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Abstract

Two-phase flows are ubiquitous, from natural and domestic environments to in-

dustrial settings. However, due to their complexity, modeling these fluid systems

remains a challenge from both the perspective of fundamental questions on the dy-

namics of an individual, smooth interface, and the perspective of integral analyses,

which involve averaging of the conservation laws over large domains, thereby missing

local details of the flow. In this work, we consider a set of five problems concerning

the linear and non-linear dynamics of an interface or free surface and the study of

cavitation inception. Analyses are carried out by assuming the fluid motion to be

irrotational, that is, with zero vorticity, and the fluids to be viscous, although results

from rotational analyses are presented for the purpose of comparison.

The problems considered here are the following: First, we analyze the non-linear

deformation and break-up of a bubble or drop immersed in a uniaxial extensional

flow of an incompressible viscous fluid. The method of viscous potential flow, in

which the flow field is irrotational and viscosity enters through the balance of normal

stresses at the interface, is used in the analysis. The governing equations are solved

numerically to track the motion of the interface by coupling a boundary element

method with a time-integration routine. When break-up occurs, the break-up time

computed here is compared with results obtained elsewhere from numerical simula-

tions of the Navier–Stokes equations, which thus keeps vorticity in the analysis, for

several combinations of the relevant dimensionless parameters of the problem. For

the bubble, for Weber numbers 3 ⩽𝑊𝑒 ⩽ 6, predictions from viscous potential flow

shows good agreement with the results from the Navier–Stokes equations for the

bubble break-up time, whereas for larger 𝑊𝑒, the former underpredicts the results

given by the latter. Including viscosity increases the break-up time with respect to

the inviscid case. For the drop, as expected, increasing the viscous effects of the

irrotational motion produces large, elongated drops that take longer to break up in

comparison with results for inviscid fluids. In the second problem, we compute the

force acting on a spherical bubble of variable radius moving within a liquid with an
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outer spherical boundary. Viscous potential flow and the dissipation method, which

is another purely irrotational approach stemming from the mechanical energy equa-

tion, are both systematically implemented. This exposes the role of the choice of

the outer boundary condition for the stress on the drag, an issue not explained

in the literature known to us. By means of the well-known “cell-model” analysis,

the results for the drag are then applied to the case of a swarm of rising bubbles

having a certain void fraction. Computations from the dissipation method for the

drag coefficient and rise velocity for a bubble swarm agree with numerical solutions;

evaluation against experimental data for high Reynolds and low Weber numbers

shows that all the models considered, including those given in the literature, over-

predict the bubble swarm rise velocity. In the next two problems, we apply the

analysis of viscous potential flow and the dissipation method to study the linear

dynamics of waves of “small” amplitude acting either on a plane or on a spherical

interface separating a liquid from a dynamically inactive fluid. It is shown that the

viscous irrational theories exhibit the features of the wave dynamics by comparing

with the exact solution. The range of parameters for which good agreement with

the exact solution exists is presented. The general trend shows that for long waves

the dissipation method results in the best approximation, whereas for short waves,

even for very viscous liquids, viscous potential flow demonstrates better agreement.

Finally, the problem of cavitation inception for the flow of a viscous liquid past a

stationary sphere is studied by means of the theory of stress-induced cavitation.

The flow field for a single phase needed in the analysis is found from three different

methods, namely, the numerical solution of the Navier–Stokes equations, the irro-

tational motion of a viscous fluid, and, in the limit of no inertia, the Stokes flow

formulation. The new predictions are then compared with those obtained from the

classical pressure criterion. The main finding is that at a fixed cavitation number

more viscous liquids are at greater risk to cavitation.
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Chapter 1

Introduction

The motion of two-phase systems in which both phases are immiscible fluids occurs

in a wide variety of contexts, from natural and every day, domestic environments,

to the industrial scale, as in the cases of chemical, oil and gas, and nuclear applica-

tions. Two-phase flows have been the subject of abundant research from both the

theoretical and experimental sides over the years. One of the reasons for which this

topic has received so much attention is the complexity associated with the model-

ing of the dynamics of such fluid systems. This difficulty comes not only from the

fact that the numbers of parameters and unknowns describing the motion of each

phase duplicates because another phase is present, but chiefly because the position

of the interface being shared by the two fluids has to be determined as part of the

solution and is usually time-dependent. In two-phase systems, the interface may be

well defined and continuous, as in the case of separated or stratified flows, or may

be diffused, as in the case of bubbly flows. In this work we are interested, for the

most part, in the analysis of two-fluid systems sharing a well-defined interface. We

consider several problems as listed below. We rely on both analytical and numerical

methods to carry out the study. Our main working assumption is that the fluids

are viscous and their motion is irrotational. A fluid element along its trajectory

can simultaneously undergo translation, stretching and compression due to normal

stresses, tilting due to shear, and solid-body-like rotation about an axis passing

through its center of mass. The vorticity is a vector field that quantifies the local

angular velocity of a fluid element. The term “irrotational” is used to described the

flow of fluid elements that do not locally rotate as they deform, that is, a flow for

which the vorticity is zero everywhere. Irrotational or nearly irrotational flows exist

in fluid regions outside boundary or shear layers and wakes. Mathematically, irro-

tational motions are of great interest because their treatment is possible by means

1
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of the potential theory, an elegant body of work that has been developed for more

than two centuries. Hence, irrotational flows are also known as potential flows.

In the vast majority of analyses conducted with potential flow, the fluids have

been considered inviscid. This is because a motion that starts from an irrotational

initial state remains as such as time passes for an inviscid fluid, provided the density

is a constant or the pressure is a sole function of the density, and that the body forces

are conservative, as stated by Kelvin’s theorem. On the other hand, in the flow of

viscous fluids with a zero-vorticity initial condition, vorticity may be generated at

boundaries and interfaces as a result of the no-slip condition. However, even in this

context, purely irrotational theories have been able to successfully approximate the

fluid dynamics of viscous fluids in various problems, describing its relevant features,

not only for Newtonian fluids but also for non-Newtonian ones. The idea of analyzing

the motion of viscous fluids with potential flow seems to have been introduced by

Stokes (1851) in his work on the attenuation of small-amplitude waves on a gas-

liquid interface by the energy viscous dissipation. Examples of analyses for which

only the viscous effects of the irrotational motion are retained include instabilities

of the Rayleigh-Taylor, Kelvin-Helmholtz and capillary type, decay of waves on

the surface of planar free surfaces, decay of the oscillations on the surface of drops

and bubbles, Faraday waves, flow-induced arrays of particles, drag on a translating

bubble, and boundary-layer analysis for flow past rigid objects. These results and a

few others have been collected in the treatise by Joseph, Funada, and Wang (2007)

and references therein.

This thesis comprises the study of five problems. Each problem is considered in

a separate chapter. Literature surveys pertinent to each problem are included in

the corresponding chapter. The objectives sought in the investigation, the manner

in which this thesis is organized and a brief account of each problem are given in

what follows.

Objectives

In this work we focus on the analysis of a set of problems in the fluid mechanics of

two-phase fluids. For this set of problems, the following objectives are listed:

∙ Model the non-linear (large) deformation of an interface including the vis-

cous effects of the irrotational motion and surface tension using the boundary

element method for the case of a bubble or drop immersed in a uniaxial exten-

sional flow. Compare predictions for the break-up time with those obtained

from solutions of the equations of motion retaining rotational effects (Chapter

2).
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∙ Compute the force acting on a spherical bubble with a time-dependent radius

translating in a liquid bounded externally by a spherical surface of variable

radius using two approaches, namely, viscous potential flow and the dissipation

method. Use this result and the so-called “cell-model” analysis to write the

expressions for the drag force experienced by a bubble moving within a dilute

swarm of bubbles with the same void fraction as the cell (already presented

in the literature), elucidating the role of the choice of the outer boundary

condition (not discussed in the literature). Compare the predictions from

these formulas with predictions from other models, numerical analysis and

experimental measurements (Chapter 3).

∙ Model viscous effects in the dynamics of “small” waves acting on a plane

(Chapter 4) or spherical free surface (Chapter 5) using viscous potential flow

and the dissipation method. Discuss the performance of the irrotational meth-

ods in comparison with the exact solutions available from the literature.

∙ Use the maximum tension criterion to predict the regions of the fluid domain

at most risk to cavitation for viscous flow past a sphere, allowing vorticity

in the analysis. Compare these new predictions with those from the classic

pressure criterion, viscous potential flow and, when inertia is negligible, the

slow-flow approximation (Chapter 6).

A brief description of each of the problems considered is given in what follows.

Content and organization

The first problem, which is considered in Chapter 2, concerns the deformation of

a bubble or drop in an axially symmetric straining flow. The modeling of the dy-

namics on both sides of the interface assumes the motion of the viscous fluids to

be irrotational. Both the fluid filling the bubble or drop and the surrounding fluid

are incompressible. In this approach, viscosity enters the analysis through the bal-

ance of normal stresses at the interface with the stress due to surface tension. The

tracking of the interface motion is achieved by integration of the set of differential

equations furnished by the conservation of linear momentum and kinematic condi-

tions, coupled with a boundary element method formulated over the interface as a

result of conservation of mass. This methodology is thus employed to investigate

the influence of a finite Reynolds number on the time evolution, up to break-up, of

the drop or bubble for various Weber numbers. Our main interest is to compare the

numerical results obtained here from viscous potential flow with results presented
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in the literature from the numerical solution of the incompressible Navier–Stokes

equations, which allows vorticity.

In Chapter 3 we examine the dynamics of a viscous incompressible fluid with

an outer spherical boundary surrounding a spherical bubble in rectilinear motion

simultaneously experiencing volume changes. Two purely irrotational methods of

analysis are used, namely, viscous potential flow and the dissipation method. The

forces that the liquid produces on the bubble and on the outer spherical boundary

of the liquid are determined from these two approaches at the instant when the

bubble is concentric with the outer surface. Viscous potential flow involves surface

integration of the irrotational normal stress; the dissipation method stems from the

mechanical energy balance, including the dissipation integral, evaluated in potential

flow. In the inner boundary, zero tangential stress is enforced. Two choices for the

tangential stress condition on the outer boundary are considered: Zero tangential

stress or irrotational tangential stress. In a sense, this is an extension to include

viscous effects of the inviscid analysis by Sherwood (1999). To the added-mass

forces associated with the bubble acceleration and rate of change of the bubble

radius determined by Sherwood, a viscous contribution is added here that depends

upon the instantaneous bubble velocity and the inner and outer instantaneous radii

of the bubble-liquid cell. If the inner and outer radii are held fixed, results from the

cell model may be used to approximate the drag on a bubble moving in a bubbly

flow with the same volume fraction as the cell. The analysis yields two results for

the viscous drag on the bubble contingent on the boundary condition applied on

the outer sphere. These formulas have been presented in the literature, although

regarded as contradictories. By emphasizing the role of the tangential stress on

the outer boundary, it is shown that both results are valid as they depend on the

choice of the outer dynamic boundary condition. These results agree to first order

in the volume fraction. The terminal rise velocity of a bubble swarm is derived

using the drag from the viscous irrotational theories. We close this chapter with the

comparison of the results for the drag coefficient and bubble rise velocity obtained

here with other theoretical results, as well as data from numerical simulations and

experiments, with emphasis in the regime of high Reynolds and low Weber numbers.

For the bubble swarm rise velocity, we concluded that the models over-predicts the

experimental data; among the models derived in this work, the dissipation method

with and irrotational-tengential-stress external boundary condition renders the least

discrepancies, and is second to the model by Spelt and Sangani (1998). For the drag

coefficient and the bubble swarm rise velocity, the models presented here agree with

results from numerical simulations.
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In Chapter 4, we model the effect of viscosity on the decay and oscillation of

capillary-gravity waves by means of two purely irrotational theories of the flow of

a viscous fluid, namely, viscous potential flow and the dissipation method. The

phenomenon is set by small two-dimensional periodic perturbations of the infinite

planar free-surface of a liquid below a passive ambient fluid. The instantaneous

velocity field in the viscous liquid is assumed to be irrotational in the modeling.

In particular, the dissipation approximation used in this analysis gives rise to a

viscous correction of the frequency of the oscillations which was not obtained in

the well-known dissipation calculation carried out by Lamb (1932). Moreover, our

dissipation method goes beyond Lamb’s in the sense that it yields an eigenvalue

relation valid for the entire continuous spectrum of wave numbers. Comparisons

are presented between the purely irrotational theories and Lamb’s solution of the

linearized Navier–Stokes equations, showing good to reasonable agreement for long,

progressive waves and for short, standing waves, even for very viscous liquids. The

performance of the irrotational approximations deteriorates within an interval of

wave-numbers containing the cut-off where traveling waves become standing ones.

In Chapter 5, the same viscous irrotational theories used in the previous chapter

are now applied to the analysis of the linear dynamics of small perturbations on

the surface of a sphere instead of a plane. We treat the problem of the decay

of small disturbances on a viscous drop surrounded by gas of negligible density

and viscosity and a bubble immersed in a viscous liquid. The results show that

the viscous irrotational theories exhibit most of the features of the wave dynamics

described by the exact solution. In particular, the viscous irrotational theories

give rise to a viscous correction for the frequency that determines the crossover

from oscillatory to monotonically decaying waves. Good to reasonable quantitative

agreement with the exact solution is also shown for certain ranges of modes and

dimensionless viscosity: For large viscosity and short waves, viscous potential flow

is a very good approximation to the exact solution. For “small” viscosity and long

waves, the dissipation method furnishes the best approximation.

Finally, in Chapter 6 we consider the phenomenon of cavitation, a problem that

has drawn the attention of researchers over many years and has important impli-

cations in industry. A cavitation event can be defined as the formation, expansion

and collapse of a cavity or void in a liquid. Specifically, the problem of cavitation

of a viscous liquid in the streaming flow past a stationary sphere is studied in this

chapter by applying the theory of stress-induced cavitation. This theory is a revi-

sion of the pressure theory which states that a flowing liquid will cavitate when and

where the pressure drops below a cavitation threshold, or breaking strength, of the
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liquid. In the theory of stress-induced cavitation, the liquid will cavitate when and

where the maximum tensile stress exceeds the breaking strength of the liquid. For

example, liquids at atmospheric pressure which cannot withstand tension will cavi-

tate when and where additive tensile stresses due to motion exceed one atmosphere.

A cavity will open in the direction of the maximum tensile stress, which is 45𝑜 from

the plane of shearing in pure shear of a Newtonian fluid. Flow of a single phase

(liquid) is considered in the analysis. Therefore, the only boundary in the problem

is the surface of the solid sphere. The treatment of this problem differs from those

in the previous chapters in that the core of the results are obtained without ne-

glecting the vorticity by solving the incompressible Navier–Stokes equations using a

commercial solver. In addition, an analytical solution for the flow is obtained in the

limit of zero Reynolds number. In both analyses, non-slip is enforced at the sphere’s

surface. For comparison, results from viscous potential flow are also included. The

analysis leads to a dimensionless expression for the maximum tensile stress as a

function of position which depends on the cavitation and Reynolds numbers. The

main conclusion is that, at a fixed cavitation number, the extent of the region of flow

at risk to cavitation increases as the Reynolds number decreases. This prediction

that more viscous liquids at a fixed cavitation number are at greater risk of cavi-

tation seems not to be addressed, affirmed nor denied, in the cavitation literature

known to us. Our study on stress-induced cavitation describes a novel application

of the maximum-tensile-stress criterion to predict the onset of cavitation not only

for viscous potential flow but also for flows with non-zero vorticity, whose governing

equations can be solved by commercial software available to the industry.

1.1 Interfacial potential flow of viscous fluids

In the motion of two immiscible fluids sharing a common interface, it is quite frequent

to encounter a flow field in which vorticity is restrited to narrow layers neighboring

the interface; beyond this region, the flow is nearly irrotational. At the interface,

no-slip requires that the tangential velocities of both fluids be continuous and, if

Marangoni stresses∗ are insignificant, as in the case of uniform surface tension over

the interface, the tangential stresses must also match. The presence of vorticity

layers assures the continuity of the tangential components of velocity and stress. In

addition to these constraints, along the direction normal to the interface, the velocity

components must also be continuous whereas normal stresses are not, in general, and

its jump across the interface must be balanced by surface tension forces associated

∗Stresses originated by gradients of surface tension.
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with the local curvature. If the flow motion is assumed to be purely irrotational, the

interfacial conditions must be relaxed because continuity of tangential components

of velocity and stress cannot be satisfied. A rotational† flow field would have to

be added to the irrotational one for the actual flow field to satisfy these matching

conditions at the interface. Nevertheless, in the purely irrotational approximation,

continuity of normal velocities and the balance of normal stresses can be enforced. In

solid boundaries, the normal velocity of the fluid must match the normal component

of the velocity of the solid and slip occurs in the tangential direction.

The theoretical aspects in the analysis of the irrotational flow of viscous fluids

are founded in the well-developed or “mature” mathematical theory of potentials.

The reason being that for an irrotational flow field the velocity vector is curl-free

(i.e. vorticity is identically zero); therefore, the velocity can be expressed as the

gradient of a scalar field or potential that, by virtue of mass conservation, turns out

to be harmonic. To find the potential, Laplace’s equation must be solved subject to

boundary conditions of the type described above, which are projections along the

normal direction at points on the boundary. Boundary conditions on the velocity,

that is, specification of the normal velocity component or of the potential itself (e.g.,

in the far field for unbounded domains), are sufficient to determine the velocity field

everywhere, and stresses, including the pressure, can be computed a posteriori using

the statement of momentum balance. In problems of interfacial flow in which the

position of the interface is unknown, the dynamical interfacial constraint given by

the balance of normal stresses is also necessary. This is exemplified by the problem

studied in Chapter 2.

For an incompressible Newtonian fluid the constitutive equation for the stress

tensor is

T = −𝑝1+ 2𝜇D, (1.1)

with the strain-rate tensor

D =
1

2

[∇u+ (∇u)𝑇
]
. (1.2)

where u is the velocity field, 𝑝 is the pressure and 𝜇 is the dynamic viscosity.

With the stress-strain-rate relation (1.1), conservation of linear momentum for

a fluid particle in an incompressible Newtonian fluid of density 𝜌 leads to the in-

compressible Navier–Stokes equations

𝜌

(
∂u

∂𝑡
+ u ⋅ ∇u

)
= −∇𝑝+ 𝜇∇2u, (1.3)

†Vorticity is not zero, as opposed to “irrotational” flows.
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with

∇ ⋅ u = 0. (1.4)

Consider now the motion of two immiscible incompressible Newtonian fluids that

share a common smooth interface 𝒮. Each fluid occupies a domain that may be

bounded or may extend with no boundaries (other than the interface). We assume

that the velocity of the fluid is equal to the (known) velocity on those boundaries

or is given in the far field of an unbounded domain. Let ℱ(x(𝑡), 𝑡) = 0 define the

position of the points of the interface x(𝑡) for all times. Thus, the unit vector normal

to the interface is n = ∇ℱ/∣∇ℱ∣ where ℱ is such that n points from fluid 1 to fluid

2. Differentiation of ℱ with respect to time yields the kinematic condition

∂ℱ
∂𝑡

+ u𝒮 ⋅ ∇ℱ =
∂ℱ
∂𝑡

+ u𝒮 ⋅ n∣∇ℱ∣ = 0 (1.5)

where u𝒮 refers to the velocity of the interface 𝒮 at point x. If no mass transfers

across the interface u𝒮 ⋅ n = u𝑗 ⋅ n for 𝑗 = 1, 2 (Joseph and Renardy, 1993), and we

have continuity of the normal component of velocity

u1 ⋅ n = u2 ⋅ n. (1.6)

By this equality and the definition of n in terms of ℱ , we can replace u𝒮 ⋅ n with

u𝑗 ⋅n in (1.5), the tangential component of u𝒮 being irrelevant (Joseph et al., 2007).

If the surface tension is a constant coefficient 𝛾 over the extension of the interface,

the balance of normal stresses at the interface is

n ⋅T1 ⋅ n− n ⋅T2 ⋅ n = 𝛾∇∥ ⋅ n, (1.7)

where the stress tensor is given by (1.1). The surface gradient operator is ∇∥ =

∇ − n(n ⋅ ∇)‡ and −∇∥ ⋅ n = 2𝜅 is twice the mean curvature at a given point on

the interface, that is, the sum of the reciprocal of the principal radii of curvature

for that point (Joseph and Renardy, 1993).

With a vector t such that t ⋅ n = 0, continuity of the tangential component of

velocity and stress at the interface may be written as

u1 ⋅ t = u2 ⋅ t, n ⋅T1 ⋅ t = n ⋅T2 ⋅ t, (1.8)

where the latter holds because surface tension is assumed to be constant.

Let us now constrain the flow to be irrotational, hence ∇× u = 0 as mentioned

‡Notice that ∇∥ ⋅ n = ∇ ⋅ n because n ⋅ (n ⋅ ∇n) = n ⋅ ∇∣n∣2/2 = 0.
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above and we can write

u = ∇𝜙, (1.9)

where 𝜙 is the velocity potential. By the incompressibility constraint, the velocity

field is solenoidal (divergence-free) and the potential is thus harmonic as it satisfies

Laplace’s equation. For an irrotational velocity field, the velocity gradient ∇u is

symmetric and, by virtue of (1.2), the stress tensor becomes

T = −𝑝1+ 2𝜇∇⊗∇𝜙. (1.10)

For irrotational flows, the viscous term in the Navier–Stokes equations (1.3)

vanishes identically because

𝜇∇2u = 𝜇∇∇2𝜙 = 0,

leading to Euler’s equations. With u = ∇𝜙, these equations can be integrated

resulting in Bernoulli’s equation

∂𝜙

∂𝑡
+
𝑝

𝜌
+

∣u∣2
2

= 𝐶(𝑡). (1.11)

The function of time 𝐶(𝑡) can be put together with the potential and the right-hand

side of (1.11) can be set to zero with no loss of generality.

Continuity of the normal velocity component requires simply that

n ⋅ ∇𝜙1 = n ⋅ ∇𝜙2. (1.12)

and substitution of (1.10) into the normal stress balance statement (1.7) leads to

(−𝑝1 + n ⋅ 2𝜇1∇⊗∇𝜙1 ⋅ n)− (−𝑝2 + n ⋅ 2𝜇2∇⊗∇𝜙2 ⋅ n) = 𝛾∇∥ ⋅ n, (1.13)

with no conditions imposed for the tangential components of velocity and stress for

fluids 1 and 2 at the interface.

Finally, it should be mentioned that if the material density and viscosity of one of

the fluids are neglected, the interface becomes a free surface, and rotational motions

are subjected to a zero tangential stresses boundary condition. Purely irrotational

motions, on the other hand, cannot satisfy this condition as the viscous irrotational

stress at the interface on the side of the fluid does not vanish, in general.
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Viscous potential flow versus the dissipation method

In the irrotational analysis encompassing expressions (1.10) to (1.13), the viscosity

of the fluids enters the analysis only through the balance of normal stresses given by

the latter. This formulation, labeled as viscous potential flow, is “the natural and

obvious way to express the equations of balance when the flow is irrotational and

the fluid viscous” (Joseph, Funada, and Wang, 2007).

Viscous potential flow is not the only purely irrotational theory considered in

this work. The dissipation method is another approach based upon the irrotational

solution of the flow field that can be used to model interfacial phenomena. The dis-

sipation method can be traced back to the works of Stokes (1851) and later of Lamb

(1932), the former on the estimation of the decay rate of small waves on otherwise

planar interfaces and, the latter on the attenuation of the oscillations of drops and

bubbles about the spherical form. The working equation for the dissipation approx-

imations is the mechanical energy equation, which is obtained by taking the inner or

“dot” product of the incompressible Navier–Stokes equation (1.3) with the velocity

vector—in the case of a Newtonian incompressible fluid—and then integrate it over

the volume of the entire fluid region. After applying the divergence theorem, one

is left with a balance involving the rate of change of the kinetic energy, the viscous

energy dissipation and the power of the stresses acting on the boundaries, where

the boundary conditions of the type satisfied by a Navier–Stokes motion can be

enforced. In the case of an interface shared by two fluids, the mechanical energy

equations written for each of them can be added and constraints (1.6) through (1.8)

for the continuity of normal and tangential velocities and tangential stresses, and for

the balance of normal stresses can be applied. Then, the remaining surface integrals

as well as the volume integrals for the kinetic energy and viscous dissipation are

evaluated using the potential flow solution. This is the key feature of the method.

It is an ad hoc approximation, and one may expect it to work if the regions of vor-

ticity are narrow layers such as, for instance, shear layers at an interface, and thus

the velocity field is nearly irrotational in most of the fluid domain. The dissipation

method is implemented in chapters 3, 4 and 5 of this work; there, the mathematical

description adapted to each particular application is presented in detail.

As shown above, the theory of viscous potential flow does not arise from en-

ergy arguments, whereas the dissipation method does rely on them. Therefore, the

outcomes from these two irrotational theories will be different, in general.



Chapter 2

Viscous irrotational analysis of

the deformation and break-up

time of a bubble or drop in

uniaxial straining flow

The large deformation of a bubble or drop initially spherical driven by an axially

symmetric straining motion is studied in this chapter. Both the fluid within the

bubble or drop and the exterior fluid are considered incompressible. The initial

shape of the bubble o drop is spherical. The motion is assumed to be irrotational

but the viscosity of both fluids is finite and non-zero. Viscous effects enter the

analysis through the balance of normal stresses at the interface. The evolution of

the interface is tracked by numerical integration of the equations of momentum

conservation, which must be coupled with a boundary integral equation that results

from the statement of mass conservation.

2.1 Introduction

2.1.1 Motivation – A simple model for bubble and drop turbulent

break-up

The break-up of bubbles and drops by a turbulent immiscible flow plays a key role

in transfer phenomena occurring in engineering applications and natural settings.

The rate of mass, heat and momentum transfer between a dispersed phase and

a continuous phase strongly depends on the existing contact or interfacial area,

11
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which in turn is determined by the deformation and break-up of the fluid particles.

For instance, this is of paramount importance for the performance of gas-liquid

and liquid-liquid chemical reactors and separators. Also, the exchange of carbon

dioxide, water vapor and other species between the oceans and the atmosphere,

which has large-scale environmental implications, is known to be associated with

the bubble size distribution resulting from interaction of the turbulence within the

bulk of the water with the air entrained by the dynamics of sea waves (Melville,

1996; Mart́ınez-Bazán, Montañes, and Lasheras, 1999a,b, and references therein).

Therefore, an understanding of the mechanism of turbulent break-up of bubbles or

drops has been central to developing predictive models applicable to these and many

other processes. In particular, the particle break-up time is an essential parameter

in the description of these phenomena.

After the pioneering works of Kolmogorov (1949) and later of Hinze (1955), it

has been established that turbulent break-up of a fluid particle result as a con-

sequence of the overcoming of the shape-preserving surface tension forces by the

pressure fluctuations acting on the particle. Moreover, it has been ascertained that

characterizing the local turbulent fluid dynamics prevailing around the bubble or

drop suffices to describe the changes in its morphology. Another break-up mecha-

nism, first described by Risso and Fabre (1998) and known as subcritical break-up,

in opposition to the supercritical mechanism just presented, consists in the occur-

rence of bubble resonance with a series of consecutive subcritical (i.e. moderate)

turbulent eddies that lead to large oscillations and eventual break-up of the bubble.

After examining available experimental data obtained by Rodŕıguez-Rodŕıguez

(2004) and Eastwood, Armi, and Lasheras (2004) for the break-up of bubbles and

drops, respectively, in a turbulent water stream, and by performing numerical sim-

ulations, Rodŕıguez-Rodŕıguez, Gordillo, and Mart́ınez-Bazán (2006) has convinc-

ingly shown that this phenomenon can be modeled, as a first approximation, by

considering a bubble or drop, initially spherical, immersed in a uniaxial straining

flow of an incompressible fluid using a reference frame that moves with the mean

velocity of the background flow. Although simple, this model retains the most

relevant features of the process, thus avoiding expensive three-dimensional numeri-

cal computations involving the tracking of deforming interfaces in a turbulent flow

characterized by unsteady structures with various length scales. Indeed, the images

observed by Rodŕıguez-Rodŕıguez et al. (2006) revealed that the bubbles or drops

follow a “cigar-shape” elongation leading to break-up that is nearly axisymmetric.

Moreover, their observations suggest that a single turbulent eddy is the cause of

breakage and “whose characteristic turnover time is larger than the break-up time”,
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thereby justifying the assumption of a steady flow in the far field (i.e. fluctuations

are discarded as the cause of break-up). Indeed, Risso and Fabre (1998) observed in

experiments that an initially non-deformed bubble may be deformed and broken by

turbulent eddies strong enough to generate abrupt break-up. Rodŕıguez-Rodŕıguez

et al. (2006) further assume that the particle characteristic size falls within the in-

ertial subrange of the turbulent energy spectrum, hence the fluids are considered

inviscid. In their simulations, the velocity field is irrotational. The numerical sim-

ulations are carried out by Rodŕıguez-Rodŕıguez et al. (2006) using the boundary

element method and the bubble or drop break-up time is predicted as a function

of the Weber number, which measures the relative importance of the outer flow

inertia versus the force due to surface tension, and the inner to outer density ra-

tio. Thus, values of the Weber number and density ratio must be entered before

running a simulation. To be able to specify a Weber number representative of the

characteristics of the turbulent flow, Rodŕıguez-Rodŕıguez et al. (2006) derived a

formula that links the magnitude of the Weber number to the dissipation rate of

turbulent kinetic energy per unit mass. Their simulations result in particle break-up

when the actual Weber number is larger than a critical Weber number; otherwise,

the bubble or drop oscillates and does not break-up in agreement with experimental

evidence. For the case of the bubble, binary break-up is predicted, that is, the bub-

ble breaks into two equal pieces in accord with experiments (Mart́ınez-Bazán et al.,

1999b; Rodŕıguez-Rodŕıguez, Mart́ınez-Bazán, and Montañes, 2003; Andersson and

Andersson, 2006); the computed break-up time also agrees with experimental mea-

surements by Mart́ınez-Bazán et al. (1999a) and Rodŕıguez-Rodŕıguez (2004).

On the other hand, in the case of the drop, the break-up is tertiary (e.g., Anders-

son and Andersson, 2006) as two symmetric daughter drops are formed at both ends

of an intermediate ligament that becomes slender, with length larger than the initial

drop radius for large Weber numbers, as the inner to outer density ratio becomes of

order one. For Weber numbers close to the critical value, the central satellite drop

is small in volume. In this case, Rodŕıguez-Rodŕıguez et al. (2006) point out that

predictions for the break-up time and critical Weber number do not agree with the

experimental measurements. They assert that this discrepancy results because the

drop takes the form of a long ligament with a length much larger than the size of

the breaking eddy. The elongated drop thus turns around itself as observed in the

experiments. Therefore, the approximation of the local fluid motion as an axisym-

metric straining motion is no longer valid. Beyond this weakness, those authors

state that the simple model is able to qualitatively describe important features of

the process as the tertiary break-up and the size of the intermediate ligament.
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Revuelta et al. (2006) add a viscous correction to the inviscid break-up time pre-

dicted by Rodŕıguez-Rodŕıguez et al. (2006) by solving the unsteady incompressible

Navier–Stokes equations for a bubble immersed in the uniaxial extensional flow of a

liquid using a level set method on a fixed mesh. Since viscosity enters the analysis,

two additional dimensionless parameters appear in the formulation, namely, the in-

ner to outer viscosity ratio and a Reynolds number based upon the liquid properties,

the bubble initial radius and the principal strain rate. In terms of this Reynolds

number, the correction to the break-up time is 𝑂(𝑅𝑒−1). They found that for a fixed

Weber number, the smaller the Reynolds number, the longer takes the bubble to

break up. Therefore, the break-up time computed for inviscid fluids, i.e. 𝑅𝑒 → ∞,

determines a lower bound. Moreover, they obtained that for a fixed Reynolds num-

ber, the break-up time reaches a plateau as the Weber number increases. They also

found that the critical Weber number 𝑊𝑒𝑐 = 2.22±0.005, which is almost the same

as that found by Rodŕıguez-Rodŕıguez et al. (2006), is independent of the Reynolds

number for 𝑅𝑒 ⩾ 20. In addition, Revuelta et al. also considered a fluctuating

principal strain rate in the far field to model the mechanism of resonance of the

bubble with passing turbulent structures, a process that has been described above.

A relevant antecedent of Revuelta’s work is the paper by Kang and Leal (1987)

on the dynamics of a bubble in a uniaxial extensional flow with a steady strain rate.

They focused on finding the maximum critical Weber number for which a steady

solution exists by solving the unsteady incompressible Navier–Stokes equations for

the outer liquid. However, they do not present results on either the break-up time

or the bubble morphology in an event of break-up. Kang and Leal (1990) also

studied the bubble dynamics when the uniaxial straining motion in the far field

is time-periodic. In the case of a drop in a uniaxial extensional flow of another

liquid, the literature search revealed, surprisingly, that the numerical solution of the

incompressible Navier–Stokes equations has been carried out only by Ramaswamy

and Leal (1997) dropping the unsteady term. Therefore, information on the drop

break-up time is not provided and their results are concerned with the critical Weber

number below which a steady shape exists. The vast majority of the computational

work for the transient of this flow configuration has been conducted neglecting inertia

in the limit of Stokes flow as shown, for example, in the review paper by Guido and

Greco (2004).

In Chapter 1, we have mentioned that the theories of potential flow of viscous

fluids, i.e. viscous potential flow and the dissipation method, have been applied to

problems of linear stability analysis of diverse origin, as well as to problems of small

wave dynamics on an interface or free surface. Results from these analyses have
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shown that excellent to reasonable agreement can be obtained with exact solutions

from the linearized Navier–Stokes equations, which retain the effects of vorticity, or

with experimental data. We wonder to what extent the viscous irrotational theories,

in particular, viscous potential flow, can be used to predict the nonlinear motion of

an interface. To investigate this question, in the particular case of the deformation

of a bubble or drop in a uniaxial straining flow, we conduct this research.

2.1.2 Scope

In this work, the dynamics of the interface of a bubble or drop of an incompressible

fluid immersed in another incompressible fluid subjected to a uniaxial extensional

flow is studied. The fluids in this system are viscous and the motion is assumed to

be irrotational for all time. For the bubble, the inner to outer fluid density ratio is

set to be very small in comparison to unity and, for the case of the drop, this ratio is

of order one. The solution of the governing equations is sought through a numerical

method that couples a boundary integral formulation with a time integration scheme

following the algorithm proposed by Rodŕıguez-Rodŕıguez et al. (2006). In a sense,

this is an extension of the work of Rodŕıguez-Rodŕıguez et al. (2006) for inviscid flu-

ids to include the viscous effects of the irrotational motion via the dynamic balance

at the interface that contains the viscous normal stresses. The main objective is the

comparison of the interfacial shapes as time advances and the break-up time com-

puted using the viscous irrotational approximation with published results obtained

from the solution of the incompressible fully-viscous Navier–Stokes equations, which

keep the rotational component of the flow field, for the case of the bubble (Revuelta

et al., 2006). For the case of the drop, we present numerical results from the vis-

cous potential flow theory; however, we are not able to compare with results from a

transient analysis of a Navier–Stokes flow because, as mentioned above and to the

best of our knowledge, no works have been presented in the literature in which these

computations have been performed.

This chapter is organized as follows. This section follows with literature reviews

on the evolution of an interface near break-up in the next subsection and on the

boundary element method applied to the problem of interfacial flows for both in-

viscid and viscous fluids in §2.1.4. Next, in §2.2 the representation formula for the

direct formulation of the boundary integral method is derived. In §2.3 the problem

formulation and the numerical method are described in detail. In §2.4, the validation
of the numerical method (§2.4.1) and the results for the non-linear deformation of a

bubble (§2.4.2) and drop (§2.4.3) with viscous effects are presented and discussed.

Finally, concluding remarks are given in §2.5.
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2.1.3 Brief literature survey on interface dynamics near break-up

Although it is not part of the core of this study, we should mention that in the last

fifteen years or so, theoreticians, experimentalists and computational researchers

alike have dedicated great effort to the study of the (axisymmetric) pinching-off of

a liquid thread and the collapsing of a cavity in a liquid focusing on the stages of

the motion when the breaking of the continuum is imminent. This phenomenon,

characterized by the approaching and reaching of a singularity in a finite time, is

attractive because of its striking beauty and richness of the underlying physics. In

the case of liquid rupture, the interface shapes approaching the singularity have

been shown to be self-similar because of the large differences between the local

length scales and the global ones, and universal in the sense that no imprint of the

initial and boundary conditions is retained. Analyses have focused on finding scaling

theories relating the local length scales with the time before pinch-off for various flow

regimes determined by the relative importance of inertia, viscosity and capillarity.

In this regard, on the side of inviscid fluids, after the pioneering work of Keller and

Miksis (1983), several works followed that considered different fluid density ratios

(Chen and Steen, 1997; Day, Hinch, and Lister, 1998; Leppinen and Lister, 2003),

describing the scaling of the thread neck radius 𝑟min ∼ 𝜏2/3, where 𝜏 is the time to

pinch-off and 𝑟min and 𝜏 are made dimensionless with appropriate scales. Viscous

effects in the pinch-off of a liquid thread surrounded by a passive ambient fluid has

been studied by Papageorgiou (1995) in the limit of motion with no inertia, and by

Eggers (1993) adding inertia to viscosity and capillarity. He found 𝑟min ∼ 𝜏 when the

viscous effects of the thread become important. Lister and Stone (1998) accounted

for the effect of the external fluid viscosity using scaling arguments so that transition

between and scaling for different regimes are described. In the limit of inertialess

motion, viscous capillary pinch-off of a fluid thread has been studied by Sierou and

Lister (2003) obtaining self-similarity for a wide range of inner to outer viscosity

ratios. After an unexpected experimental finding, Doshi et al. (2003) report that

universality is violated when the outer fluid viscosity is larger than the inner fluid

viscosity by several orders of magnitude and, for certain conditions, a long, slender

thread is formed bridging the two larger pieces of liquid. The reader is referred to

the very recent and comprehensive review article by Eggers and Villermaux (2008)

covering the developments in the study of liquid pinch-off. On the other hand, the

collapse of a gas cavity (bubble), which has received less attention than its liquid

(drop) counterpart, has been described as not self-similar and non-universal (Suryo,

Doshi, and Basaran, 2004; Keim et al., 2006). This phenomenon has been studied

in the frame of the detachment of a bubble coming out of a nozzle due to buoyancy,



2.1. Introduction 17

as in the experiments by Burton, Waldrep, and Taborek (2005), Thoroddsen, Etoh,

and Takehara (2007) and Bolaños-Jiménez et al. (2009), and simulations by Quan

and Hua (2008) and others. These works have represented the variation of the

minimum bubble neck radius 𝑟min with the time to pinch-off as 𝑟min ∼ 𝜏𝛼, where

𝛼 is an effective exponent, 𝛼 > 0.5 and 𝛼 ≈ 1 for high viscous liquids (𝛼 ≈ 0.57

for water in air), the exact value of 𝛼 depending upon the initial and boundary

conditions of the flow (Bolaños-Jiménez et al., 2009). For liquids with intermediate

and large viscosities, Bolaños-Jiménez et al. (2009) found that the exponent 𝛼 is

better described as a function of 𝜏 . Analytical studies on the process of cavity pinch-

off have also been conducted (Gordillo et al., 2005; Eggers et al., 2007; Gordillo and

Fontelos, 2007, and others) yielding relations for the evolution of the neck radius

approaching break-up that have a more complicated form than those for a liquid

thread. Also, Rayleigh-like models have recently been developed by Gordillo (2008)

yielding predictions in very good agreement with experiments. We remark that our

interest is focused here in the study of the overall morphology of the bubble or drop

throughout the entire motion rather than in the local analysis during the short time

period preceding rupture.

2.1.4 The boundary element method applied to the study of inter-

facial potential flows

A major objective in the solution of interfacial flow problems is a highly accurate

description of the interface. Therefore, boundary integral techniques are a fitting

choice for the analysis, since they seek solutions of integral equations involving in-

formation only on the interface. This feature reduces the dimensionality of the

problem by one. Thus, when an approximate solution is sought, a fine mesh can be

afforded on the interface especially in regions with high curvature, without having

to discretize the neighboring domain. This attribute is particularly important for

an unbounded domain, in which case appropriate boundary conditions at infinity

can be satisfied automatically by the governing integral equations. A survey of the

literature on free-surface or interfacial flows indicates that boundary integral meth-

ods have been applied mostly to problems in two-dimensions or three-dimensions

with axial symmetry since domain discretization simply takes place over a curve in

the plane for these cases.

The application of the boundary integral method relies on the existence of a

“fundamental solution” for the partial differential equation on hand. In particular,

this solution is known for Laplace’s equation. Therefore, boundary integral methods

becomes a useful tool for incompressible potential flow problems because the velocity
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potential is harmonic. Boundary integral formulations have also been developed for

Stokes flow (e.g., Pozrikidis, 1992).

In general, boundary integral methods can be grouped into two major cate-

gories, namely, the indirect and the direct formulations (Banerjee and Butterfield,

1981; Brebbia, Telles, and Wrobel, 1984). In the indirect formulation an integral

equation is written in terms of the density distribution over the boundary of a unit

singular solution of the partial differential equation of interest. Numerical tech-

niques are then applied to compute this density profile which may have no explicit

physical connotation. Once the density function over the boundary has been de-

termined, the physical variables of the problem inside the domain can be obtained

by integration. On the other hand, the direct formulation poses integral equations

on the boundaries in terms of the physical parameters of interest. By enforcing

the boundary conditions, one can solve for the unknown field on the boundary first

and then at particular locations on the interior. For instance, the normal deriva-

tive of the potential at the boundary can be computed in the Dirichlet problem or

the potential over the boundary in the Neumann problem. Also, mixed boundary

conditions can be easily handled.

For most of the problems of interest in science and engineering, finding a solution

of the boundary integral equations is possible only in an approximate manner, by use

of numerical techniques. A widely used approach is the boundary element method

(BEM). In general terms, this method sets marker points or nodes on the boundary.

A number of segments or “elements” connecting the nodes are used to approximate

this boundary. In two dimensions, these elements may be straight segments or, if

greater accuracy is desired, of higher order, including circular, parabolic or cubic

representations. In three dimensions, triangular or quadrilateral elements may be

chosen. Regarding the fields functions taken to the boundary (e.g., the potential

and its normal derivative), they are approximated with a truncated polynomial over

each element. For instance, the simplest choice is to hold the function constant on

the element. To improve accuracy, the linear expansion or higher-order approxi-

mations may be used. The coefficients of the expansion correspond to the values

of the function at particular locations on the element, which may be those of the

nodes. Next, the integrals on the boundary integral equation are split into integrals

evaluated over each element, and the local expansions for the field functions are

substituted. Then, the discretized equation is satisfied at a set of collocation points

on the boundary. This process gives rise to a set of algebraic equations that may

be solved for the vector of unknowns. Detailed descriptions on the implementation

of BEM can be found in monographs on the subject, such as those by Brebbia et
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al. (1984), Pozrikidis (1992), and Wrobel (2002), among others. A fairly rigorous

mathematical treatment of boundary integral equations and their numerical solution

is given by Jaswon and Symm (1977).

For problems involving the deformation of a free surface or interface, the appli-

cation of BEM to solve Laplace’s equation as previously described is carried out at

a given time with known geometry and boundary conditions. To advance the posi-

tion of the boundary and the conditions on it to the next time level, the boundary

integral solution algorithm has to be coupled with a time-marching scheme. This

scheme is applied to the time integration of the kinematic and dynamic boundary

conditions, together with the transport of momentum for points on the interface

written in Lagrangian form. Starting from the initial conditions, the coupling of

boundary integral and time-marching algorithms is repeated until the final time is

reached.

Boundary integral methods for inviscid potential flow

Examples of the applications of boundary integral methods to problems involving

free-surface flows are abundant. For instance, in the case of steady motion, the

inviscid analysis of free surfaces is carried out by Byatt-Smith and Longuet-Higgins

(1976) for a steep solitary wave, by Miksis, Vanden–Broeck, and Keller (1981) to

study the deformation of an axisymmetric bubble in a uniform flow using a direct

formulation and by Meiron and Saffman (1983) for interfacial gravity waves applying

the indirect formulation.

The accurate description of the unsteady motion of free surfaces or fluid-fluid

interfaces bounding regions of inviscid irrotational flow can be performed using

boundary integral techniques. An approach that arises from the indirect double-

layer potential formulation is the generalized vortex method. This method was pre-

sented and developed by Baker, Meiron, and Orszag (1980, 1982, 1984) in a series of

publications. They obtained an integral equation for the Lagrangian time derivative

of the dipole density distribution over the boundary. Solving for this time derivative

allows updating the dipole density which is used to march the interface forward in

time. Baker et al. (1980) used the vortex method to simulate the Rayleigh-Taylor

instability in its classical form while Verdon et al. (1982) considered the accelera-

tion of a thin fluid layer. Baker et al. (1982) applied the method to the breaking of

surface waves and interacting triads of surface and interfacial waves. Lundgren and

Mansour (1988, 1991) studied the oscillations of an inviscid axisymmetric drop in

a dynamically inactive fluid (e.g., vacuum) and the motion of toroidal gas bubbles

in an inviscid liquid, respectively, with a modified version of the generalized vortex
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method. Mansour and Lundgren (1990) also applied this approach to model satel-

lite formation in capillary jet break-up. The vortex method based upon the indirect

approach has been used to study the dynamic break-up of an inviscid liquid bridge

by Chen and Steen (1997) and capillary pinch-off of an inviscid drop surrounded by

an ambient inviscid fluid by Leppinen and Lister (2003).

The direct formulation of the boundary integral method for inviscid fluids was

used by Keller and Miksis (1983) to model a breaking sheet of liquid and the flow

near the intersection of a solid boundary with the free surface of a liquid. Several

papers by Og̃uz and Prosperetti (1989, 1990, 1993) on the effect of surface tension

in the contact of liquid surfaces, bubble entrainment by the impact of drops on

liquid surfaces, and dynamics of bubble growth with detachment from a needle,

respectively, use the direct formulation of boundary integral methods. Hilbing,

Heister, and Spangler (1995) applied the direct formulation of BEM to study the

atomization of a finite liquid jet coming out of a circular orifice discharging into a

passive ambient fluid. Heister (1997) conducted a BEM analysis using the direct

formulation for inviscid two-fluid interfacial flows and tested it for various problems.

They found that increasing the outer to inner density ratio towards one degrades

the stability an accuracy of the scheme. More recently, Yoon and Heister (2004)

applied the direct form of BEM to study the primary atomization of a liquid jet

considering boundary layer effects by placing a ring vortex at the nozzle exit plane.

Park and Heister (2006) have used the direct formulation of BEM to study a pressure

swirl atomizer. This formulation is also applied by Machane and Canot (1997) for

various 2D and axisymmetric free-surface problems and by Day et al. (1998) and

Rodŕıguez-Rodŕıguez et al. (2006) to problems of capillary pinchoff.

An interesting application of boundary integral methods is in the description of

the motion of nonlinear waves. Longuet-Higgins and Cokelet (1976) used the direct

formulation to study the deformation of steep, periodic, solitary waves in deep liq-

uid. A condensed review of BEM analysis of nonlinear waves was given by Ligguet

and Liu (1984). The phenomena of generation, propagation, shoaling, break-up

and absorption of 2-D nonlinear waves have been studied by Grilli et al. (1989,

1994, 1996, 1997) through the direct formulation of BEM. The numerical model-

ing of a 3-D nonlinear wave over complex bottom topography was carried out by

Grilli, Guyenne, and Dias (2001). Their model is able to predict wave overturning.

Boundary conditions of the absorbing or reflective type can be indicated on lateral

boundaries.
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Boundary integral methods for viscous potential flow

BEM has been extended to accommodate the effects of viscosity in a purely irrota-

tional flow by Georgescu, Achard, and Canot (2002) to study a gas bubble bursting

at a free surface and by Canot et al. (2003) in their numerical simulation of the

buoyancy-driven bouncing of a 2-D bubble at a horizontal wall using the direct for-

mulation. Another kind of viscous potential flow analysis of the deformation of a

rising 3-D bubble was given by Miksis, Vanden–Broeck, and Keller (1982). They

converted their problem into a system of integro-differential equations which they

solved under the conditions of small Weber numbers and large Reynolds numbers.

Very recently, Gordillo (2008) studied the necking and break-up of a bubble under

the action of gravity generated from a submerged vertical nozzle by modifying the

code of Rodŕıguez-Rodŕıguez et al. (2006) for inviscid fluids to include the viscous

effects of the irrotational motion of the liquid through the viscous normal stress

at the interface, whereas the rotational effects in the gas (vorticity) are retained

through a mechanistic model based upon the incompressible Navier–Stokes equa-

tions assuming a slender neck region that splits the gas pressure as an inviscid plus

a viscous contribution. Predictions of the instantaneous position of the interface

from this code are compared with those from a set of two-dimensional Rayleigh-like

equations, deduced with the assumption that the liquid velocity field is irrotational,

and excellent agreement was found. These Rayleigh-like equations were used later

by Bolaños-Jiménez et al. (2009) to study bubble pinch-off in liquids more viscous

than water and good agreement with their experimental data was reported. They

justified the hypothesis of an irrotational liquid velocity field by stating that “the

velocities induced by any of the possible sources of vorticity in our setup, i.e., the

boundary layer at the needle wall and the interface curvature, are much smaller

than the typical radial velocities associated to the collapse of the neck.”

Lundgren and Mansour (1988) also included the effect of a small viscosity by

decomposing the velocity field into the sum of an irrotational and a rotational ve-

locity, in which the former is expressed as the gradient of a potential and the latter

is written as the curl of a vector potential. Substitution of this decomposition into

the incompressible Navier–Stokes equations and applying order-of-magnitude argu-

ments under the assumption of a thin vortical layer at the free surface of the drop

yields a new set of differential equations for the potentials. These equations carry

weak viscous effects and are coupled with the boundary integral formulation for

potential flow based on the vortex method.

The BEM calculations of Georgescu et al. (2002) and Canot et al. (2003) neglect

vorticity but the viscous effects in the purely irrotational flow are not restricted to
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small viscosity.

2.2 Direct formulation of the boundary integral method

Consider a three-dimensional region (volume) 𝐷 bounded by a smooth surface 𝒮.
Consider any pair of functions 𝜙 and 𝜓 defined on 𝐷 and its boundary. Green’s

second identity may be written for these functions as∫
𝐷

(
𝜙∇2𝜓 − 𝜓∇2𝜙

)
d𝒱 =

∫
𝒮

(
𝜙
∂𝜓

∂𝑛
− 𝜓

∂𝜙

∂𝑛

)
d𝑆. (2.1)

where ∂(𝑎)/∂𝑛 = n ⋅ ∇(𝑎), n being the outward unit normal vector on 𝒮. This

formula is readily obtained from Green’s first identity, which can be regarded as the

three-dimensional statement of integration by parts (Strauss, 1992).

Consider the field

𝐺(x, 𝝃) =
1

4𝜋 ∣x− 𝝃 ∣ . (2.2)

This function solves Laplace’s equation, that is,

∇2
𝜉𝐺 = 0 (2.3)

for all 𝝃 except for 𝝃 = x. The subscript in (2.3) indicates differentiation with

respect to 𝝃. Now, consider a point x that belongs to 𝐷 but does not belong to

boundary 𝒮, and let us define the region 𝐷𝜖 as the region left after removing from

domain 𝐷 a “small” ball of radius 𝜖 centered at x (Figure 2.1). Also, let 𝜙 be

harmonic. Clearly, function (2.2) is non-singular in 𝐷𝜖 and (2.1) can be applied

with 𝜓 = 𝐺(x, 𝝃), yielding∫
𝒮

(
𝜙
∂𝐺

∂𝑛𝜉
−𝐺

∂𝜙

∂𝑛𝜉

)
d𝑆𝜉 +

∫
𝒮𝜖

(
𝜙
∂𝐺

∂𝑛𝜉
−𝐺

∂𝜙

∂𝑛𝜉

)
d𝑆𝜉 = 0, (2.4)

because the left-hand side of (2.1) vanishes identically. Here, 𝒮𝜖 denotes the spherical

boundary centered at x with radius 𝜖 and ∂(𝑎)/∂𝑛𝜉 = n𝜉 ⋅ ∇𝜉(𝑎). Here n𝜉 is the

outward unit normal vector to either 𝒮 or 𝒮𝜖 (Figure 2.1). For convenience, let x be

the origin of a spherical coordinate system. Therefore, 𝐺(x, 𝝃) = 1/(4𝜋𝑅), where 𝑅

is the radial coordinate. Moreover,

∂𝐺

∂𝑛𝜉
= − ∂

∂𝑅

(
1

4𝜋𝑅

)
=

1

4𝜋𝑅2
. (2.5)
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Figure 2.1: Three-dimensional domain 𝐷 bounded by the smooth surface 𝑆 con-
taining the sphere 𝒮𝜖 with radius 𝜖 centered at point x. The harmonic potential 𝜙
is defined over the entire region 𝐷.

Thus, for the integrals on the sphere 𝒮𝜖 appearing in (2.4) we have∫
𝒮𝜖

𝜙
∂𝐺

∂𝑛𝜉
d𝑆𝜉 =

1

4𝜋𝜖2

∫
𝒮𝜖

𝜙d𝑆𝜉 = ⟨𝜙 ⟩, (2.6)

and ∫
𝒮𝜖

𝐺
∂𝜙

∂𝑛𝜉
d𝑆𝜉 =

1

4𝜋𝜖

∫
𝒮𝜖

∂𝜙

∂𝑛𝜉
d𝑆𝜉 = 𝜖

〈
∂𝜙

∂𝑛𝜉

〉
, (2.7)

where “⟨𝑎⟩” denotes the average of a quantity on the sphere 𝒮𝜖. After passing the

limit as 𝜖→ 0 in expressions (2.6) and (2.7), we have∫
𝒮𝜖

(
𝜙
∂𝐺

∂𝑛𝜉
−𝐺

∂𝜙

∂𝑛𝜉

)
d𝑆𝜉 = 𝜙(𝑅 = 0) = 𝜙(x), (2.8)

because 𝜙 is continuous and ∂𝜙/∂𝑛𝜉 is bounded (Strauss, 1992). Substitution of

(2.8) into (2.4) leads to Green’s representation formula

𝜙(x) +

∫
𝒮
𝜙(𝝃)

∂𝐺

∂𝑛𝜉
(x, 𝝃)d𝑆𝜉 =

∫
𝒮
𝐺(x, 𝝃)

∂𝜙

∂𝑛𝜉
(𝝃)d𝑆𝜉. (2.9)

Taking point x to boundary 𝒮 yields (e.g., Wrobel, 2002)

1

2
𝜙(x) +

∫
𝒮
𝜙(𝝃)

∂𝐺

∂𝑛𝜉
(x, 𝝃)d𝑆𝜉 =

∫
𝒮
𝐺(x, 𝝃)

∂𝜙

∂𝑛𝜉
(𝝃)d𝑆𝜉. (2.10)
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This expression is obtained after extending domain 𝐷 by adding the fraction of

a small ball of radius 𝜖 centered at a point x located on the smooth surface 𝒮.
In this extended domain, x becomes an interior point and expression (2.9) can be

used. After passing the limit 𝜖 → 0, the original domain is recovered and (2.10) is

obtained.

This formula is known as the direct formulation of the boundary integral method.

It is our working equation to solve Laplace’s equation for the unknown on the bound-

aries. Notice hat (2.10) involves the distributions of potential 𝜙 and its normal

derivative exclusively on boundary 𝒮. For instance, if Dirichlet boundary condi-

tions are imposed, i.e. 𝜙 is known, then (2.10) can be used to solve for the normal

derivative of 𝜙 on the boundary. For Neumann boundary conditions, one has to

exert caution as the solution is unique up to an arbitrary constant and the distribu-

tion of the normal derivative of the harmonic potential is constrained by virtue of

the divergence theorem. Robin and mixed boundary conditions can also be handled

with this boundary integral representation. When both the potential and its nor-

mal derivative are known on the boundary, expression (2.9) can be used to obtain

the potential at an internal point. Usually, one is interested in applying boundary

integral equations to problems in complex geometries, in which case numerical ap-

proximations are the best choice. The most commonly used numerical technique

to solve boundary integral equations like (2.10) is the boundary element method,

which is adopted in the present work.

