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Abstract

This thesis studies the symmetries of a fixed tensors by looking at certain

group representations this tensor generates. We are particularly interested in

the case that the tensor can be written as v1 ⊗ · · · ⊗ vn, where the vi are

selected from a complex vector space. The general linear group representation

generated by such a tensor contains subtle information about the matroid M(v)

of the vector configuration v1, . . . , vn. To begin, we prove the basic results

about representations of this form. We give two useful ways of describing these

representations, one in terms of symmetric group representations, the other

in terms of degeneracy loci over Grassmannians. Some of these results are

equivalent to results that have appeared in the literature. When this is the

case, we have given new, short proofs of the known results.

We will prove that the multiplicities of hook shaped irreducibles in the rep-

resentation generated by v1 ⊗ · · · ⊗ vn are determined by the no broken circuit

complex of M(v). To do this, we prove a much stronger result about the struc-

ture of vector subspace of SymV spanned by the products
∏

i∈S vi, where S

ranges over all subsets of [n]. The result states that this vector space has a di-

rect sum decomposition that determines the Tutte polynomial of M(v). We will

use a combinatorial basis of the vector space generated the products of the linear

forms to completely describe the representation generated by a decomposable

tensor when its matroid M(v) has rank two.

Next we consider a representation of the symmetric group associated to

every matroid. It is universal in the sense that if v1, . . . , vn is a realization of the

matroid then the representation for the matroid provides non-trivial restrictions

on the decomposition of the representation generated by the tensor product of

the vectors. A complete combinatorial characterization of this representation
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is proven for parallel extensions of Schubert matroids. We also describe the

multiplicity of hook shapes in this representation for all matroids.

The contents of this thesis will always be freely available online in the most

current version. Simply search for my name and the title of the thesis. Please

do not ever pay for this document.
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CHAPTER 1

Introduction

1.1. Motivation

This thesis studies the smallest GL(V ) or Sn invariant subspace of a tensor

product V ⊗n that contains a given decomposable tensor. Associated to this

decomposable tensor is a matroid, and the main question addressed here is to

what extent this matroid determines the isomorphism type of the representation.

It is unknown whether the matroid completely determines the isomorphism

type, but it is known that it determines some important aspects of it. Before

we describe these aspects specifically, let us attempt to motivate this study. To

do begin doing this, we recall that the determinant of a matrix enjoys many

beautiful definitions, the most straightforward being that if A = (aij)1≤i,j≤n

then

detA =
∑

σ∈Sn

sign(σ)
n∏

i=1

aiσ(i).

This definition motivated Schur to consider generalized matrix functions of the

form

dχ(A) =
∑

σ∈Sn

χ(σ)
n∏

i=1

aiσ(i)

where χ : Sn → C is any function. For example, if χ(σ) = 1 for all σ then dχ

is the permanent.

Of particular interest to Schur where those χ that arise as irreducible char-

acters of the symmetric group Sn. Generalized matrix functions of this form are
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called irreducible character immanants. Recall that the irreducible representa-

tions of Sn are indexed by partitions λ of n. If χλ denotes the character of the

irreducible indexed by λ, then we write dλ for dχλ . The trivial representation

is associated to the partition (n) and the sign character is associated to the

partition (1, . . . , 1) = (1n), hence per = d(n) and det = d(1n). Schur proved that

detA ≤
1

χλ(1)
dλ(A)

when A is a positive semi-definite Hermitian matrix. Since 0 ≤ detA for such

matrices we immediately see that 0 ≤ dλ(A) for such matrices. The following

question is now natural: When do we have equality? The answer for the deter-

minant is well known: detA = 0 if and only if the columns of A are linearly

dependent. To better answer this question, we rephrase it in a suggestive form.

We know that we may write A as the Gram matrix of a collection of vectors,

A = (〈vi, vj〉)1≤i,j≤n, where 〈, 〉 is a Hermitian inner product on a complex vector

space V . It follows that we can write

dλ(A) =
∑

σ∈Sn

χλ(σ)〈v1 ⊗ · · · ⊗ vn, vσ(1) ⊗ · · · ⊗ vσ(n)〉

= 〈v1 ⊗ · · · ⊗ vn,
∑

σ∈Sn

χλ(σ)(v1 ⊗ · · · ⊗ vn).σ〉.

Here 〈, 〉 is is the natural extension of the inner product on V to V ⊗n and the

symmetric group is acting on the right of V ⊗n via place permutation. The linear

operator

πλ =
χλ(1)

n!

∑

σ∈Sn

χλ(σ)σ : V ⊗n → V ⊗n,

is idempotent and Hermitian. It follows that

〈v1 ⊗ · · · ⊗ vn, (v1 ⊗ · · · ⊗ vn)πλ〉 = 〈(v1 ⊗ · · · ⊗ vn)πλ, (v1 ⊗ · · · ⊗ vn)πλ〉
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and hence dλ(A) = 0 if and only if

(v1 ⊗ · · · ⊗ vn)πλ = 0.

Determining when πλ applied to a decomposable tensor is zero is the starting

point of this thesis.

1.2. Statement of the Main Results

Let v⊗ = v1 ⊗ · · · ⊗ vn be a decomposable tensor, where the vi are se-

lected from a complex vector space V . We let v denote the collection of vectors

{v1, . . . , vn}. It will be shown that v⊗πλ is zero if and only an irreducible rep-

resentation indexed by the partition λ appears in the smallest Sn-module or

GL(V )-module that contains v⊗ ∈ V ⊗n. Recall that GL(V ) is acting on the

tensor product V ⊗n on the diagonal:

g.(v1 ⊗ · · · ⊗ vn) = (gv1) ⊗ · · · ⊗ (gvn).

Our first main result is a simple proof of the following theorem, originally proved

by Gamas [Gam88].

Theorem (Gamas’s Theorem). The symmetrized tensor v⊗πλ is not zero

if and only if there is a tableau T of shape λ whose columns index linearly

independent subsets of v.

The approach that we will use to derive this will yield much more. We will

derive the known characterization of when u⊗πλ = v⊗πλ [dCDdS05].

Theorem (Da Cruz–Dias da Silva). There is an equality of symmetrized

tensors u⊗πλ = v⊗πλ if and only if for all tableaux T (1) If the columns of T

index linearly independent subsets of u then they also do for v. (2) If the columns

of T index linearly independent subsets of u then there is a permutation σ such
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that the subspace of u’s spanned by column i is equal to the subspace of v’s

spanned by column σ(i). Further, the product of the determinants of the change

of bases between all these spaces should be 1.

The proofs of both these results took long papers, and our derivations are

quick and transparent.

Let S(v⊗) denote the smallest symmetric group representation in V ⊗n con-

taining v⊗ and let G(v⊗) denote the smallest GL(V ) representation containing

v⊗. We will show that S(v⊗) and G(v⊗) carry the same information. The goal

of this thesis is to see how Gamas’s theorem generalizes, in the sense that we

want to see to what extent the linear independence properties of v determine

the multiplicity of a given irreducible in G(v⊗) or S(v⊗). These properties are

known as the matroid of v, and collectively denoted M(v).

Our main positive result in this direction is the following.

Theorem. Let hj be the multiplicity of the length j hook λj in S(v⊗), then

∑

j≥0

hjt
r(M(v))−j =

1

1 + t
T (M(v); 1 + t, 0),

where T (M(v);x, y) is the Tutte polynomial associated to the matroid of v.

To prove this we will consider the vector space generated by the “square-

free” products of the linear forms v1, . . . , vn ∈ SymV . That is, we consider

the subspace P (v) of the symmetric algebra SymV spanned by the products
∏

i∈S vi, S ⊂ [n]. The multiplicity the longest hook shape in S(v⊗) and G(v⊗)

is the dimension of the subspace of P (v) spanned by products over sets S ⊂ [n]

which are compliments of bases of the matroid M(v). We will show that there

is a doubly indexed direct sum P (v) =
⊕

i,j P (v)i,j from which we will derive

the following result.
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Theorem. The coefficients of the Tutte polynomial evaluation T (M(v); 1 +

x.y) are the dimensions of the vector spaces P (v)i,j.

The theorem about hook shapes will follow by setting y = 0 in this theorem.

When v is a rank two vector configuration (i.e., the span of the vi is two-

dimensional) we can associate a partition to v by saying that the i-th part of

the partition is the size of the i-th parallelism class of v. Using a combinato-

rial basis constructed for P (v), we will give a complete characterization of the

isomorphism type of S(v⊗). Recall that the conjugate partition µ′ of µ is the

partition whose i-th part is #{j : µj ≥ i}.

Theorem. Suppose that v is a rank two configuration and the partition

associated to v is µ. The multiplicity of (n − k, k) in S(v⊗) is 1 if k = 0, and

if k > 0 it is

µ′
1 + · · · + µ′

k − 2k + 1,

or zero, depending on whether the above number is positive or not.

Lastly, we will attempt to generalize S(v⊗) by defining a representation of

Sn that obviously depends only on the matroid of v. If M is any matroid,

we define U(M) to be the quotient of CSn by the right ideal generated by

antisymmetrizers of dependent sets of M . This representation will be universal

in the sense that if we have any realization v of a matroid M , i.e., M = M(v)

then there is a surjective map of Sn-modules U(M) → S(v⊗). Using this

result we will determine which irreducibles appear in U(M) provided that M is

realizable over a field of characteristic zero.

Our first main result about U(M) is that the multiplicity of hook shapes is

again determined by the Tutte polynomial of M .
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Theorem. Let M be any matroid. If hj is the multiplicity of the length j

hook λj in U(M) then

∑

j≥0

hjt
r(M)−j =

1

1 + t
T (M ; 1 + t, 0),

where T (M ;x, y) is the Tutte polynomial of M .

We will also give a complete characterization of U(M) whenM is a particular

kind of matroid known as a Schubert matroid (also known as shifted matroids

and freedom matroids). These matroids come with a canonical ordering on their

ground sets, which is useful in our final main result.

Theorem. Let M be a Schubert matroid. The multiplicity of λ in U(M) is

the number of standard Young tableaux T of shape λ such that every decreasing

subword of the reading word of T is independent in M .
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CHAPTER 2

Representations and Symmetrizations

In this chapter, we introduce two representations generated by a decompos-

able tensor. We show that the representations carry the same information, and

then describe which irreducible submodules they contain. We use these results

to prove facts about symmetrizations of tensors that have appeared in the lit-

erature. We then introduce a third way of studying these representations, and

indicate how this approach might be useful in our study. Throughout, we con-

sider some examples of our results. The last section indicates future directions

of study.

We will assume that the reader is familiar with Schur-Weyl duality through-

out this chapter. The details of this result can be found in Appendix A. We

will also use some ideas from matroid theory. A quick review of the concepts

needed here can be found in Appendix B.

2.1. Representations Generated by Tensors

Let V be a complex vector space of finite dimension k and V ⊗n its n-fold

tensor product. This tensor product is a GL(V ) × Sn-bimodule, where GL(V )

acts diagonally and Sn acts by permutation of tensor factors. Given an element

w ∈ V ⊗n we will define GV (w) to be the smallest GL(V ) - submodule of V ⊗n

that contains w. When no confusion will arise (and we will prove that none

will) we will drop the reference to V and write G(w). One sees that GV (w)

is a finite dimensional polynomial representation of GL(V ), since V ⊗n is. Its
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character can thus be written as an integral sum of Schur polynomials in Λk —

the ring of symmetric function in k variables. By mapping the Schur polynomial

sλ(x1, . . . , xk) to the Schur function sλ(x1, x2, . . . ), we can associate a symmetric

function to GV (w).

It follows from the definition thatGV (w) is equal to the vector space spanned

by the GL(V )-orbit of w. Since every element of End(V ) is a limit of elements

of GL(V ) we see that GV (w) is closed under the diagonal action of End(V ) on

the tensor product. There is also an action of the Lie algebra gl(V ) on GV (w),

where x ∈ gl(V ) acts by the Leibniz rule

x.(v1 ⊗ · · · ⊗ vn) =
n∑

i=1

v1 ⊗ · · · ⊗ vi−1 ⊗ xvi ⊗ vi+1 ⊗ · · · ⊗ vn.

From the tensor w ∈ V ⊗n, we may also form a representation SV (w), which

is the smallest Sn-submodule of V ⊗n that contains w. Here the action of Sn

is on the right of V ⊗n, and is permutation of tensor factors. If V ⊂ W is a

subspace and w ∈ V ⊗n ⊂ W⊗n then SV (w) ≈ SW (w) and hence we omit

any reference to the ambient tensor product and write S(w). The Frobenius

character of S(w) is an integral sum of Schur functions.

By Schur-Weyl duality we have the following result that relates S(w) and

GV (w).

Theorem 2.1.1. The symmetric function obtained from the character of

GV (w) is equal to the Frobenius character of S(w).

We delay the full proof of the theorem.

Corollary 2.1.2. The symmetric function associated to GV (w) does not

depend on V in the sense that if V ⊂ V ′ and w ∈ V ⊗n ⊂ V ′⊗n then the

symmetric functions associated to GV (w) and GV ′(w) are equal.
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Proof. The symmetric function associated to GV (w) and GV ′(w) are both

equal to the Frobenius character of S(w). �

Example 2.1.3. Suppose that n = k(= dimV ) and that w = e1 ⊗ · · · ⊗ ek,

where e1, . . . , ek is a basis of V . Then S(w) is visibly isomorphic to CSk. The

Frobenius character of CSk is (
∑

i xi)
k.

To show that every decomposable tensor is in GV (w) one uses the diagonal

action of End(V ) on V ⊗n. Since these tensors span the whole tensor prod-

uct, GV (w) = V ⊗n. The character of V ⊗n is (x1 + x2 + · · · + xk)
k and hence

the symmetric function associated to GV (w) is (
∑∞

i=1 xi)
k, as Theorem 2.1.1

predicts.

Example 2.1.4. Much more generally, suppose that w ∈ V ⊗n and w′ ∈

(V ′)⊗n′

. Form the tensor w⊗w′ ∈ (V ⊕V ′)⊗(n+n′). If s(w), s(w′) and s(w⊗w′)

are the symmetric functions associated to w, w′ and w ⊗ w′ then

s(w ⊗ w′) = s(w)s(w′).

To show two these symmetric functions are equal, we first recall that for two

arbitrary symmetric functions f and g, we write f ≤S g if g − f is a positive

integer sum of Schur functions. This is called the Schur partial order on the

ring Λ of symmetric functions. To prove that s(w ⊗ w′) = s(w)s(w′) we will

show that

s(w ⊗ w′) ≤S s(w)s(w′) and s(w)s(w′) ≤S s(w ⊗ w′).

Recall that if X and X ′ are representations of Sn and there is an injection

X → X ′ then the Frobenius character of X is at most the Frobenius character

of X ′ in the Schur partial order on Λ.
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There is an injection of Sn × Sn′-modules

S(w) ⊗ S(w′) →֒ V ⊗n ⊗ (V ′)⊗n′

.

Inducing to CSn+n′ gives us an injection

Ind S(w) ⊗ S(w′) →֒ (V ⊕ V ′)⊗(n+n′)

That induction is left-exact follows from the semi-simplicity of the group alge-

bras of finite groups over C. The image of Ind S(w) ⊗ S(w′) in (V ⊕ V ′)n+n′

is a representation of Sn+n′ that contains w ⊗ w′. It follows that the image of

the induction in the tensor product (V ⊕ V ′)n+n′

contains S(w ⊗ w′). Taking

Frobenius characters, we have s(w ⊗ w′) ≤S s(w)s(w′).

There is a natural injection of GL(V ⊕ V ′)-modules

GV ⊕V ′(w ⊗ w′) → GV ⊕V ′(w) ⊗GV ⊕V ′(w′)

induced by the inclusion V ⊗n ⊗ (V ′)⊗n′

→ (V ⊕ V ′)⊗(n+n′). Taking characters

and recalling the semisimplicity of polynomial representations of GL(V ), we

have proved that s(w)s(w′) ≤S s(w ⊗ w′).

We conclude that s(w)s(w′) = s(w ⊗ w′). However, we can conclude more

from this. Namely, that the injections given above are actually isomorphisms,

i.e.,

GV ⊕V ′(w ⊗ w′) ≈ GV ⊕V ′(w) ⊗GV ⊕V ′(w′),

and

Ind S(w) ⊗ S(w′) ≈ S(w ⊕ w′).

Example 2.1.5. Suppose that w = v1 ⊗ v2 ⊗ · · · ⊗ vn where the vi are

selected from an ordered basis of V . Suppose that the i-th basis element of V

10



is selected µi times. The previous example shows that, as GL(V )-modules,

GV (w) ≈ Symµ1 V ⊗ Symµ2 V ⊗ · · · ⊗ Symµk V.

It follows that the symmetric function associated to GV (w) is hµ — the complete

homogeneous symmetric function associated to the partition µ. The previous

example also shows that S(w) ≈ IndSn

Sλ
C, where Sλ is the parabolic subgroup

of Sn associated to λ and C denotes the trivial representation of this subgroup.

We will see that this example subsumes a result of Merris (and others) that

characterizes the vanishing of symmetrized tensors which have the same form

as those considered in this example [Mer78, Lam78, LV73].

2.1.1. The Proof of Theorem 2.1.1. Recall that we wish to prove that

the symmetric function obtained from the character of GV (w) is equal to the

Frobenius character of S(w). This will become more transparent when done an

abstract setting.

Lemma 2.1.6. Suppose that R and S are unital K-algebras, with K a field.

Let U = RUS be a semisimple R-S bimodule and suppose that

EndR(RU) = S and, EndS(US) = R

For every x ∈ U we have a natural isomorphism of left R-modules

HomR(Rx, RU) ≈ xS (ϕ : Rx→ RU) 7→ ϕ(x),

and a natural isomorphism of right S-modules

HomS(xS, US) ≈ Rx, (ψ : xS → US) 7→ ψ(x).

