressure Pi+1 can then be calculated using the ideal gas law. These equations assume 

that there is little change in the pressures and temperatures between times steps. As a 

check on this assumption, mean values of temperature and pressure (Ti+1/2 and Pi+1/2) were 

calculated for each time step: 

  ( 203a,b) 

The heat transfer and work equations ( 202b,c) were then recalculated using Ti+1/2 and 

Pi+1/2 instead of Ti and Pi. If the new values of Qi+1 and Wi+1 were more than 2% different 

from the old values, eqn. ( 202a) was recalculated with the new values of Qi+1 and Wi+1. 

This process was repeated until the values of Qi+1 and Wi+1 changed less than 2% when 

using Ti+1/2 and Pi+1/2.  
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Figure 80: Heat Transfer Comparison between the Lumped Model and the 

FLUENT Model for Various h Values 

 

Figure 81: Net Heat Transferred Comparison between the Lumped Model and the 

FLUENT Model for Various h Values 
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 For reference, the effect on the heat transfer and the net heat transferred of 

varying h from 40 to 200 W/m
2
K are given in Figure 80 and Figure 81. An h value of 90 

W/m
2
K in the lumped model would produce the same net heat transferred as the 

FLUENT simulation (which had an average h value of 113 W/m
2
K). 
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Appendix O: Adiabatic-Isothermal-Adiabatic Simulation Methods 

 As was discussed in section 2.2.2.2, the Adiabatic-Isothermal-Adiabatic (AIA) 

process for compression or expansion performs a set amount of work for a given pressure 

ratio in a shorter time than any other process if time is limited solely by heat transfer, 

subject to eqn.( 11): 

 

A method for simulating such a process in FLUENT is proposed in this appendix. This 

profile is sketched in Figure 82 as the ideal path. 

 The base AIA simulation cannot be fully automated using FLUENT‟s controls 

because the rate of volume change must be changed at certain temperatures and 

pressures. Rather, at certain points in the simulation called correction points, the program 

must be stopped and adjustments made to the volume change profile as discussed below. 

Thus, the final temperature results over time looks like the “simulated” path shown in 

Figure 82, with corrections at points 1, 2, 3, etc. 

 The process for controlling the simulation is shown in Figure 83. In the following 

descriptions, the subscript refers to the correction points shown in Figure 82, and is 

referred to generically by the letter i. Thus Pi is the pressure at point i, and t2 is the time at 

point 2. When calculating the period η or ratios like the pressure ratio rp between 

correction points,  

 ( 204) 

 
( 205) 
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Values covering the entire compression process use the subscript “tot”, and covering the 

entire isothermal process, “iso.” 

 

Figure 82: An Adiabatic-Isothermal-Adiabatic Cycle for Simulation in FLUENT. 

Both the ideal temperature fluctuations during the cycle and a sample path of 

expected temperature fluctuations during a numerical simulation of the process are 

shown. Numbered points are called “correction points,” where changes are made to 

keep the simulated path close to the ideal path, and k is the final point. Other points 

may be included between 4 and (k-1). 

  

0 

1 2 

3 

4 

k-1 

k 

τiso 

τ2 

τ1 
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Figure 83: Flow Chart for Controlling Adiabatic-Isothermal-Adiabatic Simulation. 

The simulation iterates through k correction points using the variable i.  

Estimate . 

Choose τi+1 as a period 

where  is a good 

approximation of .  

i = 1  

Complete initial 
calculations in eqns.  

( 206) - ( 213). 

Calculate Vi+1 from .   

Run simulation from Vi to 

Vi+1 using profile from 

eqn. ( 219).   

Is  

|T-Tiso|/(Tiso-T0) 

≤ 0.1 ? 
Yes 

No 

Reload an earlier time 

step and correct .   

i = i + 1 

Is  

Vi+1 < Vk-1 ? 

Is Vi+1 =  

Vk-1 ? 

END 

Change τi 

such that  

Vi+1 = Vk-1.   

No 

No 

Yes 

Yes 

Run simulation 

adiabatically until T1. 