Expression (2.10) was obtained considering a bounded domain. Turning our at-

tention to the exterior problem, we can write an expression valid for an unbounded

domain. Consider again a three-dimensional region 𝐷 bounded by the smooth sur-

face 𝒮. We are interested in finding a boundary integral equation for the harmonic

potential 𝜙 and its normal derivative on the interior boundary 𝒮, such that 𝜙 ∼ 𝜙∞
as ∣x∣→ ∞, where 𝜙∞ is a prescribed function satisfying Laplace’s equation for all

points of the space. To derive the desire formula, let us assume that volume 𝐷 is

completely immersed within a region bounded by a spherical surface 𝒮∞ centered

at a point x ∈ 𝒮, and no point of 𝒮 belongs to 𝒮∞. Let 𝐷∞ be the region of the

space bounded internally by 𝒮 and externally by 𝒮∞. Define 𝑤 ≡ 𝜙 − 𝜙∞ so that

𝑤 is harmonic in 𝐷∞ and 𝑤 → 0 as ∣x∣→ ∞. Applying expression (2.10) to region

𝐷∞ we may write

1

2
𝑤(x) +

∫
𝒮
𝑤(𝝃)

∂𝐺

∂𝑛𝜉
(x, 𝝃)d𝑆𝜉 +

∫
𝒮∞

𝑤(𝝃)
∂𝐺

∂𝑛𝜉
(x, 𝝃)d𝑆𝜉

=

∫
𝒮
𝐺(x, 𝝃)

∂𝑤

∂𝑛𝜉
(𝝃)d𝑆𝜉 +

∫
𝒮∞

𝐺(x, 𝝃)
∂𝑤

∂𝑛𝜉
(𝝃)d𝑆𝜉. (2.11)
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Choosing a spherical coordinate system centered at x with radial coordinate 𝑅, with

𝐺 = 1/(4𝜋𝑅) and ∂(𝑎)/∂𝑛𝜉 = ∂(𝑎)/∂𝑅, where n𝜉 denotes here the outward unit

normal vector on 𝒮∞, one can show that, in the limit 𝑅 → ∞, both integrals over

𝒮∞ in (2.11) vanish identically, provided 𝑤 satisfy the regularity condition 𝑤 ∼ 1/𝑅

as 𝑅→ ∞ (Wrobel, 2002).

Expression (2.11) thus becomes

1

2
𝜙(x)− 1

2
𝜙∞(x) +

∫
𝒮
𝜙(𝝃)

∂𝐺

∂𝑛𝜉
(x, 𝝃)d𝑆𝜉 −

∫
𝒮
𝜙∞(𝝃)

∂𝐺

∂𝑛𝜉
(x, 𝝃)d𝑆𝜉

=

∫
𝒮
𝐺(x, 𝝃)

∂𝜙

∂𝑛𝜉
(𝝃)d𝑆𝜉 −

∫
𝒮
𝐺(x, 𝝃)

∂𝜙∞
∂𝑛𝜉

(𝝃)d𝑆𝜉. (2.12)

By virtue of (2.10), 𝜙∞ satisfies∫
𝒮
𝜙∞(𝝃)

∂𝐺

∂𝑛𝜉
(x, 𝝃)d𝑆𝜉 −

∫
𝒮
𝐺(x, 𝝃)

∂𝜙∞
∂𝑛𝜉

(𝝃)d𝑆𝜉

= −
∫
𝒮
𝜙∞(𝝃)

∂𝐺

∂𝑛∗𝜉
(x, 𝝃)d𝑆𝜉 +

∫
𝒮
𝐺(x, 𝝃)

∂𝜙∞
∂𝑛∗𝜉

(𝝃)d𝑆𝜉 =
1

2
𝜙∞(x) (2.13)

where n∗
𝜉 = −n𝜉 is the outward unit normal vector to 𝐷 on 𝒮. Thus, (2.12) finally

becomes

1

2
𝜙(x) +

∫
𝒮
𝜙(𝝃)

∂𝐺

∂𝑛𝜉
(x, 𝝃)d𝑆𝜉 = 𝜙∞(x) +

∫
𝒮
𝐺(x, 𝝃)

∂𝜙

∂𝑛𝜉
(𝝃)d𝑆𝜉. (2.14)

which is our working equation for the exterior potential problem, that is, for 𝜙

satisfying Laplace’s equation in a domain that extends unbounded towards infinity

where 𝜙 behaves as 𝜙∞, and with suitable boundary conditions prescribed on an

inner boundary 𝒮.

2.3 Problem formulation and numerical method

In what follows, we adopt the notation used in the inviscid analysis by Rodŕıguez-

Rodŕıguez et al. (2006) for the most part. Differences with their formulation arise

with the inclusion here of the viscous effects of the irrotational motion, which are not

considered in their work. Regarding the numerical method, the algorithm we applied

in this work follows the major steps of the algorithm presented by those authors.

However, the numerical technics applied here in the implementation of several of

these steps differ from those employed by Rodŕıguez-Rodŕıguez et al. (2006).



2.3. Problem formulation and numerical method 26

2.3.1 Statement of the problem

Consider a bubble or drop initially of spherical shape with radius 𝑎 containing an

incompressible Newtonian fluid of density 𝜌𝑖 and viscosity 𝜇𝑖 and immersed in an

unbounded incompressible Newtonian fluid of density 𝜌𝑒 and viscosity 𝜇𝑒. The en-

tire smooth interface 𝒮 is characterized by a uniform surface tension 𝛾. It will be

assumed that the bubble or drop moves with the mean velocity of the flow. With

respect to a reference frame that moves with this mean velocity, we will describe

the evolution of the bubble or drop interface as a result of a steady uniaxial exten-

sional flow. That is, far away from the interface, the following velocity potential is

prescribed

𝜙∞ =
𝑀

𝑎

(
2𝑧2 − 𝑟2

)
, (2.15)

and the corresponding (irrotational) velocity field is û∞ = ∇̂𝜙∞. In representing

the problem, we have adopted a cylindrical coordinate system (𝑧, 𝑟, 𝜁), in which

the 𝑧-axis is coincident with the axis of symmetry and 𝜁 is the azimuthal angle

about the 𝑧-axis (figure 2.3). From the potential in (2.15), the strain rate along

the 𝑧-direction, which is a principal direction, is ∂2𝜙/∂𝑧2 = 4𝑀/𝑎, whereas the

stain rates along the other two principal axes are the same and equal to −2𝑀/𝑎 .

Thus, the parameter 𝑀 determines the magnitude of the principal strain rates. In

formulating the problem, we also make the usual assumption of neglecting the effects

of gravity including those associated with the variation of the hydrostatic pressure.

This is a necessary condition for the interface deformation to be axisymmetric as

discussed in Ramaswamy and Leal (1997). In order to write the governing equations

in dimensionless form, the magnitudes 𝑎, 𝑎/(8𝑀) and 𝜌𝑒(8𝑀)2 are adopted as the

characteristic length, time and pressure scales, respectively.

We will also assumed that the inner and outer velocity fields are irrotational for

all times. Hence, conservation of mass leads to a pair of Laplace’s equations

∇2𝜙𝑖 = 0, ∇2𝜙𝑒 = 0, (2.16)

where the subscripts 𝑖 and 𝑒 denote the inner and outer fluids, respectively. Di-

mensionless variables are written with no “�̂�”. For the irrotational motion of a

viscous fluid, as discussed in §1.1, conservation of linear momentum is given by the

Bernoulli’s equation

Λ

(
∂𝜙𝑖
∂𝑡

+
∣∇𝜙𝑖∣2

2

)
+ 𝑝𝑖 = 0,

∂𝜙𝑒
∂𝑡

+
∣∇𝜙𝑒∣2

2
+ 𝑝𝑒 = 0, (2.17)
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Figure 2.2: Two-phase flow system considered in this study: A bubble or drop of
an incompressible fluid being deformed by an axially symmetric extensional incom-
pressible flow. The shape of the interface is initially spherical.

for the inner and outer flows, respectively, and Λ = 𝜌𝑖/𝜌𝑒. The solution of (2.16)

and (2.17) must satisfy the following boundary conditions for points at the interface

∂𝜙𝑖
∂𝑛𝑖

= −∂𝜙𝑒
∂𝑛𝑒

, (2.18)[
−𝑝𝑒 + 2

Re

∂2𝜙𝑒
∂𝑛2𝑖

]
−
[
−𝑝𝑖 + 2𝛽

𝑅𝑒

∂2𝜙𝑖
∂𝑛2𝑖

]
=

1

𝑊𝑒
∇∥ ⋅ n𝑖, (2.19)

where the former establishes continuity of the normal velocity across the inter-

face and the latter expresses that the jump of normal stresses across the inter-

face is balanced by surface tension forces. Both are adapted from (1.12) and

(1.13). Here, 𝛽 = 𝜇𝑖/𝜇𝑒, and the dimensionless numbers 𝑅𝑒 = 𝜌𝑒(8𝑀)𝑎/𝜇𝑒 and

𝑊𝑒 = 𝜌𝑒(8𝑀)2𝑎/𝛾 are the Reynolds and Weber numbers, respectively. The first

number represents the ratio of inertia to viscous forces and the second represents

the ratio of inertia to surface tension forces. In equations (2.18) and (2.19), n𝑖 is the

unit vector normal to the interface pointing away from the inner fluid and n𝑒 is the

unit vector normal to the interface pointing towards the inner fluid, thus n𝑖 = −n𝑒

(figure 2.3). Moreover, 𝑛𝑖 (𝑛𝑒) is the dimensionless coordinate along and increasing

in the direction of n𝑖 (n𝑒). Notice that the term added to the pressure within the

brackets corresponds to the viscous normal stress on this or that side of interface

𝒮. Obviously, these terms, which account for the viscous effects of the irrotational

motion, were not considered in the inviscid analysis by Rodŕıguez-Rodŕıguez et al.
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Figure 2.3: Sketch of the axially symmetric domain showing the cylindrical coordi-
nate system (𝑧, 𝑟, 𝜁) and the local orthogonal curvilinear coordinate system (𝑛𝑖, 𝑠, 𝜁).
Curve Γ represents the intersection of the axisymmetric interface 𝒮 with a plane con-
taining the 𝑧-axis. The material properties of the inner and outer fluids, as defined
in §2.3.1, are included.

(2006).

The notation used in (2.19) for the normal component of the viscous stress comes

from standard vector differential formulae presented in terms of a local orthogonal

curvilinear coordinate system (see Batchelor, 1967, Appendix 2) that describes the

position of points on the interface and includes coordinate 𝑛𝑖 as defined above. With

this aid, one can readily show that the normal component of the dimensionless strain

rate at points on the interface can be written as

n𝑖 ⋅ ∇ ⊗∇𝜙(𝑖,𝑒) ⋅ n𝑖 =
∂2𝜙(𝑖,𝑒)

∂𝑛2𝑖
(2.20)

and the two subscripts 𝑖 and 𝑒 are needed because this quantity, in general, is

discontinuous across the interface (see below). This identity has been used in (2.19).

For an axisymmetric problem, it is convenient to introduce the set of local or-

thogonal curvilinear coordinates (𝑛𝑖, 𝑠, 𝜁), where 𝑛𝑖 and 𝜁 have been defined above

and 𝑠 is the (dimensionless) arc length measured on a meridian curve Γ that results

from the intersection of the surface 𝒮 representing the interface with a plane con-

taining the axis of symmetry (𝑧-axis); 𝑠 increases in the counterclockwise direction

according to figure 2.3. Because ∂(𝑎)/∂𝜁 = 0, and using Laplace’s equations for the

potentials 𝜙(𝑖,𝑒) written in terms of these curvilinear coordinates, one can show that
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n𝑖 ⋅ ∇ ⊗∇𝜙 ⋅ n𝑖 =
∂2𝜙

∂𝑛2𝑖
= −∂

2𝜙

∂𝑠2
+ 2𝜅

∂𝜙

∂𝑛𝑖
− 1

𝑟

∂𝑟

∂𝑠

∂𝜙

∂𝑠
, for 𝑟 > 0, and (2.21a)

n𝑖 ⋅ ∇ ⊗∇𝜙 ⋅ n𝑖 =
∂2𝜙

∂𝑛2𝑖
= −2

∂2𝜙

∂𝑠2
+ 2𝜅

∂𝜙

∂𝑛𝑖
, for 𝑟 = 0, (2.21b)

where 𝜅 denotes the mean curvature of the interface (see below). For simplicity, 𝜙 is

written in (2.21) without subscripts (𝑖, 𝑒). Notice that even though ∂𝜙/∂𝑛𝑖 is con-

tinuous across the interface by condition (2.18), the second derivatives ∂2𝜙𝑖/∂𝑛
2
𝑖 ∕=

∂2𝜙𝑒/∂𝑛
2
𝑖 , in general, because tangential derivatives ∂𝜙/∂𝑠 and ∂2𝜙/∂𝑠2 are discon-

tinuous as a consequence of the jump in potential 𝜙.

Regarding the surface tension term in the right-hand side of (2.19), as mentioned

in §1.1, the term −∇∥ ⋅ n𝑖 equals twice the mean curvature 𝜅 of the surface at a

point. By using the set of orthogonal coordinates (𝑛𝑖, 𝑠, 𝜁), we have

−∇∥ ⋅ n𝑖 = 2𝜅 = −∂𝑧
∂𝑠

∂2𝑟

∂𝑠2
+
∂𝑟

∂𝑠

∂2𝑧

∂𝑠2
+

1

𝑟

∂𝑧

∂𝑠
, for 𝑟 > 0, and (2.22a)

−∇∥ ⋅ n𝑖 = 2𝜅 = 2
∂2𝑧

∂𝑠2
, for 𝑟 = 0, (2.22b)

where the latter expression is obtained by recognizing that ∂𝑧/∂𝑠 = 0 and ∂𝑟/∂𝑠 = 1

at 𝑟 = 0. Similar expressions to those in (2.21) and (2.22) have been presented by

Georgescu et al. (2002).

Turning now to the evolution of the interface, let u𝒮 = dx/d𝑡 be the velocity of

the interface 𝒮 at point x. By writing it in terms of its components

u𝒮 = (u𝒮 ⋅ n𝑖)n𝑖 + (u𝒮 ⋅ t)t, (2.23)

where t is the unit vector tangential to 𝒮 along the 𝑠 direction, with u𝒮 ⋅ n𝑖 =

∂𝜙/∂𝑛𝑖 = ∂𝜙𝑖/∂𝑛𝑖 = ∂𝜙𝑒/∂𝑛𝑖 by continuity of the normal velocity component, and

setting

u𝒮 ⋅ t = 0 (2.24)

arbitrarily because this tangential component is irrelevant in tracking the motion of

the interface as commented in §1.1, the position of surface particles can be obtained

from the equation
dx

d𝑡
=

∂𝜙

∂𝑛𝑖
n𝑖, x ∈ 𝒮. (2.25)

Choices other than (2.24) are found in the literature for the tangential velocity

u𝒮 ⋅ t. For instance, Heister (1997) set this value equal to the tangential velocity
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of the inner fluid at the boundary, whereas Leppinen and Lister (2003) used the

average of the inner and outer fluid tangential velocities.

Finally, in the far field (∣𝑧∣, 𝑟) → ∞,

𝜙𝑒 → 𝜙∞(𝑧, 𝑟) =
𝑧2

4
− 𝑟2

8
. (2.26)

The set of equations (2.16)-(2.17), together with boundary conditions (2.18),(2.19),

(2.25) and (2.26) describe the evolution of the interface of the bubble or drop start-

ing from an initial state that has 𝒮 as a sphere of unit radius. The prescription of

the initial conditions is discussed below. In the next subsection, the partial differ-

ential equations (2.16) are recast as boundary integral equations and those in (2.17)

are written in a way that is convenient for time integration using the boundary

conditions. Notice that the dimensionless parameters governing the problem are the

Reynolds number 𝑅𝑒, the Weber number 𝑊𝑒, and the density and viscosity ratios,

Λ and 𝛽, respectively, and need to be prescribed.

2.3.2 Formulation of the boundary integral equations

Conservation of mass for an incompressible irrotational flow led to Laplace’s equa-

tions (2.16) for the inner and outer regions. Instead of solving these equations, we

can consider two boundary integrals equations, one for the inner region given in

(2.10) and one for the outer region given in (2.14), obtained from Green’s represen-

tation formula as discussed in §2.2. These integral equations involve the values of

the potential and its normal derivative only at the surface representing the inter-

face. For an axisymmetric problem, it turns out that the surface integrals can be

simplified by considering integration in the azimuthal direction. To illustrate this,

it is convenient to introduce the spherical coordinate system (𝜎, 𝜃, 𝜁), where 𝜎 is the

radial coordinate, with 𝜎 = 0 coincident with the origin of our original cylindrical

coordinate system (𝑧 = 0, 𝑟 = 0); 𝜃 is the polar angle (𝜃 = 0 coincides with the

positive 𝑧 semi-axis), and 𝜁 is the azimuthal angle as defined above. Using this

coordinate system, the integrals in (2.10) and (2.14) become∫
𝒮
𝐺(x, 𝝃)

∂𝜙

∂𝑛𝑖,𝜉
(𝝃)d𝑆𝜉 =

∫ 𝜋

𝜃=0

[∫ 2𝜋

𝜁=0
𝐺(x, 𝝃)d𝜁

]
∂𝜙

∂𝑛𝑖,𝜉
(𝝃)𝜎2 sin 𝜃d𝜃

=

∫
Γ

[∫ 2𝜋

𝜁=0
𝐺(x, 𝝃)d𝜁

]
∂𝜙

∂𝑛𝑖,𝜉
(𝝃)𝑅d𝑠𝜉 (2.27a)
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and ∫
𝒮
∂𝐺

∂𝑛𝑖,𝜉
(x, 𝝃)𝜙(𝝃)d𝑆𝜉 =

∫ 𝜋

𝜃=0

[∫ 2𝜋

𝜁=0

∂𝐺

∂𝑛𝑖,𝜉
(x, 𝝃)d𝜁

]
𝜙(𝝃)𝜎2 sin 𝜃d𝜃

=

∫
Γ

[∫ 2𝜋

𝜁=0

∂𝐺

∂𝑛𝑖,𝜉
(x, 𝝃)d𝜁

]
𝜙(𝝃)𝑅d𝑠𝜉 (2.27b)

where x = (𝑧, 𝑟) and 𝝃 = (𝑍,𝑅) are points on the surface boundary 𝒮 and integration

takes place over 𝝃 with x fixed. We used 𝑅 = 𝜎 sin 𝜃 and d𝑠𝜉 = 𝜎d𝜃. Notation

∂𝜙𝑖/∂𝑛𝑖,𝜉 = n𝑖 ⋅ ∇𝜉𝜙𝑖 with n𝑖 at point 𝝃.

The integrals in the azimuthal direction 𝜁 (within brackets) in (2.27) can be

carried out analytically resulting in expressions involving complete elliptic integrals,

which are written below (see, for instance, Jaswon and Symm, 1977, or Becker,

1992). Therefore, the surface integrals are reduced to line integrals over the plane

curve Γ (figure 2.3). With this reduction in the dimensionality of the problem, for

a point x = (𝑧, 𝑟) on this smooth curve, the following integral equations can be

written

𝜙𝑖(x) =

∫
Γ
𝑔𝑖(x, 𝝃)

∂𝜙𝑖
∂𝑛𝑖,𝜉

(𝝃)d𝑠𝜉 −
∫
Γ
ℎ𝑖(x, 𝝃)𝜙𝑖(𝝃)d𝑠𝜉, (2.28)

and

𝜙𝑒(x) = 2𝜙∞(x) +

∫
Γ
𝑔𝑒(x, 𝝃)

∂𝜙𝑒
∂𝑛𝑒,x

(𝝃)d𝑠𝜉 −
∫
Γ
ℎ𝑒(x, 𝝃)𝜙𝑒(𝝃)d𝑠𝜉, (2.29)

for the inner and outer domains, respectively. Integration occurs over points 𝝃 =

(𝑍,𝑅) on the boundary Γ. The axisymmetric kernels are

𝑔(𝑖,𝑒) =
2𝑅

𝜋𝐴1/2
𝐾(𝑚), (2.30a)

ℎ(𝑖,𝑒) =
2𝑅𝐸(𝑚)

𝜋𝐴1/2

[
𝑛𝑟(𝑖,𝑒)

2𝑅
+

(𝑧 − 𝑍)𝑛𝑧(𝑖,𝑒) + (𝑟 −𝑅)𝑛𝑟(𝑖,𝑒)

𝐵

]

−
𝐾(𝑚)𝑛𝑟(𝑖,𝑒)

𝜋𝐴1/2
, (2.30b)

where 𝐾(𝑚) and 𝐸(𝑚) are the complete elliptic integrals of the first and second

kind, respectively, and

𝐴 = (𝑟 +𝑅)2 + (𝑧 − 𝑍)2, 𝐵 = (𝑟 −𝑅)2 + (𝑧 − 𝑍)2, 𝑚 =
4𝑅𝑟

𝐴
, (2.31)

where 𝑛𝑧𝑖 and 𝑛𝑟𝑖 denote the projections of n𝑖 at point 𝝃 in the 𝑧 and 𝑟 directions,
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respectively. Moreover,

𝑔𝑒 = 𝑔𝑖, ℎ𝑒 = −ℎ𝑖, (2.32)

because the boundary is common for the inner and outer fluids, so that n𝑖 = −n𝑒.

The dependence of 𝑔(𝑖,𝑒) and ℎ(𝑖,𝑒) on x and 𝝃 is implicit here.

2.3.3 Differential equations tracking the evolution of the interface

We may write two scalar equations resulting from the projection of the kinematic

condition (2.25) onto the axial and radial directions, respectively. This leads to

d𝑧

d𝑡
= 𝑛𝑧𝑖

∂𝜙

∂𝑛𝑖
,

d𝑟

d𝑡
= 𝑛𝑟𝑖

∂𝜙

∂𝑛𝑖
. (2.33)

Therefore, points at the interface evolved in time by moving them normal to the

interface.

To track the time evolution of a scalar field defined on points moving with the

interface, let us consider 𝑓 to be any smooth field defined on a domain enclosing the

entire interface 𝒮. If x is a point on the interface, differentiation of 𝑓(x(𝑡), 𝑡) with

respect to time yields

d𝑓

d𝑡
=
∂𝑓

∂𝑡
+ u𝒮 ⋅ ∇𝑓 =

∂𝑓

∂𝑡
+ (u𝒮 ⋅ n𝑖)n𝑖 ⋅ ∇𝑓 =

∂𝑓

∂𝑡
+
∂𝜙

∂𝑛𝑖

∂𝑓

∂𝑛𝑖
, (2.34)

according to decomposition (2.23) and the discussion following it. Expression (2.34)

establishes that quantities for points at the interface are advected by the normal

component of the velocity. Notice that it is not possible to define a material deriva-

tive in terms of the velocity vector for points at the interface by virtue of the jump

in the tangential velocities, ∂𝜙𝑖/∂𝑠 ∕= ∂𝜙𝑒/∂𝑠 as a result of the discontinuity of the

velocity potential across the interface.

Assume now that velocity potentials 𝜙(𝑖,𝑒) both belong to the same class of

functions as 𝑓 . Therefore, by expression (2.34) and continuity of normal velocities,

we can write
d𝜙(𝑖,𝑒)

d𝑡
=
∂𝜙(𝑖,𝑒)

∂𝑡
+

(
∂𝜙

∂𝑛𝑖

)2

. (2.35)

Introducing the difference function,

𝜑 ≡ 𝜙𝑒 − Λ𝜙𝑖, (2.36)

and eliminating the pressures in (2.19) by used of Bernoulli’s equations (2.17), we
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find, after rearranging terms using (2.35),

d𝜑

d𝑡
=

1

𝑊𝑒
∇∥ ⋅ n𝑖 +

1

2
(1− Λ)

(
∂𝜙

∂𝑛𝑖

)2

− 1

2

[(
∂𝜙𝑒
∂𝑠

)2

− Λ

(
∂𝜙𝑖
∂𝑠

)2
]

− 2

𝑅𝑒

[
∂2𝜙𝑒
∂𝑛2𝑖

− 𝛽
∂2𝜙𝑖
∂𝑛2𝑖

]
, (2.37)

for the rate of change of 𝜑 for points that advance in time according to (2.33).

Integration of the set of differential equations (2.33) and (2.37), which are cou-

pled with (2.28) and (2.29), gives the shape of the interface after start-up. In order

to solve this system of equations, we prescribe an initial shape and the distribution

of 𝜑 on the interface. Initially, we consider the bubble (drop) to have a spherical

interface. For 𝜑, we choose

𝜑 = 0. (2.38)

To justify this choice, consider a spherical bubble (drop) immersed in an unbounded

incompressible fluid and assume that the inner and outer fluids are at rest with

respect to a frame that moves with the mean velocity of the flow (see §2.3.1). In the

absence of gravity, this is a stable condition, in the sense that it will not change with

time. It is also an irrotational solution of the Navier–Stokes equations. The velocity

potentials 𝜙𝑖 and 𝜙𝑒 can take each the value of an arbitrary constant. Let us choose

𝜙𝑒 = 0 for convenience. Therefore, according to (2.36), 𝜑 will be constant over

the spherical interface. In order to modify this state, an external agent must act.

Consider that this state of rest is the state of the system for time 𝑡 < 0, say, where

𝑡 = 0 is an arbitrary reference time. If at time 𝑡 = 0, a steady uniaxial extensional

flow abruptly starts in the far field as a result of a step change in parameter𝑀 from

zero to 𝑀 > 0 in the expression for the velocity potential 𝜙∞ in (2.15), the bubble

(drop) will begin to deform. It is reasonable to assume a continuous variation of 𝜑

with time across the instant of start-up 𝑡 = 0. We have said that 𝜑 is a constant

for 𝑡 < 0. With this criterion and because the choice for the constant is arbitrary,

we choose (2.38) as the initial condition (𝑡 = 0) for all points over the (spherical)

boundary. Notice that ∂𝜙(𝑖,𝑒)/∂𝑛𝑖 is not zero everywhere on the interface at 𝑡 = 0

immediately after start-up since the velocity potential 𝜙𝑒 is governed by Laplace’s

equation and must tend to 𝜙∞ in the far field.

The set of equations (2.33) and (2.37) can be integrated numerically with initial

condition (2.38) and the boundary points (𝑧, 𝑟) starting from the semicircle 𝑧2+𝑟2 =

1, 𝑟 ⩾ 0, to track the deformation of the interface as time advances. In the next

section, we show, within the framework of the numerical method, that knowing the
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position of the boundary and the distribution of 𝜑 on it, at a given time, suffices to

determine, via equations (2.28) and (2.29), the distribution of potentials 𝜙𝑖 and 𝜙𝑒,

and the normal derivative ∂𝜙/∂𝑛𝑖, for points on the boundary.

2.3.4 Numerical method

Considering that the bubble or drop will undergo large deformations depicting some-

what complex shapes driven by the uniaxial extensional flow imposed in the far

field, the solution of the system of equations established in §§2.3.2 and 2.3.3 must

be sought by numerical means. In this section, we describe how the approximate

solution methods for these equations may be implemented in a computer program.

This program will perform three major tasks, namely,

∙ Implementation of the boundary element method to solve the system of inte-

gral equations for the fluids normal velocity component at the interface at a

given time. This requires discretization of the interface; interpolation of the

geometry, potential and normal derivative of the potential; numerical evalu-

ation of the integrals, and assembling and solution of two linear systems of

algebraic equations obtained with the collocation method.

∙ Numerical integration of the system of differential equations governing the

time evolution of discrete points on the interface to obtain its position at

discrete times. Adaptive time stepping is implemented in this stage.

∙ Refinement and smoothing of the grid to improve resolution in regions of the

curve approaching the axis of symmetry when pinch-off is imminent and to

avoid interfacial instabilities of numerical origin.

These stages are coupled. The solution of the potential problem as described

in the first task must be accomplished for each time step. Its results are used in

the time integration procedure to march to the next time level. Then, the updated

boundary position and potential distribution are inputs for the potential problem

solver to perform again and a cycle is established. Refinement and smoothing of the

mesh does not necessarily occur after each time step.

Here, we adopt the general algorithm originally presented by Rodŕıguez-Rodŕıguez

et al. (2006) with several modifications in the details of its implementation. In var-

ious parts of the procedure, we make choices of numerical methods that differ from

those selected by those authors. The details on the implementation of the stages

listed above are presented in the following subsections.
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Solution of the set of integral equations with the boundary element

method

In this section we seek numerical solutions of the system of boundary integral equa-

tions (2.28) and (2.29) by means of the boundary element method using the collo-

cation approach.

The curve representing the interface is divided into 𝑁 connected subintervals

or “elements”. In this analysis, the end points of each element are considered as

“nodal points” or simply “nodes”. No nodal points are placed in the interior of the

element. The values of the spatial coordinates and field variables (potential and

normal derivative of the potential) are stored at the nodes and the advancing of

the interface will be given discretely by the advancing of the nodes. Two consec-

utive elements share a node. Therefore, there are 𝑁 + 1 nodes after subdivision

including one at each end of the open curve Γ on the axis of symmetry. The val-

ues of the variables stored at a given node are shared by the two elements having

that node at their ends. This type of element is called “continuous”. Nodes are

labeled in sequential ascending order starting with 1 up to 𝑁 + 1, increasing in the

counterclockwise direction (figure 2.3). Hence the 𝑗th-element is bounded by the

nodal points 𝑗 and 𝑗 + 1. We also introduce the local bookkeeping index 𝛼 for the

𝑗th-element by identifying the nodes 𝑗 and 𝑗+1 with the tags 𝛼 = 1 and 𝛼 = 2, re-

spectively, on that element. This local element-wise notation is convenient because

it allows easier generalization of the discrete equations if one wishes to use higher

order approximations for the field variables over the element.

After subdivision, the integrals (2.28) and (2.29) over the entire curve Γ can be

expressed as a sum of integrals over the 𝑁 elements. That is, with no approximation,

∫
Γ
𝑔
∂𝜙

∂𝑛𝑖,𝜉
d𝑠𝜉 =

𝑁∑
𝑗=1

∫
Γ𝑗

𝑔
∂𝜙

∂𝑛𝑖,𝜉
d𝑠𝜉,

∫
Γ
ℎ𝜙 d𝑠𝜉 =

𝑁∑
𝑗=1

∫
Γ𝑗

ℎ𝜙 d𝑠𝜉 (2.39)

The variation of the geometry and field variables must be described over each

element. To approximate the geometry of curve Γ, the values of the coordinates

(𝑧, 𝑟) are interpolated between nodes using quintic splines taking ℓ as the spline

parameter. The values of ℓ at the nodes, ℓ𝑗 say, are computed from the linear

distance between consecutive nodes,

ℓ𝑗+1 − ℓ𝑗 =
√

(𝑧𝑗+1 − 𝑧𝑗)2 + (𝑟𝑗+1 − 𝑟𝑗)2,

with ℓ1 = 0. Therefore, the values of ℓ𝑗 for 1 ⩽ 𝑗 ⩽ 𝑁 can be determined given the

nodes coordinates. The interpolating quintic splines for 𝑧 and 𝑟 are given by the
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piecewise polynomials

𝑆(𝑗)
𝑧 (ℓ) = 𝑧𝑗 +

5∑
𝑚=1

𝐶(𝑗)
𝑧,𝑚(ℓ− ℓ𝑗)

𝑚 (2.40a)

𝑆(𝑗)
𝑟 (ℓ) = 𝑟𝑗 +

5∑
𝑚=1

𝐶(𝑗)
𝑟,𝑚(ℓ− ℓ𝑗)

𝑚 (2.40b)

for ℓ𝑗 ⩽ ℓ < ℓ𝑗+1 and 1 ⩽ 𝑗 ⩽ 𝑁 . Here, at a given instant of time, coordinates

(𝑧𝑗 , 𝑟𝑗) are known for all nodes and the splines satisfy 𝑧𝑗 = 𝑆
(𝑗)
𝑧 (ℓ𝑗) and 𝑟𝑗 = 𝑆

(𝑗)
𝑟 (ℓ𝑗)

with 𝑧𝑁+1 = 𝑆
(𝑁)
𝑧 (ℓ𝑁+1) and 𝑟𝑁+1 = 𝑆

(𝑁)
𝑟 (ℓ𝑁+1). Piecewise polynomials (2.40) are

used to interpolate 𝑧 and 𝑟 within the 𝑗th-element, that is,

𝑧(ℓ) = 𝑆(𝑗)
𝑧 (ℓ) and 𝑟(ℓ) = 𝑆(𝑗)

𝑟 (ℓ),

for ℓ𝑗 ⩽ ℓ < ℓ𝑗+1. For the interior nodes (𝑧𝑗 , 𝑟𝑗), with 2 ⩽ 𝑗 ⩽ 𝑁 , continuity of

derivatives d𝑝𝑆
(𝑗)
𝑧 /dℓ𝑝 and d𝑝𝑆

(𝑗)
𝑟 /dℓ𝑝 for 1 ⩽ 𝑝 ⩽ 4 is enforced. In addition, since

the surface 𝒮 is a surface of revolution, certain attributes of the smooth plane curve

Γ at the end points can be used to set the following boundary conditions for the

splines

d𝑆(1)
𝑧 /dℓ = d3𝑆(1)

𝑧 /dℓ3 = 0, d2𝑆(1)
𝑟 /dℓ2 = d4𝑆(1)

𝑟 /dℓ4 = 0, (2.41a)

for ℓ = 0, and

d𝑆(𝑁)
𝑧 /dℓ = d3𝑆(𝑁)

𝑧 /dℓ3 = 0, d2𝑆(𝑁)
𝑟 /dℓ2 = d4𝑆(𝑁)

𝑟 /dℓ4 = 0, (2.41b)

for ℓ = ℓ𝑁+1, as a result of the even character of 𝑧 and odd character of 𝑟 at 𝑟 = 0,

where curve Γ touches the axis of symmetry. With these boundary conditions, the

set of spline coefficients 𝐶
(𝑗)
𝑧,𝑚 and 𝐶

(𝑗)
𝑟,𝑚 in (2.40) are uniquely determined. Details

on these calculations are presented in Appendix A.

Linear variation with arc-length 𝑠 is assumed for the field variables over the 𝑗-th

element

𝜙(𝑠) = 𝜙1,𝑗𝑓1,𝑗(𝑠) + 𝜙2,𝑗𝑓2,𝑗(𝑠), 𝑞(𝑠) = 𝑞1,𝑗𝑓1,𝑗(𝑠) + 𝑞2,𝑗𝑓2,𝑗(𝑠) (2.42)

where 𝑞𝛼,𝑗 = (∂𝜙/∂𝑛𝑖)𝛼,𝑗 , with 𝛼 = 1, 2, and shape functions

𝑓1,𝑗(𝑠) =
𝑠2,𝑗 − 𝑠

Δ𝑠𝑗
, 𝑓2,𝑗(𝑠) =

𝑠− 𝑠1,𝑗
Δ𝑠𝑗

. (2.43)
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Here, local element-based notation is used for convenience and indices 𝛼 = 1 and 2

refer to nodes 1 and 2 of the 𝑗th-element and Δ𝑠𝑗 is the length of this element. As

explained above, this notation implies that 𝜙1,𝑗 = 𝜙𝑗 and 𝜙2,𝑗 = 𝜙𝑗+1 and similarly

for 𝑞, 𝑠 and ℓ.

The length 𝑠−𝑠1,𝑗 of the arc within the 𝑗-th element associated with the interval

(ℓ1,𝑗 , ℓ), with ℓ1,𝑗 < ℓ < ℓ2,𝑗 is given by

𝑠(ℓ)− 𝑠1,𝑗 =

∫ ℓ

ℓ1,𝑗

√(
d𝑧

dℓ̃

)2

+

(
d𝑟

dℓ̃

)2

dℓ̃. (2.44)

The derivatives of 𝑧 and 𝑟 are approximated using the spline interpolation (2.40).

By letting ℓ = ℓ2,𝑗 , this expression gives the element length, Δ𝑠𝑗 = 𝑠2,𝑗 − 𝑠1,𝑗 .

The integral is evaluated in an approximate manner using standard Gauss-Legendre

quadrature (see below).

Turning now to the complete elliptic integrals 𝐾(𝑚) and 𝐸(𝑚) appearing in the

kernels (2.30), function 𝐸(𝑚) is bounded in 0 ⩽ 𝑚 ⩽ 1, but function 𝐾(𝑚) shows a

logarithmic singularity and grows unbounded as 𝑚 → 1. However, this singularity

is integrable in the classical sense. Evaluation of these elliptic integrals is carried

out with the explicit formulae found in Abramowitz and Stegun (1964), valid for

0 ⩽ 𝑚 < 1 and with errors of 𝑂(10−8),

𝐾(𝑚) ≈ 𝐴𝑐(𝑚1) +𝐵𝑐(𝑚1) ln (1/𝑚1) (2.45a)

𝐸(𝑚) ≈ 𝐴𝑐(𝑚1) + �̃�𝑐(𝑚1) ln (1/𝑚1) , (2.45b)

where,

𝑚1 = 1−𝑚 =
𝐵

𝐴
, (2.46)

and 𝐴, 𝐵 and 𝑚 are given in (2.31). 𝐴𝑐, 𝐵𝑐, 𝐴𝑐 and �̃�𝑐 are known fourth-order

degree polynomials in 𝑚1.

The integrals over the 𝑗-th element appearing in expressions (2.39) may thus be

written as∫
Γ𝑗

𝑔
∂𝜙

∂𝑛𝑖,𝜉
d𝑠𝜉≈

2∑
𝛼=1

𝑞𝛼,𝑗

∫ ℓ2,𝑗

ℓ1,𝑗

𝑓𝛼,𝑗 𝑔 𝐽 dℓ,

∫
Γ𝑗

ℎ𝜙 d𝑠𝜉≈
2∑

𝛼=1

𝜙𝛼,𝑗

∫ ℓ2,𝑗

ℓ1,𝑗

𝑓𝛼,𝑗 ℎ𝐽 dℓ, (2.47)

with Jacobian

𝐽(ℓ) =

√(
d𝑧

dℓ

)2

+

(
d𝑟

dℓ

)2

, (2.48)

and again the derivatives of 𝑧 and 𝑟 are computed using the spline interpolation
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(2.40). With the above expressions, boundary integral equations (2.28) and (2.29)

may be expressed as

𝜙(x) =𝜓(x) +
𝑁∑
𝑗=1

2∑
𝛼=1

𝑞𝛼,𝑗

∫ ℓ2,𝑗

ℓ1,𝑗

𝑓𝛼,𝑗 𝑔(x, 𝝃(ℓ))𝐽 dℓ

−
𝑁∑
𝑗=1

2∑
𝛼=1

𝜙𝛼,𝑗

∫ ℓ2,𝑗

ℓ1,𝑗

𝑓𝛼,𝑗 ℎ(x, 𝝃(ℓ))𝐽 dℓ, (2.49)

where 𝜓(x) = 0 for the inner fluid and 𝜓(x) = 2𝜙∞(x) for the outer fluid. The

subscripts (𝑖, 𝑒) have been omitted from 𝜙, 𝑞, and kernels 𝑔 and ℎ to alleviate the

clutter in notation. Expression (2.49) is valid for any point on the boundary.

By the collocation method two systems of (𝑁 + 1) × (𝑁 + 1) linear algebraic

equations can be generated by applying equation (2.49) to each node x𝑘 in turn. We

have assumed that for both the inner and outer domains the nodes occupy the same

position. Continuity of potential and normal velocity components across elements

implies that 𝜙2,𝑗−1 = 𝜙1,𝑗 and 𝑞2,𝑗−1 = 𝑞1,𝑗 , respectively. The resulting systems of

equations my be written in matrix form as

H𝑖Φ𝑖 = G𝑖Q𝑖, H𝑒Φ𝑒 = 2Φ∞ +G𝑒Q𝑒. (2.50)

Here, the 𝑘th-component of vectors Φ(𝑖,𝑒), Q(𝑖,𝑒) and Φ∞ corresponds to the value

of 𝜙(𝑖,𝑒), 𝑞(𝑖,𝑒) and 𝜙∞, respectively, at node 𝑘. Here, it should be clear that notation

𝑞(𝑖,𝑒) =
∂𝜙(𝑖,𝑒)

∂𝑛(𝑖,𝑒)
. (2.51)

Elements of matrices H(𝑖,𝑒) and G(𝑖,𝑒) are formed by the integrals of the first and

second axisymmetric kernels, ℎ(𝑖,𝑒) and 𝑔(𝑖,𝑒), respectively. The elements of H(𝑖,𝑒)

and G(𝑖,𝑒) are given by

𝐻𝑘𝑗 = 𝛿𝑘𝑗 +

∫ ℓ2,𝑗−1

ℓ1,𝑗−1

𝑓2,𝑗−1 ℎ (x𝑘, 𝝃(ℓ))𝐽 dℓ+

∫ ℓ2,𝑗

ℓ1,𝑗

𝑓1,𝑗 ℎ (x𝑘, 𝝃(ℓ))𝐽 dℓ, (2.52a)

and

𝐺𝑘𝑗 =

∫ ℓ2,𝑗−1

ℓ1,𝑗−1

𝑓2,𝑗−1 𝑔 (x𝑘, 𝝃(ℓ))𝐽 dℓ+

∫ ℓ2,𝑗

ℓ1,𝑗

𝑓1,𝑗 𝑔 (x𝑘, 𝝃(ℓ))𝐽 dℓ, (2.52b)
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respectively, where 1 ⩽ 𝑘 ⩽ 𝑁 + 1, 2 ⩽ 𝑗 ⩽ 𝑁 , and

𝛿𝑘𝑗 =

⎧⎨⎩1, if 𝑘 = 𝑗,

0, if 𝑘 ∕= 𝑗,
(2.53)

is the Kronecker delta. For 𝑗 = 1 (𝑗 = 𝑁 + 1), the first (last) integral in both

expressions (2.52) must be excluded.

Adding matrix equations for the inner and outer fluids in (2.50), and applying

equations (2.18), (2.32) and (2.36), leads to

(H𝑖 + ΛH𝑒)Φ𝑖 = 2Φ∞ −H𝑒Ξ, (2.54)

where the element [Ξ]𝑘 is the value of 𝜑 at nodal point 𝑘.

With the distribution of 𝜑 on the nodal points known at a given time, one solves

the system (2.54) for Φ𝑖. Then, with this vector already computed, one turns to

either of the equations in (2.50) to obtain the nodal values of the normal velocities

𝑸 (recall that 𝑸 = 𝑸𝑖 = −𝑸𝑒). These values are needed in the right-hand side of

the differential equations (2.33) and (2.37) that are used to advance the interface

to the next time level. Since the matrices in the left-hand sides of (2.50) and (2.54)

are fully populated, these linear systems are solved using LU decomposition.

Due to the initial shape and the boundary conditions satisfied by the solution of

the problem subject of analysis, the flow field is symmetric with respect to the plane

𝑧 = 0. Therefore, one can substantially reduce the computational effort needed in

the solution of the linear systems (2.50) and (2.54) by enforcing equatorial symmetry

in the geometry coordinates, potentials 𝜙(𝑖,𝑒) and normal velocity ∂𝜙/∂𝑛𝑖 in equation

(2.49). This reduces the number of equations and unknowns to 𝑁/2 + 1 for each

system, where the number of elements 𝑁 is constrained to be even as an input to

the code. Of course, the elements of H and G have to be computed considering the

imposed symmetry. In summary, in this work we have two algorithms for the solution

of (2.50) and (2.54), namely, one in which equatorial symmetry is not assumed and

two (𝑁 + 1) × (𝑁 + 1) systems of equations must be solved, and another in which

equatorial symmetry is enforced and each linear system to be solved becomes of size

(𝑁/2 + 1)× (𝑁/2 + 1), with even N.

The integrals resulting in the components of H and G must be evaluated numer-

ically. For this purposes and considering integration over the 𝑗th-element, two cases

need to be distinguished, namely, when the collocation point x𝑘 does not belong to

this element, that is, when 𝑘 is neither 𝑗 nor 𝑗 + 1, and when the collocation point

does belong to it, i.e. 𝑘 = 𝑗 (node 𝛼 = 1) and 𝑘 = 𝑗+1 (node 𝛼 = 2). In the former
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case, one has regular integrals because both axisymmetric kernels 𝑔 and ℎ are not

singular, whereas for the latter case, the complete elliptic function of the first kind

𝐾(𝑚) is singular at 𝑚 = 1, for which 𝝃 = x𝑘 at one end of the integral. This is a

weak (logarithmic) singularity that is integrable in the classical sense. It requires,

however, special care when carrying out the numerical evaluation of the integrals,

being necessary a scheme that is different from the one used with the regular inte-

grals. The process of numerical integration is discussed below, where we follow, for

the most part, the discourse of Hilbing et al. (1995).

Regular integrals

When the collocation point does not belong to the element where the integrals are

evaluated, the kernels 𝑔 and ℎ are not singular. To carry out its integration, we

define an intrinsic coordinate 𝜂, −1 ⩽ 𝜂 ⩽ 1, that is local to any particular element

and takes the value 𝜂 = −1 at node 𝛼 = 1 and 𝜂 = 1 at node 𝛼 = 2 of that element.

It is related to parameter ℓ according to

ℓ(𝜂) = ℓ1,𝑗
1− 𝜂

2
+ ℓ2,𝑗

1 + 𝜂

2
. (2.55)

The variation of 𝜂 from −1 to 1 is not chosen arbitrarily. This interval is the same

as the one used in standard quadrature for numerical integration as shown below.

With transformation (2.55), the regular integrals in (2.49) become∫ ℓ2,𝑗

ℓ1,𝑗

𝑓𝛼,𝑗 𝑔𝐽 dℓ =
Δℓ𝑗
2

∫ 1

−1
𝑓𝛼,𝑗 𝑔 𝐽 d𝜂,

∫ ℓ2,𝑗

ℓ1,𝑗

𝑓𝛼,𝑗 ℎ𝐽 dℓ =
Δℓ𝑗
2

∫ 1

−1
𝑓𝛼,𝑗 ℎ𝐽 d𝜂, (2.56)

with Δℓ𝑗 = ℓ2,𝑗−ℓ1,𝑗 . The integrands in (2.56) are well behaved and their integration

can be carried out using standard Gauss-Legendre quadrature

∫ 1

−1
𝐹 [ℓ(𝜂)]d𝜂 ≈

𝑁𝑝∑
𝑛=1

𝐹 [ℓ(𝜂𝑛)]𝑤𝑛, (2.57)

where 𝑁𝑝 is the number of integration points, 𝜂𝑛 is the coordinate of a Gaussian

point and 𝑤𝑛 its corresponding weight (e.g., Stroud and Secrest, 1966). We use

𝑁𝑝 = 6 in our code.

Weakly singular integrals

When the collocation point lies on one or the other end of the element over which

the integral is computed, one has to deal with a weakly singular integral because
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the integrand has a logarithmic singularity. We proceed by splitting the fit of the

complete elliptic integral of the first kind

𝐾(𝑚) ≈ [𝐴𝑐(𝑚1) +𝐵𝑐(𝑚1) log𝐴]−𝐵𝑐(𝑚1) ln𝐵, (2.58)

into a nonsingular part (within brackets) and a singular part (last term). The

development that follows depends on the relative position of the singularity in the

element.

If the nodal point is at position 𝛼 = 1, the last term in (2.58) may be conveniently

written as (Bialecki et al., 1996)

ln𝐵 = 2 ln

[
𝐵1/2

(ℓ− ℓ1,𝑗)/Δℓ𝑗

]
+ 2 ln

[
ℓ− ℓ1,𝑗
Δℓ𝑗

]
, (2.59)

where the first term on the right-hand side is no singular and the second is singular.

With the substitution of (2.59) into (2.58), the integral of the second axisymmetric

kernel 𝑔 may be split into a regular integral and a weakly singular integral G1,reg +

G1,sng. That is, ∫ ℓ2,𝑗

ℓ1,𝑗

𝑓𝛼,𝑗 𝑔𝐽 dℓ = G1,reg + G1,sng. (2.60)

With the variable transformation

ℓ− ℓ1,𝑗 =
1

2
(1 + 𝜂)Δℓ𝑗 , (2.61)

where −1 ⩽ 𝜂 ⩽ 1, the regular integral may be written as

G1,reg =
Δℓ𝑗
𝜋

∫ 1

−1
𝑓𝛼,𝑗

𝑟

𝐴1/2

[
𝐴𝑐(𝑚1) +𝐵𝑐(𝑚1)

{
ln𝐴− 2 ln

(
2𝐵1/2

1 + 𝜂

)}]
𝐽d𝜂, (2.62)

and can be computed with standard Gauss-Legendre quadrature. For the integral

of the singular term, the following variable change is adequate

ℓ− ℓ1,𝑗 = 𝜉Δℓ𝑗 , (2.63)

where 0 ⩽ 𝜉 ⩽ 1. The integral of the singular term thus becomes

G1,sng =
4Δℓ𝑗
𝜋

∫ 1

0
𝑓𝛼,𝑗

𝑟

𝐴1/2
𝐵𝑐(𝑚1)𝐽 ln

(
1

𝜉

)
d𝜉. (2.64)

These limits of integration, given by rule (2.63), are chosen so that the integral
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(2.64) has the exact form needed for the application of logarithmically weighted

Gaussian quadrature schemes. Therefore, numerical evaluation of this integral can

be achieved by using

∫ 1

0
𝐹 [ℓ(𝜉)] ln

(
1

𝜉

)
d𝜉 ≈

�̃�𝑝∑
𝑛=1

𝐹 [ℓ(𝜉𝑛)]𝑤𝑛, (2.65)

where �̃�𝑝 is the number of Gaussian points, and 𝜉𝑛 and 𝑤𝑛 denote their coordinates

and the associated weights, respectively (e.g., Stroud and Secrest, 1966). We chose

�̃�𝑝 = 6 in our computations.

Turning now to the integrals with the first axisymmetric kernel ℎ, according to

(2.30b), this may be written as

ℎ = ℎ∗ − 𝑛𝑟

𝜋𝐴1/2
𝐾(𝑚), (2.66)

where ℎ∗ is regular and the last term in the right-hand side has the singularity due to

the presence of 𝐾(𝑚). This last term may be treated as in the case of the integrals

with kernel 𝑔 above. After repeating that procedure, we have that the integrals with

kernel ℎ and singularity at the nodal point 𝛼 = 1 may be written as the sum of a

regular integral and a weakly singular integral, H1,reg + H1,sng, i.e.∫ ℓ2,𝑗

ℓ1,𝑗

𝑓𝛼,𝑗 ℎ𝐽 dℓ = H1,reg + H1,sng, (2.67)

where

H1,reg =
Δℓ𝑗
2

∫ 1

−1
𝑓𝛼,𝑗

[
ℎ∗ − 𝑛𝑟

𝜋𝐴1/2

{
𝐴𝑐(𝑚1)

+𝐵𝑐(𝑚1)

{
ln𝐴− 2 ln

(
2𝐵1/2

1 + 𝜂

)}}]
𝐽d𝜂, (2.68)

and

H1,sng = −2Δℓ𝑗
𝜋

∫ 1

0
𝑓𝛼,𝑗

𝑛𝑟

𝐴1/2
𝐵𝑐(𝑚1)𝐽 ln

(
1

𝜉

)
d𝜉, (2.69)

and their numerical treatment follows as in the cases of G1,reg and G1,sng, respectively.

Consider now the case in which the collocation point is at nodal point 𝛼 = 2.

The treatment of this singularity follows similarly as in the case of the singularity
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at the other end, but instead of (2.59) and (2.61), we use

ln𝐵 = 2 ln

[
𝐵1/2

(ℓ2,𝑗 − ℓ)/Δℓ𝑗

]
+ 2 ln

[
ℓ2,𝑗 − ℓ

Δℓ𝑗

]
(2.70)

and

ℓ2,𝑗 − ℓ =
1

2
(1− 𝜂)Δℓ𝑗 , (2.71)

respectively. Therefore, the integral associated with the second axisymmetric kernel

𝑔 is split into its regular and weakly singular parts G2,reg + G2,sng, where

G2,reg =
Δℓ𝑗
𝜋

∫ 1

−1
𝑓𝛼,𝑗

𝑟

𝐴1/2

[
𝐴𝑐(𝑚1) +𝐵𝑐(𝑚1)

{
ln𝐴− 2 ln

(
2𝐵1/2

1− 𝜂

)}]
𝐽d𝜂, (2.72)

and the integral G2,sing of the weakly singular term is computed with the same

expression as (2.64), except that the transformation

ℓ2,𝑗 − ℓ = 𝜉Δℓ𝑗 , (2.73)

0 ⩽ 𝜉 ⩽ 1, must be used to evaluate the integrand. The integral with the first

axisymmetric kernel ℎ is also computed as the sum of its regular and weakly singular

parts, H2,reg + H2,sng, where

H2,reg =
Δℓ𝑗
2

∫ 1

−1
𝑓𝛼,𝑗

[
ℎ∗ − 𝑛𝑟

𝜋𝐴1/2

{
𝐴𝑐(𝑚1)

+𝐵𝑐(𝑚1)

{
ln𝐴− 2 ln

(
2𝐵1/2

1− 𝜂

)}}]
𝐽d𝜂, (2.74)

and integral H2,sng of the weakly singular term is given by the right-hand side of

(2.69), but the integrand must be computed using transformation (2.73).

Rodŕıguez-Rodŕıguez et al. (2006) reported the use of the singularity substraction

technique (Og̃uz and Prosperetti, 1993) to handle the singular integrals instead of

the special logarithmic Gaussian quadrature method employed here.

Numerical integration of the differential equations for the motion of the

interface

The integration of the system of equations (2.33) and (2.37) is carried out using

a fourth-order Runge-Kutta method with adaptive time stepping. This scheme

requires four evaluations of the functions for each time step. Even though the
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significant computational cost, this method has the benefit of needing no information

from previous time steps. This feature allows for implementation of re-gridding

and refinement by changing the number and position of the nodal points as time

advances. The time step is dynamically modified in order to properly resolve the

shape of the interface when approaching pinch-off and its value is found by requiring

that no nodal point will move beyond a fraction of the smallest element size. The

time step employed is the minimum of all time steps computed as the ratio of

that maximum distance to the nodal velocity and cannot be larger than both the

time step needed to resolve inviscid capillary waves with the smallest grid dimension

(Leppinen and Lister, 2003) given by (see Lamb, 1932; Padrino, Funada, and Joseph,

2008)

Δ𝑡 ⩽ 2𝜋(Δ𝑠)3/2
[

𝜋3

(1 + Λ)𝑊𝑒

]−1/2

, (2.75)

and a maximum allowable time increment set from the start as an input (see Hilbing

et al., 1995).

The evaluation of the tangential derivatives ∂𝜙(𝑖,𝑒)/∂𝑠 at the nodal points needed

in the right-hand side of (2.37) is carried out by differentiation of the quintic spline

(of the “𝑧-type”, see Appendix A) fitted to the discrete distribution of potentials

𝜙(𝑖,𝑒), whereas the normal derivative comes from the solution of the boundary in-

tegral equation described above. The first and second derivatives of 𝑧 and 𝑟 with

respect to arc-length 𝑠 needed in the computation of the viscous normal stress (2.21)

and the mean curvature (2.22) are obtained from the quintic splines formulae in-

terpolating the nodal coordinates. By virtue of the chain rule for differentiation,

these computations require the values of d𝑠/dℓ and d2𝑠/dℓ2 at the nodes, for which

relation (2.44) between 𝑠 and ℓ becomes useful.

Grid refinement and smoothing

In a number of works that apply the boundary element method coupled with a time

integration scheme to track the motion of an interface or free surface, it has been

reported the developing of “zigzag” instabilities when simulations run for relatively

long time intervals (Longuet-Higgins and Cokelet, 1976; Lundgren and Mansour,

1988; Hilbing et al., 1995; Heister, 1997). This might be associated with the clus-

tering of the nodes over certain regions of the boundary, on which the element

size gets reduced, thereby requiring a smaller time step to maintain the stability

of the time advancing algorithm (Lundgren and Mansour, 1988). Several strate-

gies have been implemented to alleviate this problem. One choice is to apply a

smoothing function of the boundary shape or the boundary potential as time pro-
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gresses (Longuet-Higgins and Cokelet, 1976; Hilbing et al., 1995); an alternative is

to modify the surface potential by adding a five point formula for the discrete spa-

tial fourth-order derivative of the potential, as described by Lundgren and Mansour.

Remeshing the nodes as time advances so that they are kept evenly spaced has also

been utilized as an strategy to smooth out the numerical instabilities (Lundgren and

Mansour, 1988; Hilbing et al., 1995; Heister, 1997). The remeshing technique has

been modified by Og̃uz and Prosperetti (1990) to generate a staggered grid. This

is achieved by setting the length between consecutive nodes equal to a constant

value, Δ𝑠 say, which is determined from the total arc-length of the boundary at the

current time, except for arc segments defined by the first and last pairs of nodes

on the grid, whose length is made equal to Δ𝑠/2. Then, a time-integration step is

performed after which staggering occurs again, this time by placing the nodes so

that the arc-length between adjacent nodes, including the first and last pair, is the

same. This amounts to dynamically increasing and decreasing the number of nodes.

Og̃uz and Prosperetti (1990) also proposed the alternative approach of damping the

curvature by adding to it a term proportional to the rate of change of the curvature.