If U =
⊕

λM
λ ⊗ Nλ, where Mλ and Nλ are simple R and S modules, respec-

tively, then

dimK HomR(Rx,Mλ) = dimK HomS(xS,Nλ).

11



Proof. Since U is a semisimple R-module, Rx is a direct summand of U and

hence every homomorphism ϕ : Rx→ U can be extended to a map ϕ̃ : U → U .

It follows that such a homomorphism is right action by an element of S, since

EndR(U) = S, hence the map ϕ̃ 7→ ϕ̃(x) = ϕ(x) ∈ U has image in xS. This is

at once seen to be a surjective map of right S-modules. It is injective because

if ϕ(x) = 0 then ϕ satisfies

ϕ(rx) = rϕ(x) = 0

for all r ∈ R. This proves that HomR(Rx,U) = xS and the proof that

HomS(xS, U) = Rx is the same.

To prove the claim about the multiplicities we see that as right S-modules,

HomR(Rx,U) =
⊕

λ

HomR(Rx,Mλ ⊗Nλ)

=
⊕

λ

HomR(Rx,Mλ) ⊗Nλ ≈
⊕

λ

(Nλ)⊕(dimK HomR(Rx,Mλ))

Since HomR(Rx,U) ≈ xS it follows that the multiplicity of Nλ in xS is equal

to the multiplicity of Mλ in Rx. �

We can now prove Theorem 2.1.1, which stated that the symmetric function

associated to GV (w) is equal to the Frobenius character of S(v).

Proof of Theorem 2.1.1. The multiplicity of an irreducible representation in-

dexed by λ in GV (w) is the coefficient of the Schur function indexed by λ in

the symmetric function associated to GV (w). The multiplicity of an irreducible

representation indexed by λ in S(w) is the coefficient of the Schur function

indexed by λ in the Frobenius character of S(w).

12



According to Schur-Weyl duality, we can apply Lemma 2.1.6 with R =

GL(V ), S = CSn, and U = V ⊗n to see that these multiplicities are equal, and

hence the symmetric functions associated to GV (w) and S(w) are equal. �

2.2. Irreducible Submodules

We will now restrict our attention to the representations generated by de-

composable tensors w, i.e., those tensors which may be written as

w = v⊗ := v1 ⊗ v2 ⊗ · · · ⊗ vn.

We will denote the family of vectors {vi} simply by v and think of it as a

configuration of vectors in V . Given such a configuration v, an element g ∈

GL(V ) and an element t = (t1, . . . , tn) ∈ (C×)n we say that the configuration

g.v.t = (t1(gv1), t2(gv2), . . . , tn(gvn))

is projectively equivalent to v. This defines an equivalence relation on configu-

rations of n vectors in V . From the definitions we have

G(v⊗) = G((g.v.t)⊗) and S(v⊗) ≈ S((g.v.t)⊗)

and hence the symmetric function associated to G(v⊗) and S(v⊗) only depends

on the projective equivalence class of v. The goal of what follows is to determine

how other geometric properties of v are reflected in the irreducible decomposi-

tion of G(v⊗) and S(v⊗). The most basic question one can pose about these

representations is “Which irreducible representations have nonzero multiplic-

ity?” In this section we answer this question. Three proofs of this result appear

in the literature. The first proof by Gamas [Gam88] is long and the second by

Pate [Pat90] relies on a series of nonstandard results. In [Ber09] we gave a

short and self contained proof this result using induction and Pieri’s rule. In this
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section we give an even shorter and more revealing proof using some (standard,

classical) results from the algebraic geometry of flag manifolds.

Recall that the irreducible representations of Sn are indexed by partitions of

n, and the polynomial representations of GL(V ) are indexed by partitions with

at most dimV parts. Recall that a partition is a weakly decreasing sequence of

non-negative integers whose sum is n (we will commonly extend a partition by

adding parts equal to zero to it). We will say that λ appears in a Sn-module

or GL(V )-module if the module contains a submodule that is isomorphic to an

irreducible module indexed by λ. The λ-th isotypic component of a module

is the sum of the submodules isomorphic to an irreducible indexed by λ. The

multiplicity of λ in a representation is the number of summands in a direct

sum decomposition of the λ-th isotypic component where every summand is

isomorphic to an irreducible indexed by λ.

Theorem 2.2.1. Let λ be a partition of n. The following are equivalent.

(1) The multiplicity of λ is positive in S(v⊗)

(2) G(v⊗) contains a highest weight vector with weight λ.

(3) There is a tableau T of shape λ whose columns index linearly indepen-

dent subsets of v.

In this thesis, the term “tableau” refers to a bijective filling of the numbers

1, 2, . . . , n into the Young diagram of λ with no other restriction on the filling.

Remark 2.2.2. A quick sanity check is to assume that one of the vi is zero.

In this case G(v⊗) = S(v⊗) = 0 and every tableau has a column indexing a

dependent subset of v.

The multiplicity of λ in a GL(V )-module is the number of linearly indepen-

dent highest weight vectors of weight λ in that module. Hence, the equivalence
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of the first two items follows from Theorem 2.1.1. To prove the equivalence

of items (1) and (3) in Theorem 2.2.1 we will do a bit of translation: We will

rephrase the result as a problem in the coordinate ring of a complete flag variety

and appeal to the fact that this ring is an integral domain. We must recall some

definitions first. Alternately, we could do an induction using Pieri’s rule as was

done in [Ber09].

Let Fℓ(Ck) be the projective variety of complete flags in Ck:

Fℓ(Ck) = {0 ⊂ V1 ⊂ V2 ⊂ · · · ⊂ Vk = Ck : dimVi = i}.

We can embed this in the projective variety P
∗
∧

Ck using the Plücker em-

bedding. This is the product of the maps that send a codimension i subspace

W ⊂ Ck to the hyperplane given by the quotient mapping
∧i

Ck →
∧i

Ck/W .

The coordinate ring of a projective variety X ⊂ P
∗W , denoted O(W ), is the

quotient of SymW by the ideal of polynomials which vanish on X. It follows

from this that the coordinate ring of Fℓ(Ck) is a quotient of the polynomial

ring

Sym(
∧

Ck) = C[Xi1...ip : {i1, . . . , ip} ⊂ {1, 2, . . . , k}].

The variables Xi1...ip , which form a basis for
∧

Ck, are skew symmetric in the

subscripts. The following result is classical, and its proof can be found in Ful-

ton’s book [Ful97, Ch.9].

Theorem 2.2.3. The kernel of the quotient map Sym(
∧

Ck) → O(Fℓ(Ck))

is generated by the quadratic equations

Xi1...ipXj1...jq
=
∑

Xi′1...i′pXj′1...j′q
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the sum over all pairs of subscripts obtained by replacing the first ℓ of the i’s

with any ℓ of the j’s, in order. The ideal these polynomials generate is prime

and hence O(Fℓ(Ck)) is an integral domain.

Note that

Sym(
∧

Ck) =
⊕

0≤a1,...,0≤ak

Syma1
∧1

Ck ⊗ · · · ⊗ Symak

∧k
Ck

We can associate the a1, . . . , ak-th graded piece of this direct sum with a parti-

tion that has ai columns of length k − i+ 1.

Since the equations defining Fℓ(Ck) are homogeneous (by Theorem 2.2.3),

O(Fℓ(Ck)) inherits a direct sum decomposition indexed by partitions with at

most k-parts. If λ is a partition with ai columns of length k− i+ 1 then define

S
λCk to be the image of

Syma1
∧1

Ck ⊗ · · · ⊗ Symak

∧k
Ck

in O(Fℓ(Ck)). It can be shown that S
λCk satisfies a certain universal property

which makes it the image of Ck under the λ-th Schur functor. See Section A.3

of Appendix A for the general definition of a Schur functor.

There is a natural action of GL(Ck) on
∧

Ck and since the ideal defining

O(Fℓ(Ck)) is stable under this action O(Fℓ(Ck)) is a representation of GL(Ck).

The action of GL(Ck) respects the direct sum over partitions, hence S
λCk is

also a representation of GL(Ck). For a proof of the following result see Fulton

[Ful97, Ch.9].

Theorem 2.2.4. For all partitions λ with at most k parts, S
λCk is the

irreducible representation of GL(Ck) with highest weight λ. All irreducible poly-

nomial representations of GL(Ck) occur in this way.
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We can now prove that items (3) implies item (2) in Theorem 2.2.1. Pick a

basis for V so that we may identify it with Ck. Let λ be a partition of n, µ its

conjugate partition. Recall that this is the partition µ′ obtained from µ whose

i-th part is the number of parts of µ with size at least i. Suppose that the sets

{v1, . . . , vµ1}, {vµ1+1, . . . , vµ1+µ2}, . . .

are linearly independent. It follows that the linear forms

v1 ∧ · · · ∧ vµ1 ∈ Sym(
∧

Ck), vµ1+1 ∧ · · · ∧ vµ1+µ2 ∈ Sym(
∧

Ck), . . .

are each nonzero. These linear forms are nonzero in O(Fℓ(CCk)) since the

equations defining Fℓ(Ck) are quadratic. We conclude that the product of

these linear forms in O(Fℓ(V )) is not zero, since this ring is an integral domain.

However, the product of these wedges lives in S
λV , which is the irreducible

representation of GL(V ) with highest weight λ. It follows that the space of

homomorphisms

HomCGL(V )(G(v⊗),SλV )

is non-zero. Since all the GL(V )-representations in question are semisimple this

proves that G(v⊗) has a irreducible submodule isomorphic to S
λV . We conclude

that G(v⊗) has a highest weight vector of weight λ.

We delay the (easy) proof that item (2) implies item (3) in Theorem 2.2.1

for a moment to introduce symmetrizations of tensors. We mention that the

main result here generalizes to a characteristic free statement.

Corollary 2.2.5. Let v be a vector configuration in V , defined over any

field. Then

HomGL(V )(G(v⊗),SλV ) 6= 0
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if there is a tableau of shape λ whose columns index linearly independent subsets

of v. If the latter condition is satisfied, the canonical quotient map from the

tensor product to the image of V under the Schur functor, S
λV , is non-zero.

The definition of S
λV goes through as it did above, by taking the appropriate

graded piece of the coordinate ring of Fℓ(V ).

Proof. The proof of this statement is the same as the one above, noting that

the coordinate ring of the flag variety is still an integral domain. �

2.3. Symmetrizations of Tensors

The purpose of this section is give simple proofs of some results from the

literature on symmetrizations of tensors.

For a partition λ of n, denote by χλ the irreducible character of Sn indexed

by λ. Let πλ ∈ CSn be the projector of CSn to its χλ-isotypic submodule. We

see at once that

πλ =
χλ(1)

n!

∑

σ∈Sn

χλ(σ)σ−1.

It is known that πλ can be written as a scalar multiple of

∑

T

cT

where the sum is over all tableaux T (i.e., no row or column filling restrictions)

of shape λ and cT is the Young symmetrizer of T . Recall that the Young

symmetrizer of T is the product bTaT where aT is the row symmetrizer of T and

bT is the column antisymmetrizer of T . By Schur-Weyl duality, if the length

of T is at most dimV then πλ is the projector of V ⊗n onto its S
λV -th isotypic

component.
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Let T ss be the column super standard tableaux of shape λ filled with the

numbers 1, 2, . . . , n in order when read top-to-bottom left-to-right. The final

result we will need from Fulton’s book [Ful97] is the following.

Theorem 2.3.1. The image of cT ss on V ⊗n is isomorphic to S
λV , as GL(V )-

modules. The isomorphism sends the tensor v⊗cT ss to the product of wedges

v1 ∧ · · · ∧ vµ1 , vµ1+1 ∧ · · · ∧ vµ1+µ2 , . . .

when cT ss is the tableaux above and µ is the partition conjugate to λ.

Sketch of Proof. It follows from Schur-Weyl duality that the image of cT ss

on V ⊗n is irreducible, hence the spaces in question are isomorphic. Further, any

GL(V )-module isomorphism must map the highest weight vector of S
λV to the

highest weight vector of V ⊗ncT ss . There is map from V ⊗ncT ss → S
λV (induced

by a scalar multiple of the quotient map) that has the desired form and so it

must be an isomorphism. �

The only difference between the two representations in the theorem arises

from the distinction between submodule and quotient module: The images of

Young symmetrizers gives the irreducible representations of GL(V ) as submod-

ules, while the coordinate ring of the flag variety gives the representations as

quotients.

As was discussed in the Introduction, the problem of determining when a

symmetrized decomposable tensor v⊗πλ is zero is classical one. By items (1)

and (2) in Theorem 2.2.1 the follows proposition is evident.

Proposition 2.3.2. The symmetrized tensor v⊗πλ is not zero if and only if

G(v⊗) has a highest weight vector of weight λ.

19



We can now prove that item (3) implies items (1) and (2) in Theorem 2.2.1.

From the description of πλ as the sum over all Young symmetrizers of tableaux

with shape λ it is clear that v⊗πλ is zero if v⊗bT is zero for all tableaux T of

shape λ. As an endomorphism of V ⊗n, the image of bT is a tensor product of

exterior products. It follows at once that v⊗πλ = 0 if there is no partition of v

into linearly independent sets whose sizes are the parts of the partition conjugate

to λ. This completes the proof of Theorem 2.2.1. We have also characterized

when a symmetrized tensor is zero, proving a theorem of Gamas [Gam88] (see

also [Ber09]).

Theorem 2.3.3 (Gamas’s Theorem). The symmetrized tensor v⊗πλ is not

zero if and only if there is a tableau T of shape λ whose columns index linearly

independent subsets of v.

Example 2.3.4. Suppose that the vectors in v are selected from an or-

dered basis of V and that the i-th basis element of V is selected µi times. In

Example 2.1.5 we computed that

G(v⊗) ≈ Symµ1 V ⊗ . . . Symµk V.

The multiplicity of λ in G(v⊗) is equal to the Kostka number Kλµ — the number

of semistandard Young tableaux of shape λ and content µ. We conclude that

v⊗πλ is not zero if and only if Kλµ 6= 0 is not zero. This is a theorem of Merris

[Mer78, Lam78, LV73].

The following result is a slight strengthening of Gamas’s theorem.

Corollary 2.3.5 (Dias da Silva–Fonseca [DdSF]). The symmetrized tensor

v⊗πλ is not zero if and only if there is a standard Young tableau T of shape λ

whose columns index linearly independent subsets of v.
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Proof. This follows from Gamas’s theorem by noting that v⊗πλ is not zero

if and only if there is some tableau T such that v⊗cT 6= 0. Straightening the

Young symmetrizer cT in CSn allows us to see that we may assume that T is

a standard Young tableau. �

Returning to the coordinate ring O(Fℓ(Ck)), Fulton [Ful97, Ch.9] proves

this ring is a unique factorization domain. This implies that a Young sym-

metrizer cT applied to two decomposable tensors u⊗ and v⊗ yields the same

result if and only if

(i) the columns of T index linearly independent subsets of v if and only if

they index linearly independent subsets of u, and

(ii) when the columns of T index linearly independent subsets of v there is

some permutation σ such that the span of the v’s indexed by the i-th

columns is equal to span of u’s indexed by the σ(i)-th column. Further,

the product of the determinants of the change of bases between these

spaces is equal to one.

This follows at once by translating the statement u⊗cT = v⊗cT into O(Fℓ(V )).

Summing over all tableaux T and dividing by χλ(1)/n! proves the “if” direction

of the following theorem.

Theorem 2.3.6 (da Cruz–Dias da Silva [dCDdS05]). Two symmetrized

decomposable tensors u⊗πλ and v⊗πλ are equal if and only if conditions (i) and

(ii) above hold for all tableaux T of shape λ.

Proof. To prove the “only if” direction we assume that u⊗πλ = v⊗πλ. Apply-

ing a Young symmetrizer cT to this equation and noting that πλcT = cTπλ = cT

proves that u⊗cT = v⊗cT . Translating this statement into O(Fℓ(Ck)) and using
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the fact that this ring is a unique factorization domain proves that items (i) and

(ii) hold. �

Example 2.3.7. Consider the vector configurations u = (x, x, y, y) and

v = (x, x, y, x + y), where x and y are linearly independent vectors in C2. For

λ = (2, 2) we have u⊗πλ = v⊗πλ. If λ = (3, 1) then u⊗πλ 6= v⊗πλ, since item (i)

fails when T = 3 1 2
4 .

2.4. Matroids and the Rank Partition

Theorem 2.2.1 shows us that the appearance of a particular irreducible repre-

sentation in G(v⊗) and S(v⊗) only depends on the linear independence proper-

ties of the configuration v. The simplicial complex on [n] whose facets are those

sets I such that {vi : i ∈ I} is linearly independent is known as the matroid of

v and denoted M(v). More generally, we have the following definition.

Definition 2.4.1. A matroid is a finite simplicial complex whose maximal

faces satisfy the exchange property: If B and B′ are bases and e ∈ B −B′ then

there is an element e′ ∈ B′ such that B − e ∪ e′ is a base.

The following list of notation is meant to serve as reminder of concepts from

matroid theory.

Definition 2.4.2. Let M be a matroid on defined on a set E. The ground

set of M is E. The faces of M are called independent sets and the maximal

independent sets are called bases.

The rank of an independent set of M is its size. For a general subset of the

ground set of M , its rank is the size of the largest independent set it contains.

We denote the rank of a set S by r(S). The rank of M , denoted r(M), is the

rank of any base of M . Equivalently it is the rank of the ground set of M .
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A subset of the ground set is called a flat if it is maximal with a given rank.

The smallest flat containing a given set is called its closure.

Definition 2.4.3. Let M be a matroid on E. Let λ be a partition of |E|.

We say that M conforms to λ if there is a set partition of E(M) of type λ whose

blocks are independent sets of M .

We have already shown that an irreducible representation indexed by λ has

positive multiplicity in G(v⊗) or S(v⊗) if and only if the matroidM(v) conforms

to λ′ — the partition conjugate to λ.

