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ABSTRACT

Wall-bounded turbulent flows play a critical role in a variety of engineering applications.

A detailed understanding of the fundamental processes underlying these flows is crucial

to the accurate modeling and design of efficient and practical systems. The present

studies are directed towards demonstrating the utility of experimental and numerical

approaches in tandem to elucidate the structure and dynamics of wall-bounded turbulent

flows over a range of Reynolds numbers.

The first part of this thesis deals with the use of Dual Plane Particle Image Ve-

locimetry (DPPIV) to understand the organization of vortex structures in the logarith-

mic region of turbulent boundary layer and channel flows. DPPIV provides the full

velocity gradient tensor in a plane parallel to the wall and was used to calculate the

projection angles of vortex structures with the three coordinate directions. In order to

validate the experimental technique for identification of vortex cores, Direct Numerical

Simulation (DNS) data at a comparable Reynolds number and higher resolution were

used. The DNS data were averaged to the resolution of the DPPIV data and a vortex

core identification routine was implemented to compare the raw DNS, averaged DNS

and DPPIV data. It was observed that results from the DPPIV data match those from

the raw and averaged DNS data very well. This confirms that DPPIV is a robust tech-

nique for calculating vortex core statistics, and the resolution of the measurements is

sufficient to adequately resolve these structures.

The second part of the thesis examines the effect of Reynolds number on the scale

energy budget in wall-bounded turbulent flows. An understanding of the distribution of

turbulent kinetic energy across the momentum deficit region in wall-bounded turbulent

flows is critical to the complete understanding of the energy dynamics in these flows.

The scale energy budget provides a tool to simultaneously assess the influence of spatial

location and scales in the flow on the distribution of turbulent energy. This analysis

was conducted using three DNS data sets across a range of Reynolds numbers, and

results from these data were compared to results from an earlier study at a smaller

Reynolds number. It is observed that the previous low Reynolds number study did

not sufficiently resolve all the quantities of the energy budget in the near-wall region,

primarily due of the lack of a distinct logarithmic region in the low Reynolds number
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simulation. Close to the wall, no effects of Reynolds number were observed on the terms

of the scale energy analysis across the datasets studied. Upon moving away from the

wall, the turbulent production term did not display any effects of Reynolds number,

while the scale transfer term increased with increasing Reynolds number. As a result

the cross-over scale, a quantity related to the shear scale in turbulent flows, increased

with increasing Reynolds numbers for all datasets. The shear scale provides the scale at

which the change from an isotropy-recovering range to an anisotropic region is observed,

while the cross-over scale provides a transition between a transfer dominated range to

a production dominated range of scales. The plot of cross-over scale versus wall-normal

location revealed that the slope of the best fit lines increased with increasing Reynolds

number. Further, the slope of the best fit line decreased with increasing wall-normal

location.

DPPIV data were also used to conduct the same analysis in turbulent boundary

layers across a range of Reynolds numbers. The aim of using DPPIV data was to quan-

tify the effects of Reynolds number on the scale energy analysis, using larger Reynolds

number experimental data. The effects of resolution and Reynolds number on the DP-

PIV data were assessed and described in detail. The effect of resolution was most

dominant on the wall-normal gradients of the streamwise and spanwise velocities, and

hence the transfer of energy in physical space and the transfer of energy in scale space

were overestimated in the lower resolution data. The effect of resolution was smallest

on the turbulent production term, since it does not contain of any fluctuating velocity

gradients. With increasing Reynolds numbers, the production term did not change sig-

nificantly in the logarithmic layer, while the scale transfer term increased, resulting in a

larger range of transfer-dominated scales. The value of the cross-over scale between the

effective production and scale transfer term increased with increasing Reynolds number,

suggesting a larger range of isotropic-type transfer dominated scales. In conclusion, it

was demonstrated that DPPIV in tandem with DNS can be used to reliably assess the

scale energy budget in wall-bounded turbulent flows.
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Chapter 1

Introduction

1.1 Motivation

Many practical flows, such as smoke from a chimney or flow in a waterfall, are turbulent.

Canonical turbulent flows in which the mean velocity is parallel to a solid surface, or

wall-bounded turbulent flows, can be classified into three broad categories - turbulent

boundary layers, where the flow occurs over the surface of a body; turbulent channel

flows, where the flow occurs between two parallel walls, and turbulent pipe flows, where

the flow moves through a circular section. There are many other wall-bounded turbulent

flows, including those with flow separation or recirculation. Each of these flows have

certain unique characteristics, but all of them obey the “no-slip” boundary condition.

Due to the action of viscous forces of the fluid, the velocity of the fluid at the surface

of the body must exactly equal the surface velocity. The turbulent region of lower

momentum fluid generated due to the solid surface is made up of eddies of varying

spatial and temporal scales, making the understanding and prediction of the overall

flow very difficult.

The region over which the average fluid velocity increases from the surface velocity to

the free-stream value is known as the boundary layer. In internal flows such as channel

and pipe flows, the flow far downstream of the inlet is fully-developed, and statistics do

not vary with the streamwise position. In these flows, the entire flow is turbulent and

is affected by the presence of the wall.

Control strategies directed towards drag reduction have great potential to reduce

1
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the energy needed for these processes. For example, a reduction in the turbulent skin

friction drag over aircraft can lead to a significant reduction in fuel usage, resulting in

larger aircraft operating ranges while simultaneously reducing the amount of pollutants

and fuel costs. Various studies in the past have demonstrated that swirling regions of

fluid, commonly known as “eddies”, play a significant role in boundary layer dynamics.

These regions help in both the transport and sustenance of turbulent fluctuations in the

flow. A complete understanding of the evolution, interaction and sustenance of these

eddies can provide a comprehensive picture of the dominant scales and mechanisms in

the near wall region. Achieving drag reduction and other outcomes can be realized

by accurately understanding the eddy processes in the turbulent region of the flow,

and a control of these structures could translate into huge benefits in terms of cost and

environmental impact. Hence an accurate understanding of eddy dynamics is important

in a large number of engineering applications.

One of the main aims of these studies is to understand the structure and distribu-

tion of the swirling eddies in the region close to the wall. Further, it is necessary to

understand the energy transfer and distribution among eddies of various spatial scales,

so that the energy dynamics of this region can be elucidated. Thus, the motivation of

this work is to provide a better understanding of processes occurring in wall bounded

turbulent flows by studying the eddy dynamics across the turbulent boundary layer.

There has always been a motivation among researchers to use the advantages of

both experimental and numerical techniques towards understanding flow phenomena,

which might have not been feasible exclusively by each of the methods. Experimental

methods were the among the first steps taken by researchers towards understanding

physical phenomena which were observed in nature and in the laboratory. Early exper-

imental techniques involved the measurement of basic fluid properties such as pressure

and temperature, and did not provide full information about the flow under consider-

ation. The rapid development of experimental techniques over the last 20 − 30 years

has provided additional impetus towards the use of these methods to understand the

fundamental ideas of fluid mechanics. Simultaneously, the exponential growth of com-

putational power has contributed to improved computational methods to numerically

simulate complex flows. Computational methods have the advantage of flexibility and

high accuracy, and can provide full three dimensional information in the entire fluid
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domain. However, the role of experimental methods can not be understated, since ex-

perimental validation is required for every successful computational model, while also

pushing the limits of Reynolds numbers which can be studied. In this regard, it appears

to make very good sense to combine the advantages of these two independent approaches

towards providing a complete picture of turbulent flows.

The studies in this thesis are aimed towards utilizing information from Direct Numer-

ical Simulation (DNS) data of a fully developed turbulent channel flow and Dual Plane

PIV (DPPIV) data of a turbulent boundary layer, in order to understand the dynamics

of the near-wall region in turbulent flow. Although these two flows are fundamentally

different in nature, it is expected that the effects of the opposing wall in the channel flow

are minimal for a wall-normal location less than 0.6 times the channel half-width. The

possible methods to utilize data from these two techniques are as follows - firstly, results

from DNS and DPPIV data at nominally equal Reynolds numbers can be compared to

demonstrate the advantages and disadvantages of utilizing experimental data to study

turbulent flows. Secondly, experimental data at higher Reynolds numbers can be used

to understand the effect of Reynolds number on these flows and results. The DNS data

provides benchmark results to compare against while understanding Reynolds number

effects. Further, the DNS data can also provide higher resolution data to compare

experimental data with lower resolution in general, to characterize the possible effects

of resolution on the analysis of these turbulent flows. These comparative studies can

improve understanding of the dynamics of wall bounded turbulent flows over a range of

Reynolds numbers across various wall-normal locations.

1.2 Previous Work

This section summarizes the previous work conducted towards understanding the dy-

namics of turbulent boundary layers. The section will be broadly divided into four parts

- 1. Preliminary background, where definitions and background on terminology and

analysis in turbulent flows will be provided; 2. Vortex structure identification,

where the attempts to identify and visualize vortex structures in both an instantaneous

and statistically averaged sense will be described; 3. Scale energy balance, where

the turbulent kinetic energy content and transfer in various regions of the boundary
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layer will be described; 4. Reynolds number effects in wall turbulence, where

the trends and scaling with Reynolds number observed in experimental and numerical

studies will be presented; 5. PIV techniques in wall turbulence, where Particle

Image Velocimetry (PIV) techniques used to study wall turbulence will be summa-

rized. The coordinate system used in this thesis is as follows: (x, y, z) represent the

streamwise, wall-normal and spanwise directions respectively. (U, V,W ) represent the

instantaneous velocity components in the streamwise, wall-normal and spanwise direc-

tions, while (u, v, w) represent the fluctuating component of the instantaneous velocity

in these directions.

1.2.1 Preliminary background

The studies in this thesis will deal with turbulent boundary layers and turbulent channel

flows. The boundary layer is the region of momentum deficit occurring close to the

surface of a body with external flow over it. The simplest example of the evolution of

a boundary layer is the case of a flat plate in uniform flow, as shown in figure 1.1. At

the leading edge of the flat plate when the fluid first comes in contact with the surface,

the boundary layer is initiated. Near the leading edge, the laminar boundary layer is

formed, and this has been studied in detail by previous workers and has an analytical

solution, commonly known as the Blasius solution. The laminar boundary layer is well-

defined and characterized by a lack of mixing and low shear stresses. With increasing

distance from the leading edge, the boundary layer undergoes transition, leading to

turbulence further downstream. Many researchers have investigated the dynamics of

the transition to turbulence, and this region will not be analyzed in the current studies.

In the turbulent boundary layer, cross stream momentum transport and mixing result

in a much more complicated flow.

Channel flows occur in rectangular ducts, where it is assumed that the duct is

long and has a large aspect ratio, with no mean variations in the spanwise direction.

The maximum velocity in the channel occurs along the centerline, and the studies are

focused on the fully-developed region of the channel, where the velocity statistics are

independent of the streamwise coordinate. The region which is closest to the wall in

both boundary layers and channel flows is similar in the instantaneous and statistical

sense, hence the descriptions below for boundary layers will also hold for channel flows.
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Figure 1.1: Evolution of the boundary layer over a flat plate.

Most of the studies in this thesis use inner variables for normalization, which are

the coefficient of kinematic viscosity ν and the skin friction velocity Uτ =
√
τw/ρ.

τw = µ(∂U/∂y) is the wall shear stress and ρ is the density of the fluid. At a given

wall-normal location y, the non-dimensional distance is given by y+ = yUτ/ν. When

y = δ, δ+ = δUτ /ν is known as the friction Reynolds number or Karman number

and is represented by Reτ . Velocities are normalized using the skin friction velocity as

U+ = U/Uτ . An alternate method of normalization uses the thickness of the boundary

layer δ and freestream velocity U∞. These variables are referred to as outer variables

and are typically used for normalizing wall-normal locations in the outer region of the

boundary layer.

Reynolds decomposition refers to the decomposition of the velocity field into a mean

and fluctuating part. This method enables the study of turbulent flow by separating

the effects of the mean flow and the instantaneous fluctuations. In this method, the

velocities are decomposed as U =< U > +u, V =< V > +v and W =< W > +w,

where U, V and W are the instantaneous velocities, < U >,< V > and < W > are the

time-averaged mean velocities and u, v and w are the fluctuating velocity components.

For an incompressible flow, the continuity equation can be written as

∂ < Ui >

∂xi
= 0. (1.1)

Applying the Reynolds decomposition to the steady Navier Stokes equations yields the

Reynolds Averaged Navier Stokes equations, which are written in tensor notation as,

< Uj >
∂ < Ui >

∂xj
= −1

ρ

∂ < p >

∂xi
+ ν

∂2 < ui >

∂xj∂xj
− ∂ < uiuj >

∂xj
. (1.2)
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The Reynolds stresses are derived from the second-order correlation tensor given by,

Rij(X, t) = ρ < uiuj > . (1.3)

The turbulent kinetic energy budget is a fundamental method to understand the

mechanisms of production, transfer, convection and dissipation of turbulent kinetic

energy in the flow, which in turn is central to the understanding of turbulent flows. The

turbulent kinetic energy budget involves the Reynolds stresses made of the fluctuating

parts of the velocities according to the Reynolds decomposition method, and these terms

are significant in the understanding of drag and its mechanisms. The turbulent kinetic

energy k per unit mass of the fluid is given by,

k =
1

2
< uiui >=

1

2
< u2 + v2 + w2 > . (1.4)

The equation for the turbulent kinetic energy is derived by using the instantaneous

kinetic energy equation and its mean. A detailed derivation of this equation is shown

in Pope (2000) and is given by,

∂k

∂t
+ < Ui >

∂k

∂xi
+

∂

∂xi

(
<

1

2
uiujuj > +

< uip
′ >

ρ
− ν < uj

(
∂ui
∂xj

+
∂uj
∂xi

)
>

)

= − < uiuj >
∂ < Uj >

∂xi
− 1

2
ν <

(
∂ui
∂xj

+
∂uj
∂xi

)(
∂ui
∂xj

+
∂uj
∂xi

)
> . (1.5)

This can be rewritten as
Dk

Dt
+∇ · T ′ = π − ǫ, (1.6)

where

D

Dt
=

∂

∂t
+ < Ui >

∂

∂xi

sij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)

T ′
i =

1

2
< uiuiuj > +

< uip
′ >

ρ
− 2ν < ujsij >

π = − < uiuj >
∂ < Uj >

∂xi
ǫ = 2ν < sijsij > .

Here, Dk/Dt is the convection of turbulent kinetic energy by the mean flow, ∇ · T ′

is the turbulent transport, π is the production and ǫ is the dissipation. This equation
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provides a method of assessing the relative importance of the different terms of the

energy balance.

1.2.2 Vortex Structure Identification

A comparison of the mean profile of laminar and turbulent boundary layers indicates

that the effect of the turbulence is to reduce the mean momentum deficit in the region

closest to the wall. This results in an increased streamwise velocity gradient in turbulent

boundary layers close to the wall. Although the entire boundary layer is a result of the

action of viscous forces between the fluid and the surface, the effect of viscous stresses

is dominant in the region closest to the wall y+ < 30. This region of dominant viscous

stresses can be further subdivided into the viscous sublayer and the buffer region. In the

viscous sublayer (0 < y+ < 5), viscous processes dominate and the relevant quantities

are the kinematic viscosity ν and friction velocity Uτ . Many researchers have asymptot-

ically estimated turbulence statistics in the viscous sublayer using the no-slip condition

and the conservation equations. The most commonly identifiable characteristic of the

viscous sublayer is that the mean streamwise velocity is equal to the wall-normal loca-

tion, U+ = y+ and is independent of Reynolds number. The buffer layer (5 < y+ < 30)

is the region of maximum turbulence kinetic energy production and is the engine of

turbulence in the near-wall region. Here, both the turbulent shear stresses and viscous

stresses are important in the energy dynamics.

The region beyond the buffer region is known as the “logarithmic” region (nomi-

nally y+ > 30, y/δ < 0.2) because of the logarithmic relationship between the mean

streamwise velocity and the wall normal location when scaled with inner variables. This

was first observed by Prandtl (1929) and has been successfully verified for a wide range

of flows and Reynolds numbers. In the logarithmic region, the turbulent stresses play

a dominant role, with a very small contribution from the viscous stresses. This region

is nominally in equilibrium with respect to turbulent kinetic energy, with a balance

between the production and dissipation processes. The length of this region increases

with increasing Reynolds numbers, as is expected from the definition of the logarithmic

region (Fernholz & Finley (1996)). The collapse of mean streamwise velocity profiles for

a range of Reynolds numbers in the logarithmic region leads to a logical inference that

other quantities might also scale for a wide range of Reynolds numbers in this region.
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Hence, a large number of studies in turbulent boundary layers have been conducted in

the logarithmic region across a range of Reynolds numbers, attempting to find scaling

parameters for turbulence quantities in this region.

The part of the boundary layer outside the logarithmic region is known as the outer

region, also referred to as the wake region. This region is only weakly influenced by

the effect of viscosity and is dependent mainly on external forcing in the largest scales

imposed by the external flow. The mean velocity profile in this region is not universal

and varies with the specific type of flow under consideration. For example, boundary

layers display a characteristic increase in velocity above the logarithmic region, while

channel and pipe flows do not show a very prominent wake region due to the effect of the

opposing wall. Coles (1956) noted that the excess velocity in boundary layers assumes

a wake-like shape relative to the free stream and this is why this region is known as the

“wake” region. A law of the wake was derived and it was shown that the mean velocity

profile can be characterized using a wake parameter, which is dependent on the specific

flow. Although the mean and standard deviation profiles in wall-bounded flows have

been measured in a large variety of flows with reasonable confidence, these lower order

moments of the velocity cannot explain all observed phenomena. Additional analysis

such as spectral analysis or evolution equations for higher order velocity correlations is

necessary to completely understand and predict wall-bounded turbulent flows.

Two separate approaches have been adopted by researchers in the search for the

underlying physics behind turbulent boundary layers. The first approach used visualiza-

tion techniques to observe the instantaneous structure and organization of the boundary

layer. The second approach used statistical techniques such as space-time correlations

and conditional sampling to deduce the dynamics of representative structures. A de-

tailed summary of all the relevant literature has been compiled by multiple researchers

in the past. Clauser (1954a) provides an excellent review of the knowledge of the mean

flow field in constant pressure, incompressible boundary layers. Coles (1956) contains an

extensive collection of mean flow data from a large number of studies, which are utilized

to derive empirical parameters in the outer region of the boundary layer. Kovasznay

(1970) provides a detailed review of various methods proposed to predict mean flow

properties in turbulent boundary layers and attempted to shed light on the interactions

between the various regions of the boundary layer. Willmarth (1975) provides a review
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of visualization studies and correlation methods until 1975, with the aim of using these

two techniques to elucidate the structure and organization of coherent structures in the

boundary layer. Cantwell (1981) also reviewed the developments in research in turbu-

lent boundary layers, as part of a broader work on turbulent flows in general. These

studies provide multiple references to the research efforts in boundary layers, classified

based on the specific region of the boundary layer in focus.

Robinson (1991a) contains a comprehensive review of research efforts to understand

the organization of coherent structures in the turbulent boundary layer. This work first

provides a historical perspective of the various approaches used to detect and understand

coherent structures, and goes on to discuss the the difficulties in defining a vortex in

turbulent boundary layers. Various definitions of the vortex are presented, followed by

a review of the conceptual and predictive models developed by multiple researchers to

explain experimental observations in a mean and instantaneous sense. This work was

compiled at a time when DNS was in its infancy, but the significance and potential of

this approach was recognized and documented. Adrian (2007) presented a more recent

review of developments in turbulent boundary layer research over the last 20 years. This

work is primarily centered around the paradigm of a “hairpin” vortex as the fundamental

coherent structure occurring in the turbulent boundary layer. Previous experimental

and numerical studies conducted towards observing and understanding hairpin vortices

and packets of hairpins are presented in this review. At this point, selected research

will be presented to provide a background for the motivation and reasoning behind the

present work. The review papers listed above provide a more detailed and complete

picture of research in this field.

Theodorsen (1952) is widely attributed to be the first to develop the concept of a

“horseshoe vortex” based on kinematic considerations. A typical horseshoe vortex is

shown in figure 1.2, clearly indicating a spanwise head and two attached legs in the

streamwise-wall-normal plane. The horseshoe vortex can be used to explain the low-

speed streaks and ejection events observed near the wall in multiple flow visualization

and correlation studies, such as those described in Kline et al. (1967). The horseshoe

vortex is essentially a spanwise vortex filament perturbed by an upward disturbance.

The difference in mean velocity experienced by the horseshoe vortex at different dis-

tances from the wall subjects the structure to stretching, which in turn causes it to
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lift off from the wall. Although the significance of Theodorsen’s work was not fully

appreciated at the time, the horseshoe / hairpin vortex has become the focus of most

research in coherent structures today.

Figure 1.2: Depiction of a horseshoe vortex. Reproduced from Theodorsen (1952).

Kline et al. (1967) observed low speed streamwise streaks in the viscous sublayer

of a turbulent boundary layer and documented the presence of “ejection” or “burst”

events, where fluid is pushed away from the wall, using hot-wire anemometry and flow

visualization with dye and hydrogen bubbles. This study changed the previous idea of

a two-dimensional “laminar” viscous sublayer by showing the highly three dimensional

nature of fluctuations in this region. In the region 0 < y+ < 10, the authors reported the

presence of a very regular pattern distributed in a spanwise direction and emphasized

that although dominated by viscosity, eddy motions are both three-dimensional and

present throughout the entire region. The pattern consisted of alternating streaks of low

and high velocity fluid, whose spacing was found to scale with inner variables (z+ = 100).

Corino & Brodkey (1969) also observed ejection events in the buffer region in a turbulent
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pipe flow by visual observation of micron sized tracer particles and found similar streaky

behavior in the buffer region. In contrast to the work of Kline et al. (1967), they viewed

the viscous sublayer as a relatively passive region, with the ejection events originating

only in the buffer layer.

Offen & Kline (1975) conducted flow visualization experiments using dye injection

to study the effect of the near wall low speed streaks on the outer flow. They suggested

the presence of a regenerative cycle of ejections leading to fast moving fluid towards the

wall (sweeps) and vice versa, using the model of hairpin vortices inclined at an angle

to the wall. They suggested that this mechanism of sweeps and ejections contributed

significantly to the Reynolds shear stress within the boundary layer, and these events

caused the breakup of the long low speed streaks. Falco (1977) conducted simultaneous

hot-wire anemometry and flow visualization studies to study the occurrence of bursting

events and the large scale motions, usually seen as bulges in the outer region of the

boundary layer. The visualizations indicated the presence of hairpin vortices in the

upper part of the boundary layer; they were called “typical eddies” since they seemed

to appear in flows such as wakes and jets. These typical eddies were observed to be

dependent on the Reynolds number of the flow. With increasing Reynolds number,

the size of the typical eddies scaled in outer variables decreased with respect to the

boundary layer thickness, whereas the variation was much smaller when scaled with

inner variables. Further, it was conjectured that the large scale motions led to both

ejections and sweeps of fluid within the boundary layer.

Head & Bandyopadhyay (1981) presented smoke visualizations of zero pressure gra-

dient boundary layer flows, with laser sheets inclined at 45◦ and 135◦ to the freestream,

in a Reynolds number range of 500 < Reθ < 17500, where Reθ is the Reynolds number

derived using the momentum thickness θ. They observed hairpin structures inclined at

an angle of 45◦ to the wall, and suggested that the specific shape of the hairpin structure

was Reynolds number dependent. At low Reynolds numbers (Reθ < 800), the hairpin

structure resembled a loop, whereas the hairpins resembled elongated hairpin vortices or

vortex pairs at higher Reynolds numbers (Reθ > 2000), as shown in figure 1.3. Further,

they suggested that the heads of the hairpins organized into coherent groups, making a

characteristic angle of 15− 20◦ to the wall. This suggested that hairpins usually moved

away from the wall, while simultaneously spawning the production of a further hairpin,
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ultimately creating a ramp like structure of hairpin heads inclined at an angle of 15−20◦

to the wall.

Figure 1.3: Representation of hairpin vortices for varying Reynolds numbers. Mean flow
is from right to left. Reproduced from Head & Bandyopadhyay (1981).

Figure 1.4: Conceptual view of the distribution of hairpin packets in the outer region
of the turbulent boundary layer. Reproduced from Adrian (2007).

Perry & Chong (1982) and Perry et al. (1986) used the hairpin vortex model of

Theodorsen as a representative eddy in a kinematic model for wall turbulence. The

model considers a collection of eddies with a range of length scales and population

densities. The model used Townsend’s attached eddy hypothesis (Townsend (1976)),

due to which the characteristic eddy lengths are proportional to the distance of the eddy

from the wall. Further work by Perry & Marusic (1995) and Marusic & Perry (1995)

refined and extended the model to compute second order statistics. The mean velocity,
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Figure 1.5: Distribution of vortex structures in various regions of the boundary layer.
Reproduced from Robinson (1991a).

components of the Reynolds stress tensor and the kinetic energy spectra computed from

these studies showed good agreement to data from previous experimental studies. It

must however be noted that the use of a symmetric hairpin vortex as a representative

average structure does not imply that all hairpins are symmetric in an instantaneous

sense.

One issue regarding the hairpin vortices was whether they were independent struc-

tures, or if they were dynamically related to one another. Acarlar & Smith (1987)

studied the evolution of hairpin vortices in a laminar boundary layer, in which a single

hairpin inserted into the boundary layer spawned a coherent group of hairpin vortices,

traveling at a constant convection velocity. Adrian et al. (2000) used Particle Image Ve-

locimetry to acquire velocity fields in streamwise-wall-normal planes in order to provide

visual evidence of the presence of groups or packets of hairpin vortices. The experiments

were performed in a zero pressure gradient turbulent boundary layer over a range of

Reynolds numbers 355 < Reτ < 1490, and the focus of the studies was on the logarith-

mic and the outer regions. Regions of swirling fluid were observed, represented by closed
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streamlines when an appropriate convection velocity was subtracted from the velocity

vector field, suggesting the presence of heads of hairpins. Further, these heads were

usually aligned together as packets, identified by multiple swirling regions. The authors

proposed a conceptual model of the distribution of hairpin packets in the logarithmic

and outer regions of the boundary layer represented in figure 1.4. The study suggested

that the packets originated from the near wall region and moved away from the wall

and formed a ramp like arrangement with a characteristic inclination angle of about 12◦

to the wall.

The development of DNS as a reliable tool for studying wall-bounded turbulent flows

provided a huge boost to the study and understanding of coherent structures in these

flows. Kim et al. (1987) was one of the earliest DNS where the entire range of scales

was resolved in a turbulent channel flow at a friction Reynolds number Reτ = 180. Al-

though this Reynolds number was quite low compared to previous experimental studies,

the authors observed the existence of omega-shaped hairpin vortices, accompanied by

associated ejection and sweep events. Robinson (1991b) utilized the direct numerical

simulation data of a turbulent boundary layer up to Reθ = 1410 (performed by Spalart

(1988)) to propose an idealized model of turbulent boundary layers based on coher-

ent structures in low Reynolds number flows, as shown in figure 1.5. In the sublayer,

the dominant structures were quasi-streamwise vortices, which caused the sweep and

ejection events, whereas the outer region consisted of one-sided and two-sided vorti-

cal arches, with the head of the hairpin being primarily responsible for the sweep and

ejection events. The logarithmic layer consisted of both arches and quasi-streamwise

vortices. The key feature of this model was that symmetry of vortical structures was

not a necessary requirement.

Zhou et al. (1999) studied the evolution of a hairpin vortex in a unidirectional

mean flow obtained from the low Reynolds number turbulent channel flow of Kim et al.

(1987). This was a low Reynolds number simulation (Reτ = 180) aimed at studying the

evolution of coherent groups of hairpin vortices spawned by a single primary hairpin

vortex. The initial three-dimensional vortex was extracted from the two-point spatial

correlation of the velocity field by linear stochastic estimation, given the presence of

an ejection event. It was observed that if the strength of the initial vortex was larger

than a specified threshold, it spawned secondary hairpin vortices upstream of it, which
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in turn produced tertiary vortex structures, which together formed a hairpin packet.

On the other hand, if the strength of the initial vortex was lower than the threshold, it

assumed an Ω-shape and maintained its structure, but failed to generate any secondary

hairpin vortices.

Christensen & Adrian (2001) used the technique of linear stochastic estimation to

find the conditional average of the two-dimensional velocity field associated with a

head-like swirling motion using PIV data captured in a streamwise-wall-normal plane.

They concluded that the conditionally averaged structure was represented by a series

of hairpin vortex heads aligned at an angle of 12 − 13◦, consistent with the findings

of Adrian et al. (2000). Tomkins & Adrian (2003) obtained PIV measurements at

Reθ = 1015 and 7705 in streamwise-spanwise planes at different wall normal locations

to study the spanwise growth of the vortex structures. The key finding of this study

was the presence of long streamwise regions of low momentum fluid, bounded by vortex

structures of nearly equal swirling strength, but opposite sign of wall-normal vorticity.

These are characteristic of the intersecting legs of the hairpin vortex structures, and

the regular arrangement of these regions suggested the presence of packets of hairpin

vortices oriented in the streamwise direction.

Ganapathisubramani et al. (2003) obtained stereoscopic PIV in the logarithmic layer

and the outer region of a zero pressure gradient turbulent boundary layer at a Reynolds

number of Reτ = 1060. They showed characteristic signatures of vortex packets as sug-

gested by previous work by Adrian et al. (2000) and Christensen & Adrian (2001). They

also showed that in the logarithmic region, these packets of hairpins occupy about 4%

of the total area, while contributing to almost 28% of the total Reynolds shear stress.

This strongly indicated that hairpin packets play a significant role in the total drag con-

tribution in the flow over a solid surface. Carlier & Stanislas (2005) conducted planar

and stereoscopic PIV experiments in multiple planes at higher Reynolds numbers up to

Reθ = 19000, and found elongated vortex structures in the logarithmic region, inclined

at about 45◦ to the wall. Data from the stereoscopic PIV experiments indicated that a

majority of structures had a cane shape, similar to those observed by Robinson (1991b),

as opposed to symmetric hairpin structures. Ganapathisubramani et al. (2005b) and

Hutchins et al. (2005) presented the results of two experimental datasets - stereoscopic

PIV measurements in streamwise-spanwise planes and stereoscopic measurements in two
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planes inclined at 45◦ and 135◦ to the wall, on the lines of the visualizations in Head

& Bandyopadhyay (1981). Spatial velocity correlations were consistent with the results

presented in Ganapathisubramani et al. (2003), and displayed long streamwise corre-

lations, suggesting the presence of long streamwise low momentum regions. Distinct

regions of ejection type events suggested the occurrence of packets of hairpin vortices.

The data presented in Ganapathisubramani et al. (2005a) and Ganapathisubramani

et al. (2006) were obtained using a dual plane PIV technique, where the full veloc-

ity gradient tensor was obtained in streamwise-spanwise planes at a Reynolds number

Reτ = 1160 using two laser sheets slightly separated in the wall-normal direction. The

results from these studies indicated the presence of vortex cores, consistent with forward-

leaning hairpin structures whose number decreased with distance from the wall. They

also found the presence of backward leaning structures whose number did not change

with wall-normal location. The angles of inclination of the representative hairpin struc-

ture with the various coordinate planes were calculated using the projection angles of

the vorticity vector onto these planes. It was observed that the inclination angle of the

representative structure showed a fairly wide distribution, with the largest number of

them inclined at 45◦ to the wall.

Hambleton et al. (2006) obtained stereoscopic PIV data in two orthogonal planes - a

streamwise-wall-normal plane and a streamwise-spanwise plane, simultaneously in a zero

pressure gradient turbulent boundary layer at a Reynolds number Reτ = 1100. Using

linear stochastic estimation, they showed an average three dimensional structure consis-

tent with the hairpin packet model. They also observed the presence of long streamwise

regions of momentum deficit, and the two orthogonal planes of measurement provided

a three-dimensional picture of the momentum deficit regions and hairpin vortices.

1.2.3 Scale energy balance

Wall-bounded turbulent flows such as boundary layers and channel flows are charac-

terized by a mean velocity gradient in the wall-normal direction, which is caused by

the shearing effect of the flow over a rigid wall. This mean gradient varies with dis-

tance from the wall, producing a strong inhomogeneity in the wall-normal direction.

This inhomogeneity leads to a spatial redistribution of energy, and hence leads to the

classification of the near-wall region into generic layers such as the viscous sublayer,
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the buffer layer, the logarithmic layer and the outer flow. Recently, studies such as

Wei et al. (2005) and Fife et al. (2005) have discussed a four layer description of wall-

bounded turbulent flows based on the mean momentum balance equation for turbulent

flows. The significant terms of the mean momentum balance in channel flows are the

mean pressure gradient term, the gradient of the viscous stresses and the gradient of the

Reynolds stresses. In the region 0 < y+ < 3 (layer I), the mean pressure gradient and

the viscous stress gradient terms dominate. Outside this thin layer, the viscous stress

gradient and Reynolds stress gradients are in balance, and the thickness of this layer is

dependent on the Reynolds number (layer II). Near the location of the peak Reynolds

stress, the viscous stress gradient and mean pressure gradient are once again in balance

(layer III). Outside this region, the viscous stress gradient is negligible and the other

two terms dominate. Thus, each of the four layers is characterized by a predominance of

two of these three terms, and thus the mean dynamics of these four layers are uniquely

defined.

However, a view based on spatial transfer of energy alone is insufficient to completely

describe the energy dynamics occurring in the boundary layer, and a parallel view based

on the decomposition of the flow field into a hierarchy of scales is required to understand

experimental observations. Richardson (1922) introduced the concept of an “energy

cascade”, where the turbulent flow is made of a range of scales or eddies of various

sizes. An eddy can be loosely defined as a coherent region of fluid, with fluid swirling

about a central axis. Every eddy can be characterized by an eddy size l, a velocity u(l)

and a timescale t(l) = l/u(l). It was hypothesized that the largest eddies are comparable

in size to the characteristic flow scale L0, and energy is transferred to smaller and smaller

scales, until viscosity takes over and dissipates the turbulent kinetic energy. This energy

cascade provided the central idea for the spectral view of turbulence.

Kolmogorov (1941) utilized the concept of the energy cascade and stated his theories

in the form of three hypotheses. Kolmogorov’s hypothesis of local isotropy stated that

the small-scale eddies at sufficiently high Reynolds numbers are statistically isotropic.

Further, he theorized that the small-scale motions of turbulence are independent of the

Reynolds number of the flow, and are uniquely determined by the coefficient of viscosity

ν and the dissipation ǫ. Using dimensional analysis, Kolmogorov derived formulae for

the characteristic length, time and velocity scales for the smallest eddies, and these are
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commonly referred to as the “Kolmogorov scales” of turbulence. The range of scales

dependent only on the viscosity and the dissipation is known as the dissipation range of

turbulence. The second similarity hypothesis stated that at sufficiently high Reynolds

number, the range of scales larger than the Kolmogorov scales, but much smaller than

L0 are independent of ν, and are purely determined by ǫ. This range of scales is known

as the inertial subrange of turbulence. The turbulent kinetic energy is injected into the

system by the direct action of the shear at scales larger than those in the inertial range.

An independent approach towards understanding the processes involved in the en-

ergy cascade involves using the Fourier transform to study the Navier-Stokes equations

in wavenumber space. An implicit assumption in using Fourier transforms is that the

turbulent velocity field is periodic in space, hence this approach is best suited to numeri-

cal simulations where periodic boundary conditions are possible. For experimental data,

windowing functions such as the Hamming and Hanning windows are used to calculate

the spectra from discretely sampled non-periodic data. The velocity-spectrum tensor

Φ(ψ, t) is defined as the Fourier transform of the two-point velocity correlation tensor.

The energy spectrum function E(ψ, t) is obtained by integrating the velocity-spectrum

tensor on the surface of a sphere S of radius ψ, and is given by

E(ψ) =

∮
1

2
Φii(ψ)dS(ψ). (1.7)

The turbulent kinetic energy is given by,

k =

∫ ∞

0
E(ψ)dψ. (1.8)

Hence, the contribution to k from the wavenumber ψ is equal to E(ψ)dψ in the

infinitesimal shell given by ψ ≤ |ψ| ≤ (ψ + dψ).

A key observation from the non-dimensional longitudinal energy spectrum of almost

all turbulent flows is the presence of a region of constant slope, where data from a

wide range of Reynolds numbers obey the −5/3 law suggested by Kolmogorov in the

inertial range of turbulence, and it is assumed that the flow is locally isotropic and free

of large scale influences in this range. This range occurs in the intermediate scales in

the flow, between the large production-dominated scales and the smallest dissipation

scales. Saddoughi & Veeravalli (1994) conducted extensive hot-wire experiments in a

very large wind tunnel and observed an isotropic inertial range for about two decades
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of wavenumbers at the Reynolds numbers studied. This appears to provide support

to the theory of dividing the wavenumber space into a production dominated range,

an inertial range and a dissipation range. The anisotropy is restricted to the energy-

containing production dominated range, where the dissipation is negligible.

The energy balance equation in scale space is based on the energy-spectrum function

E(ψ, t). The balance equation for homogeneous turbulence was derived in detail in Hinze

(1975) and Monin & Yaglom (1975) and is given by,

∂

∂t
E(ψ, t) = Pψ(ψ, t) −

∂

∂ψ
Tψ(ψ, t) − 2νψ2E(ψ, t), (1.9)

where the three terms of the right hand side represent the production, transfer and

dissipation of the turbulent kinetic energy in spectral space. The relative importance of

these terms varies with the region of the wavenumber space under consideration. In the

energy-containing range, the dissipation is negligible and the other terms balance each

other. In the inertial range, the spectral transfer of energy at the beginning and end of

this range is the same, while the production and dissipation can be neglected. In the

dissipation range, the spectral transfer balances the dissipation and the production is

not present. In this manner, the wavenumber space can be characterized based on the

dominant processes in this region.

Given this background, it is possible that an integrated approach combining con-

cepts from physical space and scale space can be used to describe the energy dynamics

in wall-bounded turbulent flows. The goal is to understand the dynamics of the tur-

bulent kinetic energy of eddies of a given scale and wall-normal location. Karman

& Howarth (1938) obtained an evolution equation for the longitudinal autocorrelation

function f(r, t) using the Navier-Stokes equations for isotropic turbulence. The ex-

act solution for f(r, t) is known as the Kármán-Howarth equation, and this provides

the basis for the Kolmogorov equation, which applies for stationary, homogeneous and

isotropic turbulence. The appropriate quantity to be considered for utilizing the Kol-

mogorov hypotheses is the second order structure function < δu2 > (r, xc) =< δuiδui >,

where δui = ui(xi + r)− ui(xi). This term is commonly referred to as the scale energy,

and in some sense represents the energy content of scale r at spatial location xi. The

Kolmogorov equation represents an evolution equation for the second order structure
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function in homogeneous, isotropic turbulence and is given by equation 1.10. This equa-

tion characterizes all the processes in physical and scale spaces, and provides a relation

between the second and third order velocity structure functions and formed the basis

of many subsequent studies.

∂ < δu2δui >

∂ri
= −4 < ǫ > +2ν

∂ < δu2 >

∂ri∂ri
. (1.10)

Monin & Yaglom (1975) showed that the dynamic theory of turbulence provides

important relationships among structure functions which help extend predictions based

on dimensional analysis. Subsequent studies have focused on relaxing the assumptions

of the Kolmogorov equation and providing equations for anisotropic and locally ho-

mogeneous turbulence as well as for the case of local isotropy and local homogeneity.

Monin (1959) relaxed the constraints of the Kolmogorov equation to derive it for locally

isotropic flow instead of global isotropy, but future researchers disputed the assumptions

used in the derivation of this equation. Frisch (1995) and Lindborg (1996) are some

important works focusing on better understanding the Kolmogorov equation and its

assumptions, and focused on clarifying the derivation of the Kolmogorov equation for

homogeneous flows. Hill (1997) reviewed these studies and attempted to eliminate the

pressure-velocity correlations from the equation without the assumption of isotropy.

Multiple publications by Antonia and coworkers (Antonia et al. (1982), Antonia

et al. (1983), Anselmet et al. (1984) among others) focused on using experimental data

to study the classical Kolmogorov equation. Danaila et al. (1999) studied generalized

forms of the Kolmogorov equation for decaying turbulence downstream of a uniform

grid using experimental data. In Danaila et al. (2001), similar dynamical equations

were studied using experimental channel flow data at a Reynolds number of Reh = 3300

(Reh = U∞h/ν, where U∞ is the mean velocity at the centreline and h is the channel

half-width). The experiments were conducted using a two-component hot-wire probe,

which measured the streamwise and wall-normal velocities. Estimates of the turbulent

dissipation were obtained using the assumption of isotropy and theoretical arguments

provided multiple alternative methods to calculate the dissipation. A measure of the

accuracy of these theoretical estimates is the ratio of the theoretical estimate and the

true dissipation obtained from DNS of an identical channel flow, and this ratio varied

from 0.85 − 1.32.
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Another approach has been to relate and understand higher order moments of the

velocity structure functions using experimental and DNS data. Hill & Boratav (2001)

studied the two-point equation relating the third- and fourth-order velocity structure

functions and the structure function of the product of pressure-gradient difference and

two factors of velocity difference. They used the assumption of isotropy to appropriately

simplify the equation. Yakhot (2001) derived the equation for the characteristic function

of the probability distribution of two-point velocity differences to derive higher-order

dynamic equations. Equations for arbitrarily high-order structure functions can be ob-

tained by repeated application of the differentiation procedure described in his work.

Hill (2001) also derived exact equations for the higher order structure functions by work-

ing directly in velocity space. Kurien & Sreenivasan (2001) used experimental results to

assess the mean-field model proposed by Yakhot (2001), in order to write the equations

in terms of velocity correlations while eliminating pressure-velocity correlations from

their calculations.

A generalized version of the Kolmogorov equation for inhomogeneous conditions

was derived by Hill (2002), providing the framework to relate processes occurring at

different regions of a turbulent flow over the entire range of scales. This equation

was derived starting from the conservation of mass and momentum equations for a

turbulent flow and related two point quantities. This approach can also be extended to

higher orders using the approach outlined in Hill & Boratav (2001). The details of the

derivation of the equation can be found in Hill (2002) and Marati (2005). This equation

contains quantities describing energy dynamics in physical space and scale space and

is the basis for the simultaneous description of energy dynamics in these two spaces.

This equation can be used to investigate the effects of inhomogeneity and anisotropy on

scaling exponents commonly used in the analysis of turbulent wall-bounded flows.

Casciola et al. (2003) used the Hill equation to derive a scale by scale energy budget

for homogeneous shear flow in order to determine the range of scales and wall-normal

locations where the effects of the shear on the energy budget are significant. The aim

of this study was to understand the relationship between intermittency and anisotropy,

and to extend the Kolmogorov-Oboukhov theory of intermittency to shear-dominated

flows. The numerical experiments conducted in this work supported the hypothesis that

the intermittency corrections commonly applied in turbulent flows are independent of
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the shear, and are hence universal in nature.