Filtering schemes have also been used, as in the case of Rodŕıguez-Rodŕıguez et al.

(2006), based upon the fast Fourier transform of the discrete boundary functions

and the elimination of the high-frequency components.

In certain situations, it is desirable to have grid refinement by having shorter

separation between nodes in particular regions of the boundary. This technique

seems to contradict the strategy of having nearly constant grid spacing, as described

above. Nevertheless, grid refinement has been applied successfully in problems of

bubble and drop dynamics. For instance, Chen and Steen (1997) implemented an

algorithm to have a higher concentration of nodes in the regions of large curvature in

their numerical method for bubble break-up, whereas, in their work on axisymmetric

capillary pinch-off of a drop, Leppinen and Lister (2003) set the distance between

consecutive nodes proportional to the distance from each node to the point on the

axis of symmetry with the same abscissa as the location of the minimum neck radius.

With this strategy, it was possible to resolve the shape of the boundary with great

detail at the instants before pinch-off.

In the present computations, we adopt a refinement scheme similar to the one

by Leppinen and Lister (2003). Interpolating the coordinates of the nodes on

the boundary using quintic splines, the separation between adjacent nodal points

{x𝑗 ,x𝑗+1} was set to 0.1𝐷, where 𝐷 is the distance between point x𝑗 and the point

(𝑧min, 0), where (𝑧min, 𝑟min) are the coordinates of the nodal point on the interface

with the minimum neck radius, that is, the node closest to the axis of symmetry
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in the neck region. In this notation, the index 𝑗 = 1 corresponds to the node with

coordinates (𝑧min, 𝑟min) and increases towards both ends of the boundary. This grid

spacing was restricted to be no larger than an upper bound defined as an input to

the code. This grid refinement strategy was applied in the version of the code for

which equatorial symmetry was considered in the solution of the discrete boundary

integral equation [see the discussion after (2.54)]. This version of the code is used in

the case of a drop, where break-up takes place, because of symmetry, simultaneously

at two different points away from the plane 𝑧 = 0. Of course, the algorithm just

described also works when the node with minimum neck radius lies on the plane

𝑧 = 0. In the version of the code that does not enforce equatorial symmetry, the grid

refinement strategy described above is modified by setting 𝑧min = 0 for all times,

this abscissa being associated with the node 𝑁/2+1, with 𝑁 being the (even) total

number of elements. This version of the code is used to simulate the deformation

of a bubble, i.e. small Λ, in which case the minimum radius of the neck occurs at

𝑧min = 0 or, if a (small) satellite bubble is formed, the actual 𝑧-coordinates for the

(two) nodes with the minimum neck radius will not be zero but in the neighborhood

of 𝑧 = 0, and therefore the level of grid refinement will also be satisfactory around

those points.

In our code, this grid refinement method has been combined with the smoothing

strategy of node staggering in a manner similar to that implemented by Og̃uz and

Prosperetti (1990) as presented above. Of course, in this case the nodes are not

evenly spaced as inter-nodal spacing is affected by grid refinement. In the code,

one can deactivate either the grid refinement or the node staggering, or both, at

will. For instance, in the subcritical case, in which no break-up takes place, grid

refinement may be of no advantage. When grid refinement is deactivated and node

staggering is carried out, the resulting grid can be enforced to have equally spaced

nodes except, perhaps, for the first and last pair of nodes. We do not usually call

for node staggering after each time step, but after several time steps have been

executed.

2.4 Results and discussion

The problem described in §§2.3.1-2.3.3 is solved numerically using the procedure

detailed in §2.3.4. Here, we present and discuss the results of the simulations for

the case of a bubble, for which the density ratio is very small, and for the case of a

drop, for which the density ratio is 𝑂(1). Before doing so, we discuss the validation

stage for the numerical method employed.
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2.4.1 Validaton of the numerical set-up

The validation of the axisymmetric solver is carried out first by comparing its pre-

dictions with analytic results for the small oscillations of a bubble or drop about the

spherical shape from both inviscid (Lamb, 1932) and viscous potential flow (Joseph

et al., 2007; Padrino et al., 2008, see chapter 5 of this thesis). In this case the mo-

tion is driven by capillary forces as a result of an initial deformation imposed on the

interface in the absence of any prescribed flow in the far field. The dimensionless

equations presented in §2.3.1 are still valid for this setting. However, since the flow

strength𝑀 = 0 in the far field, one must choose a different velocity scale,
√
𝛾/(𝜌𝑒𝑎)

in this case, so that the Weber number is now fixed, 𝑊𝑒 = 1, and the Reynolds

number is 𝑅𝑒 =
√
𝜌𝑒𝛾𝑎/𝜇𝑒, which is simply 𝑂ℎ−1

𝑒 , where 𝑂ℎ𝑒 is the Ohnesorge

number for the exterior fluid. Two independent modes of oscillation are considered,

namely, the second and fourth modes, which are set by an initial interfacial shape of

the form 1+𝜖𝑃𝑛(cos 𝜃) with 𝑛 = 2 and 4, respectively, and 𝜖 is a “small” number; 𝑃𝑛

are the Legendre polynomials of order 𝑛. With these modes, equatorial symmetry

of the evolved interface is guaranteed.

Figure 2.4 shows the variation with time of the normalized amplitude of the

right end of the bubble or drop obtained with the numerical method presented

above for both inviscid and viscous fluids and 128 elements. In the latter case, we

chose 𝑅𝑒 = 100 and a viscosity ratio 𝛽 = 0.01 for the bubble and 𝛽 = 0.1 for the

drop. These choices give a decay rate such that the interface oscillates over several

time periods without decaying too fast, thereby allowing the analysis of the signal.

Figures 2.4(a) and 2.4(b) correspond to the second mode and 𝜖 = 0.05, whereas

figures 2.4(c) and 2.4(d) correspond to the fourth mode and 𝜖 = −0.05. Density ratio

in these cases is Λ = 0.0012 (bubble case). The frequency of oscillations increases

by increasing 𝑛. In the inviscid case (figure 2.4(a) and 2.4(c)), non-linear effects can

presumably be observed as the amplitude of the oscillations slightly deviates from

a constant value. In figures 2.4(e) through 2.4(f) the initial deviation of the bubble

interface is reduced (in absolute value) to 𝜖 = −0.005. By comparing (c) and (e),

one can notice that the amplitude of the oscillations tend to a constant value as

𝜖 becomes smaller in the inviscid case. Finally, figures 2.4(g) and 2.4(h) show the

change in amplitude for a drop (Λ = 0.8), 𝑛 = 4 and 𝜖 = −0.005. Results for a

drop and 𝜖 = −0.05 were also obtained but are not shown here as they conform

to those results already depicted. In all the cases, the frequency of the oscillations

shows excellent agreement with the theoretical results obtained in the linearized

case by Lamb (1932) for fluids with zero viscosity and by Joseph et al. (2007) for

two viscous fluids (see Padrino et al., 2008, and also chapter 5). The relative error
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in all the cases lies within 0.4%. In the viscous case, figure 2.4 also demonstrates

very good match between the theoretical and numerical results for the decay rate

of the oscillations.

This is perhaps the first time in which the linear viscous potential flow the-

ory for the small oscillations of a bubble or drop is used to validate a numerical

method developed to solve the non-linear deformation of an interface shared by two

viscous fluids whose motion is assumed to be irrotational. Indeed, the linear invis-

cid theoretical result by Lamb (1932) has been used elsewhere to validate, in the

small deformation case, algorithms solving boundary integral equations to simulate

the inviscid motion of an interface or free surface (Hilbing et al., 1995; Rodŕıguez-

Rodŕıguez et al., 2006). It should also be mentioned that the boundary integral

formulation of Lundgren and Mansour (1988) used to study the oscillations of a

drop with “weak” viscous effects, which is different from the viscous potential flow

approach followed here, was validated using the result from Lamb’s linear viscous

dissipation approximation. The linearized viscous dissipation approximation differs

from the linearized viscous potential flow method employed in the present valida-

tion, and therefore, one should not expect agreement between their results for all

cases.

Results for the time evolution of a bubble or drop in a uniaxial straining flow

from boundary integrals simulations by Rodŕıguez-Rodŕıguez et al. (2006) consid-

ering inviscid fluids are used to further validate our code in the case of large defor-

mations. They considered that initially the interface is spherical. If the viscosity

is set to zero, the parameters controlling the dynamics are the Weber number and

the density ratio. Their results indicate that above a certain critical value of 𝑊𝑒,

the bubble breaks up, whereas for values of 𝑊𝑒 below that threshold, the bub-

ble undergoes large oscillations without breaking up. For the case of a drop, .i.e.

Λ ∼ 𝑂(1), those authors provide no information regarding the existence of a critical

𝑊𝑒. For the purpose of comparison, we have chosen some of the cases considered

by Rodŕıguez-Rodŕıguez et al. (2006). First, we consider a bubble with density

ratio Λ = 0.0012 and Weber numbers 𝑊𝑒 = 1.0, 2.19, 10.0 and 𝑊𝑒 → ∞; the

first two values correspond to subcritical conditions and the last two cases result in

break-up. Rodŕıguez-Rodŕıguez et al. (2006) have found a critical Weber number

𝑊𝑒𝑐 = 2.3. Figure 2.5 shows our numerical simulations using the numerical method

presented in §2.3.4 for various times. For the final time in each case, the predictions

by Rodŕıguez-Rodŕıguez et al. (2006) are shown with symbols and the agreement is

excellent. It should also be mentioned that the final time 𝑡𝑏 from our simulations

agree very well with their final time, except for case (c), for which our 𝑡𝑏 = 1.221
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Figure 2.4: Amplitude of the right end of the bubble or drop 𝑧end(𝑡) =∣xend(𝑡) ∣,
where xend(𝑡) = (𝑧(𝑡), 0), as a function of time. This amplitude is presented in
normalized fashion, (𝑧end(𝑡) − 1)/𝜖. The motion of the system is due to an initial
perturbation of the spherical interface of unit radius given by ∣x(0)∣= 1+ 𝜖𝑃𝑛(cos 𝜃),
where 𝑃𝑛 are the Legendre polynomials of order either 𝑛 = 2 or 4, and 𝜃 is the polar
angle. The fluid is at rest in the far field (Caption continues on the next page).
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Figure 2.4: (Continued from the previous page) The figures on the left correspond to
inviscid potential flow, whereas the figures on the right result from viscous potential
flow simulations with a Reynolds number 𝑅𝑒 = 100. Figures (a) and (b) are obtained
with 𝑛 = 2, 𝜖 = 0.05 and density ratio Λ = 0.0012 (bubble). For figures (c) and (d),
𝑛 = 4, 𝜖 = −0.05 and Λ = 0.0012, whereas for figures (e) and (f), 𝑛 = 4, a much
smaller (in absolute value) deviation 𝜖 = −0.005 and Λ = 0.0012. Figures (g) and
(h) results from 𝑛 = 4, 𝜖 = −0.005 and Λ = 0.8 (drop). The frequency and decay
rate of the oscillations are compared with the linear, viscous potential flow theory,
from which the dashed lines shown in the figures on the right are obtained.

and theirs 𝑡𝑏 = 1.230, which amount to a discrepancy of −0.7% that we consider

satisfactory. Since the fluids are incompressible, the volume of the bubble or drop

must remain constant; by numerical integration of a body of revolution around

the 𝑧-axis, this volume has been computed after every time step and errors within

0.02%∗ where obtained for the four cases shown in figure 2.5. This demonstrates

the mass preserving attribute of the numerical scheme used in this work.

The results shown in figure 2.5 were computed using 128 elements, with node

staggering and grid refinement. Because of the latter feature, the number of elements

increased with time leading to a number of elements in the order of 350 at the last

instant of the computations. Test computations with double the initial number

of elements lead to the same profiles as those shown here. In addition, using a

maximum allowable time step of 10−5 (recall that we are using an adaptive time

stepping) instead of our standard maximum of 10−4 did not rendered significant

changes either. Similar tests were also conducted for a few of the cases reported

below for the inviscid drop as well as for the calculations concerning the irrotational

motion of viscous fluids, and the results presented here show insignificant variation

with both the increment of the number of elements at start-up and the reduction of

the maximum time-step size.

Due to the symmetry imposed by the initial and boundary conditions, when the

necking regions develops, the minimum radius is attained at the equatorial plane. If

the coordinates of the interface are normalized by the minimum radius 𝑟min (figure

2.6), the normalized profile becomes slender as time progresses, since the length

scale in the radial direction decreases faster than the scale along the axial direction,

as reported by Gordillo et al. (2005). A parabolic function fits these curves very

well.

In figure 2.7 we show the variation of the minimum neck radius 𝑟min with the

∗As a reference, with 129 nodes, the relative error (%) in the computation of the volume for the
initial sphere is about 2× 10−12.
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Figure 2.5: Deformation of a bubble in a uniaxial straining flow from an inviscid
potential flow analysis with density ratio Λ = 0.0012 and different Weber numbers.
(a) 𝑊𝑒 = 1.0, (b) 𝑊𝑒 = 2.19, (c) 𝑊𝑒 = 10.0 and (d) 𝑊𝑒 → ∞. The solid
lines represent the results from the present work and the △ denotes results from
Rodriguez-Rodriguez et al. (2006). This comparison is part of the validation stage
of the computational code developed in this work.
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Figure 2.6: Normalized bubble profile approaching pinch-off for a Weber number
𝑊𝑒 = 10.0, density ratio Λ = 0.0012 and inviscid fluids. Here, 𝑟min denotes the
minimum radius of the bubble neck. The various curves are very well fitted by
the parabolic profile 𝑧/𝑟min = 1 + 𝑎𝑟2/𝑟2min, where 𝑟min = 0.220 and 𝑎 = 0.152 for
𝑡 = 1.095; 𝑟min = 0.035 and 𝑎 = 0.060 for 𝑡 = 1.216, and 𝑟min = 0.002 and 𝑎 = 0.016
for 𝑡 = 1.221.

time to break-up 𝜏 = 𝑡𝑏 − 𝑡 for the inviscid cases, where 𝑡𝑏 is the break-up time.

The fitting of the law 𝑟min ∼ 𝜏𝛼, where 𝛼 is an effective exponent, gives rise to

values of 𝛼 somewhat larger than 0.5, as expected (Gordillo et al., 2005), and closer

to values determined from experimental data for a bubble detaching from a nozzle

due to gravity (𝛼 = 0.56 by Keim et al. (2006), and 𝛼 = 0.57 by Thoroddsen et

al. (2007)). The slight difference with our results may be due to the fact that their

experimental setting is different from the configuration studied here, as the precise

value of 𝛼 depends on the initial and boundary conditions, and also, perhaps, to the

range of 𝑟min fitted in these graphs. We note that the ranges plotted here for 𝜏 and

𝑟min are similar to the ones used by Gordillo et al. (2005).

Figure 2.8 depicts the time evolution of the interface for a drop with a density

ratio Λ = 0.8 and two different Weber numbers. In contrast to the case of a bubble

where break-up has been observed to be binary in experiments, for the case of a

drop the tertiary break-up has been reported (see §2.1.1). This is reproduced by

the simulations. For the smallest 𝑊𝑒 = 3, the slender satellite drop and the two

large droplets on the sides have similar axial length scales. On the other hand,

for the largest 𝑊𝑒 = 10 considered, a central elongated ligament is formed with

axial length of about 12 times the initial drop length, and break-up occurs near

the ends of the slender drop. Also, the break-up time is larger than those observed

for the bubble. The length of this long liquid thread becomes of the same size of

the eddy that tend to break it up and, therefore, the axisymmetric configuration is

not preserved as the ligament is bent by the action of the background flow and the

model assumed in this work does not longer hold on quantitative terms. However,

some relevant features of the drop shape are still reproduced, i.e. the drop length
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Figure 2.7: Minimum neck radius 𝑟min as a function of the time to break-up 𝜏 = 𝑡𝑏−𝑡
for a bubble in uniaxial straining motion; the density ratio Λ = 0.0012 and the fluids
are inviscid. For the interval shown the motion follows the scaling 𝑟min ∼ 𝜏𝛼, where
𝛼 is an “effective” exponent. The thin solid line corresponds to a Weber number
𝑊𝑒 = 10 and the dashed line corresponds to 𝑊𝑒→ ∞.

and break-up pattern. Comparison of the shapes predicted by our code with those

by Rodŕıguez-Rodŕıguez et al. (2006) (symbols) for 𝑊𝑒 = 3 demonstrate excellent

agreement, which is also obtained for the break-up time. For 𝑊𝑒 = 10, the drop

shape predicted with viscous potential flow is similar to that by Rodŕıguez-Rodŕıguez

et al.; however, discrepancies arise in the neck region (pinch-off area) and in the

shape of the daughter drops at the tips. This is because we implemented grid

refinement in our simulations, whereas Rodŕıguez-Rodŕıguez et al. did not. Indeed,

when we disable grid refinement and enforce equally spaced nodes, our result with

513 nodes (not shown) and the one by Rodŕıguez-Rodŕıguez et al. (2006) coincide in

shape. We also highlight that volume is preserved in the simulations for the drop up

to the final time within 0.09%, even in the case where the axial length scale changes

so dramatically (𝑊𝑒 = 10).

The evolution of the neck minimum radius 𝑟min as pinch-off is approached for a

drop (Λ = 0.8) is shown to follow the law 𝑟min = 𝜏2/3 in figure 2.9 for both Weber

numbers 𝑊𝑒 = 3 and 10 in agreement with analyses and numerical predictions

(Keller and Miksis, 1983; Chen and Steen, 1997; Day et al., 1998; Leppinen and

Lister, 2003). Here, we show only the cone to the right of the equatorial plane

𝑧 = 0. For a drop and 𝑊𝑒 = 3, figure 2.10(a) shows the evolution of the interface

in the neck region as it approaches pinch-off. Notice that the interface overturned

before breaking up and so both the steep and shallow parts of the interface being
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Figure 2.8: Deformation of a drop in a uniaxial straining flow from an inviscid
potential flow analysis with density ratio Λ = 0.8 and Weber numbers (a) 𝑊𝑒 = 3.0
and (b) 𝑊𝑒 = 10. The solid lines represent the results from the present work and
the △ denotes results from Rodriguez-Rodriguez et al. (2006). This comparison is
part of the validation stage of the computational code developed in this work.

connected by the necking region depict negative slopes with respect to the reference

frame shown. As time progresses, the interface tend to attain a cone shape about

the minimum radius and 𝑟min → 0 in a finite time creating a kink. Also notice

the dense grid for the last instant included in the figure, for which the interface is

discretized by 605 nodal points (initially we set 129 nodes) and the final (adaptive)

time steps are of order 3×10−9. In figure 2.10(b), we present the scaled profiles near

drop pinch-off 𝑟𝑠 versus 𝑧𝑠 using the coordinates of the neck (𝑧min, 𝑟min) as indicated

in the figure’s caption at each instant depicted. With this new set of coordinates

the profiles show a clear tendency to collapse onto a single smooth curve as the

time to break-up 𝜏 and thus 𝑟min both go to zero; therefore, in this scaled set of

coordinates, this inviscid break-up process is self-similar, as expected (Leppinen and

Lister, 2003).

2.4.2 Bubble - Viscous analysis

In this section, the time evolution of the interface of a bubble in a uniaxial exten-

sional flow is computed using the numerical method described in §2.3.4 considering

irrotational motion and the inner and outer fluids to be viscous. The goal is to com-

pare the results obtained here under these assumptions with the results given very

recently by Revuelta et al. (2006) from the numerical solution of the incompressible,

fully viscous Navier–Stokes equations using a projection method with suitable spa-

tial and time discretizations of the various terms combined with a level set method to

track the evolution of the interface. They dimensionalized their governing equations

with the same scales as those used in §2.3.1. In their numerical study, the initially
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Figure 2.9: Power of the minimum neck radius 𝑟
3/2
min as a function of time 𝑡 approach-

ing pinch-off for an inviscid drop within another inviscid liquid with density ratio
Λ = 0.8 and Weber number (a) 𝑊𝑒 = 3 and (b) 𝑊𝑒 = 10. The figures show that
the minimum neck radius approaches pinch-off following the scaling 𝑟min ∼ 𝜏2/3 as
the time to pinch-off 𝜏 = 𝑡𝑏 − 𝑡→ 0.

spherical bubble starts from rest, the density and viscosity ratios Λ = 0.001 and

𝛽 = 0.01 and the remaining controlling parameters, i.e. the Reynolds and Weber

numbers, as defined in §2.3.1, take different values. Revuelta et al. point out that

the errors in the computation of the (bubble) mass were within 1%, except for high

Reynolds numbers and low Weber numbers, where the errors where within 3%.

In figure 2.11, the change of the total axial dimension of the bubble 𝐷 with time

is presented for five different values of 𝑅𝑒 and also for the inviscid case, 𝑅𝑒 → ∞,

for a fixed 𝑊𝑒 = 1.5. This magnitude is lower than the critical Weber number

𝑊𝑒𝑐 above which inertia effects are strong enough to overcome the surface tension

effects that tend to preserve the integrity of the bubble, thereby leading to break-

up. Revuelta et al. (2006) found 𝑊𝑒𝑐 ≈ 2.22 ± 0.005 and independent of 𝑅𝑒 for

𝑅𝑒 ⩾ 20. Therefore, for 𝑊𝑒 = 1.5, the bubble does not break up. It is shown that

the oscillations are more rapidly attenuated as the Reynolds number decreases as

a result of viscous dissipation and the bubble shape quickly reaches steady state.

The figures show very good agreement between the calculations from the potential

flow of viscous fluids of the present work (solid lines) and the fully viscous Navier–

Stokes equations by Revuelta et al. (2006) (symbols) for up to 𝑡 ≈ 8, indicating

that viscous effects are mostly associated with the irrotational motion during this

stage. Because the initial condition is irrotational, the viscous results for the largest

Reynolds numbers, i.e. 𝑅𝑒 = 200, 500 and 1000, match the inviscid solution, at

least for the first cycle, as in the case of 𝑅𝑒 = 200. This is not the case for the
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Figure 2.10: Interface shapes for various times approaching pinch-off for a drop of
an inviscid fluid in another inviscid liquid; the density ratio is Λ = 0.8 and the
Weber number is 𝑊𝑒 = 3. In figure (a) the coordinates 𝑟 vs. 𝑧 are shown; for the
last instant, the node distribution over the interface is depicted, highlighting the
high nodal density of the grid around the neck region. In figure (b) the shapes tend
to collapse onto a conical shape when rescaled with the minimum neck radius 𝑟min

and centered on 𝑧min, i.e., 𝑧𝑠 = (𝑧 − 𝑧min)/𝑟min and 𝑟𝑠 = 𝑟/𝑟min, thereby suggesting
self-similarity. Two decades of variation of 𝑟min with time are shown in the legend.

smallest values of 𝑅𝑒 considered, 𝑅𝑒 = 20 and 50, for which discrepancies with the

inviscid results are evident almost from the start. Finally, note that the results from

the fully viscous Navier–Stokes equations seem to get damped abruptly, especially

for the largest 𝑅𝑒, a phenomenon that may be regarded as unexpected and it is not

discussed by Revuelta et al. (2006). In our numerical solutions for the sub-critical

cases, the maximum error in the computation of the volume of the bubble lies within

0.02%. For the set of values of 𝑅𝑒 mentioned above, we conducted tests with our

code and found about the same critical value 𝑊𝑒𝑐 as that reported by Revuelta et

al., with a very weak dependence on 𝑅𝑒.

In passing, it should be mentioned that bubble break-up still may take place for

subcritical 𝑊𝑒 < 𝑊𝑒𝑐 if the strength𝑀 of the extensional flow in the far field is set

to fluctuate and a mechanism of resonance occurs with the bubble oscillations (see

Kang and Leal, 1990; Revuelta et al., 2006); however, this case is out of the scope of

this research as the strength 𝑀 does not change with time in the present analysis.

Note also that Revuelta et al. (2006) predict that 𝑊𝑒𝑐 decreases towards zero as

𝑅𝑒→ 0. In comparing their critical values for 𝑊𝑒 with those reported by Kang and

Leal (1990) for intermediate and large 𝑅𝑒, substantial discrepancies are obtained.

Revuelta et al. (2006) explained these differences arguing that the initial conditions

that they imposed and the criteria used to determine 𝑊𝑒𝑐 are not the same as
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those used by Kang and Leal (1990). We observe, however, that some of the results

presented by Kang and Leal (1990) seem to have been obtained with the same initial

conditions as in the case of Revuelta et al. (2006) but discrepancies in the outcome

are surprisingly encountered, when one would have expected agreement.

Turning now our attention to the case of supercritical Weber numbers, figure

2.12 shows the break-up time 𝑡𝑏 as a function of the Weber number 𝑊𝑒 for several

magnitudes of the Reynolds number 𝑅𝑒 obtained from the viscous potential flow

computations. These predictions are compared with results from the solution of the

fully-viscous Navier–Stokes equations. In addition, results for inviscid fluids are also

included. The vertical dashed-dotted line corresponds to the critical value reported

by Revuelta et al. (𝑊𝑒𝑐 = 2.22). As explained above, for higher values of 𝑊𝑒 the

bubble breaks up. For 3 ⩽𝑊𝑒 ⩽ 6, predictions from both theories show very good

agreement. This result is important because it is known (Rodŕıguez-Rodŕıguez et

al., 2006) that 𝑊𝑒 of order 5 are found in practical applications (e.g., atomization).

On the other hand, for 𝑊𝑒 > 6, discrepancies become noticeable, with the largest

differences found to be of 13% for 𝑅𝑒 = 20, the smallest value used in the analysis,

as expected. For the largest 𝑅𝑒, differences between viscous potential theory and

the results from the Navier–Stokes equations are small. Note that viscous potential

flow under-predicts the break-up time, that is, the bubble breaks up in shorter time

for viscous potential flow than for the Navier–Stokes motion. Thus, as 𝑅𝑒 decreases

and 𝑊𝑒 increases, rotational effects (vorticity) generated at the interface become

influential in the dynamics. From this figure, it is also evident that the break-up

time increases as 𝑊𝑒 decreases for fixed 𝑅𝑒. Examining Revuelta’s results one can

notice that for the smallest 𝑅𝑒 considered in their work, a plateau is obtained in the

graphs of break-up time versus 𝑊𝑒. That is, for fixed 𝑅𝑒, there exists certain 𝑊𝑒

above which break-up time becomes almost independent of the Weber number. This

trend is not reproduced by the viscous potential flow results. It should be mentioned

that the break-up time in most of the simulations presented in this work is obtained

by stopping the computations when the minimum radius in the neck region reaches

𝑟min < 2 × 10−3 or, in some cases, 10−4. For a typical initial bubble radius in the

order of 1 mm, this criterion establishes a neck dimension smaller than 2 𝜇m to

stop the computations. The time for which the bubble or drop actually breaks up

will be very shortly after the value set by the criterion (Gordillo et al., 2005). In

other words, continuing the computations beyond the aforementioned limit will not

significantly modify the break-up time reported in the figures.
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Figure 2.11: Total bubble axial dimension 𝐷 as a function of time for various
Reynolds numbers 𝑅𝑒 and a sub-critical Weber number, 𝑊𝑒 = 1.5. Here, the
density ratio Λ = 0.001 and viscosity ratio 𝛽 = 0.01. The bubble shows an oscil-
latory motion with large amplitude. Decreasing the Reynolds number significantly
damps the amplitude of the oscillations until steady state is reached. Therefore, the
bubble reaches steady state faster for the lowest 𝑅𝑒. Solid line, viscous potential flow
results from the present work; dotted line, inviscid potential flow results from the
present work; symbols, results from simulations of the fully viscous Navier–Stokes
equations by Revuelta et al. (2006), where ▲ corresponds to the highest 𝑅𝑒 and □
to the smallest. Very good agreement is observed between these two approaches.
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Figure 2.12: Bubble break-up time 𝑡𝑏 as a function of the Weber number 𝑊𝑒 for
various Reynolds numbers 𝑅𝑒. Here, the density ratio Λ = 0.001 and viscosity ratio
𝛽 = 0.01. Solid line, viscous potential flow results from the present work; dashed
line, inviscid potential flow results from the present work; symbols, results from
simulations of the fully viscous Navier–Stokes equations by Revuelta et al. (2006),
where ▲ corresponds to 𝑅𝑒 = 20, △ to 𝑅𝑒 = 50, ▼ to 𝑅𝑒 = 200, and ▽ to 𝑅𝑒 = 500.
The vertical dashed line represents the cross-over from a subcritical condition (no
break-up) to a super-critical condition (break-up).
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Figure 2.13: Bubble break-up profiles with density ratio Λ = 0.001, viscosity ratio
𝛽 = 0.01, Reynolds numbers 𝑅𝑒 = 50 and 500, and Weber numbers 𝑊𝑒 = 2.4 and
50. The solid lines represent results from the viscous potential flow analysis of the
present work. Symbols correspond to results from simulations of the fully viscous
Navier–Stokes equations given by Revuelta et al. (2006). The profiles by Revuelta
et al. for the last instant shown in the figures, and denoted by ▼, do not correspond
to the instant of break-up.

The time evolution of the bubble interface for different combinations of 𝑅𝑒 and

𝑊𝑒 obtained with the method presented here is compared to the profiles presented

by Revuelta et al. (2006) in figure 2.13. For the latter, three instants before pinch-off

are presented. It should be mentioned that Revuelta et al. did not show the bubble

interface at the instant of pinch-off, but before and after pinch-off (the latter is not

reproduced here). Overall, the predictions from the boundary element formulation

for viscous potential flow agrees well with the profiles given by the level set method

used by Revuelta et al. coupled with a Navier–Stokes solver. In particular, the

match is very good for the instants well before pinch-off as the effects of the vorticity

created at the interface are still inconsequential. For cases (a), (b) and (c), our

irrotational solution clearly underpredicts the break-up time; case (a), i.e. 𝑅𝑒 = 50

and 𝑊𝑒 = 50, shows the most conspicuous difference since we predict 𝑡𝑏 = 1.235

whereas Revuelta’s et al. computations result in 1.32 < 𝑡𝑏 < 1.4. For case (d),

however, the present computation predicts a larger break-up time 𝑡𝑏 = 2.78, whereas

Revuelta et al. indicate 2.65 < 𝑡𝑏 < 2.72. This is evidence that for supercritical 𝑊𝑒

close to the critical value, there exists discrepancies between the viscous potential

flow and the Navier–Stokes results. These differences are difficult to appreciate in

figure 2.12.

In figure 2.14, graphs of minimum neck radius 𝑟min as function of 𝜏 are shown
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when the interface approaches pinch-off for four cases corresponding to super-critical

conditions that combine the values 𝑅𝑒 = 50 and 𝑅𝑒 = 500, with 𝑊𝑒 = 2.4 and

𝑊𝑒 = 50. For the interval plotted, 𝑟min ∼ 𝜏𝛼, with the “effective” coefficient 𝛼

ranging between 0.52 and 0.65. For 𝑊𝑒 = 50, when 𝑅𝑒 decreases from 500 to

50 (i.e., increasing liquid viscosity with everything else fixed, including interfacial

tension), the exponent increases from 𝛼 = 0.60 to 0.65, a result that follows a

tendency observed in numerical simulations performed for a bubble detaching from

a nozzle due to gravity (Quan and Hua, 2008). Although we are comparing different

physical settings, the exponents 𝛼 follow a similar tendency here and there. In

any case, as mentioned above, 𝛼 depends on the initial and boundary conditions

(Bolaños-Jiménez et al., 2009). The increment of 𝛼 with liquid viscosity has been

obtained in experiments for a bubble coming out of a nozzle (Burton et al., 2005;

Thoroddsen et al., 2007; Bolaños-Jiménez et al., 2009), even though in this case

surface tension might vary as the liquids are changed to modify the viscosity. In

contrast, for 𝑊𝑒 = 2.4, decreasing 𝑅𝑒 also reduces the exponent 𝛼; we argue that

this trend is due to the fact that this 𝑊𝑒 is close to the critical value and thus the

break-up times are longer (see figure 2.12 and figure 2.13), and the effects of the

vorticity generated at the interface might therefore become important. Notice also

that when the strain rate, fluid densities and viscosities, and bubble initial radius are

held fixed and surface tension decreases, 𝑊𝑒 increases with 𝑅𝑒 fixed and our model

predicts an increment in 𝛼, a trend that agrees with previous numerical results for

the collapse of a bubble coming out of a nozzle (Quan and Hua, 2008).

The steady shapes computed with the viscous irrotational formulation are pre-

sented in figure 2.15 for a bubble with Reynolds number 𝑅𝑒 = 10 and 𝑅𝑒 = 100 and

several sub-critical Weber numbers. Starting with a spherical bubble and setting

Λ = 0.001 and 𝛽 = 0.01, the simulations are monitored until steady state is reached

in each case. These results are compared with predictions by Ryskin and Leal (1984)

obtained by solving the steady incompressible Navier–Stokes equations for a bubble

in uniaxial extensional flow neglecting the material density and viscosity of the fluid

within the bubble; in this case, a zero-shear-stress condition is imposed at the free

surface. For 𝑅𝑒 = 10, the bubble tend to extent in the direction of the principal

axis of strain (𝑧-axis) due to the effect of the viscous stress distribution (Ryskin and

Leal, 1984). For fixed 𝑅𝑒, increasing 𝑊𝑒, that is, decreasing the restoring capil-

lary forces, increases the axial dimension while decreases the radial dimension. For

𝑅𝑒 = 100, the dynamic pressure dominates because in this condition the viscous

stresses are weak, so that the surface of the bubble is pushed inwards at the stag-

nation points. This situation resembles the extensional flow of an inviscid fluid over
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Figure 2.14: Minimum neck radius 𝑟min as a function of the time to break-up 𝜏 =
𝑡𝑏 − 𝑡 for a bubble in uniaxial straining motion; the density ratio Λ = 0.001 and the
fluids are viscous with viscosity ratio 𝛽 = 0.01. For the interval shown the motion
follows the scaling 𝑟min ∼ 𝜏𝛼, where 𝛼 is an “effective” exponent. The thin solid
line corresponds to a Reynolds number 𝑅𝑒 = 50 and Weber number 𝑊𝑒 = 2.4; for
the dashed line, 𝑅𝑒 = 50 and 𝑊𝑒 = 50; for the dash-dotted line, 𝑅𝑒 = 500 and
𝑊𝑒 = 2.4, and the thick solid line corresponds to 𝑅𝑒 = 500 and 𝑊𝑒 = 50.

an non-deformable sphere, for which the pressure distribution reaches local maxima

at the stagnation points; these occur at the points on the free surface on the axis

of symmetry and on the circumference of the equatorial plane (i.e. 𝑧=0). Qualita-

tively, the viscous irrotational theories generate steady shapes that look like those

determined by the motion of a viscous fluid with vorticity.

2.4.3 Drop - Viscous analysis

In this section we present results for the deformation of a drop in the uniaxial

straining flow of a liquid. In this case, we set Λ = 0.8. The results discussed here

are obtained from the viscous potential flow approach and the numerical method of

§2.3.4. No comparison is presented for the evolution of the drop interface computed

here with profiles resulting from numerical solutions of the unsteady incompressible

Navier–Stokes equations, since, unexpectedly, this type of computations have not

been found in the literature, as commented in §2.1.1.
Figure 2.16 shows the interface profiles for a drop in a uniaxial extensional

flow according to the numerical results from the viscous potential flow theory, with
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Figure 2.15: Comparison of the steady shape of a bubble in uniaxial straining flow
as a function of the Reynolds 𝑅𝑒 and (sub-critical) Weber 𝑊𝑒 numbers between the
present computations using viscous potential flow and the computations of Ryskin
and Leal (1984) solving the fully viscous Navier–Stokes equations.



2.4. Results and discussion 64

density ratio Λ = 0.8, viscosity ratios 𝛽 = 0.1 and 𝛽 = 1, Reynolds numbers 𝑅𝑒 = 20

and 𝑅𝑒 = 200, and Weber number 𝑊𝑒 = 3. We have chosen these values of Weber

and Reynolds numbers because they are in the same order as those used for the

bubble. In particular, 𝑅𝑒 = 20 should correspond to a regime in which both inertia

and viscosity affect the flow dynamics. First, one notices that, as in the inviscid case

for the drop, the break-up is tertiary. Comparing cases (a) and (b) for 𝑅𝑒 = 200

and cases (c) and (d) for 𝑅𝑒 = 20 indicates that increasing the viscosity ratio from

𝛽 = 0.1 to 1 increases the break-up time, a result that can be anticipated because of

the resistance that a more viscous liquid offers to motion. In addition, for a fixed 𝛽,

decreasing 𝑅𝑒, e.g., increasing the viscous effects in the flow, leads to higher break-up

times and much more elongated drops; in particular, the length of the intermediate

satellite drop considerably increases and the size of the daughter drops on the sides,

which are large for 𝑅𝑒 = 200, substantially diminishes. A comparison between cases

(a) and (b) reveals that for 𝑅𝑒 = 200 changing 𝛽 from 0.1 to 1 is of little consequence

for the drop morphology, whereas for 𝑅𝑒 = 20 the final length of the drop increases

in a rather noticeable amount, although the overall shapes are similar. Contrasting

with the inviscid case of figure 2.8(a), adding the viscous effects of the irrotational

motion for 𝑅𝑒 = 200 in figure 2.16(a) and (b), yields a stretching of the axial drop

dimension and, in particular, the intermediate satellite drop stretches about 26%

at the time of break-up. Surprisingly, for 𝑅𝑒 = 200, cases (a) and (b), the drops

break-up in a shorter time than for the inviscid case (𝑡𝑏 = 7.425). This is contrary to

the bubble case in which the break-up time for the inviscid system is a lower bound

for the viscous system (see figure 2.12). Performing computations with 𝑅𝑒 > 200,

for 𝑊𝑒 = 30 and Λ = 0.8 (not shown here), we obtained break-up times increasing

with 𝑅𝑒 towards the inviscid limit. The difference in the trends of the break-up

time for these two 𝑅𝑒 in comparison with the inviscid case perhaps has to do with

the unequal distribution of the liquid in the drop: For 𝑅𝑒 = 200, it mostly occupies

two big lateral drops each of them having similar axial length as the slender satellite

drop bridging them. On the other hand, for 𝑅𝑒 = 20, cases (c) and (d), the drops

attain large elongations of about four times those attained in the case of 𝑅𝑒 = 200,

hence the process of deformation takes longer before pinch-off in comparison with

the inviscid case of figure 2.8(a). Finally, the volume changes in the drop during

the entire deformation resulting from the numerical solutions are within 0.07% for

all the cases presented in figure 2.16.

The evolution of the drop minimum neck radius 𝑟min with time when the interface

approaches pinch-off is plotted in figure 2.17 for 𝑊𝑒 = 3, 𝛽 = 0.1 and two values

𝑅𝑒 = 20 and 200. Figure 2.17(b) shows that 𝑟min ∼ 𝜏2/3 for 𝑅𝑒 = 200, in agreement
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Figure 2.16: Deformation of a drop in a uniaxial straining flow from a viscous
potential flow analysis with density ratio Λ = 0.8, Weber number 𝑊𝑒 = 3.0 and (a)
𝛽 = 0.1 and 𝑅𝑒 = 200, (b) 𝛽 = 1.0 and 𝑅𝑒 = 200, (c) 𝛽 = 0.1 and 𝑅𝑒 = 20, and (d)
𝛽 = 1.0 and 𝑅𝑒 = 20.

with the inviscid potential regime (Leppinen and Lister, 2003), as expected for such

a large value of the Reynolds number. This scaling law is governed by inertia and

surface tension. On the other hand, in figure 2.17(a), obtained for 𝑅𝑒 = 20, a

transition is observed as 𝑟min → 0 and 𝜏 = 𝑡𝑏 − 𝑡 → 0 from the inviscid scaling

to the scaling 𝑟min ∼ 𝜏 , which corresponds to a regime where viscous effects are

significant for the dynamics of the interface (Eggers, 1993; Lister and Stone, 1998).

The transition to this regime occurs for 𝑟min ≈ 3 × 10−3 as shown in the insert of

figure 2.17(a). This insert also shows that the change in 𝑟min unexpectedly starts

to deviate from the latter scaling at about 𝑟min ≈ 10−3 as 𝜏 → 0, a response that

may be explained by the next figure. In figure 2.18(a), we plot interface profiles for

various times approaching pinch-off for 𝑅𝑒 = 20, 𝑊𝑒 = 3, Λ = 0.8 and 𝛽 = 0.1. We

notice that as 𝑟min → 0, the interface develops a cylindrical section whose length

increases with time; this cylinder seems to start forming at about 𝑟min = 1.5× 10−3

in accord with the deviation depicted in the insert of plot 2.17(a). In figure 2.18(b),

we observe that the scaled profiles 𝑟𝑠 vs. 𝑧𝑠 do not tend to collapse as 𝜏 → 0,

and hence are not self-similar with respect to this scaling, as the necking region
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Figure 2.17: Power of the minimum neck radius 𝑟
3/2
min as a function of time 𝑡 ap-

proaching pinch-off for an viscous drop within another viscous liquid with density
ratio Λ = 0.8, Weber number 𝑊𝑒 = 3, viscosity ratio 𝛽 = 0.1 and Reynolds number
(a) 𝑅𝑒 = 20 and (b) 𝑅𝑒 = 200. The figures show that the minimum neck ra-
dius approaches pinch-off following the scaling 𝑟min ∼ 𝜏2/3 as the time to pinch-off
𝜏 = 𝑡𝑏 − 𝑡 → 0. In figure (a) a change to the scaling 𝑟min ∼ 𝜏 occurs when rupture
is imminent.

adopts the shape of a cylindrical thread. This behavior is in contrast with the

tendencies described in figure 2.10 for the inviscid case, in which the interface forms

cones with an apex-like necking region and the scaled coordinates evolve in a self-

similar manner towards pinch-off. Experiments by Cohen et al. (1999) for a viscous

drop dripping through another viscous liquid and simulations by Sierou and Lister

(2003) for a large range of viscosity ratios have shown self-similar behavior for the

drop pinch-off; however, in their studies, the limit of no inertia (i.e. Stokes flow) is

guaranteed even at macroscopic scales, and thus their conditions differ from those

in our simulations. On the other hand, Doshi et al. (2003) conducted experiments

for a water drop dripping through a very viscous liquid such that 𝛽 = 10−4, which

is much lower than the value used here, and they observed the formation of a long

thread bridging two conical sections of the drop. Another difference is that in those

experiments, overturning of the steep side of the interface around the neck does not

occur when the thread is formed and its slope remains lower than 90𝑜 measured from

the positive 𝑧-semi-axis. In sum, we do not know whether the predicted formation

of a cylindrical necking section for 𝛽 = 0.1 is physically realizable or it is an artifact

resulting from the lack of vorticity in our model.

In addition, we performed simulations with 𝛽 = 1 and found (not plotted here)
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Figure 2.18: Interface shapes for various times approaching pinch-off for a drop of
a viscous liquid in another viscous liquid computed with the viscous potential flow
approach; the density ratio is Λ = 0.8, the viscosity ratio is 𝛽 = 0.1, the Reynolds
number is 𝑅𝑒 = 20 and the Weber number is 𝑊𝑒 = 3. In figure (a) the coordinates
𝑟 vs. 𝑧 are shown; for the last instant, the node distribution over the interface is
depicted, highlighting the high density of the grid around the neck region. In figure
(b) the shapes are rescaled with the minimum neck radius 𝑟min and centered on
𝑧min, i.e., 𝑧𝑠 = (𝑧− 𝑧min)/𝑟min and 𝑟𝑠 = 𝑟/𝑟min but they do not tend to collapse and
the formation of a cylindrical section is predicted. Two decades of variation of 𝑟min

with time are shown in the legend.

that, after transitioning from the inviscid scaling, the linear scaling region 𝑟min ∼ 𝜏

persists all the way towards the last instant considered in the simulations, for which

𝑟min = 1.8 × 10−3; this value of 𝑟min is about an order of magnitude higher than

the final 𝑟min for 𝛽 = 0.1 (see figure 2.18(b)). Perhaps, continuing the computa-

tions would have revealed the formation of a cylindrical neck section; unfortunately,

continuing the simulation was impractical for this case. The point of transition to

the linear scaling is observed at 𝑟min ≈ 8× 10−3 in agreement with the predictions

of the theory 𝑟min ∼ 𝛽−1𝑂ℎ2𝑖 (Lister and Stone, 1998), obtained from scaling argu-

ments that takes into account viscous effects of the inner and outer fluids, and valid

when both fluids have comparable viscosities or the inner fluid is more viscous than

the outer fluid. Here, 𝑂ℎ𝑖 ≡ 𝜇𝑖/
√
𝜌𝑖𝛾𝑎 is the Ohnesorge number based upon the

properties of the inner fluid, which can be easily computed combining 𝑊𝑒, 𝑅𝑒, Λ

and 𝛽 to eliminate parameter 𝑀 . With 𝛽 = 1 and the other parameters known as

well (𝑊𝑒 = 3, 𝑅𝑒 = 20, Λ = 0.8), we have 𝑂ℎ𝑖 = 0.097 and 𝑟min = 9× 10−3.

Even though data for the transient of interface deformation from the solution

of the unsteady incompressible Navier–Stokes equations have not been found for
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the problem considered here, comparison with data from computations of rota-

tional flows is still possible in the case of steady shapes, since Ramaswamy and Leal

(1997) obtained numerical solutions for those equations, dropping the unsteady

terms, for the case of a drop in a uniaxial extensional flow for a wide range of

density and viscosity ratios, varying the Weber number, and considering several

values of the Reynolds number. They presented the results in terms of the defor-

mation parameter, 𝐷𝑓 ≡ (𝑙𝑧 − 𝑙𝑟)/(𝑙𝑧 + 𝑙𝑟), where 𝑙𝑧 and 𝑙𝑟 are half the dimension

of the drop measured on the 𝑧-axis and on the 𝑟-axis (plane 𝑧=0), respectively (see

figure 2.3); 𝐷𝑓 is identically zero for a spherical interface. Results assuming the

potential flow of viscous fluids for Λ = 1, 𝛽 = 1 lead to 𝐷𝑓 = 0.13 for the pair

(𝑅𝑒,𝑊𝑒) = (10, 1), 𝐷𝑓 = 0.05 for (100, 2), and 𝐷𝑓 = 0.07 for (100, 2.4), whereas

they reported, 𝐷𝑓 = 0.16 for (10, 1), 𝐷𝑓 = 0.09 for (100, 2), and 𝐷𝑓 = 0.12 for

(100, 2.4), using our notation. Therefore, although qualitatively our predictions fol-

low the trend of their results, large quantitative differences are appreciated and their

results are underpredicted by ours. Because a very long time period passes between

start-up and the reaching of the steady state in comparison with typical break-up

times in the super-critical conditions (steady state is reached in time periods about

an order of magnitude longer than typical drop break-up times, roughly), diffusion

of vorticity in the actual flow away from the interface where it is generated pre-

sumably produces strong deviations of the actual velocity field from irrotationality.

Thus, in terms of the prediction of the deformation parameter for a steady drop,

viscous potential flow turns out to be an inadequate approximation for the cases

considered in this exercise.

2.5 Concluding remarks

The deformation of a bubble or drop in a uniaxial extensional flow starting from

a spherical shape is studied in this work. Based on experimental and numerical

evidence, this model has been regarded as a suitable first approximation to the phe-

nomenon of bubble break-up in a turbulent flow; for drop break-up, although quan-

titatively has not been satisfactory, qualitatively it does describe the main features

of the deformation. The problem formulation adopted here assumes the potential

flow of two viscous, incompressible fluids; hence, the effects of the vorticity, which is

generated at a fluid-fluid interface in an actual fluid motion due to continuity of the

tangential components of velocity and stresses, are neglected in this approximation.

Viscosity enters the analysis via the balance of normal stresses at the interface which

includes capillary forces. The parameters governing the bubble or drop break-up
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process studied here are the ratios of inner to outer fluids density and viscosity, Λ

and 𝛽, respectively, and the Reynolds and Weber numbers, 𝑅𝑒 and𝑊𝑒, respectively,

defined in terms of the outer fluid properties and the principal strain rate in the

far field. We aimed to evaluate the performance of the viscous irrotational approx-

imation by comparing with solutions of the fully-viscous Navier–Stokes equations,

where available.

Due to the irrotational assumption, a boundary integral method for axisym-

metric potential problems on both interior and exterior domains with appropriate

constraints at the interface is the best choice. The equations describing the evolu-

tion of the interface are given by the kinematic condition and the conservation of

linear momentum. This set of equations is solved adopting the numerical method

proposed by Rodŕıguez-Rodŕıguez et al. (2006), who considered the same physical

setup although for the flow of inviscid fluids. Some differences in our implementa-

tion of their numerical method are worth of highlighting, namely, the application

of quintic splines instead of quartic ones, and the use of grid refinement to im-

prove resolution in the interface region approaching pinch-off. The code has been

validated by comparing its predictions for the amplitude and frequency of small

oscillations about the spherical shape of a bubble or a drop with theoretical predic-

tions from the linear theory of potential flow of inviscid and, perhaps for the first

time, viscous fluids. Moreover, computations of nonlinear deformations of a bubble

or drop in a uniaxial straining flow showed excellent agreement with predictions by

Rodŕıguez-Rodŕıguez et al. (2006). Also, from the results for the inviscid nonlinear

case, the evolution of the minimum neck radius towards pinch-off is shown to follow

a well-known scaling with the time to pinch-off, and the interface shapes approach

rupture in a self-similar fashion after appropriate rescaling. From our computations,

mass (volume) for the bubble or drop during the entire process of deformation was

conserved to within errors in the order of 0.1% at most.

On one hand, boundary element methods are suitable for the tracking of an in-

terface because the dimensionality of the problem is reduced by one and discretiza-

tion is only required at the interface and therefore all the computational effort can

be concentrated there. Moreover, in problems where the domain extends with no

bounds, conditions in the far-field appear as an additional term in the exact integral

equation, i.e. before discretization. On the other hand, formulating a boundary in-

tegral equation requires a fundamental solution of the partial differential equation

on hand. For flow of fluids in which both viscosity effects and inertia are relevant,

the motion is governed by the Navier–Stokes equations; no fundamental solution

exists for this nonlinear equations and thus writing boundary integral formulations
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for them is complicated and generates volume integrals (Wrobel, 2002). For prob-

lems of incompressible potential flow, Laplace’s equation, for which a fundamental

solution exists, comes into play and boundary integral equations that involve infor-

mation only at the boundaries can be written. In the vast majority of the cases,

boundary integral methods has been applied to problems of flow of inviscid fluids,

with a very few exceptions. To the best of our knowledge, for the first time, the

viscous effects of the irrotational motion for the fluids on both sides of the interface

are considered in a problem in which the boundary integral method is applied to

model the interface dynamics.

We presented the comparison of the results obtained here for the bubble with

results from computations involving the unsteady, incompressible Navier–Stokes

equations carried out by Revuelta et al. (2006) using a level-set method. Such

a comparison was not possible for the drop, since numerical works of this class have

not been reported in the literature known to us. From the analysis of the results

presented in this work, the following conclusions can be drawn. First, for the case

of the bubble for which the density and viscosity ratios Λ ≪ 1 and 𝛽 ≪ 1, we have,

∙ Two different paths for the evolution of the bubble interface were distinguished

in our simulations in agreement with the patterns described in the literature:

If the Weber number is larger than a critical value,𝑊𝑒𝑐 = 2.22 for the bubble,

independent of the Reynolds number for 𝑅𝑒 ⩾ 20 (Revuelta et al., 2006), for

fixed ratios of density and viscosity, the bubble breaks up at a finite time into

two symmetric pieces. If the Weber number is smaller than a critical value,

the bubble undergoes nonlinear oscillations and does not break up, eventually

reaching a steady-state shape as a consequence of viscous damping.

∙ For the sub-critical condition, 𝑊𝑒 < 𝑊𝑒𝑐, the results from the viscous irro-

tational solution show good agreement with the predictions from the Navier–

Stokes solver for the time variation of the bubble axial dimension and during

various cycles of oscillations, not only for the largest Reynolds numbers con-

sidered, i.e. 𝑅𝑒 = 200, 500 and 1000, but also for 𝑅𝑒 = 20 and 𝑅𝑒 = 50, for

which the amplitude of the oscillations are rapidly damped. This tendency is

a consequence of the irrotational initial condition. Moreover, steady bubble

shapes resemble those presented in the literature from the numerical solution

of the steady Navier–Stokes equations

∙ For the super-critical condition, the viscous potential flow computations re-

sult in interface shapes evolving towards pinch-off that are very similar to the

bubble shapes obtained from the solution of the Navier–Stokes equations. For
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a fixed Reynolds number, the break-up time decreases as the Weber number

increases. For a set of intermediate and large Reynolds numbers, the break-up

time computed here shows good agreement with Revuelta’s predictions in the

interval 3 ⩽ 𝑊𝑒 ⩽ 6. For 𝑊𝑒 > 6 and up to the maximum value consid-

ered in this study (𝑊𝑒 = 100), viscous potential flow tends to underpredict

the break-up time, especially for the lowest Reynolds numbers considered,

namely, 𝑅𝑒 = 20 and 𝑅𝑒 = 50. Moreover, for these values of 𝑅𝑒, the Navier–

Stokes motion gives rise to a plateau in the break-up time for 𝑊𝑒 ≳ 𝑂(10)

that is not predicted by the viscous irrotational solution. For the largest 𝑅𝑒,

differences are relatively small between the irrotational and rotational theo-

ries. The predictions from the inviscid theory provide a lower bound for the

break-up time, which decreases with increasing 𝑅𝑒 for fixed 𝑊𝑒. In the inter-

val 𝑊𝑒𝑐 < 𝑊𝑒 < 3, discrepancies between both theories become noteworthy.

The minimum neck radius evolves towards pinch-off following scalings with

time to pinch-off similar to those reported from experiments and numerical

simulations.

In the case of the drop, with density ratio Λ = 0.8, we highlight the following

findings from the computations performed considering potential flow of two viscous

fluids,

∙ For the cases presented in this work, the drop deforms and breaks up into

three daughter drops, where the intermediate drop takes a slender form, and

the deformation pattern exhibits reflectional symmetry, which is a consequence

of the initial and boundary conditions.

∙ From the evolution of the shape of a drop computed for a Reynolds number

𝑅𝑒 = 200, viscosity ratios 𝛽 = 0.1 and 1 and Weber number 𝑊𝑒 = 3, the

morphology and length scales are similar to those for the inviscid case. De-

creasing to 𝑅𝑒 = 20 renders totally different shapes: Approaching pinch-off,

the drop becomes very elongated and slender, with lateral daughter drops

having a much smaller volume than the much larger intermediate cylindrical

daughter drop. For these elongated drops with 𝑅𝑒 = 20, the break-up time

is longer than for the 𝑅𝑒 = 200 case. Unexpectedly, the break-up time for

𝑅𝑒 = 200 was shorter than for the inviscid case, contrary to the more viscous

case of 𝑅𝑒 = 20. Increasing the viscosity ratio from 𝛽 = 0.1 to 1 makes the

drop length slightly larger, especially for the intermediate Reynolds numbers,

i.e. 𝑅𝑒 = 20.
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∙ The deformation parameter, which gives a measure of the degree of deforma-

tion suffered by the fluid particle, is computed for a drop that has reached

a steady shape for sub-critical conditions, several values of 𝑅𝑒 and viscosity

ratio 𝛽 = 1, and compared with results given in the literature from numerical

solutions of the steady, incompressible Navier–Stokes equations and large dis-

crepancies are encountered. Under these conditions, the vorticity field seems

to significantly affect the actual flow and, consequently, the performance of the

viscous potential flow approximation in predicting the deformation parameter

becomes unsatisfactory.

∙ Even though our focus here was in the macroscopic morphology of the defor-

mation of a drop or bubble from the undeformed state up to break-up, we

plotted the interface shapes in the necking region for several times and the

evolution of the minimum radius approaching pinch-off. For the two cases

determined by 𝑅𝑒 = 20 and 𝑅𝑒 = 200, 𝑊𝑒 = 3, Λ = 0.8 and 𝛽 = 0.1, the neck

minimum radius evolves with time towards pinch-off as 𝑟min ∼ 𝜏2/3 following

the inviscid scale; however, for 𝑅𝑒 = 20, a transition occurs to the scaling

𝑟min ∼ 𝜏 , for which viscous effects become relevant for the interface motion.

As the motion proceeds, the change in the neck radius deviates from this linear

variation presumably because of the formation of a cylindrical thread. Finally,

for 𝑅𝑒 = 20, rescaled interface shapes with the coordinates of the point for

which the neck radius is minimum were plotted for various times and their

approach to pinch-off was not self-similar.