Dias da Silva gave an elegant characterization of when a loopless matroid M

conforms to a partition µ. (Loopless means that every element of the ground set

belongs to some independent set.) He began by defining a sequence of numbers

ρ(M) = (ρ1, ρ2, . . . ) by the condition that

ρ1 + ρ2 + · · · + ρi

is the size of the largest union of i independent subsets of M . The sequence

ρ(M) is called the rank partition of M . This definition makes sense for an

arbitrary finite simplicial complex. However, in general the definition does not

ensure that that the rank partition is, in fact, a partition. The following example

is due to Seth Sullivant.

Example 2.4.4. Let ∆ be the simplicial complex with maximal faces {1, 2, 3},

{1, 4}, {2, 5} and {3, 6}. Then ρ(∆) = (3, 1, 2), which is not decreasing. It is

clear that ∆ is not a matroid, since it is not a pure complex.

The dominance order on partitions of n is defined by saying that λ ≥ µ if

λ1 + · · · + λj ≥ µ1 + · · · + µj
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for all j (where we have added on parts of size 0 to λ and µ. Dominance order

is a partial order and, in fact, turns the set of partitions of n into a lattice. In

[DdS90] Dias da Silva proved the following.

Theorem 2.4.5 (Dias da Silva). The rank partition of a matroid is a par-

tition of the ground set of M . The matroid M conforms to µ if and only if µ is

less than or equal to ρ(M) in dominance order.

Example 2.4.6. Two elements e and f of a matroid are said to be parallel

if they are not loops and the rank of {x, y} is one. A parallel extension of a

matroid M on a set E is matroid M ′ on a set E ′ ⊃ E such that every element

of E ′ − E is parallel to an element of E.

Suppose that the rank partition of M has first part equal to k and length

m. Then there is a parallel extension M ′ of M that has rank partition equal

to (k, . . . , k) = (km). Indeed, if the ground set of M can be into partitioned

into independent sets of size ρ1, . . . , ρℓ then each of these independent sets can

be extended to a base of M . To obtain M ′, add parallel elements to M so that

the ground set of M ′ is a union of these bases. Since the ground set of M ′ is a

disjoint union of bases m bases, the rank partition of M ′ is (km).

The following example will give an interesting result later (see Example

3.3.7).

Example 2.4.7. Suppose that M is a matroid whose rank partition is the

rectangular shape (km) (in particular, the rank of M is k). We claim that

every cocircuit of M has size at least m. Recall that a cocircuit of M is the

complement of a flat of rank r(M) − 1. Indeed, if there is a flat X of M with

rank k − 1 and size larger than mk − m = m(k − 1) then there is no way to

24



fill the elements of the ground set of M into the boxes of a Young diagram of

shape (km) and have every row independent.

Corollary 2.4.8. The multiplicity of an irreducible representation indexed

by λ in G(v⊗) or S(v⊗) is non-zero if and only if λ is larger than ρ(M(v))′ in

dominance order.

Corollary 2.4.9. The GL(V ) × Sn-bimodule generated by v⊗ in V ⊗n is

isomorphic to
⊕

λ≥ρ(M)′

S
λV ⊗ S(λ)

where S(λ) denotes the irreducible representation of Sn with character χλ.

Proof. Since the decomposition of V ⊗n as a GL(V ) × Sn-bimodule is mul-

tiplicity free and we know which irreducible submodule must occur, the result

follows from Corollary 2.4.8. �

The rank partition of a matroid is an extremely difficult invariant to work

with: It behaves badly with respect to all the standard matroid constructions,

except direct sum where ρ(M ⊕N)i = ρ(M)i + ρ(N)i. In particular, note that

if M has a coloop then ρ(M∗) is not even defined, since M∗ has a loop

2.5. Approaching G(v⊗) via Vector Bundles

The work in this section was done with the help of David Treumann. Let X

be the Grassmannian of codimension k-planes in Cn. This is a projective variety,

just as the flag variety was. For a point x ∈ X, the images of the standard basis

vectors in the quotient Cn/x give rise to a rank k vector configuration whose

matroid we denote M(x). For a given matroid M , let X(M) be the set of points

x ∈ X such that M(x) = M . It is possible that X(M) is empty. In fact, it is a

theorem of Mnëv [Mnë88] that X(M) can have arbitrarily bad singularities.
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It was noted before that G(v⊗) only depends on the projective equivalence

class of the configuration v. In this section we will make this notion more precise

by beginning to investigate how the irreducible decomposition of G(v⊗) changes

with v. To begin, recall that every rank k vector configuration of n vectors can

be thought of the columns of a k-by-n matrix. The nullspace of this matrix is

a codimension k subspace of Ck, which is a point x of the Grassmannian X.

Thus, there is a quotient map

q : {v ∈ Ck×n : v has rank k} → X

that takes v to its nullspace. The matroid associated to q(v) is the same as the

matroid associated to v, i.e., M(q(v)) = M(v).

Let U be a the tautological rank k-bundle over X: The fiber over x consists

of Cn/x. Now, associated to U is its bundle of automorphisms Aut(U) which

is a principal GL(Ck)-bundle. For each i between 1 and n, we may define a

map fi : Aut(U) → U that sends an automorphism g over a point x to the map

g applied to the image of the i-th standard basis vector in the quotient Cn/x.

Taking the tensor product of these maps gives a map of bundles

f = f1 ⊗ · · · ⊗ fn : Aut(U) → U⊗n

The image of f over x consists of the GL(Ck)-orbit of the tensor

(e1 + x) ⊗ · · · ⊗ (en + x) ∈ (Cn/x)⊗n.

To take the span of this set of tensors, we form the vector bundle CAut(U),

which has each fiber isomorphic to the group algebra of GL(Ck). The map f

extends to a map on this bundle and the image of f we have the following result.

26



Proposition 2.5.1. The fiber of f : CAut(U) → U⊗n over a point x ∈ X

is exactly

GCn/x((e1 + x) ⊗ · · · ⊗ (en + x)).

The degeneracy locus of f is our main object of interest. If Y ⊂ X is a

subvariety then the r-th degeneracy locus of f over Y is the set of points y ∈ Y

where the rank of f over y is at most r.

Proposition 2.5.2. Let Y be an irreducible subvariety of X. There is a

well defined generic isomorphism type for G(v⊗) when v ∈ q−1Y .

Suppose further that every degeneracy locus of f over Y is either all of Y

or empty. Then for all v ∈ q−1Y , the isomorphism type of G(v⊗) only depends

on Y .

Proof. We claim that it is sufficient to prove that the set of points in x ∈ Y

where the λ-th isotypic component of

G(x) = GCn/x((e1 + x) ⊗ · · · ⊗ (en + x))

has dimension at most some fixed number is a subvariety of Y . From this it

follows that the set of points where the multiplicity of λ is as large as possible

is an open and hence dense in Y . It follows that there is a well defined generic

multiplicity of λ and it is the largest of all possible multiplicities of λ.

To see the claim we appeal to the universal enveloping algebra of the Lie

algebra gl(V ), U(gl(V )). If x1, . . . , xk is a basis of gl(V ) then the Poincaré-

Birkhoff-Witt theorem implies that there is a fixed finite set of monomials in

the xi, {x
a = xa1

1 . . . xak

k : a ∈ A} ⊂ U(gl(V )), such that for all configurations v,

G(v⊗) = spanC{x
a.v⊗ : a ∈ A}.
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To see this note that each xi ∈ U(gl(V )), xi ∈ EndC V
⊗n has a minimal poly-

nomial and hence we see that any monomial in the xi’s can be assumed to have

a bounded degree. If πλ is the projector of V ⊗n to its λ-th isotypic component

then

G(v⊗)πλ = spanC{x
a.(v⊗πλ) : a ∈ A}.

The assertion that the multiplicity of λ in G(v⊗) is at most r, is the assertion

that

dim spanC{x
a.(v⊗πλ) : a ∈ A} ≤ r.

It follows that the set of points Y where the multiplicity of λ in G(v⊗) is at

most r is a subvariety of Y . This completes the proof of the first part of the

theorem.

The second hypothesis is equivalent to the assertion that dimG(v⊗) is con-

stant over Y . Indeed the rank of f over a point is exactly the dimension of the

representation this point gives rise to. Since the generic multiplicity of an irre-

ducible is as large as possible, if G(v⊗) does not have the generic isomorphism

type, then dimG(v⊗) cannot be the generic dimension, which proves the second

claim. �

Example 2.5.3. A matroid is said to be uniform of rank k on n elements

if its bases are all the k-element subsets of its n-element ground set. The

Grassmannian X is irreducible and the rank k uniform matroid strata is an

open subset of X. It follows that the strata of uniform matroids is dense in

X and there is a well defined generic multiplicity of λ in G(v⊗) when v has a

uniform matroid. Unfortunately, it is not known what the generic multiplicity

of a general irreducible is.
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However, we can show that if λ is larger than or equal to (in dominance

order) the length k hook shape (i.e., λ ≥ (n − k + 1, 1k−1)) then the generic

multiplicity of λ is the number of standard Young tableaux of shape λ. To see

this, note that in the GL(V )-representation generated by all permutations of

the tensor

e1 ⊗ · · · ⊗ e1
︸ ︷︷ ︸

n−k+1 e1’s

⊗e2 ⊗ · · · ⊗ ek

the multiplicity of λ ≥ (n− k+ 1, 1k−1) is equal to the multiplicity of λ in V ⊗n.

This follows at once from Corollary 2.4.9 sine the rank partition of the matroid

M(e1, . . . , e1,
︸ ︷︷ ︸

n−k+1e1’s

, e2, . . . , en)

is (n− k+ 1, 1k−1). By Schur-Weyl duality, the multiplicity of λ in the GL(V )-

module V ⊗n is the number of standard Young tableaux of shape λ. To see

that each of these tensors appears in G(v⊗) when v is generic, note that we may

assume that v1 = e1, vn−k+2 = e2, . . . , vn = ek and all the other vi are supported

on all the ej. Apply the element of GL(V ) that multiplies all coordinates other

than e1 by ε. If g is this element then

gv⊗ = εk−1(v1 ⊗ gv2 ⊗ · · · ⊗ gvn−k+1 ⊗ vn−k+2 ⊗ · · · ⊗ vn)

Factoring out εk−1 and then setting ε equal to zero gives

e1 ⊗ · · · ⊗ e1
︸ ︷︷ ︸

n−k+1 e1’s

⊗e2 ⊗ · · · ⊗ ek ∈ G(v⊗).

Since the statement did not depend on which vi we scaled by ε, we get all

permutations of the above tensor are in G(v⊗).

It is not true that the multiplicity of λ ≥ (n−k+1, 1k−1) are counted by the

standard Young tableaux. For example, we will see that if v has four elements
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and a uniform matroid then

G(v⊗) = + 3 +

Here, a shape on the right indicates the irreducible GL(V )-module indexed by

that shape, and the number next to indicates the multiplicity of that irreducible

in G(v⊗). The number of standard Young tableaux of shape is 2.

Generalizing the concept of a uniform matroid, we have the Schubert ma-

troids.

Definition 2.5.4. Let s = (0 < s0 < s1 < · · · < sk−1 < sk = n + 1) be

a sequence of integers. We define a rank k matroid on {1, 2, . . . , n} by saying

that a set is independent if and only if for 0 ≤ i ≤ k the set meets each interval

[1, si) in at most i elements. Denote this matroid by M(s). Matroids of the

form M(s) are called Schubert matroids.

The rank k uniform matroid on n elements is M((1, 2, . . . , k, n+ 1)). Schu-

bert matroids are realizable over sufficiently large fields and the matroid strata

X(M(s)) ⊂ X is equal to the Schubert cell associated to the sequence s.

Example 2.5.5. Suppose that v is a configuration such that M(v) is the

Schubert matroid M(s). Suppose that s0 = 1, which implies that v does not

contain the zero vector. By the same process as above we see that

eσ(1) ⊗ · · · ⊗ eσ(1)
︸ ︷︷ ︸

s1−s0

⊗ eσ(2) ⊗ · · · ⊗ eσ(2)
︸ ︷︷ ︸

s2−s1

⊗ · · · ⊗ eσ(k) ⊗ · · · ⊗ eσ(k)
︸ ︷︷ ︸

sk−sk−1

∈ G(v⊗)

where σ ∈ Sk is any permutation. Denote the sequence (s1−s0, s2−s1, . . . , sk−

sk−1) by µ, so that µ is a composition of n. By Example 2.1.5 the multiplicity

of λ in the representation generated by this tensor is the Kostka number Kλµ.

Thus, Kλµ is a lower bound on the multiplicity of λ in G(v⊗).
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2.6. Future Directions

The following conjecture is a vast strengthening of Corollary 2.4.8.

Conjecture 2.6.1. The multiplicity of λ in G(v⊗) is at least the Kostka

number Kλ,ρ(M)′. That is, the multiplicity of λ is at least the number of semi-

standard Young tableaux of shape λ and content ρ(M)′. Further, there is a

surjection

G(v⊗) → Symρ(M)′1 V ⊗ · · · ⊗ Symρ(M)′
ℓ V

This is a strengthening of the Corollary since it is known that Kλ,µ 6= 0 if

and only if λ ≥ µ in dominance order. Weaker versions of the conjecture (where

ρ(M)′ is replaced by partition µ ≥ ρ(M)′) are seen to hold in Examples 2.5.3

and 2.5.5.

An interesting generalization of the construction of G(v⊗) is to take the

smallest GL(V )-module containing a tensor product of decomposable wedges

w1, . . . , wn ∈
∧
V . Determining which irreducible representations appear in

such a representation should be straightforward.

Conjecture 2.6.2. Let v1 ∧ · · · ∧ vi1 , . . . , vim ∧ · · · ∧ vn be decomposable

wedges. The multiplicity of λ ⊢ n in the smallest GL(V )-module containing

v1 ∧ · · · ∧ vi1 ⊗ · · · ⊗ vim ∧ · · · ∧ vn is not zero if and only if there is a standard

Young tableaux of shape λ such that every column indexes an independent set

of M(v) and the numbers from each of the sets {1, . . . , i1}, . . . , {im, . . . , n} are

all in different rows.

It is straightforward to check that if λ appears in the above representation

then the condition described is satisfied.
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Let SymV be the symmetric algebra of V . There is a problem dual to the

one above that involves the representation generated by a tensor product of

products of linear forms instead of decomposable wedges.

Problem 2.6.3. Let v1 · · · vi1 , . . . , vim · · · vn ∈ SymV be products of linear

forms. Determine when the multiplicity of λ is not zero in the smallest GL(V )-

module containing v1 · · · vi1 ⊗ · · · ⊗ vim · · · vn.

This is expected to be a difficult problem since a precise solution would

involve proving Rota’s basis conjecture.

Conjecture 2.6.4 (Rota). Let {v11, v12, . . . , v1k}, . . . , {vk1, vk2 . . . , vkk} be

bases of V ≈ Ck. There is a reindexing of the elements of each of the bases

such that the sets {v11, v21, . . . , vk1}, . . . , {v1k, v2k, . . . , vkk} are bases of V too.

Indeed it is possible to prove that if the shape (k, . . . , k) = (kk) appears in

the smallest GL(V )-module containing

(∗) v11v12 · · · v1k ⊗ · · · ⊗ vk1vk2 · · · vkk

then Rota’s conjecture is true. Along with Conjecture 2.6.1 and Rota’s conjec-

ture, we offer our own.

Conjecture 2.6.5. The smallest GL(V )-module containing the tensor (∗)

contains (Symn V )⊗n.

An unrelated but interesting problem is to generalize the construction of

G(v⊗) to other Lie groups.

Problem 2.6.6. Let G ⊂ GL(V ) be one of the classical Lie groups. Which

irreducible representations of G are submodules of the smallest G-module con-

taining a decomposable tensor v1 ⊗ v2 ⊗ · · · ⊗ vn?
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The coordinate ring of the generalized flag varieties G/B are still integral

domains and have a description similar to that described in Section 2.2, so the

approach of this section should prove useful.

We will discuss more about the following problem in the next section.

Problem 2.6.7. How complicated can the degeneracy locus of the map of

vector bundles f : CAut(U) → U⊗n be when restricted to one of the matroid

strata X(M)? Can it have arbitrarily bad singularities?
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CHAPTER 3

Multiplicities of Irreducibles

Computing the exact multiplicity of an irreducible indexed by a partition

λ in G(v⊗) and S(v⊗) is a difficult problem. It would be desirable to have a

solution that says this multiplicity is counted by the number of tableaux of shape

λ subject to some condition on the filling. Unfortunately, no such condition is

known and, further, it is not known if there exist two configurations u and

v such that their matroids are the same but the irreducible decomposition of

G(u⊗) and G(v⊗) are different. Hence we do not know if the desirable solution

is even possible!

We currently have three different approaches at our disposal to compute

these multiplicities. We can compute linearly independent highest vectors for

G(v⊗). This is hard since producing highest weight vectors from v⊗ via the

action of GL(V ) (or its Lie algebra) seems difficult. We could also try to use

general facts about vector bundles and degeneracy loci to give information about

the map f constructed in Section 2.5. This will most likely give global infor-

mation and not information local to a particular vector configuration. The

most fruitful approach is to use explicit decompositions of the symmetric group

algebra CSn to decompose S(v⊗).

In this chapter we determine the multiplicity of a hook shape in S(v⊗).

To do this we will consider the vector space generated by products of linear

forms. We will prove that the structure of this vector space is determined by

the Tutte polynomial of M(v), and obtain a combinatorial description of the

34



hook multiplicities. We will also show how S(v⊗) decomposes when M(v) is a

rank two matroid.

3.1. Computing Multiplicities

We will now set up a general mechanism to compute the multiplicities of

irreducibles in S(v⊗). For a moment, though, let A be a finite-dimensional

semisimple K-algebra defined over C. Let e ∈ A be a primitive idempotent, so

that eA is a simple right A-module. Let M be another right A-module. The

multiplicity of the irreducible eA in M is the K-vector space dimension of the

space of homomorphisms HomA(eA,M). We claim that this is isomorphic to the

vector space Me. Indeed, the map giving the isomorphism is ϕ 7→ ϕ(e), which

lands in Me since ϕ(e) = ϕ(e2) = ϕ(e)e. Further, ϕ is uniquely determined by

its value at e so the map is injective. Since the map is visibly surjective, we

have the isomorphism.