START 

Run simulation 

adiabatically until Pk.   
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 To implement an AIA simulation, base calculations for the process must first be 

completed. These calculations require knowing Tk (i.e., Tend), which should be chosen for 

an appropriate efficiency value for rp,tot,c = 350.
38

 A target isothermal temperature Tiso can 

then be calculated using eqn. ( 11). Then, using ideal gas assumptions for the adiabatic 

parts of the process, 

 ( 206) 

 ( 207) 

 ( 208) 

 
( 209) 

 
( 210) 

 
( 211) 

From these equations, the volumes at the beginning and end of the isothermal portion can 

be defined. 

 
( 212a,b) 

 
( 213) 

                                                 
38

 The numerical value of k is unimportant, and depends on how many correction points are required for 

accuracy during the isothermal period of the simulation. It is used solely for designating the correction 

points at the end of the isothermal period (point k-1) and the end of the simulation (point k). 
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 In the main simulation presented in this thesis, the volume trajectory was 

specified before the simulation was performed. For an AIA simulation, however, the 

volume profile must be controlled to generate the isothermal phase of the process, so only 

an initial guess at the volume change profile can be made before the simulation. The 

initial and final adiabatic periods, τ1 and τk, must be set. They should be small (e.g., less 

than 5% of τiso, if any estimate of τiso can be made) because the AIA model assumes that 

adiabatic compression takes no time. During the first adiabatic phase, the volume should 

change linearly from V0 to V1 over time period τ1. If the bulk air temperature does not 

reach Tiso by V1, the volume should continue changing at the same rate until Tiso is 

achieved. In general, for linear volume change between points i and i+1, the volume is 

determined as follows: 

 ( 214) 

The simulation should be restarted with a shortened τ1 if simulation results show that 

 at any point exceeds some threshold (e.g., 10%). 

 The isothermal period is broken into multiple steps by the correction points from 

Figure 82 so that the volume trajectory can be corrected periodically to maintain 

isothermal compression or expansion. Suppose that the simulation has been completed to 

correction point i. Using the heat transfer rate data up until correction point i, an estimate 

of the heat transfer rate during the next step, , should be made. This estimate may 

vary linearly with time: 

 ( 215) 
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The estimate should be made for as long a simulation time as the user deems can be used 

without sacrificing accuracy. That simulation time becomes the period of the next step, 

ηi+1. The volume trajectory can then be calculated using the definition of isothermal work: 

 ( 216) 

Then, since  for an isothermal process, 

 ( 217) 

 ( 218) 

 ( 219) 

This calculation can be performed at the end of the first adiabatic period, V1, as well as at 

any correction point during the isothermal period. The temperature error in a calculation, 

Terr, is defined as 

 ( 220) 

If Terr exceeds 10% (or some other appropriate threshold), the calculations in eqns. ( 215) 

- ( 219) should be corrected and the simulation should be restarted from the last 

correction point. When the isothermal part of the simulation reaches Vk-1, the second 

adiabatic phase begins. It is controlled similarly to the first adiabatic phase and ends 

when P = rp,totP0. 

 Results from a partial simulation of an AIA compression process are presented 

below. Compression was used for the AIA simulation over expansion in the hope that the 

initial results of an AIA simulation with rp,c = 7 would be applicable to a simulation with 
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rp,c = 350 (which would require extremely fine mesh in FLUENT to avoid skewness 

problems in the corners of the computational domain). The simulation was designed with 

rTw,c = 1.31, leading to Tiso = 343 K. The simulation used a 0.71 mm length scale (see 

Table 28 in Appendix M), so this data is likely not converged by grid standards. The time 

step was 2.5×10
-5

 s during the first adiabatic period and 10
-4

 s during the isothermal 

period. Enhanced wall functions were used. The simulation was started at maximum 

volume (i.e., beginning of compression) with a still air initial condition (zero velocity), 

which ignores the important contributions generated by the flow from the intake period.  

 Figure 84 gives the results of the AIA compression simulation for as long as it 

was carried out. The changes in volume trajectory are difficult to see in the volume plot 

of Figure 84a but are very clear in the changes in boundary work rate shown in Figure 

84d. The pressure steadily increased (Figure 84b). The temperature was maintained at 

around 1.4 K above the target temperature of 343 K (Figure 84c). The heat transfer rate 

declined logarithmically (see Figure 84d), peaking at 204 W by the end of adiabatic 

compression but dropping to as low as 24 W by the time the simulation was halted at 

0.0896 s. The boundary work rate started in the 3400-6100 W range during adiabatic 

compression, but then dropped to track the heat transfer during the isothermal period. The 

tracking was rough after the first three correction points, when the heat transfer rate was 

dropping quickly and the author was uncertain as to how the heat transfer would change. 