Future work may include the application of the code developed in this work to

pursue more insight on the interfacial dynamics in the proximity of bubble and drop

pinch-off. In particular, the problem of pinch-off of a bubble from a nozzle due to

gravity is an interesting prospect since a generous amount of data from meticulous

experiments have been presented for this setup and also numerical solutions of the

governing equations including vorticity are readily available. The formulation fol-

lowed here can be modified to include the gravitational body force and the numerical

method can also be adapted. The numerical algorithm may also be improved by

implementing higher orders approximations for the field functions, i.e. the potential

and its normal derivative at the interface, instead of the linear interpolation applied

here.



Chapter 3

Viscous irrotational theories

and the force on an expanding

bubble–A cell-model analysis∗

We examine the dynamics of a viscous incompressible fluid bounded internally and

externally by spherical shells of variable radius, with an internal boundary (bub-

ble) that translates in rectilinear motion with respect to the outer boundary. The

forces acting on the bubble are derived from two purely viscous irrotational theo-

ries, namely, viscous potential flow and the dissipation method in a systematic way

that highlights the importance of the choice of the outer boundary condition for

the stress in the formulation, a treatment that is not given in prior work known

to us. By invoking the well-known “cell model”, these results are extended for a

dilute bubble swarm rising in the limits of high Reynolds and low Weber numbers.

Then, results for the drag and bubble swarm rise velocity are compared with nu-

merical simulations and experimental data along with other models presented in the

literature.

3.1 Introduction

Bubbly flows in the regime of high Reynolds and low Weber numbers exhibit bubbles

that are spherical or nearly spherical. Here these groups are defined in the usual way:

the former is defined as 𝑅𝑒 ≡ 2𝑈𝑎/𝜈 and the latter is defined as 𝑊𝑒 ≡ 2𝜌𝑈2𝑎/𝜎

(where 𝑈 is the bubble velocity, 𝑎 the bubble radius, 𝜌 the density of the liquid, 𝜈

∗Reproduced with permission from Padrino, J. C.; Joseph, D. D. Ind. Eng. Chem. Res., Vol.
48, Number 1, 110–127, 2009. Copyright 2009 American Chemical Society.
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the kinematic viscosity of the liquid, and 𝜎 the interfacial tension). In general, for

very high Reynolds numbers, of the order 𝑂(1000), say (Levich, 1962), the Weber

number is likely greater than unity and the bubble shows important deviations from

the spherical shape. Experimentally, the dual limit of high Reynolds and low Weber

numbers have been realized with 𝑅𝑒 = 𝑂(100) and 𝑊𝑒 = 𝑂(1), respectively (Zenit,

Kock, and Sangani, 2001). For instance, bubbles with a diameter in the order of

1 mm rising in water satisfy the dual condition of high Reynolds and low Weber

numbers (Sangani and Didwania, 1993; Zenit et al., 2001). Moreover, in this regime,

with a clean liquid, that is, free of impurities and surfactants, vorticity effects are

confined to a thin boundary layer on the bubble surface and to a wake in a minute

neighborhood of the bubble rear end (Levich, 1962). Therefore, liquid motion in

the bulk can be considered irrotational. Because of these features, bubbly flows in

this regime are particularly suited for analysis. Further simplification is attained

by considering bubbles of the same diameter, that is, a monodispersed suspension.

In practice, small variation about the mean bubble diameter may be achieved by

preventing coalescence with the addition of certain chemicals to the mixture in such

low concentration that the gas-liquid interface does not behave as the boundary of

a rigid particle, in which case a recirculation zone would appear at the rear side of

the bubble, thereby breaking down the irrotational hypothesis (Zenit et al., 2001;

Kang, Sangani, Tsao, and Koch, 1997).

For bubbles rising under the action of gravity, the problem have also been de-

scribed, besides the Reynolds number, by the Eötvös number, which is a charac-

teristic of the bubble size, and the Morton number, which is a group that involves

physical properties with no bubble size-dependent quantities (Sankaranarayanan,

Shan, Kevrekidis, and Sundaresan, 2002). Small Eötvös numbers are associated

with nearly spherical bubbles, whereas larger Eötvös indicates highly distorted bub-

bles. The Weber number can be recovered by combining those three dimensionless

groups. Instead of the Morton number, the Archimedes number may be used (Es-

maeeli and Tryggvason, 2005).

In modeling bubbly flows in the regime of lowWeber and high Reynolds numbers,

viscous drag is usually computed from the liquid potential flow solution exploiting

the fact that rotational (viscous) deviations from irrotational motion are confined

to thin regions adjacent to the bubbles. In this regard, the dissipation method,

based upon the mechanical energy balance, has been a commonly used approach.

A boundary layer on a clean bubble interface conforms to the zero-shear-stress

boundary condition, because of the large viscosity of the liquid compared to the small

viscosity of the gas, rather than to the no-slip constraint enforced on a solid particle.
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This boundary layer remains attached almost over the entire bubble interface, as

separation occurs only around the rear end. Since vorticity is contained in these

narrow regions, it is assumed that the rate of viscous dissipation is given entirely by

the irrotational motion (Landau and Lifshitz, 1959).

For a sphere translating in rectilinear motion with constant speed within an

infinite liquid, the dissipation approximation seems to have been applied first by

Bateman in 1931 (see Dryden, Murnaghan, and Bateman, 1956, p. 157) who ob-

tained the drag 12𝜋𝑎𝜇𝑈 , where 𝜇 is the liquid dynamic viscosity. Later, Ackeret

(1952) repeated this dissipation calculation. For a bubble in rectilinear motion,

Levich (1949) applied the dissipation method and attained the result given above.

This drag is close to the measured value for Reynolds numbers above 20, say (Joseph

and Liao, 1994a). It should be noted that for a rigid sphere, with the no-slip con-

dition enforced at its surface, or a spherical bubble of constant volume, for which

the tangential component of the traction vanishes at the interface, the dissipation

calculation based on potential flow gives rise to the same drag (Joseph and Liao,

1994a). Moore (1963) found the drag 12𝜋𝑎𝜇𝑈 , which in dimensionless form is writ-

ten as 48/𝑅𝑒, by computing the momentum deficit. In addition, he determined the

structure of the boundary-layer flow and used this information to improve upon the

𝑅𝑒−1 result by adding a 𝑅𝑒−3/2 contribution from the dissipation in the boundary

layer and wake. Kang and Leal (1988) and, recently, Joseph and Wang (2004) used

different methods to add a viscous correction to the normal stress and obtained

48/𝑅𝑒. It should be noted that Moore (1959) computed a viscous drag by direct

integration of the irrotational normal stress around the bubble, thereby enforcing

the zero shear stress at the interface. He found the drag to be 8𝜋𝑎𝜇𝑈 , which fell

short of the dissipation result. Evidently, this discrepancy is resolved by adding a

viscous correction to the irrotational normal stress (Moore, 1963; Kang and Leal,

1988; Joseph and Wang, 2004). Tam (1982) extended Moore’s (1963) analysis to

the case of a translating bubble undergoing acceleration and found the same form

of the viscous drag. The approach of potential flow with viscous normal stresses at

a gas-liquid interface was employed by Miksis et al. (1982) to compute numerically

the shape of a rising bubble using a boundary-integral formulation.

The effect of a varying bubble radius on the force experienced by a bubble trans-

lating in an unbounded liquid has been the subject of a number of works. Magnaudet

and Legendre (1998) examined this case by means of a frame transformation under

which the bubble radius becomes fixed while conserving dynamic similarity. The

total force on the bubble is presented for both the inertia-dominated flow and the

creeping flow limits. Ohl, Tijink, and Prosperetti (2003) conducted experimental
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investigations of this bubble motion, whereas Yang, Prosperetti, and Takagi (2003)

carried out numerical simulations. Both works included simplified dynamic mod-

els accounting for the forces acting on a bubble that compare favorably with the

experimental and numerical data. Takemura and Magnaudet (2004) studied exper-

imentally the history force on a shrinking bubble rising at finite Reynolds number.

Recently, Léger and Askovic (2006) carried out the modeling of the boundary layers

outside and within a slowly deforming spherical bubble in rectilinear motion. Com-

prehensive reviews on the advances in the understanding of single bubble dynamics

have been given by Magnaudet and Eames (2000) and Kulkarni and Joshi (2005).

Dynamic simulations of the motion of a set of 𝑁 bubbles moving in a liquid at

rest at infinity have been examined in several papers (Voinov and Golovin, 1970;

Gavrilyuk and Teshukov, 2005; Ilinskii, Hamilton, and Zabolotskaya, 2007). Smereka

(1993) studied the motion of a set of bubbles in a box in a periodic assembly, so that

the entire space is filled with an array of boxes. Wang and Smereka (2003) took the

continuum limit of the equations of motion for a finite set of bubbles in an unbounded

liquid to obtain effective equations in terms of the void fraction. In these works,

potential flow is assumed for the liquid motion and viscous effects are given by the

dissipation method. Sangani and Didwania (1993) and Kushch, Sangani, Spelt, and

Koch (2002) performed dynamic simulations with the viscous drag determined from

a leading order viscous correction to the irrotational pressure computed from the

analysis of the boundary layer flow around the bubbles. The former also estimated

the viscous drag on the bubbles with the gradient of the rate of energy dissipation

in potential flow. The latter considered arrays of ellipsoids to account for bubble

shape deformation such that flows with finite Weber numbers may be simulated.

On the other hand, averaged equations for bubbly flows derived from first principles

have been presented by Sangani (1991) and Spelt and Sangani (1998) considering

the irrotational motion of a viscous fluid, and in Zhang and Prosperetti (1994) for

an inviscid fluid. Recently, the buoyant rise of a set of nearly spherical bubbles

as well as deformable ones at 𝑂(100) Reynolds number in a periodic box has been

studied through direct numerical simulations of the incompressible Navier–Stokes

equations by Esmaeeli and Tryggvason (2005) with a front-tracking/finite-volume

method. Earlier, these authors (Esmaeeli and Tryggvason, 1998, 1999) applied a

similar method to study nearly spherical bubbles at 𝑅𝑒 = 𝑂(1) and 𝑅𝑒 ≈ 20.

Using the same technique, Bunner and Tryggvason (2002a,b) considered a much

larger number of bubbles for the latter Reynolds-number regime. By placing a

single bubble in a periodic box, a regular array of bubbles of the same size was

simulated by Sankaranarayanan et al. (2002) and Yin, Koch, and Verberg (2006)
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using the lattice Boltzmann method for the intermediate-Reynolds-number regime,

i.e. 𝑂(10). In this regime, the wake effects in the bubble-liquid dynamics cannot be

neglected. Careful experiments and detailed measurements have been carried out by

Zenit et al. (2001) to study bubbly flow for small Weber and large Reynolds numbers

and by Mart́ınez-Mercado, Palacios-Morales, and Zenit (2007) for intermediate and

high Reynolds numbers in the range 10 to 500.

Effective properties of particulate flows including hydrodynamic transport co-

efficients have been modeled by means of effective-medium theories. According to

these approximate theories, the conditionally-averaged field satisfies the suspending

fluid equations within a suitably sized exclusion region that encloses a reference

particle or bubble and the unconditionally-averaged fields in the effective medium

occupying the rest of the space (Spelt et al., 2001). The method does not bear the

ambiguity of the choice of proper constraints at the interface between the effecttive

medium and the exclusion region. Kushch et al. (2002) determined the added mass

and viscous drag coefficients for a suspension of oblate spheroidal bubbles using an

effective medium theory showing remarkable agreement with dynamic simulations.

Detailed descriptions of the effective medium theory applied in various contexts can

be found elsewhere (Dodd, Hammer, Sangani, and Koch, 1995; Sangani and Mo,

1997; Koo and Sangani, 2002, 2003).

A simplified approach to examine the hydrodynamics of bubbly flow for small or

moderate gas volume fraction is obtained through the so-called “cell-model” repre-

sentation. For nearly spherical bubbles, the bubbly flow is assumed to be composed

of identical unit spherical cells. Each cell consists of a spherical bubble surrounded

by a liquid bounded by an outer spherical envelope concentric with the bubble. The

outer sphere radius is such that the cell void fraction is identical to the void frac-

tion of the bubbly flow (Happel and Brenner, 1965). The underlying hypothesis is

that the dynamics within the reference cell is representative of the dynamics in the

entire bubbly flow. The choice of the outer boundary condition in the cell model

has been subject of debate (see Chhabra, 1995, and references there in). Happel

and Brenner (1965) argue that each cell should be a unit independent of the rest of

the assemblage, so no energy exchange takes place with its surroundings. They thus

consider that a frictionless outer boundary is adequate. Other boundary conditions,

however, have been applied in the literature. For particulate flows in the limit of

creeping motion, Cunningham (1910) applied the cell model with no-slip conditions

on the inner and outer spherical boundaries. Happel (1958) considered the same

problem although imposing a zero-tangential-stress constraint on the outer enve-

lope. Kuwabara (1959) applied a zero-vorticity boundary condition on the outer
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sphere and computed the drag from the dissipation integral evaluated in Stokes

flow. However, in his formulation, as pointed out by El-Kaissy and Homsy (1973),

the term accounting for the work of the tangential stress on the outer envelope is

missing. The zero-vorticity constraint implies that mechanical energy is transferred

between the reference cell and the rest of the domain. For higher Reynolds num-

bers, Marrucci (1965) employed the cell model to predict the drag on the bubble

evaluating the dissipation integral from the potential flow solution in the cell. Re-

cently, Kendoush (2001) revisited Marrucci’s analysis obtaining a different drag. We

shall review this discrepancy in §3.3. LeClair and Hamielec (1971) presented the

numerical solution of the Navier–Stokes equations for the liquid motion within a

unit cell with zero shear stress on the bubble surface and zero vorticity on the outer

sphere. They computed the drag on the bubble with the numerical flow field. Rea-

sonably good agreement with experimental data was reported. A similar numerical

analysis was performed by Manjunath et al. (1994) enforcing, on the contrary, a

zero-tangential-stress condition on the outer boundary. Chhabra (1995) also pre-

sented numerical results for a viscous liquid in a cell model enclosing a bubble to

elucidate the effect on the drag of the choice of either zero tangential stress (free

surface) or zero vorticity on the outer boundary. He concluded that the viscous

force shows a stronger dependence on the void fraction in the zero-vorticity model

than in the free-surface model. All these works have considered a cell enclosing a

bubble of constant volume. More recently, Sherwood (1999) modeled the dynamics

of a translating spherical bubble with a time dependent radius surrounded by an in-

viscid imcompressible fluid bounded externally by a spherical surface. He presented

expressions for the force on the bubble and on the outer envelope.

After surveying the literature on the cell model, we are left with the impression

that the implementation of the dissipation method lacks a systematic approach to

deriving expressions for the forces starting from the mechanical energy equation

with emphasis in the role of the cell boundary conditions from dynamics (stresses).

The aim of this work is to extend Sherwood’s analysis to include viscous effects by

use of purely irrotational theories, namely, viscous potential flow and the dissipa-

tion approximation. The former approach computes the force on a given direction

by direct integration of the irrotational normal stress over the boundary, whereas

the latter predicts the drag from the mechanical energy balance evaluated in po-

tential flow, so that the viscous effects arise from the rate of energy dissipation.

First, working formulae for the drag is developed by applying these theories to the

system defined by a spherical bubble with its center moving in a rectilinear path

and undergoing volume changes within a bounded liquid domain with a deforming
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outer boundary. The shape evolution of the inner and outer boundaries is assumed

to be known, such that the incompressibility constraint is satisfied. Two different

conditions for the tangential stress on the outer boundary are considered, namely,

a zero-tangential-stress condition (i.e. free surface) and an irrotational-tangential-

stress condition. In the inner boundary (i.e. bubble surface), zero tangential stress

is enforced. This is the same as having two boundary-value problems. The dissi-

pation method gives rise to different expressions for the force on the bubble on a

given direction depending upon the tangential stress condition applied on the outer

boundary of the reference cell. Viscous potential flow, on the other hand, gives

the same bubble drag independently of the choice of the outer boundary condition.

Next, the flow field is obtained from Sherwood’s potential analysis. This potential

flow is then entered in the machinery derived before to compute the forces on the

spherical bubble and on the spherical outer envelope at the instant when both are

concentric. This is the same geometric condition for which Sherwood computed the

forces. The expressions for the drag on the bubble show the added-mass contribu-

tion given by the acceleration of the bubble translational motion and the rate of

change of the bubble radius, already given in Sherwood’s inviscid analysis, plus a

viscous drag depending upon the instantaneous values of the velocity and inner and

outer radii. When neither the inner nor the outer radius changes with time, the

formulas for the drag are rewritten in terms of the cell void fraction. According to

the cell model, these expressions can be used as an approximation for the drag on a

typical bubble moving in a bubbly flow with the same average void fraction. These

results for the viscous drag from the dissipation method have been given in the liter-

ature (Marrucci, 1965; Kendoush, 2001); however, the role of the dynamic boundary

conditions, in particular, that of the tangential stress on the outer boundary, is not

evident there. Because each of these two expressions for the drag corresponds to a

different choice of the outer boundary condition for the stress, these results do not

contradict each other, neither is one of them in error, as has been argued in the

literature (Kendoush, 2001). Results indicate that the drag from the model with an

irrotational tangential stress on the outer boundary shows a stronger dependence

upon the void fraction than the drag from a free-surface cell model. Both results

for the bubble drag from the dissipation method, however, match to first order in

the void fraction. Using the formulae for the drag, expressions for the terminal rise

velocity for a bubble swarm in dimensionless form are obtained. Finally, predictions

from these analyses are compared with results from other theoretical approaches,

numerical simulations and experiments.
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3.2 Force on an expanding bubble within a bounded

liquid

We present the analysis that gives rise to the formulae for the force acting on a

spherical compressible bubble along its direction of motion within a liquid confined

by a spherical surface. Two types of purely irrotational analysis are carried out,

namely, viscous potential flow and the dissipation method.

3.2.1 Problem formulation

Consider a spherical bubble 𝐵 moving within a viscous incompressible Newtonian

fluid occupying the volume 𝑉 in three dimensions. Let 𝑆1 be the interface shared by

the bubble 𝐵 and the liquid in 𝑉 and let 𝑆2 be the outer spherical surface bounding

𝑉 (figure 4.1). Both, 𝑆1 and 𝑆2 remain spherical during the entire motion. Suppose

the center of the bubble moves on a straight line containing the center of the outer

sphere 𝑆2 along the direction e𝑥 (fixed) with velocity 𝑈 , which may be a function of

time. Moreover, suppose the bubble volume can change with time but the bubble

does not rotate. The pathline followed by the center of the bubble thus defines the

axis of symmetry for this configuration. Let u be the velocity field in the laboratory

(inertial) reference frame. Let v be the velocity field with respect to a noninertial

reference frame whose origin moves with velocity 𝑈e𝑥 relative to the laboratory

frame, but it is not allowed to rotate. Velocities u and v are then related by

u = 𝑈e𝑥 + v. (3.1)

The fluid dynamics within the bubble does not enter the analysis. Suppose the

following boundary conditions are given:

On 𝑆1,

n1 ⋅ v = 𝑞1, (3.2)

n1 ⋅T ⋅ t(𝛼)1 = 0, with t
(𝛼)
1 ⊥ n1, (3.3)

On 𝑆2,

n2 ⋅ u = 𝑞2, (3.4)

n2 ⋅T ⋅ t(𝛼)2 = 𝜏
(𝛼)
2 , with t

(𝛼)
2 ⊥ n2, (3.5)

and 𝛼 = 1, 2. Here, n1 is the inward unit normal on 𝑆1 to 𝑉 (i.e. outward to



3.2. Force on an expanding bubble within a bounded liquid 81

Figure 3.1: Sketch of a spherical bubble 𝐵 centered at 𝑂′ sharing interface 𝑆1 with
the incompressible fluid occupying volume 𝑉 bounded externally by the spherical
surface 𝑆2 centered at 𝑂. The motion of the bubble 𝐵 is such that 𝑂′ moves along
the fixed direction e𝑥 with speed 𝑈 , and its radius can change with time. The
line containing the path of 𝑂′ also contains 𝑂, which is fixed with respect to the
laboratory frame. This line is therefore the axis of symmetry of the problem. The
separation between 𝑂 and 𝑂′ is considered to be small. Because of the incompress-
ibility of the fluid in 𝑉 , changes in the radius of 𝑆2 occur in accordance with changes
in the radius of 𝐵. Symbol n1 denotes the inward unit vector to 𝑉 on 𝑆1 and n2

denotes the outward unit vector to 𝑉 on 𝑆2. Unit vectors t1 and t2 are orthogonal
to n1 and n2, respectively.
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the bubble) and n2 is the outward unit normal on 𝑆2 to 𝑉 ; t
(𝛼)
1 and t

(𝛼)
2 are unit

vectors. Each triad {n𝛽 , t
(1)
𝛽 , t

(2)
𝛽 }, with 𝛽 = 1, 2, is orthogonal and right-handed.

Symbol T denotes the stress tensor.

Constraint (3.3) is a standard interfacial condition for a bubble, in which case the

gas dynamic viscosity is small in comparison to that of the liquid. We are assuming

here that Marangoni stresses, which originate from surface tension gradients, are

negligible. This is typical of a clean gas-liquid interface (e.g., free of impurities or

surfactants). From (3.1) and (3.2), notice that 𝑞1 = n1 ⋅ u = 𝑈n1 ⋅ e𝑥 + 𝑞1 on 𝑆1.

Two choices for 𝜏
(𝛼)
2 in (3.5) for the outer boundary are considered in this work,

namely, (i) zero tangential stress and (ii) irrotational tangential stress. The latter

is established from the potential flow in 𝑉 , which is fully determined by kinematic

boundary conditions as explained in §3.2.2.
Using (3.2) and (3.4), the incompressibility condition and divergence theorem

lead to ∫
𝑆1

𝑞1𝑑𝐴 =

∫
𝑆2

𝑞2𝑑𝐴, (3.6)

which establishes a constraint that 𝑞1 and 𝑞2 must satisfy.

The forces that the fluid in 𝑉 exerts on 𝑆1 and 𝑆2 in the e𝑥 direction are

𝐷1 ≡
∫
𝑆1

n1 ⋅T ⋅ e𝑥𝑑𝐴, (3.7)

𝐷2 ≡−
∫
𝑆2

n2 ⋅T ⋅ e𝑥𝑑𝐴. (3.8)

With the decomposition e𝑥 = n𝛽(n𝛽 ⋅ e𝑥) + t
(𝛼)
𝛽 (t

(𝛼)
𝛽 ⋅ e𝑥), for 𝛼 = 1, 2 and 𝛽 = 1, 2,

with summation over 𝛼 but not over 𝛽, these expressions can be written as

𝐷1 =

∫
𝑆1

n1 ⋅T ⋅ n1(n1 ⋅ e𝑥)𝑑𝐴+

∫
𝑆1

n1 ⋅T ⋅ t(𝛼)1 (t
(𝛼)
1 ⋅ e𝑥)𝑑𝐴, (3.9)

𝐷2 =−
∫
𝑆2

n2 ⋅T ⋅ n2(n2 ⋅ e𝑥)𝑑𝐴−
∫
𝑆2

n2 ⋅T ⋅ t(𝛼)2 (t
(𝛼)
2 ⋅ e𝑥)𝑑𝐴. (3.10)

Invoking constraints (3.3) and (3.5), we have

𝐷1 =

∫
𝑆1

n1 ⋅T ⋅ n1(n1 ⋅ e𝑥)𝑑𝐴, (3.11)

𝐷2 =−
∫
𝑆2

n2 ⋅T ⋅ n2(n2 ⋅ e𝑥)𝑑𝐴−
∫
𝑆2

𝜏
(𝛼)
2 (t

(𝛼)
2 ⋅ e𝑥)𝑑𝐴. (3.12)

It is assumed in this analysis that the geometry of the fluid domain 𝑉 is known
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at any time. For the sake of simplicity, we have taken hydrostatics forces (i.e.

buoyancy) out of the analysis.

3.2.2 Viscous potential flow

The viscous potential flow approximation of the forces on surfaces 𝑆1 and 𝑆2 is

obtained by direct integration of the stress computed for purely irrotational motion.

For a free-shear surface, where the actual tangential stress is zero, only the normal

stress enters in the viscous potential flow computation even though the irrotational

tangential stress is not zero.

For irrotational motion, the velocity field is u = ∇𝜙 = 𝑈e𝑥+v. For incompress-

ible flow, the potential satisfy

∇2𝜙 = 0, (3.13)

with boundary conditions

n1 ⋅ ∇𝜙 = 𝑞1 = 𝑈n1 ⋅ e𝑥 + 𝑞1 (3.14)

on 𝑆1, and

n2 ⋅ ∇𝜙 = 𝑞2 (3.15)

on 𝑆2. The irrotational pressure 𝑝 satisfies the Bernoulli equation:

𝑝

𝜌
+
∂𝜙

∂𝑡
+

∣u∣
2

2

= 𝐶(𝑡). (3.16)

The forces on the boundaries of 𝑉 are computed according to (3.11) and (3.12)

for irrotational motion. For a Newtonian fluid, the stress tensor is thus given by

T = −𝑝1+ 2𝜇∇⊗∇𝜙. (3.17)

Hereinafter, for the sake of brevity, we use the symbol D ≡ ∇⊗∇𝜙 to refer to the

strain-rate tensor in potential flow.

On the free-shear surface 𝑆1 or bubble interface, the force in the e𝑥 direction is

𝐷1 =

∫
𝑆1

(−𝑝+ n1 ⋅ 2𝜇D ⋅ n1)n1 ⋅ e𝑥𝑑𝐴. (3.18)

The force on the outer free surface 𝑆2 in the e𝑥 direction is, for zero tangential
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stress,

𝐷2 = −
∫
𝑆2

(−𝑝+ n2 ⋅ 2𝜇D ⋅ n2)n2 ⋅ e𝑥𝑑𝐴. (3.19)

In the case of an outer boundary subject to a tangential stress given by the

potential flow in the interior, that is,

𝜏
(𝛼)
2 = n2 ⋅ 2𝜇D ⋅ t(𝛼)2 , (3.20)

the self-equilibration of irrotational viscous stresses on a closed surface (Appendix

C) implies ∫
𝑆1

n1 ⋅ 2𝜇D ⋅ e𝑥𝑑𝐴 =

∫
𝑆2

n2 ⋅ 2𝜇D ⋅ e𝑥𝑑𝐴 = 0. (3.21)

Hence,

𝐷2 = −
∫
𝑆2

(−𝑝)n2 ⋅ e𝑥𝑑𝐴. (3.22)

Thus, the force on the outer boundary is obtained solely from the irrotational pres-

sure in this case.

3.2.3 Dissipation method

In this section, the computation of the forces on the inner and outer boundaries of

the fluid domain oriented along the direction of bubble translation are obtained by

used of the dissipation approximation based upon irrotational motion. For the outer

boundary, in addition to the kinematic constraint imposed on the normal velocity,

two choices are considered for the shear stress, as in §3.2.2: (i) Zero tangential stress

and (ii) irrotational tangential stress. Each of these possibilities leads to a set of

results that are compared with those from viscous potential flow.

Suppose now that the fluid motion in 𝑉 is governed by the incompressible

Navier–Stokes equations with an appropriate set of boundary conditions that in-

cludes (3.2)-(3.5). The rate of change of kinetic energy in 𝑉 is

𝑑𝐸

𝑑𝑡
=

𝑑

𝑑𝑡

∫
𝑉
𝜌
∣u∣
2

2

𝑑𝒱 =

∫
𝑉
u ⋅ 𝜌

(
∂u

∂𝑡
+ u ⋅ ∇u

)
𝑑𝒱. (3.23)

The last equality in (3.23) follows from the fact that mass crosses neither 𝑆1 nor

𝑆2. The fluid has density 𝜌 and dynamic viscosity 𝜇. From (3.23), the Navier–Stokes
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equations and divergence theorem lead to

𝑑𝐸

𝑑𝑡
= −

∫
𝑆1

n1 ⋅T ⋅ u 𝑑𝐴+

∫
𝑆2

n2 ⋅T ⋅ u 𝑑𝐴−
∫
𝑉
2𝜇D[u] : D[u] 𝑑𝒱, (3.24)

where T is the stress tensor for a Newtonian fluid and the strain-rate tensor

D[u] =
1

2
(∇u+∇u𝑇 ). (3.25)

Using (3.1) and (3.7), expression (3.24) leads to

𝑈𝐷1 = −𝑑𝐸
𝑑𝑡

−
∫
𝑆1

n1 ⋅T ⋅ v 𝑑𝐴+

∫
𝑆2

n2 ⋅T ⋅ u 𝑑𝐴−
∫
𝑉
2𝜇D[u] : D[u] 𝑑𝒱.(3.26)

Expanding the surface integrals, this expression may be written as

𝑈𝐷1 =− 𝑑𝐸

𝑑𝑡
−
∫
𝑆1

n1 ⋅T ⋅ n1(n1 ⋅ v) 𝑑𝐴−
∫
𝑆1

n1 ⋅T ⋅ t(𝛼)1

(
t
(𝛼)
1 ⋅ v

)
𝑑𝐴

+

∫
𝑆2

n2 ⋅T ⋅ n2(n2 ⋅ u) 𝑑𝐴+

∫
𝑆2

n2 ⋅T ⋅ t(𝛼)2

(
t
(𝛼)
2 ⋅ u

)
𝑑𝐴

−
∫
𝑉
2𝜇D[u] : D[u] 𝑑𝒱. (3.27)

With boundary conditions (3.2)-(3.5), we have

𝐷1 =
1

𝑈

(
−𝑑𝐸
𝑑𝑡

−
∫
𝑉
2𝜇D[u] : D[u] 𝑑𝒱 +𝑊

)
, (3.28)

where

𝑊 = −
∫
𝑆1

n1 ⋅T ⋅ n1𝑞1 𝑑𝐴+

∫
𝑆2

n2 ⋅T ⋅ n2𝑞2 𝑑𝐴+

∫
𝑆2

𝜏
(𝛼)
2

(
t
(𝛼)
2 ⋅ u

)
𝑑𝐴. (3.29)

Expression (3.28) gives the force on 𝑆1 in the e𝑥-direction due to a Navier–Stokes

flow in 𝑉 satisfying an appropriate set of boundary conditions on 𝑆1 and 𝑆2 that

includes those given in (3.2)–(3.5).

To evaluate the volume integrals in (3.28) we now assume that the fluid motion is

irrotational, with velocity field u = ∇𝜙. This approximation is satisfactory when the

contribution of the rotational component of the fluid motion to the rate of change of

kinetic energy and the viscous dissipation is assumed to be small in comparison with

the irrotational contribution. This potential flow is obtained from the solution of the

boundary-value problem (3.13)-(3.16). Clearly, such potential flow cannot satisfy,

in general, the complete set of boundary conditions that the Navier–Stokes motion
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does satisfy. With the potential flow assumption, (3.23) for the kinetic energy yields

𝑑𝐸

𝑑𝑡
=

∫
𝑉
∇ ⋅
[
u𝜌

(
∂𝜙

∂𝑡
+

∣u∣
2

2
)]

𝑑𝒱 =

∫
𝑉
∇ ⋅ [u (𝜌𝐶(𝑡)− 𝑝)] 𝑑𝒱

=−
∫
𝑆1

(−𝑝)n1 ⋅ u𝑑𝐴+

∫
𝑆2

(−𝑝)n2 ⋅ u𝑑𝐴

=− 𝑈

∫
𝑆1

(−𝑝)n1 ⋅ e𝑥𝑑𝐴−
∫
𝑆1

(−𝑝)n1 ⋅ v𝑑𝐴+

∫
𝑆2

(−𝑝)n2 ⋅ u𝑑𝐴, (3.30)

with (3.16) and ∇ ⋅ u = 0.

Regarding the dissipation integral, denoting D = D[u = ∇𝜙], one can readily

show that for irrotational motion the following result holds∫
𝑉
2𝜇D : D𝑑𝒱 =−

∫
𝑆1

n1 ⋅ 2𝜇D ⋅ u𝑑𝐴+

∫
𝑆2

n2 ⋅ 2𝜇D ⋅ u𝑑𝐴

=− 𝑈

∫
𝑆1

n1 ⋅ 2𝜇D ⋅ e𝑥𝑑𝐴−
∫
𝑆1

n1 ⋅ 2𝜇D ⋅ v𝑑𝐴

+

∫
𝑆2

n2 ⋅ 2𝜇D ⋅ u𝑑𝐴. (3.31)

Zero tangential stress on the outer boundary

Suppose the outer boundary is also a free surface. Therefore, 𝜏
(𝛼)
2 ≡ 0 in the last

integral of (3.29) for 𝑊 .

The discrepancy between the nonzero irrotational shear stress and the zero shear

stress that the Navier–Stokes equations must satisfy at the free surface induces a

(viscous) rotational correction to the irrotational normal stress that also enters the

computation of the work integrals in (3.29). In the present formulation, this extra

stress is ignored. With this assumption, 𝑊 in (3.29) is computed in potential flow

𝑊 = −
∫
𝑆1

(−𝑝+ n1 ⋅ 2𝜇D ⋅ n1) 𝑞1 𝑑𝐴+

∫
𝑆2

(−𝑝+ n2 ⋅ 2𝜇D ⋅ n2) 𝑞2 𝑑𝐴, (3.32)

and thus the entire right-hand side of (3.28) is furnished by a purely irrotational

theory and a computable formula for 𝐷1 is obtained.

In inertia-dominated problems, in which viscosity can be regarded as “small”

and perturbations of the irrotational motion are confined to narrow boundary layers,

evaluating the right-hand side of (3.28) from potential flow implies that the viscous

contribution to the drag, to first order in the “small” viscosity 𝜇, is assumed to arise

solely from the rate of energy dissipation, thereby neglecting any possible first order

viscous effect coming from the first and last terms in the right-hand side of (3.28).
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In the particular case of 𝑞1 = 𝑞2 = 0, the integrals in (3.29) are annihilated

and the approximation of 𝑊 is not an issue. This case represents an extension

to a bounded domain of the analysis carried out by Joseph, Liao, and Hu (1993)

and Joseph and Liao (1994a) that applies the dissipation approximation to a non-

expanding bubble translating in an unbounded domain.

Substitution of (3.30)–(3.32) into (3.28), after some algebra, yields this expres-

sion for the force on the bubble surface in the e𝑥-direction according to the dissipa-

tion method,

𝐷1 =

∫
𝑆1

(−𝑝+ n1 ⋅ 2𝜇D ⋅ n1)n1 ⋅ e𝑥𝑑𝐴+
1

𝑈

∫
𝑆1

n1 ⋅ 2𝜇D ⋅ t(𝛼)1

(
t
(𝛼)
1 ⋅ u

)
𝑑𝐴

− 1

𝑈

∫
𝑆2

n2 ⋅ 2𝜇D ⋅ t(𝛼)2

(
t
(𝛼)
2 ⋅ u

)
𝑑𝐴. (3.33)

To determine the force 𝐷2 on 𝑆2 in the e𝑥-direction by the dissipation method, we

follow a procedure similar to that given above for 𝐷1, with the difference that the

governing equations are transformed to a noninertial reference frame that translates

with velocity 𝑈e𝑥. The steps are presented in Appendix B. There, an expression for

the force on 𝑆2 with respect to the noninertial frame is written from the transformed

mechanical energy equation. Then, an expression for the force 𝐷2 with respect to

the laboratory frame can be obtained by evaluating the integrals in potential flow

and by employing the transformation rules that link both coordinate systems. The

outlined procedure, detailed in Appendix B, gives rise to the relation

𝐷2 =−
∫
𝑆2

(−𝑝+ n2 ⋅ 2𝜇D ⋅ n2)n2 ⋅ e𝑥𝑑𝐴+
1

𝑈

∫
𝑆2

n2 ⋅ 2𝜇D ⋅ t(𝛼)2

(
t
(𝛼)
2 ⋅ v

)
𝑑𝐴

− 1

𝑈

∫
𝑆1

n1 ⋅ 2𝜇D ⋅ t(𝛼)1

(
t
(𝛼)
1 ⋅ v

)
𝑑𝐴. (3.34)

Next, by used of (3.33) in (3.34), with the aid of (B.23) from Appendix B from

the self-equilibration of irrotational viscous stresses, we obtain the net force that

must be applied to the liquid system in the e𝑥-direction

−(𝐷1 +𝐷2) = −
∫
𝑆1

(−𝑝)n1 ⋅ e𝑥𝑑𝐴+

∫
𝑆2

(−𝑝)n2 ⋅ e𝑥𝑑𝐴. (3.35)

Clearly, the dissipation approximation is an irrotational theory that gives rise to

results that are different from those obtained from viscous potential flow in §3.2.2.
The discrepancy between these two irrotational methods, in the case of an outer free

surface, is given by the last two terms in the right-hand side of (3.33) and (3.34).
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Irrotational tangential stress on the outer boundary

The dissipation analysis given above can be slightly modified to consider an outer

surface on which the tangential stress is constrained to be purely irrotational, com-

puted from the solution of the boundary-value problem (3.13)–(3.16). A motivation

for this alternative outer boundary condition is discussed in §3.3.3. In this case,

boundary condition (3.5) becomes

𝜏
(𝛼)
2 = n2 ⋅ 2𝜇D ⋅ t(𝛼)2 , (3.36)

on 𝑆2, where D ≡ ∇⊗∇𝜙. Thus, there is no discrepancy between the irrotational

tangential stress and the tangential stress condition that the Navier–Stokes motion

must satisfy. Since (3.36) holds, the normal component of the stress on 𝑆2 is also

irrotational. Therefore, with no approximation, (3.29) now takes the form

𝑊 =−
∫
𝑆1

n1 ⋅T ⋅ n1𝑞1 𝑑𝐴+

∫
𝑆2

(−𝑝+ n2 ⋅ 2𝜇D ⋅ n2) 𝑞2 𝑑𝐴

+

∫
𝑆2

n2 ⋅ 2𝜇D ⋅ t(𝛼)2

(
t
(𝛼)
2 ⋅ u

)
𝑑𝐴. (3.37)

This expression is used in (3.28). The next step consists in approximating the

remaining terms in the right-hand side of (3.28) for potential flow satisfying (3.13)–

(3.16). By used of (3.30)–(3.31), the entire analysis thus leads to

𝐷1 =

∫
𝑆1

(−𝑝+ n1 ⋅ 2𝜇D ⋅ n1)n1 ⋅ e𝑥𝑑𝐴

+
1

𝑈

∫
𝑆1

n1 ⋅ 2𝜇D ⋅ t(𝛼)1

(
t
(𝛼)
1 ⋅ u

)
𝑑𝐴. (3.38)

The force 𝐷2 on the outer boundary 𝑆2 is obtained by direct integration of

the (irrotational) stresses using the fact that the viscous irrotational stresses are

self-equilibrated on any closed surface (Appendix C). Thus,

𝐷2 = −
∫
𝑆2

(−𝑝)n2 ⋅ e𝑥𝑑𝐴. (3.39)

It is worth mentioning that the analysis in Appendix B would lead to a different

result for the force on 𝑆2 since the zero-tangential-stress boundary condition at

the bubble surface would enter the integral analysis in the dissipation approxima-

tion giving rise to 𝐷2. On the contrary, (3.39) is an “exact” result obtained here

from direct integration over the outer boundary where the stress is known to be

irrotational. Therefore, no information from the inner boundary is needed. These
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formulae are used in the end of §3.3.3.

3.3 Computation of the forces from the potential flow

solution

To compute the forces on the bubble interface and the outer liquid boundary by

used of the formulae obtained in §3.2, the solution of the boundary-value problem

(3.13)–(3.16) for the flow is needed. This problem was examined by Sherwood

(1999). Because he considered an inviscid fluid, the forces were given solely by

the irrotational pressure. Since the analysis is explanatory and for the sake of

completeness, a version of Sherwood’s analysis is presented here in §3.3.1. The

resulting flow field is then used in the computation of the viscous irrotational effects

that gives rise to a viscous drag.

3.3.1 Potential flow field

In the bubble-liquid system defined in §3.2.1, let 𝑅1 be the radius of the bubble and

𝑅2 the radius of the outer surface and let 𝜖 be the separation between the centers of

the bubble and the outer sphere. Then, the translational velocity is 𝑈 = �̇�. Recall

that the center of the bubble moves along the fixed direction e𝑥, and its pathline

contains the center of the outer envelope, thereby defining the axis of symmetry

for the flow field. According to the notation defined in §3.2.1, the bubble interface

and the outer sphere are denoted as 𝑆1 and 𝑆2, respectively. The analysis that

follows aims to predict the forces exerted by the liquid on the bubble and the outer

container along e𝑥 for 𝜖 = 0. The analysis is thus carried out for 𝜖/𝑅1 ≪ 1 and

𝜖/𝑅1 ≪ 𝑅2/𝑅1 − 1.

The volume occupied by the liquid for all time is 4𝜋(𝑅3
2 −𝑅3

1)/3. Then,

𝑅2
1�̇�1 = 𝑅2

2�̇�2, (3.40)

where the “dot” denotes time differentiation. Using spherical polar coordinates (𝑟, 𝜃)

with orthonormal basis {e𝑟, e𝜃}, and the center of 𝑆2 given by 𝑟 = 0, the bubble

surface is described by

𝑟 = 𝜖 cos 𝜃 +𝑅1

[
1−

(
𝜖

𝑅1

)2

sin2 𝜃

]1/2
. (3.41)
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Expanding around 𝜖 = 0,

𝑟 = 𝑅1 + 𝜖 cos 𝜃 +𝑂(𝜖2). (3.42)

The harmonic velocity potential 𝜙 that gives rise to an axisymmetric flow field is

𝜙 =
𝐵0

𝑟
+

∞∑
𝑙=1

(
𝐴𝑙𝑟

𝑙 +𝐵𝑙𝑟
−𝑙−1

)
𝑃𝑙(cos 𝜃), (3.43)

such that u = ∇𝜙. In (3.43), 𝑃𝑙 denotes the Legendre polynomial of degree 𝑙 (see

Strauss, 1992, p. 275). This potential must satisfy the boundary conditions,

n1 ⋅ ∇𝜙
∣∣
𝑆1

= 𝑞1 = 𝑈n1 ⋅ e𝑥 + 𝑞1 = �̇�1 + �̇� cos 𝜃 − 𝜖�̇�

𝑅1
sin2 𝜃 +𝑂

(
𝜖2
)
, (3.44)

and

n2 ⋅ ∇𝜙
∣∣
𝑆2

= 𝑞2 = �̇�2, (3.45)

where 𝑞1 = �̇�1 and, to first order in 𝜖,

n1 = e𝑟 + e𝜃
𝜖

𝑅1
sin 𝜃, (3.46)

and n2 = e𝑟. Condition (3.45) yields

𝐵0 = −𝑅2
2�̇�2 = −𝑅2

1�̇�1, (3.47)

and

𝐴𝑙𝑙𝑅
𝑙−1
2 = 𝐵𝑙(𝑙 + 1)𝑅−𝑙−2

2 for 𝑙 ⩾ 1. (3.48)

With the potential given in expression (3.43), the velocity field components in

the (𝑟, 𝜃) frame are obtained, u = e𝑟𝑢𝑟 + e𝜃𝑢𝜃 = e𝑟∂𝜙/∂𝑟 + e𝜃∂𝜙/𝑟∂𝜃,

Turning to the bubble surface 𝑆1, boundary condition (3.44) allows us to find

the coefficients in (3.43). In so doing, it is convenient to expand these coefficients

as a power series in 𝜖. That is,

𝐴𝑙 = 𝐴
(0)
𝑙 +𝐴

(1)
𝑙 𝜖+𝐴

(2)
𝑙 𝜖2 + ⋅ ⋅ ⋅ , 𝐵𝑙 = 𝐵

(0)
𝑙 +𝐵

(1)
𝑙 𝜖+𝐵

(2)
𝑙 𝜖2 + ⋅ ⋅ ⋅ , (3.49)

for 𝑙 ⩾ 1, where 𝐴
(𝑗)
𝑙 and 𝐵

(𝑗)
𝑙 are related through (3.48). Sherwood (1999) obtained,
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for 𝑙 = 1,

𝐴1 = −𝑅
3
1(�̇�+ 2𝜖�̇�1𝑅

−1
1 )

𝑅3
2 −𝑅3

1

, 𝐵1 = −𝑅
3
1𝑅

3
2(�̇�+ 2𝜖�̇�1𝑅

−1
1 )

2(𝑅3
2 −𝑅3

1)
, (3.50)

to first order in 𝜖. Some detail on the computations of these coefficients by imposing

constraint (3.44) is given in Appendix D, where expressions for 𝐴2 and 𝐵2, to leading

order, are also presented. There, we also show that 𝐴
(0)
𝑙 = 𝐵

(0)
𝑙 = 0 for 𝑙 ⩾ 2 and

that 𝐴
(1)
𝑙 = 𝐵

(1)
𝑙 = 0 for 𝑙 ⩾ 3. Since the forces on 𝑆1 and 𝑆2 in the e𝑥-direction are

computed for 𝜖 = 0, it suffices to find the coefficients 𝐵0, 𝐴1, 𝐵1, 𝐴2 and 𝐵2 to first

order in 𝜖 and then calculate their time derivatives. These computations will show,

however, that only 𝑙 = 1 terms—and thus 𝐴1 and 𝐵1—are actually needed because

of orthogonality properties of Legendre polynomials.

The fluid pressure 𝑝 distribution on 𝑆1 and 𝑆2 can be obtained from Bernoulli

equation (3.16). The derivative ∂𝜙/∂𝑡 needed to compute 𝑝 is obtained from (3.43)

by differentiating the coefficients and then putting 𝜖 = 0, with 𝑟 = 𝑅1 or 𝑟 = 𝑅2.

Using standard formulae, the components of the strain-rate tensor in spherical-

polar coordinates can be computed from u = ∇𝜙, with 𝜙 given in (3.43), and

𝐷𝑟𝑟 = e𝑟 ⋅ 2𝜇D[∇𝜙] ⋅ e𝑟 and 𝐷𝑟𝜃 = e𝑟 ⋅ 2𝜇D[∇𝜙] ⋅ e𝜃. These computations yield

𝐷𝑟𝑟 =
∞∑
𝑙=0

[
𝑙(𝑙 − 1)𝐴𝑙𝑟

𝑙−2 + (𝑙 + 1)(𝑙 + 2)𝐵𝑙𝑟
−𝑙−3

]
𝑃𝑙(cos 𝜃), (3.51)

𝐷𝑟𝜃 =

∞∑
𝑙=1

[
(𝑙 − 1)𝐴𝑙𝑟

𝑙−2 − (𝑙 + 2)𝐵𝑙𝑟
−𝑙−3

]
𝑑𝑃𝑙(cos 𝜃)/𝑑𝜃. (3.52)

For 𝜖 = 0, at 𝑟 = 𝑅1, the velocity component 𝑢𝑟 is given by (3.44) and the component

𝑢𝜃 = ∂𝜙/𝑟∂𝜃; hence,

𝑢𝑟 = �̇�1 + �̇� cos 𝜃, 𝑢𝜃 = − (𝐴1 +𝐵1𝑅
−3
1

)
sin 𝜃. (3.53)

At 𝑟 = 𝑅2, with 𝜖 = 0, 𝑢𝑟 = ∂𝜙/∂𝑟 and 𝑢𝜃 = ∂𝜙/𝑟∂𝜃 give

𝑢𝑟 = −𝐵0𝑅
−2
2 , 𝑢𝜃 = − (𝐴1 +𝐵1𝑅

−3
2

)
sin 𝜃. (3.54)

With 𝜖 = 0, evaluating (3.51) and (3.52) at 𝑟 = 𝑅1 yields

𝐷𝑟𝑟 = 2𝐵0𝑅
−3
1 + 6𝐵1𝑅

−4
1 cos 𝜃, 𝐷𝑟𝜃 = 3𝐵1𝑅

−4
1 sin 𝜃, (3.55)
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and, at 𝑟 = 𝑅2, we have

𝐷𝑟𝑟 = 2𝐵0𝑅
−3
2 + 6𝐵1𝑅

−4
2 cos 𝜃, 𝐷𝑟𝜃 = 3𝐵1𝑅

−4
2 sin 𝜃. (3.56)

In these results, 𝐵0 is given by (3.47) and 𝐴1 and 𝐵1 are given in (3.50) with

𝜖 = 0. It is worth noting that the alternative approach of computing the velocity

potential from a boundary-value problem that considers two instantaneously growing

or collapsing concentric spheres would have sufficed to obtain the strain-rate tensor

D[∇𝜙], since it only involves spatial partial differentiation.

Below, the forces on the bubble interface 𝑆1 and the outer boundary 𝑆2 are

computed from the formulae of this section and §3.2 for 𝜖 = 0. When the bubble

and the outer surface are concentric, n1 = n2 = e𝑟, t1 = t2 = e𝜃, with e𝑟 ⋅e𝑥 = cos 𝜃

and e𝜃 ⋅ e𝑥 = − sin 𝜃.

3.3.2 Forces—Viscous potential flow

The force on the bubble according to viscous potential flow is computed from (3.18).

For the spherical bubble, with 𝜖 = 0 at 𝑟 = 𝑅1, this expression becomes,

𝐷1 = 2𝜋𝑅2
1

∫ 𝜋

0
(−𝑝+ 2𝜇𝐷𝑟𝑟)

∣∣
𝑅1

cos 𝜃 sin 𝜃𝑑𝜃. (3.57)

With Bernoulli equation (3.16), computing ∂𝜙/∂𝑡, and using (3.53) and (3.55), we

get

𝐷1 = −4

3
𝜋𝜌𝑅3

1

[
𝜖(2𝑅3

1 +𝑅3
2)

2(𝑅3
2 −𝑅3

1)
+
�̇��̇�1(15𝑅

3
1 + 3𝑅3

2)

2𝑅1(𝑅3
2 −𝑅3

1)
+

6𝜈�̇�

𝑅2
1

𝑅3
2

(𝑅3
2 −𝑅3

1)

]
. (3.58)

Taking 𝑅2 → ∞, this expression leads to

𝐷1 = −4

3
𝜋𝜌𝑅3

1

[
𝜖

2
+

3�̇��̇�1

2𝑅1
+

6𝜈�̇�

𝑅2
1

]
. (3.59)

In particular, for a spherical bubble of constant volume that translates with

constant velocity (i.e. �̇�1 = 0 and 𝜖 = 0), (3.59) reduces to 𝐷1 = −8𝜋𝜇�̇�𝑅1 a

result found by Moore (1959) from direct integration of the viscous normal stress

in irrotational motion. If the fluid is considered inviscid, then the drag is zero

(d’Alembert’s paradox). When the acceleration 𝜖 is not zero, (3.59) gives rise to the

apparent-mass.
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With �̇�1 = 0 and the void fraction 𝛼 = (𝑅1/𝑅2)
3, (3.58) reduces to

𝐷1 = −4

3
𝜋𝜌𝑅3

1

[
𝜖(1 + 2𝛼)

2(1− 𝛼)
+

6𝜈�̇�

𝑅2
1

1

(1− 𝛼)

]
, (3.60)

which is in agreement, when 𝜈 = 0, with (AI.11) of Zuber (1964) for the force on a

spherical bubble moving within an inviscid liquid bounded by a spherical shell. This

leads to the cell void fraction correction of the accelerated-apparent mass given in

(3.59).

For “small” 𝛼, it is useful to write (3.60) in the form

𝐷1 = −4

3
𝜋𝜌𝑅3

1

[
𝜖

2
(1 + 3𝛼) +

6𝜈�̇�

𝑅2
1

(1 + 𝛼)

]
+𝑂(𝛼2). (3.61)

The force on the outer sphere, 𝑟 = 𝑅2, with 𝜖 = 0, is obtained from (3.19) when

the outer boundary is a free surface. This yields,

𝐷2 = −2𝜋𝑅2
2

∫ 𝜋

0
(−𝑝+ 2𝜇𝐷𝑟𝑟)

∣∣
𝑅2

cos 𝜃 sin 𝜃𝑑𝜃. (3.62)

Finding ∂𝜙/∂𝑡, with (3.54) and (3.56), this formula gives,

𝐷2 =
4

3
𝜋𝜌𝑅3

2

[
3𝜖𝑅3

1

2(𝑅3
2 −𝑅3

1)
+
�̇�𝑅2

1�̇�1(15𝑅
3
2 + 3𝑅3

1)

2𝑅3
2(𝑅

3
2 −𝑅3

1)
+

6𝜈�̇�

𝑅2
2

𝑅3
1

(𝑅3
2 −𝑅3

1)

]
. (3.63)

Using (3.58) and (3.63), the total force that must be applied to the system is

− (𝐷1 +𝐷2) = −4

3
𝜋𝜌𝑅3

1

[
𝜖+

6�̇��̇�1

𝑅1
− 6𝜈�̇�

𝑅2
1

𝑅2(𝑅
2
2 −𝑅2

1)

(𝑅3
2 −𝑅3

1)

]
. (3.64)

For 𝜈 = 0 (inviscid fluid), these results reduce to those obtained by Sherwood (1999).

The force 𝐷2 when the irrotational stress is specified on 𝑆2 is given by (3.63) with

𝜈 = 0. This follows from (3.22).

3.3.3 Forces—Dissipation method

The force 𝐷1 on the bubble interface 𝑆1 in the e𝑥-direction can be obtained by used

of (3.33) when a zero shear stress is prescribed on the outer boundary. This formula
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can be written as,

𝐷1 = 2𝜋𝑅2
1

∫ 𝜋

0
(−𝑝+ 2𝜇𝐷𝑟𝑟)

∣∣
𝑅1

cos 𝜃 sin 𝜃𝑑𝜃 +
2𝜋𝑅2

1

�̇�

∫ 𝜋

0
(2𝜇𝐷𝑟𝜃𝑢𝜃)

∣∣
𝑅1

sin 𝜃𝑑𝜃

− 2𝜋𝑅2
2

�̇�

∫ 𝜋

0
(2𝜇𝐷𝑟𝜃𝑢𝜃)

∣∣
𝑅2

sin 𝜃𝑑𝜃. (3.65)

With (3.16) for the pressure, (3.53) and (3.55), (3.65) leads to

𝐷1 = −4

3
𝜋𝜌𝑅3

1

[
𝜖(2𝑅3

1 +𝑅3
2)

2(𝑅3
2 −𝑅3

1)
+
�̇��̇�1(15𝑅

3
1 + 3𝑅3

2)

2𝑅1(𝑅3
2 −𝑅3

1)
+

9𝜈�̇�

𝑅2
1

𝑅2(𝑅
5
2 −𝑅5

1)

(𝑅3
2 −𝑅3

1)
2

]
. (3.66)

This expression, with 𝑅2 → ∞, reduces to

𝐷1 = −4

3
𝜋𝜌𝑅3

1

[
𝜖

2
+

3�̇��̇�1

2𝑅1
+

9𝜈�̇�

𝑅2
1

]
. (3.67)

For a spherical bubble of constant volume moving with constant velocity �̇� in an

infinite fluid, (3.67) gives 𝐷1 = −12𝜋𝜇�̇�𝑅1. This result has been obtained with the

dissipation method in potential flow by several authors(Dryden et al., 1956; Joseph

and Liao, 1994a; Levich, 1949; Ackeret, 1952; Moore, 1963; Joseph and Wang, 2004;

Joseph et al., 1993).

Moore (1963) has examined the discrepancy between the viscous potential flow

solution and the correct dissipation result for the drag over a spherical bubble of

constant volume translating in an unbounded domain. Moore explains, citing an

idea due to G. K. Batchelor, that the addition of an extra-pressure or viscous cor-

rection to the irrotational normal stress can compensate such discrepancy. From a

boundary-layer type of analysis assessing the order of magnitude of the various terms

in the steady governing equations, Moore (1963) concludes that the extra-pressure

“contributes to the drag on the bubble to the same order as the viscous stresses”,

since he found that this extra-pressure is first order in the dimensionless viscosity.

If the extra-pressure produces work, this is evidently neglected in the approach used

here (that is, for nonzero choices of 𝑞1 and 𝑞2), for 𝑊 in (3.29) is approximated by

the irrotational pressure and irrotational viscous normal stress.

For a bubble of variable radius in an unbounded fluid, the viscous part in (3.67)

can be reduced from the multiple-bubble analysis by Voinov and Golovin (1970).