We will use this result in the following form.

Proposition 3.1.1. Let x ∈ CSn be essentially idempotent (e.g., a row

symmetrizer, column antisymmetrizer or a Young symmetrizer of a possibly

skew tableau). The dimension of S(v⊗)x is equal to the dimension of

HomCSn
(xCSn,S(v⊗)).

If xCSn ≈ S(λ1) ⊕ · · · ⊕ S(λℓ) has a multiplicity free decomposition de-

composition then dim S(v⊗)x is the sum of the multiplicities of λ1, . . . , λℓ in

S(v⊗).

3.2. Multiplicities of Hooks

In this section we will use Proposition 3.1.1 to compute the multiplicity of

hook shaped irreducibles in S(v⊗). Recall that a partition λ is called a hook of
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length j if its Young diagram is of the form

j

{

We will denote the length j hook partition of n by λj, n being fixed throughout

our discussion.

Having fixed λ = λj, let us form the skew tableau T with shape (n−j, 1j)/(1)

whose long column consists of the numbers {1, 2, . . . , j} = [j], in order, and

whose long row consists of the numbers {j + 1, j + 2, . . . , n} = [n] − [j], also in

order. For example, if n = 9 and j = 3 then

T =

4 5 6 7 8 9
1
2
3

We form the Young symmetrizer of T , which is the sum

cT =
∑

σ∈S[j]

sign(σ)σ
∑

τ∈S[n]−[j]

τ.

As usual, it is just the product of the column antisymmetrizer of T and the row

symmetrizer of T . It is a basic fact that the right ideal generated by cT consists

of two irreducible representations of Sn, one indexed by λj, the other indexed

by λj+1. The fact follows from a simple application of Pieri’s rule. We conclude

from Proposition 3.1.1 that the multiplicity of λj plus the multiplicity of λj+1

is equal to

dimC{v⊗SncT} = dimC

{
∧

i∈S

vi ⊗
∏

i/∈S

vi : S ⊂
(
[n]
j

)

}

⊂
∧j

V ⊗ Symn−j V ⊂ V ⊗n

Here C{−} means take the C-linear span of the elements in {−}.
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In order to properly state the following lemma, we must digress and remind

the reader of a few definitions. The first is a matter of matroid terminology: If

M is a matroid then recall that a subset of its ground set which is maximal with

a given rank is called a flat, usually denoted X. The collection of flats of M is

a geometric lattice, denote L(M). A base of a flat X is a maximal independent

set contained in X and the rank of X, r(X), is the size of any of its bases.

Definition 3.2.1. Let P (v) ⊂ SymV be the vector space spanned by prod-

ucts of the form vS :=
∏

i∈S vi, where S is any subset of [n].

Define P (v)X to be the subspace of P (v) spanned by products vS where the

smallest flat of M(v) containing [n] − S is X.

One sees that P (v) is the sum of all the subspace P (v)X . The following is a

result of Orlik and Terao (see [OT94, Ter02]).

Lemma 3.2.2 (Orlik-Terao). There is a direct sum decomposition

P (v) =
⊕

X∈L(M(v))

P (v)X .

We will return to this direct sum decomposition is the next section. Return-

ing to our previous discussion, we were considering the vector space

C

{
∧

i∈S

vi ⊗
∏

i/∈S

vi : S ⊂
(
[n]
j

)

}

⊂
∧j

V ⊗ Symn−j V.

Since we have the decomposition of P (v) over the flats of M(v) and tensor

products commute with direct sums we obtain,

Corollary 3.2.3. There is a direct sum decomposition

C

{
∧

i∈S

vi ⊗
∏

i/∈S

vi

}

=
⊕

X∈L(M(v))
r(X)=j

C

{
∧

i∈S

vi ⊗
∏

i/∈S

vi : S is a base of X

}

.
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Finally, if we investigate the X-th summand of the direct sum above, we no-

tice that the wedges are non-zero scalar multiples of each other. This means that

we may omit the wedges on the left and translate the problems of determining

dim S(v)cT to the following problem in commutative algebra.

Corollary 3.2.4. The sum of the multiplicities of the hooks of length j and

j + 1 in S(v⊗) is the dimension of the vector space spanned by the products vS

where [n] − S is an independent set of size j in M(v).

In particular, the multiplicity of the longest hook shape appearing in S(v⊗)

is the dimension of the vector space spanned by products vS where S is the

complement of a base of M(v).

The following generalization of the second assertion of this corollary will

allow us to decompose S(v⊗) when M(v) has a rank two matroid.

Corollary 3.2.5. Let v ⊂ V be a rank k vector configuration spanning V

and suppose that (ℓ + j, ℓk−1) is a partition of n. The multiplicity of the shape

(ℓ+ j, ℓk−1) in S(v⊗) is the dimension of the vector space spanned by those vS

where the S is the complement of a disjoint union of ℓ bases of M(v).

Proof. By Proposition 3.1.1 the stated multiplicity is the dimension of the

vector space spanned by v⊗SncT where cT is a skew tableaux of shape (ℓ +

j, ℓk)/(ℓ). By Pieri’s Rule the right ideal cTCSn ⊂ CSn decomposes as a sum

of irreducibles, one of shape (ℓ+ j, ℓk−1) and the others with length longer than

k.1 Since the multiplicity of shapes with length longer than k is zero in V ⊗n,

dim span v⊗SncT

1Recall that Pieri’s rule states the following: If λ is a partition and µ = (j) is a horizontal
strip of length j then product of the Schur functions sλ and sµ is the sum

∑

ν sν , the sum
over shapes ν obtained from λ by adding j boxes, no two in the same column.
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is the multiplicity of (ℓ+ j, ℓk−1) in S(v⊗). These tensors live in

(
∧k

V )⊗ℓ ⊗ Symj V ≈ Symj V,

since V has dimension k. The image of the symmetrized tensors v⊗SncT in

Symj V are the products vS where [n] − S is a disjoint union of ℓ bases of

M(v). �

Example 3.2.6. If M(v) is uniform of rank k the multiplicity of this shape

in S(v⊗) is the dimension of the vector space spanned by the products vS where

S has size j. We will see in the next section that the dimension of this vector

space does not depend on the particular coordinates of v, only the fact that

M(v) is uniform.

As a particular case of Corollary 3.2.5, we have

Corollary 3.2.7. Suppose that (ℓ+ 1, ℓk−1) is a partition of n. The multi-

plicity of (ℓ + 1, ℓk−1) in S(v⊗) is the dimension of the subspace of V spanned

by the set

{vi : v − vi is a disjoint union of ℓ bases}.

In particular, the multiplicity of shapes of this form are matroid invariants.

Note that we do not need to assume that (ℓ + 1, ℓk−1) is a partition of n,

since the set in question will be empty if this is a partition of another number.

Example 3.2.8. Let v be the columns of the matrix








1 0 0 1 1 1 1

0 1 0 1 1 1 1

0 0 1 1 2 3 0







.
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By changing the base, this collection is at once seen to 5 generic points laying

in a plane, and 2 points of V = C3 in general position (thus the matroid of v

is a Schubert matroid). It follows from this description that if we want v − vi

to be a disjoint union of two bases then we cannot delete either of the latter

points. In this case

{vi : v − vi is a disjoint union of 2 bases} = {v3, v4, v5, v6, v7}.

which is at once seen to span a two dimensional space. We conclude that the

multiplicity of (3, 2, 2) in S(v⊗) is 2.

Example 3.2.9. Suppose that (ℓ + 1, ℓk−1) is a partition of n and v is a

collection of generic vectors in the sense that the matroid M(v) is uniform.

Then

v = {vi : v − vi is a disjoint union of ℓ bases}

hence the multiplicity of (ℓ+ 1, ℓk−1) is the rank of M(v).

3.3. Symmetric Tensors and Tutte Polynomials

In this section we study the vector space P (v), which is linearly generated

by the 2n products
∏

i∈S vi, S ⊂ [n]. The main result of this section states that

a slight refinement of the decomposition of Lemma 3.2.2 completely determines

the Tutte polynomial of M(v). This work is also done in the article [Ber08].

The Tutte polynomial of a matroid is a two variable polynomial that captures

many of the properties of the matroid that behave well with respect to the oper-

ations of deletion and contraction. This result, and all results in this section not

dealing with representation theory directly, generalize to vector configurations

over arbitrary fields.
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Definition 3.3.1. Given a flat X ∈ L(M(v)) and a non-negative integer d,

let P (v)X,d be the homogeneous degree n− d subspace of P (v)X .

Since P (v)X is generated by homogeneous linear forms P (v)X =
⊕

d≥0 P (v)X,d.

From the direct sum decomposition given in Lemma 3.2.2 we can conclude that

P (v) =
⊕

X∈L(M(v))
d≥0

P (v)X,d.

Recall that the Tutte polynomial of a matroid M is the unique polynomial

T (M ;x, y) ∈ Z[x, y] satisfying the conditions

(T1) Let L denote the rank zero matroid on one element and I denote the

rank one matroid on one element. Then

T (L;x, y) = x and T (I;x, y) = y.

(T2) If M and N are matroids and M ⊕N is their direct sum then

T (M ⊕N ;x, y) = T (M ;x, y)T (N ;x, y).

(T3) If M is matroid and e is an element of its ground set that is neither a

loop or an isthmus then

T (M ;x, y) = T (M − e;x, y) + T (M/e;x, y).

Here M − e and M/e are the deletion and contraction of M by e.

Recall that the independent sets of the direct sum of two matroids M and N

are unions of independent sets of M and N . If the ground set of M is E, then

the independent sets of the deletion of e from M are of the form I − e where

I is independent in M . The contraction of M by e has ground set E − e and

independent sets I such that I ∪ e is independent in M .
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With all this terminology out of the way, we can state our main result on

P (v):

Theorem 3.3.2. The Tutte polynomial of M(v) can be written as

T (M ; 1 + x, y) =
∑

X∈L(M(v))
d≥0

xr(M)−r(X)yd−r(X) dimP (v)X,d.

See [Ber08] for more results related to this as well as [Ard03, AP09,

Wag99, Ter02, PS06, OT94, BV99, Cor02] for similar constructions and

results. We will delay the proof of the theorem.

Corollary 3.3.3. The subspace of P (v) spanned by products vS where [n]−S

is independent of size j in M(v) has dimension equal to the coefficient of tr(M)−j

in T (M(v); 1 + t, 0).

Let hj be the multiplicity of the length j hook λj in S(v⊗), then

∑

j≥0

hjt
r(M)−j =

1

1 + t
T (M(v); 1 + t, 0).

In particular, the multiplicity of hook shapes does not depend on the coordinates

of v, only the matroid M(v).

Proof. Setting y = 0 in Theorem 3.3.2 proves that the subspace in question

has the stated dimension. By Corollary 3.2.4 we know that the dimension of

this subspace is the sum of the multiplicities of the length j and length j + 1

hooks in S(v⊗), hence

T (M(v); 1 + t, 0) =
∑

j≥0

(hj + hj+1)t
r(M)−j =

∑

j≥0

(1 + t)hjt
r(M)−j.

Factoring out 1+ t we obtain the generating function for multiplicities of hooks

in S(v⊗). �
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When v is defined over C, the vector space P (v) and some of its sub-

spaces have been studied by many people. Most recently, Ardila and Postnikov

[AP09] proved that P (v) is the Macaulay inverse system (see Eisenbud [Eis95,

Ch. 21.5]) of a certain ideal generated by powers of linear forms. Given a linear

functional λ we let µv(λ) be the number of vi such that λ(vi) 6= 0. Then define

I(v) to be the ideal in SymV ∗ generated by λµv(λ)+1 where λ ranges over all of

V ∗.

Proposition 3.3.4 (Postnikov). The quotient SymV ∗/I(v) is isomorphic

as a vector space to P (v).

Proof. Ardila and Postnikov prove that the Macaulay inverse system of

I(v) is equal to P (v). It is a basic fact [Eis95, Thm 21.6] that P (v) is

SymV ∗/I(v)-isomorphic to the canonical module of the local zero-dimensional

quotient SymV ∗/I(v). It is know that the canonical module of SymV ∗/I(v)

is HomC(SymV ∗/I(v),C), and the dimension of this space is the same as the

dimension of SymV ∗/I(v). �

3.3.1. Two Examples. In this subsection we give two illustrative exam-

ples of Theorem 3.3.2. Since Theorem 3.3.2 holds for vector configurations

defined over any field we can use it to compute the Tutte polynomial of the

Fano matroid.

Example 3.3.5. Let v = (v1, . . . , v7) be the seven nonzero elements of the

dual of V = F
3
2. The matroid M(v) is known as the Fano matroid and it can

be realized as the columns of the matrix below, with entries in F2.







1 0 0 1 1 1 0

0 1 0 1 1 0 1

0 0 1 1 0 1 1
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We will compute T (M(v); 1 + x, y) by finding dimP (v)X,k for all flats X and

all k such that r(X) ≤ k ≤ |X|. As is usual in matroid theory, we will denote

the ground set of M(v) by E instead of [7].

The space P (v)∅,0 is spanned by one nonzero element vE =
∏7

i=1 vi and hence

has dimension one. The rank one flats of v are in bijection with the elements of

v. Hence P (v){i},1 is spanned by the single element vE/vi and dimP (v){i},1 = 1.

There are seven rank two flats of v. If X is such a flat then it corresponds

to a set of the form {vi, vj, vi + vj}. It follows that P (v)X,2 is spanned by the

three elements

vivE−X , vjvE−X , (vi + vj)vE−X .

Adding these three terms up gives 0 and hence dimP (v)X,2 ≤ 2. Since none

of the vi are parallel, dimP (v)X,2 = 2. Because P (v)X,3 is spanned by a single

nonzero element, dimP (v)X,3 = 1.

The only rank 3 flat of v is the whole set E. The empty product spans

P (v)E,7 and so it has dimension one. One finds that P (v)E,6 is the span of

v1, . . . , v7, so this space has dimension equal to the dimension of V , which is

three. To compute P (v)E,5 ⊂ Sym2 V , assume that v1, v2 and v3 are a basis for

V . By considering leading terms (under any term order) we see that

v1v2, v1v3, v2v3, v1(v1 + v2), v2(v2 + v3), v3(v1 + v3)

forms a basis for Sym2 V . In a similar fashion we see that P (v)E,4 is equal to

Sym3 V , which has dimension 10. We resort to a computer to find the dimension

of P (v)E,3, which is spanned by 28 products. This space is contained in Sym4 V

which has dimension
(
3+4−1

4

)
= 15. One computes that dimP (v)E,3 = 8.
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Adding all the terms up with the appropriate powers of x− 1 and y, Theo-

rem 3.3.2 says that

(x− 1)3 + 7(x− 1)2 + 14(x− 1) + 7(x− 1)y + y4 + 3y3 + 6y2 + 10y + 8.

is the Tutte polynomial of the Fano matroid.

Recall that a cocircuit of a matroid is the complement of a flat of rank

r(M) − 1. Using Theorem 3.3.2 the following result is proved in [Ber08].

Theorem 3.3.6. There is a containment Symd V ⊂ P (v) if and only if d is

less than or equal to the size of the smallest cocircuit of M(v).

Example 3.3.7. Suppose that v is a configuration of km vectors whose rank

partition is (km). By Example 2.4.7 every cocircuit of M(v) has size at least m.

By Theorem 3.3.6 we conclude that Symd V ⊂ P (v) if d ≤ m.

Remark 3.3.8. Suppose that we are in the context of Rota’s Conjec-

ture 2.6.4. This means that v = (vij) is a disjoint union of k bases of V ≈ Ck.

We conclude that Symk V ⊂ P (v). An interesting question is how this fact

relates Conjecture 2.6.4 and Conjecture 2.6.5. Does it allow us to say anything

interesting about S(v⊗) or the GL(V )-module generated by

v11v12 . . . v1k ⊗ v21v22 . . . v2k ⊗ · · · ⊗ vk1vk2 . . . vkk.

In particular, is (SymV )⊗k a subspace of this representation?

3.3.2. A Basis for P (v) and Certain Multiplicities in S(v⊗). In order

to define a basis for P (v), and give an even yet more precise description of the

hook shaped isotypic components of S(v⊗), we will need to talk about the

activity of an independent set of a matroid.
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Definition 3.3.9. Let M be a matroid on an ordered ground set E. If I is

an independent set of M with closure X we say that e ∈ X − I is externally

active in I if e is the minimum element of a circuit of I ∪ e. The set of elements

externally active in I is denoted ex(I).

An independent set whose external activity is empty is called a no broken

circuit set, and the collection of these sets forms a simplicial complex called the

no broken circuit complex of M . A broken circuit of M is a circuit with its

smallest element deleted.

It is easy to see that a no broken circuit sets is one that contains no broken

circuits. If I is independent in a matroid M then it is a basic fact of matroid

theory that I ∪ e is independent or is dependent and contains a unique circuit,

Lemma 3.3.10. The elements vE−(I∪ex(I)) where I is independent in M(v)

span P (v).

In the proof we use the following fact: Every set S ⊂ E can be uniquely

written as S = I ∪ (S − I) where I is independent in M and (S − I) ⊂ ex(I).

To see this, let I ⊂ S be the lexicographically largest base of S. One verifies at

once that the complement of I in S is contained in ex(I).