The Hill equation was the basis of an analysis by Marati et al. (2004), where the

equation was appropriately simplified for data from DNS of a turbulent channel flow

at Reτ = 180, and the contributions of different quantities in the energy budget were

calculated. A more extensive version of this analysis was presented in Marati (2005),

where a scale by scale balance for velocity and scalar fluctuations was evaluated by

examining how the energy associated with a specific scale of motion was transferred

through scale space and physical space simultaneously. These studies described the

development of the generalized form of the Kolmogorov equation, starting from the

simplest form of the equation for homogeneous, isotropic, stationary turbulence to the

general form without any of these assumptions. Then, the various fluxes of the scale

energy in physical and scale space were calculated from the channel flow data and

their variation in these two domains was documented. Following the convention in such

analysis, the quantities were averaged over scale space, using a square averaging domain

of scale r in a streamwise-spanwise plane, instead of the conventional ball of radius r.

This was done to account for the strong wall-normal inhomogeneity in channel flows.

The scale energy budget in various regions of the channel were described in detail, along

with descriptions of the significant terms across scale space. The cross-over scale, which

divided the range of scales into a production dominated and a transfer dominated range,

was shown to increase with increasing wall-normal distance across the channel. It was

argued that the cross-over scale was related to the shear scale Ls =
√
< ǫ > /S3, where

S = dU/dy, which is derived using the classical equilibrium theory and the presence of

a Kolmogorov-like inertial range.

Recently, Jacob et al. (2008) discussed the scaling of mixed structure functions in

the logarithmic region of turbulent boundary layers based on experimental data from x-

wires. They demonstrated that the anisotropic behavior of the fluctuations throughout

the boundary layer could be understood in terms of a superposition of two distinct

regimes - an isotropy recovering regime and a shear dominated regime. Further, the scale

at which the transition between these regimes occurs is controlled by the magnitude of

the mean shear, which manifests itself in the shear scale. Below the shear scale, an

isotropy-recovering behavior occurs, which is characterized by dimensional predictions

based on Lumley’s argument (Lumley (1965)). Above the shear scale, the anisotropy
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introduced by the flow modifies the isotropic scaling laws predicted by Lumley. Further,

it was observed that the isotropic behavior is much more prominent farther away from

the wall.

1.2.4 Reynolds number effects in wall turbulence

The effects of Reynolds number on boundary layer characteristics has been a subject of

inquiry in a number of studies. The Reynolds numbers encountered in most practical

situations are much higher than those which can be simulated completely on a computer

or measured in a laboratory. Almost all studies attempt to measure and understand

trends at laboratory Reynolds numbers and extrapolate such trends to higher Reynolds

numbers. Another approach is to identify scaling parameters and quantities which

are Reynolds number invariant, or which obey empirical relationships with Reynolds

number. However, the question still lingers as to whether these trends are obeyed

through the entire range of Reynolds numbers.

In terms of the range of scales of turbulent flows, the largest scale in the flow is

determined by external factors, such as the width of a channel, or the boundary layer

thickness to mention two specific examples. An increasing Reynolds number dictates

that the smallest scales in the flow, the scales at which dissipation occurs become smaller,

thus increasing the range of scales present in the flow. It can be shown that in the

framework of Kolmogorov (1941), the ratio of the largest to smallest scales in a flow is

proportional to Re3/4. Consequently, the number of grid points required to simulate the

entire range of scales increases as Re9/4 in numerical simulations of three-dimensional

flows. In experimental studies, the size of the probe used to investigate the flow must

be correspondingly reduced in order to maintain the same resolution of measurements.

These issues present formidable challenges in the accurate measurement of flow variables

over a wide range of Reynolds numbers.

Gad-el-Hak & Bandyopadhyay (1994) and Fernholz & Finley (1996) provide an ex-

tensive list of references to previous work aiming to address Reynolds number effects in

wall-bounded turbulent flows. The specific emphasis of Gad-el-Hak & Bandyopadhyay

(1994) was to build on existing knowledge of Reynolds number scaling, by looking at

the Reynolds number effects on higher order statistical quantities and coherent struc-

tures in various regions of the boundary layer and channel flows. Fernholz & Finley
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(1996) presented data over a range of Reynolds numbers, specifically focusing on the

zero pressure gradient turbulent boundary layer. The authors described the various

datasets used and documented the Reynolds number effects on the mean flow, turbu-

lence intensities, Reynolds stresses and turbulent kinetic energy spectra. Buschmann &

Gad-el-Hak (2006) is a more recent review of various research efforts to develop scaling

methods for wall-bounded turbulent flows. The work presents a comprehensive list of

references to experimental and numerical studies to develop methods to scale turbulence

quantities over a range of Reynolds numbers.

One of the commonly observed results in wall-bounded turbulent flows is the profile

of the mean velocity plotted as a function of the distance from the wall. Fernholz &

Finley (1996) showed that the mean velocity profiles from turbulent boundary layers

collapse in the viscous sublayer, the buffer region and the logarithmic layer over a large

Reynolds number range, 500 < Reθ < 220000. Although there is some debate as to

the existence of a logarithmic law or a power law in the near-wall region, it is quite

universally accepted that the profiles of the mean velocity collapse over a range of

Reynolds numbers in the logarithmic region. The extent of the outer wake region is

Reynolds number dependent, since the outer edge of the logarithmic layer occurs at

about y/δ = 0.2, and this corresponds to the beginning of the wake region.

Multiple studies have focused on studying the effect of Reynolds number on the

profiles of the root mean square of the fluctuating velocity components. Purtell et al.

(1981) showed that profiles of u+rms remained constant with Reynolds number up to

about y+ = 15 when scaled with inner wall variables over a range of Reynolds numbers

Reθ = 465− 5100 in a turbulent boundary layer. Beyond y+ = 15, u+rms increased with

increasing Reynolds number. Surprisingly, they noted that the extent of the logarithmic

region of the boundary layer was not Reynolds number dependent, which is contrary to

most investigations of large Reynolds number flows. The reason for this observation in

the work is not very clear.

Wei & Willmarth (1989) compiled experimental results for multiple previous investi-

gations to show Reynolds number effects in turbulent channel flows and combined these

with two-component Laser Doppler Velocimetry (LDV) data over a range of Reynolds

numbers. In this work, they documented the Reynolds number effects on the mean ve-

locity profiles, turbulence intensities, Reynolds stress profiles, turbulent kinetic energy



25

profiles and energy spectra for a range of Reynolds numbers Reh = 3000−40000, where

the Reynolds number is calculated using the channel half width h and the centerline

velocity Uc. The results from this study showed that profiles of u+rms were independent

of Reynolds number up to y+ = 15, beyond which this quantity increased with Reynolds

number, which were consistent with the observations of Purtell et al. (1981). The pro-

files of v+rms increased with Reynolds number at all wall-normal locations. Profiles of

− < uv > were independent of Reynolds number up to y+ = 15, beyond which they

increased with increasing Reynolds numbers.

Antonia et al. (1992) utilized experimental data from cross-wire measurements in

a turbulent duct flow (Reh = 3300 − 21500) and DNS data of fully developed duct

flow (Reh = 3300, 7900) to study the effects of low Reynolds numbers on turbulence

statistics. The results from both the experimental and numerical data confirmed the

results of Wei & Willmarth (1989), in terms of Reynolds number effects on profiles of

u+rms, v
+
rms and − < uv >.

Mochizuki & Nieuwstadt (1996) focused on the effect of Reynolds number on the

peak value of u+rms, and found that in the Reynolds number range Reθ = 300 − 20920,

the value of the peak of u+rms did not vary with Reynolds number, whereas the y+ cor-

responding to the peak in turbulence intensity was weakly increasing with the Reynolds

number. Marusic et al. (1997) proposed a curve for u+rms using the attached eddy hy-

pothesis of Townsend (1976) in terms of both inner and outer scaling variables. The

numerical formulation was compared to various experimental datasets and good agree-

ment was observed for flows over a range of Reynolds numbers.

de Graaff & Eaton (2000) conducted high-resolution two-component LDV mea-

surements in a turbulent boundary layer over a range of Reynolds numbers Reθ =

1430 − 31000. The authors observed that profiles of u+rms normalized in inner coordi-

nates increased with increasing Reynolds number for y+ > 10. Further, they observed

that the wall-normal location corresponding to the peak of u+rms increases with increas-

ing Reynolds number. Also, the peak value of u+rms increased with increasing Reynolds

number, which contradicted multiple previous studies. The authors attributed the dif-

ference to the effect of hot-wire length in the previous studies. Further, they observed

that the plot of u+rms
√
Cf/2 vs y+ collapsed the peak of the fluctuating intensity profiles

for the entire range of Reynolds number. The profiles of v+rms and − < uv > scaled well
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with inner variables, except for the lowest Reynolds number dataset, which displayed

low Reynolds number effects. In a later work, Marusic & Kunkel (2003) proposed a new

streamwise intensity formulation based on the attached eddy hypothesis and the forcing

of the outer flow on the viscous sublayer and buffer region, and this was explained to

be a theoretical argument for the new scaling proposed by de Graaff & Eaton (2000).

Moser et al. (1999) reported results from DNS of a channel flow in the Reynolds

number range Reτ = 180 − 590 and studied the variation of the mean and turbulence

intensities over the range of Reynolds numbers. The authors indicated that the lowest

Reynolds number might suffer from low Reynolds number effects, while the highest

Reynolds number was sufficient to display some characteristics of high Reynolds number

data. They observed that profiles of u+rms and w
+
rms scaled with inner variables increased

with increasing Reynolds number, while no change in v+rms was observed in the Reynolds

number range studied.

Metzger & Klewicki (2001) performed hot-wire experiments in a laboratory wind

tunnel at Reθ = 2000 and in the atmospheric boundary layer over the salt flats in Utah

at Reθ ∼ 5 × 106 to study the variations in the properties of the turbulent boundary

layer over this large range of Reynolds numbers. They observed that the peak value of

u+rms normalized with inner variables exhibited a logarithmic dependence on Reynolds

number. They also observed that the overall structure of the near wall region, consist-

ing of bursts, sweeps and ejections remained largely similar between the two Reynolds

numbers.

Besides the variation of turbulent intensities with Reynolds numbers, many studies

have been devoted towards understanding the Reynolds number effects on the single

point turbulent kinetic energy and the specific terms included in it. Early experimental

studies were restricted to point measurements of two components of velocity, hence the

production of turbulent kinetic energy was the only term of the energy budget which

was calculated using these measurements. A few studies also attempted to calculate the

dissipation term using the assumption of isotropy.

The turbulent kinetic energy production π is calculated as the product of the

Reynolds shear stress − < uv > and the mean velocity gradient dU/dy, normalized

in inner variables. Wei & Willmarth (1989) found that the production curves beyond

y+ = 15 collapsed for all Reynolds numbers, while measurements below y+ = 15 did
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not appear reliable due to the uncertainty in the LDV measurements at these locations.

Antonia et al. (1992) also briefly discussed the variation of the turbulent kinetic energy

production and dissipation with Reynolds number using the DNS data, and showed that

the values of production increased with Reynolds number in the buffer region, whereas

the dissipation calculated using the assumption of isotropy increased with Reynolds

number in the viscous sublayer. In the logarithmic and outer regions, no significant

Reynolds number variation was observed in the production and dissipation.

de Graaff & Eaton (2000) calculated the turbulent kinetic energy production and

found that it collapsed well with inner variables in the range Reθ = 1430 − 31000.

Moser et al. (1999) plotted the ratio of the production to the dissipation, a measure

of the equilibrium nature of the logarithmic region, over the Reynolds number range

Reτ = 180−590 and observed that at Reτ = 590, characteristics of an equilibrium layer

started to be present. Abe et al. (2001) performed DNS of a fully developed channel flow

at three Reynolds numbers Reτ = 180, 395 and 640 and showed that the peak value of

the production term was seen to increase with Reynolds number, while the other terms

showed only very small variations with Reynolds number.

Recently, Hoyas & Jiménez (2008) showed the effects of Reynolds number on the

Reynolds stress and total turbulent kinetic energy budgets over a range of Reynolds

numbers, Reτ = 186, 587, 934 and 2003. Most of the observations from this study

matched previous trends. A very useful result derived from this work was the variation

of the dissipation with wall-normal location and Reynolds number. This could provide

a good baseline reference for future work conducted in wall-bounded turbulent flows.

The dissipation increased with Reynolds number, which was believed to be a result of

large scale “inactive motions”, as suggested by Bradshaw (1967).

1.2.5 PIV studies in wall turbulence

Particle Image Velocimetry (PIV) is an instantaneous and non-intrusive optical mea-

surement technique, which can provide velocity measurements in a flow field. The basic

principle of PIV involves tracking the position of tracer particles which mark the flow

by obtaining two or more snapshots of the illuminated flow field. In the time interval

∆t between two snapshots, the tracer particle moves from a position −→x to −→x +
−→
∆x.

Hence, the local velocity of the flow can be calculated as −→u (−→x , t) = ∆−→x (−→x , t)/∆t.
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In PIV, the entire image is divided into interrogation windows and cross-correlation of

windows from the two images provides a velocity vector for each window, representative

of the velocity of all the particles within the window. Adrian (1991) was one of the

early review papers about the subject and described the theoretical background for the

technique. Raffel et al. (2007) provides a comprehensive description of this experimental

technique, including detailed theoretical and practical descriptions of PIV. Further, the

book also provides an extensive list of references for the technical details of PIV and its

applications. Schröder & Willert (2008) also provides detailed reviews of state-of-the-art

PIV techniques and their application in a variety of flows.

Stereoscopic PIV (SPIV) is capable of resolving the full three-dimensional velocity

field within a plane using simultaneous information from two views, and consequently

the six velocity gradients within the plane of interest can be calculated. Unfortunately,

the technique is not capable of resolving any of the gradients in the out-of-plane direc-

tion. In order to calculate these gradients, additional information is required in multiple

parallel laser planes. An extension of the stereoscopic PIV system involves capturing the

velocity fields in two parallel planes using independent PIV systems, and a first-order

finite differencing scheme is used to compute the wall-normal gradients. This technique

is known as Dual Plane PIV (DPPIV).

Various researchers have demonstrated the use of DPPIV systems to study turbu-

lent boundary layers and other complex flows. All of these techniques differ in the

implementation of the laser sources and camera systems used. However, all of them

require a method to isolate the two sheets from each other. Kähler & Kompenhans

(2000) studied the acoustic receptivity of a laminar boundary layer along a flat plate to

demonstrate the feasibility of using a multiple plane stereoscopic PIV system, with the

two sheets isolated from each other by orthogonal polarization. This method is based

on the fact that small particles maintain the polarization of the incident light in the

scattered radiation. For this purpose, they used a four-pulse laser system, and four cam-

eras in two independent stereoscopic arrangements with Scheimpflug adjustments and

polarizing beam-splitter cubes. The four-pulse system ensured adequate laser power for

all the pulses, however it also required precise control of the timing between the two

laser systems. The beam-splitter cubes divided the scattered light into two separate

parts with orthogonal polarization and these images were captured with the cameras.
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The four-pulse laser system was also capable of acquiring images separated physically

in space and/or in time, and provided time correlations as well as all three components

of vorticity.

Kähler (2004) used the multiple plane PIV technique described above to study spa-

tial and spatial-temporal correlations in the buffer region of a turbulent boundary layer

using the same setup as described in Kähler & Kompenhans (2000). Various results

were presented by varying the spacing between the two sheets and orthogonal polar-

ization was used to isolate the two sheets from each other. Ganapathisubramani et al.

(2005a) used the polarization method of isolating the two sheets and used the technique

to extract the full velocity gradient tensor to characterize and interpret the coherent

structures observed in the logarithmic region of the boundary layer. This study used

only three cameras, two forming a stereoscopic pair and one in standard planar orien-

tation. The continuity equation was used to extract the out of plane gradient of the

out of plane velocity. Further, the laser sheets were generated from a single laser source

containing two heads for the two pulses, and a 50− 50 beam splitter, thus eliminating

the need for timing synchronization between the two laser sheets.

Hu et al. (2001) used a similar method to study the mixing characteristics from a

lobed jet. They also suggested the possibility of using two beams of different wavelengths

to color code the laser sheets, and separating them using appropriate filters on the

cameras. However, they used a setup identical to that of Kähler & Kompenhans (2000)

due to ease of implementation. Mullin & Dahm (2005) described a dual-plane stereo PIV

system, where the two laser sheets were generated at 532nm and 635nm and separated

at the cameras by appropriate color filters. The system used four Nd:YAG lasers for

the four pulses, of which two laser beams were used to pump dye lasers to generate the

635nm laser sheets. The disadvantage of such a method is the lower power output of

the laser sheets from the dye lasers.

1.3 Objectives and Approach

The organization of the near-wall region into a viscous sublayer, buffer region, loga-

rithmic region and outer region (wake region for boundary layer flows) seems to be the

majority opinion among researchers. Further, the presence of long streamwise regions
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of organized motion have also become quite commonly accepted. The idea of hairpin

packets seems to explain a majority of experimental and numerical observations and the

use of hairpin packets as a representative average structure in the logarithmic region

seems to have a lot of merit. At the same time, questions still linger about the physical

nature of these structures, their organization and their contributions to the Reynolds

stress. Some questions which will be discussed in the first part of this thesis are:

• What is the shape, structure and distribution of hairpin structures in the loga-

rithmic region of turbulent boundary layers and channel flows?

• How does the resolution of the measurements affect the accurate identification of

the structures?

The approach to addressing these questions is to use results from experimental

DPPIV from turbulent boundary layers and numerical DNS data from turbulent channel

flows of similar Reynolds numbers. These experiments were conducted in wall-parallel

planes in a zero-pressure gradient boundary layer flow, and the results are compared

with DNS data from fully developed channel flows over a range of Reynolds numbers.

The structure and orientation of hairpin vortices identified from DPPIV and DNS data

will be compared and the effects of averaging inherent to the DPPIV technique will be

quantified.

Simultaneously, the scale energy budget appears to be a promising method to look

at wall-bounded turbulent flows from a more mathematical perspective, in order to

identify and understand the relative importance and influence of various spatial scales

present in the flow in terms of the turbulent kinetic energy content. Unfortunately,

most of the scale energy balance studies have been conducted using numerical simula-

tions of low Reynolds numbers, or experimental data with simplifying assumptions such

as homogeneity and isotropy. The path forward suggests an approach combining the

advantages and benefits of complementary approaches using analysis in physical space

and analysis in scale space towards obtaining a better understanding of the scale energy

budget in wall-bounded turbulent flows.

In order to understand the relative importance of the terms in the scale energy

analysis, three dimensional velocity and pressure data are required. Direct Numerical

Simulations (DNS) are an ideal tool to probe the energy dynamics in channel flows,
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since they are capable of providing the full velocity gradient tensor and pressure data.

Unfortunately, the maximum Reynolds numbers of DNS are constrained by compu-

tational power. Experimental techniques are capable of increasing the maximum at-

tainable Reynolds number, but current experimental techniques cannot resolve the full

instantaneous velocity gradient tensor and pressure. DPPIV can resolve the full veloc-

ity gradient tensor instantaneously in turbulent flows. Although this technique cannot

determine pressure fields, the contribution of pressure data for this analysis is expected

to be minimal. Hence, the pressure data are not computed directly for the results de-

scribed in this thesis. The second part of the thesis will be devoted to answering the

following questions:

• How do the terms of the scale energy budget vary with Reynolds number and

wall-normal location?

• How can DPPIV data be utilized to calculate terms of the scale energy budget in

turbulent boundary layers without simplifying assumptions?

• What is the effect of DPPIV resolution on the terms of the scale energy budget?

• How can DNS data at lower Reynolds numbers be utilized to interpret results

from DPPIV data at higher Reynolds numbers?

The scale by scale energy balance studies in this thesis consist of two parts - first

DNS data from turbulent channel flows at two Reynolds numbers is used and compared

to results from a lower Reynolds number study described in Marati et al. (2004). Second,

DPPIV data from turbulent boundary layers at three Reynolds numbers is analyzed to

understand the effects of Reynolds number on the scale energy balance.

The thesis is organized as follows. Chapter 2 describes the experimental setup for

the Dual Plane PIV experiments and the numerical datasets used in this work. Chapter

3 presents the results of the vortex core identification from both the PIV and DNS

datasets, with an emphasis on the resolution of the measurements. Chapter 4 presents

the results from the scale energy analysis of the DNS data from a channel flow over a

range of Reynolds numbers Reτ = 180−934 and compare these to Dual Plane PIV data

from a turbulent boundary layer over a range of Reynolds numbers Reτ = 1100− 2900.
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Finally, Chapter 5 presents the conclusions of the studies and provides direction for

future work.



Chapter 2

Facilities and methods of analysis

This chapter provides details of the experimental facilities and the numerical datasets

utilized for the studies in this thesis. Further, the various methodologies of analysis

used in the following chapters are described. Additional details and parameters can be

found in the appendices and these will be referred to in the text below.

2.1 Experimental studies

The experiments described in this thesis have been conducted in two independent fa-

cilities - an open return subsonic wind tunnel and a closed circuit water channel. This

section will first describe the overall characteristics of the two facilities, followed by a

description of the experimental techniques and settings used in the study.

2.1.1 Wind tunnel experiments

2.1.1.1 Wind tunnel facility

The first set of experiments were conducted in an open-return suction-type boundary

layer wind tunnel, manufactured by ELD Inc., Minnesota. A schematic of the wind

tunnel facility is shown in figure 2.1. The inlet of the wind tunnel is 1.83m × 1.83m and

has curved edges to avoid sharp corners which can induce vortex shedding. The flow

conditioning setup consists of a honeycomb cell flow straightener, followed by metallic

screens, which help to break down the large scale flow structures. The honeycomb

33
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section consists of hexagonal cells of L/D = 8, where L is the length of the honeycomb

cell and D is the diameter of the inscribed circle. This is followed by a series of three

stainless-steel screens of open area ratio 0.6. The nominally steady flow then enters

a three-dimensional contraction with area ratio 9 : 1, which is designed to avoid flow

separation in the adverse pressure gradient region. Downstream of the contraction is

the test section. At the entrance to the test section, a trip wire is glued to the lower wall

to trip the flow and initiate the turbulent boundary layer. The working section is 1.2m

wide, 4.7m long, and nominally 0.3 m high. The tunnel floor is made of four removable

anodized aluminum plates, which are 1” thick and polished smooth. The side walls of

the tunnel are made of clear Plexiglas and are equipped with removable windows along

the length for access into the tunnel. The bottom wall of the tunnel in the region of

the measurement location is modified to fit a removable glass window, which provides

optical access to the region of interest. Downstream of the removable glass window, the

bottom wall also has several access holes for instrumentation cables. The side walls are

fitted with hinged glass windows in the region of the measurement location for optical

and physical access to the working section. The top of the tunnel is made of four panels

which can be adjusted to control the streamwise pressure gradient. The tunnel is run by

a fan with variable-pitch blades, which is powered by a 40 HP A.C. motor. The speed

of the tunnel can be controlled manually, either by adjusting the pitch of the fan blades,

or with a Toshiba H3 variable torque adjustable speed drive. The speed drive can be

controlled to provide freestream velocities in the range 2− 40m/s. The flow in the test

section has been validated previously by Ganapathisubramani (2004) and shown to be

nominally two-dimensional in the mean with a freestream turbulence intensity of 0.1%.

The measurements were conducted at a location 3.3m downstream of the trip wire.

A black sheet of backing paper was fixed to the top wall of the tunnel to provide good

contrast for the particle images acquired through the window on the bottom wall. The

experiments in these studies were conducted by transmitting the laser sheet parallel to

the bottom wall and capturing images through the window in the bottom wall. During

the experiments, the pitch of the fan blades was held constant, and the frequency of the

speed drive was adjusted to maintain a constant wind tunnel speed of about 6m/s. The

atmospheric temperature and pressure of the laboratory were maintained at constant

values to eliminate temperature drifts in the measurements. The wind tunnel was
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started up at least an hour before taking measurements to allow the tunnel to attain a

constant temperature.

2.1.1.2 Trip wire

The development of the boundary layer on a flat plate proceeds from being initially

laminar, then to transitional flow, finally becoming fully turbulent. The studies in this

thesis were restricted to the turbulent region of the boundary layer. The length of

the flat plate required to obtain a fully developed turbulent flow by means of natural

transition from laminar flow is larger than what is available in the present experimental

facility. Further, the location of the transition to turbulent flow can vary with time and

other conditions, which can affect the measurements at the region of interest. Hence, a

trip wire was used to initiate the development of the turbulent boundary layer at the

beginning of the working section. A wire of diameter 1.5mm was glued to the bottom

wall across the width of the wind tunnel at the entrance to the working section. The

wire diameter was chosen such that the boundary layer at the location of interest was

fully developed and not transitional, while also avoiding the wake effects of the wire.

A study by Erm & Joubert (1991) documented the effect of trip-wire diameter on the

development of turbulent boundary layers on smooth surfaces. The authors studied the

effect of various trip devices on the skin friction coefficient Cf , mean-flow statistics,

turbulence statistics and turbulent spectra and concluded that a trip wire of diameter

1.2mm correctly stimulated the boundary layer for a freestream velocity of 10ms−1,

corresponding to a wire Reynolds number of 800. For the range of velocities studied in

the current facility, a wire of nominal diameter 1.5mm was chosen to correctly stimulate

the boundary layer. A detailed analysis of the effect of the trip wire in the current

facility can be found in Hambleton (2007).

2.1.1.3 Experimental flow conditions

All the experiments in this thesis were conducted in zero-pressure gradient boundary

layer conditions. With the development of the boundary layer along the streamwise

direction, the region of decelerated flow increases, causing the freestream flow to ac-

celerate. A consequence of the Bernoulli equation in incompressible flow is that the

acceleration of the freestream flow results in a non-zero pressure gradient along the
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Figure 2.1: Wind tunnel facility
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streamwise direction. This can be expressed mathematically as,

dp

dx
= −ρU∞

dU∞

dx
. (2.1)

Hence a zero-pressure gradient flow requires that the freestream velocity remains

constant along the streamwise direction. To compensate for the growth of the boundary

layer, the upper walls of the tunnel were adjusted to provide a slightly divergent profile

of the tunnel cross-section. The continuity equation integrated over the cross section of

the tunnel dictates the amount of divergence and practically, the pressure gradient was

adjusted by trial-and-error. The appropriate quantity to be maintained constant along

the streamwise direction is the pressure coefficient (Cp), which is defined as,

Cp =
p∞ − pref
1
2ρU

2
ref

= 1− (
U∞

Uref
)2, (2.2)

where U∞ and p∞ are the freestream velocity and pressure at the given streamwise

location respectively, Uref and pref are the reference freestream velocity and pressure at

the inlet of the working section respectively and ρ is the density of air. Figure 2.2 shows

the streamwise variation of the pressure coefficient, where the streamwise locations are

defined with respect to the measurement location. As can be seen from the figure, the

streamwise variation of Cp is within ±0.01, which is regarded as acceptable.

Figure 2.2: Streamwise variation of pressure gradient in the wind tunnel. Reproduced
from Ganapathisubramani (2004).
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2.1.1.4 Boundary layer profile measurements

The parameters of the turbulent boundary layer were characterized using a hot-wire

anemometer setup. The hot-wire anemometer probe consists of a sensing element of

length 1.25mm and diameter 5µm platinum-coated tungsten wire, soldered on a Dantec

55P16 single-sensor boundary layer type probe. The probe is attached to a probe

support consisting of a set of contacts and a BNC connector on the other end. The

probe support is mounted into an aluminium mounting tube, which is attached to a

spanwise support rod, which is traversed in the wall-normal direction. Two EAD motors

ZB17GBKN-10-6 linear actuators were used for the traverse (one at each end) with a

linear travel of 3.969 × 10−3mm per 1.8◦. A pair of Velmex Inc. VXM Stepping Motor

controllers were configured to move both actuators simultaneously to 0.9◦ per step. An

optical cathetometer was used to precisely measure the distance of the first wall-normal

position from the wall. The accuracy of the cathetometer was ±0.05mm and hence the

absolute accuracy of the wall-normal position is ±0.05mm. The probe was operated in

constant temperature mode using an AA Lab Systems AN-1003 anemometer with an

overheat ratio of 1.7.

The hot-wire probe was calibrated by positioning it in the freestream of the tunnel

along with a Pitot tube, positioned at the same streamwise location as the hot-wire

probe. The Pitot tube was connected to a MKS 698A Barotron barometer, which had

an accuracy of ±0.05% of the reading and a range of 0.0001−10mmHg. The barometer

was connected to a MKS 670B High accuracy signal conditioner, which provided a

digital readout of the differential pressure between the total-head and the static pressure

measurements from the Pitot tube. This dynamic pressure (∆p) was used to compute

the freestream velocity using,

U∞ =

√
2(∆p)RTatm

patm
, (2.3)

where patm is the atmospheric pressure, Tatm is the atmospheric temperature and R

is the specific gas constant of dry air and equals 287.058Jkg−1K−1. The freestream

velocity of the wind tunnel was varied by adjusting the Toshiba controller, and data

were acquired at nominal velocities in the range 2− 16m/s. A second-order polynomial
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calibration curve was constructed between the mean voltage output from the anemome-

ter and the freestream velocity calculated using equation 2.3. This calibration curve

was used to convert all voltage outputs from the anemometer to physical velocities.

The calibrated hot-wire was traversed using the Velmex stepping motor controllers

and data were acquired at 50 points, logarithmically spaced in the wall-normal direction.

At each wall-normal location, 120000 samples were acquired at 1000Hz, and it was

confirmed that the number of samples was sufficient for statistical convergence of the

mean and standard deviation. A typical boundary layer profile at 6m/s is shown in

figure 2.3 and further details about the hot-wire anemometer setup and calibration

procedure can be found in Kunkel (2003).

Figure 2.3: Boundary layer profile at 6m/s. The dashed line shows the line of the
logarithmic law of the wall, and the solid lines show the range of the logarithmic region
used for the Clauser chart method described in section 2.1.1.6.

2.1.1.5 Integral parameters

The mean turbulent boundary layer profile is shown in figure 2.3. The integral param-

eters which are used to characterize the boundary layer are given in table 2.1. The

boundary layer thickness was calculated using the integral method of Perry & Li (1990)
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Freestream velocity (m/s) U∞ 6.0

Displacement thickness (mm) δ∗ 10.6

Momentum thickness (mm) θ 7.5

Shape factor H = δ∗/θ 1.4

Coles wake parameter Πc 0.8

C1 3.7

Skin friction velocity (m/s) Uτ 0.24

S = U∞/Uτ 25.1

Boundary layer thickness (mm) δ 70.6

Reynolds number based on momentum thickness Reθ 2950

Reynolds number based on skin friction velocity Reτ 1100

Table 2.1: Turbulent boundary layer parameters.

as,

δ =
δ∗U∞

C1Uτ
, (2.4)

where δ∗ is the displacement thickness defined as,

δ∗ =

∫ ∞

0
(1− U

U∞
)dy, (2.5)

and

C1 =

∫ 1

0
(
U∞ − U

Uτ
)d
y

δ
. (2.6)

The momentum thickness is given by,

θ =

∫ ∞

0

U

U∞
(1− U

U∞
)dy. (2.7)

2.1.1.6 Wall shear stress calculations

The skin friction velocity, Uτ =
√
τw/ρ was calculated using the Clauser chart method,

which assumes the presence of a law of the wall. For the Clauser chart method (Clauser

(1954b)), the logarithmic law of the wall is written as,

U

Uτ
=

1

κ
ln

[
yUτ
ν

]
+A. (2.8)
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At the edge of the boundary layer at y+ = δ, U = U∞, hence

U∞

Uτ
=

1

κ
ln

[
δUτ
ν

]
+A. (2.9)

These two equations yield,

U

U∞
=

Uτ
κU∞

ln

[
zU∞

ν

]
+

Uτ
κU∞

ln

[
Uτ
U∞

]
+
Uτ
U∞

A. (2.10)

To obtain the skin friction velocity, the mean velocity profile (U/U∞) was plotted

as a function of ln[zU∞/ν]. The data in the logarithmic region were least square fitted

to equation 2.10 with universal constants κ = 0.41 and A = 5.0. This fit yielded a value

for U∞/Uτ from which Uτ was determined. The skin friction velocity thus obtained

was used to calculate U+. The mean profile shown in figure 2.3 indicates that the

logarithmic law of the wall extends nominally over the region 30 < y+ < 200, which is

used to calculate Uτ .

2.1.1.7 Wake parameters

Based on an extensive survey of existing data, Coles (1956) extended the logarithmic

law of the wall in equation 2.8 to be applicable across the entire boundary layer by

incorporating a wake function,

U

Uτ
=

1

κ
ln

[
yUτ
ν

]
+A+

Πc
κ
W

[
y

δC

]
, (2.11)

where Πc is the wake strength, which depends on the streamwise development of the

boundary layer (for example, the pressure gradient), W is the wake function, and δC

is the Coles’ boundary layer thickness which is slightly less than the boundary layer

thickness defined in equation 2.4. Using this formulation, Πc is determined from the

maximum deviation of the mean velocity data from the law of the wall profile as indi-

cated in figure 2.3 which is

∆

(
U

Uτ

)
=

2Πc
κ
. (2.12)

However, this formulation does not have a zero slope at the edge of the boundary

layer (y = δ). To account for this, Lewkowicz (1982) proposed a modified universal

wake function, using the absolute boundary layer thickness, δ. Furthermore, Jones et al.

(2001) found that the use of this formulation resulted in a poorer fit with experimental
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data. To remedy this, they suggested using a modified form of logarithmic law of the

wall and law of the wake. Using this function, the flow parameter Πc is again found

from the maximum deviation of the law of the wall profile,

∆

(
U

Uτ

)
=

288Π3
c

κ(12Πc + 1)2
. (2.13)

2.1.2 Water channel experiments

The wind tunnel experiments were conducted at a nominal Reynolds of Reτ = 1100. In

order to study the effects of Reynolds number on the dynamics of the near wall region of

turbulent flows, it was necessary to conduct higher Reynolds number experiments. This

is currently not possible using DNS due to the very high computational requirement

for high Reynolds number simulations. The most obvious solution to increasing the

Reynolds number of the flow is to increase the freestream velocity of the experiments in

the wind tunnel. However, increasing the Reynolds number in the wind tunnel increases

the spatial range of the scales in the flow. Since the largest scale in the flow is constrained

by the dimensions of the wind tunnel, the smallest scales in the flow reduce in physical

dimension. It is known that the resolution of the measurement technique significantly

impacts the accurate calculation of the gradients of the velocity. Hence, it was decided

against utilizing the wind tunnel facility for higher Reynolds number measurements.

2.1.2.1 Water channel facility

The second set of experiments were performed in a closed circuit water channel facility

at the University of Minnesota. A schematic of the water channel is shown in figure

2.4. The flow in the channel is driven using a Reliance Electric AC motor. The mo-

tor is driven using a Reliance Electric variable frequency drive, rated at 460V, three

phase and output power of 50HP. The frequency input to the motor is controlled with

a Unitronics Vision 120 OPLC (Operator panel Programmable Logic Controller), and

the frequency can be controlled in the range 6−60Hz. The OPLC is programmed using

custom software on a PC and is configured for use with the specific AC motor. The

depth of water in the working section was maintained constant at 390mm at maximum

flow rate for all the experiments. It must be noted that the pressure drop across the
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flow conditioning screens causes a variation in the water depth at varying operating fre-

quencies, with larger pressure drops for larger frequencies. Hence, to maintain uniform

operating conditions, the water in the channel was topped off so that the water depth

at each operating condition remained constant. The use of water as the working fluid

increases the Reynolds number of the experiment due to the lower kinematic viscosity of

water. This also enables the operation of the water channel at much smaller velocities

compared to the wind tunnel.

The motor shaft is attached to a 3 : 1 ratio gear system, which is designed to drive

three independent shafts through gear systems. The three shafts pass through water-

tight sealing systems, which pass into the channel through PVC flanges at the base of the

return section into the return pipes as shown in figure 2.4. Propellers at the end of the

shafts are used to drive the flow through the pipes. The other end of the pipes connects

to the settling chamber at the upstream end of the channel. The water exiting the pipes

at the settling chamber end passes through a series of perforated plates and turning

vanes. The purpose of the plates is to decelerate the flow and create a reasonably uniform

velocity distribution across the vertical dimension in the upper section of the settling

chamber, downstream of the vanes. The water then passes through flow conditioners -

a honeycomb cell flow straightener, followed by metallic screens, which help to break

down the large scale flow structures. The honeycomb section consists of circular cells

of L/D = 12, where L is the length of the honeycomb cell and D is the diameter of the

circle. This is followed by a series of three stainless-steel screens of open area ratio 0.6.

The entire assembly of the vanes, honeycomb and screens are designed such that they

can be easily removed for maintenance or repair. The exit of the settling chamber has

dimensions of 1.27m × 2.34m and is connected to the entrance of the contraction. The

flow accelerates in the contraction, which is designed so as to avoid flow separation in

the adverse pressure regions. The exit of the contraction is 0.61m × 1.12m, and the

flow experiences a contraction ratio of 5 : 1. The exit of the contraction is attached

to the entrance of the working section, and care is taken to ensure that the walls of

the contraction and working section are aligned as closely as possible. The freestream

turbulence intensity of the water channel is about 1%.

At the entrance to the working section, a trip wire is glued to the surface of the

bottom wall. As previously described in section 2.1.1.2, the trip wire is chosen so that
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Figure 2.4: Water channel facility
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the flow is optimally stimulated to turbulence. In the current facility, the diameter of

the trip wire used is 1.6mm, which generates turbulent flow in the working section in the

range of controller frequencies 20−60Hz. For a water depth of 390mm, this corresponds

to a nominal freestream velocity range of 0.2 − 0.7m/s. The working section is made

of three sections with walls and floor of 1/4” thick optical quality glass glued together

using silicone sealant. The working section is 8m long, 1.22m wide and 0.61m deep.

All the experiments described were conducted at a distance of 6m downstream of the

trip wire. The flow at the exit to the working section enters the return section, which

contains the propellers used to drive the flow back through the return pipes. The water

depth of 390mm corresponds to about 5000 gallons of water, so it is not practical to

refill the channel very frequently. In order to maintain the quality of water, a filtration

system is incorporated in parallel to the main flow loop. The filtration system consists of

two steps - a particulate filter to remove particles larger than 100µm and an ultraviolet

filter to kill micro-organisms in the water. The filtration mechanism ensures that the

channel need not be emptied and refilled for an average of 8− 10 weeks.

2.1.2.2 Boundary layer profile measurements

The boundary layer profile of the water channel was characterized using a Laser Doppler

Velocimetry (LDV) system. A detailed description of the theory and operating principles

of LDV is presented in Goldstein (1996). The LDV system used for these experiments

uses a 100mW Argon Ion laser, which emits a beam in the wavelength range of 457 −
514nm with a beam divergence of 0.95mRad. This beam is sent into a TSI model 9201

Colorburst Multicolor Beam Separator, which split the argon-ion laser beam into six

beams - three pairs of shifted and unshifted output beams. The three pairs of beams

are two green beams at 514.5nm, two blue beams at 488.0nm and two violet beams at

476.5nm, one for each velocity component. In these measurements, the green beams

were used to measure the streamwise velocity, while the other beams were blocked off

using beam caps. The laser and beam separator are mounted on an aluminium base to

maintain alignment after the initial setup. The beam separator has two beam-steering

screws which were used to control the beam steering mirror, so that the beams were

aligned perfectly on the output ports. A TSI model 9186A-4 Frequency Shifter was used

to frequency-shift one of the beams by adjusting the Bragg angle and the RF power
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to obtain maximum power for both the green beams. TSI model 9271 Beam Couplers

were attached to the two green beam ports and a fiber optic cable to the optic probe

was attached to the other end of the couplers. The Beam Coupler was used to precisely

steer the beam through the fiber optic cable for maximum output power at the optic

probe.

A TSI two component transceiver probe was used to transmit the two green beams

and to receive the backscattered light from the interrogation volume. A 500mm focal

length lens was used to accurately focus the beams in the location of interest. The

two beams interfered to form a fringe pattern within the interrogation volume of length

70µm, which move due to the frequency shift, enabling the directionality to be deter-

mined. In these measurements, the direction of flow was from the shifted to unshifted

beam, which moved the fringe patterns against the flow, thus increasing the sampling

rate. When a tracer particle moves through the fringe pattern, it scatters light at a

frequency which can be related to the velocity of the particle as,

fs =
2U

λ
sin

α

2
, (2.14)

where fs is the signal frequency, U is the measured velocity component, λ is the wave-

length of the light and α is the angle between the beams, which is determined by the

focusing lens used and the local medium (in this case water). For the LDV experiments,

1− 2µm titanium dioxide particles were used as tracer particles. A detailed description

of the scattering properties of the seeding particles is discussed later in section 2.1.3.1.

The signal received by the two-component probe was sent back through the fiber

optic cable to a TSI model 9230 Colorlink Multicolor Receiver and a TSI model IFA-

750 flow analyzer system. These two components condition and process the raw signals

and convert it into voltages, which are stored in a computer using a data acquisition

card. The data were acquired and processed using “Find For Windows (FFW)” from

TSI Inc. and the velocity measurements were analyzed using Matlab. In order to

obtain a boundary layer profile, the fiber optic probe was mounted on a Velmex Bislide

traverse model number M10-0300-M01-21, which has a linear travel of 2.778× 10−3mm

per step. The Bislide traverse was moved using a Velmex VP9000 controller, which was

also controlled using the FFW software. A text file of logarithmically spaced points

was provided to the software and 6000 data points were acquired and stored at each
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wall-normal location. The entire boundary layer profile was analyzed using Matlab and

the mean and standard deviation profiles were obtained for the streamwise velocity. In

order to eliminate the effect of erroneous data points on the statistics, a threshold of ±3

times the standard deviation from the mean value of the readings was imposed. The

definitions of the various parameters of the boundary layer are as described in section

2.1.1. The calculated parameters are documented in table 2.2.

Freestream velocity (m/s) U∞ 0.5 0.7

Displacement thickness (mm) δ∗ 19.1 20.3

Momentum thickness (mm) θ 14.3 14.8

Shape factor H = δ∗/θ 1.3 1.4

Coles wake parameter Πc 0.4 0.8

C1 3.5 4.3

Skin friction velocity (m/s) Uτ 0.020 0.025

S = U∞/Uτ 25.8 28.3

Boundary layer thickness (mm) δ 143 134

Reynolds number based on momentum thickness Reθ 6930 10000

Reynolds number based on skin friction velocity Reτ 2650 3170

Table 2.2: Turbulent boundary layer parameters for the water channel experiments.