They applied a Lagrangian formulation to examine the motion of a set of 𝑁 bubbles

of varying radius translating in a liquid otherwise at rest with dissipative forces

computed from the rate of viscous dissipation evaluated in potential flow. Mag-

naudet and Legendre (1998) obtained (3.67) by transforming the original problem
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to a reference frame in which the bubble radius remains fixed, while preserving the

dynamic similarity in the transformation. In the limit when 𝑅𝑒 >> 1 or 𝒰𝑅𝑒 >> 1,

where the Reynolds number 𝑅𝑒 = 𝑅1𝑈/𝜈 and the velocity ratio 𝒰 = ∣�̇�1∣/𝑈 , the

boundary layer is thin. The transformed problem thus involves a bubble of constant

radius in an unsteady flow and the drag force is computed to first order in the vis-

cosity by evaluating the kinetic energy and the viscous dissipation from potential

flow (see Tam, 1982). The force in physical space is then found by simply applying

the known rules that link the transformed problem to the original one. This method

contrasts with the approach described in §3.2.3 that gives rise to (3.67), in which

the work of the normal stress due to the radial motion of the bubble interface and

the contribution of this motion to the liquid kinetic energy are modeled by potential

flow in a rather heuristic way. The fact that (3.67) agrees with the force given by

Magnaudet and Legendre (1998) indicates that the combined viscous contribution

from 𝑑𝐸/𝑑𝑡 and 𝑊 in (3.28) is null up to order 𝑂(𝑅𝑒−1). This may be explained by

considering that the component of the total motion attributed to the bubble radial

expansion and contraction is of the source-sink type and, hence, of an irrotational

nature.

The result obtained above can be readily used to approximate the dynamics in

a bubbly swarm with void fraction 𝛼 by applying the cell model described in §3.1.
In the case of �̇�1 = 0, with the cell void fraction 𝛼 = (𝑅1/𝑅2)

3, (3.66) gives the

added-mass and viscous contributions to the force acting on each bubble

𝐷1 = −4

3
𝜋𝜌𝑅3

1

[
𝜖(1 + 2𝛼)

2(1− 𝛼)
+

9𝜈�̇�

𝑅2
1

(1− 𝛼5/3)

(1− 𝛼)2

]
, (3.68)

which agrees with Zuber’s result for 𝜈 = 0. The viscous part in (3.68) is the widely

cited result obtained with the dissipation approximation by Marrucci (1965). For

“small” 𝛼, (3.68) may be written as

𝐷1 = −4

3
𝜋𝜌𝑅3

1

[
𝜖

2
(1 + 3𝛼) +

9𝜈�̇�

𝑅2
1

(1 + 2𝛼)

]
+𝑂(𝛼2). (3.69)

It should be noted that (3.68) has been derived from a cell model with a frictionless

outer boundary, such that no work is exchanged by the reference cell with the

surroundings.

The force 𝐷2 in the e𝑥-direction on surface 𝑆2 can be obtained from either (3.34)
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or (3.35). The latter expression can be written as

𝐷1 +𝐷2 = 2𝜋𝑅2
1

∫ 𝜋

0
(−𝑝) ∣∣

𝑅1
cos 𝜃 sin 𝜃𝑑𝜃 − 2𝜋𝑅2

2

∫ 𝜋

0
(−𝑝) ∣∣

𝑅2
cos 𝜃 sin 𝜃𝑑𝜃, (3.70)

which, with (3.66), leads to

𝐷2 =
4

3
𝜋𝜌𝑅3

2

[
3𝜖𝑅3

1

2(𝑅3
2 −𝑅3

1)
+
�̇�𝑅2

1�̇�1(15𝑅
3
2 + 3𝑅3

1)

2𝑅3
2(𝑅

3
2 −𝑅3

1)
+

9𝜈�̇�

𝑅2
2

𝑅1(𝑅
5
2 −𝑅5

1)

(𝑅3
2 −𝑅3

1)
2

]
. (3.71)

Again, Sherwood’s results are recovered taking 𝜈 = 0 in (3.66) and (3.71).

The total force that must be applied to the system is obtained from (3.70):

− (𝐷1 +𝐷2) = −4

3
𝜋𝜌𝑅3

1

(
𝜖+

6�̇��̇�1

𝑅1

)
, (3.72)

in agreement with the inviscid result by Sherwood.

Consider now an outer boundary 𝑆2 in which the tangential stress is given by

the irrotational motion satisfying the boundary-value problem (3.13)-(3.16), such

that the zero-tangential-stress constraint does not hold. Under this framework, the

formulae of §3.2.3 for the irrotational tangential stress on the outer boundary can

be applied yielding an expression for the force 𝐷1 on the bubble and the force 𝐷2

on the outer spherical envelope. Applying (3.38), we obtain,

𝐷1 = −4

3
𝜋𝜌𝑅3

1

[
𝜖(2𝑅3

1 +𝑅3
2)

2(𝑅3
2 −𝑅3

1)
+
�̇��̇�1(15𝑅

3
1 + 3𝑅3

2)

2𝑅1(𝑅3
2 −𝑅3

1)
+

9𝜈�̇�

𝑅2
1

𝑅6
2

(𝑅3
2 −𝑅3

1)
2

]
. (3.73)

With �̇�1 = 0, in terms of the void fraction 𝛼, this expression becomes,

𝐷1 = −4

3
𝜋𝜌𝑅3

1

[
𝜖(1 + 2𝛼)

2(1− 𝛼)
+

9𝜈�̇�

𝑅2
1

1

(1− 𝛼)2

]
. (3.74)

To first order in 𝛼, (3.74) also leads to (3.69). The viscous part of (3.74) has

been given by Kendoush (2001), as discussed below. The force 𝐷2, according to

(3.39), can be obtained from either (3.63) or (3.71) taking 𝜈 = 0. For the two outer

boundary conditions examined here, note that the force on the bubble increases

with the void fraction according to both irrotational theories.
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3.4 Discussion

The force acting on a spherical compressible bubble in rectilinear motion within an

incompressible fluid bounded externally by a spherical surface has been computed

above at the instant in which both spheres are concentric. The analysis is carried

out using two different irrotational approximations, namely, viscous potential flow

(§§3.2.2 and 3.3.2), which directly integrates the irrotational normal stress over the

bubble surface, and the dissipation method (§§3.2.3 and 3.3.3), in which the inte-

gration of the various terms in the mechanical energy equation, including the rate of

energy dissipation, is carried out assuming irrotational motion, after satisfying ac-

tual boundary conditions for Navier–Stokes motion. The dissipation method stems

from the fact that viscous irrotational stresses are self-equilibrated, but its power

does not vanish (Joseph et al., 2007). In addition, the force on the outer surface is

also computed. In particular, by keeping the bubble radius constant, one can use the

results to approach the force on a bubble moving in a monodispersed homogeneous

bubbly liquid having the same void fraction as the reference cell and satisfying the

dual limit of large Reynolds and small Weber numbers, because, in this case, the

velocity field differs very little from that in irrotational motion. This is in accord

with the well-known cell-model approximation.

In the present formulation of the dissipation method, the tangential stress is set

to zero on the inner boundary, but two possibilities are considered for the outer

boundary, either a zero tangential stress or an irrotational tangential stress. Since

the irrotational tangential stress on the outer boundary is not identically zero, this

stress does work against the remainder of the domain, as shown in (3.37). This

boundary condition thus contradicts the postulate by Happel and Brenner (1965) of

regarding each cell as an independent entity in the sense that energy transfer should

not occur between the unit cell and the neighboring fluid. This is the case with the

model with zero tangential stress on both the inner and outer boundaries (i.e. free-

surface cell model), leading to Marrucci’s drag when the bubble speed is constant.

Nevertheless, if the cell model is used to describe a bubbly flow with “weak” rota-

tional effects confined to a thin layer adjacent to the bubble interface and a minute

wake at the bubble rear, such that the liquid motion is essentially irrotational, the

choice of irrotational stresses on the outer envelope appears reasonable.

The viscous drag from the viscous potential flow solution (3.60) is always lower

than the viscous drag obtained from the dissipation method with either outer bound-

ary condition, (3.68) or (3.74), for the same volume fraction 𝛼. It is well known

(Moore, 1963) that the drag on a single bubble rising steadily in a liquid from the
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integration of the viscous irrotational normal stress (i.e. viscous potential flow in

this work) is 2/3 of that predicted by the dissipation method, which gives the correct

trend for a large-Reynolds-number spherical bubble. Therefore, one may expect the

results from the dissipation method to be closer to the actual viscous drag than

those from viscous potential flow for nonzero 𝛼.

For a bubble moving with constant velocity, i.e. 𝜖 = 0, (3.74) reduces to the

drag found by Kendoush (2001) with the dissipation method using a cell model.

Nonetheless, in his analysis, the dynamic constraint (stress) at the outer boundary

is not stated. Expressions (3.73) and hence (3.74) were attained here by imposing

an irrotational tangential stress on the outer boundary. Both Marrucci (1965) and

Kendoush (2001) used the irrotational velocity profile determined by the domain

configuration and the kinematic conditions (normal velocity component) on the

inner and outer boundaries. Kendoush’s working equation [his (5)] can be obtained

from (3.38) by used of (3.1).

Kendoush also argues that Marrucci’s result, given in (3.68) for 𝜖 = 0, is incor-

rect, reasoning that the upper integration limit in Marrucci’s dissipation integral

should have been taken to infinity instead of using the outer radius, as originally

specified by Marrucci. Although implementing this change in Marrucci’s formulation

does lead to (3.74) instead of (3.68), we find this modification rather contradictory

since in the cell model the liquid is bounded, and the velocity profile employed is that

of a confined fluid. The analysis that led to (3.68) verifies that Marrucci’s formula

for the viscous drag is correct; it is found here from the mechanical energy balance

by considering frictionless inner and outer boundaries and irrotational motion in

the bulk of fluid. It should be noted that Marrucci did not prescribe any external

boundary condition from dynamics (i.e. stress), although he mentioned Happel’s

assumption of a free-surface condition for the outer boundary in a creeping-flow cell

model as a prominent antecedent of his work. He only indicates that boundary-layers

contributions to the total energy dissipation are neglected in his analysis.

While a zero tangential stress is the obvious choice for the bubble interface, an

alternative constraint, that is, an irrotational stress condition, may be specified on

the outer boundary. In sum, (3.68) and (3.74) arise through the dissipation method

applied to the same configuration with the same frictionless condition on the inner

boundary but each satisfying a different condition on the outer boundary, thereby

yielding different results. Nonetheless, the drag is the same to first order in the void

fraction.



3.4. Discussion 99

3.4.1 Comparison with numerical and other analytical results

The viscous irrotational theories considered here can be compared with results from

other analytical models, numerical simulations and experimental data. We have in

mind the situation of gas being bubbled through a stagnant liquid in a continuous

manner by injecting a constant gas flow rate or the case of a swarm of spherical

bubbles rising by buoyancy in a liquid otherwise at rest. The latter case can be

placed in the framework of the cell-model analysis carried out here by letting 𝑈 be

the velocity of the rising bubble swarm with respect to the container wall (Marrucci,

1965; LeClair and Hamielec, 1971). If a steady gas flow rate is bubbled through the

same container, the actual bubble velocity 𝑈b referred to the container walls is

related to 𝑈 by the expression 𝑈b = 𝑈/(1 − 𝛼) as a result of mass conservation

(Nicklin, 1962), where 𝛼 is also the gas volume fraction in the bubbly flow. In this

case, 𝑈 also represents the gas drift velocity, that is, the difference of the actual gas

velocity, 𝑈b, and the gas volumetric flow rate per unit of cross sectional area being

pushed into the system (Nicklin, 1962). It is assumed that the bubbles in the swarm

are nearly spherical, homogeneously distributed, and with negligible variations of

the equivalent bubble diameter with respect to the mean value. The equivalent

bubble diameter is the diameter of the sphere with the same volume of the bubble.

We are referring to this definition when we use the term “bubble diameter”.

In Figure 3.2(a) the predictions by the irrotational theories for the drag coef-

ficient 𝐶D are presented and compared with those listed in Chhabra (1995) from

the numerical solution of the steady incompressible Navier–Stokes equations using

both the free-surface and the zero-vorticity cell-model approximations for 𝑅𝑒 = 100,

where 𝑅𝑒 = 2𝑅1𝑈𝜌/𝜇, thereby suitable for comparison with the viscous irrotational

theories. Numerical results for 𝑅𝑒 = 20 are also included to illustrate the change

in 𝐶D with 𝑅𝑒. Chhabra collected the results obtained by Manjunath et al. (1994)

using the finite-element method for a cell model with zero tangential stress both on

the inner and outer boundary and new results generated with the same numerical

method solving the governing equations for the same physical domain and boundary

conditions except that at the outer boundary the vorticity is set to zero instead of

the tangential stress. The drag 𝐷 on a bubble may be written in the form

𝐷 =
1

2
𝜌𝑈2𝜋𝑅2

1𝐶D, (3.75)

an expression that defines the drag coefficient 𝐶D. Using the results for the viscous

drag from (3.60), (3.68) and (3.74), expressions for the drag coefficient can thus be

written, respectively, for viscous potential flow (VPF) and the dissipation method
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Figure 3.2: (a) Drag coefficient 𝐶D as a function of the void fraction 𝛼. (b) Nor-
malized bubble swarm rise velocity 𝑈/𝑈∞ as a function of the gas volume fraction
𝛼. The graphs for 𝐶D vs. 𝛼 are determined with 𝑅𝑒=100, except where indicated.
The curves of 𝑈/𝑈∞ vs. 𝛼 are valid for 𝑅𝑒 ≫ 1 but do not explicitly depend on
𝑅𝑒. Thin solid line: VPF (3.76a) and (3.77a); thick dashed line: DM with zero
tangential stress on the outer boundary (3.76b) and (3.77b); thick solid line: DM
with irrotational tangential stress on the outer boundary (3.76c) and (3.77c); thin
solid line with ⋄: Marrucci (1965); ▲ and △: numerical simulations with free-surface
cell model by Chhabra (1995) for 𝑅𝑒=20 and 𝑅𝑒=100, respectively, where (3.80) is
used for the normalized velocity; ∙ and ∘: numerical simulations with zero-vorticity
cell model by Chhabra for 𝑅𝑒=20 and 𝑅𝑒=100, respectively. DM stands for the dis-
sipation method and VPF stands for viscous potential flow. The symbols for 𝛼 = 0
correspond to the numerical results by Manjunath et al. (1994) using a free-surface
cell model. 𝑈∞ denotes the single bubble rise velocity from the dissipation method.

(DM) with either a zero tangential stress or an irrotational tangential stress on the

outer boundary. In this order, we obtain,

𝐶D1 =
32

𝑅𝑒

1

(1− 𝛼)
, (3.76a)

𝐶D2 =
48

𝑅𝑒

(1− 𝛼5/3)

(1− 𝛼)2
, (3.76b)

𝐶D3 =
48

𝑅𝑒

1

(1− 𝛼)2
. (3.76c)

Figure 3.2(a) shows that the DM with the irrotational-tangential-stress condition

on the outer boundary exhibits fair agreement with the numerical results for the

zero-vorticity cell model for the range of void fraction considered in the study. In

this formulation of the dissipation approximation, the potential flow hypothesis
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is brought from the bulk of the fluid to include the outer boundary. Predictions

from the DM with the zero-tangential-stress condition on the outer surface are

close to the numerical simulations using a cell model with the same constraint, as

expected for 𝑅𝑒 = 100. VPF, on the other hand, consistently under-predicts the

numerical solution, which is the extension to a bubbly suspension of the known

result for a single bubble rising in an infinite medium (Moore, 1963). From the

two curves rendered by DM, the cell model with an irrotational shear stress on the

outer boundary predicts values for the drag coefficient 𝐶D that display a stronger

dependence on the void fraction than those from the cell model with a zero-shear-

stress condition. A similar trend is described by the numerical results by Chhabra,

who commented on this, for 𝑅𝑒 = 100 (represented by symbols), that is, results from

the zero-vorticity cell model are more dependent upon the void fraction than results

from the free-surface cell model. This trend agrees with that reported by Happel

and Brenner (1965) and El-Kaissy and Homsy (1973). Happel and Brenner framed

their discussion under the analysis of creeping flow; El-Kaissy and Homsy carried

out regular perturbation techniques on the Navier–Stokes equations. A comparison

of numerical predictions for the drag coefficient with Marrucci’s drag [expression

(3.76b)] has been presented by Manjunath et al. using the free-surface cell model.

Although numerical simulations and analytical models can predict the drag act-

ing on a bubble in a bubbly suspension, perhaps the most convenient way of evaluat-

ing their performance is comparing theoretical results for the terminal rise velocity

of the bubbles with experimental data. This is because measurements of this magni-

tude are somewhat abundant in the literature. The terminal velocity 𝑈 of a swarm

of spherical bubbles of equal size rising due to buoyancy can be determined by equat-

ing the drag on a bubble with the lift force that drives the bubble upwards, given

by the buoyancy force corrected by the bubble weight, that is, 4𝜋𝑅3
1(𝜌M−𝜌G)𝑔/3, 𝑔

being the acceleration of gravity, 𝜌G the gas density and 𝜌M ≡ 𝜌(1− 𝛼) + 𝜌G𝛼, the

averaged density of the mixture (Zuber and Hench, 1962; Zuber, 1964; Kendoush,

2001). Using (3.60), (3.68) and (3.74) for the drag, we thus find,

𝑈

𝑈∞
=

3

2
(1− 𝛼)2, (3.77a)

𝑈

𝑈∞
=

(1− 𝛼)3

(1− 𝛼5/3)
, (3.77b)

𝑈

𝑈∞
= (1− 𝛼)3, (3.77c)

for VPF, and the DM with either a zero tangential stress or an irrotational tangen-

tial stress at the outer boundary of the cell, respectively. Here, 𝑈∞ is the bubble
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velocity in the limit of infinite dilution, that is for 𝛼 = 0, computed from the DM

(Levich, 1962), 𝑈∞ = 𝑅2
1(𝜌−𝜌G)𝑔/9𝜇. Hence the bubble rise velocity for infinite di-

lution according to VPF is 3𝑈∞/2. Expression (3.77c) has been given by Kendoush

(2001). Expression (3.77b) times the factor (1− 𝛼)−1 gives the rise velocity model

by Marrucci (1965), who apparently used the density of the liquid 𝜌 instead of the

density of the mixture 𝜌M in the buoyancy force. Richardson and Zaki (1954) fa-

vored the use of the density of the liquid over the density of the suspension 𝜌M in

computing the buoyancy force acting on solid particles settling in a liquid at the

same rate, pointing out that each particle displaces its own volume of liquid, not of

suspension. Kuwabara (1959) also used the density of the liquid instead of that of

the suspension for the buoyancy force needed in the evaluation of the terminal set-

tling velocity of spheres uniformly arranged in a liquid. Manjunath et al. proposed

to compute the steady rise velocity of the bubble swarm with the buoyancy force

determined by the density of the liquid. On the other hand, Zuber (1964) applied

the one-dimensional momentum equation for two-phase flow to the case of steady

vertical motion of particles in a fluid neglecting the friction at the walls, finding that

the buoyancy force determined with the density of the mixture balances the drag

force on a particle and its weight. Based upon experimental studies on the settling

velocity of spheres in two-component solid-liquid suspensions, Poletto and Joseph

(1995) affirmed that the effective density approaches the average density of the mix-

ture in the case of a test particle of the same diameter as the suspended particles,

or larger. Moreover, they entered the average density of the mixture to account for

the effective buoyancy on a test particle in a model describing the settling of a test

sphere in a suspension. Kendoush also used the density of the mixture in finding

the terminal rise velocity of a bubble swarm. This approach was adopted above.

Expressions (3.77) are plotted in figure 3.2(b) as function of the void fraction.

To use the numerical results for 𝐶D compiled in Chhabra for fixed Reynolds number

𝑅𝑒 and varying 𝛼 to predict the ratio 𝑈/𝑈∞, the drag 𝐷 in (3.75) is equated to the

buoyancy force minus the bubble weight. That is,

𝐶D
1

2
𝜌𝑈2𝜋𝑅2

1 =
4

3
𝜋𝑅3

1(𝜌− 𝜌G)𝑔(1− 𝛼). (3.78)

Writing a similar expression in the infinite dilution limit, 𝛼 = 0, for a bubble of

radius 𝑅1 rising with velocity 𝑈∞ in the same liquid, according to the dissipation

method, the drag coefficient being 𝐶D,∞, and combining with (3.78), we find (Ishii
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and Zuber, 1979)

𝑈

𝑈∞
= (1− 𝛼)1/2

(
𝐶D,∞
𝐶D

)1/2

. (3.79)

With 𝐶D,∞ given by the known expression 𝐶D,∞ = 48/𝑅𝑒∞, and 𝑈/𝑈∞ = 𝑅𝑒/𝑅𝑒∞,

(3.79) represents and implicit relation for 𝑅𝑒∞, for known values of 𝛼 and 𝑅𝑒, a

pair that determines the drag coefficient 𝐶D from the numerical analysis. Expression

(3.79) can be written in explicit form,

𝑈

𝑈∞
= (1− 𝛼)

48

𝑅𝑒𝐶D
(3.80)

The results from (3.80) for 𝑅𝑒=20 and 100 are represented with symbols in figure

3.2(b).

The trend depicted by the viscous irrotational theories in figure 3.2(b) indicates a

decrease in the ratio 𝑈/𝑈∞ for the bubble swarm with increasing void fraction. For a

given gas-liquid system for which the dual limit of large Reynolds number and small

Weber number is satisfied, this trend indicates that increasing bubble concentration

hinders the bubble swarm rise speed. DM with an irrotational tangential stress on

the outer boundary of the cell model gives the lowest normalized velocity amongst

the irrotational theories described in this chapter. Slightly higher values are obtained

from the DM when a zero tangential stress is prescribed on the outer boundary for

the same volume fraction. In addition, results from the former model are somewhat

more dependent on the void fraction than results from the latter model. VPF

predicts much higher normalized bubble swarm velocities than the other models

considered in the analysis as the first order viscous correction to the irrotational

pressure associated with the vortical layer is omitted, thereby predicting a lower

drag. Marrucci’s formula predicts dimensionless velocities that lie in between those

from VPF and the other viscous irrotational theories and shows a less pronounced

dependence on the gas volume fraction.

The results obtained here (plotted as symbols) from the drag coefficients re-

ported in Chhabra from numerical simulations also show a decrease in 𝑈/𝑈∞ as

the void fraction 𝛼 increases. In the limit of infinite dilution, the points included

in figure 3.2(b) are given in Manjunath et al. from their numerical solution. The

remark stated above regarding the hindering effect due to increasing gas concen-

tration cannot be drawn from the points determined by the numerical solution, as

each data series corresponds to a fixed bubble swarm Reynolds number, 𝑅𝑒. Since

(3.80) with the numerical results for 𝐶D in Chhabra for 𝑅𝑒 = 20 and 100 yields
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an increasing 𝑅𝑒∞ as 𝛼 increases, the ratio 𝑅𝑒/𝑅𝑒∞ and hence 𝑈/𝑈∞ ought to

decrease. To investigate the effect of increasing gas volume concentration on bubble

rise velocity using numerical simulations at finite Reynolds number, another type of

plot is needed; this can be found elsewhere (LeClair and Hamielec, 1971; Kendoush,

2001, see below). For both 𝑅𝑒 =20 and 100 and 𝛼 > 0, the normalized velocity

predictions from the free-surface cell model are larger than the results from the

zero-vorticity cell model obtained by means of computational fluid dynamics anal-

ysis. As expected, this trend agrees with that shown by the DM results for 𝑈/𝑈∞
with the zero-tangential-stress model leading to a somewhat larger values in com-

parison with the model with an irrotational tangential stress on the exterior surface.

Larger values of 𝑈/𝑈∞ are predicted for bubble swarms for which 𝑅𝑒 = 20 than

for swarms with 𝑅𝑒 = 100 at a fixed gas volume fraction and for the same type of

cell model. The difference between both series decreases as the gas volume fraction

increases.

The decrease of the normalized bubble swarm velocity 𝑈/𝑈∞ as 𝑅𝑒 increases

for fixed 𝛼 may be explained by considering the limit of low Reynolds number. For

creeping motion of a single bubble in an unbounded medium, the drag is known to

be 4𝜋𝜇𝑅1𝑈 (White, 1974). Therefore, the bubble terminal rise velocity is 𝑈/𝑈∞=3,

which is well above the corresponding value for 𝑅𝑒 = 20, 𝑈/𝑈∞ ≈1.7 [see figure

3.2(b)]. As the Reynolds number increases towards the other limit 𝑅𝑒 ≫ 1, 𝑈/𝑈∞
should tend to 1. This tendency is also observed for a bubble swarm, that is, for

𝛼 > 0.

As the Reynolds number increases, it is reasonable to expect that 𝑈/𝑈∞ for

given 𝛼 approaches the curves resulting from the DM, since these curves represent

the limiting values for 𝑅𝑒 ≫ 1. Whereas for 𝛼 = 0 and 𝑅𝑒 = 100, 𝑈/𝑈∞ ≈ 1.2,

and a decreasing trend should be expected, so that 𝑈/𝑈∞ → 1 as 𝑅𝑒 increases,

the data obtained from numerical experiments for 𝛼 > 0 using the free-surface cell

model apparently have already reached their limit, given by the DM analysis for

the same type of cell model. In the case of the data set corresponding to the zero-

vorticity cell model, for 𝛼 > 0 the magnitudes of 𝑈/𝑈∞ are already slightly under

their expected limiting values, given by the graph of the DM with an irrotational

tangential stress on the exterior boundary. Discarding issues related to the approx-

imations employed in the numerical scheme, one possible explanation for this result

is the increasing trend of the product 𝑅𝑒𝐶D with increasing 𝑅𝑒 that, by virtue of

(3.80), leads to a decrease in 𝑈/𝑈∞. Should this trend be reversed, 𝑅𝑒𝐶D would

start decreasing slowly as 𝑅𝑒 continues increasing so that the limiting value would

be closely approached, and 𝑈/𝑈∞ would become insensitive to changes in 𝑅𝑒.
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In closing, one should mention that results for 𝑈/𝑈𝛼=0 as function of the gas

volume fraction, 𝑈𝛼=0 being the velocity of a bubble rising in an unbounded medium

(𝑈𝛼=0 ∕= 𝑈∞), were reported by LeClair and Hamielec (1971) for infinite dilution

Reynolds numbers up to 𝑅𝑒𝛼=0=1000 from their numerical solutions employing the

zero-vorticity cell model. There, the hindering of bubble motion as the bubble

concentration increases is demonstrated from the simulations. They pointed out

that a standing vortex ring in the bubble rear stagnation region was not present.

They assert that for such a high Reynolds number, the limit given by potential flow

theory is approached. From the dissipation method, the drag coefficient defined in

(3.75) leads to the result 𝐶D ≈ 0.048 yet they plotted a drag coefficient, defined

in the same manner, of 𝐶D ≈ 0.1. Appreciable covective effects that overcome the

capabilities of the numerical scheme (Jaiswal, Sundararajan, and Chhabra, 1992)

are perhaps the cause of such a significant difference. Therefore, we opted not to

include their data for such a high Reynolds number in the comparisons carried out

in the present work.

3.4.2 Comparison of the theory against experimental data

Comparison of the theory with experimental data for the velocity 𝑈b of the bubbles

in a bubbly flow as a function of the void fraction is presented in figure 3.3. One

dataset corresponds to the experiments conducted by Zenit et al. (2001) to study

a monodispersed suspension of bubbles moving in a vertical channel satisfying the

dual limit of large Reynolds and small Weber numbers. The mixture is produced by

bubbling gas at a constant volumetric flow rate through a stagnant liquid. They used

a dilute aqueous electrolyte solution with gas nitrogen. A monodispersed suspension

is obtained with the addition of a salt to the liquid, that helps preventing bubble

coalescence. The mean equivalent bubble diameter of the suspension increases from

1.364 mm to 1.696 mm for gas volume fraction in the interval 0 ≲ 𝛼 ⩽ 0.20. The

aspect ratio decreases in this interval from 1.3 to 1.1 and the Reynolds and Weber

numbers decrease with the void fraction from 𝑅𝑒b = 380 and 𝑊𝑒b = 1.5 for 𝛼 ≈ 0

to 𝑅𝑒b = 260 and 𝑊𝑒b = 0.5 for 𝛼 = 0.20. For this data set, Zenit et al. gives

the fitting 𝑈b = 𝑈0(1 − 𝛼)𝑛, with 𝑈0 = 0.269 m s−1 and 𝑛 = 2.796. They report

that 𝑈0 < 𝑈∞ = 0.320 m s−1, measured from the rising of a single bubble in a

larger pipe, a value that is just within 1% of the result predicted by the theory for

an oblate ellipsoid (Moore, 1965). This sudden steep decrease in bubble velocity

with gas concentration for very dilute suspensions has been attributed by Zenit et

al. to the effects of bubble-wall collisions. They discuss this issue in depth while

including additional experimental evidence, and the interested reader should refer
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to their work. Another dataset is taken from the series of experiments performed by

Mart́ınez-Mercado et al. (2007) with a flux of gas nitrogen bubbling through a variety

of stagnant liquids. We choose the set of measurements obtained with a mixture

of water-glycerin (15% wt.) because the bubbles were nearly spherical and the

Reynolds number was 𝑂(100). In the experiments with this liquid, the mean bubble

diameter decreases from 1.3 to 1.2 mm with increasing void fraction from 0 to 0.05,

whereas the aspect ratio remained constant about 1.05. The measured Reynolds

and Weber numbers decrease from 𝑅𝑒b = 120 and 𝑊𝑒b = 0.60 to 𝑅𝑒b = 70 and

𝑊𝑒b = 0.22 for void fraction increasing in the range 0 ≲ 𝛼 ⩽ 0.05. Again, a rapid

decrease in the bubble velocity in the region of a very dilute suspension was observed

as the velocity for a single bubble in an infinite medium is 0.287 m s−1 computed

from the theory for a clean oblate ellipsoidal bubble of Moore (1965) (note that they

reported the value of 𝑅𝑒∞ instead). They speculate that the sudden increase in the

drag that slows down the bubbles might be caused by velocity fluctuations arising

from bubble-wall collisions.

The predictions from the irrotational theories described here are compared with

the experimental data for the dimensionless velocity 𝑈b/𝑈∞ in figure 3.3, where 𝑈∞
takes the values given above for both experimental datasets. In addition, Zenit et

al. (2001) took the model by Spelt and Sangani (1998) for the drag coefficient and

found an expression for the normalized bubble velocity 𝑈b/𝑈∞ for vertical bubbly

flow through stagnant liquid

𝑈b

𝑈∞
=

(1− 𝛼)

1 + 3
20𝛼𝐴

. (3.81)

Here the parameter 𝐴 denotes the inverse of the bubble vertical velocity variance

normalized by the square of the mean bubble velocity. A fit for 𝐴 = 𝐴(𝛼) with mea-

surements by Zenit et al. (2001) is given in Kushch et al. (2002), 𝐴 = (0.02+0.5𝛼)−1.

This fitting may be regarded as particular for the set of conditions of the experi-

ments from which it is obtained. Predictions from (3.81) are included in figure 3.3.

Note that 𝐴 does not approach zero as 𝛼→ 0; this is explained by the oscillations in

the bubble trajectory associated with bubble-wall interactions observed in a single

bubble experiment (Zenit et al.). The drag coefficient formula referred to above was

derived by Spelt and Sangani by solving for a viscous potential that adds a first

order correction in the dimensionless viscosity to the irrotational flow field. Their

expression for the drag coefficient depends upon the void fraction and an additional

parameter 𝐴, defined above, and is needed in their system of average equations

for bubbly flow in the regime of large Reynolds and small Weber numbers. They
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Figure 3.3: Normalized bubble velocity 𝑈b/𝑈∞ as a function of the gas volume
fraction 𝛼 for gas bubbling continuously in a stagnant liquid. Two data sets from
experiments are included for comparison. Thick dash-dot-dotted line: fitting of
data from experiments with nitrogen in aqueous solution by Zenit et al. (2001); □:
experiments with nitrogen in water-glycerin (15% wt.) by Mart́ınez-Mercado et al.
(2007); thick dashed line: DM with zero tangential stress on the outer boundary
(3.77b); thick solid line: DM with irrotational tangential stress on the outer bound-
ary (3.77c); thin dash-dotted line: model by Spelt and Sangani (1998) (3.81); thin
solid line with ⋄: Marrucci (1965). DM stands for the dissipation method and VPF
stands for viscous potential flow. Predictions are given by 𝑈b = 𝑈/(1− 𝛼). For the
experimental data, 𝑈∞ was determined from Moore’s (1965) theory.
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present comparisons with dynamics simulations, in which satisfactory agreement is

demonstrated.

The experiments show that greater concentration of bubbles leads to a hinder-

ing of their motion and the models follow this trend. Figure 3.3 indicates that the

theory over-predicts the measurements in the interval of gas volume fraction con-

sidered. This trend has been reported by Zenit et al. (2001) from the comparison

of their data with the model by Spelt and Sangani (1998). This discrepancy was

attributed to several factors, namely, bubble deformation, departures of the liquid

dynamics from irrotational motion due to the presence of surface-active contami-

nants, and energy dissipation associated with bubble shape oscillations (Zenit et

al.). A similar discrepancy was noted by Kushch et al. (2002) after comparing their

model, derived using an effective-medium theory for oblate spheroidal bubbles, with

the data by Zenit et al. They suggest that viscous dissipation originated by the

container walls might be the cause of such a discrepancy. Figure 3.3 shows that

the model by Spelt and Sangani for 𝑈b/𝑈∞ presented in Zenit et al., with the fit

for 𝐴 obtained from their experimental data, gives the best approximation to the

measurements. Moreover, the difference for all models is the least with the data by

Zenit et al., for which the Reynolds number (380 ≥ 𝑅𝑒b ≥ 260) is about three times

that of Martinez-Mercado et al. This is consistent with the notion that the formulae

considered here is valid for 𝑅𝑒b ≫ 1, and thus these models ought to be considered

limiting cases as long as the bubbles remain nearly spherical (i.e., 𝑊𝑒b < 1).

From the set of viscous irrotational theories analyzed in §§3.2 and 3.3, that

obtained from the dissipation method with an irrotational tangential stress on the

outer boundary gives the smallest discrepancy and also depicts the same slope as

the dataset by Zenit et al. Nevertheless, when the bubbles are modeled as oblate

ellipsoids using Moore’s (1965) model for 𝑈∞, and the variation of the equivalent

diameter of the bubbles and aspect ratio with the void fraction is accounted for, the

curve of 𝑈/𝑈∞ versus 𝛼 for the experimental data by Zenit et al. becomes rather

concave, as presented in their work (not shown here), resembling the curvature of

the graph rendered by the model of Spelt and Sangani.

3.5 Closing remarks

The assumed irrotational dynamics of the incompressible fluid surrounding a spher-

ical bubble of variable radius and bounded externally by a spherical surface, is

applied to the computation of the drag acting on the bubble and on the outer sur-

face when a relative translation exists between them. A simpler computation of
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the drag is given by the integration of the irrotational normal stress, including the

viscous part. Another viscous irrotational formulation based upon the mechanical

energy balance, namely, the dissipation method, is employed, leading to a different

form of the drag. A major aspect of the formulation of the dissipation method

presented here is the way the tangential stress boundary condition on the exterior

surface enters the analysis. Two choices are considered for this boundary condition,

namely, a zero tangential stress and an irrotational tangential stress. In particular,

when the bubble volume is held constant, these expressions for the drag are taken

as an approximation, in the sense of the classical cell model, of the drag acting on a

swarm of identical bubbles. These results are then used to find expressions for the

suitably normalized terminal rise velocity of the bubble swarm. These formulae are

evaluated by comparing against other theoretical approaches, numerical simulations

of the cell-model and experimental data for bubbly flow.

The results for the drag coefficient obtained by the dissipation approximation

in a cell with either a zero tangential stress or an irrotational tangential stress on

the exterior surface show fair agreement with results given in the literature from

numerical solutions of the steady incompressible Navier–Stokes equations for a free-

surface cell model or a zero-vorticity cell model, respectively, for a bubble-swarm

Reynolds number 𝑅𝑒=100. Similar trend is observed for the bubble swarm terminal

rise velocity normalized by the terminal rise velocity of a bubble according to the

dissipation method, 𝑈/𝑈∞, for nonzero gas volume fraction, 𝛼 ⩾ 0.1. This bubble

swarm rise velocity is found by the equilibration of the viscous drag and bubble

weight with the buoyancy force determined by the gas-liquid mixture density. In

the infinite dilution limit, the bubble velocity is still larger than the value given by

the dissipation method, which should be approached as 𝑅𝑒 increases. On the other

hand, the simpler integration of the normal stress from viscous potential flow gives

unsatisfactory predictions. The comparison with the experimental data for bubble

velocity in bubbly flow through a stagnant liquid in the regime of high Reynolds and

low Weber numbers, indicates that the model by Spelt and Sangani, which requires

knowledge of the bubble vertical velocity variance, gives the best approximation; it

is followed by predictions from the dissipation method with an exterior irrotational-

tangential-stress boundary condition.



Chapter 4

Correction of Lamb’s dissipation

calculation for the effects of

viscosity on capillary-gravity

waves∗

The decay and oscillations of capillary-gravity waves are modeled here by means of

two purely viscous irrotational theories of the motion of a viscous liquid, namely,

viscous potential flow and the dissipation method. Both approaches give rise to a

viscous correction of the frequency of the oscillations, a feature that was not obtained

by Lamb (1932) in his version of the dissipation method. This viscous correction

to the frequency determines the cross over from progressives waves to standing

ones. The resulting expressions for the decay rate and frequency of the oscillations

are compared here with the solution of the linearized Navier–Stokes equations also

obtained by Lamb.

4.1 Introduction

Stokes (1851) introduced the idea of the dissipation method “in which the decay of

the energy of the wave is computed from the viscous dissipation integral where the

dissipation is evaluated on potential flow” (Joseph , 2006). This method was imple-

mented by Lamb (1932, §348) (§348) to study the effect of viscosity on the dynamics

of free oscillatory waves on deep liquid. The waves are considered small departures

∗Reprinted with permission from Padrino, J. C.; Joseph, D. D. Phys. Fluids, Vol. 19, Issue 8,
082105, 2007. Copyright 2007, American Institute of Physics.
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about a plane free surface. The result of his analysis was an estimate of the de-

cay rate of the traveling waves. He also conducted the solution of the linearized

Navier–Stokes equations for this problem using normal modes (§349; hereinafter

‘exact solution’), in which the zero-shear-stress condition at the free surface is sat-

isfied. Independently, Basset (1888) obtained the same dispersion relation as Lamb

for the exact solution. Furthermore, Lamb applied his dissipation method to study

viscous effects on small oscillations about the spherical shape of a liquid globule in

a vacuum or a bubble surrounded by liquid (§355). Whereas the effect of viscosity

in both the decay rate and frequency of the oscillations can be examined through

the exact solution, Lamb’s dissipation approximation does not give rise to a viscous

correction of the frequency.

In this work, we carry out the integration of the mechanical energy equation

assuming irrotational flow to obtain a relation for the effects of viscosity on the decay

rate and frequency of the oscillations of small capillary-gravity waves. Viscosity

is explicitly considered in the dissipation term of the mechanical energy balance

and the shear stress is put to zero at the free surface. This purely irrotational

formulation is referred to as the dissipation method (DM) here. Our irrotational

method is similar to Lamb’s in the sense that it is an irrotational approximation,

but, unlike Lamb, we do not assume that the potential energy equals the kinetic

energy and gravity is thus explicitly considered in our formulation. Unlike Lamb,

our method of calculation yields a complex eigenvalue for progressive waves with the

same growth rate as Lamb’s but a different frequency which depends on viscosity.

Lamb advertises his method as valid to estimate “the effect of viscosity on free

oscillatory waves on deep water”. However, his analysis did not yield viscous effects

on the frequency of these waves. In fact, when the dissipation method is carried out

as presented here, it gives rise to progressive and standing waves just like the exact

solution. The progressive waves are associated with long waves and the standing

waves with short waves where the cut-off wavenumber is a decreasing function of

the viscosity. For standing waves, DM predicts effects of surface tension and gravity

on the decay rate. Another purely irrotational theory of the motion of a viscous

liquid is used in this study, namely, the theory of viscous potential flow (VPF). In

this approach, the viscous normal stress at the free surface enters the potential flow

analysis.

Joseph and Wang (2004) applied both VPF and the viscous correction of VPF

(labeled as VCVPF) theories to the problem of free gravity waves in which capillary

effects are neglected. In the latter approach, VPF theory is modified by adding

a viscous pressure correction to the irrotational pressure to compensate the differ-
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ence between the non-zero irrotational shear stress and the zero-shear stress at the

free surface. Viscous effects in both the decay rate and the frequency were con-

sidered. The same decay rate obtained by Lamb’s dissipation method was found

from VCVPF. Wang and Joseph (2006) performed a thorough comparison showing

good agreement between the viscous irrotational theories, VPF and VCVPF, with

Lamb’s exact solution for short and long gravity waves, respectively, even for liq-

uids with viscosity 104 times that of water. The theories of irrotational flow of a

viscous fluid (VPF, VCVPF and DM) are applied by Wang, Joseph, and Funada

(2005a,b) to the problem of capillary instability and by Padrino et al. (2008) to

study capillary-driven oscillations about the spherical shape of a drop or bubble.

In these works, VCVPF and DM produced equivalent results. Although the study

of nonlinear waves is beyond the scope of this work, we mention that among the

abundant literature on nonlinear waves, we know only the work by Longuet-Higgins

(1997) on the viscous effects on these waves. He computed the viscous decay of

steep irrotational capillary-gravity waves through the dissipation method (see also

Joseph et al., 2007).

Here, we compare and discuss predictions from the purely irrotational theories

with the exact solution of the linearized problem. The method of calculating the

dissipation applied in this work, which follows the steps of that used in the study

of capillary instability (Wang et al., 2005a,b), leads to an excellent to reasonable

approximation to the dispersion relation of the exact solution for long waves. For

short waves, VPF gives the best approximation. The resulting performance may be

cautiously used as a guide for application of the irrotational approximations in cases

where the ‘exact solution’ is not known.

Neither Joseph and Wang (2004) nor Wang and Joseph (2006) applied the DM

to waves on a plane free surface, although the former did review Lamb’s dissipation

approximation. The VPF calculation presented in this chapter in §4.2 expands the

procedure outlined in Joseph and Wang (2004) to include surface tension effects.

More importantly, it gives rise to intermediate results which are required by the

DM in §4.3. To the best of our knowledge, for the first time, viscous effects in both

the decay rate and frequency of oscillations of ‘small’ capillary-gravity waves about

a plane free surface are obtained through the dissipation approximation.

4.2 Viscous potential flow analysis (VPF)

Consider two-dimensional small irrotational disturbances of the basic state of rest

of an incompressible fluid occupying half of the space, −∞ ≤ 𝑦 ≤ 0, where 𝑦 is a
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Cartesian coordinate such that the plane 𝑦 = 0 corresponds to the free surface for

the basic state. The fluid in the upper half is dynamically inactive. The basic state

is given by 𝑑𝑃/𝑑𝑦 = −𝜌𝑔 where 𝑃 is the pressure, 𝜌 is the liquid density and 𝑔 is the

acceleration of gravity. We set, with no loss of generality, 𝑃 = 0 at the free surface

of the undisturbed state 𝑦 = 0.

In the perturbed state, we look for functions which are periodic in the Cartesian

coordinate 𝑥 with period 𝜆. The perturbed free surface has elevation 𝑦 = 𝜂(𝑥, 𝑡).

For irrotational flow, the velocity field is u = ∇𝜙, such that the incompressibility

condition implies the Laplace’s equation ∇2𝜙 = 0 for the velocity potential 𝜙.

Dynamical effects enter the analysis through the Bernoulli equation, which can

be written as

𝜌
∂𝜙

∂𝑡
+
𝜌

2
∣ ∇𝜙 ∣2 +𝑝+ 𝜌𝑔𝑦 = 0, at 𝑦 = 𝜂, (4.1)

where 𝑝 is the pressure in the disturbed state. The balance of the normal stress at

the free surface yields

−𝑝+ 2𝜇
∂2𝜙

∂𝑛2
= −𝛾∇II ⋅ n, at 𝑦 = 𝜂, (4.2)

where ∇II = ∇− n(n ⋅ ∇) (Joseph and Renardy, 1993). In this expression, 𝜇 is the

liquid dynamic viscosity and 𝛾 is the surface tension; the symbol n denotes the unit

outward normal vector from the fluid at the free surface, which determines the 𝑛

direction, and the second term in the left-hand side of (4.2) accounts for the viscous

normal stress at the interface. At the free surface, the kinematic condition can be

written as

∂𝜙

∂𝑦
=
𝐷𝜂

𝐷𝑡
=
∂𝜂

∂𝑡
+ u ⋅ ∇𝜂, at 𝑦 = 𝜂. (4.3)

The pressure in the disturbed state is now decomposed into small disturbances

about the basic state, such that 𝑝 = 𝑃 +𝑝 with 𝑃 = −𝜌𝑔𝑦. The system of equations

(4.1)-(4.3) is linearized assuming that the free-surface displacement is ‘small’ in

comparison with the wavelength and has ‘small’ slopes, ∂𝜂/∂𝑥 ≪ 1. This process
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yields, at 𝑦 = 0,

𝜌
∂𝜙

∂𝑡
+ 𝑝 = 0, (4.4)

−𝑝+ 𝜌𝑔𝜂 + 2𝜇
∂2𝜙

∂𝑦2
= 𝛾

∂2𝜂

∂𝑥2
, (4.5)

∂𝜙

∂𝑦
=
∂𝜂

∂𝑡
. (4.6)

Solutions of the Laplace’s equation for 𝜙 in the domain 0 ≤ 𝑥 ≤ 𝜆, −∞ ≤ 𝑦 ≤ 0

with periodic boundary conditions for 𝑥 = 0 and 𝑥 = 𝜆 can be written under the

form

𝜙 = 𝐴e𝜎𝑡+i𝑘𝑥+𝑘𝑦 + c.c., (4.7)

with 𝑘 = 2𝜋𝑗/𝜆 and 𝑗 = 1,2,3, . . ., and c.c. denotes complex conjugate of the

previous term. The time dependence has been separated to obtain normal-mode

solutions. We assume that the shape of the disturbed interface is also given by a

normal-mode expression

𝜂 = 𝜂0e
𝜎𝑡+i𝑘𝑥 + c.c., (4.8)

where 𝜂0 is a constant. Combining (4.4) and (4.5) to eliminate the pressure distur-

bance and using (4.7) and (4.8) gives rise to the expression

(𝜌𝜎𝐴+ 2𝜇𝐴𝑘2 + 𝜌𝑔𝜂0 + 𝛾𝑘2𝜂0)e
𝜎𝑡+i𝑘𝑥 + c.c. = 0 at 𝑦 = 0. (4.9)

The linearized kinematic condition (4.6) is then used to find 𝐴𝑘 = 𝜎𝜂0. Applying

this relation to eliminate 𝜂0 in (4.9) yields the dispersion relation for VPF

𝜎2 + 2𝜈𝑘2𝜎 + 𝑔𝑘 + 𝛾′𝑘3 = 0, (4.10)

which can be solved for the eigenvalues

𝜎 = −𝜈𝑘2 ±
√
𝜈2𝑘4 − (𝑔𝑘 + 𝛾′𝑘3), (4.11)

with 𝛾′ = 𝛾/𝜌 and the kinematic viscosity 𝜈 = 𝜇/𝜌. This result can be obtained as a

special case from the more general expression derived by Funada and Joseph (2001)

from the Kelvin-Helmholtz stability analysis of two viscous fluids. For 𝛾 = 0 in

(4.10), our result agrees with the eigenvalue relation presented by Joseph and Wang

(2004) using the theory of VPF for free gravity waves with no capillary effects.
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In the case of 𝜈𝑘2 ≥
√
𝑔𝑘 + 𝛾′𝑘3 we have two real roots from (4.11) and the

waves decay monotonically. The highest value gives the slowest decay rate. In the

case of 𝜈𝑘2 <
√
𝑔𝑘 + 𝛾′𝑘3 we obtain the complex conjugate pair of roots

𝜎 = −𝜈𝑘2 ± i𝑘
√

(𝑔/𝑘 + 𝛾′𝑘)− 𝜈2𝑘2, (4.12)

giving rise to progressive decaying waves. The decay rate is −𝜈𝑘2 which is half of

the value computed by Lamb using energy dissipation arguments. The speed of the

traveling waves is

𝑐 =
√

(𝑔/𝑘 + 𝛾′𝑘)− 𝜈2𝑘2, (4.13)

and the speed is slower than the inviscid result
√
𝑔/𝑘 + 𝛾′𝑘, as noticed by Joseph

and Wang (2004) in the absence of surface tension.

For short waves or high viscosity, i.e. 𝜈𝑘2 ≫
√
𝑔𝑘 + 𝛾′𝑘3, the eigenvalues from

(4.11) follow

𝜎 = −2𝜈𝑘2 and 𝜎 = −𝛾
′𝑘
2𝜈

− 𝑔

2𝜈𝑘
, (4.14)

and the latter gives the slowest decay rate for the standing waves. For zero surface

tension, the damping of the waves follows the rate −𝑔/(2𝜈𝑘), which decreases for

shorter waves. This decay rate was found by Lamb (1932) from the exact solution

for large viscosity. For 𝜈𝑘2 ≪
√
𝑔𝑘 + 𝛾′𝑘3, traveling decaying waves are obtained

and the eigenvalues behave as

𝜎 = −𝜈𝑘2 ± i𝑘
√
𝑔/𝑘 + 𝛾′𝑘, (4.15)

such that the wave speed reaches the inviscid result.

4.3 Dissipation method (DM)

The dissipation method relies on the integration of the mechanical energy equation.

To apply DM to capillary-gravity waves, the working equation is obtained after

subtracting the basic state of rest ∇𝑃 = 𝜌g from the incompressible Navier–Stokes

equation and then taking the scalar (“dot”) product with the velocity vector. Inte-

gration over the region of interest yields the mechanical energy balance for the flow
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disturbances in integral form

d

d𝑡

∫
𝑉

𝜌

2
∣u∣2 d𝑉 =

∫
𝒮
n ⋅T ⋅ ud𝒮 −

∫
𝑉
2𝜇D : D d𝑉 , (4.16)

where T is the stress tensor for an incompressible Newtonian fluid in terms of

pressure and velocity disturbances (see 4.17 below); D is the strain-rate tensor

D =
1

2

[∇u+
(∇u

)𝑇 ]
,

where the superscript 𝑇 denotes the transpose, and n is the outward normal vector

from the fluid. The symbol 𝑉 denotes the volume of integration enclosed by the sur-

face 𝒮. The last term in (4.16) gives the viscous dissipation. The double contracted

product D : D = 𝐷𝑖𝑗𝐷𝑗𝑖, and the repeated indexes imply summation according to

Cartesian index notation in two dimensions.

The region of integration is defined by 0 ≤ 𝑥 ≤ 𝜆 and −∞ < 𝑦 ≤ 0. Periodic

boundary conditions at 𝑥 = 0 and 𝑥 = 𝜆 and disturbances (both velocity and

pressure) that vanish as 𝑦 → −∞ are considered. Therefore, the surface integral is

reduced to an integral at 𝑦 = 0.

The first integral in the right-hand side of (4.16) can be expanded by considering

n ⋅T ⋅ u = (−𝑝+ 𝜏𝑦𝑦)𝑣 + 𝜏𝑥𝑦𝑢. (4.17)

The analysis follows with the assumption that the zero-shear-stress condition and

the normal-stress balance are satisfied at the free surface. Therefore, we have, at

𝑦 = 0,

𝜏𝑥𝑦 = 0 and − 𝑝+ 𝜏𝑦𝑦 = −𝜌𝑔𝜂 + 𝛾
∂2𝜂

∂𝑥2
(4.18)

Integrals in (4.16) are computed assuming that the fluid motion can be approx-

imated as irrotational. The discontinuity of the zero shear stress at the free surface

with the irrotational shear stress is resolved in a vorticity layer which is neglected

in the analysis. For irrotational flow, the following identity holds,∫
𝑉
2𝜇D : Dd𝑉 =

∫
𝒮
n ⋅ 2𝜇D ⋅ ud𝒮, (4.19)

Substitution of (4.17) and (4.19) into (4.16), using (4.18), yields

d

d𝑡

∫
𝑉

𝜌

2
∣u∣2 d𝑉 = −

∫ 𝜆

0
𝜌𝑔𝜂𝑣 d𝑥+

∫ 𝜆

0
𝛾
∂2𝜂

∂𝑥2
𝑣 d𝑥−

∫
𝒮
n ⋅ 2𝜇D ⋅ ud𝒮. (4.20)
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Next, the integrals in (5.31) are carried out with the aid of the formula in Appendix

E and using expressions (4.7) and (4.8) for 𝜙 and 𝜂 together with the relation

𝐴𝑘 = 𝜎𝜂0, which stems from the irrotational assumption. With ∣u∣2 = 𝑢2 + 𝑣2 and

writing the components of the strain-rate tensor D in Cartesian coordinates, such

that n ⋅ 2𝜇D ⋅ u = 𝜏𝑦𝑦𝑣 + 𝜏𝑥𝑦𝑢 from potential flow, this series of integrals gives rise

to
d

d𝑡

∫
𝑉

𝜌

2
∣u∣2 d𝑉 = 𝜌𝑘𝐴𝐴(𝜎 + �̄�)e(𝜎+�̄�)𝑡𝜆, (4.21a)

∫ 𝜆

0
𝜌𝑔𝜂𝑣 d𝑥 = 𝜌𝑔𝑘2𝐴𝐴

(
1

𝜎
+

1

�̄�

)
e(𝜎+�̄�)𝑡𝜆, (4.21b)

∫ 𝜆

0
𝛾
∂2𝜂

∂𝑥2
𝑣 d𝑥 = −𝛾𝑘4𝐴𝐴

(
1

𝜎
+

1

�̄�

)
e(𝜎+�̄�)𝑡𝜆, (4.21c)∫

𝒮
n ⋅ 2𝜇D ⋅ ud𝒮 = 8𝜇𝑘3𝐴𝐴e(𝜎+�̄�)𝑡𝜆. (4.21d)

Substitution of (4.21) into (5.31) yields the expression

𝜎 + 4𝜈𝑘2 + (𝑔𝑘 + 𝛾′𝑘3)
1

𝜎
+ c.c. = 0, (4.22)

which is satisfied if the following eigenvalue relation holds

𝜎2 + 4𝜈𝑘2𝜎 + 𝑔𝑘 + 𝛾′𝑘3 = 0. (4.23)

with roots

𝜎 = −2𝜈𝑘2 ±
√

4𝜈2𝑘4 − (𝑔𝑘 + 𝛾′𝑘3). (4.24)

Putting 𝛾′ = 0 in (4.24) yields the same relation obtained in Joseph and Wang

(2004) using the viscous correction of VPF, a method that follows a different path

to the one described here. We regard (4.24) as an irrotational approximation for

the exact solution.

For 2𝜈𝑘2 ≥
√
𝑔𝑘 + 𝛾′𝑘3, expression (4.24) gives two real roots and monotonically-

decaying waves are obtained. On the contrary, if 2𝜈𝑘2 <
√
𝑔𝑘 + 𝛾′𝑘3, progressive

decaying waves occur. In this case, it is convenient to write (4.24) in the form

𝜎 = −2𝜈𝑘2 ± i𝑘
√

(𝑔/𝑘 + 𝛾′𝑘)− 4𝜈2𝑘2, (4.25)

and the traveling waves decay with rate −2𝜈𝑘2, which is the same value obtained

by Lamb (1932) via the dissipation method. However, Lamb’s approach did not
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account for the effects of viscosity in the wave speed of traveling decaying waves.

The wave speed is extracted from (4.25) as

𝑐 =
√

(𝑔/𝑘 + 𝛾′𝑘)− 4𝜈2𝑘2, (4.26)

which is slower than the inviscid result
√
𝑔/𝑘 + 𝛾′𝑘. Prosperetti (1976) finds (4.25)

for small times and an irrotational initial condition from the solution of the initial-

value problem for standing, capillary-gravity waves. He notes that this solution

can apply to large viscosity. He also obtains Lamb’s normal-mode solution (labeled

“exact solution” here) as the asymptotic limit for large times, pointing out that

validity of Lamb’s solution for all times is restricted to small viscosity.

For 2𝜈𝑘2 ≫
√
𝑔𝑘 + 𝛾′𝑘3 (e.g., short waves or high viscosity), relation (4.24)

yields the trend for the decay rates

𝜎 = −4𝜈𝑘2 and 𝜎 = −𝛾
′𝑘
4𝜈

− 𝑔

4𝜈𝑘
, (4.27)

and the second root, which is governed by surface tension, gives the slowest decay

rate of the standing waves. If 2𝜈𝑘2 ≪
√
𝑔𝑘 + 𝛾′𝑘3, as for long waves or low viscosity,

the eigenvalues from (4.25) behave as

𝜎 = −2𝜈𝑘2 ± i𝑘
√
𝑔/𝑘 + 𝛾′𝑘 (4.28)

and the progressive decaying waves travel with the inviscid speed. Lamb (1932)

found that the exact solution reaches (4.28) in the case of “small” viscosity.