The boundary work rate matched the heat transfer better after the fourth point, however. 

The heat transfer coefficient peaked at 188 W/m
2
K in the adiabatic period but dropped to 

20.6 W/m
2
K by the final time step (with continued decline anticipated). 
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Figure 84: Average Results from AIA Compression Simulation 
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 It must be emphasized that this data is likely not converged by grid resolution, 

may not be converged by time step, and neglected the intake period. All these make the 

results unreliable for anything besides a suggestion of what trends would occur in a fully 

converged simulation. Still, the results do show that the method presented in this 

appendix can be used to create an AIA compression process. 

 

Supplementary Nomenclature 

Terr  temperature error – equation ( 220) 

τ  cycle period 

Subscripts 

i correction point number 

k signifies the final point in the simulation 
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Appendix P: Conduction Modeling 

 Conduction can be used as a conservative estimate of the heat transfer that may 

occur in a compression chamber. A semi-infinite domain conduction model is discussed 

in this appendix. This model analyzes the heat transfer in a domain where it is assumed 

that there exists some point away from the boundary that is never affected by the heat 

flux at that boundary. The air in the diaphragm-bounded chamber of Figure 31 is 

modeled as a semi-infinite domain. Figure 85 shows the temperatures in the assumed 

domain. The air far away from the wall is assumed to be at Ta,∞, and wall temperature Tw 

is usually a boundary condition at the interface between the wall and the air. A double-

sided semi-infinite domain model is also briefly considered, however, that uses a wall 

temperature Tw,∞ far away from the boundary that is different from Tw. Air temperatures 

are calculated based on their distance ξ from the nearest interface, whether that interface 

is the chamber top or the diaphragm.  

 

Figure 85: Semi-Infinite Domain Layout 
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 For these calculations, certain assumptions about the processes that occur and the 

properties of air must be made. A three-stage open accumulator is used (i.e., rp,c = 7), and 

it is assumed that the initial temperature difference between Ta,∞  and Tw is caused by 

adiabatic compression or expansion through the entire pressure ratio immediately. Then 

the air (at 523 K in compression and 172 K in expansion) exchanges heat with the wall 

according to the semi-infinite domain model. The temperatures and pressures for 

expansion and compression, along with important air properties, are given in Table 31.
39

 

Table 31: Properties of Air for the Compression (C) and Expansion (E) Cases of a 

Three-Stage Open Accumulator 

 
1

st
 Stage 

E 

1
st
 Stage 

C 

2
nd

 Stage 

E 

2
nd

 Stage 

C 

3
rd

 Stage 

E 

3
rd

 Stage 

C 

Ta,∞ (K) 172 523 172 523 172 523 

P (kPa) 101 707 707 5000 5000 35000 

λ (W/m-K) 0.0159 0.0415 0.0163 0.0423 0.0216 0.0249 

ρ (kg/m
3
) 2.08 4.65 14.8 32.6 135 195 

cp (J/kg-K) 1010 1040 1060 1060 1700 1140 

cv (J/kg-K) 717 748 726 751 800 769 

α (10
-8 

m
2
/s) 761

 
853 105 121 9.62 8.56 

 

(J/m
2
Ks

1/2
) 

5.78 14.2 16.0 38.2 70.4 74.4 

 

 It is first useful to perform a double-sided semi-infinite domain analysis to 

determine an appropriate value for the interface temperature, Tw, based on expected 

temperatures for the air (Ta,∞) and the cooling water for the system (Tw,∞). Mills (1999) 

showed that Tw is constant for all time t > 0 using this double-sided model, constrained 

by the equation: 

                                                 
39

 All property values for air, aluminum and rubber in this appendix are taken from EES (2009). 
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 ( 221) 

Let the ratio in eqn. ( 221) be called Y for brevity. Then, with a little rearrangement, 

 ( 222) 

 ( 223) 

The ratio in eqn. ( 223) (called X for brevity) allows Tw to be expressed as a fraction of 

the difference between Tw,∞ and Ta,∞. Using the property values in Table 31 and Table 32, 

values of X are calculated Table 33. According to this model, Tw is less than 1% of 

 away from  for the aluminum case. For rubber materials (i.e., the 

diaphragm), Tw is within 3% of  for the lowest-pressure stage, but increases to 12% 

at high pressures. It seems reasonable to assume that Tw =  Tw,∞ for most cases, and this 

assumption will be made for the rest of the calculations. 