2.1.3 Particle Image Velocimetry

The PIV system used for these studies consists of several subsystems - tracer particles

to follow the flow, laser light source to illuminate the tracer particles, camera system to

capture the scattered light and software to perform the cross-correlation and calculate

the velocity fields. A brief generic description of these individual systems is provided

below, followed by details of the specific systems used for the individual experiments.



48

2.1.3.1 Seeding particles

The flow is seeded with small, passive tracer particles which are expected to follow

the motion of the fluid. The size of the particles should be small enough to track the

smallest scales of interest in the flow. Since the Reynolds number of the flow over

the tracer particles is very small, the force on the tracer particles can be modeled by

the Stokes drag law on a solid spherical particle in a viscous fluid. The Stokes law

provides the time response, and consequently the frequency response of the particle. If

the frequency response of the particle is larger than the significant frequencies in the

flow, the particles will follow the fluid motion. Simultaneously, the particles must be

large enough to scatter sufficient light from the illumination source to be captured by

the cameras. The light scattering properties of small particles are dependent on multiple

factors - the ratio of the refractive index of the particles to the surrounding fluid, the

size of the particles, their shape, orientation, polarization of the illumination source and

the angle of observation. The choice of particle size is a compromise between these two

conflicting requirements. Melling (1997) provides detailed descriptions of the choice of

seeding particles for PIV. Kähler et al. (2002) presented techniques for the generation

of tracer particles of mean diameter 1µm for PIV applications. Raffel et al. (2007)

provides Mie scattering plots for particles of various sizes in water and air at λ = 532nm

and can provide guidelines to choosing the appropriate particles.

For the wind tunnel experiments in this study, olive oil droplets were used as the

tracer particles. Olive oil is an ideal liquid for this purpose, since it is edible and hence

non-toxic and is easily available in commercial quantities. The olive oil droplets were

atomized using a Laskin nozzle system, where compressed air was pumped through a

pressurized reservoir of olive oil. The jets created by the compressed air through the

olive oil generated small droplets inside air bubbles, and the effect of buoyancy pushed

them to the free surface. The seeding setup used in the experiments consisted of eight

independent olive oil reservoirs, with four Laskin nozzles in each reservoir. The seeding

density was controlled by adjusting the air pressure through the compressed air supply.

The olive oil droplets were introduced upstream of the wind tunnel inlet and the particles

appeared as a fine mist. A detailed description of the Laskin nozzle setup used in these

experiments is provided in Ganapathisubramani (2004).

Since it is not practical to use olive oil droplets for the water channel experiments,
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solid particles were used instead. The scattering efficiency strongly depends on the ratio

of the refractive index of the particles to that of the fluid. Since the refractive index

of water is considerably larger than that of air, the scattering of particles in air is at

least one order of magnitude more powerful compared to particles of the same size in

water (Raffel et al. (2007)). Therefore, larger particles are often used for water flow

experiments, which can mostly be accepted since the density matching of particles and

fluid is usually better. Some of the particles which have been used in liquid flows by other

researchers are - titanium dioxide (TiO2) particles (1− 2µm), nylon particles (4− 5µm)

and silver coated hollow glass spheres (8 − 12µm). Of these available particles, the

nylon and silver coated particles are spherically shaped, whereas the titanium dioxide

particles are irregularly shaped. The studies in this thesis use the principle of image

separation based on the polarization of the scattered light from the tracer particles.

A study on the effect of light sheet polarization on the intensity of scattered light

was conducted using the TiO2 and nylon particles. It was observed that the TiO2

particles displayed a bias towards one specific polarization direction, hence they were

not suitable for the current experiments. On the other hand, the intensity of scattered

light from the nylon particles was reasonably independent of the light sheet polarization.

Details on this study are discussed in section 2.1.3.2. Considering all these factors, nylon

particles (4 − 5µm) were used for the water channel experiments since they provided

the right combination of scattering intensity, frequency response, imaging diameter and

polarization characteristics.

2.1.3.2 Effect of polarization on image intensity

The experimental technique used in this work uses the principle of image separation

based on the polarization of the scattered light of particles, hence an understanding of

the polarization properties of scattered light is necessary. In general, the light scattered

paraxially (i.e. at 0◦ or 180◦) from a linearly polarized incident wave is linearly polarized

in the same direction and the scattering efficiency is independent of polarization. By

contrast, the scattering efficiency for most other observation angles strongly depends on

the polarization of the incident light. Furthermore, for observation angles in the range

0◦ − 180◦, the polarization direction can be partially turned.

It was observed in this study that the size and shape of the particles plays a critical
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role in the polarization properties of the scattered light. A description of the observa-

tions will be presented here. The olive oil droplets used in the wind tunnel experiments

were inherently spherical in shape, hence they did not display any differences in the av-

erage image intensity for two orthogonally polarized laser sheets. For the water channel

experiments, the irregularly shaped TiO2 particles and spherical shaped nylon particles

showed different behavior in terms of scattered intensity. Figure 2.5(a) shows electron

microscope images of TiO2 particles, indicating the irregular shape of the particles. The

horizontally polarized laser beam from the laser was sent through a half-wave plate,

which was used to control the polarization of the output beam. A half-wave plate is

made of a birefringent crystal, which is cut so that it contains two axes - the fast axis and

the slow axis. The horizontally polarized laser beam can be resolved into two orthogonal

components along the fast and the slow axis. The crystal retards only the component

along the slow axis and for a specific thickness of the crystal, the polarization of the

output beam is changed. When the fast axis is parallel with the horizontal polarization

direction, no phase change occurs and the beam comes out unchanged. When the fast

axis is oriented at an angle θ to the polarization direction, the polarization of the output

beam is rotated by 2θ. This property of the crystal was used to control the polarization

of the output beam. Detailed descriptions of the theory of polarization and half-wave

plates can be found in standard optics textbooks such as Hecht (2001) and Shurcliff &

Ballard (1964).

Figure 2.5(b) shows the variation in average image intensity with the polarization

of the laser light after it passes through the half-wave plate. The horizontal axis rep-

resents the angle of the fast axis of the half-wave plate with the horizontal direction.

Hence, an angle of zero corresponds to no change in polarization of the horizontally

polarized beam through the half-wave plate. The vertical axis represents the normal-

ized average intensity of the acquired particle images, normalized with the maximum

value of intensity. The average intensity for a given polarization angle was calculated

by ensemble averaging 10 images, captured using a single CCD camera, with the lens

axis perpendicular to the laser sheet. It must be noted that no polarizing filters were

used for the results shown in this figure. Results from two particles are shown here -

open symbols and solid lines are for 1− 2µm TiO2 particles, while closed symbols and

dash-dotted lines are for 4− 5µm nylon particles. The circles represent the experiments
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with a horizontally oriented laser sheet and vertically oriented lens axis. The diamonds

represent experiments with a vertically oriented laser sheet and horizontally oriented

lens axis. The lines shown are spline fits for the data points.

The results from both sets of particles clearly indicate that the maximum of average

image intensity for a horizontal laser sheet occurs at a half-wave plate angle of α = 0◦,

which corresponds to horizontally polarized light. For a vertical sheet, the maximum

image intensity occurs at α = 45◦, which corresponds to vertical polarization. The

minima for all the curves occur at the polarization orthogonal to the laser sheet orienta-

tion. For the TiO2 particles, the ratio of the minimum to maximum values is about 0.2.

This makes it difficult to isolate the sheets using polarization filters since the vertically

polarized sheet in horizontal orientation corresponds to the minimum intensity, and the

noise in the measurement due to crosstalk between the two sheets is of the order of the

good signal. Hence, TiO2 particles were not suited for the water channel experiments.

The nylon particles showed a much higher ratio between the minimum to maximum

signal, and this was well suited for the experiments. Hence, nylon particles of 4− 5µm

were chosen as the seeding particle for the water channel experiments.

(a) (b)

Figure 2.5: (a) Electron microscope images of 1−2µm TiO2 particles. Reproduced from
Schrijer et al. (2006). (b) Effect of sheet polarization on average intensity of images.
Open symbols - 1 − 2µm TiO2 particles; Closed symbols - 4 − 5µm nylon particles.
Circles - Horizontal sheet; Diamonds - Vertical sheet.
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2.1.3.3 Illumination source and beam optics

Lasers are used in PIV applications to illuminate the tracer particles because they emit

monochromatic light with high energy density concentrated in a beam. This beam

can be modified with appropriate optics to create a sheet or volume depending on the

application to illuminate the region of interest. The laser source used in both the wind

tunnel and water channel studies was a Spectra Physics PIV-400 Nd:YAG laser, which

contains two separate oscillators emitting two pulses at wavelength of 532nm. The width

of a typical pulse was 8ns, which ensured that tracer particles appear frozen during each

illumination pulse, as opposed to appearing as streaks in case of larger pulse widths.

A detailed description of the operation of Nd:YAG lasers can be found in Raffel

et al. (2007). PIV lasers normally operate in a Q-switched mode. The Q-switch is an

optical component designed to control the timing and power characteristics of the laser

beam out of the laser head. The output power of the laser head is a function of the

time between the flashlamp fire and the Q-switch trigger, and this time is known as the

Q-switch delay (∆Q-SW). For the laser used in these studies, the optimal ∆Q-SW was

precisely determined by measuring the output laser power with an appropriate power

meter and plotting the variation of the output power with Q-switch delay. For the laser

used in these studies, the optimal ∆Q-SW = 180µs and the power drops off on either

side of this peak. For the long-term operation of the laser and beam stability, it was

recommended that ∆Q-SW ≥ 180µs. The energy of each laser head was about 350mJ

per pulse at ∆Q-SW = 180µs. The laser flash lamp was pulsed at 15 Hz, but the

Q-switch which fires the beam can be triggered at 15 Hz and its sub harmonics(7.5, 5,

3.75, 3 etc.). The specific timing used in the experiments is described in section 2.1.6.2.

The laser used for these studies consists of two independently triggered oscillators,

one each for the straight beam and the zigzag beam. In order to collimate these beams

at the exit of the laser, the zigzag beam bounces off two mirrors, referred to as M1 and

M2. This reflected beam is sent into a beam-combiner(BC). The BC contains three

windows - two for the straight and the zigzag beam, and the third exit window, which

allows both the straight and zigzag beam through. The collimation within the BC is

achieved using a mirror oriented at the Brewster’s angle to reflect the zigzag beam and

change its polarization, while allowing the straight beam through without any deviation.

The role of the BC is to collimate the beams and to match the polarizations of the two
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beams. This optic is placed ahead of the harmonic generator, so the beams entering the

harmonic generator are collimated. Before conducting the experiments, the overlap of

the two beams was checked in the near-field and far-field of the laser output port, since

any misalignments in the two beams will be reflected in a variation in the location of

the two sheets in the field on interest. The overlap procedure involved beam steering

using M1 for the far-field and M2 for the near-field alignment. When the beams were

perfectly overlapped, the output power of the beams was maximum and the output

beam was perfectly horizontally polarized. The laser overlap was checked before all sets

of experiments and all beam misalignments were corrected.

The output beam of the laser was appropriately modified to create a laser sheet to

illuminate the region of interest. This was achieved by transmitting the beam through

appropriate high-power optics. The beam divergence of the Spectra Physics laser was

measured to be about 0.5mrad. In the water channel experiments, the optical path

for the beam was very large, hence it was very difficult to steer the divergent beam

far away from the laser output port. To eliminate beam divergence, a collimation

system consisting a pair of converging spherical lenses was used for the water channel

experiments, placed such that the second lens was beyond the focal point of the first

lens. By carefully adjusting the position of the two lenses, the beam diameter was kept

constant behind the second lens. The wind tunnel experiments did not require the use

of collimating lenses due to shorter beam optical lengths.

The collimated beam was steered using high-power reflecting mirrors and a cylin-

drical lens was used to form a laser sheet. Since the cylindrical lens cannot affect the

sheet thickness, a spherical lens was used to control the sheet thickness in the region

of interest. All the lenses and mirrors are specially manufactured for operation with

high power optics, however they can be damaged if the focal points of any beams occur

on their surface. Special care was taken to align the lenses appropriately so that no

reflected beams were focused on any of the lenses or mirrors. The rule of thumb for

minimizing damage due to reflections was : for diverging/ converging beams, the flat

surface of the lens faced the beam, while for collimated beams, the beam were sent

through the curved side of the lens.
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2.1.3.4 Digital image recording

Laser light scattered by the tracer particles were captured using digital CCD cameras.

The CCD sensors require about 300µs to completely download the intensity information

from the sensor to the computer, which is much larger than the ∆t for experiments in air.

The interline transfer CCD used in the cameras stores the intensity values from the first

capture in a masked shift register, so the smallest possible separation between pulses

is about 0.5µs. However, the minimum exposure time for the second frame equals the

time required to download the intensity information from the shift register, which takes

about 300µs. This constrained the maximum frequency of image acquisition in these

experiments. In order to remove the effect of any residual charge on the CCD sensor,

the pixel values were reset to zero by subtracting a dark image, which was acquired by

keeping the lens cap on before all experiments.

For the wind tunnel experiments, three cameras were used - two 12-bit TSI Pow-

erview 4MP Plus cameras (resolution 2k× 2k pixels) with Nikon Micro-Nikkor 105 mm

lenses and one 10-bit TSI PIVCAM 10-30 camera (resolution 1k × 1k pixels) with a

Nikon Micro-Nikkor 60 mm lens. For the water channel experiments, the three cameras

used were - two 12-bit TSI Powerview 4MP Plus cameras (resolution 2k × 2k pixels)

with Nikon Micro-Nikkor 105 mm lenses and one 12-bit LaVision Imager Intense camera

(resolution 1376 × 1040 pixels) with a Nikon Micro-Nikkor 60 mm lens.

2.1.3.5 Vector field evaluation

Each CCD camera acquired two images separated by a known time ∆t, which was

controlled by precisely timing the two laser pulses. These images were stored on a

computer, where this information was used to compute the velocity field. Each pixel

in the image has an associated intensity (I), which increases if a seeding particle is

present in the area corresponding to that pixel. An algorithm divides the entire image

into small interrogation regions of user-defined size and computes a correlation function

between two corresponding interrogation windows from the two images. This yields

the average displacement of the particles within the specific interrogation window. The

cross correlation function statistically measures the degree of match between the two

interrogation windows for a given shift. The peak in correlation space yields the most
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probable displacement between the two images within the interrogation window. This

procedure is illustrated in figure 2.6. Mathematically, this is represented as follows.

Consider two particle images described by I1(i, j) and I2(i, j), where I is the intensity

of a pixel of index (i, j) within the interrogation window. The cross-correlation function

is given by,

R(p, q) =
∑

i

∑

j

I1(i, j)I2(i+ p, j + q), (2.15)

where p and q are displacements in the x and z directions. The peak value of R(p, q)

corresponds to the most probable displacement between the two interrogation windows

and is used to compute the velocity using the spacing between the pulses ∆t. This

is graphically demonstrated in figure 2.6, where the peak value in correlation space

corresponds to the interrogation window displacement. In order to obtain the peak to

sub-pixel accuracy, a Gaussian curve was fitted to the peak value and its neighbors. The

displacement corresponding to the peak of the Gaussian curve was used as the interroga-

tion window displacement. In practice, direct correlation methods are computationally

intensive, and Fourier transforms are used to accelerate the processing significantly.

Figure 2.6: Cross-correlation to calculate average particle displacement. Reproduced
from http://www.piv.de

2.1.4 Stereoscopic Particle Image Velocimetry

The conventional PIV setup described above resolved two velocity components within

the plane of the laser sheet and hence four of nine possible velocity gradients were
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computed. In three-dimensional flows, conventional PIV measures the projection of a

three-dimensional velocity in two-dimensional space, as shown in figure 2.7(a). The

true three-dimensional displacement can be resolved into components ∆x and ∆y in

two perpendicular directions, and the projection on the image plane is ∆X. Due to the

lack of depth information, the image plane projection is back projected to the object

plane as a two-dimensional displacement ∆x′ and any information about ∆y is lost.

(a) (b)

Figure 2.7: (a) Two-dimensional projection of three-dimensional velocity in conventional
PIV. (b) Angular displacement configuration for stereoscopic PIV. Reproduced from
Raffel et al. (2007).

Stereoscopic PIV provides a method of obtaining the third velocity component by

acquiring images of the same field of view from two different viewing axes. This method

uses the principle of geometric reconstruction, whereby depth information is recon-

structed by obtaining the two-dimensional projections of a three-dimensional velocity

field from two different orientations. Each camera system operates exactly like a two-

dimensional PIV setup, but the information in tandem provides depth information. This

is identical to how human eyes capture enough information in tandem to provide the

perception of depth.

The method used to capture the two views is know as the “angular displacement

method”, which involves rotating the image plane such that the optical axis of each
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camera intersects at the center of the field of view in the object plane. This method

provides a larger range of stereoscopic angles which can be used. Unfortunately, the an-

gular displacement results in optical distortion across the image, which makes it difficult

to correlate the two camera views. Further, the limited depth of field of most practical

lenses meant that a very limited region of the field of view was in full focus. The solution

to this problem was the use of the Scheimpflug condition - if the image plane, lens plane

and object plane intersect at a common point, the entire field of view is in perfect focus.

The implementation of the Scheimpflug condition is demonstrated in figure 2.7(b). The

PIV cameras used in these studies were designed with Scheimpflug mounts to enable

the rotation of the lens independent of the camera sensor. When a stereo angle of 45◦ is

used, the uncertainty in the streamwise and out-of-plane velocity components are equal,

hence it is desirable to use this angle for the cameras. However, this condition was very

difficult to implement due to the large Scheimpflug angles required, and the depth of

field of most practical lenses was not sufficient to fully focus the entire image. Lawson

& Wu (1997) suggested that a stereo angle of 20◦ < α < 30◦ provides accurate values of

the out-of-plane velocity component. For all the experiments in this thesis, stereoscopic

angles in the range 20◦ − 25◦ were used.

2.1.4.1 Calibration procedure

A calibration procedure was utilized to convert image displacements in pixels into real

world units such as mm. For a conventional two-dimensional PIV system, optical dis-

tortions are limited. A plane target containing a known grid of marker points was

aligned with the laser sheet and images were captured with the camera. Pixel distances

were correlated to real world distances, which were available from the known marker

spacing on the target. This provided a calibration ratio represented in µ m/pixel. The

calibration ratio was used as the scaling factor to convert velocities from pixel/s to m/s.

The angular displacement method of stereoscopic PIV introduced an optical distor-

tion and hence a variable magnification across the image and this was accounted for

in the calibration procedure. The calibration procedure involved capturing images of

a target with a known pattern from the two views. However, calculation of the third

velocity component dictates the need for depth information in the calibration step. This

can be achieved by either of two methods - using a three-dimensional target with two or
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more planes of marks, or traversing a two-dimensional target by known distances across

the object plane. In the studies in this thesis, both these methods were used and will

be described below in brief.

The two-dimensional target setup shown in figure 2.8 was used for all the wind

tunnel experiments and consists of a regular array of white dots imprinted on a black

background. The center of the target has a plus sign, which is used as a reference point

and is referred to as the “fiducial mark”. The dots are spaced 2.5mm apart in both

directions and are 0.5mm in diameter. This target was mounted on a micrometer tra-

verse assembly, which also contains adjustments to align the target perfectly horizontal

or vertical as might be needed. The frame of the target contains a slot with a reflective

mirror on its side, aligned with the target plane. The target was initially aligned so

that the laser sheet reflected off the mirror and the reflected sheet coincided with the

incident sheet. This position of the target was assumed to be the zero position. The

micrometer traverse was then adjusted so that the target was located at −0.5mm. From

this location, the target was traversed in steps of +0.25mm and images from both cam-

eras were captured at each target position. Sufficient lighting was provided so that the

contrast between the dots on the target and the background was high. A low contrast

resulted in larger errors in the calibration due to inaccurate identification of the center

of the target dots. A set of 5 target images was obtained from each camera using this

method.

A three-dimensional target was used for all the water channel experiments. The

target is fabricated such that alternate dots on the target are located on different planes

and is shown in figure 2.9. The two levels of the target are separated by 1mm. The

dots shown in the figure are separated by 10mm in both directions and are 1.5mm

in diameter. Since this target already contained information to reconstruct the three-

dimensional velocity, it was not traversed across the laser sheet. In the water channel

experiments, the target was positioned on spacers, which were varied to adjust the

distance of the target from the wall, so as to align it precisely with the laser sheet

position. The light sheet was positioned such that it was located perfectly in-between

the two planes of the target. Sufficient lighting was provided for high contrast between

the dots and the black background and both cameras captured one image each.

After this step, the calibration was based on the procedure described by Soloff et al.



59

(a) (b)

Figure 2.8: Two-dimensional target used for the calibration procedure.

(a) (b)

Figure 2.9: Three-dimensional target used for the calibration procedure.
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(1997), known here as the “polynomial method”. The aim of the calibration procedure

is to determine the mapping function F(x), which is needed to relate displacements in

the image plane to real-world displacements. This is mathematically represented as,

∆X
(c)
i ≃ F

(c)
i,j∆xj, (2.16)

where c = 1, 2 represents the two cameras, ∆x is the displacement in real-world co-

ordinates and X is the two-dimensional displacement in the image plane from the two

cameras. The overbar represents averaging within the interrogation window. The values

of i = 1, 2, representing the displacement directions in the image plane, and j = 1, 2, 3,

representing the displacement directions in the object plane. This is written in matrix

form as,
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Thus the aim is to determine the mapping function F such that for every point x

in the object plane, the corresponding location X in the image plane can be accurately

determined. This was done by using the least-squares method to minimize the mean

square error between F and an analytic function F̂,

ǫ =
1

Np

∑

xp

|F(xp)− F̂(xp)|2, (2.18)

where xp is the set of points on the calibration target, and Np is the total number

of points. The most obvious choice of analytical function is a multi-dimensional poly-

nomial, whose order is chosen based on the accuracy desired and number of available

planes of data. In the two-dimensional target experiments, a third-order polynomial

was used within the plane and a second-order polynomial was used in the wall-normal

direction. With the three-dimensional target, a third-order polynomial was used within

the plane and a first-order polynomial was used in the wall-normal direction, since only

two planes of data were available in this direction.
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The first step involved in the actual calibration procedure was the definition of the

coordinate system. This involved identifying the same characteristic point on all the

calibration images from the various planes and cameras, which is usually the same as the

fiducial mark. Then, the exact image positions of the dots on the target were identified.

This was usually done with a template matching technique, where the identification soft-

ware attempted to detect positions of successive dots, using initial information provided

by the user, including the spacing between dots and the locations of two or three initial

points. Figure 2.10 shows the identified points in the green boxes from the two cameras

in an experiment conducted using the two dimensional target. Once the pixel values

of the centers of the dots were determined for both cameras along with the real world

positions of the dots, the polynomial method yielded the analytical mapping function

F̂ .

(a) (b)

Figure 2.10: Calibration points identified using the calibration procedure for the two
dimensional calibration target from (a) Camera 1 (b) Camera 2.
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The mapping function F̂ was split up and rewritten in the following form:

Xleft = f1(x, y, z)

Zleft = f2(x, y, z)

Xright = f3(x, y, z)

Zright = f4(x, y, z), (2.19)

where (x, y, z) are the real-world locations in the three dimensions and (Xleft, Zleft)

and (Xright, Zright) are the particle locations in the two-dimensional images from the

two cameras. Displacements in real-world coordinates are represented by (∆x, ∆y,

∆z) and displacements computed using the cross-correlation procedure from the two

cameras are represented by (∆Xleft,∆Zleft) and (∆Xright,∆Zright). In order to relate

these two sets of quantities, derivatives of the mapping functions were used, since these

provide the pixel displacement in the image planes of the two cameras corresponding to

a given real-world displacement. Mathematically, this is represented as follows:

∆Xleft = ∆x

(
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dx
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(
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This represents a system of 4 equations with 3 unknowns ∆x,∆y and ∆z, which

were solved by minimizing the mean square error using a least squares method. In

tandem with ∆t, this was used to calculate the three components of the velocity within

the specific interrogation window. The above procedure was implemented using the

calibration procedure in Davis 7.2.

2.1.4.2 Self-calibration procedure

In spite of the best efforts to precisely align the calibration target with the laser sheet,

a certain amount of misalignment occurs between these two, which is mostly dependent

on the judgement of the observer. In order to quantify this misalignment and to cor-

rect the calibration function appropriately, Wieneke (2005) described a self-calibration
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procedure, which is performed using the captured calibration images. The two possible

corrections that the procedure attempts to correct are for a translation in the direction

parallel to the sheet, and for rotations in the out-of-plane direction. It must be noted

that the procedure assumes that all misalignments are due to rigid body translation

and rotation, hence it did not perform very well if the target was not perfectly flat or

rigid, as might be the case if plastic transparent targets were used.

(a) (b)

Figure 2.11: Examples of misalignment of calibration target with laser sheet. The red
arrow represents the disparity vector and the blue points represent the positions of the
particles in the initial reconstructed images.

When the initial calibration mapping function was computed, it was assumed that

the calibration target coincides with the plane y = 0. The self-calibration procedure

attempts to rotate and translate the coordinate system described in the calibration

function, so that the y = 0 plane matches the laser sheet location. This was achieved

using the particle images from the two stereoscopic cameras. When the target and

light sheet are perfectly aligned, the images of the particles from the two cameras must

exactly overlap after the real-world image is reconstructed using the calibration function.

Any misalignments between the target and the laser sheet manifest as a disparity error,

which represents the magnitude and direction of misalignment. Figure 2.11 shows two

examples of possible misalignments and the disparity vectors for each case. The self-

calibration procedure works by dividing the entire image into interrogation windows

and computing the disparity vector in each of these windows.

For the self-calibration procedure, interrogation windows of size 128×128 pixels were
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used, which were much larger than those used for the PIV interrogation. By averaging

the disparity vector obtained from a set of 40−50 images, an average disparity map was

created. Once the disparity map was obtained, the procedure corrected the calibration

function, so that the disparity vector within each interrogation window was minimized.

The procedure was repeated using the corrected calibration function to further refine

the calibration, and this was repeated until there was no significant improvement in the

quality of the calibration by the refining step. The final corrected calibration function

was used for stereoscopic reconstruction and accounted for target misalignments. The

self-calibration procedure was performed using Davis 7.2.

2.1.5 Dual Plane Particle Image Velocimetry

Dual Plane Particle Image Velocimetry (DPPIV) is a recent experimental technique

to resolve the full velocity gradient tensor in a plane. The system used in the present

studies was designed based on the polarization separation technique described in section

1.2.5 and used information from three cameras and the continuity equation, identical to

the system used in Ganapathisubramani et al. (2005a). Two laser sheets were oriented

in the wall-parallel direction and were separated by a small distance, in order to mea-

sure wall-normal gradients. The two laser sheets were orthogonally polarized and were

optically isolated from each other by using appropriate polarization filters on the cam-

eras. Specific details of the experimental setup in the wind tunnel and water channel

experiments will be presented shortly in the following section. The details of the data

files generated from the dual plane experiments, along with the method of computation

of all the parameters in the files, is presented in appendix B.

2.1.6 DPPIV experimental setup

Two independent sets of experiments were conducted to obtain the results described in

this thesis. The first set of experiments were conducted in the open return wind tunnel

described in section 2.1.1, while the second set of experiments were conducted in the

closed circuit water channel setup described in section 2.1.2. The following section will

provide specifics of the two sets of experiments, while highlighting the significant simi-

larities and differences between the two systems. The nomenclature and flow parameters
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of the experiments which have been described in these studies are provided in table 2.3.

Of these studies, the first two wind tunnel experiments were conducted in earlier studies

in the same experimental facility and were described in detail in Ganapathisubramani

(2004).

Name Reτ y+ No. of files Field of view

Wind tunnel experiments

Re1160-y110* 1160 110 1200 1.1δ × 1.1δ

Re1160-y550* 1160 575 1200 1.1δ × 1.1δ

Re1100-y100 1100 100 1400 0.45δ × 0.45δ

Re1100-y50 1100 48 1295 0.45δ × 0.45δ

Water channel experiments

Re2650-y120 2650 125 1400 0.43δ × 0.43δ

Re2650-y200 2650 196 1400 0.38δ × 0.38δ

Re2650-y340 2650 338 1400 0.35δ × 0.35δ

Re3170-y160 3170 162 1400 0.46δ × 0.46δ

Re3170-y250 3170 255 1400 0.41δ × 0.41δ

Re3170-y350 3170 347 1400 0.45δ × 0.45δ

Table 2.3: Parameters of experimental datasets used in the study. The first two wind
tunnel studies denoted with the asterisk were described in Ganapathisubramani (2004).
The first column “Name” is the name which will be used to refer to the datasets in the
text.

2.1.6.1 Cameras and polarizing filter setup

The specific cameras used for the experiments was described earlier in section 2.1.3.4.

The variation of the specific stereoscopic angle for the stereo cameras depended on a

number of factors, a few of which are described here. First, it depended on the amount

of light scattered from the light sheet, which affected the specific aperture setting of the

lenses, and consequently the available depth of field for the image. A large stereoscopic
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angle and a large aperture (small f#) made it difficult to focus the entire field of view.

Secondly, the stereoscopic angle was dependent on the amount of optical access available

for the cameras. This is a significant issue in the water channel experiments, where a

glass tank was used between the cameras and the laser sheet to prevent any free surface

effects from the water. The sides of the glass tank restricted the maximum stereoscopic

angle of the cameras and was a crucial constraint while performing the experiments. In

all the experiments described in this thesis, stereoscopic angles in the range 20◦ − 25◦

and f# in the range 2.8 − 4 were used. In both the wind tunnel and water channel

experiments, the cameras were oriented in a streamwise direction, consequently the two

stereoscopic

Figure 2.12: Schematic of the optical setup for the DPPIV experiment from the water
channel experiments. The laser sheets were also separated in the wall-normal direction,
which is not shown in the top view here. The orientation of the cameras is indicated in
figure 2.13(b).

The DPPIV system used in these experiments was based on the principle of isola-

tion of the two laser sheets using the orthogonal polarization of the two laser sheets.

As described in section 2.1.3.2, a half-wave was used to rotate the polarization of a
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(a) (b)

Figure 2.13: (a) Photograph of the optical setup to generate the two light sheets for the
wind tunnel Dual Plane PIV experiments. (b) Photograph of the cameras and filters
for the wind tunnel Dual Plane PIV experiments. The cameras are oriented in the
streamwise direction, denoted by the green arrow, for both the wind tunnel and water
channel experiments.

laser sheet. A top view of the optical setup used in the water channel experiments is

schematically shown in figure 2.12. The horizontally polarized beam coming out of the

laser head was transmitted through a pair of converging spherical lenses (f = 1000mm)

to collimate the beam. The collimated beam was divided into two beams of equal power

using a 50 − 50 beam splitter (CVI Laser). One of these horizontally polarized beams

was guided using high-power mirrors and sent through a spherical lens (f = 1000mm),

followed by a cylindrical lens (f = 60mm) to form the laser sheet for system 1. System

1 was used to calculate the three dimensional velocity field at the wall-normal location

of interest, and hence was imaged by the two stereoscopic cameras. The other beam

out of the 50 − 50 beam splitter was sent through this half-wave plate (CVI Laser) to

generate a vertically polarized beam. The vertically polarized beam was also steered

using high power mirrors and sent through a cylindrical (f = 60mm) and spherical lens

(f = 1000mm) system to generate the laser sheet for system 2. The steering mirror and

the beam optics for system 2 were mounted on an optical rail, which was attached to

a micrometer traverse. This traverse was used to adjust the spacing between the laser

sheets for system 1 and 2. The sheet spacing and sheet thicknesses were determined

using burn tests. Laser alignment paper which are marked using the laser sheets were
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placed in the region of the experiments. The marks made by the laser sheets were

scanned using a high resolution digital scanner, and standard imaging tools were used

to calculate the pixel spacing between the sheets and the sheet thicknesses. A metal

ruler was also scanned in tandem to provide a calibration from pixels to mm. The

sheet spacing for the different experiments is provided in table 2.4. The average sheet

thickness for all the experiments was 0.3− 0.5mm. For example, the sheet thicknesses

in the experiment Re1160-y110 were 0.35mm and 0.45mm for sheet 1 and sheet 2

respectively, while the thickness were 0.42mm and 0.48mm for sheet 1 and sheet 2 re-

spectively for the experiment Re1100-y100. Figure 2.13(a) shows the optical setup

used in the wind tunnel experiments.

To isolate the light from the two sheets at the cameras, polarizing filters were fitted

to the lenses. Since the laser sheets were linearly polarized, linear polarizing filters were

used for this purpose. The polarizing filters were set by rotating the ring of the filter

until the scattered intensity from the orthogonal sheet was a minimum. For example,

the polarizing filters on the stereoscopic cameras of system 1 were set by rotating the

rings until the scattered intensity from sheet 2 was minimum. The same was repeated

for system 2 until the scattered intensity from sheet 1 was minimum. In order to increase

the filtering efficiency of the polarizing filters, a second filter was used in series. The

orientation of the second filter was determined by trial and error. Ganapathisubramani

(2004) recommended using two filters not parallel to each other in the stereo system

for maximum filtering efficiency. It was found that in certain cases, the use of one filter

was better than two filters since the loss of total light intensity due to the second filter

resulted in a smaller f#, directly affecting the depth of field of the lens. The combination

of the polarization filters used for the experiments was determined by trial and error,

where the aim was to obtain maximum contrast between the signal from the correct sheet

and the noise from the sheet of opposite polarization. The wind tunnel experiments used

two polarizing filters on all cameras, whereas the water channel experiments only had

one filter on each camera. This could be a result of varying scattering characteristics of

the tracer particles in the two sets of experiments. Figure 2.13(b) shows the setup of

the cameras and polarization filters in the wind tunnel experiments.
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2.1.6.2 Timing setup

Since two independent PIV systems were used for capturing images of the scattered

intensity from the two laser sheets, it was necessary that the two systems were perfectly

synchronized to capture images from the two laser sheets at the same instant of time.

Firstly, the laser had an optimal lasing frequency of 15Hz as described in section 2.1.3.3,

which was usually too high for the flows under consideration. Also, the cameras could

not continuously sample at 15Hz since their maximum frequency was constrained by

the speed at which data could be transferred off the camera to the frame grabber and

to the RAM of the computer. Each Powerview 4MP camera captured 2 images of 8MB

each per acquisition, resulting in 32MB per acquisition for system 1. The typical time

between each acquisition in this system was 300−400ms, corresponding to a maximum

sampling frequency of about 2.5Hz. System 2 only received 2MB per acquisition, so

this did not constrain the maximum sampling frequency. A synchronization problem

occurred if system 1 was unable to download information from the cameras to the RAM

of the computer before the next trigger signal to capture an image was received. In

this situation, system 1 skipped the specific trigger pulse, whereas system 2 acquired

an image corresponding to the trigger. This led to a mismatch in the images between

the two systems and led to an offset of images in the image sequence, which was very

tedious to automatically detect. In order to prevent any such possibilities, the sampling

frequency was set as 1Hz for the wind tunnel experiments and 0.5Hz for the water

channel experiments. This sampling frequency was also advantageous since the present

studies are not concerned with temporal evolution of flow structures, where a high

sampling rate is desired. On the other hand, the lower sampling rate was advantageous

since it ensured that data from successive acquisitions were not correlated, which ensured

faster convergence of ensemble averaged statistical quantities. A typical timing diagram

used in the experiments is shown in figure 2.14.

All the cameras communicated with and transferred data to a computer by means of

frame grabbers, which were connected to the computer motherboard through PCI slots.

The TSI Powerview 4MP and PIVCAM 10-30 cameras used TSI frame grabbers and

were controlled by the software Insight 3G through a TSI Synchronizer box, which can

trigger the laser and the cameras. The LaVision Imager Intense camera was connected

to the computer via two BNC cables to the frame grabber, which also had a third
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Figure 2.14: Timing diagram for the laser and camera synchronization.

port for the trigger signal. This camera was controlled by the software Davis 7.2 from

LaVision. The trigger signals used for all the connections in the timing system were

TTL triggers generated by trigger boxes manufactured by Berkeley Nucleonics. The

data acquisition systems for the wind tunnel and water channel experiments are shown

in figures 2.15 and 2.16 respectively.

The system shown in figure 2.15 was used in the wind tunnel experiments, where

the laser beams were fired at 15Hz and images were acquired at 1Hz. In the figure, red

dotted lines indicate signals sent at 15Hz, while blue solid lines represent signals sent at

1Hz. The entire experiment was controlled by the Master BNC box, which is a Berkeley

Nucleonics BNC trigger box, model number 500A. This box has four output ports and

one input port on the front, of which three output ports (M1, M3 and M4) are general

purpose ports, with programmable delay, pulse width and polarity. One output port

(M2) is specifically designed to be used as a solid-state laser Q-switch trigger, and its

period can be set as a multiple of the other channels. In the present experiments, M1

was pulsed with a time period of 0.166 seconds (15Hz), while M2 was pulsed every 1
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Figure 2.15: Data acquisition setup for the wind tunnel experiments. Red dotted lines
are signals sent at 15Hz and blue solid lines are signals sent at 1Hz. Thick black
solid lines indicate the data cables to transfer data from the camera to the computer.
Thick black dashed lines indicate RS-232 cables between the computer and the TSI
synchronizer box.
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Figure 2.16: Data acquisition setup for the water channel experiments. Red dotted
lines are signals sent at 15Hz and blue solid lines are signals sent at 0.5Hz. Thick black
solid lines indicate the data cables to transfer data from the camera to the computer.
Thick black dashed lines indicate RS-232 cables between the computer and the TSI
synchronizer box.
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second (1Hz). The 15Hz output of M1 was sent to the EXT/GATE port of the Slave

BNC, which sent an output trigger at 15Hz on S1, S2, S3 and S4 for every input trigger

received from M1. The Slave BNC box was a Berkeley Nucleonics BNC trigger box

model number 500C, and is identical to the Master BNC box, except that it does not

have the special frequency control capability for port 2 as in model 500A. The four

outputs of the Slave BNC box were connected to trigger the flash lamp and Q-switches

of the two laser heads at 15Hz. The output of M2 at 1Hz was connected to the TSI

synchronizer boxes 1 and 2, which were used to trigger the two independent PIV systems

at 1Hz. Thus, the two systems acquired images at 1Hz in a synchronized manner.

The system shown in figure 2.16 was used in the water channel experiments, where

the beam firing frequency and image acquisition frequency were both set to 0.5Hz. The

key feature in this timing setup was that the flash lamps of the laser heads were triggered

at 15Hz for optimal operation, while the Q-switches were triggered at 0.5Hz to fire a

laser shot every 2 seconds. In order to achieve this, output ports M1, M3 and M4 of

the Master BNC were triggered at 15Hz, while M2 was triggered at 0.5Hz. M1 and M3

were connected to the flash lamps of the two laser heads, while M2 was connected to

the EXT/GATE port of the Slave BNC. S1 was connected the TSI synchronizer box

for system 1 and the trigger port of the framegrabber for system 2 to acquire images at

0.5Hz. S2 and S4 were used to trigger the Q-switches of the laser heads to fire beams at

0.5Hz. This method of triggering had the advantage of significantly lesser visible laser

radiation in the region of operation, which was beneficial to the person operating the

experiments.

The power of the output laser beams was controlled by adjusting the Q-switch delay

as described earlier in section 2.1.3.3 and was achieved in these timing diagrams by

setting appropriate time delays on the ports of the BNC boxes. It must be noted that the

time delays of M2 and S2 are relative to M1 and S1 respectively, whereas outputs of all

ports are set by absolute delays from an initial time. The laser beams were fired from the

laser head at the instant of the Q-switch triggers, hence the absolute time delay between

the two Q-switch triggers was set equal to the required ∆t of the experiment. The ∆t of

the experiments described through these studies are shown in table 2.4. The choice of

laser pulse separation was based on keeping the average displacement of particles within

the interrogation window to about 0.25 times the interrogation window size. This is a
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conventional thumb rule based on minimizing the number of particles leaving the laser

sheet within the time interval, while maintaining a sufficiently large pulse separation

to accurately identify particle displacements. The pulse separation for the wind tunnel

experiments were significantly smaller than those used for the water channel, because of

the smaller absolute velocities in the water channel experiments. The pulse separations

for the first two wind tunnel experiments Re1160-y110 and Re1160-y550 were larger

than the other two wind tunnel experiments since the interrogation windows used for

the first two experiments were much larger, necessitating a larger pulse separation for

the same amount of pixel displacement. The pulse separation for Re2650-y120 was

chosen as 700µs based on the same criterion, but it was observed that ∆t = 400µs

worked well for all the water channel experiments, independent of the Reynolds number

of the freestream flow.

2.1.6.3 Resolution parameters of experiments

The spatial and temporal parameters of the experiments are presented in table 2.4.

It must be noted that the wall-normal locations of the experiments described in the

table correspond to the location of laser sheet 1. As indicated in table 2.3, experiments

Re1160-y110 and Re1160-y550 were conducted in the wind tunnel and are described

in Ganapathisubramani (2004). The higher resolution measurements were necessary to

accurately compute the terms of a scale energy analysis and details of this requirement

will be provided later in section 4.2.4. Experiments Re1100-y100 and Re1100-y50

were conducted in the wind tunnel so as to improve the spatial resolution of the DPPIV

measurements, both within the plane and out-of-plane. During the review of existing

literature on multiple plane PIV measurements, it was noted that an optimization study

for choice of sheet spacing has not been performed. Hence, a preliminary analysis was

conducted and this has been presented in appendix A. This was used a guideline for

the choice of sheet spacing for the experiments in this thesis.

Two methods of improving the spatial resolution exist - decreasing the size of the

interrogation window in terms of number of pixels, and decreasing the size of the field

of the view of the measurements. Keane & Adrian (1992) showed using Monte-Carlo

simulations that for double exposure, single frame PIV recordings, the optimal number

of effective image pairs within an interrogation spot should be greater than 8. For single
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Dataset y+ ∆t(µs) ∆x+ ∆z+ ∆y+

Wind tunnel experiments

Re1160-y110 110 150 12.2 12.2 21

Re1160-y550 575 120 12.8 12.8 20

Re1100-y100 100 40 4.8 4.8 10

Re1100-y50 48 50 4.8 4.8 8

Water channel experiments

Re2650-y120 125 700 10.2 10.2 25

Re2650-y200 196 400 10.2 10.2 21

Re2650-y340 338 400 10.4 10.4 21

Re3170-y160 162 400 13.4 13.4 32

Re3170-y250 255 400 13.4 13.4 27

Re3170-y350 347 400 13.2 13.2 32

Table 2.4: Parameters of experimental datasets used in the study. y+ is the wall-normal
location of the experiment corresponding to laser sheet 1, ∆t is the time duration be-
tween the laser pulses, ∆x+, ∆y+ and ∆z+ is the vector spacing in the three directions.
∆y+ is also the wall-normal sheet spacing.

exposure, two frame PIV recordings identical to the method used in these studies, the

optimal number of image pairs should be about 5. By reducing the interrogation window

size by half in each direction, the effective number of particle pairs detected reduces four-

fold for the same seeding density. As a result, the number of bad vectors computed as

a result of low signal to noise ratio increases significantly by reducing the interrogation

window size for the same seeding density. Increasing the seeding density does not solve

the problem because the particle image size remains the same in terms of number of

pixels for the same field of view. A large increase in seeding density rapidly saturates

the image, and the quality of the calculated vectors is bad.