4.4 Discussion

Lamb (1932, §349) analyzed the viscous problem of small waves on the free surface of

a deep liquid with capillary and gravity effects. The approach considers the solution

of the linearized Navier–Stokes equations of an incompressible flow where the zero

shear stress condition is satisfied at the free surface. Hence, vorticity is not set to

zero. Lamb obtained the following eigenvalue relation, designated here as the exact

solution,

[
(𝜎 + 2𝜈𝑘2)2 + 𝜎20

]2
= 16𝜈3𝑘6(𝜎 + 𝜈𝑘2), 𝜎20 = 𝑔𝑘 + 𝛾′𝑘3, (4.29)

with Re[(𝜎 + 2𝜈𝑘2)2 + 𝜎20] ≥ 0.

In this section we compare the predictions from the exact solution with results

from the purely irrotational theories, namely, VPF, DM and IPF, the inviscid irrota-
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tional theory. The latter is reached by setting 𝜈 = 0 in either VPF or DM eigenvalue

relations (4.12) and (4.25), respectively; hence, the eigenvalues are purely imaginary

with zero decay rate.

The dispersion relations (4.12), (4.25) and (4.29) can be conveniently written in

dimensionless form as follows

VPF �̃� = −𝜃 ± i
√
1− 𝜃2 (4.30a)

DM �̃� = −2𝜃 ± i
√
1− 4𝜃2 (4.30b)

Exact solution
[
(�̃� + 2𝜃)2 + 1

]2
= 16𝜃3(�̃� + 𝜃) (4.30c)

and �̃� = i for IPF. In these expressions, we have set �̃� = 𝜎/𝜎0 and 𝜃 = 𝜈𝑘2/𝜎0, a

factor introduced by Lamb in his “exact solution”. The analysis of (4.30) reveals that

a threshold 𝜃𝑐 can be obtained that separates progressive waves (𝜃 < 𝜃𝑐, Im[�̃�] ∕= 0)

from standing waves (𝜃 ≥ 𝜃𝑐, Im[�̃�] = 0) from each theory. We obtain 𝜃𝑐 = 1 for

VPF and 𝜃𝑐 = 0.5 for DM. For the exact solution, (4.30c) gives rise to, nearly,

𝜃𝑐 = 1.3115 (also reported in Prosperetti, 1976). We notice that the first order

approximation in 𝜃 of (4.30b) for the dissipation method is equivalent to the first

order approximation in this parameter of the exact solution presented by Lamb

(1932) and Basset (1888). As noted by Landau and Lifshitz (1959), the vortical

layer is thin when viscous effects are “weak” (small 𝜃) and its contribution to the

total energy dissipation is negligible in comparison to the dissipation from within

the bulk of fluid.

From the definition of 𝜃, we have that the respective cutoff wavenumber 𝑘𝑐 can

be obtained for each theory using the corresponding value of 𝜃𝑐 given above. When

𝑘 < 𝑘𝑐, progressive waves decay, whereas for 𝑘 ≥ 𝑘𝑐, the waves decay monotonically.

To investigate the cross-over from progressive to standing waves according to the

exact solution and the irrotational approximations, we choose three different liquids,

namely, a highly mobile one as water, glycerin and SO10000, a very viscous oil at

ambient temperature. The properties of these liquids used in the computations are

indicated in Table 4.1. The kinematic viscosity varies several orders of magnitude

from one fluid to another. The cutoff wave-number 𝑘𝑐 from the exact solution, VPF

and DM is shown in Table 4.2 for the three liquids. For the same liquid, DM gives

the lowest 𝑘𝑐 and the exact solution gives the largest. Therefore, traveling waves of

certain length according to the exact solution may be predicted as standing waves

by the irrotational approximations. Table 4.2 reveals that the cutoff wave-number

decreases as the viscosity increases. Thus, the region of progressive decaying waves

0 < 𝑘 < 𝑘𝑐 shrinks with increasing viscosity. Waves for which 𝑘 < 𝑘𝑐 oscillate with
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Table 4.1: Properties of the liquids used in this study.

Property Water Glycerin SO10000 oil

𝜈 (m2 s−1) 1.00×10−6 6.21×10−4 1.03×10−2

𝜌 (kg m−3) 1.00×103 1.26×103 9.69×102

𝛾 (N m−1) 7.28×10−2 6.34×10−2 2.10×10−2

Table 4.2: Cutoff wavenumber 𝑘c (m−1) computed for DM, VPF and the exact
solution for three different liquids: Water, glycerin and SO10000 oil.

Theory Water Glycerin SO10000 oil

DM 1.82×107 196.81 28.50
VPF 7.28×107 344.64 45.29
Exact 1.25×108 445.18 54.30

a finite period whereas waves with 𝑘 > 𝑘𝑐 can be though of as having an infinitely

long period. This latter feature is clearly associated with the low mobility of highly

viscous liquids.

Figure 4.1 shows the dimensionless decay rate −Re[�̃�] and frequency of the os-

cillations Im[�̃�] as a function of the dimensionless parameter 𝜃 from (4.30a), (4.30b)

and (4.30c) for VPF, DM and the exact solution, respectively. IPF predictions for

the frequency, Im[�̃�] = 1, are also included. For 𝜃 > 𝜃𝑐 only the slowest decay rate,

given by the smallest real eigenvalue, is plotted. In these figures, only the cutoff

𝜃𝑐 given by the exact solution is presented, which hereinafter is referred to as 𝜃′𝑐.
An important feature of the dimensionless representation of the dispersion relations

(4.30) is that their graphs of �̃� versus 𝜃 are equally applicable to any incompress-

ible Newtonian fluid, and no individual plots have to be presented for every liquid

chosen.

Both viscous irrotational theories follow the trend described by the exact solution

as shown in figure 4.1. With respect to the decay rate, this figure indicates that DM

approaches the exact solution in the progressive-wave regime (𝜃 < 𝜃′𝑐) for 𝜃 ≪ 1 .

In particular, for 𝜃 ≤ 0.02 we found that the relative error for DM in absolute value

remains below 10% and the agreement becomes outstanding as 𝜃 decreases since

Re[�̃�] = −2𝜃 as indicated by (4.28). On the other hand, VPF is off the mark by

50% as can be anticipated from (4.15). In the standing-wave regime (𝜃 ≥ 𝜃′𝑐), VPF

shows excellent agreement with the exact solution; for 𝜃 ≥ 2 this irrotational theory

predicts values of the decay rate with relative errors within 5% in absolute value and
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Figure 4.1: Dimensionless decay rate −Re[�̃�] and frequency of the oscillations Im[�̃�]
as a function of the dimensionless parameter 𝜃 = 𝜈𝑘2/𝜎0 from the exact solution
and the irrotational theories VPF, DM and IPF: Solid line, exact solution; ▲, VPF;
□, DM; dashed-dotted line, IPF. In the latter case, the eigenvalues �̃� are purely
imaginary. The dimensionless eigenvalue is �̃� = 𝜎/𝜎0 where 𝜎0 is the inviscid fre-
quency. For 𝜃 > 𝜃𝑐, the solutions are purely real; in this case, only the slowest decay
rate, given by the lowest real eigenvalue, is presented. The cutoff 𝜃′𝑐 corresponds to
the exact solution.

the agreement with the exact solution improves substantially following �̃� = −1/(2𝜃)

as 𝜃 increases as predicted by (4.14). By contrast, DM under-predicts the decay rate

by 50% in this regime in accord with (4.27). In the transition region (0.02 ≤ 𝜃 ≤ 2,

say), neither of the viscous irrotational theories gives a good approximation of the

exact decay rate for this entire interval. However, each of these approximations gives

rise to a critical value 𝜃𝑐 that qualitatively resembles the cross-over from progressive

to standing waves depicted by the exact solution.

Regarding the frequency of the oscillations, Im[�̃�], figure 4.1 1 reveals that vis-

cous effects are significant when 𝜃 ≥ 0.1, for which the exact solution deviates from

the inviscid result. The frequency becomes damped and, for 𝜃 ≥ 𝜃′𝑐, the oscillations

are suppressed. These features in the dynamics of the waves are also described,

on qualitative grounds, by the viscous irrotational approximations. This figure also

illustrates what was computed above, namely, the lowest cross-over 𝜃𝑐 is given by

DM and the highest is obtained from the exact solution; the cut-off from VPF lies in

between. This cut-off between progressive and standing waves cannot be obtained

from the dissipation calculation implemented by Lamb based on Stokes’ idea.

An aspect that is worth mentioning and which may not be evident from the graph

−Re(�̃�) versus 𝜃 is the effect of surface tension in the decay of the waves. The slowest
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decay rate for the exact solution and VPF goes as −𝛾′𝑘/(2𝜈) as 𝑘 → ∞, whereas

for DM, it goes as −𝛾′𝑘/(4𝜈). Thus, as the waves become shorter, they are more

rapidly damped by capillary effects. By contrast, the suppression of the regularizing

effect of surface tension yields a decrease in the decay rate of the gravity waves as

𝑘 increases as shown by Wang and Joseph (2006) (see expressions 4.14 and 4.27).

In the case of the inviscid theory, the frequency continues increasing as 𝑘 → ∞ and

the waves oscillate undamped. The shortest the wave, the highest the frequency,

which contradicts the viscous theories. By taking into account viscous effects in the

irrotational theories, the cross-over from the traveling-wave regime to the standing-

wave regime is predicted by these approximations, in a similar fashion as the exact

solution.

In this analysis, we have shown that the effect of viscosity on the frequency of

capillary-gravity waves which Lamb (1932) assumed to be the same as in an inviscid

fluid, can be obtained from the dissipation integral in the mechanical energy bal-

ance. Moreover, results from this dissipation method are not restricted to oscillatory

waves, as it is the case with Lamb’s dissipation calculation, but they also predict

values for the decay rate of standing waves that follows the trend described by the

exact solution. In sum, our dissipation method yields an eigenvalue relation for the

entire spectrum of wave numbers and is in good agreement with the exact solution

for sufficiently large waves. VPF is the best approximation for sufficiently short

waves.



Chapter 5

Purely irrotational theories for

the viscous effects on the

oscillations of drops and

bubbles∗

The approximations of viscous potential flow and the dissipation method are ap-

plied to the problem of the decay of “small” waves on a drop or bubble about the

spherical shape. The fluids are incompressible and viscous and the velocity field is

assumed to be purely irrotational. Comparisons with the solution of the linearized

incompressible Navier–Stokes equations given in the literature are presented and

discussed.

5.1 Introduction

A viscous liquid drop surrounded by a quiescent gas or a gas bubble immersed in

a viscous liquid tends to an equilibrium spherical shape if the effects of surface

tension are significantly large in comparison with gravitational effects. When the

spherical interface of the bubble or drop is slightly perturbed by an external agent,

the bubble or drop will recover their original spherical configuration through an

oscillatory motion of decreasing amplitude. In the case of the drop, depending upon

its size and physical properties, the return to the spherical shape may consist of

overdamped aperiodic waves that decrease monotonically. For a drop immersed in

∗Reprinted with permission from Padrino, J. C.; Funada, T.; Joseph, D. D. Int. J. Multiphase
Flow., Vol. 34, Issue 1, 61–75, 2008. Copyright 2007, Elsevier Ltd.

123



5.1. Introduction 124

another viscous liquid, decaying oscillatory waves always occurs at the liquid-liquid

interface.

Early studies on the subject for inviscid liquids are due to Kelvin (1890) and

Rayleigh (1896). Lamb (1881) considered fully viscous effects on the oscillations

of a liquid spheroid by solving the linearized Navier–Stokes equations. Applying

Stokes’ ideas (Stokes, 1851), Lamb also approximated the effect of viscosity on the

decay rate of the oscillations on a liquid globule by means of the dissipation method,

in which an irrotational velocity field is assumed. His result is independent of the

nature of the forces that drive the interface to the spherical shape. Furthermore,

Lamb used energy arguments to compute the frequency of the oscillations governed

by self-gravitation in the absence of viscosity, recovering the result due to Kelvin.

In his book on hydrodynamics, Lamb (1932) included his dissipation calculation of

the decay rate of the oscillations on a spherical globule and added the corresponding

result for a spherical bubble in a viscous liquid. Chandrasekhar (1959) studied fully

viscous effects on the small oscillations of a liquid globe with self-gravitation forces

neglecting surface tension. The same form of the solution was also obtained by Reid

(1960) when surface tension instead of self-gravitation is the force that tends to

maintain the spherical shape. A good account of both solutions is presented in the

treatise by Chandrasekhar (1961). Following Lamb’s reasoning, Valentine, Sather,

and Heideger (1965) applied the dissipation method to the case of a drop surrounded

by another viscous liquid. They presented their result for two fluids with the same

density. However, the dissipation approximation for the two-liquid case, according

to Miller and Scriven (1968), underestimates the decay rate.

Comprehensive analyses of viscous effects in a drop embedded in liquid were

presented by Miller and Scriven (1968) and Prosperetti (1980a) using normal modes.

The latter found a continuous spectrum of eigenvalues for an unbounded outer fluid.

Prosperetti (1977, 1980b) considered the initial-value, fully-viscous problem posed

by small perturbations about the spherical shape of a drop or a bubble with no

assumption about the form of the time dependence. The solution showed that the

normal mode results are recovered for large times.

Finite size disturbances have received some attention. Tsamopoulos and Brown

(1983) considered the small-to-moderate-amplitude inviscid oscillations using per-

turbations methods. Lundgren and Mansour (1988) and Patzek et al. (1991) studied

the inviscid problem posed by large oscillations applying the boundary-integral and

the finite-element methods, respectively. Lundgren and Mansour also investigated

the effect of a “small” viscosity on drop oscillations. Basaran (1992) carried out

the numerical analysis of moderate-to-large-amplitude axisymmetric oscillations of
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a viscous liquid drop.

In this chapter, approximate solutions of the linearized problem for small depar-

tures about the spherical shape for a drop surrounded by a gas of negligible density

and viscosity or a bubble embedded in a liquid are sought using viscous potential

flow (VPF) and the dissipation method. VPF is a purely-irrotational-flow theory in

which viscosity enters the problem through the viscous normal stress at the interface

(Joseph and Liao, 1994a, 1994b; Joseph, 2003). If the viscosities of the fluids are

neglected, the analysis reduces to inviscid potential flow (IPF). Another viscous irro-

tational approximation can be obtained by applying the dissipation method (Joseph

and Wang, 2004). In this approximation, which requires the evaluation of the me-

chanical energy equation, viscous effects are accounted for through the computation

of the viscous dissipation originated by the irrotational flow. In addition to his

study of a viscous globule and a gas bubble, the dissipation method was used by

Lamb (1932) in his analysis of the effect of viscosity on the decay of free gravity

waves. He found the decay rate from the dissipation method in complete agreement

with the exact solution for the decay rate of free gravity waves for “small” viscosity.

However, his analysis did not render viscous effects for the frequency of the waves.

The dissipation calculation presented here does give rise to a viscous correction for

the wave frequency, thus predicting a crossover from oscillatory to monotonically

decaying waves.

VPF was used by Funada and Joseph (2002) to study the problem of capillary

instability. Their results for the growth rate were in much better agreement with

Tomotika’s (1935) exact normal-mode solution than inviscid potential flow. Wang,

Joseph, and Funada (2005a) computed the growth rates for this configuration by

adding a viscous correction to VPF, when either the interior or exterior fluid is a

gas of negligible density and viscosity. They found good agreement between their

results and the exact solution. The case of capillary instability of two viscous liquids

was considered by Wang, Joseph, and Funada (2005b), obtaining good to reasonable

agreement for the maximum growth rates whereas poor agreement for long waves.

Wang et al. (2005a, 2005b) also used the dissipation method in the problem of

capillary instability and obtained the same growth rate as the viscous correction

of VPF. The decay of free gravity waves modeled as small disturbances about an

infinite plane free surface was studied by Joseph and Wang (2004) and Wang and

Joseph (2006) using VPF and the viscous correction of VPF. They found that the

decay rate from VPF agrees with Lamb’s exact solution for short waves, whereas the

damping rate computed from the viscous correction of VPF for long waves agrees

with both Lamb’s dissipation result and his solution of the linearized Navier–Stokes
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equations. A comprehensive review on the theory of irrotational flow of viscous

fluids was given by Joseph (2006). The idea of a viscous correction of VPF is

discussed in detail by Joseph, Funada, and Wang (2007). They present examples of

its application and show its relation with the dissipation method.

Two viscous irrotational approximations are thus used in this study to determine

the decay rate and frequency of the oscillations on drops and bubbles, namely,

VPF or viscous potential flow, in which viscosity enters the analysis through the

viscous normal stress at the interface.

Dissipation method, which requires the integration of the mechanical energy

equation with the approximation of irrotational motion yet zero-shear stress

is satisfied at the free surface.

Results from these theories are compared to predictions from IPF or inviscid po-

tential flow, in which the viscosity is set equal to zero, and the solution of the

linearized incompressible Navier–Stokes equations using normal modes, hereinafter

“exact solution”, given in the literature.

This chapter is organized as follows: First, VPF analysis of a drop embedded

in a viscous liquid is presented and the limiting cases of a drop in vacuum and a

bubble in liquid are obtained. In §5.3, the dissipation method is applied to the

spherical shape. In §5.4, the exact solution of the linearized fully viscous problem is

summarized. Results are discussed in §5.5 where several final remarks are presented.

5.2 Viscous potential flow analysis of a spherical drop

immersed in another fluid

Consider a single spherical drop of radius 𝑎 filled with a fluid with density 𝜌𝑙 and

viscosity 𝜇𝑙 immersed in another fluid with density 𝜌𝑎 and viscosity 𝜇𝑎. The co-

efficient of interfacial tension is denoted as 𝛾. Both fluids are incompressible and

Newtonian with gravity neglected. At the basic or undisturbed state both fluids are

at rest and the pressure jump across the spherical interface is balanced by surface

tension.

When the basic state is disturbed with small irrotational perturbations, the

resulting velocity field can be written as the gradient of a potential. The disturbance

of the spherical interface is denoted by 𝜁 ≡ 𝜁(𝑡, 𝜃, 𝜑), 0 ⩽ 𝜃 ⩽ 𝜋, 0 ⩽ 𝜑 ⩽ 2𝜋; the

interface position is 𝑟 = 𝑎+ 𝜁.

For irrotational flow the incompressible Navier–Stokes equations reduce to the
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Bernoulli equation. The resulting pressure field can be decomposed into the undis-

turbed pressure plus a “small” disturbance.

After subtracting the basic state from the disturbed fluid motion and performing

standard linearization of the resulting expressions by neglecting products of the small

fluctuations and products of their derivatives, one obtains, for the interior motion

(0 ⩽ 𝑟 < 𝑎),

∇2𝜙𝑙 = 0, (5.1)

𝑝𝑙 = −𝜌𝑙 ∂𝜙𝑙
∂𝑡

, (5.2)

and, for the exterior motion (𝑎 < 𝑟 <∞),

∇2𝜙𝑎 = 0, (5.3)

𝑝𝑎 = −𝜌𝑎∂𝜙𝑎
∂𝑡

. (5.4)

where 𝜙 is the velocity potential and 𝑝 is the pressure disturbance. For irrotational

motion, the boundary conditions at the interface require the continuity of the radial

velocity and the balance of the normal stresses by interfacial tension. For small

departures about the spherical shape, 𝑎 >> 𝜁 and the boundary conditions can be

written as

𝑢𝑙𝑟 = 𝑢𝑎𝑟 , (5.5)

for the continuity of the radial velocity at 𝑟 = 𝑎 and[[
−𝑝+ 2𝜇

∂𝑢𝑟
∂𝑟

]]
=

𝛾

𝑎2
(𝐿2 − 2)𝜁, (5.6)

for the balance of normal stresses across the interface 𝑟 = 𝑎, written in linearized

form, accounting for the pressure balance in the undisturbed state. The notation

[[⋅]] = (⋅)𝑟=𝑎+ − (⋅)𝑟=𝑎− is being used to denote the jump across the interface located

at 𝑟 = 𝑎. The linearized kinematic condition is

𝑢𝑟 =
∂𝜁

∂𝑡
, (5.7)

at 𝑟 = 𝑎 with, 𝑢𝑟 = ∂𝜙/∂𝑟. The right-hand side of (5.6) is obtained from the

linearized form of the divergence of the outward unit normal vector to the disturbed

interface for the interior fluid. The operator 𝐿2 is also known as the spherical

Laplacian and emerges, for instance, in the solution of the Laplace equation using

spherical coordinates by applying the method of separation of variables. It is defined
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as

−𝐿2𝜁 =
1

sin 𝜃

∂

∂𝜃

(
sin 𝜃

∂𝜁

∂𝜃

)
+

1

sin2 𝜃

∂2𝜁

∂𝜑2
. (5.8)

Solutions of (5.1) and (5.3) for the interior and exterior of a sphere, respectively,

can be sought in the form

𝜙𝑙(𝑟, 𝜃, 𝜑, 𝑡) =

∞∑
ℓ=0

𝐴ℓ

(𝑟
𝑎

)ℓ
𝑒−𝜎ℓ𝑡𝑆ℓ(𝜃, 𝜑) + c.c. 0 ⩽𝑟 < 𝑎, (5.9)

and

𝜙𝑎(𝑟, 𝜃, 𝜑, 𝑡) =

∞∑
ℓ=0

𝐶ℓ

( 𝑟
𝑎

)−ℓ−1
𝑒−𝜎ℓ𝑡𝑆ℓ(𝜃, 𝜑) + c.c. 𝑎 <𝑟 <∞, (5.10)

such that 𝜙𝑙 is finite at 𝑟 = 0 and 𝜙𝑎 remains bounded as 𝑟 → ∞; 𝜎ℓ is an eigenvalue

to be determined. It will be shown that 𝜎ℓ does not depend upon the index 𝑚. The

symbol c.c. designates the complex conjugate of the previous term. The functions

𝑆ℓ are the surface harmonics of integral order

𝑆ℓ(𝜃, 𝜑) =

ℓ∑
𝑚=−ℓ

𝐵ℓ𝑚𝑌
𝑚
ℓ (𝜃, 𝜑), (5.11)

which, with the choice �̄�ℓ𝑚 = 𝐵ℓ,−𝑚, are real functions. The functions 𝑌 𝑚
ℓ (𝜃, 𝜑) are

known as the spherical harmonics (Strauss 1992)

𝑌 𝑚
ℓ (𝜃, 𝜑) = 𝑃

∣𝑚∣
ℓ (cos 𝜃)𝑒i𝜑, (5.12)

where 𝑃
∣𝑚∣
ℓ are the associated Legendre functions. The spherical harmonics satisfy

𝐿2𝑌 𝑚
ℓ (𝜃, 𝜑) = ℓ(ℓ+ 1)𝑌 𝑚

ℓ (𝜃, 𝜑), (5.13)

for ℓ = 0, 1, 2, . . . and 𝑚 = −ℓ, . . . ,−1, 0, 1, . . . , ℓ. The operator 𝐿2 has been defined

in (5.8). Expressions for the radial components of the velocity can be obtained from

(5.9) and (5.10) by applying 𝑢𝑟 = ∂𝜙/∂𝑟. Then, the pressure disturbances 𝑝𝑙 and

𝑝𝑎 can be obtained from (5.2) and (5.4).

Let us write the disturbance of the spherical shape of the interface as a series

expansion,

𝜁(𝜃, 𝜑, 𝑡) =
∞∑
ℓ=0

𝜁ℓ(𝜃, 𝜑)e
−𝜎ℓ𝑡 + c.c. (5.14)
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By considering 𝜁ℓ(𝜃, 𝜑) = 𝜁0ℓ𝑆ℓ(𝜃, 𝜑), where 𝜁0ℓ is a constant, and using condi-

tions (5.5) and (5.7) one obtains

−𝜎ℓ𝜁0ℓ =
(
ℓ

𝑎

)
𝐴ℓ, 𝜎ℓ𝜁0ℓ =

(
ℓ+ 1

𝑎

)
𝐶ℓ. (5.15)

In addition, we have

(𝐿2−2)𝜁 =
∞∑
ℓ=0

{ℓ(ℓ+1)−2}𝜁0ℓe−𝜎ℓ𝑡𝑆ℓ+c.c. =
∞∑
ℓ=0

(ℓ+2)(ℓ−1)𝜁0ℓe
−𝜎ℓ𝑡𝑆ℓ+c.c., (5.16)

by virtue of (5.13) and (5.14). Substituting normal-mode expressions for 𝑢𝑟 and 𝑝,

obtained using (5.9) and (5.10), into the left-hand side of (5.6), applying the result

(5.16) and replacing 𝐴ℓ and 𝐶ℓ with (5.15) yields the dispersion relation for the

eigenvalue 𝜎ℓ, which, after some manipulation, may be written as(
𝜌𝑙(ℓ+ 1) + 𝜌𝑎ℓ

)
𝜎2 −

(
2𝜇𝑙
𝑎2

(ℓ+ 1)ℓ(ℓ− 1) +
2𝜇𝑎
𝑎2

(ℓ+ 2)(ℓ+ 1)ℓ

)
𝜎

+
𝛾

𝑎3
(ℓ+ 2)(ℓ+ 1)ℓ(ℓ− 1) = 0, (5.17)

where the subscript ℓ has been dropped from 𝜎 for convenience. Expression (5.17)

may be written in dimensionless form with the following choices of dimensionless

parameters (Funada and Joseph, 2002),

�̂� =
𝜌𝑎
𝜌𝑙
, �̂� =

𝜇𝑎
𝜇𝑙
, �̂� = 𝜎

𝑎

𝑈
with 𝑈 =

√
𝛾

𝜌𝑙𝑎
, (5.18)

In dimensionless form, expression (5.17) becomes,

(
(ℓ+ 1) + �̂�ℓ

)
�̂�2 − 2√

𝐽
((ℓ+ 1)ℓ(ℓ− 1) + �̂�(ℓ+ 2)(ℓ+ 1)ℓ) �̂�

+ (ℓ+ 2)(ℓ+ 1)ℓ(ℓ− 1) = 0 (5.19)

with a Reynolds number

𝐽 =
𝜌𝑙𝑉 𝑎

𝜇𝑙
= 𝑂ℎ2 with 𝑉 =

𝛾

𝜇𝑙
, (5.20)

where 𝑂ℎ is the Ohnesorge number. In other words, 𝐽−1/2 represents a dimension-

less viscosity. Therefore, the eigenvalue �̂� for viscous potential flow (VPF) can be
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computed from

�̂� =
(ℓ+ 1)ℓ(ℓ− 1) + �̂�(ℓ+ 2)(ℓ+ 1)ℓ

√
𝐽
(
(ℓ+ 1) + �̂�ℓ

)
±

√√√⎷[(ℓ+ 1)ℓ(ℓ− 1) + �̂�(ℓ+ 2)(ℓ+ 1)ℓ√
𝐽((ℓ+ 1) + �̂�ℓ)

]2
− (ℓ+ 2)(ℓ+ 1)ℓ(ℓ− 1)

(ℓ+ 1) + �̂�ℓ
, (5.21)

which has two different real roots or two complex roots. In the former case, the

interface does not oscillate and the disturbances are damped. In the latter case, �̂� =

�̂�𝑅 ± i�̂�I where the real part represents the damping coefficient while the imaginary

part corresponds to the frequency of the damped oscillations.

When both fluids are considered inviscid (IPF), expression (5.21) simplifies to

(�̂�→ 0 and
√
𝐽 → ∞)

�̂� = ±i

√
(ℓ+ 2)(ℓ+ 1)ℓ(ℓ− 1)

(ℓ+ 1) + l̂ℓ
, (5.22)

and undamped oscillations are predicted. This is the same expression found by

Lamb (1932), §275.

5.2.1 VPF results for a spherical drop in a vacuum

If the external fluid has negligible density and viscosity (�̂� → 0 and �̂� → 0), a

drop surrounded by a dynamically inactive ambient fluid is obtained, in which case

expression (5.21) becomes,

�̂� =
ℓ(ℓ− 1)√

𝐽
±
√[

ℓ(ℓ− 1)√
𝐽

]2
− (ℓ+ 2)ℓ(ℓ− 1). (5.23)

Moreover, for an inviscid drop
√
𝐽 → ∞ and (5.23) reduces to

�̂�𝐷 = ±i
√

(ℓ+ 2)ℓ(ℓ− 1) = ±i�̂�∗D, (5.24)

and the drop oscillates undamped about the spherical form. This result was obtained

by Lamb (1932).

Using the expression obtained from VPF in (5.23), one can readily find two roots

for the decay rate as
√
𝐽 → 0 in the drop (e.g., high viscosity) for the aperiodic



5.2. Viscous potential flow analysis of a spherical drop immersed in
another fluid 131

modes. The relevant root on physical grounds is given by

�̂� = �̂�∗2𝐷
√
𝐽

1

2ℓ(ℓ− 1)
. (5.25)

In the case
√
𝐽 → ∞ (low viscosity, say), the eigenvalues are complex, and then we

encounter oscillatory decaying waves. These eigenvalues behave as

�̂� =
ℓ(ℓ− 1)√

𝐽
± i�̂�∗D. (5.26)

5.2.2 VPF results for a spherical bubble

By taking 𝜌𝑙 → 0 and 𝜇𝑙 → 0 in (5.17), the eigenvalue relation for a bubble of

negligible density and viscosity embedded in a liquid is obtained for VPF

�̂� =
(ℓ+ 2)(ℓ+ 1)√

𝐽
±
√[

(ℓ+ 2)(ℓ+ 1)√
𝐽

]2
− (ℓ+ 2)(ℓ+ 1)(ℓ− 1), (5.27)

where 𝐽 is defined in terms of the liquid properties. In the limit of an inviscid

external fluid
√
𝐽 → ∞ in (5.27) and we obtain

�̂�𝐵 = ±i
√

(ℓ+ 2)(ℓ+ 1)(ℓ− 1) = ±i�̂�∗B, (5.28)

and the bubble oscillates about the spherical shape without damping. This expres-

sion was obtained by Lamb (1932).

The dispersion relation obtained from VPF in (5.27) can be used to study the

trend followed by the disturbances when
√
𝐽 → 0 in the case of the bubble. In this

case, monotonically decaying waves are predicted with decay rate

�̂� = �̂�∗2𝐵
√
𝐽

1

2(ℓ+ 2)(ℓ+ 1)
. (5.29)

In the case of
√
𝐽 → ∞, VPF analysis for the bubble yields

�̂� =
(ℓ+ 2)(ℓ+ 1)√

𝐽
± i�̂�∗B, (5.30)

and decaying oscillations are found.
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5.3 Dissipation approximation

Viscous effects can be included for irrotational motion through the dissipation

method; neither vortical layers nor viscous pressure corrections enter into the anal-

ysis. This method stems from the evaluation of the mechanical energy equation

on the fluid domain. In this equation, the viscous dissipation in the bulk of the

liquid is approximated by potential flow, while the continuity of tangential stress is

enforced at the gas-liquid interface; the shear stress is put to zero (the gas being

considered of negligible density and viscosity). Here, the procedure described in the

work by Wang et al. (2005a, 2005b) is applied to the spherical geometry. Our result

goes further than Lamb’s result, since the effect of viscosity in the frequency of the

oscillations is predicted in the analysis that follows.

5.3.1 Dissipation approximation for a spherical drop in a vacuum

In the case of a liquid drop surrounded by a vacuum, the mechanical energy equation

can be written as

𝑑

𝑑𝑡

∫
𝑉
𝜌
∣u∣2
2

d𝑉 =

∫
𝒮
n ⋅T ⋅ ud𝒮 −

∫
𝑉
2𝜇D : Dd𝑉, (5.31)

where 𝑉 is the volume of the liquid sphere of radius 𝑎 in the linearized problem;

𝒮 is the surface of the drop and n is the unit outward normal; u is the velocity

field; T is taken as the stress tensor for Newtonian incompressible flow and D is the

strain-rate tensor. The last term in (5.31) represents the viscous dissipation. For

potential flow, the following identity holds,∫
𝑉
2𝜇D : Dd𝑉 =

∫
𝒮
n ⋅ 2𝜇D ⋅ ud𝒮, (5.32)

where D : D = 𝐷𝑖𝑗𝐷𝑖𝑗 using Cartesian index notation. Therefore, (5.31) becomes,

𝑑

𝑑𝑡

∫
𝑉
𝜌
∣u∣2
2

d𝑉 =

∫
𝒮
[(−𝑝+ 𝜏𝑟𝑟)𝑢𝑟 + 𝜏𝑟𝜃𝑢𝜃 + 𝜏𝑟𝜑𝑢𝜑]d𝒮 −

∫
𝒮
n ⋅ 2𝜇D ⋅ ud𝒮. (5.33)

At the free surface 𝑟 = 𝑎, we recall that the normal stress balance gives rise to,

−𝑝+ 𝜏𝑟𝑟 = − 𝛾

𝑎2
(𝐿2 − 2)𝜁. (5.34)

The zero-shear-stress condition is enforced at the free surface

𝜏𝑟𝜃 = 0, 𝜏𝑟𝜑 = 0. (5.35)
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With these boundary conditions, the mechanical energy equation (5.33) can be

expressed as

𝑑

𝑑𝑡

∫
𝑉
𝜌
∣u∣2
2

d𝑉 = −
∫
𝒮

𝛾

𝑎2
(𝐿2 − 2)𝜁𝑢𝑟d𝒮 −

∫
𝒮
n ⋅ 2𝜇D ⋅ ud𝒮. (5.36)

With ∣u∣2 = 𝑢2𝑟+𝑢
2
𝜃+𝑢

2
𝜑 and the components ofD expressed in spherical coordinates,

the integrals in (5.36) can be evaluated using the formula in Appendix E as well

as standard results involving integrals of Legendre functions and Fourier series in

complex form (see, for instance, Bowman, Senior, and Uslenghi, 1987, and §14.2 in

Joseph et al., 2007). The components of u and D in spherical coordinates are found

from standard expressions for a Newtonian fluid and the definition of the velocity

potential in (5.9) and (5.10). Then, after carrying out the integrals in (5.36), this

expression reduces to (Appendix F)

− (𝜎𝐴𝑒−𝜎𝑡 + �̄�𝐴𝑒−�̄�𝑡
)
=

𝛾

𝜌𝑎3

(
𝐴

𝜎
𝑒−𝜎𝑡 +

𝐴

�̄�
𝑒−�̄�𝑡

)
(ℓ+ 2)ℓ(ℓ− 1)

− 2𝜈

𝑎2
(
𝐴𝑒−𝜎𝑡 +𝐴𝑒−�̄�𝑡

)
(2ℓ+ 1)(ℓ− 1), (5.37)

dropping the subscript ℓ. This has the form,[
−𝜎 +

2𝜈

𝑎2
(2ℓ+ 1)(ℓ− 1)− 𝛾

𝜌𝑎3𝜎
(ℓ+ 2)ℓ(ℓ− 1)

]
𝐴𝑒−𝜎𝑡 + c.c. = 0. (5.38)

Therefore, the dissipation approximation gives rise to the dispersion relation

𝜎2 − 2𝜈

𝑎2
(2ℓ+ 1)(ℓ− 1)𝜎 +

𝛾

𝜌𝑎3
(ℓ+ 2)ℓ(ℓ− 1) = 0. (5.39)

In dimensionless form, this expression becomes,

�̂�2 − 2√
𝐽
(2ℓ+ 1)(ℓ− 1)�̂� + (ℓ+ 2)ℓ(ℓ− 1) = 0. (5.40)

where the dimensionless parameter �̂� and 𝐽 have been defined in (5.18) and (5.20),

respectively. The eigenvalues are

�̂� =
(2ℓ+ 1)(ℓ− 1)√

𝐽
±
√[

(2ℓ+ 1)(ℓ− 1)√
𝐽

]2
− (ℓ+ 2)ℓ(ℓ− 1), (5.41)

which has two different real roots or a complex-conjugate pair of roots. For Im(�̂�) =

0, the decay rate for monotonically decaying waves is obtained. In the case of de-
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caying oscillations (Im(�̂�) ∕= 0), the decay rate (2ℓ + 1)(ℓ − 1)/
√
𝐽 was obtained

by Lamb (1932) in §355 through the dissipation method. In the present calcula-

tions, the relation (5.41) also gives rise to viscous effects in the frequency of the

oscillations, which determine the crossover from the oscillatory-wave regime to the

monotonically-decaying-wave regime. Such effects were not predicted by Lamb’s

dissipation method. Hence, no crossover from oscillatory waves to monotonically

decaying ones can be obtained from his calculation. Expression (5.41) can be com-

pared with (5.23) from VPF and (5.24) from IPF.

As
√
𝐽 → 0, (5.41) produces two real roots for the decay rate; the following gives

the lowest value for the aperiodic motion,

�̂� = �̂�∗2𝐷
√
𝐽

1

2(2ℓ+ 1)(ℓ− 1)
. (5.42)

In the case of
√
𝐽 → ∞ the eigenvalues are complex,

�̂� =
(2ℓ+ 1)(ℓ− 1)√

𝐽
± i�̂�∗D. (5.43)

Hence, one finds oscillatory decaying waves. The definition of �̂�∗𝐷 is given in (5.24).

Prosperetti (1977) studied the initial value problem posed by small departures

from the spherical shape of a viscous drop surrounded by another viscous liquid. In

the case of a drop in a vacuum, he found (5.41) in the limit of time 𝑡 → 0 if an

irrotational initial condition is assumed. We remark that (5.41) was obtained here

by a different method.

5.3.2 Dissipation approximation for a spherical bubble

Following the same steps as those described for the drop, the dispersion relation

for a spherical bubble immersed in liquid can also be obtained from the dissipation

method. In this case, the eigenvalues are

�̂� =
(2ℓ+ 1)(ℓ+ 2)√

𝐽
±
√[

(2ℓ+ 1)(ℓ+ 2)√
𝐽

]2
− (ℓ+ 2)(ℓ+ 1)(ℓ− 1), (5.44)

with 𝐽 determined from the liquid properties. In the case of decaying oscillations,

the decay rate given in (5.44) as (2ℓ+1)(ℓ+2)/
√
𝐽 is the same as the rate computed

by Lamb (1932) using the dissipation method without the explicit inclusion of the

surface tension effects in the formulation.

Expression (5.44) yields the following result as
√
𝐽 → 0 (𝜈 → ∞, say) for the
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bubble,

�̂� = �̂�∗2𝐵
√
𝐽

1

2(2ℓ+ 1)(ℓ+ 2)
, (5.45)

and thus monotonically decaying waves take place with �̂�∗𝐵 defined in (5.28).

In the case of
√
𝐽 → ∞ (𝜈 → 0, say), the dissipation method predicts oscillatory

decaying waves with eigenvalues

�̂� =
(2ℓ+ 1)(ℓ+ 2)√

𝐽
± i�̂�∗B. (5.46)

5.4 Exact solution of the linearized fully viscous prob-

lem

In this section we summarize the results from the solution of the linearized equations

of motion, dropping the assumption of irrotational flow, for a drop immersed in a

vacuum and a bubble of negligible density and viscosity embedded in a viscous

liquid. The result for the drop was presented by Reid (1960) whereas the solution

for the bubble can be obtained following a similar path. In both cases, the dispersion

relation coincides with the corresponding limiting results presented by Miller and

Scriven (1968) and Prosperetti (1980a), who posed and solved the most general two-

fluid problem. The predictions from these dispersion relations are compared with

results from the irrotational approximations in §5.5.
The linearized Navier–Stokes equations govern this problem

𝜌
∂u

∂𝑡
= −∇𝑝+ 𝜇∇2u, (5.47)

with ∇⋅u = 0 in 0 ⩽ 𝑟 < 𝑎 for the drop and in 𝑎 < 𝑟 <∞ for the bubble. Continuity

of shear stresses at 𝑟 = 𝑎 is satisfied.

5.4.1 Exact solution for a spherical drop in a vacuum

Reid (1960) obtained the dispersion relation for the eigenvalue 𝜎

𝛼4 = 2𝑞2 (ℓ− 1)

[
ℓ+ (ℓ+ 1)

𝑞 − 2ℓ𝑄𝐽
ℓ+1/2

𝑞 − 2𝑄𝐽
ℓ+1/2

]
− 𝑞4, (5.48)

with

𝑄𝐽
ℓ+1/2(𝑞) = 𝐽ℓ+3/2(𝑞)/𝐽ℓ+1/2(𝑞), (5.49a)

𝛼2 =
𝜎∗𝐷𝑎

2

𝜈
= �̂�∗𝐷

√
𝐽, (5.49b)
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𝑞2

𝛼2
=

𝜎

𝜎∗𝐷
=

�̂�

�̂�∗𝐷
, (5.49c)

where 𝜎∗𝐷 is the frequency of oscillations from inviscid potential flow (IPF) given

in (5.24). A thorough discussion on the solution of (5.48) is presented by Chan-

drasekhar (1959, 1961) when 𝑞 is real. Considering ℓ fixed, the right-hand side of

(5.48) is a function of 𝑞, Φ(𝑞) say. On the axis of positive 𝑞, there is an infinite

number of intervals where Φ(𝑞) is positive. The first of these intervals, which con-

tains 𝑞 = 0, encloses a maximum (𝛼2
max). For 𝛼

2 < 𝛼2
max this first interval gives two

real roots of (5.48), which determine the slowest decay rate. Since 𝛼2 = �̂�∗𝐷
√
𝐽 , for

every mode ℓ, the magnitude of 𝐽 defines the roots. In the other intervals, one also

has 0 ⩽ Φ(𝑞) < ∞. When 𝛼2 > 𝛼2
max, (5.48) admits complex-conjugate eigenvalues

with positive real parts which give the lowest decay rate; these waves oscillate as

they decay.

As 𝐽 → 0, the decay rate from the exact solution for monotonically decaying

waves on a drop surrounded by gas behaves as

�̂� = �̂�∗2𝐷
√
𝐽

2ℓ+ 1

2(ℓ− 1)(2ℓ2 + 4ℓ+ 3)
, (5.50)

given by Miller and Scriven (1968). From the exact solution (5.48), the trend of the

complex eigenvalue �̂� for the drop as
√
𝐽 → ∞ was presented by Chandrasekhar

(1959, 1961) and Miller and Scriven (1968) and follows the same result (5.43) from

the dissipation method.

5.4.2 Exact solution for a spherical bubble

A procedure similar to the one applied to the drop gives rise to the following dis-

persion relation for the bubble

𝛼4 = (ℓ+ 2) 𝑞2
(2ℓ+ 1) 𝑞2 − 2 (ℓ+ 1) (ℓ− 1)

[
(2ℓ+ 1)− 𝑞𝑄𝐻

ℓ+1/2

]
(2ℓ+ 1) + 𝑞2/2− 𝑞𝑄𝐻

ℓ+1/2

− 𝑞4, (5.51)

with

𝑄𝐻
ℓ+1/2 = 𝐻

(1)
ℓ+3/2(𝑞)/𝐻

(1)
ℓ+1/2(𝑞), (5.52)

and 𝛼2 and 𝑞 given in (5.49). In these relations, 𝜎∗𝐵 from IPF given in (5.28) for a

bubble is used instead of 𝜎∗𝐷.
Expression (5.51) is the same dispersion relation found by Miller and Scriven

(1968). This dispersion relation only admits complex roots as a consequence of the

character of the Hankel functions (Prosperetti, 1980a). Therefore, for a bubble, only
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oscillatory decaying waves are predicted. For a drop, we recall that real eigenvalues

can be found.

For a gas bubble in a viscous liquid, the decay rate 𝜎 follows, as
√
𝐽 → 0,

�̂� = �̂�∗2𝐵
√
𝐽

2ℓ+ 1

2(2ℓ2 + 1)(ℓ+ 2)
. (5.53)

For
√
𝐽 → ∞ (5.51) yields the same expression (5.46) obtained with the dissipation

method. These results for small and large 𝐽 were presented by Miller and Scriven

(1968).

5.5 Results and discussion

In this section, the comparison of the results for the decay rate and frequency of

the waves according to viscous potential flow (VPF) and the dissipation method

(DM) with the exact solutions of the fully viscous linear problem are presented for a

drop and a bubble. A wide interval is selected for the mode number ℓ starting with

ℓ = 2. The smallest value of ℓ = 2 is chosen since lower values yield compressive

or expansive motions of the drop interface which are not compatible with the in-

compressibility assumption or a non-physical static disturbed interface. For higher

values of ℓ, the exact fully viscous solution for the drop predicts oscillations that

decay faster (Miller and Scriven, 1968). The same lowest value of ℓ = 2 is selected

for the bubble case.

Figure 5.1(a) shows the critical Reynolds number 𝐽𝑐 as a function of ℓ for a

drop. The number 𝐽𝑐 is defined as the value of 𝐽 at a given ℓ for which transition

from monotonically decaying waves (aperiodic waves) to decaying oscillations oc-

curs. For 𝐽 ⩽ 𝐽𝑐, the eigenvalues �̂� are real and monotonically decaying waves take

place, whereas for 𝐽 > 𝐽𝑐 the eigenvalues are complex and the waves decay through

oscillations. For systems with 𝐽 < 0.5, the viscous theories predict monotonically

decaying waves for a drop and for all modes. Figure 5.1(b) presents the trends of 𝐽𝑐

with ℓ for VPF and DM for a bubble. Recall that the exact solution always predicts

decaying oscillations (i.e. complex eigenvalues) in the bubble case. Therefore, the

exact solution does not give rise to a critical 𝐽 . If DM predicts oscillatory decaying

waves, then VPF gives the same outcome. If VPF predicts monotonically decaying

waves, then the same behavior is obtained from DM. The viscous irrotational theo-

ries give rise to monotonically decaying waves for a bubble with 𝐽 < 10 and for all

modes.

For a drop, the decay rate and wave frequency as a function of 𝐽 are presented
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Figure 5.1: Critical Reynolds number 𝐽𝑐 as a function of the mode number ℓ for a
drop and a bubble.

in Figures 5.2(a) and (b), respectively, for ℓ = 2 as predicted by VPF, DM and the

exact solution. The wave frequency given by IPF is also included for comparison. For

large 𝐽 , DM and the exact solution show excellent agreement (see §5.4.1), whereas
VPF is off the mark as anticipated from the comparison of (5.26) with (5.43). The

wave frequencies from the three viscous theories tend to the inviscid solution for

large 𝐽 . As 𝐽 decreases (below 𝐽 = 10, say), transition from the oscillatory-wave

regime to the monotonically-decaying-wave regime occurs. In the point of transition,

the frequency becomes identically zero and the curve of the decay rate bifurcates

yielding two real and different roots. In Figure 5.2, the eigenvalue �̂�1, representing

the least damped mode of decay, is plotted. For small 𝐽 , DM predicts the decay rate

with a discrepancy of, nearly, 20% with respect to the exact solution. Figures 5.2(a)

and (b) reveal that the viscous irrotational theories qualitatively follow the trend

described by the exact solution and are able to predict an oscillatory-to-aperiodic-

wave crossover 𝐽𝑐 by considering viscous effects in the frequency.

For a bubble, the decay rate and wave frequency are presented in Figures 5.2(c)

and (d), respectively for ℓ = 2. Notice that the decay rate follows somewhat similar

trends as those described for the drop. For small 𝐽 , VPF shows the lowest discrep-

ancy, of nearly 40%, with the exact decay rate. Figure 5.2(d) shows that the exact

solution does not predict transition to the monotonically-decaying-wave regime, but

the wave frequency tends smoothly to zero as 𝐽 decreases (the viscosity increases,

say). On the other hand, VPF and DM do render a crossover 𝐽𝑐 for which transition
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to monotonically decaying waves occurs.

For large values of 𝐽 , if one of the fluids has negligible density and viscosity, a

thin boundary layer results (Miller and Scriven, 1968). Thus, an irrotational velocity

field works as a good approximation. In terms of the dissipation approximation, such

a thin boundary layer yields a negligible contribution to the total viscous dissipation,

which is thus determined by the irrotational flow over the interior of the fluid domain

(see, for instance, Landau and Lifshitz, 1959, §25). At the free surface, however, the
zero-shear-stress condition is enforced in the formulation. Indeed, expression (5.43),

obtained from (5.41) as a first order approximation in the dimensionless viscosity

𝜖 ≡ 𝐽−1/2, and the results in §5.4.1, indicate that DM and the exact solution

agree to first order in 𝜖. This can also be said for the bubble. By contrast, as

𝜖 increases (e.g., the liquid viscosity increases), the boundary layer becomes thicker

and the performance of the dissipation method deteriorates as the difference for the

higher order terms in 𝜖 between DM and the exact solution becomes significant. A

non-negligible boundary layer flow contributes substantially to the rate of viscous

dissipation, hence the decay rate increases. However, the increasing trend of the

decay rate is reversed as 𝐽 continues decreasing because the motion for small 𝐽 ,

as discussed by Prosperetti (1980a), is restrained in such a drastic way that the

energy dissipation per unit time, and thus the decay rate, has to decrease as 𝐽 goes

to zero. In the case of the drop, the oscillatory-to-aperiodic-wave crossover sharply

represents this change in the trend of the decay rate.

For a bubble (Figure 5.2(c)), oscillatory decaying waves are always predicted

by the exact linearized theory yet the smooth region where the decay-rate graph

reaches a maximum as a function of 𝐽 suggests a transition in the structure of the

flow that follows on the lines explained above.

Computations carried out for several higher modes (ℓ = 3, 4 and 10) have shown

that the features commented for the fundamental mode are also observed for these

other modes (not plotted here). The general trend is that the decay rate increases

with increasing ℓ. The analysis of the predictions from the exact solution indicates

that the change-over from oscillatory waves to monotonically decaying waves takes

place for a larger critical 𝐽 as ℓ increases for a drop. Even though no transition

to over-damped aperiodic waves occur for the bubble, the interval of 𝐽 for which

very low frequencies are obtained becomes wider as ℓ increases. These results show

that viscosity damps the motion more effectively for shorter waves. The viscous

irrotational theories follow these tendencies.

For a drop, when 𝐽 << 1 in the monotonically-decaying-wave regime, VPF

shows good agreement with the exact solution for short waves or large ℓ (not plotted).
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Figure 5.2: Decay rate Re(�̂�1) and wave frequency Im(�̂�1) for the fundamental mode
ℓ = 2 as function of the Reynolds number 𝐽 for a drop and a bubble from the exact
solution, VPF, DM and IPF. The decay rate predicted by IPF is identically zero for
all ℓ.

This tendency can be anticipated from (5.25) and (5.50). The same response is

observed for a bubble. In the case of large mode number ℓ, the dynamics of the

short waves may be modeled as small disturbances about a horizontal, plane free

surface. This problem was solved by Lamb (1932) §349. For large viscosity (i.e.

small
√
𝐽), he argues that the least damped mode “represents a slow creeping of

the fluid towards a state of equilibrium with a horizontal surface”. From Lamb’s

analysis, it is clear that this flow is nearly irrotational, thus explaining the good

agreement between VPF and the exact solution. Viscous potential flow is restricted

to “small” vorticity, but it is not restricted to “small” viscosity (Joseph and Wang,

2004).
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Figure 5.3: Decay rate Re(�̂�1) and wave frequency Im(�̂�1) for 𝐽 = 40 versus the
mode number ℓ for a drop. In this case, the eigenvalues are a pair of complex
conjugates for the interval of ℓ ≤ ℓc and they are real and different for ℓ > ℓc. For
the latter case, the lowest decay rate is plotted in (a). The symbol ℓc stands for
the highest value of ℓ for which a non-zero imaginary part is obtained, i.e. decaying
oscillations occur. For instance, ℓc = ℓexact from the exact solution.

As 𝐽 increases, waves of certain length becomes oscillatory waves. For instance,

in the case of 𝐽 = 40 shown in Figure 5.3 , the crossover values of ℓ according to

every viscous theory enters into the analysis. In this case, oscillatory waves exist

according to the viscous theories for ℓ < ℓDM, whereas these theories agree and

predict monotonically decaying waves for ℓ > ℓexact. For large 𝐽 , the crossover ℓ𝑐

obtained from each viscous theory may also be large (e.g., ℓ𝑐 > 100 for 𝐽 = 106),

since viscous effects are weak and short waves oscillate. In the regime of decaying

oscillatory waves, ℓ ⩽ ℓ𝑐, there exists a region of good agreement between DM and

the exact solution that extends to higher values of ℓ ⩾ 2, whereas VPF shows poor

agreement in comparison. At least for values of ℓ << ℓexact in the neighborhood of

ℓ = 2 and large 𝐽 , DM provides the best approximation of the decay rate for the

drop or the bubble.

5.6 Concluding remarks

The results obtained from the viscous purely irrotational approximations for the

decay rate and frequency of the oscillations for a drop and a bubble follow the

trends described by the exact solution, showing qualitative agreement with most of

the features depicted by this theory. The damping role of viscosity in the dynamics

of the waves is adequately described by the viscous irrotational theories through
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the modeling of the decay rate and frequency of the oscillations, in contrast to

the classical inviscid theory, which predicts undamped oscillations. Quantitative

agreement is also demonstrated for certain intervals of modes and dimensionless

viscosity. Some notable features from the comparison carried out in this study for

the drop and the bubble are:

∙ In the case of short waves (i.e. large mode number ℓ) and large viscosity,

VPF gives a very good approximation of the decay rate for both the drop

and the bubble. On the other hand, the dissipation method gives rise to

values of the decay rate in closer agreement with the exact solution within a

certain ℓ interval, including ℓ = 2, in the oscillatory-wave regime (i.e. long

waves) for large values of the Reynolds number 𝐽 or “small” viscosity. This

trend resembles the tendencies obtained for free gravity waves perturbing a

plane interface by Wang and Joseph (2006). Nonetheless, a notable difference

between their results and those given here is that surface tension has a stronger

regularizing effect on short waves than gravity does.

∙ VPF approximates the variation of frequency with the mode number with the

lowest discrepancy for a fixed 𝐽 . In particular, the transition from oscillatory

to monotonically decaying waves predicted by this irrotational theory occurs at

a higher critical value of ℓ than the threshold given by the dissipation method.

∙ The viscous irrotational approximations predict effects of viscosity on the fre-

quency of the oscillations. For every mode, there exists a 𝐽 for which transition

from oscillatory decaying waves to monotonically decaying waves occurs for

either the drop or the bubble. Whereas a transitional value of 𝐽 is predicted

by the exact solution for a drop, only oscillations are found by this theory for

a bubble. In this case, very small frequencies are obtained as
√
𝐽 → 0 (e.g.,

𝜈 → ∞) from the exact solution.

∙ The viscous irrotational theories do not give rise to a continuos spectrum

of eigenvalues for the bubble as has been found for the exact solution by

Prosperetti (1980a).



Chapter 6

Stress-induced cavitation for the

streaming motion of a viscous

liquid past a sphere∗

The theory of stress induced cavitation is a revision of the classical maximum pres-

sure criterion. While the latter postulates that a liquid will cavitate where the

pressure becomes lower than a cavitation threshold, the former establishes that a

cavity will open where the maximum tensile stress exceeds the breaking strength of

the liquid. These theories are applied here to the problem of cavitation of a viscous

liquid in the streaming flow past a stationary sphere. This study considers single

phase flow and the objective is to find the region of the fluid domain where the risk

of cavitation is the greatest. The flow field is obtained from three different methods,

namely, the numerical solution of the incompressible Navier–Stokes equations, the

analytical solution with the assumption of irrotational motion of a viscous fluid and,

in the case of inertialess flow, with the Stokes flow approximation.

6.1 Introduction

Winer and Bair (1987) and, independently, Joseph (1995, 1998) proposed the maxi-

mum tension criterion for cavitation which states that the flowing liquid will cavitate

if the maximum tensile stress exceeds a critical value. Since this maximum stress is

associated with a principal direction, this criterion is not isotropic. Winer and Bair

(1987) introduced the idea that stress-induced cavitation may enter into the appar-

∗Reprinted with permission from Padrino, J. C.; Joseph, D. D.: Funada, T.; Wang, J.; Sirignano,
W.A. J. Fluid Mech., Vol. 578, Issue 8, 381-411, 2007. Copyright 2007, Cambridge University Press.
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ent shear thinning of liquid lubricants. They remarked that shear thinning may be

the result of a yielding or cavitation event that takes place at a critical value of the

liquid’s tensile stress. They further note that “for some high shear rate viscosity

data at atmospheric pressure the principal normal stress may approach quite low

values relative to one atmosphere suggesting the possibility of cavitation or fracture

of the material resulting in a reduced shear stress”. In a private communication,

Prof. Bair noted that “...There was little interest from tribologists, so we dropped

it until recently. In the original work we were able to see to the voids by eye using

a clear plastic outer cylinder...”.

The maximum tension criterion is embedded as one possibility for liquid failure

presented by analysis of the state of stress in Joseph’s theory. A comparison of

these two theories can be found in the study of cavitation in creeping shear flows

by Kottke, Bair and Winer (2005). Numerous examples of cavitation in shear flow

by other researchers are discussed by Kottke et al. (2005). Examples of stress-

induced cavitation in extensional flow and shear flow were discussed by Joseph

(1998). Pereira et al. (2001) did a theoretical study of cavitation in a journal

bearing with axial throughput. They found that the inception of cavitation in a

moving fluid is always stress induced. Funada et al. (2006) carried out an analysis

of stress induced cavitation in a two-dimensional aperture flow modeling atomizers

in which cavitation is well documented. The aperture flow was expressed using a

complex potential and the stress calculated using viscous potential flow. They found

that the viscous stress was huge near the tips of the aperture, thus cavitation could

be induced. The region at risk to cavitation is larger, for a fixed cavitation number,

when the Reynolds number is smaller.