Proof. Let P (v)′ be the span of the stated elements:

P (v)′ = C{vE−(J∪ex(J)) : J is independent in M}

Suppose that we have chosen S which is lexicographically least such that vE−S /∈

P (v)′. As noted above, we may write S uniquely as I ∪ (S − I) where I is

independent and (S − I) ⊂ ex(I).
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Suppose that S − I 6= ex(I) and pick f ∈ ex(I) − (S − I). Then vf divides

vE−S since f /∈ S. We may write vf =
∑

e∈I ceve and using this relation we have

vE−S = vE−(S∪f)vf =
∑

e∈I

cevE−(S−e∪f)

Now, for all e ∈ I ⊂ S, S − e ∪ f is lexicographically smaller than S. Since

vE−S /∈ P (v)′ there is a e ∈ I such that vE−(S∪f−e) /∈ P (v)′. However, this is

a contradiction since S was chosen so that it is the lexicographically smallest

set such that vE−S /∈ P (v)′. It follows that vE−S is in P (v)′ for all S, hence

P (v) = P (v)′. �

To prove the linear independence of the elements from the lemma, note that

for any linear form vi ∈ V there is a complex of graded vector spaces

0 → Sym(V )
·vi→ Sym(V ) → Sym(V/Cvi) → 0.(1)

The second map is induced by the quotient map V → V/Cvi. When vi 6= 0

this complex is exact by definition. If vi is neither a loop nor an isthmus of v

(i.e., vi 6= 0 and the rank of the configuration v − vi is equal to the rank of v)

let v − vi be obtained from v by deleting the element in the i-th position and

v/vi be the image of the forms v − vi in V/Cvi.

Lemma 3.3.11. The elements described in Lemma 3.3.10 are linearly inde-

pendent and thus form a basis for P (v). The dimension of P (v) is the number

of independent sets of M(v).

Proof. If vi is neither a loop nor an isthmus of v there is an exact sequence

0 → P (v − vi)
·vi→ P (v)→P (v/vi) → 0

where the second map is induced by the quotient. This is a complex since it

is the restriction of the respective maps on symmetric algebras. A moment’s
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thought proves that it is exact on the left and right. It is exact in the middle

by Lemma 3.3.10 since we see that, by induction,

#I(M(v − vi)) + #I(M(v/vi)) = dimP (v − vi) + dimP (v/vi)

≤ dimP (v) ≤ #I(M(v))

and it is a standard result that #I(M(v−vi))+#I(M(v/vi)) = #I(M(v)). �

For each set B ⊂ [n] of size k, let cB be the Young symmetrizer of the

tableau of skew shape (n − k + 1, 1k)/(1) where the elements of B are in the

long column of the tableau.

Corollary 3.3.12. Let B1, . . . , Bχ be the no broken circuit bases of M(v).

The symmetrized tensors

v⊗cB1 , . . . , v
⊗cBχ

are a minimal set of generators of the λk-th isotypic component of S(v⊗).

In particular, the multiplicity of the longest hook shape in S(v⊗) is the num-

ber of no broken circuit bases of M(v).

Corollary 3.3.13. Suppose that (ℓ + j, ℓk−1) is a partition of n. For any

choice of an ordering of a ground set of M(v), let T1, . . . , Tr be the skew tableaux

of shape (ℓ+j, ℓk)/(ℓ) such that the elements in first ℓ columns of Ti are a disjoint

union of bases and of the form ex(Bi) for some base Bi. Then there is a direct

sum decomposition

{v⊗cT1 , . . . , v
⊗cTr

}CSn = S((ℓ+ j, ℓk−1))⊕r
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3.4. The Proof of Theorem 3.3.2

This section proves Theorem 3.3.2, which says that the Tutte polynomial of

M(v) can be written as

T (M ; 1 + x, y) =
∑

X∈L(M(v))
d≥0

xr(M)−r(X)yd−r(X) dimP (v)X,d.

Proof of Theorem 3.3.2. Let H(v;x, y) denote the right side of the equation

above. We will check that H(v;x, y) satisfies the defining properties (T1), (T2)

and (T3) of the Tutte polynomial. One immediately checks that (T1) holds

since H({v1};x, y) is y if v1 = 0 and 1 + x if otherwise.

Next one checks the multiplicative property (T2). Suppose that

v = (v1, . . . , vn), u = (u1, . . . , um)

are sequences of vectors from two vector spaces V and W over K. Let v ⊕ u

denote the concatenation of the sequences, (v1, . . . , vn, u1, . . . , um), viewed as as

vectors in V ⊕W . This agrees with the direct sum of matroids since the matroid

of v ⊕ u is the direct sum of the matroids of v and u. Recall that there is a

natural isomorphism of graded K-algebras,

Sym(V ⊕W ) ≈ Sym(V ) ⊗ Sym(W ).(2)

The flats of M(v ⊕ u) are in bijection with pairs of flats from M(v) and M(u).

If X is a flat of M(v) and Y is a flat of M(u) then, as graded vector spaces,

P (v ⊕ u)(X,Y ) ≈ P (v)X ⊗ P (u)Y

Indeed, the isomorphism (2) maps vS ⊗ uT to vSuT which is in P (v ⊕ u)(X,Y ).

Since every monomial defining P (v⊕u)(X,Y ) is of this form, we have the needed

isomorphism. Lastly, since the rank of the flat corresponding to (X,Y ) is sum
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of the ranks of X and Y and the isomorphism (2) is of graded algebras, and we

have

H(v ⊕ u;x, y) = H(v;x, y)H(u;x, y).

To prove the deletion-contraction recurrence (T3), recall the exact sequence

0 → P (v − vi)
·vi→ P (v) → P (v/vi) → 0.(3)

of Lemma 3.3.11. Assume that i ∈ E is neither a loop nor an isthmus of M(v),

that is, r(i) = 1 and r(E − i) = r(E). Recall that the flats of the deletion

M(v−vi) are in bijection with the flats of X of M(v) such that r(X−i) = r(X).

Also, the flats of M(v/vi) are bijection with the flats of M(v) containing i. We

wish to refine the exact sequence (3) to consider a flat X of v and a degree. To

do this, take three cases depending on whether or not i ∈ X, and if i ∈ X, then

whether i is an isthmus of X.

First suppose that i /∈ X. It follows that X is a flat of v − vi. The exact

sequence (3) restricts to the exact sequence

0 → P (v − vi)X,k
·vi→ P (v)X,k→0.(4)

Every product vS ∈ P (v)X,k is of the form vS where i ∈ S, hence vS−i lies in

P (v − vi)X,k and the map is surjective. Since the map is the restriction of an

injection it is an isomorphism.

Suppose that i ∈ X and i is not an isthmus of X. In this case X− i is a flat

of both v − vi and v/vi and we claim that (3) restricts to the exact sequence

0 → P (v − vi)X−i,k
·vi→ P (v)X,k → P (v/vi)X−i,k−1 → 0.(5)

To see this we pick some vS ∈ P (v − vi)X−i,k and see that vS∪i is in P (v)X,k.

This is because (E− i)−S = E− (S ∪ i) has closure X in M(v). If the closure

were the smaller set X − i, then i would be have been an isthmus of the flat
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X. The map on the left in (5) is the restriction of an injection, hence we have

exactness on the left.

If vS ∈ P (v)X,k and i /∈ S then the closure in M(v/vi) of (E − i) − S is

X − i. The degree of vS is unchanged under vi 7→ 0 hence P (v)X,k has image in

P (v/vi)X−i,k−1. That every monomial spanning P (v/vi)X−i,k−1 is in the image

of P (v)X,k follows from the definition of v/vi as the restriction of the elements

of v − vi to ker(vi). The exactness on the right of (5) follows.

We now prove exactness in the middle of (5). If an element of P (v)X,k is zero

upon projecting to Sym(V/vi) then it can be written as vi times some linear

combination
∑
cSvS where vS ∈ P (v− vi). For these S we have vivS ∈ P (v)X,k

and, since i was not an isthmus of X, we have vS is in P (v − vi)X−i,k.

In the case that i ∈ X and i is an isthmus of X it follows that (3) restricts

to the exact sequence

0 → P (v)X,k → P (v/vi)X−i,k−1 → 0.(6)

The surjectivity here is clear. If an element is in the kernel of this map we may,

as before, write it as a linear combination of terms vivS ∈ P (v)X,k. It follows

that E − (S ∪ i) has closure X in M(v), which cannot be since i /∈ E − (S ∪ i)

and i is in every base of X. We conclude that the kernel is zero and (6) is exact.

Finally, we can verify the deletion-contraction recurrence. To do so, break up

the defining sum for H(v;x, y) according to the three cases we just considered.

Let L1 ⊂ L(v) be of the set of flats of v not containing i, L2 ⊂ L(v) be the set

of flats containing i as an isthmus, and let L3 ⊂ L(v) be the remaining flats. If

cr(X) denotes r(M(v))−r(X), the corank of X, we see that the exact sequences
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(4), (5) and (6) imply that we can write

H(v;x, y) =
∑

X∈L1∪L3,k

xcr(X)yk−r(X) dimP (v − vi)X−i,k

+
∑

X∈L2∪L3,k

xcr(X)yk−r(X) dimP (v/vi)X−i,k−1.

The first sum is (4) and the left of (6), while the second sum is (5) and the right

of (6). We claim that the first sum here is H(v− vi) and the second is H(v/vi).

Since the flats of v − vi are in bijection with {X − i : X ∈ L1 ∪ L3} and the

flats of v/vi are in bijection with {X − i : X ∈ L2 ∪ L3}, we only need to check

that the exponents of x and y in each sum are correct. If X ∈ L1 ∪ L3, then

the rank of X − i in the matroid M(v − vi) is equal to the rank of X in M(v).

If X ∈ L2 ∪ L3 then the rank of X − i in M(v/vi) is one less than its rank in

M(v). It follows that the exponents of x and y are correct and so

H(v;x, y) = H(v − vi;x, y) +H(v/vi;x, y),

which is what we wanted to show. �

3.5. Rank Two Vector Configurations

In this section we show how to compute the isomorphism type of S(v⊗)

when the matroid M(v) has rank two. The reason this is possible is because

rank two matroids without loops are particularly simple to describe: They are

in bijection with partitions. The size of the i-th largest part of the partition

describes the size of the i-th parallelism class of M . All such matroids are

realizable over any sufficiently large field.
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Theorem 3.5.1. Let v be a rank two vector configuration corresponding to

the partition µ ⊢ n. If k > 0 then the multiplicity of (n− k, k) ⊢ n in S(v⊗) is

µ′
1 + µ′

2 + · · · + µ′
k − 2k + 1,

provided that this number is at least zero. The multiplicity is zero otherwise.

The rest of this section will devoted to proving this result. First, though,

we will consider a few examples of the result.

Example 3.5.2. Let v = (v1, v1, v1, v2, v2, v3, v3, v3, v4, v5) where vi ∈ C2−0

and vi /∈ Cvj if i 6= j. The partition corresponding to M(v) is (3, 3, 2, 1, 1) and

the conjugate partition is (3, 3, 2, 1, 1)′ = (5, 3, 2). Then

S(v⊗) ≈ + (5 − 1)

+ (5 + 3 − 3) + (5 + 3 + 2 − 5)

+ (5 + 3 + 2 + 0 − 7) + (5 + 3 + 2 + 0 + 0 − 9) .

Example 3.5.3. If v is a rank two configuration of n non-parallel vectors

(so that its matroid is uniform) then the partition associated to M(v) is (1n),

whose transpose is (n). The multiplicity of (n−k, k) in S(v⊗) is thus n−2k+1.

For the rest of the section, let v be a rank two vector configuration of n

vectors whose matroid is associated to the partition µ and let λ = (n − k, k)

be a partition of n. We may assume that the vectors vi are selected from a

two-dimensional vector space V .

Proposition 3.5.4. The sum
∑k

i=1 µ
′
i − 2k + 1 is positive if and only if

Gamas’s condition is satisfied for (n−k, k); that is, if and only if it is possible to

fill the vectors vi in the Young diagram of (n−k, k) and have linearly independent

columns.
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Proof. Gamas’s condition is satisfied if and only if there is a semi-standard

Young tableaux of shape λ and content µ. This is true if and only if the Kostka

number Kλµ is positive. This is known to be true if and only if λ ≥ µ in

dominance order, and hence if and only if λ′ ≤ µ′. Now, since λ′ = (2k, 1n−2k)

this is seen to be equivalent to

µ′
1 + · · · + µ′

k ≥ 2k ⇐⇒ µ′
1 + · · · + µ′

k − 2k + 1 > 0. �

It is known by Corollary 3.2.5 that the multiplicity of λ = (n−k, k) in S(v⊗)

is the dimension of the vector space spanned by the products vS =
∏

i∈S vi

where S is the complement of a disjoint union of k bases of M(v). Further, for

all choices of an ordering of the ground set E of M(v), the dimension of this

space of products is at least the number of bases B of M(v) such that ex(B) is a

disjoint union of k−1 other bases. We show that the number µ′
1+· · ·+µ′

k−2k+1

is achieved for a particular ordering of the ground set.

Let T be the column superstandard tableau of shape µ: The numbers

1, 2, . . . , n are filled in to T top-to-bottom, left-to-right. Label the vectors vi

(and hence the ground set of its matroid) so that the elements in a given row

are all parallel. It follows from the definition of µ that the elements in each

column are all non-parallel. For each number i such that

2k ≤ i ≤ µ′
1 + · · · + µ′

k

we claim that there is some j < i (and not in the same row in the filling T of

µ) such that ex({ij}) is a disjoint union of k− 1 bases of M(v). As an example

take k = 3,

T =

1 5 8
2 6 9
3 7
4
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and choose i = 9. Consider the possible elements j to add to {9}: ex{19} =

{26}, 2 cannot be added to {9} to get a base, ex{39} = {126}, ex{49} = {1236}

which is a union of two bases. If we started with i = 6 then ex{16} = {2},

ex{36} = {12}, ex{46} = {123}, ex{56} = {1234} which is a union of two

bases.

In general we proceed as follows. Having chosen i from column ℓ (where

ℓ ≤ k) we know that the elements directly to the left will be externally active

in any base containing i. This gives ℓ − 1 externally active elements to start

with. We know that whatever element j we choose to extend i to a base by, the

numbers less than j will be externally active in that base. As we start with the

possibilities of which element to add, 1, 2, . . . , the possible size of the external

activity increases by one at each step, unless we cannot add that element to

form a base. It follows that there is a unique element j to add to i so that

ex{ij} has size 2(k − 1). It is plain that the set of externally active elements

constructed in this way will be a union of bases since the number of elements

selected from a given parallelism class is always less at most k. Since there were

µ′
1 + · · · + µ′

k − 2k + 1 choices for i we have proved the lower bound on the

multiplicity of (n− k, k) in S(v⊗).

Now, if µ′
1+· · ·+µ′

k = n then we have shown that the multiplicity of (n−k, k)

in S(v⊗) is at least n− 2k+ 1. We show that this lower bound is also an upper

bound. Since we are assuming that dimV = 2, the multiplicity (n−k, k) in V ⊗n

is the number of semi-standard Young tableaux of shape (n− k, k) and entries

in {1, 2}. This follows from Schur-Weyl duality, since it is the multiplicity of

S((n − k, k)) in the right Sn-module V ⊗n. The number of such tableaux is

easily seen to be n − 2k + 1, hence our lower bound is an upper bound in this

case.
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Next we claim that we may always assume that µ′
1 + · · · + µ′

k = n. Indeed,

if this were not the case then we could factor any vS, where the complement of

S was a disjoint union of k bases of M(v), as vS′vS′′ where vS′′ is the product

of the all vectors indexed by columns to the right of the k-th column of the

tableau T . The reason for this is that since the complement of S is a disjoint

union of k bases, we know that the complement contains at most k elements

from each row of T . Let v′ denote the configuration of n′ vectors obtained by

deleting the vectors indexed by entries to the right of column k in T . Then the

multiplicity of (n− k, k) in S(v⊗) is a equal to the multiplicity of (n′ − k, k) in

S((v′)⊗), whereby reduce to the case considered in the previous paragraph.

3.6. Future Directions

As we said in the introduction to this chapter, computing the exact multi-

plicity of an irreducible in S(v⊗) or G(v⊗) is a difficult problem. It is a sad

fact that there is currently no example of two configurations u and v such that

M(u) = M(v) and G(u⊗) 6≈ G(v⊗), and no good evidence that says that the

isomorphism type of S(v⊗) depends only on M(v). Perhaps the most pressing

open problem in this thesis is to resolve this question.

Problem 3.6.1. Determine if the isomorphism type of G(v⊗) depends only

M(v).

Phrased in terms of the vector bundle terminology of Section 2.5 this question

asks: When restricted to a matroid strata X(M) of the Grassmannian, are the

degeneracy loci map of vector bundles f : CAut(U) → U⊗n either empty or all

of X(M)?

Murphy’s law says that since there is no reason that the degeneracy loci

should be simple they should be as complicated as one likes.
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Perhaps, asking if the isomorphism type of G(v⊗) depends only on M(v) is

too much, and we should be looking for results more akin to our result for hook

shapes.

Problem 3.6.2. Determine which partitions λ have the property that their

multiplicity in G(v⊗) are matroid invariants.

For example, is there always an ordering of the ground set of M(v) so that

the multiplicity of (ℓ+ j, ℓr(M)−1) ⊢ n is the number of bases of external activity

with size (ℓ− 1)r(M)?

Switching gears, we have a problem related to P (v).

Problem 3.6.3. What is the structure of P (v) as a SymV ∗-module (equiv-

alently, a SymV ∗/I(v)-module)? How many generators does it need?

This project would involve measuring how far away SymV ∗/I(v) is away

from being Gorenstein. For, if the quotient SymV ∗/I(v) was a zero-dimensional

Gorenstein ring then is isomorphic to P (v) as SymV ∗-modules. The condition

of being Gorenstein means that P (v) is generated by one element as a SymV ∗-

module. In general this will not happen, since if it did the product v1 · · · vn ∈

P (v) would need to be a generator. One can check in the simplest examples

that this does not hold.

Lastly, there is the problem of generalizing the construction of P (v) to non

realizable matroids.