The alternate method of improving the wall-parallel resolution was to reduce the

field of view of the cameras, thereby reducing the spacing between the vectors if the
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same interrogation window size in pixels is used. Once again, the challenge was to

obtain sufficient number of independent particles within each interrogation window, so

as to get a good signal to noise ratio while processing the images. Controlling the

particle seeding density in such a large facility was a very tedious task, since the volume

of particles needed to seed the facility was quite large. The same Laskin nozzle setup

described in section 2.1.3.1 was used for the high resolution experiments, and a pressure

gauge was attached to the input pressure line for the seeding setup. A careful study

was conducted using a single camera to calculate the average number of particle images

observed at a given field of view as a function of the input air pressure. The relationship

was not perfectly linear, but it was possible to identify an optimal input air pressure

corresponding to the required seeding density. For all the wind tunnel experiments, an

air pressure of 60psi was maintained in order to obtain a reasonably homogeneous and

uniform seeding of particles in the field of interest.

Previously, experiments described in Ganapathisubramani (2004) were conducted at

z+ = 110 and z+ = 575. In order to understand the effects of in-plane and out-of-plane

resolution on the analysis conducted in this thesis, higher resolution data were obtained

in the experiment Re1100-y100 at approximately the same Reynolds number and

wall-normal location, but with finer resolution. To study the dynamics of the turbulent

boundary layer in the lower part of the logarithmic layer, experiments were conducted

at y+ = 48 and this dataset is referred to as Re1100-y50. The in-plane resolution of

this experiment were maintained to be the same as that of Re1100-y100.

Careful adjustments were made to ensure that the sheet was positioned perfectly

parallel to the wall at a physical distance of about 3mm from the wall, since small

misalignments tended to have unfavorable reflections from the bottom wall of the wind

tunnel. It must be noted that although the absolute velocities at this location are

smaller, the velocity gradients tend to be higher, hence these measurements were more

difficult to make. In particular, the wall-normal gradient of the streamwise velocity

∂U+/∂y+ is much larger at y+ = 50 than at y+ = 100. In order to reduce the effect

of averaging in the wall-normal direction, the spacing between the two laser sheets was

slightly reduced, as indicated in table 2.4.

The water channel experiments were conducted in order to understand the effects

of the near wall dynamics as a result of increasing Reynolds numbers, as discussed in
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section 2.1.2. The first experiment, Re2650-y120 was conducted at y+ = 125 and

Reτ = 2650 in the inner logarithmic layer of the near wall region. This was the closest

location to the wall where DPPIV experiments were conducted and this was limited

by the available optical access for the cameras. The in-plane resolution of the dataset

was determined by the specific lens used for the measurement and the distance between

the camera and the sheet of interest. In the water channel experiments, the minimum

height of the water in the channel during experiments was optimized so that the free

surface did not force the flow in the boundary layer close to the wall. As a conservative

estimate, the height of the water was chosen to be about 3 times the boundary layer

thickness at the lower freestream velocity. This choice of height ensured that the results

in the near-wall region would remain independent of the water height and would purely

be a result of the boundary layer on the lower wall.

The other two experiments at this Reynolds numberReτ = 2650 wereRe2650-y200

conducted at y+ = 196 and Re2650-y340 conducted at y+ = 338(y/δ = 0.14) in two

locations further out in the logarithmic region of the boundary layer. The second set

of water channel experiments were conducted at a Reynolds number Reτ = 3170 and a

nominal freestream velocity of U∞ = 0.7m/s. The locations and corresponding experi-

ments were Re3170-y160 at y+ = 162, Re3170-y250 at y+ = 255 and Re3170-y350

at y+ = 347(y/δ = 0.12). These locations were also chosen to represent different parts

of the logarithmic region. Table 2.4 shows the vector spacing for all these experiments

in wall units. All the experiments had almost identical in-plane resolutions in terms of

physical units. The in-plane resolutions in wall units differed between the Reτ = 2650

and Reτ = 3170 experiments arises due to the difference in Uτ for the two experiments

(see table 2.2). The Reτ = 2650 experiments had an in-plane vector spacing of about

10.2 wall units, which corresponded to an in-plane resolution of about 20.4 wall units.

The Reτ = 3170 experiments had an in-plane vector spacing of about 13.2 wall units,

which corresponded to an in-plane resolution of about 26.4 wall units. The sheet spacing

(∆z+) was selected so that the overall averaging domain for the PIV interrogation was

not skewed in the wall-normal direction due to a very small sheet spacing. As a result,

the out-of-plane resolution for all the water channel experiments was comparable to the

in-plane resolution.
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2.1.6.4 Peak locking effects

One of the common problems associated with the imaging of small particles is that

at certain illumination intensities and fields of view, the image of the particle in the

CCD of the camera occupies exactly one pixel. When this particle moves from the first

image to the second frame, the PIV processor assumes the center of the pixel as the

center of the particle. This biases the calculated displacements to integer values, which

can be clearly seen in the distribution of the velocities in a processed vector field, as

shown in figure 2.17. The characteristic peaks at the integer values and the troughs

in the half-integer values are generally indicative of peak locking. Various researchers

have discussed peak locking in PIV and have attempted to provide potential solutions

for this problem. Christensen (2004) studied the effect of peak locking on turbulence

statistics and observed that the effect of peak locking is very severe especially in the

higher order moments and multi-point correlations. Chen & Katz (2005) described

a procedure called the “correlation mapping method” in order to eliminate the peak

locking problems, however this leads to added computational time in the calculation of

the velocity fields. Cholemari (2007) provides an overview of the the attempts made thus

far to address peak locking, either as an image processing step, or as a post processing

step. Further, this paper also discusses a one-dimensional model to correct for peak

locking.

In order to prevent bias in the computed velocities in the present experiments,

simple steps were taken while conducting the experiment. Firstly, a slight amount of

defocusing of the particle images was used to prevent peak locking. In case of small

particle images, fully focused particles occupied only one pixel in the image, whereas

defocused particle images were larger in diameter. Further, defocusing did not affect

the accurate identification of the particle center since this technique did not introduce

any bias in a specific direction. Another method utilized in order to avoid pixel locking

in the stereoscopic experiments was to decrease the aperture of the lens on the camera.

A decreased aperture or larger f# resulted in spherical particle images, whereas large

apertures generated oblong particle images. The spherical nature of the particle images

was observed to reduce the effect of peak locking in the final vector fields.
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Figure 2.17: Characteristics of peak locking in the histogram of velocity. Reproduced
from Raffel et al. (2007).

2.1.7 Pre and Post Processing of PIV data

In system 1, images were stored as sets of four *.TIF images for every acquisition,

corresponding to the two pulses of the PIV system from two stereoscopic cameras.

Each of these images was about 8MB in size, and corresponded to 2048 × 2048 pixels.

In system 2, the images were stored as sets of two *.TIF images for each acquisition,

corresponding to images from one camera for the two pulses. For the wind tunnel

experiments, the PIVCAM 10-30 was used, which provided a field of view of 1008 ×
1024 pixels. For the water channel experiments, the Imager Intense camera was used

and two images of 1376 × 1040 pixels were obtained. The images acquired were first

pre-processed in order to improve the performance of the cross-correlation algorithm,

and consequently the quality of the output vector field. The first step of the pre-

processing involved subtracting a sliding background intensity value. The choice of

the length of the sliding background filter was dependent on the size of individual

particles in the images, so that the number of identified particles did not decrease.

This length was chosen to be approximately two times the size of an average particle

image. This was equivalent to using a high pass filter to remove large fluctuations in

intensity while allowing the small intensity fluctuations of the particle to pass through.

This improved the correlation process by providing an image with constant background

intensity without affecting the particle signal as such. The next step was to normalize
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the intensities of the particle images. This was useful when the particle images did not

appear completely homogeneous, which occurred when small aperture settings are used,

and some particle images appeared better focused than others. This procedure was used

as follows. First a sliding minimum based on a chosen scale length was calculated. This

sliding minimum was subtracted from the original image to obtain result0, which was

free of background intensities. Next the local sliding maximum was computed using

the same scale length to give result1. Also, the global sliding maximum using 10× the

scale length was calculated and this was called result2. Dividing result2/result1 gave

result3 and the product of result0 and result3 gave the processed particle image. As an

example, the effect of the particle intensity normalization filter is shown in figure 2.18.

The choice of the scale length was dependent on the specific system. In a majority of

the present experiments, a scale length of 8 pixels was used for particle image sizes in

the range 3−4 pixels. In a few datasets, larger values of scale length were used because

of larger particle images.

Figure 2.18: Effect of particle intensity normalization filter for a sample image from
dataset Re1100-y100.

The acquired PIV images were processed using Davis 7.2. The images from the two

systems were acquired independently and processed as independent datasets. Once the

vector fields from the two systems were available, the DPPIV data was reconstructed

using the procedure described in Appendix B. To briefly summarize, a procedure to

match the calibration images from the two systems was implemented in order to reorient

the data in the same frame of reference. Once the data were reorganized, finite difference

schemes were implemented on the vector fields to obtain the velocity gradients and
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components of the vorticity vector. This was used to compute derived quantities such

as the swirl and the eigen values of the velocity gradient tensor.

The preprocessed images were interrogated using a cross-correlation algorithm, im-

plemented with discrete window offsets, in Davis 7.2 from LaVision. The interrogation

was performed using a recursive correlation algorithm, which was first described by

Wereley & Meinhart (2001), and is implemented in the software. The algorithm is

based on calculation of an initial coarse vector field with large interrogation windows,

and using this as an initial estimate to improve correlations at smaller interrogation

window sizes. This is implemented as follows for system 1. An initial interrogation win-

dow size of 64×64 pixels was chosen and the entire image was divided into interrogation

windows. According to the Nyquist sampling criterion, an accurate reconstruction of

a signal requires sampling at twice the largest frequency. This corresponds to using

an overlap of 50% between adjacent interrogation windows in PIV images. Thus, the

actual resolution of the dataset corresponds to the size of the interrogation window,

which is equal to twice the spacing between adjacent vectors in the reconstructed field.

The vector field was calculated using the 64 × 64 pixels windows and was used as an

initial estimate for the next iteration. The next iteration used the vector calculated in

the previous step as a reference and offset the interrogation window in the second frame

by an equivalent distance. This improved the signal-to-noise ratio of the vector field.

This was repeated 2-3 times at 64×64 pixels. Next, each of these interrogation windows

was divided into four 32× 32 pixel windows, and the vector calculated at the last pass

of 64× 64 pixels was used as a reference vector. This interrogation was performed 3− 4

times at 32 × 32 pixels interrogation window size. This provided the final processed

vector field. Information from the two cameras was combined using the calibration

function calculated using the calibration images and corrected by the self-calibration

procedure, as described earlier in sections 2.1.4.1 and 2.1.4.2. This provided all three

velocity components from the images in system 1. Since the images from system 2 were

of the same field of view, with approximately half the number of pixels in the sensing

region, the interrogation in this system proceeded from 32 × 32 pixel windows down

to 16 × 16 pixels. This enabled matching the resolution of the two systems in physical

units.
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The cross-correlation based processing yielded over 99% of good vectors when ap-

propriate processing parameters were chosen. Unfortunately, even a small number of

erroneous vectors can affect statistics computed using the processed fields and it was

necessary to identify and remove these vectors. The erroneous vectors were mostly a

result of low signal-to-noise in the interrogation window, lack of sufficient independent

particle images in the interrogation window or wrong choice of peak in the correlation

plane. In the multi-pass algorithm described above, erroneous vectors were identified

and removed between successive passes of the cross-correlation algorithm. Further, at

the end of the entire multi-pass procedure, a final vector validation step was performed

to remove erroneous vectors and replace them with interpolated vectors. The removal of

erroneous vectors between intermediate passes was necessary to prevent the propagation

of the these vectors to further steps, since the number of erroneous vectors multiplied

with every decrease in interrogation window size. The vector validation schemes were

chosen to be more stringent in the intermediate steps, since the emphasis was on pro-

viding good estimates for the window offset for the subsequent steps. At the end of

the final pass of the processing, the vector validation was not very stringent, since this

could have resulted in an unnatural smoothing of the vector field, and consequently a

reduction in the standard deviation of the dataset.

Multiple steps were implemented to identify and remove erroneous vectors. The

first step involved calculation of the peak ratio Q, defined as the ratio of the intensity

of the highest correlation peak to the intensity of the second highest correlation peak

in the correlation plane. This value was chosen in the range 1.3 − 1.5 for the various

datasets, depending on the strength of the correlation peaks. This step ensured that

the chosen correlation peak was unambiguous and prevented the choice of a wrong cor-

relation peaks. Sometimes, this procedure removed good vectors as well, but a strong

validation step was required when calculating averages and standard deviations which

are very sensitive to erroneous vectors. The second validation step used was a median

filter. The median filter calculated the median of streamwise velocity (Umed) and stan-

dard deviation of streamwise velocity (Ustd) for the 8 neighboring vectors and compared

it to the value of the central vector. If the central vector was outside a range defined

by Umed ± Ustd, it was deleted. This procedure was repeated for the spanwise velocity

and wall-normal velocity (if available), and the vector was rejected if the criterion was
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not satisfied for any one of the velocity components. This technique was better than

using a mean filter, since the mean filter was biased by large outlier values, and removal

of erroneous vectors required multiple iterations. The removed erroneous vectors were

replaced by holes containing zero values of velocities, and these vectors biased averages

and standard deviations. These holes were filled with interpolated vectors calculated

using information from the nearest neighbors. The interpolation was performed recur-

sively until all the holes were filled in the entire field. These postprocessing procedures

were applied at the intermediate and final vector validation steps. No smoothing was

performed on the final vectors fields.

2.2 Numerical studies

2.2.1 Direct Numerical Simulation datasets

All results from Direct Numerical Simulation (DNS) data in this paper were based on

four datasets of varying Reynolds number obtained by Direct Numerical Simulation

(DNS) of turbulent channel flows. The references to the sources of the DNS data are

indicated in table 2.5. All quantities were normalized using inner variables and angled

brackets represent ensemble averaging over homogeneous directions, usually over wall-

parallel planes and time.

The first two datasets were obtained with a numerical code developed at KTH, and

were characterized by small domains with high spatial resolution, while the latter two

datasets, developed at NASA Ames, were characterized by much larger domains and a

somewhat coarser resolution. The relevant parameters of the four datasets are shown

in Table 2.5. All the datasets were obtained using numerical codes that integrated the

Navier-Stokes equations in the form of evolution problems for the wall-normal vortic-

ity and the Laplacian of the wall-normal velocity, as described in Kim et al. (1987).

The spatial discretization used de-aliased Fourier expansions in wall-parallel planes and

Chebyshev polynomials in the wall-normal direction. The simulations were carried out

in periodic domains, and the representation of the quantities was in Fourier space. In

Fourier space, derivatives of a quantity are computed as the product of the quantity,

the corresponding wavenumber and the imaginary root of −1, i. The inverse Fourier

transform of this quantity provides the value of the derivative in physical space. This
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property of Fourier coefficients was utilized to calculate the derivatives in planes par-

allel to the wall. In order to calculate the wall-normal derivatives, a similar procedure

was adopted, but with Chebyshev polynomials instead. A description of the procedure

utilized to calculate the velocity gradients from the DNS data in the present studies is

described in appendix C.

The statistics of dataset Re180 were described in detail in Marati et al. (2004).

Figure 2.19(a) shows the mean profiles from Re300, Re590 and Re934. In the viscous

sublayer, the velocity profiles clearly collapse on the curve U+ = y+. In the logarithmic

region, the profiles collapse on the line U+ = 2.44log(y+) + 5.0. The profiles from all

the three datasets collapse quite well in the viscous sublayer, the buffer region and the

logarithmic region. There is a deviation in the profiles upon moving to larger y+ into

the outer layer, which is expected due to the varying Reynolds numbers. Figure 2.19(b)

shows the profiles of turbulent intensities for the same three Reynolds numbers. The

profile of u+rms increases from zero to a maximum at y+ = 16, and then decreases rapidly

with increasing y+. The profile of v+rms has the smallest magnitude among the three

velocity components, and this quantity increases with y+ until y+ ∼ 50, beyond which

it decreases very slowly. Similarly, the profile of w+
rms increases with y

+ until y+ ∼ 50,

and decreases very gradually for larger y+ . The magnitudes of u+rms match in the range

y+ < 16 for all three Reynolds numbers, beyond which the magnitude is larger for the

higher Reynolds numbers. The magnitudes of v+rms and w+
rms increase with Reynolds

number for all wall-normal locations, with an increasing difference as y+ increases.

Dataset Reτ Actual Lx/δ Lz/δ Nx× Ny× Nz ∆x+ ∆z+

Re180 178 4 2 256× 129 × 128 2.8 2.8

Re300 298 2π π 512× 193 × 256 3.7 3.7

Re590 587 2π π 384× 257 × 384 9.6 4.8

Re934 934 8π 3π 2048 × 385 × 1536 11.5 5.7

Table 2.5: Parameters of the DNS datasets. Re180 - Marati et al. (2004); Re300 -
Cimarelli & De Angelis (2009); Re590 - Moser et al. (1999); Re934 - del Álamo et al.
(2004).
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Figure 2.19: (a) Mean velocity profiles for Re300,Re590 and Re934. Data points at
y+ > 100 for Re590 and Re934 are spaced out for clarity. The solid line represents the
line U+ = y+, which is valid in the viscous sublayer and the dashed line represents the
logarithmic law of the wall U+ = 2.5log(y+) + 5.0. (b) Profile of turbulence intensities
for Re300,Re590 and Re934. Lines with filled circles are from Re934, plain lines are
at Re590 and lines with crosses are from Re300.

2.3 Methods of analysis

2.3.1 Averaging studies using DPPIV and DNS data

Multiple studies described in section 1.2.2 illustrate the importance of characterizing the

structure and orientation of hairpin vortices and vortex packets in wall bounded turbu-

lent flows. The studies in Ganapathisubramani et al. (2005a) and Ganapathisubramani

et al. (2006) described results from DPPIV experiments conducted in streamwise span-

wise planes in turbulent boundary layers at a Reynolds number Reτ = 1160. The angles

of inclination of a representative hairpin vortex with the various coordinate planes were

described in the inner logarithmic layer and the outer layer of the turbulent boundary

layer. It was observed that the inclination of the representative structure showed a

fairly wide distribution of angles, with the largest number of structures inclined at 45◦

to the wall. DNS data of turbulent channel flows provide the full velocity gradient tensor

through the entire region of the channel at better resolution compared to the DPPIV

data. The numerical data provide a tool to understand and characterize the utility of

the DPPIV technique to capture the structure of hairpin structure and quantify the
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effects of the averaging inherent to DPPIV in identifying hairpin structures.

The aim of this analysis was to quantify and assess the effects of averaging that

might be introduced as a result of the cross-correlation technique of DPPIV, using

a DNS dataset of comparable Reτ . In order to understand the effects of averaging,

the DNS dataset was averaged to the resolution of the DPPIV dataset, and ensemble

averaged statistics and instantaneous velocity fields were compared between the raw and

the averaged DNS datasets. The statistics from the different datasets yielded vortex

core angle distributions, which were used to understand the characteristics of structures

in the turbulent boundary layer and to understand the shortcomings, if any, of the

experimental technique as compared to the numerical technique.

The DPPIV dataset used for this analysis wasRe1160-y110, while the DNS dataset

used for the analysis was Re934. The parameters of these datasets are described in

tables 2.4 and 2.5. The resolution of the DNS dataset is finer than the PIV dataset. In

order to obtain comparable resolutions in the two datasets, an averaging scheme was

implemented in the DNS data. The averaging technique is described as follows. Each

PIV field had a size of 1.1δ × 1.1δ and contained a total of 100 × 100 interrogation

windows. This yielded a field of 100 × 100 vectors, with a spacing of 12.3 wall units

between vectors in both the streamwise and the spanwise directions. However, taking

into account the overlap of the interrogation windows in the PIV processing, the effective

resolution of the PIV data was 24.6× 24.6 wall units. The spacing between the vectors

in the DNS dataset was 11.46 × 5.73 wall units in the streamwise and the spanwise

directions. Thus, the aim was to average the DNS values within the appropriate square

interrogation windows to obtain a field of 100× 100 vectors with the same resolution as

the PIV data.

One time step of the DNS dataset contained 2048 × 1536 points in the streamwise

and the spanwise directions respectively. This field from the DNS dataset was divided

into smaller fields of 107 × 214 points to obtain fields with a dimension of 1226 × 1226

wall units each, which was about the same size as the PIV field of 1230 × 1230 wall

units. Then, the fields of 107 × 214 points were averaged down to 100 × 100 points to

reduce the resolution of the DNS dataset. Thus, 133 fields of 107 × 214 points from

a plane of one time step of the DNS data were obtained, and all fields from different

time steps were processed for statistical analysis. In the current study, two time steps
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of data from Re934 were used, and these fields provided good statistical convergence.

The averaging procedure is schematically represented in figure 2.20.

(a)

(b)

Figure 2.20: (a) Averaging procedure within a wall-normal plane at the location of
interest. (b) Averaging procedure in the wall-normal direction. The green laser sheets
represent the domain on averaging.

In the wall-normal direction, the laser sheets had finite thicknesses. Burn tests were

used to estimate the thicknesses of the laser sheets used in the experiments, which were

found to be 0.35 and 0.45mm (5.6 and 7.2 wall units) for the stereoscopic and the single

camera systems respectively. Given this configuration of the PIV dataset, the aim was to

extract data from the DNS at the corresponding wall-normal locations. In the DNS data,

Chebyshev polynomials were used in the wall-normal direction, due to which the spacing

between the planes was not uniform. Hence, it was necessary to identify wall-normal

planes corresponding to the locations of the PIV data planes accurately. Two averaging
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techniques were used. In the 2D averaging technique, averaging was carried out over a

two-dimensional window such that the resolution in a given plane was reduced only in the

streamwise and spanwise directions. In the 3D averaging technique, the averaging in a

given plane was performed in a three dimensional box to include the effect of averaging

over the laser sheet thickness. The streamwise and spanwise out-of-plane gradients,

the only quantities that required data from the upper PIV measurement plane, were

computed using the same ∆y+ = 21 for both averaging techniques. In both methods,

the streamwise spanwise averaging was implemented as follows. A box filter of size

12.3× 12.3 wall units was used to detect all data points lying within the corresponding

interrogation window. This box was moved through the entire field of 107× 214 points

to reduce it to 100×100 points. Typically, this procedure resulted in about 2 points per

box in the spanwise direction and 1 point per box in the streamwise direction. A simple

average was performed to find a representative value for each box. This procedure was

performed for all three velocity components U, V and W . Due to the discrete cutoffs

used for detection of the points, the number of points in a box were sometimes as high

as 6, instead of the typical value of 2 per plane. Further, each point in the DNS dataset

represented a finite area, given by the resolution of the dataset. Thus, the actual area

of averaging was the area represented by the points and not the spacing between them.

This grid of 100 × 100 points with a resolution of 12.3 × 12.3 wall units was averaged

to a resolution of 24.6 × 24.6 wall units, using a window overlap to retain the number

of points as 100 × 100. This averaged dataset of the same nominal resolution and size

as the PIV measurements is referred to as the averaged DNS dataset.

In order to understand the effects of varying the size of the streamwise spanwise

averaging window on the identification of vortex core statistics, additional tests were

performed with larger filter sizes (L+ = 49.0, 75.6). Further, the window size was

extended to even larger values to understand the effect of the spatial averaging and

resolution on the R.M.S. values of velocity and its derivatives. In the DNS dataset, the

plane numbers 60, 61, 62, 66 and 67 correspond to planes at 106.74, 110.31, 113.94, 129.01

and 132.91 viscous units from the wall respectively. For 3D averaging, the planes used

were 60, 61 and 62 for plane 1 and planes 66 and 67 for plane 2, while for 2D averaging,

only planes 61 and 67 were used. To calculate the gradients in the raw DNS dataset,

a second-order finite difference scheme was implemented in all three directions. For
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wall-normal gradients, information from planes 60, 61 and 62 was used. On the other

hand, in the case of the averaged DNS obtained from either averaging technique, the

appropriate averaging as described earlier was performed to yield averaged planes 61

and 67. These averaged planes were used to calculate in-plane gradients to second-order

accuracy and wall-normal gradients to first-order accuracy using a forward difference

scheme. This essentially mimics what happens with the PIV dataset.

2.3.2 Vortex core identification procedure

The procedure described in this section is aimed at identifying and characterizing the

hairpin structure which has been discussed in section 1.2.2. This vortex core identi-

fication procedure is dependent on the availability of the full velocity gradient tensor

in a plane. The datasets used for the vortex core identification procedure were the

DPPIV dataset Re1160-y110, raw DNS data at y+ = 110 from the dataset Re934,

and averaged DNS data at y+ = 110 calculated using the procedure described in sec-

tion 2.3.1. The appropriate quantity used to identify the vortex core is known as the

three-dimensional swirl strength λ+3D. The three-dimensional swirl strength is defined

as the magnitude of the imaginary part of the complex eigen value (λci) of the full ve-

locity gradient tensor, and can be used to visualize vortices as described by Zhou et al.

(1999). λ+3D quantifies the strength of swirling motion about an axis and is an indicator

of the presence of regions of fluid swirling about this axis. This method of identification

is independent of the frame of reference and it automatically eliminates regions with

vorticity but not local swirling motion such as shear layers. λ+2D is the two-dimensional

equivalent of λ+3D and is based on the two-dimensional velocity gradient tensor. Adrian

et al. (2000) showed that λ+2D is an indicator of the presence of regions of fluid swirling

about an axis perpendicular to the plane of interest. In the present study, this quantity

is used to identify vortex cores containing a significant angle to the wall-parallel plane.

Mathematically, λ+3D is greater than or equal to λ+2D, depending on the deviation of the

swirling motion from the wall-normal direction. A detailed mathematical derivation of

the two-dimensional and three-dimensional swirl strengths is provided in appendix B.

The region-growing algorithm used to identify vortex cores is discussed in detail

in Ganapathisubramani et al. (2006) and Ganapathisubramani (2004), and is also de-

scribed briefly below. The aim is to identify connected points of swirl strength greater
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than a certain threshold magnitude. The algorithm first identified all local maxima in

the field greater than the threshold. This threshold was fixed at 10% of the maximum

value in the raw DNS dataset in order to filter out contributions from weak vortex

structures and measurement noise. These points were then used as seed points for a

region growing algorithm that identified a connected region of swirl with values greater

than the threshold. In order to reduce contributions from measurement uncertainty

and very small scales, a lower limit on the minimum area or number of points included

in a connected region was also imposed. The choice of this value was crucial to the

functioning of the algorithm, and its effect on the statistical distribution is discussed in

detail later.

Once the core regions were identified, the average values of the three components of

vorticity were computed in each connected region. An additional constraint was that

the average value of at least one vorticity component must be greater than the standard

deviation of that component for that core to be included in the distribution of a related

core angle. Also, a given projection angle was computed only if the average vorticity

value of at least one component used in its computation was greater than its standard

deviation. These criteria essentially eliminated contributions of weak vorticity values

to the probability density function (p.d.f.) of specific projection angles. The algorithm

used for the vortex core identification is schematically represented in figure 2.3.2 and

further details are provided in Ganapathisubramani (2004).

Figure 2.21: Schematic representation of vortex core identification algorithm.
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2.3.3 Scale energy analysis using DPPIV and DNS data

2.3.3.1 Single point kinetic energy budget

It is instructive to study the contribution of various terms to the turbulent kinetic

energy in turbulent flows examining of the single point turbulent kinetic energy balance

equation. Equation 1.5 shows the evolution equation for the turbulent kinetic energy

for a generic flow. For the specific case of steady flow in a channel, this reduced to the

following form

− < uv >
dU

dy
− 1

2

d

dy
< ujujv > +

ν

2

d2 < ujuj >

dy2
− 1

ρ

d < pv >

dy
− ν〈 ∂ui

∂xk

∂ui
∂xk

〉 = 0.

(2.21)

In order to discuss the different terms of equation 2.21 a symbolic representation

was introduced,

π + tc + dv + pt + ǫ = 0. (2.22)

where π is the production of turbulent kinetic energy, ǫ is turbulent dissipation rate, tc

is the turbulent convection term, dv is the viscous diffusion term and pt is the transport

term due to pressure.

2.3.3.2 Two point scale energy budget

Turbulent flows such as channel flows and boundary layers are strongly influenced by the

existence of spatial fluxes. The processes associated with turbulent flows, such as pro-

duction, energy flux through scales and space, viscous diffusion and dissipation interact

with each other in non-linear ways, which complicates the energy analysis of such flows.

As described in detail in section 1.2.3, the first step in analyzing the energy budget in

turbulent flows is the classical Kolmogorov equation in homogeneous turbulence given

by equation 1.10. This equation can also be rewritten as,

∂〈δu2δui〉
∂ri

= −4〈ǫ〉+ 2ν
∂〈δu2〉
∂ri∂ri

, (2.23)

where derivatives are taken with respect to the separation vector r between the two

points, xi = Xci− ri/2 and x′i = Xci+ ri/2, at which the fluctuating velocity difference

δu = u(x′i) − u(xi) is evaluated. Also, δu2 = δui · δui is a vector product. Assuming

homogeneity, the terms of equation 2.23 are not explicitly dependent on Xc.
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Figure 2.22: (a) Sketch of the correlation between two points. (b) Sketch of the domain
Qr on which the different terms of equation 2.25 are integrated.

After this equation is integrated in r-space, the assumption of isotropy gives the

four-fifths law in the inertial range, 〈δu3‖〉 = −4/5ǫ r, where the forcing and the vis-

cous diffusion terms are neglected. For homogeneous, non-isotropic turbulence, Nie

& Tanveer (1999) derived a modified third-order structure function starting from the

Kármán-Howarth equation. This function is defined through the integration over a ball

Br of radius r, which asymptotically in the inertial range is given by,

1

4πr2

∫

Br

∂〈δu2δui〉
∂ri

dBr =
1

4πr2

∮

∂Br

〈δu2δu〉 · ndSr = −4/3ǭr. (2.24)

It can be observed that the term which represents the surface integral for an isotropic

case is the average over the spherical surface of 〈δu2δu‖〉 and it gives an estimate of the

nonlinear transfer at a given scale r, as done in Casciola et al. (2003). For a planar

channel or pipe flow, a simultaneous view of spatial fluxes and scale processes can be

achieved by a suitable generalization of the scale-energy budget derived originally by

Hill (2002) given by,

∂〈δu2δui〉
∂ri

+ 2〈δuδv〉
(
dU

dYc

)∗

+
∂〈v∗δu2〉
∂Yc

+
2

ρ

∂〈δpδv〉
∂Yc

=

2ν
∂2〈δu2〉
∂ri∂ri

+
ν

2

∂2〈δu2〉
∂Y 2

c

− 4ǫ∗, (2.25)
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where the asterisk defines a mid point average, e.g. ǫ∗ = (ǫ(xi)+ǫ(x
′
i))/2. In reality, the

simplified form in equation 2.25 holds when the two points lay at the same wall-normal

distance, see also Marati et al. (2004).

Terms with r-derivatives are related to the flux through scales while those with

Yc-derivatives arise due to inhomogeneity. The term 2〈δuδv〉 (dU/dYc)∗ represents the

production at scale r. From dimensional considerations, it is possible to argue the

existence of a scale, referred to as the shear scale and defined as Ls =
√
< ǫ > /S3,

where S = dU/dy, which marks the beginning of the range of scales above which the

production is the dominant process. A detailed description of the shear scale is presented

later in section 4.1.6. It can also be shown that the large scale limit of equation 2.25 is

equal to four times the balance of turbulent kinetic energy, as derived in equation 2.21,

see Marati et al. (2004) for a more complete discussion.

It is relevant here to report that the turbulent transport term 1/2 d < u2v > /dy

is recovered at large scales as the sum of the limits of two different contributions. The

first one is the y component of the divergence in the space of the scales

lim
r→∞

∂〈δu2δv〉
∂ry

=
1

2

(
∂〈u2v〉
∂y

+
∂〈u′2v′〉
∂y′

)
=
∂〈u2v〉∗
∂Yc

, (2.26)

where ∂/∂ry = 1/2(∂/∂y′ − ∂/∂y) and ∂/∂Yc = (∂/∂y′ + ∂/∂y) which accounts for

a part of the inertial flux through the scales. The other part stems from the space

derivative contribution

lim
r→∞

∂〈δu2v∗〉
∂Yc

=
∂〈u2v〉∗
∂Yc

. (2.27)

As shown previously for the homogeneous case, it is possible to evaluate an effective

inertial transfer at scale r, but in this case at a fixed location Yc by integrating the first

term of equation 2.25 in a two-dimensional square domain Qr = [−r/2 : r/2]× [−r/2 :

r/2] in a plane parallel to the the channel walls, as already done in Marati et al. (2004).

A sketch of the domain of integration is shown in figure 2.22(b).

In order to evaluate an effective contribution at given values of r and Yc for all

the terms in equation 2.25, the concept of an r-average is utilized, applied here to the

generic quantity γ as,

G(r, Yc) =
1

r2

∫

Qr

γ(rx, 0, rz|Yc) dQr . (2.28)
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Recalling equation 2.25,

∂〈δu2δui〉
∂ri

+ 2〈δuδv〉
(
dU

dYc

)∗

+
∂〈v∗δu2〉
∂Yc

+
2

ρ

∂〈δpδv〉
∂Yc

=

2ν
∂2〈δu2〉
∂ri∂ri

+
ν

2

∂2〈δu2〉
∂Y 2

c

− 4ǫ∗, (2.29)

Applying the average operator from equation 2.28, equation 2.25 can be rewritten

as,

Tr(r, Yc) + Π(r, Yc) + Tc(r, Yc) + P (r, Yc) = Dr(r, Yc) +Dc(r, Yc) + E(r, Yc). (2.30)

Looking at the terms in detail, Tr is the inertial flux through the range of scales, Π

is the production term which is also present in the homogeneous shear flow, Tc is the

inertial contribution to the spatial flux of scale energy and it is associated purely with

inhomogeneity and P is an inhomogeneous contribution related to the pressure velocity

correlation. On the right hand side, E is the term related to dissipation, while Dr and

Dc are the diffusive contribution to the flux through the scales and the spatial flux,

respectively. In analogy with a homogeneous and isotropic case, the terms of equation

2.30 are regrouped based on similar contributions to the scale energy balance as,

Πe = Π+ Tc + P

Ee = E +Dr +Dc, (2.31)

and equation 2.30 can be rewritten as,

Tr(r, Yc) + Πe(r, Yc) = Ee(r, Yc). (2.32)

This can be interpreted that the sum of transfer through the scales (Tr) and ef-

fective production (Πe) is balanced by the dissipative contributions (Ee). In addition,

an inspection of the individual terms of equation 2.30 in the r − Yc plane can very

useful, since this provides a direct method of determining the dominant term at every

wall-normal location and scale. The scale by scale energy balance described above is

applicable through the entire region of the boundary layer and through the full range

of scales in the flow. Hence, this equation provides a comprehensive framework towards

understanding the energy dynamics in the near wall region, simultaneously in physical

and scale space.
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2.4 Uncertainty analysis

2.4.1 Flow parameters

The flow parameters described in sections 2.1.1.4 and 2.1.2.2 are calculated using data

from hot-wire anemometry and laser doppler velocimetry experiments respectively. The

large number of samples used for statistical averaging of both hot-wire anemometer and

laser doppler measurements satisfies the requirement for statistical convergence, hence

the uncertainty contribution due to sample size is negligible. The uncertainty in the hot-

wire measurements contains contributions from multiple sources - calibration procedure

using a pitot-static tube, curve fitting errors in the calibration curve, probe position-

ing, temperature variations in the probe and freestream pressure variations (Jørgensen

(2002)). For a single hot-wire probe in air, the largest sources of uncertainty among these

factors are the calibration including curve fitting, the temperature variations (freestream

and probe) and the ambient pressure variations. Accounting for all these factors, the

uncertainty in velocity measurements using the hot-wire probe is estimated to be about

3% (Jørgensen (2002)). For the laser doppler velocimetry measurements, the sources

of uncertainty are the positioning of the probe, uncertainty in angle and distance mea-

surements of the probe volume from the receiver, and angular rotation of the beams to

enable measurements very close to the wall. DeGraaff & Eaton (2001) presented a de-

tailed uncertainty analysis from an LDV system, and documented a streamwise velocity

uncertainty of 1.5% in the freestream and about 4% in the near-wall region.

The skin-friction velocity Uτ for both sets of experiments is calculated using the

Clauser chart method, where a logarithmic region in the streamwise velocity profile

is assumed. The boundary layer thickness δ is calculated using the integral method

of Perry & Li (1990). The momentum thickness θ is calculated by integrating the

momentum deficit across the boundary layer, while the displacement thickness δ∗ is

the integration of the velocity deficit across the boundary layer. Connelly et al. (2006)

documented uncertainty values for these terms as ±3% for Uτ , ±4% for δ∗ and ±5% for

θ. An error propagation analysis is described in appendix F, and the uncertainties in

Reynolds numbers are calculated using this method. Assuming an uncertainty value of

the velocity as 4%, the uncertainty in δ is 5%, uncertainty in Reθ is 5% and uncertainty

in Reτ is 6% for both the wind tunnel and water channel experiments.



96

2.4.2 Instantaneous velocities and velocity gradients

The following section describes the uncertainties in the quantities calculated using the

experimental data. The first step in the uncertainty analysis is to determine the uncer-

tainties in the velocities computed using the PIV software. In the DPPIV experiment,

the stereoscopic system has a larger uncertainty than planar PIV due to the reconstruc-

tion step involved in calculating the three components of velocity using two independent

vector fields and the calibration function. Prasad & Adrian (1992) reported R.M.S. er-

rors of 0.2% for the in-plane velocity components and 0.8% for the out of plane velocity

component, calculated using translation tests. Bjorkquist (1998) described a detailed

procedure of determining the uncertainties in the three velocity components computed

using the PIV software using known translations of the solid target. Ganapathisub-

ramani (2004) conducted experiments in the wind tunnel facility using a stereoscopic

system and imaging a solid body mounted on a traverse. By moving the target by

known displacements in all three directions and using the software to calculate the ve-

locities in the three directions, an estimate for the uncertainties in velocity components

in the stereoscopic system was obtained. The values of R.M.S. errors reported in that

study were 0.23%, 1.01% and 0.71% relative to a displacement of 1.016mm in the x,

y and z directions. As expected from the experimental setup, the largest errors were

observed in the wall-normal direction. However, the case of out-of-plane displacement

larger than 1mm is an extreme assumption, since the laser sheet thickness of about

0.5mm restricted the out-of-plane velocity calculation.

An error propagation analysis was conducted as described by Kline & McClintock

(1953) to compute the uncertainties in the gradients calculated using DPPIV. The un-

certainty in a gradient is dependent on the finite differencing scheme used to calculate

the gradient. Ganapathisubramani (2004) and Ganapathisubramani et al. (2005a) de-

scribe the procedure for calculation of the uncertainties in all nine velocity gradients

using the values of uncertainties in velocities and spacing between the sheets, and Gana-

pathisubramani (2004) provides analytical forms of the uncertainties of all nine velocity

gradients. Table 2.6 provides values of the velocity gradient uncertainties at y+ = 110

for the dataset Re1160-y110, as reported by Ganapathisubramani et al. (2005a). The

largest uncertainties are for the in-plane gradients of the wall-normal velocity ∂V/∂x

and ∂V/∂z, which are mostly due to the larger uncertainty in the wall-normal velocity.
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Among the gradients of in-plane velocities, the largest uncertainties are in ∂U/∂y and

∂W/∂y, which are due to the uncertainty in the wall-normal separation ∆y and the

larger uncertainty in the first-order finite differencing scheme used to calculate these

terms.

K Krms

(
s−1
)

δK
(
s−1
) δK

Krms
Krms

(
s−1
)

δK
(
s−1
) δK

Krms

Re1160-y110 Re1100-y100

∂U/∂x 104 14.6 14 139 19.0 14

∂U/∂y 192 23.6 12 212 27.2 13

∂U/∂z 165 14.6 12 184 19.0 10

∂V/∂x 167 74.8 44 168 44.4 26

∂V/∂y 123 30.2 24 155 35.0 23

∂V/∂z 188 74.8 39 183 44.4 24

∂W/∂x 123 26.2 21 207 29.4 14

∂W/∂y 182 29.2 16 221 33.4 15

∂W/∂z 115 26.2 22 170 29.4 17

Table 2.6: Uncertainties in velocity gradients from Re1160-y110 & Re1100-y100. K
is any gradient, σK is the R.M.S of K, δK is the uncertainty in the gradient with value
σK . Values for dataset Re1160-y110 are reproduced from Ganapathisubramani et al.
(2005a).

As described in section 2.1.4.2, the wind tunnel experiments Re1100-y100 and

Re1100-y50 and all the water channel experiments were processed using Davis 7.2,

which also implemented the self calibration procedure to systematically remove errors

due to misalignments between the laser sheet and the target. This greatly reduces the

uncertainties in the reconstruction procedure and improves the quality of the results.

Wieneke (2005) reported R.M.S. errors of 0.15% in the in-plane velocities and 0.3%

in the out-of-plane velocities after using the self-calibration procedure. The actual

magnitudes of R.M.S. errors depend on the pixel resolution of the images, which is

governed by the field of view and PIV processing parameters, but the values reported
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in Wieneke (2005) provide good representative values for an uncertainty propagation

analysis as described below, and the uncertainty values of the present experiments

are comparable to these values. The reduced uncertainties in the velocities result in

lower uncertainties in the velocity gradients. However, it must be noted that, in the

experiments Re1100-y100 and Re1100-y50, the grid spacing of the vectors is about

half of the spacing in Re1160-y110, and this tends to increase the uncertainty in the

in-plane gradients. The velocity gradient uncertainties from Re1100-y100 are shown

in table 2.6. It is clear from the values in the table that the magnitudes of the relative

uncertainties of the in-plane velocity gradients in this dataset are comparable to the

values for Re1160-y110, while the wall-normal velocity gradients have a much smaller

uncertainty value due to use of the self-calibration procedure in Davis 7.2. The values of

uncertainties of in-plane gradients from the water channel experiments are very similar

to the uncertainties obtained in the Re1160-y110 due to similar spatial resolutions.