In this chapter, we study stress-induced cavitation in the streaming motion past

a sphere. This kind of study differs from the typical one based solely upon the

local pressure; it is necessary to compute the field of principal stresses as well as the

pressure. This program is carried, without approximation, by numerical simulation

of the Navier–Stokes equations. We also analyze the same problem for two cases

in which simple explicit formulas for cavitation inception may be derived. The first

case, Stokes flow, is an asymptotic limit in which inertia – the Reynolds number–

is not in play. In the general case, in which inertia is important, the criterion for

cavitation inception is a relation between the cavitation number and the Reynolds

number; the region at risk to cavitation increases when the cavitation number in-

creases and the Reynolds number decreases. This dependence is shown explicitly by

the analysis based on potential flow of a viscous fluid (VPF) presented in §6.5 and

by the numerical simulation of the Navier–Stokes equation presented in §6.6.
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6.2 Theory of stress-induced cavitation

The stress in an incompressible Newtonian fluid is given by

T = −𝑝1+ 2𝜇D [u] , (6.1)

where D [u] is the symmetric part of the velocity gradient, u is the velocity field

and trD [u] = 0, such that

trT = 𝑇11 + 𝑇22 + 𝑇33 = −3𝑝. (6.2)

We define the stress at the cavitation threshold as 𝑝c. It is positive when compressive

and negative when tensile. Classically, the vapor pressure is taken as the threshold

stress; however, in the next section, we discuss examples where different values,

including tensile values, should be used for the cavitation threshold.

In the pressure criterion, the viscous part of the stress tensor is not considered

and the liquid will cavitate when

−𝑝+ 𝑝c > 0. (6.3)

The pressure criterion assumes that cavitation inception is determined by the av-

erage stress, called the pressure. The fluid cannot average its stresses; it sees only

principal stresses and when the actual state of stress is considered there is at least

one stress which is more compressive and another which is more tensile than the

average stress. The most conservative criterion is the one which requires that the

most compressive stress is larger than the cavitation threshold; suppose 𝑇22 is the

most compressive and 𝑇11 is the most tensile (or least compressive) stress, then if

𝑇22 + 𝑝c > 0 (6.4)

for cavitation, it will surely be true that

−𝑝+ 𝑝c > 0 and 𝑇11 + 𝑝c > 0. (6.5)

The maximum tension theory, which perhaps embodies the statement that liquids

which are not specially prepared will cavitate when they are subject to tension, can

be expressed by the condition that supposing 𝑇11 to be the maximum of the three

principal stresses,

𝑇11 + 𝑝c > 0. (6.6)
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The cavitation number 𝐾 compares the cavitation threshold 𝑝c with a typical

pressure; here in our sphere problem, with the pressure 𝑝∞ at infinity. We define

𝐾 =
𝑝∞ − 𝑝c
𝑁𝑅

(6.7)

where 𝑁𝑅 = 𝜇𝑈/𝐿 for Stokes flow and 𝑁𝑅 = 𝜌𝑈2/2 when inertia acts; 𝐿 is a

characteristic length scale. Later, the analysis will show that the stress difference

between the free-stream pressure and the cavitation threshold 𝑝∞−𝑝c is the critical
value rather than the cavitation threshold by itself.

The maximum tension criterion (6.6) has recently been studied in a numerical

simulation of bubble growth in Newtonian and viscoelastic filaments undergoing

stretching by Foteinopoulou et al. (2004). They base their analysis on the Navier–

Stokes equations for Newtonian fluids and the Phan-Thien/Tanner model for vis-

coelastic fluids. They compute the principal stresses and evaluate the cavitation

threshold for the maximum tension criterion (6.6), the pressure theory (6.3) and the

minimum principal theory (6.4). They find that the capillary number at inception

is smallest for (6.6). As remarked by Kottke et al. (2005), the cavitation threshold

𝑝c could be negative or positive. In the case of 𝑝c < 0, the liquid shows tensile

strength; for 𝑝c = 0, a cavity will open if the maximum principal stress becomes

positive (i.e., tensile), and, if 𝑝c > 0, the cavitation threshold is given by a positive

pressure (i.e., compressive stress). The latter case is typified by the pressure theory

of cavitation determined by the local pressure dropping below the vapor pressure.

To each principal stress there corresponds a principal direction, which plays a

role in the physics of cavity inception. Joseph (1998) asserts that “if a cavitation

bubble opens up, it will open in the direction of maximum tension. Since this

tension is found in the particular coordinate system in which the stress is diagonal,

the opening direction is in the direction of maximum extension, even if the motion

is a pure shear. It may open initially as an ellipsoid before flow vorticity rotates

the major axis of ellipsoid away from the principal tension axis of stress, or it may

open abruptly into a “slit” vacuum cavity perpendicular to the tension axis before

vapour fills the cavity as in the experiments of Kuhl et al. (1994)”. These ideas

are illustrated in cartoons showing the orientation of the principal directions on the

surface of the sphere for each approach considered in this study.

Consider the expression for the stress tensor for a Newtonian fluid given in (6.1).

Adding the diagonal tensor 𝑝c1 to both sides and decomposing 𝑝 = 𝑝∞ + 𝑝∗ yields

T+ 𝑝c1 = − (𝑝∞ − 𝑝c)1− 𝑝∗1+ 2𝜇D. (6.8)
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Dividing through by the normalizing factor 𝑁𝑅, (6.8) becomes

T+ 𝑝c1

𝑁𝑅
= −

(
𝐾 +

𝑝∗

𝑁𝑅

)
1+

2𝜇

𝑁𝑅
D. (6.9)

The strain–rate tensor can be readily diagonalized. Thus the principal stresses

and directions can be determined. Suppose now that 𝐾 = 𝐾c at the marginal state

separating cavitation from no cavitation. For shortness, let us call 𝐾c the incipient

cavitation number. This marginal state is defined by an equality in one of the

three criteria (6.3), (6.4) or (6.6). For the maximum tension theory 𝐾 = 𝐾c when

𝑇11 + 𝑝c = 0. In particular, for the maximum principal stress 𝑇11, (6.9) yields

(𝑇11 + 𝑝c) /𝑁𝑅 = −(𝐾 + 𝑝∗/𝑁𝑅) + 2𝜇𝐷11/𝑁𝑅, (6.10)

where𝐷11 denotes the maximum principal rate of strain. Then,𝐾c = (−𝑝∗ + 2𝜇𝐷11) /𝑁𝑅

is, in general, a scalar function of the position in the fluid domain. For a positive

cavitation number, consider 𝐾 = 𝐾c +𝐾∗ such that (𝑇11 + 𝑝c) /𝑁𝑅 = −𝐾∗. It is

thus clear from (6.10) that

𝑇11 + 𝑝c < 0 when 𝐾 > 𝐾c, (6.11)

and

𝑇11 + 𝑝c > 0 when 𝐾 < 𝐾c. (6.12)

The latter condition implies that the liquid is at the most risk to cavitation in regions

where 𝐾 < 𝐾c. For instance, for a fixed cavitation number 𝐾, no cavity will open if

𝐾 > 𝐾c,max, the maximum value that 𝐾c takes in the entire fluid domain. On the

other hand, the cavitation number 𝐾 based on the actual hydrodynamics, may vary

in the fluid domain, since the cavitation threshold 𝑝c may also change with position.

For example, Singhal et al. (2002) included in their cavitation model the effect of

the local turbulence pressure fluctuations in the phase-change threshold pressure.

6.3 Cavitation threshold

Cavitation can be defined as the formation, expansion and collapse of a cavity in a

liquid. In general, the “formation” of a cavity implies both the appearance of a new

void or the growth of a preexisting nucleus beyond a critical size large enough to be

observed with the unaided eye (Young, 1989). The idea of the opening of a cavity in
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the liquid continuum brings into consideration the concept of liquid tensile strength,

which is a material property. The pressure criterion for cavitation states that the

liquid cavitates when the local pressure reaches the vapor pressure somewhere in the

domain. Knapp, Daily, and Hammit (1970) discusses that, although the inception

of a cavity has been observed in experiments when local pressure is near the vapor

pressure, deviations of various degrees have been reported for different liquids such

that the results do not agree with the vapor pressure criterion. Knapp et al. define

the vapor pressure as “the equilibrium pressure, at a specified temperature, of the

liquid’s vapor which is in contact with an existing free surface.” They argue that

the stress required to rupture the continuum in a homogeneous liquid is determined

by the tensile strength, not by the vapour pressure. The literature on the tensile

strength of liquids is vast and a good account of experimental results is given in

the book by Knapp et al. (1970) for various liquids. In particular for water,

values ranging from 13 to 200 atm are listed. Briggs (1950) reports inception of

cavities in water induced by centrifugal force for pressures between vapor presssure

and -300 atm (tension). Recently, Kottke, Bair, and Winer (2003) measured the

tensile strength of nine liquids, including water, lubricant and polymeric liquids.

Theoretical estimates of the tensile strength of water render large negative values

in the interval -500 atm to -10,000 atm, which, however, have never been reported

from experiments (Strassberg, 1959). Both observed phenomena, the wide scatter

of the experimental results and the inception of cavitation at pressures much higher

than the theoretical tensile strength reported in the literature indicate the existence

of weak spots in the fluid that allows breaking of the continuum. Plesset (1969)

comments that bubbles can grow to macroscopic dimensions starting from voids of

size already beyond the molecular level under tensile stresses much lower than the

theoretical values predicted for pure liquids.

Fisher (1948) reasons that, in a similar manner as very greatly subcooled liquids

(such as glass) may fail by the nucleation and growth of a crack, a fluid may fail

under tension by the growth of a cavity starting from very small holes. By applying

methods of nucleation theory, Fisher predicts fracture tensions for several liquids

with values, however, one order of magnitude higher than the experimental evidence.

Some mechanism is required to stabilize preexisting nuclei in the liquid. For a very

small bubble suspended in the liquid, the pressure inside the bubble is much higher

than the pressure in the surrounded liquid because of surface–tension forces. This

pressure difference diffuses the gas out of the gas void until it vanishes. On the

other hand, bubbles not so small will rise and escape through the surface. Harvey

and collaborators (1944a) introduced the idea of stabilized gas pockets attached to
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submicroscopic and hydrophobic crevices in the surface of the liquid container or in

solid impurities. The size of these nuclei can be of the order of microns. Harvey

et al. (1944b) supported their theory with results from a series of experiments

in which previously pressurized and unpressurized samples of water were boiled at

atmospheric pressure such that the saturation pressure corresponding to the boiling

temperature was taken as a rough measure of the effective tensile strength. Although

quite broad scatter was observed in the results for the pressurized samples, they all

boiled at temperatures much higher than the saturation temperature for atmospheric

pressure, which was the boiling temperature showed by the unpressurized samples.

Tensile strength of 16 atm were reported in some samples previously pressurized.

Harvey et al. (1947) performed a different type of experiments to investigate

tensile strength of water by high-speed removal of a squared-ended glass rod from a

narrow glass tube containing the liquid. Meticoulous cleaning of the glass surfaces

and pressurization of the sample with the rod in position were done to remove hy-

drophobic spots and gas nuclei. In terms of the rod-withdrawal speed, they found

that “if the rod surface contained glass nuclei, or was hydrophobic and free of gas nu-

clei, cavitation ocurred at the rear end when the velocity was less than 3 m/s, but if

completely hydrophilic and free of gas nuclei, the velocity could be 37 m/s (...) with-

out cavitation.” Knapp (1958) confirmed Harvey’s results performing experiments

at a rather larger scale. Strasberg (1959) explored the onset of acoustically-induced

cavitation in tap water finding that microscopic undissolved air cavities, which show

a slow motion toward the surface, play an important role as nuclei. Apfel (1970)

extended Harvey’s theory to consider the condition required in a liquid for the in-

ception of a vapor cavity from a solid impurity in the liquid. Crum (1970) examined

the crevice model of Harvey et al. comparing its predictions with experimental

evidence.

From the standpoint of hydrodynamic cavitation, stream nuclei carried by the

moving liquid as particulates or microbubbles have a greater contribution as sites

for onset of cavitation than the surface nuclei originated in crevices or cracks on the

solid boundaries (Billet 1985 and references therein). Turbulence has been shown

to influence cavitation inception and its effect has been accounted for in models

through the phase-change threshold (Singhal et al. 2002).

The inception of a cavity can be an abrupt event, where the liquid must rupture,

instead of a continuous one. Chen and Israelachvili (1991) and Kuhl et al. (1994)

monitored the elastohydrodynamic deformations of two curve surfaces that move

relative to each other separated by a thin–liquid film of nanoscopic dimensions. A

low molecular weight polymer liquid of polybutadiene and bare mica smooth surfaces



6.3. Cavitation threshold 150

having strong adhesion to the liquid were utilized in the tests. When the surfaces

move normally with a slow separation speed they bulge outward becoming pointed

at the location of the shortest surface separation. This shape indicates the existence

of a tensile stress acting on the surface. If the separation speed is increased beyond

a critical value, a vapor cavity opens in the liquid at the position of the shortest

separation, reducing the tensile stress, while the pointed surfaces suddenly recover

their original shape. Chen and Israelachvili (1991) also used surfactant–coated mica

surfaces, which have weak adhesion to the liquid, resulting in cavity formation at

the liquid–solid interface. Kuhl et al. (1994) considered lateral sliding of a curved

surface over a mostly plane surface with a thin liquid film in between. Describing

the shape of the sliding element, they observed that “the leading edge becomes more

rounded and lifts off while the trailing edge becomes more pointed.” For a sliding

speed larger than some critical value, the pointed trailing edge snaps back, while a

small cavity opens in the wake.

Cavitation inception has been observed in liquids undergoing shearing, suddenly

changing the rhelogical response of the samples. Bair and Winer (1990) inferred

cavitation inception by detecting yielding of a synthetic oil during rheological tests

using a rotating concentric cylinder rheometer for a shear stress near the hydrostatic

pressure (1.73 MPa). A similar phenomenon was noticed by Bair and Winer (1992)

for polybutene in simple shear at low pressures (0.1 to 1 MPa) for a shear stress

of 0.075 MPa in excess of the internal absolute pressure. This magnitude may

represent the amount of tension that this liquid can resist without the opening

of a cavity. Archer, Ternet, and Larson (1997) visualized the opening of bubbles

within a sample of low–molecular–weight polysterene subjected to start-up of steady

shearing flow. They noticed that bubbles seemed to appear near dust particles.

As a consequence of cavitation, the shear stress abruptly drops after it reaches a

maximum of 0.1 MPa. Kottke et al. (2005) observed the inception of cavities in

polybutene undergoing shearing tests using a Couette viscometer. Cavities become

visible when the measured shear stress matches the ambient pressure. According to

their principal normal stress cavitation criterion (PNSCC), this result implies that

the sample liquid is not able to withstand tension. They suggest that cavitation

grows from preexisting nuclei stabilized in some cracks or crevices on the solid

boundaries.

The previous survey has shown that the idea of minute gas and vapor pockets in

the liquid acting as nucleation sites is plausible and generally accepted. Nevertheless,

a precise definition of the cavitation threshold and a clear description of the wide

gamut of factors that influence this critical value is yet to be accomplished. We use
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the words “cavitation threshold” and “breaking strength” as synonymous with the

threshold at which the liquid continuum will fracture. This threshold can vary from

place to place in a sample. The threshold need not be a material parameter. In the

case of heterogeneous nucleation, the cavitation threshold depends on the sample

preparation, the density and nature of nucleation sites. In the case of homogeneous

nucleation, the threshold may be taken as the vapor pressure. The vapor pressure is

a thermodynamic quantity which is defined for uniform isotropic samples for which

the stress tensor is isotropic; for static samples, bubble nucleation is a function

of pressure and nothing else. In this work, the cavitation threshold, 𝑝c, is not

necessarily the vapor pressure; this value is regarded as given and is not a subject

for study here. For liquid which cannot withstand tension, 𝑝c = 0.

In §§6.4, 6.5 and 6.6 we discuss three parallel solutions approached using the

maximum tension criterion, namely, Stokes flow, viscous potential flow and the

numerical solution of the incompressible Navier–Stokes equations, which can be

read in any order.

6.4 Cavitation of Stokes flow

The problem of heterogeneous nucleation of bubbles in the creeping flow of a viscous

liquid sheared between parallel plates has been considered by Kottke, Bair, and

Winer (2005). They find good agreement between experiments and cavitation based

on the maximum tension criterion. These authors indicate:

Liquid failure has been observed in low Reynolds number (Stokes) shear

flows where reduction of the hydrodynamic pressure should not occur.

Cavitation in Stokes flows has implications in lubrication, polymer pro-

cessing, and rheological measurements. Such cavitation can be predicted

by a principal normal stress cavitation criterion (PNSCC). We present

results of a direct experimental test of the PNSCC. Imaging of the cavi-

tation events suggests that the cavitation is gaseous and originates from

preexisting nuclei. Crevice–stabilized gas nuclei are assumed, and nu-

merical simulations are used to investigate the cavitation event for a

Newtonian liquid. The inception of cavitation from a preexisting nu-

cleus, the persistence of suitable nuclei, and the growth and deformation

of shed bubbles are considered.

.

Ashmore, del Pino, and Mullin (2005) study the Stokesian fluid dynamics around

a sphere free to move inside a rotary cylinder filled with viscous liquid, showing that
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Figure 6.1: Streaming flow of a liquid past a sphere of radius 𝑎. The spherical-polar
coordinates basis vectors that lie in the plane of motion are shown. The angle 𝛼
puts the stresses into principal axes.

the inception of cavitation breaks the symmetry of the flow field, creating a net nor-

mal force that prevents contact between the sphere and the boundary. We analyze

in this section stress-induced cavitation when the stream is creeping in the Stokes

flow limit. A cartoon of the flow is given in figure 6.1 using spherical–polar coordi-

nates, showing the angle 𝛼, which sets the stresses into principal directions. For this

type of fluid motion, the principal strain–rates and stresses and their corresponding

principal directions can be determined. The velocity and pressure fields for Stokes

flow past a sphere are given by the expressions

𝑢𝑟 = 𝑈

[
1− 3

2

𝑎

𝑟
+

1

2

𝑎3

𝑟3

]
cos 𝜃, 𝑢𝜃 = −𝑈

[
1− 3

4

𝑎

𝑟
− 𝑎3

4𝑟3

]
sin 𝜃, (6.13)

𝑝 = 𝑝∞ − 3𝜇𝑎𝑈

2𝑟2
cos 𝜃. (6.14)

The components of the viscous stress tensor 2𝜇D[u] with respect to the spherical

polar reference frame of figure 6.1 are determined using (6.13) and the formulae

𝐷𝑟𝑟 =
∂𝑢𝑟
∂𝑟

, 𝐷𝜃𝜃 =

(
1

𝑟

∂𝑢𝜃
∂𝜃

+
𝑢𝑟
𝑟

)
,

𝐷𝜑𝜑 =
(𝑢𝑟
𝑟

+
𝑢𝜃
𝑟

cot 𝜃
)
, 𝐷𝑟𝜃 =

1

2

[
𝑟
∂

∂𝑟

(𝑢𝜃
𝑟

)
+

1

𝑟

∂𝑢𝑟
∂𝜃

]
. (6.15)
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Thus, the viscous stress tensor 2𝜇D[u] may be written in matrix form as

2𝜇

⎡⎢⎣ 𝐷𝑟𝑟 𝐷𝑟𝜃 0

𝐷𝑟𝜃 𝐷𝜃𝜃 0

0 0 𝐷𝜑𝜑

⎤⎥⎦ =

=
3

2
𝜇𝑈

𝑎3

𝑟4

⎡⎢⎢⎢⎣
2
[(

𝑟
𝑎

)2− 1
]
cos 𝜃 − sin 𝜃 0

− sin 𝜃 −
[(

𝑟
𝑎

)2− 1
]
cos 𝜃 0

0 0 −
[(

𝑟
𝑎

)2− 1
]
cos 𝜃

⎤⎥⎥⎥⎦ , (6.16)

which is rotated by an angle 𝛼 to obtain its diagonalized form

3

2
𝜇𝑈

𝑎3

𝑟4

⎡⎢⎢⎢⎣
1
2

[(
𝑟
𝑎

)2− 1
]
cos 𝜃 − sin 𝜃

sin 2𝛼 0 0

0 1
2

[(
𝑟
𝑎

)2− 1
]
cos 𝜃 + sin 𝜃

sin 2𝛼 0

0 0 −
[(

𝑟
𝑎

)2− 1
]
cos 𝜃

⎤⎥⎥⎥⎦ .
(6.17)

The angle of rotation 𝛼 is related to the polar angle 𝜃 by the expression

cot 2𝛼 = −3

2

[(𝑟
𝑎

)2 − 1

]
cot 𝜃 (6.18)

Expression (6.18) can be solved to find the rotation angle 𝛼 (−0.5 ≤ 𝛼/𝜋 ≤ 0.5)

required to rotate the polar coordinates (𝑟, 𝜃) such that the direction defined by the

unit vector er coincides with the principal direction associated with the most tensile

(or the least compressive) principal stress on the plane of motion. The orientation

of the principal axes on the surface of the sphere 𝑟 = 𝑎 in the plane of motion is

illustrated in figure 6.2.

Expression (6.1) can be modified by adding 𝑝c1 to both sides and substitut-

ing (6.14) for the pressure 𝑝 and (6.17) for the viscous stress 2𝜇D. Defining the

cavitation number and the Reynolds number, respectively, as

𝐾 =
𝑝∞ − 𝑝c
𝜇𝑈/𝑎

, (6.19)

and

𝑅𝑒 =
𝜌𝑈𝑎

𝜇
, (6.20)
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Figure 6.2: Schematic view of the orientation of the principal directions in the plane
of motion from the Stokes flow analysis (6.18) on the surface of the sphere. In this
case, 𝛼 = −45∘ for all 𝜃. The major axis in the ellipse represents the maximum
tensile stress. The angle 𝛼 puts the direction defined by the unit outward normal
vector er into the principal direction of the maximum tensile stress.

the following expression results after arranging

T+ 𝑝c1
𝜇𝑈
𝑎

= −
[
𝐾 − 3

2

(𝑎
𝑟

)2
cos 𝜃

]⎡⎢⎣ 1 0 0

0 1 0

0 0 1

⎤⎥⎦

+
3

2

(𝑎
𝑟
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1
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( 𝑟
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2−1
]
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0 0

0 1
2
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( 𝑟
𝑎)

2−1
]
cos 𝜃+ sin 𝜃

sin 2𝛼
0

0 0 −
[
( 𝑟
𝑎)

2−1
]
cos 𝜃

⎤⎥⎦ . (6.21)

Since the right hand side is diagonal, (6.21) gives the principal stresses. Not sur-

prisingly, this expression is independent of the Reynolds number. For the Stokes

flow solution given in (6.21), one can show that at any point the most tensile (least

compressive) and most compressive (least tensile) principal stresses lie on the plane

of motion. Suppose that for a point (𝑟, 𝜃) in the fluid domain, 𝑇11 is the maximum

of the three principal stresses. Then, the maximum tension criterion for cavitation

(6.6) can be applied to this fluid motion. Let 𝐾c be the cavitation number in the

marginal state determined by 𝑇11 + 𝑝c = 0, then (6.21) gives rise to a functional

relation 𝐾c = 𝑓(𝑟, 𝜃), from which a contour plot with lines of constant 𝐾c can be

readily obtained.

For fluid motions in which inertia effects are dominant, it is customary to use the

dynamic pressure, 𝜌𝑈2/2, as the normalization factor for pressure. For the purpose

of analysis, one may wish to compare results from creeping flows with results from

fluid motions with higher Reynolds numbers. In such a case, the following relations
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can be useful,

𝑝∞ − 𝑝c
𝜇𝑈/𝑎

=
𝑅𝑒

2

𝑝∞ − 𝑝c
1
2𝜌𝑈

2
, (6.22)

for the cavitation number and,

T+ 𝑝c1

𝜇𝑈/𝑎
=
𝑅𝑒

2

T+ 𝑝c1
1
2𝜌𝑈

2
, (6.23)

for the stress tensor. Thus the quantities defined in terms of the viscous forces scale

with their counterpart defined in terms of the dynamic pressure by a factor of 𝑅𝑒/2

everywhere in the fluid domain.

Lines of constant 𝐾c for the marginal state of cavitation according to (6.21) are

presented in §6.7 and compared with solutions from direct numerical simulation and

viscous potential flow for 𝑅𝑒 = 0.01 (see figure 6.9).

In particular, on the surface of the sphere, 𝑟 = 𝑎, (6.21) reduces to

⎡⎢⎣𝑇11 + 𝑝c 0 0

0 𝑇22 + 𝑝c 0

0 0 𝑇33 + 𝑝c

⎤⎥⎦/ (𝜇𝑈/𝑎) = −𝐾

⎡⎢⎣ 1 0 0

0 1 0

0 0 1

⎤⎥⎦

+
3

2

⎡⎢⎣cos 𝜃 + sin 𝜃 0 0

0 cos 𝜃 − sin 𝜃 0

0 0 cos 𝜃

⎤⎥⎦ . (6.24)

It is shown in Appendix G that the maximum of 𝐾 under the condition 𝑇11+𝑝c = 0

occurs at 𝜃 = 45∘. Therefore, the position 𝑟 = 𝑎, 𝜃 = 45∘ is the location most

vulnerable to cavitation.

The principal axes representation of this tensor is achieved for 𝛼 = −45∘, which
satisfies (6.18) for 𝑟 = 𝑎. Expression (6.24) can be used to form the cavitation

criteria. The maximum tension is achieved at 𝜃 = 45∘. From the right-hand side of

(6.24) it can be noticed that 𝑇11 ≥ 𝑇33 ≥ 𝑇22 for the array shown in its left-hand

side for all 0 ≤ 𝜃 ≤ 𝜋 since sin 𝜃 ≥ 0 for this interval. This trend is presented in §6.7
(figure 6.12) where 𝐾c versus 𝜃/𝜋 have been plotted for the three principal stresses

on the surface of the sphere for 𝑅𝑒 = 0.01.
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6.5 Irrotational flow of a viscous fluid

Kuhn de Chizelle, Ceccio and Brennen (1995) studied the interactions between a

travelling cavity and the potential flow exterior to the thin boundary layer around

an axisymmetric headform. Liu and Brennen (1998) presented a mechanistic model

for hydrodynamic cavitation event rate for flow over a headform that utilizes the

pressure distribution given by potential flow modified to accomodate boundary layer

effects. There is no literature other than the paper of Funada et al. (2006) on anal-

ysis of stress-induced cavitation using potential flow. The analysis of this problem,

given below, is completely transparent; the effects of vorticity on cavitation on a

solid sphere are mainly associated with the formation of wakes and the displacement

of the region of irrotational flow (see §6.6). Considering the irrotational flow of a

viscous fluid, the principal strain-rates and stresses and their corresponding princi-

pal directions can be determined. Then, the maximum tension criterion is applied

to evaluate the cavitation threshold. The theory of viscous potential flow considered

here includes the viscous components in the definition of the state of stress in the

flowing liquid.

Irrotational flows of incompressible viscous fluids satisfy the Navier–Stokes equa-

tions and give rise to the usual Bernoulli equation because

𝜇∇2u = 𝜇∇∇2𝜙 = 0, (6.25)

no matter what the value of 𝜇. The stresses are given by

T = −𝑝1+ 2𝜇∇⊗∇𝜙 =
1

3
tr (T)1+ 2𝜇∇⊗∇𝜙, (6.26)

where 𝑝 is the average stress given by (6.2).

The flow is axisymmetric and steady and the potential 𝜙(𝑟, 𝜃) satisfies ∇2𝜙 = 0.

In this analysis, spherical-polar coordinates as shown in figure 6.1 are utilized.

The potential for this flow is

𝜙 = 𝑈

(
𝑟 +

1

2

𝑎3

𝑟2

)
cos 𝜃. (6.27)

The velocity u = e𝑟𝑢𝑟 + e𝜃𝑢𝜃 is given by

𝑢𝑟 =
∂𝜙

∂𝑟
= 𝑈

(
1− 𝑎3

𝑟3

)
cos 𝜃, 𝑢𝜃 =

1

𝑟

∂𝜙

∂𝜃
= −𝑈

(
1 +

1

2

𝑎3

𝑟3

)
sin 𝜃. (6.28)

Note that the no-slip condition must be relaxed for viscous potential flow. So, the
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boundary layer is not resolved. The pressure is given by

𝑝 = 𝑝∞ + 𝜌
𝑈2

2
− 𝜌

2

(
𝑢2𝑟 + 𝑢2𝜃

)
= 𝑝∞ + 𝜌

𝑈2

2

[
1−

(
1− 𝑎3

𝑟3

)2

cos2 𝜃 −
(
1 +

1

2

𝑎3

𝑟3

)2

sin2 𝜃

]
, (6.29)

where 𝑝∞ is the constant value of the pressure at infinity. The non-zero components

of the viscous stress

2𝜇D [∇𝜙] (6.30)

are determined using the standard formulae (6.15) and the velocity field (6.28). This

yields to the matrix of components

2𝜇

⎡⎢⎣ 𝐷𝑟𝑟 𝐷𝑟𝜃 0

𝐷𝑟𝜃 𝐷𝜃𝜃 0

0 0 𝐷𝜑𝜑

⎤⎥⎦ = 3𝜇𝑈
𝑎3

𝑟4

⎡⎢⎣ 2 cos 𝜃 sin 𝜃 0

sin 𝜃 − cos 𝜃 0

0 0 − cos 𝜃

⎤⎥⎦ , (6.31)

which can be rotated into diagonal form through an angle 𝛼 satisfying

tan 2𝛼 =
2

3
tan 𝜃. (6.32)

From (6.32) we look for the angle 𝛼 that puts by rotation with axis e𝜑 the direction

given by the unit vector er into the principal direction corresponding to the most

tensile (or the least compressive) principal stress in the plane of the motion. Without

lack of generality, we consider this angle 𝛼 to be in the interval −0.5 ≤ 𝛼/𝜋 ≤ 0.5.

The diagonal form of 2𝜇∇⊗∇𝜙 is given by

3𝜇𝑈
𝑎3

𝑟4

⎡⎢⎣
1
2 cos 𝜃 +

sin 𝜃
sin 2𝛼 0 0

0 1
2 cos 𝜃 − sin 𝜃

sin 2𝛼 0

0 0 − cos 𝜃

⎤⎥⎦ . (6.33)

At 𝜃 = 𝜋/2, where the pressure is smallest, 𝛼 = 𝜋/4 and the diagonal form is

3𝜇𝑈
𝑎3

𝑟4

⎡⎢⎣ 1 0 0

0 −1 0

0 0 0

⎤⎥⎦ , (6.34)

giving rise to tension and compression.

Following the analysis presented in §6.2, we next consider the whole stress using
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(6.26), which may be written as

T+ 𝑝c1 = (−𝑝+ 𝑝c)1+ 2𝜇∇⊗∇𝜙 (6.35)

with the addition of the cavitation threshold 𝑝c. After arranging, expression (6.35)

becomes

T+ 𝑝c1
1
2𝜌𝑈

2
= −

[
𝐾 + 1−

(
1− 𝑎3

𝑟3

)2

cos2 𝜃 −
(
1 +

𝑎3

2𝑟3

)2

sin2 𝜃

]⎡⎢⎣ 1 0 0

0 1 0

0 0 1

⎤⎥⎦

+
3

𝑅𝑒

(𝑎
𝑟

)4 ⎡⎢⎣ cos 𝜃 + 2 sin 𝜃
sin 2𝛼 0 0

0 cos 𝜃 − 2 sin 𝜃
sin 2𝛼 0

0 0 −2 cos 𝜃

⎤⎥⎦ (6.36)

where

𝐾 =
𝑝∞ − 𝑝c
1
2𝜌𝑈

2
(6.37)

is the cavitation number and

𝑅𝑒 =
𝜌𝑈𝑎

𝜇
(6.38)

is the Reynolds number.

For the viscous potential flow solution (6.36), one can show that at any point

the most tensile (least compressive) and most compressive (least tensile) princi-

pal stresses lie in the plane of motion (i.e., the plane where the velocity vector is

contained). Suppose now that 𝑇11 is the largest of the three principal values of

stress. Then, according to the maximum tension theory, the locus of the cavitation

threshold is given by

𝑇11 + 𝑝c = 0, (6.39)

giving rise to isolines (𝑎/𝑟, 𝜃) = 𝑓(𝐾c, 𝑅𝑒) for the cavitation threshold. The largest

values of the viscous irrotational stress are at the boundary 𝑟 = 𝑎 where the ne-

glected vorticity is largest. In Appendix G, it is shown that 𝜃 = 0 for very low 𝑅𝑒

and 𝜃 = 𝜋/2 for very high 𝑅𝑒 are the points most vulnerable for cavitation under

the respective conditions.

Equation (6.36) gives the form of the diagonalized stress tensor at each point
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Figure 6.3: Rotation angle 𝛼/𝜋 versus angular position 𝜃/𝜋, derived from tan 2𝛼 =
2
3 tan 𝜃 for irrotational flow of a viscous fluid. A linear approximation of this graph is
𝛼 = 0.5𝜃. A cavitation bubble will open asymmetrically with the axis of maximum
tension rotated through an angle 𝛼 at each point 𝑟, 𝜃 as in this figure.

(𝑟, 𝜃) in the axially symmetric flow. 𝑇11, 𝑇22 and 𝑇33 = 𝑇𝜑𝜑 are principal stresses in

the principal axes coordinates with bases e1, e2, e𝜑. In the present case, the angle

𝛼 changes with 𝜃, tan 2𝛼 = 2
3 tan 𝜃. The solution of this equation (6.32) is displayed

graphically in figure 6.3. A representation of the orientation of the principal axes

in the plane of motion at the surface of the sphere 𝑟 = 𝑎 as predicted by (6.32) is

presented in figure 6.4.

It is apparent from (6.36) that the largest stresses are at the boundary of the

sphere where 𝑟 = 𝑎. Certainly the liquid will cavitate when𝐾 = (𝑝∞ − 𝑝c) /
(𝜌
2𝑈

2
)
<

0; only 𝐾 > 0 is of interest. Using now the maximum tension criterion, we see that

cavitation occurs for 0 < 𝐾 < 𝐾c and the fluid is most at risk to cavitation for 𝜃

at which 𝐾c(𝜃) is greatest. For viscous potential flow, this most dangerous 𝜃 is at

𝜃 = 0 when 𝑅𝑒 is small and at 𝜃 = 𝜋/2 when 𝑅𝑒 is large. It follows that the place

most at risk to cavitation runs from the rear stagnation point at 𝜃 = 0 when 𝑅𝑒 is

small to 𝜃 = 𝜋/2 when 𝑅𝑒 is large.

In §6.7 contour plots with lines of constant 𝐾 representing the cavitation thresh-

old from (6.36) for various 𝑅𝑒 are presented and compared with the results from

the numerical simulation and the Stokes solution for the lowest 𝑅𝑒 (see figures 6.9,

6.10 and 6.11). Also, in §6.7 we have plotted 𝐾c versus 𝜃/𝜋 for the three principal

stresses at 𝑟 = 𝑎 for 𝑅𝑒 = 0.01, 10 and 100, comparing these results with the cor-

responding graphs obtained with direct numerical simulation and, for 𝑅𝑒 = 0.01,

with the Stokes flow analysis (see figures 6.12, 6.13 and 6.14).
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Figure 6.4: Schematic view of the orientation of the principal directions in the plane
of motion for irrotational flow of a viscous fluid according to (6.32) on the surface
of the sphere. The major axis in the ellipse represents the maximum tensile stress.
The angle 𝛼 puts the direction defined by the unit outward normal vector 𝒆𝑟 into
the principal direction of the maximum tensile stress.

6.6 Numerical solution of the incompressible Navier–

Stokes equations

Numerical investigations of the fundamental aspects of cavitation formation from a

wall–stabilized nucleus (Kottke et al. 2005 and references therein) or the interaction

between the flow field and traveling cavitation bubbles (Kuhn de Chizelle and Bren-

nen 1993) can be encountered in the literature. On the other hand, some effort has

been devoted to develop engineering tools based on computational fluid dynamics to

model cavitation through different approaches of the multiphase flow (Singhal et al.

2002; Farrell, 2003). In this section, the numerical simulation of streaming flow past

a sphere is carried out for various values of the Reynolds number 𝑅𝑒 as defined be-

fore. The hydrodynamics is predicted for a single phase, Newtonian, non-cavitating

fluid. The velocity and pressure fields computed in this numerical study are used

to determine the principal stresses and directions. Therefore, the cavitation criteria

can be formed based on these results and a comparison with the theoretical models

from §6.4 and §6.5 can be presented.

6.6.1 Numerical set-up and flow field computations

The numerical solution of the incompressible unsteady Navier–Stokes equations for

streaming flow past a sphere is performed using the computational-fluid-dynamics

package FluentⓇ 6.1. This program is based on the finite-volume method which

is utilized to integrate the governing equations and then a set of algebraic equa-

tions is constructed. An implicit segregated scheme is used to solve the discretized
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governing equations sequentially. The convective term in the momentum equation

is discretized using a Quadratic Upwind Interpolation for Convective Kinematics

(QUICK). The pressure-velocity coupling is accomplished through the Pressure-

Implicit with Splitting of Operators (PISO) scheme. The time integration of the

unsteady momentum equations is carried out using a second-order approximation.

We are interested in the steady-state limit of the solution. The interval for the

Reynolds number based on the free-stream velocity 𝑈 and the radius of the sphere

as considered in this simulation is 0 < 𝑅𝑒 ≤ 100. For this interval of 𝑅𝑒, the steady-

state-flow motion is described as axisymmetric (see, for instance, Johnson and Patel,

1999). Then, a semi O-type mesh is employed in the numerical simulations. Figure

6.5 shows a scheme of the computational domain as well as the boundary conditions,

where the horizontal edge represents the axis of symmetry and the stream flows

from left to right. The outflow boundary condition implies that the diffusion flux

in the direction normal to the exit surface is zero for all variables. Therefore, the

flow variables at the outflow plane are computed from inside the domain through

extrapolation. The interested reader is referred to the FluentⓇ 6.1’s User Guide

for details about the numerical schemes and boundary conditions available in the

package. Quadrilateral cells in a structured mesh are used to discretize the domain.

The position of the outer spherical edge of the computational domain is fixed as

𝐻 = 150𝑎 measured from the center of the sphere. For the selected geometry, the

number of cells of the domain is 11680 and the number of nodes is 11907. Using a

similar node density, a larger domain was considered by increasing the distance from

the center of the sphere to the outer spherical edge (𝐻 = 200𝑎). The comparison of

the drag coefficient computed for these two computational domains indicates that

the relative difference is below 1% for 𝑅𝑒 = 0.01 and 𝑅𝑒 = 100. Therefore, we

decided to use the mesh with 𝐻 = 150𝑎 to perform further computations. The

smallest cells of the domain were located attached to the surface of the sphere and

their size increases as the distance from the wall increases. Good resolution of the

boundary layer attached to the surface is provided with the selected cells’ sizes. The

dimensionless time step used in the simulations was Δ𝑡𝑈/𝑎 = 0.04. In addition, tests

were also conducted with a dimensionless time step of 0.02 and a much finer grid

rendering results very close to the previous ones. The initial velocity field is set

equal to the free-stream velocity everywhere in the computational domain.

With these settings, computations are performed for different values of the

Reynolds number, 𝑅𝑒 = 0.01, 10, 25, 50, 75 and 100. Therefore, the steady ax-

isymmetric flow conditions reported in the literature from experiments and three-

dimensional simulations are expected in all the cases, being consistent with our
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Figure 6.5: Computational domain showing the boundary conditions.

numerical set-up.

The validation of the numerical setup is carried out by comparing our numerical

results for various parameters with results from different sources as compiled and

presented in the work of Johnson and Patel (1999). These parameters are the drag

coefficient, the separation angle and the separation length. Their definition and

the results of the comparison are presented in Appendix H. Satisfactory agreement

with previous numerical and experimental results is obtained. Furthermore, the

computed flow field is presented in this Appendix through the streamline pattern

and contours of vorticity for three values of de Reynolds number.

6.6.2 Principal stresses and cavitation inception

In order to compute the principal stresses and directions from the velocity and

pressure field obtained from the numerical simulations consider the reference frame

shown in figure 6.6 for axysimmetric flow past a sphere. This reference frame is

defined by the cylindrical coordinates (𝑧′, 𝑟′, 𝜃′). The corresponding vector basis is

defined by the set of unit vectors {𝒆𝑧′ , 𝒆𝑟′ ,𝒆𝜃′}. The vector 𝒆𝜃′ is normal to the

page in figure 6.6(a). The cylindrical coordinates have been used here instead of

the spherical polar coordinates utilized in previous sections since the computational

solver applied for the direct numerical simulation imposes this system of coordinates

for axysimmetric problems with the direction of the axis of symmetry indicated by

𝒆𝑧′ . Therefore, the package computes the derivatives of the components of the

velocity with respect to this cylindrical reference frame.

The components of the viscous stress tensor 2𝜇D with respect to this set of
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Figure 6.6: Cartoon showing (a) a representation of the axisymmetric flow past a
sphere of radius 𝑎, and (b) cylindrical coordinates.

vectors may be written in matrix form as

2𝜇

⎡⎢⎣ 𝐷𝑧′𝑧′ 𝐷𝑧′𝑟′ 0

𝐷𝑧′𝑟′ 𝐷𝑟′𝑟′ 0

0 0 𝐷𝜃′𝜃′

⎤⎥⎦ , (6.40)

where,

𝐷𝑧′𝑧′ =
∂𝑢𝑧′

∂𝑧′
, 𝐷𝑟′𝑟′ =

∂𝑢𝑟′

∂𝑟′
, 𝐷𝜃′𝜃′ =

𝑢𝑟′

𝑟′
, 𝐷𝑧′𝑟′ =

1

2

(
∂𝑢𝑟′

∂𝑧′
+
∂𝑢𝑧′

∂𝑟′

)
(6.41)

and 𝐷𝑟′𝜃′ = 𝐷𝜃′𝑟′ = 𝐷𝑧′𝜃′ = 𝐷𝜃′𝑧′ = 0.

The diagonalized form of the stress 2𝜇D can be found by rotating the coordinates

(𝑧′, 𝑟′) through an angle 𝛽 such that (6.40) becomes

2𝜇

⎡⎢⎣
1
2 (𝐷𝑧′𝑧′ +𝐷𝑟′𝑟′) +

𝐷𝑧′𝑟′
sin 2𝛽 0 0

0 1
2 (𝐷𝑧′𝑧′ +𝐷𝑟′𝑟′)− 𝐷𝑧′𝑟′

sin 2𝛽 0

0 0 𝐷𝜃′𝜃′

⎤⎥⎦ . (6.42)

The rotation angle 𝛽 such that the direction defined by the unit vector 𝒆𝑟′ reaches

the principal direction corresponding to the maximum strain-rate in the plane of the

fluid motion is related to the components of the strain-rate tensor given in (6.41)

according to the expression

tan 2𝛽 =
2𝐷𝑧′𝑟′

𝐷𝑧′𝑧′ −𝐷𝑟′𝑟′
. (6.43)

The angle 𝛼 associated with the rotation with axis 𝒆𝜑 of the orthogonal reference
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frame defined by the sphere’s outward normal unit vector 𝒆𝑟 and the sphere’s tan-

gential unit vector 𝒆𝜃 (figure 6.1) is related to the angle 𝛽 associated with the

rotation with axis 𝒆𝜃′ of the cylindrical coordinates defined by 𝒆𝑧′ and 𝒆𝑟′ (figure

6.6) through the formula

𝛼 = 𝛽 − 𝜃. (6.44)

The angle 𝛼 corresponds to the rotation of the spherical polar coordinates (𝑟, 𝜃)

in the plane of motion such that the direction of the unit vector 𝒆r coincides with

the principal direction associated with the most tensile (or the least compressive)

principal stress. The angle 𝛼 is restricted to the interval -0.5 ≤ 𝛼/𝜋 ≤ 0.5. The

rotation angle 𝛼/𝜋 as a function of the polar angle 𝜃/𝜋 on the surface of the sphere

𝑟 = 𝑎 is computed from the numerical simulation results and is presented for various

𝑅𝑒 in figure 6.7. For 𝑅𝑒 = 0.01 and 𝑅𝑒 = 10 the angle 𝛼 = −45∘ coincides with the

principal direction of maximum tension for simple shearing. This result was also

obtained in the Stokes flow solution and is enforced by the no-slip condition. In the

case of 𝑅𝑒 = 100, the angle 𝛼 shows a similar behavior from the front stagnation

point until the point of separation. Beyond this point, the principal axes rotates 90∘

and the direction of the maximum principal stress is reached for 𝛼 = 45∘. Figure

6.8 presents a cartoon showing the orientation of the principal axes on the plane of

motion at different angular positions on the surface of the sphere for 𝑅𝑒 = 100.

Recalling expression (6.1), the total stress tensor for an incompressible Newto-

nian fluid can be written as

T = −𝑝1+ 2𝜇D.

The pressure 𝑝 can be expressed in terms of the pressure coefficient, which is

defined as

𝑐p =
𝑝− 𝑝∞
1
2𝜌𝑈

2
, (6.45)

where 𝑝∞ is a constant reference pressure corresponding to the limiting pressure as

𝑟 → ∞. Then, using (6.45), expression (6.1) becomes,

T = −𝑝∞1− 1

2
𝜌𝑈2𝑐p1+ 2𝜇D. (6.46)



6.6. Numerical solution of the incompressible NS equations 165

0 0.2 0.4 0.6 0.8 1-0.5

-0.25

0

0.25

0.5

θ /π

α /π

(a)

0 0.2 0.4 0.6 0.8 1-0.5

-0.25

0

0.25

0.5

θ /π

α /π

(b)

0 0.2 0.4 0.6 0.8 1-0.5

-0.25

0

0.25

0.5

θ /π

α /π

(c)

Figure 6.7: Rotation angle 𝛼 as defined in (6.44) versus 𝜃/𝜋 on the surface of the
sphere, 𝑟/𝑎= 1, from the numerical solution for (a) 𝑅𝑒= 0.01, (b) 𝑅𝑒= 10, (c) 𝑅𝑒=
100. The position 𝜃 = 0 corresponds to the rear stagnation point. Notice that
for 𝑅𝑒 = 100 the jump on the curve occurs at 𝜃 ≈ 63∘, which coincides with the
corresponding separation angle 𝜃𝑠 (see figure H.2).

Adding 𝑝c1 to both sides of (6.46) yields,

T+ 𝑝c1 = −(𝑝∞ − 𝑝c)1− 1

2
𝜌𝑈2𝑐p1+ 2𝜇D, (6.47)



6.6. Numerical solution of the incompressible NS equations 166

𝑈

𝜃

𝛼
𝒆𝑟

𝛼

𝛼
𝒆𝑟

𝜃𝑠
𝒆𝑟

Figure 6.8: Schematic view of the orientation of the principal directions in the plane
of motion on the surface of the sphere according to (6.44) from direct numerical
simulation of the Navier–Stokes equations and 𝑅𝑒 = 100. In this case, 𝛼 ≈ −45∘

for 𝜃 > 𝜃𝑠 and 𝛼 ≈ 45∘ for 𝜃 < 𝜃𝑠 (from figure 6.7 (c)). The angle 𝜃𝑠 refers to
the separation angle measured from the rear stagnation point. The major axis in
the ellipse represents the maximum tensile stress. The angle 𝛼 puts the direction
defined by the unit outward normal vector 𝒆𝑟 into the principal direction of the
maximum tensile stress.

where 𝑝c is the cavitation threshold. After arranging, (6.47) may be written as

T+ 𝑝c1
1
2𝜌𝑈

2
= − (𝐾 + 𝑐p)

⎡⎢⎣ 1 0 0

0 1 0

0 0 1

⎤⎥⎦

+
4

𝑅𝑒

⎡⎢⎢⎣
1
2

(
�̃�𝑧′𝑧′ + �̃�𝑟′𝑟′

)
+

�̃�𝑧′𝑟′
sin 2𝛽 0 0

0 1
2

(
�̃�𝑧′𝑧′ + �̃�𝑟′𝑟′

)
− �̃�𝑧′𝑟′

sin 2𝛽 0

0 0 �̃�𝜃′𝜃′

⎤⎥⎥⎦ , (6.48)

where the dimensionless strain-rate tensor is defined as D̃ = D(𝑎/𝑈), and 𝐾 is the

cavitation number as presented in (6.37). The Reynolds number is defined as in

(6.38). The principal stresses are thus determined by (6.48).

The velocity field obtained from the numerical solution is used to compute (6.41)

and then all the required quantities, including the principal stresses, also utilizing the

numerical pressure field. The derivatives of the velocity components in cylindrical

coordinates required in (6.41) are approximated by the computational fluid dynamics

package using the discrete values of the velocity components obtained from the

numerical solution stored at every node.

Consider (6.48) and let 𝑇11 be the maximum of the principal stresses. Then, the

maximum tension criterion (6.6) can be formed. Notice that the maximum principal

stress 𝑇11 may be given by the stress normal to the plane of motion, 𝑇𝜃′𝜃′ . In the
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next section, plots of lines of constant 𝐾 obtained from the numerical simulations

corresponding to the cavitation threshold for various 𝑅𝑒 are presented (figures 6.9,

6.10 and 6.11). In addition, the critical values of the cavitation threshold 𝐾c versus

𝜃/𝜋 for the three principal stresses on the surface of the sphere from the numerical

results are shown and compared with the viscous potential flow solution and, for a

low 𝑅𝑒 = 0.01, with the Stokes flow solution (figures 6.12, 6.13 and 6.14).

6.7 Discussion

This work is motivated by the desire to understand the effect of viscosity on stress-

induced cavitation of liquids. The study is performed in the framework of direct

numerical simulation of the incompressible Navier–Stokes equations to predict the

flow field. Analyzes are also presented based on the irrotational flow of viscous

fluids around a sphere and, for low Reynolds number flows, on the Stokes-flow-

limit solution. These formulations allow for a particularly transparent analysis in

which all the predictions are given by simple explicit expressions. These formula-

tions relate two dimensionless parameters, the cavitation number associated with

the inception of cavitation and the Reynolds number. In the case of the Stokes-flow

solution, the formulation is made independent of the Reynolds number by choosing

a characteristic viscous-stress scale. The results of this investigation apply to any

viscous Newtonian liquid. For all the cases considered, the results from the simpli-

fied analytical models are contrasted with the computations from direct numerical

simulation.

The main points about stress-induced cavitation, in particular the role of the

maximum tensile stress in principal axes coordinates, and the comparison of this

criterion with the criterion depending only on pressure and the most conservative

one which requires that all the principal stresses be in tension, are very clearly

expressed in the simple analyses based on either viscous potential flow or Stokes

flow. In addition, the criteria for cavitation can be neatly formed and evaluated

using the velocity and pressure fields from numerical simulations of the governing

equations.

Contour plots of lines of constant critical cavitation number 𝐾c from the max-

imum tension criterion are presented in figures 6.9, 6.10 and 6.11 for 𝑅𝑒 = 0.01,

10 and 100, respectively. In these figures, the results obtained from the analysis of

viscous potential flow and from direct numerical simulation are included. For 𝑅𝑒 =

0.01, the Stokes flow solution is also presented for comparison. Notice that the re-

sults from the Stokes limit and the results from direct numerical simulation are very
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similar, as expected (figures 6.9 (a) and (c)). The analytical models predict that the

risk of cavitation is higher for low Reynolds number flows. This result is confirmed

by the numerical experiments. The comparison of the cavitation regions for viscous

potential flow and numerical simulation of the Navier–Stokes equations (NS) for 𝑅𝑒

= 10 and 100 is interesting; the cavitation regions shift to the right for NS because

of the formation of wakes not present in the irrotational flow solution. As 𝑅𝑒 in-

creases, the contour plots corresponding to viscous potential flow become symmetric

with respect to an axis passing through the center of the sphere, perpendicular to

the direction of the free stream velocity, since the contribution of the viscous stress

vanishes and the classical “inviscid” potential flow result is approached. As we

mentioned, in the case of the numerical solution of NS, the principal stress in the

normal direction to the plane of motion may become the largest in some regions of

the domain. In such a case, the cavitation inception is determined by this principal

stress.

The pressure criterion can readily be presented in dimensionless form as 𝐾c =

−𝑐p, in the marginal state separating cavitation from no cavitation. Using the

pressure field from the numerical solution of NS equations, contour plots of 𝐾c

following the pressure criterion are presented in figures 6.9 (d), 6.10 (c) and 6.11

(c). Comparison of these results with the corresponding results from the maximum

tension criterion (figures 6.9 (c), 6.10 (b) and 6.11 (b)) indicates that the later

shifts the region of higher critical cavitation number upstream on the surface of the

sphere. The difference is notorious for the lowest 𝑅𝑒 = 0.01. In this case, the region

of higher 𝐾c is predicted at 45𝑜 from the rear stagnation point by the maximum

tension criterion, whereas the pressure criterion indicates that the fluid is at the

most risk to cavitation (i.e. maximum 𝐾c) at the rear stagnation point. This result

can also be obtained using the pressure field in (6.14) for Stokes flow to define the

pressure coefficient 𝑐p. Furthermore, notice that the maximum tension criterion is

more conservative than the pressure criterion since 𝐾c,max from the former approach

is larger than 𝐾c,max from the latter. As 𝑅𝑒 increases, both approaches tend to the

same distribution since the effects of viscosity carried by the viscous deviator are

substantially lessened.

In particular for 𝑟 = 𝑎, the surface of the sphere, the profiles of the cavitation

number 𝐾c from the maximum tension criterion as a function of 𝜃/𝜋 are computed

independently for the three principal stresses and presented in figures 6.12, 6.13 and

6.14 for 𝑅𝑒 = 0.01, 10 and 100, respectively. In each of these figures, the comparison

is performed between the VPF solution and the results from the numerical analysis.

Also, the predictions from the pressure criterion 𝐾c = −𝑐p, using the numerical
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Figure 6.9: Contours of critical cavitation number𝐾c given by the condition 𝑇11+𝑝c
= 0 according to the maximum tension criterion for a Reynolds number 𝑅𝑒 = 0.01
from (a) Stokes flow (6.21); (b) the irrotational flow of a viscous fluid (6.36), and
(c) numerical solution (6.48); the pressure criterion given by 𝐾c = −𝑐p is shown in
(d) using the numerical pressure field. The cavitation number 𝐾 is defined in terms
of the dynamic pressure 𝜌𝑈2/2 (Caption continues on next page).
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Figure 6.9: (Caption continued from previous page) For a given cavitation number
𝐾, cavitation occurs in the region where 𝐾 < 𝐾c. A different normalization of
the cavitation number and of the critical cavitation number is used for Stokes flow
(6.19) rather than the normalization used for the other cases (6.37). The contour
lines for the normalization of 𝑝∞ − 𝑝c with the viscous-stress scale 𝜇𝑈/𝑎 in (6.19)
are presented in parenthesis in (a). The ratio of the normalization factors is 𝑅𝑒/2
(6.22).

solution of the Navier–Stokes equations, are presented. For 𝑅𝑒 = 0.01, the results

from the Stokes flow limit are included as well. In these figures, 𝑇11 represents the

maximum principal stress and 𝑇11 ≥ 𝑇33 ≥ 𝑇22. At the surface of the sphere, the

pressure criterion coincides with the curve for which 𝑇33 + 𝑝c =0 because of the

no-slip condition. The discrepancies between the predictions from the maximum

tension criterion and the pressure criterion discussed above are better appreciated

when observed at the surface of the sphere, in particular for the lowest 𝑅𝑒 = 0.01

(figure 6.12 (c)). In this case, the maximum tension criterion predicts the location

of the point where 𝐾𝑐 is maximum at 𝜃 = 45𝑜 using the pressure field from the

numerical simulations (the Stokes’ approximation yields the same result as shown

in Appendix G). With this pressure distribution, the pressure criterion predicts

the location of 𝐾c,max at 𝜃 = 0𝑜 (the rear stagnation point). The same position

is determined from the maximum tension criterion using the pressure field from

VPF, though the maximum 𝐾c is much higher in this case (figure 6.12 (b)). Figures

6.13 and 6.14 show that the results from the maximum tension criterion tend to

the results from the pressure criterion theory for the inception of cavitation as 𝑅𝑒

increases.