Table 32: Properties of Wall and Diaphragm Materials at Ambient Conditions 

Material λ (W/m-K) ρ (kg/m3) c (J/kg-K) 

Aluminum 236 2702 903 

Rubber 0.13 1100 2010 
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Table 33: Values of Ratio X from Eqn. ( 223) for Air in Contact with Aluminum and 

Rubber 

Material 
1

st
 Stage 

E 

1
st
 Stage 

C 

2
nd

 Stage 

E 

2
nd

 Stage 

C 

3
rd

 Stage 

E 

3
rd

 Stage 

C 

Aluminum 0.02% 0.06% 0.07% 0.16% 0.29% 0.31% 

Rubber 1.07% 2.57% 2.90% 6.66% 11.6% 12.2% 

 

 For a step change in Tw – Ta,∞, Mills (1999) showed that a nondimensional 

temperature difference θ can be defined using a similarity variable that combines wall 

distance, ξ, and time, t: 

 ( 224) 

where erf is the error function. The heat flux associated with this step change at the wall 

can be calculated: 

 ( 225) 

The properties of the air increase the heat flux in eqn. ( 225) as a function of (λρcp)
1/2

, 

values of which are given in Table 31. These values suggest that there could be an 

increase in heat flux of 5-13 times between the lowest-pressure stage and the highest-

pressure stage, and that compression will have higher heat flux values than expansion.
40

 

This would offset somewhat the decrease in the surface area-to-volume ratio, A/V, noted 

in the thermodynamic model. 

                                                 
40

 Compression should also have higher heat flux values than expansion because of the larger temperature 

differences generated when rT,c = 1/rT,e. 
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 An estimate of the heat transfer that would occur was made using the FLUENT 

simulation expansion chamber in Figure 33. It was assumed that an adiabatic step change 

in volume had occurred initially, leading to the temperature step discussed with the first 

stage of expansion in Table 31. Heat transfer was then allowed to occur for a period of 

0.05 s. The heat flux calculated from this model is compared in Figure 86 with the heat 

flux of the chamber top from the FLUENT model, with both models using the start of 

expansion as t = 0. The conduction result is generally 50-60% of the FLUENT result. 

 

Figure 86: Heat Flux Comparison between Conduction Model and FLUENT Model 

 When calculating heat transfer rates, however, one additional factor was added to 

the calculation. The semi-infinite domain model overpredicts the heat flux when the 

temperature far away from the wall is no longer at Ta,∞. To avoid this problem, a thermal 

boundary layer for the chamber, δ, was calculated. It was assumed that regions where the 
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thermal boundary layers of the chamber top and diaphragm touched should produce less 

heat transfer. To keep the calculations simple, an effective chamber radius was calculated 

based on the point where Δz, the vertical distance between the chamber top and the 

diaphragm, was less than 2δ (see Figure 85), and surface area outside this effective radius 

was assumed to have zero heat flux. The boundary layer thickness, δ, was defined to be 

the distance at which θ = 90%; that is, where the temperature of the air had shifted 10% 

of the difference from Ta,∞ to Tw,∞. This calculation led to a 5% decrease in Aeff over the 

time of the calculation. The effect on the heat transfer is minimal, as is shown in Figure 

87. 

 

Figure 87: Heat Transfer Comparison between Conduction Model and FLUENT 

Model 
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 Superposition can be used to combine step inputs into any desired temperature 

change case. Mills (1999) also provided a solution for a periodically changing Tw, which 

could be useful for modeling a chamber with a sinusoidal volume trajectory. 

 

Supplementary Nomenclature: 

Aeff  effective area, m
2
 

α  thermal diffusivity, λ/ρcp, m
2
/s 

δ  thermal boundary layer thickness, m 

X,Y  ratios defined in eqns. ( 221) and ( 223) 

Δz  vertical distance between chamber top and diaphragm, m 

Subscripts 

∞  At a distance far away from the wall-air interface 
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Appendix Q: FLUENT Settings for Simulations 

The FLUENT settings for the four grid scale simulations listed in Appendix M are given 

below. The simulation presented in the body of the thesis is the 0.448 mm length scale 

simulation (dyn08k_nwt). 

 

 



244 

 

 

 