The out-of-plane gradients are identical to those from Re1100-y110 due to the use of

the self-calibration procedure of Davis 7.2.

2.4.3 Terms of scale energy analysis

The terms of the scale energy analysis are shown in equation 2.25. These terms are made

of combinations of velocities and velocity gradients and the error propagation analysis is

utilized to quantify the uncertainties in each of the terms. Detailed functional expansions

of every term of the scale energy budget are provided in appendix D. These functional

forms are used to calculate the propagation of uncertainties from the velocities and

velocity gradients to the more complicated energy balance terms. The propagation of

uncertainties from the velocities and velocity gradients to the two point quantities are

described in appendix F. The present uncertainty analysis accounts for random and

bias errors as a result of the calibration procedure used in the calculation of the PIV

data fields. Additionally, the method of calculation of the velocity gradients in the PIV

data and the resolution of the experimental data generate potential “bias” errors, which

do not occur in the DNS datasets. These errors are quantified in detail as a function of

the scale in section 4.2.2.

The uncertainties and R.M.S. values of the terms of the energy balance are functions
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of the scale r, except the dissipation ǫ, which is a single point quantity. The uncertain-

ties from the dataset Re1100-y100 are shown in table 2.7, and provides representative

values for the uncertainties for the terms calculated from experimental data. The uncer-

tainties are observed to be largest at the smallest scales of the flow, due to the presence

of the scale r in the denominator of the terms. At the smallest scales in the flow,

the percentage uncertainties for the production term appear to be very high since the

magnitudes of production are very small at the smallest scales. The values of percent-

age uncertainties decrease with increasing scale for all datasets. The uncertainties in

the production and scale transfer terms contribute to the uncertainty in the cross-over

scale l+c , described in section 4.1.6 as the scale at which the effective production and

scale transfer terms intersect and cross-over each other. Using the uncertainty values

computed for the individual terms, bands were plotted around the effective production

and scale transfer terms, and these were used to estimate an uncertainty range for the

cross-over scale. For the dataset Re1100-y100, the absolute R.M.S. uncertainty in the

cross-over scale was estimated to be about 9 wall units, corresponding to a percentage

uncertainty of 14.1%. For the dataset Re1100-y50, the uncertainty is about 18%,

which might be explained by the slightly larger uncertainty in the out-of-plane velocity

gradients due to the larger magnitude of velocity gradients closer to the wall. However,

the values of uncertainty of l+c for all the datasets lie in the range 12− 18%.
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r+ = 9.6 r+ = 96 r+ = 288

K Krms δK %
δK

Krms
Krms δK %

δK

Krms
Krms δK %

δK

Krms

Π 0.005 0.0046 92 0.058 0.007 12.1 0.09 0.006 6.7

Trx 0.36 0.08 22.2 3.85 0.54 14.0 4.76 0.48 10.1

Try 0.24 0.083 34.6 0.77 0.18 23.4 1.00 0.19 19.0

Trz 0.23 0.059 25.7 2.58 0.32 12.4 2.66 0.29 10.9

Tr 0.39 0.13 33.3 4.04 0.65 16.1 4.88 0.59 12.1

Tc 0.15 0.032 21.3 0.58 0.087 15.0 0.77 0.054 7.0

ǫ 0.106 0.011 10.4 0.106 0.011 10.4 0.106 0.011 10.4

Table 2.7: R.M.S. values and uncertainties in the scale energy balance terms for the
dataset Re1100-y100. All terms in this table are non-dimensionalized using inner
units.



Chapter 3

Results & Discussion: Vortex

core identification

This chapter describes the results of the vortex core identification procedure described

in section 2.3.2 implemented on Dual Plane Particle Image Velocimetry (DPPIV) data

from the dataset Re1160-y110 at Reτ = 1160 and Direct Numerical Simulation (DNS)

data from the dataset Re934 at Reτ = 934. The analysis is conducted at a location in

the logarithmic region of the turbulent boundary layer, and the effects of the resolution

and different finite differencing schemes used in the two datasets are presented here.

3.1 Instantaneous and ensemble averaged results1

The instantaneous and statistical results from the DPPIV dataset Re1160-y110, the

raw DNS and the averaged DNS datasets at y+ = 110 are presented in this section.

Some instantaneous velocity and velocity gradient fields are also presented to provide a

view of the structure of the turbulent boundary layer. The mean and R.M.S. statistics

of the velocity and vorticity components computed from the DPPIV, raw DNS dataset

and the 3D averaged DNS dataset are listed in Table 3.1. In the table, quantities with

overbars are mean quantities and σ represents the variance of the fluctuating part of

the various quantities.

1 Parts of this section appear in Saikrishnan et al. (2006), published in Experiments

in Fluids, 41, pp. 265-278.
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PIV data Raw DNS Averaged DNS

U+ 16.1 16.6 16.6
σ+u 1.91 1.91 1.86
σ+w 1.34 1.35 1.30
σ+v 1.18 1.07 1.00
σ+ωx

0.069 0.073 0.054
σ+ωz

0.064 0.066 0.054
σ+ωy

0.056 0.071 0.056

∂U+/∂y+ 0.021 0.022 0.019

λ+3D 0.026 0.025 0.021

Table 3.1: Ensemble averaged mean and R.M.S. statistics from DPPIV, raw DNS and 3D
averaged DNS datasets. λ+3D is the three dimensional swirl and is defined in Appendix
B.

As expected, the averaging does not affect the mean value of the streamwise velocity.

The probability density functions of the velocity components and their derivatives were

plotted and were found to follow a Gaussian distribution. The averaging has the effect

of reducing the spread of the points about the mean value in a given distribution, and

hence reduces the R.M.S. values. The averaging reduces the R.M.S. values of the velocity

components by less than 7%, while the R.M.S. values of the vorticity components are

reduced by 20-26%. The greater reduction in vorticity values are most likely due to

faster drop off in spatial correlations as compared with velocity. In general, the PIV

velocity and vorticity variances fall closer to the raw DNS values than to the averaged

DNS values. In addition, the values of the streamwise and spanwise velocity gradients

are somewhat “smoothed” in the averaged DNS due to the larger spacing between the

planes used for differencing. The effect of this can be seen in the term ∂U+/∂y+ where

the differencing technique reduces the mean value of the quantity. The value of λ+3D,

the mean of the three-dimensional swirl, matches within 4% between the PIV and raw

DNS datasets, while the averaged DNS value is about 16% less.

In order to further investigate the effect of averaging on the R.M.S. values, the 3D

averaging procedure described earlier was implemented on the raw DNS dataset, with

different filter sizes, ranging from 12.3-490 wall units. The results for the different filter

sizes are shown in figures 3.1-3.4. These results can be used to estimate the percentage
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of turbulence intensity or enstrophy captured or lost for a given PIV interrogation reso-

lution across turbulent boundary layers. In all of the following plots, the normalization

is done using the corresponding R.M.S. value computed from the fully resolved DNS

data set. R.M.S. values of the various quantities at different wall normal locations from

the fully resolved DNS data are shown in Table 3.2. For the calculation of streamwise

and spanwise derivatives in the wall normal direction, a first order approximation using

two planes separated by ∆y+ = 21 is used, consistent with the description in section

2.1.6.3.

As can be seen from the plots, the effect of spatial averaging is to reduce the R.M.S.

values as described earlier. In figure 3.1, the R.M.S. values fall off slowest for u+,

probably due to long correlations in the streamwise direction, and fastest for v+, where

the spatial correlations are shortest (see Ganapathisubramani et al. (2005b)). The

vorticity values fall off much more steeply, consistent with the concept of even more

limited spatial correlations. It can be seen that averaging with a window size of 24.6×
24.6 wall units reduces the R.M.S. values by less than 7% for velocities and 20-26%

for vorticity, as observed earlier from the numerical values in Table 3.1. The plots also

show that with increasing window size, the effect of filtering increases greatly, and with

a window size of 100 × 100 wall units, about 60-70% of the vorticity fluctuations are

damped out. This would likely be significant in the identification of vortex cores based

on vorticity and quantities derived from the velocity derivatives. It should be noted

that the result in figure 3.2 is valid strictly for the wall-normal location of y+ = 110.

It is expected that closer to the wall, where small-scale fluctuations are relatively more

important, the attenuation of the R.M.S. values would be greater as a result of filtering

at a given scale. Representative results for wall-normal locations in the viscous buffer

region and the outer region are also shown for completeness. It must be noted that at

the wall-normal location y+ = 15, the effect of spacing between the planes can be seen

clearly from the large drop in values of the vorticity components containing wall-normal

gradients. The results here are similar to those reported in Suzuki & Kasagi (1992)

and Ligrani & Bradshaw (1987) that analyzed the effectiveness and spatial resolution

of hot wires based on their length. The current plots however relate directly to the

effectiveness of a wide range of possible PIV windows at capturing various turbulence

statistics.
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Table 3.2: R.M.S. statistics at various wall normal locations for the fully resolved DNS
dataset.

σ+u σ+w σ+v σ+ωx
σ+ωz

σ+ωy
< −uv >+

y+ = 15 2.80 1.26 0.55 0.164 0.235 0.173 0.641
y+ = 110 1.91 1.35 1.07 0.073 0.066 0.071 0.856
y/δ = 0.5 1.27 0.88 0.81 0.029 0.026 0.026 0.384

(a) (b)

Figure 3.1: Variation of R.M.S. statistics in the viscous buffer region with filter size of
(a) velocity (b) vorticity. Quantities are normalized by raw DNS values.
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(a) (b)

Figure 3.2: Variation of R.M.S. statistics in the logarithmic region with filter size of (a)
velocity (b) vorticity. Quantities are normalized by raw DNS values.

(a) (b)

Figure 3.3: Variation of R.M.S. statistics in the outer region with filter size of (a)
velocity (b) vorticity. Quantities are normalized by raw DNS values.
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Figure 3.4: Variation of Reynolds shear stress with filter size, normalized by raw DNS
values.

Instantaneous contour plots of the streamwise velocity U+ are shown in figure 3.5.

The plots show the effects of averaging introduced by implementation of the techniques

described earlier, with the averaged plots showing some smoothing of the velocity con-

tours. It is also apparent that features that are more distinct and sharp in the raw

DNS plots appear blurred in the averaged fields, which is as expected from averaging of

any kind. An example of this may be seen in the top left corner of the plots in figure

3.5, where the velocity values are closer to the mean in the averaged plots than in the

raw DNS. In 3.6, it is noted that the averaging acts to reduce the level of variations

for the quantity ∂U+/∂z+. However, the basic structures observable in the raw DNS

can be seen in both the 2D and 3D averaged plots. The effect of averaging on the wall-

normal gradient shown in 3.7 is more appreciable due to the difference in methods used

to obtain the wall-normal gradients between the raw and averaged data as described

earlier.

A comparison of the 2D and 3D averaging plots in figures 3.5-3.7 indicates that

the effect of averaging over the effective sheet thickness in the wall-normal direction is

not appreciable. This difference was checked on individual in-plane and out-of-plane

derivatives as well as on derived quantities such as vorticity and swirl. Since there is

no appreciable difference in all these cases, we can safely conclude that the effect of
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(a)

(b) (c)

Figure 3.5: Contour plots of U+ extracted from (a) Raw DNS data (b) 2D averaging
(c) 3D averaging.
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(a)

(b) (c)

Figure 3.6: Contour plots of ∂U+/∂z+ extracted from (a) Raw DNS data (b) 2D aver-
aging (c) 3D averaging.
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(a)

(b) (c)

Figure 3.7: Contour plots of ∂U+/∂y+ extracted from (a) Raw DNS data (b) 2D aver-
aging (c) 3D averaging.
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averaging over the sheet thickness is minimal. Further, raw fields were averaged in the

wall-normal direction over the sheet thickness with no streamwisespanwise averaging

and the results were found to be statistically identical to those obtained from the raw

field. For further analysis, we will use only the 3D averaging to represent “averaged”

DNS data.

(a) (b)

Figure 3.8: Contour plots of λ+2D extracted from (a) Raw DNS data (b) averaged DNS
data.

Plots of the two-dimensional and three-dimensional swirl strengths are shown in

figures 3.8 and 3.9 respectively for the raw and averaged data. By comparing the plots

from the raw and averaged DNS data in figures 3.8 and 3.9, we can see that structures

that appear sharper in the raw DNS are blurred by averaging and that a lower number

of cores are observed. This could be due to a reduction of values of the local maxima

by averaging and due to the merging of structures upon lowering the resolution. As

shown in Table 3.1, the mean of three-dimensional swirl strength is seen to reduce upon

averaging. This would be expected as in the calculation of the mean value of the swirl,

points having zero swirl are also used. Upon averaging, the number of points containing

zero swirl values is seen to increase, and hence the corresponding mean value decreases.

The following section will discuss statistical distributions of vortex core angles obtained

from the instantaneous swirl fields.
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(a) (b)

Figure 3.9: Contour plots of λ+3D extracted from (a) Raw DNS data (b) averaged DNS
data.

3.2 Vortex structure deduced from instantaneous results2

The complete velocity gradient tensor can be used to compute the inclination angle of

any individual vortex structure by determining the orientation of the vorticity vector

averaged over the region of the vortex core. It is emphasized here that our interest is

to determine the characteristics of vortex core structures responsible for the bulk of the

kinetic energy and not the bulk of the enstrophy, which is dominated by small-scale

motions approaching the Kolmogorov length scale. The algorithm described in section

2.3.2 is applied on the DPPIV, raw DNS and averaged DNS datasets and the results

are presented below.

Figure 3.10 shows a sample swirl field and the results of the vortex core identification

algorithm. Two thresholds on the number of points are used in the results shown. In

general, the sizes and shapes of the identified cores are seen to agree well with locations of

significant swirl. A higher threshold on the number of points ensures that only stronger

cores with greater circulation are identified since the average vorticity of the core must

2 Parts of this section appear in Saikrishnan et al. (2006), published in Experiments

in Fluids, 41, pp. 265-278.
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(a)

(b) (c)

Figure 3.10: Performance of the vortex core identification algorithm for raw DNS data.

(a) λ+3D. Cores identified with (b) 5 point threshold (c) 12 point threshold.



113

exceed the vorticity threshold. Thus, an increase in the area threshold decreases the

number of cores identified by eliminating weaker and smaller cores.

(a) (b)

Figure 3.11: (a) Probability density function (p.d.f.) of the elevation angle θe for the
raw DNS and the PIV datasets. (b) Probability density function of θxy from raw DNS,
average DNS and PIV datasets.

Figure 3.11(a) shows the p.d.f. of the elevation angle θe made by the vortex cores

for the raw DNS and PIV datasets. The elevation angle, which is defined as the angle

made by the vorticity vector with the x − z plane, can vary from −90◦ to +90◦. The

distribution, depicted by square symbols for PIV and diamond symbols for DNS, shows

that a large percentage of structures have very low elevation angles. This suggests

that these contributions are made by structures that lie in the plane of measurement.

In order to obtain the inclination angles of cores that are oriented with some angle

to the streamwisespanwise planes, we need to filter out the in-plane structures. It is

here that the two-dimensional swirl is useful. λ+2D can be used to identify structures

swirling about an axis perpendicular to the wall parallel plane. Thus, the use of λ+2D > 0

as an additional constraint provides us with a means of identifying only out-of-plane

structures. The resulting curves of λ+3D are also plotted in figure 3.11(a). The DNS

and the PIV datasets appear to provide consistent results, and in both the cases the

peaks of the curves of λ+3D(λ
+
2D > 0) lie at about ±40◦. However, these peaks are broad,
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suggesting that most of the structures are inclined at angles between ±30◦ and ±50◦

to the wall parallel plane. In all further p.d.f. plots of vortex angles where λ+3D is used,

the criterion λ+2D > 0 is enforced.

The projection angles of the vortex structures in the x−y, x−z and z−y planes are

calculated using the projections of the vorticity vector in the respective planes. Firstly,

the probability distribution of the inclination angle θxy, which is the angle made by the

projection of the vorticity vector in the x− y plane with the positive x axis, is shown in

figure 3.11(b). The plots from the raw DNS, the averaged DNS and the PIV datasets

match extremely well indicating peaks at θxy = 45◦ and 135◦, but again with broad

distributions. The peaks are consistent with the presence of positive and negative legs

of forward-leaning hairpin vortices. Another interesting observation is that there is a

finite probability of θxy lying in the ranges −90◦ < θxy < 0◦ and 90◦ < θxy < 180◦,

indicating the presence of backward leaning cores. A detailed physical explanation of

this can be found in Ganapathisubramani et al. (2006).

(a) (b)

Figure 3.12: Effect of area threshold or the raw DNS data on (a) p.d.f. of θxy (b)
absolute number of cores identified.

Figure 3.12(a) illustrates the effect of the threshold on core area or the minimum

number of points per identified core. The effect of this constraint is that smaller and, in

general, weaker cores are filtered out by increasing the minimum number of points. The

other advantage of using a larger threshold area is that it reduces identification of cores
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due to measurement noise. On the other extreme, a very large threshold area prevents

identification of a significant number of genuine vortex cores. So a balance has to be

struck in the choice of this threshold. Figure 3.12(a) shows the p.d.f. of θxy plotted for

the different thresholds applied to the raw DNS data. It can be seen that increasing

the threshold area does not significantly change the peaks of the plot, but the value at

each peak is higher. This can be seen in figure 3.12(b), where it is observed that the

number of structures filtered for different angles is different due to which the p.d.f. in

3.12(a) changes. For all angle distributions shown in figures 3.11(b), 3.13, 3.14(a) and

3.14(b), the threshold represents about 780 square wall units, which corresponds to 12

points for the raw DNS and 5 points in the averaged DNS and PIV datasets. These

numbers were chosen based on the spatial grid sizes in the different datasets in order to

apply the same threshold on in-plane area occupied by the core.

Figure 3.13: Probability density function of eddy inclination angle θi.

Figure 3.13 shows the eddy inclination angle θi, obtained by accumulating all the for-

ward leaning eddies and backward leaning eddies together from the distribution in Fig.

3.11(b). This is the angle of inclination of an average representative eddy with respect

to the x − z plane. These eddies (most likely hairpins) are statistically averaged and

hence must be symmetric about the x− y plane (since these flows are two-dimensional

in the mean). The PIV and raw DNS data are seen to match very well, while the av-

eraging of the DNS tends to shift the peak of the curve toward a slightly higher angle.

However, the quantitative agreement in this case is also very close, suggesting that the



116

predictions of the PIV and the DNS datasets are almost identical.

The projections of the vorticity vector on the other planes can also be used to

understand the typical structures in the turbulent boundary layer. The angle made

by the projection of the vorticity vector on the z − y plane with the positive z-axis is

referred to as θzy, and the angle made by the projection on the x − y plane with the

positive z-axis is referred to as θzx. Figure 3.14(a) shows the p.d.f. of θzy for the raw

DNS, the averaged DNS and the PIV data. The plot of averaged data appears to be

closer to the PIV data, but overall good qualitative and quantitative agreement is seen

among all the datasets. Further analysis of the PIV data and interpretation based on

the hairpin shaped structure has been discussed in Ganapathisubramani et al. (2006).

(a) (b)

Figure 3.14: Probability density function of (a) θzy (b) θzx.

Figure 3.14(b) shows the p.d.f. of θzx. As seen with earlier quantities, good qual-

itative agreement between the different datasets is observed, but some quantitative

differences are noted, particularly for low angles where considerable scatter is observed

for all three cases. In the PIV data, the p.d.f. seems to contain three peaks. The main

peak occurs at 0◦. If we assume that the field is dominated by hairpin structures, sym-

metric or otherwise, this could be caused by the regions near and including the heads

of hairpin loops. The other two peaks, located at θzx = ±75◦, could be caused by the

necks of hairpin vortices. The peak at 0◦ is not visible in the raw DNS, but the other
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two peaks are present. The averaging seems to bring the distribution closer to the PIV

result.

(a) (b)

Figure 3.15: Effect of variation of box filter sizes on (a) p.d.f. of θxy (b) absolute number
of cores identified.

In order to come up with a useful limit for the averaging window size, larger stream-

wisespanwise boxes were tested on the vortex core statistics. Figure 3.15(a) replots

the p.d.f. of θxy for the raw data and earlier “averaged” data (L+ = 24.5), together

with two larger box sizes. It can be seen from the plot that averaging with a small

box size does not change the distribution of the angles significantly for L+ = 24.5 and

L+ = 49.0. However, when the size is increased to L+ = 75.6, there is a clear shift in

the distribution toward smaller angles. A further increase in the box size is expected to

yield even poorer results. Figure 3.15(b) shows the number density of cores identified

for the different filter sizes. It is clear from this plot that the coarser filtering greatly

reduces the number of identified cores.

A great deal of care should be taken in obtaining statistics for larger filter sizes

because the constraints like the vorticity threshold and the area threshold must be

considered in relation to the interrogation area size in order to understand and interpret

the results. For example, once the filter size matches or exceeds the core threshold area,

a large percentage of cores will go undetected. In addition, once the in-plane filter size

significantly exceeds the out-of-plane resolution (in our case 21 wall units for normal
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gradients of streamwise and spanwise velocity), quantities dependent on direction should

become biased. For example, vortex angle distributions should become biased away

from the wall-normal direction due to greater smoothing of streamwise and spanwise

gradients.

From the figures described in this section, it can be seen that, in general, the results

from the PIV appear to match those from the raw and averaged DNS datasets within

limits of statistical uncertainty. This indicates that the current DPPIV technique is very

good at the current resolution for the identification of vortex cores and for calculation

of vortex core angle statistics.



Chapter 4

Results & Discussion: Scale by

scale energy balance

The results of the scale by scale energy balance analysis are presented in this chapter.

The results from the Direct Numerical Simulation (DNS) data at multiple Reynolds

numbers are first presented, and results from the Dual Plane Particle Image Velocime-

try (DPPIV) experiments at multiple wall-normal locations and Reynolds numbers are

presented in the following section. These results indicate the variations of the significant

terms of the scale energy analysis in various regions of turbulent boundary layers and

turbulent channel flows. Further, the effects of vector resolution in these studies are

also presented in this section.

4.1 Results from Direct Numerical Simulation data

4.1.1 Single point energy budget

The single point turbulent kinetic energy budget was presented earlier in equation 2.21

as

− < uv >
dU

dy
− 1

2

d

dy
< ujujv > +

ν

2

d2 < ujuj >

dy2
− 1

ρ

d < pv >

dy
−ν〈 ∂ui

∂xk

∂ui
∂xk

〉 = 0 (4.1)

This was symbolically represented in equation 2.22 as

π + tc + dv + p+ ǫ = 0. (4.2)

119
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where π is the production of turbulent kinetic energy, ǫ is turbulent dissipation, tc is

the turbulent convection term, dv is the viscous diffusion term and p is the transport

term due to pressure.

y+
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Figure 4.1: Single point statistics of turbulent kinetic energy for four Reynolds numbers.

Figure 4.1 shows the single point statistics of turbulent kinetic energy from DNS data

in the region 0 < y+ < 120. Results from all the DNS datasets -Re180, Re300, Re590

and Re934 across the range of Reynolds numbers available are shown in this figure.

The main observation from the figure is that each term follows the same qualitative

trend for the different Reynolds numbers. A useful way of analyzing equation 4.1 is to

define a source term, which is the difference between production and dissipation and

gives the amount of energy available at a given distance from the wall. The other three

terms account for the spatial flux occurring across the boundary layer, φ(y) = 1/2 <

uiuiv > +1/ρ < pv > −ν/2d < uiui > /dy, due to convective transport, pressure and

diffusion respectively. Analyzing the budget in more detail, the turbulent dissipation ǫ

and viscous diffusion dv balance each other at the wall, while all other terms are equal to

zero. In the viscous sublayer, the viscous diffusion dv dominates, while the contributions

of production π and turbulent convection tc together with the diffusion dv balance the
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dissipation term. The turbulent convection tc maintains a positive sign in the viscous

sublayer, indicating a transport of energy towards the wall. Near the outer edge of the

viscous sublayer, the diffusion dv becomes negative and reaches a peak negative value at

y+ ∼ 8. At this location, tc is almost zero, and the sum of dissipation ǫ and diffusion dv

balance the production π. In the buffer region, the sum of the convection tc, diffusion dv

and dissipation ǫ terms balance the production π, which reaches a maximum at y+ = 16.

In the range 8 < y+ < 35, tc is negative, indicating an outward transfer of energy from

this part of the buffer layer. In the logarithmic region, the convection tc and diffusion

dv terms are negligible in magnitude, and the production π and dissipation ǫ terms

balance each other. This trend continues through the outer logarithmic layer, where

the magnitudes of all the terms reduce to near zero.

From a quantitative point of view, the magnitudes of the production π and dissipa-

tion ǫ are lower for Re180, while the values from Re590 and Re934 match each other

almost identically. The values from Re300 lie in between the Re180 and Re590 data

for the entire range of wall-normal locations. The peak value of the production π at in-

finite Reynolds number should equal 0.25 (Pope (2000)). The peak value of production

is 0.208 for Re180, 0.231 for Re300, 0.241 for Re590 and 0.245 for Re934. Thus,

the peak value of π increases with Reynolds number in this range, and the two higher

Reynolds numbers appear to be approaching the limit for infinite Reynolds numbers.

The convection tc and diffusion dv terms do not vary significantly with Reynolds num-

ber. These observations are consistent with similar results presented in Abe et al. (2001)

and Fischer et al. (2001). Hoyas & Jiménez (2008) presented budgets for the nonzero

components of the Reynolds-stress tensor for turbulent channel flow in the Reynolds

number range 180 < Reτ < 2000. They indicated that the magnitude of dissipation

increases with Reynolds number in the buffer layer, while it remains invariant with

Reynolds number farther away from the wall. We observe that the values of dissipation

from Re590 and Re934 match each other almost identically. Re180 underpredicts

the value of the dissipation term, while the values from Re300 lie in between those of

Re180 and Re590.
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4.1.2 Variation of scale energy

Figure 4.2(a) shows the variation of the scale energy as a function of the wall-normal

location y+ and the streamwise scale r+x , while figure 4.2(b) shows the scale energy as

a function of y+ and spanwise scale r+z . Results from Re590 and Re934 are included

in these figures. For the corresponding plots from Re180, refer to Marati et al. (2004).

These figures focus on the variation of scale energy in the small scales, up to 250 viscous

units.

Figure 4.2(a) provides a method of analyzing the variation of the scale energy with

streamwise scales and wall-normal locations simultaneously. For the purpose of discus-

sion, figure 4.2(a) is divided into four regions, shown by the dash-dotted lines. Quadrant

I (y+ < 10; r+x < 50), consisting of the smallest scales nearest to the wall, is the region

of least activity, where the magnitudes of scale energy are the lowest (δu2 < 4). In

quadrant II (y+ < 10; 50 < r+x < 250), consisting of the large scales nearest to the wall,

the scale energy is independent of the longitudinal scale, and increases linearly with y+.

The scale energy in quadrant III (y+ > 10; r+x < 50), consisting of the smallest scales

away from the wall, is almost independent of y+ and displays a nearly linear increase

with r+x . Nevertheless, the magnitude of scale energy is very small in this region. In

quadrant IV (y+ > 10; 50 < r+x < 250) consisting of the large scales away from the

wall, two separate trends are observed. In the range 10 < y+ < 16, the scale energy

increases with increasing y+ and also with increasing r+x . Beyond y+ = 16, the scale

energy decreases with increasing y+ and increases with increasing r+x . These trends are

consistent for the curves from both Re590 and Re934 shown here. The corresponding

plot for Re180 from Marati et al. (2004) also displays an identical trend.

To interpret these trends, the contours from Re590 shown by solid isolines are first

discussed. The maximum of the scale energy occurs along the line y+ = 16. This

observation is consistent with the single point statistics shown in figure 4.1, where

y+ = 16 corresponds to the peak of the turbulent production term. The contours of

the largest value of scale energy are not closed at the highest r+x shown, suggesting that

the maximum value of scale energy is not reached even at r+x = 250. Comparing these

trends to those observed from Re934, the scale energy from the two Reynolds numbers

matches very well in quadrants I and II. Small deviations are observed in quadrant III,

with a larger magnitude of scale energy for the same y+ and r+x for the higher Reynolds
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number. There is a significant variation between the scale energy at the two Reynolds

numbers in quadrant IV. As the Reynolds number increases, the scale energy at a given

y+ and r+x increases with Reynolds number.

Previous studies by Hutchins & Marusic (2007b), Hutchins & Marusic (2007a),

Hoyas & Jiménez (2006) and Mathis et al. (2009) documented the presence of an “in-

ner peak” in spectrograms corresponding to y+ ≈ 15, λ+x ≈ 1000, where kx and λ+x

are the streamwise wavenumber and wavelength respectively and λ+x = 2π/kx. The

Reynolds number ranges studied in these previous studies were : Hutchins & Marusic

(2007b) (Reτ = 1000, 7300), Hutchins & Marusic (2007a) (Reτ = 1000− 20000), Hoyas

& Jiménez (2006) (Reτ = 550− 2000), Mathis et al. (2009) (Reτ = 2800, 650000). The

inner peak is believed to relate to the near-wall cycle and associated near-wall streaks

reported by Kline et al. (1967). In this study, results at larger scales up to r+x ∼ 1200

are shown in figure 4.3, and the scale energy is noted as increasing with increasing

streamwise scales, without encountering a large-scale peak. It is possible that the dif-

ferences between the current analysis conducted using the physical displacement r+x as

opposed to the streamwise wavelength λ+x obtained from a spectral analysis might mask

the detection of the inner peak up to r+x ∼ 1200.
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Figure 4.2: (a) Isolines of < δu2(r+x , 0, 0|y+) > in the (r+x , y
+) plane. Solid isolines are

from Re590 and dashed isolines are from Re934. Numbers on the isolines indicate the
value of that specific isoline. (b)Isolines of < δu2(0, 0, r+z |y+) > in the (r+z , y

+) plane.
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Figure 4.3: (a) Contours of < δu2(r+x , 0, 0|y+) > in the (r+x , y
+) plane up to y+ = 50.

(b) Contours from figure 4.3(a) shown with aspect ratio of 0.1 for clarity.

Similar to figure 4.2(a), figure 4.2(b) is also divided into four quadrants to describe

the trends. This figure provides a method of analyzing the variation of the scale energy

with spanwise scales and wall-normal locations simultaneously. At first glance, the

overall trends observed in figure 4.2(b) appear similar to those in figure 4.2(a). The

magnitudes of scale energy are lowest in quadrant I (y+ < 10; r+z < 50) and quadrant

III (y+ > 10; r+z < 50). In quadrant II (y+ < 10; 50 < r+z < 250), the scale energy

is independent of r+z and varies strongly with y+. The gradient of scale energy in the

wall-normal direction in quadrant II is much larger than the corresponding quadrant

II from figure 4.2(a). This is indicated by the closely spaced contour levels in this

quadrant in figure 4.2(b). The peak of the scale energy occurs in quadrant IV (y+ > 10;
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50 < r+z < 250) at y+ = 16 and r+z = 70 for Re590. The scale energy increases with y+

in the range 10 < y+ < 16, while it decreases with y+ for y+ > 16. The scale energy is

relatively independent of r+z until y+ ∼ 50, and beyond this, the scale energy increases

with increasing r+z . The curves from Re934 follow trends similar to those at Re590

through the range of scales and wall-normal locations. The contours in quadrants I, II

and III from the two Reynolds numbers overlap with each other as in figure 4.2(a). For

both Reynolds numbers, the maximum value of scale energy occurs around y+ = 16

and r+z = 70. The maximum value of the scale energy does not change significantly

between the two Reynolds numbers considered here. In comparison to figure 4.2(a), the

magnitudes of scale energy are larger in quadrant IV of figure 4.2(b). Since figure 4.2(b)

contains the absolute maximum of scale energy in the given scale range, this figure is

analyzed further for better understanding. To understand and interpret the results from

the two Reynolds numbers, figure 4.4 is shown. It must be noted that all the results in

the following discussion will relate to the variation of scale energy with spanwise scales.
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Figure 4.4: (a) Scale energy < δu2 > as a function of spanwise scale r+z at different y+.
(b) Scale energy < δu2 > as a function of y+ at different r+z . Lines with filled squares
are from Re934, while plain lines are from Re590.

The curves in figure 4.4(a) are obtained by extracting horizontal slices of the contour

plot in figure 4.2(b) at various wall-normal locations. These curves show the variation

of scale energy with spanwise scale at different wall-normal locations. For all y+ levels
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shown in figure 4.4(a), the energy content increases with increasing r+z values. The

increase is smallest at y+ = 5, with the values from the two Reynolds numbers matching

well for almost all r+z . The increasing energy content from large scales is consistent with

the broadband energy results in figure 2.19(b), and is consistent with previous studies

by de Graaff & Eaton (2000) and Marusic & Kunkel (2003). For y+ = 5, the value

of scale energy increases rapidly for r+z < 50, while it remains relatively constant for

r+z > 50. The location y+ = 16, which is in the buffer layer, is the position of maximum

scale energy and is the engine of the turbulence in the near-wall region. These curves

peak at r+z = 60 and are almost constant for larger r+z . Qualitatively, the curves at this

location look identical to those at y+ = 5, but the actual magnitudes are larger. The

values from the two Reynolds numbers match for r+z < 100, beyond which they start

deviating. Beyond y+ = 16, the scale energy value reduces with increasing y+, while

it increases with increasing r+z . This is consistent with two-point correlation results of

Ganapathisubramani et al. (2005b), showing smaller values of streamwise correlations

at greater distances from the wall. The differences in scale energy between the two

Reynolds numbers become more pronounced at higher y+. At both y+ = 80 and

y+ = 200, values from Re934 are consistently larger than those from Re590.

Another useful way of analyzing figure 4.2(b) is by extracting vertical slices at various

r+z , shown in figure 4.4(b). For all r+z , the value of scale energy increases from zero at

the wall to the peak value in the range y+ ∼ 15 − 20, beyond which it decreases

monotonically. At r+z = 10, the peak from Re934 is slightly larger than from Re590,

but this could be because of the small difference in the actual r+z (For Re934, the

smallest spanwise scale is r+z = 11.4, which is determined by the dataset resolution and

for Re590, r+z = 9.4. Thus, the curves corresponding to a nominal value of r+z = 10

are actually at r+z = 11.4 for Re934 and r+z = 9.4 for Re590.) For larger scales, the

peak value of scale energy is about the same. The magnitude of scale energy increases

with y+ for both Reτ . The difference in magnitude of scale energy between the two

Reynolds numbers increases as y+ increases.

To summarize, the differences in trends between the two Reynolds numbers are

more pronounced farther away from the wall, and the scale energy is almost identical

closer to the wall. The scale energy increases through the viscous sublayer, and attains a

maximum value at y+ = 16 in the buffer region, beyond which the scale energy decreases
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with increasing y+. At larger scales, the scale energy increases with increasing Reynolds

numbers.

4.1.3 Scale energy balance: Viscous sublayer & buffer layer

r+
0 50 100 150 200

-0.5

0

0.5

-Πe

-Tr

Ee(Πe+Tr)

(a) (b)

Figure 4.5: (a) Balance at y+ = 10. −Πe is the effective production; −Tr is the
transfer in scale space; Ee is the effective dissipation; filled symbols represent (Πe+Tr).
Dashed lines and filled circles are from Re934; solid lines and filled squares are from
Re590; dash-dot-dotted lines and filled diamonds are from Re300; dash-dotted lines
and filled triangles are from Re180. (b) Individual contributions for various terms. −Π
is the turbulent production; −Tc is the transfer in physical space; E is the turbulent
dissipation; Dr and Dc are the diffusion in r-space and physical space respectively. The
lines follow the same convention as (a).

As described in section 2.3.3.2, the scale energy balance is conducted by integrating

the energy balance equation (equation 2.25) in a two-dimensional square of scale r at a

fixed wall-normal location Yc. The final scale energy balance equation is given by equa-

tion 2.30, which is written in a concise form as equation 2.32. The scale energy analysis

described in the following sections will describe the variation of the terms of equation

2.32 with scale, at different wall-normal locations and Reynolds numbers. Further, an

analysis of the individual contributions to the terms of equation 2.32, which are given

in equation 2.31 will also be presented. Parts of this section appear in Saikrishnan et al.

(2007a) and Saikrishnan et al. (2007b).
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Figure 4.5 shows the trends in the scale energy balance at y+ = 10. This wall-

normal location lies in the lower buffer region, bordering the viscous sublayer, and is

shown here for ease of comparison with published results in Marati et al. (2004). As

described in the single point statistics, the viscous sublayer and the buffer regions are

the locations of most intense activity in terms of turbulent kinetic energy. The terms

shown in figure 4.5(a) are the effective production −Πe, transfer in scale space −Tr and
effective dissipation Ee. The filled symbols show the sum of the effective production and

transfer in scale space (Πe+Tr), which balances the effective dissipation Ee. The caption

of the figure describes the legend for the curves and symbols in detail. The production

and transfer terms are indicated with a negative sign for ease of presentation in figure

4.5 and all subsequent scale energy balance plots.

In an overall sense, the magnitude of −Πe increases with increasing r+, while the

magnitude of −Tr increases until r+ ∼ 50, beyond which it decreases in magnitude. The

variation of −Tr with r+ beyond r+ ∼ 50 is very small, and it attains a nearly constant

value at r+ = 200. Similar to −Πe, the magnitude of Ee increases with r
+. It must be

kept in mind that all the terms shown here are quantities averaged in r-space. The total

imbalance between the terms, indicated by the difference between the curve for effective

dissipation Ee and the filled symbols, is very small for all the Reynolds numbers. The

difference between these two terms is the contribution of the pressure term, which is

not evaluated in the current study.

The qualitative trends observed for the various terms in figure 4.5(a) do not change

with Reynolds number. Quantitatively, the magnitudes of certain terms are different for

the two lower Reynolds numbers, Re180 and Re300, while all the terms from Re590

andRe934match each other almost exactly over the entire range of scales. The effective

production −Πe is lowest for Re180, while the magnitude of this term from the other

three Reynolds numbers lie very close to one another. As discussed in section 1.2.4,

the Reynolds number of the Re180 might be too small to compute the terms of the

energy budget accurately and the difference in effective production is a result of the low

Reynolds number effects in Re180. The magnitude of the scale transfer −Tr matches

exactly for all the datasets. This directly suggests that the influence of the effective

dissipation Ee is also higher at the three higher Reynolds numbers, as is observed in

the figure. A key point to be noted at this wall-normal location is the trend of the scale
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space transfer −Tr. For all the Reynolds numbers, this term has a very small positive

value at the smallest scales. Beyond this, it has a negative value through the space of

scales. A discussion of the physical meaning of this observation is presented later in this

section.

Figure 4.5(b) shows the individual contributions of the terms of the scale energy

budget, as described in equation 2.31. A comparison of the magnitudes of the effective

production −Πe in figure 4.5(a) and actual production −Π in figure 4.5(b) reveals that

the role of the physical space transfer −Tc is to reduce the magnitude of the effective

production −Πe as compared to the true production −Π, implying that the two phe-

nomena act opposite to each other at this wall-normal location. The quantity −Tc is

negative through the range of scales, or Tc is positive throughout. The production term

increases with increasing Reynolds number, while the physical transfer term remains

almost constant through the range of scales for all Reynolds numbers. The physical

space diffusion Dc has a non-zero negative value at this wall-normal location for all

scales, implying diffusion of energy towards the wall. This can be expected since energy

production peaks at y+ = 16. This term remains almost constant for different Reynolds

numbers, suggesting that physical scale diffusion is not sensitive to the Reynolds num-

ber. The scale space diffusion Dr is maximum at the smallest scales, and reduces in

magnitude with increasing scale. Beyond r+ = 50, Dr attains a negative value, implying

that energy diffuses from large to small scales at the small scales, while energy diffuses

from small to large scales at the large scales. The magnitudes of the terms in the in-

set of figure 4.5(b) are quite different between Re180 and the three larger Reynolds

numbers. The magnitude of Dc is largest and the magnitude of Dr is smallest at the

smallest Reynolds number. The combined effect of these two terms provides a nearly

constant value of net diffusion for the three higher Reynolds numbers, suggesting that

the effect of increased production at larger Reynolds numbers is directly balanced only

by an increased amount of dissipation in the buffer region.

To understand the dynamics of the transfer terms in the viscous sublayer and the

buffer region, contour plots of these terms are presented in figure 4.6. For completeness,

these plots are shown up to y+ = 100, which extends into the inner part of the logarith-

mic region. In the range of wall-normal locations shown, the values of transfer terms

Tr and Tc from Re590 and Re934 match each other almost identically, so only results
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Figure 4.6: (a) Contour plot of Tr(r
+, y+) (b) Contour plot of Tc(r

+, y+). In both plots,
the zero contour line is shown by the dash-dotted line. Positive contours are shown with
solid lines and negative contours are shown with dashed lines. The data shown in these
plots are from Re590.

from Re590 are presented for discussion. By definition, Tr(r
+, y+) is the transfer of

turbulent kinetic energy at a given wall-normal location y+ at scale r+. This quantity

is averaged over r-space, which implies that the value of Tr at scale r+ includes the

combined effect of all scales smaller than or equal to r+. When Tr is negative, it implies

that energy in scale space is transferred into the domain of radius r+ from scales larger

than r+. This is the conventional cascade of energy in turbulence, where large scales

transfer energy to the small scales. When Tr is positive, the opposite happens and a

net inverse cascade occurs. In this case, energy is transferred from the small to large

scales.

Figure 4.6(a) shows contours of the scale space transfer term Tr as a function of the

scale r+ and the wall-normal location y+. It must be noted that in these figures, Tr and

Tc are presented without the negative sign, which makes the convention different from

the earlier scale energy plot in figure 4.5. The zero crossing of the Tr term represents the

location and scale where the switch between forward and reverse cascade occurs. This

zero crossing curve, shown as the dash-dotted line in figure 4.6(a), marks the envelope

of the region of the inverse cascade. In the viscous sublayer (y+ < 6), Tr is always
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negative, implying that at all scales, a conventional energy cascade exists. In the region

6 < y+ < 37, the smallest scales still follow the direction of the conventional cascade,

transferring energy to smaller and smaller eddies until it is dissipated by viscosity. At

all larger scales, a net transfer of energy occurs from small to large scales. At y+ = 10,

this threshold of the change in cascade is r+ = 17. At y+ = 30, the threshold is at

r+ = 72. Beyond the buffer region at y+ > 37, the normal cascade recovers once again

for all scales.

In LES, backscatter refers to the energy being transferred from the smaller subgrid

scales, which are modeled, to the larger grid scales, which are computed. Many authors

have observed that it is necessary to incorporate backscatter into LES models to capture

the flow physics accurately. The inverse cascade of energy observed in the current study

is an equivalent physical manifestation of energy transfer from small to large scales.