Problem 3.6.4. Given an arbitrary matroid M can one naturally define

a free abelian group that interprets the Tutte polynomial of M as in Theo-

rem 3.3.2?
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If one is simply interested in the single variable characteristic polynomial of

M , then such algebraic objects do exist. Any manifestation of the χ-algebras

of Forge and Las Vergnas [FLV01] gives an example. Can these χ-algebras be

generalized to interpret the Tutte polynomial?
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CHAPTER 4

The Universal Representation

The canonical surjection CSn → S(v⊗) that sends 1 to v⊗ has some obvious

elements in its kernel: If D indexes any dependent subset of M(v) then the

antisymmetrizer of the set D applied to v⊗ is zero. It follows that the right

ideal generated by these antisymmetrizers acts by zero on v⊗. In this chapter

we study the quotient of CSn by ideals of this form.

4.1. The Universal Representation

Given a set of integers D, the antisymmetrizer of D, bD, is the signed sum

of the permutations D: bD =
∑

σ∈SD
sign(σ)σ ∈ ZSD. It is easy to see that

bD∪j = bD
∏

i∈D

(1 − (ij)),

which is a fact we will use repeatedly.

We will let 〈−〉 denote taking the right ideal generated by the elements −

in ZSn.

Definition 4.1.1. Let M be an arbitrary matroid with ground set E = [n].

Define

U(M)Z = ZSn/〈bD : D is dependent in M〉.

This is a right ZSn-module that we will call the universal representation for M

with integer coefficients. We will denote its complexification U(M)Z ⊗Z C by

U(M) and call this the universal representation for M .
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Proposition 4.1.2. The representation U(M) is universal in the sense that

for all complex realizations v of M there is a unique map of CSn-modules

U(M) → S(v⊗) extending the map 1 7→ v⊗.

Proposition 4.1.3. Suppose that M is realizable over a field of character-

istic zero. The multiplicity of λ is positive if and only if λ ≥ ρ(M)′. The “only

if” direction of this statement holds for every matroid.

If M is not realizable over a field of characteristic zero then it may happen

that λ ≥ ρ(M)′ but the multiplicity of λ in U(M) is zero.

Proof. By Dias da Silva’s theorem characterizing the rank partition, it is

clear from the definition that an irreducible Sn-module indexed by λ ⊢ n can

appear in U(M) if and only λ is larger in dominance order than the transposed

rank partition of M . It is not clear that this condition is sufficient to ensure the

appearance of an irreducible. When M is representable over C we may choose

a realization v of M and from the surjection of Sn-modules

U(M) → S(v⊗), 1 7→ v⊗,

we see that λ appears in U(M) if and only if it appears in S(v⊗).

To finish the proof of the proposition, it is sufficient to give an example of

a matroid M that is not realizable over C and a partition λ ≥ ρ(M)′ such that

the multiplicity of λ is zero in U(M). For this, let M be the Fano matroid,

consisting of the nonzero elements of F
3
2 (see also Example 3.3.5). It can be

shown using a result of Crapo and Schmitt [CS00, Example 6.6] that the column

antisymmetrizer of any tableaux of shape (3, 2, 2) is 2-torsion in U(M)Z, and

hence zero in U(M). Since (3, 2, 2) is the transposed rank partition of M , the

second statement of the proposition follows. �
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There should be a characterization of when a Specht module appears as a

quotient of K ⊗Z U(M)Z when M is realizable over K. Let S(λ)K denote the

submodule of KSn generated by a Young symmetrizer of a tableau of shape λ.

Conjecture 4.1.4. For any matroid M realizable over a field K there is a

surjection of KSn-modules K ⊗Z U(M)Z → S(λ) if and only if λ ≥ ρ(M)′.

Some of the basic properties of U(M) are that it behaves nicely with respect

to direct sum, truncation and weak maps. Recall that the truncation of a

matroid M , written TM , has bases equal to all corank 1 independent sets of

M . A weak map (for us) will be a pair of matroids on the same ground set M

and N such that every independent set of N is an independent set of M . We

indicate that N is a weak map image of N by writing M  N .

Proposition 4.1.5. For all matroids M and N ,

(1) If M  N is a weak map of matroids then there is a surjection of

Sn-modules U(M) → U(N)

(2) U takes direct sums to products in that if M has m elements and N

has n elements then

U(M ⊕N) = Ind
Sm+n

Sm×Sn
U(M) ⊗ U(N).

(3) The multiplicity of λ in U(TM) is equal to the multiplicity of λ in

U(M) if ℓ(λ) < r(M) and is zero otherwise.

The first two results hold over the integers.

Proof. If we have a weak map M  N then the ideal of antisymmetrizers

of M is contained in that of N . It follows that there is a surjective Sn-module

homomorphism U(M) → U(N).
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Let M and N be two matroids on m and n elements, respectively. We first

observe that if U(M) = J1\ZSm and U(N) = J2\ZSn then

U(M) ⊗ U(N) =
ZSm ⊗ ZSn

J1 ⊗ ZSn + J2 ⊗ ZSm

=
Z(Sm × Sn)

J1Z(Sm × Sn) + J2Z(Sm × Sn)

Inducing to Sm+n is equivalent to tensoring with ZSm+n over Z(Sm×Sn). We

have

Z(Sm × Sn)

J1Z(Sm × Sn) + J2Z(Sm × Sn)
⊗Z(Sm×Sn) ZSm+n =

ZSm+n

J1ZSm+n + J2ZSm+n

It remains to be seen that J1ZSn+m + J2ZSn+m is the ideal generated by the

antisymmetrizers of M ⊕N . This follows since the set of circuits of M ⊕N is

the disjoint union of the set of circuits of M and that of N .

The claim about truncation will follow from Young’s description of the ideal

generated by an antisymmetrizer: If D is a set of size k then the ideal generated

by bD is a direct sum of Specht modules S(µ) where the length of µ is at least k.

In particular, adding an antisymmetrizer of a set of size k to an ideal does not

change the multiplicity of an irreducible indexed by λ provided that the length

of λ is less than k. �

4.2. Examples of the Universal Representation

When we considered S(v⊗), we hoped that there was a description of the

multiplicity of an irreducible Sn-module in S(v⊗) that counts tableaux with

some constraint on their filling. It is unknown if a simple solution to this

problem exists, since we do not know if the irreducible decomposition of S(v⊗)

depends on the matroid M(v), or higher order geometric data. The situation

for U(M) is more hopeful. Consider the following examples as evidence.
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Example 4.2.1. Let M = Uk,n be the uniform matroid of rank k on n

elements. It is easy to see that M is the repeated truncation of Un,n to a rank

k matroid. By item 3 in Proposition 4.1.5, the multiplicity of λ in U(M) is the

number of standard Young tableaux of shape λ if ℓ(λ) ≤ k and is zero otherwise.

Example 4.2.2. Given a matroid M , the principal extension of M along

the improper flat, denoted M�0, is the matroid that adds a new element 0

to the ground set of M generically without increasing the rank of M . More

precisely, the bases sets of M�0 are:

{B : B is a base of M} ∪ {I ∪ 0 : r(I) = |I| = r(M) − 1}

LetM�1 denote the direct sum ofM with the one element rank one matroid.

It is easy to see that M�0 = T (M�1), that is, M�0 is the truncation of M�1.

It follows from Proposition 4.1.5 that we know how to compute U(M�0) in

terms of U(M), since we know how to compute U(T (M�1)) in terms of U(M).

Let (b1, . . . , bn) be a binary sequence such that b1 = 1. We form a matroid

M(b) := 1�b2� . . .�bn = (((1�b2)� . . .�bn−1)�bn)

where the notation �-notation was introduced in the previous example. If the

binary sequence has k bits equal to 1 then M(b) is a rank k matroid. We

have met matroids of the form M(b) before as Schubert matroids in Defini-

tion 2.5.4 (freedom matroid and shifted matroid also appear in the literature).

It is important to note that Schubert matroids come with a canonical ordering

of their ground sets. In particular, they satisfy the following property: If I is

independent in a Schubert matroid and e ∈ I then for all f > e, I − e ∪ f is

independent. Klivans proves that this property characterizes Schubert matroids

are those matroids whose underlying simplicial complex is shifted [Kli].
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Recall that a matroid is simple if every subset of its ground set with size

less than three is independent. Two elements e and f of a matroid are said to

be parallel if r({e, f}) = r({e}) = r({f}) = 1. Given two matroids M and N

on sets F ⊃ E, respectively, we say that M is a parallel extension of N if M

contains N as a simplicial complex and every element of M is a parallel to an

element of N .

To state our characterization of U(M) for parallel extensions of simple Schu-

bert matroids we recall that the reading word (or row word) of a tableau T is

obtained by reading the entries of the tableaux from left-to-right, bottom-to-top.

For example, if T = 2 4 5 2 2 1 3
1 3 2 3 then the reading word of T is 13232452213.

Theorem 4.2.3. Let M be a parallel extension of a Schubert matroid N .

Let the composition associated to M be µ. The multiplicity of λ in U(M) is

the number of semi-standard Young tableaux T with shape λ and content µ such

that every strictly decreasing subword of the reading word of T is independent

in N .

Remark 4.2.4. This theorem recovers Proposition 4.1.3 for Schubert ma-

troids. Indeed, the Robinson-Schensted-Knuth insertion tableau of the reading

word of a tableau is just the original tableau. However, Greene’s theorem says

that if the shape of this tableau is ρ′, then ρ1 + · · ·+ ρk is the size of the largest

union of k-decreasing subwords of the row word. It follows that the smallest

shape that appears in U(M) is ρ(M)′.

64



Example 4.2.5. Suppose that M is represented by the columns of the

matrix on the left and N by the columns of the matrix on the right








1 1 1 1 1 1 1 1 1

1 1 2 1 1 2

1 1 4















1 1 1 1 1

1 2 1 2

1 4








Then M is a parallel extension of the Schubert matroid N . The composition

associated to this parallel extension is (3, 2, 1, 2, 1) and the binary sequence

associated to the Schubert matroid N is (1, 1, 0, 1, 0).

The multiplicity of (3, 3, 3) is at most two, as there are only two semi-

standard Young tableaux of shape (3, 3, 3) and content (3, 2, 1, 2, 1):

1 1 1
2 2 3
4 4 5

1 1 1
2 2 4
3 4 5

The reading words of these tableaux are 445223111 and 345224111, respectively.

The maximal strictly decreasing subwords of the first word are 421, 431, 521,

all of which are independent in N . The maximal strictly decreasing subwords

of the second word include 321, which is a circuit of N . It follows that the

multiplicity of (3, 3, 3) in U(M) is exactly one.

Proof of Proposition 4.2.3. Since Schubert matroids are constructed from

other Schubert matroids by taking direct sums with single element rank one

matroids or by truncating, we will show that the rule for counting the multi-

plicities of irreducibles is preserved under these operations.

If T is a semi-standard Young tableau then say that it is an N -independent

tableau if every strictly decreasing subword of T is independent in N .

Suppose that M is a parallel extension of a simple matroid N on the ordered

set [n] and that the composition associated to the extension is µ. Suppose
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further that the multiplicity of λ ⊢ n in U(M) is the number of N -independent

tableau of shape λ and content µ.

Then TM is a parallel extension of TN and the composition associated to

the extension is still µ (unless TN is rank one, but this case is trivial). It is

clear from item (3) in Proposition 4.1.5 that the multiplicity of λ in U(TM) is

the number of N -independent tableaux with shape λ and content µ.

Suppose that we wish to take the direct sum of N with the one element rank

one matroid to get the matroid N ′. Label the new element of N ′ n+1. Suppose

that M ′ is a parallel extension of N ′ and that the composition associated to

this is extension is (µ, j), i.e., µ with a j added to the end. It is known how to

decompose U(M ′):

U(M ′) = Ind
Sn+j

Sn×Sj
U(M) ⊗ C

where C denotes the trivial representation of Sj. By Pieri’s rule, the multiplicity

of λ in U(M ′) is the number of semi-standard Young tableaux of shape λ and

content (µ, j) such that removing the n+1’s results in aN -independent tableaux

with content µ. Since all n+1’s in this tableau are on the rim, one immediately

notes that this is the number ofN ′-independent tableaux of shape λ with content

(µ, j). �

Corollary 4.2.6. Let M be a parallel extension of a Schubert matroid N .

Let the composition associated to M be µ. The dimension of U(M) is the number

of permutations of the multiset

{1, . . . , 1
︸ ︷︷ ︸

µ1

, 2, . . . , 2
︸ ︷︷ ︸

µ2

, . . . }

such that every strictly decreasing subword of the permutation is independent in

N .
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Let π and π′ be words with entries in [n]. If x < y < z are integers, then an

elementary Knuth relation is performed to π by exchanging the string yxz in π

with yzx (or vice versa) or by exchanging the string xzy in π with zxy (or vice

versa). The words π and π′ are said to be Knuth equivalent if π′ is obtained

from π by applying a series of elementary Knuth relations.

Proof. The dimension of U(M) is the number of permutations of the multiset

above that are Knuth equivalent to the row word of a tableau where every

strictly decreasing subword of the row word of the tableaux is independent in

N . Say that a permutation π of the above set is N -independent if every strictly

decreasing of it is independent in N .

It suffices to show that if π is N -independent and π′ is obtained from π by

applying a basic Knuth relation then π′ is N -independent. It is sufficient to

consider the cases

π = u(yxz)v, and π′ = u(yzx)v

as well as

π = u(xzy)v, and π′ = u(zxy)v

since if the roles of π and π′ are reversed the statement is trivial. Here u and v

are words and x < y < z are integers.

Suppose that π = uyxzv and that u′zxv′ is a strictly decreasing subword of

π′. Since u′yxv′ is a strictly decreasing subword of π it is independent in N .

Since N is a Schubert matroid, its independence complex is shifted and hence

u′zxv′ is independent in N . Hence π′ is N -independent.

Suppose that π = uxzyv and that u′zxv′ is a strictly decreasing subword of

π′. It follows that u′zyv′ is strictly decreasing too and is independent since it is

a subword of π. The word u′xv′ is independent for the same reason. However,
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u′zyv′ is longer than u′xv′, hence by the matroid exchange axiom one of the

sets u′zxv′ or u′yxv′ is independent. However, if u′yxv′ is independent then so

is u′zxv′ since N is Schubert matroid and hence a shifted complex.

We conclude that if π is N -independent and π′ is Knuth equivalent to π

then π′ is N -independent. �

4.3. Multiplicities of Hooks

The multiplicity of hook shaped irreducibles in U(M) enjoys the same beau-

tiful description as we had in Theorem 3.3.3 for S(v⊗).

Theorem 4.3.1. Let M be an arbitrary matroid and hj denote the multi-

plicity of the length j hook shape in U(M). Then

∑

j≥0

hjt
r(M)−j =

1

1 + t
T (M ; 1 + t, 0).

In particular, the multiplicity of the longest hook shape in U(M) is the number

of no-broken-circuit bases of M .

We will abbreviate nbc for “no broken circuit” throughout the rest of this

section. It is sufficient to prove the second statement of the theorem, since by

Proposition 4.1.5(3) the multiplicity of hook shapes with length less than r(M)

can be obtained by truncating. Indeed,

{I ⊂ [n] : I is a nbc base of T jM}∪{I − 1 ⊂ [n] : I is a nbc base of T j−1M}

= {I ⊂ [n] : I is a rank r(M) − j nbc set of M}

We will show that the Young symmetrizers of the skew tableaux of shape (n−

r(M) + 1, 1r(M))/(1) where the entries in their long column are nbc bases of M

minimally generate the (n − r(M) + 1, 1r(M)−1)-isotypic component of U(M).

The proof of this result will take up the remainder of this section.
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Recall that bD denotes the antisymmetrizer of the set D. That is to say,

bD =
∑

σ∈SD
sign(σ)σ. Let 〈−〉 denote taking the right ideal in CSn generated

by the elements −.

Lemma 4.3.2. The antisymmetrizers of nbc bases of a matroid M generate

the submodule

〈bB : B is a base of M〉 ⊂ U(M).

Proof. Let B be the lexicographically smallest subset of the ground set of M

such that bB is not in the submodule generated by the antisymmetrizers of nbc

bases. Suppose that e is the smallest element of a circuit C and that C ⊂ B∪e.

Then

bB∪e = bB −
∑

f∈B

(ef)bB = bB −
∑

f∈B

bB−f∪e(ef)

It follows that

bB =
∑

f∈C−e

bB−f∪e(ef) ∈ U(M)

since bB∪e is the antisymmetrizer of a dependent set, which is zero in U(M).

However, every set appearing in the sum of the form B−f∪e is lexicographically

smaller than B, since e was the smallest element of C. This is a contradiction,

since there must be some set B−f ∪e such that bB−f∪e is not in the submodule

generated by the antisymmetrizers of the nbc bases. �

Given a set of size S of size r(M), let cS denote the Young symmetrizer

of standard Young tableaux of skew shape (n− r(M) + 1, 1r(M))/(1), with the

entries of S in their long column. For example, if r(M) = 3, n = 7 and

S = {4, 5, 6} then

cS =
∑

σ∈S4,5,6

sign(σ)σ
∑

τ∈S1,2,3,7

τ
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The right ideal in CSn generated by such a Young symmetrizer has an image

in U(M) that is either zero, or irreducible. To prove the theorem, it is sufficient

to prove the following lemma.

Lemma 4.3.3. The right ideal in CSn generated by

{cB : B is a nbc base of M}

does not meet the right ideal generated by

{cD : |D| = r and D is dependent in M}.

The proof of this lemma is technical, so we break this it up into more man-

ageable pieces. For the rest of this section let D denote a dependent set of size

r(M).

Remark 4.3.4. Since every base of a matroid is a nbc base in some ordering

of its ground set, cB 6= 0 ∈ U(M) for all bases B of M . This is non-obvious and

proves that the antisymmetrizer of a base is not zero in U(M)Z.

The following equivalence is easy to prove using the circuit axioms: A de-

pendent set D contains a unique circuit if and only if D − e is independent for

some e ∈ D. We call dependent sets that contain a unique circuit unicyclic.