This study has focused on cavitation by homogeneous nucleation. However, im-

portant implications are found for heterogeneous nucleation. The results show that

the 𝐾 value is maximized at the surface of the sphere and that viscous normal

stresses are important there. This can explain the greater likelihood for heteroge-

neous nucleation. Furthermore, if the flow around the sphere in figure 6.1 contained

particles that were sufficiently small so that the flow is not modified substantially

in a global sense, certain inferences can be made. The normal compressive stress

which is locally reduced (or made tensile) by flow around the sphere can be further

reduced due to relative motion between a small particle and the liquid. That is, in a

frame of reference fixed to a moving small particle, the liquid will, in some domain,

accelerate around and past the small particle, thereby further increasing the local

𝐾 value when viewed with a finer resolution than we have allowed in our analysis.
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Figure 6.10: Contours of critical cavitation number𝐾c given by the condition 𝑇11+𝑝c
= 0 according to the maximum tension criterion for a Reynolds number 𝑅𝑒 = 10
from (a) the irrotational flow of a viscous fluid (6.36), and (b) numerical solution
(6.48); the pressure criterion given by 𝐾c = −𝑐p is shown in (c) using the numerical
pressure field. The cavitation number 𝐾 is defined in terms of the dynamic pressure
𝜌𝑈2/2. For a given cavitation number 𝐾, cavitation occurs in the region where
𝐾 < 𝐾c.
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Figure 6.11: Contours of critical cavitation number𝐾c given by the condition 𝑇11+𝑝c
= 0 according to the maximum tension criterion for a Reynolds number 𝑅𝑒 = 100
from (a) the irrotational flow of a viscous fluid (6.36), and (b) numerical solution
(6.48); the pressure criterion given by 𝐾c = −𝑐p is shown in (c) using the numerical
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Figure 6.12: Critical cavitation number 𝐾c versus angular position 𝜃/𝜋 on the
surface of the sphere 𝑟 = 𝑎 for 𝑅𝑒 = 0.01 and (a) Stokes flow (6.21); (b) the
irrotational flow of a viscous fluid (6.36), and (c) numerical solution (6.48). In
addition, the pressure criterion 𝐾c = −𝑐p has also been included in (c) with the
symbol Δ. 𝐾c is defined in terms of the dynamic pressure 𝜌𝑈2/2. In the figure,
three values of the critical cavitation number 𝐾c are determined for every polar
angular position 𝜃, with 𝑇11 + 𝑝c = 0, 𝑇22 + 𝑝c = 0 and 𝑇33 + 𝑝c = 0. The position
𝜃 = 0 corresponds to the rear stagnation point. For all values of 𝑅𝑒, we consider
𝑇11 as the most tensile principal stress and 𝑇11 ≥ 𝑇33 ≥ 𝑇22. By multipliying the
values in the vertical axis by a factor of 𝑅𝑒/2, the results for Stokes flow in (a) can
be readily presented in terms of the viscous–stress scale 𝜇𝑈/𝑎 instead, according to
(6.22).
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Figure 6.13: Critical cavitation number 𝐾c versus angular position 𝜃/𝜋 on the
surface of the sphere 𝑟 = 𝑎 for 𝑅𝑒 = 10 and (a) the irrotational flow of a viscous
fluid (6.36), and (b) numerical solution (6.48). In addition, the pressure criterion
𝐾c = −𝑐p has also been included in (b) with the symbol Δ. In the figure, three
values of the critical cavitation number 𝐾c are determined for every polar angular
position 𝜃, with 𝑇11 + 𝑝c = 0, 𝑇22 + 𝑝c = 0 and 𝑇33 + 𝑝c = 0. The position 𝜃 = 0
corresponds to the rear stagnation point. For all values of 𝑅𝑒, we consider 𝑇11 as
the most tensile principal stress and 𝑇11 ≥ 𝑇33 ≥ 𝑇22.

So, the likelihood of both homogeneous and heterogeneous nucleation is increased

by the presence of these small particles†.
Irrotational motions of viscous liquids account for viscous stresses but not for

vorticity created by the no slip condition at the boundary of solids which is neglected.

The analysis is not restricted to small viscosity but is restricted to small vorticity.

In steady flows over a sphere the effects of vorticity are greatest in the wake regions

behind the separated boundary layers. The irrotational theory cannot be used

in the wake region. However, this theory predicts that the liquid is at greatest

risk to cavitation close to 𝜃 = 90∘ when 𝑅𝑒 is high, which is in good agreement

with numerical simulation (see figures 6.13 and 6.14). Moreover, the cavitation

region computed from the irrotational theory is in fair agreement with the numerical

simulations with 𝑅𝑒 = 10 and 𝑅𝑒 = 100 for 𝐾 > 0.5 (see figures 6.10 and 6.11).

On the front face of the sphere including the neighbourhood of the position 𝜃 = 90∘

we expect a thin boundary layer and an exterior flow closely irrotational for high

Reynolds numbers (e.g., 𝑅𝑒 = 100). A good discussion of this can be found in White

(2006). There, it is shown that the skin friction based on the surface velocity of the

†This paragraph has been contributed by Prof. W. A. Sirignano of the University of California,
Irvine.
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Figure 6.14: Critical cavitation number 𝐾c versus angular position 𝜃/𝜋 on the
surface of the sphere 𝑟 = 𝑎 for 𝑅𝑒 = 100 and (a) the irrotational flow of a viscous
fluid (6.36), and (b) numerical solution (6.48). In addition, the pressure criterion
𝐾c = −𝑐p has also been included in (b) with the symbol Δ. In the figure, three
values of the critical cavitation number 𝐾c are determined for every polar angular
position 𝜃, with 𝑇11 + 𝑝c = 0, 𝑇22 + 𝑝c = 0 and 𝑇33 + 𝑝c = 0. The position 𝜃 = 0
corresponds to the rear stagnation point. For all values of 𝑅𝑒, we consider 𝑇11 as
the most tensile principal stress and 𝑇11 ≥ 𝑇33 ≥ 𝑇22.

irrotational flow is close to the actual friction near the front stagnation point and not

so hugely different up to the point of separation. The irrotational flow theory given

here is off the mark not because the flow is rotational but due to the displacement

of the irrotational flow by the separated wake.

The theory of stress-induced cavitation does not require one to assume irrota-

tional flow; we worked the same theory for Stokes flow and Navier–Stokes flow.

The predictions for Stokes flow are for very thick fluids creeping around a sphere.

We find that the cavities would develop at 𝜃 = 45∘, at −45∘ from the direction of

shearing. The theory of stress-induced cavitation can be applied to exact numerical

simulation, even for turbulent flow.

A clear description of the effects of viscosity in the inception of cavitation was

reported by Harvey and collaborators (1947). They carried out experiments of

withdrawal of a rod from a liquid container similar to the ones depicted in §6.3 but

using gas-nucleus-free corn syrup (2010 cP and density 1.383 at 23∘C) instead of

water. Two rods of different materials, aluminum and glass, were drawn from the

liquid at a maximum speed of 12.2 m/s. Experiments showed that several minute

bubbles formed at the end and side of the rod at the very start of its motion, growing

into a long cylindrical bubble. After the rod left the container, the bubble started to
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collapse. Experiments were repeated for a syrup having viscosity of 56 cP at 25∘C
and for citrated cat blood plasma, having viscosity slightly greater than water, and

no cavities appeared in any case. A maximum rod velocity of 18 m/s was reached

in both experiments. These results suggest that cavitation inception presumably

induced by the motion of an immersed body is promoted by increasing the liquid

viscosity.

As noted by Joseph (1998) the effect of viscosity in cavitation phenomena has

been indirectly accounted for through its impact on the structure of the fluid motion,

as in the case of separation spots and pressure profiles. For flow past axisymmetric

bodies that exhibit laminar boundary layer separation, Arakeri and Acosta (1973)

observed that cavitation inception occurs within the region of separated flow. Sim-

ilarly, Franc and Michel (1985) noticed that detachment of cavities occurs in the

recirculation zone, behind laminar boundary layer separation, instead of nearby

the point of minimum pressure for flow past circular and elliptical cylinders. Pho-

tographs included in the book by Young (1989) for flow past a 1-in-diameter sphere

show that inception of cavitation occurs in the shear layer formed between the main

stream and the recirculation zone in the wake behind the body. Decreasing the

cavitation number associated with the experiment expands the region of cavitation

over the surface of the shear layer. By comparing figure H.3 (c) for the streamlines

and figure 6.11 (b) for the critical cavitation number distribution in the case of

𝑅𝑒 =100, one can conjecture, on qualitative grounds, that cavitation events may

be generated as traveling nuclei pass through the region of high 𝐾c (the equator of

the sphere), where their growth is triggered, and immediately enter the shear layer

region carried by the external flow, while becoming visible to the unaided eye. Inside

the recirculation zone, the higher values of the critical cavitation number occur in

the neighbourhood of the point of boundary layer separation (about 𝜃 = 60𝑜; see

figures H.2 (b) and H.3 (c)), which is also a low velocity region. Thus, it seems

likely that cavities become visible in this region of the wake.

The main prediction of this work is that highly viscous fluids are at greater

risk to cavitation at a fixed cavitation number. This prediction appears to be new

since the question seems, surprisingly, not to have been addressed in the theoretical

cavitation literature.
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Appendix A

Computation of the coefficients

for the quintic splines∗

Consider the interval ℓ1 ⩽ ℓ ⩽ ℓ𝑁+1 and let

ℓ1 < ℓ2 < ⋅ ⋅ ⋅ < ℓ𝑁 < ℓ𝑁+1

determine a partition of that interval into 𝑁 subintervals. Consider also the associ-

ated set of ordinates

𝑦1 < 𝑦2 < ⋅ ⋅ ⋅ < 𝑦𝑁 < 𝑦𝑁+1

as prescribed. We seek a collection of piecewise polynomials of degree five

𝑆(𝑗)(ℓ) = 𝑦𝑗 +

5∑
𝑚=1

𝐶(𝑗)
𝑚 (ℓ− ℓ𝑗)

𝑚, (A.1)

such that 𝑆(𝑗)(ℓ) interpolates the values of 𝑦 in the subinterval ℓ𝑗 ⩽ ℓ ⩽ ℓ𝑗+1 for

1 ⩽ 𝑗 ⩽ 𝑁 . These piecewise functions satisfy

𝑆(𝑗)(ℓ𝑗) = 𝑦𝑗 for 1 ⩽ 𝑗 ⩽ 𝑁 , (A.2)

and 𝑆(𝑁)(ℓ𝑁+1) = 𝑦𝑁+1. Moreover, the piecewise functions 𝑆(𝑗) and their first

fourth derivatives are continuous across the interior points 2 ⩽ 𝑗 ⩽ 𝑁 , i.e.

𝑆(𝑗−1)(ℓ𝑗) =𝑆
(𝑗)(ℓ𝑗), (A.3a)

∗The algorithm presented here has been written based upon the routines for quintic splines kindly
provided by Prof. David Leppinen of the University of Birmingham to whom we are indebted.
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d𝑝𝑆(𝑗−1)

dℓ𝑝
(ℓ𝑗) =

d𝑝𝑆(𝑗)

dℓ𝑝
(ℓ𝑗), (A.3b)

with 1 ⩽ 𝑝 ⩽ 4. Such a collection of piecewise fifth-degree polynomials is said to be

a set of quintic splines. The coefficients 𝐶
(𝑗)
𝑚 are uniquely determined by specifying

an appropriate set of end conditions at ℓ = ℓ1 and ℓ = ℓ𝑁+1. The objective of

this Appendix is to briefly describe the computation of the coefficients 𝐶
(𝑗)
𝑚 such

that (A.1) satisfies two different sets of end conditions that are suitable for the

applications discussed in Chapter 2.

Enforcing constraints (A.3a) and (A.3b), with 𝑝 = 1, 2, in (A.1) leads to the

following system of linear equations

𝐶
(𝑗−1)
3 ℎ3𝑗−1 + 𝐶

(𝑗−1)
4 ℎ4𝑗−1 + 𝐶

(𝑗−1)
5 ℎ5𝑗−1 =

𝑦𝑗 − 𝑦𝑗−1 − 𝐶
(𝑗−1)
1 ℎ𝑗−1 − 𝐶

(𝑗−1)
2 ℎ2𝑗−1, (A.4a)

3𝐶
(𝑗−1)
3 ℎ2𝑗−1 + 4𝐶

(𝑗−1)
4 ℎ3𝑗−1 + 5𝐶

(𝑗−1)
5 ℎ4𝑗−1 =

− 𝐶
(𝑗−1)
1 − 2𝐶

(𝑗−1)
2 ℎ𝑗−1 + 𝐶

(𝑗)
1 , (A.4b)

6𝐶
(𝑗−1)
3 ℎ𝑗−1 + 12𝐶

(𝑗−1)
4 ℎ2𝑗−1 + 20𝐶

(𝑗−1)
5 ℎ3𝑗−1 = −2𝐶

(𝑗−1)
2 + 2𝐶

(𝑗)
2 , (A.4c)

where ℎ𝑗−1 = ℓ𝑗 − ℓ𝑗−1. After solving this system for the coefficients 𝐶
(𝑗−1)
3 , 𝐶

(𝑗−1)
4

and 𝐶
(𝑗−1)
5 we find

𝐶
(𝑗−1)
3 ℎ3𝑗−1 = 10(𝑦𝑗 − 𝑦𝑗−1)− 6𝐶

(𝑗−1)
1 ℎ𝑗−1

− 3𝐶
(𝑗−1)
2 ℎ2𝑗−1 − 4𝐶

(𝑗)
1 + 𝐶

(𝑗)
2 ℎ2𝑗−1, (A.5a)

𝐶
(𝑗−1)
4 ℎ4𝑗−1 = −15(𝑦𝑗 − 𝑦𝑗−1) + 8𝐶

(𝑗−1)
1 ℎ𝑗−1

+ 3𝐶
(𝑗−1)
2 ℎ2𝑗−1 + 7𝐶

(𝑗)
1 ℎ𝑗−1 − 2𝐶

(𝑗)
2 ℎ2𝑗−1, (A.5b)

𝐶
(𝑗−1)
5 ℎ5𝑗−1 = 6(𝑦𝑗 − 𝑦𝑗−1)− 3𝐶

(𝑗−1)
1 ℎ𝑗−1

− 3𝐶
(𝑗)
1 ℎ𝑗−1 − 𝐶

(𝑗−1)
2 ℎ2𝑗−1 + 𝐶

(𝑗)
2 ℎ2𝑗−1. (A.5c)

Continuity of the third derivative at the interior points (A.3b), with 𝑝 = 3, leads
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to

𝜆3𝐶
(𝑗−1)
3 ℎ3𝑗−1 + 4𝜆3𝐶

(𝑗−1)
4 ℎ4𝑗−1 + 10𝜆3𝐶

(𝑗−1)
5 ℎ5𝑗−1 = 𝐶

(𝑗)
3 ℎ3𝑗 (A.6)

where 𝜆 = ℎ𝑗/ℎ𝑗−1. Substitution of (A.5) into (A.6) yields

8𝜆2𝐶
(𝑗−1)
1 ℎ𝑗 + 𝜆𝐶

(𝑗−1)
2 ℎ2𝑗 + 12(𝜆2 − 1)𝐶

(𝑗)
1 ℎ𝑗 − 3(1 + 𝜆)𝐶

(𝑗)
2 ℎ2𝑗

− 8𝐶
(𝑗+1)
1 ℎ𝑗 + 𝐶

(𝑗+1)
2 ℎ2𝑗 = −20𝑦𝑗+1 + 20(1 + 𝜆3)𝑦𝑗 − 20𝜆3𝑦𝑗−1, (A.7)

for 2 ⩽ 𝑗 ⩽ 𝑁 − 1, where 𝐶𝑗
2 = 2𝐶

(𝑗)
2 has been introduced for convenience. Finally,

continuity of the fourth derivative at the interior points (A.3b), with 𝑝 = 4, yields

𝜆4𝐶
(𝑗−1)
4 ℎ4𝑗−1 + 5𝜆4𝐶

(𝑗−1)
5 ℎ5𝑗−1 = 𝐶

(𝑗)
4 ℎ4𝑗 . (A.8)

Substitution of (A.5) into (A.8) results in

14𝜆3𝐶
(𝑗−1)
1 ℎ𝑗 + 2𝜆2𝐶

(𝑗−1)
2 ℎ2𝑗 + 16(1 + 𝜆3)𝐶

(𝑗)
1 ℎ𝑗 + 3(1− 𝜆2)𝐶

(𝑗)
2 ℎ2𝑗

+ 14𝐶
(𝑗+1)
1 ℎ𝑗 − 2𝐶

(𝑗+1)
2 ℎ2𝑗 = 30𝑦𝑗+1 + 30(𝜆4 − 1)𝑦𝑗 − 30𝜆4𝑦𝑗−1, (A.9)

for 2 ⩽ 𝑗 ⩽ 𝑁 − 1.

Taking 2 ⩽ 𝑗 ⩽ 𝑁 in expressions (A.7) and (A.9) one obtains a set of 2𝑁 − 2

equations with 2𝑁 + 2 unknowns. Therefore, four additional equations are needed.

These come from the constraints imposed at the end points 𝑗 = 1 and 𝑗 = 𝑁 + 1.

Two different sets of constraints are enforced at those points, hence leading to two

different sets of equations. First, consider the following constraints,

d𝑆(1)

dℓ
(ℓ1) = 0,

d3𝑆(1)

dℓ3
(ℓ1) = 0, (A.10a)

for the first point of the sequence 𝑗 = 1, and

d𝑆(𝑁)

dℓ
(ℓ𝑁+1) = 0,

d3𝑆(𝑁)

dℓ3
(ℓ𝑁+1) = 0, (A.10b)

for the last point 𝑗 = 𝑁 + 1. Expressions (A.10a) yield

𝐶
(1)
1 = 0, (A.11)

and

−36𝐶
(1)
1 ℎ1 − 9𝐶

(1)
2 ℎ21 − 24𝐶

(2)
1 ℎ1 + 3𝐶

(2)
2 ℎ21 = −60(𝑦2 − 𝑦1), (A.12)

respectively, where expression (A.5a) with 𝑗 = 2 has been used to obtain the latter.
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To apply conditions (A.10b) it is convenient to introduce a “ghost” subinterval

ℓ𝑁+1 ⩽ ℓ ⩽ ℓ𝑁+2 such that (A.3) are satisfied at point 𝑗 = 𝑁 + 1. By taking

d𝑆(𝑁+1)/dℓ = 0 at ℓ = ℓ𝑁+1 we find

𝐶
(𝑁+1)
1 = 0, (A.13)

and by virtue of (A.3b), with 𝑝 = 1, the first constraint in (A.10b) is satisfied. The

second constraint in (A.10b) together with expressions (A.5) with 𝑗 = 𝑁 + 1 leads

to

−24𝐶
(𝑁)
1 ℎ𝑁 − 3𝐶

(𝑁)
2 ℎ2𝑁 − 36𝐶

(𝑁+1)
1 ℎ𝑁 + 9𝐶

(𝑁+1)
2 ℎ2𝑁 = −60(𝑦𝑁+1 − 𝑦𝑁 ). (A.14)

Expression (A.11) through (A.14) represent the additional four equations needed to

close the system of equations (A.7) and (A.9). Thus, the 2𝑁 + 2 unknowns 𝐶
(𝑗)
1

and 𝐶
(𝑗)
2 for 1 ⩽ 𝑗 ⩽ 𝑁 + 1 can be found. The constraints given in (A.10) that

led to expressions (A.11) through (A.14) are labeled here as “𝑧-type” constraints,

because they fit the variation of the 𝑧-coordinate at points ℓ = ℓ1 and ℓ = ℓ𝑁+1;

accordingly, they are used to obtain the 𝐶𝑧 coefficients needed in (2.40a) of Chapter

2 corresponding to the data for the 𝑧-coordinate.

An heptadiagonal system of equations can be formed by arranging the equations

in the following order: First, (A.11) and (A.12); next (A.7) and (A.9), one after the

other for a given 𝑗, varying 2 ⩽ 𝑗 ⩽ 𝑁 , and, finally, (A.13) and (A.14) close the

system. This heptadiagonal system can be efficiently solved for the vector of 2𝑁 +2

unknowns{
𝐶

(1)
1 , 𝐶

(1)
2 , . . . , 𝐶

(𝑗−1)
1 , 𝐶

(𝑗−1)
2 , 𝐶

(𝑗)
1 , 𝐶

(𝑗)
2 , 𝐶

(𝑗+1)
1 , 𝐶

(𝑗+1)
2 , . . . , 𝐶

(𝑁+1)
1 , 𝐶

(𝑁+1)
2

}
using a banded-matrix solver routine, as the one available from Numerical Recipes

(Press et al., 2002).

Turning now our attention to the second set of constraints,

𝑆(1)(ℓ1) = 0,
d2𝑆(1)

dℓ2
(ℓ1) = 0,

d4𝑆(1)

dℓ4
(ℓ1) = 0, (A.15a)

for the first point of the sequence 𝑗 = 1, and

𝑆(𝑁)(ℓ𝑁+1) = 0,
d2𝑆(𝑁)

dℓ2
(ℓ𝑁+1) = 0,

d4𝑆(𝑁)

dℓ4
(ℓ𝑁+1) = 0, (A.15b)

for the last point 𝑗 = 𝑁+1. Notice that the first expressions in (A.15a) and (A.15b)
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are automatically satisfied provided 𝑦1 = 0 and 𝑦𝑁+1 = 0 are specified in the data

set. The condition imposed on the fourth derivative in (A.15a) leads to

8𝐶
(1)
1 ℎ1 +

3

2
𝐶

(1)
2 ℎ21 + 7𝐶

(2)
1 ℎ1 − 𝐶

(2)
2 ℎ21 = 15(𝑦2 − 𝑦1), (A.16)

where used has been made of expressions (A.5b) with 𝑗 = 2. The vanishing of the

second derivative in (A.15a) results in

𝐶
(1)
2 = 0. (A.17)

Again, adding a “ghost” subinterval as introduced above and using expressions (A.5)

with 𝑗 = 𝑁 + 1 yields

− 168𝐶
(𝑁)
1 ℎ𝑁 − 24𝐶

(𝑁)
2 ℎ2𝑁 − 192𝐶

(𝑁+1)
1 ℎ𝑁 + 36𝐶

(𝑁+1)
2 ℎ2𝑁

= −360(𝑦𝑁+1 − 𝑦𝑁 ), (A.18)

as a result of the condition on the fourth derivative given in (A.15b), whereas

𝐶
(𝑁+1)
2 = 0, (A.19)

is obtained from the constraint on the second derivative in (A.15b). Conditions

(A.15), which gave rise to expressions (A.16) to (A.19), are labeled as “𝑟-type”

end conditions because they specify the correct variation of the 𝑟-coordinate in the

neighborhood of ℓ = ℓ1 and ℓ = ℓ𝑁+1, and therefore are adequate to determining the

quintic splines coefficients 𝐶𝑟 appearing in (2.40b) associated with the 𝑟-coordinate

data. Expressions (A.16)-(A.19) with (A.7) and (A.9) for 2 ⩽ 𝑗 ⩽ 𝑁 define a

set of 2𝑁 + 2 equations with 2𝑁 + 2 unknowns that can also be arranged as an

heptadiagonal system of equations.

Interpolating function

Once the coefficients 𝐶
(𝑗)
𝑚 have been determined, expression (A.1) for the quintic

spline can be used to interpolate the values of 𝑦 or its derivatives with respect to

ℓ within the subinterval ℓ𝑗 ⩽ ℓ ⩽ ℓ𝑗+1 for 1 ⩽ 𝑗 ⩽ 𝑁 . For coding purposes, it is

convenient to write (A.1) in the form

𝑆(𝑗)(ℓ) = 𝑆(𝑗)(𝑡) = 𝑦𝑗 + 𝑡
(
𝐶

(𝑗)
1 ℎ𝑗 + 𝑡

(
𝐶

(𝑗)
2 ℎ2𝑗

+ 𝑡
(
𝐶

(𝑗)
3 ℎ3𝑗 + 𝑡

(
𝐶

(𝑗)
4 ℎ4𝑗 + 𝐶

(𝑗)
5 ℎ5𝑗 𝑡

))))
, (A.20)
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where 𝑡 = (ℓ− ℓ𝑗)/ℎ𝑗 . Differentiation of (A.20) yields

d𝑆(𝑗)

dℓ
(ℓ) =

1

ℎ𝑗

d𝑆(𝑗)

d𝑡
(𝑡) =

1

ℎ𝑗

(
𝐶

(𝑗)
1 ℎ𝑗

+ 𝑡
(
2𝐶

(𝑗)
2 ℎ2𝑗 + 𝑡

(
3𝐶

(𝑗)
3 ℎ3𝑗 + 𝑡

(
4𝐶

(𝑗)
4 ℎ4𝑗 + 5𝐶

(𝑗)
5 ℎ5𝑗 𝑡

))))
, (A.21)

which is used to interpolate values for the first derivative of 𝑦. After differentiation

of (A.21), the approximation of the second derivative of 𝑦 with respect to ℓ at the

𝑗th-point is given by 𝐶
(𝑗)
2 for 1 ⩽ 𝑗 ⩽ 𝑁 + 1.



Appendix B

Force on the outer boundary by

the dissipation method

In this analysis we obtain an expression for the force 𝐷2 that the fluid in 𝑉 exerts

on the outer boundary 𝑆2 in the e𝑥-direction by used of the dissipation method.

The analysis involves writing the equations of motion with respect to a noninertial

coordinate system. This procedure parallels that of §3.2.3 for the force 𝐷1 on the

bubble interface 𝑆1 when the outer boundary 𝑆2 is a free surface.

The incompressible Navier–Stokes equations relative to the laboratory reference

frame are

𝜌

(
∂u

∂𝑡
+ u ⋅ ∇u

)
= −∇𝑝+ 𝜇∇2u, (B.1)

∇ ⋅ u = 0. (B.2)

Consider a noninertial reference frame with an origin that moves with velocity

𝑈e𝑥 relative to the laboratory frame and does not rotate. The transformation

between coordinate systems is governed by the relations

x̂ = x−
∫ 𝑡

0
𝑈(𝑡′)e𝑥𝑑𝑡′, (B.3a)

𝑡 = 𝑡, (B.3b)

v = u− 𝑈e𝑥. (B.3c)

The form of the incompressible Navier–Stokes equations is invariant under the trans-

formation (B.3) provided a pseudo-pressure 𝑝 is defined as (Panton, 2005)

𝑝 ≡ 𝑝+ 𝜌�̇�e𝑥 ⋅ x̂, (B.4)
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so that the governing equations in the noninertial reference frame may be written

as

𝜌

(
∂v

∂𝑡
+ v ⋅ ∇̂v

)
= − ∇̂𝑝+ 𝜇∇̂2v, (B.5)

∇̂ ⋅ v = 0. (B.6)

With T̂ ≡ −𝑝1+𝜇
(
∇̂v + ∇̂v𝑇

)
, the right-hand side of (B.5) is ∇̂⋅T̂. Moreover,

with (B.4),

T̂ = T− 𝜌�̇�e𝑥 ⋅ x̂. (B.7)

Let

�̂�2 ≡ −
∫
𝑆2

n2 ⋅ T̂ ⋅ e𝑥𝑑𝐴. (B.8)

With (3.8) and (B.7), (B.8) yields

�̂�2 = 𝐷2 +

∫
𝑆2

𝜌�̇�e𝑥 ⋅ x̂(n2 ⋅ e𝑥)𝑑𝐴. (B.9)

The fluid motion is subjected to the following boundary conditions:

On 𝑆1,

n1 ⋅ v = 𝑞1, (B.10)

n1 ⋅ T̂ ⋅ t(𝛼)1 = n1 ⋅T ⋅ t(𝛼)1 = 0, for t
(𝛼)
1 ⊥n1. (B.11)

On 𝑆2,

n2 ⋅ u = 𝑞2, (B.12)

n2 ⋅ T̂ ⋅ t(𝛼)2 = n2 ⋅T ⋅ t(𝛼)2 = 0, for t
(𝛼)
2 ⊥n2, (B.13)

and thus both surfaces are taken as free surfaces. Taking the inner product of (B.5)

with v and invoking (B.6), leads to the mechanical energy equation for the motion

relative to the noninertial reference frame. That is, in integral form,

𝑑�̂�

𝑑𝑡
= −

∫
𝑆1

n1 ⋅ T̂ ⋅ v 𝑑𝐴+

∫
𝑆2

n2
ˆ⋅T ⋅ v 𝑑𝐴−

∫
𝑉
2𝜇D̂[v] : D̂[v] 𝑑𝒱, (B.14)
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where,

𝑑�̂�

𝑑𝑡
=

𝑑

𝑑𝑡

∫
𝑉
𝜌
∣v∣
2

2

𝑑𝒱 =

∫
𝑉
v ⋅ 𝜌

(
∂v

∂𝑡
+ v ⋅ ∇̂v

)
𝑑𝒱, (B.15)

and D̂[v] = 1
2

(
∇̂v + ∇̂v𝑇

)
.

With (B.3c) and (B.8), (B.11) and (B.13), (B.14) may be written as

�̂�2 =
1

𝑈

(
𝑑�̂�

𝑑𝑡
+

∫
𝑉
2𝜇D̂[v] : D̂[v] 𝑑𝒱 − �̂�

)
, (B.16)

where,

�̂� = −
∫
𝑆1

n1 ⋅ T̂ ⋅ n1𝑞1 𝑑𝐴+

∫
𝑆2

n2 ⋅ T̂ ⋅ n2𝑞2 𝑑𝐴. (B.17)

Now, the integrals in the left-hand side of (B.16) are evaluated in potential flow,

v = ∇̂𝜙. Momentum balance (B.5) reduces to the Bernoulli equation for potential

flow, i.e.

𝑝

𝜌
+
∂𝜙

∂𝑡
+

∣v∣
2

2

= 𝐵(𝑡). (B.18)

Then, (B.15) yields

𝑑�̂�

𝑑𝑡
= −

∫
𝑆1

(−𝑝)𝑞1𝑑𝑆 +

∫
𝑆2

(−𝑝)𝑞2𝑑𝑆 − 𝑈

∫
𝑆2

(−𝑝)n2 ⋅ e𝑥𝑑𝑆. (B.19)

Denoting D̂ = D̂[v = ∇𝜙], the dissipation integral in (B.16) becomes∫
𝑉
2𝜇D̂ : D̂𝑑𝒱 = −

∫
𝑆1

n1 ⋅ 2𝜇D̂ ⋅ v𝑑𝐴+

∫
𝑆2

n2 ⋅ 2𝜇D̂ ⋅ v𝑑𝐴

= −
∫
𝑆1

n1 ⋅ 2𝜇D̂ ⋅ n1𝑞1𝑑𝐴−
∫
𝑆1

n1 ⋅ 2𝜇D̂ ⋅ t(𝛼)1 (t
(𝛼)
1 ⋅ v)𝑑𝐴

− 𝑈

∫
𝑆2

n2 ⋅ 2𝜇D̂ ⋅ e𝑥𝑑𝐴+

∫
𝑆2

n2 ⋅ 2𝜇D̂ ⋅ n2𝑞2𝑑𝐴

+

∫
𝑆2

n2 ⋅ 2𝜇D̂ ⋅ t(𝛼)2 (t
(𝛼)
2 ⋅ u)𝑑𝐴, (B.20)

using the relation v = u−𝑈e𝑥 and boundary conditions (B.10) and (B.12). Substi-

tution of (B.19) and (B.20) into (B.16), with (B.17) given by potential flow, leads
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to

�̂�2 =−
∫
𝑆2

(
−𝑝+ n2 ⋅ 2𝜇D̂ ⋅ n2

)
n2 ⋅ e𝑥𝑑𝐴+

1

𝑈

∫
𝑆2

n2 ⋅ 2𝜇D̂ ⋅ t(𝛼)2

(
t
(𝛼)
2 ⋅ v

)
𝑑𝐴

− 1

𝑈

∫
𝑆1

n1 ⋅ 2𝜇D̂ ⋅ t(𝛼)1

(
t
(𝛼)
1 ⋅ v

)
𝑑𝐴. (B.21)

Using (B.4) and (B.9), with D = D[u] = D̂[v] from the transformation (B.3),

expression (B.21) results in (3.34) that is given in §3.2.3.
Finally, expression (3.35) for 𝐷1 +𝐷2 is obtained using the self-equilibration of

irrotational viscous stresses. This implies,∫
𝑉
∇ ⋅ 2𝜇D ⋅ e𝑥𝑑𝒱 = −

∫
𝑆1

n1 ⋅ 2𝜇D ⋅ e𝑥𝑑𝐴+

∫
𝑆2

n2 ⋅ 2𝜇D ⋅ e𝑥𝑑𝐴 = 0, (B.22)

which gives rise to the relation,∫
𝑆1

n1 ⋅ 2𝜇D ⋅ n1(n1 ⋅ e𝑥)𝑑𝐴+

∫
𝑆1

n1 ⋅ 2𝜇D ⋅ t(𝛼)1 (t
(𝛼)
1 ⋅ e𝑥)𝑑𝐴 =∫

𝑆2

n2 ⋅ 2𝜇D ⋅ n2(n2 ⋅ e𝑥)𝑑𝐴+

∫
𝑆2

n2 ⋅ 2𝜇D ⋅ t(𝛼)2 (t
(𝛼)
2 ⋅ e𝑥)𝑑𝐴 = 0. (B.23)

The reason why each of the surface integrals in (B.22) vanishes is shown in Appendix

C.



Appendix C

The net resultant of the viscous

stress on a closed surface in

potential flow∗

Consider a closed surface 𝑆 bounding a region 𝑉 of incompressible Newtonian fluid

in which the motion is irrotational. The deviatoric stress is given by 𝝉 = 2𝜇∇⊗∇𝜙,
where 𝜙 is the velocity potential that satisfies Laplace’s equation in 𝑉 , by continuity,

and 𝜇 is the dynamic viscosity. Then, the divergence of 𝝉 is zero in 𝑉 . As a

consequence, the statement “the traction vectors n ⋅𝝉 have no net resultant on each

and every closed surface in the domain 𝑉 of flow”Joseph (2006) follows immediately,

since ∫
𝐷
∇ ⋅ 𝝉𝑑𝒱 =

∫
Γ
n ⋅ 𝝉𝑑𝐴 = 0, (C.1)

by used of the divergence theorem, where 𝐷 is an arbitrary volume in 𝑉 with

boundary Γ, and n is the outward normal unit vector to Γ. The surface integral in

(C.1) represents the net irrotational viscous stress over Γ.

A proof of the above statement that the surface integral in (C.1) vanishes for

every closed surface in the fluid domain is not obvious for a “periphractic” region.

A three-dimensional region is periphractic “when it is bounded internally by one or

more closed surfaces” (Milne-Thomson, 1968, p. 97). Thus, a periphractic region

has one or more holes embedded in it, but no hole runs through the outer boundary,

and thus the volume is simply connected.

∗Appendix by R. Fosdick and J. C. Padrino, Department of Aerospace Engineering and Me-
chanics, University of Minnesota, Minneapolis, Minnesota 55455, USA.
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Consider now a periphractic three-dimensional region bounded externally by a

surface 𝑆 enclosing a fluid volume 𝑉 and one or more embedded holes. Suppose the

fluid motion in 𝑉 is irrotational. Consider a closed surface Γ immersed in 𝑉 . This

surface may surround a volume totally filled with fluid or there can be one or more

holes enclosed by Γ. We wish to show that∫
Γ
n ⋅ 𝝉𝑑𝐴 =

∫
Γ
n ⋅ 2𝜇∇⊗∇𝜙𝑑𝐴 = 0 . (C.2)

Using Cartesian index notation, since 𝜏𝑖𝑗 = 2𝜇𝜙,𝑖𝑗 and 𝜙,𝑖𝑖 = 0, where “,” denotes

partial differentiation with respect to the Cartesian coordinates indexed after it, we

may write

𝜏𝑖𝑗 = 𝜀𝑖𝑘𝑡𝜀𝑗𝑟𝑠𝐵𝑟𝑘,𝑠𝑡 , (C.3)

provided we take

𝐵𝑟𝑘 ≡ −2𝜇𝛿𝑟𝑘𝜙 , (C.4)

where 𝜀𝑖𝑗𝑘 is the permutation symbol and 𝛿𝑖𝑗 is the Kronecker delta. This follows

by simple reduction of indices, since, with (C.4), (C.3) yields

𝜏𝑖𝑗 = −2𝜇𝜀𝑖𝑘𝑡𝜀𝑗𝑟𝑠𝛿𝑟𝑘𝜙,𝑠𝑡 = −2𝜇𝜀𝑖𝑘𝑡𝜀𝑗𝑘𝑠𝜙,𝑠𝑡 = −2𝜇(𝛿𝑡𝑠𝛿𝑖𝑗 − 𝛿𝑡𝑗𝛿𝑖𝑠)𝜙,𝑠𝑡 = 2𝜇𝜙,𝑖𝑗 .(C.5)

The form of (C.3) is known as a “Beltrami representation” of the stress (see §4 in

the work of Fosdick and Royer-Carfagni, 2005). Note that 𝜏𝑖𝑗 is symmetric provided

𝐵𝑖𝑗 is also symmetric. Now, with this representation and using Stokes’ theorem, we

have ∫
Γ
𝑛𝑖𝜏𝑖𝑗𝑑𝐴 =

∫
Γ
𝑛𝑖𝜀𝑖𝑘𝑡𝜀𝑗𝑟𝑠𝐵𝑟𝑘,𝑠𝑡𝑑𝐴 = 0 (C.6)

for every closed surface Γ in 𝑉 . Thus, (C.2) holds and the net viscous irrotational

stress on any closed surface Γ in 𝑉 is zero.

It is also true that, because of the Beltrami representation above, the moment of

the irrotational viscous stress on every closed surface Γ in 𝑉 about any fixed point

(say, the origin of the coordinate system) is zero. That is,∫
Γ
x× (n ⋅ 𝝉 ) 𝑑𝐴 = 0 , (C.7)
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or, in Cartesian index notation,∫
Γ
𝜀𝑙𝑚𝑗𝑥𝑚𝑛𝑖𝜏𝑖𝑗𝑑𝐴 = 0 . (C.8)

By applying the divergence theorem, Joseph (2008) obtained (C.7) without using

representation (C.3) for a region with no embedded holes.

Both balances together say that any closed surface Γ in 𝑉 is “self-equilibrated”.

Results (C.2) and (C.7) apply, in particular, to the outer and inner boundaries of

𝑉 .



Appendix D

Velocity potential coefficients

The expression for 𝑞1 in (3.44) may be rewritten in terms of Legendre polynomials

as

𝑞1 = �̇�1 + �̇�𝑃1(𝑧)− 2

3

𝜖�̇�

𝑅1
(1− 𝑃2(𝑧)) +𝑂(𝜖2), (D.1)

where 𝑧 = cos 𝜃. Using (3.43) for the potential 𝜙, expressions (3.49) for coefficients

𝐴𝑙 and 𝐵𝑙, and (3.46) for n1, we can compute

n1 ⋅ ∇𝜙
∣∣
𝑆1

= −𝐵0𝑅
−2
1 + 2𝜖𝐵0𝑅

−3
1 𝑃1(𝑧) +

∞∑
𝑙=1

[
𝑙𝐴

(0)
𝑙 𝑅𝑙−1

1 − (𝑙 + 1)𝐵
(0)
𝑙 𝑅−𝑙−2

1

]
𝑃𝑙(𝑧)

+𝜖

∞∑
𝑙=1

[
𝑙𝐴

(1)
𝑙 𝑅𝑙−1

1 − (𝑙 + 1)𝐵
(1)
𝑙 𝑅−𝑙−2

1

]
𝑃𝑙(𝑧)

+𝜖
∞∑
𝑙=2

[
(𝑙 − 1)2𝐴

(0)
𝑙−1𝑅

𝑙−3
1 + {(𝑙 + 1)2 − 2}𝐵(0)

𝑙−1𝑅
−𝑙−2
1

] 𝑙

2𝑙 − 1
𝑃𝑙(𝑧)

+𝜖
∞∑
𝑙=0

[
(𝑙2 − 2)𝐴

(0)
𝑙+1𝑅

𝑙−1
1 + (𝑙 + 2)2𝐵

(0)
𝑙+1𝑅

−𝑙−4
1

] 𝑙 + 1

2𝑙 + 3
𝑃𝑙(𝑧)

+𝑂(𝜖2). (D.2)

Then, satisfying (3.44) with (D.1) and (D.2), applying orthogonality of Legendre

polynomials and equating terms of alike powers of 𝜖, gives rise to this set of relations
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for the coefficients in (3.49):

−𝐵𝑜𝑅
−2
1 = �̇�1 (D.3)

𝐴
(0)
1 − 2𝐵

(0)
1 𝑅−3

1 = �̇� (D.4)

2𝐵0𝑅
−3
1 +𝐴

(1)
1 − 2𝐵

(1)
1 𝑅−3

1 +
2

5

(
−𝐴(0)

2 + 9𝐵
(0)
2 𝑅−5

1

)
= 0 (D.5)

2𝐴
(0)
2 𝑅1 − 3𝐵

(0)
2 𝑅−4

1 = 0 (D.6)

2𝐴
(1)
2 𝑅1 − 3𝐵

(1)
2 𝑅−4

1 +
2

3

(
𝐴

(0)
1 𝑅−1

1 + 7𝐵
(0)
1 𝑅−4

1

)
+
3

7

(
2𝐴

(0)
3 𝑅1 + 16𝐵

(0)
3 𝑅−6

1

)
=

2

3

�̇�

𝑅1
, (D.7)

and, for 𝑙 ⩾ 3,

𝑙𝐴
(0)
𝑙 𝑅𝑙−1

1 − (𝑙 + 1)𝐵
(0)
𝑙 𝑅−𝑙−2

1 = 0 (D.8)

𝑙𝐴
(1)
𝑙 𝑅𝑙−1

1 −(𝑙+1)𝐵
(1)
𝑙 𝑅−𝑙−2

1 +
[
(𝑙 − 1)2𝐴

(0)
𝑙−1𝑅

𝑙−3
1 + {(𝑙 + 1)2 − 2}𝐵(0)

𝑙−1𝑅
−𝑙−2
1

] 𝑙

2𝑙 − 1

+
[
(𝑙2 − 2)𝐴

(0)
𝑙+1𝑅

𝑙−1
1 + (𝑙 + 2)2𝐵

(0)
𝑙+1𝑅

−𝑙−4
1

] 𝑙 + 1

2𝑙 + 3
= 0. (D.9)

Furthermore, we recall (3.47) and (3.48),

𝐵0 = −𝑅2
2�̇�2 = −𝑅2

1�̇�1, (3.47)

𝐴𝑙𝑙𝑅
𝑙−1
2 = 𝐵𝑙(𝑙 + 1)𝑅−𝑙−2

2 for 𝑙 ⩾ 1, (3.48)

respectively. Note that (D.3) is satisfied by (3.47).

From (D.6) and (D.8), using expression (3.48), we obtain 𝐴
(0)
𝑙 = 𝐵

(0)
𝑙 = 0 for 𝑙 ⩾

2. Then, using these results in (D.9), combined with (3.48), yields 𝐴
(1)
𝑙 = 𝐵

(1)
𝑙 = 0

for 𝑙 ⩾ 3.

Next, the system (D.4)-(D.7) gives rise to expressions for 𝐴
(0)
1 , 𝐵

(0)
1 , 𝐴

(1)
1 and

𝐵
(1)
1 . This leads to (3.50), and also to 𝐴

(1)
2 and 𝐵

(1)
2 after some algebra. That is, to

first order in 𝜖,

𝐴2 = − 3𝜖�̇�𝑅3
1𝑅

3
2

2(𝑅3
2 −𝑅3

1)(𝑅
5
2 −𝑅5

1)
, 𝐵2 = − 𝜖�̇�𝑅3

1𝑅
8
2

(𝑅3
2 −𝑅3

1)(𝑅
5
2 −𝑅5

1)
. (D.10)

Notice that, although 𝐴2 = 𝐵2 = 0 for 𝜖 = 0, their time derivatives, needed in the

unsteady Bernoulli equation, do not vanish, in general, at 𝜖 = 0. However, it turns

out that the 𝑙 = 2 terms do not contribute at all to the forces on 𝑆1 and 𝑆2 in the

e𝑥-direction with 𝜖 = 0 because of orthogonality of Legendre polynomials.



Appendix E

Integration formula

In the analysis presented in §4.3 and §4.4, the following formula is used,∫
𝒮

(
𝐵 + �̄�

)(
𝐶 + 𝐶

)
d𝒮 = 2

∫
𝒮
Re
[
𝐵𝐶 +𝐵𝐶

]
d𝒮 = 2Re

[∫
𝒮

(
𝐵𝐶 +𝐵𝐶

)
d𝒮
]
, (E.1)

where 𝒮 denotes the region of integration and 𝐵 and 𝐶 are complex fields. The bar

indicates complex conjugate and Re [⋅] is a linear operator that returns the real part

of a complex number.
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Appendix F

Integrals of the mechanical

energy equation

Performing the integrals in (5.36) gives rise to the following results:

𝑑

𝑑𝑡

∫
𝑉
𝜌
∣u∣2
2

d𝑉 =
∞∑
ℓ=0

ℓ∑
𝑚=0

𝐹ℓ𝑚4𝜋𝑎𝜌
(
𝐴ℓ𝑒

−𝜎ℓ𝑡 +𝐴ℓ𝑒
−�̄�ℓ𝑡

)
(−𝜎ℓ𝐴ℓ𝑒

−𝜎ℓ𝑡 − �̄�ℓ𝐴ℓ𝑒
−�̄�ℓ𝑡

) ℓ

2ℓ+ 1

(ℓ+𝑚)!

(ℓ−𝑚)!
, (F.1)

∫
𝒮
𝛾

𝑎2
(𝐿2 − 2)𝜁𝑢𝑟d𝒮 =

∞∑
ℓ=0

ℓ∑
𝑚=0

𝐹ℓ𝑚4𝜋
𝛾

𝑎2
(
𝐴ℓ𝑒

−𝜎ℓ𝑡 +𝐴ℓ𝑒
−�̄�ℓ𝑡

)
(
−𝐴ℓ

𝜎ℓ
𝑒−𝜎ℓ𝑡 − 𝐴ℓ

�̄�ℓ
𝑒−�̄�ℓ𝑡

)
(ℓ+ 2)ℓ2(ℓ− 1)

2ℓ+ 1

(ℓ+𝑚)!

(ℓ−𝑚)!
, (F.2)

and∫
𝒮
n ⋅ 2𝜇D ⋅ ud𝒮 =

∞∑
ℓ=0

ℓ∑
𝑚=0

𝐹ℓ𝑚
8𝜋𝜇

𝑎

(
𝐴ℓ𝑒

−𝜎ℓ𝑡 +𝐴ℓ𝑒
−�̄�ℓ𝑡

)2
ℓ(ℓ− 1)

(ℓ+𝑚)!

(ℓ−𝑚)!
, (F.3)

where we have reckoned with standard formulae for integrals concerning spherical

harmonics. 𝐹ℓ𝑚 denotes real constants that follows from (5.11).
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Appendix G

An analysis for maximum 𝐾∗

Here we look for the angular position on the surface of the sphere at which the

maximum value of the cavitation number 𝐾 occurs. This position is the most

vulnerable to cavitation.

For the potential flow solution, the stress tensor is given in (6.36). Suppose that

𝑇11 is the maximum tensile stress such that 𝑇11 ≥ 𝑇33 ≥ 𝑇22. If we consider the

surface of the sphere 𝑟 = 𝑎 and use the cavitation criterion 𝑇11 + 𝑝c = 0, we obtain

from (6.36)

𝐾 =
9

4
sin2 𝜃 − 1 +

3

𝑅𝑒

(
cos 𝜃 +

2 sin 𝜃

sin 2𝛼

)
, (G.1)

Considering the expression for 𝛼 given in (6.32)

tan 2𝛼 =
2

3
tan 𝜃, (G.2)

we can write (G.1) as

𝐾 =
9

4
sin2 𝜃 − 1 +

3

𝑅𝑒

[
cos 𝜃 + 3 cos 𝜃

√
1 +

4

9
tan2 𝜃

]
, (G.3)

for 0 ≤ 𝜃 ≤ 𝜋/2, whereas

𝐾 =
9

4
sin2 𝜃 − 1 +

3

𝑅𝑒

[
cos 𝜃 − 3 cos 𝜃

√
1 +

4

9
tan2 𝜃

]
, (G.4)

∗Prof. W. A. Sirignano, of the University of California, Irvine, contributed to this appendix.
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for 𝜋/2 < 𝜃 ≤ 𝜋. Taking the derivative of 𝐾 in (G.3), we find

∂𝐾

∂𝜃
=

9

2
sin 𝜃 cos 𝜃 − 3

𝑅𝑒
sin 𝜃

[
1 +

5√
9 + 4 tan2 𝜃

]
. (G.5)

It is obvious that 𝜃 = 0 is a solution of ∂𝐾/∂𝜃 = 0 at any Reynolds number.

We compute ∂2𝐾/∂𝜃2 to determine whether 𝐾 at 𝜃 = 0 is a local maximum or

minimum. From (G.5), the second derivative of 𝐾 is

∂2𝐾

∂𝜃2
=

9

2
cos 2𝜃 +

60 sec 𝜃 tan2 𝜃

𝑅𝑒 (9 + 4 tan2 𝜃)
3/2

− cos 𝜃

𝑅𝑒

(
3 +

15√
9 + 4 tan2 𝜃

)
. (G.6)

When 𝜃 = 0, we have

∂2𝐾

∂𝜃2
(𝜃 = 0) =

9

2
− 8

𝑅𝑒
. (G.7)

Thus ∂2𝐾/∂𝜃2 at 𝜃 = 0 is negative when 𝑅𝑒 < 16/9 and positive when 𝑅𝑒 > 16/9.

This result indicates that 𝐾 at 𝜃 = 0 is a local maximum when 𝑅𝑒 < 16/9 and is a

local minimum when 𝑅𝑒 > 16/9. Substitution of 𝜃 = 0 in (G.3) yields

𝐾(𝜃 = 0) =
12

𝑅𝑒
− 1, (G.8)

which is a local maximum of 𝐾 for 𝑅𝑒 < 16/9 in the interval 0 ≤ 𝜃 ≤ 𝜋/2.

Besides 𝜃 = 0, there is a second solution for ∂𝐾/∂𝜃 = 0 which depends on

𝑅𝑒 and has a very complicated expression. If the value of 𝑅𝑒 is very high, then

∂𝐾/∂𝜃 ≈ 9 sin(2𝜃)/4. The second solution is close to 𝜃 = 𝜋/2. We also notice that

∂2𝐾/∂𝜃2 < 0 at 𝜃 = 𝜋/2 when 𝑅𝑒 is high. Therefore, the maximum value of 𝐾

occurs near 𝜃 = 𝜋/2 when 𝑅𝑒 is high in the interval 0 ≤ 𝜃 ≤ 𝜋/2.

Similarly, from (G.4), 𝐾 has a local maximum at 𝜃 = 𝜋 when 𝑅𝑒 < 4/9 and

has a local minimum at this position when 𝑅𝑒 > 4/9 in the interval 𝜋/2 < 𝜃 ≤ 𝜋.

Substitution of 𝜃 = 𝜋 into (G.4) gives this local maximum for 𝑅𝑒 < 4/9 in the

interval 𝜋/2 < 𝜃 ≤ 𝜋,

𝐾(𝜃 = 𝜋) =
6

𝑅𝑒
− 1. (G.9)

A second solution, as a complicated function of 𝑅𝑒, can be written for ∂𝐾/∂𝜃 = 0.

For high 𝑅𝑒, this solution gives that 𝐾 goes to a maximum when 𝜃 approaches 𝜋/2.

A comparison of (G.8) and (G.9) allows us to discard the position 𝜃 = 𝜋. Sum-

marizing our findings for viscous potential flow, 𝐾 reaches a maximum at 𝜃 = 0

when 𝑅𝑒 < 16/9 in the interval of interest 0 ≤ 𝜃 ≤ 𝜋. In addition, in the limit of
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high 𝑅𝑒, 𝐾 is maximum at 𝜃 = 𝜋/2 in this interval. These results are verified in

figures 6.9 (b) and 6.12 (b) for low 𝑅𝑒 and figures 6.11 (a) and 6.14 (a) for high 𝑅𝑒.

For the Stokes flow solution, the stress tensor on the surface of the sphere is

given in (6.24). With 𝑇11 + 𝑝c = 0, we obtain

𝐾 =
3

2
(cos 𝜃 + sin 𝜃). (G.10)

The maximum 𝐾 occurs at 𝜃 = 𝜋/4 or 45∘. Thus 𝜃 = 45∘ is the location most

vulnerable to cavitation on the surface of the sphere. This result is illustrated in

figures 6.9 (a) and 6.12 (a) when 𝑅𝑒 = 0.01.



Appendix H

Validation of the numerical

setup used in Chapter 6

The numerical strategy implemented in this work is validated by comparing our

results with those from various publications collected by Johnson and Patel (1999).

The evaluation is performed in terms of the drag coefficient and two relevant geo-

metric parameters of the flow, namely, the separation angle 𝜃𝑠 and the separation

length 𝑥𝑠 as a function of the Reynolds number 𝑅𝑒. The separation angle 𝜃𝑠 repre-

sents the angle, measured from the rear stagnation point, where the flow separates

from the sphere. The separation length 𝑥𝑠 represents the distance along the axis

of symmetry, measured from the rear stagnation point, where the separated flow

rejoins. These two parameters, the separation angle and length, are described in

figure H.1. The drag coefficient is defined as:

𝐶𝐷 =
𝐹𝑧′

1
2𝜌𝑈

2𝜋𝑎2
(H.1)

where 𝐹𝑧′ represents the force that the fluid motion produces on the body in the

streamwise direction.

The data considered in this study embraces the experimental results of Taneda

(1956) and the numerical results of Pruppacher, Le Clair and Hamiliec (1970),

Tomboulides (1993) and Magnaudet, Rivero and Fabre (1995). In addition, the

results presented by Roos and Willmarth (1971) as well as the data owed to John-

son and Patel (1999) are included. Excellent agreement between our numerical

values and the corresponding results from the literature is observed in figure H.2.

Once the velocity field has been determined from the numerical solution of the

governing equations, the stream function and vorticity fields can be computed by

212



213

𝑈 𝜃𝑠 𝑥𝑠

Figure H.1: Sketch showing two geometric parameters of the axisymmetric flow past
a sphere: polar separation angle 𝜃𝑠 and separation length 𝑥𝑠.

the computational fluid dynamics package using the velocity components known at

every node. The stream function is expressed in terms of the connection between

conservation of mass and the definition of streamlines. Since a streamline is deter-

mined by a constant value of the stream function, the mass rate of flow between two

streamlines is given by the difference of the stream function’s values correspond-

ing to these streamlines (Fluent 6.1 User’s Guide, 2003). Figure H.3 presents the

streamlines for streaming flow past a sphere for 𝑅𝑒 = 0.01, 10 and 100. For the

former case, the classic symmetric pattern with respect to the equator of the sphere

(𝜃 = 𝜋/2) is observed. As 𝑅𝑒 increases, this symmetry disappears and the sepa-

ration of the laminar boundary layer for 𝑅𝑒 = 10 is about to occur (Johnson and

Patel, 1999). For 𝑅𝑒 = 100, separation has taken place and a well defined stable

axisymmetric recirculation region is formed behind the sphere. For 𝑅𝑒 = 0.01, 10

and 100, the vorticity contours 𝜔𝑎/𝑈 are presented in figure H.4. For the lower 𝑅𝑒,

the diffusion of vorticity prevails and the levels of vorticity show symmetry with

respect to the axis 𝜃 = 𝜋/2. For 𝑅𝑒 = 10 and 𝑅𝑒 = 100 the vorticity is convected

by the fluid motion.
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Figure H.2: Comparison between the numerical results from this study with data
from the literature: (a) Drag coefficient 𝐶𝐷; (b) polar separation angle 𝜃𝑠 (is zero
at the rear stagnation point), and (c) separation length 𝑥𝑠 versus 𝑅𝑒. All the data
from previous works is extracted from the paper of Johnson and Patel (1999).
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(a)

(b)

(c)

Figure H.3: Streamline pattern 𝜓/𝑎𝑈2 for streaming flow past a sphere from the
numerical solution for various Reynolds numbers; (a) 𝑅𝑒 = 0.01, (b) 𝑅𝑒 = 10, (c) 𝑅𝑒
= 100. The streamline 𝜓= 0 corresponds to the axis of symmetry and the sphere’s
surface.
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Figure H.4: Vorticity contours 𝜔𝑎/𝑈 for various 𝑅𝑒 from the numerical solution.
(a) 𝑅𝑒 = 0.01, (b) 𝑅𝑒 = 10, (c) 𝑅𝑒 = 100. The solid lines (for 𝑅𝑒 = 100) represent
contours of positive vorticity.
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