A number of studies have been conducted to understand and quantify the backscatter

in turbulent channel flows by using filtered DNS data to mimic the effect of LES (see

e.g. Piomelli et al. (1991), Härtel et al. (1994), Piomelli et al. (1996)). In particular,

Domaradzki et al. (1994) conducted a study of a turbulent channel flow at Reτ = 210,

and pointed out that the subgrid scale transfer is a function of both the scale as well

as the wall-normal location. A contour plot of sub-grid scale transfer as a function of

scale and distance from the channel wall was presented in that work. Figure 4.6(a)

provides a complete picture of the range of scales and wall-normal locations over which

a net backscatter occurs in streamwise-spanwise planes in a turbulent channel flow up

to Reτ = 934. The studies in Domaradzki et al. (1994) concluded that very close to

the wall, the sub-grid scale transfer is positive, indicating a conventional transfer, while

further away from the wall, a backscatter is observed for all scales. In the outer region

of the channel, the conventional transfer is once again set up. They do not seem to

observe the same envelope observed in figure 4.6(a), which might be attributed to the

smaller Reynolds numbers used in that study.

The transfer term in physical space Tc can also be plotted as a function of y+ and

r+ in an identical fashion. A positive value of Tc indicates a transfer of energy away

from the wall, while a negative value of Tc indicates energy transfer towards the wall.

Referring to figure 4.1, it was noted that the single point convection term tc started

with a positive value in the viscous sublayer, became negative in the buffer layer, and
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converged to zero at the start of the logarithmic layer. A point to be noted is that

the two-point transfer term Tc converges to the single point transfer term tc shown

in equation 2.21 at infinite r+, with the difference of a negative sign. Tc represents

the spatial divergence of the spatial-flux of scale-energy, hence it is expected that this

term reaches a maximum where the peak of scale energy occurs, which is within the

buffer layer where the largest production of energy takes place. Similar to the trends

observed in figure 4.6(a), Tc is predominantly negative in the viscous sublayer. The

main difference here is that Tc is positive for all scales in the buffer region, as opposed

to a small region of conventional cascade in the smallest scales for Tr. It can be observed

that Tc is positive for y+ > 8, which is smaller than the peak production location of

y+ = 16. At the lower edge of the logarithmic layer, Tc becomes negative once more, but

with a very small magnitude, which does not play a significant part in the scale energy

dynamics in the logarithmic layer. These observations conform to accepted notions of

physical space energy transfer in the near-wall region.

4.1.4 Scale energy balance: Logarithmic layer
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Figure 4.7: Balance at y+ = 100. Definitions of the various terms are the same as in
figure 4.5.

Figure 4.7 shows the scale energy balance at y+ = 100 in the logarithmic layer, where
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the production and dissipation are the most dominant terms in the energy balance. An

interesting feature of the energy balance in the logarithmic layer is the location of the

cross-over between the transfer in scale space −Tr and the effective production −Πe. A

discussion of this cross-over and associated trends will be presented in section 4.1.6.

In an overall sense, the magnitude of the effective production −Πe increases mono-

tonically with increasing scale, while the transfer in scale space −Tr reaches a maximum

value and then starts to decrease. Similar to −Πe, the magnitude of the effective dis-

sipation Ee increases with increasing r+. The total imbalance between the terms is

very small for all the Reynolds numbers. The results from all four Reynolds numbers

follow the same trends, albeit with a difference in actual magnitudes. The magnitude of

−Πe increases with Reynolds number from Re180 to Re590, while curves from Re590

and Re934 match each other extremely closely. This might be a result of the finite

Reynolds number effects in Re180 and Re300, where the range of eddy scales is small

and no distinct separation between the inner and outer layers exists. The magnitude of

−Tr steadily increases from Re180 to Re934, indicating an larger absolute amount of

energy transfer with increasing Reynolds number.

Figure 4.7(b) shows the contributions of the individual terms to the scale energy

balance shown in figure 4.7(a). The turbulent production −Π is the dominant contribu-

tor to the effective production −Πe, and the transfer in physical space −Tc is negligible
for all scales. For the effective dissipation Ee, the diffusion in physical space Dc is neg-

ligible. The diffusion in scale space Dr is significant and positive valued at the smallest

scales, reducing to zero at around r+ = 200. The positive value suggests a diffusion of

scale energy from smaller to larger scales. At large scales, the effective dissipation Ee is

equal to the pseudo-dissipation E shown in figure 4.7(b). Casciola et al. (2003) studied

the scale energy budget for homogeneous shear flows, which do not contain the physical

space transfer and diffusion terms. The negligible role of −Tc and Dc in the logarithmic

layer suggest that this region contains dynamics similar to homogeneous shear flow.

However, in the boundary layer, this region is traversed by a nearly constant flux of

turbulent kinetic energy away from the wall, unlike in a normal homogeneous shear

flow. The small magnitude of the physical space transfer −Tc is almost identical at all

of the Reynolds numbers, and the physical space diffusion Dc is nominally equal to zero

for all scales for all the Reynolds numbers. All other terms increase in magnitude from
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Re180 to Re590, while Re590 and Re934 match each other closely. Similar analysis

was also conducted in the inner part of the logarithmic layer at y+ = 40 and y+ = 60.

The results at y+ = 40 are shown for the Re590 and Re934 datasets in figure 4.8 and

in an overall sense, the trends observed at these locations match those at y+ = 100.

The trends in the scale energy terms are quite different from the observations closer to

the wall (see e.g. figure 4.5).
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Figure 4.8: Balance at y+ = 40. Definitions of the various terms are the same as in
figure 4.5. Dashed lines and filled circles are from Re934; solid lines and filled squares
are from Re590.

Next we consider y+ = 250 located in the outer logarithmic layer for Re934. For

Re180, the channel center line is at y+ = 180, so there are no comparable curves from

this Reynolds number. For Re300, y+ = 250 equals y/δ = 0.83, which is clearly in the

outer region, so the results from this Reynolds number are presented later in section

4.1.5. For Re590, y+ = 250 equals y/δ = 0.43, where the logarithmic law of the wall no

longer applies (ref. figure 2.19(a)), but the curves are presented here for completeness.

The overall trends from this wall-normal location match those at y+ = 100 shown

in figure 4.7. The magnitudes of −Πe and Ee increase with increasing y+, while the

magnitude of −Tr increases at small scales, then decreases at the larger scales. At this

location, the effective production −Πe curves from Re590 and Re934 match each other

very closely, with the production −Π from figure 4.9(b) being the dominant contributor.
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Figure 4.9: Balance at y+ = 250. Definitions of the various terms are the same as in
figure 4.5. Dashed lines and filled circles are from Re934; solid lines and filled squares
are from Re590.

Both the production term −Π and physical space transfer term −Tc match very well

between Re590 and Re934, but −Tc makes a negligible contribution to −Πe. While

−Π remains constant with Reynolds number in the logarithmic layer, it increases with

Reynolds number closer to the wall, as shown in the energy balance plots at y+ = 10 (ref.

4.5). The scale transfer term −Tr in figure 4.9(a) increases with increasing Reynolds

number over the full range of r+ plotted, suggesting a larger magnitude of energy

being transferred between the scales at larger Reynolds numbers. The balance between

the sum of the effective production and scale space transfer terms and the effective

dissipation terms is very good for both Reynolds numbers. A possible explanation for

the increased scale energy transfer at higher Reynolds numbers is that greater transfer

is needed to balance the increased dissipation at higher Reynolds numbers, while the

production remains relatively constant. The magnitude of values at y+ = 250 is smaller

than those at y+ = 100, because the overall scale energy dynamics become weaker with

increasing wall-normal location. The physical space diffusion Dc is almost equal to zero

for both Reynolds numbers, while the scale space diffusion Dr increases with increasing

Reynolds number.
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4.1.5 Scale energy balance: Outer layer

(a) (b)

Figure 4.10: (a) Balance at y/δ = 0.8. (b) Individual contributions for various terms.
Dashed lines and filled circles are from Re934; solid lines and filled squares are from
Re590; dash-dotted lines and filled diamonds are from Re300. The lines with super-
imposed filled symbols in (b) are the curves for −Π.

In general, the magnitudes of the scale energy terms occurring in the outer region are

much smaller than those observed in the logarithmic layer and buffer regions, mainly

due to smaller populations of eddies and reduced interactions between them. As y+

continues to increase, the contribution of the shear term becomes smaller and smaller.

As a result, the effective production −Πe decreases and the scale space transfer −Tr
becomes increasingly dominant. A conventional method of comparing quantities in the

outer layer is by comparing the same wall-normal location normalized with the channel

half-width, as opposed to normalizing with inner variables Uτ and ν. Figure 4.10 shows

results from the scale energy budget at y/δ = 0.8 at the three higher Reynolds numbers.

The shapes of the curves of the effective production −Πe and scale transfer −Tr terms

look similar to those observed closer to the wall in the logarithmic layer (ref. figures

4.7 and 4.9). However, figure 4.10(a) shows that the magnitudes of the terms decrease

with increasing Reynolds numbers. The magnitudes of −Πe and −Tr for Re300 are

almost twice as large as the same terms from Re590, which in turn are larger than

the corresponding terms from Re934. This is expected since the dynamics in the outer
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region are weaker at larger Reynolds numbers. This can be understood as an effect

of the opposing wall in the outer layer, which has been discussed by Wei & Willmarth

(1989) and Antonia et al. (1992). These studies showed a reduction in Reynolds stresses

in the outer layer for increasing Reynolds number due to reduced interactions from

the opposing half of the channel. The overall energy balance indicated by the close

match between the effective dissipation Ee and the filled symbols is still very good for

all Reynolds numbers, suggesting that the energy balance is obeyed very well for all

Reynolds number in the outer region of the channel flow.

Figure 4.10(b) shows the contributions of the various quantities to the terms in figure

4.10(a). At this location, the contribution of −Tc is almost as significant as that of −Π

to the effective production −Πe for all Reynolds numbers. This is more a result of the

much lower magnitude of the production −Π, than an actual increase in magnitude of

the physical transfer −Tc, which can be inferred from the magnitudes of the terms in

figure 4.10(b). For Re934, the physical transfer term −Tc is larger than the production

term −Π over the entire range of scales, suggesting a greater influence of the physical

space transfer as opposed to production at this wall-normal location. As expected, the

dissipation E is higher for the lower Reynolds numbers to balance the larger production

−Π and scale transfer −Tr. The physical diffusion term Dc is insignificant for all

Reynolds numbers. As with the other wall-normal locations, the influence of Dr is

largest at the small scales and drops off with increasing scale. At the smallest scales,

the magnitude of the diffusion is almost equal to that of the dissipation term. However,

these two terms work against each other, reducing the net magnitude of the effective

dissipation shown in figure 4.10(a). In summary, scaling with outer variables does not

seem to collapse the quantities from different Reynolds numbers suggesting the need to

explore alternate scaling methods to compare quantities in the outer layer. As noted

above, the lack of collapse must be related to the confined channel geometry and the

variations in the relative influence of the eddies crossing the center plane.

4.1.6 Cross-over scale between production and scale transfer terms

In the scale energy balance, the curves for the effective production−Πe and scale transfer

−Tr intersect at a scale known as the cross-over scale (l+c ). The trend in cross-over scale

was an important point of discussion in Marati et al. (2004) for Re180. For example,
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Figure 4.11: Variation of cross-over scale l+c with y+ for all DNS datasets.

in figure 4.7(a) at y+ = 100, the cross-over occurs at r+ = 50 for Re300, r+ = 58 for

Re590 and r+ = 67 for Re934. At scales smaller than the cross-over scale, the scale

energy transfer is more significant, whereas at larger scales, the effective production

takes over as the dominant mechanism. This difference in contribution of various terms

to the balance of turbulent kinetic energy could prove useful for numerical modeling

and assumptions therein.

In Marati et al. (2004), it was argued on the basis of dimensional arguments and

classical equilibrium theory that the cross-over scale is related to the shear scale Ls =√
< ǫ > /S3, where S = dU/dy. It must be noted that this analysis was restricted to

the logarithmic region of the boundary layer, where the production and dissipation are

in equilibrium and the shear scale Ls = κy. Recently, Jacob et al. (2008) discussed the

scaling of mixed structure functions in turbulent boundary layers based on experimental

data from x-wires. They demonstrated that the anisotropic behavior of the fluctuations

throughout the boundary layer could be understood in terms of a superposition of
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(a) (b)

Figure 4.12: (a) Variation of cross-over scale l+c with y+ for three higher Re in the
logarithmic region (y/δ < 0.2). (b) Variation of shear scale Ls with y+ for four Re
(Reτ = 300− 2000) in the logarithmic region (y/δ < 0.2).

two distinct regimes. Further, the scale at which the transition between these regimes

occurs is controlled by the magnitude of the mean shear, which manifests itself in the

shear scale. Below the shear scale, an isotropy-recovering behavior occurs, which is

characterized by dimensional predictions based on Lumley’s argument (Lumley (1965)).

Above the shear scale, the anisotropy introduced by the flow modifies the isotropic

scaling laws predicted by Lumley. Further, it was observed that the isotropic behavior

becomes much more prominent farther away from the wall.

In figure 4.11, the filled triangles show the values of cross-over scale at Re180,

which follow a linear trend for 20 < y+ < 120. In Marati et al. (2004), the slope of

this line was calculated as 0.37, approximately equal to the Karman constant κ. The

arguments provided to support this observation were based on classical equilibrium

theory. According to this, the local dissipation can be estimated as < ǫ(y) >≃ u3∗/(κy).

Given that the shear scale Ls =
√
< ǫ > /S3, the estimate of the cross-over scale was

lc(Yc) ≃ κy. Thus, it was argued that the calculated value of the slope was physically

reasonable. When the results from the higher Reynolds numbers are added to this plot,

it is observed that the values of cross-over scale from the higher Reynolds numbers are

consistently larger than those observed from Re180 and the slope of l+c versus y+ varies
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significantly. The values of cross-over scale close to the wall (y+ < 50) match one another

very well for the higher three Reynolds numbers. Beyond y+ = 50, the cross-over scale

increases with increasing Reynolds number. A comparison of the trends of the curves in

figures 4.7 and 4.9 yields an explanation for this. The curves of effective production do

not change significantly with increasing y+, whereas the value of the scale space transfer

−Tr at the three Reynolds numbers increases with y+. The increasing −Tr results in an

increased magnitude of cross-over scale for y+ > 50, resulting in increasing slopes for

the higher Reynolds numbers in the cross-over scale plot. Physically, this means that

the range of transfer dominated scales increases with increasing Reynolds number. In

order to better understand the trends observed, lines of best fit are also plotted in figure

4.11. The lines of best fit also indicate that the slope of the lines increase with increasing

Reynolds number for y+ > 50. On the other hand, the slope for a fixed Reynolds number

decreases with increasing y+, so that one line is insufficient to characterize the trend.

The values of the cross-over scales from the three Reynolds numbers show a fan-type

behavior, with increasing deviation with increasing wall-normal location. Close to wall

(y+ < 60), the slopes of the best fit lines are 0.58 for Re300, 0.69 for Re590 and 0.78

for Re934. Further away from the wall (60 < y+ < 200), the slopes of the lines are 0.20

for Re300, 0.39 for Re590 and 0.49 for Re934. The presence of two distinct ranges

and a change in slope is seen in the range 60 < y+ < 80 in all three high Reynolds

number cases. It must be noted that these trends are shown in the logarithmic layer

and the outer layer.

Figure 4.12(a) shows the cross-over scale for data only in the logarithmic region

(y/δ < 0.2) of the various DNS datasets. Data from Re180 are not shown here since a

logarithmic region does not strictly exist at Reτ = 180. The fan-type behavior described

above is not very apparent in this figure, and the fan behavior appears to be related

to changes in the overall flow as a result of moving further away from the wall into the

outer region. Figure 4.12(b) shows the variation of the shear scale Ls in the logarithmic

region for Reynolds numbers in the range Reτ = 300 − 2000.1 The scale energy

analysis was not conducted for Reτ = 2000 since only the mean statistics were available

for calculation of the shear scale. In the region y+ < 30, the shear scales for all five

Reynolds numbers are almost identical. It must be noted that upon approaching the

1 The statistics for Reτ = 2003 are available at http://torroja.dmt.upm.es/ftp/channels/data/
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channel center, the streamwise velocity gradient S goes to zero, hence the shear scale

asymptotically increases to infinity. Here, only values from the logarithmic layer are

shown for comparison with the cross-over scale in the logarithmic region. A comparison

of figures 4.12(a) and 4.12(b) clearly shows that the trends observed in the cross-over

scale for the various Reynolds numbers match those observed from the shear scale very

well. However, it must be noted that the magnitudes of the shear scale and the cross-

over scale do not match identically, instead a factor of order one must be accounted

for between these two scales. However, these curves demonstrate the close relationship

between the shear scale and the cross-over scale. This analysis suggests that the cross-

over scale is an ideal parameter to be utilized in order to understand the dominant

terms in the scale energy balance, since it physically divides the range of scales into an

isotropic and anisotropic range in the flow.

4.2 Results from Particle Image Velocimetry data

The following section discusses the use of Dual Plane Particle Image Velocimetry (DP-

PIV) in boundary layers to calculate the terms of the scale energy analysis described

in the section 4.1. As demonstrated earlier, the terms of the scale energy analysis con-

tain contributions from all nine components of the velocity gradient tensor, which are

all available from Direct Numerical Simulations. However, the restriction with using

DNS is imposed by requirement of computational power and computational complexity

in modeling boundary layers for large Reynolds number flows. As discussed in sec-

tion 1.2.5, Dual Plane Particle Image Velocimetry (DPPIV) can experimentally provide

the full velocity gradient tensor in a plane in the turbulent boundary layer, so it ap-

pears to be a technique of choice for these studies amongst other existing experimental

techniques. The scale energy analysis presented below will cover a range of Reynolds

numbers and wall-normal locations using DPPIV data from a turbulent boundary layer.

As discussed in section 1.3, the aim of using DPPIV data for these studies is to under-

stand the applicability of this technique to resolving the scale energy balance across a

range of Reynolds numbers. Specifically, it is expected that using higher Reynolds num-

ber experimental data would provide further insight into the Reynolds number effects

in the terms of the scale energy balance.



142

4.2.1 Mean and R.M.S. statistics for DPPIV data

The values of mean and R.M.S. statistics of the velocity and vorticity components

computed using the DPPIV data for all the experiments are presented in tables 4.1 and

4.2.

U+ σ+u σ+w σ+v σ+ωx
σ+ωz

σ+ωy

∂U+

∂y+

Re1160-y110 16.04 1.91 1.34 1.16 0.069 0.064 0.055 0.021

Re1160-y550 21.7 1.41 0.97 1.12 0.054 0.057 0.032 0.007

Re1100-y100 16.28 1.95 1.38 1.19 0.089 0.083 0.077 0.019

Re1100-y50 14.92 2.24 1.46 1.07 0.110 0.089 0.096 0.040

Table 4.1: Ensemble averaged mean and R.M.S. statistics from the wind tunnel exper-
iments. Terms with overlines are mean quantities and σ terms are R.M.S. quantities.
The mean wall-normal gradient of the streamwise velocity is also shown.

U+ σ+u σ+w σ+v σ+ωx
σ+ωz

σ+ωy

∂U+

∂y+

Re2650-y120 16.33 2.21 1.45 1.25 0.068 0.068 0.062 0.016

Re2650-y200 18.06 2.16 1.44 1.25 0.058 0.061 0.046 0.010

Re2650-y340 19.71 2.20 1.39 1.18 0.051 0.055 0.038 0.009

Re3170-y160 17.11 2.28 1.55 1.18 0.058 0.061 0.046 0.016

Re3170-y250 18.70 2.30 1.47 1.27 0.053 0.054 0.041 0.011

Re3170-y350 19.10 2.32 1.43 1.23 0.042 0.044 0.036 0.009

Table 4.2: Ensemble averaged mean and R.M.S. statistics from the water channel ex-
periments. Terms with overlines are mean quantities and σ terms are R.M.S. quantities.
The mean wall-normal gradient of the streamwise velocity is also shown.
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4.2.2 Effects of resolution & finite differencing on energy balance

In the comparison of DPPIV and DNS datasets, it is necessary to identify and un-

derstand the inherent differences in methods of processing and resolution in these two

approaches. The following section is focused on documenting and understanding the

differences between the DPPIV and DNS datasets due to three aspects : (1) Methods

used for computing derivatives; (2) In-plane resolution; (3) Out-of-plane resolution. The

approach for (2) is similar to the method used in chapter 3, where the raw DNS data

were averaged to the same resolution as the DPPIV data, and is described in section

4.2.2.2. The methods used for (1) and (3) are described below in sections 4.2.2.1 and

4.2.2.3 respectively. The analysis of all three aspects is presented at two wall-normal

locations y+ = 110 and y+ = 50.

4.2.2.1 Effects of methods used for computing derivatives

The data obtained from DPPIV consist of three velocity components u, v and w in the

plane of interest (plane 1) and two velocity components u and w from a neighboring

plane (plane 2). To compute velocity gradients using discretely sampled data as is ob-

tained in DPPIV, finite differencing techniques are the best choice. It is possible to

derive finite differencing expressions of varying order of uncertainties using larger tem-

plates of grid points. Raffel et al. (2007) provide expressions for forward, central and

backward differencing schemes commonly used in PIV studies. Unfortunately, larger

grid point templates use information from larger regions of the flow, so the effects of

smoothing become more apparent in the results. To assess the effect of using various

differencing schemes on the in-plane gradients, sample PIV data were analyzed with

two schemes: second order central difference scheme and a third order Richardson ex-

trapolation (definitions can be found on p.192 of Raffel et al. (2007)). It was found that

the mean and R.M.S. values of the in-plane gradients matched within 5% of each other

at y+ = 110. Hence the second order central differencing scheme was used to compute

all in-plane gradients in this study. Since only two data points were available in the

out-of-plane direction, the calculation of out-of-plane gradients of the streamwise and

spanwise velocity were restricted to first order finite differencing schemes. The final
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velocity gradient ∂v/∂y was calculated using the continuity equation assuming incom-

pressible flow. A detailed description of the procedure used to calculate these quantities

is given in appendix B. Since second derivatives in the wall-normal direction cannot

be calculated from the DPPIV data, the terms of the energy balance containing second

derivatives in the wall normal direction, the diffusion terms Dry and Dc, cannot be

calculated.

The procedure of calculation of velocity gradients using the DNS data is described

in appendix C. As described in section 2.2.1, the DNS data use Chebyshev polynomials

in the wall-normal direction and de-aliased Fourier expansions in wall-parallel planes

for spatial discretization. In these datasets, the streamwise and spanwise gradients

were calculated to very high accuracy using Fourier methods, providing significantly

smaller truncation errors. A second-order finite difference scheme was implemented in

the wall-normal direction, and is referred to as “pseudo” second-order because it is not

a true second-order accuracy scheme due to the non-uniform spacing of planes in the

wall-normal direction. The analysis presented in this section will only use the Re934

data.

For the dataset referred to as “DNS Original”, streamwise and spanwise gradients

were calculated using Fourier derivatives, while wall-normal gradients of streamwise

and spanwise velocity were calculated using three adjacent wall-parallel planes and

a “pseudo” second-order finite difference scheme. For the “DNS Modified” dataset,

streamwise and spanwise gradients were calculated using second-order finite differenc-

ing schemes, while the wall-normal gradients of streamwise and spanwise velocity were

calculated using two adjacent wall-parallel planes and a first-order forward differencing

scheme. For both the datasets, the wall-normal gradient of the wall-normal velocity was

calculated using the continuity equation.

Figure 4.13 shows the terms of the scale energy balance at y+ = 110 at Reτ = 934

using the DNS Original and DNS Modified datasets. For the DNS Modified dataset,

the two adjacent wall-parallel planes used for the wall-normal finite differencing are

separated by about 4 wall units. No filtering is performed on the in-plane velocities, so

effects of in-plane resolution are not accounted for in these results. It is observed that

the effect of the modified finite differencing scheme is to increase the values of both the

effective production (−Πe) and the effective transfer term (−Tr), while reducing the



145

magnitude of the effective dissipation term (Ee) across the entire range of scales. This

leads to an apparent imbalance in the energy balance between the quantity (Πe + Tr)

and Ee in DNS Modified. At the small scales, the magnitude of Ee is larger for DNS

Modified, which is a direct result of the inability to compute Dry and Dc using these

data, and these terms are non-zero and positive at the smallest scales. At larger scales,

Dry and Dc tend to zero, hence the mismatch between (Πe + Tr) and Ee is purely

due to the smaller estimate of the absolute dissipation in the modified data. A second

observation concerns the estimate of the cross-over scale (l+c ). The increased value of

−Πe and −Tr results in a decrease in the estimate of l+c . In the example shown in

figure 4.13, l+c = 70 for DNS Original to l+c = 64 for DNS Modified. Both of these

observations point to potential error sources in the calculation of individual terms of

the energy balance using PIV data.
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(Πe+Tr)

Ee

Figure 4.13: Terms of the energy balance at y+ = 110 for DNS Original and DNS
Modified datasets. Squares are from DNS Original and triangles are from DNS Modified.

To understand the underlying reasons for the differences in magnitudes in −Πe and

−Tr, the individual terms contributing to each are plotted in figure 4.14. The terms

that are unchanged by the differencing scheme are the production −Π and the in-plane

scale transfer terms −Trx and −Trz. −Π is the product of the Reynolds stress type

term < δuδv > and the mean wall-normal gradient dU/dy, neither of which changes

significantly as a result of the modified finite differencing scheme. −Trx and −Trz are

affected only by the change in calculation of in-plane gradients from the Fourier method
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Figure 4.14: Individual terms of the energy balance at y+ = 110. (a) Terms contributing
to −Πe. (b) Terms contributing to −Tr.

to the second order central difference scheme, and the results show that there is no

significant difference at this wall-normal location. The terms that change significantly

are the out-of-plane scale transfer term −Try and the physical space transfer term −Tc.
The magnitudes of both terms increase when the order of the finite differencing in the

wall normal direction is reduced from two to one. For −Tc, the increase in magnitude is

almost constant across the space of scales, whereas the mismatch between the two curves

for −Try increases with increasing scale. Assuming that the curves plotted from the

DNS Original data set represent the “correct” value, the differences can be interpreted

as errors due to the finite differencing scheme.

Figures 4.15 and 4.16 show results from the same analysis conducted at y+ = 50. In

general, the overall trends observed at y+ = 110 are similar at y+ = 50. The magnitudes

of the effective production −Πe and −Tr increase from DNS Original to DNS Modified,

while the magnitude of the effective dissipation Ee reduces from DNS Original to DNS

Modified. However, the absolute difference between the terms of the DNS Original and

DNS Modified data is about 0.018 at y+ = 50, while it is about 0.007 at y+ = 110.

This indicates that the effect of the finite differencing is more severe closer to the wall,

where the scale energy dynamics are stronger.
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Figure 4.15: Terms of the energy balance at y+ = 50 for DNS Original and DNS Modified
datasets. Squares are from DNS Original and triangles are from DNS Modified.
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Figure 4.16: Individual terms of the energy balance at y+ = 50. (a) Terms contributing
to −Πe. (b) Terms contributing to −Tr.
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4.2.2.2 Effects of in-plane resolution

PIV involves calculation of velocities in interrogation windows, and the final velocity vec-

tor associated with an interrogation window can be interpreted as the dominant velocity

of all the particles identified within the window. Hence, the size of the interrogation

window in PIV can be taken as the effective in-plane resolution of the measurement,

while the sheet thickness provides the out-of-plane resolution. It must be noted that

in most PIV interrogation methods, the interrogation windows are overlapped during

processing, so the spacing of vectors is usually not the same as the resolution of the

velocities. In this thesis, the resolution is always taken as the size of the interrogation

window over which the velocities are computed. The resolution of the DNS data is

better than the experimental PIV data, hence an averaging scheme is implemented on

the in-plane velocities of the DNS Modified dataset in order to understand the addi-

tional effects of the resolution on the scale energy balance. The averaging procedure

involves using a box filter of a desired size L+ across the plane of data. The details

of the averaging procedure are described in section 2.3.1. The averaging procedure is

implemented using a two dimensional in-plane box filter, hence this step does not affect

the wall-normal gradients. In order to eliminate the effect of the wall-normal gradients

in these results, the same two adjacent wall-parallel planes are used to calculate first

order accurate wall-normal gradients in both DNS Modified and the new filtered DNS

datasets.

The results of the scale energy balance from the unfiltered and the filtered data are

shown in figure 4.17. Compared with DNS Modified, the overall effect of the filtering

is to reduce the magnitudes of all the terms of the scale energy balance. This can be

expected since the terms of the energy balance are mainly made of fluctuating quantities

of velocities and velocity gradients, and the effect of filtering is to smooth out variations

in the velocity and velocity gradient fields. This was seen in section 3.1 as a reduction

in the magnitudes of the standard deviations of the velocities and velocity gradients

upon averaging using a box filter, which are documented in figures 3.1-3.3. It can be

seen that the results from DNS Modified and the L+ = 12 data are close to each other.

This is because the filter size of L+ = 12 is almost the same size as the streamwise

spacing in the DNS data, and about twice as large as the spanwise spacing of the DNS

data. The spanwise averaging has only a small effect on the scale dynamics here. At
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L+ = 25, there is about a 20% decrease in the magnitudes of the terms from L+ = 12.

At L+ = 37, there is a 15% decrease in the magnitudes from L+ = 25. Hence, the effect

of the in-plane averaging is to reduce the magnitudes of the terms.

An interesting point here is that the −Πe and −Tr curves from the L+ = 25 case

seem to match the raw DNS data very well and it appears ideal to use this filter size as

the resolution for optimally measuring the scale energy budget. However, the reduced in-

plane resolution results in a poor estimate for the dissipation term Ee. This is directly

related to the underestimation of the velocity gradients when using lower resolution

data. The value of the cross-over scale decreases with larger filter sizes, as a result of

the reduction of the magnitudes of both the effective production and scale transfer terms.

Hence, it is advisable to use the best available resolution for accurately computing the

terms of the scale energy balance and consequently the cross-over scale.
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Figure 4.17: Terms of the energy balance at y+ = 110 for DNS Original, DNS Modified
and filtered DNS datasets. Legend for symbols: � - DNS Original, N - DNS Modified,
• - (L+ = 12), � - (L+ = 25), ∗ - (L+ = 37).

Figure 4.18 shows the individual components of −Πe and −Tr for understanding

the effect of the filtering on the individual terms. The production term −Π decreases

in magnitude with increasing filter size, which can be understood as the reduction

in the Reynolds stress type term < δuδv > as a result of the smoothing operation.

Similarly, the physical transfer term −Tc decreases in magnitude with increasing filter
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Figure 4.18: Individual terms of the energy balance at y+ = 110. (a) Terms contributing
to −Πe. (b) Terms contributing to −Tr. Convention for the lines and symbols is same
as in figure 4.17. In (b), the curves for −Trx have superimposed symbols for clarity.

size, and the order of decrease is about the same as that in −Π. The estimate of −Tc
for L+ = 37 is almost identical to that of DNS Original shown by the solid line. In case

of the contributions to the transfer terms, the most significant change due to filtering is

observed in the −Try term, while the −Trx and −Trz terms see almost negligible changes

in magnitude due to the filtering operation. Therefore, although the filtering operation

is done within the plane, the out of plane transfer term is most affected.

The study of the variation of filter sizes at y+ = 50 shown in figures 4.19 and 4.20

also yields similar trends to those observed at y+ = 110. The most significant differences

occur for terms including a strong effect of out-of-plane gradients, specifically −Try and
−Tc.

4.2.2.3 Effects of out-of-plane resolution

The third factor to be considered in the computation of the terms of the energy budget

is the spacing between the neighboring data planes utilized to calculate the out-of-plane

gradients. The DPPIV experiments use a much larger grid spacing in the wall-normal

direction compared to the numerical simulations. For example, at y+ = 110, ∆y+ = 3.58

for the DNS dataset Re934, whereas the comparable wall-normal spacings from the
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Figure 4.19: Terms of the energy balance at y+ = 50 for DNS Original, DNS Modified
and filtered DNS datasets. Legend for symbols: � - DNS Original, N - DNS Modified,
• - (L+ = 12), � - (L+ = 25), ∗ - (L+ = 37).
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Figure 4.20: Individual terms of the energy balance at y+ = 50. (a) Terms contributing
to −Πe. (b) Terms contributing to −Tr. Convention for the lines and symbols is same
as in figure 4.17. In (b), the curves for −Trx have superimposed symbols for clarity.
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DPPIV experiments are ∆y+ = 21 at y+ = 110 for Re1160-y110 and ∆y+ = 10 at

y+ = 100 for Re1100-y100. On moving closer to the wall, the spacing in the DNS

data reduces even further due to the nature of the Chebyshev polynomials. For example,

∆y+ = 2.4 at y+ = 50 for Re934 and ∆y+ = 6 at y+ = 47 for Re1100-y50. The DNS

data gives an opportunity to assess the effect of the wall-normal spacing ∆y+, since

various combinations of planes can be chosen and their effect on the energy budget can

be assessed. Figure 4.21 shows the effect of increasing ∆y+ between the two planes of

data used for out-of-plane gradients. The solid lines and filled squares are data from

DNS Original at y+ = 110. The dashed lines and filled triangles are from the DNS

Modified data. The DNS Original data uses data from three adjacent planes and the

DNS Modified uses data from two adjacent planes, separated by ∆y+ = 4. Since the

DNS Modified data and the (L+ = 12,∆y+ = 4) curves in figures 4.17 and 4.18 were

close to each other, the (L+ = 12,∆y+ = 4) are not plotted here. Rather L+ = 12

is plotted with increased values of ∆y+ in figures 4.21 and 4.22. All other curves here

are plotted for L+ = 12. The general trend observed is that the magnitudes of the

effective production and scale transfer terms increase with increasing ∆y+. In order to

better understand this trend, the individual contributions to these terms are plotted

in figure 4.22. The effect of increasing ∆y+ is not very significant in the magnitude

of the production term −Π, from the fully resolved data to the largest wall-normal

distance ∆y+ = 24. On the other hand, the physical space transfer term −Tc increases
significantly with an increase in ∆y+. In comparison to the in-plane averaging effect

observed in figure 4.18, the effect of averaging in the wall-normal direction follows an

opposite trend. Similarly, the term most affected in the scale energy transfer is the

out-of-plane transfer −Try, where the magnitude of the term increases with increasing

∆y+. The in-plane terms remain unchanged for the range of ∆y+ as expected.

The corresponding curves at y+ = 50 are shown in figures 4.23 and 4.24. Comparing

figure 4.23 to figure 4.21, it is observed that the effective production curves for y+ = 50

are more tightly spaced, and the variation due to the changing ∆y+ does not appear to

be as significant as it is at y+ = 110. It must be noted that the spacing between the

planes at y+ = 50 is smaller as discussed in section 2.2.1. Upon analyzing figure 4.24,

the reason for this becomes clearer. At y+ = 50, the variation of the individual values of

the production −Π and physical space transfer −Tc vary significantly, but in opposite
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Figure 4.21: Terms of the energy balance at y+ = 110 for DNS Original, DNS Modified
and filtered DNS datasets. Legend for symbols: � - DNS Original, N - DNS Modified,
• - (∆y+ = 8), � - (∆y+ = 12), ∗ - (∆y+ = 24).
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Figure 4.22: Individual terms of the energy balance at y+ = 110. (a) Terms contributing
to −Πe. (b) Terms contributing to −Tr. Convention for the lines and symbols is same
as in figure 4.17. In (b), the curves for −Trx have superimposed symbols for clarity.
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Figure 4.23: Terms of the energy balance at y+ = 50 for DNS Original, DNS Modified
and filtered DNS datasets. Legend for symbols: � - DNS Original, N - DNS Modified,
• - (∆y+ = 5), � - (∆y+ = 8), ∗ - (∆y+ = 17).
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Figure 4.24: Individual terms of the energy balance at y+ = 50. (a) Terms contributing
to −Πe. (b) Terms contributing to −Tr. Convention for the lines and symbols is same
as in figure 4.17. In (b), the curves for −Trx have superimposed symbols for clarity.
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directions. This implies that a larger ∆y+ reduces −Π, while it increases −Tc. At

y+ = 50, the combined effects of these two terms seems to result in a minimal variation

in the effective production term. This cannot be interpreted as an argument for using

larger wall-normal spacings, since it is clear from figures 4.21 and 4.23 that the larger

wall-normal spacings result in a larger imbalance in the overall scale energy budget.

Since the imbalance is a manifestation of the errors in the calculation of the terms, it

is important to minimize the imbalance in the overall energy budget to obtain more

reliable values for the terms of the energy budget. Hence, it is still advisable to use the

smallest possible wall-normal spacing to capture and compute the terms accurately. The

scale transfer term −Tr follows similar trends between the two wall-normal locations.

The contributions to the scale transfer terms at y+ = 50 and y+ = 110 are very similar,

with −Try playing the dominant role amongst the three terms contributing to the scale

transfer.

The analysis conducted in this section will be used in comparing the results of the

scale energy analysis of the DPPIV and DNS data in the following sections. The DPPIV

data presented in this thesis span a range of Reynolds number and in-plane and out-of-

plane resolutions, hence it is necessary to use these results to understand the results.

The results from the DPPIV data are presented in sections 4.2.3-4.2.6, classified based

on the Reynolds number and resolution.

4.2.3 Low resolution DPPIV data Reτ = 1160

The first step towards characterizing the utility of the experimental technique to study

the scale energy balance was to conduct the analysis on previously acquired DPPIV

data. To judge the accuracy and shortcomings of the technique, the experimental re-

sults are compared to results from the DNS data at similar Reynolds numbers. For this

part of the study, the datasets Re1160-y110 and Re1160-y550 were utilized. These

datasets were acquired and described in detail by Ganapathisubramani (2004). The

DNS data have non-uniform spacing in wall-normal direction, which are spaced using

Chebyshev polynomials. To quote specific values, the vector spacing of the DPPIV

dataset Re1160-y110 is ∆x+ = 12.2,∆y+ = 21.0,∆z+ = 12.2. Since 50% overlap

of interrogation windows is used for the PIV processing within the plane, the effective

in-plane resolution of the DPPIV dataset is equal to twice the vector spacing, hence the
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resolution of the DPPIV dataset is 24.4 wall units in the plane of interest. By compari-

son, the vector spacing in the Re934 dataset is ∆x+ = 11.46,∆y+ = 3.57,∆z+ = 5.73

at y+ = 110. Details of the statistics obtained from these two datasets were presented

earlier in section 4.2.1.
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Figure 4.25: (a) Terms of the energy balance at y+ = 110. Solid lines and filled squares
are from Re934; dashed lines and filled circles are from Re1160-y110. (b) Individual
contributions to the production term.

Figure 4.25 shows the results of the scale energy balance for Re1160-y110. The

results at y+ = 110 from the DNS dataset Re934 are also shown for comparison.

Figure 4.25(a) shows the terms of the scale energy balance equation (see equation 2.32).

The magnitudes of the effective production terms −Πe for both the DPPIV and DNS

datasets are very similar to each other across the range of scales. The transfer term

−Tr from the DPPIV data is smaller than the corresponding term from the DNS data

up to r+ = 60, beyond which it is larger for all larger scales. This indicates that

the DPPIV under predicts the amount of energy transferred between eddies of various

scales in the smallest scales. In the large scales, both −Πe and −Tr are larger for the

DPPIV as compared to the DNS data. This is on expected lines, based on the analysis

of differencing methods and resolution conducted in section 4.2.2 (refer figure 4.13). To

better understand the trends of −Tr, the individual contributions to this terms were

also analyzed. It was observed that the magnitudes of the in-plane transfer terms −Trx
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and −Trz were very close between the DPPIV and DNS data, whereas the magnitude

of −Try is larger for the DPPIV data. Once again, this appears to be consistent with

the analysis in section 4.2.2 (refer figure 4.14).

The magnitude of the effective dissipation Ee estimated from the DPPIV data is

smaller than the corresponding term from the DNS data. The combination of the

smaller values of Ee and larger values of Πe and Tr results in an imbalance in the scale

energy, represented by the mismatch between the dashed line Ee and the filled circles

representing (Πe + Tr) in figure 4.25(a). The next observation concerns the estimate

of the cross-over scale l+c calculated using the DPPIV data. The values of the cross-

over scale calculated using the DNS data and DPPIV data are l+c = 67 and l+c = 60

respectively. Hence, it appears that the effect of the reduced spatial resolution is a

smaller value of the cross-over scale between the effective production and scale space

transfer terms. However, it must be noted that the two values of cross-over scale match

within experimental uncertainty, so the bigger concern in the loss of information due to

spatial resolution as evidenced by the mismatch in the scale analysis.

Figure 4.25(b) is presented to understand the individual contributions to −Πe, as

explained in equation 2.31. Although the production term −Π is lower for the DPPIV

data, the physical space transfer term −Tc is larger for the DPPIV, and as a result, the

sum of these two terms appears to be larger for the DPPIV data in figure 4.25(a). The

individual contributions to Ee are not shown since the only available contributions to

this term for the DPPIV data are the dissipation E and the in-plane diffusion terms

Drx and Drz. E is the dominant contributor to this term, and the contributions of

the other two terms are minimal. Hence, it is not very instructive to plot these terms

in this figure. The analysis in section 3.1 showed the attenuation of R.M.S. values of

the velocities and velocity gradients as a result of decreased spatial resolution, and it is

expected that better spatial in-plane and out-of-plane resolution is needed to accurately

resolve the contributions of the smallest scales in the flow to the terms of the scale

energy balance, especially the dissipation term E.

The same analysis was conducted on the DPPIV dataset Re1160-y550 at y+ =

575 (y/δ = 0.62) and compared to DNS data from Re934 at the same wall-normal

location. The results of the analysis are shown in figure 4.26. As with the results

from Re1160-y110, the quantities calculated from the DNS data do not match those
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Figure 4.26: (a) Terms of the energy balance at y+ = 575. Solid lines and filled squares
are from Re934; dashed lines and filled circles are from Re1160-y550. (b) Individual
contributions to the production term. The curves with superimposed filled squares
represent the production term −Π.

from the DPPIV data very well. In fact, the mismatch between the DNS and DPPIV

datasets is much more prominent at this location further away from the wall. There

are a couple of possible explanations for this. Firstly, the two flows under consideration

are fundamentally different - the DPPIV data are measured in a zero pressure gradient

turbulent boundary layer, whereas the DNS data are computed in a fully developed

turbulent channel flow. Although the characteristics of these two flows are expected

to be similar closer to the wall, they deviate significantly in the outer region of these

flows. A comparison of figures 2.19(a) and 2.3 showing the mean velocity profiles of

the channel flow and the boundary layer respectively clearly demonstrates the fact that

the channel flow does not have a wake region due to the presence of the opposing side

of the channel. This could be the reason for a lower magnitude of terms in the scale

energy balance observed in the channel flows are much smaller than the corresponding

terms in the boundary layer. Also, it must be noted that the magnitudes of all the

terms of the energy balance decrease upon moving away from the wall in both channel

and boundary layer flows. This is consistent with the weaker energy dynamics observed

with increasing distance from the wall, as seen in section 4.1. As a result, the terms
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from the two datasets do not match at this wall-normal location.