Claim 4.3.5. We have

〈cD : D contains two circuits〉 ⊂ 〈cD : 1 ∈ D dependent〉.

Proof. If 1 /∈ D and D contains more than one circuit then each of the sets

D − e ∪ 1 is dependent since D − e is. We have cD =
∑

e∈D cD−e∪1(1e) which

proves the result. �
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Claim 4.3.6. Let cl(D) denote the closure of D in M . We have the inclu-

sion,

〈cD : D unicyclic, 1 ∈ cl(D)〉 ⊂ 〈cD : 1 ∈ D dependent〉.

Proof. If 1 /∈ D then for all e ∈ D, D − e ∪ 1 is dependent. Hence we have

the inclusion by writing cD =
∑

e∈D cD−e∪1(1e). �

For the unicyclic sets where 1 /∈ cl(D) recall that we can write D = I ∪ e,

where e ∈ ex(I). To see this let I be the lexicographically largest independent

set of rank r(M) − 1 contained in D. Let I denote an independent set of rank

r(M) − 1.

Claim 4.3.7. We have the inclusion,

〈cD : 1 /∈ cl(D), D unicyclic〉 ⊂ 〈cD : 1 ∈ D dependent〉

+ 〈cI∪ex(I) : |ex(I)| = 1, 1 /∈ ex(I)〉

Proof. Let D be a dependent set such that D = I ∪ e, e ∈ ex(I), as above

but {e} 6= ex(I). Then there is an element f ∈ ex(I) − e. We may write,
(

1 −
∑

g∈I

(gf)

)

cI∪e = 0 ∈ U(M)

since this element is in the right ideal generated by bI∪f , by the definition of

the Young symmetrizer. We conclude that

cI∪e =
∑

g∈I

c(I−g∪f)∪e(fg)

We see that for all g ∈ I, (I − g ∪ f) ∪ e is unicyclic, does not contain 1 in its

closure and is lexicographically smaller than I ∪ e. Assuming inductively that

c(I−g∪f)∪e is in the ideal

〈cD : 1 ∈ D dependent〉 + 〈cI∪ex(I) : |ex(I)| = 1, 1 /∈ ex(I)〉
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we see that cI∪e is in this ideal too. �

We now straighten the generators of the ideal

〈cI∪ex(I) : |ex(I)| = 1, 1 /∈ ex(I)〉.

If I is independent of rank r(M) − 1, has external activity equal to one but

does not contain 1 in its closure then I ∪ 1 is a broken circuit base, but for all

elements g ∈ I, (I − g ∪ 1) ∪ ex(I) is a no broken circuit base of M . Since a

Young symmetrizer cS, |S| = r(M) is that of a standard Young tableau if and

only if 1 ∈ S, we have proved

〈cB : B an nbc base〉 ∩ 〈cD : D dependent〉

= 〈cB : B an nbc base〉 ∩ 〈cI∪ex(I) : |ex(I)| = 1, 1 /∈ ex(I)〉

However, since every Young symmetrizer on the last ideal has support on a

unique broken circuit base containing 1, this intersection must be empty. This

completes the proof of lemma, and thus the theorem.

4.4. Relationship to The Whitney Algebra

In this section we will define the Whitney algebra of a matroid M and

identify U(M)Z as a Z-submodule of it. The definition of the Whitney algebra

is due to Crapo, Rota and Schmitt [CS00].

If E is a finite set let 〈E〉 be the free monoid on E and Z〈E〉 be the free

module generated by 〈E〉. This has an algebra structure induced by the product

structure on 〈E〉. Let
∧
E be the free exterior algebra on E, which is the

quotient of Z〈E〉 by the two-sided ideal generated by the elements ee, e ∈ E.

We endow
∧
E with a Hopf algebra structure by defining

δ(e) = 1 ⊗ e+ e⊗ 1.
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Given a word w ∈ 〈E〉, we denote its image in
∧
E by w too. The coproduct

of w is given by

δ(w) =
∑

uv=w∈〈E〉

σ(uv)u⊗ v

where σ(uv) is the sign of the permutation that sorts the monomial uv ∈ 〈E〉

into increasing order. Let
⊗∧

E be the tensor algebra of
∧
E,

⊗∧

E = Z ⊕
∧
E ⊕

⊗2∧E ⊕
⊗3∧E ⊕ . . .

This algebra comes with an internal and external multiplication. The internal

multiplication is induced by the product on
∧
E and we have

(u1 ⊗ · · · ⊗ un) × (v1 ⊗ · · · ⊗ vn) = ±(u1v1 ⊗ · · · ⊗ unvn),

the sign is the parity of
∑

i<j |vi||uj|, where |u| = k if u ∈
∧k E. For example,

(u1 ⊗ u2)(v1 ⊗ v2) = (−1)|v1||u2|u1v1 ⊗ u2v2.

The external multiplication is the multiplication comes from the tensor product.

The coproduct on
∧
E induces a map of algebras

δ :
∧

E →
⊗∧

E.

where the latter has the internal multiplication.

Note that the tensor algebra of
∧
E has several gradings. The first is the

grading by the number of tensor factors (called the degree), the other induced

by the grading of the exterior algebra (this induces the grading by shape), and

the last is the grading of 〈E〉 given by content. We illustrate these concepts

with the following example. The element

abc⊗ 1 ⊗ d⊗ bc⊗ 1 ⊗ bd
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has degree 6, shape (3, 0, 1, 2, 0, 2) and content ab3c2d2. Suppose that α is a

composition of k + 1 (i.e., a list of non-negative integers summing to k). The

iterated coproduct δk+1 (which is a map
⊗k∧E →

⊗k+1∧E) gives rise to

linear maps δα obtained by taking the graded piece of δk with shape α. This is

called a coproduct slice. For example

δ(ab) = (1 ⊗ a+ a⊗ 1)(1 ⊗ b+ b⊗ 1)

= 1 ⊗ ab+ a⊗ b− b⊗ a+ ab⊗ 1

δ(1,1)(ab) = a⊗ b− b⊗ a

Let M be any matroid defined on the ordered set E. Let D(M) be the

ideal in the
⊗∧

E generated by δα(ei1 . . . eim) where α is any composition and

{ei1 , . . . , ein} is a dependent set in M . Here the ideal is taken with respect

to the internal multiplication of the tensor algebra of
∧
E (which implies that

it also contains the ideal taken with respect to the external product). It is

easy to see that D(M) is generated by coproduct slices of wedges of circuits of

M . The quotient of
⊗∧

E by D(M) is called the Whitney algebra of M , and

denoted W (M). Note that W (M) has gradings by degree, shape and content

since D(M) is generated by homogeneous elements. The Whitney algebra of

a matroid was defined by Crapo, Rota and Schmitt and was studied in their

paper [CS00].

Definition 4.4.1. The Z-submodule of W (M) with shape (1, . . . , 1) = (1n)

and content e1 · · · en is called the universal representation of M and denoted

U(M)Z. Alternatively, ZSn maybe embedded in
⊗∧1E where 1 maps to

e1 ⊗ · · · ⊗ en. From this we see that U(M)Z is the image of this copy of ZSn in

the quotient W (M).
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Now, U(M)Z visibly carries an action of the symmetric group. We now give

a description of the relations of shape (1, . . . , 1) and content e1 · · · en in W (M)

in order to realize U(M)Z as a quotient of ZSn.

Proposition 4.4.2. The submodule of relations of W (M) with shape (1, . . . , 1)

and content e1 · · · en is generated by the elements of the form,

∑

σ∈SC

(−1)σ(e1 ⊗ · · · ⊗ en)σ

where C is a circuit of M . It follows that U(M)Z is isomorphic to the quotient

of ZSn by the right ideal generated by antisymmetrizers of circuits of M .

Proof. The only way to obtain an element of shape (1, . . . , 1) and content

e1 . . . en from the generators ofD(M) by taking coproducts of wedges of a circuit

is as follows: Let C be a circuit of M with size k, and take the α-th coproduct

slice of the wedge of elements of C, where α is a binary sequence of length n

with exactly k entries equal to 1. From this we multiply by an appropriate

element of the tensor algebra to bring the content to e1 · · · en and shape to

(1, . . . , 1). Actually doing this for a given circuit proves that such elements are

of the described form. �

Example 4.4.3. Suppose that {a, b, c} is a circuit of the matroid M defined

on the set {a, b, c, d, e}. Then the (1, 0, 0, 1, 1)-th coproduct slice of abc is

a⊗ 1 ⊗ 1 ⊗ b⊗ c− b⊗ 1 ⊗ 1 ⊗ a⊗ c− c⊗ 1 ⊗ 1 ⊗ b⊗ a− a⊗ 1 ⊗ 1 ⊗ c⊗ b

+ b⊗ 1 ⊗ 1 ⊗ c⊗ a+ c⊗ 1 ⊗ 1 ⊗ a⊗ b.

Multiplying this by 1 ⊗ d⊗ e⊗ 1 ⊗ 1 gives

(a⊗ b⊗ c⊗ d⊗ e)b123(24)(35) = (a⊗ d⊗ e⊗ b⊗ c)b145.
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4.5. Future Directions

The obvious generalization of Proposition 4.2.3 to all matroids does not

hold. This is to say, it is not true if M is realizable over C then there is an

ordering of the ground set of M so that the multiplicity of λ in U(M) is the

number of standard Young tableaux T of shape λ whose reading word has every

decreasing subword independent in M . Interestingly, Theorem 4.3.1 says that

this description is correct when λ is a hook for arbitrary matroids and orderings

of their ground set!

Problem 4.5.1. Determine a combinatorial description of the multiplicity

of λ in U(M) when M is realizable over C.

Which of these multiplicities are Tutte invariants?

If a solution to this problem exists, it will be interesting to see how it relates

and generalizes to the whole Whitney algebra. As a first step towards under-

standing the Whitney algebra of an arbitrary matroid we propose solving the

following problem.

Problem 4.5.2. Let M be a parallel extension of a simple Schubert matroid.

Determine a basis for W (M) in terms of pairs of suitably generalized standard

Young tableaux.

To say something interesting about W (M) when M is realizable over C it

might be interesting to use the following fact: If v is a realization of M in V it

is known that there is a unique map of lax-Hopf algebras W (M) →
⊗∧

V that

sends the elements of the ground set of M to the vector that they represent.

The image of this map generalizes S(v⊗) should hold interesting information

about M and v.

76



Bibliography

[AF92] Frank W. Anderson and Kent R. Fuller. Rings and categories of modules, vol-

ume 13 of Graduate Texts in Mathematics. Springer-Verlag, New York, second

edition, 1992.

[AP09] Federico Ardila and Alexander Postnikov. Combinatorics and geometry of power

ideals. Transactions of the Amer. Math Soc., 2009.

[Ard03] Federico Ardila. Enumerative and algebraic aspects of matroids and hyperplane

arrangements. PhD thesis, Massachusetts Institute of Technology, February 2003.

[Ber08] Andrew Berget. Products of linear forms and tutte polynomials. Preprint, 2008.

[Ber09] Andrew Berget. A short proof of Gamas’s theorem. Linear Algebra Appl., 430(2-

3):791–794, 2009.

[BLVS+99] Anders Björner, Michel Las Vergnas, Bernd Sturmfels, Neil White, and Günter M.

Ziegler. Oriented matroids, volume 46 of Encyclopedia of Mathematics and its

Applications. Cambridge University Press, Cambridge, second edition, 1999.

[BO92] Thomas Brylawski and James Oxley. The Tutte polynomial and its applications.

In Matroid applications, volume 40 of Encyclopedia Math. Appl., pages 123–225.

Cambridge Univ. Press, Cambridge, 1992.
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APPENDIX A

Schur-Weyl Duality

In this appendix we review Schur-Weyl duality, since it is so necessary to

the work in Chapers 1 and 2. Nothing here is remotely new, however, it is

convenient to have all the things commonly referred to as “Schur-Weyl duality”

located in one place.

A.1. Symmetrizations in The Group Algebra of Sn

To begin our discussion of Schur-Weyl duality we review some basic facts

from the representation theory of the symmetric group Sn over the complex

numbers. Let CSn be the group algebra of Sn: CSn has the elements of Sn

as a C-vector space basis and the multiplication of two basis elements σ and τ

is the element described by their product στ in Sn.

There is an action of Sn on the set of all tableaux of a fixed shape. A

permutation σ ∈ Sn acts on T by replacing the entry i in T with σ(i). The set

of permutations that map the set of numbers in each row of T to themselves

is called the row group of T , denoted Row(T ). Likewise we define the column

group Col(T ). From these subgroups we form two elements of the group algebra

CSn,

aT =
∑

σ∈Row(T )

σ, bT =
∑

τ∈Col(T )

sign(τ)τ,

the row symmetrizer and column antisymmetrizer of T , respectively.
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Suppose that T is a tableau of shape λ. It is easy to see that the right ideal

in CSn generated by aT is equal to

IndSn

Sλ1
×···×Sλℓ

1

where 1 denotes the trivial representation of the subgroup Sλ1 × · · · × Sλℓ
.

Likewise if λ′ denotes the partition conjugate to λ then the right ideal in CSn

generated by bT is equal to

IndSn

Sλ′

1
×···×Sλ′

m

(−1)

where −1 denotes the sign representation of Sλ′

1
× · · · × Sλ′

ℓ
.

The product cT = bTaT ∈ CSn is called a Young symmetrizer.

Theorem A.1.1. The right ideal in CSn generated by a Young symmetrizer

is irreducible. If T and T ′ are tableaux of the same shape then cTCSn ≈ cT ′CSn

as right Sn-modules.

If cλ denotes a Young symmetrizer of a tableau of shape λ then as an Sn ×

Sn-bimodule

CSn =
⊕

λ

CSncλ ⊗ cλCSn.

The Young symmetrizers of the standard Young tableaux are a minimal set

of generators of the right Sn-module CSn.

If T is a tableau of shape λ let χλ denote the character of cTCSn. The

projector of CSn to its cTCSn-isotypic component is at once seen to be

πλ =
χλ(1)

n!

∑

σ∈Sn

χλ(σ)σ−1.

Pate attributes the following result to Littlewood.
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Theorem A.1.2. The sum
∑

T cT over tableaux T of shape λ is a scalar

multiple of πλ.

Proof. One checks that the sum
∑

T cT ∈ CSn is not zero and central. It

follows from Schur’s Lemma that
∑

T cT acts by a scalar on any irreducible

representation, and this scalar only depends on the isomorphism type of the

irreducible representation (i.e., not the realization of the irreducible). It is

straightforward to check that if S is a tableau of shape µ 6= λ then cS
∑

T cT = 0.

Further,
∑

T cT is essentially idempotent (see Fulton and Harris [FH91, Chap-

ter 4]). This means that some scalar multiple of
∑

T cT is a CSn-commuting

projector to the λ-isotypic subspace of CSn. This projector is unique, and since

πλ is this projector by definition, we must have that
∑

T cT is a scalar multiple

of πλ. �

A.2. Double Centralizer Theorem

From a k-dimensional vector space V we form the n-fold tensor product

V ⊗n. This carries a left action of GL(V ) by

g.(v1 ⊗ · · · ⊗ vn) = gv1 ⊗ · · · ⊗ gvn

and a right action of Sn via place permutation:

(v1 ⊗ · · · ⊗ vn).σ = vσ(1) ⊗ · · · ⊗ vσ(n).

Theorem A.2.1 (Schur-Weyl Duality).

EndSn
V ⊗n = CGL(V ), EndGL(V ) V

⊗n = CSn/I,

where I is the right ideal in CSn-generated by antisymmetrizers of sets of size

larger than dimV .
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In the case that U is a R-S bimodule and EndR(U) = S and EndS(U) = R

we say that U is a balanced R-S module. Thus the theorem states that V ⊗n is

a balanced CGL(V )-CSn bimodule.

Proof. To see the first equality, we note that

EndC V
⊗n = (EndC V )⊗n

and if ϕ1 ⊗ . . . ϕn 6= 0 is Sn-equivariant then we know that ϕσ(i) = ϕi for all

i. The second statement follows from the fact that two decomposable tensors

are equal if and only if their respective tensor factors are equal, up to a non-

zero scalars all of which together multiply to 1. This means that EndSn
V ⊗n =

Symn(EndV ), which is known to be generated by tensors of the form ϕ⊗· · ·⊗ϕ.

Since GL(V ) is dense in EndV we have proved the first part of the theorem.

The second part of the theorem follows from a general fact: If A is a semi-

simple algebra, M is a faithful A-module and EndA(M) = B, then it is a

classical result known as Burnside’s Theorem that EndB(M) = A (see Lang

[Lan02, Chapter XVII]). Note that M is a B-module via ϕ.m = ϕ(m). This

proves the result when V ⊗n is a faithful CSn/I-module, which it is. �

In the notation of the proof of the theorem, it is easy to see that M ⊗A

Ae ≈ Me as left B-modules, when e is near idempotent. We may write A =
⊕

i∈I Aei ⊗ eiA, where {ei : i ∈ I} is a set of orthogonal idempotents for A, we

have

M ≈M ⊗A A ≈M ⊗A

⊕

i∈I

Aei ⊗ eiA

≈
⊕

i∈I

(M ⊗A Aei) ⊗ eiA

≈
⊕

i∈I

Mei ⊗ eiA.
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Here all the isomorphisms are as B × A-modules. It is a fact, that we will not

prove here, that if eA is irreducible as an A-module then Me is irreducible as a

B-module. It follows that if we select a tableau T (λ) for every partition λ of n

with length at most dimV , then V ⊗ncT (λ) is an irreducible GL(V )-module and

V ⊗n =
⊕

λ

V ⊗ncT (λ) ⊗ cT (λ)CSn

where cT denotes the Young symmetrizer of the tableau T , which is the product

of the column antisymmetrizer bT of T and the row symmetrizer aT of T .