The effective production −Πe and scale transfer −Tr from theRe1160-y550 dataset

are about twice as large as the corresponding terms from the DNS data. Further, the

estimates of the cross-over scales l+c = 135 for Re1160-y550 and l+c = 193 for Re934

are significantly different, reflecting the difference in the two datasets at this wall-normal

location. For the DNS data, the sum of the effective production and scale transfer terms

(Πe+ Tr) match very well with the effective dissipation Ee for all the scales considered.

For the DPPIV data, the estimate of Ee appears much larger than expected at this wall-

normal location. At large scales, Ee is only made of the actual dissipation E, hence it is

clear that the value of E is over estimated in the DPPIV data. This is in contradiction

to the expected trends from section 4.2.2, where the value of the dissipation was under

estimated by the DNS Filtered measurements. Once again, this could be a result of

significantly different dynamics between the boundary layer and channel flow in the

outer region of the flow. The mismatch between (Πe + Tr) and Ee is significant across

all scales, with the largest mismatch occurring at the smallest scales.

The curves in figure 4.26(b) also indicate the difference between the two datasets in

terms of the contributions to −Πe. The magnitudes of the both the production term

−Π and physical space transfer term −Tc are larger for the DPPIV datasets. For the

DPPIV data, −Tc is larger than −Π up to r+ ∼ 150, beyond which −Π becomes larger.

This value of r+ where these two terms intersect, appears quite large even for this wall-

normal location, but this might also be a result of the artificial increase in the value

of −Tc due the differencing scheme in the DPPIV data. For the DNS data, −Π is the

more significant term through almost the entire range of scales. It is expected that

in the channel, the physical scale transfer −Tc, which corresponds to a transfer in the

wall-normal direction is suppressed due to the damping effect of the opposite half of the

channel. This results in a much smaller value of −Tc for all scales for the DNS data.

The observations from the scale energy analysis of the datasets Re1160-y110 and

Re1160-y550 indicate large mismatches in the energy balance. As discussed in section

4.2.2, the reasons for the inaccurate estimates of the terms of the scale energy analysis

include the finite differencing methodology used with the DPPIV data, the in-plane reso-

lution and the out-of-plane resolution of the measurements. Since it is not possible using

the current experimental technique to modify the scheme for computation of gradients,
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the best possible improvement could be made by increasing the resolution of the mea-

surements. This was the motivation behind conducting the experiments Re1100-y100

and Re1100-y50 in the wind tunnel facility with improved spatial resolution.

4.2.4 High resolution DPPIV data Reτ = 1100

Dual Plane PIV experiments were conducted in the wind tunnel facility described in

section 2.1.1, aiming to improve the spatial resolution of the measurements, both in

the wall-parallel and the wall-normal directions. The experiments were conducted at

two locations in the inner logarithmic layer of the turbulent boundary layer in the wind

tunnel. Statistical results from the two experiments Re1100-y100 and Re1100-y50

were discussed in section 4.2.1.

The results from the scale energy analysis from theRe1100-y100 dataset are shown

in figure 4.27. The resolution of this dataset is ∆x+ = ∆z+ = 10.2 within the plane,

and ∆y+ = 10 in the wall-normal direction. It is expected that the improved in-plane

and out-of-plane resolution would provide better values of the spatial gradients in the

flow field. The first observation from figure 4.27(a) is that the magnitudes of both the

effective production −Πe and scale transfer term −Tr from the DPPIV data are larger

in magnitude compared to the corresponding terms from the DNS data. In order to

understand the increased value of −Πe, the individual contributions to this term are

plotted in figure 4.27(b). To recall, the production term is a product of the mean wall-

normal gradient of the streamwise velocity dU+/dy+ and the Reynolds shear stress type

term < δuδv >. An analysis of the single point values calculated using the DPPIV data

indicated that the value of dU+/dy+ calculated using this method is slightly higher than

the corresponding value from the DNS data at the same wall-normal location, which

might be a result of the slightly increased Reynolds number of the experiments. Further,

the analysis in section 4.2.2 showed that the effect of the finite differencing scheme and

the in-plane and out-of-plane resolutions was to increase the magnitude of the effective

production and scale transfer terms. The combination of the larger Reynolds number

and the increased values of the effective production and scale transfer terms due to the

finite differencing scheme earlier results in larger values of these terms across the range

of scales considered.
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The estimate of the effective dissipation term Ee is also larger than the value esti-

mated from the DNS data, which could be also be an effect of the increased Reynolds

number of the experiments. Using uncertainty values for the dissipation from the anal-

ysis described in section 2.4, it can be argued that the values of dissipation from the two

datasets match to within the experimental uncertainty. In terms of the energy balance,

it can be seen that the higher resolution experiments provide a much better balance

between the effective dissipation Ee and the sum of the effective production and scale

transfer terms (Πe + Tr). The cross-over scales at y+ = 100 calculated using the DP-

PIV and DNS data are l+c = 64 and l+c = 67 respectively, hence the estimate from the

experiments is very close to the value predicted by the DNS data. This demonstrates

the utility of using higher resolution data to computing the scale energy balance at this

wall-normal location.
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Figure 4.27: (a) Terms of the energy balance at y+ = 100. Solid lines and filled squares
are from Re934; dashed lines and filled circles are from Re1100-y100. (b) Individual
contributions to the production term.

The results of the scale energy analysis conducted at y+ = 48 in the wind tunnel

are shown in figure 4.28. The first observation from figure 4.28(a) is that the effective

production term −Πe and scale transfer term −Tr from the DPPIV and DNS datasets

match very well for the entire range of scales. For all scales, the values from the DPPIV

data are slightly higher than the DNS data, and this is as expected according to the
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Figure 4.28: (a) Terms of the energy balance at y+ = 48. Solid lines and filled squares
are from Re934; dashed lines and filled circles are from Re1100-y50. (b) Individual
contributions to the production term.

analysis in section 4.2.2. The comparison between the DNS and DPPIV data appears

very similar to the comparison in figure 4.15 between DNS Original and DNS Modified.

Figure 4.28(b) shows the individual contributions to −Πe from the production term −Π

and the physical space transfer term −Tc. The trends of both these terms also agrees

very well with the expected values from the analysis in section 4.2.2.

The estimate of the effective dissipation term Ee is larger for the DPPIV data

compared to the estimate from the DNS data. This is a consequence of a higher value

of the dissipation E in the DPPIV data. As a result of this, it appears that the match

between (Πe + Tr) and Ee is very good, especially in the large scales. In the smaller

scales, a match is not possible because the DPPIV data cannot resolve the diffusion

terms. However, the match is very good at the large scales. Looking at the trends

observed at y+ = 50 in the analysis in section 4.2.2, it might be expected that the

effective dissipation term from the DPPIV data must be smaller than the corresponding

term from the DNS data. In the present experiment, the value of dissipation is over

estimated by about 25% from the expected value from the previous analysis. Taking

into account the larger Reynolds number of the experiments, it appears that the value

of dissipation calculated from the experiments is within experimental uncertainty. The
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estimate of the cross-over scale from the DPPIV data is l+c = 40 and from the DNS

data is l+c = 44 at y+ = 48, hence this term is also estimated very well using the high

resolution DPPIV data. Overall, the higher resolution measurements at y+ = 48 appear

to provide very good values for the terms of the scale energy analysis.

4.2.5 Water channel DPPIV data Reτ = 2650

The experiments in the wind tunnel were conducted in order to understand the applica-

bility of the the DPPIV technique to calculating the terms of the scale energy analysis.

The water channel experiments were designed to increase the limit of Reynolds numbers

of the scale energy analysis. The first set of water channel experiments were conducted

at a friction Reynolds number Reτ = 2650, and the freestream velocity of the water was

approximately 0.5m/s. The statistics calculated by ensemble averaging the datasets at

this Reynolds number were presented in section 4.2.1. Due to the specific experimental

setup used and the higher Reynolds numbers, the resolution of the water channel ex-

periments was lower than that of the wind tunnel experiments, as discussed in section

2.1.6.3. As a result, it was expected that the terms of the scale energy analysis might

not be calculated as accurately as the HRPIV experiments described earlier. However,

these are the highest Reynolds number studies of the scale energy budget conducted

yet, hence it is expected that these studies will yield significant insight into the effect

of the Reynolds number on the terms of the energy balance.

Results of the scale energy analysis from the Re2650-y120 dataset are shown in

figure 4.29. For reference, the terms of the energy balance from the DNS dataset Re934

are also shown in this figure. It must be noted that the Reynolds numbers of the DNS

dataset Re934 and the DPPIV dataset Re2650-y120 are significantly different, hence

an exact match between these two datasets in the scale energy budget is not necessary.

Based on the effects of Reynolds number observed between the Re300, Re590 and

Re934 datasets studied in section 4.1, it might be expected that the higher Reynolds

number data would have higher values of the terms of the energy balance. However, in

view of the results obtained in section 4.2.2, a decrease in the magnitudes of the terms

might also be expected due to effects of the spatial differencing and the resolution of

the datasets. Overall, these two effects could result in terms which are quite close to

each other.
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The effective production −Πe term from Re2650-y120 follows a similar trend to

the corresponding term from Re934 as shown in figure 4.29(a). The analysis from

section 4.1 suggests that −Πe does not change significantly, while −Tr increases with

increasing Reynolds number in the range Reτ = 300−934 for all regions of the boundary

layer. However, the effects of finite differencing and resolution as discussed in section

4.2.2 must also be accounted for. As demonstrated in figure 4.17, the effect of larger

in-plane vector spacing is a reduction in the calculated value of −Πe and −Tr. However,
results in figure 4.21 suggest that the effect of the increasing wall-normal spacing results

in an increase in the estimate of −Πe and −Tr. The net effect of all these might be

that the values of −Πe calculated from Re2650-y120 appears quite close to the data

from Re934, while the values of −Tr from the DPPIV data are slightly higher than the

corresponding values from Re934. Interestingly, these trends appear to be similar to

those observed at y+ = 110 from figure 4.25.

Figure 4.29(b) shows the individual contributions to −Πe and it is seen that the

value of the production term −Π is smaller by about 25% for the DPPIV data. This

might be due to the smaller ∂U+/∂y+ calculated at this location, as shown in table

4.2. The value of −Tc for all scales is much larger than the corresponding term from

Re934, which is similar to what is observed from section 4.2.2 discussing the effects

of spatial differencing and resolution. The intersection of the −Πe and −Tr terms, the

cross-over scale is estimated to be l+c = 78 for Re934 and l+c = 90 for Re2650-y120.

The cross-over scale for the DPPIV data is higher mostly due to the larger value of the

scale transfer term. This is along expected lines since it was observed in section 4.1.6

that the cross-over scale increases with increasing Reynolds number. From the trends of

cross-over scales observed from the datasets Re1160-110 and Re1100-100, it might

be expected that the true value of l+c is slightly larger than the calculated value of 90,

which is due to the lower in-plane and out-of-plane resolution in the present experiment.

The estimate of the effective dissipation term Ee from the DPPIV data is very

close to the value from the DNS data at the large scales. The dissipation is expected

to increase with increasing Reynolds number, as was shown in section 4.1. However,

the effect of the finite differencing and decreased resolution is to reduce the value of

the effective dissipation. The net effect of these two factors results in a very close

match between the Ee terms from the DPPIV and DNS data. The difference between
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(Πe + Tr) and Ee is the mismatch in the scale energy balance which is caused by the

factors described above.
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Figure 4.29: (a) Terms of the energy balance at y+ = 125. Solid lines and filled squares
are from Re934; dashed lines and filled circles are from Re2650-y120. (b) Individual
contributions to the production term.

An identical analysis was conducted at the same Reynolds number at y+ = 196 and

the results are shown in figure 4.30. The magnitudes of all the terms fromRe2650-y200

are smaller than the corresponding terms at y+ = 125 as expected. The effective

production terms −Πe from the DNS dataset Re934 and Re2650-y200 are almost

identical for the entire range of scales, whereas the magnitude of the scale transfer

term −Tr is smaller at small scales and larger at large scales for the DPPIV data.

These observations are very similar to those observed closer to the wall at y+ = 125

and the reasoning for these trends is the same as the explanation provided above. An

examination of the contributing terms of −Πe in figure 4.30(b) indicates that the value

of −Π is estimated to be smaller for the DPPIV data compared to the DNS data at the

same wall-normal location, while the value of −Tc is larger for the DPPIV data across

the entire range of scales. The smaller value of −Π is a direct consequence of the smaller

value of ∂U+/∂y+ calculated for this dataset. The difference in −Tc is quite large, and

this might be a result of the errors due to the in-plane and out-of-plane resolution

effects. The combination of these two terms results in a close match in the value of
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−Πe for the two datasets in figure 4.30(a), so care must be taken while interpreting the

significance of the effective production term. The estimates of the cross-over scale at

this wall-normal location are l+c = 112 for Re934 and l+c = 135 for Re2650-y200.

The effective dissipation term Ee calculated from the DPPIV data is slightly larger

than the corresponding value from Re934, implying a larger value of dissipation E

for the DPPIV data. It must be noted that the effect of the finite differencing and

resolution described in section 4.2.2 is to reduce the value of the dissipation. Hence,

it might be expected that the present value of dissipation estimated from the DPPIV

data is smaller than the actual value at this Reynolds number. The mismatch between

(Πe+Tr) and the effective dissipation Ee is large at the small scales, which is explained

by the diffusion terms in the energy balance, while the mismatch is very small at the

large scales.
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Figure 4.30: (a) Terms of the energy balance at y+ = 196. Solid lines and filled squares
are from Re934; dashed lines and filled circles are from Re2650-y200. (b) Individual
contributions to the production term.

The results of the scale energy analysis conducted at y+ = 338 (y/δ = 0.14) and

Reτ = 2650 in the water channel are shown in figure 4.31. This wall-normal location

corresponds to y/δ = 0.36 for Re934, which is outside the logarithmic layer. Further,

the deviations between the channel flow and boundary layer become more prominent

far away from the wall. As a result, the trends between the terms at these two Reynolds
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numbers are quite different and cannot be compared directly, so the curves from Re934

are not shown here. The results from Re2650-y340 show the same trends as terms at

other wall-normal locations at this Reynolds numbers. The effective production term

−Πe and scale transfer term −Tr cross-over at l+c = 190, which is much larger than

the values of cross-over scale closer to the wall. The physical space transfer term −Tc
makes a much larger contribution to the effective production term, as compared to

the locations closer to the wall, as shown in figure 4.31(b). This is also an effect of

the reduced magnitude of the production term upon moving away from the wall. The

balance between (Πe + Tr) and the effective dissipation Ee is not very good at the

smallest scales, but are within 15% of each other at y+ = 250. Based on the results

from Re2650-y120 and Re2650-y200, it might be expected that the actual values of

the terms might be about 10− 15% larger than shown in these figures, and the present

values are smaller due to the effects of finite differencing and resolution.
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Figure 4.31: (a) Terms of the energy balance at y+ = 338 from Re2650-y340. (b)
Individual contributions to the production term.

4.2.6 Water channel DPPIV data Reτ = 3170

The second set of water channel experiments were conducted at a friction Reynolds

number Reτ = 3170, and the freestream velocity of the water was approximately 0.7m/s.
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The statistics calculated by ensemble averaging the datasets at this Reynolds number

were presented in section 4.2.1. The first experiment, Re3170-y160 was conducted at

y+ = 162 in the inner logarithmic layer of the near wall region.

The results of the scale energy analysis from Re3170-y160 are shown in figure

4.32 along with the results from the DNS data from Re934 at the same wall-normal

location, shown for comparison. The effective production term −Πe from the DPPIV

is about 10% smaller than the corresponding term from the DNS dataset at r+ = 200.

This is similar to the observation from the Re2650-y120 dataset described earlier.

This difference can once again be attributed to the reduction in −Πe due to the lower

in-plane resolution in this dataset. Similar to Re2650-y120, −Tr from the DPPIV is

smaller than the corresponding term from the DNS dataset up to r+ = 100, beyond

which the DPPIV term is larger. The explanation for this trend is the same as the

argument provided in the Re2650-y120 dataset. The contributions to −Πe are shown

in figure 4.32(b) and are very similar to observations at Re2650-y120. The estimate

of the production −Π is smaller for the DPPIV data, while the physical space transfer

term −Tc is larger for the DPPIV data for all scales.

The effective dissipation term Ee is smaller for the DPPIV term compared to the

DNS data. The decrease in Ee is not as large as might be expected if only the effects of

finite differencing and resolution affect this term. The increase in E due to the increase

in Reynolds number compensates to the decrease and results in an estimate of Ee close

to the estimate from the DNS data. The mismatch between (Πe + Tr) and Ee is as

expected from the analysis in section 4.2.2, and is largest at the large scales. The values

of cross-over scale calculated are l+c = 98 for Re934 and l+c = 112 for Re3170-y160,

and this is on expected lines.

The trends of the terms from the two datasets are very similar, and the results are

also similar to those observed at Reτ = 2650 and y+ = 125, shown in figure 4.29. The

value of the effective production −Πe is slightly lower for the DPPIV data for almost

the entire range of scales, while the scale transfer term is higher from the DPPIV data

at the larger scales shown in the figure. The balance between (Πe+Tr) and the effective

dissipation Ee is not very good at the smallest scales, but is reasonably good in the

larger scales shown. The contributions of the individual terms to the production term

are shown in figure 4.32(b), and the observations are similar to those in figure 4.29(b).
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Overall, results at y+ = 162 follow the trends expected for this location and Reynolds

number.
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Figure 4.32: (a) Terms of the energy balance at y+ = 162. Solid lines and filled squares
are from Re934; dashed lines and filled circles are from Re3170-y160. (b) Individual
contributions to the production term.

An identical analysis was conducted at y+ = 255 and Reτ = 3170 and results are

shown in figure 4.33. Results from Re934 at this wall-normal location are also shown

in this figure. Overall, the results from both datasets seem to indicate reasonable

agreement with expected trends from previous results at lower Reynolds numbers. The

significant difference noted in this dataset is the larger than expected value of the

effective production −Πe in figure 4.33(a). For all the other datasets from the water

channel experiments, −Πe was almost equal or slightly less than the corresponding term

from Re934. However, in this case, −Πe from the DPPIV is about 20% larger than the

DNS value. The contributing terms to −Πe are shown in figure 4.33(b), and it is clear

that there is a very close match between the production terms −Π from the DPPIV and

DNS data. This is not in line with the observations at data from the other locations at

Reτ = 2650 and Reτ = 3170, and is directly related to the mean value of ∂U+/∂y+ for

this dataset. The physical space transfer term −Tc follows expected trends. Further,

the scale transfer term −Tr seems larger than expected from the previous results. This

might also have to do with the slightly elevated R.M.S. values observed in the ensemble
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averaged statistics for this dataset, which suggest increased values of the terms of the

energy balance. The estimates of cross-over scale are l+c = 130 for Re934 and l+c = 152

for Re3170-y250, and the value of l+c is smaller than expected due to the increased

values of −Πe and Ee.

The value of effective dissipation Ee estimated from the DPPIV data is smaller than

the estimate from the DNS data. In some sense, this observation is contradictory to the

earlier observations of elevated values of R.M.S. of the velocities for this dataset, and

the possible explanation for this is that the estimate for Ee is within the experimental

uncertainty for this term. The increased values of Πe and Tr, coupled with the decreased

values of Ee amplify the mismatch between (Πe + Tr) and Ee. The conclusion about

this dataset is that the uncertainty in this specific dataset is quite large, and hence

interpretation of the results from this dataset must be done with care. However, the

results are shown here for the sake of completion and provide a reasonable idea of the

scale energy dynamics at this higher Reynolds number.
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Figure 4.33: (a) Terms of the energy balance at y+ = 255. Solid lines and filled squares
are from Re934; dashed lines and filled circles are from Re3170-y250. (b) Individual
contributions to the production term.

The final experiment was conducted at y+ = 338 (y/δ = 0.12) and Reτ = 3170 and

results are shown in figure 4.34. Results from the DNS data are not shown here for the

same reasons as explained for the dataset Re2650-y340. The trends of all terms are
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consistent through the range of scales with previously observed results, and the cross-

over scale at this wall-normal location is observed to be l+c = 198. The balance between

(Πe + Tr) and the effective dissipation Ee is on expected lines, with a 10% mismatch at

r+ = 250. The trends observed with this dataset are consistent with expected results

for this wall-normal location and Reynolds number.
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Figure 4.34: (a) Terms of the energy balance at y+ = 338 from Re3170-y350. (b)
Individual contributions to the production term.

4.2.7 Variation of cross-over scale with Reynolds number

The estimates of cross-over scale at different wall-normal locations in turbulent channel

flows were presented for a range of Reynolds numbers in figure 4.11. The availability of

the cross-over scale from a range of Reynolds numbers and wall-normal locations in the

turbulent boundary layer enables a comparison between the trends in cross-over scales

of the two flows. The values of cross-over scale calculated from the DPPIV data are

added to figure 4.12(a) in the logarithmic region, and the new plot is shown in figure

4.35. The wall-normal location y+ = 575 from the dataset Re1160-y550 is out of the

domain shown in this plot, so the cross-over scale from this dataset is not shown in the

plot.

As discussed earlier in section 4.1.6, the values of cross-over scale from the DNS
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Figure 4.35: Variation of cross-over scale l+c with y+ for all the DNS and DPPIV datasets
in the logarithmic region.

data displayed a fan-type behavior with decreasing slopes of the lines of best fit with

increasing wall-normal location. The fan-type behavior was not very apparent in figure

4.12(a), where data from the logarithmic region only were plotted. The cross-over

location from Re1160-y110 is shown with the filled circle, and it is clear that the

estimate of this value is much smaller than expected at this Reynolds number. It must

be noted that the effect of the resolution and finite differencing on the DPPIV data is

to underestimate the value of the cross-over scale. Hence, the underestimation of l+c

in the dataset Re1160-y110 is not as severe as represented in this plot. The values

for the cross-over scale calculated using the higher resolution wind tunnel data from

Re1100-y100 and Re1100-y50 described in section 4.2.4 appear to match the values

calculated using the DNS data at a Reτ = 934. This is confirmed by the two filled

diamonds in the plot, which line up much better with the cross-over scales from the
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Re934 data. Once again, the actual value of cross-over scale at Reτ = 1100 is expected

to be slightly higher than the values shown here, taking into account the effects of the

resolution. The cross-over scales from the HRPIV data provide a slope of the line of

best fit equal to 0.48, which is almost equal to the value of 0.49 for Re934 in the range

60 < y+ < 200.

The cross-over scales from the water channel data at Reτ = 2650 discussed in section

4.2.5 are shown by the filled cloverleaf symbols, and the cross-over scales from the water

channel data at Reτ = 3170 discussed in section 4.2.6 are shown by the star symbols.

The six data points generated by these two datasets appear to lie on a straight line

extending in the range 120 < y+ < 350. The slope of the line of best fit generated by

these data points is 0.52, which is slightly higher than the value from dataset Re934 in

the logarithmic region. As observed in figure 4.11, the slope of the best fit line decreases

upon moving out of the logarithmic region for dataset Re934. Since the logarithmic

region extends much further for the datasets at Reτ = 2650 and Reτ = 3170, the

linear trend extends much further away from the wall for these data. The consequence

of these findings is that the two higher Reynolds number datasets appear to follow

a similar trend. This suggests that the fan-type behavior observed using the smaller

Reynolds number DNS data does not continue indefinitely upon increasing the Reynolds

number. These results clearly demonstrate that even at higher Reynolds numbers, linear

trends are observed in the logarithmic region, and it is expected that in the outer region

beyond y/δ = 0.2, the slope of the linear trend will begin to decrease. According to

the analysis conducted in section 4.2.2, it was observed that the effect of the finite

differencing and resolution on the DPPIV data was to underestimate the value of the

cross-over scale, hence it is expected that the actual value of the cross-over scale at

the higher Reynolds numbers are larger than shown in figure 4.35. However, the linear

trend shown in this plot will hold in the logarithmic region due to the similar resolutions

and finite differencing schemes between the different higher Reynolds number DPPIV

datasets. The slope of the best fit line should be very close to the value shown in the

figure. Thus, it has been clearly demonstrated that the range of transfer-dominated

scales increases from Reτ = 934 to Reτ = 3170, with a linear trend in the logarithmic

region for the higher Reynolds number data as well.

To summarize the observations from the scale energy analysis of the higher Reynolds



174

number data obtained in the water channel, the Reynolds number increase does not

significantly affect the effective production terms −Πe, whereas the large scale limit

of the scale transfer term −Tr increases with Reynolds number. The intersection of

the curves of these two terms, the cross-over scale, increases for the higher Reynolds

number experiments. The in-plane and out-of-plane resolution of the DPPIV data

from the water channel experiments are lower than the resolution of the wind tunnel

experiments, hence the dissipation terms are not as accurately resolved, consequently

the dissipation terms are underestimated in the water channel experiments. Overall,

significant differences are not observed between Reτ = 2650 and Reτ = 3170, but a

linear trend in the cross-over scale at the larger Reynolds number in the logarithmic

region is clearly observed. The studies demonstrated that DPPIV is a very useful

experimental technique to understand the scale energy dynamics in the near-wall region

of the turbulent boundary layer. A full resolution DNS at Reτ = 3000 should be able

to confirm these findings, however the additional computational complexity involved in

such a simulation necessitates the use of experimental techniques such as DPPIV to

understand the energy dynamics at larger Reynolds numbers.



Chapter 5

Summary and recommendations

for future work

The overall objective of the thesis was to utilize a combination of experimental and

numerical tools towards understanding and interpreting various observations in wall-

bounded turbulent flows. Specifically, the aim was to assess the utility of the ex-

perimental technique, Dual Plane Particle Image Velocimetry (DPPIV), in studying

three-dimensional flows, whose studies had been exclusively restricted to using numeri-

cal simulation data. The specific studies considered in this thesis were the vortex core

identification study and the scale energy budget study. A summary of the key results

of this thesis are presented below as answers to the specific questions posed in section

1.3.

5.1 Vortex core identification study

The vortex core angle distributions in the near-wall region of wall-bounded turbulent

flows were analyzed using statistical tools applied on an experimental dataset from

DPPIV in a turbulent boundary layer and a DNS dataset in a turbulent channel flow

of similar Reynolds numbers. The studies were conducted in the logarithmic layer of

the near-wall region. The in-plane and out-of-plane resolution of the DNS dataset were

higher than the corresponding quantities in the DPPIV dataset, hence the DNS data

were averaged to match the resolution of the DPPIV dataset. It was observed that the

175
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effects of averaging across the equivalent of the laser sheet thickness in the DNS data

did not yield significant differences in the instantaneous and ensemble averaged results,

hence only the in-plane averaging was implemented for further studies.

The averaging procedure on the DNS data resulted in a smoothing effect on the

ensemble averaged statistics, while the instantaneous fields of velocity and velocity gra-

dients show smoothing of the velocity contours. The effects of the averaging were more

severe for the derived quantities, such as the two-dimensional and three-dimensional

swirl, in both instantaneous and ensemble averaged results. An averaging procedure

was implemented using a range of filter sizes in order to quantify the attenuation of the

fluctuations in the velocity field due to smoothing. The results of the study indicated

large reductions in the R.M.S. values of the averaged data, with decreasing R.M.S. val-

ues for larger filter sizes. The reduction was more severe for the vorticity at all parts in

the near-wall region. These results can be used to estimate the percentage of turbulence

intensity or enstrophy captured or lost for a given PIV interrogation resolution across

turbulent boundary layers.

For describing the shape and orientation of the hairpin vortices, a vortex core iden-

tification algorithm was implemented on the raw DNS data, averaged DNS data and

DPPIV data. It was observed that the largest number of structures observed were for-

ward leaning hairpin shaped structures with an angle of inclination of about 40◦. The

individual angles of inclination of the projections of the inclination vector with the co-

ordinate axes were plotted for all three datasets to understand the characteristics of the

structures. It was observed that the predictions of all three datasets were very similar

to each other. Therefore, this study serves as a strong validation for the experimental

technique. It clearly illustrates that the spatial averaging inherent to PIV measurements

did not affect the vortex core angle statistics significantly because of the close match

between the experimental and numerical datasets.

5.2 Scale energy budget study

The scale energy budget is a unique method of studying the dynamics of the near-wall

region in wall-bounded turbulent flows, such as channel flows and boundary layers. The

analysis combines complementary approaches of studying energy dynamics in physical
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space and scale space to provide a unified technique of analyzing wall-bounded turbulent

flows. Marati et al. (2004) studied the turbulent energy balance in the Direct Numerical

Simulation (DNS) of a channel flow at a friction Reynolds number of Reτ = 180. The

current study extends this analysis to higher Reynolds number studies using DNS and

DPPIV data. Three additional DNS datasets of friction Reynolds numbers Reτ = 300,

Reτ = 590 and Reτ = 934 were utilized as the DNS datasets.

The scale energy balance was studied at various regions of the near-wall region using

this procedure. In the viscous sublayer and buffer region, the quantities from Re300,

Re590 and Re934 matched each other very well, but were larger in magnitude than

those from Re180. The variation of the spatial and scale transfer terms indicated the

direction of energy transfer in this region. The scale transfer term was always negative

for the smallest scales, indicating that these terms always received energy from larger

scales. On moving to larger scales, this term was negative in the region very close to the

wall, and became positive in the inner logarithmic layer. The scales and wall-normal

locations corresponding to forward and inverse energy cascades were clearly documented

in this work.

For all the wall-normal locations considered, the magnitudes of quantities from

Re300 predominantly lay between values from Re180 and Re590. The effective pro-

duction terms from Re590 and Re934 matched each other very well for the range of

scales considered in the logarithmic region, whereas the scale transfer terms clearly

showed an increase with increasing Reynolds numbers. The energy balance between

the effective dissipation and the sum of effective production and scale transfer was very

good for the entire range of scales for all the Reynolds numbers. In the outer region

of the near-wall region at y/δ = 0.8, the scaling using inner units failed, indicating

the need for different scaling methods. The magnitudes of the terms decreased with

increasing y+, indicating weaker scale energy dynamics with increasing distance from

the wall. The effect of the opposing wall was observed in the scale energy dynamics in

the outer layer, and the value of the production was significantly smaller than closer to

the wall.

Variations in the shear scale and cross-over scale were also documented. The shear

scale provides the scale at which the change from an isotropy-recovering range to an

anisotropic region is observed, while the cross-over scale provides a transition between a



178

transfer dominated range to a production dominated range of scales. The present study

revealed that there exist two distinct ranges in the cross-over scale with different slopes

in the higher Reynolds number simulations. The value of the cross-over scale increased

with increasing Reynolds numbers, and the transition between the two ranges occurred

at around y+ = 60 for the three higher Reynolds numbers. The slope of the best fit lines

decreased upon moving out of the logarithmic region of the near-wall region, hence a

plot of data in the logarithmic region alone did not show a significant fan type behavior,

however the increase in cross-over scale with Reynolds number is still very clear from

these results.

Wind tunnel and water channel experiments were conducted at a range of Reynolds

numbers and data were acquired using DPPIV. This work was unique in the use of

experimental data for studies that previously utilized numerical simulation data only.

The first set of experiments were conducted at Reτ = 1160 with low resolution in

both in-plane and out-of-plane directions. It was found that the resolution affected the

scale energy balance and the dissipation term was underestimated significantly. The

cross-over scale estimate was also much lower than expected for these datasets. Further

experiments were conducted at two locations at about the same Reynolds number, but

much better spatial resolution. This resulted in better matches between the terms of

the energy balance, and the estimates of cross-over scale were more accurate.

To increase the maximum Reynolds numbers of the studies, the water channel exper-

iments were conducted. The nominal Reynolds numbers of the two sets of experiments

conducted in the water channel were Reτ = 2650 and Reτ = 3170. Experiments were

conducted at three wall-normal locations at each Reynolds number, and all locations

were in the logarithmic layer. It was observed that overall, the effective production

term did not change significantly with Reynolds number, whereas a larger scale transfer

was observed for almost all the experiments studies at the larger Reynolds numbers.

This might be indicative of a larger amount of kinetic energy being transferred between

scales at the larger Reynolds numbers. Between the two Reynolds numbers studied in

the water channel, similar trends were observed for all the quantities of the scale energy

balance.

The values of the cross-over scale were also computed using the higher Reynolds

number data, and these values were higher than the corresponding values from the
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lower Reynolds number DNS data. It was observed that the fan-type behavior was not

very apparent in the higher Reynolds number data. This might be because the closest

location considered in the water channel studies was y+ = 120, hence this might be

outside the line of constant slope closer to the wall observed in the DNS data. Further,

all the data from the higher Reynolds number experiments were within the logarithmic

region, hence no fan-type effects due to the outer region were documented. Overall,

the cross-over scale distribution clearly showed that with increasing Reynolds numbers,

the range of scales where the transfer term is more significant increases. This might

be caused by the fact that the scales of maximum production keep increasing with

increasing Reynolds numbers, hence the transfer dominated range increases.

In conclusion, the generalized form of the Kolmogorov equation presented here

presents a useful way of measuring and understanding the various fluxes associated

with the scale energy balance across the range of scales and wall-normal locations. This

provides a useful framework for numerical modeling of energy dynamics between various

scales in wall-bounded turbulent flows. Further, DPPIV appears to be a technique of

great promise to conducting highly three-dimensional analysis, such as the scale energy

budget.

5.3 Recommendations for future work

Both studies described above clearly demonstrate the utility of Dual Plane Particle

Image Velocimetry (DPPIV) as a reliable tool to be used in tandem with numerical

simulations in the understanding of turbulent boundary layers. The ideal methodology

of utilizing these two types of data to study the scale energy balance is as follows -

compare lower Reynolds number DPPIV data to DNS data of comparable Reynolds

number to understand the effects of resolution and spatial differencing in the DPPIV,

and then conduct DPPIV experiments at higher Reynolds numbers and interpret the

results using the earlier analysis. This methodology can provide insights into any analy-

sis conducted using these two techniques. In light of this, DPPIV experiments at much

larger Reynolds numbers can be conducted to complete the current understanding of

the vortex core and energy dynamics in the near-wall region. The DPPIV technique

can also be applied in channel flows to provide a much more direct comparison between
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the experimental and numerical data, and direct quantification of the errors in DPPIV.

The scale energy analysis appears to be a very promising tool to understand the energy

dynamics simultaneously in physical and scale space, but further work is needed to

elucidate the independent effects of scales in the streamwise, spanwise and wall-normal

directions. It is conjectured that such an analysis would yield a much better under-

standing of the energy dynamics. This study provides a good starting point for the

development of such a tool.
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Appendix A

Choice of spacing between laser

sheets

Results of an uncertainty analysis for the DPPIV data in Ganapathisubramani et al.

(2005a) indicated that the uncertainty in sheet separation resulted in relatively large

uncertainties for ∂U/∂y and ∂V/∂y. The error of approximation in the first order for-

ward difference scheme used to determine these gradients also plays a significant role in

this uncertainty. A small ∆y implies a smaller error of approximation in the differencing

scheme, which is particularly important near the wall where the mean velocity gradients

are high. However, a very small ∆y results in a high uncertainty due to the uncertainty

in sheet separation. A preliminary analysis is presented below to provide an insight into

the factors to be considered in choosing an optimal sheet separation. Since ∂U/∂y is

the term which can be easily estimated using the mean profile of the boundary layer,

this term will be used to discuss errors due to the sheet spacing.

The Taylor series approximation of the velocity at point 2 in terms of values at point 1

located at a distance of ∆y is

U2 = U1 +

(
∂U

∂y

)

1

∆y +

(
∂2U

∂y2

)

1

(∆y)2

2!
+

(
∂3U

∂y3

)

1

(∆y)3

3!
+ . . . (A.1)

Rearranging the terms

(
∂U

∂y

)

1

=
(U2 − U1)

∆y
−
[(

∂2U

∂y2

)

1

(∆y)

2!
+

(
∂3U

∂y3

)

1

(∆y)2

3!
+ . . .

]
, (A.2)
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we obtain the first order finite difference approximation for ∂U/∂y, where the sum of

the terms enclosed in the square brackets is the truncation error associated with the first

order finite difference approximation, with the first term being the dominant quantity.

Suppose we would like to estimate the appropriate sheet separation at y+ = 110. Since

this point lies within the logarithmic region of the boundary layer (y+ > 30, y/δ < 0.3),

the value of the second derivative of the velocity can be obtained by assuming a log-

arithmic profile for the velocity. Then the second derivative and corresponding error

term can be written as
(
∂2U

∂y2

)

1

= − Uτ
κy2

−
(
∂2U

∂y2

)

1

(∆y)

2!
=
Uτ∆y

2κy2
, (A.3)

which clearly shows that smaller ∆y results in smaller truncation error.

Using an uncertainty analysis similar to Ganapathisubramani et al. (2005a), which is

based on the error propagation technique of Kline & McClintock (1953), an estimate of

the random error in the gradient arising from the uncertainties in the velocity and the

sheet separation can be made. It can be shown that the random error in the gradient

is given by

δ

(
∂U

∂y

)
=

√(
δU1

∆y

)2

+

(
δU2

∆y

)2

+

(
∂U

∂y

δ∆y

∆y

)2

=
1

∆y



√

(δU1)
2 + (δU2)

2 +

(
∂U

∂y
δ∆y

)2

 , (A.4)

where δU1 & δU2 are the uncertainties in calculation of U in the two planes and δ∆y is

the uncertainty in determination of the sheet separation. The above expression tells us

that larger the ∆y, smaller the random error.

Values documented in Ganapathisubramani (2004) are Uτ = 0.24m/s, y = 6.6mm,

δU1 = δU2 = 0.015m/s, ∆y = 1.3mm, δ∆y = 0.1mm and ∂U/∂y = 87.82s−1, which

can be used to estimate the truncation error from equation A.3 and random error

from equation A.4. The final choice for ∆y is a trade-off between these two conflicting

requirements. It must be noted that while the truncation error is a definite error, the

uncertainty is a possible estimate for the error, due to which the truncation error is a

more stringent constraint. In other words, the truncation error generates a bias, while

the random error generates an uncertainty band around the biased values. Table A.1
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shows the errors for different choices of y and ∆y. The first row in Table A.1 was used

in LRPIV1 at y+ = 110, while row 2 examines the possibility of reducing ∆y to 0.5mm.

From these two values, the choice of ∆y = 1.3mm gives a small truncation error, while

keeping the random error within reasonable limits. It is clear that a decrease in sheet

spacing reduces the truncation error, while the random error goes up. Row 3 shows

the parameters used in the HRPIV experiments, where the choice of ∆y = 0.5mm is

necessitated by the small in-plane resolution. This results in a low truncation error, but

a high random error. At y = 3.0mm (y+ = 50), the value of ∂U/∂y is much higher due

to which the errors are higher in comparison to y = 6.6mm. A choice of ∆y = 1.3mm

results in a very high truncation error, whereas a choice of ∆y = 0.5mm yields a very

high random error. Hence, these errors must be kept in mind before taking a decision

on the optimal spacing. The choice of spacing will mainly depend on the quantity

being derived using the gradients. For example, terms involving differences of gradients

between points in the same plane will lead to a cancelation of the truncation error,

due to which the random error becomes more important. On the other hand, the

truncation error is a more critical constraint in terms involving averages of gradients

between points in the plane. Thus, it would be possible to come up with an estimate

for the sheet separation at a given wall normal location for any experimental setup for

reasonable accuracy in velocity gradients. One practical constraint which might restrict

the range of values of sheet separation is that ∆y should be of the same order as ∆x

and ∆z to remove any averaging bias in the wall-normal direction.

y (in mm) ∆y (in mm) ∂U/∂y (in s−1) Trunc. error (in s−1) Random error (in s−1)

6.6 1.3 90.2 8.9 17.9

6.6 0.5 90.2 3.4 46.5

6.0 0.5 95.2 4.0 46.9

3.0 1.3 190.5 41.3 22.1

3.0 0.5 190.5 15.9 57.4

Table A.1: Estimates of truncation and random errors for various combinations of wall-
normal locations and sheet spacing.



Appendix B

Data files generated from DPPIV

experiments

B.1 Grid Interpolation

The Dual Plane Particle Image Velocimetry (DPPIV) data files are created by processing

two vector files generated from the two planes of the experimental setup. The first data

file is obtained from the stereoscopic setup and contains all three velocity components in

a two dimensional plane. The second plane contains the in-plane components of velocity

in a two-dimensional plane. The spacing between the two planes ∆y is determined using

burn tests. Since the data files are obtained from two independent systems, the grid on

which the data points are calculated depends on the individual interrogation windows

used while processing the two datasets. To compute spatial gradients, it is necessary

to obtain the velocity fields on a common grid, which is achieved by interpolating the

data from plane 2 on the grid of plane 1.

For all DPPIV datasets, the grid from the stereoscopic system is used as the reference

grid and the data from the plane system are interpolated on to this reference grid. In

the description below, the stereoscopic grid is indicated by RG (reference grid) and the

plane grid is indicated by IG (interpolated grid). The interpolation scheme superposes

the two grids and identifies the four nearest neighbors on IG to every point of RG. This

is illustrated in figure B.1. Once the nearest neighbors on IG have been identified, the

195
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interpolated quantity at the point on RG is given by,

qI =

qA
dA

+ qB
dB

+ qC
dC

+ qD
dD

1
dA

+ 1
dB

+ 1
dC

+ 1
dD

where q is the velocity component to be interpolated and d is the distance between the

points on RG and IG. It must be noted that the above equation does not hold if the

data point on IG exactly coincides with a point on RG, hence a check is implemented

to account for this situation.

Figure B.1: Representation of interpolation procedure. Solid lines are from plane 1 and
dashed lines are from plane 2.

B.2 Contents of Dual Plane data files

The dual plane data files are stored as binary files and contain the values of the calculated

quantities in a grid of data points. Typically, the grid contains 100×100 locations in the

streamwise and spanwise directions and these values are located at a fixed wall-normal

location. The files contain 30 variables, consisting of calculated and derived quantities

as described below. All the variables are stored as 4-byte floating point values.