One checks at once that V ⊗ncT has a highest weight vector of weight λ. For,

after having chosen a Borel subgroup of GL(V ), and hence an ordered basis

e1, . . . , ek of V , the highest weight vector is at once seen to be the image of

some permutation of the tensor

e1 ⊗ · · · ⊗ e1
︸ ︷︷ ︸

λ1

⊗ · · · ⊗ ek ⊗ · · · ⊗ ek
︸ ︷︷ ︸

λℓ

under the Young symmetrizer cT (which is easily seen to be non-zero).

When dimV ≥ n, a theorem of Morita (see [AF92]) combined with the

Double Centralizer Theorem allow us to conclude a functorial correspondence

between right Sn-modules and left GL(V )-modules.

Theorem A.2.2. The functors HomGL(V )(−, V
⊗n) and HomCSn

(−, V ⊗n)

give rise to an equivalence of categories between left GL(V )-modules and right

Sn-modules.

A.3. The Schur Functor

We now define a functor from the category of modules over a fixed commu-

tative ring to itself that abstracts the construction of V ⊗ncT given above. Let

E be a module over a commutative ring R and place the n factors of E×· · ·×E
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in bijection with boxes of the Young diagram of λ. Consider those maps

ϕ : E × · · · × E → F

where F is an R-module, that are

(1) multlinear,

(2) alternating in the entries of a column of λ,

(3) satisfy the exchange condition, which states that if the p’s below repre-

sentation the positions of one column of the Young diagram of λ, and

q’s represent the position of a different column, then

ϕ(. . . , p1, . . . , pr, q1, . . . , qs, . . . ) =
∑

ϕ(. . . , p′1, . . . , p
′
r, q

′
1, . . . , q

′
s, . . . )

the sum over all exchanges of some fixed set of the p’s with an arbitrary

set of the q’s, in order.

Let S
λE be the universal R-module that extends ϕ : E×· · ·×E → E to a map

of R-module ϕ̃ : S
λE → F . Clearly S

λE is unique up to unique isomorphism,

provided that it exists.

Suppose that E is a free R-module, E ≈ Rk. We can obtain all the modules

S
λE at once with the following construction. Consider symmetric algebra of the

exterior algebra of E,

Sym
∧

E =
⊕

0≤a1,...,0≤ak

Syma1
∧1

E ⊗ · · · ⊗ Symak

∧k
E

We form the quotient by the two-sided ideal Q generated by all quadratic equa-

tions of the form,

(p1 ∧ · · · ∧ pr)(q1 ∧ · · · ∧ qs) =
∑

(p′1 ∧ · · · ∧ p′r)(q
′
1 ∧ · · · ∧ q′s)

the sum over all exchanges of a fixed set of the p’s with any set of the q’s, This

yields an R-algebra which retains the direct sum decomposition as above. We
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can reindex this sum to be over partitions λ with at most k parts by associating

the a1, . . . , ak-th summand to the partition with ai columns of length i. It is

clear that the λ-indexed piece of this sum is exactly S
λE, hence,

(Sym
∧

E)/Q =
⊕

λ

S
λE,

the sum over partitions with at most k parts. It is clear that S
λE is now

a representation of GL(E), since Sym
∧
E is one and Q is stable under the

natural action of GL(E).

Returning to the case when E = V , a complex vector space with an ordered

basis e1, . . . , ek for E and a Borel subgroup of GL(V ), one checks that the image

of

e1 ⊗ · · · ⊗ e1
︸ ︷︷ ︸

λ1

⊗ · · · ⊗ ek ⊗ · · · ⊗ ek
︸ ︷︷ ︸

λℓ

in the quotient S
λE is a highest weight vector of weight λ. Further, the image

in the quotient is seen to be non-zero since one checks that the is a unique map

of GL(V )-modules S
λV → V ⊗ncT that maps these highest weight vectors to

each other. It follows that

S
λV ≈ V ⊗ncT ,

as GL(V )-modules, for any tableaux T of shape λ.

A.4. A Combinatorial Basis for S
λV

The character of S
λV is given by Weyl’s character formula: Suppose that

g ∈ GL(V ) has eigenvalues x1, . . . , xk, then

sλ(x1, . . . , xk) := tr(g : S
λV → S

λV ) =
det(x

λj−j+1
i )

det(xk−j+1
i )

.

The quotient on the right is known as a Schur polynomial, and it is at once

observed to be a symmetric polynomial. It can be shown that sλ(x1, . . . , xk)
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is the generating function for semi-standard Young tableaux of shape T and

entries in 1, 2, . . . , k, i.e.,

sλ(x1, . . . , xk) =
∑

T

∏

i

x# i’s in T
i

It follows that dim S
λV is counted by semi-standard Young tableaux of shape

T and entries in 1, 2, . . . , k. There is a simple basis of S
λ indexed by these

tableaux. To see this label the boxes of the Young diagram in the order used

in the construction of the Schur functor, and then take the tensor product of

the basis elements indexed by the numbers in the boxes of the tableaux. For

example, if the ordering of the boxes is given by the tableau on the left and the

semi-standard tableau is shown on the right

1 2 4 7 8
3 5 9
6

1 1 1 2 2
3 3 3
4

then we obtain the tensor e1 ⊗ e1 ⊗ e3 ⊗ e1 ⊗ e3 ⊗ e4 ⊗ e2 ⊗ e2 ⊗ e3. Given two

tableaux (P,Q), with P standard, let eP,Q denote the tensor constructed in this

way. One checks that the image in S
λ of the tensors constructed in this way

span S
λV . Since there are exactly enough of them, they form a basis for S

λV .

Transferring this result to the tensor product V ⊗n we have the following

result.

Theorem A.4.1. The set of tensors eP,QcP , where P and Q are tableau

of the same shape, P is standard, Q is semi-standard and cP is the Young

symmetrizer of P , form a basis of V ⊗n.
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APPENDIX B

Matroid Theory

This appendix consolidates all the matroid terminology used in this thesis.

Its primary function is that of a glorified glossary.

B.1. Definitions

Matroids are an abstraction of finite collections of vectors.

Definition B.1.1. A matroid is a pair (E, I) where E is finite set and I is

a simplicial complex on E that satisfies the exchange axiom: For every I, I ′ ∈ I

such that |I ′| > |I| there is an e ∈ I ′ − I such that I ∪ e ∈ I. Here we denote

the singleton set {e} by e.

The faces of I are called independent sets. The non-faces are called depen-

dent sets. The minimal dependent sets are called circuits.

Example B.1.2. Let V be a vector space. Every finite collection of vectors

v = {v1, . . . , vn} determines a matroid M(v). The independent subsets of M(v)

are those sets I ⊂ [n] that index linearly independent subsets of v.

Definition B.1.3. Let M be a matroid on E. The rank of S ⊂ E, denoted

r(S) or rM(S), is the size of the largest independent set of M contained in S. If

e ∈ E has the property that r({e}) = 0 then e is called a loop. If e ∈ E has the

property that r(S ∪ e) = r(S) + 1 for every subset S ⊂ E − e then e is called

an isthmus (or a coloop).
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A base of a matroid is a maximal independent set. The rank of a matroid

is the size of a base. Equivalently, it is the rank of its ground set E.

A subset X ⊂ E is a said to be a flat of M if X is maximal with a given

rank, i.e., X ⊂ Y ⊂ E implies that r(X) < r(Y ). The collection of flats of M

forms a geometric lattice under the partial order of containment. We denote

the lattice of flats of M by L(M).

Example B.1.4 (Constructions). Let M and N be matroids on disjoint

sets E and F . The direct sum of M and N , M ⊕ N , is the matroid on E ⊔ F

whose independent sets are unions of independent subsets of M and N .

The deletion of e ∈ E from M is the matroid on E − e whose independent

subsets are those of M not containing e. We denote this matroid by M−e. The

deletion of {e1, . . . , ek} ⊂ E from M is just M − {e1, . . . , ek} := ((M − e1) −

· · · − ek).

The dual matroidM∗ ofM is the matroid on E whose bases are complements

in E of bases of M . The contraction of M by E ′, denoted M/E ′, is (M∗−E ′)∗.

If v is a vector configuration in V then M(v)/vi is the matroid realized by the

collection v − vi in the quotient space V/Cvi.

A cocircuit of a matroid is the complement of a circuit of its dual matroid.

The truncation of M , denoted TM , is the matroid whose independent sets

are those of M with size less than r(M).

Example B.1.5 (Matroid Union). Let M1, . . . ,Mk be matroids defined on

a common ground set E. Define a new matroid M1 ∨ · · · ∨Mk on E by saying

that I ⊂ E is independent if

I = I1 ∪ · · · ∪ Ik
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where Ii is independent in Mi; the union can be assumed disjoint. It can be

shown that this actually defines a matroid (see Oxley [Oxl92]).

B.2. The Rank Partition

Definition B.2.1. Let M be a matroid on E. Let λ be a partition of |E|.

We say that M conforms to λ if there is a set partition of E(M) of type λ whose

blocks are independent sets of M .

Definition B.2.2. The rank partition of a matroid M is the sequence

(ρ1, ρ2, . . . ) such that

ρ1 + · · · + ρk

is size of the largest union of k independent sets of M . This is to say, ρ1+· · ·+ρk

is the rank of the k-fold union of M with itself.

Theorem B.2.3 (Dias da Silva). The rank partition of a matroid is a par-

tition.

Proof. This proof is a slight rewording of Dias da Silva’s original proof. We

prove, by induction on t, the following statement: Given a base B of M (t) there

is a sequence of t disjoint independent (in M) sets Bi such that

B1 ∪ · · · ∪Br

is a basis for B(r), 1 ≤ r ≤ t, and |B1| ≥ |B2| ≥ · · · . For t = 1 the claim

is obvious. Supposing that t > 1 we write B = I1 ∪ · · · ∪ It where the Ii are

independent in M and we may assume the disjointedness of the union. Choose

from It a minimal subset I ′t such that B − I ′t is independent in M (t−1). That

such an I ′t exists follows since I1 ∪ · · · ∪ It−1 is independent in M (t−1).
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We claim that B − I ′t is a basis for M (t−1). If x ∈ I ′t then x ∈ B − I ′t by the

minimality of I ′t. It now follows that B − I ′t = B − I ′t ∪ I
′
t = B which is all of

the ground set.

It follows that B − I ′t can be written as a disjoint union

B1 ∪ · · · ∪Bt−1

of independent sets which decrease in cardinality: |B1| ≥ |B2| ≥ · · · . Suppose

that |I ′t| > |Bt−1|. It follows that we can extend Bt−1 by a single element x ∈ I ′t

and remain independent. Since the sets Ii above were chosen to be disjoint it

follows that B1∪· · ·∪Bt−2∪(Bt−1∪x) is an independent set in M (t−1) of strictly

larger cardinality than B1 ∪Bt−1, which is a contradiction. �

Recall the dominance (partial) order on partitions of n: We say that λ

dominates µ and write λ ≥ µ if for k less than the length of both λ and µ

λ1 + · · · + λk ≥ µ1 + · · · + µk.

Theorem B.2.4 (Dias da Silva). The rank partition of M is the maximum

dominance ordered partition of those partitions λ such that M conforms to λ.

The following result can be used to give an inductive proof of Gamas’s

theorem that avoids the use of flag varieties.

Corollary B.2.5. Let M be a matroid with rank partition ρ(M). There is

a basis B of M such that ρ(M −B) = (ρ2, ρ3, . . . ).

B.3. The Tutte Polynomial

The Tutte polynomial of a matroid was introduced by Crapo, generalizing

Tutte’s previous definition for graphs. There are many ways to define this

polynomial.
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Definition B.3.1. Let M be a matroid on E. The Tutte polynomial of M

is

T (M ;x, y) =
∑

S⊂E

(1 − x)r(M)−r(S)(1 − y)|S|−r(S).

From the definition of T it is evident that

T (0, 0) = 2|E|, T (1, 1) = number of bases of M, T (2, 1) = |I(M)|

These facts can all be proved by showing that these quantities satisfy the ap-

propriate recurrence relation and applying the theorem below.

Theorem B.3.2. Let M be the set of isomorphism classes of matroids.

There is a unique function T : M → Z[x, y] satisfying

(1) for all matroids M and N , T (M ⊕N ;x, y) = T (M ;x, y)T (N ;x, y),

(2) for all matroids M and e ∈ M which is neither a loop nor an isthmus

in M

T (M ;x, y) = T (M − e;x, y) + T (M/e;x, y),

(3) if e is a loop of M then T (M ;x, y) = yT (M − e;x, y) and if e is an

isthmus of M then T (M ;x, y) = xT (M − e;x, y).

The definition of the Tutte polynomial given above satisfies these properties.

Fix a total order on E, the ground set of M . Let X be a flat of M . For an

independent set I ⊂ X whose closure is X define e ∈ X − I to be externally

active if e is the minimum element of a circuit in I ∪ e. If M |X = M − (E −

X) then define e ∈ I to be internally active in I if e is externally active the

independent set X− I of (M |X)∗. For an independent set I let ex(I) and in(I)

to be the set of externally and internally active elements of I in its closure.
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Theorem B.3.3. Fix an ordering of the ground set of M , hence define the

notion of internally and externally active elements of an independent set of M .

The Tutte polynomial of M can be expressed as

T (M ;x, y) =
∑

bases B

xi(B)ye(B)

A set I ⊂ E is a no-broken-circuit (nbc) set if it does not contain any circuit

with its smallest element deleted. The theorem above says that T (M ; 1, 0)

enumerates nbc bases ofM . It can be shown that T (M ; 1+x, 0) is the generating

function for nbc sets by their corank (the corank of S ⊂ E is r(M) − r(S)).
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APPENDIX C

Examples

Here we collect a list of examples of rank three vector configurations v and

the irreducible decomposition of G(v⊗), as well as matroids M and the decom-

position of U(M).

We do not list the multiplicity of (n) and (n − 1, 1) since these are easily

read off from the vector configuration. The multiplicity of (n) is 1 (since none

of the configurations or matroids contain the zero vector or loops) provided v

does not contain the zero vector or M does not contain a loop. The multiplicity

of (n−1, 1) is the number of parallelism classes of the configuration or matroid,

minus one.

In the first row of the Tables 1 and 3 we list the partitions of 6 with at most

3 parts, except (6) and (5, 1). In the first row of Table 2 we list the partitions

of 7 with at most 3 parts, except (7) and (6, 1). In the subsequence rows of the

tables, we list a vector configuration (or matroid) followed by the multiplicity

of a λ in the S(v⊗) (or U(M)).

The nontrivial circuits of a rank k matroid are the circuits of size at most k.

The nontrivial circuits and rank of matroid completely determine it. In Table 3

we list the loopless rank 3 matroids on 6 elements by their nontrivial circuits as

well as the irreducible decomposition of their universal representation. These

matroids were compiled using Gordon Royle’s online matroid database [Roy09].
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1 0 0 1 1 1
0 1 0 0 −2 3
0 0 1 1 4 9



 9 9 4 8 1





1 0 0 1 0 1
0 1 0 1 1 4
0 0 1 0 1 16



 9 8 4 8 1





1 0 0 1 1 0
0 1 0 1 2 1
0 0 1 0 4 4



 9 7 4 8 1





1 0 0 1 1 1
0 1 0 1 2 4
0 0 1 0 0 16



 8 7 4 6 1





1 0 0 5 0 1
0 1 0 4 3 1
0 0 1 0 −1 0



 8 6 4 6 1





1 0 0 1 1 1
0 1 0 0 2 −3
0 0 1 0 4 9



 6 6 3 6 1





1 0 0 1 1 0
0 1 0 0 2 3
0 0 1 0 4 9



 6 5 3 6 1





1 0 0 1 0 1
0 1 0 1 1 4
0 0 1 0 0 16



 6 5 3 5 1





1 0 0 1 0 1
0 1 0 1 0 1
0 0 1 0 1 1



 6 4 3 5 1

Table 1. The irreducible decomposition of G(v⊗) for some rank
3 configuration v on 6 elements.

96







1 0 0 1 1 1 1
0 1 0 2 1 1 2
0 0 1 4 0 1 0



 13 10 10 13 6 3





1 0 0 1 1 1 1
0 1 0 1 2 1 0
0 0 1 0 0 1 0



 9 6 7 8 3 2





1 0 0 1 1 0 0
0 1 0 1 2 1 1
0 0 1 0 0 1 2



 12 9 10 11 6 3





1 0 0 1 1 1 1
0 1 0 1 1 1 1
0 0 1 1 2 3 4



 11 9 8 9 3 2





1 0 0 1 1 1 1
0 1 0 1 1 1 1
0 0 1 1 2 3 0



 11 8 8 9 3 2





1 0 0 1 1 1 0
0 1 0 1 1 0 1
0 0 1 1 0 1 1



 14 9 10 15 6 3

Table 2. The irreducible decomposition of G(v⊗) for some rank
3 configurations v on 7 elements.
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12, 35, 46 3 1 1 2 1
12, 35, 16, 26 2 1 1 1 0

12, 15, 25, 16, 26, 56 1 1 0 0 0
12, 35, 146, 246 4 2 2 3 1

12, 35, 136, 236, 156, 256 4 2 2 2 0
12, 15, 25, 346 3 2 1 2 0

12, 15, 25, 136, 236, 356 3 2 1 1 0
12, 35 4 3 2 4 1

12, 15, 25 3 3 1 2 0
12, 345, 346, 356, 456 6 3 3 5 2

12, 145, 245, 146,
246, 156, 256, 456

6 3 3 3 0

12, 345, 146, 246 6 4 3 5 1
12, 145, 245, 136, 236 6 4 3 4 1

12, 345 6 5 3 7 2
12, 145, 245 6 5 3 6 1

12 6 6 3 8 2
124, 125, 145, 245, 126,
146, 246, 156, 256, 456

9 4 5 5 0

124, 235, 346, 156 9 6 5 8 1
124, 235, 236, 256, 356 9 7 5 10 2

124, 125, 145, 245 9 7 5 10 2
124, 235 9 8 5 12 4

124 9 9 5 14 4
none 9 10 5 16 5

Table 3. The irreducible decomposition of U(M) for all rank 3
matroids M on 6 elements.
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