1. x - Streamwise location
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2. z - Spanwise location

3. y - Wall-normal location

4. U - Streamwise velocity

5. W - Spanwise velocity

6. V - Wall-normal velocity

7. u - Fluctuating streamwise velocity

8. w - Fluctuating spanwise velocity

9. v - Fluctuating wall-normal velocity

10. uu - Six components of stress tensor

11. vv

12. ww

13. uw

14. uv

15. vw

16. ωx - Three components of vorticity vector

17. ωz

18. ωy

19. ∂U/∂x - Nine components of velocity gradient tensor

20. ∂U/∂z

21. ∂U/∂y

22. ∂W/∂x

23. ∂W/∂z

24. ∂W/∂y

25. ∂V/∂x

26. ∂V/∂z

27. ∂V/∂y

28. λ2D - Two-dimensional swirl strength

29. λ3D - Three-dimensional swirl strength

30. z1 - Real eigen value of the velocity gradient tensor
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B.3 Calculation of gradients and vorticity

The fluctuating velocities (terms 7-9) are calculated as the difference between the in-

stantaneous velocity and the mean value within the entire field, and are given by

u = U− < U >

w =W− < W >

v = V− < V >

The Reynolds stress terms (terms 10-15) are products of these fluctuating values.

The components of the vorticity vector (16-18) are given by:

ωx =
∂V

∂z
− ∂W

∂y

ωz =
∂U

∂y
− ∂V

∂x

ωy =
∂W

∂x
− ∂U

∂z

The gradients are divided into two types: in-plane gradients (terms 19-24) and out-of

plane gradients (terms 25-27). The in-plane gradients are calculated with a second-order

central differencing scheme. For a grid spacing of ∆x and ∆z in the streamwise and

spanwise directions respectively, the equations for the in-plane gradients are given by,

∂Q(x, y, z)

∂x
=

Q(x+∆x, y, z)−Q(x−∆x, y, z)

2∆x
∂Q(x, y, z)

∂z
=

Q(x, y, z +∆z)−Q(x, y, z −∆z)

2∆z

where Q = U,V or W. For the streamwise and spanwise out-of-plane gradients, a first-

order forward differencing scheme is used as,

∂U(x, y, z)

∂y
=

U(x, y +∆y, z)− U(x, y, z)

∆y

∂W (x, y, z)

∂y
=

V (x, y +∆y, z)− V (x, y, z)

∆y

For the wall-normal gradient of the wall-normal velocity, the continuity equation is used

at each point.
∂V (x, y, z)

∂y
= −

(
∂U(x, y, z)

∂x
+
∂W (x, y, z)

∂z

)

Since the two gradients on the right-hand side are calculated to second-order accuracy,

this gradient is also second-order accurate.
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B.4 Two-dimensional swirl

The two-dimensional swirl (term 28) is derived from the two-dimensional velocity gra-

dient tensor, made up of the in-plane gradients on the in-plane velocities. This can be

calculated using a single plane of conventional PIV data. This quantity is used to iden-

tify vortex cores with a significant angle to the plane of interest. The two-dimensional

velocity gradient tensor is given by,

D2 =

(
∂U
∂x

∂U
∂z

∂W
∂x

∂W
∂z

)

The characteristic equation of this tensor is given by,

λ2 + P2λ+Q2 = 0

The invariants of the matrix are given by,

P2 = −trace(D)

Q2 = det(D)

and the discriminant is given by,

∆2 = P 2
2 − 4Q2

if ∆2 < 0, the complex roots are given by,

z1,2 = λcr ± iλci

=
P2

2
± i

√
|∆2|
2

The two-dimensional swirl represented by λ2D (term 28) is the imaginary part of

the complex eigenvalue of the two-dimensional velocity gradient tensor, and is given by,

λ2D =

√
|∆2|
2

If λci = 0, which happens when no complex eigenvalues exist, the vortex cores have no

significant angle to the plane of interest, and these are referred to as in-plane cores.
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B.5 Three-dimensional swirl

DPPIV provides the full velocity gradient tensor, hence it is possible to extend the

description of the swirl strength in section B.4 from two to three dimensions. The full

velocity gradient tensor is given by,

D3 =




∂U
∂x

∂U
∂z

∂U
∂y

∂W
∂x

∂W
∂z

∂W
∂y

∂V
∂x

∂V
∂z

∂V
∂y




The characteristic equation of this tensor is given by,

λ3 + P3λ
2 +Q3λ+R3 = 0

The invariants of the matrix are given by,

P3 = −trace(D3)

Q3 =
1

2

(
P 2
3 − trace(D3D3)

)

R3 =
1

3

(
−P 3

3 + 3P3Q3 − trace(D3D3D3)
)

The discriminant of the cubic polynomial is given by,

∆3 =M2
3 +N3

3

where,

M3 =

[
P3Q3

6
− R3

2
− P 3

3

27

]

N3 =

[
Q3

3
− P 2

3

9

]

If ∆3 > 0, the polynomial has one real root (term 30) and two complex roots, which

are given by,

z1 = (G3 +H3)−
P3

3

z2, z3 =

[
−1

2
(G3 +H3)−

P3

3

]
± i

[√
3

2
(G3 −H3)

]
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Zhou et al. (1999) suggested the use of the imaginary part of the complex eigenvalue

of the velocity gradient tensor as an ideal parameter to identify vortex cores. This

quantity represented by λ3D (term 29) is known as the local three dimensional shear

strength and is the quantity used to identify cores in all the present studies.

λ3D =

√
3

2
(G3 −H3)



Appendix C

Calculation of gradients using

DNS data

The DNS data are available as streamwise-spanwise planes of u, v and w. In order

to compute the in-plane gradients of the velocities, a spectral method is used. The

following spectral calculations were performed using FFTW, a free subroutine library

which calculates the Discrete Fourier Transform (DFT) in one or more dimensions. This

method is described as follows for the x-derivative:

• A streamwise one-dimensional array of data uxo(nx) is taken. This data is periodic

in the streamwise direction. The Fourier transform of this array is calculated and

stored in uxfft(nx).

• The Fourier transform of the derivative is the product of the Fourier transform of

the velocity, the wavenumber and the imaginary root of −1, i. This is stored in

the array duxfft(nx).

• The Inverse Fourier transform of duxfft(nx) gives duxo(nx), which is the derivative

of uxo(nx) multiplied by nx. Thus duxo(nx)/nx is the streamwise gradient of

uxo(nx).

• This procedure is repeated for all streamwise arrays. A similar procedure is

adopted to calculate the spanwise gradients.
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Usually, in the wall-normal direction, a similar procedure using Chebyshev polyno-

mials is adopted. In the present study, the Re934 DNS data were available as sets of

4 files at each time step - each file contained 2048 × 1536 × 96 data points (see table

2.5 for full channel size), such that the entire channel was divided into four chunks with

dividing planes parallel to the wall. It was not possible to load the entire channel data

into the system memory and calculate the required gradients, hence it was decided that

a “pseudo” second-order finite difference scheme would be implemented in the Re934

data. This was implemented with one plane on either side of the plane of interest and

using a second-order finite difference scheme with these three planes. The second-order

finite difference scheme is referred to as “pseudo” because it is not a true second-order

accuracy scheme due to the non-uniform spacing of planes in the wall-normal direction.

For consistency, the same procedure was used for the Re590 dataset. In the Re300

dataset, it was possible to compute Fourier derivatives in all three directions due to the

smaller number of data points involved.

Second order finite difference scheme

A second-order finite difference scheme can be constructed by using data from three

planes. The data points used for the calculation from the three planes are represented

as: -1(−hm1), 0(0) and 1(−hp1), where the terms in parentheses are the distances of

the points from the plane of interest. Let the second order polynomial be given by

F (x) = Ax2 +Bx+ C. Thus,

F (−1) = A(−hm1)
2 +B(−hm1) + C

F (0) = C

F (1) = A(hp1)
2 +B(hp1) + C.

A, B and C are solved using Mathematica and the system is rewritten as,




h2m1 −hm1 1

0 0 1

h2p1 hp1 1







A

B

C


 =




F (−1)

F (0)

F (1)


 . (C.1)
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F ′(x) = 2Ax+B

F ′(0) = B

F ′′(x) = 2A

F ′′(0) = 2A.

As an example, to evaluate the expressions at location y+ = 110 i.e. plane number 61,

we use data from planes 59, 60, 61, 62 and 63. The values of the parameters are:

d60−59 = 3.52 d61−60 = 3.58 d62−61 = 3.63 d63−62 = 3.68

hm1 = 3.58 hp1 = 3.63

F ′(0) =
F (1)h2m1 − F (−1)h2p1 + F (0)

(
h2p1 − h2m1

)

hp1hm1 (hp1 + hm1)

= −0.141F (−1) + 0.004F (0) + 0.137F (1)

F ′′(0) =
2 [F (1)hm1 + F (−1)hp1 − F (0) (hp1 + hm1)]

hp1hm1 (hp1 + hm1)

= 0.078F (−1) − 0.154F (0) + 0.076F (1)

It must be noted that these expressions are not strictly second order accurate as there

is a residual first-order term due to the differences in plane spacing. However, since the

differences in plane spacing are small, this first-order term will be very small.

Fourth-order finite difference scheme

A second-order finite difference scheme can be constructed by using data from five

planes. The data points used for the calculation from the five planes are represented

as: -2(−hm2), -1(−hm1), 0(0), 1(−hp1) and 2(−hp2), where the terms in parentheses are

the distances of the points from the plane of interest. Let the fourth-order polynomial
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be given by F (x) = Ax4 +Bx3 + Cx2 +Dx+ E. Thus,

F (−2) = A(−hm2)
4 +B(−hm2)

3 + C(−hm2)
2 +D(−hm2) + E

F (−1) = A(−hm1)
4 +B(−hm1)

3 + C(−hm1)
2 +D(−hm1) + E

F (0) = E

F (1) = A(hp1)
4 +B(hp1)

3 + C(hp1)
2 +D(hp1) + E

F (2) = A(hp2)
4 +B(hp2)

3 + C(hp2)
2 +D(hp2) + E.

In order to solve for A, B, C, D and E using Mathematica, we can rewrite this system

of equations as:




h4m2 −h3m2 h2m2 −hm2 1

h4m1 −h3m1 h2m1 −hm1 1

0 0 0 0 1

h4p1 h3p1 h2p1 hp1 1

h4p2 h3p2 h2p2 hp2 1







A

B

C

D

E




=




F (−2)

F (−1)

F (0)

F (1)

F (2)




. (C.2)

F ′(x) = 4Ax3 + 3Bx2 + 2Cx+D

F ′(0) = D

F ′′(x) = 12Ax2 + 6Bx+ 2C

F ′′(0) = 2C.

To evaluate the expressions at location y+ = 110 i.e. plane number 61, we use data

from planes 59, 60, 61, 62 and 63. The values of the parameters are:

d60−59 = 3.52 d61−60 = 3.58 d62−61 = 3.63 d63−62 = 3.68

hm2 = 7.10 hm1 = 3.58 hp1 = 3.63 hp2 = 7.31

Thus, the expressions for the first and second derivatives are:

F ′(0) = 0.025F (−2) − 0.191F (−1) + 0.008F (0) + 0.179F (1) − 0.022F (2)

F ′′(0) = −0.007F (−2) + 0.103F (−1) − 0.192F (0) + 0.102F (1) − 0.006F (2)

For all studies in this thesis, the second-order finite difference scheme is used since

significant differences were not observed between the two results, and the fourth-order
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difference scheme is more computationally intensive due to the need for loading 5 planes

into memory simultaneously. However, the fourth-order scheme is shown here for refer-

ence, where higher accuracy is desired.



Appendix D

Terms of the scale energy balance

The scale-energy budget for a simple shear is given by the following equation

∂〈δu2δui〉
∂ri

+ 2〈δuδv〉
(
dU

dYc

)∗

+
∂〈v∗δu2〉
∂Yc

+
2

ρ

∂〈δpδv〉
∂Yc

=

2ν
∂2〈δu2〉
∂ri∂ri

+
ν

2

∂2〈δu2〉
∂Y 2

c

− 4ǫ∗. (D.1)

Tr(r, Yc) + Π(r, Yc) + Tc(r, Yc) + P (r, Yc) = Dr(r, Yc) +Dc(r, Yc) +E(r, Yc). (D.2)

If the velocities and distances in equation D.1 are non-dimensionalized, the coeffi-

cient of viscosity ν drops out from the equation. Since pressure data are not available,

the pressure term P (r, Yc) is neglected, but this term is small at these Reynolds num-

bers, so it does not affect the analysis. The term Tr(r, Yc) is made of three individual

contributions, represented by Trx, Try and Trz, corresponding to values of the index i

in this term. Similarly, Dr(r, Yc) can also be decomposed into three contributions Drx,

Dry and Drz. The terms of the energy balance are summarized in table D.1.

Some mathematical definitions used in the derivations below are provided below.

y′ = Yc − 0.5ry y = Yc + 0.5ry δu = u− u′ v∗ = 0.5(v′ + v)

∂δu

∂y
=
∂u

∂y

∂δu

∂y′
= −∂u

′

∂y′
∂v∗

∂y
= 0.5

∂v

∂y

∂v∗

∂y′
= 0.5

∂v′

∂y′
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Trx (rx, rz)
∂〈δu2j δu〉
∂rx

〈δu2jδu〉(rx +∆rx, rz)− 〈δu2j δu〉(rx −∆rx, rz)

2∆rx

Try (rx, rz)
∂〈δu2j δu〉
∂ry

Refer section D.1

Trz (rx, rz)
∂〈δu2j δu〉
∂rz

〈δu2j δw〉(rx, rz +∆rz)− 〈δu2j δw〉(rx, rz −∆rz)

2∆rz

Π(rx, rz) 2〈δuδv〉
(
dU

dy

)∗

2〈δuδv〉
(
dU

dy

)

Yc

Tc (rx, rz)
∂〈v∗δu2j 〉
∂Yc

Refer section D.2

Drx (rx, rz) 2
∂2〈δu2j 〉
∂2rx

〈δu2j 〉(rx +∆rx, rz)− 2〈δu2j 〉(rx, rz) + 〈δu2j 〉(rx −∆rx, rz)

∆r2x

Dry (rx, rz) 2
∂2〈δu2j 〉
∂2ry

Refer section D.3

Drz (rx, rz) 2
∂2〈δu2j 〉
∂2rz

〈δu2j 〉(rx, rz +∆rz)− 2〈δu2j 〉(rx, rz) + 〈δu2j 〉(rx, rz −∆rz)

∆r2z

Dc (rx, rz) 0.5
∂2〈δu2j 〉
∂Y 2

c

Refer section D.4

E −4〈ǫ∗〉 −4〈∂ui
∂xj

∂ui
∂xj

〉

Table D.1: Terms of the scale energy balance and their formulae expansions.

Thus,

∂

∂Yc
=

∂

∂y

∂y

∂Yc
+

∂

∂y′
∂y′

∂Yc
=

∂

∂y
+

∂

∂y′

∂

∂ry
=

∂

∂y

∂y

∂ry
+

∂

∂y′
∂y′

∂ry
= 0.5

[
∂

∂y
− ∂

∂y′

]
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∂

∂Y 2
c

=
∂

∂Yc

(
∂

∂Yc

)
=

∂

∂y

(
∂

∂Yc

)
+

∂

∂y′

(
∂

∂Yc

)

=
∂

∂y

(
∂

∂y
+

∂

∂y′

)
+

∂

∂y′

(
∂

∂y
+

∂

∂y′

)

=
∂2

∂y2
+

∂2

∂y′2
+ 2

∂

∂y

∂

∂y′

∂

∂r2y
=

∂

∂ry

(
∂

∂ry

)
= 0.5

(
∂

∂y

(
∂

∂ry

)
− ∂

∂y′

(
∂

∂ry

))

= 0.25

(
∂

∂y

(
∂

∂y
− ∂

∂y′

)
− ∂

∂y′

(
∂

∂y
− ∂

∂y′

))

= 0.25

(
∂2

∂y′2
+

∂2

∂y2
− 2

∂

∂y

∂

∂y′

)

D.1 Derivation of Try (rx, rz)

∂〈δu2j δv〉
∂ry

=
∂

∂ry
〈δvδu2〉+ ∂

∂ry
〈δv3〉+ ∂

∂ry
〈δvδw2〉

∂

∂ry
〈δvδu2〉 = 0.5

(
∂〈δvδu2〉

∂y
− ∂〈δvδu2〉

∂y′

)

= 0.5

(
〈δu2 ∂δv

∂y
+ δv

∂δu2

∂y
− δu2

∂δv

∂y′
− δv

∂δu2

∂y′
〉
)

= 0.5

(
〈δu2 ∂δv

∂y
+ 2δvδu

∂δu

∂y
− δu2

∂δv

∂y′
− 2δvδu

∂δu

∂y′
〉
)

= 0.5

(
〈δu2 ∂v

∂y
+ 2δvδu

∂u

∂y
+ δu2

∂v′

∂y′
+ 2δvδu

∂u′

∂y′
〉
)

= 〈δu2
[
0.5 ∗

(
∂v

∂y
+
∂v′

∂y′

)]
+ 2δvδu

[
0.5 ∗ (∂u

∂y
+
∂u′

∂y′
)

]
〉
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∂

∂ry
〈δvδu2〉 = 〈δu2

(
∂v

∂y

)∗

+ 2δvδu

(
∂u

∂y

)∗

〉

∂

∂ry
〈δv3〉 = 〈3δv2

(
∂v

∂y

)∗

〉

∂

∂ry
〈δvδw2〉 = 〈δw2

(
∂v

∂y

)∗

+ 2δvδw

(
∂w

∂y

)∗

〉

∂

∂ry
〈δvδu2j 〉 = 〈δu2j

(
∂v

∂y

)∗

+ 2δv

[
δu

(
∂u

∂y

)∗

+ δv

(
∂v

∂y

)∗

+ δw

(
∂w

∂y

)∗]
〉

D.2 Derivation of Tc (rx, rz)

∂

∂Yc
〈v∗δu2j 〉 =

∂

∂Yc
〈v∗δu2〉+ ∂

∂Yc
〈v∗δv2〉+ ∂

∂Yc
〈v∗δw2〉

∂

∂Yc
〈v∗δu2〉 = (

∂〈v∗δu2〉
∂y

+
∂〈v∗δu2〉
∂y′

)

= (〈δu2 ∂v
∗

∂y
+ 2v∗δu

∂δu

∂y
+ δu2

∂v∗

∂y′
+ 2v∗δu

∂δu

∂y′
〉)

= (〈0.5 ∗ δu2 ∂v
∂y

+ 2v∗δu
∂u

∂y
+ 0.5 ∗ δu2 ∂v

′

∂y′
− 2v∗δu

∂u′

∂y′
〉)

= 〈δu2
[
0.5 ∗ (∂v

∂y
+
∂v′

∂y′
)

]
+ 2v∗δu

[
∂u

∂y
− ∂u′

∂y′

]
〉

∂

∂Yc
〈v∗δu2〉 = 〈δu2(∂v

∂y
)∗ + 2v∗δuδ

(
∂u

∂y

)
〉

∂

∂Yc
〈v∗δv2〉 = 〈δv2(∂v

∂y
)∗ + 2v∗δvδ

(
∂v

∂y

)
〉

∂

∂Yc
〈v∗δw2〉 = 〈δw2(

∂v

∂y
)∗ + 2v∗δwδ

(
∂w

∂y

)
〉

∂

∂Yc
〈v∗δu2j 〉 = 〈δu2j

(
∂v

∂y

)∗

+ 2v∗
[
δuδ

(
∂u

∂y

)
+ δvδ

(
∂v

∂y

)
+ δwδ

(
∂w

∂y

)]
〉

D.3 Derivation of Dry (rx, rz)

2
∂2

∂r2y
〈δu2j 〉 = 2

(
∂2

∂r2y
〈δu2〉+ ∂2

∂r2y
〈δv2〉+ ∂2

∂r2y
〈δw2〉

)
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∂2

∂r2y
〈δu2〉 = 0.25

[
〈∂

2δu2

∂y′2
+
∂2δu2

∂y2
− 2

∂2δu2

∂y∂y′
〉
]

= 0.25

[
〈 ∂
∂y′

(
∂δu2

∂y′

)
+

∂

∂y

(
∂δu2

∂y

)
− 2

∂

∂y′

(
∂δu2

∂y

)
〉
]

= 0.25

[
〈 ∂
∂y′

(
2δu

(
∂δu

∂y′

))
+

∂

∂y

(
2δu

(
∂δu

∂y

))
− 2

∂

∂y′

(
2δu

(
∂δu

∂y

))
〉
]

= 0.5

[
〈 ∂
∂y′

(
−δu

(
∂u′

∂y′

))
+

∂

∂y

(
δu

(
∂u

∂y

))
− 2

∂

∂y′

(
δu

(
∂u

∂y

))
〉
]

= 0.5

[
〈−δu∂

2u′

∂y′2
− ∂u′

∂y′
∂δu

∂y′
+ δu

∂2u

∂y2
+
∂u

∂y

∂δu

∂y
− 2

∂u

∂y

∂δu

∂y′
〉
]

= 0.5

[
〈−δu∂

2u′

∂y′2
+
∂u′

∂y′
∂u′

∂y′
+ δu

∂2u

∂y2
+
∂u

∂y

∂u

∂y
+ 2

∂u

∂y

∂u′

∂y′
〉
]

2
∂2

∂r2y
〈δu2〉 = 〈δu

(
∂2u

∂y2
− ∂2u′

∂y′2

)
+

(
∂u

∂y

)2

+

(
∂u′

∂y′

)2

+ 2
∂u

∂y

∂u′

∂y′
〉

= 〈δu
(
∂2u

∂y2
− ∂2u′

∂y′2

)
+ 4

[(
∂u

∂y

)∗]2
〉

= 〈δuδ
(
∂2u

∂y2

)
+ 4

[(
∂u

∂y

)∗]2
〉

Similarly, the other two terms can be written as,

2
∂2

∂r2y
〈δv2〉 = 〈δvδ

(
∂2v

∂y2

)
+ 4

[(
∂v

∂y

)∗]2
〉

2
∂2

∂r2y
〈δw2〉 = 〈δwδ

(
∂2w

∂y2

)
+ 4

[(
∂w

∂y

)∗]2
〉.

Summing up these three terms, we can obtain the complete expression.

D.4 Derivation of Dc (rx, rz)

0.5
∂2

∂Y 2
c

〈δu2j 〉 = 0.5

(
∂2

∂Y 2
c

〈δu2〉+ ∂2

∂Y 2
c

〈δv2〉+ ∂2

∂Y 2
c

〈δw2〉
)
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∂2

∂Y 2
c

〈δu2〉 = 〈∂
2δu2

∂y′2
+
∂2δu2

∂y2
+ 2

∂2δu2

∂y∂y′
〉

= 〈δu
(
∂2u

∂y2
− ∂2u′

∂y′2

)
+

(
∂u

∂y

)2

+

(
∂u′

∂y′

)2

− 2
∂u

∂y

∂u′

∂y′
〉

= 〈δu
(
∂2u

∂y2
− ∂2u′

∂y′2

)
+

[
δ

(
∂u

∂y

)]2
〉

= 〈δuδ
(
∂2u

∂y2

)
+

[
δ

(
∂u

∂y

)]2
〉

Writing similar expressions for the other two terms, we obtain

∂2

∂Y 2
c

〈δv2〉 = 〈δvδ
(
∂2v

∂y2

)
+

[
δ

(
∂v

∂y

)]2
〉

∂2

∂Y 2
c

〈δw2〉 = 〈δwδ
(
∂2w

∂y2

)
+

[
δ

(
∂w

∂y

)]2
〉

Summing up these three terms, we can obtain the complete expression.



Appendix E

Integration procedure for scale

energy analysis

Integration procedure for PIV data

In the PIV data, the smallest relevant scale is (2∆x, 2∆z) due to the use of 50% overlap

during the vector field processing. Hence, in the integration, q(1,1) corresponds to (0,0),

while q(2,2) corresponds to scale (2∆x, 2∆z).

Q(r) =

∫ r

z=1

∫ r

x=1
q(x, z)dxdz

Let nt = 0.25∆x∆z

Q(2) =

∫ 2

z=1

∫ 2

x=1
q(x, z)dxdz

=

∫ 2

z=1

2∆x

2
[q(2, z) + q(1, z)] dz

=
2∆x

2

2∆z

2
[q(2, 2) + q(2, 1) + q(1, 2) + q(1, 1)]

Q(2) = 4nt [q(1,1) + q(1,2) + q(2,1) + q(2,2)]
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Q(3) =

∫ 3

z=1

∫ 3

x=1
q(x, z)dxdz

=

∫ 2

z=1

∫ 2

x=1
+

∫ 2

1

∫ 3

2
+

∫ 3

2

∫ 2

1
+

∫ 3

2

∫ 3

2
q(x, z)dxdz

= Q(2) +A+B +C

A =

∫ 2

z=1

∫ 3

x=2
q(x, z)dxdz =

∫ 2

z=1

∆x

2
[q(3, z) + q(2, z)] dz

=
∆x

2

[∫ 2

z=1
q(3, z)dz +

∫ 2

z=1
q(2, z)dz

]

=
∆x

2

2∆z

2
[q(3, 1) + q(3, 2) + q(2, 1) + q(2, 2)]

= 2nt [q(3, 1) + q(3, 2) + q(2, 1) + q(2, 2)]

B =

∫ 2

x=1

∫ 3

z=2
q(x, z)dxdz =

∫ 2

x=1

∆z

2
[q(x, 3) + q(x, 2)] dx

=
∆z

2

[∫ 2

x=1
q(x, 3)dx +

∫ 2

x=1
q(x, 2)dx

]

=
∆z

2

2∆x

2
[q(1, 3) + q(2, 3) + q(1, 2) + q(2, 2)]

= 2nt [q(1, 3) + q(2, 3) + q(1, 2) + q(2, 2)]

C =

∫ 3

x=2

∫ 3

z=2
q(x, z)dxdz = nt [q(2, 2) + q(2, 3) + q(3, 2) + q(3, 3)]

Q(3) = Q(2) + 2nt [q(1,2) + q(2,1) + q(1,3) + q(3,1)]

+ 3nt [q(2,3) + q(3,2)] + 5ntq(2,2) + ntq(3,3)
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Q(r + 1) =

∫ r+1

z=1

∫ r+1

x=1
q(x, z)dxdz

=

∫ r

z=1

∫ r

x=1
q(x, z)dxdz +

∫ r

1

∫ r+1

r
q(x, z)dxdz

+

∫ r+1

r

∫ r

1
q(x, z)dxdz +

∫ r+1

r

∫ r+1

r
q(x, z)dxdz

= Q(r) +A+B + C

A =

∫ r

z=1

∫ r+1

x=r
q(x, z)dxdz =

∫ r

z=1

∆x

2
[q(r + 1, z) + q(r, z)] dz

=
∆x

2

[∫ r

z=1
q(r + 1, z)dz +

∫ r

z=1
q(r, z)dz

]

∫ r

z=1
q(r + 1, z)dz =

[∫ 2

1
+

∫ 3

2
+...+

∫ r

r−1
q(r + 1, z)dz

]

=
∆z

2
[2q(r + 1, 1) + 2q(r + 1, 2) + q(r + 1, 2) + q(r + 1, 3) + ...

+q(r + 1, r − 1) + q(r + 1, r)]

∫ r

z=1
q(r, z)dz =

[∫ 2

1
+

∫ 3

2
+...+

∫ r

r−1
q(r, z)dz

]

=
∆z

2
[2q(r, 1) + 2q(r, 2) + q(r, 2) + q(r, 3) + ...+ q(r, r − 1) + q(r, r)]

A = nt[ 2q(r + 1, 1) + q(r, 1) + 3q(r + 1, 2) + q(r, 2) + q(r + 1, r) + q(r, r)

+2

r−1∑

i=3

(q(r + 1, i) + q(r, i))]

B = nt[ 2q(1, r + 1) + q(1, r) + 3q(2, r + 1) + q(2, r) + q(r, r + 1) + q(r, r)

+2
r−1∑

i=3

(q(i, r + 1) + q(i, r))]
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C = nt [q(r + 1, r + 1) + q(r + 1, r) + q(r, r + 1) + q(r, r)]

Q(r+ 1) = Q(r) + 2nt [q(r+ 1,1) + q(r,1) + q(1, r + 1) + q(1, r)]

+ 3nt [q(r+ 1,2) + q(r,2) + q(2, r + 1) + q(2, r)]

+ 2nt

r−1∑

i=3

(q(i, r+ 1) + q(r+ 1, i) + q(i, r) + q(r, i))]

+ 3ntq(r, r) + ntq(r+ 1, r+ 1) + 2nt [q(r, r+ 1) + q(r+ 1, r)]

Integration procedure for DNS data

In the DNS data, the data are in a rectangular grid, where ∆x = 2∆z. q(1,1) corre-

sponds to (0,0), q(2,2) corresponds to (∆x,∆z) and q(2,3) corresponds to (∆x, 2∆z) =

(∆x,∆x).

Q(r) =

∫ 2r−1

z=1

∫ r

x=1
q(x, z)dxdz

Let nt = 0.25∆x∆z

Q(2) =

∫ 3

z=1

∫ 2

x=1
q(x, z)dxdz

=

∫ 3

z=1

∆x

2
[q(2, z) + q(1, z)] dz

=
∆x

2

[∫ 2

1
+

∫ 3

2

]
[q(2, z) + q(1, z)] dz

=
∆x

2

∆z

2
[q(1, 1) + q(2, 1) + q(1, 3) + q(2, 3) + 2(q(1, 2) + q(2, 2))]

Q(2) = nt [q(1,1) + q(2,1) + q(1,3) + q(2,3) + 2(q(1,2) + q(2,2))]
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Q(r + 1) =

∫ 2r+1

z=1

∫ r+1

x=1
q(x, z)dxdz

=

∫ 2r−1

z=1

∫ r

x=1
q(x, z)dxdz +

∫ 2r−1

1

∫ r+1

r
q(x, z)dxdz

+

∫ 2r+1

2r−1

∫ r

1
q(x, z)dxdz +

∫ 2r+1

2r−1

∫ r+1

r
q(x, z)dxdz

= Q(r) +A+B + C

A =

∫ 2r−1

z=1

∫ r+1

x=r
q(x, z)dxdz =

∫ 2r−1

z=1

∆x

2
[q(r + 1, z) + q(r, z)] dz

=
∆x

2

[∫ 2r−1

z=1
q(r + 1, z)dz +

∫ 2r−1

z=1
q(r, z)dz

]

∫ 2r−1

z=1
q(r + 1, z)dz =

[∫ 2

1
+

∫ 3

2
+...+

∫ 2r−1

2r−2
q(r + 1, z)dz

]

=
∆z

2
[q(r + 1, 1) + q(r + 1, 2) + q(r + 1, 2) + q(r + 1, 3) + ...

+q(r + 1, 2r − 2) + q(r + 1, 2r − 1)]

∫ 2r−1

z=1
q(r, z)dz =

[∫ 2

1
+

∫ 3

2
+...+

∫ 2r−1

2r−2
q(r, z)dz

]

=
∆z

2
[q(r, 1) + q(r, 2) + q(r, 2) + q(r, 3) + ...

+q(r, 2r − 2) + q(r, 2r − 1)]

A = nt[ q(r + 1, 1) + q(r, 1) + q(r + 1, 2r − 1) + q(r, 2r − 1)

+2

2r−2∑

j=2

(q(r + 1, j) + q(r, j))]

B =

∫ r

x=1

∫ 2r+1

z=2r−1
q(x, z)dxdz =

∫ r

x=1

∆z

2
[q(x, 2r − 1) + 2q(x, 2r) + q(x, 2r + 1)] dx

=
∆z

2

[∫ r

x=1
q(x, 2r − 1)dx+ 2

∫ r

x=1
q(x, 2r)dx+

∫ r

x=1
q(x, 2r + 1)dx

]
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∫ r

x=1
q(x, 2r − 1)dx =

[∫ 2

1
+

∫ 3

2
+...+

∫ r

r−1
q(x, 2r − 1)dx

]

=
∆x

2
[q(1, 2r − 1) + q(2, 2r − 1) + q(2, 2r − 1) + q(3, 2r − 1) + ...

+q(r − 1, 2r − 1) + q(r, 2r − 1)]

∫ r

x=1
q(x, 2r)dx =

[∫ 2

1
+

∫ 3

2
+...+

∫ r

r−1
q(x, 2r)dx

]

=
∆x

2
[q(1, 2r) + q(2, 2r) + q(2, 2r) + q(3, 2r) + ...

+q(r − 1, 2r) + q(r, 2r)]

∫ r

x=1
q(x, 2r + 1)dx =

[∫ 2

1
+

∫ 3

2
+...+

∫ r

r−1
q(x, 2r + 1)dx

]

=
∆x

2
[q(1, 2r + 1) + q(2, 2r + 1) + q(2, 2r + 1) + q(3, 2r + 1) + ...

+q(r − 1, 2r + 1) + q(r, 2r + 1)]

B = nt[ q(1, 2r − 1) + 2q(1, 2r) + q(1, 2r + 1) + q(r, 2r − 1) + 2q(r, 2r) + q(r, 2r + 1)

+2

r−1∑

i=2

(q(i, 2r − 1) + 2q(i, 2r) + q(i, 2r + 1))]

C = nt[ q(r, 2r − 1) + q(r + 1, 2r − 1) + 2(q(r, 2r) + q(r + 1, 2r))

+q(r, 2r + 1) + q(r + 1, 2r + 1)]
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Q(r+ 1) = Q(r) + nt [q(r+ 1,1) + q(r,1) + q(1,2r − 1) + 2q(1,2r) + q(1,2r+ 1)]

+ 2nt

r−1∑

i=2

(q(i,2r − 1) + 2q(i,2r) + q(i,2r + 1))]

+ 2nt

2r−2∑

j=2

(q(r+ 1, j) + q(r, j))]

+ 2nt [q(r,2r + 1) + q(r+ 1,2r − 1) + q(r+ 1,2r)]

+ ntq(r+ 1,2r+ 1) + 3ntq(r,2r− 1) + 4q(r,2r)



Appendix F

Uncertainty analysis for scale

energy terms

The uncertainties of the singlepoint velocities and velocity gradients were described in

section 2.4. The scale energy terms are made of velocity and velocity gradient differences

between two points separated by a scale r on a streamwise-spanwise plane of data. The

propagation of R.M.S. uncertainties are described by the following rules. Here, ΦA

represents the uncertainty in the quantity A.

F.1 Basic identities

Φ(A±B) =

√
[ΦA]2 + [ΦB]2

Φ(A ∗B)

(A ∗B)
=

√[
ΦA

A

]2
+

[
ΦB

B

]2

Φ(A/B)

(A/B)
=

√[
ΦA

A

]2
+

[
ΦB

B

]2

Φ(nA) =
√
nΦA

Φ(An) =
√
nAn−1ΦA

220
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F.2 Basic velocity differences & center point average terms

Φ(δu) = Φ(u2 − u1) =
√
2Φu

Φ(δv) = Φ(v2 − v1) =
√
2Φv

Φ(δw) = Φ(w2 − w1) =
√
2Φw

Φ(v∗) = Φ

(
1

2
(v1 + v2)

)
=

1√
2
Φ (v1 + v2) = Φv

Φ(δu2) =
√
2uΦu

Φ(δv2) =
√
2vΦv

Φ(δw2) =
√
2wΦw

Φ(δu2j ) =

√
[Φ(δu2)]2 + [Φ(δv2)]2 + [Φ(δw2)]2

Φ

(
δ
∂u

∂y

)
= Φ

[(
∂u

∂y

)

2

−
(
∂u

∂y

)

1

]
=

√
2Φ

(
∂u

∂y

)

Φ

(
δ
∂v

∂y

)
= Φ

[(
∂v

∂y

)

2

−
(
∂v

∂y

)

1

]
=

√
2Φ

(
∂v

∂y

)

Φ

(
δ
∂w

∂y

)
= Φ

[(
∂w

∂y

)

2

−
(
∂w

∂y

)

1

]
=

√
2Φ

(
∂w

∂y

)

Φ

(
∂u

∂y

∗)
= Φ

(
1

2

[(
∂u

∂y

)

1

+

(
∂u

∂y

)

2

])
= Φ

(
∂u

∂y

)

Φ

(
∂v

∂y

∗)
= Φ

(
1

2

[(
∂v

∂y

)

1

+

(
∂v

∂y

)

2

])
= Φ

(
∂v

∂y

)

Φ

(
∂w

∂y

∗)
= Φ

(
1

2

[(
∂w

∂y

)

1

+

(
∂w

∂y

)

2

])
= Φ

(
∂w

∂y

)

Φ

(
∂ui
∂xj

)2

=
√
2

(
∂ui
∂xj

)
Φ

(
∂ui
∂xj

)
; (i = 1, 2, 3)(j = 1, 2, 3). (F.1)
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F.3 Products of velocity differences & center point aver-

age terms

Referring to the expansions of the terms of the scale energy analysis in appendix D, it is

apparent that combinations of the above terms occur in the scale energy balance, hence

the following terms are computed using the above equations.

Φ(δuδv)

δuδv
=

√[
Φ(δu)

δu

]2
+

[
Φ(δv)

δv

]2
(F.2)

Φ(δu2jδu)

δu2jδu
=

√√√√
[
Φ(δu2j )

δu2j

]2
+

[
Φ(δu)

δu

]2
(F.3)

Φ(δu2j δw)

δu2jδw
=

√√√√
[
Φ(δu2j )

δu2j

]2
+

[
Φ(δw)

δw

]2
(F.4)

Φ
[
δu2j

(
∂v
∂y

∗
)]

δu2j

(
∂v
∂y

∗
) =

√√√√√√

[
Φ(δu2j )

δu2j

]2
+



Φ
(
∂v
∂y

∗
)

(
∂v
∂y

∗
)



2

(F.5)

Φ
[
δuδv

(
∂u
∂y

∗
)]

δuδv
(
∂u
∂y

∗
) =

√√√√√√
[
Φ(δuδv)

δuδv

]2
+



Φ
(
∂u
∂y

∗
)

(
∂u
∂y

∗
)



2

(F.6)

Φ
[
δv2

(
∂v
∂y

∗
)]

δv2
(
∂v
∂y

∗
) =

√√√√√√
[
Φ(δv2)

δv2

]2
+



Φ
(
∂v
∂y

∗
)

(
∂v
∂y

∗
)



2

(F.7)

Φ
[
δvδw

(
∂w
∂y

∗
)]

δvδw
(
∂w
∂y

∗
) =

√√√√√√
[
Φ(δv)

δv

]2
+

[
Φ(δw)

δw

]2
+



Φ
(
∂w
∂y

∗
)

(
∂w
∂y

∗
)



2

(F.8)
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Φ
[
v∗δuδ

(
∂u
∂y

)]

v∗δuδ
(
∂u
∂y

) =

√√√√√√
[
Φ(v∗)

v∗

]2
+

[
Φ(δu)

δu

]2
+



Φδ
(
∂u
∂y

)

(
∂u
∂y

)



2

(F.9)

Φ
[
v∗δvδ

(
∂v
∂y

)]

v∗δvδ
(
∂v
∂y

) =

√√√√√√
[
Φ(v∗)

v∗

]2
+

[
Φ(δv)

δv

]2
+



Φδ
(
∂v
∂y

)

(
∂v
∂y

)



2

(F.10)

Φ
[
v∗δwδ

(
∂w
∂y

)]

v∗δwδ
(
∂w
∂y

) =

√√√√√√
[
Φ(v∗)

v∗

]2
+

[
Φ(δw)

δw

]2
+



Φδ
(
∂w
∂y

)

(
∂w
∂y

)



2

(F.11)

F.4 Terms of scale energy balance

The uncertainty in Trx is calculated as,

Φ (Trx) = Φ




(
δu2jδu

)
(rx +∆rx, rz)−

(
δu2j δu

)
(rx −∆rx, rz)

2∆rx


 (F.12)

The uncertainty in rx (Φrx) is the same as the uncertainty in Φx, the spacing between

grid points, which is negligible. Hence, the uncertainty of Trx can be written as

Φ (Trx) =
Φ
(
δu2jδu

)

√
2∆rx

(F.13)

This uncertainty can be calculated using equation F.3. Similarly, using equation F.4,

the uncertainty in Trz is calculated as,

Φ (Trz) =
Φ
(
δu2j δw

)

√
2∆rx

(F.14)

The uncertainty in the wall-normal direction contribution to the transfer in scale space,

Try is given by,

Φ (Try) = Φ

[
δu2j

(
∂v

∂y

)∗

+ 2δv

(
δu

(
∂u

∂y

)∗

+ δv

(
∂v

∂y

)∗

+ δw

(
∂w

∂y

)∗)]
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=

√

(

Φ
[

δu2j

(

∂v
∂y

)

∗
])2

+2
(

Φ
[

δuδv
(

∂u
∂y

)

∗
])2

+2
(

Φ
[

δv2
(

∂v
∂y

)

∗
])2

+2
(

Φ
[

δvδw
(

∂w
∂y

)

∗
])2

(F.15)

This uncertainty is calculated using equations F.5-F.8. Hence, the uncertainty in the

scale transfer term Trmr is given by

Φ (Tr) = Φ (Trx + Try + Trz)

=

√
(ΦTrx)

2 + (ΦTry)
2 + (ΦTrz)

2 (F.16)

The uncertainty in the physical space transfer term, Tc is calculated as,

Φ (Tc) = Φ

[
δu2j

(
∂v

∂y

)∗

+ 2v∗
(
δuδ

(
∂u

∂y

)
+ δvδ

(
∂v

∂y

)
+ δwδ

(
∂w

∂y

))]

=

√

(

Φ
[

δu2j

(

∂v
∂y

)

∗
])2

+2
(

Φ
[

v∗δuδ
(

∂u
∂y

)])2

+2
(

Φ
[

v∗δvδ
(

∂v
∂y

)])2

+2
(

Φ
[

v∗δwδ
(

∂w
∂y

)])2

(F.17)

This uncertainty is calculated using equations F.5 and F.9-F.11. The diffusion terms

are not described here since the experiments do not provide second derivatives in the

wall-normal direction. The uncertainty in the production term, Π is given by

Φ(Π) = Φ

(
δuδv

∂U

∂y

)

Φ(Π)

Π
=

√
∂U

∂y

[
Φ(δuδv)

δuδv

]
(F.18)

The uncertainty in dissipation ǫ is given by

Φ(ǫ) = Φ

([
∂u
∂x

]2
+
[
∂u
∂y

]2
+
[
∂u
∂z

]2
+
[
∂v
∂x

]2
+
[
∂v
∂y

]2
+
[
∂v
∂z

]2
+
[
∂w
∂x

]2
+
[
∂w
∂y

]2
+
[
∂w
∂z

]2
)

=

√√√√Σi,j

[
Φ

(
∂ui
∂xj

)2
]2

; (i = 1, 2, 3)(j = 1, 2, 3). (F.19)

The individual terms of equation F.19 are evaluated using the expression in F.1.


